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ABSTRACT 

GENERALIZED QUATERNION ALGEBRAS 

OVER ALGEBRAIC NUMBER FIELDS 

Let E be an algebraic number field, R the ring of 

all algebraic integers of K, and Q a central simple alge

bra over K of degree n, containing an identity element. K 

can be identified with a subfield of Q. The dimension of Q 
2 as a vector space over K is n . 

An order is a subring of Q which is a finitely 
2 generated R-module of rank n and which contains the 

identity. A lattice is a subset of Q which is a free R-
2 module of rank n and which contains the identity. If R is 

a principal ideal ring, then every order is a lattice. In 

general, orders are projective R-modules. The usual notion 

of integrality applies to elements of an order, i.e., they 

are roots of monic polynomials with coefficients in R. 

Thus an order is a natural object in which to study arith

metic. To simplify certain arithmetical considerations, it 

is often assumed that an order is maximal. Maximal orders 

exist, and every order is contained in a maximal order. 

Orders and lattices in Q can also be defined with respect to 

Rp, the local ring of p-adic integers of K at the prime ideal 



The elementary properties are analogous. 

The main concern of this paper is with lattices, 

and the conditions under which a lattice is an order. Only 

the case n-2 is considered. In this case, Q is called a 

(generalized) quaternion algebra. The main advantage of 

this restriction is that the form which expresses the norm 

of an element of Q in terms of its coordinates with respect 

to any abasis is a quaternary quadratic form, called the 

norm-form of the basis, and the machinery of quadratic 

form theory can be applied. Furthermore, there exists a 

conjugation with the usual properties (anti-automorphic 

involution), and the coefficients of the norm-form can be 

expressed in terms of the basis elements and their con

jugates. 

Instead of dealing with the standard canonical 

basis of Q, it is possible to construct a quaternion 

algebra whose multiplication is expressed in terms of the 

matrix and adjoint matrix of an arbitrary non-singular 

ternary quadratic form f over K. In case f is integral, a 

canonical lattice L can be associated with f, in such a way 

that L is an order. 

For the purposes of this paper, however, it is more 

important to show that it is possible to go the other way: 
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given a lattice L, which has an R-basis in which one ele

ment is the identity, the norm-form is used to "recover" a 

ternary form f, which is unique except for sign. Moreover, 

if L consists of integral elements, then it is shown that L 

is an order if and only if f is integral. The proof is an 

application of the associativity equations in Q, and makes 

essential use of the fact that Q is semi-simple. 

Next, we consider maximal integral lattices. 

Because of their connection with the fundamentalness of the 

norm-forms, such lattices are called fundamental. Funda

mental lattices exist, and every integral lattice with 

respect to R is contained in a fundamental lattice. Using 

the characterization of orders in terms of the integrality 

of f, we arrive at the result that if R is a principal ideal 

ring, then the maximality of an integral lattice implies 

that it is closed under multiplication, i.e., every funda

mental lattice is an order. The proof is accomplished by 

considering the local behavior of the norm-form at each 

prime ideal. We do not know whether this is true without the 

assumption that R is a principal ideal ring. 

It is now an easy step to show that if R is a 

principal ideal ring, then the concepts of maximal order and 

fundamental lattice coincide. 
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1 

INTRODUCTION 

The theory of associative algebras has received con

siderable attention since about the beginning of the 

twentieth century, and the modem theory can probably be 

said to have begun with the basic structure theorems of 

Wedderburn. Probably the first to give a systematic account 

of this theory, including a theory of̂ arithmetic, was 

Dickson [8] , although many of the number-theoretic results 

were limited to algebras over the rational field, and to 

quaternion algebras in particular. The book of Albert [l] 

contains a more recent and somewhat simplified esqposition 

of the structure theory. Deuring [7, Chapter 6] considered 

arithmetic in algebras over the quotient field of a Dedekind 

ring, and Schilling [14, Chapter 5] treated arithmetic in 

simple algebras using the language of valuation theory. 

Arithmetical properties of rational quaternion 

algebras have been dealt with by Brandt [4] , Pall [ll;12] , 

and others. Concerning the ideal class structure of algebras 

over number fields and its.relation to the class structure 

of the fields, one may refer, for example, to papers of 
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Artin [2] and Schilling [lj] . 

The study of arithmetic in associative algebras can 

be reduced, by the classical structure theory, to that of 

simple algebras [8, Chapter 10] . It is usually assumed 

that the algebra contains an identity element and that its 

center coincides with its coefficient field. Thus a natural 

setting in which to study non-commutative arithmetic is a 

central simple associative algebra with identity, over an 

algebraic number field K whose ring of integers is R. One 

of the difficulties here is that the set of integral ele

ments of the algebra, i.e., those which are roots of monic 

polynomials over R, is not generally closed under addition 

and multiplication. If we define an order as a subring of 

the algebra which contains the identity and which is a 

finitely generated R-module whose rank is the same as the 

dimension of the algebra, then the usual notion of integ

rality applies to the elements of an order, and orders are 

natural objects in which to carry on number-theortic 

investigations. 

As pointed out by Dickson [8] , certain arithmetical 

questions are considerably simplified if it is assumed that 

the order is maximal. A maximal order is what Dickson called 

an "integral set". Maximal orders exist, and every order is 

contained in a maximal order. However, there may be many 

maximal orders in an algebra. 
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In addition to their importance in the arithmetic of 

algebras, orders also play a role in the integral representa

tion theory of finite groups, in which the concept of order 

is a natural generalization of the concept of "group ring". 

By studying modules over orders, one obtains results in the 

integral representation theory. A recent treatment of this 

theory is given in Chapter 11 of [6] . 

We define a lattice in a central simple algebra 

over K to be a subset of the algebra which is a free 

R-module whose rank is the dimension of the algebra, and 

which contains the identity. The main concern of this paper 

is with lattices, and the conditions under which a lattice 

is an order. If R is a principal ideal ring, then every 

order is a lattice. In general, an order is a projective 

R-module, i.e., a direct summand of a free R-module. 

We will also have occasion to consider orders and 

lattices with respect to Rp, the local ring of p-adic 

integers of K at the prime ideal p. Since the definitions and 

some of the elementary properties are the same for this case, 

they will be combined, for purposes of brevity, under a 

single notation (see section 2). 

To obtain a useful tool for the study of lattices, 

it will always be assumed that the algebra under considera

tion has dimension four over K. It will then be denoted by 

Q, and called a generalized quaternion algebra, or simply a 



quaternion algebra. (The term "generalized" is a result of 

the departure from the ordinary Hamiltonian quaternions). 

This restriction has the advantage that the form which 

expresses the norm of an element x • of Q, where the 

x̂  are in K and (uq,û ,U2»Uj) is & K-basis of Q, in terms 

of the x̂  as variables, is a quaternary quadratic form, 

called the norm-form of the basis, and the machinery of 

quadratic form theory can be applied. Furthermore, there 

exists a conjugation with the usual properties, i.e., an 

anti-automorphic involution on Q, and the coefficients of 

the norm-form can be expressed in terms of the basis elements 

and their conjugates. 

In the case where K is the field of rational 

numbers, Pall [l2] constructed a quaternion algebra Q whose 

multiplication is expressed in terms of the matrix and 

adjoint matrix of an arbitrary non-singular ternary quad

ratic form f over K, and, in case f is integral, constructed 

a lattice L in Q in such a way that L is an order. He then 

used the arithmetic of L to study certain properties of f 

and the associated norm-form. We will show that it is 

possible to extend this construction to the case where K is 

an arbitrary algebraic number field, (section 4). 

For our study of lattices, however, it is more 

important to show that it is possible to go the other way: 

Given a lattice L which has an R-basis in which one element 



is the identity, the norm-form is used to "recover" a 

ternary form f, which is unique except for sign. It is then 

shown that if L consists of integral elements, then L is an 

order if and only if f is integral. 

Section 5 is concerned with maximal integral lattices. 

Because of their connection with the fundamentalness of the 

associated norm-forms, such lattices are called fundamental. 

There exist fundamental lattices with respect to R, and 

every integral lattice is contained in a fundamental lattice. 

It is shown that if R is a principal ideal ring, then the 

maximality of an integral lattice implies that it is closed 

under multiplication, i.e., every fundamental lattice is an 

order. We do not know if this is true without the 

assumption that R is a principal ideal ring. An interesting 

question is whether a similar result can "be stated in an 

arbitrary central simple algebra, where the theory of 

quadratic forms is no longer available. 

From the last stated result it is an easy step to 

show that if R is a principal ideal ring, then the concepts 

of maximal order and fundamental lattice coincide. 
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NOTATIONS; BASIC PROPERTIES OF THE ALGEBRA 

Throughout this paper, K will denote an algebraic 

number field (a finite extension of the field of rationale), 

R will denote the ring of all algebraic integers of K, and 

p a (proper) prime ideal of R. R will mean the ring of 

quotients consisting of those elements a/b of K such that 

a is in R and b is in R - p, where R - p is the set-theoretic 

difference. Rp is thus the valuation ring of the p-adic 

valuation of K [l7» p.38] . To simplify the statements of 

some of the definitions and theorems, the letter S will be 

used to denote either R or any one of the local rings R. 
Jr 

Q will always mean a quaternion algebra over K, and 

u will denote a 4-tuple (uq,̂ ,̂ ,̂ ) of linearly independ

ent elements of Q over K. Thus u is a K-basis of Q. 

Occasionally, primes will be attached to u to distinguish 

between bases. The structure constants of a basis u will be 

denoted by These are the elements of K which are 

uniquely defined by the equations u-û  • 

If u is a K-basis of Q, then Fu is the norm-form of 
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u, and, in case Uq • 1, fu is the ternary form associated with 

u. These forms are defined in section 4. f is defined only 

up to its sign, but this will not matter. 

We will not use the concept of tensor product in its 

full generality, but only in the form M ® 1̂ , where M is a 

finitely generated R-module, and (S denotes the tensor 

product over R. Then M <8  ̂is a finitely generated 

Rp-module, and may be identified with the module whose set of 

Rp-generators is the same as the set of R-generators of M. 

For a discussion of tensor products and such identifications, 

we refer to [6, p. 4-95] . 

An associative algebra over E is called central if 

the set of elements which commute with all elements of E is 

exactly E. It is called simple if it contains no proper 

two-sided ideals. The dimension over K of a central simple 

algebra is the square of an integer n, called the degree of 

the algebra [l, p.43] . Thus we can define a quaternion 

algebra Q as a central simple algebra of degree 2 over E, 

with an identity element. Since Q has an identity, K can 

be identified with a subfield of Q. Thus it will always be 

assumed that E is contained in Q. The degree reflects the 

fact that every element of Q is a root of a quadratic 

polynomial over E (theorem 2.2). 

We note here that the terminology in the literature 

is somewhat inconsistent. The degree of an algebra was 



called its "rank" by Dickson [8] . The dimension of an 

algebra as a vector space over K has been called "order" 

C8; 14-1 and also "rank" [7] « the latter referring to its 

rank as a K-module. Ve will reserve the term "rank" for 

R-modules. What we have called "central" is also called 

"normal" [l;7] , although the former terminology is more 

descriptive and currently more popular. 

Since K has characteristic zero, we have the 

following theorem [l, p.146] • 

THEOREM 2.1. Every quaternion algebra over K has 
2 2 a basis u such that Uq • 1, • a, u2 • b, u.]U2 - û , and 

u2ui " ~u3» for some non-zero elements a and b of K. Con

versely. every algebra over K for which there exists such 

a basis u is a quaternion algebra. 

Using the canonical basis of theorem 2.1, the con

jugate, trace, and norm of an element of Q can be conveni

ently defined, and their elementary properties can be 

easily proved. If u is a K-basis of Q with the property 

of theorem 2.1, and if x - xQ + + XgUg + *3̂ 3 is 6X1 

element of Q, where x̂  € K, the conjugate of x is 

x • Xq-x1û -X2U2~XjUj. The trace of x is T(x) » x + x 

and the norm of x is N(x) • xx. Thus T(x) « 2xQ and 
2 2 2 2 N(x) » XQ-aXj.-bX2 + abx| are elements of K. Furthermore, 

N(x) • xx. 



THEOREM 2.2. The mapping on Q defined by mapping 

each, element of Q to its conjugate is an anti-automorphic 

involution of Q over K. Moreover, if x and y are in Q and 
p 

c is in K, then x -T(x)x + N(x) - 0, and the norm and 

trace have the following properties; 

(a) T(x) « T(x) and N(x) - N(x) 

(b) T(cx) » cT(x) and N(cx) « c%(x) 

(c) T(x+y) » T(x) + T(y) 

(d) N(xy) « N(x)N(y) 

(e) T(xy) - E(xy) 

(f) N(x + y) • N(x) + N(y) + T(xy) 

(g) T(xy) » T(x)T(y) - T(xy) 

(h) T(x1x2...xn) - TCaŷ Xg...*̂ ), x±€ Q. 

PROOF. It is clear from the definition that 

x+y « x+y and x • x. Hence the conjugation mapping is 

involutory and is one-one onto Q. Since û  = -û  for 

i = 1,2,3, it is clear from the multiplication table of 

theorem 2.1 that û û  » û û  for i » 0,1,2,3. Furthermore 

cx = ex. Thus if x • £xiui 8111(1 7 e then 

 ̂ - IXi7.j5.j5i - yx. Hence 

conjugation is an anti-automorphic involution of Q over K, 

and properties (a) through (d) follow. Moreover, 

T̂ ui*V " T̂ iuĴ » hence T(xy) « 

T(xy), proving (e). Property (f) is obvious, and (g) 

follows from the corresponding property of the basis 

elements. Finally, by applying (e), we have 



T(x1x2...xn) - T(x1x2...5cn) - TCx̂ x̂ .̂ x̂ ) = 
— 2 —-T̂ xnxlx2* * *xn-l̂ * Tlie identity (* + *)* " x + ** implies 

that x2 - T(x)x + N(x) « 0. 

Certain of the properties of the above theorem 

will he useful in the ensuing discussion of the norm-forms 

of a lattice. 
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INTEGRALITY AND ORDERS 

In this section we collect some of the basic prop

erties of orders and the integral elements of Q. These 

properties are essentially known, but their presentation 

in the literature is rather scattered, and some do not 

seem to have been stated explicitly. With minor modifi

cations, these properties hold in central simple algebras 

of arbitrary degree. 

An element of Q is called integral over S (or 

simply integral if the ring S is understood), if it is a 

root of a monic polynomial whose coefficients are in S. 

A subset of Q is called integral over S if all its elements 

are integral over S. 

We will denote by S[x] and K[X] the polynomial 
rings in one variable over S and K, respectively. 

LEMMA 3*1 (Gauss). Let f be a monic polynomial in 

S[x] , and suppose that f = 1̂̂ 2* where and f̂  are in 

K[X] and f̂  is monic. Then f ̂ is in S [X]. 

PROOF. The roots of f in any extension field of K 

are integral over S, hence so are the roots of f̂ . But f1 

11 



12 

is monic, so its coefficients, being polynomial functions of 

its roots, are also integral over S. Now S is a Dedekind 

ring and thus is integrally closed in K [16, pp. 270, 275] • 

It follows that f1 is in S[X]. 

THEOREM 3.2. An element x of Q is integral over S 

if and only if T(x) and N(x) are in S. 

PROOF. Suppose x is integral over S. If x is in 

K, then x is in S, since S is integrally closed. Then 

T(x) » 2x and N(x) = x are in S. Suppose x is not in K. 

Let f be a monic polynomial with coefficients in S such 

that f(x) = 0, and let f̂  be the polynomial X̂  - T(x)X + N(x) 

in K[X]. Then by theorem 2.2, f̂ (x) = 0. Since K[X] 

is a principal ideal ring, f and f̂  have a greatest common 

divisor g in K[x], and g(x) • 0. Since x is not in K, g 

must have degree two, so that f̂  = ag for some non-zero 

element a of K. Therefore, f̂  divides f in K[X], and by 

lemma 3.1, f̂  is in S[x], i.e., T(x) and N(x) are in S. 

The converse follows from f̂ (x) » 0. 

LEMMA 3«3* Let M be an integral S-module contained 

in Q such that M contains a basis of Q over K. Let A be the 

set of all x in Q such that T(xy) is in S for all y in M. 

Let u be an arbitrary basis of Q over K, and B the set of 

all elements of K which appear as coefficients in the repre-r-

sentation of the elements of A in terms of the basis u. 

Then there exists d in S such that B is contained in d""̂ S. 
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PROOF. By the hypothesis, there is a basis u' of 

Q over K such that u|€ M (i • 0,1,2,3). Since M is an 

S-module, it can be assumed, after multiplying by a-suitable 

element of S, that u' has the additional property that 

uijke S * 0,1,2,3)- Thus by the integrality of M, 

we have T(ujû ) « -̂uijk̂ uiP € s*-nce Q *-s simple 

over K, the determinant det (T(ujuj)) is non-zero [7» p. 34-J • 

If û  - Xcikuk  ̂" °»1»2»3) and if ]Eaiuie A, where 

â  K, then 

(1) T(( ̂aiui)ul) - £a& (j - 0,1,2,3). 

Considering (1) as a system of linear equations in the 

variables Zâ ĉ  (k » 0,1,2,3) with coefficients in S, we 

have 

(2) âicik " b/det(T(u|uJ)) 0>G S, k - 0,1,2,3). 

By multiplying equations (2) by a suitable element of S, 

which is independent of the coefficients â , we can obtain 

a matrix (ĉ ) with elements in S and non-zero determinant, 

such that â̂ ĉ e S (k • 0,1,2,3). Setting d « det(c£k), 

we have â € d"̂ S. Since d does not depend on the coefficients 

â , it follows that B is contained in d~̂ S. 

A subring J of Q is called an order over S (or 

simply an order if S is understood) if J is a finitely 

generated S-module which contains the identity of Q and 

which contains a basis of Q over K. An order over S is 
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called maximal if it is not properly contained in an order 

over S. Note that the ring S is contained in all orders 

over S. 

THEOREM 3.4. Let J be a subring of Q which contains 

S and contains a basis of Q over K. Then J is an order if 

and only if it is integral. 

PROOF. Suppose J is an order, and let x be a non

zero element of J. Denote by the submodule of J genera-
2 i ted over S by the elements x,x ,...x . Then the form an 

ascending chain of submodules of J. Since S satisfies the 

ascending chain condition for ideals and J is finitely 

generated over S, it follows that J satisfies the ascending 

chain condition for submodules [16, p. 158] • Thus there 

is an integer n such that xne Jn_i* Therefore, there is a 

monic polynomial f, with coefficients in S, such that 

f(x) » 0, so that x is integral. 

Conversely, suppose J is integral. If A is the set 

of all x in Q such that T(xy)£ S for all y€ J, then J is 

contained in A, since J is an integral ring. Let u be a 

basis for Q over K contained in J. Then by lemma 3«3» the 

coefficients which occur in the representation of the 

elements of J in terms of the basis u are all contained in 

d*~̂ S for some d in S. Thus J is a submodule of the free 

S-module generated by the basis d~̂ u. Since this free 

module satisfies the ascending chain condition for sub-

modules, it follows that J is finitely generated over S, 
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and is therefore an order. 

THEOREM 3»5» There exists an order over S, and 

every order is contained in a maximal order over S. 

PROOF. Let u be a basis for Q over K such that 

Uq • 1. Let M be the free S-module generated by u, and let 

J be the set of all x in Q such that xM is a subset of M. 

Then J is evidently a subring of Q which contains S. 

Furthermore, since M contains 1, J is a submodule of M over 

S. Hence J is finitely generated over S. To prove that J 

is an order, it remains only to show that J contains a basis 

for Q over K. Let x = 2!xiui an arbitrary element of Q, 

where xie K, and let y = 7"iui 1)6 311 arbitrary element of 

M, where ŷ € S. There exists a non-zero element a of S 

such that aû ê S for all i,o,k. Then aû y = £ M 

for all o, whence au.e J for all j. Thus x » Z(a~1x.)auH 
O 0 0 

belongs to the sub-K-module of Q generated over K by J. 

It follows that J generates Q over K, i.e., J contains a 

K-basis of Q. 

Suppose is an ascending chain of orders, 

i.e., Ĵ  is contained in (i = 1,2,...). Then the 

union of all the is an integral subring J of Q, hence by 

theorem 3-4, J is an order. By the ascending chain condition, 

there is an integer n such that Jn = Jn+̂  • • • •» and con

sequently every order is contained in a maximal order. 

In general, there may be many maximal orders in Q. 
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Suppose we call two maximal orders over S equivalent if they 

are isomorphic (as rings) under an inner automorphism of Q. 

Then if S = R , any two maximal orders are equivalent 
XT 

[j, p. 11] . If S = R, then, at least in the case where 

Q is not a division algebra, the number of equivalence 

classes is always finite [l3» p. 383] • 

Concerning the structure of an order as an S-module, 

we have the following theorem; 

THEOREM 3*6. Let J be an order over S. Then J is 

a projective S-module. and is isomorphic. as an S-module« to 

a direct sum S © S © S © A, where A is an ideal of S. 

If S is a principal ideal ring, then we may take A - S, and 

J is then a free S-module. 

PROOF. It has been observed in the proof of theorem 

3.4- than an order is a submodule of a free S-module. If S 

is a principal ideal ring, then such a module is necessarily 

free over S [5,p. 13] * and J is then isomorphic to a 

direct sum of four copies of S. In general, since the non

zero ideals of S are invertible [16, p. 274-] , they are 

projective S-modules [5» p» 132] . Thus J is isomorphic 

to a direct sum of four ideals of S [5i p« 13] t hence is 

projective P» 6] . Finally, it follows from [[6, p. 150 ] 

that J is isomorphic to S © S © S © A, where A is an ideal 

of S. 
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LATTICES AND NORM-FORMS 

A subset L of Q is called a lattice over S (or 
simply a lattice if S is understood) if L is a free S-
module which contains the identity of Q and which contains 
a basis of Q over K. Thus a lattice L is a direct 
sum ISuit where u is a basis of Q over K. We call u an 
S-basis of L. Note that S is contained in all lattices 
over S. 

If u is a basis of Q over Kt we denote by Fy the 
quaternary quadratic form whose (symmetric) matrix is 
#(T(u^u.j)) • Because of lemma 4.1, Fy is called the norm-
form of u. It will turn out that the determinant of a 
norm-form is a non-zero square in E. 

LEMMA 4.1. If u is any basis for Q over K, and if 

x « ^x^Uj^ where x^€ K» then N(x) « Fu(Xq,x1,x2»Xj). 
PROOF. N(x) = #T(xx) = #T( ZXi^u^) -

ît̂ u.jx.x̂ . 

THEOREM 4.2. If L is a lattice over S, then L is 
integral over S if and only if the coefficients of Fu are 
in S for every S-basis u of L. 

17 



PROOF. Suppose L is integral over S, and let u be 
an S-basis of L. For a fixed pair of indices r and s, 
(04r*3, 0*s£3)» put xr - x - 1 and xk • 0 for k / r, 
k / s. Then x • is in L, and N(x) « Fu(x0,x^,x2»xj) 
N(u ) or T(u u ) according as r « s or r / s. Since N(x) r r s 
is in S, it follows that the coefficients of Fu are in S. 
Conversely, suppose the coefficients of F^ are in S. Let 
x = ^x^u^e L and write 1 = Zeiui* Then xi € S and 
ei€ S (i - 0,1,2,3). Thus W(x; = Fu(x0,x1,x2,xj)e S and 
T(x) = T(x) = T(^e.x .u,u.) = £t(u.u .)e.x . € S. By theorem 

1 U 1 J 1 J 1 J 

3*2, x is integral over S. 

If Fu is the norm-form of u and if V is a linear 
transformation on the variables of Fu, then FUV will denote 
the form which results by applying V to Fu, and uV will 
denote the matrix product in which u is considered as a 
row vector and V is identified with its own matrix. 

LEMMA 4.3. Let L and L1 be lattices over S with 
S-bases u and u', respectively. Let V be the linear 
transformation defined bj u' » uV. Then 

(a) Fu, - FUV 
(b) L' is contained in L if and only if the co

efficients of V are in S. 
(c) L « L* if and only if the coefficients of V 

are in S and the determinant of V is a unit of S. 
PROOF. Let (v^) denote the matrix of V. Then 
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Kujup - T(2>rivsjurus) -ZTrivSJT(urSs), so that V 
transforms ?u to Fu,. If L* is contained in L, then » 

^•vijui£ L* whence S (i,j « 0,1,2,3). Conversely, if 
the coefficients of V are in S, then u' is contained in L, 
hence so is LV. If L » L', then by (b), the coefficients 
of V and V""^" are in S, so that det(V) is a unit of S. If 
V has its coefficients in S and det(V) is a unit of S, then 
the coefficients of are in S, so that by (b), L » L'.._ 

If u is a basis for Q over K, then the linear form 
hu and the quadratic form gu will be defined by 

hu = ̂ zt(ui)xi 

6u • kzckû ) - tcujû xjxj, 

where the x^ are variables. Then by theorem 2.2 (g), we have 

(1) F - h2 + g . x 7 u u °u 

In case Uq • 1, g is a ternary form in the variables 
x^,x2»xj, and (1) expresses the result of completing squares. 
In this case, the form gu will be used in the following 
theorem to obtain necessary and sufficient conditions for a 
lattice to be an order. 

THEOREM 4.4. Let L be a lattice over S, and suppose 
u is an S-basis of L such that Uq » 1. Then there exists a 
ternary quadratic form f with coefficients in K, unique 
except for sign, such that gu is the adjoint of fu. If L 
is integral over S, then L is an order over S if and only if 



20 

the coefficients of f are in S. 

PROOF. Define • 1 and ui " ui ~ 
(i « 1,2,5). Then u' is a K-basis of Q and T(up • 0 
(i » 1,2,3). Thus by expressing the coordinates of u* in 
terms of the canonical basis of theorem 2.1, it is seen that 

ui;jO * ujiO 8X14 uijk " ~ujik 88 !»2,3). 

Let A • (A^j) denote the (symmetric) matrix of gu. 
Then by theorem 2.2 (g), 

2Aij + Wui)T(uj) * T(ui^j) " 
T((u| + >6T(ui))(-uJ + #T(uj))) « _2uijo + W^TCjij). 

It follows that 

(3) A1;j » -u|J0 and Ai± - -(u')2 (i,J - 1,2,3). 

Now define the matrix a • (a^) by 

(4-) - u^ , a2;. = -u'3J , a^ » (j « 1,2,3). 

The associativity conditions u|(u^u^) * ^uiu^uk 

result in the equations 

(5) ûjkruirs " ̂uijrurks = 1»2»3; s = 0,1,2,3), 

where the summations are for 0^r^3. Certain of these 
equations will be used to show that A = adj a, where adj 
denotes the adjoint, and then to express the multiplication 
table of the basis u in terms of the matrices a and A. For 
this purpose, we will use the notation (i,j,k,s) to denote 



the equation which results from (5) when the subscripts 
i,j,k, and s have the indicated values. Displayed below 
on the right are the results of substituting into the 
equations on the left the values obtained from equations 
(2), (3), and (4). 

(k,k,j,i) : aii(a. . - a.,,) - 0 
(6) 11 0 J (i,j,k distinct). 

(j,i,k,i) : a.-Ca^ - akJ) = 0 

(ititdtd) • * aiiakk ak1 (7) 2 distinct). 
(i'i*k»k) : a±± « 

(8) (i,i,j,i) : = a-^a^j — akkaji Ci^)• 

(9) (1*2,3*0) ! a^A^l + ai2A12 + a13A13 
a31A13 + a32A23 + a33A33* 

Suppose ai^ / 0 for some i. Then equations (6) 
show that a is symmetric, and then equations (7) and (8) 
show that A = adj a. In any case, equations (7) show that 

lid a.- ̂  * + â ± (i / j). 
Suppose that a is not symmetric. Then a^ = 0 

for i » 1,2,3, and we can assume, for instance, that a^ • 

-&21 ̂  0. Then det a ~~ ai2^a23a31 ""a32a13^* a23 = ~a32 
and a^j • la^i with the same choice of sign, then det a = 0 
Substituting equations (7) and (8) into equation (9) gives 

a12^a32a31 "a13a23^ = a12^a13a32 "a23a31^* hence 
a32a31 + a23a31 " a13a32 + a13a23 . 
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If agj • ±a32 81114 a13 * *a31* witl1 -fchie opposite choice of 
sign, then &23al3 " 0t and a®ain a * 0. Thus if a is 
not symmetric then it has zero determinant. But then 

p det A • (det a) = 0, and hence det Fu » det gu - det A » 0. 
It follows by lemma 4.3(a) that det Fu, « 0, and thus 
det (T(u^u^)) « det (T(u|u^)) » 0. But this contradicts 
the fact that Q is semi-simple [7, p. 34] • Therefore, a 
is symmetric and A • adj a. Letting f denote the form 
whose matrix is a, the first assertion of the theorem is 
proved, since it is clear that fu is determined up to sign. 

It is worth remarking at this point that in deter
mining all associative algebras over the rational field of 
dimension 4 and rank 2, Dickson [9, p. 16l] exhibited 
algebras which correspond to cases where our matrix a may 
be non-symmetric and may have rank zero, one, or two. 

Using the multiplication table of u* given by (2), 
(3)» and (4), the definition of u' in terms of u, and the 
fact that A = adj a, we arrive at the following multipli
cation table for u: 

(10) = (~Aii " ̂T(ujL)T(ui)) + T(ui)ui, 

uiuj - C"(aik + + + akk(ai3 + 
#T(uk)) - akfcT(uk)] + (aik + JfiKuj))^ + 

(ajk + «ui»uj + distinct). 

Suppose L is integral over S. Then T(u^)e S and by 
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(1), N(u^) - + #T(u^)T(u^) € S. If L is an order, then 
the coefficients of the in (10) belong to S, hence 
aiie s and 2a^j€ S (i,J - 1,2,3)* Thus the coefficients 
of fu are in S. Conversely, if the coefficients of fu are 
in S, then 

^aiJ + " ̂Cu^)) - - ̂ T(uk)T(uk) € S; 
(a^j + #T(uk)) + (a±j - #T(uk)) » 2aij € S (i,J,k distinct). 

If the sum and product of two elements of K belong 
to S, then so does each of the elements, since S is 
integrally closed in K. Thus (a^^ + >6T(u1e))€S 
(i,j,k distinct). It follows that the coefficients of the 
u^ in (10) are in S, so that L is an order. Q.E.D. 

Instead of starting with a lattice and constructing 
a ternary form, it is possible to start with a ternary form 
f and construct a quaternion algebra Q and a lattice L in 
Q in such a way that if the coefficients of f are in R, then 
L is an order over R. Pall [12] has done this for the case 
where K is the rational field, and has used the arithmetical 
properties of the order L to study certain properties of f 
and the associated norm-form. In fact, it was Pall's 
method which suggested the possibility of going the other 
way, as we have done in theorem 4.4. The construction in 
[12] can be generalized to the case of an arbitrary 
algebraic number field K, as follows. 



Let f be a ternary quadratic form of non-zero 
determinant and with coefficients in K. Let a • 8^ 
A * ma-fcrices of f and adj f, respectively. 
Let Q be the algebra over K with a basis (u0»l,u^,u2,uj) 
which has the following multiplication table: 

(11) uij0 " û i0 = ~aî  ul2j3 " ul5d = 

U23J " ald* uijk = "ujik (itd.k - 1»2,3). 

By a non-singular linear transformation over K, 
f can be transformed to a diagonal form f'. Denote by Q' 
the algebra defined by (11) when f is replaced by f. 
Theorem 1 of [l2] is also valid for the present case, and 
shows that Q and Q' are isomorphic. Since f is a diagonal 
form with non-zero determinant, it follows that the basis 
used to define Q' has the property of theorem 2.1. Thus 
Q', and hence also Q, is a quaternion algebra over K. 

Suppose now that the coefficients of f are in R. 
Let (wq=1,w1 jWg,... »wn_i) be 8111 integral basis for K 
over the rational field, where n is the degree of K over 
the rationals. Since 2a^£ R (i,j « 1,2,3} the equations 

2a^j =£aijrwr define rational integers (i«J * lt2,3 ; 
r * 0,1,...,n-l). Let (i,j,k) be any permutation of 
(1,2,3). Define ekp = 0 or 1 according as is even 

or odd, and define ek = Zekrwr* ^iien e 



Define the basis u' for Q over K by 

uO = 1» ui " ui + ̂ ®i* 

Then T(u|) « e^c R and 

T(u^) - 21^ + #8^ - (alk + *».,) (a.,k - J6e±5 + 

(aik - fojxajfc + - aâ â . 

Thus T(u|u^)eR. Furthermore, 

t̂cu.ju.p + ai± + #e| m - (ajk + ̂ ei)(ajk -

Hence )6T(u^u.p £ R. It follows that the coefficients of 
Fu, are in R, hence by theorem 4.2 the lattice L • ]TRu£ 
is integral over R. Moreover, 

2 / ' f̂ i - xq + "y  ê qx. + + ̂ ê ê )x̂ xj * 

(xQ + JS^'e^)2 + + adj f, 

where i_ indicates summation over the indices 1,2,3» By 
theorem 4.4, f « ±fui 3111(1 L is an order. 

Theorem 4.4 implies that the determinant of a 
norm-form is the square of an element of K, since det F^ 
det gu = det(adj f ) = (det ^u)^» On the other hand we 
have 

THEOREM 4.5. If F is any quaternary quadratic 
form over K whose determinant is a non-zero square in K 
and whose first coefficient is 1, then there exists a 
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Quaternion algebra Q over K and a basis u of Q, such that 
F - F . u 

PROOF. Since F has first coefficient 1, we may 
p complete squares and write F » h + g, where h is a linear 

form in four variables and g is a ternary quadratic form. 
Since det F « det g is a square, g * adj f for some ternary 
form f over K. In the quaternion algebra Q associated with 
f, the above construction shows that we may select a basis 
u such that F = Fu# 
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FUNDAMENTAL LATTICES 

A quaternary quadratic form F over K with non-zero 
determinant is called fundamental over S if the coefficients 
of F are in S, and for every quaternary form G with 
coefficients in S, and every linear transformation V with 
coefficients in S, the relation F - GV implies that the 
determinant of V is a unit of S. 

An integral lattice L over S is called fundamental 
over S if it is maximal, i.e., if L is not properly contained 
in an integral lattice over S. 

LEMMA 5»1« A lattice L is fundamental over S if 
and only if Fu is fundamental over S for every S-basis u 
of L. 

PROOF. Suppose L is fundamental over S, and let u 
be an S-basis of L. If Fu is not fundamental over S, then 
there is quaternary form G and a linear transformation V, 
both with coefficients in S, such that Fu = GV and det(V) 
is a non-unit of S. By lemma 4.3, G = Fu,, where u* « uV-1, 
and L is contained in the integral lattice L' generated 
over S by u'. Since det(V) is a non-unit, it follows that 

27 
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L is properly contained in L1, contradicting its maximality. 
Conversely, if Fu is fundamental and L is not, then there is 
an integral lattice L* such that L is properly contained in 
L'. If u' is an S-basis for L', and V is the linear trans
formation defined by u « u'V, then by lemma 4.3, the co
efficients of V are in S, det(V) is a non-unit of S, and 
Fu • con-bradicting the fundamentalness of 

In the case S » B, it will be convenient to define 
the discriminant of a lattice L over R. We denote the 
discriminant by d(L) and define it to be the absolute value 
of H* [det(T(u^Uj))] , where u is any R-basis of L and N' 
denotes the usual norm on K into the rational field. Thus 
d(L) is a positive rational number. To show that the 
definition is valid, suppose u and u' are any two R-bases 
of L. Then by lemma 4.3, detCTC^u^)) and det(T(u.ju^ )) 

2 differ by a factor a , where a is a unit of R. Since 
N'(a^) » + 1, it follows that d(L) is well defined. 

THEOREM 5-2. There exists an integral lattice over 
S, and every integral lattice over R is contained in a 

fundamental lattice over R. 
PROOF. To show the existence of an integral lattice 

over S, we can use the canonical basis u of theorem 2.1, and 
take a « b = -1, so that the coefficients of Fu are in S 
and the lattice generated by u over S is integral. 
Suppose L^jLg,... is a sequence of integral lattices over 
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R such that is contained in Li+1 (i • 1»2,...). Now 
dC^) is a positive rational integer, and by lemma 4.3, 
d(L^) £ d(L2) 2: ...» so that there is an n such that 
L ' • L^, = ..., and the theorem follows. n n+l * 

It should be remarked that not every integral lattice 
is an order. For instance, if we take a - b • -1 for the 
canonical basis u of theorem 2.1 and define the basis u' by 
U1 " ̂ U1 and ui = ui for 1 ̂  1» then tlie lattice L' gener
ated by u* is integral over R, but u£u^ = )6u£, so that L' 
is not an order over R. 

If L is a lattice over R, then L <2) Rp is a lattice 
over R_, whose R -bases are the same as the R-bases of L P P 
(see p. 7). 

LEMMA 5«3. A lattice L over R is integral over R 
if and only If L GD R is integral over R for all prime 

jc Jr 

ideals p of R. 
PROOF. Let u be an R-basis of L. If the coefficients 

of F are in R, then they are in R for all p. Conversely, ia yj 

if the coefficients of F are in R for all p, then, since 
R is the intersection of all the Rp, it follows that Fu 
has its coefficients in R. The lemma now follows from 
theorem 4.2. 

LEMMA 5.4. Let L be a lattice over R. If L (2) Rp 
is fundamental over Rp for all prime ideals p of R, then 
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L is fundamental over R. If R is a principal ideal ring. 
then the converse also holds* 

PROOF. Suppose L ® R^ is fundamental over R^ for 
all p. Let u be an R-basis of L, and suppose Fu » GV, 
where G is a form with coefficients in R and 7 is a linear 
transformation with coefficients in R. The hypothesis 
implies that det(7) is a unit of Rp for all p. Thus 
det(7)€ R - p for all p. It follows that det(V) is a unit 
of R, and L is fundamental over R. 

Suppose now that R is a principal ideal ring and 
that L is fundamental over R. Let u be an R-basis of L, 
p a prime ideal of R, and assume that Fu » GV, where G is 
a form with coefficients in Rp, V is a linear transformation 
with coefficients in R^ and det(V) is a non-unit of Rp. 
If t denotes a generator of p, then det(V) • et^, where e 
is a unit of R_ and k>1. Let m be an element of R - p P 
such that the coefficients of mV are in R. Identifying 
mV with its own matrix, we can write mV = U^Dt^, where 

and Ug are matrices with elements in R whose determinants 
are units of R, and D is a diagonal matrix with elements in 

R [10, p. 575] . 
Now D can be factored as D « DiD2* wtiere Di and D2 

are diagonal and det = t. Thus G • FuV~^ = 

F^mCDgU^'^CU^D^"1), which by hypothesis is a form with 
coefficients in R . The transformation m'^U, D, has co-P 11 
efficients in Rp, hence so does the form ^U(D2^2^~^* 
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But since detCUg) is a unit of R, p is the only prime ideal 
factor of detCDgT^)* whence it follows that the coefficients 
of are in R^. for all prime ideals q, i.e., 

has coefficients in R. This contradicts the 
assumption that I1 is fundamental over R, and it follows 
that L ® R_ is fundamental over R_. P P 

A prime ideal of R is called even if it is a factor 
of the principal ideal generated by 2, and is called odd 
otherwise. 

LEMMA 5.5* Let p be an even prime ideal of R, and 
let H be the set of non-zero squares in the residue class 

o ring R/p . Then H is a group. 
PROOF. Evidently, H is closed under multiplication 

2 2 and contains the identity. If a e R and b € R, then a = b 
p (mod p ) if and only if a s b (mod p), since p is even. 

2 Thus the number of squares in R/p is the same as the number 
of elements of R/p. It follows that the natural homomorphism 

p on R/p to R/p induces an isomorphism of H onto the non-zero 
elements of a field, so that H is a group. 

THEOREM 5*6. If R is a principal ideal ring, then 
every fundamental lattice over R is an order over R. 

PROOF. Let L be a fundamental lattice over R, 
u' an R-basis of L, and write 1 = ^e^u|. Then e^€ R 

(i • 1,2,3) and 1 is a greatest common divisor of the ei# 
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Thus there is a square matrix V with elements in R whose 
determinant is 1 and whose first column consists of the 

[lO, p. 563] . If we define the basis u by u • u'V, 
then Uq « 1, and by lemma 4.3, u is an R-basis of L. 

To show that L is an order, it suffices, by theorem 
4.4, to show that the coefficients of f are in R. Re
calling that det 3?u is the square of an element of K, we 
define the quaternary form Gu by Gu = add J?u/<det V* 
where the choice of sign is arbitrary. 

2 Writing Fu = hu + adj f in accordance with theorem 
2 4.4, we have » HV, where H = Xq + adj f and V is the 

transformation which replaces Xq by hu. Now adj H « 
(det fu)2x§ + (det *u)*u ; adj Pu - (adj H)(adj V'), where 
V1 is the transpose of V; and (det * + det fu« 
Therefore, Gu = ]>BqjXqX.. + fu, where (B.y) is the matrix of 
Gu» Thus, to prove the theorem, it suffices to show that 
the coefficients of Gu are in R. 

Let p be a prime ideal of R, t a generator of p, 
and denote by e the exponent of the exact power of p which 
divides 2. Then it is known [l5l that there exists a linear 
transformation V with coefficients in R such that det(V) is 
not divisible by p, and FuV is one of the following forms: 

g1 " a0x0 + tkaixi + tma2x| + tnajx̂ , 

where the ai are in R-p and 0<k<msn. 

($2 = tk(traQXQ + 2a1xQx1 + trbx^) + tma2x| + tna^x^, 



33 

where the are in $-p, befi, G<m/k, 0*n/k, and l<r<e. 

gj • tk(traqxq + 2a1xqx1 + t̂ -jjx̂ ) + 

tm(tsa2*| + 2ajx2x3 + t8b̂ x̂ ), 

where the are in R-p, the b^ are in R, l<r<e, and 
l<s<e. 

Note that the coefficients of the G^ are in R, and that the 
conditions on Gg and Gj imply that if p is odd, so that 
e • 0, then V can be chosen such that FUV • G^. 

By lemma 5*4, is fundamental over R . Since 
r 

det(V) is a unit of R^, and since fundamentalness is 
evidently preserved under unimodular transformations, it 
follows that F V is fundamental over R . 

XT 

Suppose first that FUV = ,G^. If n>2, then the 
transformation W which replaces x^ by t~^Xj has the property 
that the coefficients of W"1 are in R, detCW-"'") « t and the 
coefficients of G^W are in R, contradicting the fact that 
G^ is fundamental over Rp. Thus nil. Furthermore, 
det G^ « (det V) (det Fu), which is a square, hence k+m+n 
is even, which implies that either k=m=n=0 or k=0 and 
m=n=l. Therefore, we have either 

Gu~a0x0 + alxl + a2x2 + a3x3» or 

Gu~ ta0x0 + talxl + a2x2 + a3x3' 

where the a^ are units of R and ~ denotes equivalence over 
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Hp. Thus the coefficients of Gu are in R^. 

Suppose next that FUV • Gg. Then it may be assumed 
that p is even. Using the fundamentalness of Gg over R^, 
we conclude as above that 0<m<l and 0<n<l. Since Gg has 
square determinant, 2k+m+n is even, hence m»n««r, where o-«0 
or 1. Now 

det G2 • t^°~ +k^a2aj(t^rbaQ-a^), 

hence there exists c€ R-p such that 

a2aj(t2rba0-a2) = c2. Thus 

(1) -a^aga^ s c2 (mod t2). 
o By lemma 5*5» we can divide (1) by the p -residue of 

2 2 2 2 —1 a^a^ in R/p and conclude that the p -residue of *8 

a non-zero square. It follows that there exists dcR such 
that 

(2) d2a2 + aj s 0 (mod t2). 

Let W be the transformation which replaces X2 by 
-1 -1 -1 x2 + t dxj and x^ by t x^. Then the coefficients of W 

are in R, det(W"~^") » t, and 

G2W = tk(traQXQ + 2a1xQx1 + trbx2) + 

t°" a2*| + 2t°"_1da2X2Xj + ^"^(d^ag + aj)x^. 

Since t divides 2, the coefficient of x2x3 is in R* By 
p (2), the coefficient of x^ is in R. Thus the coefficients 
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of GgW are in R» contradicting the fundamentalness of Gg 
overly. Therefore, the form G2 cannot occur. 

Finally, suppose FUV » G^. Then 

Su~ t"(tpb£x§ - 2a5Vl + trajx|) + 

tfc(tsb£x2 - 2&2X21Ĉ  + * 

where the are units of Rp, the b^ are in Rp, and ~ denotes 
equivalence over Rp. Suppose the coefficients of Gu are not 
all in Hp. Then either m+r<0 or k+s<0. But since k+riO 
and m+s>0, it follows that m/k, say k<m. Now m+r>0 and 
k+s<0, so that s<r. Furthermore, since r-s<e-l, we have 
l-e<0. In particular, e>l, so it can "be concluded at this 
point that if p divides 2 only to the first power, then the 
coefficients of G are in R , without using any fundamental-

XT 

ness condition. Now 

det G5 » t2^k+m^(t2ra0b1 - a2)(t2sa2b5 - a|), 

hence there exists c€R-p such that 

(t2raQb1 - a2)(t2sa2b5 - a2) » c2. 

Dividing by t2s, we obtain 

t2(tra0b1a2b5) - t2(tr""sa0b1â ) - a2b3al • 
••Pa t" ((c - a1a^)(c + a1a^)) € R. 

2 Since e>2, we have c - a^a^ * c + a^a^ (mod t ), and thus 



(3) '*2*3*1 * ̂ 't~s(c + aia3))2 (mod 2̂)« 

2 2 2 By lemma 5«5» we can divide (3) by the p -residue of a£a2 
o p —1 in B/p and conclude that the p -residue of a 

non-zero square. It follows that there exists d«R such 
that 

(4) d2a2 + bj s 0 (mod t2). 

Let V be the transformation which replaces x2 by 
Xg+t'^dXj and x^ by t-1Xj. Then the coefficients of W~^ 
are in R, detCW""1) « t, and 

ĝ w « tk(tra0xq + 2a1xqx1 + t̂ v̂ x2) + 

tm[tsa2x| + (2ts~1da2 + St^a^XgXj + 
(d2a2t8-2 + 2da3t~2 + bjt8"2^] 

If m+e-l<0, then m+e=0 and s«e, contradicting the assump
tion that s<r<e. Thus m+e-l>0. Furthermore, m+e+s-l>0, 

so that the coefficient of *2*3 *n **3W R* 
coefficient of x2 is tm+s_2(d2a2 + 2da^t~s + b^). Since 
2 t divides 2, d also satisfies the congruence 

d2a2 + 2da^t~s + b^ = 0 (mod t2). 

2 Thus, since m+s>0, it follows that the coefficient of x^ 
is in R. Therefore, G^W has coefficients in R, contradict 
ing the fundamentalness of G^ over R^. 

It has been shown that the coefficients of Gu are 



in Bp for every prime ideal p of R. It follows that the 
coefficients of Gu are in R. Q.E.D. 

As a consequence of theorem 5*6, we have the follow
ing characterization of maximal orders over principal ideal 
rings. 

THEOREM 5If R is a principal ideal ring, then 
a subset of Q is a maximal order over R if and only if it 
is a fundamental lattice over R. 

PROOF. Suppose J is a maximal order over R. By 
theorem 3.6, J is an integral lattice over R, and by 
theorem 5*2 there exists a fundamental lattice L over R 
which contains J. By theorem 5.6, L is an order, hence 
J = L. 

Conversely, suppose L is a fundamental lattice over 
R. By theorem 5.6, L is an order, and by theorem J.5, there 
is a maximal order J which contains L. By theorem 3«6, J 
is an integral lattice, hence L = J. 

An analogous local statement can be made: 

THEOREM 5*8« Suppose R is a principal ideal ring. 
and let J be an order over R. Then J © Rp is a maximal 
order over R^ for all prime ideals p if and only if J 0 R^ 
is a fundamental lattice over R^ for all prime ideals p. 

PROOF. It is known that an order J is maximal over 

R if and only if J ® Rp is a maximal order over Rp for all 



prime ideals p [3» p. 2~] • Since J is an integral lattice 
in the present case (theorem 3*6), the theorem follows 
immediately from theorem 5*7 and lemma 5*4-* 



appendix 

The terms used in this paper for which definitions 
are not given can be found in books which are now usually 
considered standard in the field of algebra. For complete
ness, and to alleviate any possible confusion, we list below 
the definitions of certain of these terms which may not be 
as well known as the classical algebraic terminology. The 
definitions given are only general enough to cover their 
usage in the text. 

Associative algebra over a field K:  A finite-
dimensional vector space A over K in which there is defined 
an associative multiplication such that A is a ring and 
a(xy) = (ax)y • x(ay) = (xa)y for a in K, x and y in A. As 
used herein the term "algebra" always means an associative 
algebra. 

Anti-automorphism of an algebra: A one-one mapping 
T of the algebra A onto itself such that T is a linear trans
formation over K and T(xy) = T(y)T(x) for x and y in A. 

Involution of an algebra: A one-one mapping T of 
an algebra A onto itself such that T(T(x)) » x for x in a. 

39 
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Dedekind ring: A commutative ring with an identity, 
and without zero-divisors, in which every ideal is a unique 
product of prime ideals. 

Module over a Dedekind ring S (also called an 
S-module): An additive abelian group M for which there is 
defined a multiplication ax for each a in S and x in M, such 
that ax is in M, a(x+y) = ax+ay, (a+b)x = ax+bx, (ab)x « 
a(bx), and lx = x for a and b in S, x and y in M. 

Finitely-generated S-module: An S-module M in which 
there exists a finite set x^,x2»...xn of elements such that 
each element of M is a linear combination of the xi with co
efficients in S. 

Rank of an S-module: In case the S-module M is con
tained in an algebra over the quotient field of S, the rank 
is the maximal number of elements of M which are linearly 
independent over S. 

Free S-module: A finitely-generated S-module which 
has a set of generators which are linearly independent over 
S. 

Protective S-module: A direct summand of a free 
S-module. 
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