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ABSTRACT 

Equations are developed for the propagation constants of left 
and right hand circularly polarized waves traveling along the static 
magnetic field of a magnetoplasma composed of electrons, positive ions 
and negative ions. Using parameters appropriate to ionospheric propa
gation expressions are developed for the phase and grcup velocities of 
the two polarized waves near the ion gyro frequency. 

Theoretically it is found that for low collision rates the 
negative ions cause the right hand circularly polarized wave to be 
evanescent in a particular frequency range. The lower frequency de
pends on the mass of the ion and the width of the range depends on the 
density of the ions. It is also found that the right hand circularly 
polarized wave exhibits a maximum in the group velocity below the ion 
gyro frequency, and above the ion gyro frequency there is a particular 
wave frequency which has a minimum dispersion, D. 

Experimental observations regarding low frequency components 
of whistler signals, low frequency atmospheric noise spectra, and a 
nose effect in hydromagnetic emissions are consistent with the postu-
lation of negative ions in the propagation path. An estimate is made 
of the percentage of negative hydrogen ions required to produce measur
able effects in the propagation of the low frequency components of the 
whistler signal. 

A new method for determining whistler path location is proposed 
and the use of ion effects is discussed in determining some character
istics of the upper ionosphere and some features of whistler signal 
propagation. 
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Chapter 1 

HISTORICAL BACKGROUND 

1.1 INTRODUCTION 

By studying the propagation characteristics of an electro

magnetic wave which has traveled through an ionized medium, it is 

possible to deduce some of the characteristics of the medium. For 

a number of years it has been possible to study the properties of 

the ionosphere by observing the propagation characteristics of radio 

waves which it has effected. 

Basically the procedure is to find the propagation character

istics appropriate to the medium. This is accomplished by combining 

Maxwell's equations and the equations which describe the motion of the 

particles composing the ionosphere. Then by analyzing signals which 

have propagated in the ionosphere, it is possible to postulate the 

properties of the medium in the light of the theory. 

For example, the free electron density at a given altitude in 

the lower ionosphere has been determined by observing the time required 

for a radio pulse of a certain frequency to be reflected from that level 

in the ionosphere. This method has been used extensively up to the 

level of maximum ionization density which occurs in the F layer of the 

ionosphere. Above this level the electron density decreases and any 

radio signal whose frequency is high enough to penetrate the maximum 

density region would not be reflected and would continue to propagate 
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into outer space. Thus.to obtain information regarding electron densi

ties above the maximum density region, some system must be used which 

allows the signal to propagate to the required altitude and still return 

to earth. One method would be to use. some object such as the moon or 

satellite as a reflector. However, the observed signal would then con

tain integrated information concerning the characteristics of the iono

sphere, interplanetary space, and the reflecting surface. 

Fortunately, there, is. a mode of propagation which allows deter

mination of the ionization density above the maximum density region and 

does not require an additional reflecting surface. This is the whistler 

mode. Due to the presence of the earth^s magnetic field the energy in 

the whistler mode traverses the upper ionosphere from one hemisphere to 

another along paths which correspond to the earth's magnetic field lines. 

This mode consists of electromagnetic energy which is generally detect

able in the frequency range of 300 to 30,000 cps. Careful analysis of 

whistler signals yields information regarding the integrated electron 

content over the paths and also the location of the paths. Information 

deduced from whistler propagation has produced valuable knowledge concern

ing the electron densities and their variations at altitudes above the 

maximum ionization density layer. 

To date the majority of the theoretical and experimental work 

has been concerned with the effects of electrons on the whistler mode. 

There are, however, some characteristics of the whistler mode below 

2000 cps which appear to be determined by the ion content of the medium. 

The purpose of this paper is to include in the theory of whistler propa

gation the effects of heavy positively and negatively charged particles 
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as well as electrons in order to predict the propagation characteristics 

which might be expected. These predications will then be checked against 

existing cfata to determine which of these effects are present and measur

able. It is also possible to devise new experiments to measure these 

effects so as to yield information concerning the types and densities 

of the ionic constituents of the ionosphere. 

1.2 WHISTLERS AND THEIR IMPORTANCE 

Electromagnetic signals, in the audio-frequency range, which 

traverse the ionosphere via the whistler mode, undergo dispersion. Be

cause of their characteristic sound these signals are called whistlers. 

Most often natural whistlers are generated in the following way: a light

ning stroke, producing perhaps hundreds of megawatts of peak power, 

causes electromagnetic energy to flow in the earth-ionosphere waveguide. 

Some of this energy may enter the ionosphere. The energy which enters 

the ionosphere interacts with the charged particles and the earth's mag

netic field, and as a result, it travels along the magnetic field lines. 

The interaction also causes the signal resulting from the lightning 

impulse to be stretched out in time, dispersed. The high frequencies 

travel faster than the low frequencies." Thus, when the signal emerges 

from the ionosphere, it appears as a whistling tone of descending fre

quency. The tone lasts about one second. 

The energy is by no means limited to one passage through the 

ionosphere. On passing down through the ionosphere-atmosphere boundary 

some of the energy may be reflected. This portion will travel back along 

the magnetic field line, undergo further dispersion and reappear near 
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the position of the source. It is not uncommon to have a signal make 

several trips back and forth along the field lines. Each succeeding 

echo exhibits more dispersion than the last. 

The importance of whistlers in the study of the ionosphere can 

be illustrated by considering the following simple case. It can be 

shown that the wave number for a right hand circularly polarized wave 

traveling in the ionpsphere can be approximated under certain conditions 

by<">) 

, £ fl/2 

kr " ~i jlTl 
' ce ' 

where fpe is the electron plasma frequency which is proportional to the 

square root of the electron density, fce is the electron gyro frequency, 

c the velocity of light, and f the wave frequency. Now the group velo

city for the waves described above is: 

1 / 2  1 / 2  
V • l£ee I (1.2) 
8 dk fpe 

To find the time for the signal to travel through the ionosphere, form 

the integral 

t m f 4* m 1- r fpeds (13) 

J,athV* 2c Jpeth tU2 |tcJl/2 (1"3> 
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A whistler signal is known to travel along a magnetic field line and 

this path can be determined. The gyro frequency is a function only of 

the path. Therefore, the only unknown is fpe. 

By measuring the time, t, between the origin of the whistler 

signal and its reception, an estimate of the integrated electron dens

ity along the path is obtained. The term 

fpeds ££_ (l>4) 
2c J path Ucel1/2 pa 

is called the dispersion, and is usually designated by D. It is clear 

that if the path is the same for all frequencies, then 
I 

tfI/2 - D . (1.5) 

Through an analysis of whistler signals estimates of the electron densi

ties at high altitudes can be deduced. 

1.3 EARLY WORK 

. The first clear description of whistlers was given by Barkhausen 

(2) 
and published in 1919 . He discovered the presence of whistlers while 

eavesdropping on Allied telephone conversations during the First World 

War. His equipment consisted of two widely spaced probes placed in the 

ground and connected to the input of a high gain audio amplifier. He 

described the whistler and stated that at times they were so numerous 

that the detection of conversation was impossible. 
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From the years 1919 to 1950 comparatively few workers showed 

any Interest in this newly discovered natural phenomenon. Host of the 

progress made during this period related to observations and the correla

tion of data. A few theories were proposed in attempts to explain the 

origin of whistlers. In 1925, Eckersley attempted to explain their 

origin by dispersion through the ionosphere, but he neglected the 

earth's magnetic field, and therefore was unsuccessful. After nine 

(9") 
months of experimental observation, Eckersley reported in 1928 that: 

1) Whistlers are definitely associated with magnetic storms; 

the frequency of occurrence is greater on magnetically 

disturbed days. 

2) On occasions the whistlers occur in groups of echos preceded 

by a violent click. The time between the click and the first 

echo is about 3 sec., and between each succeeding echo about 

3.8 sec. Each succeeding echo is spread over a longer time 

than the last. 

In 1930 Barkhausen proposed two possible explanations for the 

occurrence of whistlers.One proposal suggested that they might be 

caused by multiple reflections of an impulse between the earth and the 

ionosphere. This theory was rejected since the wave attenuation would 

be appreciable at each reflection. Thus it was not reasonable that this 

mechanism could give rise to dispersed signals lasting as long as one 

second. The second proposal, which later proved to be correct, suggest

ed dispersion through the ionosphere as the cause, but at that.time no 

theory was available to develop this idea. 
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After the development of the magneto-ionic theory, Eckersley 

took into account the effect of the earth's magnetic field as well as 

the charged particles in the ionosphere. ̂ He found that at the re

ceiver the time delay of the whistler signal component after the initial 

1 / 2  
lightning impulse should be delayed proportional to 1/f as long as 

the waves traverse the same path regardless of frequency. He concluded 

that: 

1) The whistler is caused by the dispersion of an impulse 

traveling through the ionosphere. 

2) The Lorentz polarization term must be zero to correctly 

describe the observed transmission in the ionosphere. 

It was also reported that Tremellen had obtained a cor

relation between the observations of lightning flashes 

and the occurrence of whistlers. 

At this same time Burton and Boardman made extensive observa

t i o n s  o f  a  t m o s p h e r i c  n o i s e  f r o m  w e l l  b e l o w  8 0 0  t o  4 0 0 0  c p s . T h e y  

used telephone lines and loops as antennas, and the results were the 

same basic observations reported by Eckersley. In addition, they ob

served ascending whistles which occurred simultaneously with the start 

of the descending swish. In Ireland they found, among swishes of the 

descending frequency type, overlapping pairs and were able to obtain a 

frequency vs. time curve. They also noted that whistler activity was 

associated with auroral arcs. Eckersley pointed out that the frequency 

vs. time curve, published by Burton and Boardman, fitted his dispersion 

theory very closely. 
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In his dissertation, "An Investigation of Whistling Atmos

pherics", which was completed in 1953, Storey made a significant con-

(12) 
tribution towards the understanding of whistlers. Using the propa

gation characteristics for waves traveling along the magnetic field, 

neglecting collisions and confining his theory to wave frequencies well 

below the electron gyro frequency, he was able to develop the essential 

features of whistler propagation. He confirmed Eckersley's dispersion 

theory of the origin of whistlers. By determining the location of the 

origin of the clicks preceding whistlers, and by studying the waveforms 

associated with the clicks, he determined that these were caused by 

normal lightning strokes, and that the loudness of the whistler depended 

on the distance to the stroke. This implied that a whistler covered 

a limited area on the earth's surface. 

He determined the propagation path for whistler signals and 

showed that the energy of the signal,was confined so as to move within 

a 20° semi angle cone whose apex was bisected by the magnetic field 

line. 

Field strength measurements showed that loud whistlers had peaks 

of about 1 millivolt/meter, while ordinary whistlers generally averaged 

about 100 microvolts per meter. 

It was observed that whistlers with preceding clicks had twice 

the dispersion of those without. Storey postulated that whistlers with

out clicks had their causive lightning stroke located in the opposite 

hemisphere. Since this type made one passage through the ionosphere 

prior to detection it was termed a "short vhistler". Whistlers 
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observed along with causive clicks were termed long since they made 

two passages through the ionosphere prior to detection. This suggestion 

was further substantiated by the observation of a peak in occurrence 

of short whistlers during the winter, and a peak in long whistlers 

during the summer. Whistlers are louder and more frequent during the 

night. This is consistent with reduction of the absorption in the 

lower ionosphere at night. It was also noted that whistlers occur more 

frequently during magnetically disturbed periods. 

To account for the observed frequency range associated with 

natural whistlers, Storey suggested several mechanisms which might de

termine the upper and lower cutoffs. Possible mechanisms for the upper 

cutoff are 1) absorption, due to collisions which increases as the 

square root of frequency, 2) the wave becoming evanescent, and 3) break

down of the approximations used at high frequency. At the low frequency 

end two possibilities are 1) partial reflection from the ionosphere, and 

2) the dispersion which reduces the energy density per unit time. It 

was noted that since the power concentration decreases with frequency, 

the effective surface area covered by a whistler increases with fre

quency. Thus, for a receiver located some distance from the' site where 

the whistler reenters the atmosphere, the highs are emphasized. 

The importance of Storey's work is brought out in a discussion 

of the properties of the outer ionosphere. To produce the observed 

whistler dispersion, considerable ionization density had to exist above 

the F layer. Using gravitational equilibrium as a basis to explain 

the required ionization demanded a temperature of 7200° Kelvin. This 
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figure is not consistent with the 1500° given by the measurement of 

helium escape, and is too high on the basis of heat loss by radiation 

and conduction to the lover levels. It was, therefore, concluded that 

the ionization must be extra terrestrial in origin, probably coming 

from the sun. This pointed out the possibility of charged particles 

existing in interplanetary space. 

Much of the succeeding work was observational in nature and 

provided impressive confirmation for the essential parts of Storey's 

work. 

High latitude whistlers, provided examples of simultaneously 

rising and falling tones (these may have been reported earlier by 

Burton and Boardman). These particular high latitude signals are 

markedly different from those of low latitude. The theoretical explana

tion of this phenomenon was given by He 1liwe11,^ and is based on the 

fact that the dispersion relation changes character when the gyro fre

quency is no longer large compared to the wave frequency. Because of 

the shape of the whistler, simultaneously rising and falling tones 

emanating from a frequency of minimum delay, this type is called a -

"nose whistler". Theory shows that the frequency exhibiting the 

minimum time delay decreases with increasing latitude of the path. 

From the analysis of a number of nose whistlers, R. L. Smith 

was able to deduce the following properties of the outer ionosphere^^ 

1) Electron density is directly proportional to :;u;,.-;uetic field strength, 

arid has an annual variation of 2:1 with a December maximum. 2) The 

average electron density per cubic meter is given by N • 12000 fjj, 
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where is the electron gyro frequency in cps. Local variations may 

be on the order of 40<jf. 

1.4 ION EFFECTS 

Only a limited amount of work has been concerned with the 

effects of the heavy charged particles on whistler mode propagation. 

In 1956 Storey computed the effects of protons on whistlers propaga

ting over 45° and 55° latitude paths. He concluded that it should be 

possible to detect the effects of protons on low latitude whistlers 

at 2000 cps and below. His predictions were checked and confirmed by 

showing that observed whistlers which were carefully scaled in the 

low frequency range did not follow Eckersley's dispersion law, but 

showed the deviation indicated by the theory. (19) 

The present work shall be concerned primarily with the low fre-

i 
quency end of the observable whistler mode, 2000 cps and below. The 

propagation characteristics for a radio wave traveling along the mag

netic field will be investigated to determine the frequency ranges for 

propagation and those ranges where the wave is evanescent. When a 

propagating wave exists, the phase and group ve loci-t-ie-s • will be deter

mined so that the dispersion of the observable frequencies can be 

predicted. 

I 



Chapter 2 

THEORY 

2.1 INTRODUCTION 

i 
During the past three decades, the magneto-ionic theory has 

been used extensively to obtain.the propagation characteristics of 

radio waves in an ionized medium with a superimposed constant magnetic 

field. The usual result of this theory is obtained by writing the 

equations of motion for an electron under the influence of a plane 

radio wave and a constant magnetic field. This motion is assumed to 

be valid for many particles. The equations of motion are then combined 

with Maxwell's equations to obtain an expressicn for the wave number 

or the propagation charact«ristics. The imaginary part of the wave 

number yields the attenuation rate and the real part is related to the 

phase velocity of the wave. In obtaining the propagation characteristics 

the effect of the B field of the wave is generally neglected. In this 

analysis it is found that for propagation in Lhe direction of the mag

netic field the characteristic waves are right hand and left hand circu

larly polarized^^^ . 

In this section the same procedure as outlined above will be 

followed with several exceptions. The primary interest is to examine the 

effects of ions on the propagation characteristics of radio waves. There

fore, the equations of motion will contain contributions from both posi

tive and negative ions. In order to keep the mathematical manipulation 



Li 

to a minimum, only propagation in tho direction of the magnetic field 

will be considered. The more general ease of arbitrary propagation 

direction has been covered in the literature. Although these 

general expressions are in existence, due to the wide range of variables, 

the cunsequjncjs of these equations are lest examined by considering 

special cases. 

2.2 DERIVATION OF EQUATIONS 

The propagation constants for the characteristic radio waves of 

small amplitude propagating along the magnetic field will now be de

rived. The two characteristic waves for this type of propagation are 

a right hand (R.H.C.P.) and a left hand (L.H.C.P.) circularly polarized 

wave. 

The equation of motion for a singly charged particle under the 

influence of electromagnetic wave and constant magnetic field can be 

written as 

mv-£ «* eE+ e(v-^ x BQ) (2.1) 

where m, e, E-p and B0 are respectively the mass of the particle, 

the charge, the perturbed velocity of the charged particle, the perturb

ing electric field, and the constant magnetic fieLd. The amplitude of 

the perturbing wave is assumed small, so that the velocity perturbation, 

vx, is small. The term x has been assumed second order and has 

been neglected. For the present the collisional damping force has also 

been neglected. If the disturbances are not kept small, nonlinear terms 

become important and must appear in Equation (2.1). If it is assumed 
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that all quantities vary as " k-r) then a solution for is ob

tained by a rather straightforward procedure. 

Operate on Equation (2.1) by (B0 x) and obtain 

Bu x mv^ • Ba x eEi + B0 x e(vx x Bo) . (2.2) 

Now the triple product can be written as 

B0 x e(vi x BD) = e[ Bq vx - (B0-vx)B0 ] , (2.3) 

and we obtain 

B0 x ravx - B0 x eEx + e f  B2vx - (B0'vx)B0 J . (2.4) 

When the indicated derivative is tak-m in Equation (2.1) and the result 

is multiplied by - f and this resultant is added lo (2.4) we get 

2 2 _ _ _ _ _ _ 
(±JL. - eBp)Vl =• B0 x cEl - icomEx - e(B0-vx)B0 . (2.5) 

But from (2.1) we get 

Bo'vi ** B<->'E1 • ° 1 luim ° 1 

Substituting this into Equation (2.5), the expression for Vx can be put 

into the following form when terms of the order vx2 are neglected 

_ -iuiejEx Bc x e2 Ex eJBoBo'^l f 

1 m(w2 - wj?) m2(w2 - UJ2) iwm1 (u>2 - ŵ ) (2-6) 

where u) is the gyro frequency^ 

i 
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eB0 
uc - -=r • m 

Interest will now be centered on the two characteristic waves which 

described propagation along the magnetic field. Let BQ » BQaz and 

E^ «• EQ(ax + lay) , where i represents a time phase difference of ̂  

radians, and ax, ay, and az represent unit vectors whose directions lie 

along the x, y and z axis respectively. Thus, E0(ax - iay) represents 

the right hand circularly polarized wave and the counter rotating wave 

is represented by Ec(ax + iSy). 

The velocity of a charged particle appropriate to each of the 

characteristic waves can now be determined. For the special case under 

consideration the third term on the right hand side of Equation (2.6) 

is zero. By performing the indicated vector operations on the R.H.C.P. 

wave one obtains from Equation (2.^) 

_ E0e(-to + i.Jc)iax + E0e (-(.' + u>c)av 
v = L . (2.7) 

in(L>2 - (.'£) 

This can be simplified to 

- ieEi , 
-v1 > <2-8> 

as E^ ™ EQ(ax - iay) for the R.H.C.P. wave 

Following the same procedure the velocity perturbation associated with 

the L.H.C.P. wave is 
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-ieEi 
vi00 ~ir~ } > (2-9) 

where E^ , in this case is given by = E0(ax *-^y) • resulting 

current density can be written as 

j » Nev^ , 

where N represents thu charged particle density. We may include in j 

contributions from different species and obtain 

I - ?. Nrervr . (2.10) 
r 

If contributions arc considered from electrons as well as 

positive and negative ions, ihe j becomes 

j - - ii-iSsi,-! ) + ll±hl£ei( 1 )+2sHsi /_! )! , (2.11) 
(me u' + uce Mi+ u + wci+ Mi- \o + u»ci.; ) 

for the R.H.C.P. wave. N is the electron particle density, \N is the 

negative ion particle densiLy, and if charge neutrality is to be observ

ed (1 + \) N is the positive ion particle density. The subscripts e, 

i+, and i_ refer to e 1<jctronsJ positive ions^and negative ions respective

ly-

For convenience, assume that the masses of the positive and 

negative ions are equal. The greatest error caused by assuming equal 

gyro frequencies occurs for the proton and a negative hydrogen ion. 

-30 
Here the difference in mass is 1.8 x 10 kilograms, and this results 

in a one radian per second difference in the gyro frequencies when the 
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magnetic field is on the order of 0,5 gauss. It should also be noted 

-that the gyro Frequency can he positive or negative depending upon the 

sign of the charged particle. 

Now, using Maxwell's equations we can solve for the wave numbers 

which are appropriate to the two polarizations. Maintaining the trans

verse wave assumption we get 

£ ) l-
c / 

1 -
^ce 
10 

-) -
(l + >0u)pj 

\ 1/2 

u-( 1 + |Ucl ) u>- ( 1 - ;ucit > 
( 2 . 1 2 )  

kT = w 
(1 + \)wpi xw 

1/2 

pi 

uj2(l + _^£e_) oj 2 ( i - ^cl') u^(! + C O  ci 
ix> u) 

(2.1-3) 

where the square of the electron plasma frequency Wpe is given by 

us 
Ne' 

pe eome 
; €0 is the permittivity of free space in MKS units.* The 

plasma frequency for the heavy ion is defined by the same equation when 

the appropriate mass is substituted. 

In the expressions given above the sign associated with the gyro 

frequency has been taken into account. It should be noted that 

u) 
£e_ 

u 
EL 

u ce wci 
as these ratios are independent of mass 

* See Appendix G 
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The above procedure can be applied to the case where collisional 

damping force is not neglected. For this case Equation (2.1) becomes 

rav I + mvvL - eE1 + e(vj^ x Bc), (2.14) 

where v represents the effective collision frequency of the charged 

particle with a stationary background. 

For this case it can bt; seen immediately that the expression 

for current density can be obtained by replacing w in Equation (2.11) 

by (u - iv). The expressions for the propagation constants of the two 

characteristic waves become 

kR = }l - ^ (l-f\)Upj 

u)2(l - i- Vq + lajcel ) u)2 (1 - iVi + l^cil ) 

C O  1 0  W W  

1 / 2  

-Ei 1 (2.15) 
u2(1 . m ; !^cil_/ 

w w 

where the upper sign is used for the R.H.C.P. wave and the lower sign 

for the L.H.C.P. wave. 

Now in Equation (2.15) the various v which appear must be inter

preted as effective values. When the motion of the background is con

sidered the damping force would be of the form mv(v^ - Vg) . To obtain 

Equation (2.15) in the simplified form shown, certain assumptions must be 

made with regard to the velocity of the background, Vg ; with respect 

to . This subject is discussed in more detail in a later section. 
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In order to investigate the consequences of Equation (2.15), 

consider conditions which apply generally in the ionosphere, here 

upe '>-> lwce I > lwce I ->-> luci I > ^pe •>-> wpi i an<^ ̂ pi 11x3ci I • 

If we limit the discussion to altitudes above say 300 km, then 

the collision frequency generally will b^ small compared to the gyro 

frequency over a wide rsn«e of altitudes. (See Figs. 3.1, 3.2). Thus, 

the ptopagation characteristics for the two polarized waves can be 

obtained from 

1 / 2  
2 

k .a [t . '"pe (1 + x)u>pi ^pj ) (2.16) 
R c ( ur(l - lu)cel ) u2(l 4- l^cil) U)"- (1 - l^cil ) J 

u) w co 

and 

kl ̂ c 

1/ 9  
2 .2 2 \ ' 

upe - (1 + _ '̂pi ) (2.17) 

w2 (1 + |Uicet ̂  w2 ( ! _ l^cj) ) w
2 ( 1 + |UJci> 1 J 

t o  t O  U )  

where the subscripts R and L refer to the right and left hand circularly 

polarized waves respectively. 

2.3 WAVE CHARACTERISTICS PELOW THE ION GYRO FREQUENCY 

Equations (2.16) and (2.17) will now be examined in different 

frequency ranges to determine if the wave propagates or is evanescent. 

If the wave can propagate the phase and group velocities will be examin

ed in order to determine the expected dispersion of the different fre

quency components. First look at the case where u> < juc^ | . Equation 

(2.16) can be written as 
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lr = — > i 4. — 
*R c J w(coce| (1- JiL_) 

l^cel 

2 U lpe (1+x) up! 
1 / 2  

w lwci |  (1+  Trr—-) w l u ,ci l  
l e t '  I  c i 1  

( 2 . 1 8 )  

In this case the bracketed terms in the denominator can be expanded 

and if we retain only through the linuar terms of the expansion, then 

I 
to 

R 
u 

u| u)co| 

xjur 

luce I u Ui,c i| 

1 / 2  

i wci| 
-) 

+ (1 +T~7>' w |uici| | l> cll 

kR • ? 

ut 
1 + pl_ + 

u> ce i 

(1 + 2\)uji 

j wci|2 

1 / 2  

(2.19) 

as  u 
E£» 

2 
u 
jll 

l^cet  I tJci l  

If the parameters in Equation (2. 19)are written in terms of physical 

quantities we get 

k k - !  

, NmG (1 + 2\) m. 
1 + —1- + 1 

i / :  

B/e o o ®oeo 

to  

1 / 2  

1 + -L fme + Mi(l + 2\)jl 
€ b^ o o 



21 

Bat N [ine + (1 + 2\)M£ | is just the mas:-, density of charged particles, 

pm . The group velocity for Jie above waves can be easily determined 

and is 

c 
Vg " (T + Pm ^1/2 . (2.20) 

eo ®o 

This is th.2 Alfv4n velocity fcr the movement of charged particles. 

This velocity is obtained for both Lhe right and left hand, waves. 

Physically this result may be expected, for at very low fre

quencies Lhe drift velocity associated th the movement of a charged 

particle could be approximated by the motion in static E and B fields.. 

In crossed static E and B fields the drift velocity is independent-of 

mass and sign of the charge. Therefore all particles move together in 

the same direclion and there is no net current. 

2.4 WAVE CHARACTERISTICS NEAR THE IOM GYRO FREQUENCY 

If the bracketed term, the index of refraction, of Equations 

(2.16) and (2.17) is real, a propagating wave exists; if, however, this 

term is imaginary, then the wave is evanescent. It is convenient to 

define the index of refraction by n = |i - ix . Then the wave is of 

the form e^^1" ~ C nz) . Thus for x = 0 we get a propagating wave, 

iut — "K 
while for n = 0 the wave is of the form e c and is evanescent. 

For the collision free case either or x will be zeru. 

The values of n will now be determined for the R.H.C.P. wave 

so that the regions where |i is zero can be defined. Assume that 
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iw ce 
u 
» 1 and we then obtain from Equation (2.16) 

H - i.X = \ 1 + 
id £e_ 

w l^'cel 

(1  +  X)  
w-(i + i^cii) ui-(i - i^ctit 

lo u) 

1 / 2  

(2.21) 

a nd a s w (0 
E L 

lwcel  l uci l  

this may be written as 

m - ix 1 + 
l) 

EL 
lj |cj ci' 

( 1 + >0^^ 

u)/(l + 1^'cTTT 
u) 

>xo,2 
EL 

ijj '• ( 1 - 110 c i I ) 

1 / 2  

( 2 . 2 2 )  

where the term on the right hand side represents the contributions from 

the displacement, electron, positive ion, and negative ion current 

respectively. When w < |oJci 1 the net contribution of the negative ion 

term to the refractive index is positive and the sum of the electron 

and negative ion term is always larger than the positive ion term. 

Therefore X is zero for oj < |uc^ | . When w is slightly larger than |wc^| 

the negative ions contribute a large negative value to che refractive 

index, and therefore \i = 0 . To determine the range over which p. remains 

zero, it is necessary to find the zeros of the refractive index. Solv

ing for the values of ui which are the roots of Equation (2.22) one gets 

u ^pi + 

2 i weil m 

^£i .  - . 2  ,  . . 2  
4 to T~ 

+ wci + wpi^ + 
ci 

Now in the ionosphere 

V > "ci 



so that the result, considering only positive u,is approximately 

U) ~uci(l + 2X) ( 2 . 2  1 )  

For the R.H.C.P. wave the resultant values of p for several values of 

X are shown in Figure (2.1). 

For the nonwhistler modejthe L.H.C.P. wave, the refractive 

Index is 

ix 1 - ^p1 (1 + fr.) ^pi ĵpi 
1 / 2  

wlwcil w2(l - i^cil ) w2(i + | ucl|) 
u to  

(2.24) 

for ui « |coce | . When w < |wc^( the positive ion term dominates the 

index of refraction and X = 0. When ujc^ < ui, |i » 0 as long as the sum 

of the last three terms is larger than 1. Values of p are shown in 

Figure (2.2). In calculating the values of ̂  for Figures (2.1) and 

(2,2) parameters appropriate to the lower ionosphere were chosen. 

2.5 WAVE CHARACTERISTICS ABOVE THE ION GYRO FREQUENCY 

When uj » toc^ the electron term becomes large compared to the 

ion terms and it controls the index of refraction. Thus Equations 

(2.16) and (2.17) may be written 

(m - 1*) r " 
L 

u) 
1 - -ejl 

u>2 (1 + |ujcel 
C O  

1 / 2  

For the R.H.C.P. this expression has a pole at io = uice and a zero at 



Refractive index for the R.H.G.P. wave 

N = 10^ Electrons/m-* 
(1 + \)N * Pos. Ion Density 

\N = Neg. Ion Density 

.1 10 
(jj_ 

^ci 
Fig. 2.1 



Refractive index for the L.H.C.P. wave 

N =• 10 Electrons/m-^ 
(1 + \)N = Pos. Ion Density 

\N = Neg. Ion Density 

i 10 

u> 

^ci 

Fig. 2.2 



co 

7—1 
2 

w + + . The L.H.C.P. wave will have a zero at 
\J Pe 4 2 

ij) =» 
o cj; w 

ul2 + ce - ce 

pe  4  2  

Above the higher of these two frequencies both the right and left hand 

circularly polarized waves can propagate. These results are summarized 

in Fig. (2.3) which is drawn to fit ionospheric parameters. 

2.6 GROUP VELOCITY OF R.H.C.P. BELOW THE ION GYRO FREQUENCY 

In order tc determine further the effects of the heavy charged 

particles on radio wave propagation, the phase and group velocities for 

the two polarized waves will be examined in the vicinity of the ion 

gyro frequency. For this purpose Equation (2.16) may be simplified to 

k „ Ll±li(— L±_2; ^ ) (2 25) 
C(|ucl| 1 + iu c L I 1 - I'-cLl V 

W (jJ ' 

when the displacement current is neglected and ui « |u>ce | . Fig. (2.4) 

shows a plot of the refractive1 index for several values of X when 

u < |wcj;|. The group velocity can be found from the slope of the 

curve. It will be noticed that the smaller values^of X cause a minimum 

slope and hence maximum group velocity for a frequency near .9 

The curves show that the higher values of X shift this maximum towards 

the lower frequencies. This maximum in the group velocity is vary 

similar to the nose whistler effect, where the group velocity shows 
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Shaded regions indicate frequency intervals where 
the wave may propagate; in the unshaded regions the 
wave is evanescent. 
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/ 1 a maximum at one-fourth the electron gyro-frequencyv . If X. » 0 

there would be no minimum in the group delay for u> smaller than the 

gyro frequency. 

2.7 GROUP VELOCITY OF L.H.C.P. WAVE BELOW THE ION GYRO FREQUENCY 

To determine the phase and group velocities for the left hand 

polarized wave We start with Equation (2.17) and follow the same pro

cedure described above, The results are shown in Fig. (2.^), In this 

case there is no "nose effect". 

2.8 GROUP VELOCITY OF R.H.C.P. WAVE ABOVE THE ION GYRO FREQUENCY 

When w > wc^(l + 2\) the phase and group velocities should show 

some effects of the heavy ions if they exist. The propagation char

acteristics for this frequency region will now be determined using the 

1 /2  
dispersion value, tf « D , calculated by Eckersley as a reference. 

In this case only the R.H.C.P. wave has to be investigated since the 

l.h.C.P. wave'does not propagate in this frequency range. 

Equation (2.16) under the assumption that u« uce is appropri

ate for this calculation 

k . ifif i + -Pi2 - (L + x)cV2 X'V2 ]1/2 
(2 26) 

R C> 1 +U)|U!ci| w2j1+JUicil| mcill J (2*26) 

w u) 

By assuming unity is small compared to the other terms in the bracket, 

and by combining terms, we may write 
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1 / 2  

u> ^ upi (ui - |uei i ) - 2xkjpj |wcjj 

u)2 i ̂ ci | c1 " ) 
cj ̂  

(2.27) 

After a little manipulation this expression can be written in the 

form 

i w 
k„ «• — 

u 
Pi 

2>ju 2 
£i 

1/2 

R c 7|u)cij (u> + |wci|) (u)2 - Wei) \ > 
( 2 . 2 8 )  

and finally 

wur k « pi 
R C|wcil 1/2(" +|wcil ) 1/2 

1 -
2Mocil 

u " lw
cil 

1 / 2  

(2.29) 

Now as w> | |(1 + 2\) the above expression can be simplified to 

uXii 

Ei- l . x "ci 

c|wci |1/2(u> + |UclD1/2 ( (w - |wcl|) J . 
(2.30) 

This gives an approximate value of the phase constant in the frequency 

range of interest. The.group velocity can now be determined from 

_1_ o dk 

v g " d u  

Performing the indicated differentiation on Equation (2.30) one obtains: 
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1_ 
v. 

pi 
I'-'ci I 

(2 -g- + 1) 

2 c1 u) 
TJ1 TJ1 

cl' u) 0̂ - + 1) 
TT2 

\ 
u 

ui i to c i1 
- 1 

+ 

li) w 
2̂ !ucil (,ljci' + ̂  

( w 
1(0 cl' 

-i)-ys-+2) 
•"ci1 

(2.31) 

For convenience the group velocity can be defined by 

8 M 

where |i1 is the group refractive index. Thus we obtain 

u> PL 
' "ikji7w 

2~n~ + 1 

+ i) 
w 

177 1 -
X 

10 
i u> 

- 1 
c 1' 

U Ui 
2̂ |t''cil ^tcjcil + ̂  

; y -1)2<^ +2 ) 
|uci| |ujci| 

(2.32) 

The first term is the factor arrived at by Eckersley. The term inside 

the square bracket is the factor which takes into account the effects 

of positive ions. The third factor, the curly bracket, allows for 

effects of negative ions. Figures (2.6) and (2.7) summarize the effects 

of heavy charged particles on the group refractive index. These curves 

are valid only so long as u « wce • As w approaches uice there is an 
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increase in n' due to the resonance effect of the electrons. This 

effect (for wce => 1840 wc^) is shown by the curve marked "A" in 

Fig. (2.7). The equation appropriate to this effect can easily be 

derived from Equation (2.16) by assuming that w is large enough so 

that the ion terms are negligible compared to the electron term. The 

case for an ionosphere consisting of protons and electrons was inves

tigated by Storey and the curve X = 0 is identical to his result. 

From Equations (2.16) and (2.17) it can be seen that the wave 

number can go to infinity at the gyro frequencies. If the collisional 

terms had been included these infinities would have been eliminated by 

i 
the damping terms, but if these damping terms are sufficiently small 

they will have an effect only near the gyro frequencies. 

2.9 SUMMARY OF ION EFFECTS ON PROPAGATION 

The inclusion of negative and positive ion effects in the re

fractive index of the ionosphere results in the following propagation 

characteristics. The positive ions allow propagation of L.H.C.P. 

wave frequencies below the ion gyro frequency. The negative ions pro

duce a stop band of width in the R.H.C.P. or whistler mode. The 

electrons produce stop bands in both waves in the higher frequency 

ranges. In addition the negative ions produce a maximum in the group 

velocity of the R.H.C.P. wave below the ion gyro frequency, and just 

above the lower stop band they produce an increase in the group refrac

tive index of the R.H.C.P. wave. This causes a reduction in the group 

velocity, thus increasing the dispersion of the low frequency components 

relative to the higher components of the wave. 



An interesting feature of the Lower stop band in the whistler 

mode is that if this band were detected at a known height in the iono

sphere, and if the electron density were known, it would be possible 

to determine the mass of the ion as well as the percentage of ion 

present. 



Chapter 3 

LIMITS OF APPLICABILITY OF RESULTS 

3. 1 INTRODUCTION 

In the theory section of this paper assumptions were made 

regarding the magnitudes of the parameters which are appropriate to 

the ionosphere, and a limitation was placed on the direction of the 

wave propagation. The restriction on direction was made to keep the 

manipulation of equations to a minimum and to develop expressions 

which could be interpreted with a minimum effort. Some justification 

for this procedure will now be given. If ionospheric values are used 

for the parameters, then the theoretical predictions can be compared 

with experiment. Interest lies in the effects of heavy charged 

particles on radio wave propagation. These effects are most apparent 

near the ion gyro frequencies; thus we are forced to investigate 

extremely low frequency waves when limited to moderate values of B. 

The low frequencies involved make the size of the laboratory apparatus 

prohibitive. Fortunately, however, a great deal of data has been 

gathered concerning the characteristics of whistlers and other forms 

of low frequency waves associated with the ionosphere. The present 

theory will be applied to these data. It will be shown later that 

expressions derived previously for the propagation characteristics 

can, with minor modifications, be applied to a wider range of 

propagation directions in the ionosphere. 
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3•2 RESTRICTIONS ON THE MAGNETIC FIELD OF THE WAVE 

In order to neglect the B field of the radio wave in 

determining the motion of a charged particle, it is necessary that 

the magnetic intensity associated with the wave be much smaller than 

the magnetic intensity of the static field. Also, the velocity 

perturbation of the charged particle must be due to the E rather than 

the B field of the wave. This leads to the following relations: 

I HL I « IhoIj and I E^fc>>lv^ x BjJ . H0 is the earth's magnetic intensity 

and the quantities with subscript 1 refer to the wave or wave induced 

- e J E I 
quantities. From the above assumptions, |v^| ~ — so that 

ium 

EX » eEl|ioHL 

mw 

Ei E i n 
Now, Hi can be written as — m where n is the impedance 

1 n n0 ° 

for electrons 

for protons . 

The approximate values of n can be obtained from Fig. (2.1). At 

five earth radii 

Hu ~ . 2  amps/meter 

while for a 1 volt/meter E field 

~ .04 amps/meter. 

of the free space. Thus we have 

£i ̂  raic>2* _ 10 3 
£ w ————— 

H0e n 2 



We can, therefore, estimate upper limits on the field strength in 

order to maintain a linear theory. It will be noticed that as the 

£ 
ratio of — increases, the electron motion will be influenced by the 

magnetic field of the wave before the heavy ions are affected. 

3.3 IONOSPHERIC PARAMETERS 

An estimate of ionospheric values for the important parameters 

in the present theory will now be made. 

The electron density in the ionosphere will range from 10b per 

cc to an estimated 10^ per cc from the peak of the F region to 

interplanetary space. Therefore, the range of electron plasma 

frequency is 9 megacycles to 90 kilocycles. The ion plasma frequency 

-3 -4 
will be roughly 10 or 10 times the electron plasma frequency. 

A centered dipole approximation will be used to describe the 

earth's magnetic field. Values of the gyro frequencies can then be 

calculated as the magnitude of the field intensity is given by 

ro 3 i 1/2 

|H0J - 25( — 3 (1 + 3 sin 9) 

where rQ is the radius of the earth, r is the distance to the field 

line measured from the center of the earth and H is the geomagnetic 

latitude. At the equator the electron gyro frequency ranges from 880 

kilocycles to approximately 7 kilocycles at 5 earth radii. The ion 

gyro frequencies are 10"^ or 10"^ times the electron values. Thus 

we obtain 2 2 7 
upe m ^pj ~ 10 at the peak of F layer 

wce u>ci 1U"* at five earth radii . 
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As interest will be restricted to frequencies 2,uUu cps and 

below where the ion effects are dominant, it may also be stated ^hat 

2 
wpe 
—1 » 1. 
ojwce 

The Coulomb collision frequency and the collision frequency 

between charged and neutral particles must be estimated to obtain 

values of u and wc£ where the collision free case is a good 

approximation. 

In the lower regions of the ionosphere where the neutral 

particle density is high; collisions with neutrals are important and 

provide the major source of attenuation. At the higher altitudes 

Coulomb collisions predominate. By considering mean free paths and 

the velocities of the particles, estimates for two types of collisions 

can be obtained. Here we follow Raticliffe and writie 

*raNa ' (3.1) 

I 
11 4jtrana <3-2) 

where represents the mean free path for an electron in a 

background of neutral particles of radius ra and density Na. The 

radius of the electron is neglected compared to the neutral particle. 

The second equation represents the mean free path for a positive or 

a negative ion. The 4 appears as the radii of the neutrals and the 
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ions are considered equal. The collision frequency V1 is determined 

by 

, v 
v' =* > 

I 
(3.3) 

where the thermal speed, v, is obtained from 

in 
3kT, 

V * ( ) 
N 111 

T is the temperature of the gas in degrees Kelvin and k is 

BolLzman's constant. We thus obtain 

1 /2  
( 3jit) * 2. 

(3.4) 

V = v ) B *r N 
vsa ms s £aNa (3.5) 

where s represents the subscript e or i, 6^ » i and $e =• 1. 

It is apparent that the ion-neutral collision rate will be less than 
i 

one tenth the electron-neutral collision rate. In determining the 

Coulomb collision rate between particles, we may consider the 

effective range for a collision as 

„ _ e2 

6neokT (3.6) 

This is determined by equating the potential energy between two 

charged particles to the kinetic energy. Solving for the Coulomb 

collision rate of an electron in an ion background we get 

4 i 3/2 
«  e  /  J L N  

^ei ™ 1/2 2 3kT Ni' 
4wme eo (3.7) 



For the collision rate of a positive ion in a background of negative 

ions we would get 

' e4 i N
3^2 

V +" 3 4*M 1/2 ^ Ni-a*Mi+ eo (3. fa) 

Figures (3.1) and (3.2) summarize these estimates for the collision 

frequencies associated with the two different processes. Fig. (3.1) 

is for charged particle-neutral particle collisions while Fig. (3.2) 

is for Coulomb collisions. The ratio of electron-hydrogen ion 

collisions lo collisions between hydrogen ions is on the order of 

40:1 if the densities and temperatures are equal. 

3.4 EFFECTIVE COLLISION FREQUENCIES 

In the derivation of Equation (^.15), it was stated that the 

various V represented effective collision frequencies. This term 

and the approximations involved in obtaining this equation will now 

be examined. 

The equation of motion for a charged particle moving among 

other nonstationary particles should be written in the form 

e - ; v=.°r - -
»s 

<el + * b°> + r s^vr-vs). 

v'sr represents the collision frequency defined previously and the 

mass ratio accounts for the fraction of the momentum which is 

exchanged in the collision. For a system of neutrals, electrons. 
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positive and negative ions we obtain 

in++me 
(3.9) 

me+iOf (3.10) 

p — - -
- - ̂ _(£l+v.xbo)+ 
v- m- m-+ma 

(va-v.)+ 
in-f+m 

The desired form of Equation (i.,15) can be obtained if 

estimates of the various particle velocities can be made, or if it 

can be shown that some terms are negligible compared to others. It 

seems reasonable to neglect terms on the order of the mass ratio of 

electronb to the heavier particles as these terms are small compared 

to the other terms in the equations. 

the collision frequencies will be small over a wide range of 

altitudes compared to the gyro frequencies of the constituent 

particles. If u is not too near the gyro frequency, then Equations 

(2.ci) and (2.9) may be used to obtain estimates of the velocities 

associated with the different types of particles. For example, 

consider the Equation (3.9) Once all the velocities are estimated 

in terms of ve, an effective collision frequency can be obtained. At 

the high altitudes the collision rates of charged particles with 

neutrals is so small that the motion of the neutral particles could 

be ignored for frequencies which are not too low. For example, the 

collision frequency for a neutral particle with an ion would be 

In a major portion of the upper ionosphere, above 300 km. 
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Ni 
V . •" ~ V, i where Nj and Na are the densities of ions and neutrals ai Na la j. <* 

a 
respectively . If the ions and neutrals have the same mass, then the 

motion of the neutral particles can be ignored if 

w » V 1 . . a l 

The same procedure can be followed to obtain estimates for the 

effective collision frequencies of the other charged particles Thus 

Equation (it. 15) can be written in its simplified form when collision 

effects are small and u is not too clut>e to any of the gyro frequencies. 

This equation can then be used to approximate the attenuation of the 

wave through collisions. 

3.5 GENERALIZATION OF EQUATIONS 

In this paper, the propagation constants for circularly 

i 
polarized waves were derived under special conditions. The 

magneto-ionic theory was used as a basis, the direction of 

propagation was chosen along the static magnetic field, and collisions 

for the most part were neglected. Other more general derivations have 

been carried out. Some workers use the magneto-ionic theory and some 

the magnetohydrodynamic theory as a starting basis. However, for 

longitudinal propagation and using assumptions appropriate to the 

ionosphere, both methods give the same result. It is still useful, 

however, to examine these different approaches in order to obtain a 

*Fig. (3.1) and Fig. (3.2) can be extended to show the 
appropriate collision rates. 
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better understanding of the effects of the approximations. 

J. A. Fejer^^) derives expressions for the propagation 

constants of hydromugnetic waves in a weakly ionized gas containing 

electrons and positive ions. He assumes that the pressure gradients, 

the motions of neutral particles and the Coulomb collisions can be 

neglected. Under these assumptions, the refractive index, n, for an 

arbitrary angle of propagation can be determined from the roots of 

4 2 
n + 0!2 n + « 0, 

where the Q£'s are given by: 

2 2 
0*4 " K0cos 0 + K^sin 9, 

OS -QcoK.i(1 + cos^Q) + (K^ + K^)sin'^y}^ anc* 

a
Q - (4 + kj)Kd. 

If we assume that all collisions can be neglected, then 

2 2 

o 1 c 2' 
U) U) 

Ki " 1 + ~~ 7̂ 2 + -̂ 4 > and 

w2(^-o 
U u2 

« ~iupe wce *-wpi wci 
K-z 2 + 2 ' 

U tii 



2  
so that the solution for n becomes 

48 

2 
C*2 _C*2 

2«4 111 \ 4C£ 
a c 
a, 

where 

a, t .  
a7 

a. 

(i) . j i 2. * 

ci( 1 + cos 9) 

W 
ui 
ui 

ce 
r 

sin^0 

w 

y I ~ uci . 2 w , s 2 id/ \ 2 —- sin 6 - _£e^_ci A cos^9 
w (j'-

and 

u>, ce 

"uce ^ u>ci_^cos^9 + uc^sin'"9 

(0 

The point to be brought out here is that the coefficients of the 

^ce 
cosine terms are on the order of ,, times larger than those of the 

W 

sine terms, when u is not too close to the ion gyro frequency. In the 

ionosphere cjce is fairly large out to great heights, so that for low 

frequencies over a wide range of propagation angles, 9, the longitudi

nal propagation characteristics will persist, that is the sine terms 

can be neglected. This has been pointed out by Fejer. If longitudinal 

propagation is assumed, then 9 0 and we get: 

n2 - Kx -KK2 

which is equivalent to Equations (2,16) and (2.17) when X « 0. 

B. S. Tanenbaum^S) starts with the general mass and momentum 

transport equations to describe the motion of a fully ionized fluid 



consisting of electrons and ions. He retains the pressure gradients 

and derives the propagation constants £or special directions. In this 

analysis the pressure terms enter only in the longitudinal waves and 

have little effect there, if the phase velocity of the wave is much 

larger than the sound velocity in the medium. Thereiore, considering 

the relative effectiveness of transverse and longitudinal components 

(as shown in Fejer's work) in determining the refractive index, it 

appears that the pressure terms are not important in the ionosphere 

until the propagation angle is close to ninety degrees. For 

propagation along the magnetic field Tanenbaum obtains 

k2 - 4 
C" 

( 2 

^ 1 

v. u2- |uce| lwpi| + !wce| u 

when collisions are neglected. Equations (2.16) and (^.17) with 

\ * o reduce to the same result when me is neglected compared to 

Mi-

C. 0. Hines^^) has also derived an expression which 

describes the propagation of a hydromagnetic wave along the magnetic 

field. He considers the wave to be traveling through a multicomponent 

fluid and obtains for the collisionless case 

It 2 „ «i ( i . Z V ; . 
C2 [ r w(w ± |wcr| ) 

This expression will yield Equations (2.16) and (2.17) directly when 

the constituents o>f the medium are electrons, positive ions, and 

negative ions. 



Chapter 4 

EXPERIMENTAL RESULTS 

A.1 INTRODUCTION 

This chapter will relate the experimental observations on low 

frequency propagation to the theoretical predictions established in 

Chapter 2. It will be shown that it is possible to obtain detailed 

quantitative information regarding the propagation of the low 

frequency components whistler signals. In addition, some aspects of 

low frequency atmospheric noise measurements and observations on 

hydromagnetic emissions can be explained in a qualitative manner. 

4.2 WHISTLER SIGNAL COMPONENTS EFFECTED BY IONS 

As previously mentioned, a rather extensive amount of data has 

been gathered concerning whistler propagation. The propagation 

characteristics of the higher frequency components of the whistler, 2 kc 

to 30 kc, is fairly well understood. The lower frequency components, 

below 2 kc, present a more complex problem as the effects of ions must 

be taken into account. On the experimental sida, the cutoff effect 

caused by the earth-ionosphere waveguide coupled with man made noise at 

the lower frequencies makes the detection of the low end of the 

spectrum a fairly difficult and rare occurrence. 

4.3 WHISTLER DATA 

Since the variations in dispersion caused by the ions would 

50 



probably not be easily detected over 60o or 700 cps careful selection 

of data was necessary. In order to obtain whistler traces which have 

components as low as 500 cps, it is necessary that the source of the 

whistler and the receiver be near opposite ends of the whistler path. 

Whistlers which travel in the earth-ionosphere waveguide for any 

appreciable distance will h.ave their frequency spectra modified by the 

waveguide characteristics. The waveguide effect causes a marked 

attenuation at frequencies below approximately 1,500 cps^^. A number 

ot fairly pure tone low frequency whistlers were detected at Stanford 

(Geo 43° 40* lat.) and at Ushuaia, Argentina (Geo 43° lb' lat.). 

Whistler signals from these and other locations had been recorded on 

magnetic tape and stored in a library at Stanford University. The 

records were examined and from a very large number of whistler 

recordings taken over a five year interval, a small number were found 

with suitable low frequency components. These were the whistlers 

selected for analysis. The whistler signils were fed from the tape 

into a speech analyzer, and the resulting output was a graphical record 

of the various frequency components versus their relative time of 

arrival at the receiver. These frequency-versus-time plots were 

obtained using analysis equipment at Stanford University. 

A typical record of this type is shown in Figure (4,1). 

Figure (4.2) shows the same whistler analyzed at four times the normal 

tape speed in order to obtain a more convenient scale for the low 

frequency range. 

The frequency-versus-tirae plot is used in the following manner. 

If possible the causive sferic associated with the whistler is located. 
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Then the times between the originating sferic and the reception of the 

various frequency components of the whistler are determined. 

From this information, curves such as shown in Fig. (4.3) and 

Fig. (4.5) can be obtained. Having the time and frequency, it is then 

possible to obtain "D"; the dispersion versus frequency using the 

Eckersley equation 

• 1 / 2  
D » ti . 

A typical dispersion curve is given in Fig. (4.4)*. 

4.4 EFFECTS OF PROTONS ON WHISTLER SIGNALS 

Some work, both theoretical and experimental, concerning proton 

effects has been done. Storey has calculated the effects of protons 

on whistler dispersion. His conclusions stated that for low altitude 

whistlers there should be a noticeable proton effect below 2 kilo

cycles^"^. The theoretical work involved the calculation of two 

correction factors to the group refractive index as given by the 

Eckersley law, one correction associated with frequencies near the 

electron gyro frequency and one with frequencies near the proton gyro 

frequency. The corrected group refractive index near the ion gyro 

frequency is given by Equation (2.32) when \ is set equal to zero. Near 

the electron gyro frequency the group refractive index as given by 

Helliwell, Pope, Smith, and Crary is 

, 1 "Pe ( 1 

* _ 1- -H. ce 
ucel 

*See Appendix "A" for the results of whistler scaling. 



3" 
Relative Time Delay of Vfhistler 
Frequency Components 
Stanford, May 17, 1958 
1435 U.T. 

o 
(u 
in 

CD 
£ 

The solid curve represents Ekersley's 
law while the dashed curve is the 
measured value. 

.02 .04 .03 .05 

(Frequency) ^ 
Fig. 4.3 



64T 

—I— 
500 

—I— 

1000 

Frequency (cps) 
Fig. 4.4 Whistler Dispersion Curve Stanford 

1 

3000 
1 

5000 10,000 

May 11, 1958 1435 U.T. 

Ui 
Ln 



Relative Time Delay of Whistler 
Frequency Components 
Ushuaia, Nov. 2} 1961 
1250 U.T. 

2 -o 
<L> 
CO 

Solid curve - Ekersley's law 
Dashed curve - Measured values 

I-

.02 .03 .05 .06 04 
—1/2  '  

Fig. 4.5 



Whistler Dispersion Curve 
Ushuaia, Nov. 2, 1961 
1250 U.T. 

6 9 -

67--

500 1000 3000 5000 300 10,000 
Frequency (cps) 

Fig. 4.6 



5 8  

The term in brackets may be expanded as a series and if we retain the 

first few terms, we get 

n' • I 4/2 ( 1+1'3 T~̂ ~T + 1'875 

This is the curve marked "A" in Fig. (2.7). Assuming an exponential 

charge distribution, Storey calculated the dispersion curves for 45° and 

o 
55 latitude whistler paths. These results are shown in Fig. (4.7) and 

Fig. (4.8). The protons cause an increase in "D" at the low frequencies. 

4.5 EXPERIMENTAL VERIFICATION OF PROTON EFFECTS 

In order to check Storey's predictions, four whistlers were 

(19) 
carefully analyzed by Jensuke, Outsu, Akira; and Iwai . These were 

low latitude whistlers of rather pure tone which descended a little 

below 1,000 cps. They calculated the experimental errors involved in 

the whistler scaling and concluded that these were smaller than the 

proton effects. A comparison of their experimental curves with fitted 

theoretical curves provided confirmation that the proton effect was 

(4) 
detected. Barrington and Nishuzaki have determined the dispersion of 

these same whistlers and have also concluded that the dispersion is of 

the form predicted by Storey in the frequency range measured. 

4.6 NEGATIVE ION EFFECTS ON WHISTLER SIGNALS 

Equation (2.32) shows the effect of the negative ions as well as 

positive ions on the low frequency end of the observable whistler 

spectrum. Consider the curves shown in Fig. (2.7). For small it is 

clear that little difference exists between the positive ion correction 
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to the group refractive index and the correction which includes 

negative ions; except quite close to the gyro frequency where the 

negative ions cause a marked increase in n'. In order to determine if 

the effects of negative ions are noticeable in whistler mode propaga

tion, careful measurements were made on whistler spectra. 

4.7 RESULTS OF WHISTLER SCALING 

The results of two typical low frequency whistler scalings are 

shown in Fig. (4.3) through Fig. (4.6). The theoretical dispersion 

curves calculated by Storey are shown in Fig. (4.7) and Fig. (4.8). 

o 
Since Ushuaia and Stanford are both close to 45 magnetic latitude, the 

shape of the dispersion curve should match the shape predicted by Storey 

if electrons and positive ions are the dominating factors controlling 

the propagation. In all cases, an increase in the dispersion appears at 

the low frequencies on t versus f"1^2 curves. Considering the 

consistency of the trend and the magnitudes of the errors involved, it 

was concluded that the dispersion does not follow Eckersley's constant 

dispersion law in the lower frequency range. 

To determine if the curve follows Storey's predicated form, the 

D-versus-frequency plots were made. These curves appear to follow the 

proton predication down to 700 or 800 cps, but below this value the 

curves have slopes much different from the slope predicated by Storey. 

This is shown by the slopes of the D-versus-frequency curves for two 

different whistlers compared to the slope of the theoretical curve*. 

*See Figs. 4.9, 4.10, and 4.11. 
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Again, the consistency of the dispersion increase in the D-versus-f 

curves appears to override the equipment errors and the random errors 

which may be present. Therefore, it appears an additional effect must 

be added to the proton and electron effects to accurately describe 

whistler dispersion below 800 cps. 

Most whistler signals do not exhibit any frequency components 

below I,00U cps. However, in rare cases some go as low as 5UU or 

600 cps, and only one whistler was observed which had components near 

300 cps. 

4.8 DISCUSSION OF WHISTLER DATA 

As stated previously, the effects of protons and electrons are 

not sufficient to explain the whistler dispersion below bOO cps. One 

possible mechanism which could cause the observed increase in the group 

refractive index at the lower frequencies of the whistler mode would be 

effects of negative ions. In this regard, two alternatives are possible; 

either a large density of negative ions acting over a short distance or 

a small density acting over a large distance. These alternatives will 

be examined in more detail in a later section. 

4.8.1 LOWER CUTOFF FREQUENCY 

Several possible explanations for the lower cutoff frequency 

associated with the whistler traces are possible. These are source 

spectrum, reflection from lower ionosphere, attenuation through the 

lower ionosphere, or stop bands caused by the presence of negative ions 

at higher altitudes where the collision frequency is very low compared 

to the gyro frequency. 
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The spectrum of whistler producing lightning strokes has been 

(14) 
analyzed by Helliwell . The results show, in general, a peak in the 

power spectrum at 5 kc, and a rapid decrease for frequencies below this 

value and a somewhat slower decrease for frequencies above this value. 

Thus, the reduced power at the lower frequencies may not have sufficient 

amplitude to produce detectable whistler mode propagation. If this is 

true, then no consistent latitude effects tied to the cutoff frequency 

should be discernible. 

Another possible cause for the low frequency cutoff might be 

absorption of the low frequency components of the wave in the lower 

ionosphere. The attenuation rates for the lower frequencies will be 

increased considerably in the lower ionosphere, above that predicted by 

electron content alone, due to the presence of positive and negative 

ions. Fig. (4.12) gives the attenuation rates for the lower frequencies 

when \ - o, that is, it includes only electrons and positive ions. In 

Fig. (4.13), \ is 1, i.e., negative ions are included. Using these 

attenuation rates and integrating through the D, E, and those portions 

of the F region where collisions are effective in reducing the signal 

shows the total attenuation for components between 15 cps and 1,500 cps 

(2k) 
differed very little. This is in agreement with Swiftv 

At 300 cps, the free space wavelength is 1,000 km. However, in 

the ionosphere the wavelength will be on the order of 10 km. Considering 

that the D, E,. and F regions occupy regions of this order, the slowly 

varying approximation (conditions do not change much in the space of a 

wavelength) may not be valid. At these low frequencies the earth 

ionosphere boundary may appear sharp and partial reflection will occur. 
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Another possible explanation Cor the Lower cutoff frequency is 

the reduced power density of the lower frequency components of the 

whistler. Due to the dispersion the energy in the low frequency end 

is more spread out in time and hence will not be as readily detected 

as the higher frequency components(^2) 

4.8.2 DISPERSION OF LOW FREQUENCY COMPONENTS 

All or any of the above mechanisms could explain the absence of 

the low frequency components in the observed whistler signals. However, 

increased dispersion exists at these lower frequencies and the mechanism 

which causes the cutoff might also be responsible for the observed 

dispersion characteristics. 

In order to check the dispersion caused by collisions in the 

lower ionosphere calculations were made to determine the phase constants 

for the low frequency components of the R.H.C.P. wave. For the low 

altitudes the collision therms must be included in Equation (^.16). In 

( the range 60-80 km. the electron collision frequency is higher than its 

gyro frequency, and if the ion collision frequency is larger than the 

wave frequency, the group velocity is given by 

du 2jT C V£n1/2 u1/2 0,2 
•TZ * £2 when —E®. 
d "Pe Venu 

Comparing this with the group velocity from Eckersley's law 

i .  1 / 2  1 / 2  i  
d* . kC 5!SS here L 

dot upe wcew 

shows that the group travels faster in the first case. 
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Calculations for altitudes from 80 to 160 km. show little 

difference between the values of phase velocity as determined from 

Eckersley's law and the case where collisions are included, therefore, 

the group velocities will be about the same. These calculations are 

summarized in the appendix. 

It does not seem reasonable that reflections from the ionosphere 

or any other effects which act over a very short distance compared to 

the path length could produce the deviations which are noted in the 

dispers ion. 

4.8.3 EFFECTS OF NEGATIVE IONS' ON DISPERSION AND CUTOFF FREQUENCY 

The presence of negative ions would produce both the 

dispersion deviation and the cutoff. At the lower frequencies they 

produce higher attenuation ratfes due to collisions in the "D" and "E" 

regions. In addition, at the higher altitudes, where collisions can be 

ignored, the negative ions produce an infinity and a zero in the index 

of refraction of the R.H.C.P. wave. This produces a cutoff frequency 

and increased dispersion. According to Budden^-*) the wave energy is 

coupled into longitudinal waves propagating transverse to the magnetic 

field lines. This portion of the energy is no longer confined to move 

along the magnetic field lines and will not be associated with the 
! 

whistler signal. 

Hydrogen is the only constituent of the ionosphere whose ion 

gyro frequency approaches the low frequency components observed in 

whistlers. Therefore, if the cutoff and increase in whistler dispersion 

take place at the higher altitudes and are caused by negative ions, these 
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will be negative hydrogen ions. 

4.8.4 WHISTLER PATH LOCATION 

An interesting feature of the whistler dispersion curve is 

that a frequency exists at which the dispersion is a minimum and this 

frequency will depend primarily on the path traveled by the whistler. 

This can be seen by considering the proton effect at the lower 

frequencies. See Fig. (2.7) and set K - o. For any path, a frequency 

can exist whose average normalized group refractive index will be a 

minimum*. The frequency at which this minimum occurs is a function of 

the latitude. Since the proton effect should be easier to detect on 

lower latitude whistlers, it appears that the frequency of minimum 

dispersion could be used to obtain the path latitude for these whistlers. 

This would be most helpful since lower latitude whistlers do not display 

any nose effects and as a consequence it is rather difficult to 

establish the path location. Including the effects of negative ion will 

not alter the above arguments. Small percentages of negative ions will 

not change the frequency at which the minimum dispersion occurs. This 

can be seen from Fig. (2.7) since small percentages only increase jo.* 

near the ion gyro frequency and this is below the frequency at which 

the minimum occurs. The presence of negative ions will make the 

minimum in the "D"-versus-f curve more pronounced. In general, one 

would not expect the minimum dispersion effect due to protons to be 

See Appendix E. 



observable on higher latitude nose whistlers, but the presence of 

negative ions might be" sufficient to accentuate this effect. The 

whistler might then exhibit a nose (frequency of minimum time delay) 

which could be compared with the frequency of minimum dispersion. The 

nose frequency is also a function of the path latitude. 

The path location for a whistler was determined using the 

frequency of minimum dispersion (ion effect) and this result compared 

closely with the path location obtained from che nose effect. However, 

only one case was analyzed, so no definite conclusions can be drawn 

regarding the possibility of this new method for path location. 

4.9 ANALYSIS OF ERRORS IN WHISTLER SCALING 

In this section, the measurement and equipment errors which 

would effect the resulns of the scaling will be discussed. The errors 

in time are determined mainly by the following items: 

1) Time delay required for the originating impulse to travel 
through Lhe earth ionosphere waveguide to the receiver. 
This is important when the originating sferic ie in the 
opposite hemisphere. 

2) Ability to read the time from the speech analyzer records. 
These records can be read to within one half a millimeter 
which gives a time error of approximately .ul5 seconds. 

4.9.1 UNCERTAINTY IN THE TIME OF THE WHISTLER ORIGINATION 

In accordance with Eckersley's law, the -versus-t curve 

for a whistler will pass through the origin if the time, t, is 

measured from the initiating lightning stroke to the reception of the 

whistler signal. The solid curve of Fig. (4.3) is typical of an 

f~*-/^-versus-t plot of the low frequency whistler signal. If 
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Eckersley's law is valid, the shape of this curve is not dependent on 

the time chosen for the whistler orgination. If the time of origin is 

not picked correctly, the curve is translated along the time axis and 

no longer passes through the origin of the graph. If this error in 

the time, t0, is At, then 

and Z\t can be easily measured from the curve. 

The dispersion can be obtained to a higher accuracy if the 

atmospheric associated with the originating lightning flash can be 

determined by an independent method. For example, if at a given 

receiver several whistlers are received in a short period of time, 

coincident times between sferics and whistlers can be used to determine 

the time of origin at the source. In addition, at a particular 

frequency, it is possible to measure the dispersion, D, to a fair degree 

of accuracy by measuring the slope, of the frequency-time analyzed 

whistler signal. In general, "D" is a function of frequency so that 

thus 

t • f~^^D(f), 

and 

dt 
df 

Now according to Fig. ( 2.7) a minimum in the "D"-versus-f curve exists, 

so we can evaluate D(f) accurately at the stationary point, and compare 



it with D obtained by other methods. This will serve as a check. 

The necessity of knowing the time of origin of the whistler can 

be demonstrated easily by Eckersley's law. Suppose we assume an error 

in t of At, then D will be in error by 

AD - fl^2At. 

A plot of AD versus f shows for At negative the change in dispersion 

gives the same change which would be associated with heavy negative 

ions. Fig. (4.14) shows this relative increase in the dispersion at 

the lower frequencies for negative values of At. 

4.9.2 BANDWIDTH AND SCALING ERRORS 

Another source of difficulty exists which concerns the scaling 

errors. These can be estimated by 

£( tf1/2) - i1/2At + 1/2 tf"1/2Af. 

Errors in time are estimated to be on the order of At » 15 milliseconds 

at the low frequencies, and Af is primarily controlled by the bandwidth 

of the filter. For D «• 45 and a frequency of 60U cps orders of 

magnitude for the terms in the expression above are 

fL^2At - (60U)1^2(+.015)- +.3 sec1^2 

and 

. . r -1/2 . r 2.45 x 10 . 1/2 
1/2 tf Af - 1/2 x 2A~5— 800 J 
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and at 1,000 cps 

£L/2At - (1,000)1^2(+.010 - +.318 sec1/2 

and 

1/2 tf_l/2Af - 1/2 x - -27 sec1/2, 
J J. • o 

As the observable variations in dispersion caused by positive 

ions alone are larger than this, the variations in D should be 

detectable. 

An error in time measurement is caused by the response of the 

filter to the gliding whistler tone. Storey has calculated this for a 

( 2 2 )  
Gaussian filter and found that 

* , 1/2 
1 a 

for a unity signal to noise ratio. In order to obtain an estimate of 

this error for the particular whistlers chosen, a whistler was analyzed 

normally and then the tape was run through the analyzing equipment with 

the time scale reversed. Both of these \;ere carefully scaled and it 

was concluded that the error in time due to filter response at 40U cps 

- 1 was on the order of 8 x 10 sec and was negligible above 800 cps. The 

error was reduced to this value by analyzing the whistlers at 4 times 

their recorded speed. The time resolution at higher speed was still 

satisfactory for scaling. 



4.9.3 CONSISTENCY CHECK FOR TIME ERRORS 

The major difficulty encountered in scaling the whistler is the 

location of the associated atmospheric. An error in determining the 

time of origin can cause considerable variation in the shape of the D 

curve. Fortunately, a reasonable check exists which can be applied 

rather rapidly to determine if any gross error was made. If Fig. (4.14) 

is examined, it can be seen an error in the time of origin produces a 

much larger error in D at high frequencies than at low. Now, by 

examining the whistler signal to see if it exhibits any waveguide 

effects, and by knowing the location of the receiver, the approximate 

path latitude can be estimated. If the dispersion is measured for 

frequencies which are sufficiently high, the nose effects will become 

evident. Thus, by comparing the dispersion at the high frequencies 

with the "nose" dispersion which is expected for the path latitude, one 

can see if there are any large errors. If the whistler nose effect 

increases more rapidly than the latitude warrants, then the ion effects 

have been de-emphasized. If the high end increases more slowly than 

might be expected, then the increase in dispersion at the low end might 

be due to an error in scaling. Consider, however, that this type of 

error is large at the high and small at the lower frequencies. Thus, 

if the high frequency end of the dispersion curve looks reasonable, 

then a fair degree of confidence can be placed in the values of D at 

the low frequencies. 

4.9.4 VARIATIONS IN THE SHAPE OF THE DISPERSION CURVE 

As Storey used an exponential model to describe the ionization 
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maximum it might be argued that a different model would result in a 

different shape of the D-versus-f curve, and perhaps a particular model 

composed of protons and electrons exists which would give the type of 

dispersion which has been observed. To check this possibility 

calculations were made for the dispersion curve of a 45° whistler 

using two additional different model ionospheres, the gyro frequency 

model (the electron density is equal to a constant times the magnetic 

field strength) and a constant electron density model. These 

calculations were then compared with the curves which Storey calculated 

using the Dungey model (an exponential model). To compare the shapes 

of dispersion curves the following procedure was followed; 

1) For a given model, the signal delay was found for a number 
of different frequencies by numerical integration along a 
given path. It was assumed all frequencies traveled along 
the same path. 

2) The dispersion difference between 300 cps and 2,000 cps 
was then multiplied by a factor making this difference 
approxiuately the same as the difference in the Dungey 
model at these frequencies. This makes the scale of 
variation about the same for all three models. 

3) The dispersions for all three examples were then made the 
same at 2,00U cps by adding constant values of D. The 
calculations are summarized in Fig. (4.15). It is apparent 
that the wide variation in ionization models did not have 
an appreciable effect on the shape of the dispersion curve 
for a whistler. Therefore, it seems logical to assume the 
shape of the dispersion curve will be relatively independent 
of the ionization model, at least for reasonable models. 
This same conclusion was reached by Barrington in his work 
on the low frequency components of whistlers^). Now, it 
appears that the shape of the whistler „dispersion is 
dependent only on the gyro frequency, i.e., the path. This 
fact has been used for a number of years in determining 
path latitude by the nose effect(^).* 
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A Gyro frequency model, 
o Constant density model. 
• Exponential model. 47 
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F i g .  4 . 1 5  Theoretical dispersion curves for a 45° 
whistler path using different models for 
the ionization density. 
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4.10 NEGATIVE ION EFFECTS ON LOW FREQUENCY NOISE SPECTRA 

Another feature which is consistent with the postulation of a 

small percentage of negative ions at high altitudes can be established 

with the spectrum of low frequency noise received at Byrd Station^-*). 

In this analysis, we shall preclude noise of local short term character 

such as might be associated with auroral activity. 

As a source of this noise consider the frequency and number of 

storms taking place throughout the earth. It is estimated that about 

50,000 thunderstorms occur daily and there are about 100 lightning 

discharges per second^®-* . 

Assume this noise source has a flat amplitude spectrum over 

the frequency range of interest. Now, assume part of the energy from 

this highly dispersed source is propagated through the earth ionosphere 

waveguide to the receiver and part is propagated along the magnetic 

field lines in the ionosphere, re-enters the earth ionosphere waveguide 

and continues propagating to the receiver. The energy which comes out 

of the ionosphere directly above the receiver will be neglected. 

Theoretically^^and also experimentally^), it has been shown that the 

low frequency components of the sferics associated with lightning 

strokes suffer less attenuation in the waveguide than those frequencies 

close to the waveguide cutoff, which is approximately 1,500 cps. 

To illustrate the situation, let us assume a uniform noise 

source for the signals below the waveguide cutoff. Those which will 

reach the receiver through the waveguide are shown in Fig. (4.17d). 

Now, consider the portion of the energy which reaches the receiver 
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by having at least part of its propagation path in the ionosphere. 

Fig. (4.16) shows a plot of gyro frequencies for hydrogen and oxygen 

ions with an estimate of the altitudes at which the density of each is 

a sufficient fraction of the total for these to be effective in 

determining the propagation characteristics. Fig. (4.17a_, b, and c) 

show the signals which would reach the receiver from the low, middle 

and high latitude paths. The stop bands are assumed to be provided by 

the presence of negative ions. For example, in Fig. (4.17a) a low 

latitude whistler wave will propagate through a region of the ionosphere 

where it encounters gyro frequencies between 300-200 cps due to hydrogen 

and between 30-10 due to oxygen. It is assumed waves of these 

frequencies cannot be propagated. A similar explanation holds for 

Fig. (4.17b, and c). By adding the powers of the different components, 

we would get Fig. (4.17e). It is noted that a minimum occurs at 330 cps 

since all signals which travel through the ionosphere will see this gyro 

frequency. Fig. (4.18) shows the spectrum for a larger value of \. 

The minima in the received signal and the width of the minima depend 

on the types and percentages of negative ions present in the ionosphere. 

Several possible results can be obtained from this collision 

free model. As the percentage of the negative ions increases or 

decreases, the width of the minimum will increase or decrease as 

indicated by Equation (2.23). Therefore, for a negative hydrogen ion 

much smaller than 1 percent the second minimum of Fig. (4.17e) would 

become very narrow. For a low negative oxygen ion content, the first 

minimum becomes very narrow. If the negative hydrogen ion content were 
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large, then the receiver should see only the low frequency components 

which travel through the earth ionosphere waveguide. 

The predicated shape of the curve should be most obvious for 

receivers located at the higher latitudes since the convergence of the 

magnetic field lines gives a focusing effect to the signals traveling 

through the ionosphere. This will allow the receiver to pick up signals 

which originate over a much larger area than would be the case for a 

receiver at low latitudes. 

Fig. (4.19) shows some typical atmospheric noise curves 

received at Byrd Station. These are typical for a one month run in 

December, 1961. There appeared to be a consistent diurnal variation. 

The figure shown corresponds to a typical daytime spectrum; for the 

evening hours the second peak in the amplitude spectrum was not 

present. Fig. (4.19) was obtained by integrating the received signals 

over a two minute interval. 

It should be pointed out again that this picture is meant to 

be consistent only with the long term average noise. Any short 

duration, strong local noise would modify this picture considerably. 

4.i1 NEGATIVE ION EFFECTS ON EXTREMELY LOW FREQUENCY SIGNALS 

On the basis of observations of geomagnetic micropulsations 

in the frequency range .5-5 cps, Tepley(26) notecj the freqUency ratio 

typical of V.L.F. emissions (5 kc) and hydromagnetic emissions 

(.5-5 cps) is on order of the mass ratio of protons to electrons. He 

further suggested these two types of emissions might possibly be 

generated by mechanisms which are qualitatively similar. Tepley also 
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published a record of a hydromagnetic emission which exhibited a nose 

characteristic. This nose effect brings forth an interesting point. 

It wa6 shown in Chapter 2 that the R.H.C.P. wave would exhibit a "nose" 

in the frequency range below the ion gyro frequency if the medium 

contained a small percentage of heavy negatively charged particles. 

This leads to the suggestion that this nose effect might be associated 

with the propagation of the signal just as in the V.L.F. range. If 

this is true, then hydromagnetic noses are a function of the magnetic 

field which they traverse. It might then be possible to obtain some 

information concerning the location of the origin of the hydromagnetic 

signal by comparing the nose frequency with gyro frequencies at large 

distances from the earth. 



Chapter 5 

ESTIMATES OF NEGATIVE ION DENSITY AND ITS EFFECTS 

5-1 MINIMUM X. FOR MEASUREABLE EFFECTS 

In order for the negative ions to have an appreciable effect 

on the propagation of whistlers the negative ion terra of Equation (2.16) 

should be of the same order of magnitude or larger than the other terms 

of the equation. In the collision free case this is always possible 

for any nonzero \ since the denominator of the negative ion term goes 

to zero at the ion gyro frequency. 

the negative ion contribution in order to estimate the magnitude of 

this term near the ion gyro frequency. Consider the case for hydrogen 

In practice it is necessary to include the collision terra in 

and limit the discussion to low frequencies, then Equation (2.16) may 

be written as 

1/2 

IV 
uct 

1/2 

8 8  
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For the negative ions to be as effective as the electrons in controlling 

the whistler it is necessary that 

X 
V 

~ i ~ 1 

At high altitudes the collision frequency can be estimated by using the 

equations of Chapter 3. The result of this calculation shows 

V ~ 9.9 x 10~5 . 

Thus a small fraction of negative ions could have a noticeable effect 

on whistler signals near the ion gyro frequency. In order for the 

negative ions to have an effect comparable to the proton effect 

Xu> ci 5 

This gives values of X as follows 

X • 10 ^ at one earth radius where uc£ • 500 rps, and 

X • 8 x 10"^ at three earth radii where ojc^ • 57 rps , 

5.2 ESTIMATES OF X AT HIGH ALTITUDES 

A very limited amount of data concerning the degree of ioniza

tion and constituents at very high altitudes is available. Estimates 

of the number of neutrals varies from 3 x 10^ to 1.6 x 10? particles 

per cubic centimeter at 1 earth radius. At 4 earth radii the estimates 

vary from 10 to .1 particles per cubic centimeter (18) 
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To determine the percentage of negative ions which might be 

expected at high altitudes estimates of their collision cross sections 

for the production and destruction were obtained,and the number of 

negative ions at equilibrium was determined. 

5.2.1 DAYTIME ESTIMATES 

During local daylight hours it is most probable that photo 

detachment of the electron from the negative ion will be an important 

process. Negative ions would be formed by the capture of electrons 

by neutral hydrogen atoms. At low densities it is not probable that 

three body collisions will be important. Massey^^ gives cross 

sections of 10"^ cm^ for the formation and 10"^ cm^ for detachment. 

Using these values and the estimates of neutral particle density a 

rough calculation can be made as to the probable density of negative 

ions . 

If the incident radiation from the sun is high, on the order 

of 50 watt/m^ near the wave length corresponding to the binding energy 

O 
of the electron in the negative ion, the result is \ • 4 x 10 for 

the higher neutral particle density. When the lower density is used 

for the neutral particles then X « 10"^® . 

5.2.2 NIGHTTIME ESTIMATES 

If the photo detachment process is neglected then negative ion 

annihilation will be through collisions with other particles, and at 

low densities these will most likely be Coulomb collisions. Using a 

™17 o 2 
value of 10 cm2 for this cross section gives \ • 10 at one earth 



radius when the density of neutral particles is J x 10^ or X « 5. x 10"5 

if neutral particle density is 1.5 x 102/crai ; also X - 10"^ at 4 earth 

radii for neutral particle density of 10^/cm^ or X - 10"^ for neutral 

particle density of .1/cm^ . 

5.3 DISCUSSION 

The rough estimates obtained for X at great heights indicate 

if the incident solar radiation is low, that is early morning, late 

afternoon or evening hours, then X will probably be large enough for 

the negative ions to effect the low frequency components of the whist

ler. During the day the negative ion effects would be measurable if 
i 

the larger value is used for the neutral particle density. However, 

if the lower estimate is used the negative ion effect would probably 

not be measurable in whistler signals. 

It has been shown that negative hydrogen ions exist in the 

photosphere of the sun (17), and it is possible the charged particles 

in the upper ionosphere are of solar origin. It may be that some of 

the negative ion content is also of solar origin. 



Chapter 6 

CONCLUSIONS AND AREAS FOR FUTURE WORK 

In the present chapter the important results of this study shall 

be summarized and suggestions shall be made for related research problems 

and for further experiments. 

6.1 CONCLUSIONS 

In Chapter 2 it was shown that negative ions could have a very 

large effect on the propagation of whistler mode components which are 

near the ion gyro frequency. In particular negative ions produce a fre

quency range in which the whistler signal becomes evanescent. The width 

of this stop band is proportional to the density of negative ions and the 

lowest frequency of the band depends on the mass of the ion. In addition, 

whistler mode components just above the stop band have a considerably 

lower group velocity than the higher frequency components. Some attempts 

have been made to determine the proton height in the ionosphere from the 

increased dispersion exhibited by whistler signals, but relative ions can 

also produce this effect and quite possibly to a greater extent. There

fore, both sources should be considered as possible causes of the increas

ed dispersion. 

Below the ion gyro frequency the presence of negative ions can 

cause a particular frequency to have a maximum group velocity. This 

produces a nose frequency which is similar to the nose effect observed 

9 2  '  



9 3  

below the electron gyro frequency. A 3 cps nose has been observed in 

hydromagnetic emissions, and it has been suggested that this effect was 

caused by the generating mechanism. However, the present theory shows 

this effect may be a result of propagation rather than generation. 

It has been shown that regardless of the negative ion effect the 

whistler signal exhibits a frequency of minimum dispersion. Indications 

are that this frequency depends primarily on the propagation path. From 

the above the following conclusions can be drawn: 

1) There is a particular frequency, for a given path of propa

gation, at which the dispersion can be most accurately 

determined. 

2) The frequency of minimum dispersion can be used to establish 

the path location of low latitude whistlers. 

In the upper ionosphere where collisions between constituent parti

cles are rare a negative ion content of about one part per million will 

produce measureable effects on the low frequency components of whistler 

mode signals. An estimate of the negative hydrogen ion content shows 

this magnitude is not unreasonable when the incident solar radiation is 

low along part of the propagation path. The postulation of negative 

hydrogen ions at high altitudes is consistent with the following experi

mental data: 

1) Increased whistler signal dispersion near the ion gyro 

frequencies. 

2) The observed nose effect at 3 cps. 

3) Some characteristics of low frequency noise spectra observed 

at Byrd Station. 
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6.2 PROPOSED EXPERIMENTS 

There are several types of experiments involving low frequency 

electromagnetic signals which might lead to an increased knowledge of 

the upper atmospheric constituents and of some characteristics of 

whistler signals. 

6. 2 .1 NOISE MEASUREMENTS 

Information regarding the type of constitutent at a particular 

altitude in the upper ionosphere might be obtained by making noise mea

surements in a satellite. Since the whistler wave becomes evanescent 

near the ion gyro frequency there should be a minimum in the noise spec

trum corresponding to the gyro frequency at that altitude. If up-going 

and down-coming whistler mode signals could be separated and detected, 

it might be possible to obtain the densities of the constituents. A 

knowledge of the types and densities of the constituents could be of 

use in determining reaction rates for the various processes which are 

possible. 

If there is a connection between the negative ion density and 

the .minimum in the low frequency atmospheric noise spectrum, then 

ground observations of noise spectra at various latitudes would yield 

the diurnal and seasonal variations in the negative ion densities. 

6.2.2 WHISTLER AND HYDROMAGNETIC EMISSION OBSERVATIONS 

The use of satellites would be helpful in determining over what 

parts of the propagation path various characteristics of the whistler 

are formed. For example, the region of the ionosphere where the low 
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frequency cutoff takes place could be determined by observations of 

whistler signals near the initial or any subsequent point in the path. 

From these data it should be possible to determine the attenuation and 

dispersion at any point along the propagation path. Some information 

regarding the generation and attenuation of whistler signals could be 

obtained by counting the number of whistlers observed along a particu

lar path and comparing this to the number received at a ground station 

located at the end of path. 

Measurements of whistler signal amplitudes at ground sites 

might yield information on the mechanism causing the lower cutoff 

frequency. For example, if the cutoff is sharp it could be caused by 

the wave becoming evanescent or by reflection due to a rapid change in 

the refractive index. A gradual decrease in amplitude with decreasing 

frequency could be caused by attenuation due to collisional damping. 

Most of data involving whistler signal propagation has involved 

observations at the earth's surface, and necessarily the effects along 

the propagation path are integrated in the received signal. The use of 

satellites would permit observation of whistler signals at various 

points along the path and thus permit deduction of the ionospheric char

acteristics at particular altitudes. 

6.3 PROSPECTS 

This study has pointed out some related problems which could 

bear further investigation. 

Many measurements made on whistler signals involved variations 

in the dispersion curve. These variations were on the order of three 
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or four percent cf the total dispersion. The present analysis techni

ques rely heavily on human ability and judgment. It would be desirable 

to have equipment which could read the relative arrival times of the 

various frequency components to within microseconds rather than milli

seconds. It might be desirable to develop equipment which would correct, 

to a certain exte'nt for the filter response delays. Improving the anal

ysis accuracy may reveal the variations in the dispersion curve which 

are caused by the signal propagating through regions composed of differ

ent constituents. For example, whistlers travel through regions com

posed mainly of oxygen, helium, and hydrogen, and each constituent ef

fects the dispersion in different frequency ranges by varying amounts. 

Thus, measured dispersions could be compared with theoretical calcula

tions based on various layer thickness for the different constituents 

to determine which model gives the best fit. 

It has been proposed that the frequency of minimum dispersion 

could be used to determine the path location for low latitude and poss

ibly high latitude whistlers as well. This method has not been inves

tigated to any great extent, but it does appear promising. The test 

would involve a large number of observations where Lhe frequency of 

minimum dispersion is compared to the nose effect to determine if the 

two methods yield the same propagation paths. 

I 
It is possible that the location of the origin of hydromagnetic 

signals can be determined from the nose effect exhibited by some of 

these signals. The ion gyro frequency increases as the signals approach 

the earth, and if negative hydrogen ions are present in the propagation 
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path then, as far as the low frequency components are concerned, only 

those frequencies below the least gyro frequency encountered will reach 

the earth. Knowing the magnetic field the greatest altitude attained 

by the signal can be determined. 

The present study seems to indicate that the shape of the 

whistler dispersion curve at low frequencies is to a large degree inde

pendent of the ionization model. If the ionization density is a func

tion of the gyro frequency as proposed by Smith^*) then from Equation 

(2.32) we can deduce that the curve is only dependent on the path and 

on the constituents. Even when the ionization density is independent 

of the gyro frequency the shape of the dispersion curve does not under

go any large change. Therefore, it would be extremely difficult to 

determine a preferred ionization model from the shape of whistler dis

persion curves. On the other hand, calculations involving different 

constituents could be simplified since the type, altitude and total 

number of the particles seem to be the major shape determining factors. 

It might be desirable to perform computer calculations to determine the 

differences in the shapes of the dispersion curves based on different 

ionization models. If these differences are small most of the future 

calculations on dispersion curve shapes can be made using the simplest 

ionization model. 
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SITE" U5HIM/A 
DATS l / \»4\6 |  1 l \a . \6f  
TlN\e n7£0-fi6 ORSO-19 OQMI-H ORSO-4R 0950-0S 0950-91 1050-07 /0?0-5"0 //TO-70 11*0-/00 I2S0-S5 
Freq^ 

D D (cps) D D 0 D 0 0 D D D D P 

343 - — - - - — — - — — 67.2 

398 - — — - - - - - 69.5 - 66.4 

456 - - 63.96 - - • - - 67.1 66.5 65.7 65.6 

513 - - 62.54 65.5 656 54.4- •60.2 67.0 64.8 64.4 647 

570 67.53 67.13 62.31 65.0 65.4 63.6 67./ 66.6 63.9 64-3 65.0 

627 67.49 66.65 61.59 65.7 64.9 63.6 66./ - 64-4 649' 64.5 

684 67.37 66;90 61.62 65.1 64.2 63.8 65.1 65.5 62.5 64.2 64.6 

800 65,60 66.55 61.3a 63.7 64.2 62.8 65.2 — 63.3 64.7 64.6 

914- 65.07 66.60 61.01 64.1 64.1 63.1 65.1 €5.4 63.7 64,1 640 

J /40 65.97 65-97 61.42 64.2 64.2 62.5 65.1 65.7 63.1 m 647 

1370 64.67 64.76 62.27 G4<7 63.5 62.9 65.4 66.0 62.9 63.5 647 . 

1596 64.57 64.57 6K&& 63.9 63.3 626 64.6 65.8 61.9 632 63.2 
1830 64.02 64.02 61.06 63.3 63.3 63.3 648 66.8 626 63.3 64.7 
2750 65.14 6£.&5 62.85 64.7 62,7 633 647 65.2 61.7 630 65.2 

3670 65.4& 6345 63.45 64:2 63.6 64.6 65.2. 65 A 64.2 64Z 65.1 

4590 66.38 63.66 64,11 64.3 64.9 66./ 65.4 67.1 63.1 64.3 66.0 

5500 67.24 63.50 64-50 66-1 £5.4 66.3 6 6J 685 63.6 64.9 66.1 

6430 68.62 64-58 65.93 66-6 66.1 67.2 67.4 69.0 63.9 64,7 67.1 

7350 60.06 66-9 66.4 69.2 697 1 64.9 66-4 663 

/ 
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sitE STANFORD WHUAIA SANTIAGO ByRD 
OATf 

TIME 
fc\l4\ 58 5\ n \se 8\I8\58 9\£6\60 i0\l0\59 fi\2l\6l 8\lli6l 

i250-3£ 

OATf 
TIME 0U5-6I A73H» Itt5.:05 '4tt-GA l«S-«7 offlS-lls 0235-/03 JiSS-M 1135-70 O950-67A O4<0<fi7f| (M50-67C 0750-M 

8\lli6l 
i250-3£ FREQ. 

(cps) 0 D  0 D D  D  0 D  0 D 0 D D 

yjjw. i*i 

D 

U f 3 y  

D D 
' 313 - 58.4 - - - - - - - - - - - - ' - . 

375 - - - - - - - - - - - _ - — _ 87.3 
438 

" 

•• «. 
— — - - - - - - - - - - 8$.6 

500 SIS "" — - 65,a 65,9 - - - - - - - 86,6 
563 — 54.9 64.5 645 - - 64,1 65,9 65,9 - - - — — 85,1 
625 — 54.0 64.0 63,3 64,1 51,7 64,0 65,6 62 65.0 - — — 

V »' I 
85,6 

668 59.9 53.4 63.6 63.2 63.6 51.8 63,9 652 652 649 - 64.8 ' _ 84,1 
750 592 53.2 63.4 63,0 63.4 52.0 64,3 655 65.5 64.4 64.3 643 64.3 83,7 
875 

58.5 

— - — - - 63,1 63.9 - . - - - - - - 84.9 
1000 58.5 52.7 62,5 62,5 62,5 51,7 63,4 64.9 64.9 64,! 63,9 644 64,4 16.1 - 85.9 
I £50 57.8 524 62,2 62,2 62,5 51.3 63,3 64,4 65,5 641 644 63.6 63.8 - -

1500 574 52.0 61,6 61.2 61.9 50,£ 62,8 64,9 65,2 64,3 63,4 63,4 64,0 16.1 16,4 -

1750 56.8 50,4 61,3 61,3 61,3 50,4 62,0 63,3 64.6 63.5 63.9 63.9 63.9 - -

2000 56.6 51.0 61,4 61,0 61.3 50,1 62,8 63,5 64.9 63.8 64,2 64.2 64.2 16.2 16,2 -

3000 57.5 51.9 61,7 61,2 61,5 49.9 63.4 64.2 65.1 64.6 644 - 16,0 16,1 
4000 53.0 53.1 61,5 60,9 60.9 50,2 63,5 63,8 64.8 644. 64,8 - - 16.1 16,1 — 

5000 56.3 53,9 62.0 61,3 61.6 - 64,4 64,4 65.5 65.5 64,8 - - 16,0 (6,3 — 

6000 584 55,0 61.9 61,4 61,5 52,0 64,6 64,6 65.3 65,0 64,6 — — 16,1 16,4 
7000 54.2. 62,2 61.7 62,0 52,7 64,6 65,1 66,| 65,9 671 - — 

16,1 
16,3 

8000 *"* 62,7 62,7 62,7 54,6 65,4 66,3 663 66,8 - - ~ _ 15.8 
10000 — - - - - 55,4 - - - - — — — 

15.8 
mm 

12000 — - - - - 56,6 - - - — - - - — _ 

14000 - - — - 57,0 - - - - — — - — — 

16000 — - - - • - 574 - - - - - - - - - -
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SOME PROPERTIES OF THE LOWER IONOSPHERE 
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Altitun 

CKtA) 

£le c. Den* 

(fee) 
/y>e 

(cp 53 
Fpi 
(CPS) 

Fee 
(CPS) 

fc; 
(CpS) 

U»n v 
(/sec) (/sec) 

jSe/ 
(/sec) 

60 2.6 * 1.2 2 2.2 ' 5.1 7 1.9 6 

70 1.0 2 9.0* 3.8 2 1.0 7 4.8 5 

80 1.0 a 2.8 5 L2 3 5.3 6 90 4 

90 /.0 4 9.0 5 3.8 3 5.0 s 1.2 * 
100 1.0 5 2.9 6 1.2. * ao4  I.& 3 

11 O I.I 5 3.0® 1.3 4 2.0 * &4a  

1 2.0 1.2 5 3.2 6 1.4 4 9.0 3 11 2 2.5 2 

130 1.3 5 3.3 6 /. 4 *" 6.0 3 52 ' 3.0 * 
/ 4-0 1.4s 3.4 6 /.5 * 1 5.0 3 a o '  3.1 * 
150 1.5 s 3.6 6 1.5 * 33 3 1.9 ' a i a  

160 1.8 5 4.0 6 1.7 * 2J0 3 1.4 1 ao2  

170 2.1 5 4.2° /. 8* f.03  
1.0 ' 2.9 £ 

/go 2.3 5 4.3 6 Z.84- 60* &l ° £4* 
190 2 A5 4.5 6 1.9 4 4J0 2 65° 2.1 i 

200 3.0 5 so6  2.0 4 2.2 1 30 £ 5.3° ao3. 

220 4.2 5 5.6® 3.2 * 4.0 ' UO* 3.6 ° 3.3 i 

240 5.6 5 6.6 6 3.8 * I.!6 40' as ° 3.8 2 

260 7.0 5 7.3 6 4.2 4 / .o£  215 ' 1.6° 4v5* 
280 8.7 5 8.3 6 4>84 /.3 ° 

5.4-z 

300 1.0 6 9.0 e 5.E* 0.9° 6.4 2 

320 9.6 5 8.9 6 5.1 4" 6.6 2 

340 9.6 5 a76  5.0 * 6.6 * 
360 9.3 5 &56  4.9 4 6.42  

380 &36  4.7 * I.O6 3.5'  , 6 0 2  

^Superscript indicates powers of ten. 
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Appendix C 

PHASE CONSTANT OF THE WHISTLER MODE AT LOW ALTITUDE 

In order to estimate the phase constant of the whistler signal 

at low altitudes the effects of collisions must be included. The equa

tion appropriate to this calculation is (2.16) modified to include the 

collision term 

kR " I U 
u, (1 + \)w 

EL 
u2(l — • <UJcel ) io2(l - iv+j 

U) U (J u 

Xw 
^  1 / 2  

Pi 

w2(l - IV 
(i) 

l">cil) 
u 

Now in the altitude range 60'to 80 K.M. the following approximations are 

valid 

ven » uce > v+n » wci> and v-n » wci > 

•2 2 
and since Upe » the following simplification results, 

u 
R 

,2 1/2 
iu 

1 . JZE® 
uve 

u. 
If > 1 then the phase constant becomes 

u)Ve 

C-l 



C-2 

U)1^2upe 
a - —•—*— 

2l/2cVel/2 , 

and the group velocity is given by 

3/2 1/2 1/2 
du ~ 2 cVe u 
d« wpe 

If we consider only the effects of electrons and neglect 

collisions then the phase constant is 

,1/2, id <dpe 
° " c U_l/S . 

ce 

The group velocity for this case is given by 

1 /2  1 / 2  
do> _ 2 c wce w 
dQ u . 

pe 

Comparing the results above with the case which includes collisions 

shows that group velocity tends to be smaller in the collision free 

wpe 
case since Ve > • Unfortunately the condition that -f— > 1 

c ce Veu> 

restricts the frequency over which this analysis is valid. When 

2 2 
wpe w

Pe 
°  <  1  a  n d  — —  <  1  .  
veu) ' 

then both cases have about the same group and phase velocities. 

The phase constants which include the effects of collisions 

are shown in Fig. C.l for the 90 to 160 K.M. altitude range. These 



C-3 

160 KM 
120 

90 

T> 

r p s )  OJ 

Fig. C.l Phase constants in the lower ionosphere. 
Effects of collisions are included. 



C-4 

constants include the effects of positive and negative ions. If the 

ion effects and collisions are neglected the curves of Fig. C.2 result. 

It can be seen that the two figures are very nearly the same; therefore, 

no large difference in group velocity is expected. 

It appears that the ions in the lower ionosphere will have 

little effect on the whistler dispersion. 
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Fig. C.2 Phase constants in the lower ionosphere. 
Collision free case. 
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THE EARTH'S MAGNETIC FIELD LINES 
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FREQUENCY OF MINIMUM DISPERSION IN WHISTLER SIGNALS 

Small values of X will not effect the frequency at which the 

dispersion will be a minimum, therefore, the effects of negative ions 

are neglected in the following calculation. 

To calculate the frequency at which the group refractive index 

will be a minimum, solve for the frequency where the electron gyro 

correction to the group refractive index is equal to the correction due 

to the ion effect. These two correction factors can be obtained from 

Equations (2.16) and (2.32) and are given by 

6e i ec - 1 + JS- + * * * . (E. 1) 
eiec* 1840 wci ' 

U) . 
l + 2—£1. i + i-JJ-

and 
ion " (l +tsl)i/2 ' 

(E*2) 
u 

From the above, the frequency exhibiting a minimum p.' is 

f 13 25 fcl, (E.3) 

where f ^ is now considered as the average ion gyro frequency over the 

path. 

In order to obtain an estimate of the average gyro frequency 

assume that it is equal to the gyro frequency at the top of path. Since 



. - E-2 

the whistler travels along the magnetic lines, for any given latitude 

the distance to the top of the path can be obtained from 

r° (E.4) 
*) 

cos 0O 

where rQ is the radius of the earth, 8a is the latitude of the path, 

and r is the distance to the top of the path. Once r is determined 

the magnetic field can be obtained from the equation given in (3.3). 

Since the distances and gyro frequencies are related by 

3 f 
ro ci ave 

(E.5) 
r3 fciQ 

we can combine Equations (E.3), (E.4) and (E.5) to obtain 

fmin. " 25 x fcio cos60o (E.6) 

In Equation (E.6) fcio is the gyro frequency at the latitude 0O on the 

surface of the earth, and fmin is the frequency where hence, 

the dispersion will be a minimum. Equation (E.6) is plotted in Fig. 

(E.l). 
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Fig. E.l Frequency of minimum dispersion for whistler signals as 
a function of path latitude. 
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SOME CONSTITUENTS OF THE UPPER IONOSPHERE 
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Log Ion Density/cm3 
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1000" 
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Log Neutral Particle Density/cm3 

Ftg. F.l Taken from W. B. Hanson, J.G.R., Jan. 1962. 
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DERIVATION OF EQUATION (2.12) 

In Chapter 3 the current density due to a circularly polarized 

wave traveling in a medium composed of electrons, positive ions, and 

negative ions was given by 

7 . .  ,  +  !  > +  i  
/ 0% a) + u)ce io-+ w + wc£_ 

This term when combined with Maxwell's equations 

V x E - - (G.1) 

^ x H " ̂  + j (G.2) 

will allow determination of the wave number. If (G.l) is operated on 

( V x ) we can obtain 

( V * E > v "  V 2E - -  M o (  +  j )  ^ (G.3)  

The term ( ̂7 • E) will be zero, since we are considering propagation 

parallel to the magnetic field all particle motion is transverse to 

the direction of propagation and there will be" no variations in charge 

density along the path. If all wave quantities vary as " ̂ z) 

then 

G-l 



G-2 

k2 E - - i u Mq(1 u €q E + j) . (G.4) 

When (2.11) is substituted into (G.4), the result is 

k2E - td^oGoE I.-4-R* 
(1 + X)N 2 

w€oL n>e(w + wce) M1+ (w + u>ci+) 

XN£ 

- (u) .+ wC£_) 
(0.5) 

Now since the square of the plasma frequency for a given type of 

N 2 
particle is given by the ratio of —to the appropriate mass (G.5) 

can be reduced to 

i u> k « — 1 - wPe( 1 )- (1 + l ^ ^pi^ 1 u>: 

0) w + w ce w tii + wc£+ u w + uci_ 

1/2 

When the sign associated with the gyro frequency is expressed explicit

ly Equation (2.12) will result. 
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