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ABSTRACT 

Non-radonal and rational parametric interpolators are investigated and developed as 

mathematical entities for describing the geometric propagation of light in optical systems. 

The Bezier interpolator was chosen over other interpolators to describe extended and 

point objects and their subsequent mathematical propagation through an optical system 

primarily because of their superior mathematical stability, convex hull property, and 

endpoint interpolation, which is especially important for describing wavefront behavior. 

The limitations of the afifine transformation first are exposed for transforming generalized 

three-dimensional extended Bezier objects ideally or collinearly through an optical 

system. This limitation necessitated the development of a projective transformation. The 

perspective projection next was used in a vector derivation of the collinear mapping 

equations thereby demonstrating that an optical collinear mapping is a special projective 

transformation. Furthermore, the perspective projection was found to correctly map non-

rational and rational Bezier objects through an optical system. Rational Bezier 

interpolators, because they are inherently projections of n-dimensional functions onto 

hyperplanes, exist or live in a collinear space and therefore are ideally suited for 

describing the conjugate relationships found in optical systems. 

Bezier curves also are shown to describe the behavior of the meridional wavefront as it 

was refracted and reflected at optical surfaces. Affine maps again proved inadequate for 
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general wavefront propagation necessitating the development of the Bezier ray trace. The 

Bezier ray trace was developed for both non-rational, rational quadratic, cubic, and 

piecewise continuous cubic orders by utilizing end control point interpolation and control 

polygon tangency conditions. In general non-rational quadratic and cubic B^er curves 

inaccurately describe wavefront behavior in an optical system whereas their rational 

counterparts do so accurately. The ability of a rational Bezier curve to accurately 

describe a meridional wavefront leads to the interpretation that wavefronts and wave 

aberrations may be considered as projections of a-dimensional functions onto 

hj^erplanes. 

Finally, the fourth order scalar wave aberration fijnctions were converted into equivalent 

Bezier representations. This representation leads to a graphical interpretation of 

individual aberrations in terms of control points, which when uniformly parameterized 

and degree elevated to the same order, may be added by together to form composite 

aberrations. 

/ 
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CHAPTER 1 

INTRODUCTION 

The Original Research 

The theory of geometrical optics historically evolved around developing mathematical 

models to describe imaging optical system behavior using geometrical principles such as 

ray tracing. The geometrical approach to describing imaging systems offers a uniquely 

simple and elegant, yet almost apparently non-physical, theory that yields tools that may 

be used to describe both the macroscopic (first order) and microscopic (aberration 

content) properties of an imaging optical system in terms of the system design 

parameters. It is so simple that Stavroudis stated that geometrical optics' "general 

applicability to important problems of a practical nature as well as their simplicity and 

elegance", justify the application of Occam's razor^^\ The different tools of geometrical 

optics, first order or Gaussian image formation, paraxial theory, aberration theory, ray 

tracing, and radiometry do not seem at a first glance related to physical theories but are in 

fact. Furthermore, collectively they form the primary design and analysis tools of the 

optical engineer. 

Imaging systems are typically composed of classical optical elements such as lenses and 

mirrors. These systems include, but are certainly not limited to, traditional over-head 
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projectors, cameras, telescopes, microscopes etc. An imaging system, as the name 

implies, produces an image of some type of object typically on a viewing screen, film or 

detector. Furthermore, the geometrical modeling aspect of imaging systems involves 

computing the first order properties, image quality, and radiometry of the imaging 

system. In fact a substantial amount of work has been developed in these areas. The 

collinear transformation provides a mathematical theory of first order (ideal) or Gaussian 

image formation. Similarly, power series expimsions are used to describe first order and 

higher image forming properties such as aberration content and provide a mathematical 

theory for image evaluation. A numerical description of the behavior of imaging systems 

is further augmented with ray tracing, which simulates light propagation as vectors 

perpendicular to a wavefiront. The first law of thermodynamics, in the form of the 

conservation of radiance law or etendue or throughput equation, provides a mathematical 

theory for radiometry. And finally, physical optics accounts for the diffractive behavior 

of light and linear systems theories provide for an optical transformation theory. 

However, most optical systems actually contain two important components: an imaging 

sub-system as described above and a non-imaging or illumination sub-system. In fact, it 

is impossible for an ensemble optical system not to contain both imaging and 

illumination components. For example, a projector system consists of an illumination 

sub-system, whose function is to supply light to an object such as a slide or liquid crystal 

display (LCD) and a classical lens system, which images the object to a viewing screen. 

Even a luminaire (light source and reflector) supplying light to a lighting task may be 
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considered an illumination system with the hiunan eye providing the imaging function. 

Some objects, of course, are self-emitting. The fimction of supplying light to an object 

for illumination is generally referred to as the lighting task. 

Illumination systems, as the name implies, illuminate some type of object, such as a slide 

or liquid crystal display (LCD). Like imaging systems, some illumination systems are 

composed of classical optical elements, such as lenses, but more likely contain 

complicated reflectors (mirrors) to capture and concentrate light at the lighting task. 

These systems include, but are certainly not limited to optics for over-head projectors, 

flashes for cameras, illuminators for microscopes, automotive headlamps, traffic lanterns 

etc. Furthermore, illumination systems also may contain some not so classical optical 

elements such as light pipes (wave-guides). 

Much of the more familiar work relating to illumination engineering is actually traceable 

to classical optical engineering. In fact, illumination engineers historically borrowed 

mathematical tools developed for imaging systems, such as Gaussian imaging, 

radiometry, ray tracing and Monte-Carlo ray tracing, basically to image the source to the 

object or lighting task. For example Lieberkuhn developed illumination systems for 

microscopes and Kohler developed illumination systems for projectors based upon 

imaging principles. However, many illumination systems exhibit non-imaging 

characteristics where a point of an extended source is distributed over a large area or into 

a solid angle. In these situations, the concepts and tools of imaging optics are of less 
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value. Unfortunately, very little work has been done investigating the equivalent first 

order properties, aberration theories and transformation theories of the non-imaging 

aspects of illumination systems. 

Most of the more modem work in the non-imaging aspects of illumination engineering 

derives from the developments of Ebner^^\ and Winston and Welford^^^. The former was 

concerned primarily with reflector design for remote lighting tasks, such as interior or 

street lighting, i.e. architectural lighting. The latter was concerned primarily with solar 

concentrator design. Both Elmer and Winstons' developments rely on integral and 

differential analytic and numerical solutions to a polar coordinate system ray equation in 

order to generate illumination surfaces to frilfill a particular lighting task. Elmer's 

primary assumption is that the source is small compared to the luminaire, i.e. it is 

essentially a point source, and that the lighting task is remote as opposed to proximate. In 

other words the luminaire's source is entirely described by a far-field intensity function, 

as is the lighting task. Proximate lighting tasks, i.e. lighting tasks near the luminaire, are 

dealt with on a strictly ray tracing basis. Winston has extended the remote lighting task 

design to account for extended sources, primarily two-dimensional Lambertian sources, 

by developing the edge ray technique. However, as Elmer states^^^; 

"When lighting tasks are located so close to the luminaire that the reflector dimensions 
themselves become added parameters... calculation is not yetfeasible, and ray tracing is 
the only available methodfor solving for r̂ ector shape under the present state of the 
art. It is hoped that a calculation method will appear for this condition." 
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The original purpose of my research was to develop such a method. The first part of the 

research was to explore the existence of illumination system aberrations. In other words, 

could light from an illumination system be described as a basis of fundamental functions 

describing a departure from ideal behavior that would yield insight into the interaction of 

arbitrary radiant sources with complex reflectors. Then, could these fundamental 

functions be used in a transformation theory, analogous to linear systems theory, to 

compute the radiance, irradiance or intensity of arbitrary lighting tasks. In other words: 

given either a point or ractended source distribution as either a radiance, an irradiance or 

an intensity function (point source), does a transform theory exist that will describe the 

lighting task of the illumination system, irrespective of remoteness or proximity, as a 

radiance or an irradiance or an intensity function. 

The Present Research 

An attempt first was made to explore scalar wave aberration theory (SWAT) functions as 

a basis set to describe illumination system behavior. SWAT fiinctions are used to 

quantify the image quality of an optical system. Ideal optical systems image a point from 

object space to a point in image space. The wavefront from the point source is the 

mathematical surface over which the optical path lengths of rays from the source are the 

same. The wavefront, of course, is the surface of constant optical path. The wavefront is 

initially spherical and if perfectly imaged to its image point remains spherical. Optical 

systems, however, change the spherical wavefront into something that is not spherical. 
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Mathematically, the wave aberration of a point source is defined as the difference in 

optical path length between the actual wavefront at the exit pupil of the optical system 

and a reference sphere, typically centered on the Gaussian image point. Its behavior is 

found to be a function of field (object) height or angle and pupil coordinate. Actual wave 

aberrations are compiited directly Avith ray tracing. However, H. H. Hopkins '̂*^ showed 

that a Taylor expansion about the field height and pupil coordinate, using simple 

symmetry considerations, could be used to create a power series whose terms and 

coefficients are physically related to fimdamental aberration components. 

A fundamental problem of using SWAT functions as a basis set to describe illumination 

system aberrations is that they are based upon departures of a wavefront from a reference 

sphere typically centered on the Gaussian image point. In most illumination systems you 

are not imaging a point to a point but rather a point (on the source) to an area or solid 

angle at the lighting task. Moreover, the accuracy of power series expansions decreases 

further from the origin of the expansion^^\ In order to describe the aberration of an 

optical system at large field angles and pupil sizes, more and more terms are needed in 

the expansion. In other words SWAT functions typically require the summation of a large 

number of expansion terms to achieve a reasonable convergence under large field and 

pupil conditions. And unlike a Zemike representation, another type of power series 

expansion, lower order terms of the expansion change as more and more terms are added 

to the expansion. SWAT functions become an imattractive basis set because 
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illumination systems typically work at large field angles and most of the concentrating 

surface (largest area) of an illumination system is located close to the pupil edge. 

The SWAT function limitations required investigating basis sets that are more 

mathematically stable at the edge of a pupil. Subsequently, a different research path led 

to investigating non-rational and rational parametric interpolating functions to describe 

extended and point (wavefi'onts) sources as well as the geometric propagation of these 

sources through an optical system. The results of this research led to the development of 

a new set of mathematical tools, similar to the collinear transformation and ray tracing, 

that may be used to describe the geometric propagation of light in imaging and non

imaging optical systems. Although this research concentrated on adapting a specific 

interpolating function, the Bezier interpolating function of the Bernstein basis, to 

wavefiront descriptions or the phase portion of the general optical field, in principle they 

may be adapted to describing the amplitude of the optical field as well. 

Bezier functions are non-rational and rational parametric interpolating functions 

originally developed for use in computer aided geometric design (C AGD) of curves and 

surfaces. Although they are of a polynomial basis, they are numerically the most stable 

of all polynomial bases used in the computer-aided design (CAD) field^®^ Furthermore, 

Bezier curves use endpoint interpolation; i.e., the endpoints of a Bezier curve lie on the 

curve! The stability and endpoint interpolation of B^er fimctions, as well as many other 

nice mathematical properties described in Chapter 2, suggests that they might better 
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describe the behavior of a wavefront at the edge of the pupil in a general optical system 

be it an imaging or illimiination system. In fact Braer functions, as shown in this 

dissertation, can be projectively (coUinearly) transformed, ray traced, and used as a basis 

set to describe aberrations. The capability of B^er fimctions to be ray traced leads to 

new insightful interpretations of wavefronts and wave aberrations as projections of n-

dimensional functions onto hyperplanes. Furthermore, this new and different approach to 

geometrical optics could be called computer aided geometrical optical design (C AGOD) 

because it uses true graphical design interpolators to describe and propagate light. 

In order to understand the implications of using B^er fimctions to describe the 

propagation of light in an optical system, Bezier functions themselves, must be first 

understood at a fundamental level. Chapter 2 develops this information from simple 

linear interpolation to rational Beziers used as tensor product patches with emphasis on 

those concepts directly and inunediately affecting the research. The important topics of 

projective and affine geometry also are introduced in Chapter 2. A mathematical 

derivation describing the relationship between the Bezier fimctions and the explicit conic 

equation is presented in order to demonstrate the differences and similarities between the 

non-traditional and less familiar Bezier functions of the CAD world and the traditional 

more familiar explicit polynomial functions of the optical world. As needed, other 

pertinent information will preface each chapter as introductory material. However, a 

complete introduction to Beziers is out of the scope of this dissertation. More complete 

information regarding basic concepts of B^ers and, in general, interpolation techniques 
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may be obtained from three outstanding references. Robert C. Beach's book An 

Introduction to the Curves and Surfaces of Computer-Aided nesi|gn (Van Nostrand 

Reinhold, New York) serves as an excellent introduction to fundamental concepts of 

aflBne geometry and interpolation. The book finishes with an introduction to Bezier 

interpolators. Gerald Farin's book Curves and Surfaces for Computer-Aided Geometric 

Design A Practical Guide (Academic Press) almost starts where Beach's book left off. It 

describes interpolation techniques fi'om non-rational Beziers to rational B^ers (curves 

and tensor product patches) to Coons patches. A more in depth treatment of projective 

geometry and its relationship to the rational B^er may be found in Farin's book NURB 

Curves and Surfaces fi'om Projective Geometry to Practical Use (A. K. Peters, Wellesley, 

Massachusetts). 

Chapter 3 contains the theoretical development of how extended objects or sources, 

described by Bezier interpolators, may be optically transformed through an optical 

system using affine and projective mappings. The projective transform first is used to 

derive the collinear mapping and Gaussian imaging equations. The limitation of using 

the collinear mapping and Gaussian imaging equations as affine maps to optically 

transform objects represented by Bezier curves and surfaces is next exposed. It is shown 

that the projective map is needed to coUinearly transform Bezier objects through 

idealized optical systems. Finally, the general projection and coUineation are directly 

related to the rational Bezier. In fact it is shown that the rational Bezier interpolators 

"live" in collinear space. 
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Chapter 4 contains the theoretical development necessary to simulate meridional 

wavefironts as Bezier interpolators. Bezier descriptions of planar and spherical 

wavefronts are developed and the limitations of their transformation from simple 

reflecting and refracting surfaces is investigated in terms of afrine maps. Next, Bezier 

ray tracing is developed and is demonstrated for simple reflecting and refracting surfaces. 

This is done for both non-rational and rational quadratic and cubic B^er functions. The 

results of a rational cubic Bezier piecewise continuous wavefront ray trace are also given. 

Chapter 5 contains material describing how the existing scalar wave aberration theory's 

explicit functions may be converted to a non-rational Bezier basis. An empirical 

algorithm for control point addition is presented and theoretically proven thus illustrating 

how aberrations may be combined by control point addition only. Implications of this 

research on current interpretations of wavefronts and wave aberrations in terms of Bezier 

functions are presented as well as motivations for future research. 

Chapter 6 concludes the dissertation with a summary, conclusions, and discussions of 

future research topics. Some of these topics include first order radiometry calculations 

using the projective and parallel transformations, extension of the Bezier ray trace to 

general skew rays, extension of the Bezier ray trace to 4"* and higher Braer curves and 

surfaces including non-uniform rational B-spline (NURBS) curves and surfaces. 
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CHAPTER2 

INTERPOLATION FUNDAMENTALS 

Coordinate Representation 

A basic understanding of affine geometry, projective geometry, and linear interpolation is 

required before discussing more complicated interpolation techniques, such as those 

involving the Bernstein polynomials, the basis polynomials of Bezier curves and 

surfaces. Bezier interpolating functions ultimately will be used to describe light 

propagation in an optical system. The first step in this process is to define relevant 

notation and a suitable coordinate system for the basis functions. Conveniently, the 

important basis functions used in the CAGD world and described in this dissertation are 

coordinate system independent. In other words the basis functions are isotropic. 

It is most convenient for applications involving this research to work in a Cartesian 

coordinate system. Coordinates of a point in the Cartesian coordinate system will be 

represented in boldface such as "p". This notation actually represents the general point 

Pi as a triplet of numbers y. . Vectors also will be represented in boldface. Although 

both points and vectors are represented with boldface characters, the distinction of when 

to use a point or a vector will be very clear by context. 
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When rational interpolating fimctions are used, i.e. a ratio of polynomials, it is necessary 

to describe their behavior in finite or finite normalized homogeneous coordinate systems. 

The homogeneous coordinates of a point are nothing more than Cartesian coordinates 

multiplied by a scalar weighting factor Wi 

'w.x; 

y, w.y, 

Z. w.z, 

10 

Figure 2.1 illustrates this 

concept. Its usefulness will become more apparent in Chapter 3. However, it is an 

important concept of projective geometry that is necessary to develop rational Bezier 

interpolating fimctions. 

Projective geometry is different than the more familiar Euclidean geometry of everyday 

experience. Euclidean geometry represents geometrical entities as they really are in a 

three-dimensional space whereas projective geometry represents geometrical entities as 

they appear in space. The distinction may be thought of as reality (Euclidean) versus 

perception (projective). For example, consider all of the points on the line in Figure 2.1 

Each point is represented by a different coordinate in the Cartesian coordinate system, a 

concept of Euclidean geometry. However, now if your eye is located at the origin of the 

coordinate system in Figure 2.1 and you look along the line, all of the points on the line 

appear to be the same point to your eye. You are observing the projection of that line or 

points at a single point, a fundamental concept of projective geometry. Other points 

along the line may be obtained by multiplying a single point by the weighting factor Wi. 

This concept can be extended to points that form a complex shape such as a conic 
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sectioa. The common conic surface in optics can be represented as the projection of a 

parabola in three-space onto a special plane in the Cartesian coordinate system. Different 

conic shapes are obtained by changing the scalar weighting factor, w;. Conic projections 

and their conversion to Bezier functions are discussed in greater detail at the end of this 

chapter. Rational functions in general are the projection of an n^** degree function in 

Euclidean four-space onto a hyperplane of w = 1. A hyperplane of w = 1 represents a 

finite normalized coordinate system obtained by dividing the homogeneous coordinates 

by Wj. 



Figure 2.1 Point and Projected Point 

All of the points lie along the same line and are coUinear. 



27 

Linear Interpolation 

Linear and, in general, polynomial interpolating fimctions are usually written in 

parametric form. Parametric functions are rules that assign an auxiliary scalar variable to 

the coordinates on a curve or surface. In other words the curve or surface coordinates are 

specified independently as a scalar fimction of the auxiliary scalar variable. SWAT 

functions are explicit functions. An explicit function is a rule that assigns an independent 

variable or variables to a dependent variable. A simple explicit function can be 

parameterized as follows. Assume a two-dimensional explicit parabolic equation defined 

in a Cartesian coordinate system such as 

The auxiliary variable "t" may assume other parametric values. For example the 

differential of equation (2.1) is 

(2.1) 

Let t = X. Then y = t^ and points on the curve are given by 

P(t)={x(t),y(t)} = {t,t'}. (2.2) 

dy = 2 X dx. (2.3) 
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Now let X = Vi dy/dx = t. The parameterization now becomes 

P(t) = {'/2 dy/dx, V* (dy/dx)^} = {t, t^}. (2.4) 

In both examples the parameter 'Y' is called the domain and P(t) is the range. Clearly, 

points on a two-dimensional curve or a three-dimensional surface easily can be calculated 

and graphically represented with a parametric formaUsm. This is a primary reason why 

the CAGD world is so attracted to these functions. 

Now consider linear interpolation between two control points po and pi as illustrated in 

Figure 2.2. The points are called control points because they control the general shape of 

the interpolating curve or surface. Perhaps the most familiar interpolation form is simple 

linear interpolation were a value is estimated between two other numbers as though the 

functional behavior of all of the numbers was linear. 

Linear interpolation between the two control points is equivalent to finding the 

parametric equation of the line between the two control points. The direction vector 

between the control points is (pi - po)- Any point on the line joining these control points 

can be parametrically determined by starting at the first control point, po and moving an 

arbitrary distance in the direction of the vector (pv - po). Operationally, this is defined as 



t 
l=t i Projective Coordinate Lime 

P' (Domain) 
P. 

Fig^re 2.2 Control Points and Their Relationship to Auxiliary Variables 

The auxiliary variables are the barycentric or projective coordinates affinely (linearly) 
related to the actual points on the interpolation line through the projection point. 
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P(t) = po + t (pi - poX 0 <t < 1. (2-5) 

Here the parameter "t" is the domain of the linear interpolator and p(t) is the range of the 

interpolator. p(t) is a parameterization of the range. 

Equation (2.5) may be rewritten as 

Equation (2.7) is called the barycentric form of the parametric equation with a and p the 

barycentric or projective coordinates. Equation (2.7) and its projective coordinates now 

may be related directly to Figure 2.2 where p(t) is a linear combination of a and p. The 

term barycentric is from the Greek word "barus" meaning "heavy". Barycentric literally 

means "heavy center" or "center of gravity". The concept of barycentric combinations 

should not be new to students of physics, as the definition of the center of gravity in 

physics is a barycentric combination. 

p(t) = (1-t) Po +1 pi, 0 < t < 1 (2.6) 

p(t) = a Po + P pi, a + p = 1. (2.7) 

C g = Z ® j P j  (2.8) 

where mj is the mass and p, is the mass point location in a Cartesian coordinate system. 
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The linear interpolator of Equation (2.6) also could be developed by considering the ratio 

of the physical points and their corresponding auxiliary variables. This is demonstrated 

for general coordinates in Equation (2.9), 

Any three points on a line, as illustrated in Figure 2.2 and shown in Equation (2.9), are 

collinear. The ratio of the distances between any three points on a line is directly related 

to the ratio of barycentric coordinates of those points as follows 

Ratios are fundamental mathematical quantities in affine geometry because ratios are 

preserved under affine maps, which are discussed in the next section. 

An important type of barycentric combination is the convex combination. The convex 

combination requires that in addition to the barycentric coordinates summing to 1, as is 

shown in Equation (2.7), the barycentric coordinates also are all non-negative. These 

conditions force all points, which are combinations of the barycentric coordinates, to lie 

in the convex hull of the point set. Physically, this means that all of the points on a line 

between two points within the set are also within the set. The convex hull is simply the 

t-t. _ t.„-t. 

P(t)-P. P..I-P. 
(2.9) 

Ratio(pi, p(t), pi+i) = 
dist(p,,p(t)) ^ ^ 

dist(p(t),p.^,) a 
(2.10) 
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smallest convex set containing the given set. Convex and non-convex sets are shown in 

Figure 2.3. 

Linear interpolation is the basic starting point for higher order interpolation techniques 

and the convex hull property will apply to some, but not all, of those interpolation 

techniques. The convex hull property is an important concept as it differentiates between 

interpolating techniques that use Lagrange polynomials as opposed to Bernstein 

polynomials as basis polynomials in the interpolator. Lagrange interpolation forces all of 

the control points to lie on the interpolating curve or surface but the curve or surface may 

wildly oscillate in between the control points. The interpolated points of the curve or 

surface between the control points do not necessarily lie in the convex hull of the control 

point set. The Bezier interpolation technique forces only the first and last control points 

to lie on the curve or surface with the remaining points of the curve or surface within the 

convex hull of the control points. In this case the polygon formed by the control points, 

or the control polygon, may be thought of as a linear approximation to the actual curve. 

Bezier interpolation, because it has a convex hull property, is a much more 

mathematically stable interpolation technique. It is also a true design curve as opposed to 

a strictly interpolation curve or surface. 



A Convex Set 

A Non-'Coiiivex Set 

Figure 2.3 Convex and Non-convex Sets 
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Affine Transformations 

In general how is a simple linear interpolator transformed and translated? This is a rather 

important concept certainly in the CAGD world as geometries need to be shifted, rotated, 

scaled, and skewed, etc. It would be beneficial if these transformations could be 

performed directly on the control points. Likewise, it would be beneficial to describe 

general optical transformations in terms of transformations of the control points 

describing the interpolator. 

In a non-rational sense this is accomplished with an afiine mapping. The affine map is a 

special projective mapping. Projective maps are discussed in greater detail in Chapter 3. 

The terms "afifine" and "linear" are sometimes used interchangeably; however the more 

correct terminology is "affine". Non-rational linear transformations and translations are 

performed with affine maps. Any transformation that leaves the barycentric 

combinations invariant is an affine map. An afRne map can be more formally defined as 

a mapping that transforms points &om Euclidean three-space into Euclidean three-space 

while leaving the barycentric combinations invariant. The linear interpolations 

previously discussed are an example of an affine map where a physical line in Euclidean 

three-space, described by the control points, is mapped onto the auxiliary variable axis 

which is a straight line in Euclidean three-space. The auxiliary variable axis lies in an 

af&ne plane where points on the physical line are projective counterparts to this line as 

illustrated in Figure 2.2 and by Equations (2.6) and (2.7). 
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Affine maps also are non-ratioiial transformations and translations used to shift, rotate, 

and scale points of the interpolating curve or surface. The afiSne map transforms and 

translates interpolators by operating directly on the control points of the interpolator. Its 

operation does not alter the projective or barycentric coordinates. Altering the projective 

coordinates would, for example, alter the shape of the curve or surface after a simple 

translation. 

Figure 2.4 illustrates a simple rotation and translation of a single control point relative to 

the global origin. The rotation is about the z-axis. Positive rotation angles follow the 

right hand rule; the right hand thumb points in the direction of the positive coordinate 

axis and the fingers curl in the direction of a positive rotation. The rotation angles in 

Figure 2.4 therefore are positive. 

The coordinates of control point po are 

Po = 

''rcos(a) 

rsin(a) 

0 

where r is the distance from the origin to the control point. The 

coordinates of control point pi are pi = 

'^Tcos{a + Pf 

r sin(a: + fi) 

0 

. Expanding this relationship 

using trigonometric relationships yields pi = 

cos(a) cosQ^ ) - r sin(ar) sin(y(? y 

r sin(a) cos(j^ ) + r cos(a) sin()ff) 

V 0 



Figure 2.4 Rotations and Translations of Control Points 
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The components of the original control point position, po, are clearly visible in the 

expansion. The general rotation matrix about the z-axis, when detracted, then becomes 

Rz = 
cosOff ) - sin(>9 ) 0^ 

sin(;ff) cos(^) 0 

0 0 1 

The control point pt is then pi = Rz po. Similarly the 

point p2 is p2 = 

'̂ r cos(ar) cos(>ff ) - r sin(a ) sin(;ff ) + Ax^ 

r sin(a) cos()ff) + r cos(a) sin(yff) + Ay 

0 

and the translation matrix 

becomes T = 

fQ 0 AK^ 

0 0 Ay 

0 0 1 

As mentioned previously, ratios are fiindamental mathematical quantities in affine 

geometry. In fact, aSine maps are ratio preserving^^. This is contrasted with Euclidean 

geometry, which is characterized with Euclidean maps that leave unchanged lengths and 

angles. This concept can be used to show that linear interpolation is invariant to an affine 

domain transformation. The domain of a function is the set of all values for the 

independent variable of the function. The domain of the linear interpolator discussed 

previously was defined only over the interval 0 < t < 1 on the auxiliary axis. It was shown 

above that this is an affine mapping of the physical line between the control points. 

Moreover, we are free to define the auxiliary axis over any domain provided that an 

appropriate domain or afiSne transformation is applied to the linear interpolator. If 

t e [0, I] and u 6 [ti, ti+i], then the affine map of "t" is 



After a change of variable, this allows us to write the general linear interpolator as 

p!(t) = Pi + 7^^ PC. (2.12) 

where a hybrid of Farin and Beach's notations are adopted for the point of 

interpolation^ '̂'̂  The superscript indicates the level or degree of interpolation and the 

subscript indicates the starting point of the interpolation with respect to a control point. 

The afifine map is a subset of the more general projective map. The projective map, as 

will be shown in Chapter 3, is a rational linear transformation. The principal projective 

map that has a major optical significance is the projective perspective transformation or 

perspective projection through a point. The perspective projection directly simulates a 

pinhole camera and in fact will be used to derive the collinear mapping and Gaussian 

imaging equations. This type of transformation also is needed to transform the projective 

coordinates or the barycentric combinations of an interpolator as well as the control 

points of the interpolator to compute the Gaussian or first order image of an optical 

system. The Gaussian equations describing the cardinal and first order properties of an 

optical system are derived from the collinear transform and it is exactly this type of 
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projective perspective transformation, a collineation or a rational linear transformation, 

that is necessary to transform the interpolating functions. 

Choosing the Interpolating Basis Functions 

The SWAT function limitations for describing wavefront behavior at the edge of a pupil 

in general imaging optical systems and specifically in illumination systems required 

investigating basis sets that are more mathematically stable at the edge of the wavefront. 

Mathematically this implies that the functions be somehow "anchored" to the edge of the 

wavefront. A class of functions that permits this type of behavior is polynomial 

interpolating functions, which are more complicated extensions of the linear interpolating 

functions described previously. The first method of polynomial interpolation is most 

likely due to I. Newton '̂°\ Polynomial interpolating functions, curves or surfaces are 

functions made to pass through or "interpolate" a series of data points. Polynomial 

interpolation algorithms are used almost exclusively in the C AGD field to described 

complicated geometry. Mechanical designers and drafrspersons typically start with a 

graphical representation of the curve or surface as a small number of points, called 

control points, which are generally an approximation to a desired curve or surface. They 

then use the control points and other constraints to develop curves and surfaces passing 

through the control points and satisfying the constraints. The mathematical functions 

used to describe curves or surfaces under these conditions are called polynomial 

interpolating functions. 
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Non-rational parametric interpolating functions of one variable generally can be defined 

as^"> 

P(t)=2; PiF»(tX 0<t<l, (2.13) 
1=0 

where n is the order of the interpolator, n + 1 is the number of control points, pi are the 

control points, and F ° (t) are the interpolating polynomials or blending functions. The 

number of control points determines the order of the curve. The interpolating 

polynomials "blend" together the points of the curve. 

There are several different types of interpolating polynomials. Most were developed to 

describe an existing type of recursive algorithm. The two most common types are 

Lagrange and Bernstein polynomials. Lagrange polynomials are a closed form solution 

of Aitken's recursive algorithm^^^\ Bernstein polynomials are a closed form solution of 

de Casteljau's recursive algorithm '̂̂ ^ 

Lagrange Interpolation 

The process of using Lagrange polynomials as the blending function is referred to as 

Lagrange interpolation. Lagrange interpolation forces the interpolating curve or surface 

to pass through all of the data or control points. Aitkin's algonthm, the recursive 
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implementation of Lagrange interpolation, generates the curve or sur&ce through 

recursive operations of linear interpolations. Aitkin's algorithm may be derived from the 

fundamental theorem of polynomial factorization (FTPF). The FTPF states that if P(t) is 

a polynomial of order n and P(to) = 0, then P(t) may be written as 

where 0(t) is a polynomial of order (n-1) . To see this for the general case first 

consider linear interpolation between two, arbitrary points pi and pi+i with associated 

parametric values of ti and ti+i, as was shown in Equation (2.12), 

A plot illustrating linear interpolation for two points and a quadratic curve is illustrated in 

Figure 2.5. The quadratic curve is a blend of two linear curves. First note that all of the 

control points lie on the curve even in the quadratic case. In other words the blending 

curve passes through or "interpolates" all of the control points. This will not be true of 

Bezier interpolation: only the end control points interpolate the curve. Next note the 

relationship of the ratios of a point on the line between the points and auxiliary variable 

axis. They have the same ratios. 

P(t) = 0(t)(t-to) (2.14) 

P!(t) = I '*'_l Pi + / Pi-i • 
t,4.l t, 

(2.12) 
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i+1 

p5(t) 
1 , 

t; i+1 

p 
0 

\i 
\ p 

Figure 2.5 Linear and Quadratic Lagrange Interpolators 

The ratio of points on the physical line is the same as that on the auxiliary variable line. 
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Now, invokii^ the FTPF we may write, in general, Aitkin's recursion formula as 

p;(t)- pr'(t)+ -4^ pr'w- (2.15) 

Aitkin's recursion algorithm can be written explicitly in terms of Lagrange polynomials. 

The Lagrange polynomials are defined as^^^^ 

FfCt) =Lr(t)--f2 ,j^i, (2.16) 

nc.-' ,) 
j=0 

This is the resulting polynomial or blending function that would be used in 

Equation (2.13). 

The Lagrange polynomials are cardinal, i.e. L° (t^) = 5ij , where Sg is the Kronecker 

delta function. The Lagrange polynomials reduce to a value of 1 at all control points and 

vanish otherwise. The resulting coordinate values are the control points expressed, for 

example, in Equation (2.5) under this condition. 

Lagrange interpolation suffers from one major limitation that makes it unsuitable for 

describing general wavefronts. Lagrange polynomials, and the resulting curve they 
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describe, may oscillate between control points and therefore do not preserve the shape of 

the curve. In other words, Lagrange interpolation does not have a convex hull property. 

This phenomenon is called the Runge phenomenon after its discoverer C. Runge '̂®\ If 

more and more control points are added in the curve the order of the polynomial 

interpolation increases which may cause the interpolators to oscillate even more severely. 

Obviously, wavefronts do not behave in this maimer and using this interpolation 

technique could potentially induced mathematical artifacts not associated with the 

physical nature of the wavefiront. This is also the main reason why Lagrange 

pol)moniials are not generally used in the general C AGD environment. 

Tiihir and Ouintic Hemiite Intenioiation 

Lagrange interpolation uses only control points to create the curve or surface. In general 

we are not restricted to using control points only to describe a curve or surface. The first 

and second derivatives of the surface also may be used to interpolate the curve or surface. 

Cubic Hermite interpolation uses the control points and the first derivative at the control 

points to interpolate the curve or surface. Quintic Hermite interpolation uses the control 

points, first derivative and second derivative at the control points to interpolate the curve 

or surface. Previously, our interpolator. Equation (2.13), was composed entirely of 

control points and interpolating polynomials. Now the resulting interpolator is composed 

of points, vectors, and concatenated interpolating polynomials. The concatenated 

interpolating polynomials are called Hermite polynomials as they are linear combinations 
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of Lagrange polynomials. They also can be linear combinations of Bernstein 

poljmomials, a different type of interpolating polynomial. 

Cubic and quintic Hermite interpolations share one common problem; neither is invariant 

under an affine domain transformation. As will be shown in Chapter 3, this precludes 

using these polynomials in the projective transformation. In other words, we cannot 

easily apply transformations, optical or otherwise, to the control points or projective 

coordinates or vectors of the interpolator without maintaining invariance of the 

interpolating polynomials. A new set of interpolating polynomials must be generated 

after most types of transformations. This significantly limits their use for general optical 

applications. 

Bfeier Interpolation 

Non-rational Bezier Curves 

Fortunately, another interpolation technique exists that does not suffer from the 

limitations of Lagrange interpolation, can be affineiy and projectiveiy transformed, and is 

mathematically stable. This is Bezier interpolation with Bernstein polynomials. 

As mentioned previously most interpolation techniques are the result of a recursive 

algorithm. B^er interpolation was first developed using such a recursion relationship 



46 

called the de Casteljau algorithm, after its discoverer P. de Casteljau at Citroen. The 

recursion technique is brilliantly simple, geometrically lucid, and provides a 

straightforward understanding of what later will be referred to as Bezier interpolation. 

The basic geometrical construction is illustrated in Figure 2.6. 

Consider the barycentric form of the linear interpolator as defined in Equation (2.6). The 

equation of the line connecting control points po and pi and the position of any point on 

that line may be written as 

Similarly equations for the lines between control points pi, p2 and Po» pj may be written 

as 

If Equations (2.17) and (2.18) are substituted into Equation (2.19), Equation (2.20) is 

obtained which now becomes a quadratic function of the auxiliary variable, t. 

pUt) = (1-t) Po +1 pi, 0 < t < 1. (2.17) 

pl(t) = (l-t) pi+ t p 2 , 0 < t <  1  and (2.18) 

Po(t) = (l-t)Po +tp{, 0<t< 1. (2.19) 

Po(t) = (l-t) 'Po + 2tp, + t 'p,,0<t<l. (2.20) 



Figure 2.6 Bezier Control Polygon and Resulting Interpolated Curve 
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The important geometrical concept to point out is the relationships between the three 

points on each of the physical lines and the auxiliary variable line. They are all in the 

same ratio! Different values of "t" generate different points on each of the lines and 

those points maintain the same ratio with respect to each other. The point (t) 

pressed recursively in terms of the other lines, traces out points that lie on a parabola. 

Extending this recursive relationship to higher orders yields the general de Casteljau 

algorithm '̂̂  

The number of control points determines the order of the interpolator. Two control 

points yield a linear interpolator, three control points yield a quadratic interpolator and so 

on. Lines joining the control points form the control polygon. The control polygon is a 

linear approximation to the actual curve. 

The Bezier interpolator more conveniently may be expressed explicitly in terms of the 

Bernstein polynomials as 

(2.20) 

Po°(t) = p"(t)=Zp,B°(t). 
J=0 

(2.21) 
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The Bernstein polynomials, B " (t) are given by 

B;(t) = 
^n^ 

J. 
(1-t) n-j 

U 

n! 
j!(n-j)! 

0 else 

if 0 < j < n 
(2.22) 

where is the binomial coe£Bcient derived from Pascal's triangle^This Bezier 

representation is the non-rational form of a Bezier curve. 

B^er curves have some very important properties that have a direct influence on the 

research in this dissertation. First note that Bezier interpolation uses linear interpolators. 

As was previously discussed linear interpolators are afSnely invariant. Bezier curves 

also are affinely invariant under a transformation of the auxiliary variable or parameter as 

was shown in Equation (2.12) in the section describing afflne transformations. Because 

Bezier curves are recursively created by linear interpolators they also are affinely 

invariant. This means that the Bezier curves may be shifted, rotated, scaled, and skewed 

by either applying the affine map to every point of the interpolator or by applying the 

afiBne map just to the control points of the control polygon^"\ If optical transformations 

could be described in terms of afi^e maps, then application of the affine map to the 

control points of the control polygon of Bezier curves and surfaces, which might 

represent extended sources and objects or wavefronts, could represent the propagation of 
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light in an optical system. The affine map can describe certain types of optical 

transformations as will be shown in Chapter 4. AfiSne maps can also be used to describe 

an approximate behavior of the Gaussian imaging equation; however the projective map, 

or a transformation of the auxiliary variable, is needed in order to exactly describe the 

behavior of the coUinear and Gaussian imaging equations. 

Braer curves posses some very important geometrical properties. For example, all of the 

points of the Bezier curve are within the convex hull of the control polygon. Bezier 

curves, therefore, have a convex hull property. Mathematically, this means that the 

Bernstein polynomials are all positive and that they sum to one. Bezier curves also are 

endpoint interpolators. This means that the first and last control point lie on the actual 

curve. Recall that this was a desired property to describe wavefi-onts in illumination 

systems. This property is significantly different than Lagrange interpolation where all of 

the points lie on the curve or surface. Moreover, the control polygon is tangent to the 

Bezier curve at the endpoints. This will be an especially useful property when Bezier ray 

tracing is introduced, developed, and discussed. Finally, Bezier curves posses pseudo-

local control. This means that a change in a control point position mostly affects the 

curve's behavior around that position. 
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Rational Bezier Curves 

Rational Bezier curves also are curves described by Bezier interpolation in the Bernstein 

basis. Now, however, the mathematical description is in the form of the ratio of two 

polynomial equations, which are Bernstein polynomials. The denominator of the 

rational Bezier is a normalizing function just as if a normalizing mass were added to the 

center of mass equation. Equation (2.8) 

Z®iPi 
_ J (2.23) 

£pjWjB^(t) 
P"(t)=-4 (2.24) 

However, unlike the center of mass normalization, the rational Bezier normalization and 

the modified form of the Bernstein polynomial have a significant geometrical 

interpretation. The w j's in Equation (2.24) are called weighting factors and are related to 

the homogenous coordinate system described at the beginning of Chapter 2. 
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The weighting factors in Equation (2.24) now give the definition of the rational Bezier a 

projective interpretation. Recall the concept of the homogeneous coordinate system 

described in the Coordinate Representation section and Figure 2.1. If your eye is located 

at the origin of the coordinate system in Figure 2.1, and you look along the line, then all 

of the points on the line appear the same to your eye. This concept can be extended to all 

of the general points, p" (t), and is certainly apparent for the control points, p j, of 

Equation (2.24) since they have their own corresponding weighting factor, w ^. All of 

the points of the curve have associated weighting factors because the weighting factors 

and corresponding control points are interpolated at each point to form the curve. 

The concept of this projective behavior is best understood with a simple, special 

graphical example. It is a special example because coordinate axes for the projective 

plane do not exist and therefore it does not even have an origin^^"'! At best we may 

consider the coordinate axes for the projective plane to be defined by a local coordinate 

system determined by the weighting factors of the control points. Consider general conic 

sections that are used quite often in the optical sciences to describe focal surface 

geometries. How would they be described as a rational Bezier? First note that the 

quadratic form of the non-rational B^er is a parabola. It is composed of three control 

points. Assume that the end control points have the same location in the z-plane and that 

their weighting factors are both one. If the interior control point's weighting factor is one 

and has the same z-plane location as the end control points, we have a parabola in the 

chosen z-plane or a non-rational B^er parabolic curve. In other words the parabola is 
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physically located in the projected or afiOne plane. Now, change the weighting factor of 

the interior control point. The interior control point is just a point and as you change its 

weighting factor you are changing its homogeneous coordinate as is illustrated in Figures 

2.1 and 2.7^ '̂I As the interior control point weighting factor is changed the projection 

parabola rotates about the exterior control points. The homogeneous coordinates of the 

projection parabola change and the resulting planar curve in the projection plane changes 

as well. For simplicity, consider the interior control point to be located along the z-axis. 

As the interior control point weighting factor is increased, its homogeneous coordinate 

moves up the z-axis. All points from the tilted parabola are projected through the eye 

point and the projection or afiBne plane at w = 1, which corresponds to the original z-

plane designation of the exterior control points. 

Figure 2.7 illustrates that the common conic surface used in optics can be represented as 

the projection of a parabola in three-space onto a projection plane in the Cartesian 

coordinate system. Different conic shapes are obtained by changing the scalar weighting 

factor, Wi. Rational Bezier curves in general are the projection of an n*^ degree function 

in Euclidean four-space onto a hyperplane of w = 1. The mathematical relationship 

between projective maps, rational Beziers, and the collinear transformation will be 

fiirther developed in Chapter 3. 



Froj©Qited 'Ci3r/§ 

Figure 2.7 Planar Conic Sections as the Projection of a Three-Space Parabola 
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Rational Rmer Representation of the Conic Sag Equation I 

The previous discussion and pictures offered a purely graphical interpretation of the 

quadratic rational Bezier. Numerically, how do the control points and their associated 

weighting factors relate to the classical conic sag equation? The following derivations 

describe this relationship both for fiill curve and half curve conic sections. 

Figure 2.8 illustrates a parabola projected onto the projection plane of w = I. In this 

figure the end control points both have weighting factors of one. Under these conditions 

the rational B^er is said to be in standard form. The point "m" in Figure 2.8 is the 

bisector of the line between the end control points. Operationally it is defined as 

m  =  ( P o + P 2 ) / 2 .  ( 2 . 2 5 )  

The point "s" is called the shoulder point and is located at the vertex of the conic curve. 

The vertex is located at the origin of the given coordinate system purely for 

computational convenience. The shoulder tangent point is parallel to the line between the 

end control points, "z" is the sag at the end control point and "d" is the distance from the 

shoulder or vertex point to the control point p,. In order to represent the conic sag 

equation as a rational Bezier interpolator, the distance "d" and the interior control point 

weighting factor must be related to the parameters of the sag equation. 



Figure 2.8 Projected Parabola 
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If the rational Bezier interpolator is in standard form, then the points m, s, and p, are 

collinear and the ratio of the three collinear points is given 

Ratio(nL,s, p,) = w,. (2.26) 

The ratio was previously defined in Equation (2.10) as the signed distances between the 

collinear points. This relationship yields the following equation based upon the geometry 

in Figure 2.8 

w, = —. (2.27) 
a 

Equation (2.27) and the sag equation 

PI 
R 

l + Jl.(l + k)[^^^ 

(2.28) 

where p is the radial coordinate at one of the end control points, R is the base radius of 

curvature, and k is the conic constant, yield two equations and two unknowns. However, 

the sag equation does not explicitly contain terms of w, and d. Therefore, a third 

equation must be developed that contains the values z and d. Once this equation is found. 
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tt may be used to find the unknowns w, and d, which will determine the interior control 

point parameters. 

The third equation is generated fi'om the point slope form of a line and the slope of the 

sag equation. The control polygon is tangent to the curve at the control point p,. This is 

also the slope of the line at that point. The slope of the sag equation with respect to p is 

d ^ z  =  
P _  
R 

Hl + k) i 
(2.29) 

The point slope form of the line between p, and p, is then 

z = 
r 
R H-d, 

11.0 ^k) I 

(2.30) 

Solving Equations (2.27), (2.28), and (2.30) simultaneously yields the following 

relationship for the interior control point weighting factor 

(2.31) 
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The interior control point weighting factor is equal to the radical of the conic sag 

equation! The distance d can be easily computed from Equation (2.27) when the 

weighting factor is known. 

Rational Bexier Representation of the Conic Sag Equation n 

The previous derivation related the parameters of diameter, conic constant, and the base 

radius of curvature of the fixll sagitta of the conic sag equation to the position of the 

interior control point and its weighting factor of a quadratic rational Bezier curve 

assuming the B^er was in standard form. Another, very useful relationship exists 

between the half sagitta of the conic sag equation and the quadratic rational Bezier 

parameters and in fact is necessary to describe certain geometries. For example, the 

equations derived in the previous section caimot describe half of a circle. The tangents of 

the end control points cross at infinity, which means that they are parallel. 

This problem can be handled with the following development. The geometry is 

illustrated in Figure 2.9. The distance "a" in Figure 2.9 is the distance of the interior 

control point from the origin of the defined coordinate system. This distance and the 

weighting factor must be related to the parameters of the sag equation. 
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Figure 2.9 Half Sagitta Conic 
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The general solution for this problem is derived from the implicit, quadratic rational 

Braer representation of the conic half curve. All conics have an implicit representation 

of the form f(x, y) = 0 where f(x, y) is a polynomial in independent variables x and y^^l 

The implicit representation may be written in terms of barycentric coordinates of a 

control polygon with control vertices, p, as follows 

p(t) = ao po + oi pi + 02 p2 (2.32) 

However, p(t) also may be written as a quadratic rational B^er 

f o  

(2.33) 

The coefficients of Equations (2.32) and (2.33) may be determined by comparison to be 

Wo(l-t)-

e- ' ib:  
J=0 

(2.34a) 

2w,t(l-t) = 

J=0 

(2.34b) 
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W, t' (2.34c) ©2 = 

Eliminating "t" from Equations (2.34a,b,c) while invoking standard form yields 

Equation (2.35) is a reduced form of the parametric implicit equation of the curve. The 

barycentric coordinates, ai's, may be determined by application of Cramer's rule with 

another point on the curve, Za, at the radial coordinate "a". This computation yields an 

equation describing the weighting factor wi that is a flmction of a, Za, p, and z. z. may be 

eliminated from this equation by using the sag Equation (2.28) with independent variable 

An equation for "a" may be generated from simultaneous solutions of the sag equation 

and a line equation between control points pi and p2. In other words, the slope of the line 

between the control points is 

' 2^0oa, 
(2.35) 

a asp. 

(2.36) 
z 
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where "m" may be computed from the partial derivative of the sag equation as was done 

in Equation (2.29). The following equation for "a" is obtained 

a= • ^ (2.37) 

Equations (2.35), (2.37) and the sag Equation (2.28) may be solved simultaneously to 

determine wi as 

W i  =  

The results of the last two sections have implications that go beyond applications as 

simple geometrical, Bezier descriptions of optical surfaces. For example, in Chapter 4, 

the Bezier representation of a conic will be used to simulate the meridional wavefront in 

an optical system. In Chapter 5, the Bezier representation of a conic will be used to 

maintain parametric continuity between sections of non-rational 4*'' order Bezier surfaces 

used to simulate the scalar wave aberration functions. 
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Tensor Product Patches: Bfaier Surfaces 

The previous three sections introduced Bezier interpolation and how non-rational and 

rational Bezier interpolation may be used to describe two-dimensional Bezier curves. 

Bezier interpolation also may be used to describe three-dimensional surfaces. Whereas 

Bezier curves use a form of linear interpolation as a basis to describe the curve between 

two points, Bezier surfaces use a form of bilinear interpolation as a basis to describe the 

surface between four points. The surface between four such points forms a "patch". 

Previously, our simple linear interpolator in two-dimensions was the afBne map of the 

physical line between two control points mapped onto the auxiliary variable axis denoted 

by the parameter "t". The bilinear interpolator of the Bezier surface is the afRne map of 

the physical surface between four control points mapped onto the bivariate auxiliary axes 

denoted by the parameters "u" and "v". The parameter "u" is normally associated with 

the coordinate axis and parameter "v" the ordinate axis in the afGne plane. Figure 2.10 

illustrates the simple non-rational bilinear interpolator. Obviously, this is the linear case 

and higher order surfaces will have more complicated mappings. 

Mathematically, we will restrict the discussion of the Bezier surface to rational Bezier 

surfaces. The non-rational B^er surfaces really are just a subset of the rational surfaces 

with all of the control point weighting factors set to the same value. The same holds for 

Bezier curves. Rational Bezier curves in general are the projection of an n*** degree 
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function in Euclidean four-space onto a hyperplane of w = 1. Rational B^er surfaces 

are the projection of an m*** by n"* degree sur&ce in Euclidean four-space onto a 

hyperplane of Wtj = I. Operationally, the rational Bezier surface is defined as 

2 
P(".v) = . (2.39) 

The control points of the Bezier curve form the control polygon of the Bezier curve. The 

control points of the Bezier surface now form what is called the control net of the Bezier 

surface. The parameters "u" and "v" are the domain of the interpolator while Equation 

(2.39) is the range of the interpolator. The Bernstein polynomials have the same 

definition as Equation (2.22) with the parametric variables and mdices changed to 

account for the surface description 

Br(u)= 
' m * 

u' (1-u)' 
m 

m! 
i! (m-i)! 

0 else 

if 0 <i < m 
(2.40a) 

B°(v) = v' (1-v) n-j 

U 

n! 
j!(n-j)! 

0 else 

if 0 <i < n 
(2.40b) 
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Bezier surfaces are rather complicated mathematical entities. How may these 

mathematical entities be interpreted geometrically? Farin offers a sur&ce definition that 

intuitively and interpretatively associates the term tensor product patch to non-rational 

Bezier surfaces. He defines a surface as "the locus of a curve that is moving through 

space and thereby changing its shape"^^^ In the context of Equation (2.39) we may then 

interpret the tensor product patch or Bezier surface as moving a B^er curve of degree m 

along a Bezier curve of degree n. The control points of the Bezier curve of degree m 

move along the curve defined by control points of the Bezier curve of degree n. The 

rational Bezier surface is a four-dimensional tensor product projection. Figure 2.11 

illustrates a Bezier surface that is quadratic along the "u" domain and linear along the "v" 

domain. The control points, net, and the surface also are shown in Figure 2.11. 

Parametric Continuity 

Figure 2.11 illustrates the concept of the tensor produa patch with a quadratic B^er 

curve "swept" along a linear Bezier curve. The combination creates the Bezier surface or 

patch with a rectangular aperture. However, how do you create a surface with a circular 

aperture and a shape of second order or higher degree along both domain axes? Circularly 

apertures are conmion in optics as many optical elements and wavefironts have circular 

apertures. Furthermore, the wavefront itself may have a very complicated shape 

requuing a very high order Bezier. Farin points out that B^er shapes exceeding lO*** 



Figure 2.11 Quadratic by Linear Bezier Surface 

Clockwise from upper left. Surface. Control points and control net. Side view of 
surface, control points and control net. Surface, control points and control net. 
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degree are computationally prohibitive and such curves and surfaces are usually modeled 

using piecewise continuous lower order Bezier curves and patches^ '̂̂ \ 

In order to simulate surfaces with circular apertures and high order shapes with lower 

order piecewise continuous curves and surfaces we must introduce the concept of 

piecewise continuous Bezier patches and continuity. Piecewise continuous curves or 

surface segments are known as B-spiines. The breakpoint between the adjacent segments 

is called the knot. A series of segments forms the knot sequence. The "B" in B-spIine 

does not mean Bezier but rather "basis". Bezier interpolators are just one of many bases 

that may compose a spline. Historically, a spline was a flexible metal piece used for 

drawing curves. 

The continuity between Bezier segments depends upon the parametric definition of the 

curve or surface. The two most common types of parameterization are uniform 

parameterization and non-uniform parameterization. A curve or surface that is uniformly 

parameterized assigns a parametric value, i.e. a value on the auxiliary variable axis, of 

zero to the first control point and one to the last control point while maintaining an equal 

or uniform parametric increment between the remaining control points. Uniform 

parameterization works best for equally or near-equally spaced control points. A curve or 

surface that is non-uniformly parameterized increments the parameter for each control 

point by a variable value. The most common type of non-uniform parameterization is 

chord length parameterization. The parameter between control points is a function of the 



chord length of the curve between the end control points. The chord length is an 

approximation to the arc length of the curve, which makes this parameterization 

particularly usefiil. The derivative of the curve with respect to arc length yields unit 

vectors that bound the slope of the curve between -1 and 1. The tangents of such curves 

are relatively well behaved and easy to calculate in most situations. A non-uniform 

parameterization works best for unequally spaced control points. 

B-spline curves, unlike polynomial curves, can have cusps or be continuous in first and 

second derivatives between the curve segments. The continuity of the two segments at 

the knot is a function of the type of parameterization. If the segments are parametrically 

continuous at a knot, then they are continuous in parameter space. In other words the 

first, second and higher order derivatives of the curve with respect to the current 

parameterization are continuous at the knot. This type of parameterization is called C 

continuity where "i" indicates the degree of differentiation and continuity. 

There are situations were two adjacent knot sequences are not differentiable with respect 

to their current parameterization but may be re-parameterized according to arc length. If 

the segments are re-parameterized according to arc length and are continuous at the knot, 

then differentiation with respect to arc length yields geometric continuity or G' 

continuity. G' continuous curves are differentiable with respect to arc length but not 

necessarily their current parameterization. Farin notes^^^ that geometrical continuity is 

better continuity to enforce for interpolation involving geometrical shapes while 
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parametric continuity is better continuity to enforce for interpolation involving speed of 

travel. 

Parametric continuity is influenced by the behavior of the control points around the knot. 

The level of continuity is determined by the derivative of a Bezier curve, which is found 

by computing the differences between the control points of the original Bezier curve^^®\ 

The resulting curve is another Bezier curve. The two control points surrounding the knot 

Pn-i and pa^i. as well as the control point at the knot, pn, determine the first derivative at 

the knot. The derivatives of both curves must match at this point if the curves are to be 

continuous in first derivative. This requires that the points are coUinear and the distances 

between the points are in the ratio of the parameterizations of the individual sequences. 

Likewise for continuity, the four control points surrounding the knot (pn-2, Pn-i. Ptt+2, 

Pa^^i) must exhibit similar behavior. The ratio of the distances between points pn-z, Pn-i 

and pn.i out to an auxiliary point o as well as the distances between the auxiliary point o, 

and pn+i to pn+2 must be in the same ratio as the parameterizations for those curve 

sequences. Figure 2.12 illustrates the special case of C' and continuity requirements 

for a circle. Note that the circle is but not continuous if uniform parameter 

sequences for different segments of the circle are used! Non-uniform parameter 

sequences are needed to obtain continuity. However, the rational Bezier description 

of the circle is continuous. This can be understood by first determining the interior 

control point parameters fi'om Equations (2.37) and (2.38) with "a" equal to the radius of 

the curve. The curve can then be subdivided into two separate, equal sections with the 
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Figure 2.12 C' and Parametric Continuity Requirements 
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knot at the division point^^^. The subdivision process leaves the curvature unaltered and 

therefore the two curves are now continuous. 

Bezier Surface Properties 

The B^er surfaces share the important Bezier properties previously discussed for Bezier 

curves such as afifine invariance, invariance under afSne parameter transformation, and 

the convex hull property. Likewise, the endpoints of the control net lie on the Bezier 

surface or patch and the control net is tangent to the surface at these points. 
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CHAPTERS 

PROJECTIVE TRANSFORMATIONS OF BEZIER OBJECTS: 

COLLINEATIONS 

Introduction 

Up until the 17*^ century, the optical sciences were still more of an art than a science 

rooted in mathematical theory. Although many optical instruments were developed by 

this time, including the telescope and the microscope, their physical behavior could not 

be rigorously described mathematically. In 1611 Johannes Kepler published his 

"Dioptrice" in which he discloses his discovery of total internal reflection and the small 

angle approximation to the law of refraction^^*\ Kepler also developed a theory of first 

order optics that was sufficient to describe the first order mathematical behavior of such 

instruments assuming they contained thin lenses. In 1621, Willebrord Snell 

experimentally determined the law of refi-action. Rene Descartes later published the law 

of refi'action with the familiar sine representation. But it wasn't until the 18'*' century that 

Karl Friedrich Gauss first used the paraxial ray approximation to describe first order 

optical system behavior^^^^ His formalism led to the famous lens maker's equation and 

what is collectively and confusingly referred to as either first-order or paraxial or 

collinear image formation theory. 
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First-order, paraxial, and collinear image formation theories actually have different 

mathematical origins. In first order theory the ray paths through an optical system are 

expanded in a power series about the object height and the pupil height in the entrance 

pupil. Such an expansion of an axially synmietric optical system yields only odd terms. 

The first order odd terms of the expansion yield relationships that describe the cardinal 

points of the optical system and the Gaussian imaging equation. The cardinal points are 

first order properties such as focal lengths, focal points, nodal points (points of unit 

angular magnification), principal points and planes (planes of unit lateral magnification) 

and magnifications of the optical system. The first-order properties are the properties of 

a perfect optical system. When higher order terms of the expansion are considered, 

aberrations result, which are deviations fi"om ideal or first order behavior. 

Paraxial theory is another method of determining the first order properties of an optical 

system. In this methodology rays are traced with the paraxial ray tracing equations 

derived using the small angle approximation in Snell's law. Even so, these equations are 

still used to trace rays that sometimes violate the small angle approximation. This 

methodology also yields the cardinal points and the Gaussian image equation. 

The collinear transformation is yet a third method for determining the first order 

properties of an optical system. It is different firom the first-order and paraxial theories in 

that it is not based on ray tracing. The collinear transformation is a generalized mapping 

that maps points, lines and planes from Euclidean three-space into points, lines and 
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planes of Euclidean three-space. If certain assumptions relative to optical system 

behavior are used then the cardinal points of the optical system result as well as the 

Gaussian and Newtonian imaging equations. In fact, paraxial image formation for a 

single refracting or reflecting surface is collinear. The principal planes are located at the 

surface and the nodal points are located at the center of curvature of the surface. 

The definition of the optical collinear transformation appears to be somewhat similar to 

the definition of the affine map first introduced in Chapter 2. Do afiine maps or perhaps 

another type of transformation exist that allow Bezier curves and surfaces to be optically 

transformed through an optical system? The remainder of this chapter explores this 

possibility. The projective transformation first is used to derive the collinear mapping 

and Gaussian imaging equations. The afRne map, in the form of a scaling matrix with the 

collinear mapping terms as matrix elements, then is investigated as a possible way to 

optically transform objects represented by Bezier curves and surfaces through an optical 

system. The limitations of the afifine map under these circumstances are discussed and 

reveal the need for a general projection. The projective perspective transform or 

perspective projection is shown to be the correct transformation to map Bezier objects 

through idealized optical systems. This is the same type of projection used to derive the 

collinear mapping equations and is the optical collinear transformation for Bezier objects. 

Finally, the general projection and collineation is related to the rational Bezier. In fact it 

will become apparent that rational Bezier interpolators "live" in collinear space. 
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Vector Derivation of the Cnllint'.ar and Caii««ian Imaging Equations from the 

Protective Transformation 

Perspective Projection 

The projective transformation is defined as a general mapping of an n-dimensional space 

into an m-dimensional space. Operationally this is defined as^^°^ 

f  •  >  f  ̂  \  
X, X ,  

= s • 

x„ x„ m  R 

10 lu 

where a is a constant, is the transformed space, x „ is the original or pre-transformed 

space, S is an (m+1) by (n+1) matrix of rank (m+l). Most importantly, m < n; i.e. the 

transform space must be of the same or smaller dimension as the original space. 

Equation (3.1) may be recast in Cartesian coordinates as 

f  • >  f  \  
X  

y' = S y 

z z 
(3.2) 
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If equation (3.2) is expanded we obtain 

a x  = s , i  X  + s,,  y  +  s , j  z  + s, 4  (3.3a) 

a y  =  X  +  y  +  s^ z  +  S ; ^ 4  (3.3b) 

a z  =  S j ,  X  +  S 3 2  y  +  S 3 3  z  +  S 3 4  (3.3c) 

a  =  S 4 ,  X  +  S 4 ,  y  +  S 4 3  z  +  S 4 4 .  (3.3d) 

Equations (3.3a) through (3.3c) have a common multiple of a that may be divided out to 

yield 

• s,,i x + s,^ y + s,j z + s,.4 
X = (3.4a) 

S4 , X+S4, y + S4j Z + S44 

y - z + S3^4 (3.4b) 
84^, X + S4, y + S4_j z + S44 

2' — ^3.1 ^+83^ y"*"S33 Z+S34 

I X ^4^ y ^43 ^ ^4.4 

Equations (3.4a) through (3.4c) are the same form of the optical coUinear mapping 

equations as developed by Shack^^^! Therefore, the optical coUinear transformation is a 

special projective transformation. 
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Equation (3.1) is a relationship used in projective geometry to project a single point, a 

line, or a higher order linear structure, i.e. an interpolator, through a point, called the eye 

point. The projection of a single point, or higher order linear structures (interpolators), 

through a point is called a perspective projection. A projection parallel to a vector is 

called a parallel projection. Figure 3.1 illustrates the perspective projection for a line 

mapped to a line. An optical interpretation of Figure 3.1 demonstrates that the 

perspective projection mathematically describes the behavior of a fundamental optical 

insbwnent, the pinhole camera. 

Now, however, assume that the eye point is the focal point of an optical system with a 

three-dimensional object projected onto a special projection plane, the principal plane. 

This geometry is illustrated in Figure 3.2. The origin of the coordinate system is at the 

object space principal plane. The principal plane illustrated in Figure 3.2 is called the 

front or object space principal plane because it is defined in the object or pre-transformed 

space. The front principal plane has a corresponding "image" in the transformed space 

called the rear principal. The front principal plane is a plane of unit lateral magnification 

because points on this plane are directly mapped Avith unit lateral magnification to the 

corresponding image space or rear principal plane. At the rear principal plane points may 

be mapped parallel to the optical axis (parallel projection) or through the rear focal point 

(perspective projection) to then- respective image locations. The type of mapping at the 

rear principal plane depends on the previous transformation to the front principal plane. 
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Figure 3.1 The Perspective Projection 

The perspective projection simulates the operation of a pinhole camera. 
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Figure 3.2 Perspective Projection Through the Focal Point onto the Principal Plane 
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From Figure 3.2 we have the following vector relationships 

(3.5) 

(3.6) 

(3.7) 

0 + a=F, a = F- 0 

F  +  p  =  I , p  =  I - F  

1 =  x X +  y ' Y .  

The vectors o and P are parallel and we may write while substituting Equation (3.7) for I 

a(I-F) = (F-0) 

c ( x X + y Y - F )  =  ( F - 0 ) .  ( 3 . 8 )  

Equation (3.8) may be expanded further as 

a ( X  Y  - F )  

f  • \  
X  

1 

= (xf-x,yf-y,zf-z) = 

^-1 0 

0  - 1  

V 

0 

0 

0  - 1  

yf 

'f y 

y 

z 
(3.9) 

By inverting the first matrix of the left side of Equation (3.9) and noting that F = f Z 

where f is the focal length we get 
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f  
X 

= (X Y -F)' '  

^-1 0 

0  - 1  

0 Xf 

0 Yf 
0  0  - I  z  f y 

y 

z 

v l /  

X  1 0 0 

( X  Y  Z I O  1  0  

0 0 -f J  J  

^-1 0 0 

0 - 1 0  

0  0 - 1  

Yf 

' f  y 

y 

z 

v l y  

(3.10) 

The matrix (X Y Z)is an orthogonal matrix. Equation (3.10) is precisely the form of 

Equation (3.2) with S equal to 

S = 
10 0 

( X  Y  Z I O  1  0  

0 0 -f 

-I 
f - l  0 

0 

0 

-1 0 y,  

0 -1 z 

(3.11) 

f y 

The inverse of the submatrix is 

1 0 

0 1 

0 ^x^ 

0 Y 
-1 
f > 
-1 
f > 

(3.12) 
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since the inverse of the orthogonal matrix is its transpose. If the matrices of Equation 

(3.11) are expanded using Equation (3.12), the following relationship results 

y 

1 

=  - i + -

^  - X  ^  

-y 

-i + -
f 

I 

V 

(3.13) 

But -1+-
-I f =—, m , where m is the magnification. The components of 
m f -z 

Equation (3.13) become 

X  = m x  ( 3 . 1 4 a )  

y  = m y  ( 3 . 1 4 b )  

m = —  ( 3 . 1 4 c )  
f -z 

-  =  1 -  — .  ( 3 . 1 4 d )  
f m 

If the same technique is applied to the image space and its associated principal plane 

z +f 
similar relationships result with the magnification equal to m = ——. The 
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magnifications of the object and image spaces may be set equal to each other since 

corresponding points on the principal planes have the same magnifications, i.e. the 

principal planes are planes of unit lateral magnification. When the magnification factors 

for object and image space are set equal, the Gaussian image equation results 

f f 1 = -^ + -. (3.15) 
z z 

If Equation (3.14d) is combined with its image space counterpart the following 

relationship is obtained 

z 
z 

m  =  k m .  (3.16) 

If the derivations are referenced to the focal points, i.e. the origins are located at the focal 

points, then the Newtonian imaging equation results. 

The coUinear mapping equations map points, lines, and planes fi-om Euclidean three-

space, called the object space, into Euclidean three-space, called the image space, 

respectively as points, lines, and planes. The object and image are conjugates of each 

other. The coUinear mapping and resulting Gaussian imaging equations really are a 

projective perspective transformation. Equations (3.14a) through (3.14d) are the same as 
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those derived by Shack with the exception of an anamorphism factor. Shack's equations 

are included here for comparison. 

Gaussian Equations (referenced to principal planes) 

X  =  p m x  

z = 

m 
— y  
p  

f  f z 

1 
N

 
1 

1 

z-f 1 
N

 
1 

1 

r n  
f  • \  z 

I f .  

= (l-m)f 

(3.17a) 

(3.17b) 

(3.17c) 

(3.17d) 

Newtonian Equations (referenced to focal planes) 

X  =  p m x  

m y = —y 
p 

.  f ' f  z = = -f m 
z 

m =  - I  -  I  =  - z 

F 

(3.18a) 

(3.18b) 

(3.18c) 

(3.l8d) 
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In Equations (3.17) and (3.18) m is the system magnification, f is the front focal length, 

and f is the rear focal length. In both cases p is an anamorphic ratio equal to the square 

root of the ratio of the magniiications in the x and y axes 

For axially symmetric systems p = 1. The sign convention for the equations is as follows; 

1) the axis of synunetry is the z-axis and light travels from the negative z-axis to the 
positive z-axis; 

2) heights above the optical axis are positive while those below are negative; 
3) distances measured to the left of a reference point such as a principal plane location 

are negative while those measured to the right of a reference point are positive; 
4) the focal length of a converging lens is positive (positive vergence) while that of a 

diverging lens is negative (negative vergence); 
5) the radius of curvature of a surface is positive if the center of curvature lies to the 

right of the surface vertex and is negative if the center of curvature lies to the left of 
the surface vertex; 

6) ray angles are positive if the ray is rotated in a clockwise sense to reach the surface 
normal or optical axis; 

7) the signs of all indices and distances are reversed following a reflection. 

The sign convention of the Gaussian imaging equation can be particularly vexing as the 

Gaussian imaging equation can be derived from purely geometrical and trigonometrical 

arguments. There are several different derivations, each with its own sign convention. 

However, derivation of the collinear mapping and Gaussian imaging equations from the 

projective perspective transform clearly defines the parameters of the above sign 

convention as right handed coordinate systems and their origins are assigned to the 

principal plane locations in object and image space. 

(3.19) 
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Parallel Projection 

Derivation of the projective perspective transformation showed how object points are 

coUinearly mapped through the focal points. However, points mapped from the image 

space principal plane through the rear focal point must first be projected onto the front 

principal plane. There, they are transferred directly to the rear principal plane. In both 

cases this constitutes a mapping of object points parallel to the optical axis. The 

projective parallel transformation or parallel projection may be used to show how (object) 

points are transformed parallel to a vector (the optical axis). Figure 3.3 illustrates the 

geometry of the parallel projection. 

From Figure 3.3 we may write the following vector relationships 

0 + s Z = I  (3.20) 

I = x X + y Y (3.21) 

0  =  x X  +  y Y  +  z Z .  (3.22) 

Substituting Equations (3.21) and (3.22) into Equation (3.20) while adding a constant 

vector term to each side yields 
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x X  +  y Y  +  Z  =  x X  +  y Y  +  z Z  +  ( I + s ) Z  

(X Y Z) 

1 

= (X Y Z) y 

l + s + z 

(3.23) 

7 

Equation 3 .23 allows us to immediately write 

X =x 

y '  = y  

z = -s. 

(3.24a) 

(3.24b) 

(3.24c) 

In the context of an optical transformation, the parallel projection shows that the image 

coordinates orthogonal to the projection vector, which is the optical axis, are equal to the 

original object coordinates. Furthermore, the object z-coordinate is simply the negative 

of the scaling factor in the direction of the projection. 



Object (x,y )̂ 

Figure 3.3 The Parallel Projection 
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Affine Mans as Optical Transformations 

The affine map was defined in Chapter 2 as any transformation that leaves the barycentric 

combinations of an interpolator invariant. An affine map can be more formally defined 

as a mapping that transforms points from Euclidean three-space into Euclidean three-

space while leaving the barycentric combinations invariant. The linear interpolations 

discussed in Chapter 2 were an example of an affine map where a physical line in 

Euclidean three-space, described by the control points, is mapped onto the auxiliary 

variable axis which is a straight line in Euclidean three-space. Affine maps also are non-

rational transformations and translations used to shift, rotate, and scale control points. 

Equations (3.14a) through (3.14c) and Equation (3.16) describe an object point imaged 

through an optical system to an image point. Indeed, if these equations are affine maps, 

and therefore affinely invariant, then the affine map of the control points of the control 

polygon should yield the same curve or surface as if the affine map were applied to each 

point of the curve or surface. The affine map of the control points may be constructed as 

a single scaling matrix^^^^ keeping in mind that control point distances along the optical 

axis, chosen as the z-axis, are referenced to the appropriate planes. Operationally, the 

optical affine mapping in three-dimensions, using the Gaussian formulation referenced to 

the rear principal plane, is 
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Sx.y^ (a,b,c) = 

a 0 0 6" m 0 0 0 

0 b 0 0 0 m 0 0 
= f' 

0 0 c 0 0 0 m 0 
f 

0 0 0 K .0 0 0 1 

(3.25) 

In other words the x and y coordinates of each control points are scaled according to the 

lateral magnification of the control point while the z coordinate is scaled by an additional 

f 
ratio of the front and rear focal lengths. Functionally p, ̂ = Sx.y.z (m, m, -—m) pij. 

P..J = 

m 0 0 0 

0 m 0 0 
f 0 0 m 0 
f 

0 0 0 1 

Py 

Pz 

.U 

(3.26) 

Figures 3.4 through 3.6 illustrate the results of the affine mapping on a non-rational 

Bezier line object, tilted Bezier line object, and a curved Bezier object plotted with the 

true image. The optical system is a single spherical refracting surface with a radius of 

curvature of 1 unit and a refractive index of 1.5. The principal planes are located at the 

surface vertex. The Bezier object and image in Figure 3.1 are conjugates of each other 

but the other two examples do not share conjugate relationships! Although these 

computations were performed on non-rational functions, similar results are obtained for 

rational functions. 



Figure 3.4 Bezier Line Object and Image 

The Bezier image is calculated by transforming the control points of the Bezier object. 
The large dots represent the control points of the object and the image. The small dots 
indicate true image point locations. The spherical refracting surface vertex is located at 
the origin. In this case the actual image overlays the Bezier image and a one-to-one 
correspondence exists between the actual image points and the Bezier image points. 
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Figure 3.5 B^er Tilted Line Object and Image 

Although the actual image and Bezier image appear to overlap each other, there is not a 
one-to-one correspondence between actual image points and Bezier image points. The 
Bezier image points are mapped incorrectly. 
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0 -3 

-12 .5 -2 .5  -10 -7 .5  i-5 

Figure 3.6 Bezier Curved Object and Image 

The Bezier image is calculated by transforming the control points of the Bezier object. 
The large dots represent the control points of the object and the image. The small dots 
indicate true image point locations. The spherical refracting surface vertex is located at 
the origin. In this case the actual image does not overlay the Bezier image except at the 
endpoints. A one-to-one correspondence does not exist between the actual image points 
and the Bezier image points except at the endpoints. 
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The reason that the conjugate relationship is upheld in the case of a line perpendicular to 

the optical axis but not the other cases is explained by re-examining the B^er 

interpolator and the relationship between affine maps and ratios as previously illustrated 

in Figure 2.2. The control points of the control polygons are correctly mapped according 

to the coUinear mapping equations in all cases. However, first note in the case of the 

titled Bezier line and the Bezier curve objects that the affine mapping is different for each 

control point of the control polygon because the magnification is different at each control 

point. Therefore each control point must be individually transformed on a control point 

by control point basis. Next, we must remember that Bezier interpolation is based upon 

linear interpolation which itself is an affine mapping of a physical line onto the 

parametric or auxiliary variable axis. Recall that parametric values on this axis also are 

called barycentric coordinates or projective coordinates. In the simplest linear case the 

physical line between two control points is mapped linearly to the parametric axis. If the 

physical line represents a Bezier object perpendicular to the optical axis, as illustrated in 

Figure 3.4, the physical line's control points are affinely mapped with the aid of the 

collinear mapping equations to image control points. The magnification of every point 

along the line is constant, i.e. linear, i.e. affine. The projective coordinates are in a sense 

affinely invariant with respect to this type of transformation. In other words the mapping 

does not affect the ratio of any three points on the line or plane perpendicular to the 

optical axis either in a physical sense or in a projective coordinate sense. Ratio 

invariance is, of course, a fundamental property of affine maps discussed in Chapter 2. 
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If the Bezier line object now is tilted, as illustrated in Figure 3.5, the control points are 

still correctly mapped into image space and the image line tilt is correct as may be 

verified by the Scheimpflug condition. However, the projective coordinates also must be 

rationally mapped according to their magnification but the af5ne transformation, a non-

rational mapping, leaves them invariant! Any three points on the image line will not 

maintain their ratios with respect to the object line because the ratios of the projective 

coordinates of the auxiliary axis are not invariant under this transformation; they must 

change with the magnification and they do not under an affine transformation. In other 

words non-rational Bezier curves and surfaces are not projectively invariant. This effect 

is amplified for higher order Bezier curves and surfaces as is illustrated in Figure 3 .6. 

In order to transform complicated Bezier objects or those not perpendicular to the optical 

axis another type of transformation or map is required that transforms the projective 

coordinates according to the magnification of each object point. This type of 

transformation is the projective perspective map or perspective projection: the same 

mapping used to derive the collinear mapping and Gaussian imaging equations. 

Projective Mans as Optical Transformations 

Up to this point we have used affine geometry to describe linear and optical 

transformations and translations. Affine geometry is characterized with afiine maps 

whose flmdamental property is to leave unchanged the ratio of three collinear points. 
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Affine maps, using the Gaussian imaging equations as a basis for scaling factors on 

Bezier object control points, were shown to produce incorrect Bezier images for Bezier 

objects not perpendicular to the optical axis. Now the concept of projective geometry is 

investigated as a form of optical transformation for Bezier objects. 

Projective geometry is characterized with projective maps. A special projective map, 

called the perspective projection, was introduced at the beginning of Chapter 3. The 

relevant mathematics and geometry for this mapping was developed in Equations (3.1) 

through (3.9) and illustrated in Figures 3.1 and 3.2. The fundamental property of 

projective maps is that they leave unchanged the cross ratio of four collinear points. The 

algorithm developed to derive the collinear mapping and Gaussian imaging equations 

firom the perspective projection may be used again to map a general non-rational Bezier 

from object space to image space. We start with Equations (2.20), the non-rational 

Bezier, and (2.21), the Bernstein polynomial, as the definition for the non-rational Bezier 

interpolator 

pS(t) = P°(t)=Xp,B-(t) (2.21) 
J=0 

B-(t) = 
.iJ 

t' (1-t) n-j 
n! 

j!(n-j)! 

0 else 

if 0 < j < n 
(2.22) 
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The perspective projection matrix, S, of Equations (3.11) and (3.12) is applied to 

Equation (2.21) to yield 

p(«) = 2sp,B;(t) 
j=o 

(3.27) 

I 0 0 '-1 0 0 0' -1 0 0 0 
s = 0 1 0 

1 
f> 

0 -1 0 0 = 0 -1 0 
1 
f 

0 

0 0 

0 
1 
f> 

.0 0 -1 0 
V 

0 

0 
1 
f 

-1 

(3.28) 

p (t)=Spo +Sp, B° +Sp, B? +... + Sp„ B (3.29) 

P"(t) = 
- 1  

0 

0 
V 

0 0 

0 0 
1 

-1 -1 
f 

-1 

PxO 

PyO 

PzO 

V 1 y 

(t) + — + 
- 1 0  0  

0 - 1 0  
1 

0 0 

0 

0 

-  - 1  

f 

r xn 

f y n  

1 

B"„(t) (3.30) 

\ J 

P'(t) = 

f >1 f \ 

•PxO -P.1 -Pxn 

"PyO BS(t) + -Py. 
B" (t) +... + 

"Pyn B:(t) 

PzO-1 Pzl-1 Pm -I 
I f J I f J I f J 

(3.31) 

Equation (3.31) is in exactly the same form as Equations (3.2) through (3.4)! If we 

divide Equation (3.31) by a, which is the third row matrix element of Equation (3.31), we 

are left with x and y terms of the form 
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Zp, B-d) 

j=o m 

(3.32a) 

ZP, B-(t) 

7! n>, 

From Equation (3 .26) we deduce that that z-component may be written as 

(3.32b) 

Zkp, B°(t) 
(3.32c) 

where k is the focal length ratio factor k = - —. The focal length ratio factor may be 

treated as a scaling term in an afifine scaling matrix of the form 

T = 
^1 0 0^1 

0 1 0 

^0 0 ky 

(3.32d) 

Note that the x and y component end control points of the Bezier image reduce to the 

original control point coordinates multiplied by the magnification of the control point. 
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The same is true of the z-component of the end control points with the additional "k" 

multiplication factor. Equations (3.32a) through (3.32d) are an amazing optical result! 

The equivalent collinear mapping of a non-rational Bezier object by a perspective 

projective transformation yields a rational Bezier image! Of course in the context of 

projective geometry this makes perfect sense. In Chapter 2 a general conic was shown to 

be the projection of a parabola in three-space onto a projection plane in the Cartesian 

coordinate system. Rational Bezier interpolators, in general, are the projection of an n*** 

degree interpolator in EucUdean four-space onto a hyperplane of w = 1. The optical 

collinear mapping is a special perspective projection that maps non-rational Bezier 

interpolators into rational B^er interpolators. Figures 3.7 through 3.9 illustrate the 

perspective projective transformation of the same Bezier objects illustrated in Figures 3.4 

through 3.6. 

Equations (3.32a) through (3.32c) also yield insight into the behavior of a rational Bezier 

interpolator under a projective transformation. We need not apply the same projective 

algorithm to a rational B^er interpolator in order to find its corresponding image. A 

non-rational Bezier may be thought of as a rational Bezier with all of the weighting 

factors equal to the same number. The projection of a non-rational Bezier results in a 

rational Bezier. The rational Bezier image now exists or "lives" in a collinear or 

projective space. Rational Bezier interpolators already exist or live in a collinear or 

projective space by the nature of their definition! Furthermore, the transformed Bezier 

image cannot obtain a space higher than the original space because of the definition of a 
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projective transform. The transform space must be the same or smaller dimension as the 

original space. Therefore, the transformation of a rational Bezier object must result in a 

rational Bezier image. By inspection of Equation (2.24) and Equations (3.32a) through 

(3 .32c) we conclude that the transformation of a rational B^er is of the form 

j=o m. 

J=0 m. 

J^kw, p, B"(t) 

J=0 m. 

(3.33a) 

(3.33b) 

(3.33c) 

The results of a transformation on a curved rational Bezier object similar to that used in 

the previous examples with the exception that the control point weighting factors are all 

different is illustrated in Figure 3.10. 

Derivation of Equations (3.32) through (3.33) using the projective transform of Equation 

(3.4) offer a mathematical explanation of the variant behavior of the afiSne map as an 

optical transformation. The afPine map is a non-rational linear transformation. If 
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Equation (3.4) is cast in this form its denominator must be a constant. A correct 

transform for this condition only exists for lines or planes perpendicular to the optical 

axis. Any other type of B^er object will not be transformed correctly because the 

transformation is now a projective transformation, which is a rational linear 

transformation. Graphically, this variant behavior further can be illustrated by 

reexamining Figure 2.2 and Figure 2.10. In either of those figures, if the projective 

coordinate line or plane is tihed then the relationship between the physical line or plane 

and its projective counterpart is no longer affinely invariant. In the linear case the ratio 

of any three points on the projective coordinate line will no longer be in the same ratio as 

the corresponding three points on the interpolation line. 
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Figure 3.7 Projective Map of a Non-Rational Bezier Line 

The line object is a fourth order non-rational Bezier interpolator. It is transformed 
correctly into a fourth order rational Bezier line with a perspective projection. 
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Figure 3.8 Projective Map of a Tilted Non-Rational Bezier Line 

The tilted line object is a fourth order non-rational Bezier interpolator. It is transformed 
correctly into a fourth order rational Bezier line with a perspective projection. 
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Figure 3.9 Projective Map of a Non-Rational Bezier Curve 

The curved object is a fourth order non-rational Bezier interpolator. It is transformed 
correctly into a fourth order rational Bezier curved image with a perspective projection. 
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Figure 3.10 Projective Map of a Rational Bezier Curve 

The curved object is a fourth order rational Bezier interpolator. It is transformed 
coirectly into a fourth order rational Bezier curved image with a perspective projection. 
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Extensioa to Tensor Product Patches (Biaer Surfaces) 

Tensor product patches were first introduced in Chapter 2 to describe rational Bezier 

surfaces. Rational Bezier surfaces are the projection of an n*** by m*'' degree surface in 

Euclidean four-space onto a hyperplane of Wjj = 1. Operationally, the rational Bezier 

surface was defined as 

P(u.v) = -4-4 (2 39) 

Z Zw„Br(u)B»(v) 

The control points of the Bezier curve form the control polygon of the Bezier curve. The 

control points of the Bezier surface now form what is called the control net of the B^er 

surface. The parameters "u" and "v" are the domain of the interpolator while Equation 

(2.39) is the range of the interpolator. The Bernstein polynomials have the same 

definition as Equation (2.22) with the parametric variables and indices changed to 

account for the surface description, 

Br(u)= 
m 

u' (l-u)""'. 
m! 

i! (m-i)! 

0 else 

if 0 < i < m 
(2.40a) 
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B-(v) = 
U. 

(1-v) n-J 

n! 
j! (n-j)! 

0 else 

ifO< i <n 
(2.40b) 

In the context of Equation (2.39) we interpreted the tensor product patch or Bezier 

surface as moving a Bezier curve of degree "m" along a Bezier curve of degree "n". The 

control points of the Bezier curve of degree "m" move along the curve defined by control 

points of the Bezier curve of degree "n". The rational Bezier surface is a four-

dimensional tensor product projection. How would the tensor product patch or Bezier 

surface be perspectively projected or collinearly transformed through an optical system? 

Previously, our simple linear interpolator in two-dimensions was the afifine map of the 

physical line between two control points mapped onto the auxiliary variable axis denoted 

by the parameter "t". The perspective projection or collinear transformation on more 

general Bezier curves yielded the rational relationships in Equations (3.33a) through 

(3.33 c). The rational equation was modified with the inclusion of the magnification term 

at each control point and corresponding barycentric coordinate in the denominator of the 

rational equation. Subsequent points of the curve were rationally interpolated, as was the 

magnification. Since the bilinear interpolator of the Bezier surface is the afiine map of 

the physical surface between control points mapped onto the bivariate auxiliary axes 

denoted by the parameters "u" and "v", we expect the same interpolator behavior but in a 

bivariate sense. A magnification term similarly is included in the denominator of the 

tensor product patch. Operationally, we have 
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ZZPm "M Br(u)B» 
p (u-v) = —^— (3.34) 

|,^w^Br(u)B^(v) 

. J 

where Equation (3.34) is multiplied by the scaling matrix 

^1 0 0^ 

0 1 0 

^0 0 k, 

(3.35) 

f 
with k = - —. Figures 3.11 and 3.12 illustrate the results of a perspective projection or 

collinear transformation on a three-dimensional rational object. Figure 3.11 illustrates 

the control point mapping and Figure 3.12 illustrates the object mapping into an image. 

The optical system previously used also was used to generate these plots. This was a 

single refractive surface with a radius of curvature of 1 unit and a refractive index of 1.5. 

The object center point location is located at twice the front focal length distance from 

the lens vertex and the principal plane. 



I l l  

Figure 3.11 Projective Map of a Rational Bezier Surface Object's Control Points 



Figure 3.12 Projective Map of a Rational Bezier Surface Object 
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CHAPTER4 

BEZIER WAVEFRONTS 

Introduction 

Wavefronts are an important mathematical tool for evaluating light propagation, 

diffraction phenomena, and aberrations in optical systems. Christiaan Huygens^^^\ in the 

seventeenth century, developed one of the first wavefi-ont and wavefi^ont propagation 

theories. He proposed that every point on a primary wavefi-ont can be considered a 

source of secondary wavelets, each with the same frequency and velocity, such that at a 

later time, the primary wavefi-ont is the envelope of the secondary wavelets^^\ His 

formalism later aided KirchhoiFin developing the Fresnel-KirchhofF scalar wave 

diffraction theory and Sommerfield in developing the Rayleigh-Sommerfieid scalar wave 

diffraction theory^ '̂̂  In a contemporary, geometrical sense, wavefironts are generally 

considered as mathematical surfaces over which the optical path lengths of rays from a 

point source have the same length. The wavefiront forms a surface of constant optical 

path since rays are perpendicular to the wavefi-ont at any point on the wavefront. 

Wavefronts and their departure from a spherical wavefi-ont are used to quantify the 

amount and type of aberration in an optical system. 
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In Chapter 3, the collinear mapping equations and the resulting Gaussian imaging 

equations were shown to describe the behavior of ideal or perfect optical systems. From 

a mathematical viewpoint, the collinear mapping equations and the resulting Gaussian 

imaging equations describe the first order mathematical properties of an ideal optical 

system. The collinear mapping and Gaussian imaging equations map points of extended 

objects and sources through an idealized optical system. The wavefronts of point objects 

and sources that make up these extended objects and sources are initially spherical. The 

equivalent effect or interpretation of the collinear mapping equations on the wavefi-ont is 

to propagate a spherical wavefront from the point source through the optical system 

ideally and unperturbed, changing only their directions and wavefront curvatures until 

they spherically converge on the Gaussian image point. 

Real optical systems, however, do not exhibit ideal behavior. The very nature of the 

optical surfaces of the optical system introduces aberrations in the spherical wavefronts, 

which cause the spherical wavefront to depart from ideal spherical shapes. Extended 

objects and sources, composed of rays with an associated wavefront from each individual 

point source, subsequently are not imaged through the optical system as perfect point 

distributions to the image. In imaging systems the rays from the " object point" are 

spread by the individual surfaces of the optical elements as its associated wavefront 

changes its spherical shape. The geometric spread of the rays in the image plane and 

around the Gaussian image point are the geometrical point spread frmction. Typically, 

such aberration of the point object or point source is undesirable in imaging systems but 
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may be desirable in illumination systems. Furthermore, when diffiraction is included, the 

point sources are additionally spread by the diffractive nature of light resulting in the 

diflfractive point spread fimction. 

In Chapter 3, the coUinear mapping and Gaussian imaging equations were developed 

from the general perspective projection. A general projective transformation was defined 

as a mapping of an n-dimensional space into an m-dimensional space where the 

transformed space was of the same or smaller dimension as the original space. In fact we 

showed that the optical coUinear transformation was really a projective perspective 

transform and how Bezier curves and surfaces, used as object descriptors, can be 

transformed by the perspective projection into image descriptors. Can wavefronts be 

described as Bezier curves and surfaces as were two-dimensional and three-dimensional 

Bezier objects? Can wavefronts, described as Bezier curves and surfaces, be propagated 

through an optical system with an affine or projective transformation of the Bezier 

control points of the curves and surfaces? The purpose of this chapter is to explore such 

possibilities. 

Affine Maps as Optical Transformations of Bfaier Wavefronts 

We start by describing the simplest of wavefronts, the plane wave, in two-dimensions as 

a Bezier curve. A planar wavefront may be thought of as a spherical wavefront at 

infinity. A minimum of two control points is needed to describe a two-dimensional non-
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rational planar Bezier wavefront. In this case each control point is located at the edges of 

the wavefront. 

Wavefront propagation of the planar wavefront may be described by an affine translation 

of the control points. The affine translation on a control point is p = T (a,b,c) 

where the translation matrix^^®^ is defined as 

P y  

P z  

v l /  

(a,b,c) = 

0 0 a 

0 I 0 b 

0  0  1 c  

^0 0 0 1 

(4.1) 

For example, propagation along the z-axis is described by a translation matrix with 

components "a" and "b" equal to zero but "c" equal to the translation distance. Note that 

the matrix expressed in Equation (4.1) is applied to all of the control points. Note also 

that application of the translation matrix is equivalent to adding a vector component to 

each component of the control point. The magnitude of the vector is the magnitude of the 

translation while the normalized components are the direction of the propagation. In an 

optical sense, this vector is perpendicular to the planar wavefront; however, the afRne 

transformation matrix of Equation (4.1) is much more general, allowing translations not 

perpendicular to the planar wavefront. 



117 

Now examine the reflection or refraction of a planar Bezier wavefront at a planar surface. 

Sneil's law describes the properties of reflection and refraction of a plane wave at such an 

interface. The translation matrix of Equation (4.1), which really describes a propagation 

vector, is altered or rotated at a planar interface according to Snell's law. A Bezier plane 

wave reflection or refraction may then be described as a rotation of the Bezier control 

points. Snell's law determines the amount of rotation. In affine geometry this is really a 

three-dimensional rotation about an arbitrary axis. The axis of rotation is perpendicular 

to the plane of incidence of the planar B^er wavefront. 

Beach^^^ developed a technique for computing a three-dimensional rotation about an 

arbitrary axis. His technique may be modified to describe reflection and refraction of a 

plane wave at a planar interface where the rotation axis is defined by the vector 

representation of Snell's law 

n(lVxV,)=n (Nx Vj. (4.2) 

Here the surface normal is N, the incident propagation vector is V,, the reflected or 

refracted propagation vector is , n and n are the refractive indices on either side of the 

planar interface ( n is negative for a reflecting interface). The vector 

r = N X V, = (a P Y) determines the axis of rotation. Beach's technique first requires 

that the vector describing the axis of rotation be rotated into a coordinate axis. The 

desired rotation, i.e. reflection or refraction, is carried out about this coordinate axis. 
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the vector describing the axis of rotation is rotated back into its original orientation. 

Beach's algorithm leads to a rotation matrix, in three-dimensions, of the following form 

+ 

(p=+r)cos(<i>,). 
ap-

aP Cos(<l>,)+y Sin(4>,) 

ay-
ay Cos(<I),)- P Sin(<t>,) 

ap-

aP Cos(<I),) - y Sin(<I),) 

"P^ + 

(a' +y-)Cos(<I>,) 

py-

Py Cos(<t>i) + a Sin(0,) 

ay-

ay Cos(<l),)+P Sin(<I>,) 

PY-

Py Cos(<I>i)- a Sin(<I>,) 

y^ + 

(a- +p-)Cos(<t>,) 

(4.3) 

where <I>, is dependent on the type of optical transformation. For i = r(eflection) 

=0,-0,  and for i  = t(ransmission) = 0^ -0,  where 0,  is  the angle of  incidence,  

0, is the angle of reflection, and 0t is the angle of transmission in the plane of incidence, 

with respect to the surface normal. The matrix is applied to all plane wave control points. 

Now consider a plane wave incident on and traveling parallel to the axis of a parabolic 

reflecting surface. In this situation, the wavefront is perfectly focused at the focal point 

of the parabolic reflector, which is located halfway between the center of curvature and 

the vertex of the reflector. The planar wavefront now becomes spherical after reflection. 

The control points of the planar wavefront may be scaled to account for the spherical 

nature of the reflected wavefront. However, note that a planar wavefront described by 

two control points of a non-rational Bezier curve as discussed above, must remain a non-

rationaL, Bezier line composed of two control points by virtue of its definition! This is 
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certainly not a spherical curve or wavefront. Thus, we encounter the first limitation of 

describing wavefi'onts and wavefiront propagation only in terms of their control points 

and affine transformations: the fidelity of the transformed wavefiront is a fimction of the 

number and position of the initial control point locations. 

The above limitation is partially alleviated by using a rational Bezier description of a 

plane wave. The planar wavefiront initially may be described as a quadratic rational 

Bezier with the three coUinear control points all having the same weighting factors. The 

new control point positions and weighting factors, after reflection, may be computed by 

one of the two techniques developed in Chapter 2 for converting a conic section into its 

equivalent quadratic B^er representation and the Gaussian imaging or paraxial ray trace 

equations. Equations (2.27), (2.31) for the full sagjtta conic Bezier representation (see 

Figure 2.8) and Equations (2.37), (2.38) for the half sagitta conic Bezier representation 

(see Figure 2.9) describe the interior control point weighting factor and position given the 

conic constant and control endpoint positions. Recall that these derivations assume that 

the Bezier curve is in standard form. This is achievable since the radius of the spherical 

wavefiront is known after reflection in this special case. Now, however, a scaling matrix 

instead of a translation matrix is needed to propagate the wavefi^ont to the focal position. 

Additional limitations of affine transformations, or for that matter, projective 

transformations become apparent when an ofif-axis plane wave is propagated into the 

parabolic reflector or even into an on-axis spherical surface. The optical surface changes 



the wave&ont and each control point and its weighting factor now must be ahered 

independently to account for the aberration. Obviously, these are not afBne or projective 

transformations. The only consistent afPine transformation that may be used to describe 

an aberration is the scaling matrix and in general this must be applied on an individual 

control point basis; i.e. a different scaling matrix is needed for each control point. Field 

curvature was the only aberration found describable by an affine scaling matrix in this 

research. Its scaling &ctors may be computed by the locally paraxial image equation. 

Similar results may be obtained for a spherical wave incident on reflecting or refracting 

surfaces. As with a linear Bezier, a spherical wave may be described by the technique 

developed in Chapter 2 under the sections describing the rational Bezier representation of 

the conic sag equation parts one and two. Upon reflection or refraction at a spherical 

interface, the Gaussian image equations or the locally paraxial image equation may be 

used to determine the scaling factors to produce a spherical wave. However, a general, 

consistent, afBne or projective theory was not found that could describe the effects of 

aberration induced by the optical surfaces. 

In general, afBne transformations, such as translation, rotation and scaling, may be used 

to describe the ideal behavior of a wavefront as it propagates through an optical system 

but not its actual behavior. General Bezier wavefront propagation requires a more 

powerful and flexible theory. This theory takes full advantage of the property of Bezier 

endpoint interpolation and concatenates it with ray tracing techniques. 
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Bezier Rav Tracing: Hybrid Wave and Rav Propagation Theory 

It was noted in the Introductory Chapter that general wavefront behavior is highly 

dependent on the wavefront behavior at the edge of the wavefront. It was also noted that 

Bezier curves use endpoint interpolation; i.e., the endpoints of a Bezier curve lie on the 

curve. This means that the endpoints of a Bezier curve, describing a wavefront, lie on the 

edge of the wavefront. Furthermore, the control polygon is tangent to the B^er curve at 

the endpoints. Recall also that a ray is everywhere perpendicular to the wavefront. 

Therefore, at the ends of Bezier curve describing the wavefront, the rays are 

perpendicular to the control polygon. Endpoint interpolation, control polygon tangency 

and the fact that the control polygon is perpendicular to the ray at the endpoint, suggest 

that Bezier curves might be ray traced through an optical system. In this scenario, the 

endpoints of the control polygon are assigned a ray vector and are transformed or 

propagated through the optical system by ray tracing techniques. The perpendicular 

relationship between the ray and the control polygon is then used to reconstruct the new 

control polygon of the wavefront at any location. 

This type of wavefront propagation might be suitable to describe the behavior of a 

meridional wavefront in a general optical system be it an imaging or illumination system 

by tracing a small number of rays, perhaps as few as two. This is contrasted to wavefront 

computation by geometrical ray tracing were two dimensional wavefronts are usually 

computed by propagating a large number of rays, usually twenty to fifty, distributed 
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across the entrance pupil of the optical system, through the optical system to the exit 

pupil. The optical path difference map (OPD map) and the transverse ray aberrations 

may be computed with the ray information. A fimdamental question is how accurate is 

this technique? 

Quadratic 2D Bfaier Wavefronts 

Non-Rational Quadratic Bezier Wavefronts 

We start with the description of a wavefront as a non-rational quadratic Bezier curve in 

two-dimensions, in the meridional plane. A non-rational quadratic Bezier curve has three 

control points; two endpoints and an interior point. Two line segments join the control 

points and form the control polygon. The two line segments of the control polygon, each 

perpendicular to the endpoint rays, intersect in a point that defines the interior control 

point. A ray is assigned to each end control point, which is itself on the wavefront edge 

or rim. These rays may be considered rim rays. A ray is perpendicular to the wavefiront 

and the control polygon at each of the end control points as is illustrated in Figure 4.1. 

As the end control point rays propagate through the optical system, they change the 

structure of the control polygon and the behavior of the interpolated wavefront. These 

rays are no different than those used in a typical geometrical ray trace. Therefore, the end 

control point rays use the usual ray trace equations of transfer and transformation. An 
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Figure 4.1 Non-Rational Quadratic B^er Wavefront 
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example of a planar non-rational quadratic B^er wavefront propagated through a 

spherical refracting surface is illustrated in Figure 4.2. Figure 4.2 also illustrates the real 

rays used in the ray trace for comparison with the Bezier wavefront. The Bezier 

wavefront is computed from the two exterior rays on the plot. Also illustrated in Figure 

4.2 are plots of the reference sphere and rays from the reference sphere to the Gaussian 

image plane, the wave aberration diagram, and the transverse ray aberration diagram. The 

transverse ray aberration is used as the primary accuracy evaluation metric as it includes 

the vector nature of the wavefront. It is a difference plot between actual ray intercepts 

from a fan of rays, as illustrated in the ray trace, and a designated image reference point 

in the image plane as a frinction of the pupil coordinate. The computations are referenced 

to the chief ray and therefore distortion is removed from the transverse ray and wave 

aberration plots. Figure 4.3 illustrates the results of the Bezier ray trace. The upper plot 

shows the Bezier wavefront, the control points and the reference sphere. The lower plot 

is a superposition of the real ray, transverse ray aberration diagram plotted with the 

resulting transverse ray diagram from the Bezier wavefront. The Bezier transverse ray 

aberration plot is created by intersecting the normal vectors of the Bezier wavefront curve 

with the image plane. It is very clear from Figure 4.3 that a non-rational quadratic Bezier 

curve is insufricient to simulate the wavefront, in this case suffering from spherical 

aberration. In fact the non-rational quadratic Bezier representation of a wavefront will 

not begin to converge to the actual wavefront until the wavefront exhibits a quadratic 

behavior. Such a situation exists for off-axis, finite conjugate optical systems as 

illustrated in Figures 4.4 through 4.7. In these cases, coma is the dominant aberration. 
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Figure 4.2 Ray Trace Through a Single Re&acting Surface 

The upper left figure illustrates the ray trace through a single refiracting surface. The lens 
radius is 1.5 units with an index of 1.51680. The upper right figure illustrates the 
reference sphere and rays firom the reference sphere. The lower left figure illustrates the 
wave aberration in waves at the d wavelength. The lower right figure illustrates the 
transverse ray aberration. The horizontal axis is pupil coordinate and the vertical axis is 
transverse ray aberration (difference between an actual ray intercept and a designated 
image reference point in the image plane). 
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Figure 4.3 Non-Rational Quadratic Bezier Wavefront & Transverse Ray Aberration 

The upper figure illustrates the non-rational quadratic Bezier wavefiront and its associated 
control points plotted with the reference sphere. The lower figure is a superposition of 
the real ray, transverse ray aberration and the transverse ray aberration computed 6*001 
the Bezier wavefiront. 



127 

4 0  

3 0  

20 

- 0  

- 0  

- 0  

- 0  

- 0  

- 0  

Figure 4.4 Ray Trace Through a Single Refracting Surface; Finite Conjugate Case 

The upper left figure illustrates the ray trace through a single refracting surface with a 
stop shift. The lens radius is 1.5 units with an index of 1.51680. The upper right figure 
illustrates the reference sphere and rays from the reference sphere. The lower left figure 
illustrates the wave aberration in waves at the d wavelength. The lower right figure 
illustrates the transverse ray aberration. 
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Figure 4.5 Non-Rational Quadratic Bezier Wavefront & Transverse Ray Aberration; 
Finite Conjugate Case (Refraction) 

The upper figure illustrates the non-rational quadratic Bezier wavefront and its associated 
control points plotted with the reference sphere. The lower figure is a superposition of 
the real ray, transverse ray aberration and the transverse ray aberration computed from 
the Bezier wavefront. 
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Figure 4.6 Ray Trace Through a Single Reflecting Surface; Finite Conjugate Case 

The upper left figure illustrates the ray trace through a single reflecting surface. The 
reflector radius is 5 units. The upper right figure illustrates the reference sphere and rays 
fi-om the reference sphere. The lower left figure illustrates the wave aberration in waves 
at the d wavelength. The lower right figure illustrates the transverse ray aberration. 
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Figure 4.7 Non-Rational Quadratic Bezier Wavefront & Transverse Ray Aberration: 
Finite Conjugate Case (Reflection) 

The upper figure illustrates the non-rational quadratic B^er wavefi'ont and its associated 
control points plotted with the reference sphere. The lower figure is a superposition of 
the real ray, transverse ray aberration and the transverse ray aberration computed fi'om 
the B^er wavefi'ont. 
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Rational Quadratic Bezier Wavefronts 

Non-rational quadratic Bezier curves were found to be inaccurate in simulating 

wavefironts whose behavior departs radically from a quadratic shape. This is not an 

unexpected result. Non-rational quadratic Bezier curves are essentially parabolic or 

parabolic sections so their ability to simulate more complicated wavefroms is limited by 

their inherent mathematical order and shape. 

Previously, it was shown that non-rational fiinctions are rational functions with all 

weighting factors equal. A non-rational Bezier may be thought of as a mathematical 

function projected onto itself or a function that already exists in the projection plane. A 

rational quadratic is the projection of a parabola or parabolic section in three-space onto a 

projection plane. The projective transform of a non-rational quadratic Bezier leads to a 

rational Bezier with an additional degree of freedom in the form of the interior control 

point weighting factor. The rational quadratic Bezier in this case is assumed to be in 

standard form, i.e. the end control points have weighting factors equal to I. How would 

the addition of another degree of freedom, in the form of an interior control point 

weighting factor, affect a Bezier curve representing a meridional wavefront? 

The theory to create a rational quadratic Bezier wavefront is based upon the end control 

point and control polygon relationship of Bezier curves and the derivations of the 

relationship between the conic sag equation and quadratic rational Beziers. A rational 
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quadratic Bezier curve also has three control points: two endpoints and an interior point; 

however, a rational quadratic Bezier curve also has a weighting factor assigned to each 

control point. The Bezier curve is assumed to be in standard form so the end control 

points have weighting factors equal to 1. Again a ray is assigned to each end control 

point, which is itself on the wavefront edge. A ray is perpendicular to the wavefront and 

the control polygon at each of the end control points as is illustrated in Figure 4.8. These 

rays also may be considered rim rays. The two line segments of the control polygon, 

each perpendicular to the endpoint rays, intersect in a point that defines the interior 

control point. 

The interior control point's weighting factor, after transformation (reflection or 

refraction), may be computed by the second technique derived in Chapter 2 for 

converting a conic section into its equivalent quadratic B^er representation. In that 

section it was shown that all conics have an implicit representation of the form f(x, y) = 0 

where f(x, y) is a polynomial in independent variables x and y. The implicit 

representation was written in terms of a barycentric coordinates of a control polygon with 

control vertices, p, as follows 

p(t) = ao po + ai Pi + 02 p2 . (2.32) 

However, p(t) also was written as a quadratic rational Bezier 
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Sp,w,B;(t) 
p '( t)=-^^ (2-33) 

j=0 

The coefficients of Equations (2.32) and (2.33) were determined by comparison to be 

<!.= "" (2.34a) 

fw,B: 
j=0 

<Jl = 2W|t(l- t)  (2.34b) 

Sw.B; 
j=0 

W-.t" X 02 = (2.34c) 

Zw-B; 
J=0 

The auxiliary variable "t" was eliminated from Equations (2.34a,b,c) while invoking 

standard form to yield 

w, = --p=. (2.35) 
2^0oa, 

Equation (2.35) is a reduced form of the parametric implicit equation of the curve or 

wavefront in the current situation. The barycentric coordinates, Oi's, may be determined 
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by application of Cramer's rule on the three control points and an additional point on the 

wavefront. The additional point on the wavefront must come from another ray. The 

logical choice is the chief ray, the ray from the object point that propagates through the 

center of the aperture stop. If denotes the chief ray then the barycentric coordinates 

are computed as follows 

On = 

Pcx Pu P2.X 

Pcy Ply P2y 

1 1 I 

Pox Pu P2.X 

Poy Ply P2y 

1 1 1 

(4.4a) 

o, = 

Pox Pcx P2X 

Poy Pcy P2y 

1 1 1 

Pox Pix P2X 

Poy Ply P z y  
1 1 1 

(4.4b) 

Pox Plx Pcx 

Poy Ply Pcy 

1 1 1 

Pox Plx P2X 

Poy Ply P2y 

1 I 1 

(4.4c) 

Equations (4.4a,b,c) and Equation (2.35) provide the desired weighting factor. 
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Figure 4.8 Rational Quadratic B^er Wavefront 
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As the end control point rays and the chief ray propagate through the optical system, they 

change the structure of the control polygon and the interior control point weighting factor 

and subsequently the shape of the interpolated wavefront. Again, the end control point 

rays and the chief ray use the usual ray trace equations of transfer and transformation just 

as in the non-rational case. An example of a planar rational quadratic Bezier wavefront 

propagated through a spherical refracting surface is illustrated in Figure 4.9. This is the 

same optical system and associated aberration behavior as illustrated in Figure 4.2. The 

upper plot shows the Bezier wavefront, the control points and the reference sphere. The 

lower plot is a superposition of the real ray, transverse ray aberration diagram plotted 

with the resulting transverse ray diagram from the Bezier wavefront. Unlike the non-

rational quadratic B^er wavefront, the rational quadratic Bezier wavefront shows 

excellent agreement with the geometrically computed transverse ray aberration. There is 

only a 1.33% difference in RMS values between the curves. 

This is an important and impressive result! Firstly, a rational quadratic Bezier appears to 

describe the spherical aberration content of a meridional wavefront of an optical system, 

in this case with an f-number (C#) approximately equal to 4.4. Spherical aberration is a 

minimum fourth order (wave) or third order (ray) mathematical function. Secondly, it 

can do so accurately, to the extent visible on the plot, by using only three rays! The two 

rim rays, which are associated with each end control point, are physically on the 

wavefront. The additional information from the chief ray allows computation of the 

interior control point's weighting factor, while forcing the chief ray optical path length 
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Figure 4.9 Rational Quadratic Bezier Wavefront & Transverse Ray Aberration 

The upper figure illustrates the rational quadratic Bezier wavefront and its associated 
control points plotted with the reference sphere. The lower figure is a superposition of 
the real ray, transverse ray aberration and the transverse ray aberration computed from 
the Bezier wavefront. 
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to coincide with the Bezier interpolator. Excellent wavefront accuracy, in this case a 

7.5% difference in RMS values between curves, is maintained even as the of the 

optical system is decreased to an system as illustrated in Figure 4.10. Figure 4.11 is 

the same ^2 optical system with the incident planar Bezier wavefiront at a field angle of 

10 degrees. Even at exceptionally large field angles, the quadratic rational Bezier 

reproduces a reasonably accurate wavefi'ont. Figure 4.11 also illustrates an example for a 

finite conjugate situation. In both cases the percent difference in RMS values is 20% and 

represents the largest RMS percent differences of the all of the evaluated optical systems. 

Figures 4.12 through 4.14 illustrate the results of simulating a meridional wavefiront with 

a rational quadratic Bezier in a reflective system. In all of the reflective cases there is 

less than 1% difference in RMS values between the Bezier and real transverse ray 

aberration plots! 

The ability of the rational quadratic Bezier to describe the wavefront aberration of an 

optical system leads to the hypothesis that wavefironts and wave aberrations may be 

interpreted as projections of n-dimensional functions onto a hyperplane. In particular, 

given the current rational quadratic developments of this section, this hypothesis implies 

that up to certain wave aberration orders, wavefi"onts and wave aberrations may be 

interpreted as projections of a parabola or parabolic sections in three-space onto a plane. 

A hyperplane is the generalization of a plane to a higher dimensional space. 
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Figure 4.10 ^2 Optical System and Resulting Rational Quadratic Bezier Transverse Ray 
Aberration 

The upper figure illustrates an ^2 optical system. The lower figure is a superposition of 
the real ray, transverse ray aberration and the transverse ray aberration computed fi-om 
the B^er wavefi-ont. 
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Figure 4.11 Refracting Optical Systems and Resulting Rational Quadratic Bezier 
Transverse Ray Aberrations 

The upper figures illustrate an optical system and incident plane wave at a 10 degree 
field angle and the resulting rational quadratic B^er transverse ray aberration 
superposed with the real ray, transverse ray aberration. The lower figures show similar 
results for a finite conjugate optical system with a stop shift. 
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Figure 4.12 Reflecting Optical Systems and Resulting Rational Quadratic Bezier 
Transverse Ray Aberrations 

The upper figures illustrate an F2.S optical system with an on-axis plane wave and the 
resulting rational quadratic Bezier transverse ray aberration superposed with the real ray, 
transverse ray aberration. The lower figures show similar results for an incident plane 
wave at a 10 degree field angle. 
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Figure 4.13 Reflecting Optical Systems and Resulting Rational Quadratic Bezier 
Transverse Ray Aberrations 

The upper figures illustrate an CI.25 optical system with a 10 degree off-axis plane wave 
and the resulting rational quadratic B^er transverse ray aberration superpos^ with the 
real ray, transverse ray aberration. The lower figures show similar re^ts for an C2.5 
stop shifted optical system with an incident plane wave at a 10 degree field angle. 
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Figure 4.14 Reflecting Optical Systems and Resulting Rational Quadratic Bezier 
Transverse Ray Aberrations 

The upper figures illustrate an optical system operating at -1 magnification and the 
resulting rational quadratic B^er transverse ray aberration superposed with the real ray, 
transverse ray aberration. The lower figures show similar results for an optical system 
working at approximately -0.5 magnification. 
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Cubic 2D Bezier Wavefronts 

Non-Rational Cubic Braer Wavefronts 

Bezier ray tracing is now extended to a higher order Bezier curve in order to investigate 

higher order mathematical curve behavior on meridional wavefront accuracy . A non-

rational cubic Bezier curve has four control points. The two end control points lie on the 

Bezier curve and wavefront. Similar to the quadratic case, a rim ray is assigned to each 

end control point, which by definition lies on the wavefront. However, now there are two 

interior control points. The two sections of the control polygon of a quadratic Bezier 

intersected at the interior control point thereby defining its location. This condition does 

not exist in the cubic case as there are now three control polygon segments connecting 

four control points. Location of the two interior control point positions must be 

determined from the existing end control point positions and parameterization. 

The optical problem outlined above is equivalent to the general geometrical curve 

problem of finding a C' piecewise continuous (see the end of Chapter 2 for definitions of 

continuity) cubic polynomial that passes through the end control points with non-

normalized tangent vectors at the end control points^^*\ The non-normalized tangent 

vectors are perpendicular to the rim rays. Figure 4.15 illustrates the non-rational cubic 

wavefront. Farin^ '̂̂  outlines a particularly clever technique for determining the interior 

control points based upon C' piecewise continuity and a chord length parameterization. 
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This technique is modified here in order to compute the interior control points of a cubic 

Braer curve. 

The cubic Bezier is C' piecewise continuous with respect to a chord length 

parameterization. Chord length parameterization is an approximation to arc length 

parameterization outlined briefly at the end of Chapter 2. The chord length is defined by 

a line drawn between the end control points of the Bezier wavefi-ont as is illustrated in 

Figure 4.15. The Bezier wavefi'ont is then interpreted as a fimction whose auxiliary 

variable is defined by the chord between the end control points. The interior control 

points are spaced equally along the chord in one dimension. However, in the second 

dimension, they are determined by the angle between the chord and the tangent vector at 

the end control points. Therefore, the interior control points are related to the end control 

points as follows 

Pi =Po 

P2 ~ P3 

(4.5a) 

(4.5b) 

where p, are the control points, T, are the normalized tangent vectors computed from the 

rim ray vectors, and a, are scaling factors determined from the chord length 

parameterization. 
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Figure 4.15 Non-Rational Cubic Bezier Wavefront 
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The relationship between the tangent vectors and the chord length parameterization 

allows us to write 

»3 -Pol 
Cos(©,) = -Tj 1- (4.6a) 

P t - P o  

IIP3- P 0 I  

Cos(0,) = -|j -4" (4.6a) 
IIP3-P2II 

But a, =||p, -pol and a, =||p3 -pjl; therefore 

a, = (4.7a) 
' 3Cos(0,) 

||P3 -Po a, = " . V (4.7b) 
3COS(02) 

Equations (4.5a,b) and (4.7a,b) determine the interior control point locations based upon 

a chord length parameterization. Note that this method uses angles, which are not 

inherently invariant under an affine map. However, this method is invariant with respect 

to Euclidean maps. 
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The results of a non-rational cubic B^er ray trace and wavefront are illustrated in Figure 

4.16. This is the same optical system as depicted in Figure 4.2 where spherical aberration 

is the only aberration present in the wavefront. Since the non-rational cubic Bezier 

poorly represents spherical aberration and spherical aberration and Petzval curvature are 

the parents of all other aberrations, the non-rational cubic Bezier is expected to be a poor 

descriptor of generalized wavefront aberrations. As with the non-rational quadratic, the 

non-rational cubic curve does not begin to converge to the actual wavefront until the 

wavefront has a dominant cubic behavior. However, the previous development for 

determining the interior control points is still valid for the rational cubic wavefront, 

which will be shown next to describe the meridional behavior of wavefronts as good as or 

better than the rational quadratic description of the wavefront. 
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Figure 4.16 Non-Rational Cubic Bezier Wavefront & Transverse Ray Aberration 

The upper figure illustrates the non-rational cubic Bezier wave&ont and its associated 
control points plotted with the reference sphere. The lower figure is a superposition of 
the real ray, transverse ray aberration and the Bezier transverse ray aberration. 
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Rational Cubic Beaer Wavefronts 

Non-rational cubic Braers are really rational cubic Beziers with all of the control point 

weighting factors set equal to the same value. The problem of determining the control 

point locations for a cubic Bezier wavefront was addressed in the last section. In order to 

simulate a wavefront with a rational cubic Bezier curve, the interior control points' 

weighting factors must be determined next. Computing the interior control points' 

weighting factors involve using a technique called osculatory interpolation. 

Osculatory interpolation allows computation of the interior control points' weighting 

factors given a Bezier control polygon and a curvature value at each end control point. 

Farin '̂"'̂  developed a technique of osculatory interpolation. The concept is based upon 

the osculating circle found in the osculating plane of a curve. The osculating plane of a 

curve is formed by the tangent vector t and the main normal vector n of a curve at a point 

in space. These two vectors along with the binormal vector b form a right-handed 

coordinate system (b = t x n) called the Frenet frame that moves with the curve as the 

parametric value or auxiliary variable is changed. The circle that contacts the curve at a 

particular parametric value, in the osculating plane, is the osculating circle. The radius of 

the circle is the radius of curvature of the curve at that point and also the magnitude of the 

main normal vector. 



151 

The curvature, i.e. the inverse of the radius of curvature, of an nth order curve at the first 

control point, , is given 

K - 2°~^ 
n wf dist^[po,pJ 

(4.8a) 

The curvature at the fourth control point, pj, is given by '̂*'\ 

^  _ ^ n - l  w , w 3  a r e a [ p , , p , , p 3 ]  .. g,. 
^ n w; dist^lp^.pj] 

The Bezier curve is assumed to be in standard form so that the end control points have 

weighting factors equal to 1. For a cubic order Bezier, n = 3. Making these substitutions 

and solving for w, and w, yields 

(4.9a) 

(4.9b) 
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(4.9c) 

area[pi,p.,p3] 

dist^[p,,pj] 
(4.9d) 

The areas formed by and the distances between control points are readily calculated since 

the control point locations may be computed by the technique developed in the previous 

section for non-rational cubic curves. However, how is the curvature at each end control 

point determined? The answer is a Coddington ray trace performed for each of the rim 

rays. Although these ray trace equations actually were &st developed by Thomas 

Young^"*^^ they are most commonly referred to as Coddington's ray trace equations. 

The mathematical derivation of Coddington's equations is similar to the mathematical 

derivation of the Gaussian imaging equation from paraxial arguments. The Coddington 

ray trace in actuality is a paraxial, differential ray trace about a local axis. The local axis 

is formed by the principal ray of an off-axis cone of rays propagating through a 

symmetric optical system. In the present case, the rim rays are the principal rays. Rays 

in orthogonal planes traced very close to the principal ray, or a differential distance 

around the principle ray, will focus at different locations after interacting with an optical 

surface. Powers in the expansion greater than second order are ignored. As such those 

aberrations that depend cubicly (coma) and quarticly (spherical) on the aperture are 

neglected and do not influence the curvature calculation. However, aberrations that 
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depend quadratically on the aperture (astigmatism and field curvature) do influence the 

computation. The resulting mathematical description of the wavefronts is quadratic and 

may be used to determine the astigmatic foci of the wavefi'ont. Therefore, Coddington's 

ray trace equations are used to compute the astigmatism due to the difference in 

tangential and sagittal focus along the principal ray. 

The two orthogonal planes containing the astigmatic foci are called the meridional and 

sagittal planes. The meridional plane containing the principal (rim) ray also is referred to 

as the tangential plane. Rays in this plane, after interacting with an optical surface, form 

the tangential focus. A plane orthogonal to the meridional plane is the sagittal plane. 

Rays in this plane focus at the sagittal focus. Tangential and sagittal foci are formed after 

each interaction with an optical surface and may be real or virtual depending upon the 

type of optical surface. The tangential and sagittal rays do not necessarily focus at the 

same point. Operationally, Coddington's ray trace equations are defined as '̂*^\ 

ncos"! ncos"! 
= c (n cos I - n cos I) tangential focus (4.10a) 

t t 

—= c(n cosI -ncosI) 
s s 

sagittal focus. (4.10b) 

Here n and n are the object and image space refi"active indices respectively, I and I are 

the incident and refi:acted or reflected angles, c is the base radius of curvature of the 
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surface, t and t are the tangential object and image distances, s ands are the sagittal 

object and image distances. In other words the primed quantities are the radius of 

curvatures of the wavefront, at the surface, after reflection or refraction from the optical 

surface. The additional cosines multiplying the indices of refraction in the optical power 

term is the oblique power for each surface. Note that when the principal ray coincides 

with the optical axis the obliquity factor vanishes and Coddington's equations reduced to 

the Gaussian imaging equations. If the surface is other than spherical, then the principal 

radii of curvature instead of the base spherical curvature are used in Equations (4.10a) 

and (4.10b). 

The B^er wavefront may be computed before or after any optical surface by knowing 

the curvature before or after any optical surface. However, Coddington's ray trace 

equations compute curvatures relative to the reflecting or refracting optical surface which 

does not necessarily correspond to the locations of the end control points of the Bezier 

wavefront. Therefore, a small correction is included in the radius of curvature 

calculations by Coddington's equations to account for the fact that the end control points 

computed for the cubic rational Bezier curves may not lie exactly on the optical surface. 

This necessitates a small additive or subtractive correction term depending on the 

situation. These modified curvatures are used in Equations (4.9a) and (4.9b) to compute 

the interior control points' weighting factors. 
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The resuhs of the rational cubic Bezier ray trace are illustrated in Figures 4.17 through 

4.22. The rational cubic B^er results are very similar to the results obtained with the 

rational quadratic Bezier ray trace technique illustrated in Figures 4.9 through 4.14. The 

percent differences in RMS values between the Bezier curves and the real transverse ray 

aberrations, in fact, very closely follow those of the quadratic rational case. 

In general there is a greater inaccuracy between the refractive Bezier wavefronts and their 

actual wavefronts than tn the reflective cases. A reason for the difference in inaccuracy 

may be physically understood by examining the indices and cosines of the oblique power 

term of Coddington's equations (Equations 4.1 Oa & b). The oblique power remains 

constant across the reflective surface clear aperture because the angles of incidence and 

reflection are the same as are the indices while in both instances differing by a sign term 

at most. However, in the refractive case, the oblique power is not constant across the 

clear aperture because the indices and angles of incidence and refraction are different. 

This is particularly apparent for the rational cubic Bezier wavefront. It is sampled at the 

pupil edge and its overall shape, especially the interior control point weighting factors, is 

partially controlled by the end control point curvatures, which are functions of the 

oblique power. Therefore, the refractive case inaccuracies are partially due to the 

changing oblique power across a refractive surface and the fact that the rational cubic 

Bezier wavefront is determined primarily by oblique power at the end control points. In 

order to reduce this inaccuracy, the wavefront can be sampled at different locations 

across the clear aperture and connected in a piecewise continuous manner. 
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Figure 4.17 Rational Cubic Bezier Wavefront & Transverse Ray Aberration 

The upper figure illustrates the rational cubic Bezier wavefront and its associated control 
points plotted with the reference sphere. The lower figure is a superposition of the real 
ray, transverse ray aberration and the transverse ray aberration computed from the Bezier 
wavefront. 
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Figure 4.18 £^2 Optical System and Resulting Rational Cubic Bezier Transverse Ray 
Aberration 

The upper figure illustrates an £^2 optical system. The lower figure is a superposition of 
the red ray, transverse ray aberration and the transverse ray aberration computed from 
the B^er wavefi'ont. 
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Figure 4.19 Refracting Optical Systems and Resulting Rational Cubic Braer Transverse 
Ray Aberrations 

The upper figures illustrate an fi^2 optical system and incident plane wave at a 10 degree 
field angle and the resulting rational cubic Bezier transverse ray aberration superposed 
with the real ray, transverse ray aberration. The lower figures show similar results for a 
finite conjugate optical system with a stop shift. 
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Figure 4.20 Reflecting Optical Systems and Resulting Rational Cubic Bezier Transverse 
Ray Aberrations 

The upper figures illustrate an £^2.5 optical system with an on-axis plane wave and the 
resulting rational cubic Bezier transverse ray aberration superposed with the real ray, 
transverse ray aberration. The lower figures show similar results for an incident plane 
wave at a 10 degree field angle. 
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Figure 4.21 Reflecting Optical Systems and Resulting Rational Cubic Bezier Transverse 
Ray Aberrations 

The upper figures illustrate an £^1.25 optical system with a 10 degree off-axis plane wave 
and the resulting rational cubic B^er transverse ray aberration superposed with the real 
ray, transverse ray aberration. The lower figures show similar results for an F2.5 stop 
shifted optical system with an incident plane wave at a 10 degree field angle. 
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Figure 4.22 Reflecting Optical Systems and Resulting Rational Cubic Braer Transverse 
Ray Aberrations 

The upper figures illustrate an optical system operating at - I magnification and the 
resulting rational quadratic Bezier transverse ray aberration superposed with the real ray, 
transverse ray aberration. The lower figures show similar results for an optical system 
woridng at approximately -0.5 magnification. 
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Piecewise Continuous Rational Cubic Bexier Wavefronts 

The wavefront curvature from a Coddington ray trace was used in the osculatory 

interpolation algorithm to compute the rational cubic meridioaal wavefront. The 

curvature information at the edge of the wavefront may also be used to enforce the 

stricter of the two types of continuity between Bezier segments as discussed in the 

introductory chapter. Chapter 1. Therefore, complex wavefronts, wavefronts that can not 

be adequately simulated with single rational quadratic or cubic Bezier curves, may then 

be broken into piecewise continuous rational cubic Bezier segments, each 

geometrically continuous at each knot. 

If the meridional wavefront is broken into two piecewise continuous segments, where 

should the break occur? The logical position is at the chief ray. Segmenting the 

wavefront, at the chief ray, now requires that three rays be traced in order to reconstruct 

the wavefront; two rim rays and the center chief ray. This is a similar situation to the 

rational quadratic B^er ray trace that also required two rim rays and the chief ray. The 

rim rays determined the wavefront edge and the interior control point location through 

the end point tangency condition. The chief ray was used as a ray on the wavefront to 

compute the interior control point's weighting factor. In the rational cubic piecewise 

continuous case two "outer" rim rays are traced to determine the properties of the edge of 

the wavefront. An "inner" rim ray, which in actuality is the chief ray, is traced as well. It 

is a rim ray in the sense that it is the ray at the interior edge of each piecewise continuous 
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rational cubic Bezier segment. Furthermore, a Coddington ray trace is performed for 

each ray in order to compute the curvature at each point, which is used to determine the 

interior control point weighting factors. Since the curvature at the interior of each 

rational cubic Bezier segment is the same, i.e. the curvature of the chief ray, then the two 

segments are geometrically continuous. The results of the geometrically 

piecewise continuous, rational cubic, meridional wavefront is shown in Figures 4.27 

through 4.32. PieceAvise continuous rational cubic Bezier wavefronts generally are the 

most stable of all the investigated B^er wavefronts. All of the reflective cases exhibited 

less than 2% differences in RMS values. The fI2 10° o£f-axis and the finite conjugate 

refractive cases both exhibited under 10% differences in RMS values. 

The next logical step to describing wavefronts with Bezier curves and surfaces is to 

address the general skew ray problem in order to describe three-dimensional wavefronts. 

The general skew ray problem could be addressed by breaking the wavefront into 

orthogonal principal sections as is done in the Coddington ray trace while computing the 

surface's principal curvatures. The orthogonal sections would be coplanar with the 

orthogonal principal sections defined by the Coddington ray trace, which in turn are 

directly related to the principal curvatures of the optical surface. The real difficulty lies 

in connecting the orthogonal sections, or perhaps multiple sections, together in order to 

form a continuous wavefront surface. The problem now becomes a numerical problem. 

We therefore turn our attention back to the concept of a wavefront, and in particular third 

order wave aberrations, as projections of n-dimensional functions onto a hyperplane. 
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Figure 4.23 Piecewise Continuous Rational Cubic Bezier Wavefront & Transverse 
Ray Aberration 

The upper figure illustrates the B^er wavefront and its associated control points plotted 
with the reference sphere. The lower figure is a superposition of the real ray, transverse 
ray aberration and the transverse ray aberration computed from the B^er wavefront. 
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Figure 4.24 6^2 Optical System and Resulting Piecewise Continuous Rational Cubic 
Bezier Transverse Ray Aberration 

The upper figure illustrates an ^2 optical system. The lower figure is a superposition of 
the real ray, transverse ray aberration and the transverse ray aberration computed fi-om 
the Bezier wavefi-ont. 
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Figure 4.25 Refracting Optical Systems and Resulting Piecewise Continuous Rational 
Cubic Bezier Transverse Ray Aberrations 

The upper figures illustrate an fl2 optical system and incident plane wave at a 10 degree 
field angle and the resuhing piecewise continuous cubic Bezier transverse ray 
aberration superposed with the real ray transverse ray aberration. The lower figures show 
similar results for a finite conjugate optical system with a stop shift. 
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Figure 4.26 Reflecting Optical Systems and Resulting Piecewise Continuous Rational 
Cubic Bezier Transverse Ray Aberrations 

The upper figures illustrate an ^2.5 optical system with an on-axis plane wave and the 
resulting piecewise continuous cubic Bezier transverse ray aberration superposed with 
the real ray transverse ray aberration. The lower figures show similar results for an 
incident plane wave at a 10 degree field angle. 
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2 Figure 4.27 Reflecting Optical Systems and Resulting G Piecewise Continuous Rational 
Cubic Bezier Transverse Ray Aberrations 

The upper figures illustrate an F1.25 optical system with a 10 degree ofiF-axis plane wave 
and the resuhing piecewise continuous rational cubic Bezier transverse ray aberration 
superposed with the real ray transverse ray aberration. The lower figures show similar 
results for an fi'2.5 stop shifted optical system with an incident plane wave at a 10 degree 
field angle. 
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Figure 4.28 Reflecting Optical Systems and Resulting Piecewise Continuous Rational 
Cubic Bezier Transverse Ray Aberrations 

The upper figures illustrate an optical system operating at -1 magnification and the 
resuhing piecewise continuous rational quadratic Bezier transverse ray aberration 
superposed with the real ray, transverse ray aberration. The lower figures show similar 
results for an optical system woiidng at approximately -0.5 magnification. 
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CHAPTERS 

WAVE ABERRATIONS AS BEZJER CURVES AND SURFACES 

Introduction 

Aberrations are departure of an optical system's behavior from ideal conditions. 

Numerically they are computed as deviations of the optical path length of a wavefront in 

the exit pupil of an optical system from a spherical reference wavefront centered on the 

Gaussian image point. Analytically, they are described by a number of different 

expansion theories. One conunon expansion theory for aberrations of an optical system 

is to expand the basic ray tracing equations to include higher order terms of the 

expansion. Seidel and Petzval first did this in the late ISSO's '̂*'̂  They were able to 

derive simple formulas for the third order ray aberration coefficients, i.e. optical behavior 

or departure from the first order equations describing the ideal behavior of an optical 

system. Wachendorf first computed aberration coefficients describing aberrant behavior 

past third order^"*^^ in 1949. Buchdahl began development of an aberration theory 

extendable to arbitrary order in the fifties. Hopkins, also in 1950, first publish his scalar 

wave aberration theory, describing wave aberrations as a Taylor power series expansion 

about the field height and pupil coordinate. Shack has since vectorized Hopkins work. 

In this chapter, another technique is investigated, which is geometric in nature and based 

upon non-rational and rational Bezier curves and surfaces. 
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Non-Rational B«ier Wave Aberration Description 

The wave aberrations describe the departure of a wavefront from a spherical shape and 

are scalar functioas. Transverse ray aberrations describe the lateral displacement of a 

ray, usually from the chief ray or the Gaussian image point, in the image plane and are 

vector functions. The transverse ray aberration is proportional to the gradient of the wave 

aberration. Wave aberrations expanded to fourth order yield transverse ray aberrations 

that are third order. The mathematical relationship of the transverse ray aberrations to the 

gradient of the wave aberration gives rise to what are called "third order" aberrations. 

The wave aberrations may be expanded to higher orders; however, even at fourth order, 

the mathematical terms of the expansion can be related to physical properties of the 

wavefront. The fourth order wave aberrations, as developed by Shack^ '̂\ are listed as 

follows along with their conmion names: 

spherical (5.1a) 

W,3,hp' cos(0) coma (5.1b) 

W222h'p' COS" (0) astigmatism (5.1c) 

field curvature (5. Id) 

W3,,h'pcos(0) distortion. (5.1e) 
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Here Wy„, is the aberration coefficient, h is the field height, p is the pupil coordinate, and 

the cosine term is factor present for certain types of aberrations. 

The above fourth order wave aberration terms individually may be described by non-

rational Beziers to that order. For example, spherical aberration can be described by a 

fourth order non-rational Bezier with five control points. A uniform parameterization, 

where all but the last control point's ordinate is zero and its value equal to the magnitude 

of the aberration coefiBcient, was empirically found to yield control points and a control 

polygon whose interpolation curve exactly matched the curve for fourth order spherical 

aberration. Figure 5.1 illustrates this concept. Figure 5.2 illustrates the concept for the 

aberration coma. In both cases, the control points and polygons may be thought of as a 

linear graphical representation of the aberrations. Other aberrations similarly follow. 

It is logical to inquire how two such Bezier curves may be added to yield a resultant wave 

aberration curve, which is a combination of aberrations. Physically, optical systems may 

have a combination of aberrations such as spherical and coma. In the scalar wave 

aberration basis, as described by Equations (5.1a) through (5. le), the individual terms of 

the expansion are added to yield the combined aberration. This can not be done simply in 

the Bezier basis by adding the individual Bezier curves because each curve is 

parameterized differently. Coordinate values at say t = 0.5 on the spherical curve do not 

correspond to the same coordinate values at t = 0.5 on the coma curve. The control 

points of each curve cannot be directly added since there are a different number of points 
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Figure 5.1 Spherical Aberration Plots 

The upper left figure is a plot of spherical aberration from scalar wave aberration theory 
(SWAT). The upper right figure is a plot of spherical aberration created with a non-
rational fourth order Bezier curve. It's associated control points and control polygon are 
also plotted in the figure. The lower figure is an overlaid plot of the two spherical 
aberration curves. 
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Figure 5.2 Coma Aberration Plots 

The upper left figure is a plot of coma aberration fi-om scalar wave aberration theory 
(SWAT). The upper right figure is a plot of coma aberration created with a non-rational 
fourth order B&der curve. It's associated control points and control polygon are also 
plotted in the figure. The lower figure is an overlaid plot of the two coma aberration 
curves. 
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in each curve. The spherical curve contains five control points while the coma curve 

contains four control points. However, if the third order coma curve is degree elevated to 

a fourth order curve then perhaps the control points may be added directly to produce the 

correct summation. 

Degree Elevation 

In CAGD it is sometimes useful to change the degree of a specific interpolation curve. A 

curve might be increased in order or degree elevated in order to introduce more control 

points to add additional design flexibility to the curve. A curve also may be reduced in 

order or degree reduced in a situation where the content of a higher order curve may be 

equally and Avith less data described by a lower order curve. In either case, degree 

elevation and degree reduction should not change the shape of the curve. 

Farin '̂'̂ ^ has derived the equations for computing the new control points for the degree 

elevation for both non-rational and rational curves. The new control points are computed 

fi*om the following relationships for non-rational (Equation (5 .2)) and rational (Equations 

(5.3a) and (5.3b)) curves respectively. 

(5.2) 
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p; (I) _ (5.3a) 

n + 1 
+ w,(l 

n + 1 
), i = 0,...,n + l. (5.3b) 

In both cases "n" is the order of the original curve. It is very clear from Equations (5.2) 

through (5.3) that the new control points are found from linear interpolation. In fact the 

non-rational degree elevation shown in Equation (5.2) shares the same form of Equations 

(2.6), (2.7), and (2.12) which are various forms of the linear interpolator between two 

points. In the present situation, the parametric values are t = ——! Furthermore, since 
n + 1 

the new control points are obtained by linear interpolation of the old control points they 

lie in the convex hull of the original control polygon. 

Degree elevation performed on rational curves, as illustrated in Equations (5.3a) and 

(5.3b), is in actuality performed on the control polygon in hyperspace (four-dimensions) 

with the subsequent control vertices projected onto the w = 1 hyperplane '̂'̂ \ The results 

of degree elevating coma from a third order curve to a fourth order curve are illustrated in 

Figure 5.3. 
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Figure 5 .3 Degree Elevated Coma Aberration Plots 

The upper left figure is a plot of coma aberration created with a non-rational third order 
Bezier curve. The upper right figure is a plot of coma aberration created with a non-
rational degree elevated fourth order Bezier curve. It's associated control points and 
control polygon are also plotted in the figure. The lower figure is an overlaid plot of the 
scalar wave aberration theory, coma aberration curve and the non-rational degree 
elevated fourth order Bezier curve. 
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Aberration Combinations: Summing Conti:t>l Points 

Degree elevating the uniformly parameterized third order coma curve yields a uniformly 

parameterized fourth order coma curve whose control point coordinates now match those 

of the spherical curve. However, direct addition of the control points still does not yield 

the correctly summed aberration curve. 

We turn again to the properties of B^er curves and in particular the property of 

invariance under barycentric combinations in order to solve this problem. The 

barycentric combinations are invariant when the Bezier curve is formed from the Bezier 

control polygon '̂*^^ In other words an operation that leaves the barycentric combinations 

unchanged is afiinely invariant. Such are operations as the af^ine maps discussed in 

Chapter 1. Another operation, such as the addition of control points from two different 

Bezier curves, with the same number of control points and hence order, will also yield a 

Bezier curve. Furthermore, the operation is afiBnely invariant as the barycentric 

coordinates will be unchanged upon addition; only the resulting control points are altered. 

Most commonly the two Bezier curves are added together such that their result is a 

normalized weighted summation. In this situation the resulting curve is a weighted 

average of the two individual curves and as such bears some resemblance to the original 

curves. Operationally this may be defined as follows '̂*'\ 



Z(aPi +Pq,)B^(t) = a + p = 1. 
J=0 j=0 j=0 

(5.4) 

Equation (5.4) demonstrates that the weighted average of the two curves may be 

computed by computing each point individually on the curve and averaging them or by 

first averaging the control points. 

If the results of Equation (5.4) are applied to the spherical curve and the degree elevated 

coma curve, the resulting curve is still not the correct summation. However, if the results 

of Equation (5.4) are applied to the coordinates of the aberration curves while the 

ordinates, i.e. the wave aberration, are added we obtain the correct summation. In other 

words, the coordinates of the wave aberration fimction, which describe the pupil 

coordinates, are in reality the same for both curves and unaltered fi'om the original curves 

for a = 0.5 and (3 = 0.5 since both are of the same degree and uniformly parameterized. 

Addition of the ordinates, which describe the magnitude of the wave aberration as a 

control point, results in treating the control point operation as a vector addition. The 

result of the addition of control points for the case of spherical and coma is illustrated in 

Figure 5.4. Similar results are obtained for other aberration terms. All aberration terms 

should first be elevated to the same order in pupil coordinate, namely that of spherical 

aberration, which is fourth order. For the case of off-axis and non-meridional aberration 

terms, the ordinate values of the control points are multiplied and subsequently scaled by 

the appropriate field and asymmetry parameters, the "h" and cosine terms of Equations 
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(5. la) through (5. le). Similar results may be obtained for higher order aberrations. In 

all cases, definition of the base aberrations and any subsequent combination of terms 

through control points yield a truly graphical interpretation of the aberrations. 

The addition of the ordinate component of the Bezier control points as vectors may also 

be extended to Bezier surfaces. However, special care must be exercised as all aberration 

terms must be degree elevated to the highest order of the radial component of the 

aberration and be of the same imiform parameterization. In the cases discussed above 

this is fourth order spherical aberration. Additionally, since each surface is typically 

made of individual radial components rotationally blended to form the surface, then each 

individual surface should be at a minimum continuous and preferably continuous, 

in the azimuthai direction or the rotational direction corresponding to the cosine term. 

Figures 5.5 through 5.7 illustrate the case for spherical, coma, and the combined spherical 

and coma aberrations represented as Bezier surfaces. A single surface is created with 

eight individual patches or meshes each continuous with its adjacent mesh. The 

theoretical work developed in Chapter 1 and described in the section on Parametric 

Continuity was used to enforce G^ continuity. The Bezier aberration surfaces, therefore, 

are non-rational in the radial direction but rational in the azimuthai direction. We can 

consider the Bezier aberration surfaces to be rational in the radial direction provided that 

all of the weighting factors are of the same value. 
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Figure 5.4 Combined Spherical and Coma Aberration Plots 

The upper left figure is a plot of spherical aberration created from a non-rational fourth 
order Bezier curve. The upper right figure is a plot of coma aberration created with a 
non-rational degree elevated fourth order Bezier curve. Its associated control points and 
control polygon are also plotted in the figure. The lower figure is the result of adding the 
ordinate portion of the control point as vectors for each aberration curve. The resultant 
Bezier curve is shown with the overlaid control points. The actual aberration curve fi-om 
scalar wave aberration theory also is plotted in the lower figure. 
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Figure 5.5 Spherical Aberration Plots 

The upper left figure is a plot of spherical aberration created from the scalar wave 
aberration theory expansion. The upper right figure illustrates the control points and 
polygon for the non-rational fourth order Bezier surface describing spherical aberration. 
The lower left figure is a plot of the non-rational fourth order Bezier surface describing 
spherical aberration. Radial components are empirically determined and continuity is 
forced in the azimuthal direction. The lower right figure is both plots overlaid on top 
of each other. 
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Figure 5.6 Coma Aberration Plots 

The upper left figure is a plot of coma aberration created from the scalar wave aberration 
theory expansion. The upper right figure illustrates the control points and polygon for the 
non-rational degree elevated fourth order B^er surface describing coma aberration. The 
lower left figure is a plot of the non-rational fourth order Bezier surface describing coma 
aberration. Radial components are empirically determined and continuity is enforced 
in the azimuthal direction. The lower right figure is both plots overlaid on top of each 
other. 
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Figure 5.7 Combined Spherical and Coma Aberration Plots 

The upper left figure is a plot of combined spherical and coma aberrations created from 
the scalar wave aberration theory expansion. The upper right figure illustrates the control 
points and polygon for the non-rational fourth order Be2der surface describing spherical 
and coma aberrations. The lower left figure is a plot of the non-rational fourth order 
Bezier surface describing spherical and coma aberrations. Radial components are 
empirically determined and continuity is enforced in the azimuthal direction. The 
lower right figure is both plots overlaid on top of each other. 
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Theoretical Basis for Aberration Control Point Generation and Summation 

The results presented in the previous section were based upon empirical observations. 

However, control point generation and addition can be verified analytically with the aid 

of the de Casteljau recursive algorithm '̂'®^ The de Casteljau recursive algorithm, and its 

associated control points, can be related to the monomial form describing functional 

curves, and its coefiRcients. Indeed, the terms of the scalar wave aberration theory 

expansion may be written as flmctional curves in monomial form with the pupil 

coordinate as the independent variable. 

Functional curves are of the form y = f(x) where x is the independent variable and y is the 

dependent variable. As demonstrated in Chapter 1 (see Equations (2.1) and following) 

this equation may be parameterized by a change of variable to be p (t) = {x(t), y(t)} = 

{t, f(t)}. Here p(t) is a point on the curve determined by the coordinates x(t) and y(t), 

which are dependent variables of the auxiliary parameter "t". Throughout this 

dissertation Bezier interpolators of the Bernstein basis have been used to describe curves 

of this parametric form. The Bezier interpolator may be expressed explicitly in terms of 

Bernstein polynomials as 

Po(t)=p"(t)=i:p,B°(t). 
J=0 

(2.21) 
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The Bernstein polynomials, B ° (t) are given by 

B;(t) = 
u; 

'n 

J> 

n! 
j!(n-j)! 

0 else 

if 0<j<n 
(2.22) 

Normally the Pj's denote double or triplet pairs of numbers defining the control point 

locations. However, in the current case they will be shown to be real numbers related to 

the coefficients of the functional curve. Now, by the linear precision identity '̂*^ which 

states the following 

(5.5) 

we may rewrite p(t) = {x(t), y(t)} = {t, f(t)} as 

P(t)=Z 
j=0 n B-i t ) .  (5.6) 
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f(t) of Equation (5.6) is called a Bezier fimction. In Equation (5.6) the upper coordinate 

is uniformly parameterized as was empirically required for the aberration control point 

addition condition. Neglecting for the moment field and asymmetry parameters, the 

scalar wave aberration expansion is of the power basis in pupil coordinate, "t". In other 

words, the SWAT expansion as a function only of normalized pupil coordinate may be 

written as 

W(t) = XW,t^ (5.7) 
J=0 

It now remains to convert the power basis of Equation (5.7) to the Bernstein basis of 

Equation (5.6). In order to do so, we return to the de Casteljau recursion relationship 

which the Bernstein basis describes analytically. 

The Bernstein basis of Equation (5.6) contains the binomial coefficient . The 

binomial coefficients describe terms of Pascal's triangle '̂*'\ The left and right boundaries 

of the triangle are integer I's. Interior integers of the triangle are found by adding the 

two integers inmiediately above the lower interior integer location. Pascal's triangle is 

illustrated in Figure 5.8. The binomial coefficients of Pascal's triangle are exactly the 

same binomial coefficients found in the binomial theorem. The binomial theorem relates 

the power relationship (a + b)" to the power expansion 
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(5.8) 

The binomial theorem defined in Equation (5.8) gives us fiirther insight into the nature of 

the polynomials that bear Bernstein's name and which are the polynomials that 

analytically describe the de Casteljau algorithm. 

The graphical structure of Pascal's triangle suggests a similar graphical structure for the 

de Casteljau recursive algorithm '̂'̂ ^ That graphical structure also is illustrated in Figure 

5.8. In this graphical construct, any recursive, i.e. interpolative, level of a Bezier curve 

may be determined by multiplying the appropriate terms by either (1-t) ort as one moves 

up the triangle. In affect, you are applying the terms of Pascal's triangle in an inverse 

sense; i.e. the top of Pascal's triangle corresponds to the bottom of the de Casteljau 

triangle. Similarly, if the coefiBcient of the monomial expansion of Equation (5.7) is 

multiplied and divided by the binomial coefficient we obtain 

(5.9) 
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A similar graphical structure may be constructed for the modified monomial case to 

demonstrate its recursive nature '̂'̂ ^ This structure, too, is shown in Figure 5.8. The 

monomial recursive algorithm is the same as the de Casteljau algorithm with (1-1) 

replaced by 1 as is illustrated in Figure 5.8. The de Casteljau algorithm is described by 

Equation (2.20) and the monomial algorithm is described by Equation (5.10). 

p [(t) = (l-t) p ["'(t) + t p [:',(t),].'̂  " [• (deCasteljau) (2.20) 
i = 0,....n-r 

w • (t) = w [•'(t) +1 w (t), ] I (monomial). (5.10) 
I =0,....n-r 

Goldman '̂*^^ shows, in general, that if the monomial coefficients are written as 

w:(t)=w:-'(t)+w::',(t),^: 
[r = L....n 

i = 0,....n-r 
w,= W, 

(5.11) 

where specifically Wum are the aberration coefficients from the scalar wave aberration 

expansion, then the control points of the Bezier are given in terms of the monomial 

coefficients by pi = w J, (t). This is essentially equivalent to replacing the "t" in the 

monomial recursion relation of Figure 5.8 with an integer 1. Graphically the situation is 

depicted in Figure 5.9. The upper part of the figure illustrates the relationship in general 
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and the lower part of the fig^re shows the relationship for the addition of spherical and 

coma aberrations. The resultant control point computation is the same as if the coma 

aberration were first degree elevated to the same order as the spherical aberration curve 

and then its control points added on a control point by control point basis to the control 

points of the spherical aberration curve. It is the ordinate part of the control point that is 

added; i.e. the control point component corresponding to the aberration and not the radial 

position. The control points corresponding to the radial positions have the same values 

and are uniformly parameterized as developed in the previous section. 
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CHAPTERS 

SUMMARY AND CONCLUSIONS 

Summary and Conclusions 

The curves and surfaces of computer aided geometrical design (C AGD) of the computer 

aided design (CAD) world were developed to design and describe a geometrical curve or 

surface by a graphical or visual means instead of a strictly mathematical means. The 

curves and surfaces of CAGD are tools well suited to aiding engineering disciplines, 

which have a graphical aspect such as mechanical design. CAD tools are used to design 

all types of mechanical components. Here the spatial interaction between mechanical 

components typically is large and you are concerned with what the components look like 

and how those componems fit and work together. However, optical engineering and 

particularly optical design, inherently are not graphical disciplines. You cannot design an 

optical system by simply "drawing" optical component shapes. You must take into 

account the spatial interaction between electromagnetic energy, i.e. light, and optical 

materials and shapes that change the behavior of the light after it interacts with the optical 

components. These types of computations are done entirely mathematically with the 

tools described in Chapter I and only the results of the computation displayed 

graphically. Therefore, in a larger sense, this dissertation is an "ansatz" for adapting 

some of the graphical features of the curves and surfaces of CAGD to describing the 
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propagadon of light itself through an optical system. In doing so a new set of graphical 

optical engineering tools was created which was referred to in Chapter 1 as computer 

aided geometrical optical design (CAGOD). 

The functions describing the curves and surfaces of C AGD are non-rational and rational 

parametric interpolators. These interpolators are mathematical curves and surfaces 

passing between control points, which "control" the shape of the curve or surface. The 

control point is the graphical or visual means of controlling the general shape of the curve 

or surface. The curve or surface usually passes through or interpolates some or all of the 

control points. As developed in Chapter 1, one such type of these interpolators, the 

Bezier interpolator which uses endpoint interpolation, may be used to describe the 

classical focal surfaces (sphere, parabola, hyperbola, ellipse) used in the optical sciences 

to refract and reflect light for imaging and non-imaging applications. More importantly, 

non-rational and rational parametric interpolators, primarily in the form of Bezier 

interpolators of the Bernstein basis, were shown in this dissertation to be a powerful 

mathematical tool for describing the actual behavior of the propagation of light through 

optical systems. 

Not all interpolators were found suitable for describing the propagation of light in an 

optical system. As was discussed in Chapter 2, Bezier interpolators, as opposed to 

Lagrange interpolators, were especially interesting candidates for describing wavefronts 

because of their endpoint interpolation property. The general behavior or shape of the 
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wavefront is strongly influenced by the behavior or shape of the wavefront at the edge of 

the wavefront. Bezier interpolators, whose end control points interpolate or pass through 

the wavefront do so at the edge of the wavefront. Furthermore, Bezier interpolators enjoy 

the convex hull property. Physically, this means that all points on a line between two 

points within the set are also within the set. Since Bezier interpolators use repeated linear 

interpolation to generate a curve or surface, all of the points on the curve or surface are 

within the convex hull. Therefore, the curve or surface follows closely the shape of the 

control polygon or control net. This is not the case with Lagrange interpolators: they do 

not enjoy the convex hull property and in fact their curves and surfaces can oscillate 

wildly between the control points which are not necessarily on the curve or surface. This 

phenomenon is referred to as the Runge Phenomenon and clearly may lead to curves and 

surfaces that bear no resemblance to the actual wavefront. The recognized superior 

stability of the Bezier interpolators (in fact they are considered the most stable of all 

polynomial interpolators) led to further investigation of these interpolators as 

mathematical functions for describing the propagation of light in an optical system. 

Bezier curves and surfaces as well as their transformation mathematics proved to be 

particularly useful for describing generalized three-dimensional objects. In Chapter 3, 

the projective perspective transform or perspective projection was used in a vector 

derivation of the collinear mapping and Gaussian imaging equations. The optical 

coUineation thus was shown to be a special case of the projective transformation. The 

terms of the collinear transformation then were used in an affine map in order to 
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transform a non-rational Bezier object through an optical system to its ideal image. The 

limitations of the affine map for optically transforming objects to images became 

apparent for objects not perpendicular to the optical axis. The afiGne map, which is a 

non-rational linear map that operates directly on the control points, could not be used to 

map general objects because the magnification of the projective coordinates also changes 

but as a rational linear function. The magnification is only a non-rational linear function 

and in fact a constant for planes perpendicular to the optical axis. 

As a result and given the insight into the relationship between the projective and coUinear 

transformation, the perspective projection then was used to optically transform non-

rational B^er curves and surfaces, describing an object, through an optical system to the 

ideal image of the object. The resulting transformed interpolators were found to be 

rational with the magnification term for each control point divided into the denominator 

of the rational function! Rational Bezier curves and surfaces, when optically 

transformed, remained rational with a similar multiplication term for each control point 

divided into the denominator of the rational function. This development clearly showed 

that non-rational and rational Bezier interpolators, when optically transformed with the 

perspective projection, exist or live in a projective or collinear space! Rational Bezier 

interpolators, being of a collinear space, are ideally suited to describing conjugate 

relationships! 
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Bezier curves were shown in Chapter 4 to describe the behavior of the meridional 

wavefront as it was refracted and reflected at optical surfaces. Affine maps first were 

investigated as possible ways to transform the wavefront through optical surfaces. 

However, just as in the case of the collinear transformation, the affine map only allowed 

limited and simple transformations of the wavefront. The Bezier airves were directly ray 

traced by fiilly utilizing the end control point interpolation and tangency conditions. The 

end control points of a Bezier curve lie on the edge of the wavefront and the control 

polygon is tangent to the curve at these points. Rays defined at each end control point are 

themselves perpendicular to the wavefront by definition and the control polygon by the 

tangency condition. The rays are traced with the traditional ray tracing equations and 

their normals were used to construct the interior control points of the control polygon for 

non-rational and rational quadratic, cubic and piecewise continuous cubic wavefronts. 

The non-rational quadratic Bezier wavefronts were found to inadequately describe the 

behavior of the wavefront. However, the rational quadratic wavefronts very accurately 

described the behavior of the wavefront, certainly to the extent visible on the transverse 

ray aberration plots, with generally less than 1% difference in RMS values between the 

transverse ray aberration curves. Information from the chief ray also was used in the 

implicit form of the Bezier to determine the weighting factor of the interior control. The 

ability of a Bezier curve to accurately described a meridional wavefront led to the 

hypothesis that up to certain orders, wavefronts and wave aberrations may be considered 

as projections of a parabola in three-space onto a hyperplane in two-space. In general we 
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may consider higher order wavefronts and wave aberrations as projections of n-

dimensionai functions onto hyperplanes. 

Meridional wavefront behavior also was investigated with non-rational and rational cubic 

Bezier curves. The interior control point locations were determined with the end control 

point interpolation, tangency conditions and a chord length parameterization. Non-

rational cubic Bezier wavefronts were found to inadequately describe the behavior of the 

wavefront. However, the rational cubic wavefronts very accurately described the 

behavior of the wavefront, certainly to the extent visible on the transverse ray aberration 

plots, with less than 2% differences in RMS values between transverse ray aberration 

curves. The interior control points' weighting factors were determined with an 

osculatory interpolation technique. The osculatory interpolation technique requires that 

the curvature of the curve be known at the end control points in order to compute their 

weighting factors. The curvature of the end control points was computed with a 

Coddington ray trace. Computing the curvature at the end control points allows the 

wavefront to be broken into piecewise sections, all of which are continuous at the knot 

or break point with the shape of each segment computed with only two rays! Piecewise 

continuous rational cubic Bezier curves exhibited the best overall accuracy. The percent 

difference in RMS values between transverse ray aberration plots was generally less than 

2%. Even in the most aberrant optical systems evaluated, the piecewise continuous 

Bezier was twice as accurate as either of the continuous rational Bezier wavefronts with 

less than 10% difference in RMS values between transverse ray aberration curves. 
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Finally, in Chapter 5, the scalar wave aberrations, up to fourth order wave, were 

described by non-rational Bezier curves and surfaces with a uniform parameterization. 

Description of the scalar wave aberrations as B^er curves and surfaces led to a 

graphical interpretation of the aberrations in terms of their control point locations. 

Furthermore, it was empirically discovered that individual aberrations may be added on a 

control point by control point basis to form a composite aberration. Aberration 

summation by control point addition is exact as long as the control point of the ordinate 

of one wave aberration is added with the corresponding control point of another wave 

aberration. All aberrations must first be degree elevated to the same order and be of the 

same uniform parameterization in the radial direction. Control point addition of the 

scalar wave aberrations was verified theoretically by determining the transformation of 

the coefiKcients of the scalar wave aberration terms, described as a monomial recursive 

algorithm normalized by the binomial coefficient, to the control points of de Casteljau 

recursive algorithm. Both are inherently related by their relationship to Pascal's triangle, 

which describes the terms of the binomial coefficient. 
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Future Research 

The application of non-rational and rational parametric interpolators, in the form of 

Bezier curves and surfaces, in describing the propagation of light in an optical system as 

described throughout this dissertation suggests several other areas of further and new 

research. 

First Order Radiometry 

As developed in Chapter 3, Bezier curves and surfaces can be coUinearly transformed 

through an optical system by operations essentially on the control points. Bezier curves 

and surfaces are made up of individual segments (curves) and meshes (surfaces). 

Furthermore, conglomerate curves and surfaces can be made of continuous or 

discontinuous Bezier curves and surfaces. The discrete nature of B^er segments and 

meshes suggests assigning radiometric properties or perhaps an etendue to each segment 

or mesh. The radiometric properties might describe object or source distribution 

variations. By applying the techniques of Chapter 3, you can compute the resulting 

images of these objects or sources. The first order radiometric properties of the images 

can be computed by assessing the change in the Bezier segments or meshes. In essence 

this is a simple, first order finite element radiometry technique that can be compared to 

the radiosity method of power transfer, another finite element radiometry technique that 

directly uses the radiative transfer equation. Furthermore, the parallel projection could 
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be investigated as a specialized radiometric mapping of the three-dimensional images to 

two-dimensional planes. 

Generalized Bezier Ray Tracing: Skew Rays 

The Bezier ray trace developed in Chapter 4 is readily applicable to meridional rays and 

wavefronts. The next step is to ^end Bezier ray tracing to general skew rays and three-

dimensional wavefronts. A number of possibilities exist but it seems logical to break the 

skew ray into orthogonal components perhaps aligned with the principal curvatures of the 

optical surfaces. This is certainly desirable in the situation of the rational cubic and 

piecewise continuous cubic curves, which use the information from a Coddington ray 

trace for wavefront reconstruction. Furthermore, the principal curvatures of the surface 

are needed in order to compute the local wavefront curvature even for the meridional 

wavefront of an aspheric surface. 

Given that meridional wavefronts and optical surfaces can be described with Bezier 

curves, does a purely control point transformation exist such that only operations on the 

control points of the wavefront and surface need to be considered to describe the 

propagation of the wavefront through the surface? 

Consideration also could be given to higher order Bezier ray traces and non-uniform 

rational B-spline (NURBS) ray traces in the Bezier basis. 
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Wave Aberrations 

Further research could be conducted into describing the scalar wave aberrations as 

general projections of n-dimensional functions onto hyperplanes. Particularly, an 

investigation could be performed to determine if the weighting factors computed during a 

rational Bezier ray trace can be directly related to the transverse ray and scalar wave 

aberrations and the control points describing those flinctions. 

Amplitude Description 

In this dissertation Bezier curves and surfaces were adapted to describing extended and 

point object propagation through an optical system. This type of computation is basically 

a computation of the wavefront property or phase of the extended and point objects. In 

principle Bezier curves and surfaces could be investigated for describing the amplitude of 

the optical field. Similar transformation theories could be investigated for transforming 

the amplitude distribution of an extended or point object, described by a Bezier curve or 

surface, through the optical system. 
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