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ABSTRACT 

Let f be a real finite-valued function defined on the 

 ̂ w(b/c) 

interval fa,b]; and for c>0 let 2_f = 2 f(nc), 
c n=l-rt*(a/c) 

where w is the greatest integer function. The uniform integral 

of f on [a,b], denoted by f, is given by the limit 

N~1 ̂  
lim c ̂  f, provided this limit exists. 

c-*o a 
c 

The purpose of this paper is to investigate the relation­

ships between the uniform integral and the Riemann and Lebesgue 

integrals. It is easily shown that the uniform integral is a 

proper extension of the Riemann integral and furthermore that 

there are functions which are uniformly but not Lebesgue (resp., 

Lebesgue but not uniformly) integrable. 

Using successively more complicated arguments it is 

proved that the uniform and Lebesgue integrals are compatible on 

the following classes of functions i 

1) functions equal almost everywhere to Riemann integrable 

functions} 

2) bounded functions} 

3) all functions if [a,bj does not contain the origin 

and if Oe [a,b] all functions whose oscillation at 0 is 

finite. 
iv 



The argument in the proof of compatibility for bounded 

functions hinges on a (privately communicated) result of 

J. 0. van der Corput, namely: If G is an open subset of [a,b], 

m(G) is the Lebesgue measure of G, and n(G;c) the number of 

integral multiples of the positive number c contained in G, 

then for every e>0 there is a 5>0 such that if 0<c<6 

then ctn(G}ct)dt < (l+e)m(G), where the integral is taken 

in the Lebesgue sense. The compatibility proof for unbounded 

functions depends on a generalization of van der Corput's lemma 

to a countable number of open sets. Another consequence of 

van der Corput's lemma is the fact that for any measurable subset 

I'1 
A of [a,b], lim J ct p, (A;ct)dt exists and equals m(A). 

C 70 O 

Lastly, the n-dimensional uniform integral is defined and 

the corresponding compatibility problem for bounded n-place 

functions is settled affirmatively. 

v 
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1. INTRODUCTION 

In defining an integral it may be desirable for the sake of 

simplicity to use a regular or uniform partition of the domain of 

integration. In the case of the Riemann integral, for example, 

W. F. Osgood [7; p. 118], and more recently, A. Sklar [11], have 

considered a definition vhich employs a sequence of partitions 

of the interval [a,b] in which consists of the points of the 

form k/2n, vhere k is an integer Buch that a < k/2n < b, 

together with the end points a and b . Furthermore, Sklar 

has shown that if the upper and lower Riemann sums for each Pq 

are defined in the usual way, then the upper and lower integrals, 

and hence the Riemann integral itself, can be defined sequentially. 

Motivated by this characterization of the Riemann integral, 

Sklar has recently constructed a new integral, called the uniform 

integral. It is defined as follows: Let f be a real finite-

valued (but possibly unbounded) function defined on the interval 

[a,b]; and, for c > 0 let 

b *(b/c) 
ST* 

,oa f - 2, f(nc), 
c n=»l+w(a/c) 

where w is the greatest integer function. The uniform integral 

of f on [a,b], denoted by (U)/ f is given by the limit, 
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(J)'J f f - lira ^ c S.f. 
a c 

provided the latter exists. Similarly, the upper and lower uniform 

integrals are given by 

fF „ b r b „ b 
(U) J f - lira supc_c>0 c3a f and (U) J f - lira inf ̂  c2 f, 

a c a c 

respectively. It is clear that the uniform integral is a linear 

operator on the class of all uniformly integrable functions on 

[ a,b ]. 

The purpose of this dissertation is to study the relationship 

of the uniform integral to the Riemann integral and the Lebesgue 

integral. It will be shown that for bounded functions the uniform 

integral is an extension of the Rieiaann integral and is ccanpatible 

with the Lebesgue integral, in the sense that if f is both uni-
r b r b 

formly and Lebesgue integrable on [a,b] then (U) J f «= (L) J f. 
a a 

The proof of the first of these facts is simple and direct. The 

proof of compatibility, however, lies much deeper and depends 

crucially on a result of J. G. van der Corput.̂ " 

1. Privately communicated. 
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The body of this thesis begins with Section 3 which 

consists of various examples including those that distinguish 

the uniform integral from the Riemann and Lebesgue integrals. 

In Section ̂  it is shown that the uniform integral is an exten­

sion of the Riemann integral. In Section 5 the uniform and 

Lebesgue integrals are shown to be compatible for functions 

that are equal almost everywhere to Riemann integrable functions. 

i  
Section 6 deals with the general compatibility proof 

for the uniform and Lebesgue integrals for bounded functions. 

The argument here hinges on the following lemma of van der Corput: 

If G is an open subset of [ a,b], m(G) is the Lebesgue measure 

of G, and ji(G;c) the number of integral multiples of the 

positive number c contained in G, then for every e > 0 

there is a 6 > 0 such that if 0 < c < 6 than 

F1 
Jq ct(i(Gjct)dt < (1 + e)m(G), where the integral is taken in 

the Lebesgue sense. The compatibility of the uniform and 

Lebesgue integrals follows readily from this lemma. Another 

consequence of van der Corput's lemma, interesting in its own 

right, is the fact that for any measurable subset A of 

f1 [a,b], lim̂  ̂+ J ct̂ (A;ct)dt exists and equals m(A). 
o 
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Section 8 is devoted to the compatibility problem for 

unbounded functions. With the aid of a generalization of van der 

Corput's lemma to a countable number of open sets it is shewn that the 

uniform and Lebesgue integrals are compatible on any interval [a,b] 

that does not contain the origin and if 06[a,b], for all functions 

whose oscillation at 0 is finite. Whether this last restriction 

can be removed is still an open question. 

In Section 9 the n-dimencional uniform integral is defined 

and the corresponding compatibility problem for bounded n-place 

functions is settled in the affirmative. This extension to 

n-dlmensions is straightforward since the results of Section 6 

are readily generalized. 

To avoid interrupting the continuity of the main 

argument, certain results that can be obtained routinely as 

well as several digressions are treated in three appendices 

which appear at the end. 



2. SYMBOLS AND ABBREVIATIONS 

Symbols 

Ii the set of integers 

w(x)s the greatest integer in x 

b w(b/c) 

2, f = 2 f(no) , where f is a real finite-valued 
c n=l+w(a/c) 

function defined on [a,b] and c>0. 

m(A): the Lebesgue measure of the linear set A 

mn(A): the Lebesgue measure of the n-dimensional set A 

m (A)t the outer Lebesgue measure of the linear set A 

m#(A); the inner Lebesgue measure of the linear set A 

X A: the characteristic function of the set A 

a (A) or n(A}c): the number of integral multiples of the 
c 

positive number c contained in the bounded linear 

set A 

Abbreviations 

R - integrable for Riemann integrable. 

L - integrable for finitely Lebesgue integrable. 

U - integrable for finitely uniformly integrable. 

5 



3. EXAMPLES 

The following examples show that neither of the uniform or 

Lebesgue integrals is an extension of the other and that the 

class of functions which are both uniformly and Lebesgue integrable 

is not the class of Riemann integrable functions. 

1. Let f be an arbitrary function defined on the half-open 

interval (0,b ] . Let g be the function defined by 

f(x), 0 < x < b, 

g(x) » < 0,  x * 0,  

-f(-x) -b < x < 0. 

Then <Sv. g is equal to c g(b) when b/c is an integer and 
C D rb 

0 otherwise. Consequently (U) g exists and is equal to 

zero. Thus any odd function is U-integrable on any interval 

symmetric about the origin. It follows that there exist functions 

which are U-integrable but neither L-integrable nor R-integrable. 

2. Example 1 depends on the peculiar relationship that 

exists between the uniform integral and the number 0 and is due 

to the fact that the integral multiples of any non-zero number are 

symmetric about 0. It is desirable to have an example free from 



this "defect." Let [a.b] be a given interval. By changing addi­

tion to multiplication in Vitali's proof of the existence of a 

non-measurable set, it can be shown (see Appendix II) that there 

exists a non-measurable subset H of [a,b] such that if x and y 

are in it and x / y, then x/y is irrational. Let be the 

characteristic function of H. Then for any c > 0 at most one 

N
b  

integral multiple of c can belong tô  H. Thus a Xy 

is either 0 or 1; and hence (U) % exists and is equal to 0. 

The function x̂  is U-integrable but not L-integrable. This 

same result can also be obtained by using a non-measurable Hamel 

basis instead of the set H (Appendix II). 

3. Let Xn be the characteristic function of the rationals in 
R „b 

[a,b] . Then x̂  is L-integrable. However, X̂ = w(b/c)-v(a/c) 

when c is rational and 0 otherwise; and since 

limo_>oc[w(b/c) - w(a/c)] = b-a, 

it follows that (U) = b-a while (U) x̂  = 0, 

whence Xg is not U-integrable. Thus there exist functions 
i 

which are L-integrable but not U-integrable. 
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Let f be the function defined on [0,2] by 

1, 0 - X < 1 and X rational, 

0, 0 < X < 1 and X irrational, 

0, 1 < X < 2 and X rational, 

1, 1 < X < 2 and X irrational. 

Clearly, f is L-integrable; and the argument given in Example 3 
1 f2 

shows that f is U-integrable, with (U) JQ f - 1. 

Thus there exist functions which are both U-integrable and 

L-integrable but not R-integrable. Granting the result of the 

next section, i.e., that the uniform integral is an extension of the 

Riemann integral, this example shows that the class of R-integrable 

functions is a proper subset of the class of functions which are 

both U-integrable and L-integrable. 



IK COMPARISON WITH THE RIEMANN INTEGRAL 

The purpose of this section is to consider the relationship 

between the uniform and the Riemann integral. 

Proof: Let k(c) = v(b/c) - w(a/c), 

Ar = {f(x)|x e [c(w(a/c) + n-l), c(w(a/c) + n)]f| ta»b]}, 

» sup Â  and mQ » inf A , n = 1, 2, • • •, k(c). 

Then mQ < f[c(w(a/c) + n)] < M , n » 1, 2 ,  *•*, k(c), 

and hence, 

,_,k(c) vk(c) 
(2) c >=1 mn < c >a f < c >n=i Mn . 

0 

Hbw, each sunmation in (2) differs from the corresponding (lower 

or upper) Riemann sura by at most a term which is o(l) - namely 

the contribution from the interval [ cw(b/c),b] . Thus taking the 

lim inf of the first and second terms and the lim sup of the 

Lemma 4.1: If f is bounded on [a,b] then 

( 1 )  
a 

9 
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second and third yields to desired chain of inequalities (l). 

Strict inequality can hold in all three places in (l). 

To see this replace "1 < x < 2" by "1 < x < 3" in Example 4. 

Then 

f3 n 73 73 
0 = (R)J2 f < (U) f = 1 < 2 = (U) Jo f < (R) JO f = 3. 

As a direct consequence of Lemma 4.1, we have 

Theorem 4.1; If f is Riemann integrable on [a,b] then f 

is uniformly integrable on [a,b] and the two integrals have the 

same value. 

Thus the uniform integral is an extension of the Riemann 

integral. 

Corollary 4.1; If f is uniformly integrable on [ a,b ] 

then 

(3) (R) X f < (u) t  < (R) fa : • 
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Corollary ̂ .2: If f is bounded and both uniformly and 

Lebesgue integrable, then 

oo  1(D)  ^  f  -  a )  X  f l  ;  < R > X  f  - ( H )  f f • 

L 

i 

by subtraction. 

Proof: The inequality (3) remains valid when (U) J& f 

is replaced by (L) J f . From this the desired result follows 
a 

Note that the inequality (4) yields a bound, for the difference 

of the uniform and Lebesgue integrals of f. 



5. THE RESTRICTED COMPATIBILITY PROBLEM 

In this section we show that the uniform and Lebesgue 

integrals are cooipatible on the class of functions which are equal 

almost everywhere to Riemann integrableftmctions. We begin with a 

simple lemma which we state without proof. 

Lemma 5.1: If A is a linear set, c a real number, and 

A • (ex Ix 6A } then m*(A ) - lei m*(A). 
c c 

Lemna 5.2: If A is a set of Lebesgue measure zero, then 

there exists a real number t / 0 such that for all non-zero 

rational numbers r, rt / A. 

Proof: Enumerate the rational numbers in a sequence {r̂ }. 

For each integer i, let A^ ® {r^xl x e A }. • By Lemna 5»1 

(Â ) » | r̂ l m*(A ) • 0. Consequently, * 
m 

00 OD 

0 < Â ) < ̂  m* (Â ) = 0 
i=l 

and since r t £ A implies t £ A, it follows that any non-zero 

0 
number t in the complement of \ has the desired property. 

12 
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Lemma 3»3' If A is a set of the first category then there 

exists a real number t ̂  0 such that for all non-zero rational 

numbers r, rt l A. 

Proof: If A is of the first category then so are the 
______ 00 

sets A., i « 1, 2, , defined above and A. . Since the 

0 4 
real line is of second category, the complement of j_ 

is non-empty. Any non-zero number t in this complement has the 

desired property. 

Theorem $.1; If f is uniformly integrable on [a,b] and 

equal almost everywhere to a Riemann integrable function g, then 

.b ,b ,b 

(1) (U) ia f = (L) Ja f = 00 ya g. 

Proof: Let h = f-g, S(c) = ĉ a h. and A ={x|h(x) / 0}. 

Then mA = 0 and there exists a number t ̂  0 satisfying the 

conditions of Lemma 5.2. For this t and for all positive integers 

n, we have S(|tl/n) « 0 unless a < 0 < b, in which case 

S(|t J'n) • (Itl/n) h(0). In either case, lim̂  S(ltl/n) =» 0. 

Since h, being the difference of two U-integrable functions, is 

fb 
U-integrable, this implies that (U) J h =0 and 

a 



Lastly, 

rb rb rb 
..L r = (L) / g = (R) / g, 

and. the theorem is proved. 

Theorem 5-2: If f and g are both uniformly Integrable 

on [a,b] and differ only on a set of the first category then 

(u) f* f = (U) £ g . 

Proof: This follows from Lemma 5-3 in the same way that 

Theorem 5*1 follows from Lemma 5-2. 

Corollary $.1: If f is uniformly integrable on [a,b] 

and equal to a Riemann integrable function 8 except on a set of 
lb I b 

the first category then (U) J f = (R) / g. 
& fit 



6. THE GENERAL COMPATIBILITY PROBLEM 

In this section we show that the Lebesgue and uniform 

integrals are compatible for bounded functions. We begin with 

several lemmas among which the crucial one is Lemma 6.5 which is due 

to van der Corput. 

For any bounded set H and c > 0, let n(H:c) or ixo(H) be 

the number of integral multiples of c in H. It is evident that 

H is an integral-valued (finite) measure on the class of all 
0 

subsets of any bounded set and that n (H)= x u f°r 
C " 

subset H of (a,b ] , 

Lemma 6.1: If G is an open set contained in [a,b] . then 

lim inf  ̂CLL(G) > MG, where MG is the Lebesgue measure of G. 
c->o c — 

CO 

Proof: We have G = where the intervals are 

pairwise disjoint. Since 

ĉ((ai# b±)) = w(b̂ /c) - w(â /c) - Xĵ /c), 

where I is the set of integers, we have 

15 
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lim0->0 cno((aif bi)) = b± - aif i = 1, 2, •••, 

Therefore, for every n 

n n 

(̂bi " ai) = 11Jnô o ̂ c( î l (ai' bi}) - 14jn infc->o cm,c(G)' 

and hence mG < lim infc _>(j l*c(G). 

Corollary 6.It If Pn} is a sequence o£ open sets contained 

in (a,b ] , then lim inf - 2 ci* (G ) > 2 mG • 
° n=l c n ~n=l n 

k k 

Proof: For any integer k, 2 ®G_ < 2 lim inf  ̂ cfc_(G ) 
n=l n ~n=l C~̂  c n 

k 

< lim inf _  ̂c ̂  (G ) < lim inf, 2 c n (G ) : and letting — c—>o c n — o—>o .. c n n=l n=a 

k —> *° yields the result. 

Lemma .6.2: If H i3 any one of the four intervals vlth 

endpoints G» P vhere a *• a < P < b, then the Rieoann integrals 

JQ ct (i (Hjct)dt and JQ ct(w((3/ct) - wCVctOJdt exist. 

The integrals are equal whenever o,p ft 0 . Moreover p.(Hjct) 

is a non-negative, measurable function of t . 
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Proof: As a function of t if P 5̂  then w(P/ct) is 

a step-function with discontinuities only at a sequence of points 

{t̂ }, where |tj > |tn+]_ 1 and liin̂  « 0 (e.g., for p > 0, 

although w(P/ct) is unbounded in (0,1 ] , ctw(P/ct) is bounded 

there, and is continuous whenever w(P/ct) is, i.e., almost every­

where. It follows that ctw(P/ct) is Riemann integrable. Similarly, 

the functions ctw(o/ct) and ctn(Hjct) are Riemann integrable. 

Thus all the integrals in question exist. Their equality when C>P0 

follows from the fact that in this case n(H;ct) and 

li(H}ct) and = w(P/ct) - w(«/c't) a1® equal almost 

everywhere (for example, n([«,b]jct) - n((«,P]jct) = Xj(°/ct), 

etc.). The measurability of n(H;ct) follows from that of 

ct ti(H;ct) and that of l/ct. 

w(P/ct) is lert continuous and t =» P/cn, where n > 0). Now 

Lemma 6.3' If a < a < p < b then 

Proof- ii((sP)?ct) = n((-P, -°);ct). 

Lemma 6 . k: If H is an interval with endpoints a , p 

f1  
contained in [a,b], then JQ ct |i (Hjct)dt < P - a + c« 
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Proof: Since w(P/ct) < p/ct and */ct - 1 < w(«/ct), 

we have ct |i (Hjct)dt < JQ ct (i ([c,p]«ct)dt = F ct[w(P/ct) 
- w(Vc^) + < fQ (P - o + 2ct)dt = p - o + c» 

Lemma 6.5. (van der Corput): If G is an open set 

contained in the interval [a, b], then for every 6 > 0, there 

exists a 6 > 0 such that if 0 < c < 6, then the Lebesgue 

integral Jq ct p. (Gjct)dt < (1 + e)mG. 

Proof: It suffices to prove the lemma for a > 0. 

For if b < 0, the result follows from Lemma 6.3} and if 

a < 0 < b, we partition the interval [a,b] into [a,0)(J [0,b] 

and use the additivlty of the measures nc and m* 

The set 0, being open, may be represented in the form 
m 

G = (ai# b̂ ), where the (â , b̂ ), i =JL, 2, •••, are the 

component intervals of G. Now p.(Gjct) =2 u((a,, b. );ct). 
1=1 1 1 

by the countable additivity of )i. By Lemma 6.2 p.((â , b̂ )jct) 

is a non-negative, measurable function of t for every i • 

Hence |x(G;ct) is a non-negative, measurable function of tj 

and since TTC [a,b], ct n(G;ct) is a bounded, non-negative, 

measurable function. Thus the Lebesgue integral 

J(c) =JQ ctp. (Gjct)dt 

exists* 
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Now let 6 > 0 be given, and set a = , P̂ , = Gfl[0,a] 

and 

•^(c) = fQ  ctfi^jctjdt.  

Then by Lemma 6.U, we have 

(1) Ĵ c) < f0 ct n([0,a]jct)dt < c + c. 

Next, since  ̂(b. - a.) converges, there is an a > 0 
1=1 1 1 

such that the intervals of G of length less than a form a set 

1 2 2 of measure less than 6 m (G). Let (Â , Bi)=(ai, b̂ PKa, b)j 

Let Pg (resp., P̂ ) be the union of all intervals (A ,̂ B̂ ) for 

which - Â  > a (resp., 0 < B̂  - Â  < a) j and let 

Ji (c) = JQ ct p. (Pi;ct)dt, i = 2 ,  3. 

Then 

J(e) = Ĵ c) + J2(c) + J (c). 

Furthermore, the number of inteirvals in P̂  is less than b/a 

and m(Pj) < e m (G)# 
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If (Â , B̂ ) is an interval belonging to Pg, we have 

JQ cttl ((Ai,Bi);ct)dt < Bi - Ai + c. 
Summing over the intervals in P̂  we obtain 

(2) Jg(c) = JQ ct|A (U(Ai,Bi);et)dt = 2 JQ ctn((A1,Bi);ct)dt 

< 2 c < mG + 

It remains to estimate J,(c) for c small. To this end 
1 

let (A,B) be an interval belonging to P̂  and let c < e n»Q. 

Then, since A > ̂  emG, we have w(A/c) > 1. 

For r > 0, w(r/tc) = k if and only if pfc+ji) < t • 

A A 
Thus w(A/c) = N is equivalent to - < 1 < ̂  . 

Consequently, upon setting w(A/c) = N, we obtain 

00 

<u A A . 0 B 
- k=N _c(k+lj ' clt w k=N c(k+l) ' 

Next, 

J ctji ((A,B)| ot)dt = J ct(w(B/ct) - w(A/ct))dt 
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A 

"3R 
/

CK 
ct(w(B/ct) - w(A/ct))dt 

k=tf A 
cTF+TT 

. /« A A \ » A 
( r I' | I' 

=1*2 J ctw(B/ct)dt - J ctw(A/ct)dt J ctw(B/ct)dt 
\k=N A A / k*N A 
V FÔ +T) cTk+T) / T̂T 

00 "T "Tc - J ctw(A/ct)dt < ̂  J ctw(B/ct)dt - ̂  J ctw(A/ct)dt 
k=N A ~ k=N B k=N A 

c (k+1 ̂ c (k+3J c(k+l) 

°° JL. 00 «® 

 ̂ I x, ,x s: /  ̂ B2 - A2 'S! , 2k +1 _, 
= 2 J ctkdt-2 J ctk dt = —s- 2 li./k4.112} 
k=N B k=N A k=N K̂ K+X-' 

c(k+i) FCTO 
IP CO 

, B2 - A2 \ 2H2 _ B2 - A2 %' 1 _ B2 - A2 
J, lira)2 = Rraj = —dT"* 

Therefore 

; ;  ^ <  2 ^ % .  

since A/c(N + l) < 1 and (N + 1)/N< 2. But (B2 - A2)/A a (B-A)(B+A)/A 

< 2b(B-A)i|/emG since A > eroO/Ii and A < B < b» Hence, 

Jo ctp. ((A,B);ct)dt < (B-A)l6b/emG 
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Now summing over the intervals in and applying 

Lebesgue's convergence theorem, we have 

JJCE) = J0 ct (i(U(Aj)jet)dt 

= £ ct"S ( n((Aj,BJ)jct))dt = 2 //ct̂ ^̂ dt 

. sn (Bj-Â lSb  ̂ l6b 62m2(Q) _ 2  ̂

< ̂  md— < 153 6Ub ~ Tm ' 

Combining (l), (2) and (3) yields 

<J(c) < (ĵ  UQG + c) + (MG + cb/tt) + EMG < (1 + c)MG 

for c< 6 = ̂  emO min (̂ , (a4b) )* 

Lemma 6.6. If G is an open set contained in [a,b] , then 

lim inf c p. (Gjc) < mG. 
c-»o — 

Proofi Suppose the contrary. Then there exist &,t> 0 

such that for 0 < c < 5, c n(Gjc) > (l-te)mG. Hence 

JO ct ii (Gjct)dt > JQ (l+e)mG dt = (l+e)mG. But this contradicts 

the preceding lemma. 

Combining Lemma 6.1 and Lemma 6.6, we obtain 

Lemma 6.7* If G is an open set contained in [a,b] , then 
i 

lim inf c|i (Gjc) = m(G). 
C O 

Theorem 6.1; If f is a bounded function defined on the 

interval £a.,bl and if f is both uniformly and Lebesgue integrable, 

then (U>£ f = itij*°t. 
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Proof: Let M = supx [f(x)l. By Lusin's theorem, for 

every e>0, there exists a function h which is continuous on 

(a,b) and an open subset G of [a,b] such that [x|x e[a,b]rf(x)̂ i(x)| 

CO, m(G) < C/I4M and supx|h(x)j < M. Let s = f-h. Then s is 

uniformly and Lebesgue integrable, s(x) =0 on [a,b]-G and 

I fb I 
8t?3xjs(x)j < 2M. Furthermore (I»)Ja s < 2Mn(G) < t/2. Now let 

A=Gu[a,bj and let r = 2MX̂ . Then we have 

o 2* „ a a 
c 

Now, 

<<i>la|s| <c 2ar = 2M/ci 
c c \ c 

(• 

a*A I* 

"S 11m inf 2M f c 2j _ X. ] = 2M lim inf c ̂  Xr c—»o I  ̂a A J c-»o  ̂a G 

= 2M lim inf cu (G) = 2M m(G) < e/2. 
C*fw c 

Hence | (V)J* s [ < e/2. Consequently for every e>0 we have 

fb fb I I Tb /b /b /'b 
(U) f - (I)Ja f I = I (U)ja f - (U)Ja h + (L)Ja h - (L)Ja f 'a 

b 
(U)ia f - (u)J& h I + (U)JA h - (L)Ja f . 

But (»)i; h = (1)7. h, since h is continuous. Thus 

[(Û f -  (L̂ f [ < \ (V)J\ - (V)J^h + [(L̂ h - (L)̂ f| 

= |(U)̂ b(f-h)| + |(L)ia (h-f)| = + |(L)ia (-»)I < «• 

Thus the theorem is proved and the uniform and Lebesgue integrals 

are compatible on the class of bounded functions. 



7. ADDITIONAL RESULTS 

Lemma 7.1: If G is an open subset of the interval 

[a,b], then p.„(G) is a measurable function of c and lim J(c) 
C C-K> 

f1 = lim / ct |i (G;ct)dt exists and is equal to m(G). 
c->o ao 

Proof: The measurability of u_(G) follows from the 
c 

argument used in Lemma 6.5. And from the conclusion of Lemma 6.5 

we have that lim sup J(c) < m(G). 
c—>0 —• 

From Lemma 6.1 it follows that for every c>0, there exists 

a 6>0 such that if 0 < c < 6 then cn(Gjc) > m(G) - e. Thus, 

for 0 < c < 6, J(c) = ctn(Gjct)dt > J* (m(G)-e)dt = m(G)-e. 

Hence, lim inf  ̂ J(c) > m(G) and the lemma is proved. 
c->o — 

(Note: The inequality lim inf J(c)>m(G) may also be 
c—>0 

obtained directly from Lemma 6.5 and a slightly modified form of 

Fatou's lemma. See Appendix III) 

Lemma 7.2: If F is a closed subset of [a.bl, then 
ri 

a (F) is a measurable function of c and lim J ctix(F!ct)dt 
c c o 0 

exists and is equal to m(F). 

Proof: We have F = [a,b] - G, where G is an open 

subset of [a,b]. Hence a,(F) = n ([a,b]) - n (G) is the 
c c c 

difference of two measurable fiinctions and thus measurable. 

2k 
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Next, using Lemma 6*2 

- lira 
c-*o 

1̂ m
c—»o o ct Mi(Fjct)dt r 3 0 

 ̂ct |a([a,b ]jct)dt - JQ p,(G5ct)dt 

a limc_>0 f0 ct n((a,b);ct)dt - fQ ct |j.(Gjct)dt 

= (b»a) - m(0) = m(F). 

Leanma 7.3 s If H is a set of measure zero then u. (H) 
c 

is a measurable function of c and  ̂(H) = 1 or 0 for almost 
0 

all c in (0,1] depending on whether or not 0 e H. 

Proof: Let Hq = H - {0}j let S = {c|nc(Ho) > 0, 0<c} 

and for all integers n, let {cjnc eHQ, 0 < c}. Clearly, 

«0 

(J V = S. Furthermore V = , and for n 4= 0 we have 
_ n o r ' n=- °® 

VC (l/n)HQ= {x/n|x c Hq}J hence, m*(Vn) < (l/njm*(HQ) = 0. 

Therefore, m(S) =0 and M-C(Ĥ ) is measurable since = 0 

almost everywhere. If 0 e H, then since n ({0}) = 1 we have 
c 

u (H) = 1 almost everywhere, whence p. (H) is measurable, 
c c 

Theorem 7.1? If A is a measurable subset of [a,b], 

then u (A) is a measurable function of c and 

J ctn(Aj< lim QJo ctn(Ajct)dt exists and equals m(A). 

m 

Prooft First let K = F̂  where the F̂  are closed 

sets; i.e.. K is an F set. Letting T « ,Q F., we have * * cr n j=l j * 



the partition K = 1 U U (T ,.,-T ). Since for each n T is 
1 n=l n+1 n n 

closed p. (T .,-T ) = n (T .) - (i, (T ) is measurable as is 
c n+1 n c n+1 c n 

p. (K). Since every measurable set is the union of an F set 
c o 

and a set of measure zero, it follows that p. is measurable for 
c 

all measurable subsets A of [a,b]. 

Next, for any e > 0 if F and G are, respectively, 

closed and open subsets of [a,b] such that F c A c G, and 

m(F) > m(A) - 6, m(Q) < m(A) + e, then 

m(F) < lim inf _/ ctn (Ajct)dt < lim sup ctn(A;ct)dt<in(G). "™" CO " c O O ™ 

It follows that the limit in question exists and equals m(A). 

Using Lemma 6.7 w® can prove the following 
m 

Theorem 1,2 i Let G = (â ,b̂ ) be an open set with 

component intervals (â ,b̂ ). Then 

OB ' 

(1) lim inf [w(b./c)-w(a./c) ] = m(G) and 
c-»o i=1 i i 

«D 

(2) lim inf c2 l!p(a./c)-p(b./c)] = 0, 
c-+o ±=l 1 1 

where p(x) = x-w(x) is the fractional part of x. 

OD 

?rooft Let G* = ĥen 

oo 

p, (G*) S 2 [w(b./c)-w(a./c) ]. 
C i=l 1 1 

Now m(0) = lim infc_̂ Qc M>c (°) < lim "̂ c-̂ o0 ̂ c 

But because of Lemma 6»2, the conclusion of Lemma 6.5 is valid 



for G* as well as for G. Therefore m(G)> lim inf on (G*)« 
— C—yO c 

This proves (1). 

Taking the limit inferior as c~*o in both members of 

the equation 

OP OD 00 

c 2 [w(b /c)-w(a./c)] = ̂  (b.-a ) + c 2 [p(a./c)-p(b /c) ] 
i=l 1 1 i=l 11 i=l 1 

we obtain 

00 

m(G) = m(G) + lim infc_̂ Q c 2 [p(aj/c)-p(bj/c) ] 

and hence (2). 



8. THE COMPATIBILITY PROBLEM. FOR UNBOUNDED FUNCTIONS 

We now turn our attention to the compatibility problem 

for finite-valued unbounded functions.* Whereas, in section 6 

we approximated bounded measurable functions by continuous 

functions and applied Luzin's theorem,here we approximate the 

unbounded measurable functions by semi-continuous functions and, 

in effect, use the Vitali-Caratheodory theorem [8, p.75]» For 

this, the following generalization of van der Corput's Lemma 

(6.5) is reouired. 

Lemma 8.1: Let {Gn} be a sequence of open subsets of 

CO 

[a,b] such that  ̂m(G ) converges and having the additional 
n=l n 

property that if Oe [a,b], then there exists an open interval 

V containing 0 such that all but a finite number of sets V/1Ĝ  

are empty. Then for every sufficiently small e>0, there is a 

 ̂ r1 
5>0 such that 0<c<& implies J(c)=_2i J ct |jl (Gn;ct)dt 

11=1 
00 

< (1 + e) 2 m(0). 
n=d n 

*We will also use the symbol (U)ja f to denote the 

low<fr uniform integral of the extended real-valued function f, 

/'b 
where, as before, (U) / f is defined to bi lim inf f, 
' * c-*o a * 

whenever this limit is Tinite. c 
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Proof: As before, we may reduce the proof of the lemma 

to the case, a> 0. 
00 

Let m(G )j let V= (P,Y)J let K be the largest 
n=l n 

integer such that is non-empty; let 0<.e<ii*f K/s and 

let CT = Se/ijK» Hence o<f so that [0,a]cV and [0,c]H 

is empty whenever n> K. 

Furthermore, 

(1) <I,(c)»ii; f ct ̂  ([0,a]fiG jctjdt̂ ŷ. ct n ([0,cr]/HG_5ct)dt 
1 n=l 0 n n=l 0 n 

< K(o+c) = 4 6 S + Kc. 

Now let the double sequence of component intervals of the 

open sets (Gn) be ordered in a simple sequence {(â ,b̂ )}. 

Then there is an a> 0 such that the terms of {(â ,b̂ )} dis­

joint from [0,CT] and of length less than o form a set 

2 2 
of measure less than e S /6Ub. Furthermore, the number of 

intervals in the remaining set Pg does not exceed S/<*. There­

fore, summing over the intervals (Â ,Eh) of P̂  we have 

a r 1 x-, 
(2) J2(c) = 2 J0 etn((Ai,Bi)jct)dt< 2 (B̂  + c) < S + cS/o. 

In considering the intervals (Â ,Bj) of P̂  with the 

exception of the replacement of m(G) by S, we determine, as 

previously, that JQ ct p. C(Â ,Bj);ct)dt< l6b(B̂ -Aj)/S if 

c<Se /U. 

Therefore, if c<S e/1*, then 

(3) J,(c)=2 / ctn((A ,B ),ct)dt< 2 (Bj"Aj)l6b̂ ,l6b. e2S2= fee. 
J J Se Ss- -- 6Ub 



Combining equations (1), (2) and (3) we have 

J(c)< (^Se + Kc)+ (S + cS/o) + ̂e S< (1 + 6)S if 0<c<& where 

8 = | eS min (|, V(°K + S)). 

Lemma 8.2; If {Gr} is a sequence of open subsets of 

[a,b] satisfying the hypothesis of Lemma 8.1, then 

QD 00 

lim inf  ̂c|i(G ;c) = 2 m(G ). 
c~*° n=l n n=l n 

Proof: The corollary to Lemma 6.1 implies 

«0 OD 

lim infc_̂ o  ̂ĉ fĜ jc) > ̂  m(Gn)s:S. If the strict 

inequality holds, then there exist 9,6>0 such that if 
OD 

0<c<5, then c ̂  n(G jd)> (l + e)S. Using Beppo Levi's 
n=l 

theorem we have 
•> /•>! r1 /J 

2 J0 Ct H (Gnjct)dt= JO 2 Ct VI (Gn;ct)dt> JO (1+6)Sdt 
n=l n=l 

= (1 + e )S, contradicting the previous lemma. 

Lemma 8.3t If h is a non-negative Lebesgue integrable 

r b 
function on [a,b] (i.e., (L)/ h exists and is finite) such 

a 

that the oscillation** of h at 0 is finite whenever 0 6 [a,b], 

•b / b 

'a then wjr h ; wj* h. 

Proof; For all positive integers n and p define 

OD 

#= {xf xc [a,b] and < h(x)< jjp} arid rp= 2~P 2 n^gP • 
~ n=sl n 

•»*The oscillation of h at 0 ia limg_>o+sup{h(x)|x6R(8)} 

inf{h(x)|xe R(6)} where R(6)= [a,b]HC-5,6). 



Then for every e > 0 there is a sufficiently large p such that 

W. h+^e > (L)/ r = 2~p 2 nm (Ep). 
a a p n=1 n 

If Oe [a,b], then there exists an interval V 

containing 0 and a positive integer K such that n> K Implies 

V/lEp = <j>. For each n, let gP be an open subset of [a,b] 

such that Ê cC? and m(Ĝ  - Ep) < e/n2n""p +\ Furthermore, by 

taking V to be a closed interval, we can select the in 

such a manner that if EpAV=i. then Cpl)V=$ as well. n '» n 1 

Thus f 

2"p' 2nm (C3P)<2"P § n(m(Ep) + 6/n2n"p+1)s (Lj/V + i e. 
n=a n n=l a P 

It follows that 

(L)-f h + c>2~p 2 nm (gP). whence the series  ̂nm (Ĝ  
Ja n=£ n n=l n 

converges. 

From the sequence {QP} we form the sequence {Hp} 

= {GJ, GP, GP, . . . ,OP,...,GP,... } in which each GJJ occurs n 

00 00 

times. Consequently *̂XEp =  ̂n̂ QP • Furthermore, the 
n=l n n=l n 

sequence {Hp} satisfies the hypotheses of Lemma 10.2, i.e., 

OD 

each Hp is an open subset of [a,b],  ̂m(Hp) converges and 
n=l n 

(HP/1V) = <f> for n sufficiently large. 

Tim* MI: s "XQ P =<w: 
- n=l n -a n=l n 

«P m m 

= lira inf c  ̂fj. (I? jc)= 2; m(Hp)a 2 nm (gP). 
v n=l n=l n=l 
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Hence, 

(u)/« (U) / 2"p 1 nXoP = 2̂  S nm (Q̂ ) < (L)f h + 6. 
M CL •« VJ_ • II QL — — n=l n n=& 

Therefore 

(«ya h < a )jt h. 

Corollary 8»1: If g is a function which is bounded 

below and Lebesgue integrable on [a,b] and such that the 

oscillation at 0 is finite whenever 0 e [a,b], then 

e* _a ° - ^a 

Proof: Let M be a lower bound for g. Then g-M 

satisfies the hypotheses of the Lemma 8.3# Hence, 

-M(b-a) and 

(g-M) = (V)J*g -(U)̂  = (U)iabg -M(b-a). 

Thus (D) A 

Corollary 8.2: If g is bounded above and Lebesgue 

integrable on [a,b] and if the oscillation of g at 0 is 

finite whenever Oe [a,b]j then («)ia g > a)/, g-

Proof: Since -g satisfies the hypotheses of the lemma, 

rb rb lb rb 
we have (Wa (-g); (-e). Thus (L)ia g;-(o)ia (-g) 

- tDi/g. 

Corollary 8.3* If f is bounded and Lebesgue integrable 

[a,b], then (V) /1bf < (l)fbr < (u) /b r . 
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Theorem 8.1: If f Is both Lebesgue and uniformly 

integrable on [a,b] and, furthermore if the oscillation of f 

at 0 is finite whenever Oe [a,b], then 

Proof 8 For each positive integer n, let 

(f(x) if f (x) > -n 
f(x) = 

 ̂-n if f(x)<-n. 

Each f satisfies the hypotheses of the previous lemma 

and since f < f we have 
— n 

rb /• b r b 

'n* 
/'b 

; («)ia f„; v 
Since f< I f I and lim f= f we have lim .. (L)/ f 

n—' * n n-**0 va n 

=(«XBF- B ,6 

Hence, (D) / "f < (L) /'"f. 
b /' b 

a f i (L)-/a 

Moreover, -f satisfies the hypotheses of the theorem if 

f does, implying 

and (")is f; f, 

and the theorem follows. 

As our final result, we shall prove a theorem analagous 

to Corollary 8.3, but with the roles of the uniform and Lebesgue 

integrals interchanged. 

Lemma 8.U: If f is a finite, lower (upper) semi-

continuous and Lebesgue integrable function on [a,b] such that 

the oscillation of f at 0 is finite whenever Oe [a,b], then 

(«)7ABt-(L,Y;F ((u)/abr=<W> 



3U 

Proof: Suppose f is lower semi-continuous and finite; 

then f is bounded below. Hence, by Lemma 8.3, we have 

(u)/ab * < VF* f-
Furthermore, f is the limit of a non-decreasing 

sequence of continuous functions {l"n>. Therefore, for all n, 

f < f and (L)/ f = (U)/ f < (U)/ f. 
n — v Ja. n Ja n — â 

•b rb 

n->» '—-a fn = 
Since liiri (L)J f = (L) / f, we conclude 

n—>»o â n â ' 

 ̂ and k̂ QuaHty follows# 

The other part is proved similarly. 

Remark: If we assume instead of Lebesgue integrability 

that (L) / f = +<*> , then by Levi's theorem lim . (L) / f =+® 
7 J n->m a n 

so C)J. f cannot be finite either. 

Corollary 8.1̂ : If f is bounded and lower semi-

f'b rb / b 
'a f = Wa f = (U)Ja continuous on [a,b], then (L)J  h  f  = (R)J  b  f = (U) / b f. 

Similarly, if f is bounded and upper semi-continuous, then 

(L)f* f = (R)/̂  f = (U)7ab f. 

Proof: If f is lower semi-continuous, the inequality 

f is proved as in lemma h. (Also see [2,p.206]). 
cL "" fit 

The reverse inequality is well known. 

Deflnitiont The upper and lower Lebesgue integrals in 

the sense of Daniell [U,p.l69] are given by: 



(L )£ t = ±nf([I) J* u ju c T where 

T = {u|u>f and u is an extended real valued function which is 

lower semi-continuous and bounded below}; similarly, 

= sup | (L)Ĵ  u|ue p) where 

P = {uj u< f and u is an extended real valued function which 

is upper semi-continuous and bounded above}. 

Theorem 8.2: If f is bounded and uniformly integrable 

on [a,b], then Wab f < (U)iab t £ (W, f-

Proof» Iiet S = {u|u > f, u is lower semi-continuous 

and bounded}. We shall show inf ĵ (L)Ĵ  u|u e T| 

= inf u|ue sj . If the equation did not hold since 
ScT. there would exist a t tl such that for all s e S 

' o 

(»£ K < (Wa s. However, if f is bounded by M, then 

letting 8 =min(t ,M) we have s eS and (L)/ s < (L) / t 
° o o* o o jsl O 

a contradiction. 

By Corollary 8.U ntS implies (U) / » = (I) / b 
SL A 

Thus (1)7, f = inf [(D)jJ u|u« sj > (U)̂  f. 

The other inequality follows similarly. 

This concludes the section on the compatibility problem 

for unbounded functions. So far the problem has not been 

resolved completely. 



9. THE N-DIKENSIONAL UNIFORM INTEGRAL 

In considering a generalization of the uniform integral 

for n-place functions, we can use either a grid of n-dimensional 

squares or n-dimensional rectangles. It is more natural and 

useful to take the latter course. 
n 

Let [a,b] = X [a.,b.] be the Cartesian product of the 
i=l 1 1 

n intervals [â ,b̂ ]. For all i=l,2,...,n let Oĉ  and 

c= (c-j,,c2,...,cn); let |c( = max ci and (|c|| = If f 

is a real finite-valued n-place function defined on [a,b] and 

 ̂= wfaj/ĉ -ŵ /c.̂ ) for i = l,2,...,n, denote 

.5? § § 2> ••• 2t f(c, [w(a./c.) + k, c_[w(a./c. ) + k J) by 
kn=d k2=l k̂ sl 1 , 

f. , The uniform integral of f on [a,b], denoted by 
c a 

Ûn̂ a f i# given by ̂  lim ||c|| f, 

provided the latter exists. 

If the n-place function f is Riemann (R̂ ) integrable 

on [a,b], then an argument similar to the one given in section 1̂  

shows that, but for a certain term of the order o(l), c 2 * 
c a 

is a Riemann sum of norm |c| and hence converges to the Riemann 

integral of f over fa,b] as |c|—>0. Thus the n-dimensional 
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uniform integral is an extension of the n-dimensional Riemann 

integral. 

By extending the arguments of chapter 6, we shall also 

show that for bounded functions the n-dimensional uniform (U ) 
n 

integral is compatible with the n-dimensional (L̂ ) integral. 

Let Hc[a,b]; let 0< ĉ , i=l,..,n and let n(H;c) 

or u (H) be the number of elements of the set 
c 

is an integral-valued measure on the class of all subsets of a 

ST1 b 
given bounded set and jx, (H5 c) = ̂  for all Hc(a,b], 

c 

Next we extend the general compatibility theorem of 

section 6 by first generalising the lemmas of that section. 

Let the open subset G of [a,bj be expressed as a 

. Then countable partition (J ĵ X (<̂  , 

"c(Gic) " TT [»(^/ci> - wt̂ /Cj)] . 

Lemma 9»lt If G is an open set contained in [a,b], 

then lim inf, . u (G)>m (G), where m (G) is the n-
icj"̂ o c "* zi n 

dimensional Lebesgue measure of G. 

The proof is similar to that of Lemma 6.1. 

n n 
Lemma 9,2: If X (̂ ĵ cHc X £ct P ] and 

i=l it=l 

for all i, then the integrals (Rn)J ||ct|| p.(Hjct)dt 

n rl 
and j | (\)J0 ĉ utwCP̂ /Cju) - w(°̂ /ĉ u) ]du exist and are equal. 

i=GL 
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n 

(Here ct= (c,t,,...,c t ) and X (0,1] is the 
xx n n 1=1 

interval of integration for the n-dimensional integral.) 

Again the crux of the argument iA that the integrands for 

any two H's are bounded, continuous almost everywhere and equal 

n 
almost everywhere. In particular if H= X (a.P.], then 

i=l 1 

(\)J0 ||ct|| \i (H|ct)dt= (Rn)JQ TT I0!11!O(Pi/Citi)-w(a1/c1t1) ]J dti 

= ̂  (\)J0 •eiu[w(P1/ciu)-wffiyVjuJJdu. 

Lemma 9«3t If (Q,P) [a,b], then if H is obtained by 

reflecting (a,P) about one or several of the coordinate axes, 

it follows that J0 ||ct|| n((a,P),ct)dt = JQ ||ct|| (x(Hjct)dt. 
Proof: The integrands are identical. 

n n 
Lemma 9.i» If X (<*,P.)c He X ], then 

i=d i=a 1 1 

rl n J0 llctll ti(Hjot)dt< 7T ^i"ai + ci^* 
Is! 

This result is immediate and implies . 

n n 
Lemma 9.U: If X (aJJcHc X then 

i=i 1 1 1 1 

JQ |[ct|| n(Hjct)dt'«3nn(H) + (̂ -l) |c|M, where MwmaxCCP̂ )̂11"1,!), 

n 
Proof t The first term of the product "TT ([P..-a., ] + c.,) 

i=l 1 

is The remaining 2n-l terms are all products consist­

ing of 0 to n-1 and n to 1 Cj's, and are each 

bounded by |c| M. 



Lemma 9.5? If G is an n-dimensional open subset of the 

interval [a,b], then for every e>0, there is a 8>o such 

that if 0< |c| <6, then the n-dimensional Lebesgue integral 

J(o)~J0 ||et|| M.(Gjct)dt< (l + e)mn(G). 

Proof; As in Lemma 6.5, we can reduce the proof to the 

case where a.̂  > 0 for all i. For if b̂  0 for some i, we 

apply Lemma <?.3j and if for some i â <0<b̂ , then we parti­

tion [a,b] into intervals that intersect the coordinate axes at 

most on the boundary of these intervals, apply Lemma 9.3 and use 

the additivity of (i and m • 
c n 

The Lebesgue integral J(c) exists and again we shall 

estimate it by 'expressing it as a sum of three integrals. 

Let c>0 be givenj let 0=6(G)/lms " j s = max b̂ , 

1 /k-l n \ 
M=max(sn~ , 1), S =[ X [a, ,b. ]x [0,a]x X [a.,b.]) for 

K \i=l 1 1 i=k+l 1 V 

n rl 
k=l,...,n, P1= {J Sk and Ĵ Ĉ =J0 |(ctll ct)dt. 

k=l 

By Lemma 9»V we have 

(1) Ĵ c)* U'M ̂(SkJ ct)dt<n[asn"1+(2n-l) |c|M] 
lri 

= emn (G)/U + n(2n-l) |c| M. 

Next there is an a > 0 such that the intervals of G 

of measure less than a form a set of measure less than 

let Pg (resp., P̂ ) be the union of all intervals (Aj,B̂ ) for 
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which mn(Aj,Bj)>o (resp., 0<mn(Aj,Bj)< a) and let 

Ji(c) = j0 jjct)| n(p̂ J ct)dt for i=2,3. The number of intervals 

in is less than sn/a and Mn(P̂ )<emn (G) (P/UiUs)11, 

Hence, 

(2) Jg(c) <mn(G) + |c| sn/Qe 

If (A,B) is any component interval of and 

w(Â /ĉ ) = N̂ , if |c| < o we have J: ||ct|| n((A,B)jct)dt 
n - rV° ik 

= il lrfliVci(k+1) °iu[w(Vciu)" w<Vciu) 3du 

2 a2^ " (2B(Bi~Ai) n (BSAf) n 

i=l °i i i=l ciNi 

n (B̂ -Â ) _ n 

- (28)n S - (2s)" il [!W 

<mn(A,B) (bs)n/<P. 

Hence, 

(3) Ĵ (c)<mn(P̂ )(Iis)n/o;i < i 6 mn(°)» 

Combining equations (1), (2) and (3) we have 

J(c)< « ran(G) + n(2n-l) fc|M) + (mn(G)-f |c| sn/a) + 4" * 

< (l + e)mn (G) for all |c| < 5, where 

rain O/fcns1*1, a/(an(2n-l)M+sn)). 

Lastly, arguing as in Section 6 we have 



Lemma 9.6: If G is an n-dimensional open subset of 

[a,b], then lim infc_̂ Q J: |jct|| n(Qjct)dt = mn(G). 
Theorem 9.1: If f is a bounded n-place function that 

is both Lebesgue and uniformly integrable on [a,b], then 

< v - C f = < l *>£ 
Proof * The proof of Theorem 6.1 applies with only minor 

notational changes. 



10. APPENDIX I 

Theorem 10.1: For any real number a, lim _ w(a/c) = a. 
o—>o 

Proofs For c ̂  0, w(a/c) = a/c - p(a/c), where 0<p(a/c)<L. 

Hence 

cw(a/c) = a - cp(a/c) 

from which the result follows. 

For c / 0 define 

{ w(b/c)-v(a/c) 

2̂ f (c[w(a/c)-m]) w(b/c) > w(a/c) 
n=l 

y f =\ 
•Zj a 
c 

-2 

w(b/c) = w(a/c) 

w(b/c) < w(a/c) 

Theorem 10.21 For any numbers a, b, c any positive d, 

and any function f defined on the appropriate intervals, 

*ob  ̂c ci c 
2a f + 2b f = 2. f. 
d a d b d a 

li2 
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Proof: If w(a) < w(b) < w(c), then 

f = f(d[w(a/d) +1]) + f(d[w(a/d)+2])+••• + f(dw(c/d)) 
d a 

= [f(d[w(a/d) +1]) + ••• +f(dw(b/d))] + [f(d[w(b/a) +1]) + ••• 

+ f(dw(c/d))] = 2 f + s! f. 
d a d b 

If w(b) < w(a) < w(c) 

snb v> ® sri ̂  v® 
2a f + 2b f  = - 2b f +2b f = - f(d[w(b/d) + 1]) 
d d d d 

- f(dw(a/d)) + f (d[w(b/d)+1]) + ••• + f (dw(c/d)) = f(dw(a/d)+l)+ ••• 

C 
+ f(dw(c/d)) =2. f. 

d a 

The other cases are proved in a similar manner. 

The uniform integral, as we have defined it, ia the right-

k 
hand limit, limo_J>0+ c 2&f« Correspondingly, one can define a 

c 

uniform integral by means of a left-hand limit or an ordinary two-

sided limit. However, these three possible definitions all yield 

the same integral. This is shown by the following argument. 
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Lemma 10«1: If c > 0 and a < b, then 2a f =2 f(nc), 
c a<nc<b 

where the summation on the right is over all the integral multiples 

of c in (a,b]» 

Proofj f = l̂ f (c[w(a/c) + n]) for n=l, w(b/c)-w(a/c). 
c a n 

Now w(a/c)<a/c<V(a/c) + 1 and c > 0. Thus cw(a/c)<a<c[w(a/c)+l]» 

Similarly, cw(b/c) < b < c[w(b/c) + 1 J. 

Lemma 10»2: If c < 0 and a < b, then 3 £ = - 2, f(nc)« 
c a a<nc<t> 

v a "O 
Proofj 2̂  - f = -̂ v f = - 2. f (c[w(b/c) + nl). where 

c a c D n=l 

k = w(a/c) ~ w(b/c). Since c < 0 we have cw(a/c) > a > c[w(a/c) + 1] 

and c*(b/c) > b > c[w(b/c) + 1], from which the result follows as 

before. 

sr,b 
Lemma 10,3? If c > 0, a < b, S(c) = c _ f and 

c 

s(-c) = - c2af, then S(c) - S(-c) = c{Xj(b/c)f (b) - Xj(a/c)f (a)}. 

Proof: S(c) - S(-c) = c 2 f(nc) - c  ̂f(nc) 
a<nc<> a<nc<b 

- c( 2 f(nc) + Xj(b/c)f(b)) - c( ̂  f(nc) + x-r(a/c)f (a)) 
a<ttc<b a<Jic<b 

= c{Xj(b/c)f (b) - XjCa/cĴ Ca)}. 
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Theorem 10«3; The existence of any one of the three limits 

liui c ̂  f. lim • c „ f and lim c 2. n f implies c—>o a c—>o+ a c—>o a 
c c c 

the existence of the other two and the equality of all three. 

Proof: From the previous lemma, for c > 0 

Is(c) -S(-c)l < c(lf(b)l +lf(a)l)» Thus limo<_>o+S(c) exists 

if and only if limo_>o+ S(-c) = limc_>o_ S(c) exists; and when 

they exist, then lim S(c) exists and all these limits are 

equal* 

Theorem 10* lu The integral (U) J f exists if and only 

a .b ,& 

if (U) L f exists, and when they exist (U) J f = - (U) J f, 
D & v) 

Proof: (U) c(-f) 
c c 

a. rb 
= - "V« 0 f = - (U) -/a f • 

c 

Theorem 10* 51 If the left side exists, then 

,.b 

(U) J&T + (u) JH T = (U) ia f. 

Proof* 

i) a < b < c 



Ii6 

b 

C'/a^ <« ib 
f = lljV>o d ̂  a f + l t o « o  d | b  f  

d, d 

= u,"d->o d'?If *?bf) = UlV>o d?lf " (U) L1-
d 

ii) b < a < o 

(U)  f &  f  +  (0) J°f = - (U) J h  f + (U) f = limd->o 
b d 

+ limd->o d?bf = limd->od d 

V1 a sric 

= limd->o d 2b nt; C 

a f + f b f  
a a 

= 11"d̂ o 
d?If " (U) 

j ' 1 '  
d 

The other cases are proved in a similar manner. 



11. APPENDIX II 

Theorem 11.1: Any interval [a,b] contains a non-

measurable subset H such that if x,y are in H and x ̂  y, 

then x/y is irrational. 

Proof: life first establish the theorem for an interval T 

which contains the point 1 and is of the form T = T(s)=[l/s,s] 

where s is a rational number greater than 1. 

2 2 
Given T = [l/s,s], let W = [1/s ,s ]; and for any x 

in T let K(x) = {xr(r rational and xr e W}. 

The collection of distinct sets K(x) forms a partition 

of W. First of all, any w in W may be expressed in the form 

w = xr where x,r belong to T and r is rational. (Merely 

pick any rational r sufficiently close to ŵ  and solve for x 

Thus w & K(x) and Wcĵ K(x). Since K(x)cW, it follows that 

W = U K(x). Next if z e K(x)riK(y), then z = xr = yr where 
x . x y 

r and . r are rational. Consequently, for any t e K(y), we 
x y 

have t = yr = x(rr/r ) whence t e K(x) and K(y)cK(x). jc y 

Similarly K(x)cK(y). Thus for any x,y t T, the sets K(x), 

K(y) are either identical or disjoint. 

Applying the Axiom of Choice, let A be a set obtained 

by selecting one element from each of the distinct sets K(x)j 

U7 



lot {r̂ } be the rationals of W enumerated in a sequence; let 

= {xrjJ x e A}; and let m#(A) = &, m*(A) = P. Therefore, 

m̂ (Ak) = lyn̂ A) = rka and n*(Ak) = rkm*(A) = rkP. 

The sets Aĵ  are pairwise disjoint. To see this, 

suppose n / in and z e A Aa . Then z = x r =x r , where 
' n m n n m m' 

x ,x_ e A. Thus x /x is rational, which implies x = x_; 
n' m n m ' n iir 

but this cannot be since r / r • 
n ' m 

«0 

Next, Tc ĵ Â . For if x 6 T, then since T £ W, 

there exists an x eA such that x 6 K(x ). Thus x = x r, , 
o o o k* 

where XqCT and rk is a rational number in W, i.e., x e Â  

DO oO 

Now s-l/s =m(T) <m*(MA.) < 2m*(A.) = ̂  Prk. Hence 
~ k=l k=l 

P > 0. Since Ac T and each rk e W, we have k̂ c. [l/ŝ ,ŝ ]. 
« oo go 

Therefore, ŝ -s"̂  = m[s*"̂ ,ŝ ] > m ((JA. ) > ^m„(A,) = a2r. . 
*" k=l K " k=l * k=l 

OP 

V' 
Since the series 2. r. consists of all the rationals in W, it 

k=l 

diverges to +" . Hence Q = 0. 

Consequently, râ (A) = a = 0 < P — m̂ (A). Thus A is 

non-measurable and the theorem is proved for the intervals T(s). 

Now to extend the result, let [a,bj be any given 

interval and [c,d] any subinterval of [a,b] such that c and 

c-M 
d are rational and of the same sign, say positive. Let r = -y 

and let s be chosen so close to 1 that e = max(s -1.1-1/s ) 
o o ' ' o 

= 8q-1 < (d-c)/(d+c). Then we have [l/s0> s0]c[l-6* 1+®] and 



[r/sQ, rsQ]c [r(l-e), r(l+e) ]c:[c,d ]. Finally, let Aq be the 

non-measurable subset of T(Sq) constructed above and let 

A = {rz| z e Aq}. The set A is a non-measurable subset of 

[c,d]c [a,b]j and if x,ytA and x ̂  y, then x = rẑ , y = rz2, 

where ẑ , ẑ  6 Aq» Hence x/y = z]/z2 *s irrational. Since 

the same argument applies when c and d are negative, the 

theorem is proved. 

Theorem 11,2: If H is a Hamel basis (for the real 

numbers over the rationals), then exists and equals 

zero. 

Proof; Since the members of H are linearly independent, 

H cannot contain distinct multiples of any positive number c. 

"Si1*5 
It follows that 2* a Xjj equals o or 1 for all c > 0 and 

c 
b 

"S? Y 
lim  ̂ĉ a H exists and equals 0, c—>o 

c 

Moreover, there do exist non-measurable Hamel bases [10] 

ao [a,b]OH may be non-measurable as well. 



12. APPENDIX III 

A modified form of Fatou'a Lemma 

Let a be a limit point of the linear set S. Suppose 

for every ce S, there is defined a non-negative summable 

function g with domain D. If lim inf g = g. if g is 
c c-*a ®c 

measurable and if T is any measurable subset of D, then 

Jg<lla Jgc. 

ProofJ The equation lim inf. _ g_== g implies that for 
• C 8i C 

any sequence {cn> of distinct terms of S converging to a, we 

have lim infn_̂ m g6n> g. 

Therefore, since g is measurable using Fatou's lemma, 

we have J g < J lim inf̂  ̂gCn < lim infn_,„ J gCn. Hence, 
J g < lim inf<j_>a J g(j. 

50 
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