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ABSTRACT 

Increased interest in high-speed hybrid analog/digital com

putation has led to the development of the Arizona Statistical 

Repetitive Analog Computer (ASTRAC I). In this machine, inexpensive 

digital logic has been used to control a high-speed repetitive 

analog computer. This in conjunction with accurate comparators, 

switches, and analog memory units permits interesting iterative 

computing routines; of particular interest are Monte-Carlo-type 

studies of stationary and nonstationary random processes. Noise 

generators are used to generate random functions and the use of an 

accurately timed sampling readout in conjunction with a hybrid sta

tistics computer yields estimates of ensemble statistics. 

In connection with the design of the computer, a careful 

error analysis was performed on the linear analog computing ele

ments and digital timing circuits. The results are of particular 

interest for the design of nev; computing systems of this type. 

The results of several statistical experiments are included 

to further illustrate the operation and application of the various 

ASTRAC I computing elements. 



ACKNOWLEDGMENTS 

The ASTRAC I project was supported by a considerable amount 

of M. S. thesis work and graduate student term papers under the 

writer's nominal supervision. Appreciation is due H. Koerner, 

R. Eckes, B. Conant, M. Morgan, H. Handler, R. Streets, J. Manelis, 

B. Barker, M. McMahan, J. Bailey, F. Shaver, and B. Mitchell, all 

graduate students at the University of Arizona, for their contri

butions; only this perfect team effort has made it possible to 

complete a relatively large system, such as ASTRAC I, as a gradu

ate student dissertation. Credit is also due to a number of 

undergraduate students who performed much of the actual construction 

of the ASTRAC I modules. 

The author is particularly grateful to his dissertation 

advisor, Dr. G. A. Korn, for his guidance and inspiration during the 

course of the research. 

Special appreciation is also extended to Dr. P. E. Russell, 

Head of the Electrical Engineering Department, and Dr. T. L. Martin, 

Dean of the Engineering College, for their support of the project. 



TABLE OF CONTENTS 

Page 

CHAPTER 1. INTRODUCTION 1 

1-1 General Remarks L 

1-2 Historical Development of Repetitive Analog Computers . 2 

1-3 Statement of the Problem 4 

1-4 Introduction to the ASTRAC I Computer 5 

CHAPTER 2. THE REPETITIVE ANALOG COMPUTER 9 

2-1 General Remarks 9 

2-2 Operational Amplifiers 10 

2-3 Inverter/Summing Amplifiers 10 

2-4 Integrators, Memory, and Sample-Hold Circuits 13 

2-5 Comparator Amplifier 16 

2-6 Potentiometers 18 

2-7 Multipliers and Function Generators 18 

CHAPTER 3. THE DIGITAL CONTROL UNIT AND ANALOG/DIGITAL 

COMPUTING ELEMENTS 19 

3-1 General Remarks 19 

3-2 Principles of Operation 20 

3-3 Block Diagram 22 

3-4 Internal Clock Mode of Operation 22 

3-5 External Computer Control 26 

3-6 Statistics Computer 26 

3-7 Noise Generators 27 

3-8 Digital Expansion System 30 



Page 

CHAPTER 4. DETAILED ACCURACY STUDIES AND THEIR EFFECT ON 

COMPUTER-SYSTEM DESIGN 34 

4-1 Dynamic Characteristics of the Model 3 Amplifier 34 

4-2 Static and Dynamic Characteristics of the 

Inverter/Summing Amplifiers 34 

4-3 The Equivalent Circuit Analysis for the Electronically 

Reset Integrators or Sample-Hold Circuits 36 

4-4 Integrator Drift, Offset, and Switching Errors 43 

4-5 Integrator Response to a Step Function 51 

4-6 Dynamic Errors in Linear Computing Loops 51 

4-7 Effects of Timing Errors in the Digital Control Unit .. 65 

CHAPTER 5. EXPERIMENTAL RESULTS: RANDOM PROCESS STUDIES 69 

5-1 Measurement of Cumulative Probability Distributions 

and Probability Densities 69 

5-2 Autocorrelation Function Measurements 75 

5-3 Other Projects 75 

CHAPTER 6. CONCLUSIONS AND SUGGESTIONS FOR FUTHER RESEARCH 83 

6-1 Conclusions 63 

6-2 Suggestions for Further Research and Development 83 

APPENDIX A. EQUIVALENT CIRCUIT ANALYSIS OF LINEAR COMPUTING 

ELEMENTS 85 

A-l Potentiometers 85 

A-2 Computing Resistors 85 

A-3 Computing Capacitors 87 

A-4 Dynamic Response of Inverter/summing Amplifiers 90 

A-5 Electronic Integrators: Effects of Finite Gain and 

Parasitic Impedances on the Integrator Frequency 

Response 94 

A-6 Electronic Integrator Error due to Calibration, 

d-c Offsets, and Noise 97 

BIBLIOGRAPHY 99 



Chapter 1 

INTRODUCTION 

1-1 General Remarks 

It is possible to trace special-purpose analog computers back 

many years; and although some early computers such as the Busch 

mechanical differential analyzer and the power network analyzer have 

been used as engineering tools for over thirty years, analog computing 

techniques became generally accepted only after it became possible to 

perform the computations electronically. 

In particular, the knowledge gained during World War II made 

possible the development of a d-c operational amplifier of sufficient 

precision and stability to permit simple fabrication of electronic 

summers, integrators, inverters, and other electronic computing 

components. These components were faster (in the frequency sense), 

more compact, and easier to use than those which had existed pre

viously, and led to the implementation of two different types of 

general purpose analog computers; the "slow" electronic analog com

puter, and the "fast" repetitive analog computer. 

"Slow" analog computers use integrators having relatively 

long time constants and are switched in and out of the compute cycle 

by operator-controlled relays. Typical problem solutions may take 

from several seconds to many minutes, and electro-mechanical recorders 

can be used to record the problem solutions. On the other hand, the 

1 
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integrators in repetitive analog computers have short time constants 

and solutions are obtained in milliseconds. The entire solution is 

then automatically repeated at five or more solutions per second and 

the result is displayed on an oscilloscope or sampling readout is 

employed. In recent years, many "slow" computers have been equipped 

with special control circuits which permitted a slow repetitive 

operation and the distinction between the two computer types has 

become somewhat blurred. 

1-2 Historical Development of Repetitive Analog Computers 

Both "slow" and repetitive analog computers became available 

as commercial products soon after the war. In the United States, 

George A. Philbrick Researches, Inc., marketed a repetitive differ

ential analyzer which was fairly simple, but had low accuracy. In 

the "slow" computer area, Reeves Instruments, Inc., introduced their 

REAC, which was followed by Electronic Associates' PACE, Berkeley's 

EASE and a number of other machines. Because of their greater 

accuracy and ease of operation, the "slow" computers immediately 

dominated the market and manufacturers concentrated on producing 

machines of greater accuracy and complexity with little emphasis 

being placed on higher speeds. 

In the meantime, repetitive analog computer development 

proceeded slowly, due to component difficulties and lack of research 

and development effort. In 1950, Macnee described a relatively high

speed repetitive analog computer which he had constructed at the 

28 
Massachusetts Institute of Technology. This, along with the 
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development of several special purpose repetitive computer facili

ties in Europe, almost comprised the development work in the 

repetitive analog computer area until the late 1950's. 

At this time, competition frotn the expanding digital computer 

industry and lagging sale6, forced analog computer manufacturers to 

turn their development efforts toward high-speed operation. The 

first modern repetitive differential analyzers in the United States 

were introduced by G. P. S. Instruments, Inc. and Computer Systems, 

Inc., while in Europe, Telefunken produced a similar machine. Thnse 

computers featured more advanced electronic design and opened up new 

avenues of application and research. As a result, engineers began 

to take a second look at analog computation and more emphasis began 

to be placed on this type of computer. 

At the present time, most analog computer manufacturers 

include at least the facility for repetitive operation in their 

machines. In addition, some new computers contain digital expansion 

systems, analog memory, provisions for sampling, punched card pro

gramming, and some sort of automatic checkout system. These features 

then permit quite sophisticated simulation studies and allow the ujer 

greater flexibility in analog computation. For example, an electronic 

analog computer equipped with accurate memory circuits, decision

making comparators, and analog switches can tackle a whole field of 

combined analog/digital computing techniques, including automatic 

program changes, iterative subroutines, multiplexing of differcnce-

differential equation setups for partial differential equations, 

simulation of sample-data or digital systems, and automatic parameter 

t .  .  1 , 1 0 , 1 2  
optimization. ' ' 
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Equipment of this type, visualized quite early by Wadel, 

was pioneered by Computer Systems, Inc., with their DYSTAC system 

1 12 
and is now available from a number of computer manufacturers. ' ' 
15 39 40 
' ' The new ASTRAC I system combines these features with pro

visions for digital as well as analog control of integrators, memory 

units, and analog switches by means of a simple all-digital control 

unit and patchable digital flip-flops, Schmitt triggers, pulse 

inverters, and logic diodes. 

1-3 Statement of the Problem 

The subject of this dissertation is the ASTRAC I system with 

particular emphasis on the detailed design of the repetitive analog 

computer and digital control unit. Problems of particular interest 

were: 

1. Design of wide band linear analog computing elements 

and the analysis and measurement of their static and 

dynamic errors. 

2. High-frequency stability of the computing elements in 

all modes of operation. 

3. Design of digital control functions and careful inter

pretation and measurement of timing errors. 

4. The over-all design with regard to practical integration 

of various computing elements into a computing system. 

5. System layout and construction minimizing the effects of 

parasitic capacitance, stray pickup, and switching errors. 

The ASTRAC I project is novel in that the project was organized 

as a team effort with the candidate acting as project engineer; thus 
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a relatively large system could be completed in a fairly short time. 

In the course of the development, a number of papers have 

been published on the operation of the ASTRAC I computing elements; 

therefore, the actual dissertation deals mainly with the analysis 

and description of the experimental results. For a complete discus

sion of the ASTRAC I computing elements, the reader is referred to 

references 3, 5, 6, 7, 8, 9, 11, 13, 17, 21, and 24. 

1-4 Introduction to the ASTRAC I Computer 

The Arizona Statistical Repetitive Analog Computer (ASTRAC I, 

Fig. 1-1), combines a new fast memory-equipped repetitive/iterative 

analog computer with digital logic and control. The resulting 

synthesis of high-speed analog computation with digital automatic 

programming is of particular interest in connection with Monte-Carlo-

type studies of random processes, which serve to illustrate ASTRAC I 

4 41 
system operation in Fig. 1-2. ' 

Referring to Fig. 1-2, an analog-computer simulated control 

system, communications system, queuing problem, etc., is supplied 

random inputs, initial conditions, and/or random parameters from noise 

generators with Gaussian or statistically known random variable out

puts. Reset pulses from a simple digital control unit cause repetitive 

simulation of the process under study between 10 and 100 times per 

second at computing frequencies of 10 to 10,000 radians per second. 

Accurate sample-hold (analog memory) units read selected process 

variables at push-button preset times t^ and t^ seconds after the 

start of each computer run. A hybrid analog/digital statistics 

conqjuter accepts these samples to compute statistical averages of 
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100 to 9900 computer runs, as determined by a preset run counter in 

the control unit. In this manner, one can estimate ensemble averages 

such as mean-square error, correlation functions, and probabilities 

for very complicated nonstationary as well as stationary random 

processes. 

While the ASTRAC I system is intended mainly for an academic 

program of graduate instruction and research, some of the new compo

nents and design philosophy may be of inLerest to industrial designers 

c , , - ... ,, 1 „. , „ 3,5,6,7,13,9,13,17,21,24,25 
of hybrid analog/digital computing equipment. >'>>>> > > * > 
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Fig. 1-1. The ASTRAC I computer. 
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Chapter 2 

THE REPETITIVE ANALOG COMPUTER 

2-1 General Remarks 

The repetitive/iterative analog computer comprises six 

analog modules, each containing the following elements: 

1. Two electronically reset integrators and their 

associated switching electronics. 

2. Two inverter/summing amplifiers. 

3. One feedback-limited comparator amplifier. 

4. One potentiometer panel. 

All of the integrators and summing amplifiers are equipped 

with overload lights and readout switches. For control flexibility, 

a switch permits the integrators to be controlled by a digital reset 

pulse (normal repetitive operation), or by a d-c level in conjunction 

with an accurate comparator. 

In addition to the analog modules, a sample-hold module, 

containing two fast sample-hold circuits and a comparator amplifier, 

is used for a sampling readout into the statistics computer or the 

digital voltmeter. An oscilloscope is also available for readout 

purposes. 

To avoid stray pickup, the signal readout line, the digital 

reset line, and the + 100 volt reference lines are made of coaxial 

cable with the outer conductor connected to ground. These lines are 



brought into the modules through plugs in the rear of each unit. 

The 115 volt a-c filament voltage and the + 300 volt d-c "plate" 

voltages are also brought in through rear plugs. 

The patchcords, used for connecting computing elements in 

analog simulations, are made from low-capacitance coaxial cable, 

and for most problems, the patching is done from left-to-right. To 

minimize the patching clutter, buss lines have been installed behind 

the front panel of each analog module. 

2-2 Operational Amplifiers 

The d-c operational amplifier used in A3TRAC I is the 

University of Arizona Model 3 (Fig. 2-1), which utilises a chopper-

2 1  
stabilized feed-forward design. For use in the A3TRAC I modules, 

the amplifier is mounted on a printed-circuit card and has been 

carefully compensated for good stability,, In most computing appli

cations, the amplifier operates between + 1U0 volts and can deliver 

+ 10 ma of current. Its power requirements are 35 ma of current 

at + 300 volts. 

2-3 Inverter/Summing Amplifiers 

ASTRAC I inverter/summing amplifiers (Fig. 2-2), have fixed 

input resistors (two 100K CL and three 500Kjfl), and use plug-in 

feedback resistors. For experimental compensation purposes, several 

of the 100K resistors were connected in parallel with 50 pf capaci

tors. If the plug-in feedback resistor is similarly comi ansated so 

as to cancel the resulting input zero, the amplifier response and 

IB 35 
system-stability margin were found to be considerably improved. ' 
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To minimize stray pickup, the connecting leads from the 

front panel to the operational amplifier are made of coaxial cable. 

The resulting capacitance at the summing junction is estimated to 

be less than 25 pf. 

2-4 Integrators. Memory, and Sample-HoId Circuits 

The key element of the repetitive/iterative analog computer 

is the electronically reset integrator shown in Fig. 2-3 (if the 

integrator input resistors are disregarded, the configuration is a 

sample-hold circuit).'' With the switch ON (TRACK or RESET mode), 

the output will track the IC input. With the switch OFF (HOLD or 

COMPUTE mode), the output holds its last value or integrates an 

input sum. For problem flexibility, each integrator has five fixed 

carbon film resistors (three 100KA and two 500K/1 ), and uses a 

plug-in integrating capacitor. 

Any two sample-hold circuits can be connected as shown in 

Fig. 2-4 to form a memory pair. This allows the computer to use 

results from earlier runs in succeeding runs and is useful in itera

tive computations, such as the solution of boundary-value problems. 

When used with a digital voltmeter, analog memory can also be used 

to plot computer solutions point by point. 

In ASTRAC I, the driver amplifier for the integrators is a 

Philbrick K2-XA and for the fast sample-hold circuits a University 

21 
of Arizona Model 2 is used. These amplifiers are not chopper-

stabilized (since the electronic switch causes most of the inherent 

drift), and have a voltage gain of 1. The current output of the 

K2-XA is about 3.5 ma, while that of the Model 2 is 10 ma. 
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A six-diode switch, using vacuum-tube diodes, is the elec

tronic switch in the integrators and sample-hold circuits. With the 

back-to-back 5 volt zener diodes acting as an input limiter, the 

switch can be controlled by + 10 volt push-pull pulses. (This is 

very important if integrators are to be controlled by low-voltage 

digital modules). In the analog modules, one Schmitt trigger nor

mally controls both integrators, but in the sample-hold module, each 

sample-hold circuit is switched individually. For flexibility, the 

control pulses are brought out to the front panel, and all switches 

can be operated independently by patching into disconnect jacks. 

The switching circuits for each module are located just be

hind the module front panel, and all integrator and sample-hold 

internal connections are made with coaxial cable. The integrator 

summing point capacitance is estimated to be below 50 pf. 

2-5 Comparator Amplifier 

In the "comparator reset" position of its control switch, any 

integrator or sample-hold circuit is controlled by an accurate d-c 

voltage comparator. To accomplish this, the Schmitt trigger has been 

designed to trigger at zero volts arid to have very little hysteresis. 

If the Schmitt trigger is driven by the comparator amplifier (Fig. 2-5), 

the triggering error and hysteresis are reduced by the gain of the 

amplifier, which is ten. The complete comparator is accurate to about 

0.1 volts at frequencies up to 10 kc. A second comparator input per

mits switching about any predetermined, fixed or variable, voltage 

level. 
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2-6 Potentiometers 

Each potentiometer panel contains 5 General Radio 20,000 ohm, 

wire-wound, flat-card, single-turn potentiometers used to set coeffi

cients and initial conditions. Each panel also contains + 100 volt 

reference outputs and calibration push-buttons, which permit each 

potentiometer to be set by a digital voltmeter with the potentiometer 

load connected. Since potentiometer phase shift can be a serious 

error source, it was originally intended to supply switched or plug-in 

phase compensating capacitors; but this complication was found to be 

unnecessary due to the low value of potentiometer resistance. 

2-7 Multipliers and Function Generators 

A diode quarter-square multiplier, a Philbrick Model MU multi

plier, and a Philbrick Model FFR function generator are provided for 

ASTRAC I simulations. Also, certain nonlinear functions can be gener

ated using the uncommitted amplifiers in the digital expansion unit 

13 
together with fast plug-in diodes. 



Chapter 3 

THE DIGITAL CONTROL UNIT AND 
ANALOG/DIGITAL COMPUTING ELEMENTS 

3-1 General Remarks 

The ASTRAC I digital control unit combines a 10. kc crystal 

oscillator with inexpensive preset digital counters and simple digital 

circuitry to generate accurate timing pulses which perform the following 

c • ^ functions: 

1. Reset the repetitive analog computer at rates of 100 cps, 

50 cps, 25 cps, 10 cps or on external triggering. 

2. Actuate external computing equipment during a preset number 

of 100 to 9900 successive computer runs. 

3. Furnish sampling pulses to sample-hold readout circuits at 

push-button selected times t^ and t^ (or t^+ T) seconds 

after the start of each individual computer run. 

h. Generate variable-brightness oscilloscope timing markers 

at 1000 cps, 500 cps, 250 cps, and 100 cps. In addition, 

markers are available at the computer repetition rate and 

at times t, and t . 
1 2 

5. Generate scanning pulses, which are advanced by a seconds 

for each computer run, to provide a sampling-type readout 

of repetitive solutions into slow recorders or digital 

computers. 

19 



3-2 Principles of Operation 

Figure 3-1 is a pictorial timing diagram of the computer reset 

pulse and the t^ and t^ sampling pulses. 

Referring to Fig. 3-1 and Fig. 1-1, the digital control unit 

furnishes accurately timed reset pulses to the repetitive analog com

puter. While the reset pulse is positive, all computer integrator 

output voltages are reset to their preset or random initial conditions 

(RESET condition of the repetitive analog computer). A typical com

puter run begins when the reset pulse goes negative (COMPUTE condition). 

Then at the push-button selected sampling times t^ and t^ (or t^+T), 

seconds after the start of each computer run, pulses from the control 

unit cause the two sample-hold circuits to hold selected computer 

voltages, x(t) and y(t) and samples values x(t^) and y(t£) are read 

out. At the end of a computer run, the reset pulse goes positive and 

places the repetitive computer into the RESET condition. The sample-

hold circuits are switched into TRACK independently so as to give a 

maximum holding interval. 

The computer cycle is typically repeated at repetition rates 

of 10, 25, 50, and 100 cps with RESET taking 10 percent of the repeti

tion period. Thus, a 90 msec computer run would be followed by a 

10 msec reset period. The sample-hold circuits are switched into TRACK 

for a period of 10 to 20 percent of a computer run by separate control 

circuits. Computer runs and/or sample-hold circuits may also be 

controlled by external devices such as analog or digital computers and 

external measuring equipment. 
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Samples, (^x(t^), ... nx(t^) ) or 

(^(t^ Xy(t2), 2x(c1) 2y(t2), nx(t]L) ny(t2) ), 

from a predetermined number of successive computer runs are used in 

the amplitude distribution analyzer and statistics computer to produce 

estimates of ensemble statistics, such as probability distributions, 

probability densities, first and second moments, and correlation 

functions. Sample sizes between 100 and 9900 are push-button 

selected on the control panel. 

3-3 Block Diagram 

Figure 3-2 shows an overall block diagram of the digital 

control unit. 

To begin a series of computer runs, it is necessary to reset 

all preset digital counters, binary counters, and bistable multivi

brators to their proper states. If the manual reset button is used, 

all sample-hold circuits are reset to TRACK, the analog computer is 

in RESET, and all counters read zero. For external resetting, pulses 

generated in the proper sequence would be used to reset the proper 

counters and multivibrators for the desired operation. 

3-4 Internal Clock Mode of Operation 

Generation of Reset Pulses. Referring to Fig. 3-2, when 

operating in the INTERNAL CLOCK mode, the 10 kc crystal oscillator 

provides the input to a group of three preset decimal counting units, 

which are used as frequency scalers. The output of each counter is a 

positive square pulse whose negative going edge may be differentiated 

to yield pulses at one-tenth the input pulse rate. The use of binary 
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scalers, then permits the generation of four negative pulse trains at 

100, 500, 250 and 100 cps, which are selected by the REP-RATE selec

tor switch to give 10 times the desired repetition rate of 100, 50, 

25 or 10 cps. These pulses are also used as oscilloscope timing-

markers. 

For a particular repetition rate, the selected pulse train 

drives a permanently "preset-nine" decimal counter. The output of 

this scaler is positive between each 9th and 10th input pulse as shown 

in Fig. 3-lb. This rectangular pulse, whose length is one-tenth of 

the computer run time, is the reset pulse used to switch the repetitive 

analog computer into the RESET condition. The negative-going trailing 

edge of this reset pulse precisely marks the start of a computer run 

and differentiation yields the negative going pulses, which are counted 

to determine the total number of runs. These pulses also act as time 

markers and are used to reset various counters and bistable multi

vibrators . 

Generation of t^ Sampling Pulses. To obtain a pulse t^ seconds 

after the start of a computer run, the t^ presetting logic can be 

push-button preset to provide a pulse from 0.1 to 99.9 msec after the 

-4 
start of a run in 10 second intervals. Referring to Fig. 3-2, at 

time t^ the presetting logic puts out a sharp negative pulse which 

performs the following functions: 

1. Actuates a bistable multivibrator which switches the 

t^ sample-hoId circuit into HOLD. 

2. Serves as the t^ time marker. 

3. Resets a permanently "preset-nine" decimal counter. 



25 

The input to this counter is the pulse train at a frequency 

equal to ten times the repetition rate. The output of the scaler is 

the square pulse (Fig. 3-lc), whose positive-going leading edge is 

differentiated and used to reset the multivibrator, which in turn, 

switches the t^, sample-hold circuit into TRACK. The resulting TRACK 

time can vary from 10 to 20 percent of the computer run time. 

Generation of the t^ sampling pulses. To generate the t^ 

sampling pulse, the t2~T-SCAN selector switch is placed in the t^ 

position. At the preset time, t2 seconds after the start of a computer 

run, the t^ presetting logic puts out a sharp negative pulse. If a 

sampling pulse is desired xseconds after t^ the selector switch is 

placed in ther position. In this mode, the t^ pulse controls the 

presetting logic, so that the scaling begins at t^. For either switch 

position, the t^ (or tj+r) pulse performs the same functions as the t^ 

pulse described above. 

The SCAN Mode. If the t2~r" S^AN selector switch is placed in 

the SCAN position, the t^ counters and presetting logic can be made to 

cycle like a ring counter. To start the scanning operation, a repeti

tive rate is selected to reset the analog computer every T seconds, 

the 12 presetting logic is preset to 1/2 (T +• A ) seconds, and the 

sample-hold, push-pull, pulses are reversed by patching. The computer 

is then manually reset. The computer integrators are now reset every 

T seconds but the t2 counters are reset every 1/2(T + A ) seconds. 

The t2 sample-hold circuit is then in HOLD at time t"0 during the first 

computer run and advances by the push-button selected step of A seconds 

for each successive run. This feature permits repetitive analog 
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computer solutions to be fed into accurate recorders, printers, and 

associated analog or digital computers. 

The TOTAL-RUN Counter. The TOTAL-RUN counter counts the end 

of each computer run so as to count only completed runs. The counter 

is made up of two regular decimal counters and two preset decimal 

counters so that any integral number of hundreds of runs between 100 

and 9900 can be push-button selected. When the selected total has 

been reached, the preset counters put out a pulse which turns OFF the 

run counter and all external statistical computing equipment, which 

now contains statistics of the system under study. 

3-5 External Computer Control 

In the EXTERNAL CLOCK mode of operation, an external device 

can be used to supply the computer reset pulses and/or the t^ and 

reset pulses. The computer reset pulse must be negative during the 

COMPUTE portion of the run and must go positive to reset the analog 

elements to their initial conditions. The t^ and t^ sampling pulses 

are negative during the HOLD portion of the sampling interval and must 

go positive to place the sample-hold circuits into TRACK. Here again, 

the trailing edges of the pulses would be differentiated to provide 

sharp pulses for run counting, resetting of counters and multivibrators, 

and time markers. 

3-6 Statistics Computer 

The statistics computer is comprised of novel hybrid analog/ 

digital computing circuits which compute estimates of ensemble statistics 

over 100 to 9900 preset computer runs. Since the computer operates on 
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samples from fast computer runs, it works at relatively slow rates 

3 
and is made up of inexpensive circuitry. 

The Amplitude-Distribution Analyzer."* A block diagram for the 

amplitude-distribution analyzer is shown in Fig. 3-3. For probability 

measurements, the output counter counts one pulse per computer run, if 

and only if the analyzer input sample, x(t^), is between the preset 

voltages X -&x/2 and X + AX/2. The resulting count divided by the 

total number of runs can then be used to estimate the probability 

PROB(X- A X /2 <xit l)^X+^x/2) (3. 1 )  

For sufficiently small A x, an estimate of the probability density can 

be obtained., 

Statistical AveraninK Computer.^ The statistical averaging 

computer, shown in Fig. 3-4, operates on each sample and the result is 

converted to an equivalent digital number. These numbers are then 

numerically summed in a reversable counter to yield estimates of en

semble averages. The unit can be switched to average x(t^), |x(t^)|, 

or x(t^)^/100 to yield estimates of E(x(t^) ), E(jx(t^) j ), and 

2 
E(x(t^) ) for nonstationary as well as stationary random processes. 

Averages of products, x(tj) y(t2> (eg. correlation function estimates), 

are obtained with the aid of the relation 

X Y  =  ( X + - Y ) 2 / 2  -  ( X - Y ) 2 / 2  ( 3 . 2 )  

3-7 Noise Generators 

Random voltages for ASTRAC I are provided by noise generators 

made up of inexpensive analog/digital circuitry. These voltages are 

used for random variables in simulations of physical systems which are 
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disturbed by noise or have random parameters. 

32 
Noise Generator 1. Figure 3-5 is a block diagram of a noise 

generator which uses a.filtered random telegraph wave as an approxima

tion to noise. The random telegraph wave is generated from a radio

active source whose output is a series of pulses with a poisson 

distributed spacing. These pulses are then fed into pulse shaping 

circuits to form a random telegraph-wave with poisson distributed zero 

crossings. The distribution function of the output waveform is then 

shaped by function generators in conjunction with filters. Of partic

ular interest is the approximation to gaussian noise. 

Noise Generator 2.^ If n independent random variables, all 

having the same distribution function, are added together, the Central 

Limit Theorem implies that the distribution of the sum will be 

asymptotically normal as n approaches infinity. In practice, n may 

be fairly low and the pseudo-random noise generator shown in Fig. 3-6, 

uses the sum of 3 random-phase triangular waveforms as an approximation 

to normal random noise with mean zero and a controlled variance. In 

practice, the waveform is sampled to provide one random sample per 

computer run. 

13 
3-8 Digital Expansion System 

The digital expansion system for ASTRAC I is comprised of two 

rack-mounted modules, each containing: 

1. Three uncommitted operational amplifiers. 

2. Two bistable multivibrators (flip-flops). 

3. Two Schmitt triggers. 
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4. Two inverting/differentiating pulse amplifiers. 

5. Assorted plug-in diode switches. 

This system gives ASTRAC I additional decision-making capacity 

and is useful in studies of system optimization, sample-data systems, 

correlation functions and nonlinear simulations. 



Chapter 4 

DETAILED ACCURACY STUDIES AND 

THEIR EFFECT ON COMPUTER-SYSTEM DESIGN 

4-1 Dynamic Characteristics of the Model 3 Amplifier 

For high-speed repetitive computers, the zero db point of the 

high-gain d-c operational amplifier must extend well beyond one mega

cycle in such a way that the amplifier has good stability. Figure 4-1 

shows the open-loop response of the University of Arizona Model 3 

amplifier. For stability, the 20 db per decade roll-off extends about 

5 mc beyond the zero db point, and the measured value of the phase 

margin is about 30 degrees. Consequently, the amplifier performs well 

in the usual feedback configurations. In particular, it is short-

circuit stable, and will drive 100 pf of load capacitance without 

instability. 

The d-c gain of the amplifier is greater than 100 db, and for 

high speed computation, the amplifier gain exceeds 70 db at frequencies 

up to 10,000 radians per second (about 1600 cps). 

4-2 Static and Dynamic Characteristics of the Inverter/Summing 

Amplifiers 

A static test for the summing amplifiers was run with a single, 

known, d-c input voltage. The output voltage was then measured with a 

0.1 percent digital voltmeter and the error was recorded as the abso

lute value of the desired output minus the actual value. For 1.0 

percent computing resistors, the maximum error was 0.7 percent of 

34 
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half-scale and the average error was 0.55 percent of half-scale. 

A theoretical equivalent circuit, including the effects of 

resistor compensation, for summing amplifiers is discussed in 

Appendix A-4. To dramatically illustrate the effect of shunt capaci

tor compensation of summing amplifier resistors, the compensated and 

uncompensated gain and phase curve for an inverter are plotted in 

Fig. 4-2. The pulse response for the two cases is shown in Fig. 4-3. 

4-3 The Equivalent Circuit Analysis for the Electronically Reset 

Integrators or Sample-Hold Circuits 

reset integrator is shown in Fig. 4-4. For normal operating frequen

cies, the switch impedance, the driver output impedance, and the 

driver input impedance, are considered to be resistive. 

For analysis, the equivalent circuit of an electronically 

With the switch ON, the current equation at node "a" can be 

written in Laplace form as 

E|(s) — Ea(s) E0(s) — Ea(s) 
D ~f~ O R R (4.1) 

At node "b" 

Letting 

(4.3) 

sCRs(R+2Rin) sCR,(R+2Rirl) (R?+R5)(R+2RJ 
l+ R in A(s)R in 

+ A(s)R2R in 

- E,(s) - E2(s)Rs(R+2Rin)/RgR.n 
(44) 
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Ver. scale 5 volts/cm. 
Hor. scale 1 usee./cm. 

a 
Uncompensated phase inverter pulse 

response. 

Ver. scale 5 volts/cm. 
Hor. scale 1 usee./cm. 

b 
Compensated phase inverter pulse 
response. 

Fig. 4-3. Oscilloscope photograph of the 
compensated and uncompensated 
inverter pulse response. 
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Equation (4.4) can now be separated into two parts to study 

the effective rejection of E^Cs) and the tracking response to E^(s). 

If E^(s) is zero, Eq. (4.4) can be approximated at low 

frequencies by 

Rs( R —}—2Rj n ) 
(4.5) 

Furthermore, for R«R and Eq. (4.5) can be again approximated 

to give 

(4.6) 

In the time domain 

2 Re 
(4,7) 

In ASTRAC I, R„ is lOOKQand the value of R is Cound by 
'2 s 

measuring E^(t) for a known E^(t) and applying Eq. (4.7). For 

practical purposes, the driver amplifier output impedance is zevo 

nonlinear. The value O£ R was found to be equal to or less than 300 
s 

ohms, which corresponds to a maximum value of jlu ohms taken from a 

linear approximation to the diode curves. The maximum rejection error 

is then + 0.6 volts for each lOOKfL input and + U.1L' volts tor each 

500KA input. 

In the steady state, the open-loop arnjlifier gain can be. 

written 

which makes R^ equal to the switch impedance, which in general is 

A( jto) = (4.8) 
I j ) 
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where A is the d-c gain and S.(co) is, in general complex, but 
o A 

usually proportional to o over a wide range of frequencies, Fig. 4-1. 

For E2(s) equal to zero and for a sinusoidal input, Substitu

tion of Eq. (4.i>) into Eq. (4.4) gives the steady state gain equation 

E (jw) = -E,(jw) I /' 
(Rp + RS)(R+-2Rjn) o>CR (R+2RirJSAM 

A 0 R 2 R i n  "  A 0 R i n  
(4.9) 

CRs(Rf-2R in) t CRs(R-t-2Rjn) (R?+RR)(R + 2Rjn)8AU 

^in Ao^in w ^2 ̂ in 

The measured frequency response with the 50 pf input compensating 

capacitor included, is shown in Fig. 4-5. 

Equations (4.7) and (4.9) indicate that for good rejection and 

frequency response the switch impedance should be low, the driver in

put impedance high, and the operational amplifier bandwidth and gain 

should be as high as possible. 

Although the use of either the K2-XA or the Model 2 as the 

driver amplifier results in the same small-signal frequency response, 

their current outputs for charging the capacitor are not the same and 

must be considered when investigating the dynamic characteristics of 

integrators and sample-hold circuits in RESET or TRACK. For a 

sinusoidal input 

E|(t) = E si najt (4.10) 

the voltage-current relation for a capacitor can be used to find the 

maximum tracking frequency for a given amplitude E. In equation form 
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where i is the smallest current output of the driver or operational 

amplifier, E is the amplitude of the input sine-wave, and C is the 

value of the integrating capacitor. The theoretical and experimental 

results coincide very well and are shown in Fig. 4-6 for C«,0.005U'F » 

From this, the sample-hold circuits can be said to track at 10^ volts 

per second and the integrators at 7(10"^) volts per second., 

With the switch OFF, the equivalent circuit is shown in 

Fig. 4-4b. Here, the constant current generator corresponds to the 

switch leakage current and causes the capacitor to charge or discharge 

at a constant slow rate during COMPUTE or HOLD. For C»0.005ju^, the 

circuit will hold within 50 niv for 100 msec. More accurate holding 

can be obtained at the expense of frequency response by using a 

larger capacitor. 

A complete discussion of the equivalent circuit for an 

integrator is given in Appendix A-5. 

4-4 Integrator Drift, Offset, and Switching Errors 

D-c drift, d-c offsets, switching delay:;, switching offsets, 

and switching transients are sources of error in electronically reset 

integrators, and must be minimized for accurate simulation work. 

The d-c drift of the integrators is less than + 20 mv after 

a warm up period of 15 minutes, D-c offsets are balanced out with a 

potentiometer and normally are held within + 5u mv over a two week 

period with no adjustment. 

Figure 4-7, shows an oscilloscopc photograph of the computer 

reset pulse and one side of the corresponding Schmitt trigger response. 
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Figure 4-8 is a photograph of the resulting push-pull pulses, which 

drive the electronic switch. The Schmitt triggers all switch at about 

zero volts (Fig. A-9), and the switching delay between the various 

integrators is less than 0.5 usee. Consequently, the effects of in

tegrator switching delay are so small that they are masked by the 

normal switching transients. 

After being adjusted to give zero switching offset at the in

tegrator output, the rise and fall times of the switch control pulses 

are shown in Fig. 4-10. Note that the pulses cross zero at exactly 

the same time going into RESET, which indicates that the electronic 

switch is turning ON symmetrically. This is not the case going into 

COMPUTE, and the difference is due to a nonsymmetrical turn-off 

characteristic in the particular switch. In practice, the control 

pulses for each switch are adjusted separately to give zero switching 

offset and further adjustment is required about once a month to 

compensate for component aging. 

Transients at the integrator output are caused by the switching 

action; and their amplitude depends on the value of the integrating 

capacitor. When computing, these transients ride on top of the com

puter solution and usually contribute a small d-c error after they are 

damped out. Figure 4-11 is a photograph of typical integrator switch

ing transients with C«=0.01uf. For values of C up to 0.001 uf, the 

transients increase to a maximum value of 200 mv. However, in each 

case they are damped to less than 50 mv in about 2 usee. Due to a 

better dynamic response, the transients in the sample-hold circuits 

have a maximum value of 400 mv and also damp out in about 2 usee. 



Ver. scale 20 volts/cm. 
Hor. scale 5 usee./cm. 

Fig. 4-7. Schmitt trigger response to the 
computer reset pulse. The fast 
pulse is the Schmitt trigger out
put. 



Ver. scale 20 volts/cm. 
Hor. scale 0.5 msec./cm. 

Fig. 4-8. Push-pull pulses for the control 
of the electronic switch. For 
clarity, the d-c levels have been 
set to show one pulse above the 
other. 



Ver. scale for the pulses 20 volts/cm. 
Ver. scale for the sine-wave 0.5 volts/cm. 
Hor. scale 0.2 msec/cm. 

Fig. 4-9. Schraitt trigger response to a 
sine-wave. 



Ver. scale 10 volts/cm. 

Hor. scale 0.5 usec/cm. 

a 

Computer into RESET. 

Ver. scale 10 volts/cm. 
Hor. scale 0.5 usee./cm. 

b 
Computer Into COMPUTE. 

Fig. 4-10. Rise and fall times of the switch 
control pulses. 



Ver. scale 50 mv/cm. 
Hor. scale 0.5 usee./cm. 

a 
Computer into RESET. 

Ver scale 50 mv/cm. 
Hor. scale 0.5 usee./cm. 

b 

Computer into COMPUTE. 

Fig. 4-11. Switching transients at the 
output of an electronically 
reset integrator. 
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4-5 Integrator Response to a Step Function 

Although integrators do not, strictly speaking, operate in 

static modes, a quasi-static integrator test consisted of measuring 

the integrator response to a 5 volt step function (rate test). The 

computer setup is shown in Fig. 4-12. The integrator output was 

sampled every 10 msec, and the digital voltmeter was used to read 

the sample value. For readout accuracy, the memory pair used for 

readout was calibrated within 50 mv. The test was run over all 

possible lOOKfl integrator inputs and the results are tabulated in 

Table 4-1. 

4-6 Dynamic Errors in Linear Computing Loops 

Dynamic errors in computer setups for the solution of linear, 

constant coefficient, differential equations, can be described in 

terms of perturbations of the characteristic roots and generation of 

extraneous roots. The modes of operation due to the extraneous roots 

are usually strongly damped, and the characteristic root perturbations 

alone, can be used as a measure of dynamic errors in linear computing 

elements. These perturbations, which are caused mainly by phase shift, 

show up especially well in sinusoidal solutions. (This docs not 

necessarily mean that the percentage errors are higher in sinusoidal 

solutions; it only means they are easier to see). The well known 

harmonic oscillator computer setup (Fig. 4-13), for the solution of 

the differential equation 

D2* . ,2 (4.12) 
772 " * 
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Table 4-1 

INTEGRATOR RATE TEST 

Note: The integrator rate test was run 

by patching -5 volts d-c into 

each 100K integrator input. 

Sampling 
time in 
msec. 

10 .0  

2 0 . 0  

30.0 

40.0 

50.0 

6 0 . 0  

70.0 

80.0 

90.0 

Theoretical 
value in 
volts. 

5.0 

10.0 

15.0 

20 .0  

25.0 

30.0 

35.0 

40.0 

45.0 

Average 
value in 
volts. 

5 . 1  

10.0 

1 5 , 2  

2 0 . 1  

2 5 . 0  

2 9 . 9  

3 4 . 9  

3 9 .  a  

4 4 . 7  

Average 

error in 

volts 

- 0 . 1  

0.0 

- 0 . 2  

- 0 . 1  

0.0 

0 . 1  

0 . 1  

0.2 

0.3 

Maximum 

error in 

volts 

0 . 2  

-0.3 

0.2 

-0.3 

0.4 

0.4 

-0.4 

0.6 

0.7 
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demonstrates such a situation and serves as a sensitive test for 

the phase shift in linear computing elements (circle test). Writing 

the characteristic equation of Eq. (4.12) in Laplace form gives 

5^ 4- = 0 (4.13) 

and permits the classical representation of the characteristic roots 

S |  ^  = i r j w  ( 4 . 1 4 )  

For X(0)=B and X(0)*0, the solution of Eq. (4.12) is 

x ( t ) = B c o s w +  ( 4 . 1 5 )  

The actual computer solution has a characteristic equation 

of the form 

S2 + 2 S o ^S + = 0  ( 4 . 1 6 )  

with roots 

SI 2 = - ^ 
(4.17) 

where 

0)2(1—82)= J- (4.18) 

and oj is the natural frequency with no damping. A pole-zero diagram 

is shown in Fig. 4-14. Normally, the magnitudes of the real parts 

of the roots are much smaller than the magnitudes of the imaginary 

parts, and a) is approximately equal to a>n. If this is the case, the 

characteristic roots can be written 

S | 2  = ~ ± joj (4.19) 



-•x «*-SWN 

0>N o> 

S PLANE 

-•x #*— S ujk 

Fig. 4-14. Pole-zero diagram for the characteristic equation 
of a harmonic oscillator computer setup. 
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In analog computers, 8 is a function of o> and for x(0)"B and x(0)"0, 

the actual computer solution is approximately 

x(1) 5 B e (4.20) 

It is interesting to note that, since 8^) caused by phase 

shift, it can be either positive or negative; in most computers, the 

sign may change, possibly more than once, over the frequency range 

of the computer. 

Figure 4-15 is a plot of 8(u>) for ASTRAC I simulations of 

Eq. (4.12). For demonstration purposes, the simulation was run using 

various compensating capacitors connected in parallel with the inverter 

resistors. This dramatically illustrates the effect of small phase 

shifts in computing loops. The equation was also setup using a poten

tiometer in the loop, but no appreciable change occurred. This 

indicates that the low-resistance potentiometers used in ASTRAC I do 

not contribute objectionable phase shift. 

Although the value of 8(a)) is quite large at higher frequencies, 

it is of interest to plot the error per cycle over the linear portion 

of the experimental envelope. Before doing this, it is important to 

note that only absolute percentage error has meaning, since a low 

amplitude solution has very little envelope error in terms of half-

scale accuracy. With this in mind, the linear approximation to the 

absolute percentage error per cycle can be written as 

IOOou 8(a))T = I00[2 t t8U] (4.21) 

where T is the period of the solution. A plot of the absolute 
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percentage error per cycle vs frequency in radians is shown in 

Fig. 4-16. 

Figure 4-17 is an oscilloscope photograph of the velocity 

vs displacement for a harmonic oscillator solution at a frequency 

of 10,000 radians per second (circle test). Figure 4-1& is''the same 

solution being displayed in time. 

Experimental results and equivalent circuit studies of linear 

computing elements, indicate that dynamic errors are smaller if short 

leads and particularly, low computing impedances are used in conjunc

tion with wide-band, high-gain, operational amplifiers. To test this 

theory, the solution for the harmonic oscillator equation was simu

lated on ASTRAC I using 10K carbon resistors and very short wiring. 

The results are shown in Fig. 4-19, and vindicate the theory quite 

well. The important thing to consider is, that the use of low 

impedances permits the utilization of the complete amplifier band

width, and amplifier limitations will be the determining factor in 

high frequency dynamic errors. Note; this also requires a high-

current amplifier. 

When a timed sampling readout is used to plot computer 

solutions, small frequency errors can cause large amplitude errors, 

as shown in Fig. 4-20. Here, the experimental points indicate that 

the solution frequency is lower than the theoretical value and, 

although the experimental waveform is quite sinusoidal, the amplitude 

errors are large as the solution goes through zero. To illustrate 
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Ver. scale 20 volts/cm. 
Hor. scale 20 volts/cm. 

4-17. A photograph of displacement vs 
velocity for a harmonic oscillator 
computer setup (circle test). The 
frequency was 10,000 rad./sec. and 
the solution time was 9 msec. 



Ver. scale 10 volts/cm. 

Hor. scale 1 msec./cm. 

Fig. 4-18. A solution for the harmonic 
oscillator computer setup. The 

solution was run at 10,000 rad./sec. 
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this further, consider the harmonic oscillator solution 

x(+) = 1 0 0  s i n out 

where 

i 

1/R|C|R2C2 

For a one-percent error in R^, the resulting amplitude-time error 

is 3.14 volts per cycle as the solution goes through zero. Note; 

this error is the same for all frequencies. 

In most simulations, this effect is not too important and 

can be treated as a small frequency perturbation. However, if 

amplitude errors are to be investigated from sample points, the 

effect of frequency error must be considered. 

4-7 Effects of Timing Errors in the Digital Control Unit 

Errors in the digital control unit are caused by variations 

in the timing intervals due to the following causes: 

1. Deviation of the oscillator frequency from 10 kc. 

2. Delays due to "ripple-through-time" in the digital 

counters and digital circuits. 

The crystal oscillator has a measured frequency of 9992.2 + .1 

cps, which results in a mean time interval of 0.10000785 msec. This 

alters each computing interval, but its greatest effect is on t^ and 

t2 timing. For example, if the computer solution 

x ( t ) =  1 0 0  s i n ( 5 0 0 0 1 "  +  6 )  ( 4 . 2 3 )  

(4.21) 

(4.22) 
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were to be sampled by presetting t^ at 50 msec, the true sampling 

time would be 50.03925 msec, which gives a timing error of 0.03925 

msec or 0.0785 percent. If the maximum rate of change of x(t) is 

considered as constant over this time interval, the sample value 

would be in error by 19.625 volts or almost 20 percent of half-scnlu. 

The delays of the various resetting pulses are tabulated in 

Table 4-2. Table 4-3 shows the delays of the t^ arid t0 sampling 

pulses with the 100 cps repetition rate used as a reference. 

Although the oscillator frequency error i3 uniform, the 

sampling pulse time delays are not. To investigate this further, 

suppose the crystal oscillator frequency is exact and the only error 

is due to "ripple-through-delay," If the waveform of Eq. (4.23) passes 

through zero at a theoretical time of 6 msec, and is sampled then by 

the t^ sample-hold circuit, the delay error of 8.5 usee would cause 

the sample value to be in error by 4„25 volts. 

Originally, the crystal oscillator was intentionally detuned 

for statistical studies; but in the near future, the addition of a 

commercial, temperature stabilized, crystal oscillator will permit 

the clock frequency to be set accurately at 1.0 kc. For most well 

designed experiments, even the fast repetition rate permits solutions 

of low enough frequency, so that the sampling delay errors are not 

too important,. However, faster computers of this type will require 

transistorized digital control units which are designed using modern 

logic schemes. The delays in such control units will be in the 

order of tenths of microseconds. 
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Table 4-2 

COMPUTER RESET 

PULSE DELAY 

Repetition rate Delay in 

in runs/second. usee. 

100 5.0 

50 . 7.0 

25 7.5 

10 8.5 

Table 4-3 

SAMPLING PULSE DELAY 

Note: All delays were measured 

with respect to the 100 cps 

repetition rate. 

npling time Delay in Sampling time Delay ; 
msec. usee. in msec. usee. 

0.1 1.0 6.0 8.5 

0.2 2.5 7.0 3.0 

0.3 0.5 8.0 5.5 

0.4 3.0 9.0 3.0 

0.5 0.5 10.0 4.0 

0.6 5.5 20.0 8.5 

0.7 0.5 30.0 6.0 

0.8 3.0 40.0 9.5 

0.9 0.5 50.0 6.0 

1.0 3.0 60.0 13.0 

2.0 5.0 70.0 6.0 

3.0 3.0 80.0 9.0 

4.0 6.0 90.0 6.0 

5.0 3.0 



The above discussion vindicates the choice of a digital 

control system for ASTRAC I. It is questionable to generate 

accurate timing pulses using a comparator and a linear analog 

voltage. The analog signals singly are not accurate enough. 



Chapter 5 

EXPERIMENTAL RESULTS: 

RANDOM-PROCESS STUDIES 

5-1 Measurement of Cumulative Probability Distributions and 

Probability Densities 

Figure 5-1 shows normalized probability density functions for 

a random phase sine-wave and a random phase triangle-wave. Each wave

form had an amplitude of 20 volts peak-to-peak. 

The computer setup for generation of a gaussian random variable, 

x(t); and the measurement of the cumulative distribution function, 

E(x(t)), and E(x(t)^) is shown in Fig. 5-2. Figure 5-3 is a plot of 

the distribution function on probability paper along with tabulated 

values of the standard deviation and mean value. The curve indicates 

that the waveform is gaussian to a good approximation. 

Another experiment was run using the output of the pseudo

random noise generator as a random variable. The results shown in 

Fig. 5-4 indicate that the waveform is fairly close to gaussian except 

at the upper and lower voltage levels. 

Morgan has filtered the random telegraph wave to generate 

random variables with probability densities resembling those of a 

34 
random phase sine-wave and random phase triangle-wave. The results 

shown in Fig. 5-5 are in accordance with the theoretical results 

29 30 31 
obtained by McFadden. ' ' 

Bailey and Shaver measured a Chi-square probability density 

09 
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fig. 5-1. Probability densities for s random phase sine-wave1 

i . and a random phase triangle-wave. . . : ..I 
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Fig. 5-2. Computer setup for the measurement of the cumulative distribution 

function of gaussian noise. 
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2 
function using the computer setup of Fig. 5-6. The resulting density 

is shown in Fig. 5-7. At the time of the experiment, the distribution 

analyzer was not working quite correctly and the slow squaring circuit 

was not accurate. As a result, when a Chi-square goodness of fit test 

was used to test the experimental data, the results appeared to be in 

error. 

5-2 Autocorrelation Function Measurements 

Conant has measured autocorrelation functions for gaussian 

noise, gaussian noise plus a sine-wave, and a random phase sine-wave.^ 

The gaussian noise was obtained by filtering a random telegraph wave. 

The computer setup used for the experiment; is shown in Fig. 5-8 and 

the results are plotted in Figs. 5-9, 5-10, and 5-11. An important 

result is that the gaussian noise is essentially uncorrelated for 

samples separated by more than 5 msec in time. 

5-3 Other Projects 

In addition to the problems discussed above, ASTRAC I has 

worked on the following: 

1. Measurement of the mean-square of speech samples 

(Engineering Research Laboratory project). 

2. Injection of artificial errors into alternate repetitive 

analog computer solutions (parameter perturbation; 

EE 272/3 term paper). 

3. Simulation of steel-on-steel impact with analog memory 

techniques (Analog/Hybrid Computer Laboratory project). 
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4. One-parameter automatic optimization by a new parameter 

perturbation method (solution of a boundary-value 

problem; Analog/Hybrid Computer Laboratory project). 

5. Demonstration of a projectile trajectory with randomly 

disturbed initial conditions (Analog/Hybrid Computer 

Laboratory project). 

6. Study of different optimization criteria for nonlinear 

control systems with random-noise inputs. 



Chapter 6 

CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH 

6-1 Conclusions 

1. The ASTRAC I computer has proven to be a relatively 

accurate high-speed repetitive analog computer, which 

is well suited for studies of deterministic processes, 

stationary and nonstationary random processes, and 

parameter optimization. In addition, this new machine 

has already proved usefuJ as a teaching aid illustrating 

the idea of ensemble statistics. 

2. The analysis and measurement of static and dynamic analog 

errors has established an error criterion which will be 

useful in the design of future repetitive computers. 

3. It appears feasible to construct all solid state repeti

tive analog computers to operate at a repetition rate of 

1000 solutions per second, and at computing frequencies 

up to 50,000 radians per second. This will require low 

computing impedances and wide-band amplifiers with high 

output current. 

6-2 Suggestions for Further Research and Development 

1. The design of nonlinear computing elements, such as 

function generators and multipliers, is a difficult and 

interesting problem. 

83 
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2. The design of new switching techniques and a carefully 

planned system for a new fast solid state repetitive^ 

computer are of interest. 

3. Much further work remains to be done on sophisticated 

applications of fast iterative differential analyzers 

such as ASTRAC I. Of particular interest are optimiza

tion studies, studies of noustationary random processes, 

and simulation of communication and other systems. 



Appendix A 

EQUIVALENT CIRCUIT ANALYSIS OF 
LINEAR COMPUTING ELEMENTS 

A-1 Potentiometers 

The potentiometers used in ASTRAC I contributed little phase 

shift at computing frequencies up to 10,001) radians per second. For 

a complete discussion of these elements, the reader is referred to 

references lt>, 26, and 35. 

A-2 Computing, Resistors 

Well constructed wire-wound computing resistors have little 

equivalent inductance and for resistance values greater than 25KJ1, 

the equivalent circuit for frequencies of interest can be approximated 

by the circuit shown in Fig. A-1. From Fig. A-l, the a-c impedance of 

a computing resistor can be written 

Z «»> = | (A  » 

J dc R 1  

In phase inverters and summers, the capacitance effects can 

be cancelled out by connecting compensating capacitors in parallel 

with the computing resistors, however, in fa3t integrators, the shunt 

capacitance is an important source of error. To decrease this as 

much as possible, carbon film resistors can be used. These resistors 

have an equivalent capacitance of less than 1 pf. 

85 
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R 
dc 

Fig. A-l. Approximate equivalent circuit for a resistor. 
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A-3 ComputiiiK Capacitors 

42 
Dow has proposed the capacitor model shown in Fig. A-2. 

This equivalent circuit includes the effects of resistor leakage, 

rjc> and the effect of capacitor dielectric absorption, represented 

by the set of fixed resistors r., r_.....r in series with the 
1 I n 

capacitances C,. C„, ....C (in this model, values of n between one 
1' I n ' 

and ten have been used). 

Referring to Fig. A-2a, the admittance operator can be written 

in tne form y(p) = C(P)P where the "capacitance" c(P) is no longer a 

constant but an operator 

C(P)=C(<*>H +  — (A.2)  
prdc Z_'-,"rkckp 

For sinusoidal voltages and currents, one has the complex admittance 

y(joj) ° C(jaj)ja> where C(jtu) is tlie complex capacitance 

C(M= CM-f -  -7— -H > ,  ,  c  
( A , 3 )  

Ju> dc . J Jw k Lk 

A more convenient form for the complex admittance is 

y(lu,) = R̂ L) + CEFF^W^ 
(A.4) 
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J 1 > - 1 

= C, z = c2 

p: CM < 1 rdC 

T CN 

r, r, N 

a 

1 

CEFFM 

Fig. A-2. Equivalent circuits for a capacitor. 
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where (tu) is a real but frequency dependent resistance, and C^^Ca)) 

is the capacitance of an equivalent resistance shunt circuit (Fig. 

A-2b). In equaticn form 

n 
Ci£ 

.  .  2  2r 2 ( A '5 )  
R0U ' rdc ' ,/_ I .̂2rk2Ck2 

k = l 

C i %  

CEFF(w) = ReC(jw) = C(^) + > 2 2 r 2 
+ " rk ck 

k = 

k (A.6) 

so that 

Cljaj)̂  Ĉ -pp(w ) 4-  ̂  ̂ = Ĉ -pp(uj)Ji— jD(u)J (A,7) 

wnere 

D(ou) = - arg C(ju) = 

cj RqW C^-ppM 

_ENERGY LOSS PER CYCLE 
"PEAK ENERGY STORED 

(A. 8) 

C___(u3) is the "effective" capacitance actually measured 
Lr F 

by a bridge or oscillator test circuit with sinusoidal excitation at 

the circular frequency to; note that Cg^Ou) is a function of frequency. 
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The equivalent impedance can now be written from Fig, A.2b as 

Zljui) s wCeffM|J + DM] 
(A.9) 

For high quality polystyrene computing capacitors, the capacitance 

C (in) is approximately equal to Clf*7) and D(oj) is practically 

constant for frequencies up to 1000 cps„ 

A-4 Dynamic Response of Inverter/Summing Amplifiers 

Although a good wide-band operational aiiiplifier maintains an 

absolute value of open loop gain of 1000 beyond 10 kc, phase shift 

due to the parasitic capacitances C^., C^, C^, indicated in 

Fig. A-3 affect the phase inverter or summer accuracy at much lower 

frequencies. For simplicity, the analysis will be restricted to a 

phase inverter. 

Referring to Fig. A.3, we write the amplifier open loop 

gain as 

where A is the absolute d-c gain; £A(o>) is in general, complex, 
o A 

but most frequently real and approximately proportional to u> over a 

wide frequency range (Fig. 4-1). The shunt capacitance Cis due 

resistor shunt capacitance (Sec. A-2) combined with added equalizing 

capacitance, 

Ao 
(A.fO) 

to wiring and interelectrode capacitance, and and are the 
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From Fig. A-3, the frequency response can be written as 

X̂ juj) R0 jwR|C| + I 

X.(jw) R, j^R0C0+ I ~ A(j uj)/? (jo.*) 
(A. I  la )  

wich 

/5'H) = 
JWRqCQ -f 

Ro , . J ^ Ro 

Rl ^ 4. 
R, ^ 

(A.I lb) 
(C n+C,4-C r) +  

The desired response is -R /R,. Korn and Korn have expanded Eq. (A.li) 
1 o 1 

23 
with the aid of tne relation 

+ H-
i + x f j 2  t  - ( H < i )  (A.I 2) 

and at frequencies low euough to neglect terms of higher than second 

order in u)R C . ojR.C., and 1/A . the expansion can be written 
o o' 1 1 o' 

Xp( jej)  ̂

X | (j'jtf) R| 

-Sa +• ufi R0C0(R|C|-RoCo) -
0 

Ro 

R 
+• I (A.13) 

• JCL) RicrRoCo+ ^}Roco-Rici-R|cGJ-&^^ 

23 
This equation yields important design information: 

1. Dynamic as well as static errors increase with the closed 

loop gain a«RQ/R^. This applies, in particular, to the 

output amplifiers of electronic function generators and 

multipliers. 

2. The phase-inverter or summer frequency response can often 
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be extended by at least a decade if the resistor shunt 

capacitances are padded so as to cancel error terms in 

Eq. (A.13) (Fig. 4-2). 

Usually, is made slightly larger than R0CQ to partially compen

sate the cffocts of C^, and A . If R,C, - R C is reduced to the 
G o 1 1 o o 

order of magnitude of 1/A, Kq. (A.13) can be replaced by 

X q( F) 

X | (i'A)) 

RJ 
Ri A, R 

+ 

4* jw 

(A.14) 

_ .  _ _ Ro CG /RQ • A  SAM 

l C l  ° C ° ~  A o  ~ R |  )  A 0  

The corresponding phase error is 

es(jw) = arg. (A.I 5) 

* «C|Cf Roco" rocG /A^ i "(*? +)(' " SA (wly 

In general, the resistors are padded by using fixed or trimmer 

capacitors in shunt with the computing resistors. Values may range 

35 
to 400 pf for some amplifiers. In ASTRAC I, fixed 50 pf capacitors 

were used for the data in Chapter 4. The use of fixed capacitors was 

necessary since a plug-in feedback resistor is used in the inverter/ 

summing amplifiers. 

For a more complete discussion of summing amplifiers, the 

reader is referred to references lb, 26, and 35. 
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A-5 Electronic Integrators: Effects of Finite Gain and Parasitic 

Impedances on the Integrator Frequency Response 

Figure A-4 shows an electronic integrator model where: 

1. A suitable expression for the amplifier gain 

A = A(P) will account for effects of finite gain. 

2. The capacitor C = C(P) is given by the capacitor 

modal of Sec. A.3. 

3. The distributed capacitance C of the integrating 
K 

resistor and C of the summing point are included. 
0 

Referring to Fig. A-4, for a single input, the integrator 

performance equation is 

RCpP 4- I 

X ( P ) .  —  5  j -  ( A . I 6 )  

RC(P)P" ̂P)IC(P) + CR + CG' " A(P) 

We can now substitute the proper expression for C(P) and A(P) into 

this equation to compare the integrator with the ideal integration 

X (P) «= Constant/P. 
o 

For steady state sinusoidal signals, we introduce C(ja0 =• 

CpppO.jj) (1 - jD(to)) where C^ppCco) is the "effective" integrating 

capacitance measured with sinusoidal signals at the circular 

frequency a). Substitution of joj for P in Eq. (-A.16) yields the 

integrator frecmency response function 

Xq'H _J jm Rc R+- i (Aj7) 

Xl(|.) MKEFF«l.DU.JT.|f.jDM + CRl̂  + I 

A(jw)\ tppploj 
EFF^ iwRCEppH 
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which is compared with the frequency function, -1/j RCg^Cou), of an 

ideal integrator v;hose capacitance equals the effective capacitance 

at the frequency in question. Korn and Korn have expanded Eq. (A. 17) 

using Eq. (A.lu) and (A.12) to get an approximation for the response 

function 

Xn(jou) _ 

X,( jw)  jwRCfrppK )  A nr ~T ̂  D(cu)+wRCD WAQRCEFR^ R 
(A. I8)  

8J\<U))  

A 
I + 

o 

^G. 

CEFF^] 
+ —B _£> + Sa(oj) 

CEFF(w) A 

f _?AM_ f jD(w) _ jg^ CG 

^RCEFF^) EFFV ' 

-\ 

J 

The terms in tiie last square bracket can be conservatively neglected 

for almost all practical integrator circuits and the frequency response 

of a practical electronic integrator can be written 

xoM ̂ I __ 

Xj (jw) jo>RCjrpp(u>) 

• ) - w
r c

r  -  -  a  

4-  J 
a,A0RCEpp(oj) 

CEFFM 

+ DH (A.19) 

+ 

throughout the integrator working frequency range. The resulting 

integrator phase error is 

Xo (M 
9|(w ) = org 

7T 

X| (H 
(A.20)  

T5? 1 \  *"D(") + wRCp 
CUA0RCEFFN " 

&/ju) 
Ao Cg-pp((̂ ' )t 
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The error in Eq. (A.19) is seen to be a sum of terms respectively 

due to finite amplifier gain, Capacitor leakage and dielectric 

absorption, distributed capacitance of the integrating resistor, and 

amplifier high-frequency bandwidth limitations. 

A-6 Electronic Integrator Error due to Calibration, d-c Offsets, 

and Noise 

In addition to the dynamic errors discussed in Sec. A-5, 

integrators exhibit a constant-percentage calibration error mainly 

due to changes in the effective capacitance with temperature 

and frequency. Finally, a d-c offset voltage, E^, and/or current, 

ip, produce an additive error output 

Xo * - rcT^D + r'D] (a-2 

where T is the computing time. Effects of high-frequency noise are 

largely "integrated out". 

In repetitive computers, the effect of E^ is quite serious 

(Ep is caused mainly by switch offset) and the offsets must usually 

be balanced out before accurate computing can take place. For good 

d-c amplifiers, i^ is of the order of nanoamperes even in the case 

of transistor amplifiers. 

Table A-l illustrates the relative importance of the 

various error sources with two numerical examples. 
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TABLE A-l 

EXAMPLES OF ERROR SOURCES IN ELECTRONIC INTEGRATION 

Note: For comparison purposes the unity-gain phase 
inverter errors are usually made less than 
integrator errors, while errors due to poten

tiometer phase shift might exceed the figures 

quoted for lOCkoRC., per cent by a factor of ten 

without careful phase compensation/ 

Half Scale 

Calibration Error 

C, R 

A , S4 
A (to) 

o A 

D 

C„ 

D 
Frequency 

100 (per cent) 

SA^ 
uA RC 
o 

-100  (per 

cent 

100D (per cent) 

lOOtoRC,, (per . 
R cent) 

E 
D "V (per cycle) 

RC 

"D f (per cycle) 

C 

A 

A Typical "Slow" A Low-Cost A High-Quality 

Integrator Repetitive Wideband (Transistor) 

Computer Integrator 

_ Integrator 

10 v or 100 v 10 v or 100 v 10 v 

0.025 per cent 0.5 per cent 0.3 per i cent 

1 uF, 1 M 0.001 uF, 5OK 0.005 uF , 2K 

107, 10 u> 10A, to/100 10 , uj/100 

-4 
2 x 10 

-3 
<10 <io"3 

4 pF 2 pF 2 pF 

500 pF 20 pF 20 pF 

lOna^ 50 uv 200 uv, 20na ̂  100 uv, lOna^ 

0,01 cps^^lOO cps 100 cps'^lO Kc 1 Kc^ 100 Kc 

1.6xl0"4 1.6x10 
8 -2 -4 
3.2x10 3.2x10 1.6xlO-3 1.6xl0~5 

-6.3x10 ̂  -6.3xl0~ 2-6.3X10_2-6.3 -6.3xl0-3 -0.63 

2x10'2 2xlO-2 <0.1 <0.1 <0.1 <0.1 

2.5xlO~5 0.25 6.3xl0-3 0.63 2.5xl0~3 0.25 

5 mv 0.5 mv 4 mv 40 uv 10 mv 100 uv 

0 0 200 mv 2 mv 2 mv 20 uv 

Analog and Hybric Computers by permissii on of the authors. 

AA From electronic switch and/or transistor amplifier. 

One cycle at this frequency is one typical computer run with the R, C 

values quoted. 
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