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ABSTRACT 

We present techniques that allow for the statistical identification of the infection front 

and for the microscopic control of macroscopic statistics in a simple stochastic lat

tice automata model for the spread of an infectious disease through a mobile host 

population. The individual based model consists of susceptible and infected individ

uals that are free to move about a regular lattice. These individuals interact with 

each other when located at the same node of the lattice, and susceptible individuals 

become infected with a probability of infection that is dependent on the number of 

infected individuals present. By using statistics from the healthy population alone, 

we present a method by which the spread of an infection in the model can be located 

spatially, even in a low-density population. A parameter which governs the local mo

bility rules of the model is shown to be functionally related to the non-dimensional 

statistical values of skewness and flatness for various macroscopic quantities. We 

show formal convergence to reaction-diffusion equations from the lattice Boltzmann 

equations of the model via a Hilbert expansion. The validitj' of both the lattice 

Boltzmann equations and the reaction-diffusion equations is shown in a low-density 

population regime. 
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Chapter 1 

INTRODUCTION 

The modeling of epidemics is complicated by the fact that infections often occur as a 

consequence of interactions between individuals, the dynamics of which are unknown 

to the modeler. In high density populations individuals undergo many interactions. 

As a result the individuals' interaction dynamics c£in be ignored and modeling can 

proceed based on average behaviors of the population. For low density populations 

this is not the case; the dynamics of the individual interactions often are the pre

dominant factors driving the large scale dynamics of the system. The interactions 

between individuals must therefore be considered stochastically. Using a probabilis

tic automata model, we simulate these discrete stochastic local disease transmission 

events that lead to the spatial distribution of an infectious disease within a spatially 

extended population of moving individuals. Our model is in the general class of 

models that utilize lattice based simulation as a way of incorporating spatial effects. 

Due to its inherent structure, such an individual-based model exhibits the statistical 

fluctuations that one observes in real data and provides us with a means by which 

these fluctuations can be studied and simulated. 

The mathematical study of epidemics began with the work of Kermack and McK-

endrick [58] in 1927, who put forth a collection of continuous deterministic population 

density models for infective disease. These basic population models created the foun

dation for the mathematical study of epidemics [6, 41, 78, 77]. From these equations a 

family of differential equations models evolved providing the framework for the inves

tigation of many different aspects of the epidemiology of disease including threshold 

conditions, initial growth rates, basic reproductive rates, reproductive numbers, per

sistence, periodicity, seasonality, and age structure [3, 4, 25, 30, 47, 89]. 
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The spread of the plague through Medieval Europe was investigated by Noble 

[76] in 1974 who introduced diffusion terms to the basic population models and thus 

studied the spatial distribution of an epidemic using reaction-diffusion partial differ

ential equations. The subjects of spatial distribution and spatial effects in partial 

differential equations models of disease have since become areas of active research 

[2, 7, 31, 32, 50, 53, 68, 71, 73, 74, 95]. 

While a great deal has been done with such phenomenological descriptions, the 

connection between the phenomenology and the underlying microscopic mechanisms 

has been lost. Differential equation models, such as those mentioned above, gain 

importance due to their generality. Systems with different microscopic characteristics 

can be described on the macroscopic scale Avith a generic set of equations where the 

specific nature of the components of the system are reflected in the numerical values 

of a restricted number of coefficients. Despite this advantage, the macroscopic level 

of description, that employs average quantities, and neglects fluctuations cannot be 

used to analyze how large scale phenomena might be triggered by local deviations 

from these averages. Additionally, differential equation models may not correctly take 

into account the short-range character of an infection process. 

One approach to remedying these problems is to discretize speice and represent 

the spread of an epidemic as the growth of a random cluster on a lattice. With 

such an approach the short-range character of the infection process can be correctly 

captured [10, 17, 40]. The spatial spread of an epidemic was shown to be related to 

the percolation process by Mollison [72] and several papers have since appeared in the 

mathematical literature on the so-called spatial general epidemic model [23, 62, 63]. 

All of these models neglect the motion of individuals that, for the general epidemic 

model, Boccara and Cheong [9] found to be an important factor in the dynamics and 

persistence of the disease. They used an automata network that consisted of a graph 

with a discrete variable at each node. Each node variable evolved in discrete time 

steps according to a definite rule involving the value of neighboring node variables. 
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Such automata networks are discrete dynamicjtl systems and can be thought of as 

lying in the general class of cellular automata. 

Cellular automata are abstract discrete dynamical systems devised by Von Neu

mann as abstract representations of evolution in biological systems [75]. A cellular 

automaton consists of a set of nodes, usually arranged on a regular lattice; each node 

supports state variables that take on a finite number of possible values. The state 

variables are synchronously updated at discrete time intervals according to a local 

deterministic or probabilistic rule that depends on the state vciriables at and in a 

neighborhood of a node. 

Recently, Durrett and Levin [28] have provided a usefiii synthesis of many of the 

important results arising in spatially interacting particle systems. Using a Susceptible-

Infected-Removed (SIR) model that falls into this general class of system, Rhodes and 

Anderson [82] found that the rate of population mixing affected a population threshold 

below which the disease dies out and above which it settles to an endemically stable 

state. In addition, Rhodes and Anderson's model was found to exhibit temporal and 

spatial fluctuations over a wide range of time scales which they link to the prevalence 

of endemic disease [81]. These tj^pes of models have been found to be useful in 

numerous disciplines where the microscopic interactions that lead to fluctuations away 

from the mean behavior of the system are crucial to the emergence of macroscopic 

phenomena. 

Here we adopt a variation of these approaches, known as lattice gas automata 

(LGA) [86], that was developed in hydrodynamics and in statistical hydrodynamics 

as schematic microscopic models that were intended to be simple models for statistical 

mechanics [44] and to provide new computational tools for the study of complicated 

problems in fluid dynamics [37, 38]. The approach has been successful and various 

LGA have been proposed to model macroscopic physical phenomena such as 2-d and 

3-d flows at moderate Reynolds number, immiscible multi-component fluids and flows 

in porous media [13, 21, 26]. These LGA consist of point-like particles that move 
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about on a regular lattice and interact at its nodes through collisions that conserve 

particle number (mass), momentum and energy. These conservation laws, along with 

some symmetry requirements for the lattice structure, are enough to allow for the 

emergence of macroscopic fluid behavior in agreement with Navier-Stokes equations. 

By averaging over all possible realizations of the dynamics one can obtain a lattice 

Boltzmann description of the LGA. Elton et al [34] show the consistency of the lat

tice BoltzmEinn equation with the associated macroscopic equation using a truncated 

Hilbert expansion and stability by a monotonicity (in certain regimes) argument. By 

this method they establish the numerical convergence theory for nonlinear convective-

difFusive lattice Boltzmann methods. The LGA approach was also used in the study 

of hydrodynamics and chemistry with the hopes that it could lead to a simplified 

approach to problems such as reactive flows and combustion [67]. 

In [55] and [56] Kapral et al first present an algorithm for applying LGA to general 

reactive systems. In [14] Boon et al use LGA in the construction of the microdynam-

ics for a class of reaction-diffusion systems that exhibit space and time-dependent 

solutions corresponding to a broad variety of observed and predicted phenomena in 

reactive systems. A general LGA approach was developed that proceeded from the mi-

crodynamical equations governing the dynamics of reactive "particles" to the macro

scopic behavior of reaction-diffusion systems. Relying on the concepts of statistical 

physics as a means by which to connect the microscopic and macroscopic properties 

of many-body systems, these reactive-diffusive lattice gas automata (RD-LGA) allow 

one to obtain a mesoscopic level of description of the space and time dynamics that 

can be used to investigate the role of fluctuations in spatially-distributed reacting 

systems [14]. Analytically connecting RD-LGA to equations describing macroscopic 

behavior is another branch of active research [64, 65]. 

Boon et al [14] describe RD-LGA as a microscopic means by which the dynam

ics of spatially-distributed reacting systems can be modeled. They offer a method 

for the investigation of reactive systems at a mesoscopic level that goes beyond phe-
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nomenologiccil reaction-diffusion equations. Their method also differs from traditional 

cellular automata in that the aim of the rules of RD-LGA is to obtain a mesoscopic 

description of the reactive collision dynamics and the rules are composed of propaga

tion and collision steps. Boon et al [14] present applications to bistable and excitable 

media, oscillatory behavior in reactive systems, chemical chaos, and pattern forma

tion triggered by Turing bifurcations. Because reactive-diffusive LGA allows one to 

treat fluctuations in a realistic manner, they can be used to explore regimes that are 

inaccessible by PDE or simple cellular automata methods. 

In a similar vein, we propose a probabilistic reactive-diffusive lattice automata 

(RD-LA) model to simulate the spatial distribution of an infectious disease in such 

a way as to realistically capture fluctuations. The goal of this model is to identify 

statistical characteristics of the spread of a disease in a low density population and 

provide a means of simulating them. One of the main advantages of such an approach 

is the occurrence of fluctuations from the probabilistic nature of the interactions at the 

mesoscopic level of description. These fluctuations may trigger large scale phenomena 

such as the spread of an epidemic in a low-density population. We statistically analyze 

many features of such a model and develop a method by which an infection can be 

spatially tracked using statistics from the density of the susceptible population alone. 

In addition we introduce a parameter in the local mobility rules that allows for some 

control of the skewness and flatness of various macroscopic quantities. 

The approach presented here draws heavily from the reactive difliiisive LGA theory 

[14, 55, 56] but has now generalized the types of systems that can be modeled beyond 

reaction-diffusion chemical system that rely on the simplified notion of a "particle". 

A "particle" is now replaced by an individual and a simple model is presented that 

captures statistical aspects of the underlying complex system in which an infectious 

disease spreads through a population of individuals [93]. Because the modeler is not 

usually able to know the dynamics of the interaction between individuals, i.e., the 

microscopic level of description, we simulate such interactions at the mesoscopic level. 
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This level is set at the nodes of a regular lattice whose occupants are infected based 

on probabilities determined by the number of infecteds present. With the RD-LA we 

are able to obtain the phenomenology obtained from PDE models by formulating a 

mesoscopic description of the dynamics of infection and movement of individuals while 

also obtaining fluctuations that arise in a natural way. Following [34], we demonstrate 

that such a model formally converges to the spatially distributed reaction-diffusion, or 

macroscopic, equations. Convergence to the reaction-diffusion equations does validate 

the large-scale behavior of the RD-LA model, but our focus is on the advantages of 

a stochastic, spatial model of interacting individuals. 

While this model does not pretend to realistically capture all the epidemiological 

details of a real disease, it serves as a basis to build statistical tools and explore 

connections between different scales of a system. Actually models not much more 

complicated than the one presented here have been used in the study of plant and 

animal diseases in an agricultural setting [36, 52, 61]. The two-dimensional model 

we propose consists of two health states: susceptible and infected. In addition the 

following simplifying assumptions are made: 

1. There are no births or deaths and no individuals enter or leave the domain. 

2. There is no immunity to the disease among the susceptible individuals. 

3. Infected individuals never recover. 

4. The rate at which a susceptible individual becomes infected is proportional to 

the number of infected individuals contacted. 

5. Individuals move diffusively and have the same mobility regardless of health. 

Based on these assumptions, a system of partial differential equations that one could 

arrive at is the SI model (S for susceptible and I for infected) that maps x (0, cxi) —> 

(R+)2: 
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dtS = DAS - kSI 

dj = DAI + kSI, ' ^ 

where for time t  and location x ,  S  =  S ( t , x )  represents the concentration of suscep

t ib l e  ind iv idua l s ,  /  =  I ( t ,  x )  rep resen t s  t he  concen t r a t ion  o f  in fec t ed  ind iv idua l s ,  D 

is the diffusion coefficient, k is the infection coefficient, and kl is the rate at which 

susceptible individuals become infected. Given any initial conditions, the solutions 

to this system of parabolic differential equations are smooth for all time. This means 

that non-smooth initial conditions will become smooth for any t > 0. 

Figure 1.1 shows the numerical solutions (see Section 3.2.1) to this system using 

[0,1]^ X R"*" as a domain, and using the following initial conditions: 

1. The concentration of susceptibles is constant and equal to 5% of 5, or 0.25. 

2. The concentration of infecteds is zero everywhere except at the central node of 

the domain. At the central node of the domain the concentration of infecteds 

is such that the integral over the domain is one. 

Models at such macroscopic levels of description have unquestionably contributed to 

our understanding of the spread of an infectious disease [2, 7, 10, 31, 32, 50, 53, 68, 

71, 73, 74, 95]. Indeed, this simple SI model captures some aspects of the macroscopic 

dynamics of the spread of the disease, yet it fails to capture any of the fluctuations 

that may be essential to the spread of the disease in a low-density regime. 

Real data from a real disease has fluctuations. These fluctuations are a mixture of 

inherent fluctuations in the spread of the disease and noise in the data acquisition. An 

exanaple of such data is seen in Figure 1.2 [98] that shows the spatial distribution of 

rabies-positive raccoons in Connecticut from March, 1991, through December, 1994. 

This data clearly shows that although there certainly appears to be an infection front 

moving through the state of Connecticut, it could not be described as smooth. The 

locations of infections fluctuate quite a bit around any possible "front". Although we 
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do not attempt to model this epizootic, we present it here for the purposes of illustrat

ing that almost any data regarding the spatial distribution of a disease will contain 

fluctuations such as this. The model we present exhibits these kind of fluctuations 

naturally. By naturally, we mean that the fluctuations were not artificially added but 

arise from the stochastic interactions between individuals at the mesoscopic level of 

description. 

The work is organized as follows: In Chapter 2, we describe the general modeling 

approach of using a RD-LA to model the spread of a disease. We then describe, 

in detail, the specifics of the model we propose and the formal convergence to the 

reaction-diffusion equations (1.1). In obtaining the reaction-diffusion, or macroscopic, 

equations we passed through an intermediate level of description of our model that 

is called the Lattice-Boltzmann equation. In order to do this we assumed there were 

negligible correlations between individuals. Chapter 3 investigates the accuracy of 

this assumption both at the mesoscopic emd macroscopic levels and we show that this 

assumption is valid for low density populations. In order to do this at the macroscopic 

level, we numerically solved the SI equations using a multigrid algorithm. In Chapter 

4, we analyze the fluctuations in our model and develop a statistical tool for locating 

the infection front based solely on the density of susceptible individuals. In Chapter 

5, we introduce a parameter in the interaction rules that results in the same reaction-

diff"usion equations (1.1) but has a functional relationship with the fluctuations of 

several macroscopic level quantities. In other words, these equations connect the 

mesoscopic scale with the macroscopic scale. The statistical values of several maw:ro-

scopic quantities can be directly controlled by adjusting a microscopic interaction 

parameter. This approach allows the model to be adjusted to agree with macroscopic 

statistical data. Finally, we discuss suggestions for future work in Chapter 6. 
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FIGURE 1.1. The numerical solution of the SI equations (1.1) in two spatial dimen
sions and one time dimension ([0, l]~ x R"^). The left column shows the solution for 
the infected individuals and the right column shows the solution for the susceptible 
individuals. Notice that the solutions are smooth and spread spatially in a circular 
pattern. For this example we use Ax = 1/128 on the finest grid, At = Ax', D = 0.2. 
k ~ 20.071 (inflated to magnify the effect of the infection), and an initial density of 
susceptible individuals of o%. 
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FIGURE 1.2. Spatial distribution of rabies-positive raccoons in Connecticut from 
March 27, 1991 through December 31, 1994, grouped by three-month intervals. Each 
dot represents one case. This figure was reproduced from [98]. 
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Chapter 2 

A REACTIVE-DIFFUSIVE LATTICE AUTOMATA 

We propose an infectious disease model that consist of interacting individuals who 

move on a lattice. This modeling approach allows the researcher to investigate phe

nomena not easily modeled otherwise. Among these phenomena are heterogeneous 

spatial dispersion of individuals, inhomogeneous mixing, latency, incubation, local 

spatial correlations on temporal spread, effects of different control strategies, and 

variable susceptibility [1, 29, 36, 60]. Recently, this modeling approach has come into 

increasing popularity [8, 9, 10, 20, 60, 81, 84, 87] due, in part, to the availability of 

large amounts of relatively inexpensive computing power and also due to its ability 

to offer the modeler a means by which the dynamics of individual interactions can 

more closely be simulated while still obtaining macroscopic phenomenology. 

We propose a reactive-diffusive lattice automata model (RD-LA) by first describ

ing the general framework for such a model and then by describing the specifics of our 

model. Afterwards we show that the RD-LA model is consistent with the reaction-

diffusion "SI" equations (1-1). 

The model we propose consists of individuals in one of two health states (suscep

tible or infected) that move about the nodes of a lattice at discrete time intervals. 

Each individual is in one of a finite number of states, and associated with each state 

is a velocity vector. This lattice vector dictates the motion of the individual during 

the advection step. 

Prior to advection, the individuals interact at each node according to a set of 

rules that are themselves governed by an exclusion rule. This interaction results in 

two possible changes: a change in the velocity vector of the individuals, and/or a 

change in the health state of susceptible individuals. In general these changes may be 
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either deterministic or stochzistic. Because we are interested in simulating fluctuations 

in a natural way and investigate the statistics of these fluctuations, all the changes 

in our RD-LA model are stochastic. The stochastic nature of our model is obtained 

through the derivation of probability matrices. 

Once we have described the specifics of our RD-LA model, we would like to verify 

that the macroscopic behavior of our model is consistent with the reaction-diffusion 

"SI" equations (1.1). We follow the method described in [34] to obtzdn formal conver

gence to macroscopic reaction-diffusion equations. These equations are not exactly 

those of (1.1). This leads to a rescaling in both the RD-LA model and in the Hilbert 

expansion used to formally obtain the reaction-diffusion equations. Once rescaled, the 

RD-LA model is formally shown to converge to the reaction-diffusion "SF' equations 

(1 .1) .  

2.1 General Reactive-Diffusive Lattice Automata 

General diffusive automata and their dynamics can be described as follows [14, 34]: 

• A spatial lattice domain, X C R^. Given a macroscopic domain, C 

and a regular D-dimensional lattice, L C R^ with microscopic spacing Ax, let 

X = Q n 1/. In practice, D is usually set equal to two in order to model the 

spatial spread of disease, although models with D set equal to three have also 

been considered [91]. The nodes of X will be indexed by t € Z^, and X and L 

will be assumed to be without boundaries by imposing periodicity of length L, a 

macroscopic length scale. By letting n be the number of nodes in one direction 

and 5 = -, we set Ax = SL. fl ' 

• The number of directions per node, d, depends on the type of regular lattice, 

L, and the number of health states, h. These determine the cardinality, d x h, 

of a finite set P of possible individual states. At each node there is a mapping 
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V :  P  L that associates a velocity vector v (p )  with values in a lattice neigh

borhood of the origin to each individual state p E P. Without randomization 

of velocities, an individual in state p will translate each time step by v (p) along 

the lattice. 

• The discrete time intervals, called cycles and denoted by m, each correspond 

to a microscopic time step At, where At = S^T. T is a macroscopic time scale 

and refers to the standard diffusive scaling. 

• An occupation number N{m, i ,p) 6 {0,1} that denotes the number of individ

uals in a particular individual state p at the node t after cycle m. The local 

state of the node i after cycle m is given by N^m, t, •) € {0,1}'"'. (A in 

an argument denotes a function over the dotted argument.) Every local state 

N{Tn, i ,-) E fsf, where M = The set of all possible local states. 

• An exclusion rule. In order to maintain integer arithmetic, a reactive automata 

for an infectious disease invokes an exclusion rule that limits the number of con

figurations permitted at a node. This generalization is not unique and its choice 

impacts the microscopic dynamics of the reactive automata. The exclusion rule 

stipulates that at most there can be one individual per state per node. This can 

be generalized in a variety of ways to accommodate several health states. The 

exclusion rule, along with d and /i, determines the cardinality of N", denoted 

1^1-

• An advection operator A that translates the individuals to neighboring nodes 

and advances the discrete clock by one time step (from cycle m to cycle m + 1). 

It is defined by 

AN{m, i  , p )  =  N{m + 1, t + w (p)ip)-

• A change operator C that acts locally in the space-time lattice to determine the 
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change in the local state due to interactions between individuals. Given a local 

s t a t e  A^(m,  t ,  • ) ,  t he  change  ope ra to r  de t e rmines  a  changed  s t a t e  N'{m,  i ,  • )  by  

N' (m,  t ,  • )  =  Nim,  i , - )  +  C {Nim,  i ,  • ) ) .  

The change operator itself is made up of two operators, the randomization 

operator and the infection operator via the following relation: 

C = (2.1) 

~(0) 
where r is a scaling parameter. The randomization operator C randomly 

changes the velocity vector associated with each individual, while the infection 

operator carries out any infections that may occur at the node. 

• Putting together the advection operator and the change operator, we define the 

microdynamical equation for cycle m 4-1 as 

AN {Tn, i , p )  =  N{m+l , i  - \ - v {p ) ,p )  (2.2) 

= iV(m, t , p ) + C ( i V ( m , i , - ) ) ( p ) ,  (2.3) 

or, more simply 

AN =  N- \ -C{N) .  (2.4) 

In other words, after cycle m + 1 the occupation number for state p at location 

t + r (p) is the same as the occupation number for state p at location t after 

cycle m, plus some changes. 

2.1.1 Exclusion Rule 

As mentioned above, exclusion rules play an important part in the theory of lattice 

gas automata (LGA). The RD-LA model we propose is an adaptation of ideas de

veloped for lattice gas automata (LGA) [14, 34] and therefore an exclusion rule will 
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be developed. LGA theory draws on the statistical mechanical concept of the Pauli 

exclusion principal for fermions [51], an exclusion rule that states that there can be 

no more than one particle per state per location. There are several ways to generalize 

the exclusion rule to accommodate the various health states of a population under 

investigation. This has been addressed in the context of chemical reactive systems 

with multiple species [14]. One can adlow for more than one individual in a partic

ular direction provided that they are in a different health state. With this rule the 

population of each health state is subject to its own health-state specific exclusion 

rule. This is conceptualized by treating the lattice X in terms of a "stack" of health 

state lattices Xr, r = 1, • • • , /i, where each health state r resides on its own lattice 

and is subject to its own health-state specific exclusion rule. The lattice X is thus 

decomposed into h health state lattices X = Xi x ... x X/, with identical node labels 

i. This decomposition is useful conceptually, mathematically, and algorithmically. It 

allows for the non-infective interactions to be carried out separately on each lattice 

with different frequencies, mimicking the different mobilities of the various health 

states of individuals, i.e. the diffusion coefficients of the various health states can 

be tuned independently. Infective interactions couple the dynamics on all the health 

state lattices Xr, r = 1, • • • , /i. 

While this generalization of the exclusion rule has many practical advantages it 

is not without drawbacks. In a high lattice density regime, i.e., where the number of 

individuals per node is high regardless of the size of Ax, it can lead to the non-physical 

scenario where every state (direction) available for an infected individual is occupied 

so that no infections can take place although in the "real world" this scenario should 

have a high probability of infection. By maintaining the RD-LA in a low-density 

regime this scenario will occur with negligible probability. 

A different and more restrictive generalization of the exclusion rule is obtained by 

demanding a state (direction) cannot be occupied simultaneously by two individuals 

regardless of their health state (referred to as the global exclusion rule) [49]. This 
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generalization avoids the non-physical scenario described for the health-state specific 

exclusion rule but does not allow for diflFerent rates of diffusion among the various 

health states. 

Although it is possible to combine these two generalizations by applying the global 

exclusion rule to subsets of the he£dth states and applying the health-state specific 

exclusion rule on the rest of the health states [14] we choose to begin this line of 

investigation using a simpler exclusion rule. Because our model is focusing on low^ 

density populations the greater control over the diffusion rates provided by the health-

state specific exclusion rule is more desirable and it is this exclusion rule that we 

implement. 

2.1.2 Change Operators 

In addition to the exclusion rule, the exact forms of the change operators uniquely 

define the RD-LA model. Change operators are derived using a statistical mechanical 

approach that allows passage to discrete Boltzmann equations and subsequently to 

governing macroscopic equations. This approach was described by Elton, Levermore 

and Rodrigue in [34] and will be summarized here. In order to derive a statistical 

mechanical description of the RD-LA the change operator (2.1) must be able to 

detect exactly which state is occupied, that requires that the general expression for the 

change operator contain a representation of the Kronecker delta. This is accomplished 

by letting N,n € {0, l}*^ have components N(j)),n{p) and define 

iv"=n ^~ 
p€P p€P 

with the convention that 0° = 1. Using this, the Kronecker delta is defined by 

S{N,n) = where n represents a possible configuration of individuals at a 

node. 

For each state n 6 {0, l}*"* the rules for change determine a unique changed state 
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n'. This is described by the matrix S such that 

M _ / 1 : if n I—>• n' 
\ 0 otherwise. 

This matrix can be either deterministic or stochastic. In fact, the matrix S may 

depend on the node or the cycle or both, even if the RD-LA is deterministic. Because 

S represents the change map each state n must have exactly one image n' jmd satisfy 

S{n, n') = 1 for every n 6 {0,1}'"'. (2.5) 

The corresponding change operator is defined as 

C { N ) =  { n '  - n ) N ^ W S { n , n ' ) .  (2.6) 

This will be the general form for both and \ Additionally, because ^ 

only changes the velocity vectors of the individuals, it is clearly a one-to-one map 

such that the corresponding matrix satisfies 

«S^°^(n, n') = 1 for every n' € {0,1}*^. (2.7) 
n€{0,l}<"' 

Simplifying assumptions regarding the geography, ecology, and epidemiology of 

the infectious disease being simulated will allow us to model using time-stationary, 

spatially homogeneous stochastic processes. Therefore, if we let S be the expected 

value of «S, then 

Xf /\ _ / 1 probability S(n, n') 
(n, n j — ^ Q with probability 1 — «S(n, n') 

The lA/"! X jA/"! matrix S is called the local transition matrix of the lattice gas. Clearly, 

(2.5) implies that 

5(n,n') = 1 for every n e {0,1}'"', (2.8) 
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and (2.7) implies that 

S^^\n,n') = 1 for everj' n' G {0, l}*^. (2.9) 
n6{0,l}'"» 

The specific type of exclusion rule being used will directly impact the probabilities 

in the local transition matrix, S. 

The infection operator's local transition matrix is derived from an in

fection probability matrix. In the case where we are considering two health states: 

"infected" and "susceptible", the infection probability matrix is denoted 'P(ct,/3). 

Here a = (ai, • • • ,a/i) G {0,1, • • • ,d}'^ represents the total number of individuals 

in each health state at a node prior to infection. 0 = {0i, • • • , f3h) € {0,1, • • • ,d}'^ 

is similarly defined for the health status of a node after possible infections occurred 

[14]. It is important to specify how the infective interaction represented by a /3 is 

translated into a configuration change n •-> n'. We make the simplifying assumption 

that the infection process is completely decoupled from the velocity randomization 

process, i.e., we ignore the contribution that an infection may have on the diffusive 

coefficient. Note that this makes unnecessary changes in the velocity distribution. 

These contributions can be reduced by performing the infections o: /3 in the fol

lowing way: 

• When a non-infective event a a is selected, the initial configuration is not 

changed, i.e., n. 

• When an infection does occur ( as > /?s and aj < ), the infected individu

als present before the infection are not affected, while new infected individuals 

are created in an empty state (direction), with all combinations being equally 

probable. On the susceptible individuals' lattice, the empty directions are un

affected and susceptible individuals are removed from initially occupied states 

(all combinations being equally probable). 
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Each N{m,i ,p)  can be thought of as a random variable whose expected value, 

F{Tn,i,p), is derived from the ensemble average over all the possible independent 

realizations of the dynamics. If N satisfies the microdynamical equation (2.2) then at 

each node i and cycle m its expected value, F = ExpVal(Ar(m, t, •)), takes on values 

in the (f/i-dimensional interval X = [0,1]''''. By assuming the correlations between 

individuals have negligible effect and, therefore, ignoring those correlations one can 

pass the expected value operator through the nonlinearities of the change operator, 

C (2.1). This assumption will be referred to as the lattice Boltzmann approximation. 

Under this assumption F satisfies 

AF = F + C{F),  (2.10) 

with 

C{F)= {n'  -n)F^F^S{n,n') .  (2.11) 

The veracity of this assumption will be explored in Chapter 3. Note that if the 

covariance between the particles happens to be such that it gives the same form as 

(2.11) then the correlations do not need to be ignored. 

Equation (2.10) is called the lattice Boltzmann equation associated with the RD-

LA, and C defined by (2.11) will be referred to as a Boltzmann change operator 

although it is also called a Boltzmann collision operator in the literature [11, 19, 22, 

33, 45, 66, 70]. Note: The correlations neglected in obtaining (2.10) do not actually 

vanish and, as a result, we expect that there will be deviations between solutions of 

the RD-LA and the associated lattice Boltzmann equations [12, 54]. 

If F satisfies (2.10) and F(m, i, •) G I for every t at cycle m, then F(m+1, t, •) G 

X for every i at cycle m+1 and equation (2.10) can be thought of as a finite difference 

equation. FVom this viewpoint, the lattice Boltzmann equations have been used as 

numerical schemes for solving the Navier-Stokes equations [18]. 
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2.2 The Proposed Model 

Using the general framework described in Section 2.1 for a RD-LA, we develop a 

simple model that not only captures the desired mean-field equations (1.1), but also 

allows us to investigate fluctuations. This two-dimensional model involves individuals 

in one of two health states: susceptible or infected. We invoke the health-state specific 

exclusion rule and use a periodic square lattice of length L for the domain. In addition, 

we follow the simplifying assumptions presented in Chapter 1 to specify the change 

operators. There are two change operators that need to be defined: the randomization 

operator and the infection operator ^ We begin with the derivation of the 

randomization operator and then subsequently derive the infection operator. 

2.2.1 Velocity Randomization 

The randomization operator must randomly assign a new velocity vector to 

each individual while insuring that no two individuals, in the same health state, end 

up with the same velocity vector. This is done as follows. Since we are applying the 

health-state specific exclusion rule described in Section 2.1.1, we decompose the lattice 

X into health state lattices, A" = X5 x X/, with identical node labels t. Each node 

of each lattice consists of five states. Associated with each node is a velocity vector 

that dictates the motion of the individual during the advection step. It is natural to 

break up the local state vector as follows: 

Because the exclusion rule states that the occupation number for susceptible indi\ad-

uals at a node is independent from the occupation number for infected individuals at 

that same node we have that Ns{m, i, •), Ni{m, t, •) € {0,1}®. A velocity vector is 

arbitrarily assigned to each of the five states. Figure 2.2.1 shows a schematic of the 

health state lattices and the arbitrary assignment of velocity vectors. The associated 
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FIGURE 2.1. This is a schematic diagram of the RD-LA model's lattice structure. 
Each node on each lattice has five states. Associated with each state is a velocity 
vector that dictates the motion of an individual in that state during the advection 
step. The exclusion rule dictates that there can be at most one individual in each 
state of a node. 
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Additionally, the velocity randomization rules apply to each health state lattice 

independently, so that can be broken up into and where T = 

that are each lA'sl x |^s| matrices. Therefore, 

= S^s^{ns,vls)Sf''{nuv!{) 

and we can write from the definition of the Boltzmann change operator (2.11) as 

C<°>{F)(p) = 

I E ("'s(p)-ns(p))i^^7r^r(ns,n's)) 
\ns,n5€{0,l}<' / 

X I E f7'Ff^T(,n,,n',)] 
\n/,n'/€{0,l}'' / 

:  1 < p  <  5  

( E fJ'TT'rCns.ni)) X 
\ns,n'5€{0,l}'' / 

I E {N'R(P)-NI{P))F^'FRR{NR,N',)] : 
\nt,n',€{0,l}'' / 

(2.13) 

6 < p < 10. 

For unbiased diffusion, all combinations for the velocity randomization have to be 

equally probable. Therefore, the local transition matrix for the change map is given 

by 

T{ns,n's) = | 
if (ns) = {n's) 
else, 

(2.14) 

and similarly for T(n/,n/). Note that is not a vector, rather it is the number 

of ways of choosing {ns) locations from a total of 5 locations. 

Without infections, it will be shown (Section 2.3) that the RD-LA described thus 

far goes, in the macroscopic limit, to 
t2 

(2.15) 

where S represents the concentration of susceptible individuals. This, along with an 

initial condition is just the heat equation whose exact solution is known [35]: 

= ~ , (2.16) 

9.5 = ^AS, 
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where a; € R.^ and 5(x , 0) = g{x). Because the Green's function solution of the heat 

equation cein be normalized to yield a probability density function, the exact form 

of the standard deviation of the location of S from the mean location of S is also 
T ̂  known. For a diffusion coefficient of one, i.e., ^ = 1, assuming the mean location of 

S is zero (/z = 0), and letting X be the two dimensional location of 5, the standard 

deviation a is derived from the variance as follows: 

= £;[(x-m)'1 = Eix^ 

= At+ 1^/6,  

where 

H :  - 1 / 2  < x i <  1 / 2 ,  - 1 / 2  <  X 2  <  1 / 2  
^ \ 0 : else 

Therefore, 

a = y/At + 1^/6, 

where t is real time and I is the length in one dimension of the box initial condition. 

Figure 2.2.1 shows the result of averaging the model over one hundred runs and 

comparing its standard deviation of the location of S with the exact solution. Prom 

this comparison, it is clear that the RD-LA's macroscopic behavior exhibits diffusion 

in accordance with the diffusion equation. 

2.2.2 Infections 

In order to complete the specifications of the change operator C in our RD-LA model 

we need to derive the infection operator We will then scale the infection operator 

with the randomization operator to obtain the change operator C as follows: 

C = +5^ 
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FIGURE 2.2. Diffusion Analysis in 2-dimensions: Comparison of the standfu'd devi
ation of the location of susceptible individuals with the exact solution (2.17). The 
solid line is the exact solution and the dotted line is the RD-LA (CA) values obtained 
by averaging over 100 runs. Parameters used: Nodes in one dimension: 101, Total 
time steps: 100, Length of Box Initial Condition; 11 nodes. 

Infections couple the two lattices and randomly occur based on probabilities cal

culated from the number of infected and susceptible individuals at a node. At the 

heart of the infection operator lies the infection probability matrix for it is 

here that the specifications for infection appear. The infection probability matrix is 

derived from the functional form of V{ct,0) that is derived as follows: 

Note: For this section only, the sum of a vector 7 over the health states will be 

denoted by (7), where ( -y ) = $^7(/i). 
h 

1. Because infections conserve number, we can only reduce the number of suscep-
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tibles and we require the presence of at least one susceptible and one infected 

individual: 

Viot, /3) = 0 if (a) # {0), /3s > Qs, ocg = 0, or a/ = 0 

2. Let p be the probability of an infection by one infected individual, and q = 

I — p. If a node has a/ infected individuals and as susceptible individuals, the 

probability that the local health state of the node after infections occurred is 

described by /3 = (/3s, Pi) is derived as follows: 

• The probability that a single susceptible is not infected by any of the a/ 

infected individuals is q'*'. 

• This implies that the probability that a single susceptible becomes infected 

is 1 — q°". 

• Therefore, the probability that as — /3s susceptibles become infected at a 

location with ai infected individuals is (1 — 

• Also, the probability that 0s susceptibles do not become infected is 

• Putting all this together we obtain the formula 

V { a ,  1 3 )  = (1 - (2.i7) 

where is the number of ways that Ps susceptibles can be chosen from 

as susceptibles. 

Without an exclusion rule, all /3's that satisfy 0s < ots and (/3) = (a) are 

possible and result in (2.17) generating a probability distribution. The health-

state specific exclusion rule prevents certain high density scenarios, and thus 

not all these )9's are possible. Therefore, V{a,0) (2.17) may integrate to less 

than one. By running the simulation in a low density regime, the disallowed 
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scenarios occur with negligible probability. Even so, the derivation of the infec

tion probability matrix needs to be correct. Because the simulation is meant 

to model reality as close as possible, the dilemma is resolved by adding all 

the probability from the excluded scenarios to the scenario with the greatest 

amount of infected individuals. For example, if a = (4,2) then the possible )3's 

are (4,2), (3,3), (2,4), (1,5), and (0,6), but the exclusion rule together with the 

geometry of the lattice prevents /3 = (0,6) from occurring. The resolution adds 

the probability given by equation (2.17) for the case (0,6) to the probability 

for the case (3 = (1,5), the /3 with the greatest number of infected individuals 

possible. Therefore, 

-p(a,/3) = ^ 
{/3|(a>=03),;9,>5} 

where the /3's are all the excluded /3's. 

After some simplification this becomes 

®)(1 - : /5/ < 5 

( J P ( 1 :  / 3 / = 5 ,  

0 : (a) # (/3) or 0s > "s 
or as = 0 or Q:/ = 0 

- q °'Y<^s-0s) q (a,0s)  ; 0 j  < 5 
(2.18) 

that generates a probability distribution for the possible /3's. 

2.2.3 Simulation of the Spread of an Infection Using Model 

With the specifications of our model complete we are now in a position to begin study

ing the simulated spread of an infection among a population of healthy individuals. 

One particular realization of this stochastic model for a particular set of parameters 

is shown in Figure 2.3 on page 38. On the left hand side we see the growing number 
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of infected individuals and on the right hand side we see the depletion of suscepti

ble individuals from the center outward as the infection grows. Although the mean 

behavior appears to be reminiscent of the solutions of the "SI" equations (1.1). this 

model contains fluctuations that the differential equations can not capture. While 

field work on fox rabies has found values of the infection coefficient k in the several 

hundreds [92], here we inflated the infection coefficient to an unrealistic amount in 

order to increase the speed at which the infection spread. 

Reactive — Gas Au^tc^.  a te 
iXr 'ECi 'EDS SL. 'SCEP:ISLES 

= C ' * 

jSL. 

F I G U R E  2 . 3 .  Simulation run of the spread of an infectious disease using the RD-LA 
with X=128. At = (l/.V)'^, the initial density of susceptibles at 5%. and an infection 
coefficient of /C = 20, 071 (inflated to magnifj" the effect of the infection). Notice that 
the infection in the RD-LA model does not spread smoothly. An analysis of two 
subsequent cycles reveals that the locations of individuals are fluctuating. 
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2.3 Derivation of Reaction-Diffusion Equations 

Given the extensive body of work that exists for continuous models of disease spread 

[2, 3, 4, 7, 6, 25, 30, 31, 32, 41, 47, 50, 53, 68, 71, 73, 74, 76, 78, 77, 89, 95], the 

first thing we do with our model is verify that in the mean we are capturing the 

same macroscopic behavior as described by (1.1). In order to do this we show the 

formal convergence of our model to the reaction-diffusion equations given by (1.1) 

by following the generzil theory developed in [34] and summarized in Appendix A. 

It should be noted that the reaction-diffusion equations can be thought of as mean 

field equations but in doing so they need to be clearly defined when discussed due 

to their differing definitions in the literature [27, 60]. What is often meant by mean 

field equations can also be described as ordinary differential equations that contain no 

spatial information. Mean field equations literally mean equations that are based on 

averages. Because both the lattice-Boltzmann equation (2.10) and the "SI" equations 

(1.1) consist of average quantities, referring to the mean field equation(s) is ambiguous 

here and, therefore, not appropriate. 

For mean field equations that are partial differential equations, Duryea et al 

[29] found that increasing spatial heterogeneity in host densities increases the di

vergence between differential equation predictions and observed levels of infection. 

Also Kleczkowski and Grenfell [60] conjecture that in the presence of high local cor

relations that would normaJly render such differential equations as inaccurate, the 

differential equations model can be accurate if the contact rate between individuals 

is treated as a free parameter. Hiebeler [48] goes from stochastic cellular automata 

to two versions of mean field equations. One is referred to as the infinite-dispersal 

mean field approximation where every individual has equal probability of interact

ing with every other individual. The other is referred to as the local-dispersal mean 

field approximation, which incorporates the local spatial information from the cellular 

automaton model but assumes that no spatial correlations develop in the lattice. 
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The reaction-diffusion equations that we arrive at would be called local-dispersal 

mean field approximations by Hiebeler and can be thought of as the limiting macro

scopic equations that govern the behavior of the ensemble average behavior over all 

possible realizations of the dynamics of our model. In order to obtain the reaction-

diffusion equations, we obtain a lattice Boltzmann equation [34] by assuming no local 

correlations exist (the lattice Boltzmann approximation). However, we do not im

pose homogeneity in the dispersal of the population. The formal convergence to the 

macroscopic equations (1.1) is shown by first considering the simple case where there 

is no infection. Afterwards, an infection is introduced and the continuimi limit is 

found. We show that the lattice Boltzmann equation needs to be rescaled in order to 

recover the correct form of the macroscopic equations. 

2.3.1 Macroscopic Equations Without Infections 

The first step in connecting the dynamics of the RD-LA with the macroscopic dynam

ics is to consider the lattice Boltzmann description of the system (2.10). Beginning 

with this description, we let the change operator be defined by 

where is in semi-detailed balance and can be rewritten as (2.13). From the H-

theorem (Theorem A.l), it is known that at a local equilibrium, C{F) = 0. The 

symmetries inherent in imply that a local equilibrium, S, must have the form 

e  =  {  s  s  s  s  s  I  I  I  I  I ) .  

By taking partial derivatives of (2.13) and evaluating them at a local equilibrium, 

we obtain the linearized randomization operator, that is the singular symmetric ma-
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trix 

f -4 1 1 1 1 0 0 0 0 0 
1 -4 1 1 1 0 0 0 0 0 
1 1 -4 1 1 0 0 0 0 0 
1 1 1 -4 1 0 0 0 0 0 
1 1 1 1 -4 0 0 0 0 0 
0 0 0 0 0 -4 1 1 1 1 
0 0 0 0 0 1 -4 1 1 1 
0 0 0 0 0 1 1 -4 1 1 
0 0 0 0 0 1 1 1 -4 1 
0 0 0 0 0 1 1 1 1 -4 } 

This matrix has the following eigenvalues 

[Ai,  A2, A3, A4, As,  Ae,  AT, Ag, Ag, Aio] = [~"1? " l? ®]* 

The associated unnormalized eigenmatrix is 

Q — [9ii 92' 935 945 95' 96' 9?' 98' 99' 9io]' 

where 

9  ̂ = ( 1 1 1 1 -4 0 0 0 0 0 

92 = ( 1 0 -1 0 0 0 0 0 0 0 

93 = ( 0 1 0 -1 0 0 0 0 0 0 
= ( 1 -1 1 -1 0 0 0 0 0 0 

qI = ( 1 1 1 1 1 0 0 0 0 0 

and Qq to Qiq being the symmetric equivalents with zeros in the first five components. 

By Theorem [A.2], E = Nul^rJ) = Null(£f) = Spanf^g, 9iol- This implies that 

r̂_ / i i i i i o o o o o \  
^ " V o o o o o i i i i i y "  

The pseudoinverse of Ce is given by 

= -[^(9i9f + 969^) + ^(929^ + 939! + 979?" + QhQI) + ^(9491 + QBQS)]-

This RX)-LA is clearly diffusive (Definition [A.4]). Carrying out a Hilbert expansion 

(A.2.1) on the lattice Boltzmann equation for this system, we obtain at the leading 

order that 

/iW = £ = eoP^°\ (2.20) 
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where 

Continuing with the Hilbert expansion, at the next order of 5 we find that 

= -L[Sxq2 + + lyQ^] + (2.21) 

for some (3^^^ € R.^. 

For order 5^ in the Hilbert expansion, Ekjuation (A.17) yields 

where 

a(2) = [T^t + ^L^Ct;-V)2]/iW+ L(v (2.22) 

r(2) = (2.23) 

Substituting Equation (2.20) £Uid Ekjuation (2.21) into Equation (A.18), the second 

order solvability condition is 

0 = + ̂ L'^iv • V)2/I(0) + Lv • V ^ , 

that simplifies to the familiar partial differential equation known as the heat equation: 

r dtS = DAS /2 24) 
\ dtl = DA/, ^ ' 

where 
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2.3.2 Effect of Infection Operator, 

Now that the FID-LA without infection has been shown to formally converge to the 

diffusion equation, we modify the change operator by adding the infection operator, 

that has the form described in (2.11). This yields 

where the standard diffusive scaling of 5^ is used. The formal derivation of the 

continuum limit proceeds in the same fashion as in Section 2.3.1 to obtain the same 

linearized change operator Cs, and the same solutions (2.20) and (2.21). The 

infection operator does not appear in the Hilbert expansion until the second order 

solvability condition (A. 18), where is the same as given in 

Equation (2.22), and where is now 

In order to obtain from Ekjuation (2.18), we consider all possible a's and 

/3's and what each pair contributes to State vectors now include both sus

ceptible and infected individuals so that € {0,1}'^ as first described in section 

2.1.2. 

Given an a and a /3, the number of post-infection configurations of susceptibles 

and infecteds, i.e., n'g states, that are possible for each is given by 

where is the number of ways to choose the susceptible individuals that became 

infected, and is the number of ways to place the susceptibles that became 

infected on the available spaces on the infecteds' lattice, Xj. Because each is 

equally probable, we define the entries in the infection probability matrix by 

c = 

r(2) = -lz?2^(0)(/i(0)) . - C(i)(/iW). 

(2.25) 
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Recall that the general form of C^^\F) is 

C^^\F) = 5^(n'  -  n)F"^5( '^(n,  n ') .  
n,n' 

Modifying the summation indices to make use of (2.25) we obtain 

C<"(£) = 13 SI (ng (2.26) 
a,0 na,n'p 

Given a specific ol and /3 we next determine the contribution that 

53 (n'g - N^) (2.27) 
Ho 

makes to C^^^S). 

Before deriving this in general, we will work through an example to help elucidate 

the meaning of the general formula. Consider the case ot = (^) and (3 = (4), i.e., a 

node with four susceptible individuals and one infected individual where three of the 

susceptibles becomes infected. Recall that S = ( S S S S S II II I ). 

We begin with one possible ria and consider all the possibilities for n'^ and the re

sulting (n^ — Ua)- Because «S^^^(na, n'^) depends only on a and )3, we can also factor 

out  S* S iT^ S^^\noi ,  n 'p)  from (2.27) and determine ^{n'^  — ria)-
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ria n'fl {n'g - Ha) 
1 1 1 1 0 :  1 0 0 0 0  1 0 0 0 0 : 1 1 1 1 0  

1 0 0 0 0 : 1 1 1 0 1  
1 0 0 0 0 : 1 1 0 1 1  
1 0 0 0 0 : 1 0 1 1 1  

0 -1 -1 -1 0 
0 -1 -1 -1 0 
0 -1 -1 -1 0 
0 -1 -1 -1 0 

0  1 1 1 0  
0  1 1 0  1  
0 10 11 
0  0  1 1 1  

5^(n^ - Tia) = 0-4-4-4 0 0 3 3 3 3 

0 10 0 0 1 1 1 1 0  
1 1 1 0  1  
1 1 0  1 1  
1 0  1 1 1  

-1 0-1-10 
-1 0-1-10 
-1 0-1-10 
-1 0-1-10 

0  1 1 1 0  
0  1 1 0  1  
0 10 11 
0  0  1 1 1  

53(n^ — Tia) = -4 0-4-4 0 0 3 3 3 3 

0 0  1 0 0 : 1 1 1 1 0  -1 -10-10 0  1 1 1 0  

^(njj -Ua) = -4-4 0-4 0 0 3 3 3 3 
^0 

= -4-4-4 0 0 0 3 3 3 3 

TOTAL - "a) = -12 -12 -12 -12 0 : 0 12 12 12 12 

From just this Ua the contribution to (2.27) is 

S'^S iT { -12 -12 -12 -12 0 0 12 12 12 12 )^ (2.28) 

= 4-35' '5/T'5^^H'ia,n;3) (  -1 -1-1-10 0 1111)^.  (2.29) 

If we continue to add the contributions from all the possible n^s then (2.27) is 

4 - 3 - 4 - 5 5 ( ^ n w « , w ^ ) 5 ' ' 5 / 7 ' (  - 1  - 1 - 1 - 1 - 1 1 1 1 1  1 ) ^ . ( 2 . 3 0 )  

The factors in front of the vector can be explained as follows: The first factor is 4 

because there are 4 = (3) = ways to place the 3 {ois—^s) infected individuals 

on the 4 (5 — a/) available states . The second factor is 3 because if one considers 

all the Ua where there are four susceptibles and for each of these Ua picks three to 

become infected, each state (direction) occurs 3 = (2) = times. The third 
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factor is 4 because given all possible configurations for nag, each state (direction) 

occurs 4 = (3) = times. Finally the fourth factor is 5 because for each Uas 

there are 5 = (j) = ways that the infected can be arranged. 

Therefore the general form for the summation (2.27) for each a and each /3 is 

given by 

c • ( -1 -1 -1 -1 -1 1 1 1 1 1 )^, 

where 

The factor c is derived as follows: 

• (05^/5) is number of ways to place the susceptibles that become infected. 

• ias-fis-i) number of times that each susceptible state gets chosen for 

infection. 

• When considering all the possible configurations, is the number of 

times each state (direction) has a susceptible assigned to it. 

• Given a particular a and a configuration of the susceptibles in the pre-infection 

state, is the number of ways the corresponding infecteds can be arranged. 

Putting all this together, the contribution to is 

f  5 - a r \ f  a s - 1  c a s ^ - ^ s  
Us - /^s) Us Us - ij U/J 
x 5 ( ^ ) ( n a , n ^ ) (  - 1  - 1 - 1 - 1  - 1 1 1 1 1 1 ) ^  

_ 0s / 5 
O^s Ws - 1/ W// 

x ' P ( a , i 9 ) (  - 1  - 1 - 1 - 1 - 1 1 1 1 1  1 ) ^ .  ( 2 . 3 3 )  

(2.31) 

(2.32) 
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Using this for in the second order solvability condition (A. 18), we obtain 

(eC^'H^))  = (25pSI + h.o.L) ,  

where (~^) is now a vector and where "h.o.t." are higher order terms in S and I. 

Therefore, the second order solvability condition is 

dtS = DAS -  ̂SI  + h.o.L 

{ (2.34) 
dtl = DAI-h ^SI + h.o.t., 

where 

£> = ^. (2.35) 

If we remove the assumption of negligible correlations and introduce an appropriate 

rescaling so that the higher order terms have order one we would start producing the 

stochastic partial differential equation for this model. Instead we consider another 

rescaling that eliminates the higher order terms. 

2.3.3 Rescaling 

Equation (2.34) implies that a rescaling of the change operator, C, and of the Hilbert 

expansion (A.2.1) would allow us to obtain the reaction-diffusion equations given by 

Equations (1.1) as the meicroscopic governing equation for the behavior of the RD-LA. 

To accomplish this we let e = 5^/^ so that 

For the Hilbert expansion approximation of F we let 

r=0 

This expansion is chosen in order to avoid the introduction of convective terms that 

would arise with 0(5) terms. It should be noted that it is possible that a different 

form of the change operator can also cancel the higher order terms [14, 56, 55]. 
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This gives 

A H - H =  e ^ L v  •  

+ €*Lv - (2.36) 

+ €®[(Tat  +  ̂ \? {v  •  V )V^ +  hv  • V / i (2 ) ]  

+ 0{e^) ,  

and 

C { H )  =  t V C ^ ^ \ 0 ) h S ^ ^  

+ [VC^°H0)h^^^ + ix>2C!(°H0) • 

+ d^>(0)] 

+ e" [DC(°)(0)/i(^) + |p2(-(o)(o). 

+ VC^^^{0)h^°^] (2.37) 

_,_p3^(0)(o)(/j(0),j(0)^(2) ^ h^o)hWh^i))  

+ VC^^\0)h^^^ + ip2^(^)(0) • 

+ 0(e«), 

where "D is the derivative operator not the diffusion coefficient from (2.35). It can 

be shown that C^^^(O) and DC^^)(0) are both zero. Therefore, matching the terms in 

Equation (2.36) and Equation (2.37) order by order, the solvability conditions are 

met for orders e through e* resulting in 

/iW = £=eo0^°\  

= eo0^^\  

= -L[5xg2 + Syq^ + 7x97 + ^vflsl + , 
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and 

ft™ = -L(Si9j + 5;<,3 + /i<jj + + eo^'). 

where 

and are to be determined. 

At order e®, the solvability condition requires the calculation of 

This proceeds as follows: 

_ J IZin'ik) - n(fc))5(^)(n,n')F"r(^ - - ft) : i ̂  

0 : j = L 

J E(^'( 
dFtdFi = I 

In the above equation consider that the sum is over vectors n and n' such that 

n,n' e {0,1}*^. The number of I's represents the number of individuals. Because 

n') ^ 0 only for cases where there is one or more of each health state in n, the 

only contribution possible is for n's that have two or more I's. For all n € (0, l}*"* 

that have more than two individuals we obtain the following: 

~ nc "•J 
Ft F=0 

10 

t=l 
n = 0 if  Uj = l,nf  = 1, and 

F=o 

at least one more Tii = 1; 

F"F":^(^)|^ 0 ~ ^ if nj = 1, Tit = 0, and 

at least one more = 1; 
= 0 if % = 0,n, = 0, and 

at least one more n, = 1. 

This implies that the only n's for which F^F — ft) ^0 are those that 

represent a local state at a node that has exactly two individuals: one at location 
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Tij and the other at location n/. The only ot's that can possibly lead to this are 

(2,0), (0,2), and (1,1). For at = (2,0) or a = (0,2), 5^^)(na, n^) = 0. For a = (1,1), 

the possible /3's are (0,2), and (1,1). For /3 = (1,1), n'^ — ria =0 because all 

randomizations of state are done in Therefore, the only contribution to £>^C^^^(0) 

comes from ct = (1,1) and (3 = (0,2), so that 

=5pSIi  -1 - 1 - 1 - 1 - 1 1 1 1 1  1 ) ^ .  

In the solvability condition, this results in 

i(e£)2C(^)(0) • = 25p5/^~^^, 

where is now a vector. The c® solvability condition becomes 

dtS = DAS-^SI 
(2.38) 

d j  =  D A I + f S I ,  

where 

Thus we expect the macroscopic behavior of the RD-LA to be governed by the system 

of equations (2.38). If we define k = ^ then this is the same system of equations as 

(1.1), the "SI" equations. 
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Chapter 3 

VALIDITY OF THE DERIVATION 

Recall that obtaining the reaction-diffusion equations (1.1) from the RD-LA model 

was done in two steps. We first obtained the lattice Boltzmann equation, (2.10) and 

(2.11), by assuming that the correlations between individuals were negligible and that 

we could therefore pass the expected value operator through the nonlinearities in the 

change operator, i.e., the lattice Boltzmann approximation (see Section 2.1.2). We 

then formally derived the reaction-diffusion governing equations. Here we numerically 

examine both of these steps: the accuracy of the lattice Boltzmann approximation 

and the accuracy of the lattice Boltzmann equation when compeared with the reaction-

diffusion equations (1.1) for which we showed formal convergence in Section 2.3. 

We investigate the accuracy of the lattice Boltzmann approximation by examin

ing its accuracy when compared to averages from r independent realizations of the 

dynamics of the RD-LA model. We find that for low density populations the lat

tice Boltzmann approximation is accurate, but as the population density increases 

its accuracy decreases. Hanon and Boon [43] validate the accuracy of the lattice 

Boltzmann equation for diffusion phenomena in fluid systems. We do so, as well, 

but for the spatial distribution of an infectious disease in regions that have a low 

population density. For the second step we need to numerically solve the reaction-

diffusion equations (1.1). In order to do this we argue that a multigrid method is the 

best choice. We find that the lattice Boltzmann equation and the numerical solution 

of the reaction-diffusion equations become more similar as the grid spacing Ax is 

reduced. 
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3.1 Validity of Lattice-Boltzmann Approximation 

In going to the continuum limit of the RD-LA, we pass through an intermediate level 

of description where we obtain the lattice Boltzmann equation, (2.10) and (2.11), 

by means of the lattice Boltzmann approximation. We show below that the lattice 

Boltzmann approximation is valid for our RD-LA when the initial population density 

is low but that it becomes increasingly inaccurate as the population density increases. 

The idea of ignoring correlations when passing the expected value operator 

through nonlinearities in an equation was used by the physicist Ludwig Boltzmann 

(1844-1906) within the field of kinetic theory and is known as the "assumption of 

molecular chaos" that led to the Boltzmann equation. The validity of this assumption 

has been shown both theoretically and empirically (for discussion see [51]). He and 

Luo [46] formally derived the lattice Boltzmann equation directly from the Boltzmann 

equation and showed the lattice Boltzmann equation is a special discretized form of 

the Boltzmann equation. 

We compare numerical data from the lattice Boltzmann equation with numerical 

data from our RD-LA for the idealized infection of Chapter 2. As explained on page 

29 of Section 2.1.2, F{m, i,p) = ExpVal[Ar(Tn, t, p)]. The most direct way to estimate 

this value is to consider an ensemble of r independent realizations of the dynamics, 

Recall that the change operator is comprised of the collision operator and the 

infection operator (2.1) both of which have the general form of a change operator as 

described in Equation (2.6), i.e., 

{iV^*=^(m,t ,p) A; =  1,2, . . .  , r}.  

and estimate F by the sample mean. 

/k=l 
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where 

C^\N)= ^  in'  -n)N^N^S^\n,n ') ,  J  = 0,1-

The lattice Boltzmann form of both the randomization and infection operators (2.11) 

is 

Therefore, our assumption of negligible correlations affects both operators. This has 

the effect that if the lattice Boltzmann approximation is inaccurate then this will cause 

the lattice Boltzmann equations to deviate more noticeably from the averaged results 

of the RD-LA than if there were only one change operator. The probability of infection 

p affects the values obtained in which is the probability of the specific infection 

scenario (n n') occurring. The higher the probability of infection, the larger the 

change created by the infection operator Therefore, to help magnify the effects 

of the inaccuracy in the lattice Boltzmann approximation, we used a probability of 

infection close to one: p = 0.98. 

In order to determine how the initial density of susceptible individuals affects 

the accuracy of the lattice Boltzmann approximation, we compare both codes for 

several different initial densities of susceptibles. To make this comparison we use the 

following £2 norms: 

^ (n' - n)F"F^5^'^(n, n') ,  j  = 0,1. 
n,n'€{0,l}'"' 

^{CAJTotalf i t )  -  LBJ-otalri t ))^  ,(3.1) £2{CAJrotali — LBJTotali) 

'^{CAJTotalri t ))  i2iCAJrotal[) 

where 
N 

CAJ-otal,(t) = 53 (3.3) 
tj=l 
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is the total number of infected individuals at time step t of the RD-LA, and 

LBjrotal,(t) = Y, I"(t) (3.4) 
t j= l  

is  the total  number of infected individuals at  t ime step t of the Lattice Boltzmann 

equation. T is the total number of time steps; N is the number of nodes on the grid 

in one dimension; and is the amount of infecteds at node (i, j) and at time step 

t. The relative magnitude of the £2 norm of the difference is given by 

flei-errm- ^ t2(CA^oM,-LBjrotal,) 

Figure 3.1, that is a graph of this Reljerror, shows the growing inaccuracy in the 

lattice Boltzmann approximation as the initial density of occupation increases. 

In order to investigate the nature of the growing inaccuracy, we look specifically 

at both a low density regime of 5% initial susceptibles and a high density regime 

of 80% initial susceptibles to compare the total number of infected and susceptible 

individuals over time. The total number of susceptible individuals at time step t for 

the averaged RD-LA and for the lattice Boltzmann equations are defined similarly to 

the totals for infected individuals ((3.3) and (3.4)). Figure 3.2 on page 57 and Figure 

3.3 on page 58 shows these totals. For these graphs, the £2 norm is the same as defined 

above in (3.1). Here, we see that in the low density regime (Figure 3.2), the lattice 

Boltzmann equations do not deviate significantly from the averaged results of the 

RD-LA, nor is there evidence that a deviation is starting that will grow in time. On 

the other hand, in the high density regime (Figure 3.3), we see a deviation between 

the lattice Boltzmann equation and the RD-LA that IS growing in time, implying 

that the lattice Boltzmann approximation will not be appropriate in this regime. 

These data imply that the lattice Boltzmann approximation becomes progres

sively less valid as the initial density of susceptibles moves from a low density regime 

to a high density regime. In the high density regime, the lattice Boltzmann equation 
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FIGURE 3.1. The effect of initial density of susceptible individuals on accuracy of 
lattice Boltzmann approximation. The initial density of susceptible individuals is 
varied from 5% to 95%. The graph shows the relative error of the £2 norm of the 
difference between the RD-LA averaged over 500 realizations of the dynamics and the 
lattice Boltzmann equation (3.5). N=25 is the number of nodes in one dimension; 
the total number of time steps is 10; and the probability of infection is 98%. 

appears to incorrectly underestimate the effect of the infection. This is further inves

tigated by looking more closely at the behavior of both the RD-LA and the lattice 

Boltzmann Equation across the middle of the lattice. Figure 3.4 on page 59 and 

Figure 3.5 on page 60 are graphs of and lij for J = 1,... ,N and i = N/2. Figure 

3.4 is a snapshot across the middle of the lattice after twenty time steps and with an 

initial density of susceptibles equal to 5%. Figure 3.5 is similar with the exception 

that here, the initial density of susceptibles is equal to 80%. These graphs show how, 
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for short time periods, the lattice Boltzmann equation does approximate the ensemble 

average behavior of the RD-LA regardless of the initial density of susceptibles. 

On the other hand, in the high density regime, we obtain significant loss of accu

racy rather quickly as seen in Figure 3.6 on page 61, that is a similar graph to Figure 

3.4 and Figure 3.5 with an initial density of susceptibles equeil to 80%, but now after 

sixty time steps. Here, we see clearly how in this high density regime, the lattice 

Boltzmann equation underestimates the effect of the infection. On the other hand, in 

the low density regime, the accuracy of the lattice Boltzmann approximation appears 

to go on indefinitely, as seen in Figure 3.7 on page 62 that is after 100 time steps. In 

the low density regime, this kind of accuracy is seen for all the time steps observed. 

In conclusion, it seems reasonable that in a low density regime the lattice Boltz

mann approximation is accurate, because interactions between individuals are infre

quent and their correlations negligible. Likewise, it is also reasonable to expect that in 

the high density regime where interactions between individuals are much more likely, 

the effects of correlations between individuals cannot be ignored and thus make the 

lattice Boltzmann approximation relatively less accurate. 
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FIGURE 3.2. A comparison at each time step of the lattice Boltzmann equation with 
the RD-LA averaged over 2000 realizations of the dynamics. The initial density of 
5% susceptible individuals is used. Top Graph: The solid line is the averaged total 
number of susceptibles on the lattice, X, from the RD-LA and the dotted line is the 
total number of susceptibles from the lattice Boltzmann equation. The £2 norm of 
the difference is given. Bottom graph: This is the same as top graph but for infected 
individuals. N=25 is the number of nodes in one dimension; Time=100 is the total 
number of time steps At; and the probability of infection is 98%. 



58 

2500 

2495 

I  2490 
"Q. 

^ 2485 
w. 

2480 -

2475 

0 20 40 50 80 100 
timesteps 

L2 difference: 26.116 

25 

20 

100 60 80 20 40 0 
timesteps 

L2 difference: 18.026 

FIGURE 3.3. A comparison at each time step of the lattice Boitzmann equation with 
the RD-LA averaged over 2000 realizations of the dynamics. The initial density of 
80% susceptible individuals is used. Top Graph: The asterisks represent the averaged 
total number of susceptibles on the lattice, X, from the RD-LA auid the diamonds 
are the total number of susceptibles from the lattice Boitzmann equation. The £2 
norm of the difference is given. Bottom graph: Same as top graph but for infected 
individuals. N=25 is the number of nodes in one dimension; Time=100 is the total 
number of time steps At; and the probability of infection is 98%. 
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FIGURE 3.4. A comparison of the lattice Boltzmann equation to the RD-LA through 
the middle of the lattice; for 2in initial density = 5% (out of a possible occupancy 
of 5), and at time step = 20. Top graph; The asterisks represent the susceptible 
individuals at nodes {N/2,j), j ~ 1,2,N of the RD-LA after 20 time steps. The 
diamonds represent the same quantity from the lattice Boltzmann equation. The £2 
norm of the diflFerence is given. Bottom graph: This is the same as top graph but for 
infected individuals. N=25 is the number of nodes in one dimension; Time=100 is 
the total number of time steps At; and the probability of infection is 98%. 
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FIGURE 3.5. A comparison of the lattice Boltzmann equation to the RD-LA through 
the middle of the lattice; for initial density = 80%, and at time step = 20. Top graph: 
T h e  a s t e r i s k s  r e p r e s e n t  t h e  s u s c e p t i b l e  i n d i v i d u a l s  a t  n o d e s  ( i V / 2 ,  j ) ,  j  =  1 , 2 , N  
of the RX)-LA after 20 time steps. The diamonds represent the same quantity from 
the lattice Boltzmann equation. The £2 norm of the difference is given. Bottom graph: 
This is the same as top graph but for infected individuals. N=25 is the number of 
nodes in one dimension; Time=100 is the total number of time steps At; and the 
probability of infection is 98%. 
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FIGURE 3.6. A comparison of the lattice Boltzmann equation to the RD-LA through 
the middle of the lattice; for an initial density = 80% (out of a possible occupancy 
of 5), and at time step = 60. Top graph: The asterisks represent the susceptible 
individuals at nodes (iV/2, j), j = 1,2,... , iV of the RD-LA after 60 time steps. The 
diamonds represent the same quantity from the lattice Boltzmann equation. The £2 
norm of the diflFerence is given. Bottom graph: Same as top graph but for infected 
individuals. N=25 is the number of nodes in one dimension; Time=100 is the total 
number of time steps At; and the probability of infection is 98%. 
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FIGURE 3.7. A comparison of the lattice Boltzmann equation to the RD-LA through 
the middle of the lattice; for initial density = 5% (out of a possible occupancy 
of 5), and at time step = 100. Top graph: The asterisks represent the susceptible 
individuals at nodes (JV/2, j), j = 1,2,... , iV of the RD-LA after 100 time steps. The 
diamonds represent the same quantity from the lattice Boltzmann equation. The £2 
norm of the difference is given. Bottom graph; This is the same as top graph but for 
infected individuals. N=25 is the number of nodes in one dimension; Time=100 is 
the total number of time steps At; and the probability of infection is 98%. 
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3.2 Lattice Boltzmann Equation Compared with the Reaction-
Diffusion System of Equations 

We wish to investigate numerically the formal convergence of the lattice Boltzmann 

equation to the reaction-diffusion equations found in Section 2.3. Because the formal 

convergence holds in the limit that the space and time steps go to zero, we expect 

to find a small divergence between these two sets of equations that diminishes as the 

space and time steps diminish. In order to pursue this, we obtain numerical solutions 

to the reaction-diffusion equations (1.1), £ind use these to investigate the accuracy of 

the lattice Boltzmann equation. 

3.2.1 Numerical Solution of SI equations - Multigrid Method 

Among the possible methods by which we can solve the reaction-diffusion equations 

(1.1), are explicit finite differencing, spectral methods, ADI (Alternating Direction 

Implicit), and multigrid approaches. Explicit finite differencing provides a good way 

to get a crude idea of the solution but are generally regarded as not being very 

efficient due to the stability constraint on the time step [94]. Spectral methods are 

useful in one-dimension, but their increased inefficiency in two-dimensions rules them 

out. While ADI is unconditionally stable and accurate to second order in both space 

and time [94], its rate of convergence becomes questionable for small grid spacings. 

This is shown in Appendix D. Instead, we use a multigrid approach to solve the 

equations. This powerful approach is described below: 

The reaction-diffusion "SI" equations that we solve are 

dtS = DAS-kSI 

dtl = DAI + kSI, 

defined on the infinite domain Q, i.e., there are no boundaries. f2 is thought of as 

the periodic repetitions of [0,1]^. We solve these equations subject to the following 
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initial conditions: 

5(x,0) = d, deR; 

/(x,0) = { '  'f-
[0 otherwise. 

By defining 

u = , and g{u) = kSI ^ ^ > 

we rewrite the "SI" equations (1.1) as 

dtu = DAu + giu). 

We work on a two-dimensional grid with N x. N grid points where h = Ax = l/N. 

By defining the time step At as k, is the value of u(x ,i) at x = {ih,jh) and 

t = nk. We use a 2nd order backward differencing scheme in time, a 2nd order finite 

differencing method in space, and handle the nonlinear term explicitly to obtain 

• "4" t~) 
^  . „n+l , j j n + l  . ^n+l _ 4un+l\ + Q" 

2k h? ^ ^id-l ^ Sid' 

where = g{u^j). This can be rearranged to obtain 

o d k  
+ <J"i + "u-i - = ^i=9h + ""t, -

or 

^^n+i _ ^ where / = 4u" — + 2kg{u^). 

Once we put our problem into this form, we are able to consider applying a 

multigrid method to solve it. Multigrid is a very eflficient iteration method that 

combines relaxation methods with interpolation to quickly converge on the solution 

[15, 80]. Using relaxation methods, the multigrid method relies on what is referred to 
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as "residual correction" that consists of the following: Suppose we approximate the 

solution of 

Au = f (3.6) 

by V .  The iV-dimensional vector v has components Vij, I < i,j  < N. The error is 

denoted e = u — v, and the residual is r = / — Av. Simple algebra results in the 

residual equation Ae = r. If we solve the residual equation for e using a nimierical 

method, then we can use this to correct our approximation, i.e., v' = v + e. If 

we could solve the residual equation exactly, then we can solve the original equation 

exactly. Therefore, we actually obtain where and are the 

initial guess and initial residual, respectively, and B is some approximation to A~^. 

Now that we have a new and improved approximation v, we repeat the process and 

obtain an even better approximation of u. Each application of the residual correction 

method is called an iteration. If we graph the norm of the error, ||e||, versus number 

of iterations, we will obtain a decreasing graph that starts with a very quick drop-off, 

and then it will level off as the rate of decrease becomes smaller. Why this occurs is 

a function of what is called the smoothing property of relaxation methods, and will 

be briefly reviewed here. 

There are various relaxation methods that try to approximate A~^ and in general 

they can be described by 

+ g, 

that leads to 

g{l)  _  pg(0)  ^  g(n)  ^  png(O)  

Choosing specific vector and matrix norms, we can bound the error after n iterations 

by 

||e<")|| < ||P|ri|e'°'||. 
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Therefore, if l|Pl| < 1 the error goes to zero as the iterations proceed. It can be 

shown that the eigenvectors, Wk, of P form a complete set on our vector space. It 

is therefore possible to represent the initial error, using the eigenvectors of p in 

the form 

AT-1 

g(0) _ ̂  CkW/t, Cfc G R, 
k=l 

where N is the number of grid points. From this we obtain 

AT-l JV-1 

^ ckp'^wk = ckxk^k-
k=l k=l 

We see that after n iterations, the kth eigenvector of the initial error has been reduced 

by a factor AJ, which implies that the higher frequency components of the error are 

more quickly reduced. Because the high-frequency or oscillatory components of the 

error are more quickly eliminated, leaving the low-frequency or smooth components, 

these methods are called relaxation methods. Two of the simplest relaxation methods 

are Jacobi iteration and Gauss-Seidel iteration. Both of these methods converge like 

<9(1 — h^), where h is the grid spacing. Improving on this rate is Successive Over 

Relaxation (SOR), that converges like 0(1 — h), but has the downfall of destroying 

the high frequency smoothing crucial to multigrid [80]. There are other less well 

known iterative schemes, but these are not required for the development of multigrid. 

Experience has shown that many of the most powerful multigrid schemes are built 

upon simple relaxation schemes [15]. To solve the SI equations (1.1), we use the red-

black (checker board) Gauss Seidel method. If one imagines that the nodes of the grid 

are alternately colored red and black, like a checker board, this effective alternative 

updates all the "red" components first by the expression 

3+^ [2<7'(v,-_1j + Vt+1 J "f" —1 "f" "I" /tj] » 

where m = (i — 1)N^ + j is even, and a = It then returns and updates all the 
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"black" components by 

31^8^ [2a(Ui_i J + Vi+ij + Vij^i + Vij+i) + fij] ,  

where m — { i  —  1)7V + j  is odd. 

If we define the two dimensional solution array after k iterations as then we 

can obtain the difference between two successive iterations by 

d  -  ~  _  ( d { j ^ s ) \  
O'O «ij "ij 

The natural matrix norm associated with the supremum norm for vectors is given 

by [39]: 

n 
IIDlloo =mp^|Aj|-

j=i 

Because each component Dij is a two dimensional vector we will use 

n n 
IIU lloo = llAjlloo = mpc^max(|Aj(5)|, lAj(/)|)-

j=i ' j=i 

The relaxation sweeps are done until 

11  ̂Hoc <6, 

where e, the specified tolerance, is 10~®. 

Regardless of what relaxation scheme is used, removing the smooth components 

of the error is still a problem. Multigrid is a numerical approach that overcomes this 

shortfall in relaxation methods. 

A grid with a spatial grid size of h  will be denoted fl'', and the associated u , v  

and e will be denoted ti'', v'' and Multigrid takes advantage of the fact that a 

smooth wave on Q'* will appear much more oscillatory on For example, a wave 

with wavenumber A: = 5 on a grid with N = 16 that is projected directly to the 

grid with N = 8 still has wavenumber k = 5, which is more oscillatory on the 
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coarse grid than on the fine grid. Therefore, when relaxation begins to stall, implying 

the predominance of smooth error modes, moving to a coarser grid where the smooth 

error modes appear more oscillatory is more effective. This idea is the basis of a 

procedure called coarse grid correction. It can obviously be applied repeatedly by 

moving to coarser and coarser grids. 

Because relaxation on the original equation au = / (3.6), with an arbitrary initial 

guess r, is equivalent to relaxing on the residual equation Ab = r, with the specific 

initial guess of e = 0, multigrid uses the idea of repeated coarse grid correction on 

the residual equation. In order to do so, information must be passed back and forth 

between grids. This is done via interpolation and restriction operators. 

Transferring from a coarser grid to a finer grid is just interpolation that is a 

common procedure in numerical analysis. We use simple linear interpolation, which 

is all that is usually needed with multigrid [15]. The interpolation operator Jja takes 

coarse grid vectors and produces fine grid vectors according to the rule I'^v^ = 

where 

+ vfj+i) 0 < < Y 

The interpolation operator is a linear operator from RT X to R^ x R^. If the 

true error is relatively smooth, then applied to the coarse grid approximation of 

the error, e^'', works well at estimating the true error. If the true error is oscillatory 

even a good coarse grid approximation may result in a poor interpolant. 

To move from a fine grid to a coarse grid we used a restriction operator, denoted 

The simplest such operator is injection, where the coarse grid vector simply 

takes its value directly from the corresponding fine grid point. Another restriction 

^2t,2j+l — 

^2i+l,2j+l 
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operator is called full weighting and is defined by where 

[^2t-l,2j-l + ^2t-l,2i+l + ^2i+l,2i-l + ^2i+l,2j+l 

+^if^2i,2j-l + V^i,2j+l +  ̂ 2i-l,2j + 4i+l,2j) 

h 1 ^ 

The full weighting operator is a linear operator from x to R^ x RT. A useful 

property of the full weighting restriction operator is that it is, up to a constant, the 

transpose of the interpolation operator, that is 

=  c e R  

In order to obtain we discretized the original problem (1.1) on Note: The 

time derivative prevents us from having the Galerkin property: 

= ifl^Ahl^hJ but that is of little consequence. 

Putting zdl this together, we obtain the following multigrid algorithm. We assume 

that there are two or more grids with the coarsest grid consisting of a single grid 

point and denoted 

Coarse Grid Correction Scheme 

Relax on until ||U''||oo < c with initial guess given by initial 

conditions. 

Compute f"" = - A^v"). 

Relax on A^^u^^ = until [|D^'^||oo < f with initial guess = 0. 

Compute f**" = 

Relax on until ||Z>'"'||oo < e with initial guess v'*'* = 0. 

Compute = /4ftr'"*. 
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Solve A^u'^ = 

Correct v'"' <— v'"' + 

Relax on until ||U'"'||oo < e with initial guess w'"'. 

Correct <— 

Relax on = Z^'' until lli?^''lloo < e with initial guess v^'^. 

Correct v'' ••— r'' + 

Relax on until |(i?''(|oo < c with initial guess v'*. 

Because this algorithm telescopes down to the coarsest grid, and then works its way 

back up to the finest grid, it is called a V-cycle. Relaxation on the fine grid removes 

the oscillatory components of the error. We then use coarse grid correction, via our 

restriction operator, to remove more and more of the error. Because the error is 

smooth, interpolation will work very well at accurately transferring the error from 

the coarse grid to the fine grid. This is the complimentary way in which the different 

parts of multigrid work together. We obtain excellent convergence with an algorithm 

consisting of one V-cycle. 

3.2.2 Comparison of '*SI^ Equations with lattice Boltzmann Equation 

With the numerical solution of the "SF equations (1.1), we can compare the solution 

with that of the lattice Boltzmann equation (2.10). We have already shown, that in 

a low-density regime, the RD-LA's average behavior is accurately captured by the 

lattice Boltzmann equations (3.1). Therefore, by comparing the "SI" equations to 

the lattice Boltzmann equation, we are, also, indirectly, comparing them with the 

RD-LA. 
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Because the "SF equations only hold in the limit that the grid spacing and the 

time step go to zero, we should expect that the multigrid solution of the "SI" equa

tions will deviate from the lattice Boltzmann equation slightly. We expect that this 

difference will diminish as the grid spacing is reduced. This is indeed what we find. 

The grid spacing Ax is 1/N, therefore we decrease our grid spacing by increasing 

the number of grid points. We let N = 2'', 2®, 2®, and 2~. Because the time step 

At = T • (Ax)^, where T = 1 is the macroscopic time scale, the time steps also 

became smaller as the number of grid points are increased. In order to compare the 

inaccuracy between the lattice Boltzmann code and the multigrid code for different 

spatial grid sizes, we compare them at the same real time. The comparisons of the lat

tice Boltzmann code with the numerical solution of the "SI" equation are graphed in 

Figure 3.8 on page 73. Here we see the growing accuracy between these two equations 

as the grid spacing Ax becomes smaller. 

For each N, we calculate the Li, L2, and Loo norms of the difference between the 

density of infecteds, from the lattice Boltzmann code, and the multigrid code, using 

a cross section of the grid. This was done using the discrete versions of the Lp norms 

defined as follows; 

Definition 3.1 For —00 < a < b < 00, let C([a, 6]) be the set of continuous functions 

on [a, 6]. We discretize [a, 6] into N steps where h = Ax = ^ so that Oh = a and 

Nh = b. For f € C([a, 6]), we obtain a discretization f by fo = /(Oh) = /(a),/i = 

/(l/i),... ifN = f{Nh) = f{h). For (1 < p < 00) the general discrete formulas for 

the Lp norms are obtained from a trapezoidal approximation of the integrals. 

Xonorm: (3.7) 

At node { i , j ) ,  the density of infecteds from the lattice Boltzmann code is denoted 

Fij, and the density of infecteds from the multigrid code is denoted Mij. By letting 



72 

i  =  N/2  and d j  = Fiv/2j — Afyv/ajj where j  =  N /2 ,  N /2  + 1,.... iV, the Li {d ) ,  L2{d ) ,  

and Loo{d) norms of the difference are calculated. The result of this analysis is 

graphed in Figure 3.9 on page 74. We see that regardless of what norm we use, the 

difference in the two codes is small, and that it is sharply reduced by reducing the 

grid spacing. 

The numerical comparison of the RD-LA model to the lattice Boltzmann equa

tion, and the comparison of the lattice Boltzmann equation to the reaction-diffusion 

equations (1.1), support the formal convergence that we showed in section 2.3. The 

analytical analysis and the numerical analysis both support the ability of a simple 

RD-LA to capture the macroscopic behavior of a system as described by continuous 

equations. 
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FIGURE 3.8. A comparison of infected individuals from the lattice Boltzmann equa
tion with infected individuals given by the ''SI" equations through the middle of lattice 
as the number of nodes is varied. Real time for each graph is 0.00781 of whatever 
units are used for the characteristic time. The probability of infection is 98% and the 
initial density of susceptible individuals is 5%. Top left: Nodes in one dimension are 

= 2'* = 16. The connected asterisks represent the density of infected individuals 
at nodes {N/2,j),j = 1,2,... , iV of the lattice Boltzmann equation. The solid line 
is the numerical solution of the "SI" equation for infected individuals at the same 
nodes. Top right: Same graph, but N = 2^ = 32. Bottom left: Same graph, but 

= 2® = 64. Bottom right: Same graph, but AT = 2^ = 128. We obtain closer 
agreement between the two representations as N increases. 
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Norm Comparison of Lattice — Boltzmann Code and Multigrid Code 
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FIGURE 3.9. A norm comparison of lattice Boltzmann equation and "SF equations 
as the number of nodes is increased. The probability of infection is 98% and the initial 
density of susceptible individuals is 5%. Top graph: The li norm of the difference 
between the numerical solution of the "SI" equation for infected individuals and the 
lattice Boltzmann equation for infected individuals. Middle graph: This is the same 
graph but shows the La norm. Bottom graph: This is also the same graph at the 
previous two but shows the Loo norm. 
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Chapter 4 

MEASURES OF FLUCTUATIONS 

Having argued that the RD-LA model described in Chapter 2 does behave on average 

like the system of partial differential equations given in (1.1), we now pursue one of the 

aspects of this modeling approach that makes it different, and zdlows for investigation 

of aspects not otherwise available: the fluctuations away from the mean behavior that 

are due to stochastic interactions at the mesoscopic scale of description. Using the 

non-dimensional statistical measure of the skewness of these fluctuations we present 

a method to track the location of an infection "front". Grosfils et al [42] investigated 

the fluctuations in a simple fluid modeled by a lattice gas automaton and found, 

among other results, that the spectral function of the lattice gas fluctuations was fully 

compatible with the spectrum obtained from experimental measurements performed 

in real fluids. The results they found provide solid support of the validity of the 

thermal lattice gas automaton as a consistent model system for real fluids. Hanon 

and Boon [43] found the spectral functions of the lattice gas fluctuations to be in 

accordance with those of a classical "nonthermal" fluid, providing validation of lattice 

gas automata as a microscopic approach to diffusion phenomena in fluid systems. 

Keeling et al [57] present a technique of fluctuation analysis for the identification of 

characteristic length scales in spatial models which they use to extract non-trivial 

large-sczde behavior. 

Here we present emother method of fluctuation analysis also used to extract non-

trivial large scale behavior: the location of the infection "front" within the fluctu

ating positions of a low density population. In our RD-LA model the chance of an 

encounter between two individuals is low, therefore the average behavior captured 

by the reaction-diffusion equations (1.1) is often very far from the actual dynamics 
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exhibited by the RD-LA. We are interested in macroscopic phenomenology exhibited 

from just one realization of the dynamics of the RD-LA as it simulates the spread 

of a disease. To capture this we present a method that uses statistical information 

obtained from the fluctuations of susceptible individuals alone to localize an infection 

"front". 

In order to develop this method we first convince ourselves that there is suflBcient 

statistical evidence to support the hypothesis that the number of susceptible individu

als at a node follows a binomial probability distribution. We do this by a combination 

of hypothesis testing and moment analysis including skewness and flatness on data 

from averaging cells. In order to achieve some degree of efficiency with our code we 

would like to make our averaging cells as small as possible. To this end we then test 

how sensitive the error in the moments is to the size of the averaging cells and to 

the density of the population. Regardless of what norm is used to measure the error 

between empirical and theoretical sample moments, we find a power law relationship 

between the error and the volume of the averaging cell for the mean, variance and 

third moment. We also show that the fluctuations in infection locations about the 

mean infection location are not Gaussian regardless of the density of the population. 

This precludes the use of Gaussian statistics in determining the location of the in

fection front. Instead we develop a method for identifying the infection front that 

allows for some variability in how the "front" is to be defined and is based solely on 

statistics from the susceptible population. 

4.1 Baseline Statistics 

In order to study the fluctuations in the RD-LA as it simulates the spread of an 

infection throughout a healthy population, it is useful to first obtain information 

about just the fluctuations of the RD-LA's healthy population as they move about 

randomly on the grid, i.e., the fluctuations in the population when no infection is 
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present. As previously shown, (see Figure 2.2), a lattice initialized with a block of 

susceptible individuals diffuses in accordeince with the expected diffusion of particles 

governed by the heat equation. 

If instead of an initial block of susceptibles, the lattice is initialized randomly ac

cording to a specified density of susceptibles, one would expect the statistics governing 

the number of susceptibles at a node to follow a binomial probability distribution. Re

call that a random variable X is said to have a binomial distribution if its probability 

density function, or PDF, is given by 

Pfc = P{X  =  k}=  - P)""^ = 0,1, • • • , n; 0 < p < 1, (4.1) 

where p is the probability of success, and k is the number of successes in n trials. If 

A' has PDF (4.1), we will write X ~ b{n,p). The theoretical background for these 

ideas is reviewed in Appendix B. 

Therefore, if the RD-LA's susceptible population follows a binomial probability, 

it would have the probability of a success, p, equal to the density of susceptibles, 

and the number of possible outcomes, n, equal to the number of susceptibles that 

are allowed at any one node. For our two-dimensional simulations with a health-state 

specific exclusion rule and a zero-velocity state, n = 5. If we let S be the total number 

of susceptibles residing at a node at any given time, we hypothesize that 5 ~ 6(5, p). 

In the language of hypothesis testing, we phrase this as 

Ho : 5~6(5,p) (4.2) 

Ha S/6(5,p). 

We now need to test this hypothesis. (Appendix C reviews the theoretical ideas 

involved in hypothesis testing that we use.) Using a = 0.01, we employ both the 

test and the Kolmogorov-Smimov test to validate Ho • S ~ 6(5, p). For the test, 

we pick the collection of disjoint Borel sets Aq, >1I, • • • ,A5 to correspond to each of 
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the possibilities for 5, S € {0,1, • • - ,5}, and, therefore, 

Pi = PQIX e Ai} = Pi, 

where 

Testing Ho at various densities of susceptibles ranging from 0.05 to 0.95, we found 

acceptance of Hg at level a from both tests, at all density levels tested. 

Using the Kolmogorov-Smimov test performed on the statistical software package 

S-Plus, which has the capability of calculating p-values, we obtain a p-value of 89% 

for acceptance of the hypothesis. It should be noted that, because the underlying 

distribution is discrete, the Kolmogorov-Smimov test is conservative in that it tends 

to accept the null hypothesis [85]. 

We conclude that there is not enough statistical evidence to reject the null hy

pothesis, Ho : S ^ b(5,p) for small a values. We will, therefore, not be making a type 

I error, that is, rejecting the null hypothesis when in fact it is true. The possibility 

still exists of making a type II error, that is, accepting the null hypothesis when in 

fact it is false. Due to the difficulties in testing for a type II error [96], we will further 

test our hypothesis by obtaining statistical information from the RD-LA. We will do 

this by calculating moments of the data within three-dimensional "averaging cells". 

The averaging cells have dimensions Axceii x Axceii x Atceii- We set Axceii = fL and 

AtcfUi = gT, where L and T are the characteristic length and time scales. If L = 1 

and T = \ then 

Therefore, the total number of nodes in an averaging cell, called the "node volume" 

or NV, is given by 

the number of nodes in Axceii = fN, and 
the number of nodes in Atceii = 

(4.3) 

NV =  f ^gN\  (4.4) 
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Note that NV oo as Ax —> 0. 

The sample moments are calculated at four diflFerent nodes of the lattice, centered 

temporally at three different times, for a total of twelve averaging cells for each 

run. The RD-LA is run with the same random numbers to eliminate changes in the 

statistics due to a different set of random numbers. Because we hypothesize that 

the underlying probability distribution is binomial, we will compare the empirical 

sample moments with the theoretical sample moments. In Figure 4.1 on page 80, 

through Figure 4.4 on page 83, the expected value of each moment is graphed as a 

straight line, and the empirical moments are graphed as diamonds. It is clear that 

the empirical sample moments are close to the theoretical sample moments for a 

binomially distributed random variable. 

As stated in Theorem B.l, the theoretical variances in the sample moments can 

also be calculated. This is done, and compared with the empirical variances in the 

sample moments; the results, that are graphed in Figure 4.5, show a relatively close 

match between the two, especially considering the relatively small size of the averag

ing cells. This investigation into the statistics of the healthy population implies, once 

again, that the healthy population occupies nodes according to a binomial distribu

tion. 

We can also analyze the moments of the observed data using non-dimensional 

quantities known as skewness and flatness. 

Definition 4.1 (Skewness and Flatness) Let X be a random variable tvith a 

known probability distribution function, f. Define non-dimensional ratios of skewness, 

tp, and flatness, (f>, respectively, by 

^ = 7—TO' ™ <?=—• ,  

where Hk is the kth centered moment (B.2). 

Skewness can be thought of a measure of the asymmetry of a distribution about its 

mean value and flatness can be thought of as a measure of the spread of a distribution 
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FIGURE 4.1. A comparison between the empirical mean density of susceptibles from 
averaging cells of the RD-LA and the theoretical sample mean for a binomially dis
tributed random variable. The parameters for the RD-LA are as follows: total number 
of nodes on lattice in one dimension are 50, total time steps are 100, and initial density 
of susceptibles is 20%. Four nodes are chosen as the centers of the 9x9x33 averaging 
cells: (25,25), (25,33), (25,42) and (12,12). For each of these nodes a graph has been 
produced. The mean number of susceptible individuals is calculated at each of these 
nodes after 33 time steps have elapsed. This is done three times and the means found 
are graphed as diamonds in each of the graphs. The theoretical sample mean for a 
binomially distributed random variable is also graphed. This is the solid line in each 
of the graphs. 
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FIGURE 4.2. A comparison between the empirical sample variance of the density of 
susceptibles from averaging cells of the RD-LA and the theoretical sample variance 
for a binomially distributed random variable. The details in these graphs are the 
same as in Figure 4.1 with the exception that the variance is graphed. 
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FIGURE 4.3. A comparison between the empirical third moment of the density of 
susceptibles from averaging cells of the RD-LA and the theoretical third moment for 
a binomially distributed random variable. The details in these graphs are the same 
as in Figure 4.1 with the exception that the third moment is graphed. 
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FIGURE 4.4. A comparison between the empirical fouri;h moment of the density of 
susceptibles from averaging cells of the RD-LA and the theoretical fourth moment for 
a binomially distributed random variable. The details in these graphs are the same 
as in Figure 4.1 with the exception that the fourth moment is graphed. 
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FIGURE 4.5. A comparison between the empirical and the theoretical variances in 
the sample moments. Using the same parameters and data as is used to calculate 
the empirical sample moments (Figure 4.1 to Figure 4.4), the empirical variances in 
the sample moments are calculated and graphed as diamonds. On this same graph 
the theoretical variances in the sample moments for a binomially distributed random 
variable are graphed as asterisks. 
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about its mean. If X ~ N(0 ,1), i.e., a Standard Normal or Gaussian random variable, 

then ^ = 0 and 0 = 3. We can also use other non-dimensional ratios of centered 

moments for the same purpose. Popular alternative definitions for skewness and 

flatness are the following: 

Definition 4.2 (Skewness and Flatness - Alternate Definitions) Let X be a 

random variable with a known probability distribution function, f. Define non-dimensional 

ratios of skewness, ip, and flatness, (p, respectively, by 

Using these definitions, skewness is bounded between —1 and 1, with a Gaussian 

value of 0, and flatness is bounded between 0 and 1 with a Gaussian value of ^1/3. 

Due to being bounded, we will use the alternate definitions for skewness and flatness. 

If we assume that X ~ b{n,p) then, using (4.5), 

n, = —("P(i - - 2p) _ ,4.6) 
((6 — 3n)p2 — (6 — 3n)p + 1) 

4> = 1'". (4.7) 
(6 — 3n)p2 _ (6 _ Zn)p  +  1_ 

We can further gain confidence that 5 ~ 6(5, p) by comparing the skewness and flat

ness obtained from the RD-LA with the theoretical values of a binomially distributed 

random variable. The results of this analysis for two diflFerent densities of suscepti-

bles, (80% and 5%), are graphed in Figure 4.6 and Figure 4.7. These graphs show 

extremely close matches between the empiricjil skewness tp and flatness 6, and their 

respective theoretical values, as given by (4.6) and (4.7). Graphs for many other den

sities tested showed similarly close matches between the RD-LA and the theoretical 

values for skewness and flatness for a binomially distributed random variable. 

Based on all the forgoing evidence, we conclude that our hypothesis, that the sus-

ceptibles are distributed according to a binomial probability distribution, is correct. 

Using this assumption, we are able to investigate questions about the spread of an 

infection within our RD-LA model from a statistical perspective. 
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4.2 Sensitivity 

Before proceeding with statistical investigations using averaging cells in our RD-LA, 

we determine what size is appropriate to use for the averaging cells. In order to 

quantify how sensitive the statistics are to the size of the averaging cells, the £2? 

and £00 norms between the theoretical and empirical sample moments are calculated 

while the node volumes of the averaging cells are varied. For computational efficiency, 

we are interested in using as few nodes in our averaging cells as possible, while still 

convincingly exhibiting a binomial distribution. 

The baseline parameters are: An N x N lattice where N = 200, a diffusion 

coefficient of 0.2, averaging cells that are 20x20x35 and an initial 20% density of 

susceptibles. The node volume, NV, (4.4) is varied from a quarter the baseline node 

volume to half, twice, four times, and nine times the baseline node volume. The node 

volumes are varied by these quantities twice: the first time by changing the number 

of timesteps in the averaging cells, and the second time by changing the number of 

spatial nodes, i.e. effectively changing / and g in (4.3). The exact amounts used 

are listed in the Table 4.2, where "Nodes" are the number of nodes in ^Xceii and 

"Timesteps" are the number of nodes in Atceii-

The results of this study are graphed in Figure 4.8, on page 96, to Figure 4.10, 

on page 98. The most striking observation from these graphs is that the error, in the 

mean and variance, is affected more dramatically for volume changes due to spatial 

variation, than for volume changes coming from the temporal dimension. We see this 

regardless of what norm is used to calculate the error. This is most likely due to the 

diffusion spacing that makes the size of the time steps. At, inversely proportional to 

N^, and the grid spacing Ax = ^. In other words, the time step At is smaller than 

the grid spacing Ax, and, therefore, the real physical volume of the averaging cells is 

less affected by changes in the number of nodes in Atcei/ than changes in Axceu. In 

addition, we observe that for the mean, variance, and third moment, the norm of the 
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Varying Temporally Varying Spatially 
Nodes Timesteps NV Nodes Timesteps NV 

1/4 20 9 3,600 10 35 3,500 
1/2 20 17 6,800 14 36 7,056 
Base 20 35 14,000 20 35 14,000 
2x 20 70 28,000 28 36 28,224 
4x 20 140 56,000 40 35 56,000 
9x 20 315 126,000 60 35 126,000 

TABLE 4.1. The exact configuration of the averaging cells as the node volume is 
varied both temporally and spatially to achieve node volumes that are a quarter, 
half, twice, four times, and nine times a baseline node volume given by a 20x20x35 
averaging cell. The node volume increiises linearly with the number of time steps and 
quadratically with the number of nodes on the side in an averaging cell. 

error is inversely proportional to the volume regardless of which norm is used. On 

the other hand, the fourth moment remains almost the same regardless of the node 

volume, NV, except for when we look at the £oo norm of the error. Here we do see 

the error in the fourth moment decreasing slightly as the node volume increases. 

By focusing in this study on the behavior of the error in the first three empirical 

moments as volume is increased spatizilly, we observe that all three norms imply that 

the error decreases according to a power rule. Figure 4.11, on page 99, to Figure 

4.13, on page 101, graph the log of the norms of the error in the sample moments 

as functions of the log of the node volumes. The node volumes are prescribed in 

the right column of Table 4.2, where the node volumes are varied spatially. That is, 

they are graphs of log(NV) versus log( nonn( error in the moment( NV ))). A linear 

regression anaJysis is performed and graphed on top of the data. We find a power 

law relationship for the mean, variance, and third moment, between the error and the 

volume for all three norms used. It appears that 

Error oc (^ , 0.39 < c < 0.49. (4.8) 
\ Volume / 
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Based on the above study, along with the desire to be conservative in terms of 

memory and time with the computing costs of the code, it appears that a good size 

for the averaging cells is around 20x20x35. 

A similar analysis is done to investigate the sensitivity of the moments to the 

density of occupation of the lattice. The baseline density of occupation is 20%, or, 

roughly, one individual per node. The graphs shown in Figure 4.14, on page 102, and 

Figure 4.15, on page 103, visualize the results of this investigation, and show that 

there does not appear to be a power rule governing the difference in the theoretical 

and empirical moments when varying the density of occupation. The graphs do show 

that the errors are small for low densities, that is fortunate because we want to study 

populations in this low density regime. Based on this analysis, we use a population 

density for susceptibles of 5%, or, roughly, one susceptible on every fourth node. 

4.3 Statistics of Infection Front 

Now that we are confident that 1) the susceptibles are distributed according to a 

binomial probability, s ~ 6(5, p), 2) we have found appropriate sizes for the averaging 

cells, and 3) we have confirmed that binomial statistics are obtained for low densities 

populations, we are interested in characterizing statistically what happens when an 

infection spreads through out the population. We find that the fluctuations in the 

infections' locations are not Gaussian. Furthermore, we present a procedure by which 

an "infection front" can be spatially located based on the statistics of the density of 

susceptible individuals. 

Because the cellular automata allows us to know exact information about the 

occurrence of infections, we are able to graph the infections and obtain a visual image 

of the "infection front". Furthermore, we are able to determine the mean location of 

infections, and the fluctuations around this mean. Our investigations find that these 

fluctuations are never Gaussian, even for high densities of susceptible individuals. 
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In order to arrive at this conclusion, we begin by altering the way an infection is 

introduced into the population. When one infected individual is introduced into the 

center of a susceptible population in the RX)-LA we obtained a noisy, circular, spatial 

distribution for the spread of the infection. In order to avoid complications due to the 

geometry of this circular spread of the infection, we investigate the statistics of the 

infections that result from an initial condition consisting of a column of nodes down 

the center of the lattice, each containing one infected individual. Our nuU hypothesis 

is that the location of infections at each time step is normally distributed about the 

mean infection location , i.e., Ho : L ^ for unknown mean and variance 

and where L is a random vciriable for the location of an infection. This is tested by 

calculating the standard scores of the locations (in one dimension) of infections and 

testing whether the standard scores of the infections' locations from each time step 

are distributed according to a stand£ird normal distribution, i.e.. Ho : z ^ N{0,1). 

Using the x^-test and the Kolmogorov-Smimov test, we find statistical evidence to 

reject the null hypothesis at a confidence level of Q = 0.01 for every density tested. 

Because the fluctuations about the average location of infection are not Gaussian 

we are not able to rely on Gaussian statistics to determine an infection front. In this 

statistically noisy environment, it is not even clear what is meant by the "infection 

front". Intuitively, we speculate that the "infection front" is located spatially and 

temporally close behind the first infection that occurs at a given node. 

In the physical world knowledge of the exact location of infections may not be 

available, therefore, we are interested in the possibility of devising a way of identifying 

the front using the statistics of the healthy population. In order to try and identify the 

front as it moves out from the center of the RD-LA, we obtain statistical information 

of the susceptibles from averaging cells centered at every node, from the center to the 

edge  o f  the  RD-LA,  i . e . ,  fo r  nodes  { i , j )  =  (N/2 ,  N /2) ,  (N /2 ,  N /2  -M) ,  •  •  •  ,  (N /2 ,  N) ,  

where N is the total number of Nodes in one dimension. The averaging cells are, as 

before, actually rectangular solids whose dimensions are Nodes^ x Timesteps, where 
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"Nodes" are the number of spatial nodes, in one dimension, included in the averaging 

cell, and "Timesteps" are the number of time steps. At included in the average. While 

the averaging cells overlap spatially, they do not do so in time. 

Based on the density of susceptibles in each averaging cell, the theoretical skewness 

for a binomial random variable is determined as defined in (4.6). We will refer to this 

quantity as ip. Within each averaging cell, the actual skewness is calculated from the 

third and fourth moments of the susceptibles, as defined in (4.2). This will be referred 

to as The squared difference d between these two amounts is then tabulated: 

dj,t = j = N/2, iV/2 + 1, - • • , AT, and (4.9) 

t  =  1 ,2 ,  • '  •  ,  K  ,  

where k is the total number of time blocks for the averaging cells. The "infection 

front" is then determined as follows: 

• The RD-LA is run without infections, and measures of the mean ^ and standard 

deviation cr of d are obtained. 

• The RD-LA is run with infections. For each averaging cell, (i, i), we define a 

spatial neighborhood of the cell, nbhdj, as a closed subset of 

{iV/2, Ar/2 + 1, 

and centered at j. Within each nbhdj, we count how many times the squared 

difference between the theoretical and the empirical skewness differs by more 

than a given amount, called the level. This is done as follows: 

— Let gm,t be defined by 

_ f 1 : dm,t > level 
9m,t ^ Q g|gg 
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— Then 

hitsj^t — 9m,ti 
m€nbhdj 

where j's range is the obvious modification of that in 4.9. 

• A tally is kept over a certain period of time called a limit If within the time 

limit a node is "hit" more than a certain number of times, called the flag, the 

front is advanced to that location. Once the front advances to a new location 

it never recedes. This can be summarized as follows: 

t 
tdllyj^t — hitsjjtf  

k=max{t—liTnitfi) 

front,^ n = + 

Here, / is an arbitrary non-zero amount simply indicating the presence of the 

front, and, as before, j's range is the obvious modification of that in 4.9. 

There are several arbitrary amounts in this program for identifying the "infection 

front". These amounts can be thought of as sensitivity parameters. They are the 

level, the limit, the number of elements to include in the neighborhood nbhdj, amd the 

number of hits required at a node to advance the front, i.e., the flag. The sensitivity 

desired when modeling a specific infection depends on the modeler and the specific 

circumstances surrounding the model's purpose. It is helpful to analyze the squared 

difference d when choosing the sensitivity parameters. We choose parameters that 

are on the sensitive side, that is, they identify the very beginning of the infection 

front. These parameter values for a specific run of the RD-LA in a low density regime 

are as follows: 

• level = /i + 10<T, 

• limit = 5At 
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• nbhdj — 

• and f lag  = 3. 

Figures 4.16, on page 104, to Figure 4.19, on page 107, show four different time steps 

of a single run of the RD-LA. Each figure has four graphs. Their descriptions are as 

follows: 

• Upper Left: The actual number of infections that occurred within each averag

ing cell centered at each node. 

• Upper Right: The theoretical and empirical skewness from each averaging cell 

centered at each node. The theoretical skewness is calculated using the density 

of susceptibles in each averaging cell. 

• Lower Left; The squared difference between the theoretical and empirical skew

ness at each node is graphed as a solid line. Superimposed on this is the graph of 

the infection front, found by the method described above. The front is graphed 

using -f-'s. If the squared difference exceeds the level, shown by the dashed line, 

a hit is recorded. 

• Lower Right: This graph is an overlay of three different plots. 

1. The *'s are from a cross section through the middle of the entire lattice 

showing the actual RD-LA infecteds. The number of infecteds is edways 

an integer value, but here the number of infecteds have been multiplied by 

a scaling factor to allow for comparison with the numerical solutions. 

2. The solid line shows the numerical solution of the SI equations (3.2.1). 

3. The dashed line is the overlay of the infection front found by the method 

described above. 
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Looking at the graphs in the lower right in the above described figures, we can 

observe the increased accuracy of the RD-LA at tracking the "infection front", as 

compared to the reaction-diffusion equations, for this particular realization of the 

dynamics. In Section 3, we showed that the "SF equations (1.1) will capture the 

ensemble average location of an infection front. While this has many uses, the RD-

LA has the advantage of tracking the "infection front", however sensitive one wishes 

to define it, for any realization of the dynamics. In addition the infection front is 

found from the statistics of the susceptible population alone. Using the graphs of the 

actual infections, as well as those of the infected individuals, we verify that the front 

is accurately detected. 

Here, we have demonstrated a very useful aspect of RD-LA as an alternative to 

continuous models for modeling the spread of an infection among a healthy popula

tion. A continuous model fails to capture the fluctuations that are often the impetus 

for advancing the infection, and, as such, can only be treated as giving information 

regarding the overall average behavior for the spread of an infection. On the other 

hand, the RD-LA model has the potential to be used, albeit with some modifications, 

for a specific infection, at a specific time and place. More generally, we see that this 

relatively simple RD-LA contains fluctuations that can be used to identify non-tri\ial 

macroscopic phenomena of the system. 
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FIGURE 4.6. A comparison between the empirical skewness and flatness of the den
sity of susceptibles from the RD-LA and the theoretical skewness and flatness for a 
binomially distributed random variable. The paramaeters for the RD-LA are as fol
lows: total number of nodes on the lattice in one dimension is 100, total time steps 
is 100, and the initial density of susceptibles is equal to 80%. Four nodes are chosen 
as the centers of the 17x17x33 averaging cells: (50,50), (50,67), (50,83) and (25,25). 
For each of these nodes a graph has been produced. The skewness and flatness in 
the number of susceptible individuals is calculated at each of these nodes after 33 
time steps elapsed. This is done three times and the flatness and skewness found 
are graphed using -f- and », respectively. The theoretical flatness for a binomially 
distributed random variable is graphed as a solid line and the theoretical skewness is 
graphed as a dashed line. 
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FIGURE 4.7. A comparison between the empirical skewness and flatness of the den
sity of susceptibles from the RD-LA and the theoretical skewness and flatness for a 
binomially distributed random variable. Everything here is the same as in Figure 4.6 
except that the density of susceptibles is 5% 
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FIGURE 4.8. The norm of the error between the empirical sample moments and 
the theoretical sample moments for a binomial random variable as the node volume 
of the averaging cells is varied. Each graph is a plot of the li norm of the error 
as a function of the node volume NV as prescribed in Table 4.2 for a 20% density 
of susceptibles. The results from varying the NV temporally are graphed with the 
symbol O and the results from varying NV spatially are graphed with the symbol *. 
Top left: The error in mean. Top right: The li error in sample variance. Bottom 
left: The ^2 error in third moment. Bottom right: The £2 error in fourth moment. 
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FIGURE 4.9. The norm of the error between the empirical sample moments and 
the theoretical sample moments for a binomial random variable as the node volume 
of the averaging cells is varied. Each graph is a plot of the norm of the error 
as a function of the node volume NV as prescribed in Table 4.2 for a 20% density 
of susceptibles. The results from varying the NV temporally are graphed with the 
symbol O and the results from varying NV spatially are graphed with the symbol *. 
Top left: The l\ error in mean. Top right; The i\ error in sample variance. Bottom 
left: The ix error in third moment. Bottom right: The £i error in fourth moment. 
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FIGURE 4.10. The £00 norm of the error between empirical sample moments and the 
theoretical sample moments for a binomial RV as the node volume of the averaging 
cells is varied. Each graph is a plot of the £00 norm of the error as a function of 
the node volume iVV" as prescribed in Table 4.2 for a 20% density of susceptibles. 
The results from varying the NV temporally are graphed with the symbol O and the 
results from varying NV spatially are graphed with the symbol *. Top left: The 
error in mean. Top right; The £00 error in sample variance. Bottom left; The £00 
error in third moment. Bottom right: The £1 error in fourth moment. 
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FIGURE 4.11. A log-log plot of the £2 data from Figure 4.8. The data values are 
graphed as unconnected »'s. For each moment a linear regression is performed on 
the log of the norms of the errors and the log of the node volumes. The regression 
equation is graphed as a solid line on the log-log plot and given below each graph. 
Note: Although we do not see a power law relationship for the fourth moment, we 
include it here for completeness. 
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FIGURE 4.12. A log-log plot of the data from Figure 4.9. The data values are 
graphed as unconnected *'s. For each moment a linear regression is performed on 
the log of the norms of the errors and the log of the node volumes. The regression 
equation is graphed as a solid line on the log-log plot and given below each graph. 
Note: Although we do not see a power law relationship for the fourth moment, we 
include it here for completeness. 
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FIGURE 4.13. A log-log plot of the £OO data from Figure 4.10. The data values are 
graphed as unconnected *'s. For each moment a linear regression is performed on 
the log of the norms of the errors and the log of the node volumes. The regression 
equation is graphed as a solid line on the log-log plot and given below each graph. 
Because we do see the implication of a power law relationship for the fourth moment, 
the regression equation here is relevant. 
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FIGURE 4.14. The norms of the errors in the sample moments from averaging cells 
of RD-LA as the density of susceptibles is varied. The density of susceptibles is 
varied by a quarter, half, twice, three times, four times, and five times the base
line density of 20% and the sample moments are obtained from averaging cells with 
dimensions 17x17x33. The norms of the error in the first th.ree sample moments 
are plotted with *'s and connected with lines according to the following legend: 

Mean: Variance: Third Moment: — • — • — 
Top graph: The ^2 norms of the errors. Middle graph: The i-i norms of errors. Bottom 
graph: The i^o norms of the errors. 
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FIGURE 4.15. The norms of the errors in fourth moments from averaging cells of RD-
LA as the density of susceptibles is varied. The density of susceptibles is varied by a 
quarter, half, twice, three times, four times, and five times the baseline density of 20% 
and the fourth sample moments are obtained from averaging cells with dimensions 
17x17x33. The norms of the errors in the fourth sample moment are plotted with 
•'s and connected with a solid line. Top graph; The £2 norms of the errors. Middle 
graph: The £1 norms of errors. Bottom graph; The £00 norms of the errors. 
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FIGURE 4.16. The front tracking procedure at time step 140. Top left: The actual 
number of infections that occurred within each averaging cell centered at each node. 
Top right: The theoretical and empirical skewness from each averaging cell. The 
skewness found from the averaging cells is graphed with a dotted line and the theo
retical skewness for a binomial random variable is graphed as a solid line. Bottom left: 
The squared difference between the theoretical and empirical skewness is graphed as 
a solid line. The current location of the front as determined by the aforementioned 
procedure is graphed using -f-'s. The dashed line is the level used to determine hits. 
Bottom right: The *'s represent the number of infected individuals through a cross 
section in the middle of the lattice. (For an explanation of their values see item 1. on 
page 92.) The dashed line shows the front as determined by the tracking procedure 
and the solid line graphs the numerical solution to the reaction-diffusion equations 
(1.1). The parameters used are a lattice with 256 nodes in each dimension, an initial 
density of 5% susceptibles, and averaging cells with dimensions 17x17x35. 
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FIGURE 4.17. The front tracking procedure at time step 210. Everything in this 
figure is the same as in Figure 4.16 except at the 210th time step. 
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FIGURE 4.18. The front tracking procedure at time step 350. Everything in this 
figure is the same as in Figure 4.16 except at the 350th time step. 
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FIGURE 4.19. The front tracking procedure at time step 455. Everjrthing in this 
figure is the same as in Figure 4.16 except at the 455th time step. 
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Chapter 5 

CONTROLLING FLUCTUATIONS 

Because the RD-LA has the advantage that it exhibits fluctuations as seen in real data, 

we are interested in modifications of the interaction rules so that the RD-LA model 

exhibits specified macroscopic properties. Similarly, Yang et al [99] predict a linear 

relationship between two macroscopic properties and two microscopic parameters 

using a lattice Boltzmann model to simulate two-phase flow. We are interested in 

modifying our model at the microscopic level by introducing a "dialing" parameter 

that would result in specific macroscopic statistics. Not only would this provide a 

tool by which to connect microscopic interaction rules with macroscopic behavior, 

but it also allows the RD-LA model to be "dialed" for specific data sets. This control 

also allows for investigation into statistical aspects of epidemiological questions. 

We introduce this dialing parameter in such a way as to obtain the same reaction-

diffusion equations (1.1). We find that the flatness and skewness of several macro

scopic quantities are exponentially related to the dialing parameter. Under certain 

conditions on skewness and flatness, the exponential relationship found enables the 

dialing parameter to be adjusted to obtain specific macroscopic values of skewness 

and flatness. In this chapter, we discuss how the parameter is introduced, how it 

shows up in the reaction-diffusion equations, and how it affects the statistics in our 

model. 

By introducing the parameter 7 into the probability matrix for the change map 

(2.14), we obtjun: 

|

((ns>)~^(l - 7) : if M = {n's) and n'5(5) = 0, 

C..)"'(! +W"*' • if <ns> = <n's> and "i(5) = I, 

0 : else. 
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and similarly for 'T{ni,n'j). Because T is a probability matrix, we require that — i < 

7 < 1. Recall that ns,ni,n's, and n'j G {0,1}®, and that the fifth component of these 

vectors corresponds to the zero velocity vectors t>(5) for ns, and n'g and w(10) for 

n/, and n'j (2.12). Therefore, if n'g{h) = 0 there is no individual with an associated 

zero velocity vector at that node, and if 715(5) = 1 then there is an individual with 

a zero velocity vector associated with it at that node. Therefore as 7 increases, the 

probability of an individual being assigned the zero velocity vector also increases. 

The rest of the model is the same as described in Chapter 2. 

5.1 Reaction-Diffusion Equations for Modified Model 

The reaction-diffusion equations for the modified interaction rules are obtained by 

the same approach as detailed in Appendix A. Taking the partial derivatives of the 

randomization operator (2.13), but now using the change map T that includes 7 (5.1), 

and evaluating them at the local equilibrium, we obtain the linearized randomization 

operator 

!)• (5.2) 

where 

A = 

f  — 4  —  7 1  —  7 1  —  7 1 — 7  
1  —  7 — 4  —  7 1  —  7 1 — 7  
1 — 7  1 — 7  — 4  —  7 1  —  7 

1 — 7  1  —  7 1  —  7 — 4  —  7 

1 -I- 47 1 + 47 1  +  47 1 + 4 7  

1 — 7 \ 

1 - 7  
1 - 7  

1 - 7  
— 4  +  4 7  y  

(5.3) 

Cs has eigenvalues 

[Ai ,A2 ,A3,A4 ,A5,Ag,A7,Ag,Ag,Aio] [ li Ij 1) IjO, 1, 1, 1, 1,0]. 

The associated unnormalized eigenmatrix is 

Q — [9l> 92: 93> 94j 95' 96» 97' 98> 99' 9lo]i 
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where 
= 1 1 1 1 -4 0 0 0 0 0 

92 = 1 0 -1 0 0 0 0 0 0 0 
93 = 0 1 0 -1 0 0 0 0 0 0 
94 = 1 -1 1 -1 0 0 0 0 0 0 
95 = 1 1 1 1 1+47 

1-7 
0 0 0 0 0 

and to gjo are the symmetric equivalents with zeros in the first five components. 

By Theorem [A.2], E = Null(£j) = Null(££:) = Span[q5, q^o]. This implies that 

_ / 1 1 1 1 0 0 0 0 0 \ 
® ~ \ ^ 0 0 0 0  O l l l l ^ j "  

Continuing with a Hilbert expansion and matching orders, we obtain and 

exactly as in section 2.3 (see (2.20) and (2.21)). The parameter 7 appears in the 

Hilbert expansion at the second order solvability condition (2.24). Specifically, 

T9,<A<°)) = 5^±^T8,Q, 

that results in the same partial differential equation as before (2.24), but with a 

different diffusion coeflBcient, d. 

[ 
dts = das 
dt l  =  DAI ,  

(5.4) 

where 

d = (1 - if 
5T" 1 + 47^ 

If 7 = 0, then D = Do = ^ as in (2.24). As 7 increases to one, the diffusion 

coefficient decreases. We investigate the effect of increasing 7 from zero to one, and, 

there by, decreasing the diffusion coefficient d from do to zero. 

5.2 Effect of 7 on the Statistics of the Model 

In order to investigate the ways that the value of 7 affects the statistics of the RD-LA, 

we look at several different statistics from the density of individuals, from the location 
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of infections and from the density of infected individuals. For almost all the quantities 

that we obtain statistics for we find exponential relationships between the flatness 

and 7 and between the skewness and 7. These strong cause and effect relationships 

between 7 and these statistics elucidate the relationships between parameters on the 

microscopic scale and their statistical effects on the macroscopic scale. Specifically, 

they are useful in adjusting the RD-LA to match specific statistics in real data. 

The first empirical anal3rsis that is done is on the statistics of the density of indi

viduals on the lattice when no infection is present. Here we see a strong relationship 

between the flatness and skewness in the density of individuals and the value of 7. 

The method by which this relationship is found is as follows: For each value of 7 

tested, the RD-LA is first seeded ramdomly with an initial density of individuals. At 

each time step, i, the densities of individuals at the nodes are recorded, and, after 

the code finishes running, the moments are calculated and are graphed in Figure 

5.1, on page 121. The parameter 7 is varied from zero to one by increments of one 

one-hundredth. We see that the mean density stays close to 0.05, as expected, and 

that the other moments begin to decrease as 7 increfises. Because 7 increasing cor

responds, at the individual level of description, to the increasing probability of an 

individual staying at the same location between two successive time steps, we expect 

all moments, besides the mean, to decrease in magnitude. This is exactly what we see. 

Recall that the skewness and flatness statistics (Definition 4.2) are non-dimensional, 

and it is therefore preferable to find a relationship between either, or both, of these 

statistics and the value of 7. Both the skewness and the flatness for the density of 

individuals are graphed in Figure 5.2, on page 122. Here we see that both of these 

statistics grow exponentially according to the following relationships: 

For flatness, the statistic for the fit is 1.27 x 10 that is so small that it yields 

Flatness: <f> = 1.6 x 10 + 0.41, 

Skewness: = 1.8 x 10~''e® '*^''' •+• 0.48. 

(5.5) 

(5.6) 
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a p-value greater than 0.9999. For the skewness, the statistic for the fit is even 

smaller coming out at 8.417 x lO""* which gives an even larger p-value. This relation

ship between the parameter 7 and either the skewness or flatness of the density of 

individuals allows the modeler to adjust 7 so that the FID-LA will exhibit any of the 

values in the range of these statistics. 

For 7 values close to zero the RD-LA model will behave close to the model without 

7 that was focused on in Chapter 4. Therefore, we expect that the skewness and 

flatness will approach their binomial values as 7 decreases to zero and this is exactly 

what we find. On both graphs the line with the dash-dot pattern is the value for 

flatness and skewness, respectively, of a binomially distributed random variable. The 

precise reasons for the shapes of the curves are due to the relative sizes of the moments 

and their derivatives. For example, whether the flatness and skewness are increasing 

or decreasing is determined by the sign of their derivatives: 

d4) 
d'y 

dip 
d'y 

fi2 

sfi3 

4/Z4' 

dn\ 
d'y 

dua 
d'y 

y/jm 

1 
3/4 

dfi2 
dj 

dfi3 
d'y 

Intuitively we can try to understand the slopes of the graphs by the following 

argument: If mobility is high (7 close to zero), more often than with low mobility 

there will be nodes with more than one individual on them. Every time this happens 

the difference in the occupation number N from the mean occupation number n will 

be greater than one: d = N — fx > 1. Because flatness and skewness are ratios of 

the second and fourth moments £ind third and fourth moments, respectively, where 

the higher order moments are in the denominator (4.5), if d > I then d* > cP > dP, 

and the flatness and skewness turn out to be smaller than they would be for lower 

mobility. The skewness is positive because in a low density regime any occupied node 

will create positive asymmetry in the distribution. 

We find that the same equations of fit apply for all total times we test starting 
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with 100 total time steps. This leads to the speculation that the equations of fit give 

the flatness and skewness values of the underlying probability distribution for each 

set of parameters. In order to investigate this further, we look at what happens for 

an initial density of 20%. Figure 5.3 on page 123 shows the graphs of the flatness 

and skewness as 7 varies at this higher density. Once again flatness and skewness 

approach their binomizil value as 7 approaches zero. While the slope and concavity of 

both graphs change signs, we can still fit the data very accurately with the negative 

of exponentials: 

Intuitively this change in slope can be described as follows: For high mobility 

(7 close to zero) the increased density increases the likelihood that the spread and 

skewness will be greater. If mobility is low (7 close to one) then in very few cycles all 

the individuals find nodes where they are the only individual at the node and then 

they stay there from then on. A node with a single susceptible has a density of 20% 

which is the same as the mean density, i.e. the contributions to the moments are 

essentially zero. This results in the flatness and skewness being smaller than they 

would be for a lower mean density. 

The second group of tests we perform are on the statistics of infections. These 

are done in several different ways: 

1. We look at statistics of the locations of infections by looking at the effect that 

7 has on the statistics in the distances to the mean infection location. We 

normalize these distances by converting them to z-scores and then calculate 

statistics of the 2-scores. 

Flatness: 0 = -6.3 x 10-^2^24.67 ^ q gg 

Skewness: i/* = —1.3 x + 0.28 . 

(5.7) 

(5.8) 

2. We eilso look at the statistics of the densities of infected individuals. 
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(a) We calculate the moments of the densities of infected individuals without 

using averaging cells, i.e., as is done above for the case with no infection. 

We do this with two different initial conditions: with one infected in the 

middle of the lattice and with the central column of the lattice seeded with 

one infected individual per node. 

(b) We calculate statistics on the density of infected individuals using aver

aging cells by averaging the moments from each cell to give an average 

moment value for each 7. 

(c) At each temporal end of an averaging cell, we determine which averaging 

cell is at the infection front and calculate the moments of the densities of 

infected individuals. For each 7 the moments are averaged. 

For Test 1, we remove the geometric complexities of a circular spread of infection 

by modifying the initial condition for the infection. We place one infected individual 

at each node of the central column of the lattice, X, and only keep track of infection 

locations in one dimension, thereby, reducing the analysis of the fluctuations to one 

dimension. Because the statistical characteristics of the infections' locations may 

be changing in time we need to normalize the data at each time step, t, in order 

to accurately compare the fluctuations from different time steps. We convert the 

distances from the mean infection location to their standardized scores, or 2-scores. 

At each time step, t, the z-scores are calculated as follows: 

x k - x  
z k -  ^  ,  

where x is the mean location of infections at time step t, and S is the sample standard 

deviation at time step t. The moments of the z-scores are calculated for each 7, and 

the results are graphed in Figure 5.4, on page 124, and Figure 5.5, on page 125. The 

graph of the mean stays flat at zero, as we expect it should. The variance and fourth 

moments decrease as 7 increases due to the decreased mobility. Because there are 
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positive and negative contributions to the third moment it fluctuates about zero. 

Figure 5.5 shows the flatness and skewness for the z-scores. In this case only the 

flatness decreases according to the negative of an exponentied relationships as follows: 

Flatness: 0 = -3.67 x + 0.71 . (5.9) 

The statistic of the fit for the flatness is 3.44 x 10"^. As before, this value of 

yields a p-value greater than 0.9999. Therefore, by normalizing the distances 

of the infections' locations from the mean infection location, we are able to find a 

strong relationship between the macroscopic statistic of flatness and the microscopic 

parameter 7. The skewness in the infections' locations fluctuates about zero which 

implies a sjinmetrical distribution of infections about the mean infection location. 

We find that as the total time increases the value of the flatness for almost all 7's 

increases and approaches roughly 0.71. This is graphed in Figure 5.6 on page 126. 

We find the same behavior as we increase the initial density of infected individuals 

down the middle column of the lattice. This is graphed in Figure 5.7 on page 127. 

Increasing the density of infected individuals is somewhat analogous to advancing 

time because as time goes on more susceptible individuals become infected. The 

value 0.71 is the value of the flatness for 7 = 0 for the particular parameter values 

used here. Because 7 is bounded between 0 and 1, 0.71 is relatively high implying 

a distribution that looks somewhat uniform. We speculate that the locations of 

infections spread out about the mean location until there are no susceptibles behind 

the front so that for an initial density of susceptibles of 5% we obtain this value for 

the flatness. Furthermore, based on these two graphs we speculate that the reason the 

flatness is approaching this value for all 7 as time grows is that this maximum spread 

is achieved the quickest for high mobility (7 near zero) but will be achieved in time 

for any 7. Because the distribution is almost uniform, when the susceptibles in one 

direction run out the mean location just moves farther from the origin maintaining 

a flatness of 0.71. Therefore we conjecture that <t> = 0.71 is the maximum attained 



116 

by this non-dimensional measure of the spread of the infection front for this set of 

parameters regardless of the value of 7. In order to investigate this further we increase 

the initial density of susceptibles and do find that the limiting value for the flatness 

changes. 

The next set of investigations (Test 2a, Test 2b, and Test 2c) is done on the density 

of infected individuals. There are many different ways in which these statistics could 

be calculated. 

For Test 2a we look at the densities of infecteds over the entire lattice, X. This is 

done by recording the density of infecteds at every node and at every time step. The 

initial condition used is the standard one used for the RD-LA model (Section 2) of 

one infected individusd placed in the middle of the lattice. Figure 5.8, on page 128, 

shows that the moments of these densities are negatively associated with 7. As seen 

in Figure 5.9, on page 129, we obtain a strong relationships between the flatness and 

7 and between the skewness emd 7: 

The statistics for the fit are 1.97 x 10"^ and 5.29 x 10"^ for the flatness and 

skewness, respectively. Due to the magnitude of the fluctuations we only obtain a 

p-value of 0.8882 for the fit to the flatness. The p-value for the skewness is practically 

one. 

When the total time is increased we find that the values for the skewness and 

flatness increase for all 7 values. The graphs also tend to flatten out. This can also 

be seen by increasing the initial density of infected individuals, which as explained 

above, is analogous to advancing time. Additionally, because Test 2a is done on the 

entire lattice, X, we repeat Test 2a but with an initial column of infected individuals 

as used for Test 1. This is done to eliminate any possible skewing of the statistics of the 

densities by the circular geometry in the spread of the infection. Figure 5.10, on page 

Flatness: 0 = -3.64 x 10-^e^ °^^ + 0.25 , 

Skewness: ip = —1.51 x 10~'*e^'^^ + 0.42 . 

(5.10) 

(5.11) 



117 

130, shows what the moments look like for this test. As with the other initial condition 

(see Figure 5.8), we have a ver>' similsir overall shape in the decreasing nature of the 

moments. As expected, we see that the mean density of infected individuals is slightly 

higher due to the higher density initial condition. This higher density of infected 

individuals causes the moments to fluctuate less. In Figure 5.11, on page 131, we 

find that the density of infected individuals' skewness and flatness are, once again, 

negatively associated with 7 and that these relationships are given by 

The statistics for the fit are 1.99 x 10"^ and 7.38 x 10"^ for the flatness and 

skewness, respectively. Here the p-values are greater than 99.99%. In these graphs 

WE see that the values of flatness and skewness for 7 = 0 approach the values for a 

binomially distributed random variable as given in Figure 5.2. As time goes to infinity 

all THE susceptible individuals become infected. Because the same rules of mobility 

apply to each health state we expect that for total time going to infinity the graphs of 

flatness and skewness will be identical to those shown in Figure 5.2. This implies that 

THE graphs will eventually flip in concavity from what we see in Figure 5.9 and Figure 

5.11 which explains why they are flattening out as the density of infected individuals 

increases. 

For Test 2b, we look at the densities of infected individuals along a row of averaging 

cells. These averaging cells are the same ones used for identifying the infection front 

in Section 4.3. The RD-LA is run at a specific 7 and the moments for each of the 

averaging cells are calculated. Once the RD-LA is finished, we average the moments 

obtained from each averaging cell to obtain a value for each moment for the specific 

7. We then vary the value of 7 from 0 to 1, in one one-hundredth increments. The 

results of this investigation are graphed in Figure 5.12, on page 132, and Figure 5.13, 

on page 133. 7 increasing corresponds to less interactions between individuals and 

Flatness: <i> = -3.56 X + 0.30 , 

Skewness: rp = —2.91 X 10~^®E^® ''''' -I- 0.45 . 

(5.12) 

(5.13) 
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as a result less infections. Therefore, we expect that all the moments for the density 

of infected individuals will decrease as 7 increases, that is exactly what we see in 

Figure 5.12. Surprisingly, although the moments are very noisy, the skewness and 

flatness are comparatively smooth. Figure 5.13 shows what the skewness and flatness 

for these moments looks like. Once again, we find that these macroscopic statistics 

are strongly related to the microscopic parameter 7 according to the negative of 

exponential functions: 

The statistics for the fit are 4.85 x 10"'' and 4.28 x 10""^ for the flatness and 

skewness, respectively. The p-value for the flatness is 98.24% and the p-value for 

the skewness is 99.78%. Because these are very close to one, they imply a strong 

relationship between 7 and either statistic. 

We are interested in isolating the fluctuations in the densities of infected individ

uals around the infection front to determine if 7 affects these fluctuations as well. 

Test 2c investigates this. We start with the same averaging cells that are used in 

Test 2b, but at each temporal end we determine what averaging cell contains the in

fection "front". This is determined by comparing the mean density for the averaging 

cells with some small amount. At each temporal end of the averaging cells, only the 

moments from the averaging cell that is identified as containing the front are kept. 

After the RD-LA is finished running for a particular value of 7, the moments are 

averaged together. Figure 5.14, on page 134, and Figure 5.15, on page 135, show 

what the statistics look like. Following the same reasoning as in Test 2b, we expect 

the moments to be negatively associated with 7. In Figure 5.14, we see this, and 

that the general shape of the decrease is the same for all the moments. Looking at 

the flatness and the skewness in Figure 5.15, we see that once again the relationships 

Flatness: ^ = —1.2 x 10 4- 0.14 , 

Skewness: tp = —2.36 x 10~^e® ®^ -f- 0.34 . 

(5.14) 

(5.15) 
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follow the negative of exponential relationships: 

Flatness: <f> = —1.96 x 10 + 0.08 , 

Skewness: tp =—1.58 x 10~^°e^°"^'^ + 0.26 . 

(5.16) 

(5.17) 

The statistics for the fit are 3.92 x 10"'* and 2.89 x 10"^ for the flatness and 

skewness, respectively. Here the p-value for the flatness is practically one, while the 

p-value for the skewness is 95.71%. These fits imply a strong relationship between 7 

and either statistic. 

From all these investigations, one can conclude that many macroscopic quantities 

are functionally related to 7. For almost all the quantities that we analyze, the 

relationships between the flatness or the skewness and 7 £ire exponential and quite 

strong (as evidenced by the statistics for the fit). For the densities of susceptible 

individuals these relationships are positively associated with 7, while for infections 

and infected individuals they are negatively associated with 7. The relationships that 

were found can be easily inverted and using these relationships we now have a means 

by which to control the macroscopic statistics at the microscopic level. 

The general forms of the exponential relationships found are 

It would be useful to determine the functional forms of and Cj for i = 1,2. 

These coefficients most likely depend on the densities of infected and/or susceptible 

individuals, the total time elapsed, the size of the lattice, and, for equations involving 

infections, the probability of infection. In addition the underlying structure of the 

RD-LA model along with the exclusion rule used certainly affect the functional forms 

of these coeflicients. Finding these functional forms could proceed along empirical 

lines, or perhaps analytically using the Hilbert expansions described in Appendix A 

as a tool. 

Flatness: 4> = + ci , 

Skewness: rp = + C2 . 

(5.18) 

(5.19) 
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By solving (5.5), (5.14), (5.16), (5.10), or (5.12) for 7 and substituting into (5.6), 

(5.15), (5.17), (5.11), or (5.13), respectively, we have actually established a relation

ships between the different skewness and flatness statistics via 7. We can "dial" our 

RD-LA model to give specific statistics, as long as the skewness and flatness statistics 

are related to each other as found. In the future this condition can possibly be re

laxed by introducing a second parameter at the individual-interactions scale to allow 

for independent control of the skewness and flatness. This would involve fitting a 

surface, and then searching in two-dimensional parameter space for the values of 7 

and a second parameter that give the desired values of skewness and flatness. 
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FIGURE 5.1. These are graphs showing the effect of varying 7 in 1/lOOth increments 
on the moments of the density of individuals from the RD-LA with an initisd density 
of 5%. The mean density stays near the initial density of 0.05. The rest of the 
moments are negatively associated with 7 as expected. 
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Density of  Individuals: Statistics — Without infection 

N=100 ,  Tota l  TImesteps  =  350 ,  in i t i a l  Dens i ty  =  0 .05  
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FIGURE 5.2. These are graphs showing the flatness and skewness of individuals from 
the RD-LA as 7 is varied.Top graph: The flatness for the RD-LA as 7 is varied in 
1/lOOth increments is graphed as a solid line. The dotted line is equation of fit. The 
line that has a dash-dot pattern is the value of flatness for a binomially distributed 
random variable. Bottom graph: The skewness (solid line) for RD-LA as 7 is varied 
in 1/100th increments. The dotted line is equation of fit. The line that has a dash-dot 
pattern is the value of skewness for a binomially distributed random variable, is 
given for both graphs and in both cases it results in a p-value greater than 0.9999 
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Density o f  I n d i v i d u a l s :  Statistics — Without I n f e c t i o n  

N=100, Total Timesteps = 350, Init ial  Density = 0.20 
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FIGURE 5.3. These are graphs showing the flatness and skewness of individuals from 
the RD-LA with an initial density of 20% as 7 is varied. Top graph: The flatness 
for the RD-LA as 7 is varied in 1/lOOth increments is graphed as a solid line. The 
dotted line is the equation of fit. The line that has a dash-dot pattern is the value of 
flatness for a binomially distributed random variable. Bottom graph: The skewness 
(solid line) for the RD-LA as 7 is varied in 1/lOOth increments. The dotted line is 
the equation of fit. The line that has a dash-dot pattern is the value of skewness for 
a binomially distributed random variable, is given for both graphs and in both 
cases it results in a p-value greater than 0.9999 



Fluctuations in Infections' Locations':  Z —Scores 
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FIGURE 5.4. These are graphs showing the centered moments of the infections' 
locations' z-scores as 7 is varied in 1/100th increments. Top Left: The mean z-score 
of the mean location of infection is by definition zero. Top Right: The variance 
decreases as 7 increases. Bottom Left: The third moment fluctuates about zero. 
Bottom Right: The fourth moment decreases as 7 increases. 
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Fluctuations in Infections' Locations':  Z —Scores 

N=100. Total Tinnesteps = 300. Init ial  Density=0.05 
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FIGURE 5.5. These are graphs showing the flatness and skewness of the infections' 
locations' 2-scores as 7 is varied in 1/lOOth increments. Top Graph: The flatness 
decreases £w:cording to the negative of an exponential. The dotted line is the equation 
of fit. The statistic for the fit is given along with its associated p-value. Bottom 
Graph: The skewness fluctuates about zero for all 7 values. 
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Fluctuations in Infections' Locations':  Z —Scores 
Varying Total Timesteps: FLATNESS 

N=100, Init ial  Density Susceptibles = 0.05 
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FIGURE 5.6. These are graphs showing the flatness of the infections' locations' Z-
scores as 7 is varied in 1/lOOth increments and the total time is increased. Top Left: 
The flatness after 30 time steps. Bottom Left: The flatness after 100 time steps. 
Top Right; The flatness after 300 time steps. Bottom Right: The flatness after 500 
timesteps. The parameters we use for ail these runs are N=100, an initial density of 
susceptibles of 5%, a probability of infection of 98%, and characteristic length and 
time of 1. As the total time increases, the value of the flatness for almost all 7's 
approaches roughly 0.71 
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FIGURE 5.7. These are graphs showing the flatness of the infections' locations' 2-
scores as 7 is varied in 1/100th increments and the initial density of infected individ
uals is increased. The graphs correspond to increasing the initial density of infected 
individuals in the center column of the lattice. The flatness for the smallest density is 
shown in the top left graph. The density of infected individuals increases as we move 
down the left column and then continue down the right column. The parameters 
we use for all these runs are N=100, a total of 300 time steps, an initial density of 
susceptibles of 5%, a probability of infection of 98%, and characteristic length and 
time of 1. As the initial density of infected individuals increases, the value of the 
flatness for almost all 7's approaches roughly 0.71 
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FIGURE 5.8. These are graphs showing the moments of the densities of infected 
individuals without using averaging cells and with standard initial conditions. 7 is 
varied in 1/lOOth increments. We see the same general behavior as observed in Figure 
5.12 and Figure 5.14 except that the values of all the moments for the corresponding 
7 are larger and the magnitudes of the fluctuations also are larger. 
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Statistics from Densit ies of Infected Individuals: 
Not using Averaging Cells,  IC: One Infected in Middle of Latt ice 
N=100, Total Timesteps = 350, Init ial  Density of Population=0.05 
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FIGURE 5.9. These are graphs showing the flatness and skewness of the densities of 
infected individuals without using averaging cells and with standard initial conditions. 
7 is varied in 1/100th increments. Top Graph: The flatness decreases according to 
the negative of an exponential equation of fit that is given. The dotted line is the 
equation of fit. Bottom Graph: The skewness also decreases according to the negative 
of an exponential function. The equation of fit is given by the dotted line. For both 
graphs the statistics for the fit are given along with their associated p-values. 
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FIGURE 5.10. These are graphs showing the moments of the densities of infected 
individuals without using averaging cells and with a column initial condition for the 
infected individuals. 7 is varied in 1/100th increments. Once again we observed the 
same general behavior as in Figure 5.12, Figure 5.14, and Figure 5.8. Compared to 
Figure 5.8 the moments are now much smoother. 
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Statistics from Densit ies of Infected Individuals; 
Not using Averaging Cells,  IC: Middle Column of Infecteds 

N=100, Total Timesteps = 350, Init ial  Density of Population = 0.05 
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FIGURE 5.11. These are graphs showing the flatness and skewness of the densities of 
infected individuals without using averaging cells and with a column initial condition 
for the infected individuals. 7 is varied in 1/100th increments. Top Graph: The 
flatness decreases according to the negative of an exponential equation of fit that 
is given. The dotted line is the equation of fit. Bottom Graph: The skewness also 
decreases according to the negative of an exponential function. The equation of fit is 
given by the dotted line. For both graphs the statistics for the fit are given along 
with their associated p-values. 
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Statistics from Densities of Infected Individuals: Using Averaging Cells 

N=100, Total Timesteps = 350, Initial Density of Populotion = 0.05 
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FIGURE 5.12. These are graphs showing the moments of the densities of infected 
individuals as 7 is varied in 1/100th increments. Within the noisy results we observe 
a strong negative correlation between all the moments and 7. 
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Statistics from Densit ies of Infected IndividuGis: Using Averaging Cells 

N=100, Total Timesteps = 350, Init ial  Density of Population=0.05 
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FIGURE 5.13. These are graphs showing the flatness and skewness of the densities 
of infected individuals as 7 is varied in 1/lOOth increments. Top Graph: The flatness 
decreases according to the negative of an exponential. The dotted line is the equation 
of fit. Bottom Graph: The skewness also decreases according to the negative of an 
exponential function. The equation of fit is given by the dotted line. For both graphs 
the statistics for the fit are given along with their associated p-values. 
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FIGURE 5.14. These are graphs showing the moments of the densities of infected 
individuals near the infection front as 7 is varied in 1/lOOth increments. As in Figure 
5.12 the general shape of the graphs are all similar: There are large fluctuations for 
smaller values of 7 and then as 7 increases not only do the moments become more 
negative but variations decrease. 
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Statistics f r o m  Densit ies of Infected Individuals: 
Using Averaging Cells from Infection Front 

N=100, Total Timesteps = 350. Init ial  Density of Population = 0.05 
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FIGURE 5.15. These are graphs showing the flatness and skewness of the densities of 
infected individuals near the infection front as 7 is varied in 1/lOOth increments. Top 
Graph: The flatness decreases according to the negative of an exponential. The dotted 
line is the equation of fit. Bottom Graph: The skewness also decreases according to 
the negative of an exponential function. The equation of fit is given by the dotted 
line. For both graphs the statistics for the fit are given along with their associated 
p-values. 
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Chapter 6 

SUGGESTIONS FOR FUTURE WORK 

In addition to adding a second parameter at the individual-interactions scale as dis

cussed at the end of Chapter 5, there are several different directions that one could 

take this work. Some of the directions are theoretical, and others are more practical, 

involving actual data sets. 

A purely theoretical direction for this research would involve proving the con

vergence of the lattice Boltzmann equation (2.10) to the reaction-diffusion equations 

by showing stability. Recall that the formal convergence of the lattice Doiczmann 

equations to the reaction-diffusion equations done in Sections 2.3 and 5.1 shows the 

consistency step of most numerical convergence proofs. Elton et al [34] prove conver

gence for certain diffusive LGA by showing that in certain regimes they are monotone. 

Among the practical branches, the most obvious next step would be to obtain 

an appropriate data set from a real disease and modify this model so as to capture 

the statistics of the spatial distribution of the disease. Having done this, the model 

could be used to study many different aspects of the disease including threshold 

conditions, periodicity, and control strategies. The tracking of the spatial location 

of the spread of the disease using the method developed in Chapter 4 would also be 

interesting. Because orchards are essentially lattices, plant and animal diseases that 

spread through orchards are directly applicable to RD-LA models such as the one 

we present. Hughes et al [52] discuss validation of models of the spatial dynamics of 

plant-disease epidemics. Felipe and Gibson [36] model the spread and control of plant 

diseases using a lattice model. They use such a model to describe the spread of aphid-

bome virus diseases in orchards. Knudsen and Schotzko [61] simulate the spatial 

spread of epizootics caused by Beauveria Bassiana, an entomopathogenic fungus, in 
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Russian wheat aphids. 

Although diseases in orchards are certainly clearly applicable to this type of mod

eling, these types of models are also being found useful in the spread of diseases 

that are not confined to orchards. Using both a coupled-map lattice model and 

an automata network model, Benyoussef et al [8] study the spatial spread of rabies 

among foxes. Regarding human diseases, Kiszewski and Spielman [59] use a stochastic 

automata model to study virulence in vector-bome pathogens and focus on perpetu

ation. Stochastic cellular automata also have been recently used to study the effects 

of viral mutation in HIV infections [79, 90]. Using a lattice based epidemic model, 

Rhodes and Anderson [83] found that the dynamical structure observed in the measles 

case returns in the small isolated community of the Faroe Islands reflects the existence 

of an underlying scaling mechanism. 

It is very likely that in modeling an actual disease, one would relax the simplifying 

assumptions and change the initial conditions discussed in the introduction. While 

these are practical changes, questions about the connections between the model and 

the reaction-diffusion equations would take the research along a more theoretical 

direction. In the runs we carried out with the RD-LA model, susceptibles are initially 

placed randomly according to a uniform distribution based on a specified density. 

While heterogeneity in the susceptible population's density has been shown to be an 

important impetus for the formation of spatial structure in the spread of a disease 

[29, 69], we did not introduce in any heterogeneity other than what may randomly 

occur. One may ask if heterogeneity would affect the speed of the spread of an 

infection. The model runs could easily be adjusted to answer this question and also 

address other questions regarding heterogeneity in the susceptible individuals' spatial 

distribution. 

In our model there is no immunity to the disease among the susceptible indi

viduals, and infected individuals never recover. If there was immunity, it would be 

considered another health state and would thereby increase the number of system 
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variables. Conceptually, this would not be a difficult assumption to chztnge, but we 

kept the health states to two in order to allow a clear focus on statistical fluctuations 

without introducing complex dynamics. Allowing for recovered individuals that have 

become immune is a straight forward way of introducing immunity to the RD-LA 

model, although immunity could also exist due to a variety of other reasons and 

mechanisms. If recovered individuals have no immunity, then they would be indistin

guishable from susceptible individuals. Including such a recovered state would be one 

of the easiest and most dramatic changes that could be made to the current model. 

On the macroscopic scale, a recovered state that led to becoming susceptible again 

would lead to a rich assortment of dynamics [14]. 

For the RD-LA model used here, individuals move diffusively and have the same 

mobility regardless of health. Having the same mobility regardless of health is an 

easy assumption to remove. The effect at the macroscopic level would be that each 

health state would have a different diffusion coefficient. Van Wijland et al [97] studied 

the effects of different diffusion coefficients at the macroscopic level of description by 

looking at a reaction-diffusion-decay process. It would be interesting to determine if 

similar phenomenology is obtained using an RD-LA and if such a model can contribute 

to our understanding in ways a continuous model can not. 

For the RD-LA used here, the movement of individuals was modeled as diffusive 

behavior but other possibilities exist. Britton et al [16] model army ants who move 

along paths using a stochastic cellular automata. In our model, moving diffusively 

can be adjusted to some degree with a microscopic parameter (Chapter 4). More 

dramatic changes to the mobility patterns would require more extensive changes. 

Another simplifying assumption is that there are no births or deaths and no mi

gration, i.e., individuals do not enter or leave the original population. This is an easy 

assumption to remove for the individual-based model, and it can be easily carried 

over to the continuum limit. 

Lastly, in addition to relaxing these simplifying assumptions, an ongoing area of 
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interest is regarding how changes at the individual level drive specific macroscopic 

d>Tiamics, such as rate of infection dispersal, perpetuation of infectious diseases, or 

extinction of an epidemic. 

In short, using an individual-based automata model such as the RD-LA model 

presented here offers many new avenues for research. With this type of approach 

questions regarding the epidemiology of disease can be studied that were previously 

impossible to investigate. More generally, questions regarding how fluctuations at a 

microscopic scale of a system affect the macroscopic behavior can also be pursued. 
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Appendix A 

FORMAL CONVERGENCE OF REACTIVE-DIFFUSIVE 
LATTICE GAS AUTOMATA 

In Sections 2.3 and 5.1 we use Hilbert expansions of the lattice Boltzmann equation 

to show formal convergence to the governing macroscopic reaction-diffusion equations 

following the method presented by Elton et al [34]. Here we review the method they 

developed to achieve this. 

A.l Boltzmann Change Operators 

Summarizing the concepts presented in [34], we review some of the properties of Boltz

mann change operators (2.11) that will be needed to formally show the macroscopic 

governing behavior of the RD-LA. To this end, we will be concerned with concepts 

of conservation, equilibria, and dissipation. 

The following notation will be useful: The sum of any scalar of vector valued 

function / = /(p) over the variable p will be denoted by (/), i.e., 

( /> = E-fW-

P€P 

Recall the following notation from Section 2.1 on page 23: 

• A spatial lattice domain, X C R^. Given a macroscopic domain, Q C 

and a regular ZP-dimensional lattice, i C R^ with microscopic spacing Ax, 

let X = Q n X. In our model D = 2. The nodes of X will be indexed by 

i € Z^, and X and L will be assumed to be without boundaries by imposing 

periodicity of length L, a macroscopic length scale. By letting n be the number 

of nodes in one direction and <5 = ^, we set Ax = SL. 
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• The number of directions per node, d, depends on the type of regular lattice, 

L, and the number of health states, h. For the RD-LA model we propose d = 5 

and h = 2. These determine the cardinality, d x /i, of a finite set P of possible 

individual states. 

• The discrete time intervals, called cycles and denoted by m, each correspond 

to a microscopic time step At, where Ai = S^T. T is a macroscopic time scale 

and refers to the standard diffusive scaling. 

We begin with two concepts of conservation. 

Definition A.l ^4 mapping e : P —> R (alternatively a vector e e w ) is said to be a 

locally conserved quantity for the change operator C if {eC{F)) = 0, for every F € I 

where X = [0,1]'"'. 

Such an e for the operator C given by (2.11) satisfies 

((n' - n)e)F^F^S{n, n') = 0 

for every F  E X .  It can also be shown that the above equality holds if and only if the 

coefficient of each F^F^ vanishes: 

((n' — n)e)«S(n, n') = 0 

for every n € {0,1}*^. 

Definition A.2 A vector e G R'' is said to be a microscopically conserved quantity 

for the change operator C give by (2.11) if 

((n' — n)e}S(n, n') = 0 

for every n, n' € {0,1}*^.  
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Note that although any microscopically conserved quantity is also locally con

served, the converse is generally not true. However, the converse is true for the 

following class of change operators. 

Definition A.3 The operator C is said to be in detailed balance if 

S{n, n') = S{n', n) for every n, n' G {0, l}*"*, 

and in semi-detailed balance if 

S{n,n') = S(n',n) = 1 for every n € {0,1}'"'. 

We will denote the set of all locally conserved quantities of C hy E. E is a. linear 

subspace of R'' zind is assumed to be nontrivial. If we let K be the dimension of E 

and {ej |j = 1,... , A"} be a basis, then e : P —> where the components of e{p) are 

these basis vectors. To keep things clear, we will denote vectors in R'^ with arrows 

and the Euclidean inner product of two such vectors, a and /5, by <5 Q 

A necessary notion in going to the macroscopic limit is that of equilibria. A Boltz-

mann change operator in semi-detailed balance satisfies the following ff-theorem. 

Theorem A.l (H-theorem) Suppose the change operator C given by (2.11) is in 

semi-detailed balance. Then it has the dissipation property 

{C{F) log{F/F))  <  0 (A.l) 

for every F € X. Moreover, the following characterizations of equilibrium are equiv

alent: 

1 .  C{F)  =  0, 

S. {C{F) log{F/F))  = 0, 
(A 2) 

3. F"F" = V n, n' e {0,1}"^ such that S(n, n') > 0, ^ ^ 

4-  F  =  S{0)  for  some e  R*^ ,  
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where S{P) is given by 

e0) = L^-_. 
1 + exp(-y50^ 

We denote the linearized change operator at S by Cs and define it by 

Ceh = VC {e)h  = d,C{e + eh)l^^  

for every h El .  Using this definition we obtziin the following useful theorem. 

Theorem A.2 If the change operator C given by (2.11) is in semi-detailed balance, 

and£ is any local equilibrium ofC, then its linearization Cs, defined by (A.4), satisfies 

e = nullicewe) = nullic^) = null{csm + mcl), (A.5) 

where Ws = WeiP) = Moreover, {gCeWeg) < 0 for every g ^ S. 

We can know characterize the Fredholm alternative for the first derivative of C 

evaluated at any given local equilibrium S = S{^). For any / € R'' the overdeter-

mined system 

Ceh = / ,  {eh)  = 0 (A.6) 

has a solution if and only if (e/) = 0, in which case the solution is unique and is 

denoted by Cj^f .  The operator  is  the  ( lef t )  pseudoinverse of  Cs.  

A.2 Formal Convergence to Macroscopic Limit 

Here we give an overview of the derivation of the macroscopic governing behavior 

of a RD-LA via a Hilbert expansion. This is a slight modification of the technique 

presented in more detail in [34]. The macroscopic behavior can also be thought of 

as the continuum limit reached by the RD-LA with the vanishing of the parameter 

(A.3) 

(A.4) 
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S that governs the lattice spacing and the time cycle interval (2.1). Before proceed

ing, we review the properties of the Lattice-Boltzmann approximation to a RD-LA. 

Specifically, we considered Boltzmann change operators of the form 

c = (A.7) 

where and are Boltzmann operators. We denote the space of locally conserved 

quantities of by £?, where e is a basis. In addition, we assume that is in semi-

detailed balance, and, therefore, its equilibria were given by F = £(/?) and it satisfied 

the H-theorem. 

Finally, we want the RD-LA to be diffusive and, therefore, we use the usual dif

fusive scaling of At = 0((Ax)^). This diffusive scaling is also used to set the scaling 

parameter r (2.1) to 2. In order to ensure that the time scale of the macroscopic dy

namics is consistent with this scaling, we employed the following definition of diffusive 

Lattice-Boltzmann equations (2.10). 

Definition A.4 A lattice gas, such as that given above, is called diffusive provided 

{veS(0))  = 0 for  every 0  G (A.8) 

One obtains the limiting macroscopic dynamics by constructing a family of approxi

mate solutions of the Lattice-Boltzmann equation, pzirametrized by S, from smooth 

functions over the (t, x )-domain 18+ x Q that are solutions of reaction-diffusion equa

tions. This is the lattice Boltzmann version of the consistency step of most numerical 

convergence proofs, and is what we use to show the formal convergence of the Lattice-

Boltzmann equation to the macroscopic PDE. 
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A.2.1 Hilbert expansion 

Given any function H = H{t ,  x ,  p)  that is a smooth mapping from the {t ,  x  )-domain 

R-j. X into , the Taylor expansion of AH{t, x, p) about (t, a;) is 

AH{t ,x ,p)  = H{t  + 5^T,x  +5Lvip) ,p)  (A.9) 

= + • VP^(t,x,p). (A.IO) 
j=o 

Grouping terms by order of 6 ,  one obtains 

A H - H  =  5 L { v - V ) H  

^5'^[Tdt + \L'^{v • Vf]H 

+5^[TLdt{v • V) + iL^(v • V)^]H 

+8%T'^Sif + iTL^dtiv • V)2 + • V)"]// 

H . 

Next, one constructs the lattice analogue of the classical Hilbert expansion of ki

netic theory. This is done by constructing an approximate solution to the Lattice-

Boltzmann equation 

A H - H  =  C { H )  (A.ll) 

by formally expanding H in powers of 5 as 

OO 

H{t,x ,p)  ='^S ' 'h ' - ' ' \ t ,x ,p) .  
k=0 

Using this series, one formally passes to the limiting macroscopic dynamics. 

Expanding the left side of (A.ll) in powers of <5 gives 

OO 

A H - H  = iA-I)Y^6' 'h^ ' '^  (A.12) 
fc=0 

= a<»' + ia"> + + • • • , 
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where 

aW = 0, 

a'2) = [T^t + iL2(v • V)2]/iW + L(w • 

= [TLdtiv-V)  + iL\vV)V°^ 

+[Tdt + \L'^{v • V)2]/i(i) + L{v • 

Similarly, expanding the right side of (A. 11) gives 

C { H )  = (A.13) 

= c(o>+(yc(^) + (jV2) + <y3cW + ---, 

where 

^(0) ^ cW(/i(°)), 

c(2) = PCW(/l(°>) • /i(2) + iD2c(0)(/,(0)) . ;,(1)/,(1) + 

c(3) = PC(0)(/i(0)) . /i(3) + X)2^W(/i(0)) . 

+iX>3c(0)(,j(0)) . /i(i)/i(i)/i(i) ^_p(;{i)(/i(0)). /jd) 

For i > 1 it is useful to view as 

+ rp', (A. 14) 

where refers to all the remaining terms of that come from and its deriva

tives, and refers to all the remaining terms that come from and its derivatives. 
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By matching at leading order (A.12) and (A.13), one gets 

(A. 15) 

which by the /f-theorem implies that 

= £ = £0) for some 0 € (A. 16) 

where 0 = /?(<, a;) is a still undetermined smooth function. 

Continuing to match (A.12) and (A.13) order by order for j > 0 gives a linear 

equation for in the form 

Ceh^^ = RHS^\ (A.17) 

where depends on through but not on This equation has 

the form of (A.6), and will have a solution if and only if its right side satisfies the 

solvability condition: 

0 = (eRHS^^) . (A. 18) 

If this condition is satisfied, we then obtain the general solution 

for some 0^^ € R^. (A.19) 

Note, the second term on the right comes from the null space of Cs. Again, 0^^ = 

0^\t,x) is a still undetermined smooth function. It is this arbitrariness in the 

solution of at order j that allows the freedom necessary to impose the solvability 

condition (A.18) at order j-I- 2 of the matching procedure. Going back to (A.12) and 

using (A.19), for j > 0 the general form of is 

= L(v • V)W£0^'>oe + , (A.20) 

where denotes the remaining terms, each of which depends on through 

/iO-i) but not on 0^K 
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The diffusive property that we assumed for the RD-LA automatically :auses the 

solvability condition to be satisfied at order 1. The solvability condition at order 2 

leads to the evolution equation for the leading order = ^ = 0(t,x) as follows: 

d,(e£) = + iI)Wsev • V)©^) + (a: '"(£)) ,  (A.21) 

where S  = The first term on the right is a diffusion term, and the second term 

is the reaction term. 

It can be shown that the solvability condition (A.18) at order i + 1 reduces to 

0 = — (erp^). 

This gives a forced linearization of the reaction-diffusion equation (A.21), that governs 

the behavior of the as-yet undetermined Continuing in this manner, we can 

systematically construct order by order. As J —>• 0, we formally obtain the 

governing macroscopic behavior for the RD-LA as (A.21). 
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Appendix B 

STATISTICAL BACKGROUND 

In this appendix we review the statistical concepts used in Chapter 4 and Chapter 5. 

We begin with several definitions that provide the basic ideas necessary for the space 

in which we are working [85]. 

Definition B.l (Sample Space) The sample space of a statistical experiment is a 

pair (Q, E), where 

(a)  Q is  the set  of  al l  possible  outcomes of  the experiment ,  and 

(b)  E is  a  a-algebra of  subsets  o fQ [5].  

Definition B.2 (Random Variable) Let (Q, E) be a sample space. A finite, single-

valued function X that maps Q into R is called a random variable (RV) if the inverse 

images under X of all Borel sets [88] in R are events, that is, if 

where B is the Borel a-algebra of subsets of the real line, R. 

Definition B.3 (Probability Measure) A set function P defined onT, is called a 

probability measure if it satisfies the following conditions: 

X - \ B )  =  { c j  :  X { u } )  e G E for  al l  B  e  B ,  

•  P { A )  >  0 for  al l  A G E. 

•  P { Q )  = 1. 

• Let { A j } ,  A j  € E, J = 1,2, • • •, be a disjoint sequence of sets. Then 
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Definition B.4 (Probability Space) The triple (Q, E, P) is called a probability 

space. 

Definition B.5 (Distribution Function) A real-valued function F defined on 

(—00,00) that is nondecreasing, right continuous and satisfies 

F{—oo) = 0 and F(+oo) = 1 

is called a distribution function (DF). 

Definition B.6 (Distribution Function of a Random Variable X) Let X be 

a random variable on (f2, S, P). Define a point function P(-) on R by 

F(x)  = Plw : X(w) < x} for all x E R. 

The function F is called the distribution function of the RV X. 

The two most studied types of random variables are those where the RV assumes at 

most a countable number of values, and those where the RV's distribution function, 

F, is absolutely continuous. 

Definition B.7 (Discrete Random Variable) An RV X defined on (Q, E, P) is  

said to be discrete if there exists a countable set £• C R such that P{X G E} = 1. 

Definition B.8 (Probability Mass Function) The collection of numbers {p,} 

satisfying F{X = Xi) = p, > 0, for all i and called the probability 

mass function (pmf) of the RV X. The DF F of X is then given by 

F{x)  = F{a: < 1} = ^ Pi. 
Xi<X 

Definition B.9 (Continuous Random Variable) Let X be an RV defined on 

(S7, E, P) with DF F. Then X is continuous if F is absolutely continuous, that is, if 

there exists a nonnegative function f{x) such that for every real number x we have 

= f f it)dt. 
J —00 

The function f is called the probability density function (PDF) of the RV X. 
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Definition B.IO (Mean) Let X be a random variable of the discrete type with prob

a b i l i t y  m a s s  f u n c t i o n  p k  =  P { X  =  X k ) ,  A :  =  1 , 2 ,  I f  

OO 

53 MPk < 
A:=l 

we say that  the expected value (or  the mean or  the mathematical  expectat ion)  of  X 

exists and write 

OO 

M = EX = XkPk- (B.l) 
k=i 

If instead X is a continuous random variable with probability density function, PDF, 

f and 

J \x \ f{x)dx < oo, 

we say that  the expected value exis ts  and wri te  

/X =  EX = y  xf{x)dx.  

The mean can be generalized as follows: 

Definition B.ll (Moments) Let k be a positive integer, and c be a constant. If 

E{X — c)'' exists, we call it the moment of order k about the point c. If we take 

c = EX = n, that exists because E\X\'' < oo, we call E{X — /i)* the central moment 

of order k about the mean. We shall write 

lit = E(X - /i)'. {B.2) 

Definition B.12 (Variance) I f  E X ^  e x i s t s ,  w e  c a l l  E { X  —  n Y  t h e  v a r i a n c e  o f  X ,  

and we write = var{X) = E{X — /j.)^. The quantity a is called the standard 

deviation (SD) of X. 
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Definition B.13 (Sample Mean and Sample Variance) Let Xi,X2,... be 

a sample from a population with a distribution function F. Then the statistic 

X = ±^ (B.3) 
1=1 ^ 

is called the sample mean, and the statistic 

„ ^ (X, - Xf Efal X? - nX^ 

i=l 

is called the sample variance. 

.2  Y-  -  xy Xf -  nx-
^  n - 1  n - 1  ^  '  

Definition B.14 (Sample Central Moments) Let Xi,X2, - • - ,Xn be a sample 

from a population with a distribution function F. The sample central moments are 

defined by 

6. = ,B.5) 
n 

Clearly, bi = 0 and 62 = 

The following theorem gives the theoretical values for the sample moments [85]: 

Theorem B.l Let Xi, X2,... , be a sample from a population with a distribution 

function F, i.e., for X ~ F{^,(t^). Then the expected values of the sample moments 

are: 

E X  =  f j L ,  (B.6) 

ES^ = (7^, (B.7) 

(B.8) 

 ̂ (" - l"("̂  - 3n + 3) 3(n - l)(2n - 3) , 
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The variances of the sample moments are: 

and 

var^X))  = (B. l l )  
n 

var(S^)  = — +  - ^ — ( B . 1 2 )  
n n(n — 1) 

. (B.13) 

. n'' — 6n^ + 12n — 8 
t;ar(63) = z /le 

nr 
(n — llfn"* — 6n^ + 22n^ — 48n + 40 , /T> ^ 

(B.14) 

(n — 1)(—6n^ + 39TÎ  — 84n 4- 60 
H 7 /^2/i4 n° 

(n — l)(9n^ — 36n + 60)(n — 2) 3 
H ? n^ 

(n — l)^(n + 1)^ 2 
^4 ^3 ' 

(B.15) 

uar(64) = {asf ia  + 04(71 — l)/i4 + 053(71 — l)/i5/i3 + a62(^^ — l )M6fJ-2 

+032(71 -  l)(7i -  2)/i|/i2 + 042(71 -  1)(71 - 2)At4/i^ (B.16) 

+a2(n — l)(7i — 2)(n — 

— {(n — l)(7i^  — 371 + Z)nA/n^ 

+3(371 -  1)(271 -  3)//|/7I^)^ , 
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where 

a% = n — 8 + 28/n — 54/n^ + 60/n^ — 36/n''+ 9/n® , 

04 = n — 8 + 44/n — 150/n^ + 372/n^ — 540/71"* + 315/n® , 

053 = -8 + 56/n - 264/n2 + 696/n^ - 936/n^ + 504/rz^, 

a62 = 40/n- 228/n2 + 528/n^-576/n^+ 252/n^ 

032 = 16/n — \Q2fr{^ + 960/n^ — 2520/n'* + 2520/n® , 

a42 = 12/n - 162/n2 + 936/n^ - 2160/ti^ + 1890/n® , 

a2 = 108/n2 - 540/n''+ 945/n® . 
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Appendix C 

HYPOTHESIS TESTING 

In Section 4.1 we use hypothesis testing to detennine if the locations of susceptible 

individuals follow a binomial distribution, i.e., we are hypothesizing about the under

lying probability distribution. To this end we use the nonparametric statistical test 

known as the Kolmogorov-Smimov test. In this appendix we review the theory and 

the method regarding this test. It turns out that there exists a parametric test that 

can also be used to investigate the underlying probability distribution. This test is 

called the test and it is also explained in this appendix. We use both these tests 

again in Section 4.3. 

Hj'pothesis testing is an area of statistics that consists of specific statistical pro

cedures by which we decide whether a hypothesis is accepted or rejected. The first 

step is to formulate a hypothesis in statistical terms and refer to it as either the null 

hypothesis. Ho, or its converse, the alternative hypothesis. Ha- The type of hypothe

sis proposed, as well as the type of information already known, determine what type 

of tests are done. If the probability distribution for our data is known, but some pop

ulation parameters are being hypothesized, we usually use a parametric test. With 

this type of hypothesis testing we usually state our research theory as the alternative 

hypothesis, and show that the null hypothesis should be rejected. In a sense, this 

is a "proof by contradiction". On the other hand, when we are hypothesizing about 

the underlying probability distribution, we test using techniques that come under the 

name "nonparametric statistical inference". In this case, it is customary to let our 

research hypothesis be the null hypothesis and try and show acceptance of it. 

To more clearly describe these ideas and the statistical procedures involved, we 

will formally define these concepts beginning with parametric tests. In order to do 
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so, we will use concepts from probability and statistics that are reviewed in Appendix 

B. 

C.l Parametric Hypothesis Testing 

Let X be a random variable defined on a probability space {Q,  S, P),  where the distri

bution function, F, of X depends on a certain number of parameters. Furthermore, 

assume the functional form of F is known, except for a finite number of parameters. 

The vector of these unknown parameters associated with F will be denoted by the 

vector 9 . 

Definition C.l (Parameter Space) The set of all admissible values of the param

eters of a distribution function F is called the parameter space. 

Therefore, 0 takes values in a parameter set 0, that is a subset of the parameter 

space. We will write F^ for the distribution function, df, oi X \i 9 is the vector of 

parameters associated with the dfoiX. Similarly, we will write fg for the associated 

density function of A" if X is continuous, or for the associated mass function if X 

is discrete. We further assume that 0 contains a least two points. 

Definition C.2 (Parametric Hypothesis) A parametric hypothesis is an asser

tion about the unknown parameter 9, that is usually referred to as the null hypothesis, 

Ho-9 G 0o C 0. The statement Ha-9 e Qa = ̂  - usually referred to as the 

alternative hypothesis. 

Therefore, given a sample point x = (xijxa,--- ,Xn), we want a decision rule 

(function) that will lead to a decision to accept or reject the null hypothesis. If we 

partition the space R" into two disjoint sets C and such that, if a? € C, we reject 

Ho • 9 G 0o (and accept Ha), and if x G we accept Ho that X fg,9 € &o-

The region C is called the critical (or rejection) region. This leads to the possibility 

of two types of errors: 
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• Type I error; rejection of Ho when in fact it is true. 

• Tjfpe II error: accept Ho when it is false. 

If C is a critical region of a rule, PqC, 0 € ©o, is the probability of a type I error, and 

Pq C^, 0 € ©a, is the probability of a type II error. Obviously, we would like to find 

a critical region that will minimize both of these probabilities. The procedure used 

in practice is to limit the probability of a type I error to some preassigned level a, 

that is small, and to minimize the probability of type II error. We will now formalize 

these notions. 

Definition C.3 (Test Function) Every Borel-measurable mapping 4> o/R" —> [0,1] 

is known as a test function. 

Definition C.4 (Test of Hypothesis Ho) The mapping 4> i s  said to  be a  tes t  of  

hypothesis Ho '• B € ©o against the alternatives Ha : 0 € Oa with error probability a 

(also called the level of significance or, simply, level) if 

Eg 4>{X) < a  for  al l  0  € ©o.  

We shall say that <{) is a test for the problem (a, ©<,, ©o)-

Therefore, for every ar G R" we assign a number <^(a;),0 < < 1, that is the 

probability of rejecting Ho, if a; is observed. The restriction <t>{X) < a for ^ € ©o 

then says that if Ho were true, <f> rejects it with a probability < a. This is how we 

limit the probability of a type I error. Now, we want to formalize how we limit the 

probability of a type II error. 

Definition C.5 (Power of 0) Let <{> be a test function for the problem (a, ©<,, ©o). 

For any 0 e Qa define 

) = Eg <t>{X) = Pg {Reject Ho}. 

As a function of 0, is called the power of 4> against the alternative 0. 
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Therefore to minimize the probability of a type II error we wcint to maximize 

(3^{0) for 9 € 0o. 

It can be shown that the probability of a type I error is inversely related to the 

probability of a type II error, and that both decrease as the sample size increases. 

Because it is customary to choose Ho such that it represents the status quo or some 

important situation, a type I error represents a significant loss and is thus the most 

important to the experimenter. We therefore would like to limit its probability to a 

small fixed level a. Because our samples are large and the calculation of the prob

ability of a type II error is very difficult for the tests we will use, we will only be 

concerned with limiting the probability of a type I error. 

A very useful hypothesis test is the test. Although this is a parametric test, it 

can also be used for testing nonparametric hypothesis. The distribution function for 

random variable is defined as follows: 

Definition C.6 (x^ Distribution) A random variable X is said to have a x^ (dis

tribution with n degrees of freedom, i.e. 'X^{n), if its pdf is given by 
f I g ^ Q ^ ^ OO /•fx) = r(n/2)2"/2^ ^ , U<2r<00 
1 0 ,  X  <  0  

Theorem C.l Let Ho • X ~ Fe, where 0 = (^i, ̂ 2? * *"  > ^r)  is  unknoum. Let  

Xi,X2-,--- ,Xn be independent observations on X, and suppose that the maximum 

likelihood estimates of 01,02, ••• ,0r exist and are, respectively, 0i,02,-- - ,0r- Let 

Ai, A2, ,Ak be a collection of disjoint Borel sets that cover the real line, and let 

Pi  = P^{X e  Ai}  >0,  i  = l ,2 , - - - ,k ,  

where 0 = (^1, ^2) • * • > 0r), and Pg is the probability distribution associated with Fq . 

Let  Yx,Y2,--  '  ,Yk be the rv 's ,  def ined as  fol lows:  ¥{  = number of  Xi ,  X2,  •  •  •  ,  X„ in  

Ai ,  z  — 1,2,"*" ,k .  

Then the rv 

Vk 
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is asymptotically distributed as a •)^{k — r — \) rv (as n oo). 

The proof of Theorem C.l and some regularity conditions required on Fq are given 

in Cramer [24]. 

Using Theorem C.l we reject Ho at level a if 

where r is the number of parameters estimated (could be zero). 

C.2 Nonparametric Hypothesis Testing 

We can also test hypothesis where we make almost no assumptions about the under

lying probability distribution and have no parameters to test for. These methods are 

commonly referred to as distribution-free or nonparametric methods. The term "dis

tribution free" refers to the fact that no assumptions are made about the underl3nng 

distribution, except that the distribution function being sampled is either absolutely 

continuous or purely discrete. We are dealing with a problem of fit, that means that 

we wish to test the hypothesis that the sample of observations Xi, ̂ "2, • • • , Xn is from 

a specific distribution against the alternative, that it is from some other distribution. 

Therefore, the null hypothesis is Ho '• Xi ~ Fo and the alternative hypothesis is 

Ha • Xi F, where F{x) ^ Fo(x) for some x. The recommended nonparametric test 

to use is the Kolmogorov-Smimov test. 

Definition C.7 Let Xi,X2,--- ,X„ be a sample from a df F, and let F* be the 

corresponding empirical df. The statistic 

Dn = supx\F^{x)  -  F(2:) |  

is called the (two-sided) Kolmogorov-Smimov statistic. We write 

Dt = supj[F*{x) - F(a:)] 
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and 

D~ = sup^[F{x)  -  F„*(x)], 

and call and D~ the one-sided Kolmogorov-Smimov statistics. 

Theorem C.2 The statistics Dn, D~ are distribution free for any continuous df 

F. 

The proof is short and can be found in Rohatgi [85], page 539. It allows us to assume, 

without loss of generality, that F is the df of a rv that is uniformly distributed between 

0 zind 1, i.e., C/(0,1). 

Theorem C.3 If F is continuous, then 

r 1 1 f ® i/v < 0, 
P \ D n < v  +  —  \  =  {  G(u) i f O < v < ' - ^ ,  

where tt = (ui, U2, • • • , u„), 

rv+{l/2n) f v + ( Z / 2 n )  rv+[(2n—l)/2n] " 

G{u) = /  - •  -  /  / (u)  • JJ  dui  
J ( l / 2 n ) — v  J { 3 / 2 n ) — v  •/[(2n—l)/2n]—u ^ 

and 

,f . f n!, 0 < til < U2 < - • • < u„ < 1, 
/(u„ «2... .,«„) = I „(Aeno«e 

is the joint pdf of an order statistic for a sample of size n from i7(0,1). 

We let Dn,a be the upper a-percent point of the distribution of Dn, that is, 

P{Dn > Dn,a} < Qr> SO that we reject Ho at a level a if > Dn,a-

Another way to report the results of a statistical test is via the p-value, or attained 

significance level, associated with a test [96]. This quantity is the smallest value of 

a for which the null hypothesis can be rejected. It can also be thought of as the 

probability of getting the observed result when the null hypothesis is true. Because it 

is not chosen by the researcher but rather obtained from the statistical test it conveys 

more information. 
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Appendix D 

CONVERGENCE RATE WHEN USING AN ALTERNATING 
DIRECTION IMPLICIT (ADI) NUMERICAL SCHEME 

In Chapter 3, Section 3.2 we numerically solve the partial differential system of equa

tions given in (1.1) using a multigrid method. A popular method that is often rec

ommended for solving this kind of system of equations is ADI (Alternating Direction 

Implicit) but its rate of convergence is poor for small grid spacings. In this appendix 

we review the ADI scheme and show how the rate of convergence is associated with 

the grid spacing. 

This can be shown by considering the stability of the elliptic equation on a 27r x 2-n 

periodic domain: 

—Au 4-u = 0. (D-1) 

The ADI scheme for solving this equation in two spatial dimensions is 

1. —dxxU^' + u"' = dyyU'^, 

2. -dyyU""-^' + 

where the usual central-space finite differencing is used for the second derivatives. In 

order to check the stability of ADI, we use the Fourier transform method, known as 

von Neumann analysis, that consists of making the substitution uJJ, / —> 

[94]. It can easily be shown that g, the amplification factor, comes from the equation: 
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where 

h = Ax,  

u j  = frequency variable from Fourier treinsfonn of x, 

i j j  = frequency variable from Fourier transform of y,  

and which is obtained from the uniqueness of the Fourier transform. 

It can be shown that the ADI scheme, applied to the elliptic equation (D.l), results 

in the following amplification factor; 

_ 16^^ sin^ sin^ 
^ (1 + 4//sin^ |^)(1 + 4//sin^ 5^)' 

where 

M = l//i^, 

9 = hijj, and 

<i> = hip. 

The amplifications factor is at a maximum when uj = ip = it, that when substituted 

into g results in 

16^t^ 
~ (l + 4/i)2-

This maximum amplification factor approaches one as the grid spacing h approaches 

zero, i.e., we get very slow convergence for the elliptic equation. This situation directly 

carries over to the diffusion equation. Because the SI equations are a modification 

of the diffusion equation, ADI is not the best choice for solving the SI equations 

numerically. In addition, the nonlinear term in the SI equations is messy to deal with 

using ADI. 
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