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ABSTRACT 

A numerical solution to the equation of radiative transfer Is 

developed, applicable for plane-parallel, scattering and absorbing 

media. The solution includes the effects of polarization and is 

general in that it is not restricted to a particular type or class 

of scattering functions. 

Solutions to this problem for the particular case of con

servative Raylelgh scattering with optical depths up to and including 

1.0 are known. These solutions theii form a most convenient check 

on the accuracy of the present work. Comparative tests for the 

above class of problems show the numerical results to be accurate 

to within ̂ 1.0 per cent polarization, and ^ 0.007 unit Intensity in 

the transmitted and reflected beams for an incident beam of ̂  

units per unit normal area. 

Solutions are presented for two particular problems in radi

ative transfer. The first problem is concerned with the effects of 

multiple scattering on the back-scattered radar signal from a hall 

shaft. Results indicate that, %^ile multiple scattering effects are 

negligible for hailstorms of light or moderate intensity, errors of 

several db are likely to result in the back-scattered intensity from 

the more severe storms through use of the standard equation which 

neglects multiple scattering. 

X 



In the second problem results are presented for a conservative 

Rayleigh scattering atmosphere of optical depths 2.0 and 4.0. From 

these results and from existing solutions up to optical depth 1.0, 

curves of the per cent polarization as a function of optical depth 

are given for,specific directions of the incident and scattered energy. 
1 

These curves are then compared to observations of the per cent polari

zation at the Jupiter poles as a function of wavelength. From the re

lationship for Rayleigh scattering ati^spheres 

c'X-^ 

where "X is the optical depth, is the wavelength, and c is a 

constant, a value of c is determined which gives the best fit between 

the observed and experimental values. This then enables one to estimate 

the optical depth of the Jovian atmosphere at any given wavelength. At 

5660A the optical depth at the north pole is estimated to be approximately 

0.6, and at the same wavelength at the south pole, approxlnately 0.4. 

Dlscrepapcies between observation and theory indicate the possibility of 

the presence of aerosols whose diameter is approximately 0.5 micron. 

xi 





INTRODUCTION 

Problems In radiative transfer through mediums which may scatter, 

absorb, and emit radiation are of considerable importance to many branches 

of science. To the astronomer, the nature of the reflected lisht from 

planetary atsK>sphere8 offers many clues as to the con^osltlon and depth 

of these atmospheres. The equation of transfer theory has been used by 

Davison (1957), Mulllkln (1962a) in the study of neutron diffusion, and 

has been applied to the study of the design and shielding of nuclear 

reactors by Bellnan et a^. (1962). Of more interest to the writer are 

the nmny and varied problems of radiative transfer within and through the 

earth's atmosphere. The latter class of problems conqirises a set ranging 

from the transfer of solar and Infrared radiation throu^ the entire 

atmosphere, a problem of fundamental Importance in the study of the 

general circulation of the earth's atmosphere, to the study of the 

transfer properties of perhaps 1000 meters of the earth's atmosphere 

near its surface for determining atnuispherlc visibility properties. Inter

mediate problems of the set comprise such topics as the transfer of solar 

and terrestrial radiation through clouds, the absorption of ultraviolet 

radiation by the atnnspheric ozone layer, and the propagation of microwaves 

(radar) through clouds and precipitation areas, to mention a few. It is, 

then, no great surprise that considerable effort has been expended in recent 

years towards solving particular forms of the transfer equation in con

junction with one of the many unsolved problems of radiative transfer. 

1 
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Radiation, in traversing a medium, may undergo one or more of the 

processes of scattering, absorption, and emission. In the absence of 

scattering, the equation of radiative transfer, while still imposing very 

formidable mathematical difficulties, is nevertheless considerably less 

complex than in its most general form. Thus, considerable progress in the 

solution of such problems has been mde. Among those works dealing with 

the transfer of infrared radiation by the earth's att»)sphere (a problem 

where scattering is, for the most part, negligible) my be cited the works 

of Elsasser (1942, 1960), Kaplan (1950, 1952), Goody (1952), Plass and 

Plvel (1955), Robinson (1950), and Brooks (1950). The above authors have 

succeeded in obtaining solutions to particular transfer problems in the 

absence of scattering, after making various assumptions and sisq^liflcations 

dealing, for the most part, with the manner in which absorption takes 

place. The solutions have been verified by observation with varying 

degrees of success (Robinson, 1950), the main difficulty apparently being 

the lack of adequate values of absorption coefficients for the radiationally 

active atmospheric gases, and also the pressure and tei!q>erature dependence 

of these coefficients. 

When scattering is Introduced into the transfer equation, the 

matheraitics become exceedingly conq>lex, and thus it is not surprising 

that, with the exception of certain special cases, progress on these 

problems has been quite slow. Even for cases where absorption and emission 

are absent (i.e., perfect or "conservative" scattering), most problems have, 

to date, defied solution. The problem in the above category to which 

most attention has been given is that of the nK>lecular, or Raylelgh 

scattering atmosphere, the latter term honoring the discovery by 
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Lord Rayleigh (1899) of the law of molecular scattering and its application 

in explaining the color and polarization of the sunlit sky. The problem 

of the diffuse reflection and transmission of radiation by a molecular 

atmosphere illuminated with unpolarized light then became one of the 

classical problems of physics. Since the process of scattering generally 

changes the state of polarization of the incident light, an exact solution 

to Rayleigh*s problem requires a formulation of the transfer equation 

allowing for the polarization of the radiation field. StKh a formulation 

appeared so complex that the problem remined almost domant until recent 

years. 

The groundwork for the proper formulation of the problem was 

actually set forth more than one hundred years ago in a paper by 

George Stokes (1852) . In this paper. Stokes presented a method of de

scribing polarized light in exactly the nanner required for the proper 

formulation of the transfer problem. Nearly one century later, the power 

of the Stokes representation was recognized and a direct and rapid attack 

on Rayleigh's problem was begun, culminating in an exact solution to the 

problem by S. Chandrasekhar for a plane-parallel atmosphere. The details 

of the solution have been set forth by Chandrasekhar (1950) in his book 

entitled "Radiative Transfer." An analysis from a son^hat different point 

of view, and neglecting polarization effects, has been set forth by 
* 

Busbridge (1960) . Both books contain extensive references for the many 

isolated and difficult mathematical problems arising In the study of the 

subject, which have been solved by various workers. The solution of 

Chandrasekhar has recently been completed with the publication of an 
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extensive set of tables by Coulson, Dave, and Sekera (1960), giving the 

total intensity, degree and plane of polarization, and ellipticity of 

the reflected and transmitted radiation from a plane>parallel Raylei^ 

scattering atii»sphere, for various angles of incident radiation and 

for various optical depths up to 1.0. Solutions are also listed for 

various values of reflectivity of the underlying ground surface. 

At this point, more nmy be said concerning the solution of 

Chandrasekhar. This solution followed from the ideas set forth by 

Ambarzumian (1942, 1943), who applied a technique to obtain a solution 

for quantities on the surface of the nedium without requiring a solution 

to the transport equation throughout the interior. These ideas have been 

extended by Bellman, Kalaba, and Wing (1960) in what has become known as 

the "Principle of Invariant Imbedding." The technique of invariant im

bedding essentially converts the original linear two-point boundary value 

problem into a non-linear, initial value problem, more amenable to solution 

by digital computers. Chandrasekhar's solution is an extiansion of the wo^k 

of Ambarzumian in which he fonmilates his "Principles of Invariance," which, 

upon differentiation, lead to a set of non-linear integro-differential 

equations. For a homogeneous medium, this set of equations way be replaced 

by a set of coupled non-linear integral equations. For Rayleigh scattering, 

Chandrasekhar reduces these equations to a single pair of x and y equations, 

which may then be solved by numerical Iteration. More recently Mullikin 

(1962b) has shcnm that in nany cases the single x end y equations do not 

uniquely specify a solution, a fact already observed 5?'/ GhsBdrnsekhar for 

casas. IJI a later sisssjiraadum, Mullikin (1962c) sets down addi

tional constraints which, together with Chandrasekhar's x and y equations. 



do uniquely specify solutions. The question is then lnBiiffidlately raised 

as to the validity of the tables of Coulson et al. which were cos^uted by 

means of the x and y equations. By private cOTsmmications, the writer 

learned that the solutions were checked against the additional constraints 

set forth by Mullikln and found to satisfy them. Thus it appears the tables 

are accurate. The predictions of the theory have, for the most part, been 

confirmed by observations of the sunlit atmosphere i^en due allowai^e is 

made for deviations from ideal Rayleigh scattering (i.e., Sekera, 1957; 

Gehrels, 1962). 

Aside from the questions of uniqueness discussed above, there are 

still other serious gaps in our knowledge of scattering problems. Solu

tions to the transfer equation are known only for cases of perfect or 

conservative scattering (I.e., no absorption) and for only certain, 

relatively simple scattering laws (e.g., Rayleigh, Thomson, isotropic 

scattering) . As the scattering laws become more cosq>le:s, the con^lezity 

of the solution, extending the methods of Chandrasekhar, goes up in a 

son^what exponential manner. A limited extension of the solution in this 

direction has been recently carried out by Churchill et §1, (1961), However, 

this work is also liadted to specific forms of the scattering function and 

thus may be applied to only a specific type of problem. Further, in a 

private discussion with Dr. T. W. Mullikln, the writer was told that the 

iterative techniques employed to solve the x and y equations apparently 

become unstable for optical depths somewhat greater than one, and fail to 

converge to an answer. This problem may in some oanner be tied in with 

the uniqueness qxiestion discussed earlier. At any rate, it is evident 

that sooe new technique must be applied for those problems of larger 
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optical depth, and also for those problems Involving more general 

scattering laws. 

It was In connection with a problem of the latter class that the 

writer was led to the present work. The writer, through his work with 

the Mle scattering of microwaves by water and ice spheres, becanse aware 

of certain problems concerning the calculation of the back>scattered 

radar energy from a hail shaft. This particular problem Involves a scat

tering function far too conqtlicated to allow use of a straightforward 

extension of Chandrasekhar's solution. Further, with the many other 

atmospheric transfer problems In mind, it seemed advisable to develop the 

most general n^thod of solution possible for later use on these other 

problemsThus, a straightforward Iterative techaiquiS on the "formal" 

solution to the transfer equation is employed. This method is not with

out its own problems of convergence and stability; these are discussed 

in the text. The tables of Coulson et al^. provide a nuist convenient 

means of checking the solutions. As a culmination of the work, the solu

tions to a microwave propagation problem, as discussed above, and & 

Raylelgh problem of optical depth four are presented. 



CHAPTER I 

EQUATION OF TRANSFER 

In analyzing a radiation field, one is often required to specify 

the amount of radiant energy, dEy(60) in a specified frequency interval 

( ) transported across an element of area, da", within an 

element of solid angle, dco , and during a time, dt. To do this, we 

define the radiant intensity, or simply the intensity, I ̂  , as the 

radiant energy per unit time per unit interval of frequency, per unit 

solid angle, per unit area normal to the direction of propagation of the 

beam. Then, if the beam makes an angle 9 to the normal to an element of 

area, do* (see fig. l.I), we have 

dE  ̂  (iJ) =1^ cos 9 dv d<rdto dt (1.1) 

do-

Figure 1.1 

7 

f 
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By integrating eq (1.1) over all solid angles, we are led to 

the definition of the flux density, Py . Thus 

dEy s i fi.^ coa ® dwjdV dor dt 
(1.2) 

= Fy df d<rdt 

In words, the flux density is the energy traversing unit area in 

unit time per unit frequency interval. The flux density is then inde* 

pendent of direction, but, at any given point in space, it my vary with 

orientation of the unit area because of the factor cos 9 in:its definition. 

Consider now a pencil of radiation traversing a medium. This 

radiation will, In general, be weakened by Its interaction with matter. 

If the incident Intensity, ly , becomes 1^^ dly after traversing a 

thickness, ds. In its direction of propagation, we n^y write 

dlyS-K-rylyds (1.3) 

where is the volume attenuation coefficient of the sodium for 

radiation of frequency y . If the medium is composed of discrete 

particles and if it is assus^d that the scattering centers are distributed 

in a perfectly random fashion, then there will be no penanent phase 

correlations in the light scattered by the different particles, i.e., the 

light from the different particles may be considered as independent. Under 

these conditions, the attenuation due to the various particles within a 

volume element may singly be added, and one may then write 

where QYy(r) is the total attenuation cross-section of a particle of 

radius r for frequency,)/, H(r) is the nui^er of particles of radius r in 

a unit volume, and the suosnation is to be carried out over all radii classes, 



r, in a unit volume. It nay be noted here that a further consequence 

of the assumption of independence noted above is that the Stokes polariza

tion parameters, to be discussed later, my also be summed over a unit 

voluo^ in a manner analogous to that in eq (1.4). 

The reduction in intensity of the incident beam expressed by 

eq (1.3) is not necessarily all lost to the radiation field. All or 

part of the energy may reappear as scattered radiation in other direc

tions. In general, part of this energy reappears as scattered radiation, 

while part is absorbed and thus truly lost to the radiation field. A 

medium with a total volume attenuation coefficient, K^y» loses energy 

from a pencil of radiation of solid angle, d&; , incident on an elen^t 

of volume of cross-section, da", and length, ds, in the direction of 

propagation, at the rate 

Rjy ds t ly cos 0 dy dff'dco (1.5) 

where 9 is the angle between the normal to d^ and the direction of 

propagation of 1^ • However, for the problem of radiative transfer, the 

total rate of energy loss is not sufficient. One must specify, in 

addition, the angular distribution of that energy lost through scattering. 

We therefore introduce a scattering phase function, P (® ), such that 

the rate at which energy incident within d<o' is scattered into an element 

of solid angle, dcg , in a direction inclined at an angle ® to the incident 

beam is given by 

K.j.y dd " Ij/P(®) cos 9 dto'dydff"dM> (1.6) 

' * P( © ) ly cos 9 dto'dvdo'dto (1.6a) 

By comparing eq (l.^with (1.6), it is obvious that one requires 

Jp(®)d&>£l (1.7) 
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since the integral of eq (1.6) over all co gives the total rate of ener^ 

loss from the incident beam due to scattering and may not exceed the 

total energy loss from scattering and absorption, as given by (1.5). 

The equality can obviously hold only for the case of perfect scattering 

(no absorption) and expresses the nortiallzation condition upon the 

scattering phase function for this case.. In order to facilitate later 

work, it will be convenient to define a new scattering phase function, 

4>(®). such that 

^>(®) « P(®) » Kxy (1.8) 

With this definition, (1.6) becomes 

ds - Iyi>(®) cos 0 d"j'dvd<yd<^ (1.9) 

In general, the phase function, •|>(0 ), will be stich that a portion of 

the radiation incident from any direction will be scattered into the 

direction under consideration, thus giving a positive contribution to . 

dly . It thus follows from eq (1.9) that the scattering of a beam inci

dent from a direction 9'» 0' within d<<>* contributes to the beam in the 

direction 9, 0 at the rate 

i>(9, 0, 9', 0')I^(0^. 0') cos 9 dcd' dvdff'ds dcO (1>10) 

In (1.10) 4>(9, 0, 9', 0*) denotes the phase function for the angle © 

l)etwaen the directions specified by (9, 0, 9', 0*) (see fig. 1.2). 

Holding 9, 0 fixed and integrating (1.10) over all £<3 the contribution 

jy(9* 0) the emission coefficient in the direction of 9, 0 by 

scattering alone Is obta'lned. Therefore, 

jy(9, 0)dird8 COB 9 dv d<s> « dd^ds cos 9 dV d(<3^(9, 0, 9', 0') 

« fi'*) (1.11) 
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z 

Figure 1.2. x, y, z coordinate system, showing the relations between the 
angles 9, 0, 9', 0', 0 . The superscripts i and s indicate 
incident and scattered, respectively. 

or 

9'. 0*)ly(9', 0') sin 9' d9' d0' (1.12) 
^ o o 

where jy(9, 0) is called the emission coefficient. 

Now consider a small cylindrical element of cross-section d<r 

and height ds in the n^dium. From the definition of intensity, it follows 

that the difference in the radiant energy in the frequency interval 

( Vj^c/y) crossing the two faces normally, in a time dt, and confined 

to an element of solid angle, dcj , is given by 

iliL dsd<rdvda>dt (1.13) 
ds 
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Thlsr difference must arise from sn excess of emission over 

attenuation in the frequency interval and element of solid angle con

sidered. The amount scattered and absorbed is, following eq (1.5) 

dly » -Kfyly ds dV dO" di** (1.14) 

while the amount emitted is, from @q {1.11) 

jyd-ydo-ds dfa>dt (1.15) 

Thus, coimting up the gains and losses in this particular beam of radia

tion during its traversal of the cylinder, one obtains 

^ • Jy « -Iv^(r)N(r) •Jj, . (1.16) 

or ^ , -T . 1. 
K^ds K»y 

I ̂  = -I J (1.16a) 

where the v subscript has been dropped and J - 2. • This is the equation 

of transfer. It has been derived for a steady state condition in a 

Dffidium which absorbs and scatters. Emission of radiant energy by the 

medium has not been considered, aa-it is negligible for the problems to 

be considered here. Hcn^ever, if internal emission were of importance, 

it would appear in the transfer equation as an additional term in the emission 

coefficient J. If this Internal emission term were known as a function 

of 8, 9, 0, then it could readily be incorporated into the finite difference 

equations to be presented in a later section, with little additional 

difficulty. 



CHAPTER II 

THE STOKES PARAMETERS AND THE SCATTERIN6 MATRIX 

So far In our discussion of the transfer equation, nothing has been 

asserted as to the state of polarization of the radiation field. Since 

radiant energy which hias been scattered generally has undergone a change in 

the state of polarization from that of the incident energy, an exact 

treatment of the problem requires that this effect be considered. 

In order to describe a general radiation field Including the state 

of polarization, four parameters must be specified: two parameters for 

the Intensities whose electric field vector lies in two mutually perpen» 

dlcular directions in the transverse plane, one parameter describing the 

plane of polarization, and one parameter for the elliptlcity of the 

polarization. The plane of polarization is defined as that plane through 

the direction of propagation of the beam containing the maximum electric 

field vector (see fig. 2.1), while the elliptlcity is the ratio of the 

minor to the major axis of the ellipse described by the electric vector 

in the transverse plane. As shown in fig. 2.1, the angle ̂  is that angle 

between^. and*E . Thus, knowingis equivalent to knowing the plane 
X iqax 

of polarization. We further define the angle ̂  as that angle whose tangent 

is the ratio of the minor to the major axis of the ellipse described by 

the electric vector, or 

s 
(2.1) 

13 
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Transverse Plane 

Plane of Polarization 
max 

^min 

Figure 2.1. Diagram of the transverse plane showing the electric vector 

in two mutually perpendicular directions, "EJ and ££] "^min 

^max plane of polarization. and are the field 

vectors along the minor and major axes of the ellipse, respectively. 

Thus, knowing ̂  is equivalent to knowing the ellipticity. 

The four parameters defined above for describing the state of 

polarization of an electromagnetic beam are respectively: two intensities, 

Ij and I2 whose electric vectors are Ej^ and E2, an angleTt, and a 

dimenslonless ratio, the ellipticity. It is quite apparent that it would 

be extremely difficult to include such diverse quantities in any sym

metrical way in formulating the equations of transfer. A proper repre

sentation of polarized light is therefore a matter of considerable 
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importance. For this purpose, it appears that the set of paran^ters intro

duced by Sir George Stokes (1852), known as the Stokes pera^oeters, offers 

the nu>st convenient representation. Letting the subscripts 1 and 2 repre

sent two directions in the transverse plane, at right angles to each other, 

we may define the Stokes parameters as; 

11 = . (2.2a) 

12 = (EjP (2.Zb) 

0 = 2IE1E2I C08<r <2.2c) 
i 

V = 21EJE21 Bin ̂  (2.2d) 

Through a rather lengthy but straightforward trigonometric analysis, it 

can be shown (Chandrasekhar, 1950) that the following relationships esist 

among the four Stokes parameters: 

Total intensity = I s ij^ + (2.3a) 

tan IHL s _JL_ s H 
I1-I2 Q (2.3b) 

sin 2/3z _JL^ : V (2.3c) 
VI2 I 

Therefore, all relevant quantities may be determined from the 

Stokes parameters; the total intensity from eq (2.3a), the plane of 

polarization through eq 42.3b) an^ the elliptleity through eq (2.3^). 

The Stokes representation has the distinct advantage that the four parameters 

all have dimensions of intensity. It can further be shown (Chandrasekhar, 

1950) that the relationship 

l2 2 Q2 + u2 + v2 (2.4) 

is valid, the equality occurring only for complete polarization. For 

natural (unpolariaed) light. 
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^1 = ^2 

U s V s 0 

and it therefore follows that 

= (IjL - = 0 

(2.5a) 

(2.5b) 

(2,6) 

and thus 

for natural light: ® 0 (2.7) 

From the above relationships, we are led to define the per cent 

polarization, P, as 

p  ̂  ^  *-V^ 
(2.8) 

Eqs (2.2a through 2.2d) may be put in a more useful form for the 

work which follows. and E2 are complex quantities which n^y be 

written as: 

H = Elx ̂  1 hy 

®2 ' ®2x ^ ®2y ' 1^2!® ^ 

cT = <?<,-

(2.9a) 

(2.9b) 

(2.9c) 

Figure 2.2 
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Referring to fig. 2.2, It can be seen that 

/- El . E2 EixE«, -r- E,„E,„ 

sin fs 1^2 * ®ll = ^2:^17 ' ^2y^lii <2.10b) 

1^11 \h\ IvTT 

where and E2 have been treated as vectors whose couqponents lie along the 

real and imaginary axes. 

In eq (2.10b) the cross-product is taken in such a sense that 

when aiC,>o(^ 8in^>0. 

With the above definitions for sln^ and cosS, the expressions 

for U and V become 

U = 2|EIE2\COSI' = 2JEI3^2X"»- EIYE2YL 

= 2ReEiReE2 + 2IinEiIinE2 (2.11a) 

or U = 2Re (E|E2*) 

where the asterisk here denotes the complex conjugate of the quantity, 

and V = zjEjE^j slni^ = ^l®2x®ly " ̂ 2y®lxl 

: 2ReE2l&iEi - ZIoEzReEi (2.lib) 

or V " 2Iin (E1E2*) 

Eqs (2.2a), (2.2b), 2.11a), and (2.11b) then will serve as the definitions 

for the four Stokes parameters. 

If we now let the directions 1 and 2 refer to directions in the 

transverse plane, perpendicular and parallel, respectively, to the plane 

of scattering (see fig. 2.3) (the plane containing the directions of 

the incident and scattered beam), then the results of Hie Theory 

(Hulst, 1950, p. 35) show that for spherical particles, the scattered 



electric vector in the 1 

incident:electric vector 
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(2) direction is directly proportional to the 

in the 1 (2) direction. 

scattering 
plane 

9>Y 

Figure 2.3. B]^ and E2 lie in the transverse plane, perpendicular and 
parallel, respectively, to the plane of scattering. 

Thus we may write 

= SjEj<^> (2,12a) 

= S2E2^^^ (2.12b) 

where the superscripts (i) and (s) indicate incident and scattered com

ponents, respectively. Utilizing eqs (2.12a) and(2.12b), the eiqiressions 

for the four Stokes parameters of the scattered light nmy readily be found 

in the following manner: 

= 2. (i) -
= hlH 

(i) 
(2.13a) 
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^2^°^ ® = 52^12^^' (2.13b) 

j^Cs) . U<«> s E2^®^EI*<®^ EI<®>E2*<®> S S2E2<^>Si%*<i) 

• SiEj^^^S2*E2*^^^ ^(EeSjSj^) 

• iE2^^^Bj[*^^HinS2Si* > E^^^^E^*^^^ReSiS2* 

+ lEi^^^E2*^^^IinSiS2* ̂  ^ ) k 

ReSgSi* + i - EI^^^E2*^^^> IiaSjSi* 

= 0<i> s S33 4- V^ X 83^ (2.13c> 

I^(«) = v(«) = i (E2<®>EI*<®> - SIE2*<®>) 

= l(E2^^^Ej*^^^ReS2Si*+ 

- l(Ei^^^E2*^^^ReSjS2'^ • iEi^^^E2*^^HniS^S2*) 

= . (E3<^>E,*<^>. E,<i>E2*<^>Infi2Sl" 

+ 1(E2^^^EI*^^^ - Ej^^^E2*^^^)«ReS2Si* 

• U X S^2 + V X ®44 (2.13d) 

E^s (2.13a, b, c, and d). my be bitten as one tensor equation of the form 

In^®^ s Snm (n, o ' 1,2,3,4) (2.14) 

where the Snm natrlK has the components 

Sji ! |Sll^ Sy = IsjjS S33 ; K« (SJB/) : S44 

- -S43 r Iffl (S2Sj*); all other elements ' 0 (2.15) 
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Tgansforaatlon of the scattering matrix 

Up to this point in our discussion of the Stokes parameters, they 

have been defined relative to the scattering plane. It is apparent that 

if these paran^ters are to be defined relative to some other plane they 

will take on a new set of values. With the above in mind, the equation 

of transfer w&y now be properly formulated, allowing for the effects of 

polarisation. 

The radiation field at every point is characterized by the four 

intensities, 1^^ (9,^), I2 (0*^)* U (6, ̂  ) and V (0, ̂  )-, where 6 and 

^ are the polar and azimuthal angles referred to an appropriately 

chosen coordinate system through the point under consideration. Denoting 

U and V by I3 and 1^, the equation of transfer for the m^^ component takes 

the form 

^ - -Im (9. ̂  + Jm (0, ̂  ); 

m = 1, 2, 3, 4 (2.16) 

To evaluate Jm (9,^ ), consider the contribution djm (9. f , ©'. f 

to the source function arising from the scattering of a pencil of radia-

tion incident in the direction 9, p , and of solid angle dco . This will 

be given by Snsiln dw' if In (9', ^ ) is referred to directions perpendicular 

(I]^) and parallel (I2) to the plane of scattering (the plaoe defined by 

OPQ of fig. 2.4). However, the integration appearing in the equation of 

radiative transfer may be performed if the Stokes parameters refer to the 

directions in the transverse plane, parallel and perpendicular to the 

vertical plane through the point of observation and the zenith. It is, 

therefore, necessary to transform the scattering tensor, Srm, so that 
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the relationship will apply to the matrices for the intensities of the 

scattered radiation and net flux of incident radiation with the Stokes 

parameters parallel and perpendicular to the vertical planes containing 

the Incident and scattered radiation (OBQ and OAP in fig. 2.4). The 

derivation employed here for transforming the scattering matrix will 

essentially follow that as given by Coulson et al. (19551. 

Z -

Figure 2.4. See text for discussion. 

Let 1', r (1, r) be the unit vectors parallel and perpendicular, 

respectively, to the vertical planes containing the direction of the 

incident (scattered) radiation; and E^^®^) the 
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ecrregponding components of tha electric vector along these unit vectors. 

XI 'i i /Q denote the sngles between the corresponding vertical planas and 

th42 scettering plane (sec fig, 2,4)3. ®nd if Ej and E^^ denote the con^onents 

of the electric vector perpendlculsr and parallels reepectively, to the 

scattering plane, in the j and i directions, respectively, then 

Ej^^^ s Ei^^^ 8ln^+Ey^^^ cosr <2.17a) 

Ei^^^ 8 e<i® 3-Bint (2.17b) 

or 

(2.18) 

This gives the conq>onent8, Ej and E^, perpendicular end parallel, 

respectively, to the plane of scattering, in terms of the con9>onent8 E^ 

and E]^, perpendicular and parallel, respectively, to the vertical plane, 

Z-A-0 In fig. 2.4. Considering now the scattered radiation we my write 

Ei^®^ s Bj<®> sln^ + Ej^®^ coi^ (2.19a) 

Ey^®^ - -Ej^®^ cos^+^Ej^^®^ slnyG (2.1Sb) 

- cos T sin* 

sin 7 cos 9^ 

or cos^ sln^ 

sin^ 'COB^J ^ Ej 

Ej^(®) 

<S) 
(2.20) 

Now, 

(®) <1^ 
El ^ (2.21a) 

(2.21b) 

Therefore, we nay rewrite eq (2.20), incorporating eqs (2.21a and b). 
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(8) 

(s) 

'cos^ siryS 

siiy^ -co8^ 

Now substituting for and from eq (2.18), we get 

/ SiEi 
(i) 

(i) 

23 

(2.22) 

•cos 9" sln^ 

sin ̂  cos -jr 

co^ sltya J / ̂ 1 

(2.230 

where the components of the Amn matrix are obtained by perfomlng the 

matrix multiplication: 

Thus, 

Sj^cos^ SjSin^, 'cos3- E^ 'sin?' 

S^sln^ -SjCo^ 'sinj- Ey^'''cos9' 

(2.24) 

where 

and 

^12 

c 

s 

-cSj^ + s Sj ; k2i ® -d = t Sj 

t + d Sj ; A22 " 8 •• c Sj 

COS"} cos^ , d 8 cos^^sln^ 

sin^'sln^, t ' sin^cos^ 

(2.25) 

(2.26) 

0 

E. 
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If the Incident wave is propagating along the s-axis, all the 

angles nust be expressed in terms of a coordinate system whose polar 

angle is measured from the e<^xi8. ThuSg in the present case, the angles 

^ and^ must be expressed in terms of the angles 9', and ^ ̂ . 

From the spherical triangle ZPQ we may establish the following four relation

ships : 

cosS'einAj^ s sin9' cos^ coEi'i- sisi/?cos ® (2.27a) 

co8@slnA0 - cos 3-sin^ aia"} cos^ cos © (2.27b) 

cosA^ • -co8?co^ 4- sin?^ sin^cos ® (2.27e) 

cos : sind sinQVcos® co89' COSA^ 

= SIN-^ SIXYJ- COS^ COSY!? COS ® (2.27d) 

Solving the above for c, d, s, t, we find 

Cl-x^)c s scosy - cosA^; (l»x^)d - (/I -/I'x) sinA^ 
, , (2.28) 

(l-x^)8 s coskj; - TscoBA^; (l-x^)t = (  ̂'-  ̂ x ) sinA^ 

where ja ' cos 9, ji = cos 9*, x s cos 0 . 

Substituting for c, d, s, t, in the scattering ositrlx, Amn, we find 

^11 " xco8y)Sj^ * (cosy - xcosAy)Sj ^2 29a) 

1-x^ 

AI2 " -/ix)sinA^Sj^ (^ - ju'x)sinA^Sj 

A21 = (>i'x ' jn)etnA^S^ + (/Jx -'>i')8inAfiSj 

(2.29b) 

^22 ' (C08(^ - XCOSA^)S£ (COSA^- XC08(p)Sj _ 
(2.29c) 

(2.29d) 
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We now define the following two terms: 

Tj (e< , m , k) = ; T2 (<<, m , x) = (2.30) 

1-x^ 1 - K2 

2IV d ^ 
lAere «< - , a s droplet radius. As wavelength of incident 

radiation, and m " the complex index of refraction of the droplet material. 

The dependence of T^^ and T2 on ot. and m is through the quantities and 

Sj and will be discussed in greater detail in a later section. With these 

definitions, the elements of the scattering matrix assume the form: 

All » Ticos +• T2C0S Y (2.31a) 

Hz ' ( ̂'Ti + /jT2)sinA|l4 (2.31b) 

>
 

•
 •
 

- (^Ti •»- ^•T2)slnA^ (2.31e) 

A22 = Ticostj/ + T2C0S A ̂  (2.31d) 

Note that Tj^ and T2 are functions of the scattering angle ® , while the 

coefficients of Tj^ and T2 are functions of , and , the proper 

angular functions for our coordinate.system. 

The Stokes parameters of the scattered and incident radiation with 

respect to the directions perpendicular and parallel to the vertical 

plane imtst now be determined. 

Since 
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as was previously shown, we get 

+ Ai2E/« <2.321.) 

Er^®^ = A2iEi(i> A22Er<^> (2.32b) 

Therefore 

l/'> = , AI2E/«, (A„%*a) . AijV'") 

= AxlAuX VU 

. A„E,(«Aj3%*«) . AI^AI^/»E/»> 

= Ai iAj j*II<« ̂  AI 3AJ , \ < « .  

Consider now the last two terms of the above expression. 

These csay be written as: 

(•"<'41*12*^ ^ «m(AiiAj2*)] (fie <EI"'E/<«) • 1I„(BI<"E,*<'')} 

+ {Re(Aii*Ai2) H- 1I„(AJ^%2>} {«' 

= Re(Aj,Aj2*> Re(Ei<'>E/W) - 1„(Aj jAj2^ l„(E^<^h/W) 

* llm(*llAl2*> R«<Ei"'E/"h + Re(AjjAjj*) 

+ Re(Aji%2) Re(E,<'>Ej*<'>) - l„(Ajj*Ai2> 

* IX„(AII\2> Re(Er^*^Ej*W>) + 1I„(E,^*'EJ*''') Re(Ajj*Aij> 

= Re (AUAI2*) I3<" - I„(AiiAi2*)l4<^> 

Therefore: 

, - A A K (i) A A *, <i>  ̂n /A A 
IJ - AiiAjj IJ 4- ^^11^12 ̂ 3 
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To .get the corresponding expression for we simply replace the first 

subscript of the A^^^'s by 2. Thus, 

s ̂ 21^21 + ̂ 22^22 ̂ r^^^ * 

"^^^21^2 (2.35) 

In order to derive the corresponding expressions for l^C^U) and 1^(~V), 

we proceed as follows: 

•>• AiiA22%«>e/<'> + AI2A22*e/"E/<" 

The second and third terms may be written as: 

[Re(Ai2A2l*) lI„(Ai2A2i*)]{Re(E^(OE^*(i)) + iI^<E^<i)E^*<^>)j 

-»{Re(AiiA22*) 

s Re(Ai2A2i*) Re(Er<^^Ei*(^>) - I„(Ai2A2i*) 
•> 

+ iIm(Ai2A2l*) Re(Er<^>Ei*^^h + "ni<ErRe(Ai2A2i*) 

+ Re(AiiA22*) Re(Ei<^>Er*^S -

* iIffl(AiiA22*) Re(Ei<^>Ej*<^>) + lI„(Ei<^>E/(-)i^ Re(AjiA^*) 

= Re(A^2A2i* - Hl^21^ Re(Ep<^>Ej*<^>) iI„(Aj2A2i* + AiiA22^ * 

Re(Er<^>El*(i)) > iRe(A^iA22"' -

- VA11A22* - Ai2A2i*) I„(Ei^^^B^''<^>) 

Thus! . 

(8) *(8) - . . *T <i) ^ A A *T (O 
®r • A11A21 li •*• A12A22 

+ Re(Aj^2A2]^ + ̂ 11^22 ̂  ^ 1/2 ^ 
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" Im(Aj^j^A22 ~ ^2^2^21 ) * 1/2 14^^^ 

> lItn(Al2A21* ̂  A11A22*) X 1/2 13^^^ 

+" iRe(Aj^j^A22 " Aj^2A21 * 1/2 ^ 

or, breaking the first two terms up into real and imaginary parts, we get 

finally 

= Re(AiiA2i*)Ii(^>+ lIn,(AuA2i*)Il^^^ 

" «®(Aj2A22*)Ir^^^ iIm<Al2A22''>Ir^^^ 

+ Re(Ai2A2i* AJJA22*) X 1/2 

- Im(AiiA22* - Ai2A2I5 X 1/2 

+ iI^(A22A21* -t- ^11^22^ * ^3^^^ 

+ iRe(AiiA22* - A^jAjj^ x 1/2 

I3 = 2Re(Ei<®>E/<®>) s aas(AjjA2i*)Ii^^^ • 2Rg(Ai2A22*)Ir^^^ 

+ Re(Ai2A2i* H- AiiA22*)l3^^^ - In,(AiiA22* - Ai2A2r) 14^^^ <2. 

Now: 

h ' - 21ffi(AiiA2i*)Ii 
(i) 

•*' 2Iin(Aj2A22 "*'^m^^l2^21 +" ^11^22 

+ Re(AjiA22 - Ai2A2i5 (2.37) 

The scattered radiation may now be eiqpressed in terms of the Stokes 

pa rameters referred to directions parallel and perpendicular to the 

meridional planes through the point of observation and the zenith. 
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Thus, 

where 

t = 
• n>Mi mrj 

/A A * 
^12^12 Re(Ai^Ai2*) 

^21^21 A22A22 Re(A2iA22 ) 

2Re(AiiA2i*) 2Re(Aj^2A22*^ Re(A|2*A2i + A11A22*) 

•^<A2IA22*) 

-111^21^12*"*' ̂11^22*^ 

2Im^^llA21 ) 2^in^^l2^22 ^ ^in^^ll^22 ' ̂̂12 ^21^ ^®^^11^22* " ̂ 21^12 ^ 

Everything is now in terms of 9, 9*, and A./, except the func

tions Sj. and Sj. These functions are calculated from the results of 

Mie Theory as a function of the scattering angle, © . The integration 

of the transfer equation is performed over solid angle with respect to 

9, 9', and . It is, therefore, necessary to determine the angle 

® as. a function of these angles. This may be done as follows: 

t. ^ Y 

Figure 2.5. 
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Let "a be the vector representing the incident light, b representing 

the scattered light. Then 

"a , ~b « [aj lb| cos © 

cos® '"a ."b s ajjbx ayby v a^b^ s ajjbx Syby a^ 

T®lW la) \h\ lal |b| [a\\b\ \a\p\ 

- SINQCOS^ SINS'COSFI'-T-FSINSSIN^ ) (SINS'SIN^*^-^ CO89CO8@* 

- sindsinS'(cos^ cos ̂  sin ̂  sin ̂ ') cosScosS* 

' (1-CO8^0)^^^ (L-COS^S')^/^ COS i!k<f 4- CO80COS@' (2.39) 

or 

COS ® - >1 ja' + (1 - cosA^ (1 - (2.40) 

where p » cos 0, >i' - cos ®* 

All of the angles are now representable in terms of 9, 9', and 

, and the equation of transfer is integrable, in principle, by 

numerical techniques, as will be outlined. 



CHAPTER III 

THE FORMAL SOLUTION 

Writing the transfer equation in the form of eq (1.16a) 

= -I 

where, as before, K™ =^N(r)Q.(r), and J = j_ 

^ ^ Kj, 
tTifr 

= , 9', 1(9'^^') 8in0'de'd^' . 

We seek solutions to this equation which satisfy the boundary conditions 

on I at the bottom and top of the scattering medium. Multiplying eq 

KTS 
(3.1) by e and rearranging terms we get 

Kjs Kps Kps 
e dl + e l = e j. (3.2) 

Kxds 

or 

KtS KrS 
) = e> J ds (3.3) 

KT 
Integrating from s* = o to s' » s 

s 

(le 
KtS C KTS^ 

- lo) "J® J Krds' (3.4) 
• e . _ 

where Ig is the value of I at s =6. 

-KTS 
^Multiplying through by e , 

T - T "^8 r -Kx8 Rrs' 
I " lo® J e e J Kids' 

- _ "KLS f -(8-S')KT , 
" ^ J® J Ms (3.5) 
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Defining IT " j K.™ eq (3.5) becomes 
i f 

I(T) o I(o). e + J* e ^^ J df (3.6) 
o 

Eq (3.6) is the formal solution to the equation of transfer. It is 

readily interpreted physically. It states that the intensity at any 

interior point X" is given by the incident intensity at the edge of the 

medium reduced by a factor e , plus the intensity due to emission 

from all interior points, s' reduced by the factor e 

The formal solution as given by eq (3.6) does not permit im

mediate evaluation of X(T) since the integral on the right-hand side 

demands a knowledge of I at all interior points 'F' between o and T. 

However, by numerically evaluating this integral over suitably small 

increments of A'T", it is possible to perform successive iterations 

which converge to a solution that satisfies the proper boundary condi

tion at the top and bottom of the medium, and satisfies eq (3.6) at all 

interior points. The method used will be discussed in Chapter V. We 

will now discuss the numerical evaluation of the integral appearing in 

eq (3.6). 

Let us assume that initially we know I for all 6 and 0 at the 

level 0; that is, all the 1^°^ are known, (superscripts will be used to 

indicate the level). Then 1(6, 0) at some level At away from the 

level 0 may be evaluated by rewriting e<^(3.6) as 

I^^^(o+At)^ 1^°^ e ' ^ dr' (3.7) 
o 

where J is the average value of J over the interval A'tT. The degree to 

which eq (3.7) approximates eq (3.6) is, of course, directly dependent 

upon how small the increment is taken, provided one knows J to any 

desired accuracy. The integral in eq (3.7) may now be evaluated, yieldine 
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(3.8) 

Upon substituting for J, eq (3.8) becomes 

0)=1<°>(9. 0) e"'^I|l [U(9.0,0\0') 1(9'0') 
( Kfp J J V. l o o 

8in9'd9'd0V (1-e"^'^ ) 

(3.9) 

where I is the average value of I(0*,0*) over the interval aT . This 

value is taken to be the value of 1(0*, 0') at the mid-point of the 

interval of AT . r 

where s is the distance measured along the direction of propagation of 

1(9, 0); that is, s is measured in the direction specified by the angles 

9 and 0. The reason is that, in formulating the transfer equation, it 

was specified that the ends of the cylindrical volume element be perpen

dicular to the incident beam. However, it is convenient to measure all 

distances in terras of z, which is chosen normal to the plane of stratifi

cation of our scattering medium, as shown in fig. 3.1. 

In the above formulation it should 
e 

J 

Az 

Figure 3.1 
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Thus, AS ® (SkZ secQ " ̂  , where » cos@, and eq <3.9) becomes 

V - f "I 
te,#) » I^°\0,0) e Sln@'d0'd0j 

^ * a 0 
- ̂  

" (1 - e •*' ) (3.10) 

vhere I as described above. 

In eq (3.10) it should be noted that the angle 9 is the inclination to 

the inward normal, and 0 is the azimuth referred to a suitably chosen 

x-axis. 

Consider now the integral in eq (3.10); 
fr j(r • 

•) Sin9'd8'd0' (3.11) 
O o » 

The evaluation of this integral will also be done numerically. 

The integration over both 0' and 0* may be performed in steps over "which 

a mean value for "^(9,0,9',0') x I^^^^\9',0') may be extracted from 

the integral, giving s,' 

-t>(9,0,o-»0i', o-»0j') l<l/2)(o_>g o—0.') J f8in9'd0*d0'- -
" ' O o 

• r air 

'•.1'(9,0.9j'—n-,0^'—•ifr) jj8in0'd9'd0' 

- ^̂ •|i'(0»0» A 0j'f A0jj*) ( A9j', A0ĵ ')̂  (co8©ĵ ĵ ' - COS0 *)A0 k' 
£>e/ Ad>' - - j 

^ (3.12) 

where the function notation o-»9j^', o~*02^', etc.,^ indicates the 

interval of the particular variable over which the mean of the 

quantity is being determined, "fhe quantity 

p(9,0, A0j*, A 0^') 9j', 0j^') is the mean value of-t> x 

over the interval co89j_j^', - cos9^* and A0j^'( -

the actual calculations, this average was taken to be the value of 

^ X l(l/2) mid®point of the Interval of AcosS' and A0'. 
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Indicating the level, or depth, in the cloud by a superscript 

and the tensor component by subscripts, eq (3.10) may now be written as 

-2aT 

Is^ ^(9.0) = Is" ^^9,0)6 * I_^"^)(cos9 - COS0 *) 
KT ^ 

-2&t 

X (1 - e ) (3.13) 

where t =1,2,3,4. In the above expression, the factor of 2 

in the exponential arises because AT is defi-ned to be the Increment 

between the level n and the level n + 1. Eq (3.13) then enables one to 

determine in terms and . There will be four equa-S o S ' 

tions, one for each of the Stokes parameters, of the form of eq (3.13) 

(i.e., one equation for each value of the subscript s) , 

The elements of the matrix given previously. Since 

the matrix depends upon 9^ and 0 as well as upon 9 and 0, the matrix is 

different for each step of the Integration over the solid angle elements, 

AM* , and therefore cannot be factored outside of the numerical inte

gration over the solid angle. 

At this point it should be noted that eq (3.13) expresses the 

intensities at the level n + 1 in terms of the intensities at the 

levels n - 1 and n. In most problems of actual Interest, the incident 

energy is parallel beam and thus cannot be described in terms of in

tensity. This necessitates an additional term which must be added to 

the right-hand side of eq (3.13^ to describe the scattering of this 

incident flux of parallel-beam energy. 
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Consider, then, this Incident energy to have a flux density 

(energy/unit area normal to the beam) of Then, analogous to 

eq (1.13), the difference In flux density crossing 2 faces normally, 

in a time dt, is given by 

ds ds dcr dt (3.14) 

Similarly, the amount scattered and absorbed is given by 

ds X F(°^ do-dt (3.15) 

where, as before K N(r) . Finally, the amount scattered into 
T r T" 

an element of solid angle, dco , is 

jj>(0) F<°) ds do- dco dt (3.16) 

At this point it becomes necessary to separate that part of the 

incident energy which is not scattered from that which is scattered once 

or more, as the former is still parallel beam radiation, while the latter 

is expressed in terms of energy per unit solid angle. Thus, at any depth, 

in the medium, the amount of incident energy, F^®), which penetrates 

without having undergone any scattering is given by 

F<S) B p(o) (3.17) 

where jig - cosQ^, 9^ being the polar angle between the incident beam 

and the s^axis. Thus, the unscattered energy at any level, n, may be 

written as 

-AT -n A'C 
p(n) . p(n-l) e Mo g p(o) ^ (3,18) 

At the level n some of this parallel beam energy-is scattered 

in the direction (9,0), thus contributing to the source function 
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J(9. 0) at this level. Therefore, denoting the source function arising 

from parallel beam energy which is scattered for the first time by J', 

we have 

j(n)'(0,0) 8 ijA<9,0,0o,0o) (3.19) 

Note that this expression for the source term differs from that given 

by eq (1.12)in that no integration over direction of the incident energy 

is required in eq (3.19). 

With the above ideas in mind the transfer equation, eq (1.16a) 

becomes 

' -1(9,0) ̂  J(0,0) J'(9,0) (3.20) 

and the formal solution, eq (3.6), becomes 

i(8)8 l(«>)e-'^(®Vo) + L-C'^-^')(j+j') d-c' (3.21) 

e> 

In finite difference form, eq (3.21) becomes 

-IAT 

^""^\©,0) = l9^""^^0.0) e ^ 4- |£.^(i>g^Lp<">)(co89 • - COS0 ') 

1 -2 AT 

X (1 - e -")+ Rj, x.i'sT (1 - e" ̂  ) (3,22) 

For most problems of interest the boundary conditions sre that: 

at g - oi F s F^°^ and 1(0, 0) = o for o<;iil, and at g = 

I (9.0) = o for -l£ju<o, where 3^ i^'the height of the cloud top. 



CH.4PTER IV 

THE FUNCTIONS Sj and Sj 

In eqs (2.12a and 2.12b) the functions and S2 were Introduced 

as proportionality factors between the Incident and scattered electric 

vectors in the directions perpendicular and parallel to the scattering 

plane. The general form for these functions for the problem of a 

plane-parallel incident beam striking a:sphere vas originally estab

lished by Hie (1908), and nnre recently Stratton (1941) has presented 

a neat and concise treatment of the problem. A brief outline of the 

method of solution will be presented here, following Stratton. For a 

more detailed treatment, the reader is referred to the original treat

ment above. 

Consider an Incident plane wave with a flux density, F^^^, 

propagating along the positive z-axis, and plane polarized so that 

the electric vector lies along the X-SKIS, and the mgnetic vector 

along the y-axis (see fig. 4.1) . 

The vector wave equation satisfied by the electric field 

vector, ~B* (and also the magnetic field vector^ for a charge-free 

region is 

where~E is the electric field vector,"? is the magnetic field vector, 

€ is the electric inductive capacity (or permittivity),^ is the 

38 
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Scattering 

Figure 4.1 

mgnetic inductive capacity, <7" is the conductivity of the medium, and 

t is the time. Assuming a solution periodic in time, of the form 

^ where co z Z'H'f, the circular frequency, and substituting 

into eq (4.1), we get 

=0 (4.2) 

0 2 —• 
where - ijitotr ) . By replacing the vector E in eq (4.2) 

with a scalar, y , the scalar wave equation results: 

= 0 . (4.3) 

Expanding the Laplacian in spherical coordinates (R, @, and 0) and 
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assuming a solution of the form ° f]^(R) f2(®) £3(0)* substi

tuting this form for into eq (4.3) results in 

'2W = Pn^frose) (*•*'') 

f3(0) " A cos TB$ B sin (4.4c) 
* 

where ^ i/20^) half-order Bessel fvmction of argument kR, 

Pq''^(COS@) is the associated Legendre polynomial of the first kind, 

nth degree, and order m, where n and m are restricted to positive Integers 

only, and m ^ n. Thus, the solution to the scalar wave equation is 

^ |mn ® sin (4.5) 

where the subscripts e and o refer to even or odd dependence upon the 

.jmgle 0. 

One now constructs three vectors from the scalar . Let 

"L = (4.6a) 

~H = L X rR (4.6b) 

^ V X 1? (4.6c) 

where? is the unit radius vector. Substitution of these vectors Into 

eq (4.2) shows that each of them individually satisfies the vector wave 

equation. These vectors are called the spherical vector wave functions. 

One is now ready to expand the Incident and scattered fields 

in terms of the spherical vector wave functions. Canceling the time 

factor, e*"^, the incident wave vectors, E(i) and may be written as 

(4.7a) 

3 f (4.7b) 
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which, in spherical coordinates, become 

® e COS0 COS0 + COS0 cos0 9 - sin0 0) (4.8a) 
£ 
o 

^ = e COS0 ^g£jjQ gj[ii0 "? + CO80 8in0 0 + cos0 0) (4.8b) 
n 
o 

Because of the soleaoidal character of the £ and H fields, and the fact 

that » V'T? - O ) whereas v-L - =• -kR 4" 0, one needs to 

expand the field vectors in terms of the M and N vectors only. In 

terms of these vectors, and by comparison with eqs (4.8a) and (4.8b), 

we may write 

"E<i) 7 ^ ^ 
— Q ^ (a m , + b n , ) (4.9a) 

-•(i) 
5 o /! (f "m , + g 'JT, ) (4.9b) 
H n eln "n oln' 
o 

a (f , 
n ®ln 0 - o 

—»• —• 
M N 
iat 

e 

n e= 'V • 

e 

where m = , n » the subscripts e and o indicate even or odd 

e e . 
dependence upon the angle 0, the subscript 1 indicates the Legendre 

polynomials are of the first order, and n is the degree of the poly

nomials, as before. By equating the right-hand sides of eqs (4.7) and 

(4.9), taking the dot product of both sides with , first, sin© and inte

grating over all 0 and 0, a^ may be determined. Similarly, by taking the 

dot product of both sides with sinS, sin0, and~n^j^^ 8in0, the 

remaining coefficients may be determined. Details of this procedure are 

presented in Stratton (1941). The results for the expansion of the inci

dent field in terms of the spherical vector wave functions are 

E 

-^(i) ^ 
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where - iojii subscript 1 here indicates the medium in which 

the incident wave is propagating (as distinguished from the medium 

inside the scatterers) . Normally this medium is air for which 1. 

The sunsnations are now caxrried out from n • 1 to co to prevent the 

solutions from blowing up when n s o. Since the field must remain 

finite at R = 0, Bessel functions of the first kind are used in the 

expressions for and n, and are denoted by the superscript (1). 

The induced secondary field may now be e3q>anded into two 

parts, one applying to the inside of the scattering sphere and the 

other valid at all points external to the sphere. Since the field 

must remain finite at R s o, the transmitted field, valid inside the 

sphere, must involve Bessel functions of the first kind. Similarly, 

to insure regularity at R s , the secondary field outside the sphere, 

called the scattered field, must involve Hankel functions of the second 

kind. These will be designated by a superscript (3). Thus, the 

scattered and transmitted fields may now be written as 

oo 

TS.. : .&£<-..• «„<» . . ̂ 

(4.11b) 

~ip(*^) - Tj /_j\nr2n-»-l ly ^ "T? n 1 b ^ "rf 

n:| U 
(4.12b) 

where and b^^® are the scattering coefficients and and b^^^ 

are the tran^imission coefficients, both sets of which are to be 
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determined. The subscript (2) indicates the parameter is to be 

evaluated inside the sphere. 

The boundary conditions are singly that the tangential coa> 

ponents of the electric and m^etic field vectors are continuous at 

the boundary between the sphere and the surrounding medium. At any 

point external to the sphere, the field is composed of both the 

incident vave and the scattered wave. Therefore, the boundary condi

tions are at R ' a 

<4.13a) 

B0<®> s (4.13b) 

Hg(i) + HQCs) : He(t) (4.13c) 

H0<®) = H0(t) (4,13d) 

tihere a is the sphere radius, and the subscripts i, s, t indicate 

. incident, scattered, and transmitted quantities, ̂ ile 9 and 0 indicate 

the vector coi^onent. 

When the indicated components of eqs (4.10), (4.11), and (4.12) 

are substituted into eq (4.13), four homogeneous equations result. 

Equating real and imBglnary terms of these equations, the imknown 

scattering asid transmission coefficients my be deteirmlned. 

Since the work to follov only involves the scattering coe££l<» 

dents, only these need be given here. The above procedure leads to 
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' "1 ' 

jn(m«<)^bn(^) (o<)y - h^^2) j^(0, p^)j (4.14®) 

L  ̂ J (4.14b) 

In the above expressions, and ̂ 2 bave been set equal to unity. 
( 

The prices indicate differentiation of the bracketed quantity with 

respect to the argun̂ t of the spherical Bessel or Hankel function within 

2 fTa 
the brackets, defined by eq (4.4a), c< - where is the wavelength 

of the incident light, and m s ̂  s n2(l - l̂ i) where n2 is Che real 

1̂ 
refractive index of the sphere, aiui k2 &@ the absorption index of the 

sphere. 

The 9 and 0 consonants of the scattered field vectors may now 

be written, referring to eqs (4.11) ax̂  (4.12) and taking the proper com-

poneats of the'm' and~ir vectors, %U8 

00 

. s dP_̂ (cos0) 
 ̂ n E <8) » - H«(s) « . i!o 2̂  

de 

C Tnr-'l 

E,(»)=  ̂H,(B) : ̂ 

+ b* afn'ccoa,) 

° d0 3 
(4.15b) 

where use has been made of the approxiomtion (1ĵ R).;5 1— jjn-*-1 -̂ik̂ R 

2 fTR A 
for kjR s >> 1. Since the plane of scattering has been defined 
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as that plane containing the direction of propagation of the incident and 

scattered beams, reference to fig. 4.1 shows that the 0 and S directions 

are normal and parallel to this plane, respectively, and therefore 

—•> 

correspond to the j and i directions defined earlier. 

Referring again to fig. 4.1, it can be seen that Eĵ ŝin0, 

and Eq̂ COS 0. Therefore, comparing eqs (2.128) and (2.12b) with 

(4.15a) and (4.15b) wa see that ~ 

S, S-A- ® dPn^(co69) ^ 8 P^^cosQ) 

(4.16a) 
1 

Sn ® <COSQ) . S dP_̂ (cos0) 

1̂  ^̂ n(n + l)(̂  ̂  sinQ " d9 
S i =  k i R  

Following standard nomenclature, we define 

(4.16b) 

-R-^cose) = (cosQ) s ̂  d \P (cos9)\ 

° 8in9 -d(cos9)  ̂  ̂

from which follows 

1 
dP_ (cos©) 

dQ " - <1 - C0829)ir„' (4.18) 

where IT.' = kt"'*)] . 
" d(cos9) d(cos9)2 

Finally, letting 

, _ 2n *•• 1 8 J. » 
 ̂' n(n-»'l) (4,19a) 

B = 2n + 1  ̂s 
n n(n + l) « (4.19b) 

the expressions for ̂  and become 

Sj s jcos9 fTjj - (1 - IT +h^ IT(4.20a) 

n s i  
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oo 'J 

At this point it may be noticed that in the scattering oBtriHg 

the functions Sj and always appear as the product of one times its 

couples conjugate or tiioes the ccesplex conjugate of the other. There

fore, all terms will have the factor . \ ̂  x je"̂ !̂̂  x ê l̂̂ j a 
kj R L -i Kt R 

and this may be factored outside the natriK. Zn this foirm the 

matrix results in intensities per unit area at the distance R from 

the scatterer. In order to transform this to intensities per unit 

r2 b2 
solid angle, independent of R, we must multiply through by -V s ~ 

since A, the area in question, is unity. Therefore, the factor 

becomes 

° %T' 

since 

Thus the functiosis Sa* and 8.' becose finally 
ET> J I ^ 

Sj' • -'£, - « - <!08̂ )̂ n'] + ®n 

Si' : 1 ̂  "̂ n - O - coŝ e) ir„'] ] (4.22b) 

where Sj - ̂ Sj*; and . la practice the pritosd functions 

are coî uted and ths factor  ̂is placed outside the phase mtrix 
(̂T'-

as a factor. 

The functions Aq and are craî uted following the procedure 

outlined by Aden (19S2), while the procedure for coBq;>uting the 

functicms is as outlined by GusQ>recht and Sliepcevich (1951). 
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The Rayleigh caBe 

The simplest law of light scattering, and one %̂ ich has found 

the widest application, is that set forth by Lord Rayleigh in 1871 in 

his successful effort to explain the blue sky. The laws set forth by 

Rayleigh were specifically directed to e3q>lain the scattering by a 

dielectric sphere whose radius is ouch smaller than the wavelength of 

the incident light. Itowever, the scope of the laws is imieh wider than 

originally thought by Rayleigh. It was soon recognized by Maxell, and 

later by Rayleigh himself, that the angular scattering and state of 

polarissation of light scattered by free electrons follow the mma 

laws (ThcKBSon scattering). 

The siolution of the problem of a plane<>parallel atmosphere, 

scattering in accordance with Rayleigh's laws, has been set forth by 

Chandrasekhar (1950]̂  in terms of certain x and y functions. Itore 

recently, numerical solutions to the above problem have been published 

by Coulson, Dave, and Sekera (1960) for various optical depths (T") 

up to 1.0, and for various angles of incident radiation. Thus these 

tables afford an excellent means of checking the accuracy of the 

nusEarical methods used in the present work. 

The conplete statement of Rayleigh's law my be fonmULsted 

in the following manner. If we let and represent the aagnitudes 

of the electric field vector parallel and perpendicular, respectively, 

to the plane of scattering, and let ® be the angle between the incident 

and scattered beams, as before, then Rayleigh showed that 
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 ̂ cos®sin(<Jt - - (4.23) 

sinĈ t -̂ 2̂  (4.24) 

where and are phase angles, ir is a normalizing constant and 

6i ( I 2tfiff is the circular frequency. It is iii5>ortant to note that 

in Rayleigh scattering the phase relations and ĵ̂ în the incident 

beam remain unaltered in the scattered beam. It follows from (4.23) 

and (4.24) that 

Sj = (4.25) 

S£ - (cr)̂ ^̂  cos <g> (4',26) 

The normalizing factor, (j- , n̂ y be evaluated in the following 

manner. If we consider a beam of natural light (Iĵ  s Î  - Î  0) 

striking a Rayleigh particle, then the intensity of light scattered 

at an angle with the incident beam is given by 

= Sj Sj* Î ^̂  ̂ = (4.27) 

s _ crcoŝ ® (4.28) 

following (2.13a) and (2.13b). If we consider that unit energy strikes 

the particle, then " 0'5 unit, since ' 

Therefore, the total energy scattered is given by 

(s) ^ ^ 

T̂otal = r r (Ir̂ ®̂  + ' 1  
oo (4.29) 

from eq (4.27) and (4.28) . 

Carrying out the indicated integration over all solid engles, one 

gets Irotal " With no absorption, the incident and total 
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8 
scattered energies taust be equal. Therefore from whtsh 

we get 

"̂ .-1̂  (4.30) 

Having the e:q>res8lons for and Sj, it is now possible to ob

tain the various elei&ents of the scattering isatrix. Substituting eqs 

(4.25), (4.26), and (4.30) into eq (2.30), one gets 

From this, eqs (2.31a through 2.31d) assuŝ  the form 

*11 •=">» Y 

1̂2 "fftA 8inA0 <4.34) 

/3 V/2 
A2i /sinAg (4.35) 

2̂2 " ̂8fi)  ̂̂ • 3̂ ) 

Substituting the above into the scattering matrix (eq 2.38), ô e gets 

for Rayleigh scatter 

COS^ty ^ Ijf C> 

^ I ŷOiÂ  £i<l) Ct-3.̂  " yU ' £\ <!>  ̂̂ o 

C e 3 . y J C e ^  O 

o O O 

srr 
- a 

\ 
(4.37) 
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The resalxuier of the transfer equation is the same as before 

and therefore the methods of calculation will be unaltered. 
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CHAPTER V 

THE METHOD- OF CALCULATZOIl 

In Chapter 111 the formal solution to the transfer equation 

was given. This solution contained an integral of the source func

tion over optical depth, the nujoerical evaluation of which was dis

cussed. It will be recalled that the evaluation of this integral at, 

say, the nth level requires a knowledge of all 1̂ °̂  (©, 0), Initially, 

values of the intensity are not conqpletely known at any level, including 

the boundaries, and therefore a straightforward iteration is not 

possible. The problem lends itself quite readily to the Gauss-Seidel 

iterative technique (Hildebrand, 1956). In this chapter ws discuss 

the application of this technique to the problem at hand. 

Cfaisider the scattering n̂ ium to be divided into n levels, 

a distance of apart, as shorn in fig. 5.1. 

Incident parallel beam flux of units per unit area norĉ l 

to the beam enters the medixaa at the bottosn, directed along the positive 

z-asis,* chosen normal to the planes of stratification of the scat

tering medium as shown in the figure. 

At the top of the mediim no radiation is incident fxaai 

above. This conditimi together with.the incident flux at the bottcsa 

(̂iThe incident flux rmy actually enter in any direction, but 

for siapliclty here, it is assumed to be parallel to the z-asds. 

51 
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Tigure 5.1 

constitutes the boundary conditions and is sufficient to insure a 

unique solution to the transfer equation as shown by Mulllken (19f1). 

In addition to the known incident radiation at the top and bottom, 

there are the unknown transioitted and reflected intensities at the 

top and bottom, respectively, shown by dashed lines in fig. 5,1. 

These unknown Intensities prohibit inssediate evaluation of the source 

Integral as previously discussed. This then constitutes a two-point 
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boundary value problem, the solution to which necessitates solving a 

system of siimiltaneous equations. The technique of invariant einbeddiag 

as described by Bellmn, Kalaba, and Wing (1960) converts the problem 

into an initial value problem thereby avoiding solving n sets of 

similtaneous equations, but the techniques have so far bê  developed 

only for conservative Rayleigh scattering. 

The technique eŝ loyed here (i.e., Gauss-Seidel iteration) 

for solution of the set of equations may best be illustrated a 

slB̂ le e3ara«>le. Consider a scattering taedlua to be coî osed of four 

levels. Further, assume the actual scattering to be replaced by a 

simplified model involving scattering in only four directions. In each 

one of vhich the intensity is eqt̂ l to the average actual intensity 

over "tE steradians about the given direction. Thus eq (3.12) will 
2 

be a sum of Just four terms, in \̂ lch eacĥ d*' ̂ snd A|' s 2lf . 
4 

Let the Intensities in the fotn: directions be given by l(̂ )(̂ ĵ ), 

where the siqierscrlpt a denotes the 

level at which the particular intensities apply, and jn s cos@ as 

before. If we represent known beams (the boundary values) by solid 

arrows, and unknown beams by dashed arroira, this particular problem 

Is represented by fig. 5.2, where the incident flux is taken to be 

per unit area in the direction of the positive s-asls. 

For any one of the four vector cmaponents of X, eq (3.22) 

for level 2 takes the form 

I<2)(̂ ) 3 I<®>(jj) e  ̂ - e -») 
A Aw>' 

+ 1 - e '̂ ) (5.1) 
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Figure 5.2 

Rewriting eq (5.1) in a condensed form we have 

( ̂) = CÎ °̂  ( ji) + (̂ )au5V Dt)F̂ °)e'̂  (5.2) 

-2_5L? X 
w h e r e  C S e V ^ , D = ^ ^ ( l - e  • ^ )  

and F̂ ^̂  has been written in terms of F̂ °̂  according to eq (3.13). 

In particular, for level 1, eq (3.21) must be x̂ ritten in tenî  of the 

values of the parameters at level zero only or, in other words, eq 

(3.21) must be written in forward difference form in order to get the 

solution started. Thus for level I, eq (5.2) becomes 

Î ^̂ (̂ ) S l(o)(ja)e £̂i>I<o)(;u') Aco'+- '|>F(°>e"̂ j |̂ (1 - e 

(5.3) 



There must be one equation of the form of eq (5.2) or <5.3) for each 

of the unknowns in the problem. Thus for the present slsiple problon 

each level has 16 unknoims, four vector coiaponeata of the intensity 

for each of the four directions. Inspection of eq (5.2) shows thst 

in order to obtain values for X̂ ^̂ ( ji)» the values of all 

jx must be known. Initially, only X̂ °̂ (̂ j) and 1̂ °̂ (̂ ) are knoim, 

as shown in fig. 5.2. l̂ ese, of course, are boimdary values and are 

equal to zero. Thus eq (5.3) contains two unknowns on the right-hand 

side (for the pres«3it simplified example), l̂ ®̂ (̂ i) and Î ®̂ (jj4), 

One could write down the cooqtlete syst̂  of equations and systecatically 

eliminate unknowns and eventually eqs (5.2) and (5.3) could be vtltten 

for any given unknown, in terms of known boundary values cmly. Hofwaver, 

for any problems of actual interest, the zussber of equations is so 

large that the above procedure, even on high-speed coŝ uters, would 

al̂ st hopeless. 

Many techniques, other than direct elimination of variables, 

have been developed for solving large sets of simultaneous equations, 

scoie of which are laore readily adapted for electronic ccn̂ uters than 

others. "Hie set of equations for the present problem lends itself 

quite readily to a method conEJonly called Gauss-Seidel iteration 

(Hildebrand, 1956). In this ŝ thod the initial equation is solved by 

making a guess as to the valî  of any uoknotms appearing on the right. 

Succeeding equations are ̂ ben solved in the sane maaaer esseept that 

any unknowns on the right ̂ ich have already been solved for are 

replaced by their most recently calculated value, (hsce the coâ lete 
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eet of unknovms has been solved for, the process Is repeated. This 

time, since values have been calculated for all the unknowns appearing 

in the first equation, the value of the initial unknown will be changed 

somewhat from the previous calculation. In a like manner all other 

unknowns will be changed from their initial calculated values. Suc

cessive iterations performed in 'the above manner may or may not con

verge. In general,experience ̂ th this technique has shown that 

convergence is more likely if the coefficients of the unknowns on the 

right-hand side are all smaller than that of the unknown on the left. 

It is not difficult to show that ehe coefficients of all the unknowns 

appearing on the right-hand side of (5*2) and (5.3) are less than 

unity and thus the above rather ei!q>iric@l criterion is met.̂  

Before going into further details of the con̂ utational scheme 

it is advisable at this point to examine the c<»nputational stability 

of eq (5.2), as the results of stability analysis will serve as a guide 

for the form of certain of the equations in the set. The discussion 

'f 

is best begun by first defining what is meant by stability. If we 

let l̂ ®̂  denote the solution to the finite difference equation at 

the level n̂ T, and I(nAT) represent the exact solution to the 

differential equation at the s&rŝ  level, then if Î  ' . lCn̂ '9<K 

as n -*<», where R is soô  constant, the solution is said to be stable 

(Richtmeyer, 1959). Another way of saying this is that the solution 

«In fact, a test problem in which part of the system of equations 
was so arranged that the unknown on the left had a surlier coefficient 
than some of the ut̂ nowns on the right did indeed fail to converge. 



Is stable if the error (the error here is taken to be the difference 

between the finite difference solution and the true solution) remains 

bounded as n —> oo . 

As is so often the case in practice, a stability analysis of 

the complete eq (5.2) is not possible. However, by resorting to a 

somewhat simplified form of the equation, an analysis may be performed, 

/ 

the results of which are then assumed to be valid for the complete 

equation. Thus for the simplified equation, let us rewrite eq (5.2) 

neglecting the last term on the right-hand side, and further, let us 

assume that the scattering may occur only in the forward direction. 

This latter assumption then means that the second term on the right 

will not have to be summed over all solid angles, as only that in

tensity in the same direction as the unknown on the left-hand side of 

the equation will contribute. In other words, the value of is zero 

for all scattering angles other than for ® » 0. With the above 

assumptions, eq (5.2) becomes 

-2 -2 

l(2) = i(o)e ji + î(l)(i - e (5.4) 

where = unit solid angle. 

Assume a solution to eq (5.4) of the form 

l(n) r j(o)̂ n (5.5) 

Substituting eq (5.5) into eq (5.4) and solving for | , we find that 

-2aJ ! -2£r l2̂  

 ̂ - e  ̂ - e 4e (5.6) 
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and therefore from eq (5.5) 

*1£F / '2 AT -Z&z 

T  

f'/gq - e •" -aZq 4e  ̂

Since the value of must be positive for any n, we are fotced 

to accept only the positive" sign for the square root term in eq (5,7). 

FrcKn physical considerations it is evident that the true solution, I(nA'̂  

must remain bounded as n—*00 . it follows that for computational 

stability, J i 1, or 

-2AT / -2 AT 2̂ AT 

n . -̂ q - e - ê -" v2 4e 5̂ 3̂ 

2 

It is easy to show thaty3 i 1, and therefore for any 0 <1, the 

stability criterion, (5.8), is always met for any AT . Thus, for 

positive Jit eq (5.4) is always stable. 

Consider now eq (5.4) for values of ji <0; i.e., directions 

denoted by JI2 and /13 in fig. 5.2. For these directions, eq (5.6) 

becomes 1 
2 at / 2 aT 2AT 

 ̂ _ '4(1 - e - e + 4e 
J S ̂  i C —i . i: Ji<0 

(5.9) 

It is easy to see that eq (5.9) always results In J ̂  1. Therefore, 

eq. (5.4) is always coiiq>utationally unstable for any AT, for negative 

values'of ji. It is interesting to note also that for ja < 0, the 

coefficient of the first term on the right-hand side of eqs(5.2) and 

(5.3) is greater than unity, and the remaining terms on the right losy 

also have coefficients exceeding unity. This is in violation of the 

empirical rule stated earlier, which would make convergence of the 
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successive Iterations somewhat doubtful. It thus appears that a 

different set of equations must be used to compute the intensities for 

negative values of ji. 

A computationally stable equation for negative ji may be de

rived as follows. Starting with eq (3.22) and solving for I 
8 

2iT 2Af 

ĵ (n - 1) . + l)̂  * + Aw' <1 - e"" ) 

am' 

2 at 

+ (1 - e-*" ); - 1 < < 0 (5.10) 

which, in view of the fact that  ̂< 0, may be written as 

-2 at -2 AT 

(n - 1) _ (n) |,,| + i <") / <1 - e ) 
s s K„ T  ̂ ' 

T Aoi' 

'2 At 

- e ) (5.11) 

Eq (5.11) for < 0 is now of the same form as eq (5.2) for 

 ̂> 0, and will therefore be computationally stable, according to our 

previous analysis. It is important to note that eq (5.11) gives I at 

level n - 1 in terms of the values of I at levels n and n + 1, while 

eq (5.2) gives I at level n + 1 in terms of the values of I at levels 

n and n •> 1. 

The iteration procedure may now be described. Values of I 

for /J > 0 are calculated first, starting at level 1, using eq (5.3), 

and then working up through successive levels, using eq (5.2). In 

this initial pass all values of I for /i < 0 are assigned to be zero. 

Once the top level is reached, initial estimates have been calculated 
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for all I for ji > 0. Initial estisates for I ̂ or <. 0 are now 

calculated by working doun̂ rd through successive levels, using eq (5.11). 

For these values, previously calculated values of I( >0) are utilized 

in the source tena (second term on the right in eq 5.11). The first 

step for calculating,values of I( ja 0) is applied at the fi?8t level 

below the top,* and for these calculations a forward differencing equa

tion is used in place of eq (5.11), analogous to eq (5.3). The sa&@ 

procedure is then repeated, each tisie utilizing the cK>st recently 

calculated values of the unknowns cm the right-hand side of the coŝ u-

tational equation, until successive values of the same variables agree 

to within some specified tolerance. In practice it was found that 

the best criterion to terminate the process for the case of conserva

tive scattering ims the value of the total emergent radiati(m. For 

the conservative case the emergent radiation laist equal the incoming 

radiation. The first Iteration results in too snail a value for the 

emergent radiation (transmitted plus reflected radiation). Succeeding 

passes increase this st;m and eventually it converges to a value a 

few tenths of one per cent greater than the Incoming radiation. 

Succeeding passes result in extremely snmll oscillations of the 

emergent radiation value about this "equilibrium" value. Therefore, 

the calculations were stopped at the end of the first pass for f̂ ich 

the total eoffirgent radiation was greater, by any amount, than the 

input radiation. 

ôte that no calculations for I(>2 < 0) are necessary at the 
uppeni»9t level, as these are boundary values and are equal to zero. 
The same applies for l(ji > 0) at the zero level. 
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For nonconservatlve scattering the emergent radiation will 

al̂ ys be less, by some unknown amount, than the incident radiation. 

For the one problem in this category t̂ ich vas xtm (i.e., the radar 

{>roblem discussed in Chapter vn) the calculations ̂ ere stopped when 

the esoergent radiation confuted on succeeding passes differed by less 

than 0.2 per cent of the inccsning radiation. 

It now remains to determine the thickness of the layers AT, 

into which the scattering loedium nay be subdivided. This interval 

should be as large as possible without introducing appreciable errors 

due to variations of the source term, J •*-J' over aT. Thus, one 

wishes I and F to remain essentially constant over the increment of 

. If we consider the radiation to be coî sed of a beam of photons 

and the scattering ô dit̂  to be con̂ osed of discrete scattering centers, 

then the above stateioents are equivalent to restricting the Inereisent 

of AT to a value such that a photon my only undergo, at most, one 

scattering process in the interval. Of coursne, to actually limit 

the process to one scatter in AT, the increment AT would have to be 

truly a differential elemsnt dT. For any finite-eised increment of 

AX, & certain percentage of photons undergoes two or more scatters. 

We may decide upon the percentage we are willing to accept and fix the 

value of accordingly. 

4xt must be r̂ nesdiered that in the mathematical formulation 
of the transfer equation, both the radiation and the scattering 
medium are treated as continuous. 
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For any value of AT, the number of photons undergoing two 

or toore collisions xaay be computed by the methods utilized in 

kinetic theory. 

X-Y 

Figure 5.3 

Consider, first, the probability of a photon making exactly one 

collision in the distance x. From the results of kinetic theory it 

is known that the probability of a photon travelling a distance y 

1 T and then colliding in dy is — e ̂  dy, L is the mean free path of 
L 

the photon. The probability of travê linĝ the remaining distance. 

x-y, and not colliding is given by e The probability of 

both these events occurring is then the product of the two proba-
'L \ / "(x - y\ ^ -X 

bilities or (e"̂ )= let,,. The distance y 

may be any distance from 0 to x. Therefore, the probability of 

exactly one collision in x, P(l), is 

•X 

P(l) s 1 i e ̂  dy = S e 

-X 

L (5.12) 

The mean free path for photons diffusing through a cloud of 

particles such that the size of the photons is negligible con̂ ared 

to that of the particles composing the cloud is 
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QfCt) N<r) <5.13) 

where the summation is carried out over a unit voluiae, as before. Thus, 

-X |QT<r) N(r) 
P(o) a a ' T <5.14) 

Sindlarly 

P(l) s X |Qj(r) N(r) e"* (5.15) 

The value of Af should be such that the probability of sero 

collisions plus the probability of one collision is much greater than 

the probability of two or store collisions, or 

P(o) + P<1) ̂  1 (5.16) 

or 

-̂x Q̂̂ (r) N(r)̂  ̂  Q̂̂ (r) N(r)̂  ̂  

This reduces to 

0-%JL si .TtT''--r'+ ---- (5.18) 
1+r 

where -TT 5 x Q̂̂ (r) N(r), 

This relationship fŝ  5>18) is obviously valid only for 

H' /'* 1, Suppose we pick a value of T® 0.25. Then the probability 

of photons undergoing two or im>re collisions is given by 

1 -[p(o) + P(l)} or P(2-t-3 +• -«—) a 0.026. Thtis, in a path length of 

optical depth AT" - 0.25, approximately 2.5 per cent of the photos 

undergo two or more scatters, while approxiiaately 20 per cent (the 

value of P(l)) undergo one Scatter. The total number of photons 

undergoing any nuî r of scatters is about 22 per cent of the incident 

nustber, and thus single-scatter accounts for approxiaately 91 per cent 
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of all the scattered radiation. This certainly is a maxinsfflt value of 

higher order scatter that would be tolerable, and it is certainly 

preferable to reduce this as imich as is feasible. 

In view of the above discussion̂  a value of AT s 0.020 was 

finally established. For thiŝ  optical depth, approxisstely 96 per cent 

of the scattered radiation is singly-scattered, the remaining 4 per 

cent undergoing two or more scatters. Since the actual optical depth 

in the problem of a plane-parallel scattering mediisa is ̂ , where 

ji - cos9, as before, for values of ju>0.08, ,the above argiasents show 

that 91 per cent or ii»re of the scattered energy is only singly 

scattered. Thus, frc»n 9 : 0 to 0 85°, this value of /iZ should per

mit quite accurate calculations of the scattered intensities. As e 

approaches 90°, the error builds up rapidly, and thus one imist be 

careful as to the smallest value of jia for which calculations are to 

be made. As will be seen in a later secticm, calculations dô  to a 

value of jui - 0.0375 can be made without introducing any serious error 

into the results. 



CHAPraR VI 

CHECKING PROCEDURE Ain) ACCURACY OF RESULTS 

In a coBQiutationdl scheî  as lengthy and con̂ licated as the 

present one, attempts to check the results by tssanual calculations 

would be rather futile. In fact, such attenq̂ ts have shewn that even 

for the siiqplest case of Raylelgh scatter with norsal incident radian 

tion, manual calculations are practical for only the output from the 

first layer of the first pass. An examination of the cois|mtational 

procedure will show that for this particular set of calculations, all 

terms on the right-hand side of eq (3.22) vanish but the last one, aî  

thus only a partial check, at best, is afforded. Further, cany program 

instructions are not encountered until the coî putations have advanced 

to the last layer and the proĉ ure begins to work back do»n again 

toward the first layer. Manual checks on these parts of the prograia 

are obviously ioî ssible. 

Fortunately, a isuch better checking procedure is readily avail

able in the set of tables related to the radiation esierging from a 

Raylelgh scattering atisosphere, prepared by Coulson, Dave, and Sekera 

(1960). As discussed earlier, these tables were calculated from the 

Chaadrasekhar (1950) solution for conservative (nonabsorbing) Raylelgh 

scatterings The tables are presented for various angles of Incident 

fluK, and for various optical depths up to ̂ B I.Q. Since the ŝ thods 

65 



66 

of calculation of Coulscm et al. w@re coinpletely different frĉ  those 

employed here, they provide a coŝ letely independent check on the 

current work. 

As in any finite difference coiaputational schema, proper values 

of the incremental sizes are of considerable iioportance. It has previously 

been shown that the conqputations in the present schen̂  are stable for 

any value of AT. However, it was also shown that the accuracy of the 

calculations deteriorates with increasing > and we estimted a value 
 ̂ A 

of -jp s 0.25 as probably the smsliaum tolerable, A similar situation 

exists with respect to the increments of aziauthal and polar angles 

used. It is desirable to make these as large as possible and still 

maintain acceptable accuracy. In this case, however, no estiisate was 

made as to how large these Increŝ ts might be» The final decision 

as to the size of all increments was made by esperiŝ tation, as will 

be discussed below. 

In deciding upon acceptable increments, a decision as to the 

desired accuracy must first be smde. Accepting the Coulson vslues as 

a standard, it ws decided to strive for incraî ts which would result 

in maximum deviations from this standard of pe? cent in polariea<> 

tioa and t 0.01 unit total intensity, for an incident uapolarised 

of IT units per unit norml area. 

As a test problem for the above, an atmosphere of optical 

depth B 0.5 was chosen, and the incident unpolarised beam was 

allowed to iî inge at angles given by i.oo (i.e., norml to the 
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plane of stratification) and )î  * 0.4. The latter value of jsq - 0.4 

was chosen because of its application to a particular problem to be 

discussed later. 

For the first trials AT tjas taken as 0.025* and IncresKmts of 

the asiaiuthal angle, A0,̂ ere taken to be 30̂ . The cosine of the 

polar angle» ji, vas broken up into 19 nonuniform incresaentss the 

midopoints of which gave 9 values over the range ja  ̂q.q to ji  ̂ 1.0 

and 9 values from jj s o.O to • -1.0. Over the range of positive 

Jj these values were: 

ja = 0.975, 0.925. 0.825, 0.675, 0.525, 0.375, 0.225, 0.125, 

0.050. 

The î gative of these values was taken over the range from ju s o.O 

to ji 8 -1,0. The results of this test are shown la figs. 6«1 and 

6.2, showing the transmitted and reflected intensities and polariza

tions as a function of ji. In these figures and in the ones to follow, 

the solid lines are derived from the Coulson et al. tables, while the 

encircled points are the results of the present study. For a norml 

incident beam, the reflected and transmitted intensities are asisaithally 

independent, so that figs. 6.1 and 6.2 are valid for all #. The 

coŝ one&t (U parameter) is not shown on these two figtires as it Is zero 

for all /I and 0 for the case of normI incidence. For incident, 

unpolarised ligiht the Rayleigh scatter natrix results in (V paraî ter) 

- 0 for all Ji and 0, regardless of the angle of incidence of the 

incident beam. Therefore, in all the following results pertaining to 

Rayleigh scattering, it will be omitted and will be understood to be 

sero. 
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Eseatnlnetlon of the figures reveals quite good agreeiQent be

tween the two sets of results. The region of mxiimm deviation in 

intensity occurs in the transmission curve at - 0.125 and 0.225. 

The deviation is -̂ 0.004 at both points, acceptable according to the 

standards set forth earlier. The mximan deviation in the percentage 

polarization also occurs on the transmission curve at a value of 

ji s 0.050, This deviation was -1.2 per cent, exceeding the acceptable 

error by 0.2 per cent. The acceptable polarization error was also 

exceeded at all other ju up to jti a 0.525 on the transtoission curve, 

and at ja s 0.125 and 0.050 on the reflection curve. 

As a next step, A ji and A0 were left unchanged, and 

halved to 0.0125. These results are shown in figs. 6.3 and 6.4. 

Once again, the largest deviations in intensity occurred on the trans

mission curve at >1 - 0.125 and js - 0.225. These deviations were, 

respectively, 0.0012 and 0.0018, well within the acceptable lloits. 

The maximum deviation of the percentage polarization occurred again 

on the transmission curve at ji ' 0.375, the value being 1.0 per cent. 

Just acceptable'. All other percentage polarizations on the trans

mission and reflection curves had deviations considerably less than 1 

per cent, the maximum on the reflection curve beiî  0.6 per cent at 

ji •> 0.125. 

The abctve increase in accuracy was achieved at considerable 

expense, tliae-nd.se, since cutting the increment of AT in half doubles 

the nuober of layers for which calculations ssist be mde. For this 

reason it is desirable to have AT as large as possible and still 



Total Intensity 
o 
w 

O Ol 0> 09 o 
 ̂ O O O C 

% Polarization 

Total Intensity 

o 
b 

o 
CD 

o 
<J> 

o 
bi 

0 
01 

o 
fo 

p 

o 
b 

% Polorizotion 



71 

maintain the required accturacy. Therefore another teet was performed 

for vhich AT set at 0.020, while the nusiber of increxosnts in ji 

was increased from 19 to 25. l̂ e mid-points of these incraztents gave 

12 values in jx from jx ° 0.0 to ji - 1.0 and 12 identical negative 

values over the range JA » 0.0 to ji s -i.e. over the range ju ' 0.0 

to  ̂- 1.0, these values were 

ji a 0.025, 0.075, 0.150, 0.250, 0.350, 0.450, 0.550, 0.650, 

0.750, 0.850, 0.925, 0.975. 

Results from this incremsntal network are shown in figs. 6.5 and 6.6. 

As before, the maxLoajm intensity deviations occurred in the transndtted 

Intensities at values of jx  ̂0.150 and 0.250, and 0.350. The largest 

deviation, at = 0.250, amounted to + 0.002. The deviation in the 

percentage polarization was also largest in the transmitted energies, 

amounting to 0.7 per cent at several values of jn. In the reflected 

energies, the maxisam intensity deviation \ms 0.0016 at  ̂0.450, 

and the maxiaum polarisation deviation was 0.5 par cent mt ji » 0.075. 

Thus, the above increment sizes, while slightly less accurate for 

intensities* gave results at least as accurate as the previous isodel 

with AT S 0.0125, insofar as percentage polarization is concerned. 

Since it represents a considerable saving tim-wise over the previous 

grid, it appears to be the best suited for the ciirrent work. It 

should be noted here that the above discussion is not meant to in̂ ly 

that this grid will give equally accurate results for other proble:̂  

such as Rayleigh scattering with absorption. Me scattering, larger 

optical depths, etc. On the contrary, it is expected that the 
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accuracy would be somewhat less for all of the above probleiss, but 

it is iinposslble to estinate the deviations for these cases. 

The above increntents were then tested on a problem of the 

sasse optical depth as before» but with the Incident beam icapinging 

upon the atmosphere at an angle given by ji ~ 0.4. For this problem 

the first three Increments of ji were changed slightly so that their 

mid-points were at ji  ̂ 0.0373, 0.100, 0.1625. All other increô ts 

were left unchanged. The results for 0 » 0° and 0 s 60° are shown 

in figs. 6.7, 6.8, 6.9, and 6.10. Note that the Stokes parameter 

U (Î  coB̂ onent of Intensity) is shown on the curves for 0 s gô  

but not on the 0̂ 0° curves. At the latter value of the azimuth, 

U.' 0 for all Ji and has thus been omitted. Once again, all devia

tions are within the acceptable limits. The maximum intensity devia

tions at 0 = 0° are 0.004 unit for the transmitted intensity and 0.003 

for the reflected intensity. Haximum polarization deviations are 0.4 

per cent and 0.7 per cent for the traxismitted and reflected intensities, 

respectively. At 0 » 60̂ , the intensity deviations are 0.003 and 0.005 

while the polarisation deviations are 0.3 per ceat and 0.8 per cent for 

the transmitted and reflected intensities, respectively. Frcoi the latter 

two figures it is readily apparent that the deviations in the parameter 

U are extremely small, although no limit has been set as a naxUasn 

tolerable value for this parasster. Results at other asiisuth angles 

(not shown) indicate similar mgnltudes of the deviations, in all 

cases td.thln the tolerable limits. 

FinAlly, using the sam; increment sizes, results were calculated 

for an optical depth 1.0 and an incident beam of units per unit 
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nortoaX area lnq>lnglQg at an angle whose cosine ' 0.4. The re

sults are shown in figs. 6.11 through 6.14. Once again the deviations 

are all acceptable, and for the !tK>st part lie well below the maxioRan 

tolerable value. 

On the basis of the above results we smy conclude that for 

conservative Rayleigh scattering transfer problems with optical 

depths up to = 1.0, the present nun̂ rical scheii» yields results 

with errors not exceeding t 0.(X)7 unit in intensity (for an incident 

beam of ir units per unit nonml area) and tl.O percentage polariza-

tion. Also on the basis of the above results, it is to be expected 

that most values will have considerably less error than the above* 

Further the results of these test problems served to convince the 

writer that the coiiq)utational schen̂  wss correctly progrananed. 

Since the Mie scattering transfer program is identical with 

the conservative Rayleigh program with the exception of the form of 

the elements of the scattering î trix, the above checking routine 

also indicates the correctness of the latter program. Of course, 

as mentioned earlier, the discussion of errors is not valid for 

scattering matrices other than that for Rayleigh scatter. 
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CHAFTER VII 

RESULTS AliD DISCUSSION 

Case I; Large particle ndLcrowave scattering 

As was nffintloned earlier In this work, the writer was led into 

the general problem of radiatlonal transfer through his work dealing 

with the radar back-scattering properties of ice spheres. In the 

field of radar meteorology, the back-scattering properties of hydro-

meteors are studied through the back-scattering cross-sections of the 

particles in question. The back-scattering cross-section, Q̂ j, my be 

defined as (Battan, 1959) the area intercepting that ôsunt of power 

which, if scattered isotropically, would return to the receiver an 

aceount of power equal to that actually received. For spherical 

scatterers, the ratio of the back-scattering cross-section to the cross-

sectional area of the sphere is a dloiensionless quantity known as the 

normlized back-scattering cross-section, The results of Hie theory 

(Aden, 1952) show this quantity to be given by 

where is the ratio of the clrcusiference of the sphere to the wave

length of the incident radiation. The quantities â  ̂and b̂ ^̂  are the 

scattering amplitude coefficients as previot̂ ly defined. 

Fig. 7.1 shows the curves of as a function of o< for water 

and ice spheres. The values for ice up to o< s 4.0 vare originally 

2 
(7.1) 
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calculated by Ryde (1946), while the values for e<>4.0 are taken from 

Herman and Battan (1961). The rather significant differences in the 

two curves have led several worke;:s to try to detect the presence of 

hail from precipitation echoes as observed on radar. Probably the 

most significant attempt along these lines is the vork of Atlas and 

Ludlam (1960), wherein measurements of the reflectivity of precipita

tion areas were made at three separate wavelengths. For a given size 

of reflecting sphere, varying the wavelength is equivalent to varying 

o< (a 21̂ 8/̂  ), thus giving a different value of for each ~X » 

as may be seen frcsa fig. 7.1. Assuming the reflectivity of a given 

precipitation area to be proportioiml to the values of CT-̂  of the 

individual drops ccnnprising the area, it then follows that significant 

differences in the ratio of the returned signals at the three wavelengths 

will occur, depending upon t̂ ether the scatterers are water or ice, and 

upon their size (assuming a uniform siae distribution). Thus, utilizing 

the above techniques. Atlas and Ludlam were able to detect the presence 

of hail and also determine approsdLmately its size (again assuming a 

uniform size distribution). Their findings were in close agreement 

with actual observations and measuretnsnts of hail size~by observers 

within the storm area. 

One of the more troublesooe problems with detailed radar analyses 

such as described above is the attenuation losses suffered by the 

radiation. The returned signal from any given volume of precipita

tion is a function not only of the reflecting (or back-scattering) 

properties of the volume, but also of the transmitting properties of 
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n̂y intervening madiisa between the detector (the radar set in the 

present case) and the volutoe in queeticm. The ê ncession for calculat

ing the reduction in pover of the returned signal due to attenuation 

of the beam by interveidng hydroroteors is (Gtsm and East, 1954) 

Pr ® Proe  ̂ <7.2) 

vhere is the received power, is the power vhich ̂ uld be received 

in the absence of attenuation, s is the distance traveirsed through the 

attenuating »dium, and is the total attenuation cross-section of 

all attenuating particles vithin a unit voluaŝ  and is therefore 

equivalent to the volû  att̂ uation coefficient. Analogously 

to 0̂ , the norsaliaed back-scattering cross-secticm, we define the 

nonoalised total attenuation cross-section, CT̂ , as the ratio of Q.̂  

to the cross-sectiOTal area of the sphere. Fig. 7.2 shô  a graph of 

as a £uneti(m of c< calculated from the Hie equatiims. The quantity 

(£jQx)  ̂calculated froa CT̂  from the ê reission 

£oi . I = Kr a-s) 

Where is the nuE3»er of particles of radius a|̂  and nprtaalised total 

attenuation coefficiaat ffZ,, ia S unit volun̂  ̂: The variation of 
Ti T 

vith o< is seen to be sixoilar to a daofied sine wave, with smller 

irregular oscillations sî erixnposed. For large valî  of ̂  , the value 

of approaches its liiaiting value of 2, w![̂ ch indicates that a large 

sphere reaoves from the incident beasa twice as saicb power as it geometri

cally intercepts. Bowever, one-half of this attenuated power is caused 

by diffraction arotmd the edges of the sphere. This diffracted power 

is concentrated into a very snssll solid angle about the fonmrd 
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direction, and for very large oC is almost indistinguishable from the 

incident beam. Therefore, for the particular case of very large o< , 

although the effective attenuation of the beam is as though 

'̂ 1* and it is this latter value which should be used in eq (7.2) 

in order to get the proper value of P̂ . As decreases, the fraction 

of the scattered power confined within some small solid angle about the 

forward direction also decreases. The question then arises as to the 

accuracy of eq (7.2) for values of oC likely to be attained by hailstones. 

Before proceeding further, two points should be further clari

fied. The first of these concerns the use of eq (7.2) in general. 

This expression is nothing more than a special case of the transfer 

equation with zero source term. In the literature it is comonnly 

known as Beer's Law. It is strictly valid only for those cases where 

the medium neither scatters nor emits at the given wavelength (this is 

equivalent to saying that the attenuation expressed by eq (7.2) is due 

entirely to absorption). Thus in a scattering medium, (7.2) is approxi

mate regardless of the value of oC . For small o< , where there is no 

pronounced peak of the scattering pattern in the forward direction and 

therefore TOSt of the power is scattered into directions other than that 

of the incident beam, eq (7.2) will be quite accurate for two cases. 

The first is when the optical depth,̂ , of the medium is small enough 

such that higher order scattering is negligible. For t̂ ls case, 

radiation scattered out of the incident beam will, for the nost part, 

leave the medium before It may be scattered again back Into the 

incident beam. The second case occurs for large absorption. For this 
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case, the majority of the attenuation Is due to absorption, and there* 

fore the source function due to scattering Is quite snail. This is 

equivalent to saying that that part of the radiation fihlch is scattered 

will be further highly absorbed before it nmy be rescattered into the 

Incident beam. 

Let us consider a scattering medium cOTq>osed of ice spheres in 

the light of the above discussion. The complex, Indes of refraction of 

ice, m» at Ô 'C through the wavelength Interval of 3 to 10 cm (Gunn 

and East, 1954) is 

m s 1.78 - 0.00241 (7.4) 

The Imaginary part of m is related to the exponential volume 

absorption coefficient through the expression 

 ̂a 4 TTk (0.0024) 

For 3.21 cm radar, this gives 

Kg = 0.0094 cm"̂  (7.6) 

This gives a  ̂distance of approxlsmtely 106 cm through solid ice. 
6 • 

Thus for sî eres of diameter on the order ox 5 cm or less, it is 

obvious that the absorption will be very small, and most of the attenu

ation will be due to scattering. This may easily be seen from the 

values of the normalized attenuation, scattering, and absorption cross-

sections cosiputed from the Hie equations for an ice sphere of a 3.0. 

These are as follows: 

 ̂a 4.8951J <5̂  s 4.8342; - 0.0609 

Thus (T̂  is almost two orders of magnitude larger than (T̂ , 

and therefore many scattering processes are possible without appreciable 

absorption. 
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Let us now consider what optical depths we would typically 

encounter in a hail shaft. For this, consider the shaft to be 1 km 

deep along the direction of propagation of the radar beam. Assuming 

a uniform size of the hailstones with a value of a 3, this gives 

for 3.21 cm radiation a stone radius of a - 1.5327 cm. For a liquid 

water content of 1 gia m'̂  and a density for the stone, 5*ice ®  ̂

cm'̂ , this gives 0.0737 stone m"̂ . The scattering optical depth of 

such a shaft is 

 ̂' NQgS s N . fTâ  or . s = 0.263 (7.7) 

where s is the distance into the medium in the direction of the propa

gating beam. We have already shown in chapter V that for an optical 

depth of 'Z's 0.25, approximately 22 per cent of the energy is scattered, 

of which approximately 2.5 per cent is scattered more than once. Thus 

about 10 per cent of the power scattered out of the incident beam has a 

chance of being rescattered into the beam by higher order scattering 

processes. Then, as discussed earlier, for small with no pronounced 

forward scatter, eq (7.2) should be quite accurate. 

Let us now investigate the forward scatter for hailstone sizes 

likely to be encountered in the atmosphere. In order to evaluate this, 

the functions|sJI ' -(fe) X iĵ  and  ̂X_̂ i2 for various values 

of were con5>uted from the Mie equations. The expression, as originally 

given by Mie (1908) for the scattered intensity in the direction (9, 0), 

Î ®̂ (9, 0), for incident plane-parallel radiation, F̂ \̂ propagating 

along the plus z«axis and plane-polarized with its electric vector 

along the x-axis is 
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2 

0) s 0) + Iî ®̂ (ev 0) ® 2̂ +i2(0)cos20̂  

(7.8) 

This egression may readily be derived utilizing eq (2.22) and noting-that 

for this particular problem the angle ̂  is identical to the azimuthal 

angle, 0. 

Figs. 7.3 through 7.6 give the values of iĵ  and î  as a function 

of the scattering angle, 9, for  ̂- 0.5, 1.5, 3.0, and 5.0. These 

figures clearly indicate the rapid increase of fozvard scatter with in» 

creasing ̂  . It is of interest to note that at b 0.5, the curves for 

iĵ  and i2 are not too different from those for the limiting case of 

Rayleî  scattering, i.e., î  s const, i2 - const k coŝ @. 

The inserts i.n the upper right-hand corner of figs. 7.3 through 

7.6 give the sum of iĵ (9) and 1̂ (9) as a function of 0, and also the 

percentage of the total radiation scattered between 0° and any 9 over 

all azimuthal angles 0. The sum of iĵ (9) and 12(9) Is proportional to 

the radiation scattered over all azimuthal angles, 0, per unit Interval 

in 9. The per cent of the total scattered radiation which is scattered 

between 0° and 9 was calculated in the following manner: Letting 

Î ®̂ (O,0) be the total radiation scattered between 0° and 0, we have 

2 0 2ir 

l(®)(O,0) s -̂ 2 J J j Iĵ  (0) sin̂ 0 + i2(0)co8̂ 0J sln0 d9d0 

9 = 0° 0 = 0°̂  

I [1̂ (0 + l2(0)l sin0d0 (7.9) = A-
4tr 

9 = 0° 
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This e:q>res8lon vas evaluated approximately by defining average values 

of lĵ (9) and over 10° Intervals and reonvlng them from under the 

integral sign. 

The results of the above calculations point out somef̂ t more 

clearly the relative magnitude of the forward scatter. Fig. 7,7 shows 

the per cent of the total scattered radiation which is scattered between 

0 s 0° and 0 s 10°, 0 a 0° and 9 » 20°, and 0 s 0° and 0 = 30°, as a 

function of c!<. If one confines the scatter to the forward 10°, then 

it can be seen that this cone contains about 2 per cent of the total 

scattered radiation for «< s 1, up to about 16 per cent for  ̂- 6. 

The figures are correspondingly higher for the 20° and 30° cones. 

Focusing our attention on a value of c< & 3.0, corresponding to a 

hailstone of slightly over 3 cm diameter for 3.21 cm radiation, fig. 

7.7 shows that the 10°, 20°, and 30° cones contain respectively about 

7 per cent, 23 per cent, and 41 per cent of the total scattered radia* 

tion. These rather appreciable an̂ junts suggest that, even with small 

optical depths, the preponderance of scattered radiation travelling in 

a nearly forward direction would be then most susceptible to the secondary 

and higher order scattering processes, even though this multiply-

scattered radiation cannot exceed 10 per cent of the total radiation 

which is singly scattered. It then appears that a calculation of these 

effects would be advisable in order to determine If the 8lnq>le Beer's 

Law approach Is accurate enough for nomal radar applications. 

There is a second point which now needs further discussion and 

clarification. The transfer problem as has been formulated in this 



% of total scattering 



work Is for the steady-state distribution of radiation within a plane-* 

parallel, horizontally infinite and homogeneous medium. Unfortunately, 

most applications of radar meet none of these rather stringent conditions. 

Precipitation areas can hardly be considered as planê parallel, hori

zontally homogeneous media regardless of how one wishes to orient the 

plane of stratification (i.e., the x<>y plane). While it is possible in 

some instances to reasonably assume the areas to be infinite in extent, 

this approximation is rarely, if eve?, valid for hall shafts encountered 

in the atmosphere. Further, because of the rapid pulsing of the radar 

beam and its consequent rather short (/>̂  300 meters) pulse length, the 

situation is not one of a steady state. Finally, because of the nearly 

point-source nature.of the incident radar beam and its finite angular 

beam width (on the order of a few degrees in azimuth and elevation angle) 

(see Battan, 1959), even were the hall shaft large enough to be approxi

mated by a horizontally Infinite scattering medium, the incident radiation 

at T* s 0 would not be uniform over the entire area. Since our problem 

specified as a boundary condition that the level ̂  - 0 be uniformly 

illuminated by plane-parallel radiation, the very nature of the radar 

invalidates our formulation. 

Nevertheless, in sp.ite of the above objections, we formulate 

the following problem. Consider a scattering medium to be infinite 

in extent and horizontally homogeneous in the x-y plane, and to extend 

from ̂  « 0 to "TT ® 0.24 in the z direction. Assume the scattering 

medium to be composed of ice spheres of uniform size and to be uniformly 

illuminated by plane-parallel radiation of unit power at the level 

'ZT * 0, propagating along the plus z-axis and plane-polarized with its 



electric vector parallel to the x-axis. Let the radii of the ice spheres 

be such that e< » 3 for the wavelength of the incident radiation. We 

want to coB̂ ute the back-scattered, or reflected intensity for such a 

situation, including multiple scattering, and compare the results with 

those obtained from eq (7.2). Although this problem is not identical 

with the actual radar problem for the reasons discussed above, we may 

nevertheless ̂ in valuable infomation as to the order of the correction 

required, and as to its significance. 

For the above problem, the scattering medium ̂ s divided into 

twelve increments of = 0.02. For incident radiation propagating 

along the plus z-axis, and plane»polarized with its electric vector 

along the plus x-axis, trial calculations have shown the scattered 

radiation field to possess 90° synaoetry. Therefore, the scattered field 

was computed for 30° increments of 0 from -15® to 105°, such that the 

mid-points of the increments were 0°, 30°, 60° and 90°, the remaining 

values being determined from the syoanetry relations. Further, for an 

incident beam propagating altmg the plus z-axis, and plane-polarized with 

its electric vector along the plus x-axis, .the end 1̂ ®̂̂  co!i5)onent8 

can be shown to be independent of and that is, the ̂ lues 

of the intensity for this problem are not dependent upon the plane of 

polarization and ellipticity of the scattered field. Since these 

two parameters are of no particular interest for the problem in 

question, they were not calculated in the interest of econony in the 

oalculations. The cosine of the polar angle, ju, was broken up into 

the same 24 increments as described earlier, over its range of values 

from 1 to -1. 
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Fig, 7.8 gives the resulting values of the reflected energy as 

a function of jj, for each of the four values of 0. The value of the 

total reflected intensity for » 1.0 gives the back-scattered intensity. 

Since the largest value of jx at which the intensity was confuted is 

ji - 0.975, the resulting curves had to be extrapolated to  ̂& 1.0. 

As the back̂ scattered intensity is azimuthally independent, the curves 

for all 0 must intersect at  ̂= 1.0. Frran fig. 7.8 the back-scattered 

intensity, can be seen to be 0.0138 per unit incident power per unit 

solid angle per unit area. 

Let us now iii@gine our hypothetical plane-parallel hail shaft 

to be illuminated by a 3.21 cm radar. This radar sends out a constant 

beam of energy, i.e., the radar is not pulsed. Further, imagine the 

radar to be far enough away from the hail area that the area illuminated 

may be considered as infinite insofar as some small area near the center 

of the beam is considered. Finally, we neglect the small angular divergence 

of the incident beam and consider it to be plane-parallel radiation and 

assume a steady state is reached because of the non-pulsed nature of the 

radar. We want to coi!q>ute the back-scattered intensity from a unit 

area near the center of the illuminated portion using eq (7.2). 

To perform the calculations, assume the hail shaft to have the 

following characteristics. Letting the liquid water content be 1 gm/m̂  

and the density of the ice be 0.9 gm/cm̂ , there must be 0.0737 hailstones 

m~̂ . The total optical depth of the hail shaft is 'ZTs 0.24. Since 

'ZT s KQyS, where g is the actual depth between 'TT s 0 and 'Z" s 0,24, 

we get 
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s = = -45̂  = 901.65 niters 
13Llfâ (r̂  

Therefore, the back-scattered intensity In the absence of atteniia-

tion, is 

P : total vol. X N X — 
unit cross-sectional area 4Tr 

= 901.65 » X 0.0737 m'S x 

incident flux 

3.8304 X (1.5327)2 X 10-̂  
= 901.65 X 0.0737 x —  ̂

= 0.014949 per unit area per unit solid angle per 

unit incident flux 

where • 3.8304, as calculated from the Mie equations. From 

eq (7.2) we have 

p = P (7.10) 
r̂ ro" ro 

The proper value of s, the depth into the medium, is of considerable 

importance in the above expression. Because of the finite pulse length 

emitted by an actual radar set, any given particle will start scattering 

when the leading edge of the pulse passes it, and the scattering ends 

when the trailing edge passes it. Radars are customarily calibrated to 

read the range of the leading edge of the pulse. As a result of this, a 

single scattering particle at a distance, s, from the radar set, will 

scatter a signal during the time the leading edge of the pulse travels 

frOTi a range, s, to a range s 4-h, where h is the pulse length. Because 

of the two-way distance the pulse must travel, all ranges are divided 

2, and therefore the single scatterer will appear on the scope to have 

a depth, h/2. For the continuous beam radar which we have postulated 
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here, however, the particular range of the beam has no meaning, since 

the pulse Is essentially Infinite In extent. Therefore, the proper 

value of s to use In eq (7.10)18 of son̂  concern. To make the problem 

most comparable to that solved with the transfer equation, we again break 

the hall shaft up into 12 increments, each one of optical depth, ATb o.02. 

Each increment will then back-scatter, in the absence of attenuation, an 

intensity PjQ*, given by 

: 0.00125 per unit area per unit solid angle per unit 

incident flux 

We now must apply eq (7.10) to each of the 12 increô ts to find 

the total back-scattered intensity from the entire depth. For this 

purpose we pick a value of s at the mid-point of each Interval. Thus, 

for the first Increment the returned Intensity, Pj.(l), is 

-2 „ a'C" 
P ( 1 ) S P  ' e  ^ 2 ' = P ' e  ( 7 . 1 1 )  
r ro ro 

Similarly, from the second Interval, we get a contribution 

r̂(2) = Pjo' = Pro'®"̂ ^̂  <7-12) 

SuoBBlng the contributions from each layer, ve get 

Pr = " ̂ ro' .. .6*23'''̂  ̂(7.13) 

i 
or 

Pj. - 0.0119 per unit area per unit solid angle per unit incident 

flux 

Comparing this with the back-scattered intensity as coiiq»uted from the 

transfer equation, i.e., ' 0.0138, we see that 
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- Pr " 0.0019 

p 
The ratio  ̂ = 86 per cent or. In other words, for the problem 

postulated, eq (7.2) gives an anawer too low by 14 per cent. 

What we have actually done In the above problem Is, of course, 

nothing more than compute the back-scattered Intensity for two cases 

from a plane-parallel, scattering medium. Infinite In two dimensions, 

and Illuminated by plane-polarized parallel beam radiation normal to 

the plane of stratification. The first case considered all the nailtiple 

scattering, while the second case assuû d single scattering only. The 

conditions of this problem are certainly considerably different from 

the actual radar problem for the reasons previously discussed. 

We nmy bring the problem somewhat closer to reality by at least 

partially considering the finite length of the radar pulse. For a 

liquid water content of 1 gm we have shown the actual depth of the 

hail shaft to be 901.65 meters, assuming an optical depth ̂  s 0.24, 

and spherical hailstones of c< b 3.0. Let us assume that, because of 

the finite pulse length, the radar fills only one-third of ths total 

depth of the hail shaft at any given time. This is equivalent to a pulse 

length of 300.53 meters, a quite realistic value. We still assuî  the 

incident radar beam to be plane>parallel and to cover a large enough 

area of the hall shaft such that It may be considered infinite In 

extent over the planes of stratification, and finally, that a steady-

state condition exists as before. 

We now proceed to confute the returned, or back-scattered, in

tensity from one pulse length under the above conditions. Confutations 

will be made for three cases: 
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1. The pulse enconqmsses the first one-third of the shaft, 

i.e., from 'ZT = 0.00 to • 0.08, 

2. The pulse length includes the middle third of the shaft 

from T ' 0.08 to ̂  - 0.16. 

3. The pulse length includes the final third of the shaft 
i 

from ̂  s 0.16 to '2'- 0.24, 

The back-scattered intensity, including sailtiple scattering, 

for a finite pulse length, may be deduced with a high degree of accuracy 

fr(»n the results of the continuous beam problem. One of the by-products 

of the numerical solution to the transfer equation is the intensities 

at all intermittent levels in the medium. The desired l̂ ck-scattered 

intensities may be deduced from this informtlon. Consider as an 

exan̂ le the case when the radar pulse extends from T ̂ 0.08 to 

- 0.16. The back-scattered intensity which has been calculated from 

the transfer equation pertains, of course, to the case when the entire 

hail shaft is "filled" with radiation; i.e., the problem discussed 

previously. We must determine that part of the back-scattered intensity 

arising from just those layers between T - 0,08 and "ZT ® 0,16. This 

radiation arises by virtue of the source term between the two levels. 

The formal solution to the transfer equation for a medium estendlng 

between the levels 'ZT  ̂ and '̂ 2 written as 

1( Tj) = ICr2)e '̂ 2̂ ^ 

- V t '  ( 7 . 1 2 )  

where the second term on the right gives the contribution to the intensity 

a t  ̂ d u e  t o  r a d i a t i o n  g e n e r a t e d  b e t w e e n  t h e  t w o  l e v e l s .  
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Denoting the l̂ ck-scattered Intensity with the subscript b, and trans-
t 

posing terms, this becomes 

ibCrp - J('r ')dr* (7.13) 

Thus, knowing IbCTj) and we may calculate the contribution 

to the back-scattered intensity at from the medium between  ̂and 

1̂ 2 only. It should be noted here that the intensities calculated in 

this manner are not Identical to those arising from a strictly finite 

pulse of length ̂ 2 ' ̂l* intensities calculated from eq (7.13) 

are influenced by the fact that the rest of the medium is filled with 

radiation, thus giving son̂  external input to the layer extesiding between 

and"2̂ 2, input which in the actual radar problem does not exist. 

Nevertheless, it is easy to reason that these exteroal effects are from 

higher order scattering only (third order scattering or higher, except 

for energy directly back-scattered and then forward-scattered, in which 

case second order scattering may contribute). However, since it is just 

those effects from second order and higher scattering that combine to 

cause the proper solution to differ from that given by eq (7.2]̂  a dllesssa 

of sorts exists. On the one hand we see that external effects caused by 

a continuous beam are small, while on the other hand we see that these 

small effects are exactly what we are trying to determine. Since it 

is impossible to separate external Influences upon the source function, 

no attempt will be made to do so. As these effects are such as to 

increase the resulting back-scattered intensity, the calculated errors 

resulting from the use of eq (7.2) must be considered ae being on the 

high side, the true error being soŝ hat less. 
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We will now proceed to calculate for the three cases previously 

listed. Fig. 7.9 gives as a function of T from T s o to T s 0.24 

as calculated from the transfer equation, assuming unit incident in

tensity. From this curve the values of Ij,(T) at T' s o, s 0.08, 

= 0.16, and 'ZT = 0.24 my be read. These are 

l|j(0) = 0.0138 

15(0.08) s 0.0093 

Ij,(0.l6) s 0.0047 

1^(0.24) = b.oooo 

Applying eq (7.13) with the above values for Ii,('Zr)» we may 

compute the contributions to the back-scattered intensity arising from 

the three layers (i.e., T" - 0 to s 0.08, ̂  o 0.O8 to "ZT a 0.16, 

and X = 0.16 to 'ZT ' 0.24) listed previously. Thus, for case I we get 

J(T*) dZ' s 0.0138 - 0,0093 e"®*®® 

'•I 
- 0.0052 per unit area per unit 

solid angle per unit 

incident flux 

Similarly, for case IX, eq (7.13) gives 

2̂80.16 

Ib2<'Ẑ l) - J e'̂ 'Ẑ ' " J('r*) dT' = 0.0093 - 0.(X)47 x e"0*08 
Tj_So.08 

- 0.0050 per unit area per 

unit solid angle per 

unit incident flux 

This is the contribution to the back-scattered intensity from the middle 

third of the hail shaft evaluated at the level a 0.O8. Since we are 
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interested in that amount vhich penetrates to the level '2̂  8 0, this 

intensity must be attenuated by the factor to account for its 

passage from the level 0,08 to the level 'ZTs 0. Thus 

' O.OOS X s 0.0046 per unit area per unit solid angle. 

Finally, a similar analysis on case III yields 

Ib3(0) ® 0,{K)43 per unit area per unit solid angle per unit incident fluH. 

We now vish to perform calciilations for the same three cases 

based upon eq (7.2). To do this, we proceed as before, breaking the 

hail shaft up into 12 increments, each having an optical depth, 

AT m 0.02. Then = 0.00125 per unit area per unit solid angle per 

unit incident flux, as before, and the procedure is identical to that 

used previously Xirith the exception that we now sisn the contributions from 

only 4 layers at a time. Thus, for case I we get 

- r. I r .3^"^ -S-a-'C 
Prl - Pro L® ® + e + e j 

B 0.0046 per unit area per unit solid angle per unit incident 

flux 

Similarly, for case II we get  ̂

P , = P • e 
r2 ro L 

> 0.(K}39 per unit area per unit solid angle per unit 

incident flux 

Finally, for case 1X1 the calculation yields 

- 0.0034 per tinit area per unit solid angle per unit 

incident flux 

The percentage error for each of the three cases resulting from 

the use of the sioq>lified expression, eq (7.2), is 



Case I: 

Case II: 

Case 111: 

These results point out the fact that the deeper into the ô dium 

the radar penetrates, the larger the error becosies through the use of 

eq (7.2). This is as one would ê ect, for as the beam penetrates into 

the scattering medium, sq (7.2) considers all radiation scattered out 

of the incident beam as lost. Inclusion of the effects of multiple 

scattering through the source term allows this radiation to be returned, 

and thus is available to contribute to the back-scattering at greater 

depths in the cloud. The difference resulting from the two.TOthods of 

calculation is at a minimum at smll optical depths because here the 

scattered radiation is smll and iiK>st of the available power is in the 

form of the direct beam. Thus it is the radiation singly scattered back«> 

wards directly out of the incident beam which contributes most to the 

back-scattering from smll optical depths. At greater optical depths, 

larger amiunts of available radiation are in the form of scattered 

radisticm, the direct beam having been appreciably depleted, and cnaission 

of this radiation (as is the case through the use of eq (7.2) results in 

a significant loss to the back-scattered intensity. 

It is of interest here to determine the significance of the 

errors discussed above in terms of present-day radar capabilities. 

[i - = 
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11.5 per cent 

15 per cent 

21 per cent 
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Radar measurements are congoonly made In terms of decibels, abbreviated 

db, ̂ ich may be defitied as (Battan, 1959). 

Pi 
number of db « 10 log -& 

2̂ 

where P| and sfe any two values of the power. For the present problem 

we are interested in the number of decibels represented the cor-

rections to eq (7.2) as discussed above. Consider first case I. Use 

of eq (7.2) gives a back-scattered intensity, ̂ rl- of 0.0046 per unit 

area per unit solid angle. From the transfer equation we foimd Xf,]̂ (0) ° 

0.0052 per unit area per unit solid angle per unit incident fluK. In 

terms of db, the ratio of these two solutions is 

r̂l 
10 log , ' -0-53 db 

For case IZ a similar calculation gives 

P 
10 log 8 -0.72 db 

*b2 

Finally, for case III we get 

10 log -̂ S4r,, 8 -1.02 db~ 
Ib3(0) 

These results show that for the conditions as set forth in 

this problem (i.e., hail diaseter approximately 3 cm, Igm'̂  liquid 

water content, and total optical depth T ̂ 0.2A) calculaticms of the 

back-scattered intensity based on eq (7.2) will result in values down 

by approximately one-half to one db from those based upon the transfer 

equation. As has been pointed out, because of the deviatidns of the 

transfer problem considered from the true radar problem, the values of 

I},(0) represent an upper limit to the true intensities, and therefore 

the deviations listed above are probably somewhat high. The effect of 

other factors on the problem such as finite beam width, angular 
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divergence of the beam, and departure from a true st̂ dy state are too 

coiq>licated to consider in any precise manner. One my present an argu

ment similar to that used in discussing the effect of an infinite pulse 

length rather than a finite pulse length, to show that the effect of a 

finite beam width rather than a uniform Incident beam is to reduce the 

intensities calculated from the transfer equation. This effect, then, 

also tends to maximize the computed error resulting from the use of eq 

(7.2). The effects of the angular divergence and non steady-state 

character of the radar beam cannot be assessed even in a qualitative 

manner because of their complexity, and hence will not be discussed. 

Both of these effects, however, are probably quite snsll and should 

not materially Influence our results. 

We may therefore sunsnarlze the preceding discussion by con

cluding that eq (7.2) underestimtes the back-scattering by amounts 

somewhat less than one db for hail shafts of ordinary thickness, and 

composed of stones of diameters of the order of 3 cm. The error in

creases as the range into the hall shaft Increases. Other factors being 

held the san̂ , the error is probably smller for snaller sized hail

stones and larger for larger sizes, due to the Increase with size of the 

forward scattering as previously discussed. The error will also increase 

with increasing optical depth of the hall shaft resulting from either a 

larger liquid water content of the shaft or greater depth of the shaft. 

Presumably for the most severe hailstorms, liquid water contents on 

the order of S gm m or more may occur, which may create optical 

depths of 'ZT - 1.0 or more per kilometer of actual depth. For such 
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cases, eq (7.2) may underestimate the actual back-scattering by several 

db at the larger depths of the shaft. It is probable that for these 

most severe stonos the corrections to the equation are quite significant, 

even considering the detection capabilities of most radars today. How

ever, for storms of light or moderate intensity, the siiople attenuation 

equati<m, eq (7.2),is quite adequate. 

Case II; Large optical depth Rsyleigh scattering 

The calculations to be discussed in this section vere perforrced 

in conjunction with a series of observations of the polarisation of 

reflected light from the Jovian atimisphere. The observations were taken 

from a preliminary manuscript by Gehrels (1964).̂  Systemtic corrections 

for light from the bright central part of the Jovian disc scattered within 

the telescope and polariŝ ter my alter the results of fig. 7.10. There

fore the discussion and conclusions to follow are to be considered pre

liminary. 

The observations were mde in April, 1960, with the McDonald 

82-inch reflector on regions 4 arc-seconds in diameter. This diaphragm 

width is about one-fifth of the radius of the Jovian disc. The measure

ments with which we will be concerned were made with the diaphragm 

centered at about 70° north and south latitude.̂  Hê siuremants of the 

polarisation were made at 6 wavelengths between 3250A and 9900A. Fig. 

7.10 shou« the percentage polarisation as a function of  ̂for the 

êe also Gehrels and Teska (1963). 

*̂̂ *Hereafter these measurements will be referred to as polar 
measurements because of the proximity to the Jovian poles. 
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north and south polar regions. These observations show a marked wave

length dependence and also considerable difference betX'/een the txTO 

poles in the ultraviolet. 

6 

5  

4  

3  

2 

0  1 2  3  ( m i c r o n s " ' )  

Figure 7.10 Percentage polarization of the Jovian 
poles (from Gehrels, IS64). 

Observations of the polarization of the Jovian poles have been 

made by previous workers. Lyot (1929) observed the poles of Jupiter 

during 25 nights in the period 1923-1926. He observed rather strong 

polarization in the polar regions (approximately 8 per cent) but 

negligible polarization in the equatorial regions. During one observa

tion a grey cloud was seen to drift by the north polar cap and the 

strong polarisation disappeared. Lyot (1929) interpreted the polariza

tion at the poles as caused by multiple molecular scattering in the 

Jupiter atmosphere. Assuming molecular scattering as the responsible 

mechanism, Van de Hulst and Irvine (1963) estimated the optical depth 

N pole 

J I _i 
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of the Jupiter poles to be 0.5 CX < 1.0. Dollftis (1961) observed 

the poles with blue, greens red filters (1,5 £ ̂  £2,5, "X in 

microns) and found no significant wavelength dependence. Fig. 7.10 shô s 

that over this range of wavelengths, the wavelength dependence of the 

polarisation la quite sioall. Dollfus (1961) disagreed with the Inter

pretation In terŝ  of siolecular scattering, deducing that the observations 

could be explained In tenss of particles of about 1 ndcron diameter. 

Since the wavelength dependence of the polarization observed 

by Gehrels aî  Teska (1963) Is suggestive of oolecular scattering, in 

the discussion to follow we Investigate this possibility. 

The optical deptĥ has been defined as 

T(s) s Jsids' (7.14) 
o 

where Kji Is the total voluise attenuation coefficient. For conservative 

Raylelgh scattering 

where n Is the Index of refraction of the madlwn and N is the nus&er of 

particles per unit volun̂ . Thus It can be seen that 

(7.16) 

and obsenratlons of gaseous atsKispheres at varying wavelengths coxre-

spond to Raylelgh scattering throû  atmospheres of valuing optical 

depths. Assujulng n to be constant with > (as It nearly is over the 

range of > covered by Gehrels and Teska for su>st gases), we have 

T = (7.17) 

where the constant, c, is to be determined. 

The tables of Coulson et ed. (1960) show a rather marked de-

pendeiice of percentage polarization of reflected light (as well as 
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transmitted light) with optical depth up to 1.0. Using these tables 

it is po&sible to fit the observations of Gehrels and Teska at small 

 ̂(i.e., at optical depths 6:1) closely to the theoretical values. 

Unfortunately, vhen this is done it is found that several of the ob

servations at smaller  ̂correspond to optical depths greater than one, 

for which no calculations have been available. Particularly in the case 

of the north polar observations, calculations at larger optical depths 

are desirable to determine if molecular scattering can ê lain the 

observed decrease in polarization at large values of ̂ . 

The photoĉ ter diaphragm used by Gehrels and Teska covered 

a latitude range from 90° to 54°, with the georotrical center at ap-

proximtely 70°. Neglecting the very smll tilt of the Jovian asls 

(̂ 3̂°), and allowing soiaswhat for the greater illumination at lower 

latitudes, we conveniently choose s 0.40 (this puts the solar 

energy incident at an angle 0̂  ̂ 66.4°) . Further, the position of 

earth at the tiine was such that  ̂ 0.4 also, and 0 168''. 

Calculations for - 0.4 and 'ZT = 2 and 4 were perfont̂ d using the 

sacBS increments discussed earlier. Figs. 7.11 through 7.18 show the 

total intensity and percentage polarization as a function of jx for 

f z 2 and 1' s 4, and for 0 = 0° and 180° (the paraneter U is zero 

for both of these values of 0). Figs. 7.19 through 7.22 present curves 

of the emergent intensities and percentage polarizations as a function 

of optical depth for four selected values of and for 0 s 0̂  and 180°. 

The values for optical depths from 0.02 to 1.0 were taken from the tables 

of Coulson et al. while optical depths T • 2. and T. L, were obtained 

from the present work. 
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Curves of percentage polarization as a function of T were pre

pared (not shown) for all values of 0 (i.e., 0®, 30°, 60°, 90®, 120°, 

150®, 180°) and for  ̂= 0.32, 0,40, 0.52. From this set of curves the 

percentage polarization at 30° intervals in 0, at a given optical depth 

for the three values of ji given above, could be determined. From this 

set of curves, fig. 7.23 was constructed showing the percentage polariza* 

tion as a function of optical depth for 0 = 168°, ® 0.4, and for 

p s 0.32, 0.40, and 0.52. The curve for jx = 0.40, it will be recalled, 

corresponds closely to the conditions of the Ĝ rels and Teska observa

tions. Because of the finite diaphragm size the other two curves have 

also been included for reference. The curve for jx ' 0.32 corresponds 

to light craning from latitude 71.3°, \î le jx = 0.52 corresponds to 

light from latitude 58.7°. Both of these values were within the dia

phragm opening and thus light from these regions influenced the observa

tions. The values ji = 0.32 and 0.52 were chosen strictly as a conveniencê  

ae these values are listed in the Coulson tables. 

Esanination of fig. 7.23 reveals that at ji  ̂0.40 and 0.52 

(0 ' 168°) distinct peaka in the percentage polarization occur at an 

optical depth of approximately 0.9. At jn b 0.32 a mxlmxia also occurs 

but it is not nearly as pronounced as at the other two values of ji. 

At ju = 0.4 the percentage polarization decreases from approximtely 

10.6 per cent at T" s 0.9 to 8.2 per cent at 'Z's 4.0, a dropoff of 

approximately 2.4 per cent. The corresponding dropoffs at » o.52 

and 0.32, respectively, are 1.9 per cent and 1.2 per cent. 

It now remains to determine 1£ any sort of corresp̂ dence can 

be established between the Gehruls and Teska observations of fig. 7.10 
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Figure 7.23 Variation of the polarization as a function of the optical depth 
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and the theoretical results of fig. 7,23. As noted for molecular 

(Raylelgh) scattering, the relationship between optical depth and 

wavelength is of the form 'TT » ĉ '̂ . For the north pole, the most 

significant feature of the observations is the pronounced peak in 

percentage polarization. By considering this peak to occur at an 

optical depth of T* • 6.9, a value for c was confuted to be 0.06. 

Fig. 7.24 gives both the theoretical (for ̂  = 0.4) at̂  observed 

polarisations as a function of and optical depth,T*, for this 

value of c. As can be seen, the slopes of the curves are quite aiî lar 

from the point of peak polarization ('T ° 0.9) to the largest optical 

depth cooputed. To the left of the point 'TT 0.9, the theoretical 

curve has a somewhat steepte slope than the observed curve. Zn addi

tion, the theoretical ctirve has an overall upward displacement of about 

2.5 to 3.5 per cent. This point will be discussed in more detail later. 

In the ease of the south pole, a best fit was mde by trial aiKl 

error, resulting in c - 0.04. The theoretical and observed curves are 

shown in fig. 7.25. It will be noted that in this case the theoretical 

curve plotted is for ji » 0.32. This theoretical curve was found to 

give a better fit than the other two, and its use miy be at least 

partially justified by the slight inclination of the Jupiter axis 

which in this case acted to raise the latitude of the diaphragm opening 

when observing the south pole. This wotild cause the effective center 

of the diaphragm to be at a larger observing angle, 0, thus causing 

ju (south pole) to be somewhat less than (north pole). 

In the case of the south pole the overall fit is poorer than 

for the north pole, but nevertheless the overall shapes of the two 
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curves show considerable similarity. Once agaln» the theoretical curve 

shows polarizations approKinately 2.5 and 3.5 per cent higher tĥ n the 

observations. 

Fig. 7.26 gives the delations in percmitage polarization f̂ etiraen 

the theory and observations as a function of wavelength for the two poles. 

A slight wavelength dependrace is noticeable and is fairly sisdlar for 

the two poles. Discussions with T. Gehrels have indicated that there is 

a possibility that scattering within the telescope and polarisoeter my 

have reduced th@ observed polarizations by as much as a few per cent. 

This laatter is to be examined in the future. 

A further factor to be considered here is that the Jovian surface 

reflection has been considered to be zero. Harris (1961) lists reflec° 

tlvitles for Jupiter at various wavelengths. His figures sbow reflec

tivities ranging from 27 per cent in the ultraviolet to 47 per cent in 

the infrared. From the tables of Coulson et al. it can be seen tiuit <lt 

any givan optical depth the percentage polarisation of the refla:ted 

lî t decreases with increasing surface reflectivity, assuming a Isambert's 

law type of reflation. The effect of the surface, however, deereasea 

with increasing optical depth and one ̂ uld ê >ect, on the basis of the 

data of CouJlson et al., £!uit at optical depths of 2.0 or more the ground 

reflection effect would be negligible, amounting to probably less than 

1 per cent polarisation for the highest albedos. On this î sis oas would 

expect surface reflectivities to reduce the theoretical polarisations by 

amounts ranging perhaps to about 3 per cent at optical depths of one or 

less, but with negligible effects at the hl̂ er optical depths. This 

effect «mild tend to bring the left-hand sides of the theoretical cxarves 
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Figure 7.26 Dmdcations from Royleigh atmosphere 
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(figs. 7.24 and 7.25) into closer agreeŝ t with the observations, but 

would do little towards reducing the discrepaacies at the larger optical 

depths. 

There is one final effect t̂ ich should be discussed at this 

point; namely, the possible influence of larger particles, or aerosols. 

The Rayleigji scattering laws are valid only uhen the pariticle diaioeter, 

Dy is less than the wavelength of the iiu:ident light, i.e., when 

 ̂4 oa (7,18) 

As the particle diameter approaches the nagnitude of the wave

length of the incident light one passes from the Rsyleigh into the Me 

domain. There is no eisople law \diich describes the latter type of 

scattering; rather, it is a con̂ lex function of the p«irj:icle dian̂ ter, 

its index of refraction, and the iravelength of the incident light (see 

chapter IV). In general, however, it is fairly well known that the 

degree of polarisation resulting from the Hie scattering is generally 

considerably smaller than that resulting from Rayleigh scattering, other 

factors being the same. Thus one might postulate the presence of 

particles In the Jovian atmosphere whose sizes were such that for 

less than approximately 0.7 micron (i.e., greater than about 6), 

the scattering deviated from Rayleigh scattering. For still smaller >. 

(i.e., of the order of 10 or greater), ̂  >1, and these particles 

are then well into the Mie region. The wavelength dependence of the 

scattering by these particles would be considerably weaker than for 

Rayleigh scattering, thus leading to a rather constant dilution of the 



124 

observed pola'̂ izatlons, rediiclng them below the theoretical values 

for pure Rnylelgh scattering. 

The effects discussed above could shift the theoretical or 

observed curves vertically, yielding closer agreement. Even without 

these refinements It Is felt that the results as they are, are close 

endugh to justify certain preliminary conclusions. First, It appears 

that multiple molecular scattering Is probably the primary mechanism 

responsible for the observed polarlssatlons. It is possible that larger 

particles of the order of 0.5 micron In diaî ter are also present in 

sufficient amounts to reduce the observed polarizations by approximately 

1 to 3 per cent at greater than about 6.0. The optical depth at 

0.56 microa ( 10) at the north pole is about 0.6. At the south 

fole the fit is less certain, but the optical depth appears- to be about 

two-thirds that of the north pole. These optical depths are uncertain by 

a factor of about two. Clouds drifting by the polar regions have bê  

observed by various workers from tiî  to time (e.g. Lyot, 1929). If a 

cloitd had been present over the south polar region at the tiae of the 

observations, then this might explain the smaller optical depth. Such 

a cloud would effectively raise the heî t of the reflecting boundary 

from the surface level to cloud level. If this were the case, then the 

height of the cloud would have been such that approximately two-thirds 

of the atmosphere was still above it. 

In view of the many uncertainties discussed above, it is 

obvious that ncŝ  of the results my be considered as definite con

clusions. They are merely the best informatioa that can be deduced 

from the available data. Many &»re refinements to the theory resain 

yet to be made in order to consider the effects of ground reflections. 
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large parClcle scattering, the effects of the spherical shape of the 

atoK)8phere, etc. In the line of observaticms, questions as to the 

effect of scattering within the instruâ ts reioaln. In addition, more 

observations are certainly needed to answer such questions as to tha 

causes of the differences between the two poles and variations as to 

the amounts of polarisation which have been reported by various workers. 

These observations toay lead to more accurate estimates of optical depths 

and perhaps of the conqtosition of the atmosphere and types of aerosols, 

if any are present. 
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