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ABSTRACT

Iet f be a real finite-valued function defined on the

w(b/e)
SP. S
interval [a,b]; and for c¢>0 let > f= .2 f(nc),
c n=1+w(a/c)

where w 18 the greatest integer function. The uniform integral

‘b
of £ on [a,b], denoted by (U)JL f, 1is given by the limit

b

_
m o _?a £, provided this 1limit exists.

Tﬁe purpose of this paper is to lnvestigate the relation-
ships between the uniform integral and the Riemann and Lebesgue
integrals, It is easily shown that the uniform integral is a
proper extension of the Riemann intégral and furthemore that
there are functions which are uniformly but not Lebesgue (resp.,
Lsbesgue but not uniformly) integrarle.

Using successively more complicated arguments it is
proved that the uniform and Lebesgue integrals are compatible on
the following classes of functions:

1) functiéns equal almost everywhere to Riemann integrable
functionsg

2) bounded functions

3) all functions if [a,b] does not contain the origin
and if Oe [a,b] all functions whose oscillation at 0 1is

finite.
iv



The argument in the proof of compatibility for bounded
functions hinges on a (privately communicated) result of
Jo Ge van der Corput, namely: If G is an open subset of [a,b],
m(G) 1is the Lebesgue measure of G, and u(Gjc) the number of
integral multiples of the positive number c¢ contained in G, '
then for every €>0 there is a 5>0 such that if O<c<b
then fol ctp (Gjet)at < (1+e)m(G), where the integral is taken
in the lebesgue sense. The compatibility proof for unbounded
functions depends on a generalization of van der Corput's lemma
to a countable number of open sets. Another consequence of
van der Corput's lemma is the fact that for any measurable subset
A of [a,b], Lim, o ]ol ct u (Ajct)dt exists and equals m(A).

Lastly, the n-dimensional uniform integral is defined and
the corresponding compatibility problem for bounded n-place

functions is settled affirmatively.
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1. INTRODUCTION

In defining an integral it may be desirable for the sake of
simplicity to use a regular or uniform partition of the domain of
integration. In the case of the Riemann integral, for example,

W. F. Osgood [7, p. 118], and more recently, A. Sklar [11], have
considered a definition which employs a sequence of partitions Ph
of the interval [a,b] in which Pn consists of the points of the
form k/2°, wﬁere k 1s an intéger such that a < k/2% < b,
together with the end points a and b . Furthermore, Sklar

hes shown that if the upper and lower Riemann sums for each P
are defined in the usual way, then the upper and lower integrals,

and hence the Riemann integral itself, can be defined sequentially.

Motivated by this characterization of the Riemann integral,
Sklar has recently constructed a new integral, galled the uniform
integral. It is defined as follows: Let f be a real finite-
valued (but possibly unbounded) function defined on the interval

(a,b]; and, for ¢ > 0 1let

b w (3/ c)
:33 f = :Z f(nc),
c n=1+w(a/c)

vhere w 18 the greatest integer function. The uniform integral

b
of f on [a,b], denoted by (U)jr f is given by the limit,
a



b
(u')f;funmc__>0 c 3,1,

provided the latter exists. Similarly, the upper and lower uniform
integrals are given by

b

'fE v§b fb <
(v) . f = 1im sup,_.o © E,a £ and (U) ] £ =1lim 1nfc->0 c é,a f,

respectively. It is clear thet the uniform integral is a linear
operator on the class of a8ll uniformly integrable functions on

[a,b].

The purpose of this dissertation is to study the relationshib
of the uniform integral to the Riemann integral and the Lebesgue
integral. It will be shown that for bounded functions the uniform
integral is an extension of the Riemann integral and is compatible
with the Lebesgue integral, in the sense that if £ is both uni-
formly and Lebesgue integrable on [a,b] then (U) jrbf = (L) erf.
The proof of the first of these facts 1s simple andédirect. T;e
proof of compatibility, however, lies much deeper and depends

cruciaily on a result of J. G. van der Corput.l

1. Privately communicated.



The body of this thesis begins with Section 3 which
conslsts of various examples including those that distingulsh
the uniform integrel from the Riemann and Lebesgue integrals.
In Section 4 it is shown that the uniform integral is an exten-
sion of the Riemann integral. In Section 5 the uniform and
Iebesgue.integrals are shown to be campatible for functions

that are equal almost everywhere to Riemann integrable functions.

Section 6 deals’with the general compatibility proof
for the uniform and Lebesgue integrals for boundéd functions.
The argument here hinges on the following lemma of van der Corput:
If G 16 an open subset of [a,b], m(G) is the Lebesgue measure
of G, and p(G;c) the number of integral multiples of the
positive number ¢ contained in G, then for every e > 0

there is a 6 > 0 such that 1f O <c < 8§ then

jCl ctu(Gzet)dt < (1 + €)m(G), where the integral is taken in
the Lebesgue sense. The compatibility of the uniform and

Lebesgue integrals follows readily from this lemma. Another
consequence of van der Corput's lemma, interesting in its own

right, is the fact that for any measurable subset A of

"1
+ \/ ctu(Ajct)dt exists and equals m(A).
0

[a,b], Lim



Section 8 is devoted to the compatibility problem for
unbounded functions. With the aid of a generalization of van der
Corput's lemma to a countable number of open sets it 1s shown that the
uniform and Lebesgue integrals are compatible on any intervel [a,b]
that does not contain the origin and if O€[a,b], for all functions
whose oscillation at O 1is finite. Whether this last restriction

can be removed is still an open question.

In Section 9 the n-dimensional uniform integral is defined
and the corresponding compatibility problem for bounded n-place
functions is settled in the affirmative. This extension to
n-dimensions is straightforward since the results of Section 6

are readily generalized.

To aveld interrupting the continuity of the main
afgument, certain results that can be obtained routinely as
well as several digressions are treated in three appendices

which appear at the end.



2., SYMBOLS AND ABBREVIATIONS

Symbols
I: the set of integers

w(x): the greatest integer in x

b g$b/c)
> JE= 2 f(nc), where f is a real finite-valued
¢ n=1+i(a/c)

function defined on [a,b] and ¢>0.

m(A): the Lebesgue measure of the linear set A

mn(A): the Lebesgue measure of the n-dimensional set A .

m (A): the outer Lebesgue measure of the linear set A

m, (A): the inner Lebesgue measure of the linear set A

X A the characteristic function of the set A

ub(A) or wu(Ajc): the number of integral multiples of the
positive number ¢ contained in the bounded linear

set' A

Abbreviations
R - integrable for Riemann integrable.
L -« integrable for finitely Lebesgue integrable.

U - integrable for finitely uniformly integrable.



3. EXAMPLES

The following examples show that neither of the uniform or
Lebesgue integrals is an extension of the other and that the
class of functions which are both uniformly and Lebesgue integrable

is not the class of Riemann integrable functions.

1. Let f be an arbitrary function defined on the half-open

interval (0,b]. Let g be the function defined by

£(x), 0<x<b,
g(x) = O) X = 0,
~£(-x) -b<x <o,

b
Then b g is equal to c g(b) when b/c 1s an integer and

0 otherwise. Consequently (U) Jf g exists and is equal to
zero. Thus any odd function 1is U-integrable on any interval
symmetric about the origin. It follows that there exist functions

which are U—integfable but neither L-integrable nor R-integrable.

2. Example 1 depends on the peculiar relationship that
exists between the uniform integral and the number O and is due
to the fact that the integral multiples of any non-zero number are

symmetric about 0. It is desirasble to have an example free from

6



this "defect.” Let [a,b] be a given interval. By changing addi-
tion to multiplication in Vitali's proof of the existence of a
non-measurable set, it can be shown (see Appendix II) that there
exists a non-measurable subset H of [a,b) such that if x and Y
are in H and x # y, then x/y 1is irrational. Let %; be the
characteristic function of H. Then for any ¢ > 0 at most one
integral multiple of ¢ can belong tob H. Thus g. a Xﬂ

is either O or 1; and hence (U) _/; X exists and is equal to O.
The function Xy is U-integrable but not L-integrable. This

same result can also be obtained by using a non-measurable Hamel

basis instead of the set H (Appendix II).

3. Let XR be the characteristic function of the rationals in -
b
[a,b] . Then Xp 18 L~ integrable. However, Ea Xg= w(b/c)-w(a/c)
¢

when ¢ 1is rational and O otherwise; and since
lim __ c[w(b/c) - w(a/c)] = bea,

- N
it follows that (U) /; X = b-a while (V) L Xg = 0,

whence XR is not U-integrable. Thus there exist functions
!

vwhich are L-integrable but not U-integrable.



L, Let f be the function defined on [0,2] by

1, 0<x=<1 and x rational,

0, 0<x<1 and x {irrational,
£(x) =

0, l<x<2 and x rationsl,

1, 1< x<2 and x irrational.

Clearly, f 1is L- integrable, and the argument given in Example 3
shows that f 1s U-integrable, with (U) f f=1.

Thus there exist functions which are both U-integrable and
L-integrable But not R-integrable. Granting the result of the

next section, i.e., that the uniform integral is an extension of the
Riemann integral, this example shows that the cless of R-integrable
functions is a proper subset of the class of functions which are

both U-integrable and L-integrable.



L. COMPARISON WITH THE RIEMANN INTEGRAL

The purpose of this section is to consider the relationship

between the unifoxm and the Riemann integral.

Lemma 4.1: If f 1is bounded on [&,b] then
b b b R

(1) (R)/; r< (U)Arf (U)L ff(R)f £
- - a

Proof: Let k(c) = w(b/c) - w(a/c),

A = {f(x)|x e [c(w(a/c) +n-1), c(w(a/c) +n)] N [a,b]},

M =swA end m =infA, n=1,2 k(c)e.

Then m = fle(w(a/e) + n)] = M n=1, 2, -, k(e),
and hence,

k(c) b k(e)
(2) c?h._.l mnj [o} ?aff CSn___l Mno

ﬁbw, each summation in (2) differs from the corresponding (lower
or upper) Riemann sum by at most a term which is o(1) - namely
the contribution from the interval [ cw(b/c),b] . Thus taking the

lim inf of the first and second terms and the 1lim sup of the

9



10

second and third yields to desired chain of inequalities (1).

Strict inequality can hold in all three places in (1).
To see this replace "1 < x=< 2" by "1 <x< 3" in Example L.

Then
Prew [ Prew [
0= ® J, <@ r=1<2=@ ) r<® ) £=3
As a direct consequence of Lemma 4.1, we have
Theorem 4.1: If f 1s Riemann integrable on [a,b] then f
is uniformly integrable cn [a,b] and the two integrals have the

same value.

Thus the uniform integral is an extension of the Riemann

integral.

Corollary 4.1: If f is uniformly integrable on (a,b]




11

Corollary 4.2: If f is bounded and both uniformly and

Lebesgue integrable, then

b b b b
(1) I(U)fa f-(L)f&1 flf(R)/; f-(R)faL £ .

b
Proof: The inequality (3) remains valid when (U) JC f

b
is replaced by (L) JQ f . From this the desired result follows

by subtraction.

Note that the inequality (4) yields a bound for the difference

of the uniform and Lebesgue integrals of f.



5. THE RESTRICTED COMPATIBILITY PROBLEM

In this section we show that the uniform and Lebesgue
integrals are campatible on the class of functions which are equal
almost everywhere to Riemann integrable fimctions. We begin with a

simple lemma which we state without proof.

Lemma 5.1: If A is a linear set, c a real number, and

Ac s {cxlx €A} then m*(Ac) = |cl m*(A).

Lemma 5.2: If A 1is a set of Lebesgue measure zero, then
there exists & real number t # O such that for all non-zero

rational numbers r, rt £ A,

Proof: Enumerate the rational numbers in a sequence {ri}.

For each integer 1, let A, = {rixl X € A}. By Lemma 5.1

i
m*(Ai) = lri‘ m*(A ) = C. Consequently,

o

w (U ¥ (4) =
O<m (i=1Ai)5i§lm (4;) = 0

and since r,t € A1 implies t € ﬁ’ it follows that any non-zero

1 G,

number t in the complement of 1=1 M has the desired property.

12
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Lemma 5.3: If A 1is a set of the first category then there
exists a real number t # O such that for all non-zero rational

numbers r, rt £ A.

Proof: If A 1is of the first category then so are the

sets A, 1 =1, 2, *++, defined above and 1L=)1 Ay . Since the

i)
J

real line is of second category, the complement of 35;_'1 Ai

is non-empty. Any non-zero number t 1in this complement has the

desired property.

Theorem 5.1: If f is uniformly integrable on [a,b] and

equal almost everywhere t0 a Riemann integrable function g, then

b b b
W o=/ t=m/ e
b

Proof: Let h = f-g, S(c) = Cga h. and A ={xfh(x) # 0}.
Then mA = O and there exists a number t # O satisfying the |
conditions of Lemma 5.2. For this t and for all positive integers
n, we have S(ltl/n) = 0 unless a <0 <b, in which case
s(lt fn) = (Itl/n) n(0). 1In either case, EL IO s(itl/n) = o.
Since h, being the difference of two U-integrable functions, is

b
U-integrable, this implies that (U) _/; h =0 and

b

) b
=0l e=m ] e
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Lastly,

w [t - Le=w[ e

and the theorem is proved.

Theorem 5.2: If f end g are both uniformly integrable

on [a,b] and differ only on a set of the first category then

o[ [ e.

Proof: This follows from Lemma 5.3 in the same way that

Theorem 5.1 follows from Lemma 5.2.

Corollary 5.1: If f 4is uniformly integrable on [a,b]

and equal to a Riemann integrable function € except on a set of

b b
the first category then (U) jg £ = (R) J; ge



6. THE GENERAL COMPATIBILITY PROBLEM -

In this section we show that the Lebesgue and uniform
integrals are compatible for bounded functions. We begin with
several lemmas among which the crucial one is Lemma 6.5 which is due

to van der Corput.

For any bounded set H and c >0, let u(H:e) or u (H) be

the number of integral multiples of ¢ in H. It is evident that

My is an integral-valued (finite) measure on the class of all
&
subsets of any bounded set and that p.c(H)=.;éa Xp for any

subset H of (a,b].

Lemma 6.1: If G 1s an open set contained in [a,b] . then

lim inf_ o C|ﬁ§G) > mG, vhere mG 1is the Lebesgue measure of G.

o

Proof: We have G = i=1(ai’ bi) where the intervals are

pairwise disjoint. OSince
o ((ag, ;) = w(by/e) = w(a;/c) = x(b,/c),

where I 1is the set of integers, we‘have

15
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lim°_>° cuo((ai, bi)) =b, -a, 1=1,2,°°, .

Therefore, for every n
n . Lnj
> -
i;l(bi - ai) = lim cuc( =< bi)) < Lim inf cu.c(G),

and hence umG < lim inf _ 4 # (G).

Corollary 6.1: If {Gh} is a sequence o£ open sets contained
-

tn (0] , then Mminf , 3 e (6)> 3 mo_ .

n=1 n=l
k k
Proof: For any integer k, 2 mG _<_§ 1im inf cit (G)
n=1 n=l =0 c n
'S -
S >
S Unminf o 2o hy(G,) < 1im dnf 2 1o (G,) 5 and letting

k —=> ® yields the result.

Lemma 6.2: If H is any one of the four intervals with
endpoints Gy where a < @< §p < b, then the Riemann integrals
Alot p (Hjct)dt and _/olct(w(B/ct) - w(a/ct))dt exist.

The integrals are equal whenever &,f # 0 . Moreover u(Hjct)

1s a non-negative, measurable function of t .
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Proof: As a function of t if B #0, then w(B/ct) is
& step-function with discontinuities only at a sequence of points
{t }, vhere Btn‘ > ltn+l | and Um .t =0 (e.g., for B >0,
w(B/ct) 1is left continuous and t, = B/cn, where n > 0). Now
although w(B/ct) is unbounded in (0,1 ], ctw(B/ct) 1s bounded
there, end is continuous whenever w(P/ct) 1is, i.e., almost every-
where. It follows that ctw(B/ct) 1s Riemann integrable, Similarly,
the functions ctw(@/ct) and ctu(H;ct) are Riemann integrable.
Thus all the integrals in question exist. Their equality when &, B:# 0
follows from the fact that in this case W(H;ct) and
pu(Hsot) and p((w,Bl3ct) = w(B/ct) - w(e/ct) are equal almost
everywhere (for example, u([€,b]jct) = u((e,Blzct) = XI(“/C'O),
etc.). The measurability of p(H;ct) follows from that of

ct u(H;ct) and that of 1/ct.

Lemma 6.3: If a<e@<f<b then

1 1
JL et u ((e,p);ct)dt JL ct 1 ((=p, -@);ct)dte.

i

M: U((q,g)SCt) “(('ﬁ) ‘u);Ct)O

Lemma 6.4: If H is an interval with endpoints @, B

1l
contained in [a.b], then fo ot  (Hget)dt < P - a + ce
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Proof: Since w(f/ct) < B/et and efct - 1 < w(e/ct),
- rl 1 -
we have /; j; ct[w(B/et)-

. 1
- w(c/et) + xI(ﬂ/ct) Jat </; (B~ a+2ct)at = B

1
et u (Hjet)dt < /o ct 1 ([e,Blsct)dt

Q + Co

Lamma 6e5 (van der Corput): If G is an open set
contained in the interval [a, b], then for every € > O, there
exists & 6 >0 such that if 0 <c <6, then the Iebeégue

1
integral /o ct p (Gget)dt < (1 + €)mG.

Proof: It suffices to prove the lemma for a > O.
For if b <0, the result follows from Lemma 6.3; and if
a <0 <b, we partition the interval [a,b] into [a,0){ [O,b]

and use the additivity of the measures ", and me

The set G, being open, may be represented in the fom

¢ Y

i=1
component intervals of G. Now u(Gyet) =E u((ai, bi);ct).
1=1
by the countable additivity of u. By Lemma 6.2 u((ai, bi);ct)

(a,, b,), where the (a,, b,), i =1, 2, **+, are the
10 V3 19 Py wt?

is a non-negative, measurable function of t for every 1 .
Hence p(Gjct) is a non-negative, measurable i‘unction of t3
and since G<[a,b], ct u(Gsect) is a bounded, non-negative,
measurable function. Thus the Lebesgue integral

‘1
J(e) = ~/o ctyu (Gjet)dt

exists.
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Now let € >0 be given, and set o= —s{-:g = GN[0,0]

and
1
Jl(c) =_/; ctq.:.(Plgct)dt.
Then by Lemma 6.k, we have
1

(1) J, (e) 5,/(; ct u([0,0);ct)dt < o + c.

Next, since i__i (b ai) converges, there is an a >0
such that the intervals of G of length less than a form a set

1

of measure less than gy ¢ n?(G). Let (4, By)=(a,, bi)ﬂ(c, b)s
Let P, (resp., P3) be the union of all intervals (Ai’ B,) for

which B, - A, > a (resp., O < B

i

1
‘Ji(c) = ~/o ctp (Pi;ct)dt, i=2, 3

Then
J(c») = Jl(c) + Jé(c) + J3(c).

Furthermore, the number of intervals in P, is less than b/a

2
and M(PB) <m € m (G)o
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Ir (A,

B:i) is an interval belonging to P,, we have
/‘1
o ctu ((A,B,)sct)dt < By = Ay +e.
Summing over the intervals in P2 we obtain
j'l ‘ S /'1
(?) Jple) = J, ctu (U(A;,B,)5et)dt = 2/ ctu((A;,B, )sct)dt
b cb
< S (Bi-Ai) +-a c £mG +—&-o

It remains to estimate J3(c) for ¢ smalle To this end

let (A,B) be an interval belonging to P3 and let c <]]i € wh.

Then, since A 3% emG, we have w(A/c) > 1.

r
For r >0, w(r/te) =k if and only if m<tf§;.

Thus w(A/c) = N 1is equivalent to ET%'I) <1< -&&ﬁ .

Consequently, upon setting w(4/c) = N, we obtain

Cj A A |- O B B)
©,1) <oy [STERT » &K < ke | TOEA) oK/ ¢

Next,

jo ctu ((A,B)gct)dt = /o ct(w(B/ct) - w(A/ct))dt
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A
< > f ct (w(B/ct) - w(A/ct)dt
k=N A
c(k+L)
. 3 -
c e = )
= S f ctw(B/ct)dt - / ctw(A/ct)dt =>, ctw(B/ct)dt
=N A A ksl A
c(k+) c(k+1) c(kH)
® i\k_ . _BF w _/}E
tooe - e " C
- S j otw(A/ct)dt < }_, _/ ctw(B/ct)dt -2 j ctw(A/ct)dt
k=N A k=N B k=N A
c(k+) ¢ (k+L) c(k+
' - ' 2 2
= Foekat -3 [ 7 ckap =B AT S 2k,
k=N / B k=N J A 2 oy EUCH)?
c(k+L) c(k+) |
< B2 - A2 :2 2k +2 B2 - A2 N 1 - B2 - A2

2 2L mascn— <4 T ()
c oy KUeHI) o o k(kHT) cN

Therefore
1 2 2 2 2,2
B - A° B°-A°, A N+l _B°-A
Jy ot (msonias s b~ Egh . oy MRl By

since A/c(N +1) <1 and (N +1)/N<2., But (8% - A%)/A = (B-A) (B+A)/A
< 2b(B-A)}/emG since A > emG/L and A <B <b, Hence,

1
~/o ctu ((A,B)sct)dt < (B-A)l6b/emG,



Now summing over the intervals in P3 and applying

Iebesgue's convergence theorem, we have

1
Iy(e) = /o ct u(U(AJ,BJ);ct)dt

1 ' ‘1
=.fo et D ( p((A ,B Jgot))dt = > jo ct u((a ,BJ);ct)dt

(B,~A, )16b
16b €“m“ (G
< }‘ r.m < —Elé_z ').ImG‘

Combining (1), (2) and (3) yields

J(e) < (lli"' emG + ¢) + (mG + cb/c) +% emG < (1 + €¢)mG

£ =% enG min (3, 7—ry)
orc<6-§em min (-é-,mo

Lemma 6.6 If G is an open set contained in [a,b], then

1im Mc-ro e (Gze) < me

Proof: Suppose the contrary. Then there exist 8,e >0

such that for 0 <c¢ <58, cp (Gjc) > (1+€)mG., Hence
'1 "1
jo ct u (Gyet)dt > /o (14¢)mG dt = (1+¢)mCG, But this contradicts
the preceding lemma,
Combining Lemma 6.1 and Lemma 6.6, we obtain

Lemma 6.7. If G is an open set contained in [a,b], then
|

lim inf _ cu (Gse) = m(G).

Theorem 6.1: If f£f is a bounded function defined on the

22

interval [a,b] and if f is both uniformly and Lebesgue integrable,

then (U)f f = (L)/



23
Proof: let M =sup_ lf(g)l. By Lusin's theorem, for
every &>0, there exists a function h which is continuoué on
(a,b) and an open subset G of [a,b] such that {x|x e[a,blf(x)#h(x)}
€0, m(G) < &/M and sup |h(x)| <M. Let s =f-h. Then s is
uniformly and Lebesgue integrable, s(x) =0 on [a,b]-G and

< 2Mm(G) < 6/2. Now let

b
supx[s(x)’ < 2M, Furthermore ,(L)j; 8

A=Gu{a,b} .and let r = 2MX,. Then we have

b b b _b
[o}jaslfq}:alsl <ec Ear=2MG,;\;axA>.
c

c c (o]

Now,

~Qb E'b
1im infc-oo 2M c_;ngA> = 2M lim infc-—)o c < aXG

= 2M 1lim inf cu (G) = 2M m(G) < ¢/2.
[}

N Cep0
(U)ja 8
,(U) f: £ - (L)/;bbf‘ = ’(u)f&b £ - (U)/:h + (L)j;b h - (L)/:fl
% - ]+ o - a7
R b
But (U)/a h = (L)ja h, since h is continuous. Thus  _

’(U)j;br - (L)L bf‘ < ‘(U) /;br - (V) /:h (L) fa bh - (L)/:f

) men] = |0 %] + |/

Hence < ¢/2. Consequently for every ¢>0 we have

< +

+

= [(U)Lb(f-h) + + < e,

Thus the theorem is proved and the uniform and Lebesgue integrals

are compatible on the class of bounded functions.



7« ADDITIONAL RESULTS

lemma 7.,1: If G is an open subset of the interval

{a,b], then p,c(G) is a measurable function of ¢ and lim  J (c)
r1
= lim ‘L ct u (Cjet)dt exists and is equal to m(G).
Proof: The measurability of Ky (G) follows from the

argument used in Lemma 6.5, And from the conclusion of Lamma 6.5

we have that lim sup, o d(e) <m(G).

From Lemma 6.1 it follows that for every ¢>0, there exists
a &> such that if 0 <c <6 then cu(Gjc) > m(G) - e« Thus,

1 1
for 0<c <6, Jd(c) =/; ctpu(G;et)dt >fo (m(G)=e)dt = m(G)~e.
Hence, lim inf J(c) >m(G) and the lemma is proved.
(Note: The inequality 1im infc__)OJ (¢)>m(G) may also be

obtained directly from Lemma 6.5 and a slightly modified form of
Fatou's lemma. See Appendix III)
Lemma 7.2: If F 1is a closed subset of [a,b], then
1

uc(F) is a measurable function of ¢ and lim o ctu(F;ct)dt

c—0
exists and is equal to m(F).
Proof: We have F = [a,b] - G, where G is an open

subset of [a,b]. Hence p,c(F) = p.c([a,b]) - u.c(G) is the

difference of two measurable functions and thus measurable.

2l
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Next, using Lemma 6.2

1
limc—ao'fo ct p(Fjct)dt

1 1 ‘
=lim_ _ [j; ct u([a,bljet)dt - jo p.(G;ct)d‘t]

1 Jfl
=lim, o fo ct u((a,b);ct)dt - Lim,_ o Jo ct uw(Gset)dt
= (bea) - m(G) = m(F).
lemma 7.3: If H is a set of measure zero then uc(H)
is a measurable function of ¢ and u-c(H) =1 or O for almost
all ¢ in (0,1] depending on whether or mnot O ¢ H.

Proof: Let H =H - {0}; let S = {c[uc(Ho) > 0, O<c}
and for all integers n, let Vn= {c‘nc sHo, 0 <c}s Clearly,

U V, =S. Furthermore V =¢, and for n$ 0 we have

NS oo

Vng (l/n)Ho-- {x/n}x ¢ Ho}; hence, m*(Vn) < ll/n‘m*(Ho) = 0,
Therefore, m(S) = O and M, (Hb) is measurable since (Ho) =0
almost everywhere. If O ¢ H, then since uc( {0}) =1 we have
By (H) =1 almost everyt'vhere, whence y (H) is measurable,
Theorem 7.1:" If A 18 a measurable subset of [a,b],

then uc(A) is a measurable function of ¢ and

1 A
limc__,o\/; ct u (Ajct)dt exists and equals m(A).

Proof: First let K = 13 Fi where the Fi are closed
n

gets; i.e., K is an Fcr set. Letting Tn--' = FJ, we have
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the partition K = T U y

= ('I‘n +1"Tn)' Since for each n Tn is

closed M, (T = “’c(Tnﬂ) - uc('l‘n) is measurable as is

n+l" n

p.c(K). Since every measurable set is the union of an F, set
and a set of measure zero, it follows that Ky is measurable for

all measurable subsets A of [a,b].

Next, for any € >0 if F and G are, respectively,
closed and open subsets of [a,b] such that Fc Ac G, and
m(F) >m(A) - e, m(G) <m(A) + ¢, then

‘1 /'l

m(F) < 1im fmi‘c__>o o Cti (Ajet)at < lim 8P, oJo cti(Asctit <m(G).
It follows that the limit in question exists and equals m(A).

Using Lemma 6.7 we can prove the following

Theorem 7.2: let G = igl (ai,bi) be an open set with

component intervals (ai,bi). Then

(1) 1im infc___mci%; [w(bi/c)-w(a:i/c)] =m(G) and

(2) 1im inf 04;. (p(a,/c)=p(b,/c)] =0,
. c~» i i
i-J.
where p(x) = x-w(x) 1s the fractional part of x.

: - U
Proof: Let G*-i=l(ai,bi]. Then

uc(G*) = g.:.L[w(bi/c)-w(ai/c) Je

Now m(G) = lim inf | ok, (G) < 1im infc__.oc My (G#).

But because of Lemma 6.2, the conclusion of Lemma 6.5 is valid
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for G# as well as for G. Therefore m(G)> 1lim infc-_,oouc((.‘r*).

This proves (1).
Taking the 1limit inferior as c¢—o0 in both members of

the equation

> [p(a;/e)-p(by/c)]

if(b )=w( )]=§(b-)
ci=1w i/c wai/c = 1734 +ci=1

we obtain

m(G) ‘= m{G) + lim inf o ci_-};;[p(ai/c)-p(b;/c)]

and hence (2).



8. THE COMPATIBILITY PROBLEM FOR UNBOUNDED FUNCTIONS

We now turn our attention to the compatibility problem
for finite-valued unbounded functions.* Whereas, in section 6
we approximated bounded measurable functions by continuous
functions and.applied Luzin's theorem, here we approximate the
unbounded measurable functions by semi-continuous functions and,
in effect, use the Vitali-Caratheodory theorem [8, p.75]). For
this, the following generalization of van der Corput's Lemma
(6.5) is required.

Lemma 8.1: let {Gn} be a sequence of open subsets of

' = .
[a,b] such that > m(Gn) converges and having the additional
n=1

property that if Oe [a,b], then there exists an open interval
V containing O such that all but a finite number of sets V{\Gn
are empty. Then for every sufficiently small e>0, there is a
i
6>0 such that 0<c<® implies J(c)=\ ~/o ctu.(Gn;ct)dt.
n=l

<(1+e) 3 m(@ ).
n=1

b
#We will also use the symbol (V) ja f to denote the

lowst uniform integral of the extended real-valued function f,
‘b b
shere, as befors, (U). . ! 18 defined to ba lim inf__ o°§-‘a £,

whenever this limit is Tinite.
28
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Proof: As before, we may reduce the proof of the lemma

to the case, a>0.

= _
Let S=2> m(G ); let V= (Py); let K be the largest
n=1

integer such that VN G, 1is non-empty; let O<e<lY K/s and
let o =S¢ /LK. Hence o<Y 8o that [0,0]cV and [0,c]n G,
is empty whenever n> K.,

Furthermore,
K
a® 1 \1
(1) Jl(c)zngl_/; ctu ([°’°]”Gn;°t)dt=n§:ljo ctp,([o,o]ﬂGn;ct)dt

< K(o+c) = 3 ¢ S+EKe.

Now let the double sequence of component intervals of the
open sets {G } be ordered in a simple sequence {(ai’bi)}'
Then there is an ©>0 such that the terms of ?{(ai’bi?} dis-
joint from [0,0] and of length less than G form a set P3
of measure less than 5252/§ub, Furthermore, the number of
intervals in the remaining set P, does not exceed S/¢. There-

fore, summing over the intervals (Ai,Bi) of P2 we have

Lol - '
@) 3ye1=3 [ ctn ((a,8)5000a6< 3 (3i-a +e) <54 o5/c,

In considering the intervals (A;]’Bj) of P3 with the

exception of the replacement of m(G) by S, we determine, as
1
previously, that ~/o ctu((Aj,Bj);ct)dtf 16b(BJ-AJ)/S if
Therefore, if c¢<S e/l, then
(B,~A,)16b

‘1
(3) J3(c)=2/° ctu((Aj,Bj);ct)dtf > J eJ ‘16b._e_:_€ﬁ§= iS¢,

Te---
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Combining equations (1), (2) and (3) we have
J{c)< (48e + Kc)+ (S+cS/a)+3e S< (1+¢€)S if O<c<B where
5 =3 eSmin (3, ¢/(8K+5)).
Lemma 8,2: If {Gn} is a sequence of open subsets of

(a,b] satisfying the hypothesis of Lemma 8.1, then

S
1lim inf 2 cn(G -c)=2m(G Yo
c—o0 4 n’ n=1 n

Proof: The corollary to Lemma 6.1 implies

1im inf > cyy(Gse) > > m(G )=S. If the strict
c—0 n=l M n’ = n=1 n

inequality holds, then there exist 8,e>0 such that if

O0<c¢<b, then ch(Gn;d)> (1+¢€)S. Using Beppo Levi's
n=1

theorem we have

S L3 L
< o ctu(Gn;ct)dt= o =2 ctu(Gn;ct)dt> o (1+¢)Sat

= (1+¢€)S, contradicting the previous lemma.

Letma 843: If h is a non-negative Lebesgue integrable

A b
function on [a,b] (i.e., (L)_/; h exists and is finite) such

that the oscillation®#+ of h at 0 is finite whenever Oe¢ [a.,b'],
Lrswl) |
then (U)_a h < (L) 2 Do

Proof: For all posifive integers n and p define

B= (x| xe (a,b) and %53 <n(x)<Dg) and rp=2F 2 0P .
' n=l n

#%The oscillation of h at 0 is limg __)o+sup{h(x).]xcR(5)}
~limg, o inf{h(x)|xe R(8)} where R(5)=[a,b]N(-5,6).
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Then for every €>0 there is a sufficiently large p such that

b b
(L)_/; h+ e > (L)-/a 'r =2°P 2 nm (Ep).
n=1

If Oe [a,b], then there exists an interval V
containing O and a positive integer K such that n>K implies
vnEfx = ¢ For each n, let Gﬁ be an open subset of [a,b)
such that Eﬁgcﬁ and m(Gﬁ - Eﬁ ) < g/n2® P, Furthermore, by
taking V to be a closed interval, we can select the Gﬁ in

such a manner that if Eﬁf\V: $, then cﬁnV=¢ as well.

Thus
27P- ﬁnm (Gp)<2 =P 2 n(m(Ep)+e/n2n'p+1)_ (L) + 3 .
n=1 n=1 p

It follows that

(L)f h +e>2P 2 nm (Gp) whence the series E nm (Gﬁ)
n=1 n=1

converges .
From the sequence {Gﬁ} we form the sequence {Hﬁ}

= {G{’ Gg, C%,ooo,og,t.oc,(}g,ooo} in which each Gﬁ occurs n

©
times. Consequently _'XEp = 2 nXCP o Furthermore, the
n=l n n=1 n ;

sequence {Hﬁ} satisfies the hypotheses of Lemma 10;2, i.e.,

1
sach Hg is an open subset of [a,b], _\.\4 m(Hﬁ) converges and
" n=l

(Hﬁn V) =¢ for n sufficiently large.

b = b’ &
Thus (U) 2 2Y.p = (V) >
e -‘(; n=l y(}g ( 1" nﬂyﬂﬁ

= lim inf c .}, p.(Hp;c)- S m(H§)= E nm (Gg).
n=1

—0 < n=1 n=1
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Hence,
b b ® e b
(U)jahf(U)jaZZP > Dygp = 2P }:nm(Gfl)<(L)fh+e.
- - n=l n n=l a
Therefore

(U)!:h < (L)_/;bh.

Corollary 8.1: If g 1is a function which is bounded

below and lebesgue integrable on [a,b] and such that the

oscillation at O 4is finite whenever O ¢ [a,b], then
.b - /.b
(U)!aL g < (L)), e
Proof: Iet M be a lower bound for g. Then g-M

satisfies the hypotheses of the Lermma 8.3. Hence,

‘b b b
(U)‘/a (g=M) < (L)/a (g-M) = (L)/a g -M(b-a) and

(U)fab(g-M) = (U)jabg -(U)./:M = (U)__[:g -M(b-a).

fb L
Thus (U)J, g < (L)/‘l g

Corollary 8.2: If g 1is bounded above and lebesgue

integrable on [a,b] and if the oscillation of g at 0O is
v b
finite whenever Oe¢ [a,b]; then (U)jL g > (L)jL ge

Proof: Since -g satisfies the hypotheses of the lemma,

b ‘b ‘b ‘b
we have (U)_/a (-g) < (L)ja (=g)e  Thus (L)_/a gﬁ-(U)ja (-g)

-l

Corollary £.3: If f is bounded and Lebesgue integrable

b b b
(a,b]y then (U).ja f< (L)fa f< (U)ja. .
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Theorem 8,1: If f is both Lebesgue and uniformly

integrable on [a,b] and, furthermore if the oscillation of f

at 0 1s finite whenever O (a,b], then (U)fabf = (L)fabf.
Proof: For each positive integer n, let

£(x) if £(x)>-n

-n if f(x)<-n.
Each f_  satisfies the hypotheses of the previous lemma

and since f < fn we have

Lrsof 0l
(VJ, £ = (U)-a £, =2 (L), £.

b
Since f <|f| and 1lim _ f =f we have 11mn_w(Lz/a £

n-»=n
b
Hence, (U)jL f< (L)JL f.

Moreover, «f satisfies the hypotheses of the theorem if

f does, implying |
b ‘b ‘b b
0] 0 <) 0 m @f >l

and the theorem follows,

As our final result, we shall prove a theorem analagous
to Corollary 8.3, but with the roles of the uniform and Lebesgue
integrals.interchanged. |

Lemma 8.4: If f is a finite, lower (upper) semi-
continuous and lLebesgue integrable function on [a,b] such that

the oscillation of f at O is finite whenever Oe (a,b], then

o), = ), @l = /0.



3L

Proof: Suppose f is lower semi-continuous and finite;

then f is bounded below. Hence, by Lemma 8.3, we have

I TIIAR

Furthermore, f 1s the limit of a non-decreasing

sequence of contim;ous functions {i‘n }e Therefore, for all n,
L L L
£, <f and (L)afn=(u)af_<_(u) £

'
Since lim (L)_/ £ (L)_/ f, we conclude
(L) j £ < (U) / £ and the inequality follows.

The other part is proved similarly.

Remark: If we assume instead of Lebesgue integrability
that (L_/ £= 4o » then by levi's theorem 1lim __”(L)‘/ £ =+
so (U) / £ cannot be finite either.

Comllary 8sl4r If £ is bounded and lower semi-

Le-wf e=mf
co?tinuous on [a,b], then (L) s T = (R)_a f= (U)_a fe
Similaerly, if f is bounded and upper semi-continuous, then
/‘b /‘E j'g
(L) s I= (R) a I= (v) s It
Proof: If f 18 lower semi-continuous, the inequality
b ‘b N
(L)fa r< (R)/a f is proved as in lemma L. (Also see [2,p.206]).

The reverse inequality is well known.
Definitionp The upper and lower Lebesgue integrals in

the sense of Daniell [L,p.169] are given by:
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\S .
(L)/&1 £ = inf (L)fab ulue T} vhere

= {u‘uzf and u is an extended real valued function which is

lower semi-continuous and bounded below}; similarly,

L b
.(L)\/al-'f = sup _{(L)'/a ufue P} where

= {'u| u<f and u is an e’xtexided real valued function which

o

18 upper semi-continuous and bounded above}e

Theorem 8. 2: If f is bounded and uniformly integrable

on [a,b], then (L)j = (U)_/ f< (L)_/ f.

Proof: let S = {u|u-_>_ f, u is lower semi-continuous

o b
and bounded}s We shall show inf {(L)-/a “ufu & T}
‘b
= inf {(L)ja ujue S} o If the equation did not hold since
5S¢ T, there would exist a toe T such that for all 8 ¢ S
-b |b .

(L)_/ t, < (L)j s. However, if f is bounded by M, then

letting s -min(t ,M) we have 8, €S and (Lj (L)_/
a contradiction.

b ‘b
By Corollary 8.4, uwe S implies (U)/a u= (L)/a u

% b ®
Thus (L)/a f=inf{(U)ja u|ucS} _>_(u)/a £.

The other inequality follows similarly.
This concludes the section on the compatibility problem
for unbounded functions. So far the problem has not been

regolved completely.



9« THE N~DIMENSIONAL UNIFORM INTEGRAL

In considering a generalization of the uniform integral
for n-place functions, we can use either a grid of n-dimensional
squares or n-dimensional rectangles. It is more natural and
useful to take the latter course. |

n

Let [a,b] = X [ai’bi] be the Cartesian product of the
i=]1

n intervals [ai’bi]' For all i=1,2,se.,n let O<c, and
c= (¢y,Cpyeeesc ); let |¢| =max ¢, and [ =~ c,. If ¢
1272200250 i Py

is a real finitefvalued n-place function defined on [a,b] and
N, = w(bi/ci),','(ai/ci) for 1 =1,2,e0.,n, denote

M gz N
o ees 2 2 f(cl[w(ai/ci)+ kll""’cn[w<ai/ci)+kn]) by

kn=l k2=1 k1=1

!

2: f. ,The uniform integral of f on [a,b], denoted by

(+]
b
-

'b
(Un) jg f is given by the limit, lim
provided the latter exists.
If the n-place function f is Riemann (Rn) integrable
on [a,b], then an argument similar to the one given in sectionl,

shows that, but for a certain term of the order o(l), ¢ 22 £
¢

is a Riemann sum of norm |c| and hence converges to the Riemann

integral of f over [a,b] as |c|~»0. Thus the n-dimensional

36
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uniform integral is an extension of the n-dimensional Riemann
integral.

By extending the arguments of chapter 6, we shall also
show that for bounded functions the n-dimensional uniform (Un)
integral is compatible with the n-dimensional (L ) integral,

Let Hc(a,b]; 1let O<ecy, i=1,eeyn and let u(Hse)
or uc(li) be the number of elements of the set

{(cqkyserese k) [k e I and (cqkyyees,ak ) Hl. Again by

is an integral-valued measure on the class of all subsets of a

2b
given bounded set and uc(H;c)= Zaxﬂ for all Hc(a,bl.
c

Next we extend the general compatibility theorem of
section 6 by first generalising the lemmas of that section.

Iet the open subset G of [a,b] be expressed as a

. countable partition U , ﬁﬂ o [5, pe126]. Then
1—1 )
R N i,
we) = 31T [waai e)) -wlal/e))] .

Lerma 9.1t If G 1is an open set contained in [a,b],

then 1im inf lc|0

uc(G)Zmn(G), where mn(G) is the n-
dimensional lebesgue measure of G.

The proof is similar to that of Lemma 6.1.

lemma 9.,2: If X (“i,ﬁ JSHc X [ai’ﬁi] and
i=l i=l

'l
Gi,ﬁi;éo for all i, then the integrals (R )j lletfl p(Hzet)dt

andi (Bl)f u[w(ﬁi/c u) = w( i/c u)]du exist and are equal.
i--l
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n
(Here ct= (cltl,...,cntn) and X (0,1] 4s the
i=)

interval of integration for the n-dimensional integral,)
Again the crux of the argument ig that the integrands for

any two H's are bounded, continuous almost everywhere and equal

| n
almost everywhere. In particular if H= X (“1'31]' then
i=1

‘1 'l n
o)y ot 1 iotdas= (), T oyt 0By /fogtyJowtay/oyt) ) b
n ‘1
= ;[;]; (P1 )~/o vciu[w(ﬁi/ciu)- w(“i/ciu) Jdu.
Lemma 9.3: If (6,B)<(a,b], then if H is obtained by
reflecting (@,P) about one or several of the coordinate axes,

1 1
it follows that jo flet] w((e,B)sct)dat = j; letll w(Hzct)dt.

Proof: The integrands are identical,

’ n n
Lerma Sel: If 1:1 (ai,ﬁi)gﬂeiﬁl[ﬂi,?i]. then

1 n
_[) leth w(Hzet)at< TT (B =9, +c,).
i=1
This result is immediate and implies .

- n n
J
Lemma 9.k: If 1)—(.,1 (aiﬁi)gﬂgj_il [¢,P;], then

"1
/o llot] w(Hzot)atan (5) + (2°-1) [e|¥, where M=max((B,-a,)"™,1),
n
Proof: The first term of the product T] ([B,-%,1+¢,)
- i=1

is mn(H). The remaining 2"-1 terms are all products consist-

ing of O to n-1 [ﬁi-ﬂi 's and n to 1 cj's, and are each

bounded by |c| Mo
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Lemma 9.,5: If G is an n-dimensional open subset of the |
interval [a,b], then for every €>0, there is a 85>0 such

that if O0< |c| <8, then the n-dimensional lebesgue integral
1
J(c):jo “ct” n(Gset)dt < (1+e)mn(G).

Proof: As in Lemma 6.5, we can reduce the proof to the
case where ai:O for all i, For if bifo for some 1, we
apply Lemma 9.3; and if for some i a, < O0< bi’ then we parti-
tion [a,b] into intervals that intersect the coordinate axes at

‘most on the bbundary of these intervals, apply Lemma 9.3 and use
the additivity of “’c and mn. »

The Lebesgue integral J(c) exists ;nd again we shall
estimate it by ‘expressing it as a sum of three integrals.

Let ¢>0 be given; let o=em (G)/hnsn'l; s=max b,,

k-1 n
M= max (s" 1), S =( X [a,,b,]x[0,0]x X [a,,b ]) for
P R g VT T e P

n 1
k=1,e0.,0, Pl:k(-Jl S, and Jl(c)=jo [tct” u(PI; ct)dt.

By Lemma 9.L' we have

-1 .
(1) Jl(c)f k%;jo "ct“ u.(Sk; ct)dt<nf[o R (2".1) fe| M]

=em (G)/4 + n(2™-1) ]c] M.
Next there is an @ > 0 such that the intervals of G

of meaéure less than @ form a set of measure less than

n -z gl B
em (6)o"/L(ks)" Let (AJ,BJ)-iil(ai, ﬂ%]rﬂiil CAUIBY

let P, (resp., P3) be the union of all intervals (AJ’BJ) for
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which m(A,,B,)> 8 (resp., O<m,(4;,B,)<®) and let

‘1
Ji(c)=/o "ct" p.(Pi; ct)dt for i=2,3. The number of intervals
in P, is less than 8"/¢ and M (Py)<em (6) dYulus)t,

Hence,
(2) J2(0)<mn((}) + |c| "/,

If (A,B) is any component interval of I:‘3 and

1
w(Ai/Ci)z-.Ni: if f0|< o we have \/o "ct” “((A,B);c.:t)dt
[ A /c k
n i’ 71
-1 2 [w(B;/c,u) = w(A;/c,u)]d
;E;H{/Ai/ ey (k) LY 1/4u) = wlhy/equ) Jdu

n (B2 A-i) ‘n (2s(B,-A,)
1 17
=1 o fTI;{ }

¢Ny =g ) 4N
n (B,=A,) n
1™%
< (28)" EL —F = (28)" z;rl [2(B;-4,)/4,]
<m (8,8) ()7/d

Hence,
T (3) I(e)<m (Py) (b)"/0" < § & m(G).
Combining equations (1), (2) and (3) we have
J(e)< (¢ m (6)+n(2"-1)[c|M) + (m_ (0)+ |o|8"/0) + 5 ¢ m_(G)
< (1+e)m (6) for all |o|<8, where

G
6=i§£-€-)- min Oﬂnsn.m, a/(an(2".1)M+sm)).

Lastly, arguing as in Section 6 we have



Letma 9.6: If G is an n-dimensional open subset of

1
[a,b], then lim inf _/° letll w(@set)at = m_(a).

Theorem 9,1: If f is a bounded n-place function that

is both Lebesgue and uniformly integrable on [a,b], then

(Un)_/:f= (Ln)j;bf.

Proof: The proof of Theorem 6.1 applies with only minor

notational changes.



10, APPENDIX I
Theorem 10,1: For any real number a, lim w(a/e) = ae

Proof: For c¢ # 0, w(a/c) = a/c - p(a/c), where 0O<p(a/c)<l.

Hence

cw(a/c) = a = cp(a/c)
from which the result follows.

For c¢ # 0 define
( w(b/e)-w(a/c)

Sl f(c[w(a/c)-m]) wib/ec) > w(a/c)
n=
$Pe =( o w(b/c) = w(a/c)
P a
-3y wlb/e) < w(a/e)
[+]

\

Theorem 10,2: For any numbers a, b, ¢ any positive d,

and any function f defined on the appropriate intervals,

b «— C

> £+ f = ,:Sc f
as b a8

a v



Proof: If w(a) <w(b) <w(ec), then

: £ = f(d[w(a/d) +1]) + £(d[w(a/d)R])+2*> + £(dw(c/d))

2 (V4

= [f(d[w(a/d) +1]) + ¢ee + £(dw(b/d))] + [£(d[w(b/a) +1]) + eee

b c
re(au(e/)]= 3, £+ 3. 5
d d

If w(b) <w(a) <w(e)

f+

-

%

b
a

2l

,C a c
£4 3, £==20 o £ = = £(dlw(b/d) +1]) - eor
d .

o\

- f(dw(a/d)) + £(d[w(b/d)+ 1]) + eee + £(dw(c/d)) = £(dw(a/d)41)+ e

c
+ £dw(e/d)) =2 £
d

The other cases are proved in a similar manner.

The uniform integral, as we have defined it, 1s the right-

b
hand 1limit, 1lim o+ c?a fo Correspondingly, one can define a
c

uniform integral by means of a left-hand 1limit or an ordinary two-
gsided limit, However, these three possitle definitions all yield

the same integral. This is shown by the following argument.



Ll

g.b
Lemma 10el: If ¢ >0 and a <b, then _._.af=§ f(ne),
¢ a<nc<d

where the summation on the right is over all the integral multiples

of ¢ in (a,bl.

b
Proof: éa f =Sf(c[w(a/c) +n]) for n=l, ***, w(b/c)=w(a/c).
c n

Now w(a/c)<a/c<w(a/c) +1 and ¢ > 0. Thus cw(a/c)<a<c{w(a/c)#].

Similarly, cw(b/c) <b <clw(b/ec) + 1}

P
Lemma 10.2: If ¢ <0 and a <b, then _._gaf=-§, f(nc)e
c \

a<nc<b
b a k
> S S ‘
Proof: Zg £f= - <y f =« 2f(c[w(o/c) +n)), where
[+] [o] n-‘-'wl

k = w(a/e) ~ w(b/c)e Since ¢ <0 we have cw(a/c) _>_’a > c[w(a/c')‘ +1)
and c®(b/c) > b > ¢[w(b/c) +1], from which the rTesult follows as | |

before.

A

b
Lerma 10,3: If ¢ >0, a<b, S(c)=c 2 f and

ol

. |
s(-c) == ¢ 3, f, then §(¢) = 5(-c) = elx (b/e)£(b) = ¥ (a/e)e(a) e
- s

Proof: S(c) = S(me) =¢ S f(ne) = ¢ S f(ne)
amcfb a_<_nc<b

it

¢( 2 flne) + x (b/e)E®)) - o 3

a<ne<b a<uc<d

£(ne) + x;(a/c)f(a))

c{xg(b/c)f(b) = x;(a/c)f(a)}e



L5
Theorem 10.3: The existence of any one of the three limits

Sb <P <P
Um__ c?a £, Lim__ 0 Za £ and lim__ _c s £ implies

the existence of the other two and the equality of all three.

Proof: From the previous lemma, for ¢ >0
IS(e) = 8(=c)| <clit®) +{f(a)l)s Thus lim__ . S(c) existe

if and only if 1lim +S(=¢) = lim - S(c) exists; and when
they exist, then 1lim S(c) exists and all these limits are
equale.

Theorem 10.4: The integra.l (v) f f exists if and only

if (U)/ f exists, and when they exist (U)j f=a (U)/ fe

Proof: (U) ff:lim S’ et o(-Sh g
—_— a (o) ‘;‘a c~>0 :b
b
- St el
—-lim . *0: f-—- (U) f.

Theorem 10.5: If the left side exists, then
b - X
(v) /a £+ (U) /b £ = (V) /a fe
Proof's

i) a<b<e



£

o o

b c
b
= N N
(U)faf+(U) /bf_nm1 43, f + ling, d%

: [+
b c c

_ sa - \ﬁ - /‘

= lim, d(?af»f?;br) im, d;af (v) o fo

i) bp<a=<e

c

b ‘ 8
(U)j;f+(n) /bcf=-(u) /bf+(U)A £f=1m, o (-d)§:f

c a

N7 o
+ lm, d‘é,bf—limi d =

b ¢
= limd_>° d[é?iii‘i- :Sb

f
d " d

The other cases are proved in a similar manner.



11, APPENDIX II

Theorem 1l.1: Any interval [a,b] contains a non-

measurable subset H such that if x,y are in H and x # y,
then x/y is irrational.

Proof: We first establish the theorem for an interval T
which contains the point 1 and is of the form T = T(s)=(1/s,s]
where 8 1is a rational number greater than 1.

Given T = [1/s,s8], 1let w=[1/s2,32]; and for any x

i

in T let KX(x) = {xr|[r rational and xr ¢ W}.

The collection of distinct sets K(x) forms a partition
of W, First of all, any w in W may be expressed in the form
w = xr where x,r belong to T and r is rational. (Merely
pick any rational r sufficiently close ’to, wi and solve for x .)

Thus w e K(x) and WE(XJK(x). Since K(x)ec W, it follows that
W= gx(x). Next if z ¢ K(x)VK(y), then z = Xr, = yry where

r . and. r, are rational. Consequently, for any t ¢ X(y), we

have t = yr = x(r_rx/ry) whence t ¢ K(x) and K(y)CK(x).

Similarly K(x)cK(y)s Thus for any x,y ¢ T, the sets K(x),
K(y) are either identical or disjoint. |
Applying the Axiom of Choice, let A be a set obtained

by selecting one element from each of the distinct sets K(x);

. | L7



let {rk} be the rationals of W enumerated in a sequence; let
A= {xrklx e A}; and let m(A) =G, m ¥(A) = B Therefore,
m(A)=rm(A) =rc and m (A ) =rm (A) = rB
1) = Ty K Aed = Ty K

The sets Ak are pairwise disjoint. To see this,
suppose n#m and z ¢ Anf\Am. Then 2 = X Fp=X T where
X s%, € A« Thus xn/xm is rational, which implies x =x ;
but this cannot be since r # Toe

[ 4

Next, Tc UA. Forif x T, then since TCW,

there exists an J;oeA such that x ¢ K(xo). Thus x = X Ty

where xoeT and r, 1is a rational number in W, i.e., X € Ak

k
Now 8-1/s8 =m(T) <m (GA.k) < .}: 2131' Hence
k:l

>0, Since AcT and each r_ ¢ W, we have Akc[1/93,33].

k
o
Therefore, 83-8"3 = m(s” 3 3] > m (UAk) > ._,m (&) = «Dr.
k=1 k=1
Since the series Erk consists of all the rationals in W, it
k=1

diverges to +*. Hence ¢ = Q,

Consequently, m*(A) =6 =0<§P =m*(A). Thus A is
ndn-mea.surable and the theorem is proved for the intervals T(s).
Now to extend the result, iet [a,b] be any given
interval and [c,d] any subinterval of [a,b] such that ¢ and
d are rati~nal and of the same sign, say positive, let r = -E-Z-d-

and let s, be chosen so close to 1 that e = max(so-,l,l-l/so)

=8 -1 < (dwc)/(d+c). ‘Then we have [l/so, s,]¢ [1-¢, 1+e] and

L8



[r/so, rso]c[r(l-e), r(1+e)]c[c,d]s Finally, let A, be the
non-measurable subset of T(so) constructed above and let
A={rz|2 ¢ Ao}. The set A 1is a non-measurable subset of
(c,d]lc[a,b]; and if X,yeA and x #y, thenx = T2y, ¥ = T2,,
where z,, 2, ¢ A . Hence x/y = 21/22 is irrational. Since
the same argument applies when c¢ and d are negative, the
theorem is proved.

Theorem 1l.2: If H is a Hamel basis (for the real

‘b
numbers over the rationals), then (U) /a X; exists and equals
ZeX0.
Proof: Since the members of H are linearly independent,

‘H cannot contain distinct multiples of any positive number c.
b

It follows that Ea X equals o or 1 for all ¢ >0 and
c
b
N, X -
1im ¢c..a "H existc and equals O,

c—>»0
c

Moreover, there do exist non-measurable Hamel bases [10]

so [a,b]JNH may be non-measurable as well.



l12. APPENDIX III
A modified form of Fatou's Lemma

Let «a be a limit point of the linear set S. Suppose
for every ce S, there is defined a non-negative summable

=g, if g 1is

function 38 with domain D. If 1lim inf g

c—»a ¢

measurable and if T is any measurable subset of D, then

1\[35 Lim infc—n. l\[gc'

Proof: The equation 1lim ini‘c_,a 8,= & implies that for
any sequence {cn} of distinct terms of S converging to a, we

have lim inf . gcr'lz g.

Therefore, since g 1is measurable using Fatou's lemma,

we have T/g < 1\/lim inf e g, < lim infn'_,,,, 1‘/ Ben® Hence,

1‘/ g<liminf ,q 1\/ Eee

50
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