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ABSTRACT 

Randomly inhomogeneous media, such as a turbulent atmosphere, degrade images 

taken by optical systems. This imposes strong limitations on the resolution achieved 

by optical systems. The quest for increasing the angulzir resolution of terrestrial 

telescopes is still open. This work is a small contribution in that quest. 

A problem of blind deconvolution arises when, one attempts to restore a short-

exposure image that has been degraded by random atmospheric turbulence. The 

image division method attacks this problem by using two short-exposure images of 

the same object and taking the ratio of their respective Fourier transforms. The re­

sult is the quotient of the unknowns trzinsfer functions. The latter are expressed as 

Fourier series in corresponding point-spread functions. Cross multiplying the divi­

sion equation gives a system of linear equations with the point-spread functions as 

unknowns. 

It is found that the system of linear equations, resulting from the implementation 

of the image division method, has a multiplicity of solutions. Moreover such sj's-

tem of equations is poorly conditioned. This brings the necessity of a regularization 

approach. 

This dissertation describes the development and implementation of a regulariza­

tion algorithm for the image division method. Using this regularization algorithm 

the blind deconvolution problem is posed eis a constrained lezist-squares problem. A 

least-squares solution is fovmd by computing a QR factorization of the system matrix. 

The Householder transformation method is used to find this factorization. The QR 

decomposition transforms the problem into an upper-triangular system of equations 

which is solved by bcicksubstitution. Prior pzirtial knowledge about the point-spread 

fimctions and the object (such as finite support and positivity) is used to impose 

constrziins on the solution, solving the multiplicity-solutions problem. 
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The regularization algorithm is tested with simulated and real data. Good quality 

reconstructions are obtained from the implementation of the regularized image divi­

sion method on computer simulated atmospheric degraded images corrupted with up 

to 5% of additive Gaussian noise, or corrupted with Poisson noise with 100 or more 

photons as the average number of photons per pixel. It also yields good results when 

tested with real infrared short-exposure images. 
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Chapter 1 

INTRODUCTION 

1.1 Imaging Through a Turbulent Atmosphere 

Imaging through a randomly inhomogeneous media imposes strong limitations on 

the resolution achieved by em optical system. Such is the case for terrestrial tele­

scopes, where atmospheric turbulence limits the resolution of long-exposure pictures 

to approximately one arcsecond [I]. 

Variations in the air temperature, caused by the non-uniform heating of the sun 

and turbulent wind flow, produce inhomogeneities in the refractive index of the at­

mospheric air. The phase of light waves coming from celestial objects is disturbed, 

as the light passes through these inhomogeneities. This degrades the images formed 

by terrestrial telescopes. A tjrpical short-expos\ire image of a star has a speckle-Uke 

structure [1]. Figure I.l shows a simulated difltaction limited image of a steir (a), and 

a simulated tm-bulent degraded image of the same star (b). Note how the resolution 

is dramatically affected by atmospheric turbulence. 

Increasing the angular resolution of terrestrial telescopes is still an open problem 

which demands the effort of meiny scientists and engineers working in different fields. 

This dissertation is a small step on that direction. 

1.2 Methods to Restore Images Degraded by Atmospheric 
Turbulence 

Severed techniques have been proposed and used, to restore images degraded by atmo­

spheric turbtilence. Correlation-based techniques such as Lab^rrie's method [2] and 

triple correlation [3], [4] use a set of short exposure pictures to recover information 



(a) (b) 

FIGURE 1.1. Simulated images of a star for a 1.5 M diameter telescope at 0.400 NM 
wavelenght. (a) Diffiraction limited image for a perfect telescope with no atmospheric 
turbulence. The angular size for this image is about 0.02 arc seconds, (b) Short-
exposure image of a star degraded by computer simulation of atmospheric turbulence. 
The coherence length, Tq, is 30 cm. 

about the object up to the diffiraction limit. However these methods do not directly 

obtain the object's intensity but, rather, the object's intensity autocorrelation. Con­

sequently a phase-retrieval problem has to be solved to get an estimate of the object. 

Another disaxlvantage of these methods is that they usually require a reference point 

source to correct for atmospheric turbulence. In the case of such a point source, 

theoretical assumptions cem often be made, but these are only approximately valid. 

A second kind of technique uses wave-firont sensors to measure the turbulent 

phase perturbation profile across each short exposure picture. Among them are self-

referenced speckle holography [5], [6], whicti requires post-processing techniques to 

obtain an estimate of the object, and adaptive optics [7], [8], which uses deformable 

mirrors to correct the phase perturbation in real time. These techniques also require 

a nearby point source that is referred to as a guide star. It may be a star near the field 

of view or may be formed by projecting a focused laser beam into the atmosphere. 
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However since the light coming from the guide star does not pass through the same 

turbulence as the light coming from the object being imaged, it is possible that resid­

ual phase errors remain after the correction. Therefore post-processing techniques are 

sometimes used in adaptive optics. Furthermore the cost of the hardware needed for 

these techniques can be high, making them not available for some observing facilities. 

A third kind of technique produces an estimate of the object's intensity from one 

or more short exposure pictures, w^ithout the use of a reference point source. Because 

both the object and PSF are unknown the problem is called "blind deconvolution". 

Ebcamples of such approaches are the method developed by Ayers and Dainty [9], 

which alternately constrains the estimates of the object and PSF in the image and 

Fourier domains, and Lane's method [10], which reformulates the problem as an 

unconstrained minimization problem incorporating the image and Foiuier constraints 

into an error metric. These are generally open-ended iterative searches, growing out 

of either a gradient search of solution space or a replacement Edgorithm (successive 

Fourier transformations and replacement). 

1.3 Regularization of the Image Division Method 

The image division method was first proposed by FHeden in 1998 [11], as a means 

of attacking the problem of blind deconvolution in em efficient manner. It consists 

of using two short-exposure images of the same object and taking the ratio of their 

respective Fourier transforms. Because the object is the s£ime, the ratio eliminates 

the object itself as a variable in the problem (ignoring added noise of detection), 

leaving behind the ratio of the spectra of the PSF's, from both exposures. This 

ratio is then transformed into a system of linear equations with the PSF's as un­

knowns. An ill-posed problem arises from the implementation of this method, since 

the system of equations heis multiple solutions. Moreover such a system of equations 

is ill-conditioned. A reguleirization approach is needed in order to make the image 
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division method a useful tool in solving the blind deconvolution problem. 

I have developed a regularization algorithm for this method. It consists of solv­

ing the mentioned system of equations by a least-squares approach, and using prior 

knowledge of the object and PSF's to impose constrains on the "acceptable" solution. 

The regularization approach works well in simulated noisy data (up to 5% of additive 

Gaussian noise), and in real images used to test it. 

1.4 Outline of this Work 

This dissertation describes ray work at the Optical Sciences Center in the quest to 

regularize the image division approach to blind deconvolution. Regularizing the ill-

posed problem that arises from the image division method is a complex task: it 

requires the overcoming of a non-imique solution scenario, and an ill-conditioned 

system of equations. 

I have made a summary of the required concepts and equations in order to attack 

the problem of regularization of the image division method in Chapter 2. Also found 

there are the fundamentals of image formation and sampling, a brief description of 

some lineeir and non-linear deconvolution methods, the concept of ill-posed problem 

and regularization approaches, and some statisticeil properties used to describe the 

effect of atmospheric turbulence on imaging systems. 

In Chapter 3 the image division method is described. It uses two short-exposure 

images to build up a lineeir system of equations with the elements of the PSF's of 

both images as the imknowns. Then the ill-posed problem arising from the application 

of this method is analyzed. It is foimd that the problem heis multiple solutions, and 

that the system of equations resulting from this method is poorly conditioned. FineiUy 

a regularization algorithm for the image division method is presented. It is a fixed-

length restoration approach that finds a least-squares solution to the problem, subject 

to positivity and finite support of the object and PSF's. 
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The regularization approach is tested with simulated and real data in Chapter 4. 

Simulated turbulent degraded images from different objects (a binary star system, a 

cluster of stars Jind a galaxy), with different degrees of turbulence (low, moderate and 

high) and levels of noise (0%, 1%, 3%, 5%, 8% and 10% additive Gaussian noise), «ire 

processed with the regularization algorithm, and the results are presented as images 

of the reconstructed objects eind PSF's. Real images are also used. These are infreired 

images of hot sources taken at Kitt Peak by John Garcia. After processing, resxilting 

images prove the effectiveness of the method when used with real data. In the last 

part of Chapter 4, results from the regularized image division method are compared to 

results from Ayers and Dainty's method [9], Lane's method [10] and Holmes' method 

[12], 

Finally, in Chapter 5 several subjects are discussed. Among them are: a trick to 

cope with PSF's with different supports, a brief analysis of how data errors eiffect the 

system of equations, and a procedure to pose the blind deconvolution problem as a 

weighted least-squares problem. Conclusions of this work are also given in Chapter 

5. There the partial achievement of the regularization of the image division method 

is noted. The advantages of the approach aie described and some suggestions to 

improve it are proposed. 
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Chapter 2 

THEORETICAL BACKGROUND 

2.1 Fundamentals of Image Formation and Sampling 

2.1.1 Image Formation 

A great variety of opticzil imaging systems can be modeled as lineeir systems. That is, 

the system output Qouti^ can be expressed eis a linear integral equation of the input 

9 in {x )  

g<mt{x)= f  f  d^Sgin{£)h{x \^ ) ,  (2.1) 
J -OO J —OO 

where h{x 'x ' )  is the point spread function (PSF), nominally, the impulse response of 

the system in question. 

For incoherent illumination [13] an optical system produces an irradiance distri­

bution i{x) at an image pleine, from a spatial radieince exitance distribution o(x') of 

the object being imaged. The connection between them, follows from (2.1) [15] 

i {x)  — f  f  d^x'o(x')s(x;x') + a(x). (2.2) 
J —OO J —OO 

Again s(x; f) designates the PSF of the system. An additional term heis been added 

to the right hand side of (2.2), to account for the multiple sources of noise present in 

the formation £ind detection of any image. 

Aside from linearity some optical system exhibit Einother property called shift 

invariance or isoplanatism. For these systems the PSF depends only on i and 

eq. (2.2) tzikes the form 

z(x) = f [ <i^x'o(i')s(x —f)+n(x), 
J —OO J —OO 

(2.3) 
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or 

i { x )  = o(x) G s(x) + n(x), (2.4) 

where the symbol © represents the convolution operation. 

2.1.2 Fourier Transform 

The importance of Fourier analysis in optics is well known. The two-dimensioned 

Fourier transform (F.T.) G(fe)'' of a function g{x) is defined by [13] 

px roc 

— I f d '^xg{x)exp{—jk  •  x ) ,  (2.5) 
J—oc J — oo 

where k  is an eingular spatial frequency vector, in which its components A:i and fcj are 

given in units of radieins/length. 

Similarly the inverse Fourier transform (I.F.T.) is defined by [13] 

J d '^kG{k)exp{ jk-x) .  (2.6) 

One of the most important properties of the Fourier transform is the denominated 

convolution theorem, which states that the F.T. of the convolution of two functions 

is equal to the product of their Fourier transforms [13]. Using this property, the eq. 

(2.4) in the Fourier domain becomes 

I (k ) = T {k)Oik) -^N(k) ,  (2.7) 

where T { k )  is known as the transfer function of the optical system. The advantage of 

working in the Foxirier domain is apparent from the simplicity of (2.7) 

A related concept, and a useful computationed tool, is the discrete Fourier treins-

form (DFT), which is defined by: 

general the F.T. of a function f will be represented by the respective upper-case counterpart 
F. An exception is a PSF, whose F.T. is represented by the Greek letter r. 
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^V-l N-l  
= (Ax)2 ^  ̂  gmim2 exp(-27r j (mir i i  +  m2n2)/N^)  (2 .8)  

mi=0 m2=0 

2.1.3 Sampling 

Frequently in optics, especially for data processing purposes, the image irradiance is 

sampled on a discrete set of points (actually small areas) using an electronic detector 

such as a charge-coupled device (CCD). That meikes the image a discrete array of 

numbers imn = nAx2) instead of a continuous function (Axi and Axa are 

the sampling intervals in xi eind Xa directions respectively). However a sampled 

version Za(x) of the function i{x) cein be constructed from this discrete array and the 

use of delta functions. 
OO OC 

i s { x )  =  ^ i j n n S { x i  —  m A x i ) 6 { x 2  —  n A x 2 ) .  (2.9) 
rt=—OO m=—oo 

It is intuitive that if the sjimples axe taken fineilly the origined function can be 

reconstructed with good accuracy by interpolation. However for some kind of func­

tions the reconstruction can be exact. This result is the Whittaker-Shannon sampling 

theorem [13]. It states that a band limited function (its F.T. is nonzero over a finite 

region of the frequency space) can be recovered ecactly from its sampled version, 

provided that the intervzd between seimples is not greater than a certain limit. This 

limit is proportional to the reciprocal of the cut-off spatied frequency [kc = (fcic, A:2c)] 

£ind is called the Nyquist interval 

AXijjiax ~ T T ^X2max ~ T • (^•^^) 

This result is easy to understand if the F.T. of fa(x) is computed: 
OO oo 

/s(fc) = ^ ^ /(Ati — 27rm/Axi,Ar2 — 27m/Ax2). (2-11) 
n=—OO m=—oo 

It can be observed that such F.T. consists of infinite number of replicas of the original 

F.T. /(fc), each separated by a distzoice 27r/Axi in the ki direction and 2tz/Ax2 in the 
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k2 direction. If the sampling interval is equal to or smaller than the Nyquist interval, 

then there is no overlap among these replica. Therefore the original spectrum can be 

recovered (and hence the original function) by an appropriate truncation of the series 

on (2.11). 

2.2 Deconvolution 

2.2.1 Ordinary Deconvolution 

It is a common goal of image processing to find an estimate o(x) of an unknown object 

o(£), using the available data i{x). The procedure to accomplish this goal is called 

"deconvolution". Often the PSF of the optical system is known. This is the case for 

ordinary deconvolution, which is the subject of this section". 

In general, deconvolution methods can be divided in linear eind non-linear. Lineeir 

methods seEirch for an estimate d(x) through a series of lineeir operations over the data 

i(x). In contrast, non-linear methods use prior knowledge of the unknown object to 

perform some kind of non-linear operations over the data to find an estimate of the 

object in question. 

2.2.2 Linear Methods 

Among these are the filtering methods, whose main adveintage is computational speed. 

Filtering methods consist of multiplication of the image spectrum by a chosen filter 

funct ion  Y{k) ,  

6 (k)  =  r(fc)/(fc). 

This is followed by an I.F.T. of 0(k)  to yield an estimate 6(x) 

(2.12) 

(2.13) 

"A good reference for ordinary deconvolution methods is Jansson [14]. 
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If y(fc) = r(fc) the method is called inverse filtering. The major disadvsmtage 

of this method becomes evident in the realm of high spatial frequencies, where poor 

signal to noise ratio is a known issue. In such cases, noise amplification can lead to 

noisy estimate objects. 

Another class of linear method results from the discrete version of (2.4) [14], [15] 

in — ^ ^ Sn—m^m "I" (^•^^) 
m 

or in matrix notation 

+ (2.15) 
m 

where i  and o tire column vectors with elements [i]„ = z„ and [o]„ = o„ respectively, 

emd 5 is a matrix with elements given by [5]nm = Sn-m-

There are several iterative methods to solve (2.15). Among them is Van Cit-

tert's method, where the (p + I)"' approximation to the object is found from the p"' 

approximation through the expression 

^(P+i) ^^(P) 5^0')]. (2.16) 

Using o = i as a starting point. 

Another one is the method of point successive over-relaxation [14], where 

o „ =  o „  [ i „  -
m < n  m > n  

and the relaxation peirameter K can be adjusted to increase convergence. 

All the linear methods share the same limitation: they cemnot extrapolate beyond 

the data cutoff frequency. However, they can produce good results with a non-band 

limited data set. They are also a viable, efficient option in situations where compu­

tational speed is em issue. 
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2.2.3 Non-Linear Methods 

These methods introduce non-linear operations in their algorithms using prior knowl­

edge of the unknown object. Such is the case of the non-negative constraint for 

incoherent imaging, or the compact support constraint where the object is known 

to vanish outside a defined region. Through these constraints such methods can 

extrapolate beyond the data cutoff frequency. 

One of these methods is Jansson's [14], [15], which takes advantages of both lower 

and upper bounds of the object. It was specially designed for spectroscopy (although 

it can be used in other fields) where transmittance is a non-negative quantity, and, in 

addition, is less them or equal to one. It is similar to the method of point successive 

over-relaxation (see eq. (2.17)) except that k is defined eis 

KCOS')) = K,[1-2|OS"-1/2|1. (2.18) 

The dependence of k upon dn^ is such that K(dn^) —» 0 as either dn^ —> 0 or 1. This 

constrains the output to the range 0 < 6n < 1-

In Prieden's maximum entropy method [15], the normeilized object is modeled, 

by the law of Isirge numbers, as a probability distribution. Then the principle of 

maximum entropy is applied [15], resulting in 

H = — ^ 6„ ln(6n) = maximum, (2-1-9) 
n 

The noise in the image is also treated as an unknown array which has to be 

estimated. Using the Lagrange multiplier technique the following solution is obtained 

M 
Oji = 1 •^fn'Svim)) (2.20) 

m=l 

Urn = exp{-l - Xm/p) — B. 

The paTEimeter p siUows one to emphasize smoothness in o or n (the larger p, the 

smoother the noise). The constant B is used to define a new set of non-negative noise 
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vulues Njn = r im 4- B. The parameters {A^n} are found by applying the solutions 

(3.30) to the constraint equations 

where is the image total energy. 

One of the advantages of this method is that the form of the solution guarantees 

a positive estimate. 

Another non-linear method is cedled "alternating projections onto convex sets" 

(POCS) [14]. From a geometrical point of view, a set is convex if every line segment 

with endpoints in the set is totedly contained in that set. The sets of all band-limited 

functions, all non-negative functions, eiU functions having a known maximum value, 

and all functions having finite extent, are examples of convex sets. If a function 

belongs to two or more convex sets, it can be estimated by sequential projection of 

a solution onto each of the sets in repeated cycles. POCS is particularly useful for 

regularizing ill-posed deconvolution problems (using prior knowledge of the object to 

impose a non-linear convex constraints on the solution set). 

In general non-linear methods yield better results than lineeir methods [14], [15]. 

The use of non-linear constraints based on prior knowledge allow them to extrapolate 

beyond the data cutoff firequency, restoring details impossible to attain with their 

linear counterparts. However non-linesir methods have the drawback of being more 

time consuming than linear methods in similar situations. 

2.3 Ill-Posed Problems and Regularization Approaches 

2.3.1 nirPosed Problems 

It was in the early 1900s when J. Hadeunjird introduced the notion of the well-posed 

problem. Following Katsaggelos [16] 

So + n = z, (2.21) 

n 
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A problem characterized by the equation 

Ax = y (2.22) 

where xeHi, yeH^ (both H\ and H2 denote Hilbert spaces) and A is a 

bounded linear operator, is defined to be well-posed provided the following 

conditions are satisfied: 

(i) for every element of yeHi there exists a solution in the space Hi; 

(ii) the solution is unique; 

(iii) the problem is stable on the spaces (Hi.Hi), which means that 

the solution depends continuously on the data. 

Otherwise the problem is ill-posed." 

Another related concept is well-posedeness in the least-squares sense, introduced 

by Nashed [17], which states that Ax = y is well-posed if for each yeH2 there exists 

a unique least-squares solution (of minimum norm), which depends continuously on 

the data." 

Many practical and scientific problems lead to ill-posed problems, which makes 

the study of this kind of problem far more importemt them, mere academic curiosity. 

2.3.2 Ill-Conditioned System of Ekiuations 

Consider a linear system of equations 

with M a m X n  matrix, x  the unknown vector and y  the data vector. The rank of 

M, say k, is defined as the number of linearly independent rows of M. An ill-posed 

problem rises if the rank of M is less than the number of columns of M {k < n), since 

for this case the solution is not xmique. 

Mx = y,  (2.23) 
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A related concept is the so called ill-conditioned system of equations. For this a 

small perturbation in the data results in a large (although bounded) perturbation in 

the solution. In practice, due to the presence of noise in the input data and roundoff 

errors, it is not possible to determine whether a given system of equations is singTilar 

or ill-conditioned in all cases. 

A useful tool to analyze ill-conditioned system of equations is the singular value 

decomposition (SVD). This allows one to decompose a matrix M E as the 

product of three matrices [18] 

where U = ( i r i ,U2,^n)  €  and V = (ui. ujj, 6 R"^ are matrices with 

orthonormal columns, and S = diag{a\,a2, ....Cn). The numbers cTj are called the 

"singular values" of M, they are non-negative and are ordered in non-increasing values 

((Ti > (T2 > ... > <Tn >0). The condition number of M can be computed using the 

first singular value 0"i, and the smallest non-zero singular value, say (Tk [18] 

cond{M) = (2.25) 
0"fc 

If (Tk CTi the solution x to the eq. (2.23) is very sensitive to perturbations of M 

and y. 

2.3.3 Regularization Approaches 

Regularization of an ill-posed problem is the process through which an appropriate 

solution is foimd that is stable imder small changes of the input data. Regularization 

approaches include one or more of the following intuitive ideas [16] 

(a) change of the concept of a solution; 

(b) restriction of the data; 

(c) change of the space and/or topologies; 

n 

(2.24) 
i=l 
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(d) modification of the operator itself; 

(e) the concept of regularization operators; and 

(f) well-posed stochastic extensions of ill-posed problems. 

In order to apply these ideas, supplementary information about the true solution 

is used, for example, knowledge that the true solution is non-negative, or bounded, 

or non-zero over a finite region, etc. 

2.3.4 Least-Squares Solution 

FVequently, a greater number of measurements than unknowns is taken in order to 

reduce the effect of measurement errors. This makes eq. (2.23) an overdetermined 

system of equations. An overdetermined system of equations is, in general, not con­

sistent, this leads to the necessity of defining an approximation criterion to solve it. 

A very common choice is the least-squeires criterion [19], [20], which minimizes the 

2-norm of the residual vector, that is: 

Numerous methods exist for solving the least-squares problem. One of them uses 

QR decomposition of the matrix M [19], [20], [21], [22]. The QR decomposition 

method has the advantage of stability with regard to propagating data errors [19], 

[20], [21]. It consists of the decomposition of the matrix M into the product of a 

orthogonal matrix Q and an upper-triangular matrix R, i.e. 

min Mx — b  .  
z  

(2.26) 

M = QR. (2.27) 

Then an upper-triangular system is formed: 

Rjc = Q% (2.28) 

(Q^ is the transpose of Q),  and solved by back substitution [20], [21], [22]. 
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Among the different methods used to form the QR decomposition, the House­

holder transformation stand out because of its effectiveness [19], [20]. A householder 

transformation associated with a unit vector e is defined as [22], [23]: 

T = I -  2ee^ (2.29) 

where I is an identity matrix. The matrix T is symmetric and orthogoned. By apply­

ing a suitable sequence of Householder transformation to a matrix M, it is possible 

to transform such matrix into a upper-triangular matrix R [22], [23]. The orthogonal 

matrix Q is just the transpose of the multiplication of the Householder trginsforraation 

matrices applied to M. The Householder transformation method requires less storage 

location than other techniques used to solve the least-squares problem [19] (modified 

Gram-Schmidt orthogonalization, use of the normal equation, for example). This 

compact storage feature makes the Householder transformation a convenient tech­

nique in solving the least-squsires problem when M is a leirge matrix. 

Sometimes, the least-squeires solution x  is subject to a set of lineeir constraints For 

this case the problem can be formulated as [20], [24]: 

mm 
2 

Mx — b  subject to Cx = g. (2.30) 

where C is  a .  p  x  n  matrix, p <n.  The solution is found by first solving the under-

determined sys tem of  equat ions  Cx = g,  and then  t re insforming the  problem in to  an 

unconstrained least-squares problem of minimizing M'S — U [20]. 

In many practical problems some of the equations forming the linear system of 

equations (2.23) are more accurate than others. One way to deal with this is to weigh 

the accurate equations heavily and solve the resulting least-squeures problem [19], [25], 

], i.e., finding the solution to the following minimization problem: 

nun I ||pr(Mf-6)||, (2.31) 
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where is a diagonal matrix, with diagonal elements Wi equal to the weight factor 

of the z"* equation. 

2.4 Imaging Through a Turbulent Medium 

2.4.1 Atmospheric Turbulence 

As it was stated in Chapter 1, atmospheric turbulence imposes strong limitations 

in the resolution achieved by terrestrial telescopes. For example a 5 m telescope 

has a diffraction limited angular resolution (this would be the angular resolution of 

the telescope if it would be aberration and atmosphere free) of approximately 0.02 

arc seconds, at a mean wavelength of 400 nm, while the anguleir resolution for a 

long-exposure image is approximately 1 arc second in good seeing [1]. 

Large scale refractive index inhomogeneities are caused by the non-uniform heating 

of the Earth's surface. These £ire broken up to smaller sizes by turbulent wind flow. 

These refractive index inhomogeneities are rzindom in nature, and it is necessary to 

use random process theory to study them. 

One of the most important statisticed properties of a reindom process is the power 

spectral density $(/:), which is the three-dimensional F.T. of the spatial autocorre­

lation function [27], [28]. For homogeneous turbulence $(fc) may be regarded as a 

measiure of the relative abundance of packets of air, each with a characteristic refrac­

tive index, with dimensions L\ = 27r/A:i, L2 = eind Li = 2'K/kz. 

From Kolmogorov's work [27] the power spectrum of the refractive index fluctua­

tions, for the case of isotropic turbulence, is given by 

^{k) = O.OSaC^fc-"/^ (2.32) 

The pareimeter is the index structure constant, and measures the strength of the 

refractive index fluctuations. It depends on both local atmospheric conditions and 

height above groimd. A typical average value for is 10~^®meter~^/^. 
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Another useful parameter is FVied's parameter Vo. It provides a measure of the 

coherence diameter of the atmosphere [27]. Using Pried's parameter Kolmogorov's 

power spectrum takes the form [29] 

0.023 

We have used a linear spatial frequency ^ instead of a angular spatial frequency k 

{k = 27r^). Values for r<, might range from 5 cm under condition of poor seeing to 20 

cm under condition of exceptionally good seeing [27]. 

2.4.2 Long- and Short-Exposure Pictures 

InstantEineous wavefront degradation fluctuates rapidly with time due to the constant 

tiu-bulent motion of the atmosphere's inhomogeneities. To avoid any time averaging 

effects, a exposure time of 0.01 sec or less is used. This effectively "freezes" the 

atmospheric turbulence, resulting in a temporarily constant, but rajidom function 

across the telescope pupil. A typical short exposvire picture of an unresolved star has 

a speckle-like structure. It is an experimental result that the speckle "size" is of the 

same order of magnitude as the Airy disc of the telescope [1]. 

On the contrary a long exposure pictiure (a picture taken with an integration time 

much greater than 0.01 sec) presents a smooth intensity distribution, since the latter 

is the average of many realizations of short exposure pictures. This average causes 

the long exposure pictures to lose the information that is present at high spatial 

frequencies. 

For each short exposure picture eq. (2.2) applies, since the atmospheric turbulence 

is practically frozen during the exposure time. In general the PSF for this case is 

shift-variant due to the fact that the wavefronts from two points separated by some 

angular distance do not pass through identical parts of the atmosphere. However 

for pictures covering a smeill zmgular distance the PSF can be considered, to a good 
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apprcodmation, shift-invariant. It has been observed that the isoplanatic patch size 

is of the order of 4 arc seconds. Therefore inside the isoplanatic patch (2.4) applies. 

Figure 2.1 shows a pictorieil model of the image formation of a point soiurce through 

the atmosphere. 

Oua-^i •monochromatic 
Source 

FIGURE 2.1. Image formation of a point source through the atmosphere 

The instantaneous transfer function r(fc) is given by the space autocorrelation of 

the pupil function i/(C) [l] 

rW = r  r  )H(t  +  C).  (2 .34)  
J —CO J — oo 

The components of ^ are distances in the pupil ajid are related to the spatial frequency 

variables by = ^fki/2T, = Xfk2f27r, where A is the wavelength of the point 

source and / is the focal length. 

Because of atmospheric turbulence, the pupil function is equal to the product of 

the pupil function of the telescope Ho{C) and the complex amplitude A{^) due to 

the light from a point source that is propagated through the atmosphere [l] 

H{C)='l(C)H.(C)- (2.35) 

The long exposure tremsfer function T£,{k) is the ensemble average (assvuning er-

godicity) of the instantaneous transfer function. Taking the average of eq. (2.34) it 
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is found that [27] 

TL(fc) =To(fc)C'A(fc). (2.36) 

This states that the long exposure transfer function is equal to the product of the 

transfer function of the telescope To(k) (which is the autocorrelation of Ho(^)) and 

the coherence function or transfer function of the atmosphere CA{k) (which is the 

ensemble average autocorrelation of A(C ))• 

To get an expression for C^ik), a model for the probability distribution of A(C) 

has to be adopted. A very realistic model is the log normal. It assumes that log 

amplitude and phase of A{^) are independent Gaussian random variables. Using this 

model, CAik) takes the form [27] 

CA(k)  =  exp{—const  •  (2.37) 

2.4.3 Computer Simulation of Atmospheric Turbulence 

In order to computer-simulate images degraded by atmospheric turbulence, we have 

used the program written by Shaklan [29], which generates power spectrum for phase 

fluctuations. It uses a discrete version of eq. (2.33) for an array of AT x iV pixels: 

, 0.023iV"/3£)5/3 
^(^m) — „5/3 5/3pll/3 ' (2.38) 

with 

= m = (2.39) 

where Ax is the spati€il size of a pixel, D is the diameter of the telescope, which 

corresponds to No pixels in frequency space. The latter can be computed by using 

the diameter of the telescope, the wavelength A, and the eingular size of a pixel a 

(a = Ax/f, f being the focal length of the optical system): 
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(2.40) 
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Chapter 3 

REGULARIZATION OF THE IMAGE DIVISION 

METHOD 

3.1 Image Division Method 

3.1.1 Image Turbulence Problem 

The image division approach starts with two short-exposure images (1/60 s or less) 

of an incoherent object, which must be separated in time by more then one short-

exposure duration (3/60 s or more). The images result from two fixed, independent, 

turbulent phase distributions across the optical pupil. Assuming that both images 

have a sharp cutoff frequency Q, in both directions would also entail their infinite 

extension. However, if they fall off to negligible values (compared with the inevitable 

noise of detection) for a certain [x] > L/2, such images may now be truncated as to 

be contained inside a square of length L. Now, the Fourier transform of any of these 

images cein be computed using eq. (2.5) 

For convenience the images are placed edong the positive axes, which results in the 

integration limits shown above. The eq. (3.1) is an approximation since the image is 

truncated in spite of having infinite extension. 

Because of the finite cutoff frequency of the image, we can use the Whittaker-

Shannon sampling theorem, replacing eq. (3.1) by a discrete sum ([13]) 

•^(^)|fcil<aifc2i<n (3.1) 

itf-l M-l 
^ffl!fcil<n,|fc2l<n = 52 ijmiAx, ma Ax) exp{-j{miki -I- 7713^2) Ax), (3.2) 

mi=0 m2=0 
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allows us to express the term [rn\ni + 7722/12) inside the exponent in eq. (3.7), as a 

function of m and n 

/{m,  n)  = mini + 7712/12. (3.8) 

Then eq. (3.7) simplifies to 

a/2-1 
In = (Ax)2 ^ ijn exp{-27r j f {m,n) /N '^) .  (3.9) 

m=0 

Going back to the two-image scenario, and applying eq. (2.7) to both images 

(ignoring added noise of detection), we get 

/W=r«0„,  i  =  l ,2 ;  7i  =  0 , l , . . . , iV2- l .  (3 .LO) 

Forming the quotient of the image spectra 

r(i) ADq _(1) 
=  = 7z=o, i . . . iv^- i .  (3 .11)  

' n  ' n  

Note that the object spectrum On is cjinceled out in eq. (3.11), which eliminates one 

set of unknowns from the problem. 

The transfer functions and are related to unknown PSF's and by 

means of the sampling theorem, through expressions similar to eq. (3.9): 

= (Aa;)2 ^ exp(-27ry/(7n, n) /N '^) ,  i  = 1,2. (3.12) 
m=0 

Substituting eq. (3.12) into eq. (3.11) produces 

n  =  0 , l . . . . . i V ' - l .  ( 3 . 1 3 )  
Em=o Sm^exp(-27ry/(m,7i)/iV2) 

In order to get a set of equations, lineax in the unknowns and cross 

multiply eq. (3.13) and bring everything to one side 
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- DnS^^^) exp(-27ry/(m, n) /N '^)  =0,  n  =  0,1 , . . . ,  iV^ -  1.  (3 .14)  
m=0 

Now, since the data values Dn are generally complex, we can represent them using 

polax notation 

Dn = An exp{27rj((>^/N'̂ ), (3.15) 

where An and 0„ ?ire known modulus and phase values. 

Separating the real and imaginary parts of eq. (3.14), we get 

= 0, (3.16) 

= 0 

^ sW cos ^27r/^,n)^ _ " / (m,  n))^ 

^ sin gin {^{4>n - fim, n))^ 

These eire 2N^ linear equations in the 2A/^ unknowns and 

3.1.2 Overcoming the Homogeneity Problem 

The eqs. (3.16) are homogeneous (the right hand sides axe equ£il to zero), which poses 

a problem since the trivial solution (s|̂ ^ = = 0, m = 0,..., — 1) will appear 

every time we attempt to solve this set of equations. 

As we c£in see from eq. (3.13), the PSF solutions are invarieint to multiplication by 

a constemt. Now, if the PSF's are initially incorrect by such a factor, then the object 

solution (the goal of the solving process) is incorrect by the reciprocal of that factor. 

But this is an acceptable shortcoming since images eire adjusted in absolute brightness 

for the viewers convenience. This means that we may eissume any convenient value 

for the total energy of The total energies for and are defined by 
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< = 1.2. 
m 

Solving eq. (3.17) for any one value, say, 

(3.17) 

4" = E"' - -£ (1) (3.18) 
m^k 

This allows us to remove from the left-hand sums in eqs. (3.16), producing a 

nonzero right-hand side. Doing that yields the following equations: 

E 
m^k 

cos 
f 27r/(m, n) 

) - A„sg' cos (|̂ (0„ - /(™, n)}) 

E 
m^k 

sm 

V IV2 

= -E<"cos(?^) (.3.19) 

sin - A.sS' sin (•p(?>„ - ")}) 

= -EO>sin(H=^) .  (3.20)  

Index n = 0,1,..., N"^ — 1 in eq. (3.19) and n = 1,..., — 1 in eq. (3.20) (for n = 0 

it becomes the tautology 0 = 0 and, so, is skipped). Then they are 2N^ — 1 linear 

equations in the 2M^ — 1 unknowns. However — 1 of these equations zire found 

to be repetitions and so are ignored. This leaves, then, N"^ equations in the 2M^ — 1 

unknowns . Making AT^ > 2M^ eiUows to form an overdetennined problem (more 

equations than unknowns). 

The eqs. (3.19) and (3.20) take the convenient matrix form 

Hx = 6, (3.21) 

where x designates the vector of unknowns and H denotes the matrix of 

trigonometric coefficients in eqs. (3.19) and (3.20) and h denotes the vector right-

hand sides of eqs. (3.19) and (3.20). 
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FIGURE 3.1. One-dimensional, eight pixels wide arbitary object 

FIGURE 3.2. Two one-dimensional eirbitraxy PSF's. (a) (b) 
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FIGURE 3.3. Resulting two different images, (a) (b) 

16 pixels is imposed to the PSF's, the number of unknowns is reduced by just setting 

to zero the elements of the PSF's outside of the specified support, and a different 

solution is yielded. Figure 3.4 shows the solutions found for for different support 

situations, starting from 14 pixels to 2 pixels, with a reduction of 2 pixels per tried. 

From Figure 3.4 it is possible to observe that a different solution for s '̂Hs found 

for each given support (and well as for and the object o). The reconstructed PSF 

1 for the support of 6 pixels (which is the original support of case (f), merits 

special attention since it is em exact replica of the original PSF 1. 

From this exeanple we can reach the following conclusions. For noiseless data: 1) 

there is no unique solution to eqs. (3.19) and (3.20). This is expressed by the matrix 

H being rank deficient. 2) Different solutions eire found by impnasing different support 

to the PSF's. 3) The matrix H becomes full remk when the trial support equals the 

origined support of the PSF's. 4) The desired solution is found for the latter case. 

For a more reedistic case of noisy data, the problem of rank deficiency for H is 

effectively resolved, due to the leick of invariance of data Dn under multiplication of 

both tremsfer functions emd Tn^ by an eurbitrary function. This lack of invariance 

eirises because, with data noise present in the image, Dn is no longer equal to the 

quotient of transfer functions Tn^/r^K In essence, the noise breaks the ambiguity. 
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FIGURE 3.4, Reconstructed PSF 1 for different supports, (a) True (b) recon­
structed for 14 pixels support, (c) for 12 pixels supp., (d) for 10 pixels supp., (e) 
for 8 pixels supp., (f) for 6 pixels supp., (g) for 4 pixels supp., (h) for 2 pixels supp. 
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3.2.2 Least-Squares Solution 

As we stated above the number of data frequencies can be made arbitriuy large. 

Making > 2M^ produces an overdetermined system of equations, which allows us 

to solve eq. (3.21) using a least-squares method. A least-squares method finds the 

solution X that minimize the error metric H x - b  , that is 

nun 
3 

H x - b  (3.22) 

A least-squeures solution is beneficial because it effects a degree of data noise smooth­

ing, i.e., regularization, on its own. 

In order to find a least-squares solution to eq. (3.22) we use a QR decomposition of 

matrix H. This factorization expresses the matrix H eis the product of em orthogonzil 

matrix and an upper-triangular matrix [31]. The QR decomposition is computed 

using the Householder transformation method [22], [23], [31]. The QR decomposition 

allows us to trajisform the problem into an upper-triangular system of equations which 

is solved by backsubstitution. 

3.2.3 Prior Knowledge 

The problem of solving eqs. (3.19) emd (3.20) is ill-posed, because the lack of unique­

ness of solution [16]. We need a reguleirization approach, in order to solve eqs. (3.19) 

£ind (3.20). Using prior knowledge of the unknowns, it is possible to produce a certain 

degree of regularization [14] For this problem it is possible to use two forms of prior 

knowledge [9]. One is positivity of the object and the PSF's. Since the images Eire 

incoherent, the object and the PSF's represent energy distributions, £ind therefore 

must obey a condition of positivity: 

OTn>0,  (3.23)  
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The other form of prior knowledge is the finiteness of support for the PSF's and the 

object. Both the object and the PSF's are, effectively zero outside regions of finite 

extension. Also consider only a case in which these extensions are small enough that 

the image field contains all the image energy: none of it spills outside of the field. 

The compact support of the PSF's can be incorparated as a constraint. This makes 

the problem a constreiined least-squeires problem, that is: 

mm 
s  

Hx — b , subject to Px = 0, (3-24) 

where P is the Projection operator into the subspace spanned by the vectors x outside 

the compact support of the PSF's. 

3.2.4 Net Algorithm 

A fixed-length restoration approach can be developed on the basis of the above consid­

erations. If the correct support for the PSF's Kxi and Kx2 were known, the approach 

would be simply the preceding least-squares method. However for real data this is 

not the ceise. Now, if we solve eq. (3.21) using the least-squeires method for a fixed se­

quence of trial VEilues and Kx^, the "correct" solution would be among the found 

solutions (assuming that the correct PSF's support eire among the trial values). We 

will just need a criterion to select it. The latter can be built up using prior knowledge 

of the object and PSF's as follows. Enforcing positivity eind support consistency over 

each solution (on the PSF's estimates and correspondent object estimate), the best 

solution is defined to be the one that gives a pair of image estimates that best agree 

with the two given images. Below, the edgorithm is presented as a series of steps, and 

also shown schematically in Figure 3.5. 

(1) The primary data for the problem is given as a pair of short-exposure images 

eind Spectra and firom these images, £ire formed by a discrete Fourier 

t r j insform,  eq .  (3 .9) .  Then quant i t ies  D„ si re  computed by dividing over  In \  as  
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FIGURE 3.5. Flow chart for the image division program. 
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in eq. (3.11), and represented in polar notation, from where the modulus and phase 

quantities Mn, and are obtained. The latter may be regarded as secondary (i.e., 

preprocessed) data for the problem. 

(2) The quantities Mn, and eire used to form eqs. (3.19) and (3.20), which we 

will attempt to solve by a least-squares approach. 

(3) A support choice for both PSF's is made, say Kxi and These are smaller 

than the total image field extension. This choice is imposed on eqs. (3.19) emd (3.20) 

by setting to zero all the components of Eind outside the estimate support 

region, reducing the unknowns x in problem (3.24). 

(4) The least-squares solution Xi^sq = (s^^^ to problem (3.22) is formed by 

use of QR factorization [31] .This factorization avoids the need to teike matrix inverses, 

a numerically imstable operation for poorly conditioned matrices. The outputs 

and are forced to obey positivity by replacing all negative values by zero. These 

are the estimated PSF's eind 

(5) The estimated transfer functions and are computed by Fourier trems-

forming the estimated PSF's from the prior step. Then they are used in eq. (3.10) to 

form object spectrum estimates: 

6P' = /WM'', i=l,2. (3.25) 

by inverse filtering. 

(6) The inverse-Fourier transform of these estimates are taken to yield object 

estimates i = 1,2. 

(7) Positivity is enforced upon these object estimates by setting to zero every 

negative value. 

(8) Support consistency is also enforced, as follows. For a one-dimensional discrete 

case, it is known that if fu and fz eire related by the convolution operation (i.e., 

A = /a 0 fz) then their supports Eire related by the equation 
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Ki = K2 + K3-1. (3.26) 

Similarly for a two-dimensional case eq. (3.26) applies for both directions. Now, 

defining (for example) the Xi-component support Kijnx in the image as its linear 

extension at the 2% level of maximum intensity, and with the trial value Kx as the 

xi-component support of the PSF's, the ri-component support Kobx of the object is 

found by using eq. (3.26) 

Kobxi ~ f^xmxi ~ ^Xi + 1- (3.27) 

The estimated object is zeroed outside this support interval. For the 2:2-component 

direction the same procedure is performed. 

(9) The convolution is taken of each estimated PSF from step (4), with a corre­

sponding object estimate from step (8). This yields estimated images 

i? = O of, z = 1,2. (3.28) 

(10) These estimated images eire compeired to the given images and to 

define the validity of the hypothetical support values in step (3). To mezisure the 

inconsistency of the solution with the image data, an error metric over both images 

is formed: 

e.W 4-e = r , ' = 
z'CO _ 

2 — - K<0| • 

In this way the inconsistency is queintified. Its size is used to indicate whether the 

support values are correct. 

(11) The value of e is registered, and a new cycle begins at step (3), with a new 

choice of supports. 

(12) After finishing the cycle from step (3) to (11) for every choice of supports the 

rendered e values eire compared to find the minimum of them, which identifies the 



51 

final solution i = 1,2. The arithmetic average of the two object estimates 

defines the output object: 

6 = ^ ^ ^ (3.30) 
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Chapter 4 

DEMONSTRATIONS 

In this chapter the effectiveness of the image division algorithm is tested through 

use of both computer simulations and real images. Data processing was made with 

a desktop computer with a 1.9 GHz Pentium IV processor, and 512 MB of RA^'I 

memory. MATLAB version 6.0.1 was used to process the examples. Qjmparisons to 

the results shown by Ayers and Dainty's method [9], Lane's method [10] and Holmes 

method [12] are also given. 

4.1 Simulation Data 

In order to test the image division algorithm in severjd scenarios, simulation examples 

are presented for different kind of objects (a bineiry star system, a cluster of steirs 

and a galaxy), different levels of atmospheric turbulence (low tq = 0.2 m, moderate 

To = 0.1 m and high tq = 0.05 m), and different levels of additive noise (1%, 3%, 

0%, 8% eind 10%). The latter is independent Gaussian, with a standard deviation 

<r that is expressed as a % of the root-mean-squeire (r.m.s.) signal level. A 64 x 64 

pixel array is used for the images. The image spectred field size in all cases is 90 x 90 

frequencies, or N = 8100, this allows to stretch the search for the PSF's supports 

up to 63 X 63 pixels keeping N > 2M. (Larger field sizes might require the use of a 

mainframe computer). Limits on the PSF's support search were set as follows: for the 

low tiirbulence cases K\ was allowed to vary from 16 to 35 pixels, for the moderate 

turbulence cjises from 31 to 50 pixels, and for the high turbulence cases from 50 to 

63 pixels. For each \'alue of Ki five different vEilues for were allowed {Ki, Ki ±; 1, 

±2). Therefore each case required 100 (or 70 for the high turbulence cases) cycles 

[steps (2)-(ll)] of the algorithm. On average the execution time for each of these 



(a) (b) 

FIGURE 4.1. Two short-exposure images of a binary star system, for low turbulence 
To = 0.2 m, no noise added case, (a) Image 1, (b) image 2. 

cycles w£is ~ 5 min, this represents a total time of ~ 500 min for each case. 

4.1.1 Binary star system 

a) Low turbulence, zero noise: For the first case a binary star system is used. The 

stars are separated by 0.2 arc seconds (4 pixels). The dim star has a brightness 

which is about 40% of that of its neighbor sister. See Figure 4.2(a) . Two tiurbulent 

degraded PSF's were generated using eq.(2.38), see Figures 4.3(a) and 4.3(b). The 

pareimeters were set as follows: iV = 64, A = 550 nm, £> = 5 m, a = 0.02 arc seconds, 

To = 0.2 m, the last represents a low turbulence case. These PSF's are mathematically 

convolved with the binary-star object to form two short-exposure images of the stars 

(see Figure 4.1). No noise was added for this case. Notice how turbulence degrades 

the images, meiking it impossible to distinguish clearly the binary system. 

The images were used as inputs to the regularized image division method. Recon­

struction of the binary star system is given in Figure 4.2(b)- It is possible to observe 

that for this noiseless ceise the reconstruction is excellent. The reconstructed PSF's 



(a) (b) 

FIGURE 4.2. A bineiry star system.The stars are separated by 0.2 arc seconds (4 
pixels). The dim star has a brightness which is about 40% of that of its neighbor 
sister (a) Original object, (b) Reconstruction for low turbulence r,, = 0.2 m, no noise 
added case. 

are shown, respectively, in Figures 4.3(c) and 4.3(d) 

(b) High turbulence, 1% of additive Gaussian noise Using the same object, the binary 

stars, two PSF's are generated for high turbulence case, Tq = 0.05 m, see Figures 

4,6(a) and 4.6(b). These PSF's are convolved with the binauy-stax object, and 1% 

Gaussiaji noise is added to form two short-exposure images. The latter are shown in 

Figures 4.4(a) eind 4.4(b). 

The reconstructed object is shown in Figure 4.5(b). Compare this reconstruction 

with the short-exposure images, Figures 4.4(a) and 4.4(b). This exzimple eiUows us 

to claim effectiveness for the regularized image division approach even in the case of 

a high level of turbulence. The reconstructed PSF's eire shown in Figures 4.6(c) and 

4.6(d). 

(c) Low turbulence, 3% of additive Gaussian noise. Using again the binary stars, and 

a high level of turbulence ro = 0.05 m, now we add 3% Gaussian noise. The two 



FIGURE 4.3. Two turbulent degraded PSF's, for the no added noise case, (a) PSF 
1, (b) PSF 2, (c) Reconstructed PSF 1, (d) Reconstructed PSF 2. 



(b) (a) 

FIGURE 4.4. Two short-exposure images of a binary star, for high turbulence, Tq = 
0.05 m, 1% additive Gaussian noise case, (a) Image 1, (b) Image 2. 

FIGURE 4.5. Binary stars, high turbulence = 0.05 m, 1% aditive Gaussian noise 
case, (a) Original object, (b)Reconstruction. 
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FIGUEIE 4.6. Two high-turbxilent degraded PSF's, = 0.05 m, used for the 1% 
additive Gaussian noise case, (a) PSF 1. (b) PSF 2. (c) Reconstructed PSF 1. (d) 
Reconstructed PSF 2. 
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FIGURE 4.7. Two short-exposure images for high turbulence, = 0.05 m, 3% 
additive Gaussian, noise case, (a) Image 1. (b) Image 2. 

short-exposiure images are shown in Figures 4.7(a) and 4.7(b). 

The reconstructed object for this case is shown in Figure 4.8(b). Observe that the 

reconstruction is still pretty good for this level of noise. The reconstructed PSF's are 

shown in Figures 4.9(c) and 4.9(d). 

(d) Low turbulence, 5% additive Gaussian noise. The next case is for low level of 

turbulence = 0.2 m and 5% additive Gaussian noise. The two images used as 

inputs are given in Figures 4.10(a) eind 4.10(b). 

Reconstruction of the object for this case is given in Figure 4.11(b). For this level 

of noise the reconstruction is still good, although spurious background deteiils start 

appearing. The reconstructed PSF's are shown in Figures 4.12(c) eind 4.12(d). 

(e) High turbulence, 8% additive Gaussian noise. For this cfise the noise is increased 

to 8%, while the level of turbulence is high, Tq = 0.05 m. Two images are formed for 

this case, £is given in Figures 4.13(a) and 4.13(b). 

The reconstructed object for this case is given in Figure 4.14(b). Now it is possible 



(a) (b) 

FIGURE 4.8. Binaxy st£ir system, high turbulence, Tq = 0.05 m, 3% additive Gaussian 
noise case, (a) Original object, (b) Reconstructed object. 

to observe that the reconstruction contains a great eimount of spurious noise which 

makes the recognition of the binary steirs a difficult task. The reconstructed PSF's 

are shown in Figures 4.15(c) sind 4.15(d). 

( f )  L o w  t u r b u l e n c e ,  10% additive Gaussian noise. The last case for the binsiry-star 

object is formed with a low level of turbulence, Tq = 0.2 m, and 10% additive Gaussian 

noise. The two images used as input are given in Figures 4.16(a) aind 4.16(b). 

The reconstructed object is shown in Figure 4.17(b). For this level of noise the 

reconstruction is so poor that it has little resemblance with the original object.The 

reconstructed PSF's are shown in Figures 4.18(c) and 4.18(d). 

As a svmmieiry for the bineiry-steir ecamples we can say that it is possible to obteiin 

good reconstruction of objects, independent of the level of turbulence, for noise levels 

up to about 5%. Higher levels of noise yield reconstructions with em objectionable 

level of spurious background noise. 
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(a) (b) 

FIGURE 4,10. Short-exposure pictures of binaxy stars for a low level of turbulence, 
ro — 0.2 m, and 5% additive Gaussian noise, (a) Image 1. (b) Image 2. 

(a) (b) 

FIGURE 4.11. Binary stars, (a) Original object, (b) Reconstruction for a low level 
of turbulence, To = 0.2 m, and 5% additive Gaussizin noise. 
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FIGURE 4.12. Low tiirbulent degraded PSF's, for a 5% additive Gaussizin noise case, 
(a) PSF 1. (b) PSF 2. (c) Reconstructed PSF 1. (d) Reconstructed PSF 2. 
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FIGURE 4.13. Two short-exposure images for a high level of tvirbulence, Tq = 0.05 
m, and 8% additive Gaussian noise, (a) Image 1. (b) Image 2. 

FIGURE 4.14. Binary stars, (a) Origineil object, (b) Reconstruction for high turbu­
lence To = 0.05 m, 8% additive Gaussian noise case. 
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FIGURE 4.15. Two high tiirbulent degraded PSF's used for the 8% additive Gaussian 
noise case, (a) PSF 1. (b) PSF 2. (c) Reconstructed PSF 1. (d) Reconstructed PSF 
2. 
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FIGURE 4.16. Two short-exposure images of binEuy stars, for a low level of tiurbulence, 
Vo = 0.2 m, and 10% of additive Gaussian noise, (a) Image 1. (b) Image 2. 

FIGURE 4.17. Binary stars, (a) Original object, (b) Reconstruction for a low level 
of turbulence, Tq = 0.2 m, eind 10% additive Gaussiein noise case. 
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FIGURE 4.18. Low turbiilent degraded PSF's, for the 10% additive Gaussiein noise 
case, (a) PSF 1. (b) PSF 2. (c) Reconstructed PSF 1. (d) Reconstructed PSF 2. 



(a) (b) 

FIGURE 4.19. Two moderate turbulent degraded (to = 0.1 M) images of the cluster 
of stars. They are corrupted with 3% additive Gaussian noise, (a) Image 1. (b) 
Image 2. 

4.1.2 Cluster of Stars 

The next example is a cluster of stars shown in Fignire 4.20(a). Five different cases 

are presented, each with different levels of additive Gaussian noise. Two images of the 

cluster of stars that are moderately degraded by turbulence (r,, = 0.1 m) are given in 

Figiure 4.19. They are further corrupted with 3% additive Gaussian noise. For this 

example only the reconstructed objects for each case are shown. Figure 4.20(b) shows 

the reconstructed object for the 0% noise, low level of turbulence case. Once again 

the reconstruction for this noiseless case is excellent. 

Figures 4.20(c), (d) and (e) show the reconstruction objects for the cases: 1% 

additive Gaussian noise eind a low level of turbulence (ro = 0.2 m); 3% additive 

Gaussian noise and a moderate level of turbulence (r^, = 0.1 m); 5% additive Gaussian 

noise and a low level of turbulence (r^ = 0.2 m). Observe that up to 5% level of noise 

still permits good results. 

The reconstructed object for the last case, 8% additive Gaussian noise eind a 
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racxierate level of turbulence {to = 0.1 JTI), is given in Figure 4.20(f). Once again 

spmrious background details make this a poor reconstruction, although the principal 

stars in the cluster still come through. 

4.1.3 Galaxy 

The final example, for computer simulated images, is a galaxy. See Figure 4.22(a). 

Two short-exposure picture of the galaxy are given in Figures 4.21(a) and (b). These 

eire for a low level of turbulence, Tq = 0.2 m, and 5% additive Gaussian noise case. 

For this example the level of turbulence is kept low, Tq = 0.2 m, while the level of 

noise is varied to form five different cases: 0%, 1%, 3%, 5% and 8% additive Gaussian 

noise. Reconstructed objects for these cases are shown in Figures 4.22(b), (c), (d), (e) 

emd (f) respectively. They axe good except the last one which shows a lot of spurious 

resolution. 

4.2 Real Data 

In this section the regularized image division method is tested through the usage of 

real data. Infrared images taken by John Garcia at Kitt Peak are used as inputs. 

They are images of hot sources against a cold background plate, taken with a OSC 

HgCdTe camera. The wavelength bandwidth was 8 — 11 /zm. The exposure time was 

~ 0.02 seconds, and the separation time between pictures weis ~ 0.1 seconds. All 

the tsirgets were at 11.6 Km (slant path) range. 

4.2.1 One Hot Source 

The first example corresponds to a target composed of one hot sovirce. A telescope 

with em F number equal to F/13, and a clear aparture of 0.9 m WEIS used. The imagery 

is coarsely pixelated. Two of the recorded images are shown in Figures 4.23(a) and 

4.23(b). They were the inputs in the regularized image division algorithm. 
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FIGURE 4.20. A cluster of stars, (a) Original object, (b) Reconstructed object for 
low level of turbulence, 0% additive Gaussian noise, (c) Reconstructed object for 
low level of tvurbulence, Tq = 0.2 m, 1% additive Gaussizin noise, (d) Reconstructed 
object for moderate level of turbulence, Tq = 0.1 m, 3% additive Gaussian noise, (e) 
Reconstructed object for low level of turbulence, Tq = 0.2 m, 5% additive Gaussian 
noise, (f) Reconstructed object for moderate level of ttirbulence, r,, = 0.1 m, 8% 
additive Gaussian noise. 
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(a) (b) 

FIGURE 4.21. Two short-exposure pictures of a galaxy, for low turbulence Tq = 0.2 
m, 5% additive Gaussian noise case, (a) Image 1. (b) Image 2. 

The reconstructed object for this case is given in Figure 4.24. Compared to the 

original images, the reconstructed object looks much better in being more compact 

and regular in appearance. 

4.2.2 Two Hot Sources 

The next case is a two hot source target. The sources are separated by 20 cm (~ 4 

pixels on the image plane). A F number equal to F/10 was used. Two of the recorded 

images eire shown in Figures 4.25(a) eind 4.25(b). 

The reconstructed object is shown in Figure 4.26. There it is possible to more 

cleanly resolve the two hot sources, although spurious backgroimd details appezir in 

this reconstruction. 

4.2.3 Three Hot Sources 

The final case is a target composed by three hot sources. The images were teiken with 

a telescope with a F number equal to F/13, and a clear aperture of 0.9 m. The two 
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(a) (b) 

FIGURE 4.23. Two short-exposure images of a hot source, (a) Image 1. (b) Image 2. 

images used as inputs in the algorithm Eire shown in Figures 4.27(a) sind 4.27(b). 

The reconstructed object for this target is shown in Figure 4.28. Notice that the 

three hot sources are better defined in the reconstruction than in the original images, 

although spurious background details appear. 

4.3 Comparisons 

In this section results from the regularized image division method are compared to 

results from three different methods: Ayers eind Dainty's method [9], Lane's method 

[10] and Holmes' method [12]. The three of them use the s£ime computer simulated 

example to test their algorithms. This example consists of an object, shown in Figure 

4.29(a), and a PSF, shown in Figure 4.29(b). They aie convolved to form Images 

which aie the inputs to these algorithms. 

In order to use this example with the regularized image division algorithm a second 

PSF is required. Figure 4.30 shows a reindom PSF which is used, as a second PSF 

during eJl the compeirisons. 
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(a) (b) 

FIGURE 4.25. Two short-exposure images of a two hot source teirget. (a) Image 1. 
(b) Image 2. 

4.3.1 Ayers and Dainty^s Method 

Ayers cind Dainty created em iterative algorithm to attack the blind deconvolution 

problem [9]. It constrains the estimates of the object and PSF in the image and 

Fourier domains. Ayers and Dainty show in their paper [9] the results for a noiseless 

case. See Figures 4.31 and 4.32. 

Results from the same noiseless example using the image division algorithm are 

presented in Figures 4.33(a) and 4.33(b). There it is possible to observe that the 

image division method produced better results since no spurious background details 

appear as in the outputs (Figures 4.31, 4.32) from Ayers and Dainty's method. 

4.3.2 Lane's Method 

Lane reformulated the blind deconvolution problem as aji unconstrained minimization 

problem incorporating the image and Fourier constraints into an error metric [10]. 

He uses a conjugate gradient algorithm to solve the minimization problem. Results 



FIGURE 4.26. Reconstructed object for the two hot source target. 



(a) (b) 

FIGURE 4.27. Two short-exposure images of a target composes by three hot sources. 

from his method are shown in [10]. They are reproduced here in order to compzire 

them to results yield by the image division method. The noiseless case is shown 

in Figures 4.34 (a) and (b) (Lane shows only the worst solution obtained from five 

deconvolution trials). Lane also tested his method with Poisson corrupted images. 

These noisy cases are identified by the mean number of photons AT at the brightest 

pixel in the convolution. Figures 4.35 (a) and (b) show the resulted object and 

resulted PSF respectively for N — lO"* photons, Figures 4.36 (a) and (b) the results 

for N = 10^ photons, and Figures 4.37 (a) and (b) the results for N = 10^ photons. 

Results from the image division algorithm axe shown as follows: Figures 4.33(a) 

and (b) for the noiseless case, Figures 4.38(a) eind (b) for N = 10"^ photons. Figures 

4.39(a) and (b) for N = 10® photons, eind Figures 4.40(a) and (b) for N = lO'^ photons. 

Notice that the results from the image division method are in genereil better that the 

results from Lane's method. 



FIGURE 4.28. Reconstructed object for the three hot source object. 



(a) (b) 

FIGURE 4.29. The object (a), and the PSF (b) used by Ayers and Dainty, Lane and 
Hohnes. 

FIGURE 4.30. Second PSF used on the regulsirized image division method. 
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FIGURE 4.31. Reconstructed object for the noiseless case applying Ayers and Dainty's 
method. 

FIGURE 4.32. Reconstructed PSF for the noiseless case applying Ayers and Dainty's 
method. 



(a) 

FIGURE 4.35. Reconstructed object (a), 
image corrupted with Poisson noise with 
at the brightest pixel in the convolution 

81 

9 
(b) 

[ PSF (b), using Lane's method for an 
photons as a mean number of photons 

FIGURE 4.36. Reconstructed object (a), eind PSF (b), using Lane's method for an 
image corrupted with Poisson noise with 10® photons as a mean niunber of photons 
at the brightest pixel in the convolution 

FIGURE 4.37. Reconstructed object (a), and PSF (b), using Lane's method for sin 
image corrupted with Poisson noise with 10^ photons as a mean nimiber of photons 
at the brightest pixel in the convolution 
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(a) (b) 

FIGURE 4.38. Reconstructed object (a), and PSF 1 (b), using the image division 
edgorithm for an image corrupted with Poisson noise with lO"* photons as a mean 
number of photons at the brightest pixel in the convolution 

(a) (b) 

FIGURE 4.39. Reconstructed object (a), ajid PSF 1 (b), using the image division 
edgorithm for em image corrupted with Poisson noise with KP photons as a mean 
number of photons at the brightest pixel in the convolution. 
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(a) (b) 

FIGUHE 4.40. Reconstructed object (a), and PSF 1 (b), using the image division 
algorithm for an image corrupted with Poisson noise with 10^ photons as a mean 
number of photons at the brightest pixel in the convolution 

4.3.3 Holmes' Method 

Holmes uses meiximum-likelihood estimation (MLE) as a quantitative optimization 

criterion to solve the blind deconvolution problem. Results from his method axe shown 

in Figure 4.41 for a Poisson noise corrupted image with 4000 photons per pixel, and 

Figure 4.42 for a Poisson noise corrupted image with 100 photons per pixel. 

Results from the image division method eire shown in Figure 4.43 for a Poisson 

noise corrupted images with 4000 photons per pixel eind Figure 4.44 for a Poisson noise 

comipted image with 100 photons per pixel. Comparing the image division results 

with Holmes' results shows that the image division method yields better results under 

similar conditions. 
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FIGURE 4.41. Result from Holmes' method for a Poisson noise corrupted image with 
4000 photons per pixel. 

FIGURE 4.42. Result from Holmes' method for a Poisson noise corrupted image with 
100 photons per pixel. 
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FIGURE 4.43. Result from the image division method for a Poisson noise corrupted 
images with 4000 photons per pixel. 
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FIGURE 4.44. Result from the image division method for a Poisson noise corrupted 
images with 100 photons per pixel. 
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Chapter 5 

CONCLUSIONS 

5.1 Discussion 

5.1.1 Ckiping with PSF's with Different Supports 

The regularization algorithm given in Chapter 3 implies that the two PSF's have the 

same support along the Xi direction, say and the same support along the X2 

direction, say Kx2- What if this is not the case? Apparently we should vary the four 

parameters and in the algorithm loop (1)-(12) on subsection 

3.2.5, for this general case. Varying four parameters instead of two peirameters in-

creeises dramatically the number of searching trials (from 2*^ to 2^, if each parameter 

takes k p>ossible values), making the problem much more difficult to cope with (com­

putationally speaking). However there is no need to vary the four parameters since 

when the estimated supports Kxi eind Kx2 equals the biggest of the supports of both 

PSF's, the correct solution is attained. The solution for the PSF with the smallest 

support shows zeros outside of its true support. 

The following procedure also require the variation of two pareimeters. We can 

form two new images and through linear combinations of the old ones and 

(5.1) 

Z^^^ = "t" ^2 "1? 61 -}- 62 ~ 1-! ^1) ^2! ^1: ^2 ^ 0-

Now from eq. (2.4) we can see that the new images are formed by net PSF's that 

obey, respectively, 
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FIGURE 5.1. Two random PSF's with different supports, (a) PSF with a 26 x 26 
pixels support, (b) PSF with a 10 x 10 pixels support. 

(5.2) 

This new PSF's eind have the same Xi support and the same X2 support, 

since each of them is a weighted sum of both old PSF's. 

Figure 5.1 shows two random PSF's with different support (a) 26 x 26 pixels, (b) 

10x10 pixels. These PSF's are convolved with the object shown in Figure 4.29 (a), eind 

8% Gaussian noise is added to form two images, see Figure 5.2. These images are used 

as inputs in the image division algorithm. Figure 5.3 shows the reconstructed PSF's. 

Now the two original images eire combined following the procedure given above, and 

these new combined images are used as input in the image division algorithm. Figure 

5.4 shows the reconstructed PSF's for the last case. The reconstructed object for 

both cases are given in Figure 5.5. We cein observe that th^ are very similar, which 

confirms that both procedures jdeld similar results. 
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FIGURE 5.2. Two images formed with PSF's with different supports, (a) Image with 
a PSF 26 X 26 pixels, (b) Image with a PSF 10 x 10 pixels. 

FIGURE 5.3. Reconstructed PSF's using the original images. 



(b) (a) 

FIGURE 5.4. Reconstructed PSF's using the combined images. 

FIGURE 5.5. Reconstructed objects, (a) Using the original images, (b) Using 
combined images. 
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5.1.2 Minimum of Data Inconsistency e 

The regularized image division approach assumes that the best reconstructed result 

is obtained when data inconsistency e heis a grand minimum [see step(12)]. In order 

to verify this assumption Figure 5.6 shows the plot of e versus Ki and K2 for the 0% 

additivive Gaussian noise case of Sec. 4.1.1 d). Prom there it is possible to show that 

e has a grsind minimum at Ki = 27 and K2 = 26 pixels. The reconstructed object 

yielded by this support is shown in Figure 4.11, and it is indeed the best reconstructed 

result. 

Notice however, that they are other points in Figure 5.6 which are nearly as 

low as the grand minimum. Now, considering that each point in this figiure has an 

associated bar error, then the grand minimimi is not clearly defined. In order to deal 

with this problem we proceed to find a polynomial of degree four to fit the data in 

a least-squares sense. Figure 5.7 shows a plot of the fitting polynomials. We cein 

observe that the greind minimum is still the point at Ki = 27 and K2 = 26 pixels. 

Now the point at Ki = 27 and K2 = 28 pixels is too close to the gr?ind minimum 

that it is interesting to take a look to the solution given by this support. EVom 

Figiure 5.8 we can observe that this result is eilmost as good as the result firom the 

grand minimum. Therefore the method proposed by the regularized image division 

algorithm, for finding the "best result", is a robust one. 

5.1.3 Residual Errors in the System of Equations 

Working with noisy data produces residual errors in the right-hand sides of eqs. (3.19) 

and (3.20), since the quotient of the spectra of the images Z?„ = In^is not longer 

equal to the quotient of the spectra of the PSF's /r^K How large are these errors? 

Let us find out. By iising eq. (2.7) on both images we get 

e„ = - Dnrf = DniVP/0„ - iV^D, n = 0,1,..., - 1 (5.3) 
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FIGURE 5.6. Plot of data inconsistency e versus support component K\ for various 
values of component K2'. K2 — Ki — 2 (pluses, +), K2 = Ki — 1 (open circles, o), 
K2 = Ki (eisterisks,*), ^2 = ^1 +1 (crosses, x), K2 = + 2 (continuous line). 
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FIGURE 5.7. Plot of polynimial fitting of data inconsistency e versus support com­
ponent Ki for various veilues of component ^2- ^2 = ATi — 2 (dot line), K2 = Ki — 1 
(continuous line), K2 = Ki (dashed line), K2 = (deished-dot line), K2 = ATi-f 2 
(continuous line). The cross points to the greind minimum at Ki = 27 and K2 = 26 
pixels. 
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FIGURE 5.8. Reconstructions for the binary steir system, low level of turbulence, 5% 
additive Gaussian noise case, (a) Reconstructed object for a support of Ki = 27 and 
K2 = 26 pixels, (b) Reconstructed object for a support of Ki = 27 and K2 = 28 
pixels. 

Compare eqs. (5.3) with the noiseless equivalent eqs. (3.14). Since the latter are 

homogeneous equations, this leaves the right-hand sides of eqs. (5.3) as the residueil 

errors of eqs. (3.19) £md (3.20) for noisy data. Taking account these residual errors 

eq. (3.21) becomes 

Hx = 6 4- e, (5.4) 

where e is a x 1 vector whose components are the residual errors e„. 

We can see that these residual errors depend on the computed data values D„ and 

on the spectra  of  the object  0„  and the addi t ive noise  in  both images Nn^ and Nn\  

which of coiu-se are imknowns. However using a computer simulated example we can 

observe how these residued errors behave as the noise level increases. Running the 

same one-dimensional case from Sec. 3.2.1, but now generating a pair of images for 

three different levels of noise (1%, 5%, and 10%), we can compute the residusil errors 

en from the three noise-level cases. The latter eire plotted, eilong with the right-hand 
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FIGURE 5.9. The residued error for eqs. (3.19) and (3.20) for different levels of noise, 
(a) 1% (open circles), (b) 5% (pluses), (c) 10% (crosses), (d) Right-hand sides of eqs. 
(3.19) and (3.20) (asterisks) 

sides of eqs. (3.19) and (3.20) (the components of vector 6 in eq. (3.21)), on Figme 

5.9. 

Prom Figure 5.9 we observe that while the residueil errors for the 1% noise level 

(open circles) stay close to the abscissa axis, the residued errors for the 10% noise 

level (crosses) oscillate with £implitudes that much exceed the average vedues of the 

right-hand sides of eqs. (3.19) and (3.20). This partially explains why the results of 

the algorithm for this level of noise are generzdly not good. 
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FIGURE 5.10. Singuleir values of matrix H from eq. (3.21), for three levels of noise: 
(a) 0% (asterisks), (b) 5% (open circles), and (c) 10% (pluses). 

5.1.4 Singular Value Decomposition 

In Chapter 2 the singuleir value decomposition was shown to be a tool for analyzing 

ill-conditioned system of equations. Using the example from Sec. 3.2.1, we compute 

the singular values for the matrix H in eq. (3.21) for the noise levels 0%, 5%, and 

10%. The results eire plotted in Figure 5.10. 

As it is observed in this figure the singular values for the noiseless case decay to 

zero faster than the singuleir values for the noisy data. This is typiced behavior for em 

ill-conditioned matrix. The singular values for the 10% noise-level case decay the least 
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fast of the three cases. Would this mean that the matrix H is "less ill-conditioned" 

as the level of noise increases? Yes indeed, as it can be confirmed by computing 

the condition number of H for the three ca^es. For the noiseless case the condition 

number of H is the astronomical number of 4.4 x 10^^ (confirming that for this case H 

is rank deficient), for the 5% noise-level case it is 8.1 x 10^, and for the 10% noise-level 

it is 2.1 X 10'^. This can be explained (as in Sec. 3.2.1) by the fact that the noise 

makes the matrix H full rank by breEiking the ambiguity in the solution of eqs. (3.19) 

and (3.20). 

However although the matrix H becomes "less ill-conditioned" (or, more regular­

ized) £is the level of noise increases, the elements of H become less acciirate as this 

happens. In eq. (5.4) the residual-error vector e was written on the right-hzind side, 

but the truth is that the errors due to the noise are inside the matrix H, since it is 

in the computation of H that the noisy data £)„ are used, see eqs. (3.19) and (3.20). 

Therefore it is more transparent to rephrase the problem £is 

=(Ho-hA)x = 6,  (5 .5)  

where Hg is the H matrix for the noiseless case and A is a perturbation matrix (the 

difference between the noisy matrix H and the noiseless matrix Ho). To get an idea of 

the "size" of this perturbation for different levels of noise, let us compute the quotient 

of the L^-norm of the perturbation matrix A over the L'^-norm of the noiseless matrix 

A, for the 5%, and 10% noise-level cases. This would give us some measurement of 

the relative error present in the noisy matrix H [31] 

e =J^ 
" \\Ho\W 

Now, for the 5% noise-level case Cr = 0.15, while for the 10% noise-level case Cr 

Doubling the level of noise makes the perturbation ten times bigger! 

(5.6) 

= 1.75. 
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5.1.5 A Filter for the System of Equations 

The relative error of the noisy data JD„ = In^/In^ can be computed using the following 

expression: 

5n = 
abs{Dn - D^) 

(5.7) 
abs{Don) ' 

where Don is the quotient of the PSF's Tn^/r^K Using the example from Sec. 3.2.L 

for a 5% level of noise case, dn cem be computed with eq. (5.7). Figure 5.11 plots Sn 

along with the absolute Vcdue of the image spectrum versus frequency. 
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FIGURE 5.11. Graphic of the relative error on Z)„: Sn (pluses), and the absolute 
value of the image spectrum Ik (open circles) versus frequency. 
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degraded images with additive Gaussian noise up to 5%. It edso produces good results 

when infrared short-exposure images are used. Compjirisons with results from other 

methods used to solve the blind deconvolution problem (Ayers and Dainty's method, 

Lane's method and Holmes' method) show that the image division method yields 

similar or better results than these under similar conditions (using the same object, 

PSF, and level of Poisson noise). We have tested the image division method with two 

different kind of noise: Gaussian additive, which is independent of the image, and 

Poisson which depends on the image data. In both cases we achieved good results 

as long as the level of noise is kept low enough: 5% for additive Gaussian noise, and 

N = 100 photons as the average number of photons per pixel for Poisson noise. 

The advantages of the approach are: 

1. The fidelity of its outputs. 

2. Its linearity and hence potential speed. 

3. That it is of fixed length and avoids axi open-ended search of solution space. 

4. That it needs but two short-exposure images as inputs. 

5. That it allows the incorporation of prior knowledge of the object and PSF's. 

6. That it yields good results when tested with images corrupted with two different 

kinds of noise: additive Gaussian noise and Poisson noise. 

It is clear that prior knowledge of the object eind PSF's is a key element in the 

implementation of the image division algorithm. The support sezirch can be narrowed 

through the use of any prior knowledge of PSF support. The method by which 

positivity is enforced can also be improved. Replacing the negative values by zeros 

(steps (4) and (7) of the algorithm) does not permit data consistency. Recourse to a 

nonlinear approach such as meiximum entropy permits data consistency [15], [14]. A 

nonlinear approach can also be used to get the object estimate once the PSF estimate 

has been foimd, instead of using pledn inverse filtering. This could make the image 

division algorithm a more robust method, capable of dealing with the higher levels of 

noise that are commonly encoimtered in real data> 
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