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ABSTRACTS 

A three dimensional finite element method software package has been 

developed for solving electromagnetic vector fields in conducting, magnetic 

materials and has been appUed in two dimensions to ferromagnetic filaments and 

in three dimensions to a sphere. The bulk of this dissertation describes the 

approach to formulating the problem, choosing a solution routine, developing a 

method of discretization, verifying the accuracy and characterizing the 

computational efiSciency of the package. 

Spurious vector solutions, which arise in numerical approximations to 

three dimensional electromagnetic problems, were eliminated by using a 

node-based formulation, with modified vector wave equation to ensure that 

divergence fi-ee conditions are satisfied. Conjugate gradient, iterative 

quasi-minimal residual solver (QMR) with a non-zero matrix element storage 

scheme expedited computation and reduced memory requirements. An 

automatic mesh generator for hexahedral elements was developed for 

discretization. 

The two dimensional study continued earlier analytical and experimental 

work on induction heating of multi-filament ferromagnetic strands. The present 

results demonstrate that coupling between filaments does not occur in two 

dimensions and is, in fact, a three dimensional effect provided the filaments are 

not in electrical contact. Furthermore, the accuracy of the solution can be 

established quantitatively by a single parameter, the ratio of one side of the finite 

element to the electromagnetic skin (or penetration) depth. The three 

dimensional parametric study investigates the effects on power absorption 
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patterns in the sphere as a function of conductivity and permeability. Primarily, 

this research demonstrates that these types of problems can be solved accurately. 

Finally, it is shown that while the discretization must extend completely 

throughout the sphere for non-magnetic, moderately lossy media (conductivity, 

a~ 1 S/m, relative permeabihty, ~1), it need only consist of a thin shell of 

about three skin depths thick for highly conducting magnetic. The core of this 

sphere can be replaced by a field fi"ee inner perfectly conducting sphere. 

While the problem of computing power absorption in ferromagnetic 

implants for hyperthermia, the motivation for this study, was not solved 

completely, the foundations have been laid. Dependence of power absorption 

upon size, shape, permeability and conductivity as well as interactions between 

filaments of finite length can be addressed with this beginning. 
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Chapter 1 

INTRODUCTION 

Physical aspects of using ferromagnetic implants for inducing interstitial 

hyperthermia have been discussed by Brezovich and his colleagues 

[1,2,3,4,5,6,7] as well as many others [8,9,10,11,12,13,14,15,16,17,18,19,20, 

21,22,23,24,25,26,27,28,29,30,31,32,33]. These authors have reviewed much 

of the literature beginning with the work of Burton, et al. [34] which provided 

the impetus for this approach. We refer the reader to those articles for fuller 

discussions on the technical aspect of this technology. Chnically, interstitial 

thermoradiotherapy has been shown to be beneficial in a number of phase I and 

phase n trials on recurrent and advanced tumors [35,36,37,38,39,40,41,42, 

43,44,45]. A few years ago, the Radiation Therapy Oncology Group closed a 

randomized Phase HI trial of interstitial hyperthermia. Unfortunately, the results 

of that Phase HI trial, revealed at the Annual Meeting of the North American 

Hyperthermia Society, March, 1993, [T. Phillips] showed no benefit for the 

combined therapy as it was practiced. Comments by scientists reviewing the 

data indicate that in many cases, the tumors were poorly implanted and poorly 

heated [private communications with Dr. Eduardo Moros, Washington 

University, and Dr. Mark Dewhirst, Duke University]. In trials where thermal 

data have been presented, the temperature distributions for all techniques are 

comparable and have shown that significant portions of the tumors remain below 

42.5 °C. There is clearly room for improvement. 

Many tumor implantations are accessible percutaneously. A number of 

interstitial techniques [23,31,32,38] exist including radiofi-equency currents. 
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microwave antennas and several hot source methods of electrically heated rods, 

hot water tubes, ferromagnetic implants and electrical implants heated with a 

radiofrequency electric field [46]. All but the last two require external leads to 

the heating elements. In most cases this is tolerable, but the hookups to the 

sources are tedious. Some tumor sites may be more amenable to permanent 

implants due to the nature of the disease or the surgery. Deep brain, 

lung/mediastinum, pancreas and bile duct are examples. In such cases, it would 

be convenient to place permanent sources during surgery and perform thermal 

treatments later. Percutaneous leads, including thermometry leads, add 

significant complexity to the therapy and can lead to complications fi"om 

infection. Prostate tumors have been treated with permanent radiation implants 

and presumably would be suitable for combined modaUty permanent implants. 

Nevertheless, not all is ideal here either. Magnetic resonance imaging, MRI, 

with its strong magnet, would not be recommended following placement of 

permanent ferromagnetic seeds. 

Inductively heated, thermally regulating ferromagnetic implants have 

certain conceptual advantages. No leads need be attached to the thermal 

sources, the hottest points are the implants and so are known, intrinsic thermal 

regulation implies that maximum temperatures are limited, thermal sources can 

be combined with radiation sources, and, within some level of uncertainty, final 

temperatures may be determined through pre-treatment planning so that only 

minimal thermometry is necessary. Unfortunately, these advantages have not 

been realized in clinical practice because magnetic materials with the adequate 

properties could not be obtained reliably; at least not by one consortium that 
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carried out and published clinical studies [24,39,44], In those studies, 

overheating was controlled by monitoring temperatures with invasive 

thermometer probes and adjusting the generator power (that is, controlling the 

strength of the magnetic field). In other words, those treatments were performed 

as all other hyperthermia treatments have been to date. In early patients, the 

seeds in catheters were changed to in^rove heating on occasion. The treatments 

were easy to perform in that once the implants are loaded, the power was turned 

on and the tumor was heated. 

The development and implementation of interstitial hyperthermia (indeed, 

hyperthermia in general) proceeded empirically with only conceptual guidance 

from physics principles along with guidance from idealized theoretical 

computations of both electromagnetic power absorption and heat transfer. In 

recent years, attempts have been made to put this form of heating on a sounder 

basis. With regard to the tliermal aspects, a number of numerical models have 

been proposed using finite difference techniques [9,10,47] and finite element 

techniques [11,24,25,31,32], Indik and colleagues [16,17] have developed a 

very general three dimensional finite volume, multigrid approach which removes 

many of the restrictions on geometric regularity. Crezee and colleagues [47] 

have considered a number of ways of representing heat transfer in tissues applied 

to interstitial techniques as well as other heating modalities. Using the Indik 

[16,17] program, but modifying it to accommodate the model as propounded 

by the Utrecht group as well as the heat sink model, we also considered how to 

represent tissue heating from interstitial sources. Our conclusions differed 

somewhat from the Utrecht group in that we still believe the heat sink model 
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proposed by Pennes [48] to be adequate, at least for interpolation between points 

where the temperatures are known [30, 33]. 

With regard to the physics of power absorption, Staufifer, et al. [20,21] 

used power absorption measurments in phantoms to determine experimentally 

heating of seeds of various properties, sizes and orientations relative to the 

apphed field. Atkinson and Brezovich [1,2,3] used calorimetry to study their 

seeds as did Chen, et al. [8]. Haider et al. [13,15] considered an analytical means 

to characterize power deposition in ferromagnetic sources implanted in tissues. 

We found that by optimizing the diameter of the ferromagnetic alloy 

strands, for given material properties of permeability and conductivity, more 

efficient ferromagnetic implants could be designed. Specifically, encouraged 

by Wait [49], we computed the induction number x = (^0<y)"^a, where the first 

three symbols represent the magnetic permeabihty of the alloy, the angular 

fi-equency of the exciting magnetic field and the conductivity of the alloy, 

respectively and a is the radius of the alloy strand. For x » 2.5, the 

radiofi"equency magnetic field does not penetrate the wire strand and so the 

material near its core does not contribute to power absorption. The heating 

currents are confined to a thin sheath which is usually referred to as the skin 

depth or penetration depth. For x«2.5, the field penetrates the wire strand, but 

the possible enliancement to the circulating (eddy) currents fi-om a high 

permeabihty is not used effectively. At x = 2.5, optimal heating per unit volume 

of ferromagnetic material is achieved. Translated into practical terms, if an 

implant is composed of a number of strands of ferromagnetic wires of optimal 

diameter, then the power absorption is significantly greater than in a solid seed 
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of the same diameter as the bundle of stranded wires. This result was not 

intuitively obvious to us, nor to reviewers (according to their initial criticisms), 

because it was presumed that the ferromagnetic wires would interact and so 

shield one another. Its veracity was confirmed experimentally, as noted in the 

next paragraph, and the optimization study led to an improved implant. The seed 

design was changed from a solid rod to a bundle of six or seven strands. 

Heating in the tumors was improved dramatically as demonstrated by achieving 

better heating fields with lower required radiofrequency magnetic field strengths. 

The analytical model used was limited to two dimensions and could not 

handle the question of mutual interactions between strands. Thus, two 

approaches were undertaken to fiirther understand power absorption in 

fenromagnetic implants or seeds, hiitially, the analytical predictions were tested 

experimentally using calorimetry. It was found that the reduction in power 

absorption for six strands in a bundle was about 15% less than six times the 

power absorbed by an individual seed. Measurements of two, three and four 

strands lay on a smooth curve between the extremes represented by one and six 

strands. The measurements were carried out on wires of finite length (5 cm 

long) which have and aspect ratio of length/diameter of over 100 (50mm/ 

0.435mm) for the filaments and about 33 (50mm/l .5 mm) for the solid seed or 

bundle of six or seven strands. The interaction or coupling between the strands 

was not important, which as noted above, was contrary to expectations. 

Recently, van Wieringen, et al. [27] carried out additional measurements and 

found agreement with the theory of Haider for x > 2.5, but do not obtain 

consistent agreement for x < 2.5. The reasons for the discrepancy are not known 
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and are under investigation. It is to be noted that the efiSciency of power 

absorption is very dependent upon the material properties and state of annealing 

of the alloys as has been noted by many authors [3,5,18,19,27,30,34]. Van 

Wieringen, et al. [27] also address the issue of the saturation magnetization 

curve as a function of temperature and demonstrate how this leads to the thermal 

regulation curves for power absorption observed in the literature on 

ferromagnetic implant heating [13]. 

Paulus, et al. [19] also determine experimentally the power absorption in 

two alloys and consider theoretically the saturation magetization as a function 

of applied magnetic field (that is, the effects of non-Unear permeability) and 

introduce the demagnetization factor to accommodate length effects. They use 

two commercially available programs to calculate these effects, as discussed in 

a paragraph below. Length effects were shown experimentally in early work on 

ferromagnetic implant heating, but were not addressed theoretically [20,21]. 

The second approach is the substance of this dissertation, namely to devise a 

three dimensional, vector field finite element method program to calculate the 

power absorption in high conductivity, high permeability ferromagnetic alloys. 

The intent was to use the program to investigate length dependence and 

interactions between strands in order to better understand the analytical and 

experimental results of Haider, et al. [13]. Additionally we intended to 

investigate other seed configurations [30, 33] with a goal to optimizing this 

therapy in more general terms, but most of these applications will be left to 

subsequent studies. Since the code is quite general, we hope to apply the code 

to other clinical problems such as the use of phased microwave arrays for 
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non-invasive localized heating of brain tumors as appears to be possible from 

other analytical studies [50,51]. 

The theoretical problem of numerically determining power absorption in 

ferromagnetic seeds imbedded in tissues (lossy media) has not been addressed 

previously to our knowledge, at least not to the level of generality and 

refinement discussed in the present dissertation. Paulus, et al. [19] note, without 

description, their use of two commercial two dimensional fimte element 

programs which they applied to calculations of power absorption in seeds. We 

found descriptions of the programs on the Internet (Maxwell 2D, by Ansoft at 

http://www.ansoft.com and FLUX2D by Magsoft Corporation at http:// www. 

magsoft-flux.com). Both companies give broad descriptions of the capabilities 

of the software and discuss the applications to two dimensional axially 

symmetric problems. They also advertise the availability of three dimensional 

programs as well, but again the information is sparse. Neither company cited 

peer reviewed publications in their literature. Their web page states that they are 

restricted to quasi-static approximation which probably is adequate for our first 

application, but they lack the generality to address fiiU electromagnetic time 

dependent fields which are important for some anticipated applications. They 

are not fiill 3-D vector field wave solutions. We note that only recently did we 

become aware of these products and we have been unable to review them 

directly. They certainly were not available when this research was undertaken. 

Numerical methods applied to hyperthermia have been in the literature for about 

the last decade with the initial work restricted to two dimensions. The published 

numerical work falls into two general categories; finite difference time domain 
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(FDTD) approaches which were initiated by Taflove [52] and were introduced 

to the field of hyperthermia by Sullivan and colleagues [53,54,55,56]; and finite 

element method (FEM) which were apphed to hyperthermia problems by 

Paulsen and colleagues [57,58,59,60,61,62] and later by others [63,64]. Three 

dimensional models started to appear in the late 1980's. Sullivan et al. [53] using 

finite difference time domain (FDTD) approaches were the first to implement 3D 

treatment planning for the BSD Sigma 60 applicator. The Stanford group used 

the models to influence treatment strategies [55]. These address primarily direct 

tissue heating fi-om regional electromagnetic fields or fi-om single microwave 

applicators. One interesting paper considers the hazards to regional 

electromagnetic heating fi'om the presence of implanted metallic surgical clips 

[46]. They note that this could be used as a means of enhancing power 

absorption in an implanted tumor. Recently, Chan, et al. [65] used FDTD to 

describe the heating of commercial superficial microwave applicators. They 

obtained good agreement with experimental results. No study, to our knowledge, 

addresses the issue of direct heating of metallic ferromagnetic seeds imbedded 

in tissues. 

Elimination of spurious vectors fi'om the finite-element solution domain 

of 3D-EM vector fields dominated EM-FEM literature for a decade. Edge based 

divergence fi-ee vector basis functions were introduced into EM-FEM 

[66,67,68,69,70] to control spurious solutions. More recentiy Paulsen and his 

colleagues (Paulsen,et al. Lynch et al., Boyse, et al.: [60,71,72,73,74]) have 

developed (spurious-vector fi*ee) nodal finite element methods (FEM) and 

adopted efiBcient solution methods that are competitive with FDTD. The efforts 
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of this latter group involved substantial developments of electromagnetic and 

numerical theory for accurate and efficient solutions of electromagnetic problems 

in discretized domains in order to bring about a rationalized and efScient 

fonnulation that could be appUed to electromagnetic power absorption in non-

homogeneous lossy dielectric. Clegg, et al. [63,64] also developed 3D FEM 

methods for electromagnetic heating of lossy dielectric . Finally, Wust, et al., 

[75] have used 3D modeUing as well. In most instances for both FDTD (except 

as noted) and FEM, the primary goal was for studying regional hypertherma with 

the BSD device. In their paper, Wust, et al., [75], suggest that knowledge of 

tissue properties remain the principal determinate of the feasibiUty of heating 

with currently available regional electromagnetic systems. 

The research described in this dissertation follows the spurious vector free 

formulation initiated by Paulsen and his colleagues (Paulsen et al.. Lynch et al., 

Boyse et al.: [60,71,72,73]) and, with his collaboration, the 3D vector code was 

generalized to apply to high permeability, high conductivity materials [76]. As 

noted, the motivation was to achieve a better understanding of the heating of 

ferromagnetic implants. Its development involved substantial effort in 

representation of direct electromagnetic fields (either E or H) in a source-free 

inhomogeneous media to have divergence-free form so that governing equations 

simulate Hehnholtz form. Highly sparse complex symmetric linear systems of 

equations were solved using a very fast and efficient algorithm called quasi-

minimal residual (QMR) [77] that were adapted and employed. Finally a 

discretization method was developed using irregular brick shapes (hexahedra) 

rather than tetrahedra. 
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General Statement of The Problem: 

A general ciass of electromagnetic problems is to determine the response 

(solving for electric and magnetic fields) of extemal excitation in the presence 

of localized or bounded inhomogeneities which in addition may include internal 

sources J "" and A^"'. The extemal excitations can be represented either by 

specifying the extemal sources and or by the specification of incident 

fields E"" and //"*" present in unbounded homogeneous media in the absence of 

the localized inhomogeneous scatterer. Therefore, it is assumed that the extemal 

sources and A/®" radiate in homogeneous media (usually fi-ee space ) in 

absence of the inhomogeneous scatterer and give rise to the incident fields E 

and ff It is convenient to enclose the scatterer by a surface dQ where Q is the 

enclosed volume. The volume and surface extemal to and Q extend up to 

infinity and wiU be designated by 0Q „ and Q . respectively (see Figure 1, also 

note that Q is contained within Q.. We will designate later a volume - Q 

which excludes the primary volume of interest). The solution field vectors 

designated by E and /f everywhere in space are composed of three different 

pairs of vectors: i) incident fields, E'"'' and N scattered fields, ii) E' and // 

and iii) intemal fields, E ̂  and H These fields obey and behave in accordance 

with the physical laws called Maxwell's equations, which are shown below in 

equation (1.1): 

VxE(r,0 = -
dt 

VxH(r,t) = J(r,t) 

V'D{r,t) = p(r,0 
V-5(r,0 = 0 

dDirJl 
dt 

( c )  
id) 

(1-1) 
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dQ 

Figure 

•B- nxjy 

Figure 1.1 (b) 

Figure 1.1 (a) Isolated scatterer enclosed by fictitious boundary: this can be 
treated as boundary value problem, (b) Physical scatterer with volume V and 
boundary S is decoupled fi-om external infinite region (designated by volume 
Q^and boundary surface by a fictitious surface 5Q which encloses the 
volume Q. This is a boundary value problem coupled with external region 
and the Sommerfeld radiation condition should be imposed on the scattered 
field. 
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The four field vectors are E, the electric field intensity (volts/m); H, magnetic 

field intensity (A/in); D, electric flux density (Columb/m^); and B, magnetic flux 

density (Webers/m^; / is electric current density vector (A/m^) and p is electric 

charge density (Coulombs/m^). Maxwell's equations exhibit a certain symmetry 

between E and and D and B. However, the absence of magnetic charges and 

magnetic currents destroys the symmetry for the sources. Nevertheless, from a 

mathematical viewpoint. Maxwell's equations can be made symmetrical by 

introducing magnetic current density, M and magnetic charges, p^. These 

magnetic are fictitious, of course, but increase symmetry in Maxwell's equations 

and facilitate matematical and conceptual analysis. They can be reahzed 

mathematically as simpler representations of compUcated electric current and 

charge distributions. In this case Maxwell's equations (la) to (Id) are 

generalized [78] to the following form: 

VxE = - M - — {a) 
dt 

Vx^ = (b) (1.2) 
dt 

V - D  =  p (c) 
V-fi = 9„ 

In engineering apphcations, it is very convenient to represent the above 

generalized set of Maxwell's equations in the time harmonic form (i.e., time 

variation of the form: e"^, where (o is the angular frequency) as follows: 
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V^E(r) = - M(r) - j(0}i'H(r) 
S7xH(r) = J(r) + Jioe-E{r) 
V'IKr) = p(r) 
V'B(r) = pjir) 

(a) 
(f>) 
(c )  
(d) (1.3) 

m = i-E(r) ie) 
( f )  B{r) = f 'H(r) 

In writing (1.3a) and (1.3b) constitutive relations (1.3e) and (1.3f) have been 

utilized, where the permittivity and permeability tensors e and characterize 

the anisotropic media. For simple isotropic media e and ^ are simply scalars 

and Actions of space coordinates. In equations (1.3a-l .3f) the quantities E(r), 

H(r), D(r), B(r), J(r), M(r) are complex vector quantities. 

The incident fields £'^'^and domain Q„ will satisfy Maxwell's 

equations: 

The scattered fields E'and H^in the domain (Q„-Q) will satisfy source fi"ee 

Maxwell's equations: 

In side the inhomogeneous but bounded space Q, enclosed by surface dQ the 

fields satisfy: 

The equations (1.4) through (1.6) represent the governing equations for a 

forward problem in frequency domain which are to be solved for unknown fields 

everywhere. The process of solution can be systematically described along with 

Vx£"~(r) = - M'-Cr) - r e Q. (a) 

VxH^ir) = /"(r) + ;ue„£""(r), r e Q. (6) 

VxE'(r) = - '(r), r € (Q.- Q) (a) 

Vx/r»(r) = t yo)eo£"(r), r e (Q.- Q) {b) 
(1.5) 

VxE(r) = - red 
WxH(r) = /"(r) + [o(r) + yueWlfW, rsQ 
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the auxihaiy conditions and related theorems which are usually assumed known 

in advance. For convenience those are discussed below very briefly. 

1. The spatial distribution of external sources J and M"" are known 

such that we can detennine their radiated fields in the absence of the scatterer; 

or alternatively, the forms of incident fields and are supposed to be 

specified, such as TE or TM plane waves or some superposition of them. 

2. The constitutive properties of the scatterer (the domain Q), such as the 

electrical conductivity o(r), permittivity €(r) and permeabiUty fi(r), are known 

as functions of position. 

3. Apphcation of appropriate boundary conditions that electric and 

magnetic fields are required to satisfy at the interface where a step discontinuity 

of material properties exists or where a surface distribution of sources is 

present. Furthermore, the scattered or secondary fields should satisfy the 

Sommerfeld radiation condition so that these fields represent outgoing waves 

fi-om the scatterer boundary. 

The objective is to determine the electric and magnetic fields E{r) and 

M{r) everywhere, given the information outlined in paragraphs 1, 2 and 3. 

Mathematical manipulation of Maxwell's equations (4 through 6) are often 

necessary to transform the problem into a problem of fewer auxiliary variables 

(which are called potential functions). In short, by using various mathematical 

tools such as the vector Green's theorem, equivalence principle or Huygen's 

principle and the uniqueness theorem to manipulate Maxwell's equations(4~6) 

in an appropriate manner, the problem can be formulated in terms of differential 

equations, integral equations or integro-differential equations. Exact solution of 



27 

the problem using analytical methods is either very difiBcult or impossible except 

for very few cases of simple geometrical structures of the scatterer such as 

homogeneous or layered cyhnders or spheres where the spatial variation of the 

constitutive parameters o(r), €(r) and fi(r) exhibit some kind of symmetries. 

In general, for arbitrary solution domains some sort of numerical techniques have 

to be implemented to solve approximately the resulting differential or integral 

equations. Numerical techniques provide an approximate solution scheme that 

has to be implemented on a digital computer. The advent of fast digital 

computers led to the development of a number of successful numerical schemes 

in the last three decades. Each of these methods has its own characteristic 

advantages and disadvantages over the other methods. The demand on 

computers' dynamic memory and CPU speed requirements for permitting model 

flexibility with high solution accuracy on the part of the method are the two 

competing factors. These factors often impose serious limitations on 

implementation of numerical techniques on computers in solving problems 

involving compUcated structure; this is especially true for three dimensional 

electromagnetic vector field problems. Even with continual emergence of 

affordable, fast and powerfiil computers (with the availability of abundant, less 

expensive memory) 3D problems that can be handled remain somewhat small in 

size. Therefore, fast, memory efficient techniques with added flexibility 

continuously evolve and contribute to the development of numerical schemes. 

Numerical solution of two dimensional problems have dominated the hterature, 

while only recently three dimensional results began appearing. 
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A Brief Review of Numerical Methods as Applied to Electromagnetics: 

Most of the numerical techniques may be classified into three major sub

classes based on the treatment of the underlying physical laws for the 

formulation of the problem, which usually serve as the starting point for each of 

these methods. These three sub-classes are: i) Integral Equation Methods; ii) 

Differential Equation Methods-, iii) Hybrid Methods. Methods in each of these 

classes apply some kind of discretization of the domain of computation and 

unknown functions are expanded in terms of chosen basis functions, so that 

discrete forms of the governing equations transform to a linear system of 

equations. Linear system of equations are solved using appropriate methods. 

These methods may appear significantly different fi-om each other, but there is 

an underlying unity and similarity beneath their widely varying nomenclature. It 

is the method of discretization, choice of basis functions and weighing functions 

and other details at various processing levels that makes these numerical 

techniques differ from each other. 

I. Integral Equation Methods 

Integral equations are formed either by using the scalar Green's theorem 

or the vector Green's theorem using the Green's function concept. Therefore, 

integral equation methods are actually some form of well known Green's 

function method where knowledge of fundamental solution to the problem plays 

a dominant role. These methods were the first generation of numerical 

techniques implemented into computer solutions and remain popular even these 

days for solving electromagnetics problems because of their attractive features 

to be mentioned later. The integral equation for a problem can be formulated 
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either in terms of electric or magnetic fields abbreviated as EFIE and MFIE 

respectively. Among various integral equation approaches, surface formulations 

[79] are more attractive for perfectly conducting, impedance or layered material 

structures, whereas volume formulations are particularly suited for modelling 

[80] penetrable inhomogeneous scatterers. Both of these have been applied to 

a variety of 2D problems, and often are referred to as exact methods because of 

two reasons. First, the Sommerfeld radiation condition can be easily 

incorporated into these via choice of a suitable Green's fimction; second, they 

guarantee convergence for sufficiently dense discretizations. In general, these 

techniques require expansion of the unknown field in terms of Unearly 

independent basis fimctions with unknown coefficients. Use of known 'testing' 

or 'weighting' functions which are also chosen from a set of hnearly independent 

functions, results in the generation of required the number of linear equations, 

which are to be solved for unknown coefficients. Since the unknown quantity 

appears in the kemel under the integral sign, the (trial and testing or weighing) 

functions, including their derivatives, used to expand and describe the unknown 

quantity are less restrictive in terms of continuity requirements. Pulse basis 

functions and Dirac-delta functions are admissible classes of expansion and 

weighing functions for integral equation methods. 

The most widely used and popular integral equation technique is known 

as the method of moments [81] (MOM) introduced by R. F. Harrington and 

extensively used for radar cross-section calculation for various 2D objects. A 

subclass of this method, called the 'collocation' or 'point matching' technique, 

usually uses pulse basis functions to expand the unknown field in the domain of 
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interest and then uses Dirac-deita functions as the 'weighting' functions to 

generate a system of linear equations. In essence, the above method consists of 

choosing required numbers of points on the domain at some spatial interval and 

requiring that the integral equation be satisfied exactly at those points. If pulse 

basis functions are used for expansion of the unknown field over the domain, the 

only unknowns are the coefGcients of expansion at the chosen points. The 

integral equation thus takes the form of matrix equation amiable to solution. 

These are clearly straightforward methods; however, they have the 

disadvantage of being difiBcult to implement for a moderately complex object; 

also they result in full matrices (a common characteristic of integral equation 

methods), as opposed to sparse matrices, and thereby, require vast computer 

memory and very long CPU times. This is a major limitation of die integral 

equation method, especially for the case of 3D problems. Prior to discussion of 

the differential equation methods it is worth mentioning one of the most 

important features of integral equation methods in the context of electromagnetic 

problems. The Sommerfeld radiation condition is automatically incorporated via 

inclusion of the appropriate Green's function as part of the formulation. In the 

modem literature, 'MOM' solutions are used to judge the accuracy of solutions 

obtained by other numerical techniques, such as those formulated by differential 

equation methods, when analytical solutions are not available. 

A sub-class of integral equation techniques based on a boundary integral 

formulation is called Boundary Element Method (BEM) [82]. It utilizes 

discretization of domain and sub-domain boundaries into finite size elements. 

Only the unknown function and its normal derivatives on the boundaries are 
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expanded using suitable interpolation functions. This simplifies the problem by 

reducing the dimensionahty of the problem; so, integrations involving volume 

and surface reduce to sur^ce and line integrals respectively; this is definitely an 

attractive feature from the computational aspect. This feature can be highly 

advantageous in a problem involving homogeneous or piece-wise homogeneous 

domains where the ratio of the number of nodes on the combined boundary and 

interface (of material property discontinuity) surfaces to those in the entire 

volume is smaller than unity. In that case the number of linear equations 

generated will be fewer compared to that of an interior method. The principal 

disadvantage of this method is the one encountered in each of the integral 

equation methods; the generated system matrices are fiill. The generation of 

highly populated matrices in the BEM is a consequence of the fact that the basis 

fimctions spans the entire computational domain. However, enforcement of the 

Sommerfeld radiation condition on scattered fields can be incorporated easily 

by an appropriate choice of Green's function in the BEM formulation, 

n. Differential Equation Methods 

Differential methods are used extensively for driven boundary value 

problems for modelling arbitrarily shaped inhomogeneous domains. Limitations 

of the integral equation methods mentioned above impose severe restrictions on 

the size of problems that can be addressed. Even two-dimensional problems of 

moderate size become computationally very expensive, time consuming and 

highly demanding on a computer's dynamic memory. At present, differential 

equation methods are becoming increasingly attractive to the electromagnetics 

community for efficiently solving large 2D and 3D problems. Numerical 
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techniques in electromagnetics involving differential equation formulations are 

carried out in two distinct domains; 0 time domain and ii) frequency domain and 

there are basically two categories of differential equation methods:- a) Finite 

Element Method [73,83] (FEM) and b) Finite Difference Method (FDM). FDM 

replaces the computational domain by a set of regularly spaced discrete points 

or nodes. Various orders of derivatives are approximated in a finite difference 

sense using truncated Taylor's series expansions. The finite difference time 

domain (FDTD) [84,85,86] is a specific case of FDM which directly 

approximates and solves the coupled first order partial differential equations 

represented by Maxwell's equations in the time domain, where time is also 

discretized in addition to space discretization. In FEM, the computational 

domain is subdivided into smaller elements. Unknown quantities are 

approximated by simple interpolation fimctions which are specified for each 

element. These element basis functions do not have any support beyond the 

element itself and the adjacent elements. Both of these methods, FEM, FDM and 

FDTD lead to simple formulations for complex penetrable media and result in 

sparse, banded matrices, which can be efficiently stored and inverted without 

heavy demand on computer memory and CPU time. Modelling of 

inhomogeneous media is easier and does not increase computational burden. 

Finite element methods need considerable analytical pre-processing and thus 

require relatively less computer time. The discretization procedures in FEM are 

flexible and allow discretizations to conform to the actual boundary. Various 

optimization choices are available through discretization techniques and through 

the use of higher order interpolation functions that increase the accuracy of 
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computations independently. In contrast, EDM's do not need any analytical pre

processing and allow only square or cubic grids for discretization, which do not 

usually conform to smooth boundaries. Accuracy of solutions can be improved 

only with smaller grid sizes, which increase the demands on computer memory 

and speed. FDTD methods are faster and less demanding on computer memory 

compared to FEM but the latter permits accurate modelling of curved and 

complex geometry and so ofiFers great flexibility in accommodating the correct 

physics into the formulation. This is the fundamental motivation for adopting 

FEM as the appropriate numerical technique in this work. 

However, both of these differential methods do not incorporate the 

Sommerfeld radiation condition, which requires that the scattered fields should 

be outgoing and must vanish at infinity. In order to use these sub-classes of 

methods for electromagnetic problems, the domain of discretization must be 

extended far beyond the actual domain of the scatterer, where the Sommerfeld 

radiation condition can be imposed approximately [87,88]. This was a major 

disadvantage of differential equation methods until recently, when absorbing 

boundary condition (ABC) were apphed to reduce the discretization region 

beyond the domain of the scatterer [89]. Recent developments in FDTD reported 

implementation of discretization conforming to the boundary [ 90, 91]. In spite 

all these developments, the accuracy of ABC was not quite satisfactory. The 

accuracy of ABC is dependent upon the composition and shape of the scatterer, 

leading to results of unpredictable accuracy. This was the status of ABC when 

this work was in progress. Recent advances have been reported [92,93,94] on 

ABC by using a perfectly matched layer (PML), which have been implemented 
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for several FDTD calculations. 

III. Hybrid Methods 

It has been observed that the solution of an electromagnetic problem in 

a bounded region involves infinite space around it due to the wave nature of 

electromagnetic fields. Proper behavior of scattered fields can be assured by 

implementation of integral equation methods since some form of fimdamental 

solution (Green's fimction) is utilized in constructing the approximate solution. 

These methods are not always feasible due to computational inconveniences as 

outlined in the preceding paragraphs. On the other hand differential methods 

provide computational advantages but lack the proper mechanism to enforce the 

Sommerfeld radiation condition. Integral and differential equation methods are 

complementary to each other in this context. Both of these methods can be used 

for a single problem to exploit their advantages. In order to eliminate the 

disadvantages of both of these methods, while retaining their attractive features, 

various hybrid techniques have been developed and apphed to solve numerous 

2D and 3D problems. The initial step of a general hybrid technique begins with 

the introduction of an artificial line boundary or closed boundary surface 

enclosing the 2D or 3D scatterer respectively, which is either coincident with or 

close to the enclosed actual surface or boundary of the scatterer, depending on 

the particular hybrid method being chosen. The purpose of this fictitious surface 

is to decouple the region intemal to it from the external one, which extends to 

infinity. The intemal region is modelled via implementation of any differential 

equation method (FEM, FDM) or even by MOM, whereas the external region 

is treated by any of the integral equation techniques. A partial listing of these 
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hybrid methods are given below. 

a) Unimoment method[95]: The scatterer is enclosed in a separable type 

boundary (circular cylindrical or spherical). The interiors of these regions are 

treated by differential methods and the exterior regions are modelled via an 

eigenfunction expansion method. 

b) Hybrid integral and differential equation method in which both interior and 

exterior regions are solved by applying 'MOM' [96] 

c) Hybrid Finite Element-Boundary Element Method [58] 

d) Bymoment Method [97] 

e) Hybrid Boundary Integral- Finite Element Method[98] 

Most of these hybrid methods as reported have been used for 2D problems. 

Methodologies of the hybrid techniques can be summarized as follows. 

1) The decoupling of the interior region that includes the inhomogeneous 

scatterer from the external region that includes the infinite surrounding 

space by introducing a fictitious boundary allows formulations of internal 

and external regions to be processed independently. 

2) The solutions of internal and external regions are coupled by enforcing 

continuity of tangential components of electric and magnetic fields at the 

fictitious boundary. 

3a) The choice of the fictitious surface enclosing the inhomogeneous 2D 

or 3D scatterer is important for a number of reasons. The chosen fictitious 

boundary has to be of the separable type (circular and spherical for 2D 

and 3D cases respectively) for a hybrid technique involving eigenfimction 

expansion or boundary integral methods, because, for those separable 



boundaries, eigenfunctions with proper behavior are available. 

Alternatively, the resulting boundary integrals will be of a convolutional 

nature, which can be evaluated via fast Fourier transform (FFT). This is 

a solution strategy in the hybrid boundary integral-finite element 

method[98] in conjunction with an iterative solution approach, such as 

conjugate gradient (CG) or biconjugate gradient (BCG) methods. In this 

manner generation of a partly-full matrix is avoided and the solution 

requires only (XN) storage, without compromise in accuracy. In principle, 

both eigenflmction expansion and boundary integral methods are exact, 

but in practice the eigenflmction expansion method is approximate, since 

the infinite series must be truncated. Both of these hybrid methods are 

not suitable for elongated scattering objects, as most of the discretized 

volume or surface lies outside the object. This unnecessarily increases the 

memory demand and computational burden. 

3b) For computational efficiency the fictitious boundary should be as 

close to the scatterer as possible. In that case, the hybrid techmque[58] 

involving the boundary element method (BEM) could be implemented but 

this would generate a matrix parts of which will be fiilly populated (i. e. 

partially fiill matrix). 

Method Chosen for Numerical Modelling: 

It can be safely stated that efficient hybrid methods would be suitable for 

the solution of electromagnetic problems without compromising the accuracy, 

but could be relatively expensive considering computational difficulties. Either 

of the hybrid methods listed as (c) or (e) above are appropriate and the shape of 
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the bounded region will influence the preference of one over the other. However, 

FEM is used for modelling the interior region in each case. On the other hand 

the FDTD method can stand alone vydth appropriate absorbing boundary 

condition, but modelling smooth boundaries and interfaces is difficult. Extensive 

working experience with finite difference method in heat conduction process 

leads me to favor the finite element technique for its flexibility. The FEM is 

preferred over other methods because of the following reasons: 

1. Flexibility; curved and smooth boundaries and interfaces separating regions 

with different material properties, can be retained with sufficient accuracy by the 

FE discretization process. 

2. Accuracy: solution accuracy can be increased either by finer discretization or 

using higher order element interpolation fimctions or both. 

3. Variable discretization: Various kinds of elements (tetrahedral, hexahedral, 

etc) with variable sizes and different types of basis fimctions to represent them 

are in the solution domain. The principal advantage of this allowed adaptable 

and flexible discretization is to increase the accuracy of the solution selectively 

in regions of interest. This helps to keep the computational burden within 

manageable limits. 

4. Generation of a sparse and banded stiffiiess matrix (for electromagnetics this 

stiffness matrix could be defined as the impedance or admittance matrix 

depending upon whether we are solving for magnetic or electric field) is one of 

the attractive features of FEM and allows efficient storage by reducing memory 

requirements. Renumbering of nodes can further reduce matrix bandwidth. 

5. Solution method: direct or iterative solutions of the linear system of equations 
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can be employed. 

Obviously certain implementation difficulties arise, for example: 

1. Finite element discretizations, usually called mesh generation, are difficult and 

require considerable effort in tenns of programming and algorithm development. 

2. Considerable analytical pre-processing is required. 

3. In 3D cases generation of a banded matrix does not contribute anything 

towards band storage schemes or direct solution processes. 

However, continued developments in FEM as apphed to electromagnetics 

are being reported and will be exploited to make this flexible method 

computationally efficient. 

Statement of Specific Tasks: 

The original problem was to quantitatively describe power absorption in 

finite sized, ferromagnetic implants (1mm diameter, 10-50 mm long) to 

investigate implants constructed of filaments of 0.1 to 0.4 mm diameter, and to 

characterize the length dependence of the power absorption on the length/ 

diameter aspect ratio of the implants. Considerations, as noted above, led to the 

following specific tasks: 

i. The finite element formulation for the fi-equency domain solution of 

Maxwell's equations in three dimensions needs an exact governing 

equation fi-om which a weak statement of the problem is derived. In 

inhomogeneous media this governing equation does not take the form of 

Hehnholtz's equation for obvious reasons. Use of the vector wave 

equation (Vx-Lvxf+(o +j(j}e)E = 0) as the governing equation was not 
/0)(1 

found to be appropriate either, since the FE solutions obtained were 
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contaminated with spurious vectors. A thorou^ literature survey revealed 

that there are two different ways to deal with the problem of spurious 

vectors in the numerical solution of Maxwell's equations. We faced the 

dilemma of choosing the appropriate one suitable for a highly conducting 

magnetic media. 

The resulting stiffiiess matrix was complex symmetric, very large, but 

highly sparse. Utilization of the band storage scheme and the direct 

solution method were beyond the limits of available computer memory 

and CPU time within our resources. An efficient iterative scheme was 

found for the solution of complex symmetric linear system of equations, 

which was the QMR method with DLU preconditioning. A node 

renumbering scheme was used so that the non-zero matrix entries are 

clustered toward the main-diagonal and the matrices become narrow 

banded and hence efBcient in computer usage: an efficient means of 

solution with fast convergence. 

The discretization of the computational domain was a major difficulty. 

The need for an efficient, flexible and general FE discretization is 

unavoidable in establishing the vaUdity of the program, and in 

implementing of the program for the intended purpose. A means of 

discretization that can be used to avoid singularities and ambiquities in the 

normal component of the fields at sharp comers is developed. The 

discretization process developed here is capable of handling complex 

geometry by generating elements and nodes successively in sub-sections 

and automatically removing the redundancy fi"om node numbering. 
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iv. Simple means of code verification were developed. In the 2D case the FE-

solution was compared with analytical models. In the 3D case, first, an 

artificial 3D numerical model problem was created out of a 2D-analytical 

model (specifying physically proper boundary conditions) that can be 

addressed with 3D-FEM. Mesh generation for this problem can be done 

without a sophisticated grid generator. Second, EM-excitation of a lossy 

dielectric sphere was considered for estabUshing the vahdity of the 3D-

FEM program. FE-computations were carried out for the two specific 

polarizations of the tangential magnetic field on the spherical boundary 

and the results were compared with the analytical solutions. 

V. Investigations of the interactions within the ferromagnetic filaments in a 

bundle of two and four filaments were carried out using the 2D-FEM 

program. 

vi. A parametric study on a sphere was carried out was carried out where the 

properties ranged fi*om describing a lossy sphere similar to tissue 

(a = 1 Sim, n = Hq) to highly conducting magnetic material such that the 

radius to skin depth ratio is of the order of ten, i.e., alb =av'(a)no/2)=-10 

vii. Calculation of power absorption in a finite length ferromagnetic implant 

(diameter, d=l mm and length, L=l~10 mm) was carried out to compare 

with the ferromagnetic sphere of similar dimension. 

The resolution of these issues, then, became the substance of this dissertation 

and each of these issues is addressed in succeeding chapters. A thorough 

literature survey was carried out to find out the state of the FE-techniques for 

accurate computations of EM-vector field in three-dimensions. In our effort to 
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develop a numerical (FE) tool to carry out the EM-field computations for the 

investigations proposed we needed to adapt and implement the state of the art 

technique that is most suitable for our purpose. We found two very competitive 

approaches for the FE-formulation of 3D-EM problems. In Chapters 2 and 3 

both these fonnulations are presented respectively. These chapters also include 

complete mathematical exercises starting from Maxwell's equations to the 

relevant FE-formulations and then reducing them at levels ready for computer 

implementations. The sources of these formulations are acknowledged by citing 

appropriate references. Contents of the succeeding chapters are briefly discussed 

below: 

Chapter 2: Brief discussions are giving on the method of weighted 

residuals (MWR), on its apphcation in finite element method and on various key 

concepts related to finite element formulation of a boundary value problems. 

Qualitative discussions are presented on the two competing fonnulations devised 

by the researchers for the elimination spurious vectors fi-om the finite element 

solution domain. A general electromagnetic scattering and/or radiation from a 

bounded penetrable inhomogeneity with arbitary source terms is considered in 

an unbounded homogeneous background. This is the most general EM-problem 

which obviously excludes EM-wave guidance problems. The bounded region 

(scatterer) with its internal sources and equivalent surface sources can be treated 

with Finite Element Method. The EM -field problem in the unbounded region 

exterior to the scatterer can addressed with Boundary Element Method. 

Enforcement of continuity of tangential field components on the scatterer 

boundary leads the formulation of Hybrid Finite Element - Boundary Element 
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Method. In carrying out this standard mathematical exercise, without any loss 

of generality, the FEM treatment penetrable scatterer is done using the edge-

based vector basis function. These divergence-free, edge-based vector basis 

flmctions were introduced to eliminate spurious vectors from the FEM solutions 

and therefore, the original form of vector wave equation is retained. This 

approach, however, was not selected for the development of our FE-tool. It is 

also to be mentioned here that in this woiic the problem of the unbounded region 

is excluded and therefore, couphng EE with boundary element does not arise. 

Chapter 3: In this chapter the FE treatment of electromagnetic boundary 

value problems is carried out using the conventional node based scalar basis 

functions. In order to reduce or eliminate spurious vectors, the alternative 

approach was followed. This method introduces a modified vector wave 

equation in a weak sense in the FE-formulation that will simulate divergence-free 

field conditions in an inhomogeneous region represented by piece-wise 

homogeneous sub-regions. This approach was selected for development of an 

FE-tool to carry out computations for the investigations proposed for this 

dissertation. 

Chapter 4: Numerical implementation of the algorithms presented in the 

Chapter 3 is carried out by writing Fortran Codes. These tasks include 

calculating element-matrix entries by numerical evaluation of associated volume 

and surface integrals, assembly of the global matrix by summing up all the 

contributions of element matrices and application of known boundary data. 

Chapter 5: The development of a general method for 3D-discretization of 

computational domain is described. 
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Chapter 6: Code validation and solution accuracy of 2D and 3D-FEM are 

documented. 

Chapter 7: Results of some investigations are presented. Conclusions are 

given and directions for future work have been suggested. 
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Chapter 2 

FINITE ELEMENT MODELING OF ELECTROMAGNETIC PROBLEMS 

IN THREE DIMENSIONAL INHOMOGENEITY 

Finite Element Method 

The finite element method has been a well-established discipline in soUd 

mechanics for more than thirty years and has become a standard technique for 

related engineering applications. However, for electromagnetic (EM) problems, 

it is a relatively new methodology. As mentioned earlier, FEM is an approximate 

numerical technique suitable for problems which are expressed in the form of 

differential equations with prescribed boundary conditions. A number of key 

concepts and definitions of related terms are necessary to describe the essential 

steps required for treatment of the specific problem leading to computer 

solutions. These usually are referred to as analytical pre-processing. These 

concepts and defining terms to be used subsequently are discussed below. 

Approximate Solution: use of trial functions: 

The following boundary value problem is considered: 

91(«(r)) = /, reQ with boundary conditions: 6(u(r)) = s redQ 
here, and 6 are appropriate linear differential operators-, Q and 5Q 

domain and domain boundary respectively, u(r) is the unknown function. 

In principle, the exact solution u(r) will satisfy the equation ^{u{r)) = f and the 

boundary condition %{u{f))=s=s everywhere in the domain Q and on the 

domain boundary 3Q, respectively. Since a closed form exact solution can not 

be found in general, a trial solution, u{r), can be constructed using known forms 

of trial functions problem approximately. The trial solution, 
N 

u{r) = Yl, constructed fi-om the known trial functions and 
A-=l 
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unknown coefficients a,; when substituted into the equation and boundary 

conditions, will generate errors or residuals at each point in the domain Q and 

on the domain boundary 0Q, respectively. 

»(a^,r) = reQ 
P(a^,r) = 6(tf(r,a^))-s, redQ 

These residuals and 9 are evidently functions of position and unknown 

coefficients a^'s. Trial solution, can be made a good approximation of the 

exact solution u(r) by choosing appropriate so that the residual errors 91 and 

P are redistributed in the domain and minimized in an average sense. In fact, one 

needs an optimizing criteria to make ii{r) as close as possible to the exact 

solution u(r) and the purpose of the optimizing criterion is to determine specific 

numerical values of the unknown coefficients a^. Two types of optimizing 

criteria have been utilized almost equally in finite element methods and 

historically these techniques played dominant roles in classical mathematical 

physics and engineering even before the finite element era. These are: (i) Method 

of weighted residuals (MWR) and (ii) Rayleigh-Ritz variational method (RVM). 

The Rayleigh-Ritz variational method [99] utilizes variational principles 

[100,101], so that the minimization (or finding the extremum value) of an 

appropriate fimctional leads to the same boundary value problem that one is 

required to solve. 

Method of Weighted Residuals: 

This is a conceptually simple, yet mathematically rigorous approach [100, 

102] for generating a consistent system of linear equations for uniquely 

determining the unknown coefficients in the trial solution u{r). In other 
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words, the objective is to select an optimum set of coefBcients a,; such that the 

residuals 91 and 9 are minimized at least in some average sense. A 
N 

strai^tforward scheme would be to I) find and adjust «(r)=W) 
ifc=i 

that it satisfies the boundaiy condition exactly: 6(u(r)) =s, thereby rendering the 

boundary residual, P=0; ii) integrate the residual 91 over the entire domain Q and 

set it to zero. That is, = 0, reQ; this scheme, however, 

generates only one equation^d evidently is inadequate. As a consequence, the 

concept of weighting functions has been introduced into the scheme. This 

enhancement can be effectively utilized to generate, systematically, the required 

number of equations for a consistent and invertible linear system. In general, the 

concept of weighting functions played a dominant role in the entire field of 

numerical solution methods as applied to science and engineering. The method 

of weighted residuals (MWR) is a method in which residual 91 is multiplied by 

a suitable weighting function (chosen firom a set of linearly independent 

functions) and integrated over the computational domain and forced to zero to 

generate an invertible linear system of equations. 

-AiftdO = o.  k=i, 2, ,  j f  
Q Q 

The MWR is characterized as an extremely broad method in the sense that 

it does not impose any restriction on the properties of weighting functions other 

than its linear independence property. The choices of trial functions 

(alternatively called the basis functions of expansion) and weighting functions, 

based on their relationship and properties, can lead to a variety of numerical 

schemes such as: 
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The collocation method: this is also known as the point matching 

method and offers the simplest choice, the Dirac-delta 

functions, ^. = 6(r r,), as weighting functions. As a consequence, the 

residual identically vanishes at those points and thereby the governing 

equation is forced to be satisfied exactly at those discrete set of points 

(r,) of the domain. 

The subdomain method: The domain, is subdivided into number of 

subdomains such that each unknown coefiScient, of the expansion 

function can be assigned a subdomain, AQ^. The average residuals in each 

of these subdomains are forced to zero, so that, a number, N, of linear 

equations are generated for the N unknowns, that is, 

^fst(a^)da=0, /c=l,2,--N 

Least Square Method: In this method the integral of the square of the 

residual is minimized with respect to each of the unknown coefficients, 

and this can be expressed as: 

—  ( =  [ S t = 0. k=l,2,--N 

i 

The Galerkin method: This is the most widely accepted method in which 

each member of the set of basis functions i|j^(r) is used as a weighting 

function in minimizing the weighted residual. 

fSlt(a,^W,.da=Za,f[Sl(W)-Mi'^=0, A, A' = I, 2, . Jy? (2,1b) 
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In devising a numerical scheme for complex problems the method of 

weighted residuals with Galerldn's choice proved invaluable. According to 

Finlayson et al, [103] MWR with Galerldn's choice can be appUed to any 

problem, whether or not it is Unear and self-adjoint. The Rayleigh-Ritz 

variational method is only apphcable to those problems for which a variational 

principle exists and has been found, a common situation only when the system 

of equations is linear and self-adjoint. The Rayleigh-Ritz method is apphcable 

to a narrower class of problems whereas Galerldn's method is a much broader 

concept in principle, being apphcable to a wider class of less restrictive 

situations. In situations where both are apphcable (for self-adjoint operator with 

the same basis functions) Galerldn's and Ritz's procedure produce identical 

solutions. 

Weak Formulation and Finite Element Scheme: 

So far, a number of classical concepts have been presented and we have 

shown how these will be used in formulations leading to the development of 

FEM schemes. Nevertheless, there are several deficiencies and difficulties, such 

as the fact that the proposed trial solution (which is constructed fi-om known 

basis functions) must satisfy the boundary conditions. Therefore, these functions 

must represent the entire domain, which limit its applicability to the solution of 

a one-dimensional, two point boundary value problem only. The next step 

towards a finite element formulation is to derive the weak statement of the 

problem. This step involves partial integration to reduce the order of derivatives 

of the trial function and to increase the order of derivatives on weighting 

functions. This also incorporates Neuman boundary conditions in a natural way. 
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To reduce repetitions, these steps, which will be presented expUcitly as finite 

element formulations for electromagnetic problems, are developed later in this 

chapter and in the beginning of the next chapter, hi short, the following steps are 

necessary to develop the finite element scheme after deriving the weighted 

residual statement (2.1a). 

a. Discretizing the domain into subdomains or elements. 

b. Selecting the simple basis function to construct trial flmctions for each of 

these elements and choosing members of basis functions as weighting 

fimctions to implement Galerkin's method. 

c. Substituting these trial and weighting functions into (2.1a) and carrying 

out symbolic partial integration for each element and creating a weak 

formulation for each element. 

d. Constructing matrix equations for each of the elements and then 

assembling all of them into a global matrix equation where appropriate 

boundary conditions can be applied to form the invertible linear system 

of equations. 

e. Solving the global a system of equations for the unknown coefficients, 

f Constructing the solutions by using the numerical values of the unknown 

coefficients as determined in step (e) in the trial solutions. 

Finite Element Method as Applied Electromagnetics Problems: 

Thorough literature surveys revealed that appUcation of FEM to EM 

problems had met with limited success for a number of reasons at the time this 

work was under-taken. Published literature dealt mostly with two dimensional 

electromagnetic problems with only a few addressing three dimensions. The 
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following is a summary of observations as a result of the literature survey 

undertaken. 

In one and two dimensional problems where the governing equations 

could be reduced to the scalar Hehnholtz equation:(V^+^^)$(r) = 0, the 

accuracy of finite element solutions was very satisfactory. This was obviously 

predictable, since scalar Helmholtz equations are characteristic of source-fi'ee, 

homogeneous media where divergence conditions of field vectors are explicitly 

satisfied. In inhomogeneous and three dimensional problems, finite element 

solutions are contaminated with spurious or parasitic vectors (non-physical), 

since implementation of appropriate, strong, divergence conditions was not 

possible. A couple of remedies have evolved since then and have been 

successfiil in suppressing spurious vectors. One is to develop a finite element 

formulation that will guarantee solutions free from spurious or parasitic vectors 

or at least guarantee its substantial reduction in the solution vector; these 

remedies introduced additional terms or modifications to the governing 

equations. An alternative is to choose appropriate basis fimctions so as to 

simulate divergence-free conditions on field vectors. These are discussed below: 

I. Penalty Term Method: Introduction of a penalty term into the variational 

or weighted residual statement implicitly satisfies the divergence 

condition on associated field vectors. This was first applied [104] to 

finite element solutions of eigenvalue problems such as those pertaining 

to waveguides and cavities. For those problems the role of the penalty 

term was very crucial in determining correct modes, propagation 

constants or resonant frequencies. The penalty terms used were 



-^V*e^£)and respectively, for E and H field formulations, 

where S was an arbitrary quantity whose numerical value was to be 

adjusted to achieve optimum performance. 

n. Edge Based Vector Basis Function Method: A method was proposed to 

avoid the undesirable ambiguity associated with the penalty term by using 

divergence less vector basis fimctions as proposed in [66,67]. This 

concept of vector expansion functions [66,67] was developed and used 

inmiediately in subsequent applications [68,69,70]. This was quite a 

departure fi'om the conventional node based scalar basis function 

methodology where unknown coeflScients are evaluated as field solutions 

at node points. These are, in fact, element edge based vector fimctions 

which are tangential and continuous along the inter-element edges and 

essentially are divergence fi-ee. This method was theoretically very 

attractive since contributions fi'om the basis fimctions' non-zero 

divergence condition were responsible for contamination of FEM 

solutions from parasitic vectors. 

in. Extended or Modified Vector Helmholtz Equation Method: In series of 

papers [71,72,73,74] Paulsen et al.. Lynch et al., and Boyese et al. 

addressed the origin and elimination of vector parasites from numerical 

solutions of Maxwell's equations and obtained impressive results with 

nodal based FEM. The solutions are free from contamination due to 

suppression of the spurious vectors. In essence, this is analogous to the 

penalty term method but without the adjustable S parameter. 

Some basic principles and results from electromagnetic theory are reviewed 
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briefly in the following paragraphs before presenting a general finite element 

fonnulation; these along with the compact notation introduced will be convenient 

in carrying out the derivations. 

Radiated Fields from Source Distributions: 

Localized surface or volume distributions of non-interacting electric and 

magnetic current sources / and M embedded in a homogeneous medium can be 

calculated easily. The linearity of Maxwell's equations allows us to calculate 

partial fields fi-om either kind of sources and total fields can be calculated by 

invoking the superposition principle. Let the sets (E(j^, and and ( and 

be the partial fields radiated fi"om source distributions; the total fields will 

be a superposition of these partial fields: E = and H = 

In equations (1.3) setting A/(r)=0 and assuming a homogeneous isotropic 

medium, we can represent fields in terms of a vector potential A(r) and a scalar 

potential ^(r) where non-uniqueness of the vector potential fimction A(/) is 

removed by imposing Lorentz's gauge condition. 

The vector potential A(r) satisfies the non-homogeneous vector Helmholtz's 

equation: 

£ (r) = -j^A{r)*—V(y-A(r)) 
^' j(o\Le 

«i4r) = -vx^cr) 
\l 

(2.4) 

V^A(r)+k^Air) = -^/(r) 

and its solution can be expressed as the superposition integral: 

(2.5) 

A(r) = ^fg/r,/y(/)dU 
(2.6) 
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where, 

TTT 
is the free space Green's function. 

Substitutingy4(r) from (2.6) into (2.4), the field expressions can be written as 

integro-dififerential operators on the source functions, as shown in (2.8). 

Kt Q 

Q 

Similarly it can be shown that for a magnetic current source M(r), radiated fields 

are represented by: 

Q 

«(«)(')=a!„,^W= -J(0€|[(7+^)g„(r,r')]-W)dQ'. (2.9b) 

In expressions (2.8a) and (2.9b) the quantity with in the square bracket under the 

integral sign is the free space dyadic Green's function, 

G{r,i') = (7+^)g„(r,/) (2.10) 

In writing equations (2.8a), (2.9b) and (2.10) dyadic notations have been used 

for convenience and the symbol, J is the unit dyad and is given by: 

/=(je^ # ti) 

The total fields due to J and M are therefore expressed as: 
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E{r) 

H(r) = s£^/,A/)=• (2.11b) 

(2.11a) 

In representing fields radiated from sources the above two expressions are useful 

for their compact representation. The operators SEg and S£h are defined by the 

expressions (2.8) and (2.9) and will be used through out in this document. 

General Formulation for Finite Element Treatment of Electromagnetic 

Problems. 

A very general formulation for scattering, radiation and absorption by a 

penetrable inhomogeneous structure is considered so that it can be reduced 

easily to a simpler form for any specific case. Let us assume that the volume V 

enclosed by the sur&ce S is an inhomogeneous penetrable media; therefore the 

constitutive parameters, complex permeability and permittivity, are functions of 

position i.e., ^(r)=n„ jiX'") and €(r)=6„ e^r), where. 

It is to be noted that n(r) and e(r) could either be continuous functions of 

position or be piece-wise constants. Therefore, for the later case the scatterer 

can be subdivided into a number 'p' of regions, in each of which n(r) and e(r) are 

constant, but discontinuous at the interfaces of each region. The general 

formulation is done without reference to any specific geometry but for 

convenience, a schematic or symbolic picture has been depicted in Figure 1.1 in 

Chapter 1. 

(2.12a) 

(2.12b) 
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The external electric and magnetic current sources, J and , 

respectively, are assumed to be located outside the domain V and radiate into 

free space to generate incident fields E and in absence of the scatterer. 

Incident fields, E and are due to localized source distributions J^(r) and 

^F"(r) in a volume external to V and can be derived convenientiy fi-om potential 

theory as shown above in (2.11). Therefore, the incident fields are determined 

as follows: 

E>"{r) ^ (2.12c) 

(2.12d) 

Field Representation in External Region Qj Incident fields, £""" and H"" will 

give rise to scattered fields due to the presence of a scattering structure. The 

scattered fields are generated due to induced conduction and polarization 

currents in the scattering structure. Field equivalence principles [105] allow us 

to represent the scattered fields by a set of equivalent surface sources which 

radiate correct scattered fields into an external volume. The interior of the 

inhomogeneous scatter is isolated from the exterior region by introducing a 

fictitious surface dQ completely enclosing the scatterer. The volume enclosed by 

surface dQ is denoted by Q and it includes the scattering volume V. The volume 

exterior to the artificial surface 6Q, which extends to infinity is assumed to be 

free space and denoted by Q„. The volume includes the external sources J^' 

and M"' which radiate incident fields F^and given by (2.12c) and 

(2.12d). Decoupling of the internal region Q from the external region Q„ is 

acliieved by introducing a set of equivalent electric and magnetic surface current 
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sources and on the common surface dQ such that these sources radiate 

correct fields in the fi'ee space Q„. These sources are determined fi'om tangential 

magnetic and electric fields on the separating boundary surface dQ as expressed 

here in: 

/,(r) = II X H\r), r 6 dQ (2.13a) 

M/r) = £*(r)x n ,  r e dQ (2.13b) 

where n is the unit normal on the surface dQ pointing toward the exterior region 

Q„ and fT and ET denote the surface fields' values as one approaches dQ fi-om 

Q.. The total field in Q„ are as follows: 

E(r) = E^'(r) * r e Q. (2,l4a) 

H(.r) = tf"(r) + r e Q.. (2.14b) 

where the operators the boundary surface integrals involving 

sources fianctions and on dQ and dyadic Green's fimctions that produce 

appropriate scattered electric and magnetic fields respectively. Each of these E-

field and H-field operators and 9^^ consists of two parts as given by 

(2.11a) and (2.1 lb), respectively, specifying the type of source contributions: 

£(r) = £» + (215a) 

H(r)=H<"'(r) (215b) 

These operators are given explicitly by: 

(2.,6a) 
aQ ^ 

=/vx[g^(ry)y/r')]rfs' 
dQ 
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4<M)W = -70)e^[(/+^)g„(r,f')]-M/r')rfS' 
^ ft 

(2.16c) 

= ^VxfeJr.OAf/OJrfS' (2.16d) 

It is to be noted here that the scattered field radiated by the equivalent sources 

as represented by operators ^^e(J) . ̂ ^h(J) > ^^e(M) and i£^H(M) as shown in (2.16a) 

to (2.16d) do incorporate the Somraerfeld radiation condition via use of the free 

space Green's function in the kemal. This was the purpose of this decoupling; 

the use of boundary integrals is to incorporate the Sommerfeld radiation 

condition into the formulation for the numerical solution. It is also to be pointed 

out that the surface fields /T and iT in (2.13a) and (2.13b) are also part of the 

unknown fields to be determined. 

Field Representations in the Interior Region Q The interior region Q is 

assumed to be inhomogeneous. Its associated Green's fimction is usually not 

available and, therefore, difierential methods are suitable, so that the interior 

field will be driven from the presumably known tangential boundary fields. The 

interior fields are formulated by using the vector wave equations, which are 

obtained as a direct consequence of the fact that the fields must satisfy the time 

harmonic Maxwell's equations. In order to be general, it is assumed that the 

interior region Q also contains electric and magnetic current sources and Af"'. 

Starting with Maxwell's equations (1.3) it can be shown easily that the vector 

wave equations for inhomogeneous domains are given, 

for tlie E field in Q , by: 

Vx[n;'(r)Vx£(r)] - kleji^r) = - Vx[^;'(r)A/^ (2.17a) 
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and, for the H field in Q, by: 

Vx[£;'(r)Vxfl(,)] - * Vx[£;'(rV^, (2.l7b) 

where, % Yo and ko are the free space intrinsic impedence, admittance and wave 

number, respectively, and complex permittivity, e^r) and permeability, n,(r) are 

given by (2.12). Any one of these vector wave equations shown in (2.17a) and 

(2.17b), along with appropriate boundary conditions could be used as the 

governing equation in a finite element formulation. 

Boundary Conditions: Solutions of wave equations (2.17a) and (2.17b) in the 

domain Q require specification of boundary conditions on the domain boundary 

surface 6Q, which must satisfy the requirments of the electromagnetic 

uniqueness theorem for the unique solutions. For the £'-field formulation, 

(2.17a), specification of tangential electric field components, n^E~ on dQ will 

imply Dirichlet or essential boundary conditions whereas specification of 

tangential magnetic field components, n^H~ on (3Q will imply Neumann or 

natural boundary conditions. Similarly, for the ^-field formulation (2.17b) 

specification of tangential magnetic field components, n^H~ on will imply 

Dirichlet or essential boundary conditions whereas specification of tangential 

electric field components, n^E~ on 6Q will imply Neumann or natural 

boundary conditions. E ~ and fT" are field values as the boundary surface 3Q 

is approached fi-om the domain Q. 

Weighted Residual Equations: E-field formulation: For an exact solution, E(r), 

the equation (2.17a) has to be satisfied exactly at every point in the domain, i.e, 

r 6 Q. If instead E{r) is any trial solution which approximates the exact solution. 
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then equation (2.17a) would not be satisfied exactly and would produce some 

residual vector iJ(r) at every point, r e Q, 

Vx[^;'vx£(,)] - k^^r) *Jk^r\/- * = «(,) (2.18) 

In order to make the trial solution as close as possible to the exact solution, some 

optimization criterion has to be applied. This is achieved by choosing some 

known smooth function fV(r), forming the scalar product R(r)*W(r) and then 

minimizing the product over the complete domain Q. hi other words we force its 

integral lQR{ryW{r)(Xl to be zero, that is: 

where W(r) is called the testing or weighting function, R(r) is the residual 

obtained from (2.18) by substituting the approximate trial function, ^(r) in place 

of exact function. For simplicity, the symbol of the trial function is the same as 

that of the flmction representing the exact solution. Therefore, it is understood 

that the expression of R(r) is the left hand side of (2.18) in which £'(r) is the 

approximate trial function that generates the residuals. This classical trial 

solution optimization method is the well known method of weighted residuals 

(MWR) as discussed at beginning of the chapter. The Rayleigh-Ritz variational 

procedure can be used as the alternative optimization method. Equation (2.19) 

can be explictly written as follows, by substituting R(r) from (2.18) into the 

integrand of (2.19): 

J'R(ryfF(r)da = 0, r e Q, 
(2.19) 

Q 

Q Q Q 
(2.20) 

Q 
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The first volume integral on the left hand side of (2.20) can be written as 

follows, by using the vector identity, = B-VxA - A-V^B: 

fvx[n;^vxE]- wdv = + |(n;Vx£).(vxfpyv ^221) 
Q Q Q 

The first volume integral on the right hand side of the above identity (2.21), 

which involves the divergence of a vector function, can be reduced to a surface 

integral by invoking the divergence theorem. It is also to be noted that the 

quantity fi;^ V<E in the integrand can be replaced by jk„rjJIby using Faraday's 

law fi-om the Maxwell's equations. 

=  ^ [ ( n ; V E ) x f f ^ .  n d s  
Q dQ 

= (2.22) 
dQ 

-jKry,j{H^n)-Wds, 
dQ 

where the vector identity, {A^B)'C= (B^C)'A = (C^A)-B has been used. 

Hence, finally, the first volume integral of the weighted residual statement 

(2.20) can be replaced by the sum of a volume integral and a surface integral 

which are as shown below; 

|vx[^;'vx£]•»yv = J(n;'vx£)-(vxf^v * jk^i\^j{H^nywds. 
Q Q dQ 

Now substituting (2.23) in (2.20) the weighted residual equation for the electric 

field takes the final form: 
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|[(n;Vx£)-(VxffO - kle^-W\dv + + V^{\L;^M^\Wdv 

^ /. ^ (2.24) 
= 0 

dQ 

Equation (2.24) is the weak statement of the vector wave equation (2.17a) 

derived by using the method of weighted residuals. This equation will serve as 

the basic equation for developing the finite element scheme. First, the domain, 

Q is to be subdivided into a finite number of regular volume elements, Qj. Next, 

equation (2.24) is to be written for each volume element; then an approximate 

E i (r) for each element to be constructed fi^om known basis fimctions and 

unknown complex vector coefficients representing element nodal field values. 

Selecting the weighting fimction, fV^ (r) fi-om a linearly independent set and 

carrying out the integration over the element volume will generate the element 

stiffiiess matrix. Similarly, the weak statement of the problem involving the H 

field vector wave equation (2.17b) can be found by reworking the weighted 

residual equation for the H field, or can be written down directly fi"om (2.24) 

using the field duality principle as follows: 

° ° (2.25) 

dQ 

It is noted here that the boundary fields E "(r) and H "(r) for r e 5Q imply the 

field values at dQ as it is approched from within Q. It is also noted that (2.24) 

and (2.25) do not contain any Greens' functions. The equations (2.24) and (2.25) 

are the weak formulations fi"om weighted residual equations for electric and 

magnetic fields respectively, where E{r) and H(r) are the approximate (trial) 
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solutions of vector wave equations (2.17a) and (2.17b) for the interior region Q, 

and W{r) is the so called weigjiting or testing function. If the weighting function 

is chosen to be the same as the trial function in accordance with Galerkin's 

method, then it can be shown that the weighted residual equations (2.24 )and 

(2.25) are exactly equivalent to the variational equations of the problem. In that 

case the left hand sides of both (2.24 )and (2.25) are functionals F(E) and F(H), 

respectively, and these functionals remain stationary (SF(E)=0 and dF(H)=0) 

against the first order variation of E(r) and H{r) about the exact solutions of 

(2.17a) and (2.17b). 

Continuity Condition Imposed at Boundary Surface dQto couple Interior and 

Exterior Regions: The electric and magnetic fields E{r) and ^(r) represented 

by (2.15a) and (2.15b) in the exterior region Q. and by (2.17a) and (2.17b) in the 

interior region Q appear to be isolated but they are not. By invoking the 

continuity of tangential electric and magnetic fields at the interface of interior 

and exterior regions, the solutions of both regions can be coupled and a 

consistent system of linear equations can be formed which can be solved for the 

unknown fields. The coupling of the interior and exterior fields is achieved by 

imposing the continuity of the tangential components of electric and magnetic 

fields on the fictitious surface 5Q which separates the interior region containing 

tlie inliomogenity fi^om the exterior firee space region extending to infinity, that 

is 

H\r)^n(r) = H~{r)^n{r), re 0Q, (2.26a) 

E*(r)^n(r) = E (r)x/i(r), r e dQ, (2.26b) 



63 

where'+' andimply field values on dQ as it is approached fi'om the domain 

and Q, respectively. 

Finite Element Discretization of Interior Volume Q: The volume Q, which 

contains the inhomogeneous scatterer, is subdivided into a finite number of 

smaller volume elements AQ^ (e = 1,2, —M) of regular and simple geometry. 

The usual practice in FEM is to choose tetrahedra, triangular prism or 

rectangular brick elements, such that 

A/ 

Q = 5^ AQ^ (2.27) 
e-\ 

Each of these volume elements AQ^ consists of a fixed number of element edges 

(example: triangular prisms and rectangular bricks consist of six and twelve 

edges respectively). Therefore, as a result of discretization, the volume Q 

comprises a total of number element edges including those on the surface 6Q. 

The unknown elemental electric field P(t) or magnetic field H (r) can be 

expanded in terms of edge-based vector basis functions [104] as follows:-

E' = £ (2.28a) 
y=i 

H' = ^ H/V/ (2.28b) 
y=i 

where, e (= 1,2,3, —M), represents the element numbering index, j (= 1, 2, 

3,... ,Ne), represents local element edge numbering index, is the number of 

edges in an element, Vf's are the vector basis fimctions chosen to expand the 

vector fields and E/'s or Hf's (e = 1,2, M and 7 = 1,2, are the 
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unknown expansion coe£5cients equal to the element edge fields. 

The choice of vector basis functions to be used for the expansion of vector 

fields in the finite element method is important. The vector field within each 

individual volume element AQ^ (e = 1, 2, —M) can be made to satisfy either 

zero divergence (i.e., V'E=Q or or zero curl (i.e., 

VxE=0 or Vxlf = 0) by selecting a suitable form of edge-based vector basis 

functions. The zero-divergence or zero-curl vector basis functions are helpful in 

eliminating or at least reducing the spurious modes or parasitic (non-physical) 

vectors from the finite element solutions. If elements are small enough, then, for 

simplicity, the material properties and can be assumed constant within each 

of these elements but may vary from element to element. 

Systematic generation of linear equations is the primary objective of 

employing the finite element method. The equations, either (2.24) or (2.25), are 

written for each element AQ^ depending on which field variables £(r) or 

^(/•)will be used. Approximate trial solutions, E^(r) or ff'(r)are constructed 

using (2.28a) or (2.28b) for each element AQ^. For the electric field F(r) 

formulation, the weak equation (2.24) will take the following form: 

M K 
EE {̂ y f [(ii;'vxi/.')-(vxj^ -

- / UW'" - vx(^; (2.29a) 

<f (yJ''n)-fVds} = 0; 
dAQ, 

for the magnetic field ff(r) the weak equation (2.25) will take the following 
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form: 

M K EE {«,' f [«'VxK/)(V.<») -
J" 40. 

* fUtj'X'-V>'(e-'j^]-frdv (2.29b) 

40, 

"-(W/ f = 0. 
dAQ, 

The equations (2.29a) and (2.29b) are discretized forms of (2.24) and (2.25). 

The unknown coefficients By" and Hf are element edge fields and Vfirys are 

known vector basis fimctions where, e ( = 1,2,3, .A^and j ( = 1,2,3, 

are element and local element edge numbering indices; M and are the total 

number of elements and number of edges in the element under consideration. 

The W's are the vector weighting functions to be chosen from a set of 

independent flmctions. Each of the element edges has to be assigned a global 

number, so that an element edge, which is common to a number of elements, 

may have different local numbers but only one global index. Contributions from 

each element will give rise to an element matrix equation; assemblying all of 

them into a global system of equations where unknowns Ej's and Hj's will be 

significant in global sense and index y (= 1,2,3, JV)will represent global 

edge number with //being total number of edges in the problem. Considering the 

global sense, the unknown vector field expansion in terms of edge based vector 

basis flmctions can be repesented, at least in principle, in the following global 

form instead of in local or element form as shown in (2.28). 
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M N 

E E £/''/('•)-EW) 
AQ,., y=i y=i 

(2.30a) 

M K 
E E «,'''/('•)=E«,^7'-) 

AQ,., 7=1 y=l 
(2.30b) 

In order to generate an appropriate number of independent linear equations from 

either of the equations (2.29a) or (2.29b) a suitable set of independent weighting 

functions are to be chosen. According to Cralerkin's choice, the set of expansion 

basis functions Vp), as used in (2.30), can serve as the set of independent 

weighting functions. Hence, 

It is appropriate to mention again at this point that the implementation of the 

method of weighted residual (MWR) following Galerkin's procedure is exactly 

equivalent to the Raleigh-Ritz variational formulation. Using the the definition 

of global edge-based basis functions as shown in (2.30a) and implementing 

Oaleridn's choice (2.30c), the discrete electric field equation (2.29a) is written 

as: 

W{r) = Vfr) , / = 1,2,3, N (2.30c) 

Q 

(2.31a) Q 

where, /= 1,2,3, - - - N 

Similarly, for the magnetic field equation (2.29b) can be written as: 



J=^ Q 

. I f f  V k ^ X "  

= 0. 

dQ 
where, i = 1 , 2 , 3 ,  - - - - / /  

Each of these equations (2.31a) and (2.31b) is actually a consistent set of N 

hnear equations in N unknowns, Ef or Hf (/ (= 1,2,3, JV)). In both of 

these equations, the surface integrals are related to those element edges which 

form the domain boundary, while the rest of them were discarded assuming field 

continuity at inter-element edges. The electric field matrix equation 

corresponding to (2.31a) can be written as: 

In (2.32) the elements of the admittance matrix [Y], [F] matrix and forcing 

vector {F} are defined as follows: 

y„ - /[(^VxK^vcvxf;) - kle^v,-yj]dv. tj = i. 2,.. w 
Q 

Ty. " JKxjC,,>'")• '.-J, = 1,2, ...N, 
dQ 

* Vx(^;';^0]•^yv, / = 1,2.... AT P33^J 
Q 

The elements of matrices [Y], [F] and {F} are determined by evaluating the 

integrals (2.33a), (2.33b) and (2.33c) respectively, where all the functions and 

parameters are known. Obviously, the unknown coefficients, as represented by 
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(2.31b) 



h ̂  /[(€;'Vx>^)-(Vx9 - klvi^V{V^y, ij = 1, 2. ...N 
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column vectors {E} and {Hg} in (2.32), are the edge electric fields in the domain 

Q and boundary edge magnetic fields on dQ respectively. 

{£} = [ E,..  .  .  Mj J''  

{//,} = [ H,. H,.. . . 4. . . . 

The boundary edges (numbered by local index jg) are a subset ofglobal edges 

indexed by j, (j = 1,2,3, ^N); for each of these boundary edges, jg there is 

a corresponding global edge number j. Similarly, by defining the elements of the 

coefficient matrix and vectors as follows, 

.It-'--"' 

fy, - i,j ,  = 1,2,... w, (2,34b) 
dQ 

-  V>=(£;'j^]-f^, i  = 1, 2,...N, (2.34c) 
Q 

the equation (2.3 lb) for the magnetic field can be written in the matrix form, 

(2.35) 

where {H} and {EJ are the unknown edge magnetic fields in the domain Q and 

boundary edge electric fields on dQ, respectively. 

{H} - [ H,, 

The elements of matrices [Z], [T] and {F} are determined by evaluating the 

integrals of known fimctions as given by (2.34a), (2.34b) and (2.34c) 

respectively. Two independent sets of the linear system of equations (2.32) and 

J- (2.36) 
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(2.35) have been generated for the same problem: the first one (2.32) is 

formulated for the direct computation of unknown electric fields {E} and the 

second one (2.35) is fomiulated for the direct computation of unknown magnetic 

fields (H}. Either one of these systems of equations can be solved as a standard 

boundary value problems by specifying either the tangential electric field on the 

boundary, n^E~ on 0Q, or the tangential magnetic field on the boundary, 

n^H on 6Q. Since edge based vector basis fimctions were used in the FE 

formulation and the edge fields are by construction tangential at inter-element 

edges and on boundary edges; therefore, boundary tangential fields 

n^H~ on 0Q and n^E~ on 0Q are exactly represented in discrete form by 

{HJ and (E^} in (2.32) and (2.35) respectively. In (2.32) the boundary edge 

fields (EJ are included as a subset of the unknowns {E} and can form the 

Dirichelet or essential boundary data, whereas boundary edge fields {HJ 

constitute the Neumann or natural boundary data. For the same reasons, in 

(2.35) the boundary edge fields {HJ are included as a subset of the unknowns 

{H} and form the Dirichlet or essential boundary data, whereas boundary edge 

fields {EJ constitute the Neumann or natural boundary data. Part of the 

boundary be assigned Dirichelet data while rest of the boundary can is attributed 

to Neumann data. 

In a standard boundary values, problem these surface field values either 

{EJ or /Xf7 are specified so they enter in the finite element formulation as 

known data; for general electromagnetic scattering, radiation and absorption 

problems, on the other hand, these tangential surface field values are coupled to 

infinite exterior domain Q„ by the requirements specified by (2.26). 
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Boundary Element Formulation: Discretization of the Surface dQ. 

The fields in the exterior volume U» are superpositions of the incident fields 

(generated by the external sources) and the scattered fields. These scattered 

fields are represented as the fields radiated by equivalent surface current 

distnbutions on dQ. The field representations in the exterior volume are given 

by (2.15a) and (2.15b), which are rewritten below for convenience; 

E(f) = £*«(r) ̂  *xB) + *XB). (2.37a) 

(2.37b) 

where and are the appropriate surface integro-

diflferential operators as expressed in (2.16). These operators are to be evaluated 

to produce electric and magnetic fields due to electric surface current density 

and magnetic surface current density M, as determined by on 0Q and 

on dQ respectively. The operators produce vector functions of position; 

therefore, they are treated as vectors in the subsequent development. 

As already pointed out earlier, in order to solve the system of linear 

equations (2.32) or (2.35) for the bounded interior domain Q, the specification 

of boundary values for the tangential field components (£(r)>:n or H(/)^n 

where r e 6Q) boundary needs to be imposed. The boundary field values are 

obtained fi-om the boundary integrals shown in (2.37a) and (2.37b). The obvious 

step now to take the tangential components of the surface fields by cross 

multiplying (2.37a) and (2.37b) with outward normal n. For convenience both 

sides of (2.37a) and (2.37b) are multiplyed by and rj respectively. 

Taking tangential components of the resulting normalized fields by cross 
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multiplying by outward normal n to the surface dQ we find that: 

= r 6 8Q; 
(2.38a) 

= jk^r\Jf^{ryn, rondQ. 
(2.38b) 

The finite element discretization of the volume Q into M smaller volume 

elements, AQ^ (e=l,2,3, M) simultaneously results in discretization of 

the surface 6Q into boundary patches A8Qp (/7=1,2,3, M^); each of 

these boundary patches are bounded by three or four edges; so out of a total of 

N element edges in the interior domain, Ng element edges reside on the surface 

8Q, that encloses the volume Q. It needs to be mentioned here for clarity that we 

are considering the surface tangential fields in (2.38a) and (2.38b). Tangential 

fields represented in the external region on the fictitious boundary 3Q by these 

expressions are subjected to weighted residual treatment. First (2.38a) is 

considered for this purpose, the field values on the surface, E''\r) and 

are approximated and the weighted residual equations for each of the discretized 

surface patches are written as follows: 

f ff^i-{E^'(r)xn}ds+ j  W.'{^EiJ)(H''\r)xnyn}ds 
A;50 Ksrt AaOp 

(2.39) 
AaQp 

Ms 
f Wi{e"(ryn)ds, r e AaQ, 

p-^ 



(2.40) 
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where, 's are weighting functions to be chosen from a set of linearly 

independent functions. Now the boundary patch fields and /r''V)are 

expanded in terms of edge based vector basis functions and with Galerkin's 

choice in selecting weighting functions as shown below: 

A/, A/, N 

E ' -  E £" = E tEfViI'l.E.y 
AaQ^., AaQ,.,y,=l " " /, = 1 ' 

E ff'* = E ilHfvf 
4«,.i ' ' 1,^' 

and W. = VF = v., where / = 1,2,- -•  • p i g  5  S  

In (2.40) the surface fields are expanded locally in each discretized boundary 

patch and then transformed symbolically into a semiglobal edge based 

representation. It has been assumed that there are Ms total boundary patches 

where each consists of (bounded by) Np edges, making a total of edges on 

the boundary. Substitution of (2.40) into (2.39) results in the formation of the 

required linear system of equations in unknown edge electric and magnetic fields 

as follows: 

-I ^ J ' ,• _ i  J ' 
aQ dQ 

N, 
T.Ej (2.4i) 
J.-' ' L ' 

= 1, 2, 3, 
dQ 

The matrix form of the above equation can be shown as: 



S  S  S  S  S  J  < * • •  '  
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(2.42) 

where the elements of the matrices are given by, 

fy. = (2.43a) 
dQ 

dQ 

n;, =7Vof [»'/,• {S£««,(f'y,'<«)'<«n<is (2.43e) 
dQ 

(2.43d) 
dQ 

The most important observation here is to note that the matrices [T] in (2.35) and 

(2.42) are identical. Similarly, following the same procedure or simply invoking 

duahty we can obtain a system of hnear equations for (2.37b) as shown: 

dQ dQ 

dQ 

'JK\fy,_-llfi^(.r)^n}ds, i,  = 1. 2. 3. N^. 
dQ 

Writing (2.44) in the equivalent matrix form we get, 

< # < j  S  4 # < X  J  X  S  X  

(2.44) 

(2.45) 
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The matrix elements in the above equation (2.45) are to be calculated as shown: 

r-.y, = Alof (2.46a) 
dQ 

Ks. = ci.m 
dQ 

Ki. = (2 460 
dQ 

dQ 

The matrices represented by [FJ in both hnear system equations (2.45) and 

(2.32) are identical. 

Coupled System of Linear Equations 

The ultimate objective of all numerical methods is to produce a consistent 

system of linear equations which is amenable to an unique solution. So far two 

pairs of coupled linear systems of equations have been generated. The first pair 

(2.32) and (2.35) is obtained by finite element treatment of inhomogeneous 

scatterers within the interior region Q. The second pair (2.42) and (2.45) was 

generated by a boundary element treatment of the fictitious surface on which 

equivalent surface current distributions were imposed to represent appropriate 

fields in the infinite exterior region Q.. These two pairs form the most general 

and flexible formulations fi'om which ahnost all the special cases can be easily 

deduced. For example, the following cases can be considered: 

1. The first pair (2.32) and (2.35): each of these can be treated and solved 

for tlie interior fields in the domain Q independently by assigning appropriate 
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boundary conditions. 

2. The second pair (2.42) and (2.45): similarly, each system can be solved 

for EM scattering due to perfectly conducting (electric or magnetic) objects, or 

radiation characteristics from equivalent surface current distribution. 

3. In the case of a penetrable structure we can form a coupled hnear 

system of equations taking either one from each pair to solve for the unknown 

fields in the entire space, interior and exterior regions combined. The coupling 

is achieved by invoking continuity of tangential fields on the fictitious surface 

6Q, which is formally stated in (2.26). There are altogether four sets of coupled 

systems of equations which can be formed to deal with scattering of fields by 

penetrable objects and all are equivalent in principle. But a judicious choice in 

applying them for any problem at hand may significantly reduce the 

computational overhead burden. The nature of the inhomogeneity of the scatterer 

and the type of boundary conditions that need to be applied usually influence the 

decision to choose one coupled system over the other. If a scatterer is composed 

of inhomogeneous magnetic material and we wish to apply transverse magnetic 

(TM) excitation, then suitable coupled systems of equations are (2.32) and 

(2.45), which are reproduced below for convenience; 

~ {^ATxi (2.47a) 

where the unknowns are represented by the following column vectors 
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{£•} = [ fj, Ey J'', 

{ £ , }  = [ E ' , E l E ^ ,  - - - E i J ,  (2,48) 

{ H , }  - { H ; , h i h ^ .  

which are the unknowns electric edge fields {£}, unknown surface electric 

edge fields (E^land unknown surface magnetic edge fields {/Ty} 

r e s p e c t i v e l y .  I t  i s  t o  b e  n o t e d  h e r e  t h a t ,  { £ ' } 5 C  { £ }  a n d  { H } .  

Edge Based Vector Basis Functions 

The finite element formulation is carried out using the concept of edge-

based vector basis fiinctions. This concept was introduced by Whitney [106]. 

These vector basis fimctions are constructed to represent the vector field along 

the edges of an element. The number of vector basis functions required for an 

element is, therefore, the number of its edges.The tangential component of the 

vector basis fimction, along the edge which it represents, is constant, but it 

vanishes along all other edges of the element. Most important of all, the 

divergence of these vector basis functions is zero inside the element hence are 

known as 'divergence-fi^ee'. In other words, the basis function is either 

completely tangential or has a constant tangential component along the edge 

where it represents the unknown vector field. This impUes that the normal 

component of the vector basis function at the edge it represents is either 

identically zero or vanishes on the average. At all other edges of the element it 

has a non-vanishing normal component, but a vanishing tangential component. 

The simplest example of vector basis functions are those of a rectangular 

element. 
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Figure 2.1 Edge based vector basis functions (2.49) and (2.50) 
are defined for the rectangular element. 

The unknown field £" in this element is expanded in terms of edge based vector 

basis functions Vj as shown, 

E=y'(y)E,, - y2'(y)E,, * - Vl(x)E ,̂ (2.49) 

where, 

K'(y) =^j(y^j-yo>' 

{ I I  I P-'"' 

It is easily observed that V-E - 0, since ail the V- Vf=0, J=\ ,2,3,4 and p=x,y 

inside the element shown in the Figure 2.1, by virtue of their construction. The 

role of finite element method is to compute the unknown coefficients. 
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^x2> cxpansioii (2.49) of the element field vector E. It 

is clear that in this case the edge field is tangential and constant along the entire 

edge and does not have a normal component. However, it varies linearly towards 

the opposite edge and vanishes on the opposite edge. In vector wave equations 

for inhomogeneous media, expUcit enforcement of a divergence fi'ee field is 

difficult and numerical discretization makes it even worse. Therefore, the 

numerical solutions are contaminated with spurious or non-physical vectors 

which have non-vanishing divergences. In this formulation, use of a 

divergenceless vector basis function would eUminate or significantly reduce 

parasitic vectors fi-om the solution and hence would increase the order of 

accuracy of the solution. This method is very simple and effective for 

computational domains which are bounded by surfaces parallel to coordinate 

planes, so the discretization would result in square, rectangular, cubic or 

rectangular brick elements. For arbitrarily shaped domains, the discretization 

process usually generates triangular, quadrilateral, tetrahedral or hexahedral type 

elements. Construction of edge based vector basis functions for these irregularly 

shaped elements is relatively difficult and computer implementation becomes 

tedious because of the fact that the directions of the vector basis functions are 

to be associated with the edges represented. Construction of these basis 

functions for linear triangular, quadrilateral, tetrahedral brick and hexahedral 

elements have been worked out in a recent book on FEM in electromagnetics 

[107], Each vector function constructed for triangular, quadrilateral, tetrahedral 

or hexahedral elements has the following properties: 

1. It has a constant tangential component along the edge which it represent and 
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vanishing tangential components along all other edges of the element. 

2. It has a non-vanishing normal component along the edge it represents but the 

net contnbutions from the normal component along the associated edge is zero. 

3. It has non-vanishing normal components along all other edges it does not 

represent but the net contributions from these normal components along these 

edges do not vanish. From an analysis of the edge-based vector basis functions 

it is found that this method will almost perfectly enforce continuity of tangential 

field {E or H) components at the interface of a material property discontinuity 

(dielectric or magnetic); but, however, it does not enforce appropriate 

constraints on the normal field (D or B) components. This assertion is found to 

be suported by the work of Yuan et al. [108]. This difSculty may be addressed 

and eliminated by introducing higher order elements. Construction of higher 

order edge-based vector basis functions for these elements is also possible, but 

the degree of difficulty in constructing them, as compared to the same order 

scalar basis functions in nodal representatons, is considerable. This method has 

a number of distinctive advantages, as mentioned above, but also inevitably 

suffers from several other disadvantages. It can be easily verified that the 

number of unknowns associated the same geometrical 3D-element in edge-

element and nodal-element representations are different: there are more 

unknowns associated with the edge-based vector FEM than the node-based 

FEM, since there are more edges than vertices (the number of edges are 1^ times 

the number of nodes) in tetrahedra (or hexahedra) element. Solutions generated 

by this method will be piece-wise constant, since the tangential component of the 

unknown vector field is assumed to be constant over the entire length of the 
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element edge. 

The basic formulations developed in this chapter will remain unchanged if we 

decide to replace the edge-based vector basis functions by scalar basis functions, 

which will be the topic discussed in Chapter 3. 
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Chapter 3 

NODE BASED nNTTE ELEMENT METHOD FOR SOLVING 

ELECTROMAGNETIC BOUNDARY VALUE PROBLEMS: A THREE 

DIMENSIONAL VECTOR FIELD FORMULATION FOR BOUNDED 

INHOMOGENEITIES 

Introduction 

It was mentioned earlier that the finite element method, as applied to 

electromagnetic problems of scattering, radiation and propagation, has met with 

success only when the problems were reducible to scalar Hehnholtz equations. 

This apparent restriction, however, hmits, the problems dimensionality of 

tractable to two, and, furthermore, requires homogeneous material properties. 

Electromagnetic fields in a source-fi-ee and homogeneous region are 

characterized by the vector fields of divergence-fi-ee structure. In general, 

arbitrarily oriented field vectors at the interface between dissimilar materials are 

discontinuous by the fact that the tangential and normal field components behave 

differently; the tangential component is continuous whereas the normal 

component is discontinuous in such a way that the normal component of the 

associated flux density vector is continuous. The vector nature of 

electromagnetic fields, in three dimensional problems associated with 

inhomogeneous material properties, forces one to consider the vector wave 

equation (2.17) as the governing equation for finite element formulation. In 

inhomogeneous, but source-fi^ee, domains electric and magnetic vector fields 

must be divergence fi-ee in the sense: V-/)(r)=V-{e(r)£'(r)} = 0 and 

V'B{r) = V- {n = 0. If these conditions are not explicitly enforced in the 
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implementation of any numerical scheme (FE, FD, etc.) the solution field will be 

contaminated with non-physical, spurious or parasitic vectors. The discretized 

version of (2.17) for numerical implementation fails to satisfy the above crucial 

vanishing divergence condition as shown above; therefore, physically non

existent charge density contributions arise fi'om the non-vanishing divergence 

and so adds parasitic vectors to the correct solution vector. The origins, nature 

and elimination of these parasitic vectors have been discussed in relevant 

literature [71,72,73]. Chapter 2 was devoted ahnost entirely to formulating a 

general finite element scheme, based on the governing equations depicted in 

vector wave equations (2.17a and 2.17b), for solutions fi-ee fi'om parasitic vector 

contamination. Approximate forms of fields that (2.17) will satisfy, were 

expanded by vector basis fimctions which are characterized by being tangentially 

continuous at the inter-element edges and divergence fi-ee. It has been shown 

[66] that by constructing appropriate vector basis fimctions tailored to satisfy the 

need to have a divergence fi-ee (or solenoidal) solution, the sources that generate 

spurious solutions can be eliminated or at least significantly reduced. Therefore, 

the problem of eliminating spurious solutions was treated at the basis fimction 

level and the governing equations (2.17) were retained in the exact form. This 

gave rise to the so-called edge based vector FEM. 

At the time when this work was undertaken, elimination of parasites fi'om 

the solution domain were reported [72] to achieve success by an alternative 

approach. This was essentially a generalization of an earlier attempt called the 

penalty fimction[104] method, which has been discussed in chapter 2. This time 

the governing equation (2.17) was tailored to satisfy the need to have a 



83 

divergence free solution, free from spurious vectors. The modified form of (2.17) 

was called the extended vector wave equation and was justified theoretically 

from potential theory [73], involving gauge invariance. The most important 

feature of this approach is that the conventional concepts of node-based scalar 

basis fimctions are applicable toaFE formulation of the extended vector wave 

equation. 

The Extended Vector Wave Equation: The vector nature of electromagnetic 

fields and the symmetric structure of Maxwell's equations allow gauge invariant 

transformations such that electromagnetic fields can be derived from a set of 

potential fimctions, (/4,0). Maxwell's equation: V-B=V'{\iH)=0 allows us to 

write \jiH=V>^A. Substituting this into Faraday's law, we get Vx (£" + jii^A) = 0; 

the vanishing curl of the vector fimction, E + yw/l means that it is an irrotational 

or longitudinal type vector field; therefore, this could be expressed as a gradient 

of some scalar fimction, O, that is, E = -j\^A -V$. This choice of potential 

functions, (/4,<^) is not unique since both (X,$) can be transformed to 

such that field vectors E and H remain invariant. These transformations are: 

y4' = + Vx and -ycox. This non-uniqueness in potential fimctions can 

be utilized to our advantage. Maxwell's equations, which represent Ampere's and 

Gauss's laws for inhomogeneous regions, can be written in terms of ^4,^) as 

follows: 

Vx[-Lvx^]+yo)eV$-0)^6/4 =/ (3.1a) 

-V-(€V$)-ya)V-(e/l) = p (3.1b) 

For homogeneous material properties and application of the Lorentz gauge 
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condition, V-A =0, the above two equations decouple to take the form 

of two separate inhomogeneous Helmholtz equations A and Q: that is 

(V^ +(o^\ie)A = -\iJ and (V^ +o)Ve)^ = - £ respectively. The characteristic 
e 

of the Lorentz gauge condition is that it treats both potential functions (/!,$) on 

equal footing. Following Boyse et al. [73] and Minerbo [109] we can choose a 

Lorentz type gauge condition: 

V* (6/4) = -ywe• (3 2) 

Substituting (3.2) in (3.1a) and (3.1b) leads to decoupled equations for the vector 

and scalar potentials A and ^ respectively as follows: 

Vx[lvx^]-£V{-Lv (e4))-a)2e4=/ n 3a) 
C eV 

- V-(eVO) = p (3.3b) 

Local charge conservation equation, V*y+ywp = 0 (3.3c) 

It is evident that (3.3a) and (3.3b) are coupled through the charge conservation 

equation, (3.3c). It is easy to show that, for a homogeneous medium, (3.3a) and 

(3.3b) reduce to the Hehnholtz equation for the vector and scalar potentials. It 

can be shown [73] that for p=0 in (3.3b), due to vanishing current, /=0 or 

solenoidal current V*/=0 in (3.3c), the scalar potential, identically vanishes. 

This condition is valid for domains where cavity modes are not excited. 

Therefore, rewriting (3.3a) in terms of electric field vectors by replacing 

A = - —E, we get the expanded weak form of a "Hehnholtz-like" equation : /O) 

Vx[_Lvxffl-€V{^:^V-(€£)}V0)e£'=-> (34a) 
ywn ywe'n 

Similarly, for the magnetic field vector the extended weak form of the 
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"Helmholtz-like" equation can be written using the electromagnetic duality 

principle as follows: 

Statement of the Problem 

The three dimensional domain of interest is an electromagnetically 

inhomogeneous volume Q bounded by a surface dQ. The electrical properties of 

the domain, namely the permittivity, e(r)=eQe^(r) and permeability, 

H(r)=HQH^(r), are, in general, complex numbers, where Sq and Hq are the free 

space permittivity and pemieabiUty respectively. The relative permittivity, e^r) 

and permeability, Hr(r) are assumed to be functions of position as given by 

(2.12a) and (2.12b). The volume can be subdivided into several sub-volumes 

with constant material properties e and n. In other words, without loss of 

generality, the volume Q is assumed to be piecewise homogeneous. If the 

properties of the medium are continuous functions of spatial coordinates, then 

they can be assumed to be constant within each veiy small finite element volume 

Qg, with the values evaluated at the centroid of those elements. For this kind of 

domain the extended form of the vector "Hehnholtz-type" equations can be 

written as follows for source free regions: 

Vx [-LvxJ^ -^V{—i—V-(n^} +yo)n£f = -M (3.4b) 

Vx(J_Vx£)-eV( 1 
2 
V-eE)+J(iieE = 0 (3.5a) 

V X (_i_V X ^ - ̂ V(—1—V-+7= 0 (3.5b) 
70)6 
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Weighted Residual Equations: Let us assume that the domain Q is divided into 

a number, M, of simply shaped volume elements like four node tetrahedrals or 

eight node hexahedrals and designated by (e = 1,2,3, M). Each of 

these elements are represented by, a number N«, of nodes and contribute to 

global nodes. The entire domain Q is then represented by a total number, N, of 

nodes of which Ns nodes reside on the boundary surface 5Q. In each of these 

elements the unknown fields will be expanded in terms of simple scalar basis 

functions with unknown vector coefiBcients representing the nodal field values. 

Required properties of these scalar basis fimctions can be deduced easily from 

the weak statement of the problem, where Galerkin's choice of weighting 

functions is symbolically introduced. Weak statements of the problem will be 

available from partial integration of the weighted residual equations. The 

development here is almost parallel to what has been done in Chapter 2, 

involving edge-based vector basis function. The only difference is that this time 

we will be using sets of independent scalar weighting functions as opposed to 

vectors and will be deaUng with modified governing equations (3.4a) and (3.4b). 

The weighted residual equations for these governing equations are: 

j 4)Vx(—i-Vx£)<5/Q -j(|)eV(—+ piaeÊ idQ, =0  ̂

Q 

I (j)Vx(-Lvx.ff>iQ - J 4>iiV(—L-V-nH)dQ^ p0)^Lff(t)dQ = 0 (3 
Q Q ^ Q 

In writing (3.6a) and (3.6b) it is understood that the symbols E(r) and H(r) 

represent the assumed approximate solutions of (3.5a) and (3.5b) which yield the 

residual vectors R(r). The symbol (|) is the weighting function yet to be defined. 
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The residual is multiplied by a weighting fimction to form the product ^R(r), is 

integrated over the entire domain Q and this scalar product is forced to vanish. 

This weighted residual minimization process leads to the transform of (3.5a) and 

(3.5b) to (3.6a) and (3.6b). In order to implement the finite element method, the 

volume Q is sub-divided into a large but finite number of geometrically simple 

volumes (e=l, 2, 3, —;N) called elements. From now on, further 

developments will be based on only the extended form of the vector Hehnholtz 

equation for the electric field. The formulation for the magnetic field can be 

carried out in a straightforward manner either by using the duality principle or 

by repeating the steps of the electric field foraiulation for (3.6b). The discretized 

form of the weighted residual expression of (3.6a) can be represented 

mathematically by 

1 1 
E [ f<|)Vx(_!_Vxf- f 4)eV(—i_V-e£: Vv+ fj(^eE^4)dv] = 0 

I J(^[L J J 
(3.7) 

For each element volume, Q^, (e=l, 2,3, —Ne) the above equation (3.7) should 

hold. Therefore, we need to consider only one typical element, the e jh element 

for further development of the finite element formulation. The weighted residual 

expression for the e jh element, simply called the element equation, can be 

written as: 

y ( | ) V x ( — i — V x £ ' -  j ( t ) € V ( — j V - e i S " ' ) d v + j j i n e E  = 0  ^  

In (3.7) and (3.8) the symbol E ' represents the approximate electric field for the 

ejh element and the integrations are to be carried out over the respective 
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element volume Qe expanding E' hy simple functions. 

Weak Statement of the Problem for a Typical Element : 

In order to derive the weak statement of the problem from the element weighted 

residual equation (3.8), we need to carry out the partial integration of the first 

and second volume integrals of the L.H.S. of (3.8) using appropriate vector 

identities and related integral theorems. 

Partial integration of first volume integral of (3.8)\ 

Define: A = -J—V x £ ' 
ywn 

and use the vector identity, <t)Vx^=Vx((j)y4)-V(|)x^ 
in the first volume integral to obtain the following integral identity. 

Stokes' theorem (volume integral version) can be applied to the first volume 

integral on the R.H.S. of the above integral identity to reduce it to the surface 

integral as shown below: 

r(j)Vx(JLvx£'')i/v= r[vx(-i_vx£^]i/v 
L i ywji 

- r[V(t)x(J_vx£^f/v=o 

f (|,Vx( J_VxE ̂ dv = (f [nx(-LvxE 

(3.9a) 
r[V<t)x(_L.Vx£''>/v = 0 1 

Partial integration of second volume integral of (3.8): 
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Define Scalar fiinctiom T = —!—V • eE ' 

and use the vector identity, <|)VT=V(4)Y)-TV<j) 
in the 2nd. volume integral to obtain thefollowing integral identity, 

f<l)eV(—l—V'eE')dvB fv((t) (-J—V-eF'})dv 
I J(o\ie^ I J(o\ie 
••e 

- f(-J—V-eE^V(<i>e)dv 

Applying the volume integral version of gradient theorem to the first volume 

integral on the R.H.S. of the above integral identity, it can be reduced to surface 

integral as follows: 

r 4 , e V ( — ! — X ( < | ) { _ J L _ v - € £ ' ' } ) « i / s  

1 ' (3.9b) 
- f(—L-V-e£^V((t>e)dv 

Extended Weak Form of Vector Helmholtz Equations: Substituting the first two 

volume integrals of (3.8), as evaluated in (3.9a) and (3.9b), and taking surface 

integrals on the R.H.S, we get the desired weak statement of the problem for a 

typical three dimensional element designated by 

f [(—VxE ') X V4)]i/v + f (-J—V-eE 'OV(<t>e)dv + fjo)eE '(t)dv 
Q Q J 

1 ' .1 ' = - X[iix(_i_vx£')](j)j5+ (fn(—^V'eE')<t>ds 

4 ^ 
Similarly, for the magnetic field the weak statement of the problem can be 

written as: 
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r[(J_Vxfl^')xV4)]f/v+ r(—L_V-n^OV(<|)H)c/v+ (j\xi\iH'^dv 
i i i 

1 ' .1 ' 
= - <f[/ix(_L_vx^')](!)<&+ £ /I(—L-

4 ycoe ytoMe 

Expansion Functions and Galerkin's Choice of Weighting Functions: The 

unknown nodal fields are expanded in terms of C° basis Amotions. The C basis 

fimctions could be linear, quadratic, cubic etc. These belong to the set of square 

integrable fimctions and are continuous at nodes and inter-element boundaries. 

All the three cartesian components of both electric and magnetic fields can be 

expanded by the same basis fimctions. 

^ = E  = - ^  E  4 > y  +  ( 3  - 1 1  a )  
y=i /=! y=i y=i 

Ng A/, 

ff'-t. »/^j' X E * y E «,>/ ̂  ? E • p. • lb) 
y=i /=i j=i j=i 

In (3.11a) and (3.11b) £/and Hj are the unknown electric and magnetic field 

vectors at the j-th node of the e_th element symbolically; in the numerical 

scheme they will be explicitly represented by the cartesian components shown 

above, i.e. E^j, H^j, Ejj^ Hyj, E'j, H'j; the fimction c|)j is the basis fimction 

of the associated j-th node of the e-th element; it incorporates the spatial 

variation of field components into the finite element scheme in a pre-specified 

manner (i.e., linear, quadratic etc. 

The e-th element here is assumed to be represented by nodes, and there are 

three unknown field components per node, therefore, this element represents 
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3Ne unknowns. According to Galerkin's prescription, weighting functions are to 

be chosen from the set of basis functions (pj, 0=i)2, ~Nj. Substituting and 

^®from (3.11a) and (3.11b) into (3.10a) and (3.10b), respectively, and assigning 

Galeikin's weighting functions we would generate a linear system of equations 

for the e_th element in the unknown field components K' "yj-

E^ j  ,  ,  ( / = 1 , 2 ,  — .  T h e  h n e a r  s y s t e m  o f  e q u a t i o n s  f o r  E ® and IF fields 

then are given by, 

52 (/[(-—VxE/<|)pxV<|).]i/v+J—J-J-V4).dv + p<i)e£/^j^.dv) 
y = l Q Q J^V- Q 

^ (3.12a) 

= - £tt^H%ds * £ n(5^^)4>,<A, / = 1,2,3,- -
L. L. 

M ' J j<oe J ' ' 
(3.12b) 

= -£n^E%ds* £ni^^^)^,ds, / = 1.2,3, 
L i /weu dQ, 8Q. 

In writing (3.12a) and (3.12b) several things are taken into consideration: 

i) In each volume element, the material properties are assumed to be 

constant; if the properties of the medium are continuous functions of 

spatial coordinates, then they can be assumed to be constant within each 

very small finite element volume with the values evaluated at the 

centroid of those elements. This simplifies the integrand of the first two 

volume integrals in (3.12a) and (3.12b). 

ii) It is observed that surface integrals on the R.H.S. of (3.12a) and 



(3.12b) are left unchanged and the field expansion fimctions are not 

intentionally introduced as is explained next. 

iii) It is also observed that the integrands of the surface integals on the 

R.H.S. of (3.12a) and (3.12b) were modified by using Maxwell's 

equations; for the £" - field formulation (3.12a), this represents the 

tangential magnetic field, n^H on the element boundary dQ^, and for the 

/f-field formulation (3.12b), this represents the tangential electric field. 

If X £ on the element boundary dQe- These quantaties are continuous at 

inter-element boundaries and, therefore, contributions fi"om each element 

cancel each other upon global assembly leaving only those which are on 

the domain boundary, 6Q. These will constitute the Neumann or natural 

boundary data for the problem. 

iv) The second surface integrals enforce continuity of the normal flux 

density vectors eE and fiH at the inter-element boundary for E and H-

field formulations in (3.12a) and (3.12b), respectively. 

v) The indices "i" and "j" in the element equations (3.12) represent local 

node numbers associated with the "e_th" element. Corresponding to each 

local node number there is a unique global node number assigned to it. 

The next step is to carry out laborious vector algebra as indicated in (3.12) inside 

the integrands: A few examples will be shown below. The first integrand 

contains the term: 
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(VxE^) = 

(yy.E\ 

(yxE-)^ 

(VxEn 

X y z 

_a_ _a_ 
dx dy dz 

E^;4>- E m  
J=l j=l J=1 

and therefore. 

(VxE'^x V<t). = 

^ .dd) ,d(b. 

^ "'dy dz j=i 

N. ̂ 6<b. 3d). 

- dz dx y=i 

iV. « 3<b. ^d). 

(3.13a) 

y=i 

JC J' z 

(Vxf' ') (VxE*) ( y x E %  
X y z 

^ ̂  ̂  
dz 

(3.13b) 

dx dy 

By canying out all the exphcit calculations, the element stiffiiess matrix elements 

can be determined. It is to be noted that each node represents three degrees of 

freedom; therefore, when a node is ''tested' with another node, the associated 

number is not a scalar but a 3x3 matrix or a dyad since each component of field 

at node i interacts with each field component of the node j producing 9 numbers. 

Y ĵ-E; = FA /,y = 1.2,3,---A ,̂ 

where. 
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e 
xzij 

F' = e 
yzij 

xxKtj xyKu 

yxyiu yyy^j yt^, 

acY^is ^^Kij 

F' = xF^ * yF^ * zF^ where, x, y, z are unit cartesian vectors 

(3.14) 

These coefficients are given by: 

yiiu)=Y^iu)=Y:w) 

d(^j. d^. ^ a<|)^. a4). ^ di^j. d<t),. 

dx dx dy dy dz dz H 
ao. 

r 
dv+ j ya)e<|)^.4)j.i/v 

cQ. 

y ia j i=-Y'o j )=  
J dx dy dy dx ^ 
cQ. 

dv 

Y:o j )=-yM= 
J ycon^ dx dz dz dx; 
dO. 

dv 

(3.15a) 

(3.15b) 

(3.15c) 

and the components of the element forcing vector are, 

-ds where, p=x,y,z 

dQ, dQ. 
(3.15d) 

The last equation is related to the boundary value contributions at the element 

boundary surfaces, which do not have much meaning since boundary values are 
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M M iV 

(3.17a) 

J=l J=l J=l 

M M K N 

Q,=i Q,=i /=i y=i 
N (3.17b) 

J=\ 

assigned in the global sense. In order to comment on the boundary values and 

solution uniqueness we have to recast the finite element equations (3.12a) and 

(3.12b), for electric and magnetic fields, respectively, into global equations. 

Piece-by-piece constructed trial solutions defined on each (e= 1,2,3—M) as 

represented by (3.11), may be symbolically written as approximate global trial 

solutions as follows.ln writing (3.17a) and (3.17b), which are the global versions 

of (3.1 la) and (3.1 lb), the following assumptions were made: 

g. There are M elements (e=l,2,3—M) in the domain Q, each element 

Qe is described by nodes. Lower case "j" is the index for element node 

h. Total contributions fi"om the M elements, with each element contributing 

Ne nodes, to global nodes is N, and upper case'T' is the index for the 

global node numbering system. 

In the context of global trial solutions (3.17a) and (3.17b) the weak statement of 

the problem can be written as follows: 

number. 
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II {/[(r—Vx£^pxV<))Jdv+J—i-i-V<)),(/v + pU)€Ej(^j^,dv} 

° „ %. ° (3.18a) 
= - £n^H^.ds + £ n{ )4>/^> ' = 1,2,3, N 

J J /G)ll€ oQ cO 

^ v<|),]<ft' +1 ̂ .^^V<|>, dv * pb}fiHj<t>j4>idv} 

Q Q Q (3.18b) 
= - fnxE^.ds + £n(^-^^)^.ds, /= 1,2,3, N 

L  L  

According to the uniqueness theorem[l 10] for electromagnetic vector fields, the 

solutions of vector Helmholtz equation, whose extended weak forms are (3.4a) 

or (3.4b), will be unique in the bounded domain with some loss if the 

boundary conditions are specified in either of the following forms: 

I. B. C. 3.19 a: The tangential components of electric or magnetic field 

vectors, i.e., xf" or are to be specified over entire boundary, 5Q. 

II. B. C. 3.19 b: The tangential components of electric field, A>^E are to be 

specified over part of the boundary 3Q and the tangential components 

of magnetic field are to be specified over the rest of the boundary 0Q. 

The boundary conditions specified above are imposed by manipulating the 

surface integrals that apear on the right hand-side of the equations (3.18a) and 

(3.18b). For E-field formulation (3.18a), if the tangential Eis specified on any 

part of the boundary then the tangential components of (3.18a) are removed in 

favor of known tangential values whereas the normal components of (3.18a) are 

enforced by forcing the second integral to vanish. If tangential His specified, the 
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first boundary integral is computed as the forcing vector and normal components 

are discarted in favour of known normal components . For the E-field 

formulation (3.18a), known data on the boundary constitute the Dirichlet 

or essential boundary condition and known data on the boundary costitute 

the Neumann or natural boundary condition. Similarly, for the H-field 

formulation (3.18b), known data on the boundary constitute the Dirichlet 

or essential boundary condition and known A^E data on the boundary 

constitute the Neumann or natural boundary condition. Judicious choice of 

(3.18a) or (3.18b) with either of the appropriate boundary conditions B. C. 

3.19a~c will save a significant amount of computational overhead cost. 

Summary: Chapters 2 and 3 were devoted to finite element formulation of 

electromagnetic problems in terms of vector fields. Two entirely different 

approaches were described to eliminate the non-physical or parasitic vectors 

from the solution field. It has been demonstrated that either by choosing 

appropriate divergence fi-ee vector basis functions or by modifying the governing 

equations, the objective of computing clean solutions can be achieved. The 

unknown function in the governing equation is approximated by some trial 

solution which, when substituted, will not exactly satisfy the equation. This will 

give some residual vector R(r), which is to be minimized on average in the entire 

domain of interest Q by some the method of weighted residual or simply MWR. 

This is accomplished by forming a scalar product with the residual R(r) and a 

suitable vector or scalar weighting (or testing) function, W(r) or <l)(r), which is 

actually the integral of the product {R(r)'W(r) or R(r)(p(r)) over the entire 

computational domain, Q. This scalar product, !^(r)-fV(r)dQ,OT f^(r)^{r)d^. 
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is then forced to be zero on the average by minimizing the residual R(r) so that 

it is orthogonal to the vector or scalar weighting (or testing) functions. The 

systematic construction of the trial solution using very simple known functions 

(known as basis functions) defined over finite sized sub-domains Qe called the 

'elements' and implementation of MWR is the essence of Finite Element 

Method. The domain Q is therefore, essentially subdivided into a finite number 

of small regions (e=l~M) called finite elements. Piece-by-piece constructed 

trial solutions, defined on each Q;, contain the unknowns as coefficients. The 

method of weighted residuals is the criterion to provide the optimum numerical 

estimates of those unknown coefiScients so that average errors due to the trial 

solution over the domain Q will be minimal in the integral (average) sense. 

Various choices of weighting or testing functions are available and lead to 

different methodologies. The restriction on the set of chosen weighting functions 

is that each member of the set has to be linearly independent so that generation 

of a suflBcient number of independent linear equations is guaranteed to have an 

invertible linear system. Galerkin's method is the most popular criteria in finite 

element formulation for choosing weighting or testing functions.. This method 

offers the simple, straight forward but powerful choice that allows the weighting 

functions to be selected fi'om the set of trial basis flmctions. This method has 

been employed in developing the FE formulation in this work. In each case 

above, FE formulations were completed by deriving the weak statement of the 

problem fi*om the MWR statement by partial integration (for dealing with the 

vector fields appropriate integral theorems were used) for both the symbolic 

global case and for the working element equations. The next chapter will be 
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devoted to developing the FORTRAN program for the formulations shown here. 
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Chapter 4 

COMPUTER IMPLEMENTATION OF FINITE ELEMENT METHOD 

The computer implementation of the finite element scheme, based on the 

algorithm developed in chapter 3, is a formidable task. It can be divided into a 

number of sequential steps as shown below. However, these steps are not 

entirely independent; indeed, they overlap considerably and include: 

1. Analytical Preprocessing: 

2. Discretization or Mesh Generation: 

a. Choosing the geometric shape of elements such as: tetrahedra, 

pentahedra or hexahedra etc. 

b. Selection of element shape function such as: hnear, quadratic, 

cubic etc. for the chosen element type from 2.a. 

c. Automatic grid generation for the computational domain based on 

information obtained from 2.a and 2.b. 

d. Optimization of global node numbering to reduce system 

bandwidth. 

e. Identification of boundary nodes and boundary surface patches. 

f. Preparation of nodal data, element data, and boundary node data 

as input data for subsequent steps. 

3. Development of sparse matrix storage scheme: 

4. Generation of element matrices and formation of global matrix: 

5. Apphcation of boundary conditions: 

6. Application of linear system solver: 

a. Direct solution methods: I) Gaussian elimination method, or ii) 
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Cholesky LU decomposition method. 

b. Conjugate gradient type QMR method 

7. Post processing of solution: 

8. Proving the solution validity: 

The analytical preprocessing for developing the FE program mostly was 

covered in the last two chapters. Automatic grid generation for the computational 

domain will be discussed in the next chapter. Generation of entries for the 

element stiffiiess matrices (for E-field and J7-field formulations this stif&iess 

matrices can be referred to as admittance and impedance matrices, respectively) 

will be discussed in this chapter. 

The three dimensional domain Q is to be subdivided or partitioned into M 

number of three-dimensional elements of simple geometric shapes designated by, 

AQe (e=l,2,3,—M). The unknown E-fields or ̂ -fields in the e-th element, AQ^, 

are usually expanded in terms of C°-basis functions chosen from the class of 

square integrable functions. The basis function class designated by the symbol 

C" required to have continuous derivatives up to m-th order and the continuity 

of the function and each of its derivatives (1st, 2nd, — (m-l)_th, m_th) are 

enforced at inter-element boundary; therefore, with C°-basis functions only the 

functions themselves are required to be continuous at an inter-element boundary 

and the formulation is done only to maintain this continuity requirement. Higher 

order flmctions can be used to represent C°-basis functions. The possible 

geometric shapes of various 3D elements are: 

1. Tetrahedral elements with four vertices, bounded by four triangularly shaped 

surfaces and six edges. 
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2. Pentahedral or prism elements with six vertices, bounded by two triangular 

and three quadrilateral surfaces; these elements care composed of nine edges. 

There is another kind of pentahedral pyramid element, having five vertices and 

bounded by four triangular and one quadrilateral surfaces; these elements have 

eight edges. 

3. Hexahedral or irregular brick elements with eight vertices, bounded by six 

quadrilateral surfaces; these elements are composed of twelve edges. 

The flexibihty in finite element methods for accurately modeUng a physical 

problem is reahzed in varieties of ways and it is appropriate here to discuss them 

in terms of optimization; so that FEM can be utilized efficiently. 

I. The discretization of the physical domain translates itself into a 

computational domain. Desired solution accuracy will depend on how accurate 

the discretized computational domain is in representing the physical domain. All 

kinds of elements listed above can be used in various sizes to model accurately 

the complexity of the physical domain. 

II. The solution accuracy, and other related matters like convergence, can be 

controUed by the element size refinement (called h-refinement), by the order of 

C°-basis functions widiout changing element size and geometry (called p-

refinement) or by implementation of both h- and p-refinements. The chosen 

geometric shape of the 3D element for this work is a hexahedral or irregularly 

shaped brick element with eight vertices. Discretizations with quadrilateral or 

hexahedral elements are still state-of-the-art research problems [111]. The 

quadrilateral elements are preferred for two-dimensional domain discretizations 

and hexahedral elements are preferred for three-dimensional discretizations for 
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better accuracy and efficiency. This preference is clear in structural analysis and 

seems to hold for other engineering disciplines. Linear or higher order C°-

element shape functions can be developed using either one of the following 

interpolation functions: 

a. Lagrange &mily of hexahedral elements; (i) Trilinear, (ii) Triquadratic, (iii) 

Tricubic, (iv) Triquartic. 

b. Serendipity faa^y [112,113,114,115]of isoparametric hexahedral elements: 

(i) Trilinear, (ii) Triquadratic, (iii) Tricubic, (iv) Triquartic. 

The irregularly shaped hexahedral volume element bounded by six curved 

surfaces can be accurately modeled by both Lagrange or Serendipity 

isoparametric famihes of appropriate higher order elements. The Lagrange 

family of elements have a number of disadvantages. First, in general, they 

become computationally less efficient as the order of the element increases; this 

is due to the inclusion of many higher degree terms that do not contribute to the 

completeness of the polynomials used for the element trial solution. Second, 

Lagrange higher order ( Triquadratic or higher ) elements require additional 

interior nodes other than the usual nodes on the vertices and on the boundary 

edges; this makes the mesh generation more difficult. It requires additional 

computation to create interior nodes at appropriate locations for elements with 

curved surfaces. Placement of interior nodes at inappropriate locations will 

introduce mapping distortions and singularities. Therefore, the Serendipity 

family of isoparametric hexahedral elements will be used for constructing 

element trial functions. 

C°-Linear Isoparametric Hexahedral Element: 
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This is the first member of the isoparametric family of elements. A real 

hexahedral element is transformed to a cube and interpolation flmctions by an 

isoparametric transformation of appropriate order. An irregularly shaped 

hexahedral is described by eight nodes and twelve straight hne edges; by linear 

transformation this could be transformed into a cube. Two-dimensional 

calculations and implementations are standard and can be found in standard texts 

[102,113,116]. Isoparametric transfomiations for three dimensional elements like 

hexahedra are carried out here explicitly to facihtate numerical volume and 

sur&ce integrations needed to calculate entries for element matrices and forcing 

vectors as shown in the last section of Chapter 3. Detailed development will be 

carried out for a typical linear cubic element called the parent element in a local 

Cartesian coordinate system (C,t|,C) for evaluation of volume and surface 

integrations associated with the calculation of element matrix entries. Then the 

parent cubic element will be mapped onto all the irregularly shaped real elements 

by the linear isoparametric transformation. 

Isoparametric Linear Cube: Figure 4.1 shows a cube described by a local 3D
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c 
Ai-1. -1.1) 

-1,1,1 

(-1,1. -1) 

(1,1,-1) 
Isoparametric 8-node Cube 

Physical 8-node Hexahedral Element 

Figure 4.1 Physical element can be transformed into Isoparametric Cube 
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Cartesian coordinate system with the origin positioned on the center of 

the cube. A set of isoparametric tnlinear (product of three Unear functions) 

functions (<pj(5,Ti,C); j=l,2,—8) are used for the transformation and also for the 

element shape functions because of their interpolation properties. The 

isoparametric transformations are defined by the following relations: 

'(C,T1,C) = E (4. la) 
7-1 

y-y =53 >'y'<p/5,Ti,0 (4. ib) 
7-1 

7=2 "(^,T1,C) = 52 r/(p/5,Tl,0 (4. Ic) 
7=1 

where, J =1,2, 8) are the cartesian coordinates of the 

associated real element'sy_th. node and also ' = U2, 8)are the 

coordinates of the associated isoparametric parent element's /_th. node. 

(p/^,'n,C) W the shape function with the property (p (̂̂ .,Ti.,C,.) =6 .̂,̂  (4.2) 

Therefore, the linear shape functions (pj(^,Ti,C) are given by, 

<p,(5.i.O = 1(1^-5,0(1+ 7 = 1,2,3, 8 
O 

where, -1 1, -1 ^x\£. 1, -1 1, 

and are coordinates of the jjh vertex 
Using isoparametric transformation equations (4.1) we can easily determine. 
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- dx . dx "(^,11,0 , ^ dx 
6T^ 0C 

dy'(i.n,Qj^ . dy'{ln,0^^3y'(i ,%Q^f-

J. , dz '(S,t1,C)^ . dz '«.T1,0^ ^ dz Utl,C)^r 
85 dt) ' a{ 

This can be written in matrix form: 

dx 

dy 

dz 

dx^ dx' dx' 

IT eri dC 

dy' dy' dy' 

ac dr\ ac 

dz' dz' dz' 
dr] ^C. 

4 

dr\ 

di: 

(4.4) 

(4.5) 

If the above tranformation matrix (called the Jacobian matrix) is invertible then, 

in principle, we can solve above equations for d^, dt], dC and we can write. 

dd 

dx' dx' dx' 

IT dX] ac 
dy' dy' dy' 

a? dr\ ac 
dz' dz' dz' 

a? ari 

- 1  

dx 

dy 

dx 

(4.6) 

The symbolic representation of the Jacobian matrix, its inverse Jacobian matrix, 

and the determinant of the Jacobian matrix are defined for convenience as 

follows: 
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[/1 = 

dx" dx" dx'  dx'  dx" dx" 

di] ac a^ dT\ "aT 
d y ^  dy" [/T'' = dy" dy" dy" 

di at! ac 9 L*' J a? dT\ ac 
dz' dz" dz'  dz" dz" dz" 

a? a-p ac. .a? ari ac. 

-I 

'^1 — 

dx" dx" dx" 

a^ ari ac 
dy" dy" dy" 

a^ dr] ac 
dz" dz" dz" 

a? dr\ ac 

and 

(4.7) 

The entries for the Jacobian can be calculated by differentiating (4.1) with 

respect to and C as shown below: 

5;c ^ 

dy_^ ,e5<P/^.Ti,C) 

a? ' 
dz 
a? P a^ ' 

dx e5<P/C,'n,0 
at! p' ati ' 

ail y=i"^^ at! 

ari y=i at] 

dx 8 
=E^; ,a(p/i'n,C) ac ^ J 7=1 ac 

dy 
ac 

II ,a(p/5,'n,C) 
ac 

dz «> 

II a<p/5,Ti,0 

ac 

«> 

II 

ac 

(4.8) 

An inverse Jacobian, [/]"' exists provided the determinant of |J®| is non zero; |7®| 

> 0 guarantees one to one mapping. It is essential that we explicitly determine 

the entries of the inverse of Jacobian matrix, [J®]"'. The analytical version of the 

inverse transformation does not exist; therefore, we need to figure out a method 

for numerical evaluation. Let us assume the inverse transform of (4.1) exists and 
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is given by the form: 

r\=r\%x,y,z), and ^=(^%x,y,z) 

The total dififerential (d^, drj, dQ can written as 

dx dy dz 

dx dy dz 

dx dy dz 

Therefore, the inverse transformation matrix can be written from the above 

equations as follows: 

(4.9a) 

d^ 

K d^ 
dx dy dz 

drf 
dx dy dz 

ac dC 
dx dy dz 

dx 

dy 

dz 

(4.9b) 

The set of equations equations represented by (4.6) and (4.9) are equivalent and 

comparing their respective elements of Jacobian matrices we can write, 

[/I -1 _ 

^ ^ 
dx dy dz 

drf d^ 6if 
dx dy dz 

d^ ^ d^ 
dx dy dz 

dx ^ dx ^ dx" 

If "arT ac 

dy^ dy" dy^ 

dz" 

dj] d( 

dz" dz" 

d^ ari ac 

- 1  

(4.9c) 
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We have to calculate the entries of the first matrix above in terms of the entries 

of the second matrix. Hence, from the definition of an inverse of a matrix, 

1 0 0 
dx '  

dz" 

dx' dx' 
dr\ aC 

dy' dy'  

dz' dz' 
dr] IC 

^ 
dx dy dz 

ari'' drf drf 
dx dy dz 

^ ^ ^ 
dx dy dz 

0 1 0 (4.10) 

0 0 1 

we can form three sets of linear equations to calculate the entries as follows: 

dx' dx' dx 

a? dr] 

dz' dz' 
d^ dr\ 

The second set is given by: 

a? dr] ac 
dy' dy' dy' 

ac" 

dz' 

ac 

dx' 

~w 

dy' 

ac 

dz' 

dx' dx 

ari ac 
dy' dy' 
ati ac 
dz' dz' 

ac dr] ~d^ 

1 

dx 

• — 0 
dx 

0 

1 1 

dx 0 

K 
0 

K 
0 

dy 

< K " = ' 1 ' 
dy 

1 ' 

K 

0 

(4.11a) 

(4.11b) 

And the last one is. 
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K 
0 

dz 

4 > ̂  4 0 
dz 

0 

dz 
1 

dx" dx^ dx^ 
dr\ ac 

^  ̂  ar 0 } (4.11c) 
a? ail 8( 

dz^ dz' dz^ 

a? dr\ ac 
Solving (4.11a), (4.11b) and (4.11c) we get (4.12a), (4.12b) and (4.12c) 

respectively, which are given below explicitly. Left hand side column vectors 

are numerically evaluated by computing the right hand side experssion for each 

case. Solving (4.1 la) we find. 

K 
dx 

II
 1 

dx 

ac 

dx 

dy'dz' _ dy'd. 

ari ac ac ari 
• dy' dz' dy'dzr 

ac a? d^ ac 
• dy' dz' dy'dz'. 

) 

a^ atj ari ac ) 

(4.12a) 

Solving (4.1 lb) we find. 

.dx' dz' 

ac ari 
dx' dz' 

dy 
.dx' dz' 

ac ari ati ac 
ari^ >= 1/1 -1. .a^r^az'^ ac a^ 

dx' dz' 
dy 

>= 1/1 .a^r^az'^ 
ac a^ dl ac 

ac ,ajc^az^ 
dr\ d^ 

dx'dz' 
a;; 

,ajc^az^ 
dr\ d^ d^ ari 

(4.12b) 
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and lastly, solving (4.1 Ic) we get. 
' ' r 

dz 

' =  

dz 1 1 

dz 

•dy' dx' dy' dx' 

ac dr\ dr\ ac 
dy'' dx' dy' dx' 

ac ac ac ac 
dy' dx' _ dy' dx' 

(4.12c) 

) 

) 

dr\ dr]\ 

The differential volume element, Wv' in cartesian coordinates is given by 

(dxdydz). Mapping of this in the isoparametric domain can be evaluated by using 

the following vector relations: 

dv=dxdydz = {Sc^dy) • ^ (4.13a) 

where, 

Sc = a.x "(^,-n,C)^. dx ^ dx 

dy- (413b) 

^ ^ dz ^(^,T1,0^ -H 
ari ' ac 

Therefore, substituting dx, dy, and ifefrom (4.13b) into (4.13b) and carrying 

out the vector algebra it can be shown that the elemental volume of the real 

element maps into the elemental volume of the isoparametric parent element; 

dv= dxdydz =\J'\dj^(h\dl^ (4.13c) 

Entries of the Jacobian matrix [J*] have to be determined for each element and 

to be checked for non-negativeness or non-vanishing properties. The element 

subroutine is called for every element and three cartesian coordinates of all the 
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eight nodes are provided and the deteminant of the Jacobian, |^| is calculated. 

If a very small or zero or negative value of the deteminant is encountered, then 

it is implied that a real element shape is unacceptable, since its isoparametric 

mapping is non-unique or non-existant. 

All the calculations done so far were with one objective; to calculate the 

element matrices given expUcitly in last part of the previous chapter. These 

coefScients are given by: 

J ya)^\ ojc ox dy ay oz dz ^ 
dv 

_ a(|)^. 04). ^ a<|)^. d(t). 

dx dy dy dx ^ 
dv 

(4.15a) 

(4.15b) 

yM=-yM= 

J dQ. 
dx dz dz dx ^ 

dv 
(4.15c) 

For numerical evaluation of these integrals a two step procedure is followed: 

i) Transform these into integration over an isoparametric cube by. 

jl{x^^)dv =• II jKl,r\,Q\J'\<^dr\di:, 
Q,  -1 -1 -1  

(4.16) 



114 

ii) Then employ Gauss-Legendre quadrature rule numerical evaluation; 

J J J I /—I fff^l 

In equations (4.15a~c) the derivatives, 

a<i). a<t). a<t). . 
— — -  a r e  m  x . y . z  v a r i a b l e s  
dx dy dz ^ 

and they are transformed into ^ variables 

by using the chain rule and the expressions (4.13a~c). An example is shown 

below: 

^ ̂ a<l>;(U.C) ay ^ a<t>;«,Ti.o ^ ac (4,8^, 

dx dx at] dx 8C dx 

^ _ ^4>y(^,n.O d^' ^ dr]' ^ a4);(^,Ti,C) ac^ 

dy d^ dy ar| dy aC dy 

^  ̂ ^ d^a,r]X) ati- ^ 

dz d^ dz ari dz d^ dz 

The derivatives, d^j(^,r[Xyd^, a(|)J(^,r|,C)/aTiand d^j(^,r]XydC which appear 

in the R.H.S of (4.18) are determined easily from (4.3) upon differentiation with 

respect to r] and C respectively. The other derivatives which appear in (4.18) 

were shown to be evaluated numerically by using (4.11a~c). Hence, the 

derivatives of shape functions with respect to the global coordinates, as 

expressed in (4.18), can be numerically evaluated and, therefore, all the element 

matrix entries given by (4.15) are calculated by applying the tranformation (4.16) 

and Gauss-Legendre quadrature rule (4.17). For each C°-linear hexahedral 



115 

element, there are eight nodes, represented by local node numbers, 

y, (/ = 1,2,3, - - 8). Each of these nodes is associated with an unknown vector 

quantity or equivalently three scalar quantities as three cartesian components of 

the vector; therefore, a three-by-three matrix (or dyad), \yXij {or yij)\s 

generated when jth node, {j=\,2,2),--%)is tested with 

ith node, (/ = 1,2,3, - - 8); for each element, the element matrix, [YY will be 

composed of sixty four (eight by eight) such three-by-three matrices, \yXij-

Ml, Mu ^ ^ 

[J1'= My M'u ••• Mis 

Ml MU MU 

OR F* = 

j'l.i yia -^1.8 

>'2,1 y2,2 3^2,8 

^8,1 J'8,2 •" ^8,8 

(4.19a) 

where the elements of the above matrices are given by, 

^yiij ^y, 
e e e 

yxxij  yxyij  yxzij  

e e e 
yyxij  yyyij  y^ij  

e e e 
yzxij  yzyij  yaij  

andy,j= 

A e 
xyij  

A A € yx* •yxij  
A A € yyy, 

A A C ixy. set J 
AA € 

lay, 
XZIJ 

yyij  
A A € y^y yz'j  
AA € izy 221J 

(4.19b) 

where, 
i = 1,2 ,  8 and j= 1,2 ,  8 

C^-Ouadratic Isoparametric Hexahedral Element: 

This is the next higher order isoparametric element; it requires 20 nodes (eight 

vertices or comer nodes and twelve mid-side nodes to represent a hexahedral 

element. The quadratic shape fimctions [102,112] are determined easily from 

inspection and are given as follows: 
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<P/?,ri,0 = |(l - 5/)(i -- C/X5,« - TVI - C/ - 2), 

when J represent comer nodes, 7 = 1,2,3,4,5,6,7,8 

<p/5.n,0 = i(i -?)(! ̂ nyDa ^ {/)./<"• «y=o 

when j represents mid-nodes, >=10,12,18,20 

q),«,t1,0 = 5,0(1-n^)(U{/)./or n,=o 

when j represents mid-nodes, 7=9,11,17,19 

<p/5,t,,0 = i(l ̂ 5,0(1 -rvn)(l -o,/or c,=0 

when j represents mid-nodes, y=13,14,15,16 

where, -1 1, -1 1, -1 1 

The procedure for numerical evaluation of element matrix entries is the same as 

outlined for C°-linear hexahedral elements previously. But this time the element 

matrix will be composed with 20 ^ 20 entries of nodal dyads, y/j as shown 

below: 

[Y]' = 

Mt.i \yt M!. 20 

Mil [y] 2a [y] 2,20 OR F'' = 

Ju y',! 

y2,i yia 

3*1,20 

>'2,20 

—•« —e —e 
>^20,1 3*20,2 ••• 3'20.20 

(4.21) 

p]kl M20.2 - Mk20j 

The nodal matrix (or dyad), [y].^. (or y.j) retains the same form as shown in 

(4.19b), developed for C!°-linear hexahedral elements with unknown nodal vector 
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fields. It is very important to note here that the 3 x3 nodal matrices (or dyads), \y].j 

(or y^j) may not be symmetric but the element matrices, {Yf, composed of 

these, as shown in (4.19a) or (4.21), will be symmetric. Therefore, exploitation 

of these symmetries will lead to a reduction in the computational burden and 

reduced demand on computer memory. 

Assembly of the Global Matrix: In C®-linear hexahedral elements each node is 

shared by eight neighboring elements, in general, whereas, in C°-quadratic 

elements, hexahedral element comer nodes are shared by eight neighboring 

elements. The remaining twelve mid-nodes are shared by four neighboring 

elements. This gives rise to nodal connectivity and, to preserve the connectivity, 

each node is assigned a unique global numbers. Global entries for each node 

receive contributions from all the neighboring elements that share the node. The 

element matrices, [YY, (e= 1,2,3, - - A/) are created one-by-one in the 

sequence of element number. As soon as the generation of an element matrix is 

completed, its entries change local labels and are assigned global labels and 

added to the appropriate entry locations in the global matrix. This is done before 

generating the martix for the next element. The global matrix storage scheme 

usually depends on the type of solution method to be employed to solve the 

resulting hnear system of equations. Discussion of the structure and nature of the 

global matrix, storage scheme and solution method employed will begin at the 

end of this chapter and will be concluded in the Chapter 6. 

Surface Integrals for Boundary Data Input: Discretization of the physical 

domain into either linear or quadratic hexahedral elements simultaneously 

introduces boundary discretization. For computational purposes the physical 
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boundary is replaced with the surface composed of planar, four-node 

quadrilaterals or by smooth, curved or contoured eight-node quadrilaterals, 

depending on whether the domain is discretized into 8-node, linear or 20-node, 

quadratic hexahedral elements, respectively. Each of these four node planar 

quadrilaterals with straight edges or eight node curved quadrilaterals on the 

boundary conveniently are called a boundary patch. Forcing vectors, as shown 

in (3.15 d) involve surface integration of vector functions over these boundary 

patches. These patches, in general, could be bounded curved surfaces in a global 

3D-coordinate system, (x,y,z) and isoparametrically can be transformed into 

square surfaces in a local 2D-coordinate system, (ti,C) . If we considering the 

3D-C°-linear hexahedral elements, whose quadrilateral faces contribute to the 

boundaiy sur^ce of the computational domain, then these quadrilateral surface 

patches are represented by squares in the isoparametric domain (r|,C) in the 

following way: setting ^ = 1 and d^ = 0 in transformation relations (4.1), (4.3) 

and (4.4), developed for 3D-C°-linear hexahedral elements will represent the 

square and 2D- linear shape functions will generated. Similarly, for quadratic 

hexahedral elements, we have to set ^ = 1 and c^ = 0 in (4.20) to obtain 

appropriate quadratic shape functions for the 8-node quadrilaterals which, in 

general, model the curved boundaries in addition to the quadratic approximation 

of the element shape function. These were necessary to transform surfaces 

described by 3D-Cartesian (x,y,z) coordinates to surfaces in a 2D-isoparametric 

Cartesian (r|,0 coordinate system. In this case, transformation equations (4.1) 

have to be modified to take into account that the quadrilateral is described by 

eight nodes and the shape functions are given by (4.20) instead of (4.3). 
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Therefore, we get the following relations: 

x = ̂  = 1,11,0 =X ''(ti,C) (4.22a) 
/=i 

yf<p/^=1.1.0 =y ̂ (ti,C) (4 22b) 
/=! 

^ £ zf(p/C = 1 ,T1,C) = z ̂ (t1,C) (4-22C) 
/=! 

where, {xf ,yf '^zf  ̂  7=1,2, are the cartesian coordinates of the 

associated real p_th boundary patch'sy th. node and A'^ = 4 or 8 depending on 

whether it is a 4-node linear or an 8-node quadratic quadrilateral surface patch. 

The (p^(^ = 1,11,0 in the above relations, obtained from (4.3) or (4.20), also 

satisfy the following constraint; 

(p/^ = l,r|,0 w the shape function with the property (p^(TipQ = 6^.. 

where, (^,,r|^.,C,; / = 1,2, are the coordinates of the associated parent 

isoparametric square patch's /_th. node. We also get 

an ac 

This can be written in matrix form: 
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dx 

dy 

dz 

dxP dxP 
dy\ ac 

dyP dyP 

dr\ ac 
dzp dzP 

.aTi ac 

dt] 

dd 

(4.24) 

The purpose is to calculate sur&ce integrals as shown in (3.15d). In the simplest 

case these integrals will be surface integrals of scalar functions of the following 

form: 

J jf{x^^)ds = jjf{x^,z{x^)) 
\ 

1 + 
dz dz 
T.} '{Ty 

(4.25) 

From (4.25) the infinitesimal surface element, ds^dxdycdoi be shown to be as 

follows, 

where, dxdy=\J^\d'x\di^ (4.26a) 

\JP\-

dxP dxP 

at] ac 
dyP dyP 

ati ac 

( \ 
dxP dyP _ dyP d x P  

^ aTi ac dr] ac, 

(4.26b) 

smce. 

dxP dxP 

ari ac 
dyP dyP 

ati ac 

dx 

dy 

drf drf 
dx dy 

dx dy 

dx 

dy. 
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and the matrix entries of the second Jacobian matrix above can be found as 

shown beiow: 

drf drf dxP dxP 
-1 

dyP dxP 

dx dy dr\ ac 
= IJ'l  

ac ~ ac 
(4.26c) 

d^ d^ dyP dyP 
= IJ'l  

1 

•X3 dxP 

dx dy .ari ac. dr\ ac . 
Now, we can evaluate the following using (4.26c), 

dx 6r| dx dC dx 

^  =  =  \ / p \ -

dy 5r| dy d^ dy 

d z P  d y P  _ d z P  d y P  

^ ail ac ac dx\ J 

^  d z P  d x P  d z P d x P ^  
(4.26d) 

1, ac ail dx] ac 

The superscript p in the variables of the expressions (4.21), (4.22), (4.23), 

(4.24) and (4.26) is introduced in order to indicate that all these calculations are 

carried out for the boundary patches. Substituting (4.26a), (4.26b) and (4.26d) 

into the surface integral (4.25) written in global coordinates (x,y,z), the 

transformed surface integral can be expressed in the desired form for numerical 

evaluation using the Gauss-Legendre quadrature rule; 

1-1-1 
///(%0 
-1-1 

d j x P j P ^ P )  

a(Ti,C) 
(4.27) 

where. 
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di%0 

dz' dy' _ dz'' 

IrT ac 5ti 
1 ̂ + f 2 
• j V 3C dn ^ 5C j 

The programing effort consists of the following major tasks: a) Discretization of 

the computational domain; b) Generation of input data for nodes, elements, 

material properties, boundary conditions and integration instructions; c) 

Assembly of a global matrix from element matrices; d) Appropriate modification 

to a linear system of equations due to boundary condition; e) Solution of the 

linear system of equations. In this chapter the algorithms for computing the 

volume integrals and surface integrals at discrete element levels have been 

shown explicitly. 

Volume integrals are numerically computed to evaluate the entries of the 

element matrices. Once computation of all the entries of an element matrix is 

done these entries are assigned (or added) to the proper entry locations of the 

global matrix, which usually depends on the global matrix storage scheme. Tliis 

procedure is continued until computations for all the elements of the 

computational domain are completed. Thus the computation of the global matrix 

is completed. Surface integrals are numerically computed to evaluate the entries 

of tlie forcing vector due to the specified boundary values of the tangential 

vector fields. Here, these steps were carried out with the assumption that the 

computational domain was discretized into hexahedral elements using 

appropriate mesh-generation routine and all the input data regarding nodes and 

elements were available. The problem of discretization and automatic mesh 
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generation for finite element calculation are presented next in the Chapter 5. 
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Chapter 5 

AUTOMATIC DISCRETIZATION OF TWO AND THREE 

DIMENSIONAL COMPUTATIONAL DOMAINS 

Applications of finite element methods in three dimensions are limited by 

the abihty to discretize automatically the computational domain. The process of 

discretization involves a number of key steps: specifying a geometrical 

description of domain, finding a suitable mathematical model to represent the 

computational volume, breaking up the region of interest into sufficiently small 

regions having definite geometric shapes (tetrahedra, pentahedra, hexahedra, 

etc.), developing a global node numbering scheme, an element numbering 

scheme, identification of boundary nodes and, most importantly, arrangement of 

all node and element data (global identification numbers, coordinates, files that 

provide input to the program for array descriptions). 

The discretization of a simple region bounded by lines parallel to coordinate 

axes in two-dimensions or volumes bounded by coordinate surfaces in three-

dimensions are relatively simple and straightforward. Discretization of complex 

geometries with curvatures especially dealing with arbitrary shapes in three-

dimensions, is in fact very difficult. Original solution domains can be broken up 

into a few geometrically simple sub-regions. Using suitable mathematical 

transformations these sub-regions can be reduced to shapes that are bounded by 

lines or surfaces parallel to coordinate axes or coordinate planes. As mentioned 

earlier, these simple shapes are less difficult to discretize and, therefore, these 

sub-regions are divided into elements of the required types in the transformed 

domain and then transformed back to real space. However, a number of 
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difSculties are associated with this method; nodes residing on the common line 

or interface between two adjacent subregions will be assigned duplicate node 

numbers; nodes with duplicate node numbers must be identified and some 

measures taken to eliminate these duphcate node numbers. 

Isoparametric transformation allows regions with smooth, curved boundaries or 

irregular regions with piece-wise smooth boundaries to be transformed or 

mapped into square or cubic regions, depending on whether the original region 

was 2D or 3D space. Each of these squares and cubes in the transformed domain 

are described by a local Cartesian coordinate system located at the center of 

these blocks. Discretization of a square or cubic block is performed in the 

transformed domain, since it is relatively simple and straightforward. Here the 

term discretization means, in general, sub-division of the square or cube into 

several rectangles or rectangular parallelepipeds. Once discretization is done, 

these regions or volumes are transformed back into the space of the original 

geometry. There are various degrees of isoparametric transformations known as 

linear, quadratic, cubic, quartic etc. depending on the degree of the polynomials 

used in the transformation equations. Higher order isoparametric transformations 

can reduce the modelling error arising fi^om representation of curved boundaries 

of the domain by the polynomials. 

2D-Discretization: 

Discretization or mesh generation of a two-dimensional computational 

domain with various degrees of automation is discussed in [117,118]. In two-

dimensions, the planar geometry of the problem is divided first into a number of 

blocks. In general these blocks are assumed to be irregular quadrilaterals with 
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curved sides. As mentioned earlier, curved boundaries can be approximated by 

higher order (other than hnear) polynomials. Therefore, at least quadratic 

isoparametric transfonnations are to be implemented in order to take curvature 

into account. This requires each side of the quadrilateral block to be described 

by three points: two endpoints and the mid-point. Each of these blocks is then 

required to be represented by eight nodal points: four vertices and four mid-side 

nodes. Cartesian coordinates of these eight nodes for each of the blocks are 

supplied as input data. In the isoparametric domain, each of these blocks is 

represented by a square and described by the local cartesian coordinate system 

(^,T|) fixed at the center of the square. Eight nodal points are described by 

Cartesian coordinates in real space: {(jc.,7p,7 = l,2,- —8}and in the 

transformed domain {(?y,r|p, y = 1,2, 8}. This square in the transformed 

domain is sub-divided into a number of rectangles; each of these rectangles is 

defined as an element and labeled with an element number. Comer nodes of the 

elements are assigned node numbers. Local coordinates of the nodes are 

transformed into real space by the following transformation equations [119]. 

8 

(51) 
/=i 

8 

(5.2) 
j=i 

where, for the comernodes(/ = 1,3,5&7) the shape functions o^.'s are given by, 

0^ = 0.25(1 +TlTip(^^^.+TlTl^-l), J= 1,3,5,7 (5.3) 
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and for the mid-side nodes (/ =2,4,6&8) the shape functions o^.'s are given by. 

a^.=0.5^^'(l -Ti^) +0.5T]:(1 +TiTiy)(i -?), j=2A.6,8 (5.4) 

and Xj^s and yj's are the cartesian coordinates of the y '''node. The shape 

functions o^.'s satisfy the following normalization conditions: 

Local coordinate variables (?,T|) describing the square take values at the 

jth node, (/ = 1,2,--8)and(^^.=-1,0,1 & ti^.=-1,0,1). Each of the four sides 

of the square is divided into a number of segments so that the square becomes 

a collection of quadrilaterals represented by four nodes. Local cordinates of the 

nodes, (^,T|) then are converted to global coordinates (;c,j/) using the 

transformation equations (5.1) and (5.2). This is quite straightforward; however, 

there are number of precautions to be taken to avoid generating unacceptable 

elements. Occasionally, a side may be common to two adjacent blocks and 

therefore, the common side must be subdivided identically in both blocks. 

Subdivisions are to be done in such a way that point-to-point mapping is 

retained; in other words, a finite area element in one space, ( x^y) will map onto 

a finite area element in the other domain, ( ^,ti). This is done to avoid 

introducing singularities in the transformation process. This method in two-

dimensions is general enough to discretize an area enclosed by a smooth curve, 

like a circle, ellipse and any distorted, simply connected region. Any complex, 

planar, multiply connected region could be composed of these shaped regions 

8 

E a/^'n)=i (5-5a) 

(5.5b) 
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and thus ameable to discretization. An example, is shown in Figure 5.1, where 

mesh generation of a region is displayed. This is a representative of a complex 

geometry where four circular regions are enclosed in another larger circular 

region. 

3D-Discretization: 

Three dimensional regions also could be discretized by extending the 

above isoparametric method to 3D. A cube described by the local cartesian 

coordinate system (^,ti ,C), with its origin located at the center of the cube, can 

be mapped onto a real volume by isoparametric transformation as shown in 

Figure 5.2. This volume could be a finite length cylinder of arbitrary cross-

section. It is enclosed by three, piece-wise smootfi surfaces which intersect to 

produce edges. This type of volume or a complex volume which can be broken 

into a number of such cylindrical volumes can be discretized by using 

isoparametric transforaiations. In the process of transformation a fi*om a cube to 

a general cylindrical volume of arbitrary cross-section, a finite volume element 

maps onto another finite volume element, so that no singularities are introduced. 

3D-Discretization: spherical volume 

Accurate discretization of a spherical volume and a spherical surface is 

very important in the process of developing three dimensional finite element 

techniques. Analytical solutions of three dimensional electromagnetic boundary 

value problems are available for spherical geometry only. To test solution 

accuracy and, therefore, to prove the validity of any 3D-numerical program 

involving electromagnetic fields, generation of a numerical solution in the 

spherical domain is indispensable. Hence, accurate discretization of spherical 
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geometries is essential in any 3D- numerical methodology. The isoparametric 

method described for 3D discretization, however is not directly apph'cable to a 

spherical volume. A cube cannot be mapped onto a solid sphere or vice versa, 

because of the occurrence of singularities at the spherical poles. To circumvent 

this difBculty, a general method has been developed for discretization of 

avolume involving spherical geometries. The case of a sohd sphere is considered 

first for the sake of brevity. Both Cartesian (x,3/,z)and spherical polar (/*,6,<|)) 

coordinate systems, with origins located at the center of the sphere, are 

considered for the geometric descriptions of the sphere. First, the sphere 

isdivided into two hemispheres by a plane (x-y plane at z=0 or 0 = 7t/2 plane) 

passing through the center. Each of these hemisphare is divided into four octants 

by r-0 planes, at (<|) = TC/2, TC) giving eight equal octants. Each of these 

spherical wedge or octant is bounded by three planar surfaces and one spherical 

surface; the surfaces intersect to produce three straight edges and three circular 

arcs.These spherical octant blocks, being non-singular, can be represented by an 

isoparametric cube as shown in Figure 5.3. This method approximates spherical 

curvatures by quadratic isoparametric transformation equations. In order to 

obtain better modeling accuracy, higher order (cubic) transformation equations 

can be utihzed. Here, the method using quadratic isoparametric transformations 

will be developed. This requires the spherical octant block to be represented by 

twenty nodes; each of the twelve sides or edges are represented by three nodes: 

two end nodes and a mid-node. In the isoparametric domain, this block is 

represented by a twenty-node cube. This cube is sub-divided into a number of 

rectangular parallelepipeds; each of these parallelepipeds is an element and is 
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Figure 5.1(a) Example of discretization of a 2D complex geometry using 

quadratic isoparametric transformation. 
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Figure 5.1(b) Same as the Figure 5.1(a) but with more details in a smaller region. 
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Figure 5.1(c) Same as Figure 5.1(a) but with finer details near four circular 

regions. 
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assigned an element number. Coordinates of its comer nodes are calculated in 

local Cartesian coordinates which then are transformed into global 

Cartesian coordinates by using the following quadratic isoparametric 

transformations: 

20 

= E (5.6a) 
y=i 

20 

(5.6b) 
y=i 

20 

=E (5.6c) 
y=i 

where, (x^,>'^,zp and are global and local coordinates of the Jth point of 

the block respectively; and are isoparametric shape functions 

associated with the Jth point and are given as follows: 

<f>y(5.ii.C) = |(1 +5$,XI ^nriyXi -CC,X«/iiti>CC,-2), 

for comer 7 = 1,3,5,7,13,15,17,19 and 

=jSjCjd -K,X1 -Ti'Xi ^-CCy) 
4 

ITL^(:VL +T1T1 ¥1 + ^iiyXi-f XI-fc,). 

for mid-side nodes, y = 2,4,6,8,9,10,11,12 

In equations (5.6) and (5.7) the quadratic shape functions, are constructed such 



Figure 5.2 Isoparametric Transformation: The Cube in local Cartesian 
coordinate system can be transformed into the smooth shapes shown in 
global Cartesian coordinates 
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Spherical octant 
1 

8 

Figure 5.3 The spherical octant is represented as a curved deformed 
hexadedral which can be transformed into an isoparametric cube or vice versa. 
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that they satisfy the following normalization conditions; 

20 

E<i)/uo=i 
y=i 

iJj 

Discretization by this method is much more elaborate than simple subdivision of 

the computational volume. Most of the input data required for FE procedures are 

prepared in the process of discretization. The bookkeeping involves global node 

numbering, element numbering and estabUshing correspondence between 

elements and respective nodes via local and global node numbers. Discretization 

processes developed here are implemented in the following steps: 

1. Geometric Data Input: The computational volume is divided into a few 

blocks such that constant material properties can be assigned to each block. 

These blocks should be approximately representable by irregular hexahedra with 

curved faces and edges. Twenty points, three points per side are to be selected 

for each block. Cartesian coordinates i = 1,2, - -20)} of these twenty 

points provide input for the discretization routine. The desired number of 

divisions along each coordinate axes is to be specified. This will determine how 

many nodes and hexahedral elements are to be generated fi*om this block. Care 

must be taken so that interfaces between adjacent blocks are identically 

subdivided. 

2. Block Subdivision and Element Generation: In the transformed isoparametric 

domain, each block is represented by a cube described by equally spaced twenty 

points, all along the edges. This parent cube is subdivided into a number of 



137 

paralielopipeds as specified previously. Each of these paralleolpipeds is an eight 

node linear element; elements are assigned sequential element numbers as they 

are generated; similarly its nodes are assigned temporarily with sequential node 

numbers. Nodal coordinates are calculated initially in local Cartesian 

coordinates, as these nodal coordinates are transformed into global 

Cartesian coordinates,by using the equations (5.6) and (5.7), the 

parallelopiped elements take the form of eight node hexahedral real elements. 

All the blocks comprising the computational domain are subdivided and the 3D-

element generation phase is complete. 

3. Elimination of Duplicate Node Numbers: Common interfaces between two 

adjacent blocks and common edges shared by a number of blocks contain the 

same physical nodes. These common nodes were allocated or designated 

multiple node identification numbers in the discretization process, since each 

block underwent independent subdivision. Nevertheless, each node must be 

represented by an unique global node identification number irrespective of its 

association to any element. The basis for elimination of dupUcate node 

identification number is the fact that the set of coordinates of a physical node 

point, represented by various node identification numbers is arithmetically 

identical. The redundant node number elimination process is carried out in two 

steps: i.) Nodes with duplicate node numbers are identified by calculating 

distances using the coordinates represented by two different node numbers, ii.) 

Nodes identified with duplicate node numbers are assigned the lower number 

and, as a consequence, the other node numbers are reassigned corrected values. 

This process is repeated until all nodes are assigned unique global identification 
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numbers. 

4. Boundary Node Identification: Correct identification of boundary nodes in the 

computational domain is essential for any numerical scheme. The discretization 

process described here automatically leads to discretization of the boundary 

surface into four node quadrilaterals. First, all these boundary nodes must be 

identified and then each of these surface quadrilateral patches are to be 

associated with its four-nodes in a definite order. Second, the normals to the 

boundary surface at the locations of all boundary nodes must be calculated and 

stored as sets of three Cartesian components, (« ,/? ) where, 
' B  ' JB  JB 

7^ = 1,2, are running indices for boundary node numbers. 

The boundary node identification tumed out to be very difficult. It seemed 

logical that the boundary node identification process should be started at the last 

part of the discretization procedure. At this stage the nodes are identified 

uniquely with global numbers and have coordinates in physical space. For a 

spherical surfece and coarse discretization, the identification of boundary nodes 

was carried out without difficulty, since, for a boundary node, the distance fi^om 

the center to each node was equal to radius of the sphere. However, an 

automated way of identifying and rearranging the four nodes associated with 

each of the boundary quadrilateral patch tumed out to be very difficult, since, at 

this stage, no other information was available beyond the fact that a set of nodes 

was tagged with boundary flags. Moreover, the combined effects of numerical 

round-off errors and errors introduced from the approximation of a spherical 

surface with a quadratic surface became of the same order as that of the 

characteristic size of the mesh at the finest level of discretization. As a 
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consequence, a number of actual boundary nodes were not picked up and some 

neighborhood points mistakenly were identified as boundary nodes. These 

misidentified nodes caused the program to crash, iterative schemes not to 

converge or serious solution inaccuracies to be introduced. This problem was 

addressed and solved in the following way. 

It is observed that unambiguous identification of boundary nodes can only 

be carried out at an earlier stage when the parent isoparametric cube underwent 

subdivision. This approach could be developed for a more general (with certain 

restrictions) problem topology and for a domain composed of regions with piece-

wise constant material properties, so that the quadrilateral patches that comprise 

the extemal boundaries as well as the interfaces of dissimilar materials could be 

identified with associated nodes. Each time the parent isoparametric cube is 

subdivided, it represents a prespecified section of the physical domain. First it 

has to be determined if its surfaces contribute to the extemal boundary or to any 

dissimilar material interfaces. If it does, then appropriate surfaces are to be 

marked or flagged. As the discretization of the parent cube proceeds, the 

boundary patches are provided with identifying numbers and associated with the 

nodes representing them. Integer arrays for storing boundary nodes and interface 

nodes start getting entries. These boundary or interface node entries contain 

duplicate node numbers and are eliminated as described earlier. Several 

examples of two and three dimensional discretization are shown in the Figures 

5.1 and 5.4 respectively. 

Optimum Node Numbering: The stiffiiess matrix (in electromagnetics, it can be 

called either the normalized impedence or admittance matrix) generated in the 
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finite element method is sparse and band limited. The sparseness pattern or 

structure and bandwidth of the matrix will depend entirely on the node 

numbering system adopted in the scheme. For computational ease and storage 

efficiency a matrix with a bandwidth as narrow as possible is highly desirable. 

There is no unique, optimum numbering scheme, but various methods have been 

devised [120,121,122, 123] for 2D-planar geometry with three node triangular 

or four node quadrilateral elements. The optimum numbering schemes renumber 

the nodes so that the generated matrices have the non-zero matrix-elements 

distributed within a narrow bandwidth about the main diagonal. For direct 

solution methods, bandwidth reduction to an optimum size is of vital importance. 

In this work a simple and efficient renumbering scheme [120] has been used. 

This algorithm is reported to work extremely well with three node triangular or 

four node quadrilateral elements in non-cyclic, 2D domain geometry. The cychc 

geometry means that that starting points and finishing points meet. For example: 

circular geometry is cyclic but quadrilateral or rectangular geometries are non-

cyclic. In a 2D problem where a large circular region enclosed four smaller 

circles of different materials, the region was discretized with 7000 nodes; the 

unoptimized system half-bandwidth was about 2000; the memory requirement 

was huge (80 megabytes) and ran for several hours on a Sun Sparcstation-2, 

(using direct Gaussian ehmination methods). Using Collins' [120] algorithm, the 

bandwidth was reduced significantly to 234 and the CPU time requirement on 

the same computer was a little above 40 minutes for the same direct 

solutionmethod. It was found later that in 3D vector field problems the 

bandstorage scheme for a symmetric matrix is completely inadequate; efficient 
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Storage schemes and storage scheme compatible solution methods are essential 

for 3D problems. Nevertheless, bandwidth reduction enhances solution times 

and memory requirements, even though may not be as important as it in direct 

methods. 

The quadratically approximated isoparametric method of discretization of 

a solid spherical volume was based on the fact that the singularities of the 

sphererical poles were avoided by subdividing the volume into eight-octant 

blocks, which are essentially non-singular. This method can be generahzed and 

termed as Discretization of a Singular Volume by Non-Singular Sub-Domain 

Methodby Higher Order Isoparametric Transformation, la. essence this 

method is implemented by subdividing a singular volume bounded by an 

arbitrary smooth surface, into a number of blocks, which are essentially non-

singular and the arbitrary smoothness of the original geometry is approximated 

by finite order isoparametric polynomials. The method has been developed by 

using a spherical volume, but equivalently is apphcable to many complex 

geometries, a few examples of which are: 

A. Radially stratified (layered) sphere or hemi-sphere or ellipsoids. 

B. Radially stratified but azimuthally asymmetric sphere. 

C. Finite length cylinder with hemi-spherical cap. 

D. Distorted forms volumes listed above. 

In this chapter, discretization of 2D and 3D geometries for FEM by 

isoparametric transformation has been demonstrated. A direct extension of this 

method to 3D in a spherical volume failed. Therefore, a novel method was 



Figure 5.4(a) Example of Spherical volume discretization by the quadratic 

isoparametric transformation method. Discretization of one octant is in progress. 
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Figure 5.4(b) Example of Spherical volume discretization by the quadratic 

isoparametric transformation method. Sphere is divided into 8000 hexahedral 

elements (screen dump view of the whole discretized sphere). 
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Figure 5.4(c) Example of Spherical volume discretization by the quadratic 

isoparametric transformation method. Sphere is divided into 8000 hexahedral 

elements (postscript printout of the whole discretized sphere). 
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devised to discretize the spherical volume or other complicated geometry such 

as the finite length cylinder with hemi-spherical caps, utilizing the same concept 

of isoparametric transformation. 
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Chapter 6 

VALIDITY OF TWO AND THREE DIMENSIONAL FINITE ELEMENT 

PROGRAMS AND COMPUTATIONAL RESULTS 

This chapter is devoted to the estabUshment of the vaUdity and accuracy 

of two and three dimensional finite element programs, presentation of various 

computational results and the direction of future work followed by concluding 

remarks. This chapter also includes brief discussions on various related issues 

like the nature of generated impedance or admittance matrices, efiQcient storage 

schemes for these matrices and the solution methods employed. The overall 

performance of the finite element method and the size (measured by 

dimensionality, degrees of fi-eedom per node and the total degrees of fi-eedom) 

of a solvable problem, hence, the accuracy of the solution is affected by the 

efficiency of tiie storage scheme and the solution methods. These issues were 

examined and explored in the current literature and we have utilized the proven 

optimal ones. The final FE-tool developed here is vahd and efBcient for solving 

three-dimensional EM-boundaiy value problems involving complex vector fields. 

The development sequence of this program started with writing a two-

dimensional program for real valued scalar fields and then it was extended 

systematically to deal with three-dimensional real valued scalar fields. 

Therefore, the by-product programs developed at various steps are capable of 

handling boundary value problems ranging fi'om the two-dimensional real scalar 

fields up to the three-dimensional complex vector fields. The governing partial 

differential equations for these boundary value problems are sequentially listed 

below: 
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I. Two dimensional real scalar field: <|)(xj')can represent temperature in 

heat conduction through thermally inhomogeneous material, the general 

governing equation can be expressed as follows: 

- V- {a(;cj')V(t)(xJ/)} +P(xj;)<t)(jro') where, V =£-^ 
ox ay 

n. Two dimensional complex scalar field: $(Xjy)can represent transverse 

electric or magnetic field components in the scalar Helmholtz's equation: 

{ V ^ J / )  =  0 ;  where, V ^ and 
dx^ dy^ 

in. Three dimensional real scalar field: }\f(x,y,z) can represent temperature in 

heat conduction through thermally inhomogeneous material and the 

general governing equation can be expressed as follows: 

-V-{a(r)VT|f(r)}+p(r)i|f(r)=/r), where, 
dx oy oz 

IV. Three dimensional complex vector field: ^{x,y,2) represents either the 

electric or the magnetic field vector and the governing equations have 

been described in detail in Chapter 3, equation (3.5) and are reproduced 

below for convenience: 

V X (-^V X Y) - €V(—!—V-eT) +yweY = 0, where, Y = E{r) 

V  X  ( — X  Y )  -  | i V ( — i — V  •  Y )  + y " a ) ^ Y  =  0 ,  where, Y = H{r) 
ywe 

Completion of each step of the development was followed by the verification of 
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code before proceeding to the next higher level case. At each level of 

development, we were confronted with the following issues; 

i. Discretization of the physical domain of the problem. 

ii. Stifibess (impedance or admittance) matrix storage scheme. 

iii. Node renumbering scheme to reduce matrix bandwidth. 

iv. Existence and effective elimination of spurious solutions. 

V. Finding suitable solution methods for linear systems of equations, 

vi. Validation of the code by verifying the solution accuracy with a known 

analytical solution. 

Validation of the code by comparison with a closed form analytical solution will 

be presented only for the cases ( n) and (IV), which are relevant to the tide of 

this work. 

Validation of Two Dimensional Finite Element Program: Power absorption per 

unit length of an infinitely long highly conducting ferromagnetic circular cylinder 

from an uniform axially parallel radiofrequency magnetic field [13] is given by, 

P  =  —  \ Hq\ w h e r e ,  x  =  ( 0 ^ 0 ) ^ a  
" o 

and Ax) - ^bei{x)bei'{x) 
ber\x)^bei\x) 

We also simulated this problem by 2D-FEM. The following comments are 

relevent for this simulation. 

a. Governing Equation: Helmholtz's equation (as shown above for the case 

n) for axial magnetic field,was used (TE2 : electric field is confined 

to xy-plane). Contamination with spurious solution does not arise since 



divergence free condition on the field vector is built into the equation. 

b. Material Properties: Electrical conductivity, a =2.2^10^ S/m, relative 

permeability, frequency, f=100 kHz, magnetic field strength, Ho= 

1500 A/m. 

c. Discretization:CTOss-secdGndX area of the ferromagnetic rod (Figure 6.1) 

with diameters, d=1.4 mm and d=0.45 mm were divided into 25, 100, 

400,900,1600 and 2500 four node quadrilateral C°-linear elements. 

d. Solution Method: Direct solution methods, plain Gaussian elimination or 

Choleski ^ctorization method which are compatible with the band storage 

scheme were utilized. 

e. Solutions and Error Estimation: Dirichlet boundary conditions (i.e., 

known values of tangential magnetic field) were specified on the 

boundary. The solution determined the axial magnetic field, at each 

node on the discretized cross-section. The nodal electric field vectors 

=xE^ +j?£'_^were calculated from the axial magnetic field solution, 

Hj. Then the electric field at the centroid of each element was determined 

by linear interpolation of its four nodal values. Total power absorption per 

unit length of the ferromagnetic rod was determined by summing up the 

eddy current losses of all the elements. The following expression was 

used for error estimation: 

Error = 5—xlOO, where, N = (Number of Elements), 
pANA ^ 
I 

and ' and are the power absorptions per unit length calculated 

numerically and analytically, respectively. The estimated errors in calculating 



1. Solid Ferromagnetic Rod 2. Same with with Free Space Layer 

Figure 6.1 Cross-sections of bare conducting (O = 2.2^ lO^S/m) ferromagnetic 
(= 150) rod and with free space layer. Ferro-core was discretized into 25, 100, 400, 
900, 1600, 2500 four node quadrilateral elements. Axial magnetic fields were specified on 
the material boundary for case 1 and on the free space boundary for case 2. Results 
obtained were of the same accuracy for identical discretizations of the core. 
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power absorption for various sizes of elements used are shown in Figure 6.2. 

The circular cross-section was discretized into irregular four node quadrilaterals 

(not square grids) therefore, exact characteristic mesh length is not definable. 

Approximate characteristic lengths, h, are estimated as follows: 

2\ 
Tl 

i  

iV =25,100,400,900,1600,2500 

The estimated characteristic grid sizes, 'h', for various FE mesh sizes are shown 

as fiBCtions of the skin depth, 6 (or as number of h's per 6 length) are shown in 

the Table 6.1. Figure 6.2 proves the validity of 2D program and, using the Table 

6.1, we can conclude that calculated power absorption accuracy better than one 

percent (1 %) can be achieved when the characteristic lengths, 'h' of the 

elements are smaller than one sixth of the skin depth, 6. An example of the 

practical application of 2D-FE computation is shown in Figure 6.3. This is the 

contour plot of power deposition, o\E^, in muscle tissue type lossy media 

(a = 1.18 S/m and = 53) due to an external axial electric field excitation at 

433MHz. The size of the lossy region was 12^12 cm^. In this computation tlie 

direct Gaussian elimination method was utilized. 

Matrix Storage Scheme and Iterative Solution Method: When the FEM is 

extended to include vector fields of three spatial dimensions, the generated 

stiffiiess matrix becomes very large, even though highly sparse, which makes 

direct solution methods extremely inefficient or impractical. The sparsity could 

be manipulated by reordering the node numbering schemes such that the non

zero entries of the matrix are made to remain confined within a very narrow band 
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Table 6.1 This table provides correspondence between the number of 

quadrilateral elements used to discretize the cross-sectional area with estimated 

grid length, h. Grid lengths are then measured in units of skin depth, 6 in two 
ix\ Ih\ 

ways: a) as - and b) - . \ftl \0/ 
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Estimation of Errors in 2D-FEM 

Highly Conducting Magnetic Media 

d=1.4 mm 
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Figure 6.2(a) Plot of estimated overall errors vs. number of quadrilateral elements used to 
discretized the cross-sectional area of ferromagnetic implants. 
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Figure 6.2 (b) Plot of estimated overall errors vs. number of estimated grid lengths, h, per 
skin depth, 6, used to discretize the cross-sectional area of ferromagnetic implants of 
diameter, d=1.4 mm. 
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Figure 6.2(c) Plot of estimated overall errors vs. number of estimated grid lengths, h, 
per skin depth, 6, used to discretize the cross-sectional area of ferromagnetic implants of 
diameter, d=0.46 mm. 
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MAXIMUM 
1.18 CONTOUR PLOT 

MINIMUM 
0.16 

X-AXIS 

Figure 6.3 Contour plot of power deposition in 

lossy square region (a = 1.18 Sim, = 53) due 

axial electric field 433MHz. 

12x 12 cm^ muscle tissue type 

to uniform illumination by an 
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around the main diagonal. In two dimensional scalar field problems, reordering 

node numbers may reduce the system bandwidth to the extent that the direct 

method can be utilized. In three dimensional problems, it is virtually in^ssible 

to decrease the bandwidth to a 'memory-wise manageable' size by reordering 

node numbers. The increased sparsity of the matrix can be conpletely exploited 

in an advantageous way by storing only the non-zero elements of the matrix. 

Memory allocations are required only for the non-zero matrix entries and their 

location identifiers which are one dimensional conplex-number arrays and the 

integer arrays respectively. Therefore, this is the essential memory eflScient 

storage scheme needed in the three-dimensional problems. Alternatively, a band 

storage scheme has to be replaced by an appropriate type of non-zero elements 

storage scheme for three-dimensional problems. As a consequence, direct 

solution methods have to be abandoned. Consideration of conjugate gradient 

type iterative solution methods becomes inevitable, since successive iterations 

need confutation of matrix vector products repeatedly. Fortunately, matrix 

vector products can be canied out very efficiently with the non-zero matrix 

elements storage scheme, since all the unnecessary multiphcation involving zeros 

are conpletely eliminated. These methods are therefore conputationally very 

fast conpared to direct methods and require the least amount of computer 

memory to run. The disadvantage with iterative methods is that convergence is 

very sensitive to the condition of the matrix; therefore the rate of convergence 

may be slow or it may even diverge. It is usually very difficult to determine 

whether the iterated solution converges to the correct solution. Therefore, a 

suitable stopping criteria must be established to terminate iterations when 
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sufficient solution accuracy has been achieved. The situation becomes even 

worse for the cases >^iiere the matrix is conplex but non-hermitian, for exanple, 

the conplex symmetric matrix. 

Non-Zero Element Storage Scheme: The non-zero element storage scheme for 

the stifSiess matrix, [Z], enployed in this work is well known in the iterative 

matrix-solver literature [124, 125] and successMy utilized in numerous finite 

element works [59,60] related to 3D electromagnetic vector field problems. 

Three one-dimensional arrays: one conplex number array, CZ(j) and two one-

dimensional integer arrays, IZ(i) and JZ(j) are needed to store the entire non-

symmetric matrix. If the matrix is symmmetric then only half of the matrix, 

including the main diagonal, is stored The con5)lex array, CZQ) stores the non

zero con5)lex entries sequentially fi-om the first equation to the last equation. 

Hence, the length of the array is equal to the total number of non-zero entries of 

the matrix in the case of non-symmetric matrix or the length is equal to the total 

number of non-zero entries in the upper or lower triangle of the symmetric 

matrix including the entries of the main diagonal. The integer airays, /Z(/) and JZ(J) 

are used as pointers to identify row and column locations of each of the non-zero 

matrix entries. In this paragraph the running idices, ij are defined as follows: 

/ is running index for row or equation number, / = 1,2, - - and j is running 

index for non-zero entry number, y = 1,2, NZ, where N and NZ are total 

number of rows and total number of non-zero entries, respectively. The integer 

array, IZ{i) has the same length as the total nun±)er of rows or nodes and hence, 

the total number of equations of the system It returns the location number of the 

last non-zero entry in the array CZcorresponding to ijh equation or row in tlie 
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matrix [Z]. The integer array, JZ{f), stores all the column locations of the non

zero entries of the matrix [z]. Therefore, the array JZif), returns the column 

location of the non-zero entry, CZ(j). 

Type ofLinear System of Equations: The linear system of equations generated 

in FEM is sparse, banded and complex symmetric when the governing equation 

(3.5) is used in isotropic conducting (lossy) magnetic media. 

Iterative Solution Methods: The standard conjugate gradient method * listed in 

the book "Numerical Recipes" [126] worics very well for a symmetric positive 

definite linear system of equations with real coefficients. The conplex 

coefl5cient n>^n matrix can be converted into an equivalent real In x 2n matrix 

by converting each of the conplex entries into a 2^2 matrix. This means, if 

[A] {jc} = {ft} represents the complex linear system of equations, then the 

equivalent real system is given by: 

As a test, the symmetric conplex system, which was solved by the direct method 

'There exists a great variety of conjugate gradient (CG) type methods. These can be 
defined as iterative solution methods to solve linear system of equations, Ax = bhy 
minimizing the quadratic flinctionals, such as the J{x) = (-x^Ax) -b^x, when A is 
symmetric and positive definite, or the residual fiinction^jc) = (Ax - b)^ (Ax - b) for the 
general case. The minimization takes place over certain vector spaces called Kyrlov 
spaces. Since the minimization process would eventually be the search directions that are 
conjugate orthogonal, these methods are also called the conjugate direction methods. 

or alternatively, 
ImA 

ReA 

ReA 

ImA 
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was converted into an equivalent real system as above and the standard 

conjugate gradient method was applied without success. It has been shown [77] 

that the equivalent real systems have the '"worst possible " spectral distributions, 

making them unsuitable for the CG method. The stwfy of the convergence 

properties of three types of conjugate direction (CGD) methods, as appUed to 

scalar Hehnholtz equations for small dissipative media, have been reported in a 

recent paper by Paulsen et al. [127]. These three methods were conjugate 

gradient squared (COS), Orthonrin (OM) and conjugate gradient (COM) 

methods used in combination with various kinds of preconditions. This study 

was perfomied on 2D and 3D uniform meshes of various sizes defined in terms 

of the dimensionless parameter, (ATAJC). All these methods, with various 

preconditioners, showed good convergence wiien the conplex parameter, (kAx) 

w a s  w i t i i i n  t h e  r a n g e s :  0 . 0  ̂ R e ( J t ^ A x ^ ) ^ 0 . 3 7 5  a n d  0 . 0 A x ^ 0 . 0 7 5  •  

The dimensionless parameter, (^AJC), is directly related to material properties, 

f i - e q u e n c y  a n d  m e s h  s i z e  a n d  c o n t r o l s  t h e  s p e c t r u m  o f  t h e  s t i f f i i e s s  m a t r i x ,  [ A ] .  

The material properties, fi-equencies ( 0=2.2^10^ 5//w, n^ = 150, 

(0 = 2tz^ 100 kHz) and the mesh size used in this study would give the range of 

parameter values as follows: 4.2x10""*^ Re{k^^^)^ 4.1x10"'' and 

0.017^ 15.99. The range of values of were within 

the range for which these methods performed successfully but those of 

Im(k^Ax^) were not. These iterative methods (COS, COM and also BiCGM) 

were en5)loyed without any kind preconditioner matrix did not convergence 

when used to solve the same 2D-probIem (previously obtained solution by using 

direct Gaussian elimination method) as described in the section on validation of 
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2D program 

Quasi-minimal Residual Method (QMR): A new CG-type method was proposed 

by Freimd [77] which is based on Lanczos algorithm for conplex symmetric 

matrices ( [A] = [AY) but iterations defined by a quasi-minimal residual 

property. Si^rior performance of the QMR method was reported by Paulsen 

et al. [60], who showed monotonic convergence and ^ter performance when 

used with a split preconditioner [128], obtained by incon^lete LU factorization 

(ILU). This QMR method was used and convergence was achieved when used 

to solve the same 2D-problem as described in the section on vahdation of the 2D 

program Therefore, the iterative solver QMR method was adopted for the 3D-

EM validation problems in this work. 

Validation of Three Dimensional Finite Element Program: The most difScult 

problem is to verify the accuracy of the 3D-FEM code with a known analytical 

solution, since there are veiy few closed-form analytical solutions in 3D 

electromagnetic boundary-value problems (3D-EM-BVP). These closed-form 

solutions are available for spherical geometries. Furthermore, discretization of 

a spherical volume is a very difficult task and, at the beginning of this work, a 

sophisticated 3D-mesh generator was not available. In order to circumvent this 

diflScuIty a relatively single method was devised. 

I. Simulation of 2D Results by 3D Vector FEM: A sinple 3D-EM-B VP 

was constructed out of a 2D-EM-BVP by taking a layered pill-box-type slice 

from a concentric cylindrical geometry, as shown in the Figure 6.4, where the 

inner core is of conducting ferromagnetic material and the outer layer is free 

space. By specifying appropriate boundary conditions ( n =0) on the top and 
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bottom cross-sectional areas of the pill-box, the electromagnetic response of an 

infinitely long structure due to an axially unifomi magnetic field can be simulated 

using 3D-FEM. Three dimensional mesh generation for the finite length 

concentric cylinders can be done without much efifort. The results are presented 

in Figure 6.5, where power absorption in a cyhndrical ferromagnetic rod is 

plotted as a function of relative permeability. Discrete data points are obtained 

fi'om 3D-FEM confutation and analytical data are joined by lines. Simulation 

of this problem was carried out by the full blown 3D-FEM program for vector 

fields. The following comments and observations are relevent for this 

application. 

la. Governing Equation: The extended vector Hehnholtz equation (3.5a) 

for the electric field was used and solved for nodal values of electric field 

components. 

lb. Boundary Conditions: Tangential magnetic fields were specified on 

the boundary surfece (Figure 6.4): n^H=0 on the cross-sectional surfeces 

and non-zero values of itx/f=sin(|) -f cos(|) on the 

circumferential cylindrical surface. This is the natural or Neumann 

boundary condition for the vector Hehnholtz equation (3.5a) for the 

electric field formulation. Also A-E=t'E=E=0 on the cross-sectional 

surfaces. 

Ic. Material Properties: Electrical conductivity, a=2.2xl0 ®S/m, relative 

permeability, ^1^=150, fiequency, f=100 kHz, magnetic field strength, H o= 

1500 A/m were specified for the inner ferromagnetic core and fi-ee space 

electrical properties were specified for the outer layer ( Figure 6.4). 
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Figure 6.4 A finite length cylindrical pill-box created by taking a slice of fi-ee 
space layered infinitely long cylindrical ferromagnetic material. By specifying 
appropriate boundary conditions on the pill-box surface 2D results can be simulated 
using 3D-FEM for code validation. 
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Id. Discretization: The inner ferromagnetic core (Figure 6.4), with 

diameter d=0.5 mm, and outer free space control boundaiy (d=1.0 

mm~10.0 mm) were divided into an appropriate nun^r of ei^t node 

hexahedral C "-linear elements such that solution accuracy is better than 

2 % for the highest value of relative permeabiUty. 

le. Solution Method: Iterative QMR solution methods (with split ILU pre

conditioning) were used with the non-zero element storage scheme. 

If Solutions and Error Estimation: Natural boundaiy conditions (i.e., 

known values of tangential magnetic field) were specified on the 

boundaiy. The solution gave the electric field vector, E=+yE^ + zE, 
X y z 

at each node on the discretized pill-box (Figure 6.4). The zero value of z-

conponent of the electric field { E^ = 0) should have been calculated, since 

this was a simulation of a 2D problem by 3E)-FEM. Then the electric field 

at the centroid of each element was determined by linear inteipolation 

from its eigjit nodal values. Total power absorption per unit length of the 

ferromagnetic rod was deteimined by summing the eddy current losses 

of all the elements as follows: 

pFEM _ _1_ 

L 

1 

2e=l  
Watts!m, where, L= Length of Pill Box 

Power absorption confuted by the FEM was conpared with analytical 

calculation, as presented in the Figure 6.5. The specification of the normal 

conponent of electric field on the cross-sectional planes, ii-E=i'E=E^=0, makes 

the iterative solution scheme converge faster. 
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//. Application of 3D Vector FEM to a Spherical Domain: Determination of the 

solution accuracy of 3D-FBM code was also determined in the spherical domain. 

A simple 3D-EM-BVP is considered for which an analytical solution can be 

obtained. A spherical volume (spherical coordinate system ( r,0 ,<())) with 

uniform material properties (a,^,e,) is excited with a known continuous 

distribution of tangential magnetic fields on the spherical boundaiy surface. The 

electric and magnetic field vectors are confuted at interior nodal points using 

FEM. The following comments and observations are relevent for this 

appUcation. 

Governing Equation: The extended vector Helmholtz equation (3.5a) for the 

electric field was used and solved for nodal values of electric field conq^onents 

and then the magnetic fields were confuted fi'om known electric fields. 

Boundary Conditions: The TE^ and TM^ excitations of a lossy dielectric sphere 

are considered by specifying the tangential magnetic fields on the spherical 

boundary. Two different polarizations of the tangential magnetic field will be 

used to excite the TE^ and TM^ cavity modes in lossy sphere. 

Polarization Type-I (Transverse Electric (TE) Modes): The lossy sphere could 

be excited with TE^ modes (^"^ = 0, {}) by specifying the tangential 

magnetic field: £r=5//g = 0/fQsin0, on the spherical boundaiy surface. This 

implies that the surface current density of the form = ^^^sinS 

(since outward normal to the spherical surface is i?=^) has to be specified on the 

spherical surface. This is the natural or Neumann boundary condition with 

respect to the electric field formulation of the vector Hehnholtz's equation 

(3.5a). It is to be noted that the radial conponent of electric field does not exist 
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Figure 6.5 Plot of power absorption vs. relative permeability (Comparison of 
analytical and 3D-FEM calculations). FEM calculation was performed using the pill box 
model as shown in Figure 6.4. 
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for the TE, modes, so tbe condition A-E=f'E=E=Q is known a priori and could 

be applied to expedite numerical solution schemes and increase solution 

accuracy, which is in fact redundant information for analytical methods. This 

condition was not enforced on the spherical sur&ces. 

Polarization Type-II: Transverse Magnetic (TMJ Modes: Similarly, the lossy 

sphere could be excited with TMr modes (^^=0, }) by specifying 

also the tangential magnetic field: /r=^f/^ = ^//Qsin6, on the spherical 

boundary surface. This inplies that the surface current density in the 

form: = -6//Qsin0 (since outward normal to the spherical surface 

is I?=/) has to be specified on the spherical surface. This is also natural or 

Neumann boundary condition with respect to the electric field formulation of the 

vector Helmholtz's equation (3.5a). It is to be noted that the radial conponent 

of magnetic field does not exist for the TM ^ modes, so the condition 

A'H=f 'H=H^=0 is known a priori and could be applied to expedite numerical 

solution schemes. This condition was not enforced on the spherical surfaces for 

this case also. 

Material Properties: Electrical conductivity, a=1.0 S/m, relative permittivity, 

= 20.0, relative permeability, n ^=1-0, frequency, f=70 MHz. 

Discretization: The sphere of radius, r= 20 cm with the above electromagnetic 

properties was discretized into 8000 eight-node hexahedral C ° - linear elements. 

The overall approximate characteristics mesh-length, h "1.61 cm md the 

resolution of discretization is . This means approximately 3.7 mesh-

length per decay length (skin depth, 5). 

Solution Method: Iterative QMR solution methods (with split ILU pre
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conditioning) were used with the non-zero element storage scheme. 

Solution Fields: The nodal values of the unknown electric field vector were 

conputed as primary solution field for both the cases of polarization. Magnetic 

field vectors were calculated from the confuted nodal values of the electric 

field. 

Comparison with Analytical Solutions: In order to establish the validity of the 

3D-FE code, the confuted solutions are conpared with analytical solutions. 

Analytical solutions of the EM-boundary value problem in the spherical domain 

are derived and presented for both cases of polarizations in Appendix 1. The 

computedrealpaitoftheelectncfieldsvectorsatnodesintheplanedefinedby 

and 0 ^ <f) ^ 7U (i.e., circular cross-section in the X-Y plane at z=0) are shown 

as a vector plot in the Figure 6.7(a). The divergence-free nature of the confuted 

electric field vectors can be easily observed. In accordance with the analytical 

solutions, the f - component of the electric fields in this plane must identically 

go to zero and the FE-conputation retumed these zero values with accuracy 

better than 1.0x10"^ which clearly estabUshes the excellent accuracy of the 

code. Figure 6.6 represents accuracy of the confuted primary field quantities 

which are the nodal values of the electric field. The magnitudes of the computed 

real part of the electric fields along the x-axis are plotted with the same as the 

analytical. 

Absolute values of magnetic field along the Cartesian coordinate axes X and Y 

are presented in the Figures 6.7(b) and 6.7(c). The magnetic fields along the X 

and Y axes are symmetric and FE computation perfectly reproduced this 

symmetry. Figure 6.7(c) is the magnification of Figure 6.7(b) at the central area 
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for visual estimation of accuracy. It is observed that the worst discrepency 

between the FE and the analytical solutions occured at the origin wiiere field was 

computated with 2.2 % accuracy. It is to be mentioned here that the plot of the 

same quantity along Y-axis is identical to that of X-axis. Figure 6.7(d) is the plot 

of absolute value the magnetic field along the polar (Z-) axis. For the TE ^ case 

magnetic field has non-vanishing normal conponent on the boundaiy (A.2.15c) 

wiuch is maximum at the poles. Magnetic field variation along the polar axis is 

analytically calculated by setting 0=0 and 0 = 7C in the expression of and 

varying radial coordinate r:0<r:<a. Excellent agreement is observed between 

finite element confutation and the analytical solution when magnetic field 

values along the polar axis are plotted. Figures 6.6 and 6.7 represent the 

computational results for TE ^ excitation (polarization-I) of the lossy sphere. 

Confuted results for the TM ^ excitation (polarizaton-H) of the lossy sphere are 

shown in the Figure 6.8, where absolute values of the magnetic field are plotted 

along the X-axis. Accuracy of the conputed field quantities clearly estabhsh the 

validation of the 3D-FE code and hence this program can be used successfully 

for the solution of three-dimensional electromagnetic boundaiy value problems. 
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Excitation of Lossy Sphere by Tangential Magnetic Field 

Lovext Order TBr Mode: Real Part ofBlectric Field 
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Figure 6.6 Plot of absolute value of the real part of the electric field vectors along X-axis, 
for the excitation of the spherical boundary (Polarization-I) with 
n ^ H = =  $ / / Q s i n 6 .  
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Figure 6.7(a) Vector plot of the real part of the electric field vectors in the XY-plane, at 
z=0, for the excitation of the spherical boundary with the polarization type-I: 
n'xH=^^HQsmQ =$//Qsin0. 
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Lossy Sphere Excited with Tangential Magnetic Field 
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Figure 6.7(b) 3D-FEM computation in a lossy dielectric sphere. Plot of the absolute value 
of the magnetic field along the X or Y axis for the excitation of the spherical boundary 
with (Polarization-I) = ^//Qsin0. 
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Figure 6.7(c) The central section of the plot in Figure 6.7(b) is magnified to represent 
the accuracy of the 3D-FEM. Plot of the absolute value of the magnetic field along the X 
or Y axis for the excitation of the spherical boundary with (Polarization-I): 

= = <|)//Qsin0 . The maximum discrepancy of 2.2% occurred at the 
origin. 
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Excitation of Lossjr Sphere with Tangential Magnetic Field 

Lowest Order TEr Mode: Magnetic Field along Polar Axis 
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Figure 6.7(d) 3D-FEM computation in a lossy dielectric sphere. Plot of the absolute 
value of the magnetic field along the Z- axis (polar) for^the excitation of the spherical 
boundary with (Polarization-I) = ̂ ^HQSmQ = 4)^Qsm6 . 
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Lossy Sphere Excited with Tangential Magnetic Field 
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Figure 6.8 3D-FEM computation in a lossy dielectric sphere. Plot of the 
absolute value of the magnetic field along the X-axis, for the excitation of the 
spherical the boundaiy with (polarization-II); = - 6//gSin6. 
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Chapter 7 

RESULTS AND DISCUSSION OF STUDIES WITH 2D- AND 3D-FINITE 

ELEMENT PROGRAMS 

In this chapter results of some calculations with 2D and 3D-FEM are 

presented. Electromagnetic interaction between ferromagnetic filaments is 

investigated using 2D-FEM. Bundles of two and four ferromagnetic filaments 

were considered. Here only the results for a four filament bundle are discussed 

since no noticeable differences were found. The FE conputational domain is 

shown in Figures 7.1 and 7.2. Appropriately fine discretization was performed 

on the conputational domain such that confuted power absorption is good 

within 1% accuracy. FEM calculations were repeated for various values of 

inter-filament distances as well as for the sizes of the outer fi-ee-space cushion. 

Power absorption per filament in the bundle of four is found to be the same 

irrespective of their inter-filament spacing (Figure 7.3) as long as these filaments 

are not connected with each other by means of electrical conducting materials 

(i.e., physically these filaments are not toucliing). It was also observed that the 

size of the outer firee-space cushion does not have any influence on the 

confuted power absorption. This inches that the reduction of absorbed power 

due to electromagnetic coupling is not a 2D effect. Electromagnetic coupling 

might be a 3D effect, as the finite length, hi^y magnetic filaments (in close 

proximity to the magnetic flux lines at the ends of each filament) distort the 

resulting flux distribution and hence introduce coi?)ling. 

The situation changes as the filaments in a bundle electrically touch each 
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Other. In FE-conputation point-contact between two fQaments can not be 

modeled easily; it has to be an extended contact. Figure 7.2 schematically shows 

how 'extended electrical-touch' was modeled in the FE. In order to model the 

extended electrical-touch, columns (one or three) of fiee-space cushion elements 

between the filaments (can be seen in the Figure 5.1(c) clearly) were selected 

and assigned conducting magnetic material properties. The FE- calculation for 

a bundle of four electrically touching filaments predicts (Table 7.1) about 18% 

reduction in the power absorption per filament. It is also observed that when a 

pair of filaments are made to touch each other but the two pairs remain separate 

then the power absorption is reduced only by 1.9%. Figure 7.3 shows that 

material properties of the contact do not have a significant effect on the 

calculated power absorption as long as they remain conducting. We note that as 

the conductivity of the contacts decrease and approaches zero, then the value of 

power absorption approaches the value for isolated filaments. 

The reason for the sli^ reduction in power absorption for two filaments 

electrically joined together with a finite width contact was not obvious initially 

since a sinple contact does not alter the 'loops' of induced currents as would 

normally be visualized for heating fi^om eddy currents in highly conducting 

materials. Hence we can only presume that the contacts disturb the electric 

potentials and so alter the eddy current paths sUghtly leading to a modest 

reduction in absorbed power. The actual current distributions for different cases 

could be calculated as a test of these presumptions. But that would take us 

beyond the scope and present interest of this dissertation. 
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Figure 7.1 Geometry showing four ferromagnetic filaments in close proximity but not 
in electrical contact. 
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Figure 7.2 Geometry showing fijur ferromagnetic filaments in close proximity and in 
electrical contact. 
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Power Absorption when Filaments are Electrically Isolated 
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Figure 7.3 Plot of the power absorption per filament (in a bundle of four filaments 
when they are all electrically isolated fi'om each other) as fiinction of the spacing 
parameter. 
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Power Absoption when All Filaments are in Electrical Contact 
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Figure 7.4 Plot of power absorption per filament (in a bundle of four filaments when 
all of them are in electrical contact as shown in the Figure 7.2) as a function of the 
electrical conductivity of the contact material; the relative permeability of the contact 
is, H^ = 150 . 
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Characteristics of 

Bundle of Four Filaments 

Power Absorption 

per Filament 

Watts/m 

Percent 

Reduction 

All filaments are 

electrically isolated fi-om 7.36 0% 

Pair of filaments are in 

electrical contact but two 

pairs are isolated: 

7.22 1.9% 

6.04 18% 

Adjacent filaments are in electrical 

contact with each other: 
Table 7.1 
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Calculation of Power Absorption in Finite Length Ferromagnetic Cylinder: A 

ferromagnetic core in the shape of a finite length cyUnder enclosed in a bigger 

free space cyhnder (Figure 7.5) was considered. The discretization length, 

h » 0.03 mm or - - 3 was used for ferromagnetic core and free space region 
h 

discretization also was used in the similar order. The boundary values of the 

axial magnetic field were specified as follows: A^H=p^iH^= 

specified as excitation on the cylindrical sur&ce and n>^H=0 were specified on 

cross-sectional surfeces. FEM was applied to solve for the electric fields with 

known tangential magnetic field specified as (Neumann) boundary conditions on 

external surface. The iterative QMR solution method was used. The relative 

residuals after each successive iterations were not getting smaller fast enough 

and after several hundred iteration the relative residual were several orders of 

magnitude higher than the set value. It can be safely concluded that there were 

no signs of convergence. The sharp edges where the normal electric field show 

singular behaviour were thought to be responsible for non-convergence. 

Introducing the spherical caps at the ends of the ferromagnetic core (Figure 7.6), 

the sharp edges could be removed and hence field singularity could be avoided. 

In order to calculate power absorption with accuracy better than 1%, the 

estimated grid size for 0.45 mm dia. filament is found (Table 6.1) to be, h= 

0.0133 (or - =• 6.6). This study was not conpleted, due to lack of time, but we 
h 

beheve that the source of difiSculties have been located. For a particular case, we 

carried out a study on a spherical volume with properties that ranged from 

conducting non-magnetic material (o=l S/m, \i =1, ^=20) to moderately 

conducting magnetic materials (a=10 S/m, r=10, e =20). 
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Figure 7.5 Finite length ferromagnetic cylinder (o = 2.2x 10^ S/m, - 150) in free 
space encloser. 
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Figure 7.6 Hemispherical caps are introduced at the ends of the cylindrical 
sample of the ferromagnetic in^lant to avoid field singularities at the highly 
conducting edges. 
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Parametric Study with Sphere: A sphere with lossy magnetic and dielectric 

material properties ( a, e, ̂ ) of 10 cm radius is considered. Transverse magnetic 

modes were excited by specifying the tangential magnetic fields of Polarization 

Type II on the boundary. The sphere was discretized into fixed 8000 hexahedral 

elements and its conductivity and magnetic permeability was varied. Primary 

quantity of computation was electric field vector at each node. The total power 

absorbed by the sphere was also computed. The following table summarizes the 

input material properties and power absorption of the sphere. 

Properties of the Sphere 8000 Hexahedral Elements 

Radius Cond. Rel. Rel. Freq. Pow. Ind. Grid 

a a Hr Gr f Watts Number Size(6/h) 

(cm) (S/m) Perme. Permit. MHz X 

10.0 1.0 1.0 20.0 70.0 90.20 2.4 7.46 

10.0 1.0 2.0 20.0 70.0 107.5 3.3 5.28 

10.0 1.0 5.0 20.0 70.0 164.8 5.3 3.34 

10.0 1.0 10.0 20.0 70.0 230.6 7.4 2.36 

10.0 2.0 10.0 20.0 70.0 158.0 10.5 1.67 

10.0 3.0 10.0 20.0 70.0 127.3 12.9 1.36 

10.0 5.0 10.0 20.0 70.0 96.79 16.6 1.06 

10.0 10.0 10.0 20.0 70.0 66.15 23.5 0.75 

Tab e7 .2  

Power absorption in the lossy magnetic sphere versus its various induction 

numbers, x = (a)no)'̂ ^<3 is listed in Table 7.2 and plotted in Figure 7.8. It is 
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observed that the total power absorption in the sphere maximizes when its 

induction number is around 7.5. The power absorption Ms below the peak value 

ulienever the induction number is different from this value. The radial variation 

of the absolute value of the electric field corresponding to the induction number 

7.5 can be observed in the Figure 7.7. It is observed that the electric field 

penetration is ahnost uniform and therefore, the power absorption in this 

situation is proportional to the radius of the sphere which gives rise to maximum 

power absorption. For induction number, x < 7.5, the field penetration remains 

uniform but since the radius relative to skin depth is smaller lower power 

absorption results. For the induction number, x > 7.5, the field penetrates only 

the shallow shell near the spherical boundary whereas the field in the spherical 

core is negligible so power absorption is low. 

In Figure 7.7 it is observed that with the increasing induction number 

(hence with hi^er permeability, conductivity or frequency) the inner core of the 

sphere ia increasingly devoid of fields. 
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Excitation of Lossy Magnetic Sphere 
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Figure 7.7 Plots of radial variation of absolute value of the electric field in the equatorial 
plane (i.e. polar angle, 0 = ir/2) for various values of induction number, X = . 
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Power Absorption in Lossy Magnetic Sphere 

7 9 11 13 15 17 19 21 23 25 
Induction Number. x=(a^a) a 

Figure 7.8 Plot of total power absorption in a lossy magnetic sphere as a function of its 
induction number, X = . 
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CONCLUSIONS 

The three dimensional vector finite element method software package 

>\iiich has been developed here can solve electromagnetic fields in conductive, 

magnetic materials. This dissertation describes the approach to formulating the 

problem, choosing a solution routine, developing a method of discretization, 

verifying the accuracy and characterizing the computational efiGciency of the 

package. 

Discrete approximations to continuous electromagnetic fields can result 

in the generation of spurious vector solutions. Two competing approaches were 

investigated on how to eliminate them. One approach is based iqx)n edge-based 

divergence fi-ee vector basis functions where the spurious solutions are avoided 

by the formulation, but this approach has its own hmitations. The other approach 

uses a node-based formulation with a modified vector wave equation to ensure 

divergence fi*ee conditions. The latter method was followed. Conjugate 

gradient, iterative quasi-minimal residual solver (QMR) with a non-zero matrix 

element storage scheme expedited confutation and reduced memory 

requirements. An automatic mesh generator for hexahedral elements was 

developed for discretization. 

A two dimensional study continued earlier analytical and experimental 

work on induction heating of multi-filament ferromagnetic strands. The present 

results demonstrate that coiqjling between fiilaments does not occur in two 

dimensions and is, in fact, a three dimensional effect provided the filaments are 

not in electrical contact. Furthermore, the accuracy of the solution can be 

established quantitatively by a single parameter, the ratio of one side of the finite 
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element to the electromagnetic skin (or penetration) depth. A three dimensional 

parametric study of power absorption in a sphere with properties ranging from 

those of a lossy dielectric like tissue (a = 1 S/m, s ^ = 20, |j, = 1) to those of 

mildly magnetic conductors (a = 20 S/m, 8 ^ = 1, =10) was carried out. 

While this range of parameters is restricted, it does elucidate effects through the 

transition of a lossy dielectric to a ferromagnetic metal. That is, the EM-fields 

penetrate the lossy dielectric sphere, but with induction numbers, x = ( © ^ 

a, that exceed much more that 7.5, (e.g. cr = 1 S/m, e ^ = 20, = 10, frequency 

= 70 MHz), the fields no longer penetrate the sphere conpletely and traditional 

skin depth approaches to the problem become appropriate. This leads to the 

possibihty of representing a solid metallic sphere by a hollow shell where the 

core is replaced by a perfectly conduction spherical surface; that is, where the 

electric field is defined as zero. The advantage of this approach is that the 

volume to be discretized is reduced and so other larger, otherv'se inpossible 

problems, become tractable on the same level of conputer. Finally, it is shown 

that power absorption in the sphere optimizes when the induction number is 

about 7.5. 

The major achievement of this dissertation research is that many 

problems, heretofore unapproachable, now can be solved accurately. 

Nevertheless, the computation of power absorption in feiromagnetic inplants for 

hyperthermia, the motivation for this study, has not yet been completed. The 

foundations have been laid and problems which address the dependence of 

power absorption ipon size, shape, permeability and conductivity as well as 

interactions between filaments of finite length now can be attenpted. As 
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always, conputer speed and memoiy will constrain the size and complexity of 

the possible soluble problems, but conputers continue to inprove and this 

software package is both flexible and accurate in its formulation and so can be 

inplemented as conputational resources increase. 
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APPENDIX 1 

ANALYTICAL SOLUTIONS IN LOSSY DIELECTRIC SPHERE 

Usual practice in electromagnetics is to express electric and magnetic 

fields quantities in terms of scalar potential such as Hertz or Debye potentials. 

These potential functions satisfy scalar Hehnholtz equation and in spherical 

coordinates (r,6,(t>), the solution can be expressed in terms of well known 

Legendre and spherical Bessel functions. Here, the governing equation will be 

derivedforthe forazimuthal conponents of electric and magnetic fields, and 

for TEr and TM^ modes respectively. Electric and magnetic field components in 

the spherical coordinates ( r,6,(t>) for the source fi'ee, homogeneous and 

isotropic medium can be expressed using Maxwell's equations in the time 

harmonic ( exp(/(or))form as follows: 

I. Faradays' Law: V^E = : 

1 aCsine^^) 1 dirE^) -1 
sin6 06 sin6 64) 

1 dE^ dirE^) 

sin0 0<|) dr 

a(rge) dE^ 

ae dr 

n. An5)eres'Law: Vy^H={a +j(oe)E: 

1 a(sin0//^) 1 dirHo) 

A.2.1 

A.2.2 

A.2.3 

E, = {{ayw\i)r} -1 
sin0 a6 sin6 d<^ 

A.2.4 

-I  
djrH,) a//, 

dr a6 
A.2.6 
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Transverse Electric Mode, TE,: For the transverse electric mode with respect 

to the radial direction ^the radial component, = 0 and the surviving other five 

1 dH^ djrH^ 
EQ={a+j(oe)r} -1 A.2.5 

sin0 6(|) dr 

field con9X)nents are: ( By suitable rotation of the 

coordinate system the electric field vector can be made coincident with the ^ 

direction so that Eq is made to vanish; as a consequence we find fi'om (A.2.3) 

that also vanishes. Therefore, for the TE ^ mode the three surviving field 

conponents are: ( E^,H^,Hq) and there is no variation with respect to the 

<|) coordinate. This is therefore, azimuthal-symmetric mode, i.e., — = 0; this 

condition is required for the divergence fi-ee condition, V-E=0 in a region devoid 

of any source. The expressions for tliese three conponents reduce to: 

acr/Zg) dH^ 
^4, = {(oV«e)r} -1 

//=-(/a)^r) -1 

dr ae 
1 a(sin0£^) 

Hq = -(/wjir) 

sin0 66 

d(rE^) -1 
dr 

A.2.7a 

A.2.7b 

A.2.7C 

Substituting (A.2.7b) and (A.2.7c) in the expression (A.2.7a) we can form the 

the following scalar Helmholtz equation in spherical coordinates [129] for the 

azirouthal electric field component, E^, 

1 v ;.e-r-
r^sin^B; 

A.2.8 
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where, Y^=y«M(o V^e), and = + ~ + 
aV r dr sinO 50 

sin0—^ ae)  

Transverse Magnetic Mode, TM^: For the transverse magnetic mode with 

respect to the radial direction ^the radial component, = 0 and the surviving 

other five field conponents are: ( ). In a similar manner, it can 

be shown that three surviving field components of TM ^ modes are: {H^,E^,Eq) 

and there is no variation with respect to the ({) coordinate. This is therefore, 

azimuthal-symmetric mode, i.e., — = 0; this condition is required for the 
a(i) 

divergence fijee condition, V-H=0 in a source-fiee regioa The expressions for 

these three components reduce to: 

djrE,) dE^ 

dr 60 
A.2.9a 

£ ={(a+ya)€)r} -1 
1 a(sin0//^) 

£"0 = {(o+y«e)r} 

sin0 80 

dirH^) -I 
dr 

A.2.9b 

A.2.9C 

Substituting (A.2.9b) and (A.2.9c) in the expression (A.2.9a) we can form the 

the following scalar Hehnholtz equation in spherical coordinates [129] for the 

azimuthal electric field conponent, , 

V..0-Y'-
1 ^4,=0 

r^sin^0^ 

where the symbols defined earlier. 

The Hehnholtz equation for scalar field in spherical polar coordinates, 

A.2.10 
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(7^-Y^)i|;(r,e,4>)=0 A.2.11 

can be solved by the separation of variables method by assuming solutions in the 

product forar i|f(r,0,4)) =/?(r)©(0)^((|)) and (A.2.11) can be decoupled into 

three well known ordinaiy differential equations. The solution [130,131] can be 

represented by the following form: 

^('*,0,<|)) = R„ir)P "(cos Q)exp(±Jm<^) A.2.12 

where, the radial function, satisfies the equation, 

d^R (r) dR(r) , ,  , v 
A* +2/*—-— -(y = 0 A.2.13a 

dr^ dr 

and the polar angle functions cos0) are the Legendre functions of degree 

n and order m The equation (A.2.13a) can be transformed into a modified 
I \ ^(v) 

Bessel's equation [132] of order Iw +- by defining RJ^r) = —2 as shown 
\ 2/ (yrY^ 

below: 

d%(r) dZ(r) f 

"dr̂  r "2/ J 

The solutions of the modified Bessel's equation [132] are modified Bessel 

functions of Sectional orders of first, second and third kinds or linear 

combinations of them. 

Comparing the equations (A.2.8) and (A.2.10) obtained for and with the 

equation (A.2.12) we observe the following differences: equations (A.2.8) and 

(A.2.10) have an extra factor (r^sin^O)"' ; this will increase the order of the 

Legendre functions by one in the solution (i.e., ^^"(cos©) will be P"'̂ '(cos0)); 

but these equations do not have azimuthal variations, so we can set m = 0 in the 

order of Legendre function leading to the solutions of the equations of and 
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as follows: 

II 

'E, 
>x 

"o \ 
— /„a(Y'-) '̂,'(cos0) 
yr 2 

A.2.14 

In writing the possible form of the solutions in (A.2.14) for the equations 

(A.2.8) and (A.2.10) the modified Bessels functions of the first kind have been 

used since these functions properly behave at the origin (i.e. at r=0). The 

constants Eq and f/g are to be evaluated by applying boundary conditions at the 

spherical boundary at r=a. 

Lowest Order TE mode: For the lowest order mode, n = 1, P/(cos0) = sin6 and 

we get fi-omthe expressions (A.2.7b) and (A.2.7c): 

1/2 

£"^=£oSine u 
^1 w 

Hq =£'Qsin0 
/ N a+j(jie 1/2 

[ J . 2Y/*j 
1 

H^ = - IE qCOSQ a +/(06 1/2 7U 1/2 

A.2.15a 

A.2.15b 

A.2.15C 

Lowest Order TMmode: For the lowest order mode, a7 = 1, Pi^cosO) = sin0 and 

we get fi-om the expressions (A.2.9b) and (A.2.9c): 

//^=/foSin0 
< ^ \ 1/2 

Eq = -NQSuiQ 
( \ 1/2 ' TZ 
, o+/(oe^ >2Y'-, 

1/2 1 

• i 

E^ = IH qQQSQ 
( \ 

ywn 1/2 ' 71 ^ 1/2 ( 1 "1 
-VY'*) 

I v j ^ o+/(i)e^ [ 2 y r )  

( 1 "1 
-VY'*) 

I v j 

A.2.16a 

A. 12.16b 

A.2.16C 
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Normalization of the Field Quantities: For the TE case the tangential magnetic 

field conponent//g was nonnalized to have unity amplitude at the lx)i]ndaiy at r=a 

and 6 = n/2 which inches, 

1/2/ 
TE 

/ N r=a 
=£'Qsin0 

( \ a+jij}e 1/2 / \ 
71 

^Q=iz/2j 
=£'Qsin0 

I J 
= 1 *jO 

so, that Er, can be evaluated as follows: 

^0= JW ^ 2ya^ 1/2/ 

^ a+JwEj 
1 

A/iCy")-—WY") 
I 

-1 

A.2.17 

Similarly, for the TM case the tangential magnetic field conponent was 

normalized to have unity amplitude at the boundary at r=a and 0 = 71/2 so that 

Hr, can be evaluated as follows: 

Ho-
71 

{«Y")}"' A.2.18 

Numerical Evaluation of the Field Quantities: The set of expressions, (A.20.15) 

and (A.2.16) for the lowest order TE and TM mode field quantities respectively 

along with the their nonnalization constants E^ and Hq as given by (A.2.17) 

and (A.2.18) are the required analytical solutions. These can be evaluated 

numerically using Mathematica® for estabhshing the validity of the finite 

element program 
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