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ABSTRACT 

This study presents novel approaches for direct damage identification of structures 

in the frequency domain. Relations between structural sti&ess variations and mea

sured system responses are formulated, thus opening the possibility of locating struc

tural damage in terms of the reduction in the local stiffness when analytical baseline 

models are not available. After this, the related identifiability is discussed under 

the noise-free condition. In identifying damage in structural points, generic joint 

elements with only translational degrees of freedom are defined to parameterize 

the sti&ess variations in the joints. Since ill-conditioning is a common problem 

in system identification and damage detection, a solution regularization based on 

parameter subset selection is proposed and used with least squares methods. A. 

substructure-based parameter-recursive algorithm is developed for selecting param

eter subsets to make use of the fact that the damage is local in structures. The 

proposed methods are verified by various simulated examples in which systematic 

modeling errors are present. Finally, the methods are £L1SO applied to the degradation 

identification of a vehicle structure. 
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NOMENCLATURE 

M (n X n) Mass matrix 
K (n X n) StifiBiess matrix of undamaged structure 
C (n X n) Damping matrix 
D (n X n) Dynamic stifihess matrix 
AK Stiffiiess matrix variation due to damage, AK = K** — K" 
f{t) Applied forces on damaged structure 
F(a;) Fourier transform of applied forces on damaged structure 

(n X p) measured modal matrix of undamaged structure 
(n X (n — p)) unmeasured modal matrix of undamaged structure 

Ap (p ^ p) diagonal eigenvalue matrix of undamaged structure 
Afc The k-th component of A^; Ajt = a;|(H- ir jk)  and i  is complex unit 
u>fc The natural frequency of k-th mode 
77ife The damping loss factor of k-th mode 
0 Structural parameters 
u Structural parameter variations 
M ipxp) diagonal matrix of modal masses of undamaged structure 
x(t) Displacement vector of damaged structure 
X(a;) Fourier transform of displacement vector 
y(t) Modal displacement vector of damaged structure; 

y = [y? > y?]^ Vv t^e lower p modes and 
for the higher (n — p) modes 

Y (tj) Fourier transform of modal displacement vector 
A B Right Kronecker product of matrices A and B 
uec(A) {pn x 1) vector of (j> x n) matrix A by concatenating rows of A 
vecs{A) (ni X 1) vector of (n x n) symmetric matrix A by concatenating 

rows of the upper triangular part of A, where ni = n(n +1)/2 
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k vecs{AK.) 
r Right-hand sides of equations for solving u 
S Coefficient matrix for solving u with Su = r 
G// Diagonal force auto-spectral density matrix 
H FVequenqr Response Functions (FRFs) 
hi The i-th column of frequency response functions 
W Weighting matrix in cost functions 
e Error due to changes in structural properties 
dyU ,T When used as superscripts, indicate damaged, undamaged 

and transpose 



15 

Chapter 1 

INTRODUCTION 

This chapter presents the motivation and objective of the study presented in this 

dissertation. Current research issues and problems are highlighted, which motivate 

this research on the structural damage identification in the frequency domain when 

baseline models are not available. The research focuses are stated in the objective, 

which is followed by the outline of this dissertation. 

1.1 Motivation 

Most load carrying mechanical systems and structures could degrade or accumulate 

damage during service. For safety purposes, it is desirable that any occurred defects 

or faults be detected and located before they cause more serious damage and even

tual system failure. Traditional damage detection techniques use visual inspection, 

ultrasonic scanning, radiography, and various kinds of physical approaches. How

ever, these methods can be only feasibly applied to some suspicious regions of a 

structure where these regions should be easily accessible. The limitations of these 

detection methods have led to the widespread interest to monitor or detect any 

damage at the earlier stage by measuring responses and excitations on structures. 

The most common consequence of structural damage is a reduction in structural 
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stiffiiess or variation of damping in local damaged areas. This change in structural 

properties causes structural dynamic behavior to deviate from its pre-damaged state. 

Therefore, structural behavior in terms of excitations and responses, measured from 

experiments or from operational environments, can be used for detecting damage. 

Evidently, the problem of damage detection addressed in this work requires 

experiments to measure the excitations and responses. Generally, there are two 

stages for identifying damage through experiments. The first stage is to design and 

to perform the experiments. In this stage, the excitation form, sensor allocation 

and data reduction have to be considered. Pre-test simulation is helpful for the 

measurement design if a finite-element model is available. The second stage is the 

application of appropriate detection algorithms and evaluation of results. Careful 

choices have to be made on modeling, residual criteria, and optimization strategies 

in this stage. Detection algorithms can be model-dependent or model-referenced. 

When model-referenced techniques are used, test and analysis model correlation is 

crucial to the success of identification. It is important to note that the work in the 

two stages must be coordinated. Usually, detection algorithms guide or predetermine 

what measurements should be msule. Moreover, after evaluation of the results, the 

experiments may need to be modified to obtain different measurements. 

Depending on different modeling approaches, measured responses and excita

tions for damage identification can be analyzed in different forms: modal data, time 

series, or frequency responses. Modal data is widely used in structural system iden



17 

tification and damage detection. Most of the methods based on modal data use 

either the changes in structural mode shapes, or the changes in mode frequencies. 

Although very successful in some situations, capability of methods using modal data 

is restricted by serious incompleteness issues, since fewer modes than measured de

grees of freedom can be extracted from experimental data. Unfortunately, local 

dama^ usually affects the modes of high frequency more than the modes of low 

frequency. The limitation of modal-data based methods restricts their applications 

[76] and thus more attempts have recently been made in direct time-domain and 

frequency-domain methods. Generally, time-domain methods are more extensive in 

computation; as a result, they are often restricted to small-size problems. Hence, 

frequency-domain methods are preferred in many applications with linear systems. 

These frequency-domain methods are based upon the relation between frequency 

response functions (FRFs) and structural property changes, which can be derived 

from the dynamic equations of structures. There are two major advantages for using 

frequency response functions directly. First, further processing of data to extract 

modal data is avoided. It is well known that very few mode shapes can be identified 

with satisfactory precision, especially when the modes are very closely spaced. Sec

ondly, frequency-domain data is easy to obtain by available well-developed hardware 

and software. 

Most of the methods in the frequency domain developed in recent years assume 

the availability of analytical baseline models representing undamaged structures, 

while other approaches try to estimate system matrices, and few methods detect 
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damage directly from measured data without relying upon baseline models. What

ever form of data is used, we are always faced with the problem that a very limited 

number of points can be measured in an experiment. Frequency responses are usu

ally limited to the low frequency band and are contaminated with noise. This situa

tion would make the damage detection problem ill-conditioned. Moreover, the data 

collected from real-life continuous systems has to be fitted into a discrete damage 

detection model, thus resulting in systematic modeling errors. The modeling errors 

and ill-conditioning problem are major concerns in the areas of model updating and 

damage identification. 

1.2 Objective 

The methods based on comparison of the modal data of both undamaged and 

damaged structures have experienced difficulties as described in the preceding sec

tions. The approaches using frequency responses are promising, however, little 

work has been attempted to estimate parameter variations directly without rely

ing upon analytical baseline models. Moreover, the estimation of parameter varia

tions in the frequency domain is still facing the problem of ill-conditioning or under-

determinedness, which also makes damage detection through the direct system iden

tification hardly feasible. 

The objective of this research is to explore feasible and more robust damage 

identification approaches in the frequency domain, which will make the identifica
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tion of the structural damage in some applications possible when baseline models 

are not available. Methods of direct damage identification, which estimate spatial 

matrix variations or structural parameter variations directly from measurements, 

are analyzed. The relationships between matrix variations and the measured fre

quency domain data are formulated. After the damage equations are established, 

the identifiability issue is addressed for the proposed formulations so that the best 

identification results can be obtained. In addition, the notorious ill-conditioning 

problem in damage identification is discussed and new numerical procedures are 

proposed. 

Since practical damage identification involves very complicated procedures from 

experiments, data correlation, or model reduction/expansion, to the development 

and application of identification algorithms, this research will not be able to cover 

all the relevant issues. Instead, it will focus the attention on the specific formula

tions and related numerical problems, which will lead to more understanding and 

better capabilities of damage identification. 

1.3 Outline of Dissertation 

This dissertation is organized as follows: 
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Chapter 2 reviews the literature on the structural damage identification and 

classifies various damage detection methods. 

Chapter 3 presents the basic formulations relating the structural response to 

the structural parameter variations and discuses the relationships among these 

formulations. 

Chapter 4 discusses the identifiability issue of the formulations established in 

Chapter 3. 

Chapter 5 describes the parameterization of the discrete models introduced 

for the damage identification. A generic element concept is introduced in the 

joint damage identification. 

Chapter 6 presents numerical algorithms for solving the damage locations, 

where a regularization method for the ill-conditioned equations by parameter 

subset selection is introduced. 

Chapter 7 gives some numerical examples to illustrate the methods proposed 

in this dissertation. Also, the effects of the systematic modeling error on the 

damage detection are discussed with an example. 

Chapter 8 applies the proposed methods to a vehicle structure with the mea

sured FRF data. 

Chapter 9 concludes the dissertation and recommends the further research on 

the relevant topics. 
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Chapter 2 

THEORETICAL BACKGROUND AND LITERATURE REVIEW 

This chapter presents the theoretical background on the issues of the damage iden

tification and gives an extensive literature review on damage identification methods 

using various formulations. The current identification methods are systematically 

classified, mth emphasis on the frequency-domain approaches. 

2.1 Damage Identification with Modal Data 

To examine structural integrity by vibration signatures in mechanical and structural 

engineering systems, some relationships between these signatures and the structural 

parameters have to be established. In recent years, many attempts have been made 

to establish these relationships and a variety of methods have been proposed [15,14, 

28,31]. Some researchers prefer to use frequency response or time series, while others 

have been attempting to employ modal data. A brief survey on the development 

of the approaches using modal data is presented in the following, preceding the 

extensive review of the approaches in the frequency domain. 

The importance of modal models cannot be over emphasized in vibration anal

ysis. In fact, modal data has been widely used to detect and locate damage in 
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mechanical and structural engineering. Most methods of damage identification us

ing modal data can be classified into the following categories: 

• Using the change in mode frequencies directly 

• Using the change in mode shapes directly or the change in mode shapes to

gether with mode frequency variations 

• Using modal data to construct flexibility or sti&ess matrices 

• Using eigen-equations or properties of modal data 

A change in mode frequencies and mode shapes indicates the structure property 

variation or the existence of damage in the structure. Normalized differences and 

normalized cross orthogonality of mode shapes were used by Lieven and Waters 

[46] to compare modes of damaged and undamaged structures. Using curvatures of 

modal shapes to detect damage was discussed by Pandey [69] and also by Hoerst 

and Ratcliffe [29]. Ko et al. [36] used a procedure where sensitivities of mode shapes 

to parameters, modal assurance criterion (MAC), and coordinate modal assurance 

criterion (COMAC) are combined to detect damage. 

Pandey and Biswas [68] used modal data to create an incomplete flexibility 

matrix in order to locate damage by some indices representing the flexibility changes. 

Modal data can also be used to construct incomplete stifibess matrices [5]. The 

difference between the incomplete stiffness matrices could be used to indicate damage 
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locations. Error matrix method [27, 70] and unity check method [48] also use modal 

data to approximate the stifi&iess or the flexibility matrix. 

Using the change of mode shapes to detect damage may not be justified if the 

error in mode shapes is of the same order of the change caused by the damage. Pabst 

and Hagedom [67] used mode frequencies to detect cracks in beams. Only mode 

shapes of the undamaged beam were used. In most applications [15, 35], frequency 

shifts combined with mode shape variations were used to detect damage. However, 

whether the changes in frequencies or mode shapes can indicate damage locations 

depends not only on the damage locations and the extent of the damage, but also 

on the complexity of the structure [15]. 

Various approaches using eigen-equations or modal properties have been devel

oped: most of these are based upon model updating strategies. Zimmermaji and 

Kaouk [88, 33] used eigen-equations to locate damage and proposed the minimum 

rank update method to calculate the extent of the damage with the assumption 

that the spatial matrices of the undamaged structure are known and the modal 

data is available. Zimmerman and Simmermacher [90] also applied the minimum 

rank update method using both modal data and static test data. 

Eigenstructure assignment methods [2, 89, 73, 47] are based on eigen-equations 

and fictitious controller designs. Controller gain matrices obtained by using mea

sured modal data represent structural parameter variations. Unfortunately, only a 

few modes can be extracted from measurements and thus only a small number of 
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modes can be 'assigned' in determining the structural parameter variations.. 

Some of the modal data based methods do not require baseline models, while 

a few methods try to establish these models. Kaouk and Zimmerman [34] applied 

the minimum rank perturbation theory to the situations when no original analytical 

models were available. An arbitrary baseline model was built and then modified 

by eq)erimentally measured modal parameters. Stubbs and Kim [80] attempted an 

approach which assumes no baseline modal data is initially available. However, the 

baseline model was built with available design information. A damage localization 

indicator was proposed in this approach. 

The use of modal data for damage detection usually involves sensitivity analysis 

[35, 78]. Sensitivities of modal data to structural parameters are used to predict the 

change of modal characteristics due to parameter variations. Inverse sensitivities of 

modal data [49] have been proven to be promising in finite element model updating 

and structural damage detection. 

Although modal data is extensively used in model updating and damage detec

tion, the capability of methods using modal data is limited due to the incompleteness 

of the modal data. Experiment costs restrict the number of measurement points, 

and moreover, much fewer low-frequency modes than measured degrees of freedom 

(DOFs) can be identified from experimental data. Some methods of damage detec

tion, such as incomplete flexibility and stiffness methods, directly use experimental 

modal data to construct system matrices with only the lower mode shapes and 
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frequencies that are obtained. Ignoring higher modes, however, is equivalent to in

troducing artificial constraints and as a result, the structure is stiffened and the 

damage may not be identifiable. 

Jauregui and Farrar [32] have applied emd compared five methods using modal 

data to a bridge structure: the mode-shape-curvature method; the damage-index 

method which also uses mode shape curvatures; the change-in-fiexibility method; 

the change-in-stiffiiess method; and the flexibility-curvature method. The results 

show that most of the methods failed to identify the damage in some cases and 

some even indicate fake positions. Due to the difficulties encountered in the methods 

based on modal data, damage identification in the frequency domain has become 

the preferred choice by many researchers in recent years. 

2.2 Damage Identification with Frequency-Domain Data 

2.2.1 Identification of Matrix Variations with Baseline Models 

Most damage-identification methods use an analytical baseline model based on the 

undamaged structure and use measured data &om the damaged structure. An im

portant category of damage identification with baseline models is based upon finite 

element updating techniques [18, 57]. The basic updating techniques and related 

issues are reviewed in [18]. The updating strategies can be classified according to 

• measured data ( time domain, frequency domain or modal data) 
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• residual functions 

• optimization algorithms 

There are many published papers concerning parameter updating and damage 

detection using frequency-domain data. Usually a cost function based on errors 

between analytical and measured responses is minimized. Various residuals or er

ror criteria have been discussed in recent publications [87, 18, 11]. Reviews about 

optimization algorithms for finite element model updating and for structural identi

fication were presented by Friswell and Mottershead [18, 57] as well as Ghanem 

[24]. 

Most of the optimization algorithms attempt to minimize a response residual 

or an input residual, which is also called output or equation residual respectively. 

Details on input and output error formulations can be found in [62, 21, 23, 12]. 

The input residual uses the difference between the measured force F(a;) and the 

calculated force from the displacement X(a;). It can be written as 

Biie) := iuC^ie) -h K''(0))X(a;) - F{u;), (2.1) 

where C^{0) and are the mass, damping and sti&ess matrices of the 

damaged structure and are dependent on structural parameters 9. The matrix vari

ations after damage can be expanded in Taylor series and the linear approximation 
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can be written as: 

K"* = IC-AK 

= IC + -^SOj, (2.2) 
j ^ 

where matrix AK is the stiffiiess matrix variation and Oj stands for the j-th struc

tural parameter. Similar expressions can be written for the mass and damping ma

trices, with AM and AC being mass and damping matrix variations respectively. 

The matrices M", C® and IC of the undamaged structure are known o priori. 

The response or output residual is defined as the difference between responses; 

eo{d) := - X{u) (2.3) 

Here the FRF matrix of the damaged structure H'' is used. The difference of FRFs 

can also be employed as a residual: 

e&(0) := + iujC^iO) + (2.4) 

which is nonlinear in matrix variations AM, AK, and AC, or the parameters 9 as 

the output residual is. 

A cost functional J{59) is usually defined by using the weighted square error: 

J{69) := e{9fWMd) -I- {S9fW06e, (2.5) 

where 69 is the difference between the current and initial parameter values; and 

and Wtf are some weighting matrices. These matrices can be chosen to reflect the 
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uncertainty in the responses and in the initial parameter values [63]. The second 

term is included to restrict the change of the parameters and this term could also 

be useful to improve ill-conditioning [56]. It is interesting to note that the cost 

functional based on input and output residuals can be made equivalent by choosing 

appropriate weighting matrices. 

Fritzen and Zhu [22] used the errors between measured and analytical frequency 

response fimctions or transfer functions for parameter updating. The cost fimctional 

defined the errors was then approximated a quadratic Taylor expansion. 

The difference between measured and analytical FRFs has been used in the error 

matrix method. Jimin He [26] extended this method by using frequency response 

functions to update finite element models. It was shown that 

AK « (IC - w^lVP) (H" - H"*) (IC - tc;2]VP) (2.6) 

When a; = 0, this approximation reduces to the static error matrix formulation: 

AK « IC[(IC)-^ - (K'*)-']K". (2.7) 

The output residual formulation described above is also equivalent to the unity 

check of the FRF with the dynamic stiffness: 

(-a;2Md(0) + ia;C''(0) + K''(0))H''(d) = I, (2.8) 

which was used in [72], where the influence of selection of frequency points on the 

method was discussed. The results show that the positions of measured DOFs also 

affect the damage detection. 
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FViswell and Penny [19] used a weighted equation error to update parameters. 

The error, similar to that in the unit check approach, is defined as 

e(a;, SO) := (Do)-Hc^)[D(a;, - BJ, (2.9) 

where D(b;, 69) is the dynamic stiffiiess; Do = 0(0;, 66 = 0); Rm((t^) is the measured 

receptance; and is the applied force distribution matrix. Mass and stiffiiess 

matrices were expanded in Taylor series with respect to the parameters. The full 

model was then reduced by using modal truncation. It was found that close or 

repeated eigenvalues did not cause any numerical ill-conditioning. 

Input residual methods use the equations which are linear in parameters, while 

output residual methods involve nonlinear equations, thus resulting in more compu

tational cost. A comparison of the two approaches was given by Cottin et al. [12]. 

It was concluded from a numerical example that if the signal-to-noise ratio was low, 

the output residual methods had to be used. 

A unified approach using dynamic test data to define residuals for updating 

finite element models was proposed in [87]. The author classified the updating 

methods into matrix-type updating and design parameter updating, of which the 

latter is preferred for damage detection. Various residuals using either modal data 

or frequency responses were discussed. In matrix-type updating techniques, usually 

some norm of matrix perturbation is minimized, for which various constraints can 

be considered: matrix symmetry, positive-definiteness as well as load-path related 

sparsity. In design parameter updating techniques, sensitivities of dynamic charac
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teristics or spatial matrices to design parameters are needed. An extended review 

of various sensitivity-based updating techniques was given by Hemez [28], where a 

s^isitivity-based updating and damage-detection procedure at element levels was 

presented. The global matrices were expressed in terms of elemental matrices and 

the sensitivities of elemental dynamic stiffiiess matrices were required in formulating 

eigen-equation errors used in the cost functional. 

Instead of using optimization for model updating and damage detection, Zim

merman et al. [91] applied the minimum rank update method in the frequency 

domain based on the equation: 

(-w^AM -h ia;AC 4- AK)X(a;) = F(a;) - 4- iwC + K) (2.10) 

The issues associated with the selection of frequency points were also discussed. 

Schulz et al. [75] used mobility functions in the dynamic equation to solve for 

stifihess variations. The basic equation used is similar to that used by Zimmerman 

A new residual function defined from frequency response functions was proposed 

by Cogen et al. [11]. The residual function is the weighted sum of the difference 

between the true calculated mode frequencies and fictive mode frequencies: 

where fkiO) is the k-th calculated mode frequency; Wik is the k-th weighting co

efficient at the i-th frequency point; and fue is the k-th fictive mode frequency 

et al. [91] 

maxifkiO), fik) 
(2.11) 



31 

corresponding to the i-th frequency point. The frequency fik is defined and solved 

by 

(2.12) 

Here y'iuJi) is the measured response at the i-th frequency point; is the k-

th calculated mode; and tjjkj is the j-th component of the A:-th calculated mode 

corresponding to the j-th excited DOF. It was reported that the method improved 

the convergence and also did not need model reduction or condensation. 

In order to compare or correlate analytical and measured FRFs, a frequency re

sponse assurance criterion (FRAC) was proposed by Nefske and Sung [63], which was 

defined similarly to the Modal Assurance Criterion (MAC). Based on the FRAC, a 

novel point of view toward the comparison of the measured and analytical frequency 

response functions was given by Pascual et al [71]. The authors suggested that the 

frequency shifts due to the structural perturbation should be considered. .Accord

ingly, an improved frequency domain assurance criterion (FDAC) was presented, 

which was defined as: 

where h®(ce;a) is the j-th column of the analytical FRF evaluated at the frequency 

uJa, and h.j{ujx) is the j-ih column of the measured FRF evaluated at the frequency 

Ux- The frequency shift is given by 

Suj(Ua) := COx — (^a (2-14) 
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Here u}x is determined as the frequency where FDAC((Ja, uJxj j) reaches its maximum 

over all measured frequencies. 

The methods of damage identification with baseline models have been well de

veloped in recent years, though many problems still need to be solved. The success 

of the application of these methods, depends to a large extent upon the appropriate 

correlation between the test data and the analytical baseline model, which itself is 

a discrete model approximating the complicated continuous structure. The baseline 

model should be updated and verified before it is applied to damage identification. 

In addition, only a few DOFs corresponding to a small part of the DOFs in the base

line model can be measured, thus making the model expansion hardly justifiable. 

Even with baseline system matrices, many methods still do not guarantee unique

ness of solutions. Moreover, the assumption of availability of baseline models may 

not hold in some applications, thereby necessitating the research on direct damage 

identification using only measured data. 

2.2.2 Identification of System Matrices 

Damage detection without baseline models is still a difficult problem and less progress 

using this approach has been achieved so far when compared with the development 

of damage identification with baseline models. In this and succeeding sections two 

classes of methods are reviewed. The first class of methods uses measured data to 

identify system matrices, which is also called direct system identification, and the 
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second uses measured data to identify structural variations directly, which may be 

called direct dams^e identification. 

The most straightforward approach to estimate the spatial matrices is to use 

the unit check: 

(K + iujC - uj^M)ll{uj) = I (2.15) 

or 

(K + ICJC - A;2M)X(A;) = F(A;) (2.16) 

These equations can be reformulated and evaluated at different firequency points for 

solving the matrices K, C and M [41]. 

.A. two-step process of identifying the spatial matrices of substructures from 

FRFs has been proposed by Craig and Blades [13, 6]. The first step is to identify 

M~^K and M~^C based on Eq.(2.15) and then solve an eigen-equation of these 

matrices. The second step is to use mode superposition to calculate K, C and M. 

Least squares and total least squares methods are used to solve the parameters. 

.Another approach based on Eq. (2.15) was studied by Chen and Tsuei [8]. The 

normal FRF H(a;) is extracted from the complex FRF H'^(w) as follows: 

H(u) = Hl,(u;) + ir,(w)(HJ(«))-'H;{u), (2.17) 

where both the complete imaginary part of the FRF, H®(a;), and the inverse of the 

complete real part of the FRF, H^(a;), are needed. The advantage of this approach 
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is that the damping can be identified separately for noise-firee cases: 

C = i(H(u))-'Hf{w)(HJ(«))-' (2.18) 
u 

Then the normal FRF, H(ci;), is used to identify mass and stiffiiess matrices by 

(K - w2M)H(a;) = I, (2.19) 

which may be written as 

t;ec5(M) 
vecs{K.) 

= E 

where S is the coefficient matrix determined by the normal FRF; and E is a matrix 

with one on the i-th column amd zero on the other columns. The matrix S is 

evaluated at different frequencies. The effects of linear independence of FRFs on 

the condition number of S is discussed in [16]. The linear independence implies 

that the use of more frequency points will not necessarily lead to more independent 

equations for solving the parameters. 

Recently Choudhury [10] proposed a new approach which can identify mass, 

sti&ess and damping matrices separately from FRFs. The equations for calculating 

mass and stiffness matrices are: 

hf (u,)Mh((wt) = (2.20) 
UJi - W j f c  

hf iu;i)Kbi{u;k) = ^2.21) 
U j f  -  W j f c  
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This approach was further extended by Balis Crema [3], where two formulations 

were discussed. The first one is a generalization of the method presented in [10]. 

In fact, Eqs.(2.20) and (2.21) are the difference forms of the following derivatives of 

FRFs: 

MlK{ut) (2.22) 

= 2UII(HI(W,))'"KHI(W,) (2.23) 

The second formulation can be derived in a form which no derivatives or differences 

of FRFs are needed: 

HIM) = (LII{<^»))''KL>J(W») - U;T(HI(WT))''MH;(UT) (2.24) 

Similar optimization approaches discussed in the preceding section have been 

used for direct system identification in the frequency domain. An alternative to 

direct minimization is to use frequency domain filters. Martinez [54] used an iter

ative extended Kalman filter to identify structural parameters. Mottershead and 

Stanway [58] presented a sequential least squares, frequency domain filter for esti

mating structural parameters &om measured responses and &om knoMm excitations 

by minimizing an output error. 

In the frequency domain, a classical least-square estimator can be formulated 

by minimizing the following integral over a frequency band 0 < a; < 

/.« 
J{Q,e) := / e'WedtJ, (2.25) 

Jo 
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where W is a weighting matrix and e* is the conjugate transpose of an error vector 

e. The optimal parameter values are determined by 

^{J(n,fl)) = 0 (2.26) 

After some derivation we can obtain 

where the matrix P satisfies 

This estimator was introduced by Mottershead [55] as a unified recursive frequency 

domain filter from which output error, equation error and instrumental variable 

filters can be developed as special cases. Mottershead et al. have used the filters 

in identifying a positive definite mass matrix [60] and estimating the structural 

parameters of a portal frame [61]. 

The problems and feasibility of estimating a meaningful model from incomplete 

measured data were addressed by Berman [4]. He concluded that it was impossible 

to identify a physically meaningful complete model from incomplete measured data. 

According to his argument, it is more reasonable to use incomplete measured data 

for updating FE models or determining parameter variations than for direct system 

identification. 
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2.2.3 Direct Damage Identification 

Identifying structural variations directly has a few more advantages than those ap

proaches developed to estimate complete spatial matrices. First of all, the error 

in the estimated matrices may not be acceptable for calculating the differences be

tween matrices which could indicate any structural damage. Secondly, estimation 

of complete spatial matrices from incomplete measured data itself is doubtful, as 

noted by Berman [4]. 

Some attempts have been made in recent years to identify structural changes 

directly by using measured vibration data. The methods using the mode frequency 

shift, frequency response functions or transfer functions are reviewed in the following. 

One of these methods is a transmittance function monitoring technique proposed by 

Schulz et al. [74]. The transmittance function is defined as: 

Tr. - (2-29) 

where Grs is the acceleration cross-spectrsd density between points r and s; Gag is the 

auto-spectral density at point s; and G// is the applied force auto-spectral density 

matrix. The damage is detected by the difference of the transmittance functions 

between the healthy and damaged structures. 

Another method uses the curvatures of FRFs, which is defined similarly to the 

curvatures of mode shapes [53]: 

:= + (2 30) 
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where d is the distance between measured points J+1 and j — 1. The example of 

a free-free beam shows that the curvature method performs well for at least 25% 

reduction in Young's modulus. 

An interesting development is a structural modification technique based upon 

the difference between the original and the desired FRFs [76]. This formulation for 

the structural modification relates the dynamic stiffaess matrix variation AD to the 

original FRP, H**, and the response X under the load F: 

This relation is equivalent to the formulation which relates perturbation of dynamic 

stiffiiess and FRFs of two models: 

Equation (2.32) has been employed in [82, 30] to update finite element models from 

measured FRF data. Here H" is regarded as the analytical FRF matrix and AD is 

the perturbation of the dynamic stiffiiess matrix. Wang [85] used this formulation 

to identify joint parameters and also considered the noise effect. A case study about 

this formulation is reported in [30] where the updated parameters are not unique. 

A few important factors are pointed out and considered as: 

• Selection of excitation coordinates 

• Selection of response coordinates 

• Selection of frequency range and frequency points 

(I + IPAD)X = HPT (2.31) 

H»(wf ADhJ(w) = hj(w) - (2.32) 
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• Selection of finite elements to be updated as well as 

• Inclusion or exclusion of damping 

Although some experiences were obtained for the particular cases, no general 

conclusions have been drawn. The study on how the number of frequency points and 

the number of mode frequencies affect the damage detection with this formulation 

has also been made by Pereira et al [72]. The drawbacks of the formulation were 

addressed by Smart [78]. 

A similar approach has been also used by Lammens et al. in updating a finite-

element model of an engine subframe [38]. Sensitivity matrices with respect to the 

element parameters are required. The residual based on the FRF formulation is 

combined with the mode frequency variation in the minimization. 

Mode frequency variation was also used by by William et al [86] to define an 

assurance criterion for locating damage. However, when the level of the damage 

is low, the method may not work very well. Lew [43] proposed a method using 

coefficient changes of transfer functions to detect damage. The coherence between 

coefficient changes obtained from tests and those from the {analytical model in which 

some element is damaged is defined as: 

~ |Apf|lAp.f|' 

where is the weighted parameter change from tests for output at point j; Ap^ 

is the calculated weighted parameter change for output at point j when the i-th 

element is damaged. The result shows that directions and the number of the input 
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excitations affect the detection results. Lew et al. [44] also compared the method of 

using transfer-function parameter changes with the mode shape curvature method 

and the minimum rank update method. The author concluded that the method 

using transfer-function parameter changes needed fewer sensors and was also less 

sensitive to noise than the other two methods. 

It is shown in [51] that zeros of transfer functions are sensitive to mode shapes 

and will change as a defect spreads. The zeros in the transfer function, rather than 

the poles, can therefore produce better signatures for indicating structural changes 

due to the damage. Both the magnitude and phase of the transfer function can 

be more significantly affected by the locations of zeros than they are by the poles. 

The derivative of phase with respect to frequency called group delay is effective in 

revealing variations in machine structures. 

The common problem of the methods in both direct system identification and 

direct damage identification is the under-determinedness, or ill-conditioning, as 

measured data is usually contaminated by noise. Although ill-conditioning can be 

caused by inappropriate parameter scaling or parameter dependence due to over-

parameterization, generally, ill-conditioning implies that the measured data does not 

contain sufficient information to determine the structural parameters by the chosen 

method. Consequently, damage equations are under-determined. 

Under-determined problems can be solved with the aid of singulsir value decom

position. To obtain physically meaningful solutions, appropriate parameterization 
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of the model as well as the regularization of the fonnulated problem is important 

and necessary. First, the properties of the stiffiiess variations can be used to define 

cost functionals or constraints [15]. Secondly, parameter variations can be parti

tioned into a group of subsets, over which a damage searching algorithm is applied 

to find the right subsets that the dams^e affects [65, 20]. Recently, many multi-

configuration-test approaches (MCT) have been proposed to collect more measure

ments with moderate experimental efforts. The dynamic properties of tested struc

tures can be perturbed changing boundary conditions [45], or by appending point 

masses on structures [52]. The structural damage locations are apparently not af

fected by the perturbation. Some other possible remedies to the ill-conditioning 

problems are discussed in [18, 56, 57]. If a finite element model is available, using 

information from the finite element model will greatly improve the solvability of the 

ill-conditioned problem. 

In addition to the aforementioned methods, many attempts have been made to 

divide the structure into element levels or substructure levels so that the number of 

parameters could be reduced. The two-step system identification method proposed 

by Craig [13] uses both the substructure and interface DOFs. Loads are applied 

only at the interface DOFs. Another alternative strategy is to identify parameters 

on only some substructures. A substructure approach is presented in [37]. The state 

equations for a subsystem are formulated moving coupling terms to right-hand 

sides and solved by the extended Kalman filter. 
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Chapter 3 

FORMULATIONS OF EQUATIONS 

This chapter presents four different formulations of equations in the frequency do

main for solving the sti&ess variations due to damage or degradation. These for

mulations differ in the residuals to be minimized in the presence of modeling errors 

and measurement noises. Affcer deriving the formulations, the relationship of the 

equations is established. 

3.1 General Linear Damage Equations 

Consider a linear damped vibration system with n DOFs. Assume only the stiffness 

matrix is changed by AK after the damage. The equation of motion for the damaged 

structure is 

where x^(t) is the response vector and f(t) is the applied force vector on the struc

ture. This equation can be rewritten in the frequency domain as: 

Mx'' + + (K + AK)x'' = f ( t ) ,  (3.1) 

(K + iwC - u;^M)X'^(aj) + AKX'^Co;) = F(a;) (3.2) 
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Based upon the linear dynamic equation, different formulations for solving AK 

are derived in the following sections. 

3.1.1 Response Formiilation 

The FRFs for undamaged and damaged structures are defined respectively as 

IP(a;) = (K + iuC - (3.3) 

= (K + AK + iujC - (3.4) 

Then fix)m Eq. (3.2) we can obtain 

+ (H"(a;))^AKX''(a;) = (ir'(a;))^F(a;) (3.5) 

The right-hand side of Eq. (3.5) represents the response of the undamaged structure, 

while X''(ct;) is the response of the damaged structure under the same excitation. 

Therefore Eq.(3.5) implies how the responses of the damaged and undamaged sys

tems are related. If measurement noise is considered, a residual vector can be defined 

as follows for solving zlK by an optimization procedure: 

e = X''(a;) +1^(0;) AKX((j) - ir'(u;)F(u;) (3.6) 

Equation (3.5) is complete when the FRF matrix is a full matrix. If there are 

only r excitation references, Eq. (3.5) can be written as 

XjCu) + AKX^Cu) = (HJMfF(u), (3.7) 
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where matrix is a (n x r) matrix, while X^(£*;) and (H?(a;))^F(a;) are (r x 

1) vectors. This incompleteness of the measured data will also be implied in the 

following formulations. 

3.1.2 FRF Formulation 

The FRFs of the damaged and undamaged structures can also be expressed as 

follows: 

(K + AK + iwC - cj^M) = (3.8) 

{K + iuC- (3.9) 

The stiffness change AK is the difference of two dynamic stiffness matrices: 

AK = (H'')-^ - (H")-^ (3.10) 

This yields the FRF formulation of AK: 

(H'')^AKir' = IP - H'' (3.11) 

When the FRF matrices are not full, the incomplete form of the FRF formulation 

is 

(HjfAKH; = H;; - Hi, (3.12) 

where and are (n x r) FRF matrices. and are (r x r) FRF matrices 

associated with excitation DOFs. This equation implies how the FRFs of damaged 
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and undamaged systems are related. Similarly, an FRF residual vector can be 

defined. 

An equivalent expression to Eq. (3.11) can be obtained by the sensitivity anal

ysis of FRFs. The sensitivity to any parameter d is 

Equation (3.11) can be regarded as a discrete form of this equation. Here the 

sensitivily of the FRF to the parameters is calculated directly from the sensitivity 

of the dynamic stiffness matrix D = H~^. Alternatively, it can also be calculated 

by using modal data sensitivity [77]. 

3.1.3 Input Formulation 

Equation (3.2) is obviously the force balancing equation. If an analytical baseline 

model is available, Eq. (3.2) can be used directly to solve for AK, as in [91]. Without 

the availability assumption of baseline models, a modal transform for the response 

can be introduced: 

If the damping is small, it can be assumed that the damping is proportional: 

C = oM + /?K with constant coefficients a and Therefore, Eq. (3.2) becomes 

uncoupled after the transformation. Since the mode shapes in the mode shape 

(3.13) 

(3.14) 
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matrix [^p, of the midamaged structure are not measured, only first p trans

formed equations about modal coordinates Yp can be kept. These equations are: 

+ zwMZpYp + MApYp + (3.15) 

where the modal mass matrix M = and the modal data ^ and Ap satisfy: 

K% = (3.16) 

and Zp = Ofl + /?Ap. Finally we obtain 

'i'J*AKX(w) = '^J"F(u;) - M(-u;2Yp(u;) + ia;ZpYp(a;) + ApYp(a;)) (3.17) 

Here, the modal coordinates Yp(c<;) can be determined by 

Yp(a;) = (M)-^'lrrMX(a;) (3.18) 

Equation (3.17) reveals how the excitation forces on the damaged and undamaged 

structures are related in the modal subspace. A residual vector can be defined for 

optimization procedures based on Eq. 3.17. 

Although Eq. (3.17) represents only an incomplete model of the original system, 

no approximations are made. Also, X(u;) does not need to be approximated by 

modal coordinate Yp(a;), since X(u;) can be directly obtained from measurements. 

3.1.4 SDF Formulation 

In this section we develop a new formulation based on spectral density functions 

(SDFs) for locating damage when the baseline model of the undamaged structure is 
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not available. 

Let us start with the equation of motion for a damaged structure with mass 

M, damping C, and stiffness K: 

Mx{t) + C±{t) + (K + AK)x(0 = {{t) (3.19) 

Here, the applied force f{t) and the response x(£} are random time series. For 

simplicity, the superscript d is dropped from the equation. Multiplying the equation 

from the left by x(t — r), where r is a time delay, we have 

Mx(i)x(i —  T )  +  Cx(i)x(i — r) + (K + AK)x(i)x(f — r) = f{f)x(f — r) (3.20) 

Taking the mathematical expectation, we obtain the equation with the correlation 

functions 

MR«(r) + CR«(r) + (K + AK)R«(r) = Rxf(r) (3.21) 

The correlation functions between the displacement and velocity, Rxx(T), and the 

correlation functions between the displacement and the acceleration, Rxx(i') are 

related to the auto-correlation, RXX(T') as follows 

Rxx(r) = R«(r) (3.22) 

R«c(T) = ̂ (R) (3.23) 

Therefore, 

M^(r) + Cl^Cr) + (K + AK)R«(r) = Rxf(r) (3.24) 
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The Fourier transform of this equation is 

-a;2MS«(w) + iujCS^ioj) + (K + AK)S^{uj) = S^{uj) (3.25) 

Or, 

(-cj^M + ia;C + K)S^{u}) + AKS^{u}) = S^{uj), (3.26) 

which can be further written as 

(H«(a;))^AKSxx(u;) = W'{uj)S^{uj) -  (3.27) 

where 

1^(0;) = (-cj^M + iuC + K)-^ (3.28) 

is the frequency response function (FRF) of the undamaged structure. The incom

plete form of Eq. (3.27) can be written as 

{H;(U))''AKS„(U) = (H;(u))'"Srf(a;) - S„,,(w), (3.29) 

where S.^ ,(t^) is a (r x 1) matrix associated with the excitation DOFs. 

3.2 Comparison of the Formulations 

Consider the linear damped vibration system with n DOFs introduced in the pre

ceding section. After the modal transform, the equation of motion for the damaged 
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structure is 

'^J'AKX(a;) = ^jF(a;) - M(ApYp(a;) + iuZj,Yp{u) - a;%(a;)) (3.30) 

Without loss of generality, we normalize the mode shapes by the modal masses 

so that M = I. For the k-th mode tpki (3-17) is 

^J'AKX(cj) = F(a;) - [ul + iuj{2Ckf^k) - w^YjbCw), (3.31) 

where 2^*^* = o: + 0ujI for the proportional damping C = aM + /3K. Multiplying 

this equation from the left by ~ ^^1 ^d taking the summation 

for k, we obtain 

^ + iu}{2Q^k) -

tk-^k 

AKX(u;) = 

(3.32) 

Since 

and 

M ^ 

(3.33) 

(3.34) 

Therefore, 

IP(a;)AKX(a;) = ir*(a;)F(w) - X(a;) (3.35) 

Furthermore, if F = I, then X(a;) = H''(a;). We then have the FRF formulation 

H"(a;)AKH''(a;) = ^*(0;) - H''(ci;) (3.36) 
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It can be shown that the SDF fonnulation can also be derived from the input 

formulation. Starting from the input formulation in the time domain, we have the 

following equation after the modal transform x(f) = 'i'y(i): 

- M(yp(<) + ZpjTp + Apyp(i)), (3.37) 

where yp(t) is the part of the modal coordinates [y^(t),y^(t)]^ corresponding to 

the measured p modes. Multiplying the equation from the left by yp(t — r) and 

reformulating the equation with the correlation fimctions yield 

+ Z^RyyM + A^Ryy(T)) (3.38) 

-After the Fourier transform, the equation becomes 

'Jfp AKSyx(u;) = ^pSyf(a;) M(Syy(a;) + ZpSyy(u;) 4- /VpSyy(u;)) (3.39) 

Or, 

'^J'AKSyx(w) = ^JSyf (a;) - M(-a;2l + iuZp + ^\p)Syy(uj) (3.40) 

This is the input formulation with the spectral density functions. Equation (3.40) 

can be further written as 

H"*J"AKS„(a<) = H"®J'S.«(a;)-S„(u,), (3.41) 

where 

H" = (M(-a;2l + iwC + Ap))"^ (3.42) 
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Noting that = H*, we can further reformulate Eq. (3.41) as 

IPAKSyxCw) = H"Syf(w) - ̂pSyy(w) (3.43) 

Post-multiplying this equation by and using the relations 

S„(w) = Sj«(u)<fJ' 

S„(«) = (3.44) 

we revert to Eq. (3.27). Since the correlation functions are real, the auto-spectral 

density fimctions are also real, while the cross-spectral density functions are complex. 
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Chapter 4 

DAMAGE IDENTIFIABILITY 

This chapter considers the damage identifiability within an idealized framework 

where the data is noise free and the model does not have any systematic modeling 

error. Under these conditions^ it is discussed whether the available information of 

the input-output behavior could imply unique parameter variations indicating the 

damage locations. The focus of the discussion is on the relationship between the 

largest number of independent equations derived for the damage identification and 

the available input- output data. The discussion starts with the input formulation, 

in which the pre-multiplier and the post-multiplier of AK are not directly corre

lated through the frequencies as they are in the other formulations. After this, the 

identifiability of the SDF and FRF formulations is also analyzed. The analytical 

discussion is finally illustrated by a numerical example. 

4.1 Input Formulation 

Consider the linear system with n DOFs as given in Chapter 3. Equation (3.17) 

reveals how the stiffness matrix variation relates with the modal data and the fire-
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quenc^ response, i.e., 

'I&J'AKXCA;) = - M(-A;2YP(^) 4. IAJZPYP{UJ) + APYP(A;)) (4.1) 

For the proof of the upcoming theory, let us transform Eq. (3.17) into a vector 

form and illustrate the corresponding linear structure. We define an n x n rank-one 

matrix Sty as the outer product of tpj and X(a;{)^, 

S,j := (4.2) 

and a symmetric matrix 

s« := S,i + (S,if - diag{S,i) (4.3) 

A vector function k := vecs{^K) is defined as 

vecs{AK) := [AKiu • - • , • - • , • • - , (4.4) 

Vector k contains the upper triangular part of the symmetric matrix and has the 

length ni = n(n + l)/2. Similarly we can define vector Sy := t;ecs(Sy). 

With these definitions, the matrix equations can be written in the form of a 

system of linear algebraic equations: 

sgk = - MjfijM (4.5) 

j = ,p;l = 1,2,,m 

where yj{uJi) satisfies 

yi(w<) = + K^t(2CiWj)2/j(£i;j) + u)]yj{uji) (4.6) 
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with t as the complex unit and uim as the maximum frequency of the measured data. 

It is assumed in the equations that the number of the frequency points is larger than 

or equal to the number of the measured DOFs, namely, m > n. It is obvious that 

the number of equations in Eq. (4.5) is p x m. 

To be concise, the system of equations in Eq. (4.5) can be written in a compact 

form as 

Ck = h, (4.7) 

where C consists of s^ as its rows: 

C = (4.8) 

and the right-hand side h is 

h = (4.9) 

In the following, we will show how the rank of (pxm) xni matrix C depends upon the 

number of modes, p and the rank of the matrix, X := [X(a;i),X(u;2), - • • , X(u;,„)]. 

For this purpose, let us first introduce an important lemma. 

LEMMA[39J: 

For matrices and AK given above and for annxm matrix^ rvithrankiX.) = 

rig; and rank{'9p) = p, it holds that 

t>ec((*,)''AKX) = (X'"(gK'J',)'')Mc(AK) (4.10) 
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and also 

rankpC^ = rankCX^rank^^p) = n^p (4.11) 

The following theorem reveals the relationship between the number of available 

mode shapes and the number of independent equations in Eq. (4.5) when X has a 

fiill rank with ranA;(X) = n. 

THEOREM: 

For the {p X m) X. Til matrix C given above, it holds that 

Proof: 

From the lemma, we know that the left-hand sides of the equations in Eq. (4.5) can 

be written as (X^ 0(^p)^)uec(AK), where X(a;() is the 1-th column of X. Let us 

partition the matrix X^(^(^p)^ into n sub-matrices whose size is {pm x n): 

rank{C) =pn — (4.12) 

(4.13) 

where 

(4.14) 

and [zji, j;j2, • * • , are components of the l-th column of X^. 
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By the lemma, rank(Vi) = p. Since n colwnns of are independent, so we 

can write the rank of as 

ronA:(X^ ^ = np (4.15) 
t=i 

Evidently, matrix C can also be formulated by choosing first I columns from 

V,: 

C = lV',.Vj,---,Vil (4.16) 

For the purpose of this proof, it may also be assumed that the independent colunms 

of matrix (^p)^ come to the most left position in the matrix. And again 1^ the 

lemma we can conclude that 

^ank{'V^) = i, for 1 < f < p (4.17) 

rankCV'i) = p, for p < i < n (4-18) 

Since n columns of are independent, we can write the rank of C as the sum of 

the ranks of [V'l, Vj, • • • , VJj]: 

n 

rank[C) = ^ ranA:(V{) = 1+ 2h f-p + p(n — p) 
/=i 

= (4.19) 

It is not unusual that n, = rank{X^) < n. Depending on the relation be

tween the subspace spanned by {^i, • • • ,^p} and the subspace Sx spanned 

by {X(a;i), X(u;2), • • • , X(a;TO)}, the following two diflEerent situations exist: 
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(a) n <Sx = <Sc # 0. Under this circumstance, the rank of C is 

rank{C) =pnx- , (4.20) 

where ric = rank{S^. Especially, 

rank{C) = prix - ^ (4.21) 

ranA:(C) = pn® — for «S^ D 5, (4.22) 

(b) «S0 n iSx = 0. Evidently, the rank of C will be 

rank{C) = pn^ (4.23) 

4.2 SDF Formulation 

For both the FRF formulation and the SDF formulation, the pre-multiplier and the 

post-multiplier of AK must be evaluated at the same frequency. Now consider Eq. 

(3.27): 

1^(0;) AKS«(a;) = ir(a;)Sxf(u;) - S«(a;), (4.24) 

which relates the stiffiiess matrix variation, AK, with the FRFs of the undamaged 

structure and the SDFs of the damaged structure. Let us assume only one degree of 
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freedom is excited in the experiment and thus one column FRF, is available. 

Besides, the rank of the response spectral density function matrix Sxx((^) is one, 

though the whole matrix can be obtained. As a result, we use just one column of 

Sxx(c^) in the computation and denote it as 8xx((^)- Also denote 

r& := ronfc(H") := ranfc([h''(u;i), h'*(a;2), • • • , h"(u;m)]) (4.25) 

r, := rank(Sxx)  := ran A: ([Sx*(a;i), Sxx(t«>2), • • * , SxxCt^m)]) (4.26) 

There &dsts two sets of the frequencies 

:= {w/fei, Wfcj, • • • , } (4.27) 

and 

CD, := {OFJ,, WJ,, • - • , } (4.28) 

such that 

ranA:([h«(a;fcJ, h«(a;te), • • •, h«(u;fc,J]) = (4.29) 

ranA:([Sxar(w/i), • • • , Sxx(w(rJ)) = r, (4.30) 

Namely, [h"(a;fcj),h"(a;jfej),--- ,h®(a;jfc,^)] is a basis of the subspace S^. spanned by 

[h"(a;i), h"(a;2), • • • , ̂ "(0;^)], while [sxxiij^h), Sxxi(^h), • • , s«(wjrJ is a basis of the 

subspace 5, spanned by [Sxx(wi),Sxx(t^2),-" ,Saa(a;m)]. Therefore, vectors s^xicoj) 

and h^{uj) evaluated at the frequency Uj can be written as 

SxxM = (4.31) 
fl&i. 
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•"•(wj) = (4-32) 
<'€u>k 

F\irthermore, 

(h»f («j)AKs„(Uj) =5211 ogWli°(wi.)AKs„(u,J (4.33) 
lt&i» y&ilh 

It can be seen that the number of independent equations depends upon the coef

ficients Let us define an (r^ x r^) x m matrix G whose j-th column is 

formulated as 

gj = »«:({aj>;8«}) (4.34) 

Evidently, rank{G) < r^rs. If rank{G) = r^r,, the two situations discussed previ

ously apply. Therefore, 

rank{C) = r/jr, (4.35) 

for Saf\Sh= 0, and 

rank{C) = rhT, - —— (4.36) 

for iSa n = 5c ^ 0 with rig = rank{Sc). When rank{G) < r^r,, we have the 

following three situations: 

(a) If ShnSs = <11, then 

rank(C) = rank{G). (4.37) 

(b) If 5ft n 0 and rank{G) < rftr, — ndnc — l)/2, then 

rank{C) = rank{G). (4.38) 
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(c) If n «Sa 51̂  0 and rank{G) > r^r, — ndnc — l)/2, then 

ranfe(C) = r^r, - —U. (4.39) 

The theoretical analysis presented in this section applies to the problem where 

sti&ess matrix variations are to be identified directly. If the structural parameters 

instead of the the stifihess matrix entries are used for the damage detection, an 

Til X parameterization transform Tp is introduced such that 

k = TpU, (4.40) 

where u is an x 1 structural parameter variation vector. Therefore the damage 

equations become 

CTpU = h (4.41) 

If the parameter variations are not directly related, the rank of Tp is 71^, noting that 

n^< Tlx. Finally, we have 

rank[CTp) < rnin{rank{C),rank{^p)) = Tnin{rank{C),n^) (4.42) 

It will be shown in the following example that if the rank of C is equal to 

the number of parameters, a unique and physically-meaningful solution of damage 

locations can be obtained. 
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4.3 Numerical Illustration 

Consider a uniform cantilever beam as shoMm in Fig. 4.1, which is discretized into 

16 planar beam elements. The model has 16 nodes and 32 DOFs. The structural 

damage is represented by 50% reduction of the elasticity modulus in the 6-th element 

between the 5-th and 6-th nodes. To obtain the FRF or SDF, an impulse force is 

applied at the beam tip along the vertical direction. Also, we assume that only the 

translational accelerations U7, Uis, U23, and U31 at nodes 4, 8,12 and 16 are measured. 

Therefore, the FRF and SDF vectors have four components. 

The coefficient matrix C in the various forms of the damage equations discussed 

in the preceding sections are formulated by using the available data. 

4.3.1 Input Formulation 

Under the impulse load, the displacement X(a;) is the frequency response function 

h''(u;). Table 4.1 shows the numbers of mode shapes used and the number of singular 

values of C calculated in this example. Figure 4.2 presents a plot of singular values 

when the lowest two modes are available. The results agree with those determined by 

the theory presented in the preceding sections. We noted that there are 10 unknown 

entries in matrix AK. Then four modes are required in order to obtain a unique 

solution, since the rank of C for the four modes is 10. 
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Y 

FIGURE 4.1. A Camtilever Beam with 16 Elements 

TABLE 4.1. The Selected Modes and Number of Singular Values 

Mode indices Number of singular values 
1 4 

1,2 7 
1,2,3 9 

1,2,3,4 10 

4.3.2 SDF Formulation 

The pre-multiplier and post-multiplier of AK in the SDF formulation are the FRF 

of the undamaged structure, h"(a;), and the SDF of the damaged structure, Six(<^)-

In most situations we would expect that H** and Szx su'e rank deficient. The ranks 

of iP and Szx would depend on many factors such as the location and frequency 

components of the excitation on the structure, selection of the frequency points 

where h"(ct;) and 8x1(0;) are evaluated. 
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Fust 2 modes are used n the mput fonnuiatnn 

c 10 

4 5 6 7 
Sorigular value index 

FIGURE 4.2. Singular Values of C for Two Mode Shapes 

To illustrate the theoretical result, different choices of frequency points are 

made in the example so that the information content of the data varies. Some 

numerical results are given in Table 4.2, where the ranks are the numbers of singular 

values that are larger than 1.0 x 10" The maximum frequencies correspond to 

the mode frequencies of the beam. The data in the first row show the case when 

Sa = 0. The second to fourth rows show the case when ^0 and 

rank{G) < — nc(nc — l)/2 = 10. The last two rows demonstrate the situation 

where 6/i (10 and rank(G) > rhTa — nduc — l)/2 = 10. 
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TABLE 4.2. The Relation Between Ranks of G and C 

Frequency (rad/s) 
[min : increment: max] 

ranA;(ir') Tank{Sxx) nc Tank{G) rank{C) 

[1 :2 :  3 .5]  2 2 0 2 2 
[1 :2 :  22]  4 4 4 7 7 

[1 :2 :  61 .7]  4 4 4 8 8 
[1 :2 :121]  4 4 4 9 9 
[1 :2 :  200]  4 4 4 11 10 
[1 :2  :  299]  4 4 4 13 10 

These results indicate that the number of independent equations depends upon 

matrix G. To consider more details about the influence of the frequency points, the 

condition numbers of matrices and S^x ^d the condition numbers of matrices G 

and C are calculated in the example. Table 4.3 lists the data as far as the maximum 

frequency is concerned. For matrices H" and Six> the condition numbers are defined 

as ratio of the first singular value to the fourth singular value. For matrices G and 

C, the condition numbers SVi is defined as the ratio of the first singular value to 

the i-th singular value. The result in Table 4.3 shows that the higher the maximum 

frequency, the smaller are the condition numbers. Figure 4.3 shows the influence 

of the frequency spacing on the condition numbers {SV1/SV4) of the FRF of the 

undamaged structure, and the SDF of the damaged structure. It is observed that 

the condition numbers are not monotonically changing with the frequency spacing. 

No general conclusions, however, can be drawn from this particular example. Figure 

4.4 presents the change of the condition numbers (ISVI/SVIO) of matrices G and 

C with the frequency spacing. As far as the given data is concerned, the small 
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frequency spacing yields small condition numbers of matrix C. 

TABLE 4.3. Condition Numbers of H", SX*, G and C (spacing=2 rad/s) 

Maximum 
frequency 
(rad/s) 

Sjx G C 

21 9.871 X 10" 3.274 X 10" SVr = 5.366 x 10^" SVt = 9.518 x 10^" 
61 8.623 X 10^ 9.760 X 10" SVt = 2.027 x 10^ 

SVs = 1.408 X 10® 
5̂ 7 =3.514 X 10' 
5^8 =3.623 x 10® 

119 1.117 X 10^ 9.760 X 10" 5̂ 7 = 1.962 X 10' 
SVs = 1.240 X 10® 
5^9 = 6.637 X 10^° 

5V7 = 3.384 X 10' 
5^8 = 3-184 X 10® 
5V9 = 9.068 X 10^® 

199 24.59 7.323 X 10^ SVr = 8.493 x 10® 
5^8 = 1-222 X 10^ 
5^9 = 3.717 X 10^ 
5Vio = 2.594 X 10® 

5y7 = 1.334 X 10' 
5^8 = 2.123 X 10' 
5^9 = 1.403 X 10® 

SVio = 4.283 X lO^o 
297 24.46 6.434 X 10^ SVt = 9.471 x 10" 

SVs = 9.376 X 10® 
SVq = 1.224 X lO'' 
5Vio = 8.824 X 10' 

SVr = 1.662 X 10® 
5^8 = 1.395 X 10' 
5F9 = 3.913 X 10' 
SVio = 5.054 X 108 
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Condition numisefs of the FRF (undamaged) and SDF (damaged) 

: FRF 

0-0: SDF 

0 2 4 6 16 8 12 14 10 
Frequency spadng (rad/s) 

FIGURE 4.3. Condition Numbers of H® and SXX ((^max = 298rad/s) 
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Condition numbeis of matrices G and C 

o-o:C 

CLO' 

0 2 12 16 10 14 4 6 8 
Frequency spacing (rad/s) 

FIGURE 4.4. Condition Numbers of G and C (CJTWIX = 298rad/s) 
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Chapter 5 

MODELING AND PARAMETERIZATION 

The formulations presented in Chapter 3 establish the relationship between the 

measurable frequency-domain data and the sti&ess matrix variation. This chapter 

discusses the parameterization of the stiffness matrix variation. The parameteri

zation reduces the number of unknowns to be solved for the damage location. A 

generic element method is proposed and derived for both beam and joint elements. 

The parameters in a generic element are associated with the element deformation 

modes. The essence of the method is to introduce implicit, physically meaningful 

constraints to reduce the stiffness matrix. The parameterization in this chapter fi

nalizes the formulations presented in Chapter 3. 

5.1 Introductory Remarks on Modeling 

In most part of the preceding chapter, a linear, discrete model is used without ex

plicitly mentioning the real system from which it is derived. Given a continuous 

structure, constructing a model for the damage identification requires careful deci

sions on such issues as the order of the model, the structure of the model, and the 

selection of parameters or parameterization. In this work, linear models are used. In 
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other words, the continuous structure is discretized into elements or substructures 

with linear geometry and material properties. The structure of the model and the 

parameterization will then be studied at the element or substructure levels. 

Suppose there exists an integer N such that an FE model of order N can gener

ate the dynamic response which agrees to some satisfactory degree with the true or 

measured response of the structure. Then, any model with a lower order than N and 

with dynamic characteristics close to that of the physical system can be regarded as 

a reduced system. Usually, the number of measured DOFs is much smaller than N. 

A testanalysis model (TAM) with order m can be derived from an FE model with 

order N. Various reduction methods are available for constructing test- analysis 

models. Model expansion, however, is preferred for the damage identification with 

baseline models, since the fictitious constraints created by the reduction process 

make the identification of the damage locations difficult. With &cpansion methods, 

a model with an order higher than m is adopted. The unmeasured DOFs are to be 

extrapolated with reference to the baseline model. However, the expansion methods 

can be hardly useful in the damage identification problems without baseline mod

els, since the error introduced in the geometric expansion without reference to any 

baseline model would not make the damage location possible. Therefore, this work 

will use models with the same order as the number of measured DOFs. 

Systematic modeling error arises due to the inherent model mismatching with 

the physical system. Strictly speaking, no discrete model can copy all the charac
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teristics of the continuous system. In fact, the systematic modeling error cannot be 

removed completely. All we can do is to make the error as small as possible. The 

question is, what extent of the parameter variation in damage identification or finite 

element updating is transfered from the systematic error, rather than caused by the 

parameter uncertainty itself? It is observed from many published results in finite 

element updating that certain updated parameters might take unrealistic values. 

As the systematic error is hardly avoidable, we can either reduce it by increasing 

the model order or 1^ exploring different techniques of parameterization, as one 

attempted by Gladwell and Ahmadian [25]. Some remedies to the problem of model 

mismatching will be discussed later-on in this work. 

5.2 Parameterization of Beams 

It was observed in the preceding chapter that direct identification of all entries 

in AK would require all the modes to be available in the input formulation and 

would require the pre-multipliers and post-multipliers to have full rank in the other 

formulations. This requirement on the measured data may not be feasible in most 

applications. In addition, identifying or updating the stiffness matrix entries tends 

to destroy such properties of the stiffness matrix as symmetry, positive-definiteness, 

and the load-path related sparsity. Even though various methods were proposed 

to keep some of these properties, either the computation is more expansive or a 



71 

satisfactory solution may not be found. 

Various approaches of adjusting structural parameters have been recently de

veloped to avoid the disadvantages mentioned above. In fact, the unknown entries 

of AK to be determined are usually not independent. Therefore, further param

eterization of AK not only relaxes the ill-conditioning of the problem, but it also 

preserves the original stifihess properties. 

5.3 Structural Parameterization of Beams 

Without any loss of generality, let us consider the input formulation and decompose 

the global stiffness matrix variation into the element stiffness matrix variations: 

where the n^xn matrix Tg transforms the e-th x element stifihess matrix into 

the global n x n matrix. We can transform each term in the summation of Eq. (5.1) 

into a vector form similar to the global stiffness matrix in Chapter 3. Let us define 

an rie X He rank-one matrix S(e)/j as the outer product of and (TeX(a;()): 

-fJ'AKXCw) = *J'[^TfAK.TJX(w), (5.1) 
e=l 

(5.2) 

and define a symmetric matrix: 

S(e)ij := + {S(e)(j)'' - diag(S(iiij) (5.3) 
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With these definitions, we have 

(T.*,)''AK.(T.X(w)) = sf.^jt)ecs{AK,) (5.4) 

where S(e)/j = vecs{S(e)ij) is an ne(ne -I-1)/2 x 1 vector. Similar expressions to (5.4) 

for other formulations can be derived. For instance, if FRF data is used, we have 

at the A:-th frequency for the f-th column FRF of the undamaged structure and the 

j-th column FRF of the damaged structure. The vector function vecs(AKe) for the 

e-th element introduced above can be further expressed as 

The parameterization of the element stiffness matrix variation AKe yields the Uue x 1 

element parameter vector tie and the (ne(ne +1)/2 x n^) stiflfeess sensitivity matrix 

Consider a uniform space frame element which has six nodal DOFs (axiad de

formation, bending in two directions perpendicular to the frame axis, two rotations, 

and axial torsion). The 12 x 12 stiffness matrix actually depends only upon a few 

parameters such as elasticity modulus, cross-section area, beam length, moments of 

inertia of the cross-sections, as well as the torsional constant. A parameter vector 

with four parameters can be defined as 

(T,liJ(a,t))''AK.(T,hJ(ut)) = sf.^jtoecs(AK.) (5.5) 

VeCs{AKe) = EEUG (5.6) 

Ee. 

A(AE?)e 

(5.7) 
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where A, E, G are beam cross-section area, elasticity modulus, and shear modulus; 

and Kt, Ig are torsional constant, and the cross-section moments of inertia around 

two mutually perpendicular y and z axes. Here Ee is an ne(ne + l}/2 x 4 matrix 

depending only upon the geometric size of the element. Finally, the linear damage 

equation can be written as 

Ui 
U2 

UiVe 

* = right hand side (5.8) 

5.3.1 Generic Parameterization of Beams 

More flexibility in parameterization in FE model updating can be achieved by the 

generic finite elements proposed by Gladwell and Ahmadian [25], who argued that 

neglecting some significant effects in modeling, which would result in a large system

atic error, would fail to generate realistic parameter values. It is assumed in a generic 

element that various types of element matrices belonging to a generic family can be 

generated by choosing different parameters. In other words, a set of parameters can 

specify a member in the generic family appropriate for the application. 

In finite element updating, the baseline mass and stiffiaess matrices of an ele

ment, denoted as and K^, are available. And the mode matrix of the element 

is derivable from these matrices. Let another pair of matrices Me and K« be a mem

ber of the generic family for this element, and the mode matrix be which can be 
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regarded as the derived modes &om the baseline modes by a transformation Tem'. 

<61= ^eTe (5.9) 

Or in detail, 

rprs 
em em 

rps 
'^em , 

(5.10) 

where the mode shapes are separated into rigid-body modes and flexible modes with 

superscripts r and s respectively. The matrix Tem is selected such that the new rigid-

body modes are merely a linear combination of the baseline rigid-body modes. It 

can be seen that the transformation in Eq. (5.10) is similar to the transformation 

used in structure model expansion between the baseline and the measured modal 

data. However, the problem is stated in different levels, though in each of these 

levels the transformation has to be determined by the information reflecting the 

difference between the baseline and disturbed models. It can be shown that the 

transformation matrices and 0 and can be uniquely determined for the 

given modal data. In fact, 

'prj 
"••em 
rr%s 
^em 

(5.11) 

If the mode shapes, have beeD normalized the element mass matrix, Me, 

then we have 

= I, 

(*.)^K.«. = n. = 0 
fn 

(5.12) 

(5.13) 
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which yields, by inserting the transformation = '^eTgm'. 

M .  =  ( ® ; ) - ' " ( T ^ ) ' ' T ™ ( * ; ) - ' = M j ,  (5.14) 

K. = (*;)-''(T„)^n.T^('»;)-' 

where U. = (T^^T^, = Mj*;- and K, = (T^rnjT^. 

(5.15) 

The illustration of the method for a plane beam element and a plane frame 

element is given in the following. 

Plane Beam Element 

For a uniform plane beam with two DOFs at a node, the baseline mass and 

stiffness matrices based on cubic shape functions are 

r 1 
2 

M® = meo 
n 
24 

n 
24 

(5.16) 

K = k eO 

12 6L« -12 6Le 
6Le All -6ie 2Ll 
-12 -eie 12 -6Le 7 

6Le 2Ll -eie 

« 

(5.17) 

where rrieo = pAL^ is the element mass, kgo = EI/Ll is the element flexural rigidity, 
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and the displacement vector is [toi, W2, representing the transverse displace

ment and rotation at each of the nodes. The modal data for this element is 

— 

1 0 -

0 y/3/L^ 2y/3/Le S/L. 

1 0 ~2 

0 y/3/Le -ly/lfU 3/Ie 

Q° = 
1 

0 
0 

48 
192 

(5.18) 

The zero eigenvalues correspond to the two rigid-body modes. The first flexible 

mode is symmetric, while the second is anti-symmetric. To preserve the symmetry 

in the generated element, the off-diagonal components in matrix zero except 

(Tern) 13 and (Tem)24, which indicate the coupling between the first rigid-body mode 

with the first strain mode as well the second rigid-body mode with the second flexible 

mode. Then, the general stiffness matrix is 

Ke = 

0 
y/3Ltm 

12 
0 

12 

from which we can obtain 

i n 
4 

Le. 

4 
Ls. 
8 

Kel 

uecs(Ke) = 

Ke2 

32. 
X 16 

0 ^ 
0 
0 
a 
48 
0 

-H 
48 

0 
0 

48 

kt. 

1 
1 

¥ 

64 

Kel 
«e2 

0 0 
1  i i  _ i  
4 8 4 

t/3L. 

8 

(5.19) 

(5.20) 

It can be seen that vecs{Ke) equals to vecs{Kg) when k^i = 48 and = 192. 
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Plane FVame Element 

In a plane frame element, the flracure and torsion around the frame axis are 

combined. With the coordinate arrangement [wi,w[,di,w2,vj2,02\^ representing 

transverse displacement, rotation and torsion at each of the nodes, the baseline 

consistent sti&ess and mass matrices based on cubic shape functions are: 

Kl=ko  

M® = — 
' 420 

12 eLe 0 -12 

1 o
 v
 

C
O

 

4Ll 0 2L\ 0 
0 0 nfLl 0 0 -r„Ll 

-12 -6Le 0 12 -61. 0 t 

6L« 2Ll 0 -6Le ill 0 
0 0 -n/Ll 0 0 T„L\ 

156 22Xe 0 54 -13£, 0 
22Le ALl 0 13Le -3Ll 0 

0 0 r,Ll 0 0 T,LV2 

54 13Le 0 156 -22L, 0 
-13Le -3L2 0 -22i:e ta 0 

0 0 0 0 r,Lf 

(5.21) 

(5.22) 

where r t f  = GKt / (E I )  is the ratio between the torsional rigidity and flexural rigidity 

for unit length, and Vg = 140 J/(A£^) is the non-dimensional polar moment of inertia 

of the frame cross section. 

Let us consider only the disturbance of the stiffness matrix. From Eq. (5.15), 

a new stiffness matrix can be expressed according to its flexible modes as 

which can also be written as 

K. = («;'R)JC.(4?Rf 

(5.23) 
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by introducing a transformation ^ being a diagonal matrix. For 

the given plane frame element, this transformation of the modal data yields 

K. = $: 
'Cell I^el2 
f^el2 l^t!22 'C«23 

K-tOS KaS 
(5.24) 

where 

= 

0 ci 0 0 —Ci 0 
0 0 Ci 0 0 —ci 

2C2 C3 0 —2C2 C3 0 
(5.25) 

vdth Ci = Le,C2 = 1 and C3 = Lg. The first, second, and third columns of (^2*)^ 

represent the rotation, torsion, and transverse displacements. Correspondingly, /Cen, 

/Ce22) aJ^d Ke33 are the parameters related to the rotation, torsion, and transverse 

displacements respectively. Matrix Ke can be decomposed as 

t;ecs(Ke) = 

' 0 0 0 (2C2)  ̂ 0 0 
0 2CIC2 0 2C2C3 0 0 
0 0 0 0 2CIC2 0 
0 0 0 -(2C2)  ̂ 0 0 
0 -2CIC2 0 2C2C3 0 0 
0 0 0 0 -2CIC2 0 
C? 2CIC3 0 C3 0 0 
0 0 c? 0 C1C3 0 
0 -2CIC2 0 -2C2C3 0 0 

0 0 ^2 0 0 
0 0 -c? 0 -C1C3 0 
0 0 0 0 0 c? 
0 0 0 0 —2CIC2 0 
0 0 -cf 0 C1C3 0 
0 0 0 0 0 -c? 
0 0 0 (2C2)2 0 0 
0 2CIC2 0 -2Ci2C3 0 0 
0 0 0 0 2CIC2 0 
Cl -2CIC3 0 C3 0 0 
0 0 c? 0 -C1C3 0 
0 0 0 0 0 c? 

'^ell 
Kei2 
'Cel3 
Keia 
Ke23 
«e33 

(5.26) 
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It can be seen that vecs{Ke) = t;ecs(K°) when 

^el2i '^el3» '^e22j 'Se23» '^ess] ~ [^j 0, 0, 3, 0, . (5.27) 

5.4 Parameterization of Joints 

An important part of automotive body structures is the structural joints. Since the 

joint flexibility or stiffness affects the structure dynamic response significantly [7,66], 

any joint damage causing the stifihess change is undesirable. Various joint models 

to study the structural response, model updating and joint damage detection can be 

found in the literature [81, 42, 64,59,84]. A commonly used approach is to introduce 

a few fictitious translational and rotational springs to represent joint flexibility [81, 

42], while in designing joint components and analyzing joint stress distribution, 

detailed FE models with more than thousands of DOFs are often employed. To avoid 

large size FE models in any preliminary design of joints, a family of concept joint 

models with different levels of geometric complexity was introduced by Nikolaidis 

and Lee [64]. For FE model updating, Mottershead and Friswell [59] used geometric 

offsets as joint parameters in a joint model. The geometric offset concept simplifies 

the joint modeling and also improves the modal sensitivities. Another innovative 

approach of joint modeling is to modify beam models by incorporating the joint 

flexibility [9]. 
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This section describes a new method of joint modeling and joint damage iden

tification. Let us assume that the damage could appear only at the joints. The 

fl^bility of beam-like and plate-like structural components between the joints are 

also considered and integrated into the joint models. This approach is justifiable 

from the assumption that the beam-like and plate-like structural components are 

not damaged. In the following, a joint element is defined as a part of structure where 

various beam-like or plate-like structural components are interconnected. The neigh

boring beams or plates of the joint can be treated as parts of the joint, depending on 

the interfaces between the joints and other structural components. These interfaces 

are the locations where the measurements can be made. Without loss of generality, 

it is assumed in the following discussion that the joint branches in the plane L-shape 

and T-shape joints have the same length. 

Plane L-Shape Joints 

As illustrated in Fig. 5.1, a plane L-shape joint is defined with four DOFs at 

the two interfaces. The stiffness matrix associated with the x and y DOFs of the 

two nodes for the left L-shape joint, as illustrated in Fig. 5.2(a), can be written as 

^25 — 

1  1 - 1 - 1  

1  1 - 1 - 1  

- 1 - 1 1  1  

- 1 - 1 1  1  

(5.28) 

while the stiffness matrix associated with the x and y DOFs of the two nodes for 
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the right L-shape joint, as illustrated in Fig. 5.2(b), is given as follows: 

kss = kz 

1 - 1 - 1 1  

- 1 1  1 - 1  
- 1 1  1 - 1  

1 - 1 - 1 1  

(5.29) 

The sti&ess constants A;i and ki represent the forces applied at the interfaces to 

generate a unit displacement along a degree of freedom. 

Yl 

*2 

YI 

1 

FIGURE 5.1. DOFs of An L-Shape Joint 

Now, let us introduce a more general approach similar to the generic element 

methodology for modeling joints. We can specify the interface of a joint from other 

parts of the structure, and then define the interface DOFs, which can be directly 

measured from experiments or can be extrapolated or interpolated from the other 

DOFs. Based upon these DOFs, we can specify a mode matrix which consists of 

a set of rigid-body modes and a set of flexible modes. For complicated joints, these 

modes can be obtained with joint FE modeling. 

From this starting point, the mode matrices for the undamaged and damaged 
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(a) Determination of Stiffness Matrix for the Left Joint 

k,  l"^ 

ko 

^2 t 
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_k2 

I 1^2 

(b) Determination of Stiffness Matrix for the Right Joint 

FIGURE 5.2. Stiffness Matrix of An L-Shape Joint 

joints can be written as 

O/O _ n>ttrpu 
"•'cm' (5.30) 

v|/0 _ *e — *e ^em (5.31) 

Then, similar to Eq. (5.15), the joint element stiffiiess matrices can be constructed 

from these mode data as 

K; = M2®?(T^)'"nrTS.(*;')''M; = (5.32) 

(5.33) 
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Finally, we can calculate the difference of the stifl&iess matrices: 

iQ - K; = (5.34) 

We now illustrate the approach in the L-shape joint shown in Fig. 5.2(a). 

Construct a mode matrix whose first three modes are the rigid-body modes and last 

one is a flexible mode: 

1 0  1 - 1  
0  1 0  0  
1 0  0  0  
0  1 1 1  

FVom this mode matrix a mass matrix can be calculated as 

M; = = I 

1 0 - 1 0  
0 3 0 -1 

- 1 0  3  0  
0 - 1 0 1  

Using Eq. (5.34), we obtain the element stiffness matrix variation as: 

AK, = 

-1 

0 
0 
1 

[ -1 0 0 1 ] 

(5.35) 

(5-36) 

(5.37) 

AK,= A/Je 
1  1 - 1 - 1  

1  1 - 1 - 1  

- 1 - 1 1  1  

- 1 - 1 1  1  

(5.38) 

which is the same as the sti&ess matrix derived before. As expected, we have one 

parameter for the element, since only one flexible mode is considered in this simple 

case. 
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FIGURE 5.3. DOFs of A T-Shape Joint 

Plane T-Shape Joints 

Plane Tshape joints are another kind of joint commonly seen in structures. Let 

us define a T- shape joint element with six interface DOFs, as shown in Fig. 5.3. 

From these six DOFs, we may define three rigid-body modes, two flexible rotations 

and one axial deformation (in this order): 

^0 ^ 

1 0 1 0 1 0 
0 1 0 -1 0 0 
1 0 0 0 -1 1 
0 1 -1 1 1 0 
1 0 0 0 -1 -1 
0 1 1 1 -1 0 

(5.39) 

The element mass matrix which can be formed from this mode matrix is 



85 

M; = (-fjj-'-c*;)-' = i 

8 0 0 0 0 0 
0 12 0 0 0 0 
0 0 10 2 -2 -2 
0 0 2 7 2 -1 
0 0 -2 2 10 -2 
0 0 -2 -1 -2 7 

(5.40) 

FVom this, we form the product of the mass matrix with the three flexible modes: 

0 4 0 
-6 0 0 
0 -2 6 
3 2 0 
0 -2 -6 
3 -2 0 

e e ^2 

Again, the stiffiiess matrix difference is 

ak.=K;-KJ = 

AKCU AKel2 A/Cei3 
= $2^ ^Ken AKe22 A/Ce23 

AKbIS ^l^e!23 A/Cgaa 

(5.41) 

(«?)'•, (5.42) 

where 

$05 

0 2 0 
-2 0 0 
0 -1 1 
1 1 0 
0 -1 -1 
1 -1 0 

(5.43) 

Matrix $2' is obtained from by multiplying a scaling diagonal matrix. 

The parameters A/Ceii and A/Ce22 related to the Joint flexible rotations, 

while A/Ce33 is related to the axial deformation of the joint branches. The off-

diagonal terms A/Cei2, A/Ceis, and Ak^ are related to the coupling of the flexible 
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deformation. If the effect of the joint damage on the axial deformation is neglected, 

we are left with three parameters for each element: A/Ceii, and A/Cei2- Finally, 

the vector function of AKe = K" — can be written as 

uecs(AKe) = 

" 0 0 4 
0 -4 0 
0 0 -2 
0 2 2 
0 0 -2 
0 2 -2 
4 0 0 
0 2 0 
-2 -2 0 
0 2 0 
-2 2 0 
0 0 1 
0 -1 -1 
0 0 1 
0 -1 1 
1 2 1 
0 -1 -1 
1 0 -1 
0 0 1 
0 -1 1 
1 -2 1 

Generally, from the expression 

AKe = 

we formulate 

UeCS(AKe) = EeUe, 

AKCII 
A«el2 
A«e22 

(5.44) 

(5.45) 

(5.46) 

where u« is a vector including all entries A/Cet^ in A/Ce, while the stiffiiess sensitivity 
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matrix Eg is determined by $2*- colmnns of Ee can be arranged such that 

Ue = t;ecs(A/Ce). 
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Chapter 6 

METHODS OF SOLVING DAMAGE EQUATIONS 

This chapter presents the theoretical background and numerical techniques for solv

ing the parameter variations due to structural damage. Recursive and non-negative 

least squares methods (LS) are outlined^ followed by the discussion on the regulariza-

tion in the LS methods. A least absolute-value simplex approach is also formulated, 

which is well suited to the damage identification in the process of selecting non-

negative variables. These methods can be improved to form substructure-based 

methods for the damage identification. A unique feature of the study presented in 

this chapter is the regularization by parameter subset selection. 

6.1 Theoretical Background 

Following the discussion in Chapters 2, 3 and 4, the damage equations after the 

parameterization can be written as 

Su = r + e (6.1) 

Here S is an m x riu coefficient matrix; u is an x 1 vector of variables representing 

the parameter variations; r is an m x 1 right-hand-side vector; and the error e can be 
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treated as the normally-distributed random variable with zero mean and a diagonal 

variance matrix. 

6.1.1 Recursive LS Methods 

Generally speaking, parameter estimation methods can be classified into two cat

egories: batch and recursive. Batch methods are preferred in simple or small-size 

problems. While compared to batch estimation, recursive estimation methods avoid 

direct inversion of matrices of large order and can also reduce computer memory re

quirements. Moreover, the parameter-recursive methods are particularly suited for 

damage detection, since in most applications, damage causes only a small percentage 

of the parameters to deviate from their original values. 

Suppose we have reformulated the equations for parameter variations, u, in Eq. 

(6.1). The solution of minimizing the weighted cost function can be written as 

Let us partition an Uk+i x 1 sub-vector Uk+x of u to be estimated at the current 

(k-l-l)-th step into two parts: 

J(u) = e^W^e, (6.2) 

which yields 

u = [S^WrfSj-^S^Wrfr (6.3) 

Ufc^+l 
Uifc+ 

(6.4) 
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where the n/b x 1 vector Ukje+i is to be updated from Uk estimated at the previous A;-th 

step, and the (n^. x 1) vector includes the parameter variations in a substructure. 

The (n x rik+i) sub-matrix Sk+i of S will also correspondingly be partitioned into 

two parts: 

Sjfe+i = [Sife,sjfe+], (6.5) 

where the sub-matrices Sfc and Sfc+ have the dimensions (n x Uk) and (n x n+) 

respectively. Now the matrix inverse can be written as 

-I 
rs^w si-^ - \ 1 [s WrfS] - (6.6) 

After a few steps of derivation, the updated parsuneter variations at the {k +1)  —th 

iteration turn out to be 

(6.7) TJ. • SfWAui ' 
— "fc+l (sn.)''Wir 

where Pk+i can be recursively calculated as 

„  _ r Pt(i+vA-'v^Pt) 
- -A-'V^Pi 

•PifcVA-' 
A-' 

(6.8) 

V = Sj'WjSt+, (6.9) 

Pt = (SrWiS»)-', (6.10) 

A-' = - V^P»V)-' (6.11) 
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Here A~^ involves the inversion of a matrix with the order n+ x n+, where n+ « n. 

Since the weighting matrix Wd is chosen to be symmetric, P* is obviously also a 

symmetric matrix. 

An alternative class of LS methods uses orthogonal transformations. Consider 

a QR decomposition of matrix 8^: 

QTSt = R» 

Then, by augmenting matrix Sk by the column block Sk+, we have 

(6.12) 

Qfc[Sfc,Sit+] = [Rfc,Q^Sfc+] (6.13) 

Let us define an m x m matrix Q: 

Q = I 0 
0 0*+ 

(6.14) 

where I is an nit x njb identity matrix and q;fe+ is an (m — Uk) x (m — 71^) matrix 

which will make the lower {m — nk) x (rn — nk) submatrix of QkSk+ triangular. Now, 

pre-multiplying [R^, QfcSjfe+] by matrix Q^, we obtain 

I 0 
. 0 0*+ Qnsj,s»+i - [J [R/fc, Q^Sfc+] 

-1 
= ! 

iT 
0*+ 

I 0 
0 q*+ 

Rfcl Qakl 
0 (qife+)^Q5ik2 

Rfcl QaJfcl 
0 Qak2 

(6.15) 

Both matrices Kk and Q^sjt+ have been partitioned into an njb x submatrix and 

an (m — njt) x (m — n*) submatrix: 

(6.16) 
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- i t ' l l  
(6.17) 

Equation (6.15) calculates R-ik+lj while 

Q*+l = Q* g 
0 

«!*+ J 
(6.18) 

which is still an orthogonal matrix. Recursively, we solve an approximate solution 

from the equation: 

R-fc+iUjfe+i — Qfc+ir, (6.19) 

whose detailed form is 

Rfci Qjifei 1 r 
0 (q*+)^Q4*2 J 1 "*+ 

o
 

•
 

[0 (<!»+)'•] 
(6.20) 

The last step of the recursive algorithm could include all the parameter varia

tions, and at that time the dimension of vector Ufc+i equals that of u. However, the 

algorithm can be terminated when Aufc^t+i does not change at the (k+l)-th step. 

In fact, it is obvious from the equations above that if 

SfcUife « r. (6.21) 

then 

AUfc,jfe+i 
Ufc+ 

« 0, (6.22) 

which shows that the solved parameter variation u/^ satisfies the formulated equa

tions. 
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6.1.2 A Non-Negative LS Method 

If we neglect the systematic modeling error, the parameter variations due to struc

tural damage must either be non-negative or non-positive. Let us take the parameter 

variations as being non-negative. Then, non-negative constraints must be applied 

in the least-square methods. The general LS problem with inequality can be stated 

as 

where rh inequality constraints are included. The following Kuhn-Tucker conditions 

characterize the solution vector for the LS problem with inequality constraints [40]. 

Kuhn-Tucker Conditions for LS with Inequality: 

An (n t̂ X 1) vector u is a solution for the LS with inequality if and only if there 

exists an (m X 1) vector y and a partitioning of the integers 1 through m into subsets 

S and S such that 

Min ||Su — r||, subject to Eu > g, (6.23) 

E^y = S^(Su - r) (6.24) 

^ = 0, for z € 5 

Cj > 0, for t € «S (6.25) 

•Qi = 0, for i € £ 

y,- >0, for i 6 «S (6.26) 
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where 

c = Eu — g (6.27) 

An algorithm with two levels of iteration for the LS problem with inequality 

constraint u > 0 is presented in [40] . The outer iteration enforces the Kuhn-Tucker 

Conditions, while the inner iteration enforces the non-negative condition. The equa

tions are solved for those non-zero components of u. The negative components with 

the minimal relative positive value inherited from the previous iteration are set 

to zero through adjusting the intermediate solution vector by the amount of this 

minimal relative positive value. 

6.1.3 SVD and Regularization 

Equation (6.1) is usually ill-posed in the sense of Hadamard if there is not a unique 

solution, or the solution u is not stable with respect to any disturbance of the data 

in S and r. To obtain approximate and stable solutions to Eq. (6.1), a regularization 

technique is required. The regularization turns the original problem into a closely-

related well-posed problem. Most of the commonly-used regularization techniques 

filter out the small singular values of matrix S. The retained significant singular 

components quantify the major information content of the problem. The rate of 

decay in descending singular values reflects the extent of the ill-posedness. In other 

words, singular value decomposition provides essential information determining if a 
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unique and stable solution can be obtained. 

A singular value decomposition of an (m x n^) matrix S can be written as [79] 

S = WSV^, (6.28) 

where the (m x m) matrix W = [wx, W2, • • •, w^] forms an orthonormal basis for 

the closure of the range of S; the {rin x n„) matrix V = [vi,V2, •• • , Vn.] forms an 

orthonormal complement of the null space of S. The (m x n^) singular value matrix 

E can be written as 

o-i 

E = E+ 0 
0 0 

,E+ = 
<T2 

(6.29) 

where E+ contains only the // < min(m, n«) nonzero singular values of S in descend

ing order. 

When /i < min{m,Tiu), the most straightforward method to solve u is to use 

the Moore-Penrose generalized inverse: 

- V [ T  : I  W^r, (6.30) 

which can be expressed as 

(6.31) 
YssI 

where Pi = wfr. It can be shown that Eq. (6.31) is the unique minimum norm 

solution, or the best approximate LS solution of the problem in Eq. (6.1); namely, 
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Eq. (6.31) solves the constrained minimization problem 

mm||u||, (6.32) 

subject to the constraints given by Eq. (6.1). However, the solution given by Eq. 

(6.31) is not stable if some of singular values are very small, since the smallest 

singular values will dominate the solution; and as a result, slight perturbation of the 

data will make the solution deviate significantly from the right one. 

To achieve a stable but an approximate solution, the influence of the compo

nents associated with the small singular values should be depressed regularization. 

Usually, regularization methods generate an approximate solution with the following 

form; 

The spectral filter function /„ depends upon the singular values c,, i = 1,2, • • • 

and the regularization parameter a, which can be interpreted as a cut-off parameter. 

For the truncated singular value decomposition we have 

Various iterative methods specify as a polynomial in a, [83]. The most 

widely used regularization method is Tikhonov Regularization, where the approxi

mate solution Ua is 

(6.33) 

(6.34) 

Ua = (S^S -I- aB^B)-̂ S^r (6.35) 
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which minimizes the functional 

T.(u) = i||Su-r|| + |||Bu|| (6.36) 

Matrix B is referred to as the regularization operator, which is a linear operator in 

most applications. When B is an identity matrix, the functional (6.36) degenerates 

to a standard form as: 

which is also called a damped SVD method. Note that the cut-off parameter a has 

little effect on the components of the solution corresponding to the relatively large 

singular values. It can be expected that Ua approaches u when ot tends to zero. 

Specially, when B is invertible, the functional in Eq. (6.35) can be transformed 

back into the standard form through the change of variables u = Bu. 

The minimizer of the functional with the standard form, however, may not 

be appropriate for the structural damage identification or the FE modeling updat

ing. This is due to the smoothness property of the minimum norm solution, while 

some 'discontinuity' is expected in the structural parameter variations. One kind of 

constraint suggested by [50] allows irregular features of the solution such as discon

tinuities. This constraint is expressed as 

T„{u)=i||Sa-r||+|||u|| (6.37) 

For the standard form functional, the spectral filter becomes 

(6.38) 

u = $c, (6.39) 
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where c is introduced as a new set of variables. By this transformation, equations 

about c can be formulated as 

Qc = W^r, (6.40) 

where matrix Q = is usually ill- conditioned. Applying the standard regu-

larization yields the following solution: 

Ca = (al + Q^Q)-^Q^W^r (6.41) 

Ua = $(al -h Q^Q)-^Q^W^r (6.42) 

It was mentioned by Linz [50] that the desired solution characteristics could be 

represented by matrix It is interesting to note that Linz's method is equivalent 

to the problem in Eq. (6.35), if we select B such that which has the desired 

solution characteristics for the interested application. Recall that the functional in 

Eq. (6.36) can be transformed into the standard form by u = Bu and S = SB~^. 

The equivalence becomes obvious if we rewrite Ca as 

Ca = (al + (6.43) 

Thus, the standard form is 

Ca = (al + S^S)-^S^W^r (6.44) 

after introducing S = S$. 
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Perhaps a more general regularization would be 

Ua = + Q^Q)-^Q^W'^r (6.45) 

The matrices $ and B will be appropriately selected for obtaining the desired prop

erties of the solution. Choosing $ for a desired solution, however, may not be 

practical if the locations of the discontinuities are not known in advance, as in the 

circumstances of the damage identification. It is the selection of the parameter a 

that becomes a central issue in various inverse problems [17, 1]. 

6.1.4 A Simplex Method 

It is well known that if matrix S is ill-conditioned, the product S'^S has even a 

larger condition number than that of S. If a regularization technique is used, this 

disadvantage is compensated to some extent by the term ocB^B. Moreover, the 

non-positiveness of the solution in the structural damage identification will impose 

further constraints on the minimization, which tends to increase the computational 

cost. Based upon this consideration, a linear programming simplex method will be 

utilized for solving the structural damage location. Using the simplex method is 

justified from its unique features, which will be briefly described in the following. 

Let us formulate a linear programming problem based upon Eq. (6.1) as: 

min c^(e+ -f- e_) (6.46) 
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subject to 

Su = r -I- e+ - e_, 

Eu < g, 

u,e+,e_ > 0 (6.47) 

Here vector c contains a given set of cost coefficients. The residual e has been 

decomposed into two positive parts. The first step in the simplex method is to in

troduce slack or surplus variables u« to change the inequality constraints to equality 

constraints so that the original problem may be expressed in the form 

min c^x (6.48) 

subject to 

{ Ax = b 
X > 0, 

(6.49) 

where 

X = 

—
1 • 

" c ' 
e_ c 
u 

,c = 
0 

. . 0 

,b = r 
g 

(6.50) 

and 

^ [ 0 0 E I 
(6.51) 

A set of variables in x corresponding to the independent columns of A are called 

basic variables. These variables constitute a basic feasible solution if they satisfy the 
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constraints Ax = b with x > 0 when the remaining variables other than the basic 

variables are set to zero. The number of basic variables does not exceed the number 

of constraints. 

The simplex method searches for an optimal solution, among the basic feasible 

solutions, which can be efficiently and conveniently performed with simplex tableaus. 

Normally, in each iteration of the simplex method, a basic variable becomes non-

basic (from non-zero to zero) and meanwhile, a non-basic variable becomes basic 

(from zero to aon-zero). By this way, the simplex method attempts to find a new 

basic feasible solution with an improved value of the objective function. To start 

a simplex algorithm, however, an initial basic feasible solution should be chosen. 

Introducing artificial variables will make this initialization straightforward. 

It can be seen that the basic feature of the simplex method is well suited to 

the problems of the structural damage identification. In addition, an initial basic 

feasible solution can be established from a priori information in the damage iden

tification so that artificial variables in the traditional simplex method can be avoided. 
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6.2 Substructure-Based Methods 

6.2.1 Regularization by Parameter Subset Selection 

The essence of the regularization is to establish some constraints on the solution 

such that the solution becomes stable while it is also close to the original one. An 

alternative approach to establish the constraints on the solution is variable subset 

selection, or parameter subset selection, which can be expressed as 

Bu = 0 (6.52) 

with matrix B containing only one's and zero's. If the i-th diagonal entry = 1, 

the z-th parameter is not selected. Equation (6.1) can be augmented to form a new 

equation : 

(6.53) 

Based upon the augmented problem, the weighted least squares estimate of u is 

• S r e 
B 

u = 
0 0 

u = ([S^B^] Wx 
W, ][ |])-(S-Bn[^- (6.54) 

u = (S^WiS + B^W2B)-^S^Wir (6.55) 

where Wx and Wj are diagonal weighting matrices. The solution stated in Eq. 

(6.55) is identical to the general Tikhonov regularized solution if Wx = I and W2 = 

cd. 
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According to this relationship, this work will adopt a novel approach of regular

izing the ill-posed problem for the structural damage identification. The constraint 

matrix B will be formulated based upon the parameter subset selection, rather than 

based upon some mathematical consideration. The parameter subset selection it

self implies the discontinuity in the solution, which is an important property of the 

structural parameter variations due to the local damage. 

The purpose of parameter selection is to find those parameters which are signif

icantly affected by the structural damage , thus circumventing the ill-conditioned, 

large-size problem of parameter identification. The parameters which are not se

lected are fixed at zero. We can simply say that they are deleted. From the separa

tion theorem of SVD, the singular values of S with one column deleted interlace with 

those of S, thus leading to a reduced matrix of S with a smaller or at least an equal 

condition number. The expense of deleting a column, however, is the increased or 

at least an equal residual vector. In summary, parameter selection will improve the 

conditioning of the damage location problem. 

6.2.2 Parameter Selection Algorithms 

(a) Substructure-Based LS with Full Rank Subset Selection 

The substructure-Based LS method with full rank subset selection filters out 

the insignificant singular values and chooses the columns of S which are linearly 



104 

independent. The basic steps are listed as follows: 

1. Determine rank of S = ns-

2. Select substructure-based parameter subsets with riaub variables (nmi < ns) 

such that the corresponding columns of S are independent. 

3. Solve each selected parameter subset with the least square method. 

4. Select a solution with the smallest residual ||Su — r||. 

(b) Substructure-Based Pa-ramftter-Recursive LS 

The substructure-based parameter-recursive LS method is used to solve the 

parameter variations recursively by appending a new set of parameters of a sub

structure into the LS problem. As the set of selected parameters is growing, the 

problem would be ill-conditioned, which will require the second level parameter 

selection. The equation residual will be checked as more parameters are selected. 

(c) Substructure-Based Simplex Method 

As mentioned before, the simplex method searches for an optimal solution from 

the feasible basic solutions. The simplex method can be implemented with param

eter subset selection. The basic steps are presented in the following: 

1. Augment a new subset of parameters corresponding to a substructure to the 

previously selected subset. Or select a group of parameter subsets. Note that 

the rank of the selected columns S may not be independent. 
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2. Solve the selected parameter subset with the simplex method with absolute 

error criterion. 

3. Choose the parameter subset with the minimum residual ||Su — r||. 

The algorithms introduced here can be summarized in a generic procedure 

shown in Fig. 6.1. 
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Figure 6.1. The Generic Procedure of Solving the Parameter Variations 
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Chapter 7 

NUMERICAL EXAMPLES 

In this chapter, the analytical methods proposed in the preceding chapters for pa

rameterizing the stifhess matrix and solving for the parameters are illustrated 1^ 

various examples. Since the sjrstematic modeling error is unavoidable, the effects 

of the error is discussed with a cantilever beam example in the first section. An 

example of a 5-bay planar truss is presented in Section 7.2. The joint damage iden

tification in a frame structure is described in Section 7.3, where the numerical results 

verify the proposed methods. 

7.1 Effects of Systematic Modeling Error 

7.1.1 Model Description 

In this section, we present numerical results on how the systematic modeling error 

affects the damage detection by methods introduced in Chapter 2. For this purpose, 

let us consider a planar, uniform cantilever beam with the following modeling char

acteristics: 

- Length L = l m 

- Density p = 7850 Kg/rn? 
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- Cross section area A = 0.127388 x 10~® w? 

- Elasticity Modulus E = 7.74377 x 10® iV/m^ 

- Cross-section moment of inertia I = 1.29136 x 10~® m* 

In order to take into account the systematic modeling error, we distinguish 

between two models: the fine model AI32 with 32 DOFs and the coarse model Ada 

with eight DOFs. The former model is used to generate the response data, while 

the later is used as the working model for the damage location. The cantilever 

beam with 16 elements and 32 DOFs is shown in Fig. 4.1, where only those DOFs 

corresponding to model are displayed. In the following, when we talk about 

the modal data and response of M32, we are actually referring to the DOFs of 

A432 associated with those of Alg. Also, we identify the elements between the fixed 

end and node 4 as the first superelement, those between node 4 and node 8 as the 

second superelement, and so on. The superelement parameterization is based upon 

the discussion in Section 4.2.2 under the topic of the plane frame element. 

7.1.2 Comparison of Modal Data and FRF 

Table 7.1 gives the mode frequencies of both models as well as the exact values. 

Table 7.2 presents the mode shapes of the two models. The point FRF at the 7th 

DOF of model Ms and the point FRF at the corresponding DOF of model M32 are 

shown in Fig. 7.2. The results show that the two models have close modal data up 

to the 4th mode. 
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TABLE 7.1. Mode Frequencies (rad/s) of the Coarse and Fine Models 

Model with 8 DOFs Model with 32 DOFs Exact values 

3.5161e+00 3.5160e-f00 3.5160e+OG 
2.2061e-l-01 2.2035e+01 2.2035e+01 
6.2196e+01 6.17G0eH-01 6.1698e-l-01 
1.2299e+02 1.2092e+02 1.2090e+02 
2.2887e+02 1.9994e+02 1.9986e+02 
3.7389e+02 2.9883e+02 2.9856e+02 
6.2440e+02 4.1772e+02 4.16996+02 
1.2203e-f03 5.5686e-l-02 5.5517e+02 

Table 7.2. Mode Shapes of the Coarse and Fine Models 

Model with 8 DOFs Model with 32 DOFs 

Mode 1 Mode 2 Mode 3 Mode 4 Mode 1 Mode 2 Mode 3 Mode 4 
-0.1946 -0.8364 1.4728 -1.4315 -0.1946 -0.8345 1.4491 -1.3707 
-1.4563 -4.5839 3.2344 6.5716 -1.4562 -4.5730 3.1714 6.6595 
-0.6791 -1.4308 0.0449 1.4756 -0.6790 -1.4273 0.0394 1.4147 
-2.3263 0.9076 -11.2696 0.4108 -2.3261 0.9063 -11.1049 0.0902 
-1.3156 -0.2709 -1.1844 -1.2721 -1.3155 -0.2700 -1.1630 -1.2432 
-2.6943 7.8016 5.3663 -5.6802 -2.6942 7.7836 5.3320 -5.2461 
-2.0001 2.0046 2.0279 1.9982 -2.0000 2.0000 2.0001 2.0006 
-2.7532 9.5852 15.9751 22.4054 -2.7530 9.5617 15.6986 21.9987 
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Y 

Figure 7.1. A Cantilever Beam with 16 Elements 

Table 7.3. Modes Covered in Different FVequency Ranges 

Frequency Range (rad/s) Number of the Modes Covered 

50 2 
100 3 
200 5 
300 6 

Although the modal data in the low frequency band are very close to each 

other, the displacement spectra of the two models are quite different if the excitation 

frequencies are higher than the 4-th mode frequency. In the following sections, effects 

of the systematic modeling error axe discussed for different frequency ranges. The 

number of the modes covered in each of the frequency ranges is given in Table 7.3. 
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FIGURE 7.2. Comparison of FRF between Models with 8 and 32 DOFs 

7.1.3 Effects on Damage Location Vectors 

Suppose there is a damage element between nodes 5 and 6 in model M 32 , where the 

elasticity modulus has reduced 50%. If we assume that the system matrices of the 

undamaged beam can be obtained from an FE model , damage location vectors in 

the frequency domain can be calculated by 

(7.1) 
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or 

Ul{i) := AKH-'Cwi) = F(u;<) + (a;?M - K)H'*(a;<), (7.2) 

where M and K are mass and stiffness matrices of model without damage. The 

components of X(a;,-) or corresponding to the DOFs in Ms, are extracted 

&om the responses of X = [wt, U8,Ui5,ui6,«23j«24jI'31j W32]- The system ma

trices M and K of M-s are defined corresponding to these measured DOFs. The load 

F(u;{) is applied along the DOF U23. In this example, F(c<;t) has only a nonzero con

stant component. Therefore, the response vectors X(a;i) are the frequency response 

functions It is also assumed that the rotational components of are 

not measured. An expansion algorithm, which can be categorized as a projection 

expansion method, is used to expand the FRF vectors as 

where includes the measured FRF components. The mass and stiShess 

matrices are partitioned into four submatrices associated with the measured and 

unmeasured DOFs: 

Strictly speaking, the stiffness matrix of the damaged beam should be used in the 

expansion. Here, the approximation is made by using the stiffness matrix of the 

(7.3) 

with 

Mn Mi2 _ Ku KI2 
M21 M22 ' K21 K22 
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undamaged beam to avoid any iteration. It can be seen that the transform matrix 

T is frequency dependent. 

Damage location vectors are calculated over different frequency ranges. The 

root mean squares (RMS) of the components in damage location vectors are calcu

lated for each of the eight DOFs as follows: 

The results are shown in Figs. 7.3, 7.4, 7.5, and 7.6. Without the systematic error, 

we would expect that the RMS values at DOFs 5, 6, 7 and 8 to be zero, since only 

DOFs 1 to 4 are directly affected by the damage. It is observed that the RMS 

values at the damaged locations are no longer distinguishable when the maximum 

frequency is high up to 300 {rad/sec), as can be seen in Fig. 7.6. 

7.1.4 Effects on Damage Detection with Input Formulation 

The formulations introduced in Chapter 2 do not require baseline stiffness matrices. 

In the input formulation, the baseline mass matrix of Ms is required to calculate 

the modal coordinates. Therefore, the mass matrix of model /Ag is used. The load 

F is defined the same as in the previous subsection. The response vectors X(A;T) are 

the frequency response functions Moreover, the first three modes are used 

in the damage location. Besides the systematic error due to the modeling, another 

kind of error is introduced in estimating the rotational components of mode shapes 

(7.4) 
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Figure 7.3. RMS Values of Damage Location Vectors {umax = oOrad/s) 

and the FRF vectors from the translational components. 

The stiffness variations of four superelements are defined using the plane frame 

element model described in Section 4.2.2. Each superelement has one stiffness pa

rameter, which is normalized such that the stifGaess variation is negative one when 

stiffiaess is completely lost. The minimum-norm LS solution was obtained when all 

stiffiiess parameters were selected. A constraint was added such that the absolute 

value of each stiffiiess parameter was not larger than one. The calculated result is 

given in Table 7.4 for three different frequency ranges. The smallest values (nega-
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Figure 7.4. RMS Values of Damage Location Vectors {ujmax = lOOrad/s) 

tive) appear in the second superelement between nodes 4 and 8. Evidently, the fake 

stiffiiess variations in the other superelements are caused by modeling errors. 

7.1.5 Effects on Damage Detection with FRF Formulation 

Now let us look at the effect of the systematic modeling error on the FRF formulation 

in Eq. (3.11). The FRFs are calculated from the models with 32 DOFs and then 

extracted to represent the FRFs of the models with eight DOFs. Thus at each 

discrete frequency point, H" and H** are 8x1 vectors. The load F is also defined 
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Figure 7.5. RMS Values of Damage Location Vectors {LUmax = 200raxi/s) 

the same as in the previous subsection. Both and H** have to be expanded 

by estimating the rotational components. The calculated result for three different 

frequency ranges is similar, as seen in Table 7.5. 

7.1.6 Effects on Damage Detection with. SDF Formulation 

Finally, the effects of the modeling error on the SDF formulation are illustrated. The 

same approximation as that in the previous subsections is used here. The calculated 

results are presented in Table 7.6. 
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Table 7.4. Normalized Element Stifihess Variations Input Formulation 

'•^max = 100(rad/s) = 200(ra<i/s) (jJmax = SQO{rad/s) 
Superelement 1 0.532 0.588 0.856 
Superelement 2 -1.000 -1.000 -0.902 
Superelement 3 -0.718 -0.333 -1.000 
Superelement 4 0.613 0.231 0.984 

Table 7.5. Normalized Element Stiffness Variations by FRF Formulation 

i^max = I00{rad/s) t^max = 2QQ{rad/3) (^max = 300(rad/s) 
Superelement 1 1.000 1.000 1.000 
Superelement 2 -0.535 -0.559 -0.560 
Superelement 3 0.022 -0.097 -0.098 
Superelement 4 0.112 0.255 0.256 

Table 7.6. Normalized Element Stiffiiess Variations by SDF Formulation 

^max = lQO{rad/s) ^max = 200{rad/s) = 300(rad/s) 
Superelement 1 1.000 1.000 1.000 
Superelement 2 -0.505 -0.513 -0.513 
Superelement 3 0.163 0.182 0.182 
Superelement 4 -0.056 -0.080 -0.080 

Table 7.7. Normalized Element Stiffness Variations by Simplex Method 

FRF formulation Input formulation SDF formulation 
Superelement 1 0.000 0.000 -0.254 
Superelement 2 -0.662 -1.000 0.000 
Superelement 3 -0.059 -0.419 0.000 
Superelement 4 0.000 0.000 -0.068 
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Figure 7.6. RMS Values of Dame^e Location Vectors {ojmox — 300ra<//s) 

The stiffness variations solved by the simplex method with the maximum fre

quency being 300 radfs are presented in Table 7.7. The simplex method yields only 

positive solutions. For consistency, the sign of the result is reversed in the table. 

A constraint was also added such that the absolute value of the stifihess variations 

does not exceed one. Table 7.7 shows that the FRF formulation gives the better 

result in this case, while the SDF formulation does not point out the right damage 

location. 

The results above with various formulations show that the higher frequency 
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response tends to yield the larger damage location discrepancy under the effects of 

the systematic modeling error. Even with baseline model matrices available, the 

same result was observed. It is indicated in the beginning of this section that the 

modal frequencies of the coarse and fine models differ significantly in the higher fre

quency band. Unfortunately, the inherent nature of the inverse problem implied in 

the damage detection tends to amplify the high frequen^r error. This observation 

suggests that the high frequency component of the measured response should be 

filtered out if the error in measurements is significant or the measurement based an

alytical model has to be much simpler than the actual structure under investigation. 

7.2 Damage Identification in a 5-Bay Planar Truss 

In this section, we illustrate the input formulation with a truss structure. Consider 

a 5-bay simply supported planar truss with 12 nodes, as shown in Fig. 7.7. Each 

bay is 0.5 m long and 0.5 m wide. The cross-section of each truss element is 0.008 

and the elasticity modulus is 2.04 x 10^^ Nlm^. The 1st node is fixed and the 

y DOF of the 11th node is constrained. Hence, the model has 21 DOFs. 

The mass matrix of the undamaged truss is used to calculate the modal coor

dinates. The load F is a superposition of sine waves with frequencies up to 1000 

rad/s and is applied along the 14th DOF (y DOF of the 8th node). The first 10 

modes are used in transforming equations. 
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Figure 7.7. A 5-Bay Simply Supported Planar Truss with 12 Nodes 

The stiffiiess matrix variation AK is parameterized, thus reducing the number 

of unknown parameters to be solved. For the present case, the stiffness of the 

elements, pe = {AE)e/L^, is chosen to be the unknown parameter. The element 

stiffness matrix is 

where c = cos{oi^), s = sin{Qe) and Oe is the orientation angle of the e-th element. 

The element stiffness variations Ape = A{{AE)e/Lg), for e = 1,2, • • • , 25, are 

solved by the parameter-recursive LS algorithm. The algorithm updates the previ

ously calculated parameter variations [Api, Ap2>"' > ^Pe] estimates Ap(e^i). 

If [Api, Ap2> • * • , Ape] are not changed at the (e + l)-th step, except for the cal

culation error, the algorithm is terminated and the obtained parameter variations 

indicate the damage locations. In this example, the elasticity modulus in the 9th 

and 16th elements is reduced from 2.04 x 10^^ N/m^ to 1.5 x 10^^ Nfm^. The compu

tation terminates at e = 17, which implies Apxr, • - • , Ap2x are zero. The calculated 

'e 

(? cs —<? -cs 
cs —cs —s^ 

—(? —cs (? cs 
—cs —s^ cs 

(75) 



121 

stiffiiess variations are given in Fig. 7.8, which clearly shows the damage locations. 

xio" Bement parameter varfations in a planar truss due to damages 

10 15 
Number of element 

Figure 7.8. Identified Damage Locations in the Planar Truss 
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7.3 Damage Identification in a Frame with Flexible Joints 

7.3.1 A Plane Portal Frame 

In this section, a plane portal frame with L-shape and T-shape joints, as shown 

in Fig. 7.9, is used as a simulated example to examine the generic joint element 

approach. The frame is made of aluminum beams with flexible joints. The beams 

have a constant rectangular box cross section. The first eight natural frequencies 

of the undamaged frame are: 138.9, 439.5, 1046.2, 1290.2, 1397.5, 1545.0, 1620.0, 

1780.1 rad/s. 

To obtain the frequency responses for the joint damage detection, FE models 

were established with 12 plane beam elements with eight pinned joints constrained 

with rotational springs. The FE models for both damaged and undamaged frames 

have 36 DOFs, of which the translational DOFs at nodes 2, 6, 9, 10, 12, 16 were 

used as 'measurement' points for the joint damage detection. The joint elements 

defined in formulating damage equations are listed in Table 7.8. The L-shape and 

T-shape joint elements have four and six DOFs respectively, as described in Section 

4.3. 

The following four damage cases were considered: 

• Case 1: damage in the left T-shape joint, 

• Case 2: damage in the right T-shape joint, 
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Table 7.8. Joint Nodes of the Portal Frame 2D Model 

Joint number Joint node indices 

Joint 1: Left L-shape joint 6 10 
Joint 2: Right L-shape joint 16 10 
Joint 3: Left T-shape joint 2 6 9 
Joint 4: Right T-shape joint 12 16 9 

• Case 3: dam^e in the left L-shape joint and 

• Case 4: damage in the right L-shape joint and 

• Case 5: damage in the left T-shape and the right L-shape joints. 

The damage was formed by reducing the stiffness of the springs at the pinned joints 

in the FE models. There are eight variables representing the stiffiiess variations at 

the joints: three variables for each of the T-shape joints; one variable for each of 

the L-shape joints. For all cases, the equations were formulated with the frequency 

response function at the y DOF of node 10. The maximum frequency used is 1500 

(rad/sec). Besides the systematic modeling error, up to 5% random error was added 

to the frequency response function to simulate the unavoidable measurement error. 

The solution vector includes eight parameter variations: the first two are associated 

with the left and right L-shape joints; the last six are associated with the left and 

right T-shape joints. 

The non-negative LS method is used to solve the parameter variations. The 
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results are presented in Table 7.9. From Table 7.9 it can be seen that the damaged 

joints have relatively larger parameter reduction. In case 1, the largest parameter 

variation appeared in the left T joint, which is actually damaged. In case 2, the 

right T joint is damaged and has the largest parameter variation. The other cases 

have the similar results. The joint stiffifiess matrix variations calculated from the 

joint parameter variations also point out the same damage locations. These results 

show that at the damage locations, the joint parameter or stiffness variations are 

significantly larger. Some irregular parameter changes reflect the effect of both the 

modeling error and the random noise. 

The damage equations are also solved by the pseudo-inverse with parameter 

subset selection. For each solution, only the parameters associated with one joint 

are selected, while other parameters are assumed to be zero. Various solutions for 

different variable selections are given in Tables 7.10 - 7.12, together with the relative 

residu£il norm defined as the norm of the equations normalized by the norm of the 

right hand sides. From the results it can be seen that when the parameters of 

the damaged joint are selected, the relative residual norm of the equations is much 

smaller than those corresponding to the selection of parameters of the undamaged 

joints. These solutions justify the results presented in Table 7.9. 



125 

Table 7.9. Summary of Parameter Variations 

Solution (xlO^) 

Cases Left L Right L Left T Right T 
Case 1 0 0 -1.44,0,-0.5 0,-0.07,0 
Case 2 0 0 0,-0.36,-0.18 -1.40,-0.31,-0.35 
Case 3 -0.37 -0.14 0,0, 0 0, -0.05,0 
Case 4 0 -1.61 0, -0.04, 0 0,-0.07,0 
Case 5 -0.03 -1.41 -1.23, 0, -0.54 -0.19,0,0 

Table 7.10. Case 1 - Damage in the Left T Joint 

Variables 
selected at 

Solutions (xlC*) Residual 
norm 

left T joint 0 0 -1.42, 0.08, -0.45 0,0,0 0.010 
right T joint 0 0 0,0,0 •1.31, 0.61, -0.99 0-165 
left L joint -0.67 0 0,0,0 0,0,0 0.943 
right L joint 0 -2.65 0,0,0 0,0,0 0.701 

Table 7.11. Case 2 - Damage in the Right T Joint 

Variables 
selected at 

Solutions (xlO"*) Residual 
norm 

left T joint 0 0 -1.29, -0.61, -1.00 0,0,0 0.167 
right T joint 0 0 0,0,0 -1.40, -0.08, -0.47 0.025 
left L joint -6.47 0 0,0,0 0,0,0 0.709 
right L joint 0 -2.13 0,0,0 0,0,0 0.966 
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Table 7.12. Case 3 - Damage in the Left L Joint 

Variables 
selected at 

Solutions (xlO*) Residual 
norm 

left T joint 0 0 0.08, -0.15, -2.73 0,0,0 0.388 
right T joint 0 0 0,0,0 -0.38, -0.24, -1.17 0.141 
left L joint -0.41 0 0,0,0 0,0,0 0.063 
right L joint 0 -2.05 0,0,0 0,0,0 0.216 

7.3.2 A 3D Portal Frame 

The same portsd frame with L-shape and T-shape joints, as in Fig. 7.9, is also mod

eled as a 3D structure. To obtain the frequency response for the joint degradation 

detection, FE models were established with 12 3D beam elements and eight pinned 

joints constrained with rotational springs. The FE models for both healthy and 

damaged frames have 78 DOFs, of which the translational DOFs at nodes 2, 5, 6, 

8, 9, 10, 12, 15, 16, 18 were used as 'measurement' points for the joint degradation 

detection. The FE models and the working models for degradation estimation have 

different number of DOFs, thus resulting in the systematic modeling error. Besides 

the systematic modeling error, up to 10% random error is added to the frequency 

response function to simulate the possible measurement error. 

The joint nodes in this example are listed in Table 7.13. Each of the two L-

shape joints has three nodes, while each of the two T-shape joints has four nodes. 

If all in-plane {x-y plane) and out-of-plane joint flexible rotations are taken into 
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Table 7.13. Joint Nodes of the Portal Frame 3D Model 

Joint number Joint node indices 

Joint 1: Left L-shape joint 8 6 10 
Joint 2: Right L-shape joint 18 16 10 
Joint 3: Left T-shape joint 5 2 6 9 
Joint 4: Right T-shape joint 15 12 16 9 

account, there are three unknown parameters for each of the L-shape joints and six 

unknown parameters for each of the T-shape joints. Without loss of generality, we 

assume here that the joint degradation affects only the in-plane joint rotations. With 

this assumption, we have one unknown parameter for each L-shape joint and two 

parameters for each T-shape joint. The damage is formed by reducing the stiffness 

of the springs at the pinned joints in the FE models. 

Four different degradation cases were considered in the portal frame: 

• Case I: Beam cross sections are same and degradation at joint 1 and 4. 

• Case II: Beam cross sections are same and degradation at joint 1 and 2. 

• Case III: Beam cross sections sire different and degradation at joint 1 and 4. 

• Case IV: Beam cross sections are different and degradation at joint 1 and 2. 

For all cases, the damage equations were formulated with the frequency response 

function when the structure was excited at the y DOF of node 10. The solutions of 
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Table 7.14. Parameter Variations of the 3D Frame 

Degradation Cases 

Parameters Case I Case II Case in Case IV 
Parameters of joint 1 4.4x10* 5.8x10* 6.1x10* 12.4x10* 
Parameters of joint 2 0 0 0.6x10* 0 
Parameters of joint 3 0.8x10* 0 0.4x10* 0 

0 0 0 0 
Parameters of joint 4 3.0x10* 0 6.6x10* 0 

3.8x10* 0 0 0 

the joint parameter variations for these degradation cases are given in Table 7.14, 

which shows that parameter variations are significantly larger at the locations where 

the joint stiffness is reduced. When degradation is located at two L-shape joints, 

however, the solution indicate only one damage location in these two joints. In 

summary, the results show that the method can detect most of the degradation 

locations, though both systematic and random errors are present. 
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Figure 7.9. A Portal Frame with Flexible Joints 
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Chapter 8 

APPLICATION TO AUTOMOTIVE STRUCTURES 

This chapter demonstrates the application of the methods proposed in the proceed

ing chapters to real vehicle structures. The modal test data of a vehicle frame is 

used to identify the vehicle structure degradation locations. After the introduction 

in Section 8.1, the basic procedure of the degradation identification in the vehicle 

structures is systematically presented in Section 8.2, where some numerical consider

ations are also described. The results and discussion of the degradation identification 

of the vehicle frame are given in Sections 8.3 and 8.4. The synthesized FRFs based 

on the identified parameter variations are compared with the measured FRFs to 

justify the degradation locations. 

8.1 Introduction 

Though the proposed method was verified by the simulated examples, validation 

of the method by experimentally obtained data of vehicle structures is the final 

objective of this study. The FRF data of two vehicle frames with the same design 

for a light truck was obtained from modal experiments. One frame had been used 

for 10 years and the other was new. The new frame and the used or degraded 

frame will be referred as 0-YIS (Years In Service) and 10-YIS frames respectively. 
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The following assumptions are used in the degradation identification of the vehicle 

structures: 

• The new frame is undamaged and used as the baseline frame. 

• Structural degradation occurs only in the structural joint areas of the 10-YIS 

firame and can be represented by local stifihess variations 

• There are no mass and damping changes in the degradation areas 

• Local stifCiess change is independent of test excitations 

Based on the available measured data, the FRF formulation of the damage 

equations described in Chapter 3 is used. The measurements were located at the 

same corresponding locations in both baseline and degraded structures. The identi

fication of the degradation is actually the identification of the measurement locations 

in the two structures where the stifihess is different. 

8.2 Basic Procedure of the Identification 

Since the degradation identification in the vehicle structures involves very compli

cated work, an explanation of the identification procedure specific to this problem 

is necessary for understanding the work. The basic procedure, as illustrated in Fig. 

8.1, includes the following steps: 
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1. Determine basic deformation modes of joints. 

• Specify joint nodes, which should be the measurement locations. In the 

present application, all joint elements defined in formulating equations 

are 3D elements. For example, an L-shape joint element has three nodes 

and nine DOFs, while a T-shape joint element has four nodes and 12 

DOFs. In general, a joint with m branches has m +1 nodes and 3(m+1) 

DOFs. 

• Determine basic deformation modes of the specified joints. For this ap

plication, FE models for the joints are generated to determine the joint 

mass and stif&iess matrices, and then the joint mode shapes. 

2. Parameterize joint stiffness matrices. This step reduces the number of un

known parameters to be solved for locating the degradation areas. The num

ber of joint parameters is the number of the flexible modes of the joint, if the 

coupling of the deformation is neglected. 

3. Formulate damage equations. Damage equations are formulated by using the 

measured FRF data. The joint parameter variations defined in step (2) are 

the unknown variables in the equations. 

4. Solve the damage equations for joint parameters. 

5. Postprocess the results. The joint parameter variations are used to indicate 

the locations of the degradation. 
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All these steps described above have been implemented in a matlab program 

package, called SDLI, which requires following input data: 

• measurement point indices and coordinates. 

• joint node indices. 

• measured FRF data of the healthy baseline structure. 

• measured FRF data of the degraded structure. 

Data of Measurement Point Indices and Coordinates 

The measurement point indices specified in the modal tests and measurement 

point X, y and z coordinates are required to define joint superelements and to for

mulate the damage equations. The size and shapes of the joints to be defined are 

dependent on these coordinates. 

Data of Joint Node Indices 

The joint nodes specify the joint boundaries, while the node indices are used 

to estimate the joint flexible modes. Each joint is defined by a set of measurement 

points, called joint nodes: The first node is the joint center node, while the other 

nodes are the joint branch nodes. 

Data of Measured FRFs 
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The originai FRF data was generated by LMS CADA-X, a dynamic test lab 

software package of the LMS International, and saved in CADA-X universal file for

mats. A program is developed to read the universal files and rewrite the data in the 

desired formats for a matlab program main-jt-damid.m in SDLI. The reformatted 

FRF data contains records of the discrete FRF values corresponds response DOFs, 

while the fields in a data record correspond to reference DOFs and frequencies. For 

the i-th response DOF, the j-th reference DOF, and the A:-th frequency, the FRF 

value is located at record i and field [(A; — 1) x (number of reference DOFs) -Hi]. 

Besides the data described above, the following parameters are also the part of 

the required data of the program package SDLI; 

• starting and ending frequencies (Hz) of the measured FRF data 

• frequency increment 

• number of measurement locations 

• number of measurement degrees of freedom 

• number of specified joints 

• number of excitation references and the corresponding DOF indices 

The parameterization of joints in SDLI is performed by Tnain.jt-param.m, which 

requires the measurement location coordinates and the joint node indices. Following 
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the joint parameterization, the damage equations are formulated and solved by pro

gram main-damid.m, which requires not only the measurement location coordinates 

and the joint node indices, but also the measured FRF data. 

8.3 Degradation Locations in A Vehicle Frame 

The structure of the vehicle frame under investigation is shown in Fig. 8.2. In the 

modal tests for the FRF data, the frames were supported by four air springs, whose 

stifihess is low such that the spring mode frequencies are well separated from the 

mode frequencies of the frames. The FRF data of the 0-YIS frame or the baseline 

frame and the FRF data of the 10-YIS frame were measured at 106 locations in 

three orthogonal directions. The measurement locations are indicated in Fig. 8.3. 

Among the measured 318 DOFs, the y-DOF at node 106, the z-DOFs at nodes 5 

and 130 are the excited DOFs at which independent random forces were applied 

to the frames. Thus, the FRFs of both the 0-YIS frame and 10-YIS frame were 

obtained at the 318 measured response DOFs and for the three excitation DOFs. 

The frequency spacing of the FRF data is 0.25 Hz. The summation of the absolute 

values of the measured point and transfer FRFs at the excited DOFs is presented 

in Fig. 8.4 - The solid line is for the FRF of the 0-YIS frame, while the dashed line 

is for the FRF of the 10-YIS frame. The peaks in the figure indicate some mode 

frequencies, while other modes do not show peaks in the figure due to the high mode 
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density. Examination of the FRF curves in Fig. 8.4 reveals following information 

about the dynamic characteristics of the frame: 

• The first mode is dominant in the dynamic response; 

• The major mode frequencies are between 3 and 35 Hz; 

• The 10-YIS frame has lower mode frequencies than the 0-YIS frame, indicating 

the stiffness reduction in the 10-YIS frame. 

• The major difference between the FRPs of the 0-YTS frame and the 10-YIS 

frame is around the first mode. 

Based on this observation, the FRF data between 3 Jind 35 Hz was used in 

the degradation identification. In parameterizing the frame, ten joints are defined, 

generating 180 parameters associated with these joints. The joint nodes are listed 

in Table 8.1. The parameter variations were solved by the LS with the parameter 

subset selection. The maximum parameter variations are given in Table 8.2. The 

major degradation locations are illustrated in Fig. 8.5 with circles. It can be seen 

that the larger joint parameter variations appear at the following locations: 

• Joint defined by nodes 14, 16, 215, and 11 

• Joint defined by nodes 21, 23, 18, and 225 

• Joint defined by nodes 23, 21, 230, and 25 
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• Joint defined by nodes 123, 121, 230, and 125 

The degradation in the 10-YIS firame has been accumulated during the service. 

To overcome the aissence of any physical evidence to justify the identified degrada<-

tion locations, a numerical method is proposed in the following. With the identified 

parameter variations, the FRFs of the 0-YIS frame at the reference DOFs can be 

synthesized. From Eq. (3.12), the FRFs of the baseline structure at the reference 

locations can be obtained as 

H;; = + 

= H^ + Su, (8.1) 

where HJ!^ and are (3 x 3) matrices. HJf and are (318 x 3) matrices. The 

second term of the equation above is determined by the parameter variation vector 

u and its coefficient matrix S. To examine the synthesized FRF matrix the 

summation of the absolute values of is plotted against that of the absolute 

values of in Fig. 8.6. The plot shows that the synthesized FRF is closer to the 

measured FRF of the baseline frame, especially in the lower frequency range. 

8.4 Further Discussion on the Result of the Degradation 
Identification 

It has been shown in the preceding section that with the identified parameter varia

tions, the synthesized and the measured FRFs agree with each other around the first 



TABLE 8.1. Joint Nodes in the Vehicle Frame 

joint # location (node #) node indices 
1 125 125 123 234 0 0 
2 25 25 23 234 0 0 
3 123 123 121 230 125 0 
4 23 23 21 230 25 0 
5 121 121 123 118 225 0 
6 21 21 23 18 225 0 
7 114 114 116 215 111 0 
8 14 14 16 215 11 0 
9 107 107 209 105 110 0 
10 7 7 209 5 10 0 

TABLE 8.2. Normalized Joint Parameter Variations of the Vehicle Frame 

Joint location (node #) Parameter variations 
125 0.30 
25 0.27 

123 0.84 
23 0.69 

121 0.23 
21 0.76 

114 0.33 
14 1.00 
107 0.35 
7 0.49 
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mode frequenQT. It is at the low frequency range around the first mode frequency 

that the degradation makes the FRFs of the new and degraded frames quite different 

from each other. In other words, if we could use the identified parameter variations 

to change the joint stiffness in the degraded &ame, the 'strengthened' frame would 

generate FRFs close to the measured FRFs of the 0-YIS frame. This comparison of 

the FRFs is a solid justification on the identified degradation locations. Moreover, 

In the joint locations with relative larger parameter variations, small cracks were 

observed. However, invisible cracks could also exist in some joint locations. The 

joint locations with smaller parameter variations may have smaller degradation or 

may not have any degradation. In vehicle structures with high mileage in service, 

most joints would have degradation to some extent. Some may have larger stiffness 

decrease and others may have smaller stiffness decrease. Usually, vehicle engineers 

are interested in the joints with larger degradation. Design modification in these 

joints would effectively improve the vehicle structure durability. 

It should be pointed out that this example is a complicated and challenging 

problem due to both experimental and theoretical limitations. First of all, the 

measured FRFs contains the measurement error, which is significant due to the 

complexity of the modal tests. The error has made the formulated damage equa

tions mathematically well-conditioned. Physically, however, the equations could 

still be ill-conditioned in the sense that the measured information may not imply 

the unique degradation locations. Secondly, the distribution of measured points 

around the joints has dictated what kinds of deformation modes or strain modes 
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can be considered. These deformation modes may not be able to reveal every joint 

degradation location. Moreover, the frequency range of the FRF data to be used for 

solving the parameter variations is very important. This study used the frequency 

range which covers the the most important low frequency modes. However, it may 

involve quite complicated work both theoretically and experimentally to evaluate 

the effect of the frequency range. If the frequency range is too low, useful informa

tion may be lost, since some degradation may involve higher mode frequencies. On 

the other hand, if the frequency range is too high, the higher frequency data usu

ally contains larger measurement errors and also induce larger systematic modeling 

errors. 

In summary, this application example shows the methods proposed in the pre

ceding chapters are promising to identify the degradation locations in vehicle frames, 

although further work is required to make the identification to be easily applied by 

vehicle design engineers. 
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FIGURE 8.1. The Basic Procedure of the Degradation Identification 
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FIGURE 8.2. A Vehicle Frame Structure 
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The Measurement and Bcdtation Locations in the Frame 
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FIGURE 8.3. The Measurement and Excitation Locations in the Frame 
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The Joints in the Frame with Larger Parameter Variations Ondcated with dtcles) 

FIGURE 8.5. Major Degradation Locations in the Frame 
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Chapter 9 

CONCLUSIONS 

The structural damage or degradation identification is a challenging engineering 

inverse problem requiring both experimental and analytical effort. This work has 

focused on the analytical aspect, assuming the realistic measurement data has been 

obtained from experiments. Various new approau:hes in damage equation formula

tion, stiffness matrix parameterization, and numerical solution regularization have 

been proposed in this dissertation. First, various formulations for identifying struc

tural damage or degradation in the frequency domain have been established. Com

plete baseline models for the healthy, or undamaged structure are not required in 

these formulations. Though these formulations require different forms of data, thus 

affecting the numerical process, they are analytically equivalent. Identifiability of 

these formulations shows the requirements on the measurement data for a unique 

solution in identifying the damage. 

The most important step in identifying the structural damage is the parame

terization of the stiffness matrix after the damage equations have been formulated. 

Generic joint elements have been introduced for parameterizing the structural joint 

stiffness. Based upon the generic joint element concept, the joint parameters are 

associated directly with the basic joint deformation modes. 
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In solving the stiffiiess parameter variations, a solution regularization using 

parameter subset selection is proposed. The parameter subset partitioning is based 

on the substructures or superelements in modeling the structure. A parameter-

recursive approach has been developed in the parameter subset selection. Various 

numerical examples have been used to verify the methods introduced in this work. 

Moreover, the effects of modeling errors show the limitation of the damage detection 

using the measurement data. The results show that the methods can locate the 

damage in the simulated examples, though both the random and modeling errors 

have been introduced. Finally, the identification process has been illustrated and 

verified by the measurement data of a vehicle frame. 

Through the studies presented in this dissertation, the author would like to 

make the following suggestions for further research on some relevant topics. First, 

more theoretical and experimental efforts may be required to evaluate and reduce 

the effect of the error in FRFs or in other measurement data. Second, a study on 

allocation of measurement points in structural joint areas is very useful for effectively 

obtaining joint deformation modes. The estimation of the joint deformation modes is 

dependent on the measurement point distribution auid is important for identification 

of joint damage. As to the numerical procedures, further worthwhile work can 

be directed to improve the efficiency of the parameter subset selection procedure. 

In addition, it is recommended that test or boundary perturbation be used with 

the methods proposed in this work to improve the ill-conditioning problem while 

maintaining minimal experimental efforts. Finally, a further study is necessary to 
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establish relationships between the joint generic parameters and the joint design 

parameters. 
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