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ABSTRACT 

Accurate and efficient simulation of lossy, multi-conductor transmission lines 

that are terminated by nonlinear circuits is necessary to design high-performance 

electronic circuits and packages. In this work, theoretical and practical considera

tions of lossy line simulation axe presented. Using delay differential equations, the 

class of systems with "bidirectional delay" is introduced. These systems can be par

titioned such that the resulting subsystems are only linked via delayed variables. It 

is stated in the "decoupling theorem" that the subsystems can be solved indepen

dently for a time interval, which is not longer than the shortest time delay. Circuits 

that contain transmission lines axe shown to form systems with bidirectional delay 

and, consequently, can be decoupled. Using concepts derived from waveform relax

ation, the decoupling is exploited to reduce the computational effort required for 

transmission line simulation. 

Moreover, an efficient method for the approximation of lossy line character

istics by rational transfer functions is presented. The method employs nonlinear 

minimization techniques and yields function coefficients suitable for time-domain 

modeling. Furthermore, the exponential wave propagation function is represented 

in the time domain, and discrete-time convolution is employed to calculate the 

transmission line response. Also described is a filtering method which considerably 

improves the stability of the simulation, while the deviation in the simulation results 

is smaller than the local truncation error. In addition, implementation of the lossy 

line simulator "UAFLICS" is outlined, and practical applications demonstrate the 

significance of coupling and loss effects. 
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CHAPTER 1 

INTRODUCTION 

Reduction of device size and higher integration density of electronic circuits 

are main sources for performance enhancement of computing and communications 

equipment. While these measures reduce switching times, the interconnecting lines 

become more closely spaced and the conductor cross section decreases. Hence, 

transmission line effects gain significance and the interconnections can no longer be 

regarded as mere short circuits. In current high-performance circuits, these lines 

put limits on the attainable overall speed, and in order to obtain a technically sound 

design it is crucial to assess how signals axe propagated along the line. Transient 

simulation of transmission lines accurately predicts the electrical behavior and thus, 

has attracted increased interest over recent years. 

Electrical signals are propagated on transmission lines as electro-magnetic 

waves. Various effects are associated with the wave propagation, and their signifi

cance relative to signal properties and line configuration determines the particular 

transmission line model that represents the circuit interconnections. The most ob

vious of the effects is the propagation delay of a particular line which is due to the 

finite wave velocity. A wave launched into a line at one end will reach the other 

end only after the line delay time has expired. Losses in the conductors and the 

dielectric material attenuate the wave as it travels along the line. Upon arrival at 

the other line end, the wave may be partially reflected back into the line where the 

exact fraction of the reflected power is determined by the line and its terminating 

circuit. A changing voltage or current in one line gives rise to a signal in adjacent 
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lines. This crosstalk effect is due to inductive and capacitive coupling. Transient 

signals often have a wide spectrum and attenuation and propagation velocity are 

generally frequency-dependent line properties. This causes distortion, that is the 

wave shape changes during propagation on the line. 

The previously described effects degrade the signal and must be taken into 

consideration during the design process. Reflections, as well as crosstalk generate 

noise which impairs signal quality or may even result in malfunctioning if the ter

minating networks are digital circuits. Attenuation and, generally, distortion cause 

a decrease in signal level which may alter the information content of the signal. The 

propagation delay affects the timing and, thus, performance of the system. Most of 

these effects also depend on the actual terminating circuits, which normally contain 

semiconductor devices and axe, therefore, nonlinear with respect to the circuit vari

ables. Due to the complexity of these interdependencies a comprehensive analysis 

can only be carried out by computer simulation. For the purpose of simulation, the 

transmission line is represented by a model which describes only those line features 

that are relevant for the simulation process. In effect, this means that the models 

only represent the terminal behavior of the line, and that voltages and currents 

rather than electro-magnetic waves are described. The models axe further distin

guished as to whether they include losses or not. Whereas the lossy line model will 

generally be a more accurate representation of physical reality, there may be cases 

where the lossless line suffices. Also, the crosstalk effects can only be observed if 

the adjacent lines axe modeled as a system of coupled lines, normally referred to as 

multi-conductor line or coupled line. 

The various models differ in the defining equations and the derivation of the 

model relations. Generally, the single-conductor line is easier to treat than the 

corresponding multi-conductor line, and for linear terminations analytical solutions 



can be derived with relative ease. The lossless, multi-conductor line simulation 

has been the subject of much research during recent years and programs which 

are capable of simulating lines with nonlinear terminations are available [9., 10.]. 

However, more sophisticated models are required to represent lossy, multi-conductor 

transmission lines. Modeling and simulation of these lines is the subject of this work. 

Lossy lines are normally represented by a system of equations in frequency 

domain, which is suggested by the fact that attenuation and propagation velocity 

are frequency-dependent. On the other hand, the nonlinear terminating circuits are 

naturally given in the time domain. One of the tasks in lossy line simulation must 

then be to find an efficient way of linking the two domains. This problem was in

vestigated previously and some of the significant results are as follows. A frequency 

domain function can be represented in time domain if it is equal to or approxi

mated by a ratio of two polynomials. This was used by Gruodis and Chang [1.] to 

calculate instantaneous values of the line equivalent circuit. Another approach was 

taken by Djordevic et al. [3., 4.], who regarded the quasi-matched (TV + l)-conductor 

line as a 2iV-port linear system. The system response upon any excitation is then 

calculated by discrete-time convolution. Scattering parameters were employed by 

Schutt-Aine and Mittra [8.] to represent the transmission line, and again, discrete-

time convolution is used to obtain the transient results. The convolution in time 

domain corresponds to frequency domain multiplication, which was employed by 

F.Y. Chang [6., 7.]. His approach is combined with the approximation of the char

acteristic admittance elements by ladder networks. 

Many of the mentioned theoretical results have provided important directions 

for the transmission line simulation. Yet, in all publications, emphasis is on develop

ment of lossy line models rather than simulation of the line together with nonlinear 

circuits. Consequently, only a few simulation results have been given. In this work, 



a rigorous basis for the lossy line simulation will be developed. This applies, for 

example, to the transformations between time and frequency domain. It will be 

shown how transform and sampling intervals must be selected, as well as why and 

how the error incurred by the transformations is monitored. Numerical techniques 

for the approximation of rational transfer functions, as well as the efficient evalu

ation of time-discrete convolutions axe developed. A main result of the presented 

work is the decoupling theorem. For the simulation during time intervals of a cer

tain maximum length, the terminating circuits can be considered sepaxately. That 

is, they are decoupled. This decoupling theorem can greatly reduce the computing 

resources necessary for the simulation. The waveform relaxation technique [20., 21.] 

is shown to be a natural way to take advantage of this theorem and related mecha

nisms for time domain windowing are developed. These results are incorporated in 

simulator programs capable of transient analysis of an arbitrary number of coupled, 

lossy lines that interconnect general networks. These networks can contain any of 

the standard passive circuit elements, independent or controlled sources, as well as 

most of the common semiconductor devices. 

These results are derived in detail in the following chapters. Models for the 

coupled, lossy transmission line will be discussed in Chapter 2. Known, as well 

as new modeling techniques aire introduced and compaxed. In Chapter 3, the de

coupling of terminating circuits and some of its consequences and applications are 

shown. Simulation techniques and their implementation axe explained in Chapter 

4, and simulation results for circuit examples of various complexity are given in 

Chapter 5. Evaluations and comparisons of the presented techniques in Chapter 6 

conclude the work. 
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CHAPTER 2 

MODELING OF MULTIPLE, LOSSY TRANSMISSION LINES 

A transmission line is characterized in general terms by electric and magnetic 

fields, which depend on the space coordinates. For the inclusion of the line into 

a circuit simulator program, only the terminal voltages and currents axe of impor

tance. Solution of the electro-magnetic problem is computationally expensive and 

therefore, it is desirable as well as sufficient to model the line by a lumped equivalent 

circuit. In this chapter several such circuit models will be introduced. 

2.1 The Telegraphist's Equations and the Wave Equation 

Throughout this chapter, systems of uniform, lossy, multi-conductor transmis

sion lines will be considered. The term uniform describes that the cross-sectional 

geometry is invariant along the longitudinal extension of the line system. The con

sideration of a multi-conductor line, as opposed to a single-conductor line, allows 

to model the coupling effects between the lines. Lines generally exhibit losses, and 

thus a lossy line model is a more accurate representation than the lossless model. 

A multi-conductor line is shown in Figure 2-1. The terminating circuit on the left 

hand side is commonly referred to as the sending or near end of the line and the 

right hand side is called receiving or far end. 

Signal propagation on transmission lines can be modeled by TEM electro

magnetic waves. A wave is termed TEM if both its electric and magnetic fields 

have only components which are transverse, that is, perpendicular to the direction 
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Figure 2-1. Coupled, lossy transmission Line with nonlinear terminating circuits. 

of propagation. In the presence of losses there will be longitudinal field components 

and, strictly speaking, waves that are purely TEM can not propagate. However, if 

the cross-sectional dimensions of the line system are much smaller than the short

est wavelength of interest, then the TEM-waves can be used to approximate the 

actual physical behavior [4., 28.]. All following derivations will be based on this 

"quasi-TEM analysis", that is, it will be assumed that the indicated approximation 

holds. 

This assumption allows that the voltages and currents can be related at a 

certain point along the line by the telegraphist's equations. For a transmission line 

system with N conductors plus one ground conductor they Eire: 

— —R(w)I(a;,a;) — juL(u) ) I (x ,u; )  (2.1a) 
ax  

= -G(w)V(®,w) - j«C(w)V(s,a;) (2.16) 
ax  

In these frequency-domain equations the N X TV-matrices R, L, C, and G contain 
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the transmission line parameters, which are given per unit-length. The entries of 

the iV-dimensional vectors V and I are the voltages and currents on the line. The 

space coordinate x varies from 0 up to the line length d, and the angular frequency 

u> determines the sinusoidal component for which the equation is evaluated. 

The transmission line parameters can be calculated from a description of the 

cross-sectional geometry and material properties, or are obtained from measure

ments. The inductance parameters L and the Maxwell capacitances C account 

for the inductive and capacitive coupling, respectively, between the lines and to 

ground. The losses are represented by the resistance parameters R and conduc

tance parameters G . The resistive losses are due to the finite conductivity of the 

metal conductors and the currents flowing through the dielectric material cause the 

conductive losses. All parameters are, in general, frequency-dependent due to the 

skin and proximity effects. 

The notation can be simplified by introducing the per-unit-length line impe

dance and admittance matrices 

where each entry in these matrices is generally complex. Eqs. (2.1) and (2.2) cam 

be combined to derive the wave equation in terms of either voltage or current: 

All of the above variables are frequency-dependent, but from now on the argument 

u will be omitted to simplify notation. The wave propagation matrix T is defined 

as 

Z(u>) = R(w) + ju;L(w) 

Y(w) = G(w) + ju>C(u>)  
(2.2) 

(2.3a) 

(2.36) 

r2 = zy (2.4) 
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and it will be assumed that its eigenvalues are either distinct or can be made distinct 

by small perturbations of the diagonal entries. Under this assumption, the similarity 

transformation 

T = P7P-1 (2.5) 

yields a diagonal matrix 7. The underscore indicates that 7 is a matrix, and ref

erence to a particular entry is made by {7},^. The entries {7}ii are the generally 

complex eigenvalues 7,• of the matrix T, and the column vectors of P are the corre

sponding eigenvectors. If the transformation (2.5) is valid, then 

m = p/(7)P_1 

holds for any analytic function f .  This is used to convert the coupled differential 

equation system (2.3a) into the set of N independent equations [2.] 

ilp-i V = fP^V (2.6) 

which has the solution 

P-1V = exp(—7z)ci + exp(7x)c2. (2.7) 

Since 7 is a diagonal matrix, the exponential matrix functions are diagonal matrices 

themselves and determined by {exp(±7x)},-j = exp(±7ii). The vectors ci and C2 

contain the undetermined coefficients. Using the transformation 

exp(±rz) = Pexp(±7x)P-1 

and with the substitutions Ci = Pci and C2 = PC2, eq. (2.7) can be written as 

V(x) = P exp(—7x)P-1Ci + P exp(7a:)P-1C2 (2.8a) 

= exp(—ra;)Ci + exp(ra:)C2 (2.86) 

= V+(a;) + V(s). (2.8c) 



19 

These relations determine that the voltage at a given location on any line is com

prised of two parts, V+(x) and V-(z), which can be identified as a right- and 

left-traveling wave, respectively. The diagonal matrices with exponential factors 

indicate that there are N different modes and that each of these modes contributes 

to the overall voltage. 

The solutions in terms of line current could be obtained by following the pre

vious steps but starting from eq. (2.3b). Additionally, a characteristic admittance 

matrix Yo can be defined by relating voltage and current of the traveling wave by 

I±(a:) = YoV±(a;). Insertion of eq. (2.8) into eqs. (2.1a), (2.2) yields 

I(s) = Yo (p exp(—7x)P_1Ci + P exp(7a:)P~1C2^ (2.96) 

= Y0 (exp(-ra:)C1 - exp(ra;)C2) (2.96) 

=  Y o (v+(x) - V -(a:)) (2.9c) 

and 

Yo = Zo1 = Z-1r = Yr~1. (2.10) 

Eqs. (2.8) and (2.10) are the general solutions for the equations of the consid

ered transmission line system. The coefficients Ci and C2 are to be determined from 

the boundary conditions that are imposed by the terminating networks. All deriva

tions thus far were done in the frequency domain because the relations defining the 

line are functions of frequency. These relations do not have corresponding analyt

ical expressions in the time domain. If the above mentioned boundary conditions 

can be determined as functions of frequency, then the simulation can proceed in 

the frequency domain with subsequent transformation of the results into the time 

domain. Most often, however, the terminating circuits are best simulated in the 

time domain, and it is the purpose of the following derivations to derive line models 

suitable to carry out this task. 



20 

2.2 Modeling by Repeated Integrations 

One of the transmission line models employs a time-domain integration scheme 

which is based on parameters determined directly in the frequency domain. The 

instantaneous results from these integrations are used to control the equivalent 

circuit that represents the line. This equivalent circuit is similar to one that is 

commonly used in lossless line simulation and it can be considered as a general 

result of lossy line modeling [2.]. 

The equivalent circuit is given in Figure 2.2 and consists of two distinct or "dis

joined" networks, with each one connected to one of the terminations. It contains 

the characteristic admittance Yo which is normally a lumped network. The values 

of the 2N voltage sources denoted by Es and Er are derived as follows. Using KVL 

at either end of the equivalent circuit and substituting eqs. (2.8) and (2.9) into the 

resulting expressions yields 

This effectively states that the value of the voltage source, for example at the near 

end, equals twice the left-traveling wave incident at that same end. Using eq. (2.8) 

and the fact that V~(d) = exp(rd)C2, the voltages of the left-traveling wave can 

be related by 

An analogous statement follows from eq. (2.8) and V+(0) = Ci for the right-

traveling wave: 

Es = V(0) - Yo XI(0) = 2V"(0) 

E R = V(rf) + Y^I(d) = 2 V+(«0 

(2.11a) 

(2.116) 

V"(0) = exp(-r<f)V-(d). (2.12) 

y + (d )  =  exp(—rd)V+(0). (2.13) 
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-X+ Wd) vN<d) 
( J  P 

Figure 2-2. Equivalent circuit for the simulation using the repeated integrations 
scheme. This circuit is also used for the method that regards the wave 
propagation function as linear system. 
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The voltages on the right-hand sides in the previous two equations can be expressed 

using eqs. (2.86) and (2.11) by 

V-(cQ = V(d)  -  V+(d)  =  V(d)  -  ±E r  (2.14a) 

V+(0) = V(0) - V~(0) = V(0) - ̂ Es (2.146) 

and combining eqs. (2.12) through (2.14) yields the voltage source values 

Es = P exp(—7<f)P-1 (%V(d)  -  Er) (2.15a) 

E R  = P exp(—7c?)P-1 (2V(0) - Es) (2.156) 

for the equivalent circuit. The two expressions are symmetrical and state that the 

source value at one end is dependent on voltages of the other end only. In particular, 

the line voltages V(0) and V(<i), as well as the voltage source values Eg and E/j are 

required for evaluation of these expressions. The exponential operator represents 

the line attenuation and delay. Due to this line delay, evaluation of the time domain 

correspondence of eqs. (2.15) requires previously calculated values only, which are 

easily obtained from the circuit simulation process. A method was proposed [1.] 

that allows the calculation of the frequency domain voltage source values Es and 

Eft at a certain time instant using a repeated integration scheme which is known 

from state space theory. 

The entries of the matrices P,P-1,Yo and exp(—7c?) axe considered as 

complex-valued transfer functions defined on the imaginary axis in the s-plane. 

Each function can be approximated by a ratio of two polynomials, and the polyno

mial coefficients serve as parameters for the integration algorithm. This algorithm 

is derived for the transfer function G(s), which is given by 

Y ( s )  = G(s)  •  U(s )  (2.16) 
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and relates the input U(s)  to the output Y(s) .  It consists of the ratio of two 

polynomials N(s) and D(s) given by 

d D(s)  

- cmSm + Cm-lg"*'1 + . . . + CXS + Cp 
s n +d n - 1 s n ~ 1  + ••• + <*!* +do 

where m <n. One can define a new function 

7( , \  -
z(s) -  W)  

and multiply by D(s ) to obtain 

s n Z{s)  =  U(s)  -  (cfn-is"-1 + . . .  +  do)  Z{s ) (2.18) 

which has the inverse Laplace transform 

n—1 
*<n>(<) = «(<) - ̂ 2 digW(t) (2.19) 

»=o 

with the fc-th derivative of z ( t ) .  The on the right hand side are calculated 

by successively integrating z^nK This can be done numerically, and then the output 

y( t )  i s  ca lcu la ted  f rom eqs .  (2 .16)  and  (2 .17)  by  weighted  summat ion  of  the  z^ k \  

The overall scheme is shown in the diagram Figure 2-3. 

The transfer functions are approximated using some numerical method, one 

of which is described in Section 4.1. The result is a set of polynomial coefficients 

c, and di for each of the transfer functions where every function represents one of 

the previously described matrix entries. One integration scheme must be set up for 

each matrix entry and each scheme is considered as a linear system. The product 

of a signal with a matrix entry is regarded as the signal being applied to the input 

of the system. The components of the voltage source vectors on the left-hand side 
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u(t) 

2<n—1) 

Figure 2-3. Signal flow graph for successive integration scheme. The triangles de
note  in tegra t ion  =  f  z^ ' \ t )d t .  
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of eq. (2.15) consist of a signal multiplied by several matrix entries. Hence, the 

calculation of a voltage source value can be viewed as a signal (the voltages of the 

other line end) being passed through the appropriate sequence of systems. Each 

of these sequences have both, input and output in time domain, and can therefore 

easily be interfaced with the transient simulation process. 

The integration scheme is applicable if the rational transfer functions represent 

stable systems. Stability is ensured if all function poles lie in the left half of the 

complex plane. This constraint is normally satisfied by the entries of the charac

teristic admittance matrix because each of them corresponds to a passive, electric 

network. The eigenvector matrices P and P-1 may represent systems which axe 

unstable, and thus an approximation by a polynomial with poles in the left half 

plane can possibly be inaccurate. 

The signal delay introduced by the imaginary part of the argument of the 

exponential function is modeled in part by a time-domain delay element. The 

modal delay depends on frequency and is different for each mode. The entries of 

the diagonal matrix exp(—yd) can be represented by 

exp(-7id) = Ai{uj)  exp(-jPid)  

where /?,• is independent of frequency. This allows to define a delay operator in the 

time domain which has constant delay. This delay operator is easily simulated, and 

A,(w) represented by the described integration scheme. 

2.3 The Linear Multi-Port Model 

The multi-conductor transmission line can be regarded as one linear system and 

can then be modeled by a linear multi-port [3.]. The linear system is defined by a 
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matrix of transfer functions and these functions relate all ports to each other. In the 

time domain the transfer functions correspond to impulse responses and discrete-

time convolutions can be used to calculate the transmission line response during the 

simulation process. These impulse responses are sometimes called Green's functions 

and the method is then referred to as Green's functions method. 

The (N + l)-conductor line is a system with 2Ar-ports and each of the N ports 

at either end is given by one of the line terminals and ground. Various sets of 

transfer functions can be used to describe a linear network. Here, the admittance 

parameters are chosen since they use port voltages as inputs and port currents as 

outputs. This allows for a particularly simple implementation in those simulators 

that are based on nodal analysis. It should be noted that the admittance matrix 

is different from the per-unit-length line admittance matrix denoted by the same 

symbol. Here, the 2N x 2/V-dimensional admittance matrix Y(u>) is defined by 

The 2N-dimensional vector V consists of sending- and receiving-end terminal volt

ages as follows 

and the current vector i with same dimension is comprised of the terminal currents 

where the receiving end value has a negative sign in order to use the notation, that 

is customary for multi-ports [2.]. 

The terms in the rightmost vector in (2.22) can be evaluated using eq. (2.9a), 

which yields them in matrix form as: 

i(w) = y(w)v(w). (2.20) 

(2.21) 

(2.22) 

(2.23) 
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Similar results follow from combining eqs. (2.8a) and (2.21) as 

(v«) = (exp(-rd) exp(r<i)) {c2) {2M) 

in which 1 is the unity matrix. Inverting eq. (2.24) and substituting the result into 

eq. (2.23) yields 

(»• (?: X) (£) 
where the N x iV-dimensional matrices Ya and Yb are given by: 

-l 
Ya = Yo^exp(rd) + exp(—Td)^ ^exp(rd) — exp(—Td)^ 

= Y0 coth(rd) (2.256) 

Yb = — 2Yo(exp(I\f) — exp(—rd)^ 

= -Y0 csch(rd) (2.25c) 

These are the transfer functions that the admittance matrix Y(u>) in eq. (2.20) 

consists of. The submatrix Ya relates the ports at one line end to each other and 

its entries are therefore called "self-functions". The functions in Yb are termed 

"mutual-functions" since they express relations between ports on opposite line ends. 

The terms coth(rd) and csch(Fd) are functions of matrices. In order to calcu

late the entries of these functions they may be simplified by decomposing them into 

simpler hyperbolic functions. Also, the above given defining expressions in terms of 

matrix exponentials can be applied. Then, similarity transformations as introduced 

in the previous section can be used for those domains where the function is analytic. 

This will lead to a diagonal matrix with hyperbolic functions as entries. 

After obtaining the frequency domain admittance matrix Y(u>) the line can be 

modeled with the equivalent circuit in Figure 2-4. At each port the voltages are 

taken as inputs to the system and the currents, established by the current sources, 
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axe the system outputs. Each entry in Y(u>) can be inverse Fourier transformed and 

becomes an impulse response y(t) in the time domain. The /fc-th function yik(t) is 

the current flowing into the /-th port as response to a voltage delta-impulse applied 

to the &-th port at t = 0, with all other ports short-circuited. Without further 

proof, it will be assumed that the system is causal. Either from application of the 

superposition principle, or by simply transforming eq. (2.20) into the time domain, 

the total current into the /-th port due to excitation at all other ports is obtained 

as 

The second expression is the convolution integral under the assumption that all 

excitations begin at t = 0. A discrete-time form of this convolution is used for the 

actual calculation. 

These Green's functions contain multiply reflected impulses. For lines with 

small losses, these impulses will be only slowly attenuated with time, and the im

pulse response will last many line delay times. It was proposed [3.] to insert 

networks Yd at both ends of the line in order to shorten these impulse responses 

(Figure 2-5a). The line combined with the two inserted networks Yd is called the 

"augmented line". In order to balance the effect of this insertion, another pair 

of networks —Yd is connected at both ends in series between the augmented line 

and the terminating circuits. The combination of Yd and —Yd constitutes a short 

circuit which, in effect, leaves the original configuration unaltered. The termina

tion at one end together with the network —Yd, to which it is connected, is called 

"augmented termination". 

It is known that there are no reflections at a line end if the line is terminated 

z'(f) = y,Vik(t)*v*(t)  
fc=i 
2 N -j (2.26) 
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Figure 2-4. Equivalent circuit for linear multi-port representation (Green's function 
approach) of transmission line. 
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Figure 2-5a. Transmission line with general networks Yd as augmentations. 
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Figure 2-5b. Transmission line with simple series conductances as augmentations. 
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by its own characteristic admittance. Thus, it may seem desirable to use such 

a network as termination Yd. This, however, is not practical because a circuit 

representation for the characteristic admittance would generally consist of a large 

network. Instead, the use of a simpler network can still reduce the reflections 

sufficiently, and its simulation is less costly. Under the assumption that the coupling 

between the lines is low, the characteristic admittance may well be approximated 

by conductances that axe simply connected in series to each line of the line system, 

as is shown in Figure 2-5b. The values of these conductances were chosen to be the 

characteristic admittance of the corresponding single, lossless line with no coupling 

effects talien into account. In other words, the conductance connected to the i-th 

line is <7,- = Y/CU/LA. The admittance matrix of the inserted network is 

y"(-y. yy/) w 

where Yg = diag{<7,} is the N x iV-dimensional diagonal matrix of conductances. 

It is now readily clear that {—Yd}ij = — {Yd}ij holds. The admittance matrix of 

the augmented line given by eqs. (2.25), (2.27) is 

Y' = f$ ) (2.28a) 
\YB YaJ \AIA3 axa 2  J  K  '  

where the self and mutual functions Y^, Yg axe determined by the abbreviations: 

ai = (l - (Y^Yg + Ya))2) _1 (2.286) 
a2 = Yg — (Yg -f YA)(Y£1)2YgYA (2.28c) 

a3 = —YgY^1. (2.28c?) 

The derivation of these expressions is outlined in Appendix A. 

The model of the augmented line is analogous to the one for the not aug

mented case. The transfer functions and impulse responses axe now calculated from 
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eq. (2.28). Thus, the equivalent circuit represents the augmented line and and is 

meaningful only in conjunction with the augmented terminations. 

2.4 The Wave Propagation Function as Linear System 

This approach of modeling the transmission line system is based on the equiva

lent circuit as it was derived in Section 2.2. Its defining terms are the characteristic 

admittance matrix Yo = Yr-1 and the voltage sources as given in eqs. (2.15). This 

modeling approach is based on direct time domain correspondences of these terms. 

In Figure 2-2 the disjoined equivalent circuit is shown. Since the two halves 

of this circuit are symmetrical to each other, it suffices to carry out the following 

derivations for one side only. The voltage sources are defined in the frequency 

domain as the product of the exponential wave propagation matrix and a difference 

term of voltages from the other line end. The former is identified as a linear system, 

and the mentioned voltages are applied to its input. The output of the system are 

the sources of the equivalent circuit. On physical grounds, it is assumed that the 

system is causal. The wave propagation matrix can be expressed as the transfer 

function matrix 

W(a>) = Pexp(—7<i)P-1 (2.29) 

which is used to define the voltage sources as 

Es(w) = W(w)(2V*(u;) - Efl(w)). 

The entries of the propagation matrix have time domain correspondences which are 

interpreted as impulse responses. Such a function is the voltage response at one end 

of the line due to a voltage delta-impulse wave launched into the line at the other 

end, with no reflections occurring. This follows from the general solution eq. (2.8) 



33 

found for the wave equation. Then, the instantaneous value of the source at the 

Z-th terminal is given by the convolution 

N 

es i ( t )  =  *  (2VRk( t )  — eRk( t ) j  

(2.32) 

wik(t - T)^2ujj*(T) - eRk(T)^dr 

where {W}/jt = Wik with wik(t)  is the time domain correspondence to Wik(oj)  and 

again all excitations start at t = 0. The above equation relates ports at opposite 

line ends only. 

The characteristic admittance Yo defines a linear system, and again, physical 

reality suggests that this system is causal. Two basic approaches may be followed 

to model its electrical behavior. First, one can try to find a representation as 

lumped network [5., 6.]. There is a multitude of possible realizations of Yo as such 

a network, but it is best to find one in a structured manner. Therefore, one may 

choose to find an approximation to each matrix entry separately and furthermore 

use ladder networks for each of them [12.]. 

Another possible time domain realization of the characteristic admittance can 

be derived in terms of a convolution. The instantaneous port voltages are denoted 

by ui(t) and they are either obtained from the simulation process or they axe deter

mined from ui(t) = vi(t)—ei(t). With yoik(t) being the time domain correspondence 

of the Ik-th.  entry of Yo, the current flowing into the admittance is 

N 

*'(*) = * u'(*) 

(2.33) 

yo ik { t  -  T)ui (r )dT.  

This expression models the characteristic admittance in terms of current sources, 

and together with eq. (2.32) it defines all relevant values of the equivalent circuit. 

N r 

N r 

•u 
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CHAPTER 3 

DECOUPLING OF SYSTEMS WITH BI-DIRECTIONAL DELAY 

The signed propagation along a transmission line is associated with finite delay. 

This is invariably true for any kind of finite-length transmission line, both lossy or 

lossless. The consequences of this physical property for the mathematical descrip

tion of signal transmission and for the simulation methods axe the subject of the 

following chapter. The considerations mostly pertain to those methods in which the 

propagation delay on the line is modeled as such, that is as time lag or "physical 

delay". Methods which only approximate the delay property, for example by using 

a lumped network representation for the line, are of subordinate importance. 

In the first section the concept of delay differential equations will be introduced. 

Afterwards, it is demonstrated how a certain type of systems of these equations can 

be decoupled. In Sections 3.3 and 3.4 decoupling is applied to equations which 

describe circuits containing transmission lines. Further practical applications of the 

decoupling mechanism axe discussed in the remaining part of the chapter. 

3.1 Delay Differential Equations 

Differential equations are encountered most often with the unknown function 

and its derivatives all evaluated at the same time instant, t. A more general class 

of equations may be obtained by allowing several time arguments, each of which is 

shifted by a different amount. A simple example may be given in the form of the 
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following scalar equation: 

®(0 = /(<»*(')>*(* -r)) (3.1) 

If T  >  0 these equations are called "delay differential equations" or "differential 

equations with retarded arguments" [15., 16.]. The number r is generally referred to 

as delay or retardation and will be more precisely specified later. For reasons which 

will soon become apparent, these equations are also called "functional differential 

equations". 

It is known for ordinary differential equations x = f ( t ,x ( t ) )  that an initial 

condition xo = x(to) must be specified in order to determine a unique solution 

x(t). In the case of delay differential equations, it is necessary to define an "initial 

function" <j>o(t) on the "initial set" [tfo — T, to}. A solution to the delay differential 

equation problem is defined to coincide with <f>o(t) on the initial set and to satisfy 

eq. (3.1) for t > to- An actual solution can be found by the method of steps: 

Eq. (3.1) can be expressed as the integral equation 

where r is assumed to be constant and the term with retarded argument is substi

tuted by the initial function. For 5 G [to, t0 + r] the argument s — r of the initial 

function varies in the initial set, and thus the function <f>o can be evaluated. Hence, 

if / is integrable, the solution can now be obtained on the interval £r = [<o?^o + T] 

by simply evaluating eq. (3.2). Then, <j>o is replaced by 4>\ = x(t), t € £r, and 

after appropriately adjusting the integration boundaries, eq. (3.2) is used to obtain 

the solution in the next interval = fao + t, <o + 2r]. Further repetition of this 

procedure yields the solution for any finite t > to provided the indicated integration 

can be carried out. 

<0 
(3.2) 
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The above considerations will now be extended to differential equation systems 

with multiple delays. With x and f being the iV-dimensional vectors of unknown 

functions and right-hand sides, respectively, a general form is given by 

±(t) = F(*,x(*),x(< -  ri),x(t - T2), • • • ,x(< -  T M ) )  (3.3) 

where all Tj are constant. Component functions will be identified by subscripts, and 

the notation ft = dep(:r;,Tj) expresses that ft explicitly depends on the argument 

Xi(t — Tj). Then, ft ^ dep(xa,r^), some a and b, means that ft is independent of 

that argument. Even though dep(xi,0) will be used to refer to the argument au(t), 

this does not define or even permit a delay value of r = 0. 

In eq. (3.3) not every argument x ( t — T j )  is required to be present in a particular 

component function ft, and in further derivations the following definitions will be 

useful: 

i?,• = inf Tj 

where j  €  { j  =  1,2, •  •  • , M  |  f t  = dep(x,-, T j ) , some £} (3.4a) 
0j = SUp T j  

i  

This establishes bounds on the delays Tj on which a particular Xi explicitly depends 

as argument of any component of f. In other words, the shift of the argument of a 

function Xj lies inside [i?i,0j]. It follows that 

•d  = inf Tj 
3 j = 1,2, - • • ,M (3.46) 

0 = SUp T j  

i  

with 

0 < d < 0 (3.4c) 

holds. That is, the delays are bounded from below and above by finite, positive 

numbers. Obviously, and 0j, for any i, have the same bounds. The z-th compo

nent of the vector <j>o{t) of initial functions is denoted <f>io(t) and must be defined 



such that the delay equation problem is correctly posed. Thus, they are given on 

their respective initial set as follows: 

Xi(t)  = (j> i 0( t) ,  t  e  [<o - ©;,*<)]• (3.5) 

This expresses that the length of an initial set associated with a particular initial 

function component depends on the structure of eq. (3.3). As in the scalar case, 

the solut ion is  defined to fulf i l l  eq.  (3.5)  and to sat isfy eq.  (3.3)  for  t  > to.  

For now it will be assumed that there exists a unique solution and then the 

method of steps can be used to find it. Starting with step k = 1 and using the 

initial functions in eq. (3.3) yields 

x(i) = f(*,x(<), <£o( t  -  ri), <i>o( t  - r2), • • •, 0O(< - T M ) ) -  (3.6) 

The goal is to substitute all unknowns with retarded arguments by known functions. 

The function </>o i s  known as long as t  — Tj  < 0, al l  j ,  which is  always t rue for  t  < d.  

For these t, a solution to eq. (3.3), (3.5) may be obtained by solving eq. (3.6). Then, 

new functions <j>i(t) are created using 4>o(t) and the just calculated x(i), such that 

they can be used as substitutions in eq. (3.3), and the procedure is repeated. In the 

fc-th step, this leads to the equation 

x(i) = f(*,x(«), <j> K - i ( t  ~  n) ,  4>k - I (t - r2), • • •, 4>k- I {t - T M ) )  (3.7) 

from which the solution on the interval 

ffctf = [<o + (fe - 1)0, <o + At?]. (3.8) 

can be calculated. As preparation for the following step the component functions 

(f>ki are determined according to 

<j>ik(t)  = Xi(t)  t  G [<0 4- kti  — 0,-, <0 + kd\  (3.9) 
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where x denotes the already obtained solution, possibly including the initial func

tions. Then, k is incremented and the procedure repeated. 

Upon substitution of < j > K - I ( t )  for the unknown functions with arguments t  —  T J  

the delay differential equation problem eqs. (3.3), (3.5) is being transformed into 

an ordinary differential equation. This automatically prescribes an initial value 

x(io) = 4>(to) at the step numbered k = 1. Also, initial conditions arise for all 

subsequent k at the points to + (k — l)i?. This results from the unknown functions 

with retarded arguments being converted to functions of the independent variable 

t. The transformation into an ordinary equation is always possible for the above 

described type of delay differential equation. Then, criteria for the existence and 

uniqueness of a solution can be established by considering the ordinary differential 

equation only. In the general case, a unique solution of eq. (3.7) is guaranteed to 

exist on £kd if f and axe continuous and f satisfies a Lipschitz condition with 

respect to all its arguments, beginning with the second [15.]. 

The differential equation problems for successive k are generally distinct since 

the substituted <j>k-i(t) change with k. A closed-form solution can normally not 

be found for the entire time interval of interest. However, the structure of the 

equation system may still be simplified since a number of unknown functions has 

been eliminated. The right end point of f,•_!,,? and the left end point of are 

identical since both Eire closed sets. This is an inherent property of the solution 

process and ensures that the initial conditions for the ordinary differential equation 

system are correctly specified for each k. 

For systems of the general form eq. (3.3), there is an essential difference between 

the domains of the functions for k = 0 and those for k ^ 0. It was mentioned 

before that the initial functions $a(t) are specified such that the components £,•(< — 

Tj) can be evaluated in the first solution interval £0 for any i and j. Thus, the 



39 

domain of rj>o is H[^o — ©i,<o]- This constitutes that the interval, in general, is of 

different length for each component function. The <£*(<), for any k > 0, are given 

by the solution process in the fc-th step. All components Eire solved simultaneously 

and, thus, in the same time interval. Consequently, the domain of these functions 

consists of equal-sized intervals. 

For each k, these intervals were given as £kd] that is, their length was assumed 

to be equal to d. The question arises, which other lengths d axe valid. The given 

constraint is that the function <j>k-i(t — Tj) must have been determined prior to its 

use in the fc-th step. This requirement implies that, in any case, the argument of 

is smaller than any t £ Since (t — Tj) is the largest for tj = d this is 

equivalent to t — i9 < <o + (k — l)i5 for any k and t in the solution interval. Thus, 

•d < i9, and is the largest possible interval for which a solution at the fc-th step 

can be obtained. However, smaller intervals or intervals with lengths Ik < varying 

with k and > 0, are allowed as long as two succeeding intervals share their end 

points as described above. 

3.2 Decoupling of Equation Systems 

In the previous section, a delay differential equation system of the general form 

eq. (3.3) was considered. Now the discussion will be restricted to a special class of 

systems, and the following definitions will be used to describe them. 

Definitions. The system eq. (3.3) has dimension iV, and the Tj axe constant 

numbers bounded by eq. (3.4): 

(1) A "subsystem 5V' of eq. (3.3) is given by the union of all those variables of 

which any two a?,- and X( satisfy one or both of /,• = dep(x/,0) and ft = dep(x,-,0). 

(2) If Xi E Sp and xt £ S„, where and S„ are distinct subsystems, and if f( = 
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dep(x,-, T j ) ,  then X {  is called "delayed coupling variable" (short: coupling variable) 

between SM and SU. The "shortest coupling delay" between two subsystems is 

d* = inf„ for all coupling variables x„ between these two subsystems. 

(3) The system eq. (3.3) is said to have "bidirectional delay" if it consists of 

at least 2 distinct subsystems and if for any two subsystems S^ ^ 5^+„ a series of 

pairs {Sfi+n, (n = 0, • • •, v — 1) can be found such that each pair is coupled 

by delayed coupling variables. • 

Definition (3) implies that f t  ^  dep(ij,0) and /,• dep(a:*,0), for aand xt  

belonging to two distinct subsystems. Also, it is a somewhat one-sided definition 

because it allows that if ft = dep(a;,-, Tj) then still /,• = dep(x<, Tj) may or may not be 

fulfilled. The case where, for all j, only the first dependency holds is associated with 

coupling occurring in one direction only. In the other direction there is no coupling 

which is conceptually equivalent to infinite delay. However, Tj = oo is excluded 

from consideration in this work. The trivial case when there is no coupling at all 

between two subsystems is also not treated further. 

The following set of equations illustrates the given definitions. 

(  *1(0 A _ (  fi(*>Xi(*),Xi(*-ri),---,Xi(<-TM),X2(<-7-i),---,X2(<-TM))\ 
V *2(*) ) V f2 (*> x 2 (0) X 2 ( <  -  T i ) ,  •  •  •  ,  X 2 ( <  -  T M ) ,  X i ( <  -  T i ) ,  •  •  •  ,  X X ( *  -  T M ) )  /  '  

(3.10) 

This is a system as given in eq. (3.3). It consists of two subsystems which in turn 

are given by the state variable vectors Xi and x2. Both of these vectors serve 

as coupling variables and hence, eq. (3.10) has bidirectional delay. From a more 

physical point of view, this property means that events in one subsystem do not 

affect the other subsystem at the same time point. Rather, mutual influencing takes 

place with some delay. This has favorable consequences for the solution behavior 

which are stated as follows. 



Decoupling Theorem for 2 Subsystems: Given a system of form eq. (3.3), with 

delays eq. (3.4) and initial functions eq. (3.5), which is assumed to have a unique 

solution. If the system consists of two subsystems and has bidirectional delay, then 

the solution of either subsystem on any interval = [^o + (k — l)i9, to + fci9], k > 1 

and •& equal to the shortest coupling delay, can be obtained independently from 

each other. Thus, the subsystems are said to be decoupled on this interval. 

Proof. The situation at k = 1 will be considered together with the case of 

arbitrary k. In eq. (3.10) the unknowns with retarded arguments can be substituted 

by functions, that are assumed to be known. As before, these functions are denoted 

by 4>k-i(t), and the equation system becomes 

/fi(i,xi(<),<£iifc_i(i - ri),- • -  r M ) ,  \  

(3.11) 
( *l(f) _ _ <f>2,k-l( t  ~  Tl), • • • , <i>2,k-l{t  ~  TM) )  

V*2[t )  ) f2(*,X2(<),  ( j>2,k-l( t~ Tl),  • • •  ,  -  TM ) ,  

V <!>l,k-l( t  — Ti),  • •  •  ,  <f>t,k-l( t  — Tm)) 

l i  the 4>k-iCO are given, none of the equations of one subsystem depends on any of 

the unknown variables of the other subsystem. The subsystems can be regarded as 

being transformed into 

Xi = f(f,Xi(i),g(i)) i =1,2 

with some forcing functions g(<). Hence, they can be solved independently and 

are decoupled from each other. For this to be true, the functions 4>k-i must be 

completely specified. The longest time interval where this applies is determined by 

the shortest coupling delay. That the functions <f>k-i are actually available follows 

by induction from k to k + 1: Once the solution at step k is obtained, the 4>k 

are determined according to eq. (3.9). Finally, for the case Ar = 1, the functions 

<l>k-i(t) in eq. (3.11) are the initial functions 4>a(t) and it is ensured that they can 

be evaluated for the solution time interval £# since the problem is correctly posed. 
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The above derivations were made under the assumption that there is one dis

tinct value for the shortest coupling delay i?. As indicated before, this value is 

obtained as minimum over all coupling variables, and no constraints are imposed as 

to whether coupling actually occurs in both directions or what the particular delays 

for either direction are. This broadens the range of physical systems to which the 

theorem can be applied. 

Decoupling also holds for systems which contain more than two subsystems. 

Such systems are described by equations of the form 

The notation {x<(i — T j ) }  indicates a non-empty list of functions X f  evaluated at 

arguments (t — Tj) for £ = 1,2, • • •, L and j = 1,2, • • •, M. The list does not actually 

have to contain each possible function, and the TJ axe bounded by eq. (3.4). If the 

system has bidirectional delay then any subsystem is linked to the remainder of 

the system via coupling variables. These subsystems are decoupled in the following 

sense. 

Decoupling Theorem for L Subsystems: Given a system of the form eq. (3.3), 

with delays eq. (3.4) and initial functions eq. (3.5), which is assumed to have a 

unique solution. If the system consists of L subsystems and has bidirectional delay, 

then the solution of each subsystem on any interval = [<o + (k — l)$,<o + &$]> 

k > 1 and d equal to the shortest coupling delay, can be obtained independently 

from each other. Thus, the subsystems are said to be decoupled on this interval. 

(3.12a) 

where the i-th subsystem is associated with the set of equations given by 

xi(0 = f|(<,Xi(i), {x<(* - 77)}). (3.126) 
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Proof. The proof is similar to the one for 2 subsystems. Here, substitution of 

the known functions <f>k-i(t) at step k yields the equations for the i-th subsystem 

in the form 

Xi(<) = -Ti ),•••,  1(<" Tj)}).  (3.13) 

Again, the unknowns with retarded arguments axe substituted by forcing functions 

which in turn are known within the interval £kd • Hence, the subsystem (3.13) can be 

solved independently of the other systems, and the system eq. (3.12) is decoupled. 

For the next step, functions <j>tk are determined as usual, and at k = 1 the initial 

functions are solely used. Thus, decoupling is proved for any step k. • 

3.3 Lossless Transmission Lines 

In the following two sections, delay differential equation systems describing cir

cuits that contain transmission lines will be derived and their properties discussed. 

Lossless lines are treated first since they allow for a simpler formulation. On lossless 

lines, waves are propagated with well-defined velocities, that is, without distortion. 

This in turn leads to the definition of a simple, yet mathematically exact equivalent 

circuit. Using the single conductor lossless line of Figure 3-la, basic concepts will 

be introduced. 

The nodes of the terminating circuits Si and S2 are numbered from "11" 

through "1 M'N and from "21" through "2M"", respectively, and the entire cir

cuit contains M. = M! + M" nodes. The line is connected to node "11" of circuit 

SI, and to node "21" of circuit S2. The equivalent circuit is given in Figure 3-lb 

[14.]. The characteristic impedance ZQ = Y"0
_1 = Y/L/C is purely resistive and is 

calculated from the transmission line parameters L and C. The voltage sources are 
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tioned circuit. 
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determined by 

ei( t )  =  2 V 2 I ( t  - r) - e2(< - r) 

e2(*) = 2vn(t - r) - ei(< - r). 

The constant number t  = d/y/LC is the propagation delay associated with the line. 

The entire circuit, consisting of the transmission line and the lumped terminating 

circuits, can be described by a differential equation system. Following the nodal 

analysis method, Kirchoff's current law is applied to each of the M nodes in the 

original circuit which yields 

where A is the M. X M. matrix of generally nonlinear capacitances; G is the con

ductance matrix with the same dimension; q is the .M-dimensional vector of the 

current sources belonging to the line equivalent circuit; and p is the M.-dimensional 

vector of remaining nonlinear elements and current sources. In order to show the 

structure of the system eq. (3.14) more clearly, scalars of particular interest are 

written explicitly: 

A(v)^p + Gv(i) + p(v) + q(v) = 0 (3.14) 

/ Y o  \ ( un(<) \ 

0 

Yo 

0 

/-Y0(2v2i(t - T ) - e2(t -  T ) ) \  ( 3 . 1 5 )  
0 

+ 
0 

-y0(2uu(< - r) - ei(t - r)) 
0 

= 0 

\ 0 / 



This is a mathematical description in terms of delay differential equations for a 

circuit which contains transmission lines. The matrices A and G are block-diagonal 

matrices where each block is associated with one of the terminating circuits. The 

symbol YO indicates that the value YQ is added to the entry in the upper-left corner 

in each block matrix. The block matrices are of dimension M! X Ai' and M." X 

M" and the dots in matrix G represent the lumped elements of the terminating 

circuits. The entries of the off-diagonal blocks axe all zero because no devices 

are connected to the corresponding nodes. It is not permitted that the controlled 

sources or devices in p depend on circuit variables of the termination at the opposite 

end. Such a dependency is only permitted for the elements of q. Because these 

exclusively appear with the retarded argument (t — r), the eq. (3.15) is a system 

with bidirectional delay consisting of two subsystems. It was shown that such 

systems can be decoupled. 

In the case of a single-conductor line there is only one modal delay. Thus, the 

solution interval is given by eq. (3.8) with D = T. For this particular case it can 

be seen that in order to solve the subcircuit at one line end for t € [ip, tp + r], some 

tp, the solution of the subcircuit at the other line end for t 6 [tp — r, tp] must be 

available. The solution at the other line end at times outside the indicated interval 

is irrelevant for the current step. 

In order to show decoupling of eq. (3.15), the terms with retarded arguments 

would be substituted by known functions. In physical reality this corresponds to 

converting the controlled sources into independent sources that have their values 

prescribed in time. Then, there is no dependence on the other terminating circuits; 

that is, the circuits axe effectively separated. 

After illustrating that circuits containing single transmission lines can be decou

pled, the multi-conductor case will now be treated (Figure 3-2a). An iV-conductor 



lossless line system is described by the ^-dimensional telegraphist's equations with 

matrices L and C of transmission line parameters. The subcircuit (or subsystem) 

nodes of the near-end termination are labeled by numbers 11 through 1M' where 

the first N nodes 11 through IN are connected to the iV-conductor line. Corre

spondingly, the far-end circuit has nodes 21 through 2A4" of which the first N are 

connected to the other end of the line. The line can be represented by the equiv

alent circuit shown in Figure 3-2b [2.]. An equation system of the form (3.14) is 

formulated to describe the overall circuit. The circuit elements representing the 

characteristic admittance are described by the N x N matrix Yo = C(LC)-1/2. 

Its entries {Y0}tj = Y0ij appear as additive entries in the upper-left N x N-corners 

of both diagonal blocks of matrix G. The components of the voltage source vectors 

ei and consist of delayed voltages of the subcircuits S2 and S\, respectively. For 

reasons of brevity, only one of the source vectors will be treated here. Choosing the 

near end, these voltages may be expressed as 

ei(<) = PD(r)P"1(2v2(<) - e2(<)) (3.16) 

where the diagonalization 

(LC)? = 1 PrP"1 

a 

is assumed to exist. Here, P is the constant eigenvector matrix and r = diag{r,} is 

the diagonal eigenvalue matrix of (LC)1/2. The symbol D(r) denotes the diagonal 

matrix of time translation or time delay operators {D(r)},-; = D(ri). Each pair of 

eigenvalue and eigenvector is associated with one of the modes propagated on the 

line. The expression (3.16) determines which modes a certain line voltage vector is 

composed of. The n-th component of the vector in (3.11), ej„(£), may be written 
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as the linear combination 

N N 

ei „(<) = J2Y1 pnjQji(2v2i(t - T j )  -  e 2 i ( t  -  T j )) (3.17) 
j=1 i=i 

where Pij = {P},j and Qij = {Q}»j = {P_1}ij- Hence, waves incident at any 

line terminal are generally comprised of voltages originating from all nodes of the 

other end, delayed by the different mode delays. The smallest line delay is defined 

to be infj TJ. Expressions similar to (3.17) may be derived for n(t) with which 

vector p(v) can be formulated. This completes formulation of an equation system 

like eq. (3.14) and leads to the following theorem. 

Decoupling Theorem for Circuits Containing Multi- Conductor Lossless Trans

mission Lines: Given a system of N coupled, lossless transmission lines, described 

by parameter matrices C and L, with the LC-product diagonalizable and d is the 

shortest line delay. The lines are terminated by two nonlinear circuits and the 

capacitance matrix of both has an inverse. No devices other than the transmis

sion line are connected between the terminations nor are sources or devices in one 

terminating circuit controlled by variables of the other circuit. Transmission line 

terminal voltages axe specified for some sufficient time t < to. Given these assump

tions, solutions for circuit variables of both terminating networks on any interval 

[<o + (k — l)i9, <o + &$], k > 1, can be obtained independently from each other. Thus, 

the terminating networks are said to be decoupled on this interval. 

Proof. Decoupling was previously proved for a system with bidirectional delay. 

Thus, it must be shown here that the equation system describing the transmission 

line circuit is such a system. 

The previously introduced line equivalent circuit, together with the formulation 

of the circuit equations (3.14) and the described scheme for node numbering is used 
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to formulate the equation system: 

/ A n  A 1 2 \  ,  / G n  G ^ \  f  v x ( t ) \  / p x ( \ ) \  / q i ( v ) \  _  Q  

\ A21 A22/ \ J \G2i G22/ \v2(i) J \P2(v)/ \q2(v)y 

Given the assumption that the line is the only electrical link between the termina

tions, the equation system can be reformulated as: 

= -An-1 (Gnvi(<) + pi(vi) + qi(v)) 
(3-18) 

= —A22-1 (G22V2CO + P2(V2) + q2(v)) 

The vectors qi(v) and q2(v) axe determined by 

/ e l l  \  / ̂ 21 N 

qi(v2) = -Y0 
ei N  

0 
q2(vi) = -Yo &2N 

0 

\ 0 / \ 0 / 

where the values for ei„ and e2„ follow from eq. (3.17). Now, two distinct sub

systems can be identified where each of them depends only on delayed variables of 

the other. Hence, they have the bidirectional delay property. The shortest delay in 

the retarded arguments in the q-vectors is identical to the shortest line delay which 

then defines the longest interval for which decoupling holds. • 

In this section several assumptions have been tacitly made and their range of 

validity will now be discussed. Nodal analysis was used for the formulation of the 

circuit equations. While this method completely describes a lumped network, not 

all of the commonly used circuit elements can be represented directly. Instead, 

auxiliary equations may be necessary to provide the expressions for the current 

through certain elements such as voltage sources. Nevertheless, the method can be 

considered as being representative since such an expression can generally be found 

for all well-behaved circuits. 



No explicit statement has been made with respect to the initial function <j>o(t) .  

If <o defines the beginning of any excitation in the circuit, the initial function can be 

set identical to zero. Nonzero initial conditions physically correspond to a nonzero 

current and/or a voltage distribution along the entire line. In the previous deriva

tions, the line was represented by an equivalent circuit, and the initial functions 

axe then determined by line terminal voltages prior to to- These two concepts of 

specifying initial conditions are compatible with each other since a voltage distribu

tion on the line is assumed to originate from excitation at the line terminals. Such 

excitation functions can be chosen freely on the entire initial set and they do not 

have to satisfy the delay differential equation. While this follows from mathematical 

considerations, it may be neither obvious nor very practical from a physical point 

of view. 

In order to prove decoupling, it was assumed that the capacitance matrices of 

both terminating circuits must be invertible. This was necessary in order to derive 

the delay equation system in the customary explicit form. This may be consid

ered a strong assumption because it excludes many classes of practically important 

circuits. However, decoupling is based on substitution of unknown functions by 

forcing functions, and this concept could be equally applied to implicit equations of 

the form eq. (3.14). 

An extension of the above derivation to a larger number of subcircuits inter

connected by transmission lines is straight-forward. Arranging those components 

of x which belong to a certain subcircuit in subvectors, the matrices A and G will 

again be block-diagonal. As before, coupling between the equations takes place via 

variables with retarded arguments only, which in turn constitutes that the system 

has bidirectional delay. Following previous reasoning, the solution interval length 

would be determined by the smallest mode delay associated with any of the line 
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systems. However, considering a pair of interconnected terminations separately, 

the interval length is determined by the particular interconnecting line and may be 

larger. 

3.4 Lossy Transmission Lines 

For lossy, multi-conductor lines, the assumption of distinct delays does not hold, 

and therefore, a more complicated formulation is required to derive decoupling. The 

following derivations are based on the discussion in Chapter 2 where also most of 

the symbols are defined. The equivalent circuit of Figure 3-2b can be used if the 

time domain symbols ei(t), e2(t) and Yo are substituted by the frequency domain 

symbols Ei E2(w) and Yo(w), respectively. Again, only expressions for one line 

end will be discussed since the expressions for the other end are analogous. The 

current flowing into the line at the near end is formulated in terms of frequency 

domain variables as 

IiH = YoCwXViH - ExM). (3.19) 

The source vector is given by 

Ei = P exp(-7<i)p-1(2E2 - V2) (3.20) 

where from now on the argument u> is omitted and the following diagonalization is 

assumed to be possible: 

r = p7p-1 = (ZY)-* (3.21) 

This again represents a modal decomposition and it is helpful to consider the terms 

related to a single mode. The i-th diagonal entry of exp(—7d) is written as 

exp(—7,d) = exp(—a,d — jfcd) (3.22) 



with a,-, Pi real and generally frequency dependent. This expression describes the 

in f luence  o f  t he  l i ne  on  a  s ing l e  mode .  The  mu l t i p l i c a t i on  o f  a  s igna l  by  exp (— j ( 3%d)  

in the frequency domain corresponds to shifting by Pid/w to the right in the time 

domain. Since both and exp(—jfiid) axe functions of frequency, each sinusoidal 

component of a certain frequency is shifted by a different amount. A signal with 

a continuous spectrum is therefore shifted by a continuum of delays. Generally, 

there will be N different diagonal entries exp(—7,d) into exp(—7d), each associ

ated with a different continuous interval of delays. The left boundary of the z-th 

interval is denoted by rjow, and then a lower bound over all i can be defined as 

d = inf j t]ow . This number i9 is the time that passes from launching a wave into the 

multi-conductor line at one end until the very first component of this wave appears 

at the other end. For any finite line length, d is a finite positive number. While it 

may be difficult to generally determine $, one may derive some i9, with 0 < i? < i? 

from physical reasoning by stating that a signal can never travel faster than at the 

speed of light. Estimations closer to the actual bound j? can sometimes be found in 

practical applications and will be discussed in the next chapter. 

The total delay can now be split into two parts, a constant part t? and a part 

different for each frequency component. This can be incorporated into eq. (3.20) as 

Ei(u>) = P exp (—ad  — j ( / 3d  — wj9))P-1 exp(—ju>tf)(2E2(u;) — V2(w)) (3.23) 

where exp(— jw0 is a diagonal matrix with identical entries. Using inverse Fourier 

transform the corresponding time domain expression is found to be 

e 1 ( i )  =  ̂ - 1 | p e x p ( - a d - *  ( 2 e 2 ( t  - 1 ? )  -  v 2 ( <  -  t ? ) ) .  ( 3 . 2 4 )  

The term {•} will be denoted by {H(w)} where H(u>) can be considered 

as a vector of transfer functions, with each entry representing a causal system. If 



•d does not equal the actual shortest delay, then d must be substituted for i? in the 

above equation and the transfer function contains the time lag d — •&. This time lag 

exists besides the one indicated by the retarded arguments of e2 and V2. However, 

since this time lag is positive, it will not affect the following derivations and will 

therefore be ignored. Based on these remarks the following theorem is stated. 

Decoupling Theorem for Circuits Containing Multi-Conductor Lossy Transmis

sion Lines: Given a system of N coupled, lossy transmission lines, described by 

parameter matrices R, L, G and C, with the propagation matrix F diagonalizable 

and 1? is the shortest line delay as previously discussed. The lines are terminated 

by two nonlinear circuits and the capacitance matrix of both has an inverse. No de

vices other than the transmission line are connected between the terminations, nor 

are sources or devices in one terminating circuit controlled by variables of the other 

circuit. Transmission line terminal voltages are specified for some sufficient time 

t < to. Given these assumptions, solutions for circuit variables of both terminating 

networks on any interval [to + (k — 1 )t9, to + fctf], k > 1, can be obtained indepen

dently from each other. Thus, the terminating networks are said to be decoupled 

on this interval. 

Proof. It only needs to be shown that the system of circuit equations has 

bidirectional delay. The equation system that describes the transmission line circuit 

is identical to eq. (3.18) except that the elements of the line equivalent circuit are 

now determined by convolutional expressions. Also, the characteristic admittance is 

not represented in matrix G but in conjunction with the equivalent circuit voltage 

sources. The combined expressions appear in the vectors qi(v) and q2(v). 

Substituting eqs. (3.23), (3.24) into (3.19) and transforming into the time do



main yields the vector of currents flowing into the near end of the line as 

/  2e 2 i  ( t  -  t?)  -  v 2 i  ( t  -  i?)  \  

qi = Yo( t )  *  v i ( t )  -  T  ^(w)}* 2e 2 N( t  -  t?)  -  v 2 n(<  -  t f )  
0 

\ 0 / 

An analogous expression can be derived for the far end currents q2 and both are 

used to complete formulation of the lossy line version of eq. (3.18). The impulse 

response of the characteristic admittance is convolved with node voltages which 

belong to the same subsystem, and no coupling to the other subsystem occurs. 

The transfer function H(w) represents line attenuation and some portion of the line 

delay, and it follows from the introductory remarks that its impulse response is 

causal. This ensures that it will not cause the convolution results to be shifted to 

the left. On the other hand, the voltages of the opposite line end are shifted to the 

right by virtue of their argument, from which it follows that the convolution results 

as a whole are shifted. Hence, the voltages of the opposite line end are effectively 

delayed which establishes that the system has bidirectional delay. There is only one 

explicit delay argument, (t — i9), from which then the largest solution interval is 

derived. • 

3.5 Decoupling and Waveform Relaxation 

Decoupling was derived for systems with bidirectional delay and it was then 

applied to equation systems which describe circuits with transmission lines. Solv

ing these systems numerically is associated with transforming them into a more 

tractable form. It is reasonable to expect that for many of these numerical methods 

decoupling remains valid after this transformation. Waveform relaxation is such a 



56 

method, and some of its underlying principles are parallel to the ideas which were 

developed above. 

Waveform relaxation is used for transient simulation of broad classes of circuits 

and is based on commonly known integration techniques. These techniques use a 

polynomial series expansion to approximate the solution at a time point. The 

expansion is truncated after a certain term which inevitably introduces an error. 

If the solution is to be meaningful, this truncation error must be controlled. This 

is done by appropriate selection of the time step, which is the distance between 

the already calculated and the still unknown time point. The time step must be 

the smaller the faster a circuit variable changes. In conventional time-marching 

techniques, all variables of the entire circuit are solved with the same time step. 

This is inefficient if the circuit is large and if there is always a fast changing variable 

somewhere in the circuit which forces the time step to be small. 

In waveform relaxation, the circuit is partitioned into subcircuits and each of 

these is solved separately. The interactions between the subcircuits are taken into 

account by iteratively improving the accuracy of the subcircuit waveforms. The 

time step is selected for every subcircuit separately according to the pace at which 

its variables change. Subcircuits with slowly changing variables can be solved with 

a large time step, which reduces the CPU time. Another advantage of the waveform 

relaxation approach arises from the fact that the equation systems of the subcircuits 

are smaller in size than the one of the entire circuit. The solution effort for this 

type of equation systems grows superlinearly with their size and, thus, it is faster 

to solve several small problems instead of one large problem. 

In order to clarify the basic concepts and to define some related terms, a stan

dard waveform relaxation algorithm will be considered [20.]. The equation systems 

describing the circuit are formulated in a manner similar to the one used for con
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ventional time-marching techniques. Formulation of the circuit equations according 

to the basic nodal analysis method yields the A^-dimensional system: 

A(v)^ = f(v,<) (3.25) 

As usual, A is the matrix of capacitances; f is a vector representing all other cir

cuit elements; and v contains the node voltages. This formulation method can be 

extended without conceptual difficulty such that voltage sources and inductances 

are included. It is assumed that the solution is required on the interval [0, T] and 

that initial conditions v(0) = Vo are specified. In the basic algorithm given in 

Table 3-1, the superscript denotes the iteration over the waveforms, and subscripts 

indicate the component of a vector or matrix. In this simplified algorithm, the cir

cuit is partitioned such that each subcircuit contains exactly one node. In reality 

waveform relaxation methods strongly rely on the chosen circuit partitioning and 

several nodes will constitute one subcircuit. The given algorithm is easily extended 

to cover this case also. 

Table 3-1. The basic waveform relaxation algorithm. 

k:= 0 

Guess waveform v°(i) 

do { k := k -f 1 

for i = 1,2, • • •, M { 

solve using initial conditions: 

£ j = i  - A y  ( t > f ,  •  • '  > v ? » v i + i > ' '  • '  v n ~ 1 ) v j  +  

£"=.+1 A i j ( v l  .  •  •  •  »wf .wfc 1 .  •  •  •  .  Wn" 1 )"}" 1  

} 

} until ( ||vfc — v k~ 11| < e )  



In the "for"-loop, one subcircuit is solved at a time. The waveforms of the 

circuit variables of all other subcircuits were determined before. When solving the 

i - t h  subc i r cu i t ,  t h a t  i s  f o r  t he  i - t h  va r i ab l e  w, - ,  t h en  a l l  o the r  va r i ab l e s  ( ve ,  t  ̂ h i )  

are considered given on the entire interval. Certainly, in the &-th iteration, the new 

solution of the i-th subcircuit will affect the waveforms in the other subcircuits, and 

vice versa. Hence, it is necessary to repeat the procedure until all waveforms are 

"compatible" with each other. This is expressed by the convergence criterion in the 

last line of the algorithm. Convergence is often faster if the simulation interval is 

subdivided into smaller interval, called time windows, and the method is applied 

on each of these windows. 

Transmission lines can be represented by an equivalent circuit as shown before. 

Thus, circuits containing one or more such transmission line systems can be put into 

the form eq. (3.25) which implies that they can be solved using the given waveform 

relaxation method. The circuit is partitioned at the transmission lines: First, each 

line system is substituted by its disjoined equivalent circuit. Then, either half of 

these equivalent circuits is lumped with the terminating circuit it is connected to. If 

there is more than one line system then each terminating circuit may be connected 

to more than one equivalent circuit. As a result, the circuit is partitioned into two 

or more subcircuits. 

In the algorithmic description (Table 3-1) it can be seen how the circuit is first 

partitioned and that until after this partitioning the subcircuit equations remain 

in their original form. Afterwards, each of the subcircuit equations is separately 

subjected to some time-marching algorithm. This means that the decomposition of 

the entire circuit into a set of subcircuits was done at the differential equation level. 

Thus, the equations describing the subcircuits constitute a system with bidirectional 

delay as it was given in eq. (3.12). It follows immediately that the subcircuits gener



ated by the waveform relaxation partitioning are decoupled. It can be seen that the 

waveform relaxation algorithm parallels the derivation of the decoupling theorem. 

Decoupling readily implies that iterating over the waveforms is not necessary. Each 

subcircuit is solved once and this yields the correct solution. 

Again, it is necessary to define a maximum interval size for which decoupling 

is valid. It was explained before that the decoupling theorem applies in its original 

form. Consequently, the maximum length of the time window is equal to the shortest 

line delay determined over all line systems. If the size of the time window is 

greater than this value, then decoupling is not valid for this entire interval and 

the waveform iterations have to be performed. Nevertheless, the subcircuits axe 

decoupled for a part of the interval. 

Consideration of this case will lead to an interesting observation. It is assumed 

that the circuit was partitioned as described, that the time window is chosen to 

be [0,2V] with •d < Tw, that is the time window is larger than the decoupling 

interval. As before, the initial conditions and functions are specified correctly. The 

subcircuits are decoupled for the interval £ = [0, i9]. It follows that the solutions for 

all subcircuits obtained in the first waveform iteration (k = 1 in the pseudo code 

Table 3-1) are correct in that interval within the accuracy of the time-marching 

method. Certainly, the waveforms may still be inexact for t > In the next 

iteration (k = 2), all coupling variables are known up to t = i9. Consequently, 

the numerical solutions can now be determined for £20- This scheme is repeated 

throughout the remainder of the interval [0, T]. It can be concluded that the nu

merical solution for the whole interval [0,T] is determined after |"T/i9] iterations. It 

would be accidental if the solution could be obtained in fewer iterations, but it will 

not be more iterations. This is interesting to note since the number of waveform 

iterations can not be determined beforehand for waveform relaxation algorithms 



applied to general circuits. It is somewhat unusual for numerical methods that 

such a finite number of iterations can be given, and it results from the decoupling 

theorem. 

Transmission line simulation was subject of various journal articles published 

during recent years. The following considerations briefly compare the literature 

findings with the results presented here. Above, it was shown that waveform relax

ation applied to the transmission line simulation always converges, provided that 

correct partitioning and windowing is used. Moreover, a finite number of iterations 

k can be specified. This constitutes stronger convergence properties than the ones 

which are known so far [5., 6.]. 

Simulation of transmission lines implies that the mathematical problem is cor

rectly posed. Formulation in terms of delay differential equations clarifies that 

initial functions rather than initial values must be specified for the variables with 

delayed arguments. This was often overlooked in previous works. Instead, functions 

identically zero were implicitly assumed as initial functions. 

Previous work on transmission line simulation by other researchers often de

scribes partitioning as being done "by intuition" using methods similar to the one 

described here. The decoupling theorem may now serve as a theoretical basis for 

the partitioning. This must be observed in conjunction with other published results 

which seem to contradict the proposed partitioning scheme. J. White et al. [20., 

pp. 113] considers an i2C-chain representation of a transmission line. The value 

of the iZ's is small compared to the other resistances in the circuit. This leads to 

tight coupling of the nodes which are connected by the resistances. It follows from 

waveform relaxation theory that these nodes should be lumped together in the par

titioning process. Then, the transmission line together with its terminations would 

form one subcircuit which is a result opposite to what was said above. This con



tradiction is resolved by recognizing that two different models axe used to represent 

the transmission line. The i2C-representation does not lead to a circuit equation 

formulation in terms of delay differential equations. In fact, RC-nets only flatten 

the slopes of signals but do not constitute time delay in the sense used here. Two 

adjacent i?C-cells are tightly coupled and partitioning can not be justified at any 

particular node. Rather, partitioning methods for "normal", lumped circuits must 

ensure that tightly coupled nodes axe always lumped together, in order to avoid 

detrimental effects on the convergence. 

In this section the waveform relaxation algorithm was used as a numerical 

method suitable for application of the decoupling theorem. However, the waveform 

relaxation method applied to systems with bidirectional delay is much simplified 

since it is performed without relaxation part. All that is used is the idea of par

titioning at the differential equation level, and the solution in a certain interval or 

subinterval. Now, many problems such as partitioning, scheduling, and convergence, 

normally associated with waveform relaxation algorithms can be solved in a much 

simplified manner. The partitioning scheme was given above and is easy to apply. 

Scheduling, that is determining in which order the subcircuits are solved during the 

fc-th iteration step, is irrelevant. The subcircuits can be solved in any order since 

they are decoupled from each other. Finally, for the same reason, convergence of 

the waveform iterations does not have to be monitored. 

It is furthermore emphasized that partitioning according to the decoupling 

theorem incurs minimal computational overhead and should always be more efficient 

than solution without partitioning. This results from the fact that the described 

scheme only uses topological information while other partitioning methods may 

require calculations involving the type and value of circuit elements. The main 

reason for the efficiency of the method is that it takes full advantage of the favorable 
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properties of the waveform relaxation method while no waveform iterations need to 

be performed. 

The decoupling theorem holds for systems with bidirectional delay and the 

resulting advantages for the numerical solution are exploited using concepts known 

from waveform relaxation. As shown, this is true for transmission lines where 

no distinction was made between lossy or lossless lines. Based on the fact that 

signals travel with finite velocity, this can be expanded to tapered or any other 

nonuniform line. Moreover, decoupling could be applied to the numerical solution 

of other problems in, for example, electromagnetics, control systems or heat transfer. 

Generally, such problems arise from distributed-parameter systems or systems that 

contain transport processes. Finite delay is established by considering the solution 

at space discrete points only. 

A large gain in computational efficiency is possible by solving each of the result

ing subsystems on a separate processor. The problem decomposition is prescribed 

by the decoupling theorem and can be carried out with small effort. Implementing a 

numerical algorithm as parallel process is often associated with computational over

head, such as the waveform iterations required by the waveform relaxation method. 

No such iterations are necessary if the decoupling theorem is applied, and thus 

computation time should be almost inversely proportional to the number of pro

cessors or subsystems. The amount of data to be communicated between processes 

is rather small since no intermediate but only final results must be passed on. For 

common cases in transmission line simulation, only a few distributed processors are 

necessary, whereas the same simple concepts can be applied to physical problems 

which consist of many subsystems. 
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3.6 Difference Equations and Numerical Integration 

Transient simulation of electrical circuits by numerical means is based on the 

continuous-time equation system being transformed into some discrete-time form. 

These discrete-time relations are difference equations, which may be considered as 

algebraic correspondences to the differential equations. In what follows focus will be 

on the decoupling of such discrete-time systems. These systems may be generated 

by discretization of systems that are already decoupled in their continuous-time 

form. Those are the ones containing transmission lines, for example. Furthermore, 

decoupling may arise from a certain numerical algorithm, or also decoupling may 

be introduced artificially. 

A fc-th order scalar difference equation can be written in the form: 

The notation with a hat indicates that the variables are evaluated at discrete time 

instances. Such equations are also called recursion formulas because the value at the 

new time point is calculated recursively. The solution of this equation is the series 

of values {£(£»)} and it is determined and can be calculated if k initial values are 

specified. This parallels the concepts of delay differential equations and it would be 

possible to consider decoupling of difference equations in a general manner. Instead, 

only some of those cases will be treated here which have practical applications in 

the area of circuit simulations. 

A system of circuit equations may be given in explicit form as x(<) = f(x(/)). 

It can be solved numerically using various methods, one of which is the forward 

Euler algorithm: 

•E(^n) — fc)> ®(^n—fc+1 )> ' ' ' ) ®(^n—1 ))• (3.26) 

x(<„) = 4- (3.27) 



This is called an explicit method since the unknown value x(fn) can be obtained by 

simply evaluating an expression of known values. Eq. (3.27) is a difference equation 

and it also is a discrete-time formulation of the given differential equation. The 

number  h  i s  t he  t ime  s t ep  and  i t  i s  a lways  a s sumed  tha t  h  =  t n  —  t n - 1 ,  wi th  h  

possibly changing with n. If this equation is two-dimensional it can be written 

componentwise as 

The value of x at the new time point t n  is calculated from the values of these vari

ables at the previous time point tn-\ • In terms of delay equations, one can say that 

Xi depends on delayed values of x% only, and vice versa. Then it follows that the two 

equations axe decoupled at this time step; that is, they can be solved, or evaluated, 

independently of each other. Certainly, this is simply a new interpretation of the 

known fact that the method is explicit. 

There are other discretization schemes that do not generate decoupled equa

tions. Applying the backward Euler method to the same differential equation yields 

This is an implicit method, because x\ depends on x2 and ii, evaluated at the 

same time point. This implies that the two equations can not be solved separately. 

Instead, an iterative solver requiring matrix inversion must be employed. Whereas 

the implicit Euler method is computationally more costly when solving at a certain 

time point, it is preferred over the explicit Euler method because the latter one 

generally requires smaller time steps in order to ensure stability. 

In certain applications it is advantageous to use integration methods that com

bine the smaller computational effort of the explicit Euler algorithm with the de

5l(<n) = £l(*n-l) + fc/l0zi(<n-l),£2(*n-l)) 

• ^ 2  ( ^ n )  =  ® 2  ( i n — 1 )  " 1 "  h f 2 ( x \  ( t n — i ) ,  X 2 ( t n — 1 ) )  

(3.28) 

£ i ( * „ )  =  £ i ( * n _ i )  +  h f i ( x i ( t n ) , x 2 ( t n ) )  

£ 2  ( t n )  = X 2 ( t n - \ )  +  h f 2 ( x i ( t n ) , X 2 ( t n ) ) .  

(3.29) 



sirable stability properties of the implicit Euler method. Several such methods 

have been developed and are called semi-implicit methods. One of them, termed 

the Jacobi-semi-implicit method, is a mixture of the forward and backward Euler 

methods and employs the following recursion equations: 

2-1 (^n) = l) "I" h f l ( ,X l ( t n ^ )X2( tn—l ) > )  
(3.30) 

X 2 ( t n )  =  X 2 ( t „ - 1 )  +  h f 2 ( x i ( t n - i ) , X 2 ( t n ) ) .  

This method exhibits better stability behavior than the purely explicit Euler 

method. The solutions are obtained by inverting one equation at a time which 

is much more efficient than inverting the entire equation system as is necessary 

for fully implicit methods. That the equations can be solved separately can again 

be derived by viewing the system in terms of delay equations. The equations are 

mutually dependent via variables with retarded arguments only and are therefore 

decoupled. 

A disadvantage of the explicit as well as the semi-implicit integration methods is 

that they introduce numerical delay [20., pg.43]. This term describes the property of 

a method that it does not instantaneously propagate a change in one of the variables 

X{ through the entire system even if the analytical solution would prescribe that. 

This may be seen in eq. (3.28): If £i takes on a new value at for example 

by external excitation, then this change will not influence x2 (in)5 but only x2 for 

t > ^n+i• This introduces an error in the solution at point tn. However, this error 

vanishes if the numerical delay is matched by real delay caused, for example, by 

transmission lines. 

Suppose a single, lossless transmission line is connected to terminating circuits, 

bo th  o f  wh ich  cons i s t  o f  one  node  on ly .  The  node  vo l t ages  a r e  deno t ed  by  x i  and  x 2  

and the circuit can be represented by the following two-dimensional delay differential 
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equation system 

/i(«i(0»®2(<-T)) 
f 2 {x i ( t -T ) , x 2 ( t ) )  

As always, r is the line delay and it is assumed that r > h  holds. Applying the 

backward Euler formula yields 

By substituting r by f = r — h ,  the implicit recursion equations are converted into 

explicit equations: 

In other words, a part of the line delay is absorbed by the time discretization method 

and results in much reduced computational effort for numerical solution. The above 

conversion from implicit to explicit method is a direct consequence of the decoupling 

theorem, which was this time applied at the difference equation level. 

Being able to treat the implicit equations (3.31) as if they would be explicit 

equations establishes decoupling. This results from the fact that the analytical 

solution of the differential equation system predicts delay and the numerical delay 

of the particular method has no effect on the solution. A prerequisite for this to be 

true is that the numerical delay is smaller than the delay of the analytical solution. 

This equivalence of semi-implicit and implicit method is readily applied to the 

simulation of terminating circuits consisting of more than one node if in eq. (3.31) 

the scalar variables x\, x2, f\ and f2 are considered to be vectors. Then, the 

two sets of unknowns, Xi and X2, are the voltages of the nodes of two subcircuits 

which were found by partitioning at the transmission line. Following eq. (3.31), 

each of these subcircuits is solved using an implicit method, and then the coupling 

x i (<„)  =  i i ( i„ - i )  +  f t / i ( i i (<n) , i 2 (<n  -  T) )  

x 2 { t n )  =  x 2 { t n - i )  +  h f 2 ( x i ( t n  -  r) , x 2 ( t n ) ) .  
(3.31) 

i i ( t n )  -  £i ( t n —i)  +  h f i ( x i ( t n ) , x 2 ( t n - i  -  f ) )  

x 2 ( t n )  =  x 2 ( t n -1 )  +  f t / 2 ( x i (<„_ i  -  f ) , x 2 (*„ ) ) .  
(3.32) 



between them is solved by the semi-implicit method. This, in effect, constitutes 

a modified semi-implicit method which has the stability properties of the purely 

implicit method. 

The procedure can be compared to the waveform relaxation algorithm which 

was given in the previous section. There, only an upper but no lower limit was 

given for the window size as a requirement for subcircuit decoupling. Thus, for the 

borderline case when the window size equals the time step, the waveform relaxation 

method and the semi-implicit method (in eq. (3.31)) axe in effect the same. 

It was shown that the semi-implicit and implicit integration methods are equiv

alent if numerical delay and delay due to a transmission line appear in the same 

variables. From there, a partitioning rule for a modified semi-implicit method was 

derived. This notion can be carried on by investigating if there are other circuit 

elements or configurations that also alleviate the detrimental stability behavior of 

the semi-implicit methods. One example may be the delay that is associated with 

the switching behavior of semiconductor devices. Often, the gate-to-drain delay of 

a MOS transistor is modeled by a simple JSC-cell, and one could use this delay 

element in a way analogous to the transmission line. Certainly, "i2C-delay" does 

not constitute "real" or "physical" propagation delay as it results from transmission 

lines but is rather defined as the time difference between the input and output signal 

reaching a certain fraction of the final voltage value. Therefore, the semi-implicit 

and implicit integration method could be only approximately equivalent, at best. 

But this should not be of further concern since both are only numerical, that is 

inexact methods. The main goal would be to derive partitioning rules based on 

which semi-implicit difference equations would be formulated. 
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CHAPTER 4 

SIMULATION TECHNIQUES 

Efficiency, accuracy and robustness of the transmission line simulation depends 

on the proper selection of a line model as well as on the particular techniques 

which are used to realize it within the simulation process. On the other hand, 

numerical methods are inherently inexact and only approximate the true circuit 

behavior. Suitable simulation techniques aim to minimize the approximation error 

while preserving a reasonable degree of efficiency. The following chapter will focus 

on those techniques which are relevant for describing the transmission line, and 

relationships to standard simulation procedures will be discussed where necessary. 

4.1 Approximation of Transfer Functions 

Transmission line characteristics are given in the frequency domain and the 

transient simulation requires time domain data. Such data can be generated by 

the repeated integration method (Section 2.2) which is based on approximation of 

the frequency domain function by a ratio of polynomials. A suitable approximation 

method is presented in this section. The frequency domain characteristics can also 

be approximated by continued fractions, and their function coefficients are used 

directly to construct ladder networks [12.]. In this case, the standard routines of 

the simulator rather than a dedicated integration algorithm is employed to calculate 

the time domain response. 

An approximation problem for polynomial ratios is formulated as follows: A 



69 

complex function G{w)  is given in table form, that is, as a set of M function values 

Gi  a t  t he  M d i s t i nc t  f r equenc i e s  w j .  The  goa l  i s  t o  de t e rmine  a  func t i on  F(s  =  ju>) ,  

that is the set of polynomial coefficients or parameters, such that it approximates 

G(u>). This process of finding the function F is also called a "curve-fitting" problem. 

The function F is the following ratio of two polynomials 

(1 _ iK)(i _ i O L ) . . .  
F( ju )  =  a 0 -  ^ ^  

= "o¥ (4.1) 

lid - *) 
1 = 1 

n a - j r )  
k = 1  

which uses the poles and zeros rather them polynomial coefficients as unknowns. 

Since the polynomial coefficients are real-valued both, poles and zeros, must be 

either real or pairs of conjugate-complex numbers. For simplicity, the poles and 

zeros are here restricted to be real variables. They are collected in the following 

vector of unknowns: 

X  =  ( z 0 , Z ! , - - -  , Z m , P o , P l , - - -  , P n ) T  

A measure of the quality of the approximation is the difference between the two 

curves at a certain frequency u>/, which is given as the absolute value of a complex 

number: 

e, = |G(wj) -  F( ju i , x )  (4.2) 

The set of e; at all frequencies constitutes vector e: 

T 

Approximation in the least-square sense is carried out by minimizing the sum of the 

squared error criteria. This sum either includes the values at all given frequencies 
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or only those that are considered to be significant: 

(4.3a) 

/=1 
(4.36) 

These error terms are nonlinear due to the presence of squared terms in the denom

inator, and a standard least square-error minimization approach wovdd be unable 

to remove them. Thus, the Levenberg-Marquardt algorithm is used which is a 

method especially designed for the minimization of sums of squares that contain 

nonlinearities [18.]. This algorithm employs the iteration formula 

where e is some real number, the solution vector at the fc-th iteration is xfc and J 

is the Jacobian matrix which has the entries 

where x j  is one of the zeros Z{  or of the poles pk -  The diagonal matrix D is chosen 

to be given by 

In the error criterion (4.2), real and imaginary parts contribute separately to 

e/ at the /-th frequency according to 

(JT(x*)J(xfc) + eD2(xt))xt+1 = — JT(x*)e(x*) (4.4) 

_ de,(x) 
{ U ] ~  dx j  

{D}?i = 

Cj — J?2r + Ei i  

where 

E2r{m)  = (re{G(w,)} - Re{jP(jw,)})2 

E2M) = (lm{G(w/)} - Im{Fiju;,)})2 
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This allows to derive the Jacobian matrix in an explicit form. Differentiation of the 

above terms gives 

«m2)=2(Bs{C(u,)}-Bs{njW.)})lta{-^)} • 

where Xj is defined as above. In this expression the differentiation of the approxi

mating function with respect to zeros Z{ and poles pk yields 

dF( ju i )  j u i  

dzi 2i?(l - 2*1) 

dF( ju i )  j u t  

F( ju i )  (4.5 a)  

F ( ju i ) .  (4.5 b)  
fa 

This scheme is analogously applied to the error criterion E21 for the imaginary parts. 

By using (4.5), the computational effort for the evaluation of the elements of the 

Jacobian matrix is reduced since the costly evaluation of F(ju>) is necessary only 

once for a particular w/ and can be used for all z,-, pk. 

For the method of repeated integrations, it was required that the transfer func

tion represents a stable system, or equivalently, that all poles are in the left half 

plane. This must be ensured by the approximation process. In order to facilitate 

the implementation of these constraints, poles and, consequently, zeros were chosen 

as unknowns of the approximation. The algorithm given so far determines a solu

tion regardless of pole locations. Now, an additional contribution i?2e to the error 

criterion for each unknown pole is introduced that "forces" all poles into the left 

half plane. One possible choice for this additional term is 

E 2 e  =  { C E ' P k  P k >  0  
10 otherwis 0 otherwise 

where C E  is a constant. The formulation of the Jacobian matrix has to be consistent, 

and we add there 

d#2e rCB P k  > 0  
dpk !• 0 otherwise 
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This scheme requires minimal computational effort. It creates a finite error value 

whenever a pole moves into the right half plane during the iteration. In order to 

account for properties of the functions G(u>), the value of CE or even the definition 

of Eic can be adjusted appropriately. 

Before the approximation process is started, the order of the numerator and 

of the denominator must be determined. This choice may be facilitated by an 

inspection of the Bode plot of function G{u>). After the zeros and poles are obtained, 

the solution will be tested for extraneous singularities. During these tests, roots that 

do not have a significant effect on the approximating function, will be removed. A 

singularity is extraneous if either its magnitude is much greater than the highest 

considered signal frequency, or if a zero and a pole cancel each other. Cancellation 

is allowed if the relative distance between zero and pole is less than 5% [17.]. 

Due to the wide frequency range and the high order of the polynomials, round

off' errors and overflow could cause the results to be inaccurate or meaningless. 

Besides using double precision arithmetic, two further steps can be taken to im

prove the numerical properties of the method. First, the frequency variable can 

be normalized by the value Q = ^/wmax wmjn which arranges the frequency samples 

about unity. Thus, results stay inside the numerical range of the computer and 

overflow is avoided. Because of the wide frequency range as well as relatively large 

amount of unknowns, many iterations may be necessary to obtain an acceptable 

solution. A very useful tool to speed up convergence and to avoid numerical errors 

is frequency partitioning. Instead of considering the entire frequency range at a 

time, first-order solutions with polynomials of lower degree are obtained for several 

smaller frequency intervals. Afterwards, the solutions are joined, extraneous singu

larities removed and the iteration process for the entire frequency range is started 

with the remaining roots as initial guess. 



The described method was implemented and its applicability to various prob

lems was demonstrated. In many cases the computational efficiency was acceptable 

and the results of sufficient accuracy. However, the method was found to be sensi

tive to the choice of the degree of the polynomials as well as the frequency intervals 

used in the described partitioning method. Analytical rules which lead to a good se

lection of the mentioned parameters still need to be developed and implementation 

of these rules would improve the robustness of this method. 

4.2 Transformations Between Frequency Domain and Time Domain 

The Fourier Transform is regularly used to relate functions in the time and 

frequency domains. This transformation can be carried out numerically using the 

Fast Fourier Transform (FFT). The FFT is an efficient method to calculate the 

Discrete Fourier Transform (DFT) which in turn is an approximation to the actually 

intended operation, the continuous-time Fourier Transform. 

The DFT maps sampled functions in both domains into each other. The num

ber of samples in both domains is identical and denoted by NT, and the samples axe 

obtained at equally spaced points. Hence, the function samples axe obtained in both 

domains on a limited interval, and the functions axe understood to be periodically 

continued outside these intervals. The intervals on which the sampling is carried 

out are customarily taken as [0, T] in time and \—F, F] in frequency domain. The 

majority of functions which are relevant here is not periodic, and an error will be 

incurred by using the DFT to carry out the transformations. The degree to which 

the DFT resembles the Fourier Transform strongly depends on the choice of Nr, 

T, and F. These numbers will from now on be referred to as transform parameters 

and guidelines for their selection will be given here. 



The sampling theorem states that a time domain function that is band-limited 

to the frequency interval / E [—Fc, -Fc] can be completely recovered from its time 

domain samples obtained at points which are spaced by a sampling period of 

Ac = 1/(2.FC). This implies that this function is also completely determined by 

the frequency domain data obtained by applying the DFT to the time domain sam

ples. Transforming samples that were obtained with a wider time sampling period 

A0 > Ac gives different frequency domain results. The sampling period A„ corre

sponds to a frequency interval [—.Fa, ,Fa], Fa < Fc; that is, the values beyond Fa are 

not correctly represented. It then follows from periodicity in the frequency domain 

that the frequency samples near the interval boundaries are elevated above their 

"normal" values. This effect is called frequency domain aliasing because values that 

are not represented in one periodicity interval appear or are "aliased" in the adja

cent interval and are added to the values there. Analogously, time domain aliasing 

occurs when the frequency sampling period is too large. This leads to a time pe

riodicity interval that is shorter than the actual function and results in incorrect 

data at the time interval boundaries. 

A proper choice of the transform parameters can avoid aliasing if the function 

has finite frequency content and finite duration. This assumption on the function 

often does not hold, or if it holds it may still be difficult to determine the mentioned 

parameters. These difficulties partly arise from the particular nature of the consid

ered functions. For example, the exponential wave propagation function eq. (2.29) 

is generally neither frequency nor time limited. In the time domain, this function is 

equal to zero up to the point that corresponds to the line delay. There, the signal 

rises to a sharp impulse and then decays slowly to zero. As the losses increase, 

the distortion effects intensify which causes a flatter decay after the initial impulse. 

This, in turn results in longer duration of the time function and it is more difficult 



to estimate a good value for T. The situation is different for the Green's functions 

which were introduced in Section 2.3. These time domain functions contain a series 

of impulses which are due to the multiple reflections. As before, lower losses reduce 

distortion, the impulses become sharper and decay faster. At the same time an op

posite effect occurs in that the line attenuation decreases and more reflections axe 

significant. In order to minimize aliasing in this case, the absolute values of samples 

must be monitored over an interval spanning more than two line delay times. 

Using the DFT is associated with truncation of the functions in both domains 

and thus, is accompanied by the Gibbs phenomenon. The truncation can be re

garded as multiplication by a "window function" of rectangular shape and value 

1, which corresponds to convolution with the sinc-function in the transformed do

main. This convolution introduces oscillations on the function which are the more 

pronounced the faster the transformed function changes. A discontinuity, such as 

at t = 0 of the sgn-function, is associated with significant over- and undershoot 

in an interval surrounding it. These oscillations occur because the frequency con

tent is limited, but sinusoidal components with frequencies up to infinity would be 

necessary to represent the function. The same effect appears in transmission line 

response functions in that oscillations occur in the vicinity of each impulse. Ad

justing the transform parameters is not sufficient to eliminate the oscillations, but 

instead, filtering must be used which will be described in Section 4.5. 

4.3 Calculation of Propagation, Green's and Admittance Functions 

In Chapter 2. various transmission line models were introduced. One of these 

models is characterized by so-called Green's functions (eqs. (2.25)), and another 

model has a description in terms of the exponential wave propagation function 



(eq. (2.29)) and the characteristic admittance (eq. (2.10)). They are regarded as 

transfer functions and are distinguished by the terms "mutual functions" and "self 

functions". The former relate variables at opposite line ends, and certain Green's 

functions as well as the propagation functions belong to this group. These functions 

represent line delay, that is the corresponding impulse responses axe equal to zero 

up to the delay time. The characteristic admittances and the remaining Green's 

functions constitute the group of self functions which express relationships between 

variables at the same line end. 

The transfer functions characterize the model and are calculated from the trans

mission line parameters. These parameters are frequency-dependent and they are 

normally available only at a small set of frequencies. The transfer functions are 

required at a large number of equally spaced points which are prescribed by the 

FFT and therefore, the transmission line parameters must be interpolated at all 

these points. It can often be expected that the L, G and C parameters are weak 

functions of frequency and linear interpolation suffices. The R paramters may be 

strongly frequency-dependent, in which case an interpolating polynomial of higher 

order should be employed. Furthermore, it must be ensured that the mutual resis

tance parameters {R},j —> 0, (z ^ j) as / —» 0, in order to force correct behavior 

for .DC-signals. 

The transformation exploits the fact that the relevant time domain functions 

are real. Thus, the transfer function satisfies G{—u) = G*(u>), where * denotes the 

conjugate complex. Effectively, this means that the function G(u) is completely 

determined by its values for either positive or negative frequencies and only those 

need to be calculated. Furthermore, the number of samples is halved which reduces 

the computational effort for carrying out the FFT. 

The grid or sampling points on which the transfer functions is to be calculated 
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is determined by a set of transform parameters. The same parameters define the 

time domain grid and thus, the time points at which the line response functions 

will be available during the transient simulation. The interval lengths and sampling 

periods in both domains are related by 

At = db N r A t = T t  

1  N T  a  „  

where [ — F T ,  F T ]  and [0, T T ]  are the intervals in the time and frequency domains, 

respectively, and At and Aj are the sampling periods for the time and frequency 

values, respectively; as before, NT is the number of samples in both domains; and 

FT is called the fundamental frequency. The selection of these parameters depends 

on the particular functions which are transformed. For each of these parameters, 

certain constraints are imposed and the best choice may be a compromise value. 

Guidelines for a good selection will be given here for the inverse transform of transfer 

functions. 

The number of samples N T  is first determined. Due to the FFT algorithm this 

number must be a power of two and thus, there are only a few reasonable values 

to choose from. Numerical experiments show that values in the range from 512 up 

to 4096 yield satisfactory results. Choosing a value of less than 512 often reduces 

the accuracy whereas too many samples require high computational effort without 

improving the accuracy significantly. 

The time interval length T T  must be chosen such that time domain aliasing is 

avoided or at least reduced to an acceptable level. As described, the actual length 

of the response function is difficult to determine but is normally one to three orders 

of magnitude larger than the line delay. A better estimate can be obtained using 

the actual transmission line parameters but should be verified with the impulse 
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function samples. For mutual functions this can be carried out by testing if the 

samples for times smaller than the line delay deviate from the correct zero value. 

Another important parameter is the length of the frequency interval F T  or, 

equivalently the time domain sampling period At. Normally, this sampling period 

does not have to be smaller than the smallest time step used by the simulation algo

rithm. A second constraint is that the line delay must be sufficiently good resolved. 

This is achieved by choosing the length of approximately fifteen sampling periods 

equal to the line delay time. Another estimate is derived from the requirement that 

those sinusoidal components of a typical signal which carry significant energy must 

be represented in the spectrum. A "typical" signal of a digital electronic circuit 

is the pulse train given by the processor clock. With the pulse frequency being 

fp, a good representation is obtained by components with frequencies up to 10/p. 

Crosstalk effects occur due to the time derivative of the signal and extend to higher 

frequencies. If these crosstalk effects are significant, frequencies up to 20fp must 

be considered. Finally, one more approximate rule can be applied to a step func

tion with finite rise time tr. Here, the frequency interval boundary is considered 

sufficiently high for FT > K/(Trtr), with K = 3 approximately. 

The choice of the transform parameters determines the necessary computa

tional effort. For each of the NT samples, a set of transfer functions must be 

calculated. This requires the calculation of the associated eigensystem which is a 

computationally costly procedure. Also, the CPU time spent on the FFT increases 

for growing sample number. In the subsequent simulation, a set of convolutions 

must be carried out at each simulation time point. The time step is limited by At 

in order to ensure accuracy, and this directly determines the minimum number of 

time steps necessary to cover the simulation time interval. Thus, the choice of A* 

strongly influences the computation time spent on the transient simulation part. 
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4.4 Methods for Time Domain Convolution 

The transfer functions that describe the transmission line models are inverse 

Fourier transformed as described above. This yields the impulse responses which 

characterize the time domain behavior of the line. The transient simulation is 

performed by solving the circuit equations associated with a certain time point. 

The formulation of these equations is based on entries from all circuit elements. 

The entries associated with the transmission line are generated by convolving the 

impulse responses with the instantaneous values of the circuit variables. 

The continuous-time convolution is given by the integral expression 

where g( t ) is the impulse response; v ( t )  is some circuit variable; and j ( t )  is the line 

response. In the Green's function model v(t) describes a line terminal voltage, and 

the current flowing into the line is defined by j(t). Using the wave propagation 

function, g(t) represents the impulse responses of either the characteristic admit

tance or the line model voltage sources. The type of input and output variables 

follows accordingly. In all cases the impulse responses will be considered as being 

causal. 

The simulation process delivers the values v ( t ) at discrete and unevenly spaced 

time points. The g(t) are obtained by inverse FFT from G(u>) and are also available 

at discrete points only. Consequently, evaluation of the continuous-time convolution 

integral is neither possible nor necessary. Instead the integral is approximated by 

the following discrete-time formulation: 

(4.6) 

k  
(4.7) 

1=0 
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The bracket notation indicates discretization in time; [&] denotes the fc-th value of 

the series; and [k] is equivalent to (kS), where S is the sampling period or width of 

the equally spaced "convolution grid". 

During the transient simulation, the solution of the circuit at a certain time 

point tn is calculated. The time step hn = in+i — t„ is determined such that the 

numerical error due to the integration algorithm does not exceed a given limit. This 

error depends on the instantaneous simulation results and, therefore, hn changes 

with n. It follows that the time step and the FFT sampling period axe different, and 

either the line impulse response g(t) or the circuit variable v(t) must be interpolated 

before the convolution can be carried out. 

A proper design of the interpolation scheme is crucial for obtaining correct 

results from the convolution, and hence simulation. The impulse response function 

g(t) generally contains sharp impulses. Using transform parameters as they were 

discussed above, these impulses are represented by only one or a few samples. The 

convolution results would be very inaccurate if even one of these "impulse samples" 

would be left out when the discrete-time form eq. (4.7) is evaluated. Also, it was 

explained before that the impulse responses contain considerable oscillations. These 

oscillations are represented by samples which are either higher or lower than the 

correct mean value, and they must both contribute to the convolution in an equal 

manner in order to avoid large errors. 

It follows that the convolution grid sampling period 6 should be chosen equal 

to the FFT sampling period At, that is 6 — At. Also, the time origin of g\n\ rather 

than the one of u[n] is set to match the time point t„ in eq. (4.7). Consequently, 

u[i] = v(iS) is obtained by interpolation from the circuit variables v(t) in order to 

ma tch  t he  p re sc r ibed  g r id ,  whe re  l i nea r  i n t e rpo l a t i on  i s  su f f i c i en t  a s  l ong  a s  6  <  h„ .  

The evaluation of the convolution eq. (4.7) is different depending on the type 
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of the impulse response g( t ) .  If it is a mutual function then the coefficient g[0] is 

equa l  to  ze ro  because  th i s  func t ion  represen t s  nonzero  de lay .  In  the  case  tha t  g( t )  

is a self function, then it will generally have a nonzero coefficient </[0] ^ 0, and this 

coefficient is to be multiplied by u[fc]. This value, in turn, is the currently sought 

solution of the circuit. Thus, <?[()] is treated as if it were a circuit element and as 

such, it is entered as a conductance into the circuit equations. 

4.5 The Three-Point Averaging Scheme 

It was explained that the oscillations on the line impulse responses g[n] axe 

due to the Gibbs phenomenon, which results from the truncation of the frequency 

interval. The truncation is necessary because the FFT is employed and this is the 

reason why the oscillations can not be completely avoided. If the "noisy" function 

g[n\ is used to calculate the convolution, an error in the simulation results will be 

generated due to the oscillations. While this error may often be small, problems 

arise when the convolution result j [&] is used in the transient simulation. Numerical 

experiments have shown that the error in the simulation that originates from a noisy 

j[k] grows as time proceeds. This rendered the results very inaccurate, and in the 

worst cases the simulation process became unstable. 

The error in the convolution results normally remains small because the oppo

site oscillation amplitudes in successive samples almost cancel each other. The error 

growth in the simulation is believed to be due to the following process: At a given 

time point, the convolution generates an erroneous value which is introduced into 

the simulated circuit. This is answered by the simulator with simulation results, 

which are consistent for the circuit, yet based on the incorrect values originating 

from the line. At the next time point, the transmission line will receive this in
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correct value, interpret it as an extra excitation and generate a response with even 

larger error. 

In order to simulate accurately, it is necessary to reduce the oscillations on the 

impulse responses. Since the transfer functions for most practical applications decay 

very slowly with frequency, simply extending the frequency interval does not yield 

the necessary result. Filtering with a suitable function was found to be much more 

efficient and will be described here. The selection of the particular filter is motivated 

by its corresponding time domain operation and will therefore be introduced first. 

The filter is based on the observation that the oscillations about the impulses 

are such that adjacent samples are the opposite extrema of the oscillations. 

Therefore, it can be expected that averaging each value over a small interval would 

almost cancel these oscillations. Several schemes are possible and the following 

was found to be very effective in practical applications. Suppose that fir[n], n = 

0,1, • • •, NT — 1 is generated by inverse FFT. Then, the new, less noisy value #[&] 

is given by the weighted average 

g[k]  =  ̂ g[k -  1] +  ̂ g[k]  + p[k + 1] k  = 0,1, • • • ,NT  -  1 (4.8) 

and will be called "three-point fit". Using the FFT implies that is periodic and 

in  tha t  sense  a l l  a rguments  k  must  be  thought  o f  a s  be ing  equa l  to  (k  modulo  NT ) -

Hence, the values <?[— 1] = g[N — 1] and g[AV| = gr[0] are available for evaluation of 

eq. (4.8). In Figure 4-1 the effect of the three-point fit on a single impulse as well as 

on a short interval of oscillations is displayed. It can be seen in Figure a) that the 

averaging scheme reduces the impulse height and broadens its width. Both effects 

become weaker if more than one sample is used to represent the pulse. 

The impulse response ^[n] on which the averaging formula is applied, is not 

directly involved into the circuit simulation process. Instead, it is used to calculate 
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g[k] 

0 Original Function 

•""X—• 3-Point-Fitted Function 

g[k] 

X-* 

a) b) 

Figure 4-1. Impact of three-point fit on a function, a) Filtering of a single pulse, 
b) Filtering of typical oscillations. 

the response function j  [n] which serves as excitation of the terminating circuit. It is 

therefore important to determine what effect the proposed three-point fit has on the 

convolution result j[n] rather than on the impulse response g\n]. Using the fitted 

g[k] in the convolution eq. (4.7) yields 

i=0 

k k k 
= ~ - *\ + \ - *] + 7 + lM* - *]• 

i=0 «=0 1=0 

In order to express these sums as convolutions in customary notation, the index sub

stitutions i = / +1 and i = I — 1 are applied to the first and third sum, respectively, 

which yields 

,  * - i  .  k  1  k + i  

j[*] = 7 S +ll29^v^k + 1^~1^ 
l = - i  »=o i= i  



Finally, the sum indices are adjusted, which results in: 

, A-i , k  fc+i 

' w = J E fll-P -!) -1 + 5 E fl'M*-'1 + zE »[«"[(» +1) -1 
1=0 z  i=o * /=o (4.9) 

+ |(»[-iMt])-i(j[0Mt + i]) 

The values g[—1] and g[0] are samples of the inverse FFT. Even if the transform 

interval length Ty is smaller then the actual duration of the impulse response, the 

samples extending into the adjacent intervals will be very small; thus, enforcing 

g[—1] = g[N — 1] = 0 is possible. Also, for mutual functions g[0] = 0 always holds 

because the first few values of the impulse response are zero. Hence, with these 

assumptions the convolution (4.9) becomes 

j [k]  =  ij [k  -  1] + ̂ j[k]  +  ̂ j [k  + 1]. (4.10) 

This means that if the function g[r i \  is subjected to the three-point fit and afterwards 

convolved with any function u[n], then the result is the original convolution, which 

was also subjected to the three-point fit. If the three-point fit of #[&] was acceptable, 

then fitting the convolution may be considered a valid procedure. 

The averaging scheme smooths a function by adjusting those values that stand 

out of the main course of this function and by distributing the excess value among 

the neighboring samples. This effect of redistribution becomes the smaller the 

finer the grid spacing is because the difference in absolute value between adjacent 

samples decreases. Thus, in some sense, the three-point fit simply alleviates the 

detrimental consequences of too widely spaced grids. The averaging scheme was 

applied to g[n], but only the effects on the convolution results j[n] are significant 

for the simulation. These j[n\ are equal or closely related to circuit variables that, 

based on physical reality, normally do not contain oscillations like the ones described 

before. These circuit variables are comparably smooth functions, and that is why 
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it can be expected that the error in the simulation results due to the fit is rather 

small. 

In order to quantify this reasoning, the error incurred by the averaging will now 

be considered in detail. Comparing the exact (still time-discrete) and the averaged 

convolution results yields 

11 1 (4-11) 
=  ̂ [ k ] - = i j [ k - l ] - ± j [ k  +  1]. 

It is assumed that j ( t ) is twice differentiate, and that these derivatives are also 

available in sampled form, that is 

;(")[&] = j»(fc6) = -'P& v = 1,2 
J  1  J  J  v  '  dt"  t=ks  

and primes rather than dots will be used to denote low-order derivatives. The 

Taylor series about some value t° can be used to (accurately) represent the function 

j  a t  a  cer ta in  t  

m=Kt°)+At 'x t  - i°)+- t ° f  

where £ G [i°, i] if t  >  t°  or £ 6 if i < t ° .  This is valid for any choice of t  

and t °  and one can freely select that t  and t °  coincide with adjacent points on the 

convolu t ion  g r id .  Then ,  t  —1°  = 6  and  the  func t ion  can  be  expanded  about  t °  =  kS .  

Using this, the three-point fit error eq. (4.11) can be accurately expressed in terms 

of a Taylor expansion about the same point as 

^ - j(j[«0+;W+ ij"(C+)«2) 

where (_ G [(A: — 1)6, kS]  and (+ £ [&6, (k  + 1)6]. Assuming that j " ( t )  is slowly 

changing  on  the  smal l  in te rva l  [ (k  — 1 )6 , (k  +  1)6] ,  t he  approx imat ion  j " (C+)  =  
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«  j"[k]  =  j" ( t ° ) is reasonable and finally 

^3  =  ~\ j "[k}6 2  (4 -12)  

Thus, the error due to application of the three-point fit depends on the second and 

higher order derivatives of the function only. In other words, if the second derivative 

is identically zero then the error vanishes. This corresponds to the case when the 

function is a straight line. That such functions axe left unaltered could already be 

expected based on the structure of the averaging formula. 

The error €3 is proportional to the second derivative of j  ( t )  as well as to the 

square of 6. It was stated earlier that the convolution grid period 6 and the time 

domain  sampl ing  per iod  A< of  the  FFT are  normal ly  chosen  to  be  equa l ,  8  =  A t .  

The value of At is related to the simulation time interval TT and is often two to 

th ree  o rders  o f  magni tude  smal le r  than  TT •  Fur thermore ,  in  mos t  p rac t i ca l  cases  TT  

is of the same magnitude as the simulation time interval and then it can be assumed 

that 6 = At < h„. This allows a comparison of €3 with the local truncation error ex 

of the various numerical procedures used for the integration of the circuit equations. 

For the implicit Euler and the trapezoidal method these errors are 

CLEul = 

CLTrap = -^(3)(C)^n 

with (  G [*n,<n+i] and x  being the considered circuit variable. Simulator programs 

ensure that at each tn a prescribed value for the truncation error is not exceeded. 

If the Euler method is used for integration and under the given assumptions for 

£+ and that 6 < hn one can state that 

|e3| < 0.5|ei,Eul|-
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Hence, it is shown that the error due to the three-point fit is smaller than the 

truncation error, provided that j in (4.12) is one of the circuit variables monitored 

by the simulator error control mechanism. If j is not an immediate circuit variable, 

then it is linked to one via a well-behaved algebraic or differential relationship, 

and it can still be expected that 63 and ez,Eul are of the same order of magnitude. 

Since the truncation error is kept at a level that the user tolerates, it can readily 

be asserted that the three-point fit error is acceptable. Furthermore, an analogous 

statement can be made for the more widely used trapezoidal method if the often 

made assumption holds that x^ is of the same order of magnitude as x^ [24.]. 

Having shown that three-point fitting is both very useful and sufficiently ac

curate, the corresponding frequency domain operation will now be derived. If -X"[n] 

in the frequency domain corresponds to z[&] in the time domain, then time shift is 

represented by 

x[k  -1}  <S> exp{ - j ^^ - )X[n) .  

Hence, transforming the averaging formula (4.8) into the frequency domain yields 

<?N = ^G[n](2 + exp(-i^) + exp(j^)) 

= ^G[n](2 + 2cos(27r-^)) 

This is the Hanning window function, which is commonly applied to time-domain 

windowing in the area of digital signal processing. Although the forward transform 

is used there and the inverse transform is of interest here, the favorable behavior in 

reducing the detrimental effects of domain truncation is known and applies in this 

con tex t .  Ye t ,  the  Hanning  window does  change  the  f requency  domain  func t ion  G[n]  

considerably across almost the entire frequency range. Thus, it may be surprising 

that the three-point fit represents the function #[&] as closely as it was derived above. 

An explanation is given in that the convolution grid is small enough to correctly 
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resolve a circuit variable. The effects of impulse lowering and widening then have 

only a small impact. 

4.6 Transmission Line Delay Split-Off 

Mutual functions relate variables of opposite line ends to each other and they 

exhibit line delay; that is, the impulse response is zero in some interval [0, r]. This 

causes the convolution of such a function with any other causal function to be zero 

in the same interval. When calculating this convolution in the time domain, this 

fact may be exploited by omitting the calculation of the convolution as long as 

Suppose G{U J )  = |G(w)| exp( j<j>)  is a mutual transfer function and g( t )  is its 

time domain correspondence, where g(t) = 0 for t < r. Then, the following corre

spondence 

is valid, and g( t  + r) is still a causal function. With this, the commonly used 

In other words, computational effort during convolution can be saved by splitting 

off the delay from the frequency domain function. In order to be able to exploit this 

feature, the value of r must be determined. It is essential to note that r is generally 

frequency dependent, which causes distortion of the impulse response. Also, in the 

multi-line case, each of the mutual functions will contain contributions of all modes 

with generally different delays, and closed-form expressions for these delays can not 

be derived. 

t  <  T .  

G(u)  =  |G(w)| exp ( j (<f> + rw)) <=> g( t )  =  g( t  + r) 

convolution j ( t )  =  f*  g[ t  — r} )v{r} )dr}  becomes 

if 0 < t  <  T  
i f  t  >  T .  
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The value of r must be selected small enough such that h( t ) is ensured to be still 

a causal function. This is necessary in order to obtain meaningful results from the 

inverse FFT. In other words, r must not be smaller than the smallest delay on the 

line. A method is proposed here that is based on the single line delays, disregarding 

coupling effects. For single, lossy lines with transmission line parameters which are 

well-behaved functions of frequency, it can be shown that its unit delay approaches 

the corresponding lossless line unit delay as the frequency goes to +00. Thus, the 

value dy/Lii(u)Cii(u>) obtained at the highest frequency of interest is taken as the 

smallest line delay of the i-th line. The smallest value of all of the considered single 

lines is then assumed to be close to the smallest delay of the entire system. The 

correct value can be even smaller due to coupling effects and thus, a safety factor 

of 0.7 • • • 0.9 should be applied to the obtained value. 

4.7 Computation of the DC Operating Point 

Prior to starting the actual transient simulation, the DC operating point of 

the circuit must be calculated for the simulation time point to. This essentially 

establishes the state in which the circuit is as a consequence of the specified initial 

condition or conditions. Such conditions are given as fixed values for some circuit 

variables, and the DC analysis computes the values of all remaining ones. 

For the case of circuits which contain transmission lines, it is not enough to 

simply give initial values. Instead, initial functions which are defined on an initial 

set must be specified, as was discussed in Chapter 3. It was explained therein 

why such functions are necessary to determine a unique solution. However, a DC 

operating point is characterized by the fact that the circuit is in steady state. The 

discussed initial function will then be constant and it can be represented by a single 
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value. 

The calculation of the DC solution of a circuit without lines is accomplished in 

the following way: All capacitors and inductors are substituted by open and short 

circuits, respectively, and all sources take on their DC values. The circuit variables 

are calculated and stored. The transient simulation is started and at t = 0 the 

reactive elements are given such that they store the energy which corresponds to 

the initial conditions. 

If the circuit contains lossless transmission lines, the calculation of the DC 

operating point again requires that all circuit elements are represented by their 

DC equivalent. The lossless lines are simply substituted by short circuits, and 

there is no coupling between the lines. For each of these short circuits a node 

voltage and branch current is determined. At the beginning of the subsequent 

transient simulation, these DC values are used as the values of the voltage and 

current distribution of the line. This distribution is uniform over the line length 

and there is some delay until it affects the terminal voltage and current at either end. 

In other words, the DC terminal values must be superposed on the instantaneous 

values for some finite future time interval (equal to the related modal line delay). 

Lumped, reactive elements are conceptually different in that their history for t < 0 

can be summarized in a single value which is superposed at one time instant t = 0. 

For lossy lines further complications arise. First, the DC equivalent circuit must 

represent the distributed R and G losses. Thus, the line will have a nonuniform 

DC voltage and current distribution and, consequently, the voltage and current 

terminal values at one end will differ from the corresponding values at the other 

end. Furthermore, the function which determines the effect of voltage and current 

valid at a line point onto the terminal values is more complicated than in the lossless 

case. Its use would require extensive calculations for why a more efficient method 



91 

will be employed. 

A simplified DC equivalent circuit for a coupled lossy line can be derived based 

on the following observations. For many types of practical transmission lines the 

losses G due to conductance in the dielectric are very small and can be neglected. 

The off-diagonal elements in the ii-matrix represent losses due to currents that are 

induced by coupled magnetic fields. For the DC case, no such induction takes place. 

Hence, there axe no il-losses caused by currents flowing in another conductor, and 

the off-diagonal entries in R should be zero. Consequently, the lossy line system 

can be approximated for the DC case by simply substituting each line i by a resistor 

of  va lue  {R}; ;  •  d .  

For the transient analysis the transmission line is represented by its equivalent 

circuit. The instantaneous values of the equivalent circuit elements axe considered as 

the response of certain linear systems and are computed as convolutions of system 

input and system impulse response. The superposition principle holds for linear 

systems, and thus, input as well as response can be decomposed into separate parts: 

•7(0 = .?'(*) + JDC = h(t) * v(<) + h(t) * UDC 
(4.13) 

= h( t )  *  v ( t )  

Here, v( t )  and j ( t )  denote the total instantaneous values of input and response, 

respectively. These values are composed of a constant DC-part (UDC and joe = 

h(t) * udc) and a time-dependent part (v(t) and j(t) = h(t) * v(t)). Based on 

this observation, a procedure for the DC analysis is developed as follows: The DC 

operating point analysis yields voltages and currents at all line terminals. The 

voltages are stored as system inputs UDC and the currents are identified as the 

systems responses joe- The subsequent transient simulation yields, at a certain 

discrete time point, the input value u[z] that drives the line. The DC value VQC is 

subtracted and only the time-dependent value v(t) is fed into the convolution. Its 
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response together with the known DC response constitutes the total transmission 

line response. 

This can be written more formally as: 

I[&] = JDC + h [ k ]  *  U[&] (4.14a) 

= JDC + M&] * (V[K] ~ "DC) (4.146) 

Using the above formula presupposes that the second expression in eq. (4.14b) can 

actually be evaluated. This is not the case if the system represents a self-function, 

such as the characteristic admittance. In this case, h(t) = yo(t), the convolution 

requires that the impulse response value j/o [0] is multiplied by the current transient 

simulation result u[fc]. And this can only be accomplished if yo[0] is entered into 

the transient simulator as a circuit element, as was described in Section 4.4. The 

transmission line response must then be calculated from the following expression: 

k-1  
j[&] = J'dc + yo [oM&] + yolk 

-

(4-15) 

= JDC + yo[0Mfc] - ?/O[0]I>DC + ̂  yo  [& -  «>[«]  
i=0 

The term JDC — 2/O[0]VDC is precalculated and the expressions in eq. (4.15) can be 

evaluated without difficulty. 

4.8 Windowing in the Time Domain 

Application of the decoupling theorem implies that the simulation time interval 

is subdivided into several smaller intervals, called windows, and the circuit is solved 

in each of the windows separately. For the waveform relaxation it was shown that 

the convergence properties are improved if time windows are used. This holds even 



if the window size is not chosen according to the decoupling theorem. On the other 

hand, convolutions are used to calculate the line response and they often require 

simulation data from all previous time points, that is from many previous windows. 

Thus, when windowing is to be used, various properties of the convolution have to 

be observed [13.]. 

The discrete-time convolution of the impulse response g[n \  with input sequence 

v[n\ resulting in the output sequence j[n] will be treated here. First, it is assumed 

that only the input sequence u[n] is subdivided into windows of length Nw, and 

that the length Ng of g[n] is smaller than or at most equal to the window length 

Nw• The output sequence will then be of length (Ng + Nw — 1), and thus, the 

input applied in window v causes output which begins in window v and extends 

into the following window v + 1. Consequently, the outputs due to inputs in two 

windows overlap in one window and need to be summed up. This scheme is used 

to perform block convolution and is commonly called overlap-save method [25.]. 

If multiplication in the frequency domain is used to evaluate the convolution, 

the time interval must be chosen appropriately. A frequency domain function (?[&] 

obtained by FFT-transforming the time domain function g[n] (where ^[n] = 0 for 

n  < 0  and  n  > NT )  ac tua l ly  represen t s  the  per iod ic  func t ion  ^ [ (n  modulo  NT ) ] -

If this function is convolved with a periodic function u[n] of same length NT then 

samples of the adjacent intervals, v[n < 0] and v[n > NT — 1], will contribute to 

the convolution and the results are not as intended. This problem arises if both, 

operands and the result of the convolution were FFT-transformed using the same 

time interval length. 

The FFT operates with equal numbers of samples in both domains, whereas 

the operands and the result of the convolution have different lengths. Furthermore, 

convolution operands as well as the result should be represented using the same 



sampling period in order to obtain comparable accuracy. Thus, the operand func

tions must be padded with zeros prior to applying the FFT such that they have 

the same length as the convolution result. A suitable procedure first augments the 

impulse response g[n\ with length Ng by Ng zeros, defining the transform interval of 

length Nt = 2Ng. The augmented gf[n] is transformed which yields G[&], The input 

sequence v[n] is subdivided into segments v„ of window length Ng = Nww• Each 

is left-shifted such that it starts at n = 0, padded with zeros up to length NT, and 

transformed into V„[fc]. Then the two sequences are multiplied (Iv[k] = G[fc] • Vi/[k]), 

/„[&] is inverse transformed into i„, and right-shifted to the point where v„ started. 

The  sequence  i„  i s  o f  l eng th  2N g  and  there fore  ex tends  in to  the  nex t  window v  +  1 .  

For the same reason, the output from the previous window v — 1 extends into the 

current window v. Thus, the correct output in window v is obtained by adding the 

cor responding  con t r ibu t ions  o f  i„  and  i v - \ .  

The given procedure can be adjusted to accommodate windowing of both 

operands. This is necessary if </[n] is so long that it would require a very large 

NT or if the window length Nww is dictated by the circuit simulator. The input 

variable u[n] is subdivided as before and now also the impulse response g[n](and 

G[A:]) is broken up into segments. Each sequence will contain NT/2 zeros, and 

the FFT yields the sequences G(i = 1, • • • Input V„ is multiplied with 

<7m, for all fi, which results in IUI1. After inverse transformation, each ivil again 

extends over two windows, and will contribute to the output in the (v + fi — l)st 

and (i/ + /z)th window. 
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4.9 Algorithm Implementation 

Several methods for the simulation of lossy lines were presented. In order to 

estimate the usefulness of these methods in terms of efficiency and accuracy the 

proposed models and algorithms have been implemented as computer programs. 

These programs are able to simulate transmission line circuits that contain the 

common semiconductor devices and allow for a thorough evaluation of the models 

as well as of the various algorithms proposed in this chapter. Also, the different 

approaches could be compared regarding their robustness, error sensitivity, and 

computational effort. 

The developed computer programs share a set of routines which implement the 

functions of a standard simulator. The distinguishing features of the transmission 

line simulation methods are represented by specific routines. The programs form 

the software package UAFLICS, which stands for University of Arizona Frequency-

dependent Line and Integrated Circuit Simulator. This package consists of the 

following simulator programs, each having the same simulation capabilities: (1) 

UAFLICS-G, which is an implementation of the Green's functions approach, and 

its derivative (2) UAFLICS-GM which uses quasi-matched Green's functions; (3) 

UAFLICS-P is an implementation of the model based on the wave propagation 

function; finally (4) UAFLICS-D which also uses the wave propagation function 

but where the main focus is on exploiting the decoupling theorem. In what follows, 

the characteristics that are common to all programs will be explained first and 

afterwards the distinguishing properties will be discussed. 

The software is written in the C language and performs transient analysis of 

nonlinear circuits containing standard circuit elements, most of the common semi

conductor devices and uniform, multi-conductor, lossy transmission line systems 



which are described by their transmission line parameters. There is no limit on the 

number of circuit elements, the number of line systems, or on the overall size of 

the circuit, except the limits imposed by the hardware configuration. Many of the 

standard simulator functions are based on well-understood techniques and are not 

significant for the research described in this work. Still, they are an important ingre

dient of a functioning simulator and are thus necessary to implement the techniques 

described so far. Instead of developing such software, the standard functions are 

implemented using routines from the Berkeley SPICE simulator (Vers.3dl, [23.]). 

Selected input processing, device evaluation and numerical integration functions of 

the SPICE program were adapted and carry out tasks supporting the transmission 

line simulation. The SPICE routines are very efficient and essentially error-free 

which is due to the widespread use of the program and large effort made to develop 

it. 

The simulation proceeds in two steps. In the first step, called preprocessing, 

data is prepared for the second step, the transient analysis. A flow chart of the 

preprocessing step is given in Figure 4-2. It mainly consists of the calculation 

of transfer functions, impulse responses and all other parameters which further 

characterize the circuit to be simulated. Also, various administrative tasks such as 

memory allocation and circuit data output are performed. The transmission line 

data is provided as a set of transmission line parameters at distinct frequencies. The 

transform parameters are determined which then define the FFT and convolution 

grid. The transfer functions are calculated by repeating the following procedure 

for each grid frequency: The transmission line parameters are interpolated, the 

matrices T and Yo are calculated and T is diagonalized. Depending on the used 

model, either the Green's functions or the exponential wave propagation function 

is determined. Once all frequency data is obtained, inverse FFT calculates the 
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impulse responses and the resulting time domain data is linked to its respective 

transmission line. 

The actual simulation process depends on how the convolution is carried out 

and if the decoupling theorem is exploited. The most basic approach uses discrete-

time convolution and time-stepping techniques and is similar to how a "normal" 

transient simulator works. The flow chart in Figure 4-3 outlines the procedures. 

After input file processing and the described preprocessing step is carried out, the 

transient analysis is initialized using PC-analysis. This is necessary to find the 

operating points of the devices in case there are nonzero initial conditions. The 

transient simulation is started and proceeds in two main loops. The outer one selects 

and updates the new time point at each step. This also requires the estimation and 

control of the numerical errors, the latter being done by adjusting the step size. 

The inner loop performs the iterative solution of the nonlinear, algebraic circuit 

equations which are set up at each time point. Setting up these equations is carried 

out by "polling" all circuit elements which respond by adding their contribution to 

the equation system. For the transmission line, this means that the values of the 

equivalent circuit elements must be calculated by convolution. After the solution 

at a time point is obtained, the node voltages of the transmission line terminals are 

stored since they will be needed in subsequent evaluations of the convolution. 

The simulation procedure differs if the decoupling theorem is exploited. The 

general algorithm was outlined in Chapter 3. First, the circuit needs to be parti

tioned into subcircuits, that consist of a terminating network and the halves of all 

line equivalent circuits that are connected to it. The partitioning procedure is given 

in Table 4-1. 

The circuit is first broken up into twice as many clusters as there are transmis

sion line systems. Each of these clusters contains the terminal nodes of one side of 
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Figure 4-2. Flow graph for the preprocessing step. 
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Figure 4-3. Flow graph for the transient simulation. 



Table 4-1. Partitioning algorithm according to the decoupling theorem. 
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NL  :=Number of Lines 

Allocate 2NL  clusters Ci = {Nodelist CN{ n  ; Elementlist CEik } 
Initialize for each i: CNin*— Nodes of one end of line 

Collect all other circuit elements in list B: 

Bj = {Element BEj ;  Its Nodes BNji}  
Repeat { 

For each element j  = 1,2,••• in Bj { 
For each cluster i  = 1,2,••• , 2NL  in C,- { 

If for any combination I ,  n:  BNji  6 CN{ n  

Copy BNji  all / into CN{ 
Copy BEj into CEi 
Delete element Bj from list B 

} 
} 
If list B empty, done 

} 
For all k , j  {  

If C N j  fl CNk 0 then Copy Cj into Cjt and delete Cj 
} 

each line and these nodes serve as seeds. The clusters are then compared to the list 

that contains the nodes of all other elements, and if a node is encountered that is 

common to both an element and a cluster, then all of this element's nodes and the 

element itself are added to the cluster and deleted from the list. Thus, the clusters 

grow as new elements are added to their seeds. This procedure is repeated until 

all elements are used up; that is, the element list is empty. Finally, the clusters 

which share nodes have to be rejoined and the remaining clusters axe the desired 

subcircuits. The data structures of the elements and nodes belonging to a subcircuit 

must be initialized and this concludes the partitioning process. 

The preprocessing step proceeds as explained but now all data that character

izes a particular line must be linked to two different subcircuits. The window size is 
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then determined from the transmission line parameters such that complete decou

pling is achieved. The simulation is started in the first window. The subcircuits are 

scheduled for solution exactly once and in arbitrary order. The waveforms obtained 

for the current window are stored. Then simulation in the next time window is 

started, using initial conditions given by the previous simulation. The convolutions 

which calculate the elements of the line equivalent circuits use data from all previ

ous time points. Thus, solution waveforms must be available from the current and 

all earlier windows, and also from other subcircuits. The simulation ends when the 

windows have covered the entire simulation time interval. 
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CHAPTER 5 

APPLICATIONS 

Using the UAFLICS simulator, example circuits of various complexity have 

been simulated. The majority of these examples were high-performance digital cir

cuits with interconnections on-chip, in multi-chip modules, or on printed circuit 

boards. These interconnects are modeled by coupled microstrip lines or strip lines 

embedded in and lying on various dielectric materials. The transmission line param

eters were obtained by numerical methods using the computer programs UAMOM 

[27.] and UA2DL [22.]. The results of the lossy line simulation were verified with 

approximate hand calculations and results of lossless line simulations performed 

with the UANTL [9.] program. Furthermore, two example circuits were taken from 

previously published work [2., 3.] and the results given there agreed with the ones 

calculated by the UAFLICS program. In this chapter some of the performed simu

lation runs are described. The transmission line data for the following examples is 

collected in Appendix B. 

5.1 Simple Linear Circuit 

In order to show the specific properties of lossy line simulation, a simple circuit 

with resistive terminations will be considered first. The circuit is given in Figure 5-1 

and consists of a two-conductor line with each line terminated by series resistors. 

One line, called the driven line, is connected to a pulse voltage source and the other 

line, termed quiescent line, will sense coupling noise. The terminating networks are 
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Figure 5-1. Simple linear circuit. 

such that the line system is not matched. Unmatched terminations cause reflections 

and these can be seen in the simulation results in Figure 5-2. 

The near-end voltage on the driven line rises proportionally with V;n up to a 

first knee value of 3.3V, which coincides with the value predicted by the transmission 

coefficient associated with the single lossless line. Afterwards, due to the reactive 

components of the characteristic admittance, the voltage rises further but on a 

smaller slope. According to physical reasoning, the far-end driven line terminal 

should remain at 0V until after the line delay time which is r « 0.4ns. The 

actual simulation predicts nonzero, yet very small values in the interval [0, r]. This 

is attributed to the discussed errors associated with the Fast Fourier Transform, 
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namely aliasing and the Gibbs phenomenon. The magnitude of these errors can 

be monitored by examining the simulation results in those time intervals where the 

signal is expected to be zero. 

When the wave reaches the far end, the terminal voltage rises sharply to a 

value considerably smaller than the near-end voltage. The decrease in voltage is 

due to reflection and line attenuation. The reflected portion of the wave arrives 

at the near end after two line delay times have expired and reduces the near-end 

voltage. Further reflections occur but are of decreasing magnitude as both near-end 

and far-end voltages approach their steady-state values. After the trailing edge of 

the exciting pulse, multiple reflections occur again until all signals reach the zero 

level. 

The voltages on the quiescent line are given in the same graph. Driven and 

quiescent lines are not connected to each other via the terminating circuits and, 

hence, the signals are generated by crosstalk. Capacitive and inductive coupling 

is proportional to the time derivatives of voltage and current on the driven line, 

respectively, which can be seen in the simulation results. 

An example circuit with identical terminations and line geometry, but with 

lossless conductors was simulated using UANTL. The results of both simulations, 

with UANTL and with UAFLICS, are compared in Figures 5-3 and 5-4, and the 

differences between them axe most apparent for the driven line results. A change 

in the lossless line terminal voltages can only be observed at those times when 

a wave arrives at the respective line end. This is a consequence of the constant 

modal velocities associated with a lossless line. The modal velocities of lossy lines 

are frequency-dependent, and a "sharp" wave launched into the line at one end 

is increasingly distorted (or "smears") as it travels along the line. Hence, arrival 

of distinct waves can not be observed and the terminal voltages essentially do not 
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Figure 5-4. Comparison of lossy and lossless simulation for quiescent line. 
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stay constant. Furthermore, the lossless line eventually reaches identical voltages 

at both ends of the line whereas the two lossy line terminals assume different values 

due to the voltage dropped over the line resistance. The difference between voltages 

of the lossless and lossy case is considerable and gives some estimate of the error 

that is incurred when line losses axe neglected in the analysis. 

5.2 Proper Termination of Lines in ECL Circuits 

Wave reflection at the transmission line ends may impair circuit operation, and 

these reflections are kept small by properly terminating the line. On the other hand, 

constraints imposed by the circuit or packaging technology, such as available circuit 

elements, have to be observed. Here, termination techniques and their effects will be 

explained for the case of a simple Emitter-Coupled Logic (ECL) circuit. This type 

of digital circuit has an input stage which consists of a common-emitter difference 

amplifier, and it has an emitter-follower as output stage. A simplified ECL gate is 

shown in Figure 5-5a. Power consumption of the integrated circuit should be kept 

low, and thus it is assumed that the output pull-down resistor is not integrated on 

chip but added externally. In case the ECL gate drives a transmission line, this 

resistor can be connected to either the far end or the near end of the line. 

The circuit in Figure 5-5b was used to evaluate the two different resistor loca

tions. The two-conductor line is connected to drivers and receivers of the described 

type, and the resistors are placed either at "Position 1" or at "Position 2", as in

dicated in the figure. One of the drivers is excited by a voltage pulse. In Figure 

5-6a the voltages on the driven line for the configuration with near-end resistors 

are shown. The common-emitter input has a high input impedance, which results 

in considerable impedance mismatch. Consequently, there are reflections at the far 
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end which appear as ringing, due to the short length of the line. 

The recommended way to operate ECL circuits is with the pull-down resistor 

connected to the far end of the transmission line. The simulation results of this 

configuration are shown in Figure 5-6b. The far end of the line is reasonably well 

matched and reflections are essentially negligible., Now, the resistor serves as both 

a pull-down resistor for the driver output and as a match impedance which reduces 

line noise. 

5.3 Crosstalk in a CMOS Circuit 

Capacitive and inductive coupling can give rise to crosstalk which will be 

demonstrated with the circuit shown in Figure 5-7. A transmission line system 

consisting of three conductors is connected to simple CMOS inverters, which serve 

as drivers and receivers. The two outer conductors are driven, and crosstalk is 

sensed on the quiescent middle line. 

The magnitude of the crosstalk depends on the spacing between the conductors. 

Decreasing the spacing increases both the coupled electric and coupled magnetic 

field and thus leads to more pronounced crosstalk. Two cases with different spacings 

were considered. The driven line results for both cases are given in Figure 5-8 and 

it can be seen that the voltages are only slightly different. The far-end terminal 

voltage shows considerable ringing, but the receiver output is very stable and is 

expected to switch subsequent logic gates correctly. 

The situation is quite different for the signals on the quiescent line. The line 

voltage at the far-end terminal of the quiescent line as well as the output voltage of 

the receiver gate are compared in Figure 5-9 for the same two cases as before. In the 

case with the wider line spacing, the receiver input voltage reaches a considerable 



Ill 

5: <D D) (Q 

£ 

18.0 
Time/ns 

5 <D U) (0 .±-
5 

15.0 18.0 
Time/ns 

b) 

Figure 5-6. Simulation of ECL circuit, a) Terminated at near end. b) Terminated 
at far end. 



60u 
wmmsmeu 

sm '9 

s 25u 40u 

s 

s 

50 u 

y m m m  
6=9.2 

V, DD 

V, in V, out 

Volts 

5 

-f*-

V, in 

1.01.4 13.0 13.4 ns 

50 
•AAAH 

100 
+5V °—vw— 

50 
-VW—I 

>  

> •  

O  

© 
t>— © 

|>— © 

> 
Vi in 10cm 

Figure 5-7. Simple circuit with CMOS inverters. 



7 

6 

5 

4 

3 

2 

1 

0 

-1 

- 2 -

1  
*1 

/! 
i /, 

/\A 
X 

vV/ 

gn^l*HuV,y| 

I  " '  
Vin 
V(1) large spacing 
V(1) small spacing 
V(2) large spacing 
V(2) small spacing 

/ 
I 
I v—r~ 
f 

: E 

•  H  1  

\A 1 

"tt 
A' v.' 

VW i 

D 5.0 10.0 15.0 20.0 25.0 30. 
Time/ns 

Comparison of driven line for large and small line spacing. 



114 

Vin 
V(3) large spacing 
V(3) small spacing 
V(4) large spacing 
V(4) small spacing 

25.0 30.0 
Time/ns 

Figure 5-9. Comparison of quiescent line for large and small line spacing. 



115 

level, which causes a "spike" on the gate output. Due to the high noise margin 

of CMOS circuits this spike does normally not cause malfunction. Reduction of 

the line spacing by a comparably small amount increases the receiver gate input 

voltage sufficiently to change the gate output level for a considerable time. This 

may be enough to falsely switch following logic gates and to result in erroneous 

circuit behavior. 

Obviously, the margin between acceptable and faulty circuit operation in terms 

of line spacing is very small, and less accurate analysis would not have revealed the 

circuit operation as clearly. Using those approximate methods to determine circuit 

and packaging parameters may have led to either an overly cautious or potentially 

faulty design. Hence, it appears that approximate analysis can be used to establish 

technology guidelines but the actual design must be verified by using coupled, lossy 

transmission line simulation. 

5.4 Interconnections at Several Packaging Levels 

While the previous circuits displayed distinct effects on transmission lines, a 

more comprehensive example will now be analyzed. Figure 5-10 represents an inter

connection network which connects CMOS drivers on the left with CMOS receivers 

on the right. The integrated circuits are packaged in multi-chip modules (MCM), 

which in turn are placed on a printed circuit board. The MCM pins "P" and a T-

junction "T" constitute line discontinuities and are represented by simple lumped 

circuits. The transmission line systems A and B consist of three coupled conduc

tors, and C consists of five coupled conductors. All other systems are two-conductor 
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transmission lines. The Inputs Vj„4 and Vj„5 are always connected to Vjn and 5V, 

respectively. 

In Figure 5-11, simulation results are given for the case when the three inputs 

Vini, Vi„2, and Vin3 are connected to the voltage Vjn- The lines in the driver-side 

MCM are short and reflections cause ringing for the initial time interval after switch

ing. The lines on the printed circuit board (e.g. line B) constitute considerable line 

delay as well as load for the driver circuits. This is why the voltages in the driver 

side MCM do not rise to their high level until after the first reflection returns from 

the receiver side MCM. 

Whereas in the previous example all three inputs Vjni, Kn2, and Vi„3 were 

connected to the pulse signal, now only Vjn2 will be switched and the other two 

driver inputs will remain at constant 5V. The results for this case are given in 

Figure 5-12, and it can be seen that the overshoot is reduced by approximately IV 

and that ringing has a smaller amplitude. 

Comparison of the two cases also shows a difference in the delay time from 

the time Vjn changes its state until the receiver output V^ut2 switches (Figure 5-

13). A wave traveling on the multi-conductor line consists of a combination of 

modes and these modes are propagated with generally different velocities. The 

"apparent" velocity of the wave determines the time until the receiver switches and 

depends on the relative amounts of the modes contained in the wave. The modes 

are identified by magnitude and direction of the voltage transitions on each line. 

They are different for the two considered cases and this explains the difference in 

delay times. 

It was demonstrated again that in order to predict important effects on trans

mission lines it is necessary to use multi-conductor analysis techniques. In the 

discussed example, overshoot as well as propagation delay was shown to depend on 
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the signals on adjacent lines. Due to the large amount of line systems, approximate 

methods would not have permitted an analysis with this level of accuracy. 
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CHAPTER 6 

CONCLUSIONS 

Future advancements in electronic packaging and circuit technology will depend 

on the analysis of signal propagation on transmission lines. There is a variety of 

analysis tools and methods, however, most of them are limited in the sense that 

they are based on first-order approximations, that they do not include losses, or 

that they neglect coupling from adjacent lines. Yet, as integration densities and 

circuit speed increase, effects due to losses and coupling become more pronounced 

and, therefore, must be considered in the analysis. 

In the presented work, methods for the simulation of coupled, lossy transmission 

lines connected to arbitrary, nonlinear electronic circuits have been developed and 

implemented in a computer program. Furthermore, theoretical considerations about 

the transient simulation of systems were presented. 

A multi-conductor lossy transmission line can be modeled by means of a num

ber of rational transfer functions. The coefficients of these functions are used in 

an integration algorithm with which the time domain response of the line is calcu

lated. A novel method for the approximation of these transfer functions has been 

presented. This method is based on numerical solution of a nonlinear minimization 

problem and automatically yields stable functions. 

A time domain characterization of the line can be given in terms of impulse 

responses, which are obtained by inverse Fourier transform. The FFT is used to 

compute the transform, and accurate results can be obtained by carefully selecting 

the pertaining transform parameters. However, using the FFT inevitably introduces 
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oscillations in the time domain functions and this can only be avoided by filtering. 

For this purpose the three-point curve fitting method was introduced, and it was 

shown that under certain assumptions the error in the simulation results due to 

this type of filtering will not be greater than the truncation error of the numerical 

integration procedure. 

Using delay differential equations, a mathematical basis has been established 

to describe physical systems with bidirectional delay. Such systems are represented 

by two or more subsystems of equations, where variables of one subsystem appear 

in the other subsystem with retarded arguments only. Standard solution procedures 

for delay differential equations have been employed to prove that the subsystems are 

decoupled within time intervals that have length equal to the shortest delay between 

these subsystems. It was then shown that circuits that contain transmission lines 

of any kind constitute such systems with bidirectional delay and can be decoupled. 

This decoupling property of transmission line circuits has both theoretical and 

practical consequences. In order to properly pose the mathematical problem, initial 

functions rather than initial conditions must be specified. Also, decoupling implies 

that the solutions can be obtained separately for each subsystem in some instances 

this may render theoretical problems more tractable. A major advantage are the 

savings in computing resources. The circuit that contains transmission lines can be 

partitioned into subcircuits which are solved separately within a certain interval. 

Partitioning and multi-rate integration of the separate circuit equation systems 

results in reduced storage requirements and computing times. These advantages of 

circuit partitioning are known from the waveform relaxation method where here, 

no waveform iterations need to be carried out. 

Differential equation systems such as those which describe lumped electronic 

circuits are integrated numerically by solving the associated set of difference equa
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tions. These discrete-time equations depend on values at the current and at previous 

time points. Integration methods differ in that they generate coupled or decoupled 

difference equation systems and it was herein shown how these differences can be 

derived on grounds of the decoupling theorem. Coupled difference equations that 

represent systems with bidirectional delay can be decoupled if the delay is explicitly 

introduced into the discrete-time arguments. 

The decoupling theorem can also be applied in areas other than circuit simula

tion. Any system that has bidirectional delay can be decoupled, and the described 

methods in this work may be used to exploit this fact. Possible applications include 

distributed-parameter systems, where solutions are only required at discrete points 

in space. Solving the decoupled problems on several parallel processors promises to 

be very efficient. 
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APPENDIX A 

ADMITTANCE MATRIX OF THE 

QUASI-MATCHED TRANSMISSION LINE 

The admittance of the (N + l)-conductor transmission line system which is 

at either end connected to inserted networks will be derived here. The augmented 

line is shown in Figure 2-5b and the notation in this appendix is given in Figure 

A-l. The equations which describe the non-augmented transmission line are given 

in admittance form by 

The TV-dimensional vectors Vai and Iai axe the port voltages and currents, re

spectively, at the near-end port of the line. Analogously, Va2 and Ia2 belong to 

the other line end. The values of YA and YB are given by eqs. (2.25b), (2.25c). 

The admittance matrices of the inserted networks are identical which leads to the 

expressions for the network inserted at the near end (subscripted with b) 

Ial=YAVal+YBVa2 (Ala) 

Io2 = YB Vol + YA Vo2 (>1.16) 

Ibi = YgVbx - YgVb2 

Ib2 = —YgVbi + YgVb2 

(A.2a) 

(A.2b) 

and the network at the fax end (subscripted with c) 

Ici = YgVcl - YgVc2 

Ic2 = —YgVcl + YgVc2. 

(A3cz) 

(A36) 
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Figure A-l. Transmission line and two augmentations. 

In both cases, the 'l'-port is on the left hand side and '2'-port is on the right 

hand side. The connections interior to the augmented line are expressed by 

VaX = Vb2 (AAd) 

Ial = "Ib2 (AAb) 

Va2 = Vcl (AAa) 

IQ2 = —Ici (AAb) 

which is used to substitute the port voltages and currents of eq. (-4.1): 

-Ib2 = YAVb2 + YB Vol (4.5a) 

-Id = YB Vb2 + YA Vcl. (A.5b) 

Furthermore, the expressions 

Ibi = —Ib2 (4.6a) 

Ici = -Ic2 (A.6b) 

hold since the inserted networks consist of conductances which connect correspond

ing ports on the two opposite sides of these networks. Using (A.5b) in (A2a) to 
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substitute Vb2 yields 

Ibi = YgVbi - YgYa^-Id - YaVc1). 

This can be combined with (A.Qb) and (A.36) to 

Ibx = YgVbl - YgYg1 (lc2 + YAY~ 1(Ic2 - YgVc2)) 

= YgVbx + YgYB1YAVc2 - YgY^^l + YaY"1)^. (A.7) 

An analogous expression follows from (A.5a), (A.36), (A.6a) and (A.26) 

Ic2 = YgVc2 + YgYg1YAVbl - YgY01(l + YaY'^Iw. (A.8) 

It can be shown that if A is some quadratic, symmetrix matrix then its inverse 

is also symmetric, that is A-1 = (A-1)T holds. And since the multiplication of 

symmetric matrices is commutative the previous two equations (A.7), (A.8) become 

Ibi = aVbi + bVc2 + clc2 (-^-9) 

IC2 = bVbi + aVc2 + clbi (A. 10) 

with the abbreviations 

a = Yg (A.lla) 

b = YgY^YA (A.116) 

^-(YgY^+YAY^1). (A.llc) 

Substitution of (A. 10) into (A.9) yields the final expression for the currents at the 

near end ports: 

Ibi = (1 - c2)-1 ((a + cb)Vbi + (b + ca)Vc2) (A.12a) 
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The far end currents axe obtained analogously 

Ic2 = (1 - c2)"1 ((b + ca)Vbi + (a + cb)Vc2) (A.12b) 

The factors used above are given by 

a + cb = YG - (YG + YA)(YB1)2YGYA (A12c) 

b + ca = —YgYg1 {A.\2d) 

(1 — c2)-1 = (L — (Yb1(Y8 + YA))2)_1 (A. 12c) 
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APPENDIX B 

BENCHMARK CIRCUITS 

In this appendix transmission line data for the example circuits used in Chapter 

5 is given. The units are: pF/m for C, nH/m for L, fi/m for R, and fiS/m for G. 

Table B-l. Simple linear circuit of Section 5.1. 

C L R 

(1,1) 126.546 436.57 333.33 

(2,2) 106.104 495.66 500.04 

(1,2) -20.644 127.94 « 0.0 

Table B-2. ECL circuit of Section 5.2. 

Frequency (1,1) (2,2) (1,2) 

f oo C 50.115 50.115 -13.664 f oo 

G 861.67 861.67 -160.41 

/ = 10 Hz L 560.91 560.91 111.69 / = 10 Hz 

R 49.9 49.9 « 0.0 

/ = 100 MHz L 546.17 546.17 111.94 / = 100 MHz 

R 53.615 53.615 0.43366 

/ = 1 GHz L 523.14 523.14 112.30 / = 1 GHz 

R 157.08 157.08 2.7 

/ = 2 GHz R 226.19 226.19 3.8 

/ = 4 GHz R 309.13 309.13 5.36 

/ = 8 GHz R 434.29 434.29 7.55 

/ = 16 GHz R 612.23 612.23 10.65 

/ = 32 GHz R 862.56 862.56 15.0 
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Table B-3. CMOS circuit of Section 5.3. Parameters for small and large line spacing. 

C L R 

large small large small large small 

(1,1) 199.421 330.540 582.53 532.39 62.375 62.375 

(2,2) 450.698 736.945 512.47 478.37 62.375 62.375 

(3,3) 416.506 560.439 404.77 404.77 62.375 62.375 

(1,2) -179.287 -318.462 322.21 346.83 « 0.0 « 0.0 

(1,3) -10.965 -12.118 164.23 213.54 « 0.0 « 0.0 

(2,3) -197.809 -350.268 237.26 284.47 sa 0.0 w 0.0 

Table B-4a. MCM/PWB-packaging structure of Section 5.4. Transmission line sys
tems A and B. 

T.L. System A T.L. System B 

C L R C L R 

(1,1) 52.402 553.16 187.13 62.389 472.14 7.0862 

(2,2) 58.714 553.16 187.13 61.999 472.14 7.0862 

(3,3) 52.042 553.16 187.13 59.983 472.14 7.0862 

(1,2) -14.864 180.27 « 0.0 -13.815 125.37 0.0 

(1,3) -1.355 80.17 « 0.0 -1.090 47.05 fa 0.0 

(2,3) -14.864 180.27 « 0.0 -13.643 125.37 0.0 
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Table B-4b. MCM/PWB-packaging structure of Section 5.4. Transmission line sys
tem C. 

C L R 

i-H 1—
1 

52.783 553.16 187.13 

(2,2) 58.715 553.16 187.13 

(3,3) 51.561 553.16 187.13 

(4,4) 49.378 553.16 187.13 

(5,5) 50.590 553.16 187.13 

(1.2) -14.899 180.27 « 0.0 

(1.3) -1.386 80.17 «0.0 

(1,4) -0.401 29.71 « 0.0 

(1,5) -0.219 19.47 ?« 0.0 

(2,3) -14.900 180.27 ss 0.0 

(2,4) -0.787 49.84 « 0.0 

(2,5) -0.294 29.74 « 0.0 

(3,4) -5.863 95.99 ss 0.0 

(3,5) -0.894 49.86 « 0.0 

(4,5) -15.351 180.27 « 0.0 

Table B-4c. MCM/PWB-packaging structure of Section 5.4. Transmission line sys
tems D through G. 

T.L. Systems D and H T.L. Systems E, F, and G 

C L R c L R 

(1,1) 50.115 560.91 49.9 63.191 437.41 2.126 

(2,2) 50.115 560.91 49.9 63.191 437.41 2.126 

(1,2) -13.664 174.81 « 0.0 -9.523 83.53 «0.0 
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APPENDIX C 

SIMULATOR INPUT LANGUAGE 

The UAFLICS input language is similar to the language used to specify circuits 

for the Spice simulator [23.]. The description of most of the UAFLICS language 

elements can be found in any Spice user's manual. The main addition to the Spice 

standard language are the language elements which define the multi-conductor, lossy 

transmission line. These elements are described below. 

Both, the Spice transmission line and the multiple, lossy line are identified 

with the key-letter "T" as letter in the first column of an input file line. In order 

to get the standard Spice transmission line, the syntax as described in the Spice 

manual must be used. In order to get the lossy, multiple line, a model name must 

be specified on the element line and this model must also be defined in the same 

input file. There is no default model. One particular model can be used to specify 

several elements, that is, transmission lines with generally different lengths. 

For the multiple, lossy line, the syntax of the element definition is: 

Txxxxxx <refnodenear> <refnodefar> <nodelnear> <nodelfar> 

[... [<nodejnear> <nodejfar>]] 

<modelname> l=<val> n=<val> [fuf=<val>] [smp=<val>] 

where: 

<refnodenear> <refnodefar> 

are the node numbers of the reference (ground) conductor or plane. 

<nodejnear> <nodejfar> 

are pairs of near-end and far-end nodes, belonging to a particular conductor. 

There must be at least one such pair besides the two ground nodes. 

<modelname> 

is the name of the model which describes the line system. 

l=<val> 

is the length of the line system. 

n=<val> 

is the number of conductors in the line system, excluding the reference conduc

tor. This must be the same value as the one specified in the model definition. 
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fuf=<val> (optional) 

is the fundamental frequency for the FFT's. This is the highest frequency-

considered in inverse Fourier transformations and specifies the smallest time 

domain resolution. If this value is specified, then also smp must be specified. 

smp=<val> (optional) 

is the number of samples used for the FFT. This number must be a power of 

2 and determines the maximum length of the line impulse responses. If this 

value is specified, then also fuf must be specified. 

The associated model definition is: 

.model <modelname> <modeltype> n=<val> 

f=<val> cll=<val> cl2=<val> ... 

lll=<val> 112=<val> ... 

gli=<val> gl2=<val> ... 

rll=<val> rl2=<val> ... 

f=<val> cll=<val> cl2=<val> ... 

where: 

<modelname> 

is the model name as referenced in the element definition. 

<modeltype> 

is the model type, always equal to "TLYC". 

n=<val> 

is the number of conductors in the linesystem, excluding the reference conduc

tor. This must be the same value as the one specified in the element definition. 

f=<val> 

gives the frequency in Hz at which the following parameters are valid. That is, 

each new frequency value starts a new set of parameters valid at that frequency. 

The parameters following a particular frequency value up to the next frequency 

value are considered as belonging to that frequency. The frequencies must be 

in ascending order and each frequency value is allowed only once. 

cll=<val> ... etc. 

are the transmission line parameters. The parameter matrices are assumed to 

be symmetric (cij = cji) and only the value cij for which i <= j must/can 
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be specified. Not all parameters need to be specified as long as the given 

information suffices to construct a reasonably complete line model (e.g. setting 

all G and/or the off-diagonal entries in R equal to zero may be valid.). Not 

specified parameters axe set equal to either (a) the value which was used to 

specify the same parameter at any lower frequency, or, (b) if no value was ever 

specified, equal to zero. 
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