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ABSTRACT 

The general circulation of the earth's atmosphere is studied 

within the framework of the quasi-geostrophic system of equations. The 

model atmosphere is thermally and frictionally active internally and is 

thermally and frictionally coupled to an underlying surface which varies 

in composition and has an undulating topography. 

The quasi-geostrophic equations are derived from the basic 

hydrodynamic equations and then reduced to a set of simultaneous alge

braic equations by the method of finite differences applied to a four-

dimensional grid. The horizontal dimensions of the grid are 6600 km 

east-west and 9600 km north-south and the grid has 5 levels in the 

vertical. Symmetry conditions along the east and west boundaries permit 

the fluid to pass freely over the grid from west to east while Cauchy 

conditions are applied along the north and south boundaries. Zero 

vertical velocity is taken as an upper boundary condition while surface 

heat fluxes and vertical motion resulting from flow over undulating 

topography are incorporated into a four-dimensional, second-order, 

nonlinear partial-differential equation which forms the lower boundary 

condition. The prognostic equation at interior points is four dimen

sional, third order, and nonlinear. Numerical techniques are employed 

to obtain the solution to these equations. 

A heating function related linearly to the latitude is the 

primary driving mechanism. Turbulent transport of heat and momentum 
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is permitted and a pseudo-radiation mediani.sm proposed by Cliarney is 

incorporated in the mo-del. Surface frictionaJ. drag is proportional to 

the surface wind speed, and fluxes of heat between the underlying 

surface and the lowest air layer are taken proportional to the vertical 

temperature gradient. 'Hie ocean is taken to be an infinite heat reser

voir but the land temperature is determined by the resulting motion. 

The model atmosphere in part determines its own heat sources and sinks. 

Potential and kinetic energy equations are derived for the 

mean and deviation quantities and a careful accounting of the energy 

budget of the model is presented. 

The resting atmosphere is brought into motion keeping the motion 

independent of the x direction. When the zonal flow satisfies the 

baroclinic instability criterion the flow is permitted to be three 

dimensional. 

As a first experiment, the continent was taken to have zero 

height. The equations were integrated for a period of 25 days and 

very realistic flow patterns resulted. A subpolar low and a subtropical 

high developed and moved eastward at a speed of about 600 km per day. 

A strong thermal gradient was found in the lowest layer as a result 

of advection associated with a trough of low pressure. A region of 

high-velocity wind is found above and slightly to the north of the 

maximum temperature gradient in the lower troposphere. 

Mean potential energy is systematically converted into mean 

kinetic energy through nonlinear interactions among the perturbation 

quantities. Turbulent mixing, radiation, and surface friction 
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systematically deplete the energy while the latitudinal heating function 

is a rather constant source of energy. The pseudo-radiation mechanism 

is found to be the largest energy sink to the perturbation potential 

energy. A quasi-equilibrium in the energy balance was achieved. 

As a direct result of the contrast in thermal properties 

between ocean and land the low-level baroclinic zones attain maximum 

development over the continent. Vertically directed fluxes at the 

surface act in opposition to temperature advection in these regions. 

The underlying surface acts alternately as a source and sink of energy 

as the systems move from land to water. 

A second experiment was performed having the initial conditions 

mentioned above but with the addition of the undulating topography. This 

comparison reveals that the topography is very effective in developing 

eddying motion from zonal flow. The topography influences the mean 

quantities only slightly. The rate of development of the eddy quanti

ties starting from zonal flow was enhanced by a factor of 4 by the 

topography. Vertical velocities resulting from the undulating topog

raphy are about 10 ^ cm/sec; thus, the topographic effect becomes less 

important as the cyclone-scale motion matures. Since the model atmos

phere partly determines its heat sources it is not possible to sort out 

completely the effect of topography by comparative integrations of the 

type described above. 



CHAPTER 1 

INTRODUCTION 

1.1 General comments 

Theories of the general circulation of the earth's atmosphere have 

as an ultimate goal the explanation of the mechanical, potential and 

internal energy budgets, their interrelationships and their relation 

to the incoming solar insolation which comprises the ultimate atmos

pheric energy source. The spherical earth-atmosphere system receives 

heat from the sun in a nonuniform manner; a net heat gain accrues to 

tropical latitudes while polar latitudes suffer a net deficit. The 

resulting unstable distribution of mass provides a dynamical mechanism 

for the continual northward transport of heat, and a quasi-steady state 

is achieved in which the equator-to-pole temperature difference reaches 

a value of about 45C during the winter season. The numerous ramifica

tions of this basic cycle constitute the general circulation. A physical 

and mathematical explanation of the dynamics and thermodynamics and 

attendant energy transformations constitutes the general circulation 

problem. 

Careful analysis of atmospheric observations and the simul

taneous application of theoretical tools have served equally well 

to delineate the main problem areas and to provide final answers to 

specific questions. During the past several decades the rudiments 

of a consistent theory of the general circulation have appeared which 

1 
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have their foundation embedded within the framework of mathematical 

physics and are supported by the abundance of observations presently 

available. Further exploitation of both theory and observations 

will serve to clarify the many unresolved problems as well as to 

provide continually deeper insights and thus lay the groundwork 

essential to the posing of ever more subtle questions. 

The theoretical approaches to the general circulation problem 

can be broadly divided into two categories. The first, which seeks to 

find analytical solutions to the hydrodynamic equations, is charac

terized by the method of perturbations. Very significant results 

have been obtained through the use of this method by Charney (1947), 

Kuo (1952) and Fleagle (1957). Briefly, this approach has culminated 

in a' theory of baroclinic instability which has provided criteria for 

the growth of unstable cyclone-scale eddies and related the development 

of these eddies to such relevant physical parameters as latitude, the 

earth's angular velocity and observed phenomena such as the latitudinal 

temperature gradient. This approach examines the influences of impor

tant atmospheric parameters on stability and structure by means of 

solutions to linearized versions of the relevant equations. 

The second approach, which attempts to solve the hydrodynamic 

equations by numerical means, has become profitable as a result of 

the rather recent advances in high-speed digital computers. The power 

of this method lies in Its ability to achieve solution, as a function 

of the space variables and time, of the nonlinear equations subject 

to a wide variety of initial and boundary conditions. Recent work 

with this method has produced solutions extending for periods of 



3 

months. This method, being prognostic rather than diagnostic, generates 

an abundance of basic meteorological data which in turn can be used to 

compile climatological statistics on the characteristics of the circulation 

Itself. Careful and diligent pursuit of this method of attack on the 

general circulation problem by Phillips (1956), Charney (1960), Leith (1962), 

Matsumoto (1960), Smagorinsky (1963), and others has led to a clarifica

tion of the roles played by such physical phenomena as subcyclone-scale 

turbulence, diabatic heating, and the hitherto unattainable effect of 

nonlinearity. Further research with this method appears very promising. 

1.2 Statement of the problem 

Any numerical approach to the general circulation problem falls 

into one of three categories on the basis of the treatment accorded the 

hydrodynamic equations of motion. The basic equations subject to the 

hydrostatic approximation form the hydrostatic forecast system. An early 

experiment with these equations was performed by Richardson (1922), while 

a recent formulation is presented by Smagorinsky (1963). These equations 

are frequently referred to as the primitive equations. Further distilla

tion of the basic equations (Lorenz, 1957) leads to the balance system of 

equations and, as a subset of these, we have the quasi-geostrophic equa

tions. Largely as a result of the work of Hollman (1956), Charney (1949), 

Phillips (1954), and Lorenz (1960)we now know that each system of equa

tions, properly and consistently posed, has the property that energy is 

conserved in the absence of energy sources and sinks. This property can 

be considered to be the fundamental criterion for the formulation of each 

system*; 
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One of the many unresolved problems confronting the worker inter

ested in the largest scale of atmospheric motions is the influence of 

the lower surface on these motions. Not one of the models of the general 

circulation mentioned above includes the effect of undulating topography 

or recognizes a distinction between ocean and land surface for purposes 

of heat and momentum transfer. It is the goal of this dissertation to 

extend preceding work, particularly in regard to the treatment of the 

lower boundary, by allowing the model atmosphere to interact thermally 

and mechanically with a lower surface of varying composition and undu

lating topography. 

Human and computing resources available to this writer largely 

dictate that this experiment be performed within the quasi-geostrophic 

framework. A STRETCH computer and 25,000 machine instructions are 

required by Smagorinsky's model (the hydrostatic system), while Leith's 

model runs on an equally capable LARC. Gates (1962) reports that up to 

11 minutes of 7090 time per iteration is required to solve the highly 

implicit equations resulting from the balance system, using current 

techniques. The model to be presented on the following pages requires 

4000 machine instructions and can be integrated on an IBM 7072 (10,000 

core storage locations and 5 tapes) at the rate of about 12 minutes of 

computing time per meteorological day. This reduction in complexity 

carries with it certain disadvantages to be discussed in a subsequent 

section. 
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1.3 Scope of the problem 

The first and now classic paper using the method of numerical solu

tion within the quasi-geostrdphic framework was presented by Phillips 

(1956). This model was extended in certain respects by Matsumoto (1962)., 

The model presented by Phillips consisted of two layers in the 

vertical over a rectangular horizontal grid having dimensions of 10,000 

km by 6000 km. The atmosphere responded to diabatic heating, turbulent 

mixing, and surface drag. Starting from rest, the atmosphere was brought 

up to speed, keeping the motion independent of the east-west coordinate. 

When the horizontal temperature gradient attained a magnitude sufficient 

to satisfy the baroclinic instability criterion (for this model) the 

constraint was removed, and three-dimensional eddying motion ensued. 

During the entire period of integration the energetics of the model 

were studied extensively. 

Matsumoto (1962) extended this model to five layers in the 

vertical. In addition, he allowed for the loss or gain of energy by 

the eddies through a pseudo-radiation mechanism which Charney (1960) 

showed to be important for a model of this type. Matsumoto failed to 

publish values of the energy resulting from this mechanism, however. 

The model presented on the following pages extends the work 

described above by allowing a more complete interaction between the 

atmosphere and the underlying surface. Specifically the following 

features represent extensions of previous work: 
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1) The model will recognize the distinction between land and ocean, 

2) heat transfer between the atmosphere and the surface will be 

permitted, and 

3) land surface topographic features will influence the motion. 

The magnitude of the surface heat transfer mechanism will include 

the effect of stability, and the resulting surface temperature changes 

will be a function of the surface composition. Frictional interaction 

with the surface will be a function of surface type, and terrain-induced 

vertical velocity will be included in the lower boundary condition. How 

the energetics of the atmosphere are related to and influenced by the 

lower interface will be of major importance to this dissertation. 

1.4 Method and limitations 

The quasi-geostrophic equations will be derived from the basic 

hydrodynamic equations and reduced to a set of simultaneous algebraic 

equations by the method of finite differences applied to a four-

dimensional grid. Numerical techniques will then be employed to obtain 

the solution of the resulting algebraic equations. 

This procedure introduces errors for three separate reasons. 

As the penalty for using a model containing the maximum number of simpli

fications, errors are introduced through the consistent use of physical 

constraints embodied in the geostrophic assumption. The complete 

diagnosis of these errors has not been obtained, but the current 

state of this subject is succinctly summarized by Gates (1961) and will 

not be reproduced here. The use of finite-difference methods to solve 
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the nonlinear geostrophic prognostic equations introduces truncation 

errors, while a third type of error is introduced in the solution of 

the algebraic equations by approximate methods. 

The chief limitations of this model arc the elimination of 

ageostrophic motions by the geostrophic approximation and the use of 

a rectangular spatial grid rather than a hemispheric grid. The geo- • 

strophic model is incapable of giving an adequate description of the 

essentially non-geostrophic dynamics of the Hadley circulation in 

tropical latitudes, nor can it account for the interactions of the 

inertio-gravitational motions with the quasi-geostrophic motions in 

mid-latitudes. Sraagorinsky (1963) reports that the non-geostrophic 

motions alter the energy transformation rates in mid-latitudes 

particularly in connection with the baroclinic branches of the 

energy exchanges. Transformations between perturbation potential and 

kinetic energies are altered by as much as 50 per cent and the. exchange 

between perturbation and mean kinetic energies by 10 per cent at times. 

His zonal wind profile tended toward geostrophic equilibrium even in 

equatorial regions. Geostrophic departures in the zonal wind remained 

less than 5 per cent in northerly regions and were less than 2 per cent 

in tropical latitudes. It appears that the main features of the general 

circulation will survive the geostrophic approximation and that, the 

influence of the lower interface can be studied satisfactorily within 

the quasi-geostrophic formulation. 



The rectangular grid overemphasizes polar regions and slights 

tropical latitudes (where the geostrophic assumption is least valid); 

this could be corrected through the use of a more complicated mapping 

system such as that employed by Gates (1962) , but only at the expense 

of increased computing time. 

Primarily because of the experience and achievements of Phillips 

and Matsumoto the author has confidence that some success will be at

tained by a model of this sort, with emphasis on the lower boundary, in 

spite of the limitations and errors mentioned above. Justification for 

this confidence will await the final conclusions. 



CHAPTER 2 

MATHEMATICAL STATEMENT OF THE FROBLEM 

2.1 Derivation of the model equations 

Since the primary purpose of this dissertation is to study the 

general circulation from the energy point of view, it, is necessary to 

formulate the modeling equations in a manner which is consistent with 

this purpose. A necessary criterion is that the equations be energy 

conserving in the absence of sources and sinks of energy. The quasi-

geostrophic system, consistently developed, meets this requirement. In 

addition, a meaningful statement of the equations in regard to the ener

getics of the atmosphere quite objectively poses the necessary boundary 

conditions. 

The development of an energy conservation theorem for this 

system of equations, written in two-level finite-difference form and 

without energy source terms, was given by Phillips (1954). Energy 

producing terms were added to this model by Phillips (1956). Matsumoto 

(1960) presented an energy theorem written in analytic form which in

cluded those source terms given by Phillips plus the additional feature 

of the pseudo-radiation mechanism. The following development of the 

quasi-geostrophic equations, the related boundary conditions, and an 

9 
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energy theorem is presented to display the added features of undulating 

topography and thermal interchange with the surfacc in addition to pro

viding completeness and continuity to the material in subsequent chapters. 

The mathematical basis of this model rests on the following . 

fundamental equations: 

First law of thermodynamics: 

d H _ CvriT 4. ?di> 
dT dt dt 

( 2 . 1 )  

Equation of state for an ideal gas: 

( 2 . 2 )  

First equation of motion: 

C>44 4V'\lji-K +• Lodu. — f/v jM? -+ korfM. + fx (2.3) 
hi c? p by. r 

Second equation of motion: 

-f V'fy/T ^ _ 20 -f- Kj>Vp yc- •+ fv (2.4) 
dP 2 y / 

Hydrostatic equation: 

M = - °< 
}P 

(2.5) 
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Equation of continuity: 

'buo __ _V„'V 
2>P P  (2-6)  

(A definition of the symbols appearing in this dissertation is given in 

Appendix I.) 

These equations apply in the (x, y, p, t) system and are approx

imate to the extent that terms having the radius of the earth in the 

denominator have been neglected and hydrostatic balance is assumed. The 

terms neglected by reason of these approximations are from two to four 

orders of magnitude smaller than the larger terms retained. 

The first law of thermodynamics can conveniently be combined 

with the hydrostatic equation after replacing the actual temperature 

by potential temperature. We obtain 

_H dJL - -A - V'Vfi + si UJ <2-7> 
Pcpjt iz ap e bp 

The static stability for this model is defined as 

where S must be a function of pressure only to satisfy the consistency 

conditions of section 2.2. This constraint is likely to retard cyclonic 



development (Gates, 1961), but comparative studies on this point are in

conclusive (Gates, 1962). With the use of (2.8), eq (2.7) can be written 

as 

s ̂  + U = - 5R dH (2-9) 
dt SP dPJ PCpdr 

A vorticity equation can be derived from this system of equa

tions by differentiating eq (2.3) with respect to y and (2.4) with 

respect to x and then subtracting the former from the latter. The 

result is 

Mp + V' +t) + CO ZSf - -(Sptt)Vr'V 

( 2 . 1 0 )  

- IK-V.OJ X •+• h?V. l5p i -  IR 'VP  X IF 

where % is defined as (yjf) — 

is a function of pressure only. Velocity and vorticity are evalu

ated geostrophically according to eqs (2.11) and (2.12): 

= IK XUr<p (2.11) 
fo 

% = <2-12> 
3 V. 

The defining relations, eqs (2.11) and (2.12), together with eqs (2.6), 

(2.9), and (2.10) nox* comprise a complete system subject to boundary and 

initial conditions and to further specification of the terms involving 

the diabatic heating and friction. 



Additional simplifications consistent with the geostrophic ap

proximation are as follows: 

a) The term ( [ ) must be replaced by some constant value 

of the Coriolis parameter when undifferentiated. This occurs in the 

divergence term in eq (2.10). 

b) Th'e terms involving the vertical advection of vorticity 

and the tilting effect in eq (2.10) must be neglected. For large-scale 

disturbances and for the usual prediction grid these terms appear to 

be less important than those remaining. 

Further distillation of these equations can be achieved by 

differentiating eq (2.9) with respect to p and then eliminating 

between eqs (2.9) and (2.10) through the use of eq (2.6). After evalu

ating the velocity geostroph i.cally we obtain the prognostic equation 

for this model. 

(2.13) 

\ S ft <J H 
1) P j_ PCp T 

+. Volk-^XIF 

This equation together with eqs (2.11) and (2.12) and appropriate 

boundary and initial conditions forms the geostrophic forecast system. 

The left side of eq (2.13) shows that Cf , the sole dependent 

variable, is a function of the three space variables and time. The 

first term on the right side can be written in terms of (p and 

derivatives of (f through the use of eqs (2.11) and (2.12). The 



remaining terms must be prescribed or written in terms of the motion 

of the fluid. How this is accomplished will be the subject of the 

following chapter. 

2.2 Energy theorem and boundary conditions 

For the remainder of this chapter we will symbolically represent 

the sum of the diabatic heating, the turbulent diffusion of vorticity, 

and the friction term by RHS. If we require that S be a temporal 

invariant, eq (2.13) can be written as 

90 So i- P + f o S =. R H S ^ 
dt [ * be ^PJ 

The quantity + f t 5 ̂  changes as a result of gradients 

of diabatic heating, turbulent transport of vorticity, and the curl of 

the horizontal frictional force. In the absence of these effects this 

quantity is conserved and at any level it changes locally only as the 

result of geostrophic advection. In addition, if R1IS is zero, this 

equation with certain boundary conditions conserves energy. 

Changes in the quantity t? as a result of 
9 or 0' 

friction and heating can be interpreted qualitatively by referring to 

eqs (2.9) and (2.10) simplified according to the principles of the 

preceding section. These are 



+ CO - -SAcLH (2.9a) 
dt d? pCf, dt 

-sL(Ss+n -h^o ^2 = + IK'^y/F . <2-10a> 
dr v 3 ; ^ p 

Eq (2.9a) states that the temperature of a parcel of air changes as a 

result of vertical motion, including the effect of thermal stability, 

and diabatic heating. Addition of heating diabatically and subsid

ence lead to parcel heating. Vorticity changes of an air parcel occur 

as a result of divergence, horizontal diffusion of vorticity, and 

vertical frictional drag, as expressed in eq (2.10a). The diffusion 

term acts to produce changes in vorticity which tend to reduce the 

gradient of vorticity while, near the earth's surface, frictional drag 

acts to reduce the relative vorticity toward a zero value. That this 

latter.is true follows from section 3.4. 

Eqs (2.9a) and (2.10a) are linked together physically through 

vertical motion. The vertical motion which results from changes in 

vorticity or temperature as a result of friction or heating in eq 

(2.14) is that vertical velocity which keeps the temperature changes 

hydrostatic and the vorticity changes geostrophic. 

To derive an energy conservation theorem for this system we 

multiply eq (2.13) by Q and integrate over the three-dimensional 

space invoking the boundary conditions when necessary. If use is 

made of the identity 

^ cptfM + v.cQ.Vptg 
bz Tt r dr 

(2.15) 
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we obtain 

5 ^ 2 . -  3 p .  < P V »  M  -  c p d  s i ,  ̂  -
fo £>"C foZ (fp 2)P £>•£ 

( 2 . 1 6 )  

£ v M v * H s ! ? ] - i *  R H S  •  

The first term on the left side of eq (2.16) can be identified as 

1 ^ 4> \x 
Z yt \ J • '•'hen integrated over the volume th;s becomes 

^ ̂ i V^V > the rate of change of total kinetic energy per unit 

• 
mass of the geostrophic wind. With the aid of Causs' theorem the 

second term on the left side of eq (2.16) can be written as 

p. ^ CP^p ^ , J % , where d ̂  is a differential eler.ient of 

area on the lateral boundary only. This integral will be zero under 

the following conditions: 

a) ^p is zero at all boundary points; 

b) the surface integral around the lateral boundary at any 

level p is zero; 

c) the integral over the entire lateral boundary is zero, or 

d) "Vp is perpendic ular to d % . 

If we assume that initially there is no flow across the lateral 

boundary, condition (a) implies no flow across the boundary, conditions 

(b) and (c) imply no net flow across the boundary, while condition (d) 

states that the gradient of height change is at all times parallel to 

the boundary. Condition (d) will be used in the integration of this 

model. If the lateral boundary of the region of integration is 



closed, these conditions require that the total amount of mass within 

this region be conserved, a plausible prerequisite for energy conserva

tion. 

The advective term in (2.16) can be written as 

5a +9 t t + foe) 5 ̂  
f. 3 fl0 IP 

=  v f l  
X£> te of3 

- 5. ^ f Q s ^P~K •%! - 4>\$. + f +U 5Ml 
TP 2>f f0 ^ J? f, 

The last two terms are identically zero by definition of the geostrophic 

wind, while the first term on the right side can be integrated and 

written as ^\fo ($« f f iafP
5$))'J$ WhiCh is identically 

zero for zonal flow. 

The third term on the left side of (2.16) can be expanded to 

yield 

yp IP Ji ^ [ i V i  hPl 

Eq (2.16) now becomes 

+- S(W7cV_ \l(cps— - \sL KMSjV . (2.16a) 
^ j r Z\IP) J ybz) J r0

J 
v V v 

The second term can be integrated directly with respect to p, letting 

the limits be pa , the lower boundary of the model, and some low value 

of p corresponding to the upper boundary of the atmosphere. The bound

ary condition applicable at the top of the atmosphere can be obtained 



from eq (2.9) by requiring that, at this level, the vertical velocity 

anc! the diabatic heating vanish. The upper boundary condition is 

(2.17) 

and the integral becomes ^( <$ S ̂  •%> Y > 

Expanding the advective term as before and again making use of Gauss' 

theorem we conclude that no contribution to the energy equation is 

obtained from the upper boundary. 

We again apply (2.9) at p = 1000 mb to obtain the lower bound

ary condition: 

(Thompson, 1961, p. 87) where the term - 'Vp§0J is the contribution 

to the vertical velocity by flow over undulating topography having a 

Co at pD, that is, <JP, > can be written as 

CVo - ?p M- — Va o $ 

2>t 9 

height . Thus the lower boundary condition for this model is 

( 2 . 1 8 )  
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The integral of eq (2.16a) now evaluated through the use of (2.18) becomes 

+ ̂ cp?„^cW/ - M^cp^HjoW. 

The advective term is again zero for a closed region showing that geo-

strophic flow over undulating topography lends to no net energy 

changes. The second integral can be written as §£ ^ <$1'JY-Jy 

if we take So to be a constant. cp is energy per unit mass 

and time which, when integrated over the entire lower surface, repre

sents the net energy flux into the atmospheric mass through the lower 

boundary. 

Combining the results to this point yields the energy con

servation theorem for this model: 

+  *YftSVd*J r  = 
V 

(2.19) 

-2-IL ^ ^ cp | j J X J / — ^ R H 5 W y . 

V 

Eq (2.19) states that the sum of the kinetic and potential energy is con

served in the absence of diabatic heating within the atmosphere, turbu

lent transport of momentum, and neglecting heat fluxes across the lower 

boundary. A similar result has been previously stated by Phillips 

(1960). 
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The potential energy of this model consists of the volume 

integral of the thickness (relative height) between pressure surfaces 

and the surface integral of the geopotential height of the lowermost 

surface. Phillips (1956) computes the relative thickness as a devia

tion from an area mean at each pressure level and terms this the 

available potential energy in keeping with the concepts presented by 

Lorenz (1955). This has the added advantage that the potential energy 

changes are not lost in the large numbers characteristic of the total 

potential energy. This treatment of the available potential energy 

will be followed throughout the remainder of this dissertation. 

It is important to note that eq (2.19) could not have been ob

tained if we had allowed S or So to be functions of x and y, or if 

had not been replaced by 9® in eq (2.10), or if we had 

retained the extra terms in eq (2.10). As stated by Phillips (1960), 

these approximations are a logical part of the geostrophic approxima

tion. A more specific treatment of the terms on the right side of 

eq (2.19) contributing to energy changes within this model will form 

the subject of the next chapter. 

The boundary conditions to be used in the integration of this 

model are summarized for convenience. The upper condition is 

2. §2 
c>t dP 

= - V, - V* <$> + Jidit 
* d? ' 

( 2 . 2 0 )  
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The lower boundary condition is 

v 

S + vr ̂  +• ^ <V» <£ - - ££ ALfci\ , '(2 • 21) 
fadP ' r dP it » <• - pcAdtJp, 

Syrrnetry conditions will be imposed along the east and west boundaries 

to allow the fluid to pass freely over the region from west to east. 

These can be stated as 

<P* = (?--22> 

where L is the east-west dimension of the grid and d is the grid spacing. 

Condition (d) of this section can be applied along the north and south 

boundaries by letting 

2.(&?) =u =- O (2.23) 
br* hiL 

where the dimension of the grid in the north-south direction is vt/ 

2.3 Finite-difference grid 

Before proceeding to a discussion of modeling approximations 

involved in the energy source terms, it is well to describe the configu

ration of the finite-difference grid on which the model equations will 

be solved. 

An IBM 7072 computer having a 10k core storage unit and 8 tape 

drives was available to the author for the solution of this problem. 

The instructions and constants of the program require more than 4800 



locations and, for moderate efficiency (minimum use of comparativoly 

slow tape drives), four fields of numbers should be available in the 

core, which means that the size of the grid must be less than about 

1200 points. The configuration adopted has dimensions 17 x 13 x 5 for 

a total of 1105 points. For a Ax - ay = 600 km the physical dimen

sions correspond to 9600 km in the north-south direction and 6600 km 

in the east-west direction. 

A tabulation of this grid and those used by Phillips and 

Matsumoto is given for comparison. 

Phillips 17 x 16 x 2 10,625 km 6,000 km 

Matsumoto 20 x 25 x 6 10,000 km 12,500 km 

Frenzel 17 x 11 x 5 9,600 km 6,600 km 

Although the 13 points in the east-west direction are needed in internal 

storage to impose cyclical continuity as noted in the preceding section, 

this is reduced to 11 in the above table to be consistent with the 

other authors. 

The atmosphere is divided into four layers as shown in Fig. 2.1. 

The parameters } , 5^ and <-^> arc computed on the levels 1 

through 5 while the thermodynamic parameters Sj• T and dH/dt 

are defined or computed at intermediate levels. Eq (2.13) is solved 

on levels 2, 3, and 4, eq (2.20) is solved between levels 1 and 2, 

and eq (2.21) is solved between levels 4 and 5. The finite-difference 

approximations to these equations and a method of solution are out

lined in Appendix II. 



23 

250 mbs 

500 mbs 

750 mbs 

1000 mbs 

Fiy. 2.1. Vertical Grid Configuration 

The levels labeled 250, 500, 750, and 1000 mbs are designated levels 

2, 3, 4, and 5 respectively. Thermodynamic parameters are defined or 

computed at intermediate levels. 

S,T, dH/dt 

A p - 250 mbs 



CI LA ITER 3 

ENERGY SOURCES 

3.1 reneral comments 

In the preceding chapter a mathematical model of the general 

circulation was formulated which had the property that the energy of the 

system was conserved in the absence of diabatic heating and turbulent 

transport of momentum. It was indicated that these sources and sinks 

of energy wou]d have to be related to the physics of the motion itself 

or specified on the basis of atmospheric observations. The former is 

more satisfying, though in some respects this is beyond the capa

bilities of the geostrophic model, particularly insofar as the contri

bution to the diabatic heating by radiative and condensation processes 

is concerned. This model will not carry the moisture as a dependent 

variable and, hence, the radiative cooling, depending as it does on 

water vapor, and the latent heating will be specified as functions of 

position. A specific manner of modeling these phenomena will form the 

subject of this chapter. 

Eq (2,19) rewritten with the energy suurce Lerms entered un 

Ihe right becomes 

24 
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--^£koV^ dv -[^IK'S/pKtfJxJy + JM/. 

1/ 

The first tern on the right of (3.1) represents the total contribution 

to the change in energy of the nodel as a result of diabatic heating 

within the volume and includes solar heating, long-wave radiative cool

ing, latent heating as a result of the excess ..•£ condensation over 

evaporation, and turbulent enthalpy transport by eddies smaller than the 

grid size. The second tern includes the diffusion of vorticity by small-

scale horizontal turbulent eddies, while the third tern accounts for the 

frictional interaction with the lower surface. The remaining term, 

which is a consequence of the lower boundary condition, measures the 

energy changes of the model which arise from heat fluxes between the 

atmosphere and the underlying surface. The remaining sections present 

the modeling approximations to these physical phenomena. 

3.2 Diabatic heating 

The first tern on the right side of eq (3.1) includes the 

effects of all diabatic heating exec *: that resulting from vertically 

directed fluxes at the lower interface. The important processes are 

latent heating, radiation, and small-scale eddy diffusion. The 



effects of the gross field of radiation, the latent heating, and the 

small-scale vertical heat transports will be combined. Radiation by the 

turbulent eddies and the small-scale horizontal turbulent fluxes will 

be modeled separately. 

formulation of the latitudinal distribution of diabatic heating is 

given by Phillips and will not be reproduced here. The final form 

chosen by Phillips relates the diabatic heating linearly and symmetri

cally to the latitude. For a rectangular grid the net amount of heat 

added is zero, but potential energy changes occur since heat is added in 

low latitudes at high temperature, with an equal amount being lost at 

high latitudes and at a lower temperature. Matsumoto points out that, 

in the absence of other effects, the meridional profile of zonal wind 

depends in part on the assumed form of the distribution of diabatic 

heating. He employed a sinusoidal functional form having maximum 

gradient at mid-latitudes which led to a zonal wind profile having a more 

sharply defined maximum at these latitudes. In the absence of any 

justification for a complicated functional form of the heating and in 

view of the other simplifications of this experiment, we will adopt 

the linear form used by Phillips. For simplicity, the heating will be 

independent of the vertical coordinate. The mathematical statement 

consistent with the above is 

A thorough discussion of the considerations entering into a 

(3.2) 



where W is the north-south dimension of the grid and G is chosen to 

yield a heating rate of 0.25C per day at the equator, again following 

Phillips. This form of the heating on a rectangular grid also leads to 

the statement that 

This part of the diabatic heating is completely specified as a function 

of position and is not related to the motion. 

The lateral transport of enthalpy by small-scale turbulence will 

be accounted for by the simple relation 

used by both Phillips and Matsumoto and will be taken without further 

justification. The temperature is obtained from the field of geo-

potential through the use of the hydrostatic relation, and thus the 

turbulent transport of heat is very much related to the motion field 

itself. 

One additional form of diabatic heating, not considered by 

Phillips, must be introduced (Charney, 1960). Charney has shown that 

the use of a geographically fixed heat source tends to amplify the 

north-south temperature gradient under eddying motion and tends to 

increase the dynamic instability of the model. To partially alleviate 

O (3.3) 

(3.4) 

where a value of 10^ cgs units is given to kr • This is the value 



this difficulty, Charney proposes a pseudo-radiation mechanism which 

allows parcels of air to gain or lose heat depending on whether they are 

below or above their radiative equilibrium temperature. A theory of 

radiative transfer for this multi-level model will not be advanced, but 

the necessary heat transfer will be accomplished by allowing a parcel 

to tend towards equilibrium with other parcels at the same latitude. 

A mathematical statement to this effect is 

where T is the type of average defined by eq (4.1). Eq (3.5) corre

sponds to Charney's eq (2.13). The value of Ra. is chosen so that a 

parcel having a temperature excess of 5C over its surroundings will 

cool at a rate of 5C per day. This cooling rate is slightly greater 

than half that obtained from Charney's formulation for typical values 

of the relevant parameters and thus can be expected to be somewhat less 

effective as a control over temperature departures than his formulation. 

This discrepancy is not considered serious in view of the general 

crudeness of either formulation. 

thought to be dependent on the magnitude and direction of the thermal 

gradient and on the wind speed or vertical derivatives of the wind 

speed. Upward transport of heat is enhanced by buoyant convection 

when the atmosphere is heated from below (thermal instability) and 

(3.5) 

Vertical thermal interchange at the lower interface is usually 



transports in either direction are increased by mechanical mixing; 

thus the dependence on wind speed. These are the physical processes 

which we would like to model. 

The simplest mathematical statement which approximates the 

ideas expressed above is 

dR =. C (Ts - T0) (3.6) 
i t  

where the constant includes the effects of thermal stability and turbu

lence. The air temperature changes accompanying this heating are 

accounted for through eq (2.13) and the lower boundary condition, 

eq (2.18). 

Within the ocean, for short periods of time, little error is 

committed if we assume that local temperature changes are negligible. 

Annual temperature changes are on the order of 5C and, in the absence 

of a mechanism within this model to account for the horizontal transport 

of heat in the hydrosphere, it appears entirely appropriate to hold the 

ocean temperature fixed with respect to time. The latitudinal distri

bution of ocean temperature will be derived in Chapter 5. 

Land surface temperatures are strongly influenced by solar 

insolation and by transport processes occurring between the surface and 

the overlying air as a result of the comparatively modest value of the 

effective specific heat of the land surface. The condition imposed on 



the ocean temperature response, formulated above, is tantamount to an 

infinite value of the specific heat for this medium. Land surface 

temperature changes will be governed by the relation that 

a~Ti _ __ Cb d H __ _ Cu c//4 (3.7) 

dtr dt 

while the corresponding relation over the ocean is 

(3.8) 

These statements imply that air over the ocean tends toward 

thermal equilibrium with the ocean at a fixed temperature while the 

equilibrium temperature over land is a compromise value essentially 

weighted by the relative specific heats of the two media. It remains 

to choose values for the constants in eqs (3.6) and (3.7). 

is determined partially by the depth of the thermally active soil layer, 

by the composition of the soil material, and by the thickness of the 

lowest air layer which interacts thermally with the soil. The latter, 

determined by the structure of the finite-difference grid, is 250 mbs. 

It follows that the time scale of any major temperature change in this 

air layer must be on the order of one day or so; higher frequency fluc

tuations will have little effect on this mass of air. The appropriate 

soil layer to consider, then, is one which responds to fluctuations 

having a period of roughly one day. This depth is taken to be 

The value of the effective specific heat for the soil, CL , 



1.0 meter. If we assume a soil density of 1.6 gm/cm^ having a specific 

O 
heat of 0.5 cal/deg-cm the effective specific heat of the soil layer 

is 2.08 x 10^ cgs/cm^. The corresponding value for an air layer 250 

Q O 
mbs deep is 2.58 x 10 cgs/cm . Therefore, we conclude that the most 

pronounced temperature change will occur in the land for this formula

tion. 

Finally, values of C can be chosen from considerations related 

to the rate of heat flux into the air. As a further approximation we 

will assume these factors to be independent of the wind speed and 

dependent only on stability. Partial justification for eliminating 

the dependence on wind speed is, again, the crudeness of the finite-

difference grid. The variability of the wind speed over a layer 250 

mbs deep is expected to be much less than that in very shallow regions 

in which these considerations usually are applied. Priestley (1959) 

presents data showing the amount of heat gained by the air as a function 

of time in a cold outbreak over different underlying surfaces. Inspec

tion of these data reveals that the amount of gain increases by a 

factor of two for a coefficient of eddy viscosity corresponding to 

unstable vs. neutral or stable conditions. 

The constant, C, in eq (3.6) was obtained by equating the 

value of JH/dr , equivalent to a temperature change of 5C in a 

12-hour period, to a temperature gradient of 10C. For the condition 

that.ts > ta we obtain C a 116.2, and for ts < ta we let C • 58.2. 

A preliminary experiment using this formulation of the surface 

heat transfer mechanism was performed before it was realized that these 



conditions on the heat transfer result in an equilibrium condition 

having the average air temperature in the lowest layer warmer than the 

average surface temperature. This is not observed in the actual 

atmosphere but is due, in this model, to failure to include all the 

small, but relevant, physical processes such as radiation which act 

in opposition to the upward-directed heat flux. To eliminate this 

difficulty, C was taken to be 116.2 irrespective of the direction of 

the temperature gradient. 

3.3 Lateral turbulent mixing and surface frictional drag 

Turbulent exchange in the horizontal by eddies smaller than 

the grid size has been included in the development of this model from 

eqs (2.3) and (2.4). Eq (2.13) contains this effect subject to the 

restriction that the lateral kinematic eddy-viscosity coefficient be 

a function of p only. Following Phillips we take the value of f?a 

to be 10"* m^sec"^". 

The frictional accelerations per unit mass, Fv and fy 

in eq (2.3) and (2.4), are given by 

.  f  =  -  a ,  .  i f  -  -  a  
3 ' ? Yr J 

These terms in the vorticity equation become 

I K - V . X F  =  - j  f c - A c . x r  
f  »  j p  '  
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If we assume that t at 500 mbs i.s very small in comparison with T' 

at 1000 mbs this becomes 

ZAP 

If we let TIOOO = l^vUoo we obtain 

= -Ak S = - K $ (3-10) 
ZAP 

by evaluating the vorticity geostrophically. The value of k was 

taken to be 4 x 10"^ sec"^- by Phillips, Matsumoto, and Charney (I960). 

Justification of this value is given by Phillips. 

Petterssen (1956) presents values of mass transport across the 

isobars as a result of surface frictional drag and relates these to the 

work done by the forces of friction. The work done in this process in

creases by 25 per cent as the cross-isobar angle goes from 20 to 30 

degrees. To include a variation in the surface drag between water and 

land for this model we will let the value of K in eq (3.10) be 

— fi *6 
4 x 10 over water and 5 x 10 over land. Further refinement of these 

values does not appear justifiable. 

In formulating the modeling approximations presented in this 

chapter an effort was made to account for the features of the physics 

in a manner which is comparable in detail to the general level of 

refinement in this model. The primary limitation on the formulation 

of the processes at the lower boundary results from the finite 



differericiilg in the vertical direction.* Smaller vertical grid spacing 

would permit a boundary layer in which more accurate equations could be 

used to describe heat and momentum fluxes, but this would require 

greater accuracy at upper levels also. It appears consistent to uti

lize such refinements within the primitive equations. 

1. A series of four progressively more comprehensive two-level 

models within the quasi-geostrophic framework has been proposed by Mintz 

(1958). Many of the physical processes included in his fourth model 

are incorporated in the model described in this dissertation. The heat 

exchange between the air and the ground is modeled in a manner similar 

to that proposed by Mintz (1960) and Kuo and Nordo (1958). 



CHAPTER 4 

ENERGY TRANSFORMATIONS 

4.1 Energy transformation equations 

In the preceding chapters a mathematical model of the atmosphere 

was developed which included eniergy source terms resulting from relevant 

physical phenomena. The purpose of this section is to derive a set of 

equations which relate energy changes and which will display the manner 

in which energy transformations occur in this model. 

Energy transformation equations for this model can be derived 

from eqs (2.9) and (2.10) in a very similar manner to that used to ob

tain eq (2.19). We will define mean values and deviations from the 

mean according to the relation that V = V -t- where \f is 

the zonal mean defined as 

_ L 
J-.^VdX (4.1) 

0 

/ 

and V is the deviation value. The east-west dimensipn of the domain 

of integration has length L. 

Eq (2.10) consistently simplified according to section 2.1 and 

with the friction term written according to section 3.4 is used to 

35 
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obtain the mechanical energy equation for this model. After dividing 

by Fo this equation can be written in terms of means and deviations 

to yield 

+ cp') - __L V.'*, <*(,+<;) - _L 
e ' ft f0 ° • u 

r vjs, r5#') - A (S,„„ + 

(4.2) 

f0 " 0 e„ 

For the mean motion alone we obtain 

ft = - £  ̂̂ ?» - I 

The first term on the right can be expanded further to yield 

1  ̂ - A s„... (4-3) 
^ ot t-o d f P0 f0 

We can obtain an equation for the deviations by subtracting (4.3) from 

(4.2). The result is 

-ry' l¥ = ^ < 4-4 )  

t-s1" L d i Vo vo 

Equations for the rates of change of the kinetic energy of the 

mean and of the deviation motions can be obtained from (4.3) and (4.4) 

by multiplying the former by CP and the latter by CP' and integrating 

each of them over the volume invoking the appropriate boundary condi

tions when necessary. The results of these operations are eqs (4.5) 

and (4.6) . 
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M - 2-\ii\l6\j — ( J\/ -\<p olv 

])t Zt h 3 „ f» J <) P 
V v V 

- ^7/?,^ +  f 55 ̂  #s»»M /  ( 4-5 )  

V 

as =. 
2>t 

= ^ -^cp'hgj \J 

J V V 
v 

<• |^®'§;,„a-/x<// (4.6) 

Corresponding equations for the potential energy changes can be. 

obtained from eq (2.9) after differentiating it with respect to p and 

multiplying by — <P . Separating means and deviations as before we have 

for the meaned equation, 

cpJL 5 <5iP _ cp2.5 K till - $ Zu> — 0<LtK4I (4-7) 

if SP b? d dp 3P dPKpdz 

and for the deviations 

- (p'Ji S - <p'A5(\y* - (p'hd =: 4M (4.8) 
^ ^ 9 ' ap I? ecpdr 

We are now in a position to integrate these equations over the volume 

to obtain rates of potential energy change. The rate of change of the 

potential energy of the mean motion is given by 



v v v 

(A.9) 

-f ̂  ̂  P. dEdv — $£ ((adldxdy 
i  Jp J  } f P c i > d r  r c p j )  d t  

and for the deviations 

= il 5 fetfVdV -h?o A ( f <pld^dy — WltK '^> ^ 
d r  T ^ t j r  J  l } T f  y j  

V !/ 
(4.10) 

+ [ <p'M̂  -t- \(p'2 $L diL'dv - s& { uU«'dUr 
J bp J }P?Cf>dt ?c P  J J <*t 
v v 

The volume integral of dtt / dT includes the diabatic heating 

within the volume from all sources while the surface integral measures 

the energy change resulting from heat fluxes at the lower boundary.. 

Additional manipulation wLth the first terms on the right side 

of eqs (4.5) and (4.6) and of eqs (4.9) and (4.10) yields the following 

two identities: 

\l i(TV' = J? 
V ' v V ' V 

With this information we note that each of eqs (4.5), (4.6), (4.9), and 

(4.10) contains a term common to one of the other equations, but differ

ent in sign. These terms represent energy transformations from one form 

to another. To expedite the writing of these equations we will adopt 

the shorthand notation of Blackadar (1955). The notation fl'B has 



the meaning that energy is being converted from form A to form B. The 

turbulent transports are denoted by ~f~ , surface friction by F , 

latitudinal diabatic heating by <p and surface fluxes by 5 . A 

listing of the energy terms is given below. For these integrations 

we let dv= ; the dimensions of the energy integrals are 

and the dimensions of the transformation quantities 

are m <<- t . 

p'= 

K  ^  d v  P ' K —  
T? 

V- V 

V V 

q-?-jiAdv P j- t'- -
I |p\"P(>dr h J tnPcpd-th 

p
-
f = -HW 5

'
p' = MmidxJy 

V 

s- r = (&$&*" '  

V 

P'p7— -^fw^v^s^dv/ K'-T"'-

K - T  -  J ^ p v / ^ d v  
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Using these conventions eqs (4.5), (4.6), (4.9), and (4.10) can be 

written in the following abbreviated form: 

S B  —  P - k ~ ~ K - k / - H ' F  _ k ' 7 "  ( 4 . 1 1 )  

H 

?'.H' 4-K.K' -K'.F' _ /vV (A.12) 

br 

& *=. &>P -?>r' -p. K -P-T _p-S. (4.13) 

at 

if' = + ?•?' - p'-k -p'-r' (4.14) 

b?-

4.2 Energy diagram and vertical motion 

A diagrammatic way of presenting energy transformations for 

the quasi-geostrophic model was presented by Phillips. The diagram of 

the energy flow for the model described above is presented in Fig. 4.1. 

Each of the boxes represents the supply of a particular type of energy 

while the quantities in brackets represent the transformation of energy 

from one type to another. 

/ I 
The quantity Q * P was computed by Matsumoto though 

numerical values were not presented while the quantities f'5 and 

P'-S' are entirely new to this model. The solution of eq (4.11) 

through (4.14) will be periodically obtained during the integration of 

eq (2.13). 
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[Q-P] — 

[s-p] — 

Fig. 4.1. Energy Diagram 

The vertical velocity, u) , will be computed from eq (2.9) as 

an average value over the pressure increment aP and the time incre

ment &£ . This quantity is of considerable interest in itself and, 

in addition, it enters into the computation of several of the energy 

integrals. 



CHAPTER 5 

INITIAL CONDITIONS 

5.1 General comments 

In the preceding chapters a mathematical model of the atmosphere 

was developed in which special emphasis was placed on the lower inter

face and its relation to the motions on the scale of the general circu

lation. Surface heat fluxes and vertical motion resulting from flow 

over undulating topography are incorporated into a four-dimensional, 

second order, nonlinear partial-differential equation which forms the 

lower boundary condition. An upper boundary condition is formulated 

by imposing constraints on the heat flux and vertical velocity at a 

high level in the atmosphere while the conditions on the lateral 

boundaries are obtained from energy conditions. The initial conditions 

(boundary conditions on the time axis) remain to be specified. 

The integration of the equations presented in earlier chapters 

proceeds in two steps. During the first phase, the resting atmosphere 

is brought into motion keeping this motion independent of the x direc

tion. During the second phase, the constraint on the motion is removed 

and eddying motion develops. The solution to the equations of zonal 

motion which forms the initial conditions for the problem of eddying 

motion will be the topic of this chapter. 

42 



5.2 Development of zonal flow and initial conditions 

The equations of zonal motion are obtained by averaging the 

model equations according to eq (4.1). For the remainder of this sec

tion the "average" sign will be omitted for convenience. The result 

of applying (4.1) to eq (2.13) is 

' +^^.s^\^cC -f V4 KjiJL - to R ̂  ' (5.1) 
P ffvlr ZPPCpdt JfT. 

For this initial integration Curz. o was taken as a condition at both 

upper and lower boundaries. These conditions become 

-JL4A < 5 2> 
^pjc rc pdt 

at p • 0 and at p r 1000 mbs. 

The heating rates at the equator (and cooling rates at the 

pole) which were used in this integration are as follows: 

Heating rate 

P mbs °C per day 

125 0.219 

375 0.600 

625 O.COO 

875 0.462 

The mid-tropospheric heating rates are approximately twice the values 

used for the three-dimensional integration in order to reduce the com

puting time needed to generate a satisfactory zonal wind profile. The 
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temperature distribution of the resting atmosphere initially and after 

60 days at the above heating rates is presented in the following table: 

T^_(equator) 

p mbs T^g(pole) TQ ° in °K 

125 207.5 217.9 228.4 

375 211.9 233.3 264.7 

625 236.4 262.5 288.6 

875 257.4 279.5 301.6 

The resulting motion field is shown in Fig. 5.1 and a tabulation of the 

temperature and motion fields is given in Table 5.1. 

This velocity profile forms the initial conditions for the 

three-dimensional problem. 

fiy means of linearized perturbation theory it is possible to 

estimate the magnitude of the vertical shear which is required before 

eddies will begin to amplify, and the dimensions of the dominant wave 

which will appear (Phillips, 1954). This critical shear is about 1.8 

m sec"Vkm and the most unstable wavelength is about 6000 km. At the 

end of the 60 days of preliminary integration the horizontal tempera

ture gradient in mid-troposphere averages 5.1C/1000 km and the vertical 

wind shear exceeds 2.8 m sec'Vkra. This value of the shear exceeds the 

baroclinic instability requirement and we expect that eddying motion 

will develop if the motion is permitted to be three dimensional. 

The horizontal dimension of the grid is 6600 km so that we can 

expect one wave to develop on this grid. From Phillips (1954) we find 

the doubling time of the amplitude of this wave, under this condition of 

shear, to be approximately 1.8 days. 



Fig. 5.1. Zonal vind profile 

The speed of the zonal wind in m sec"^- is presented for each of 

the five pressure levels of this model over the north-south span 

of the finite-difference grid at the end of the 60-day preliminary 

forecast. 
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Table 5.1. Zonal Wind and Temperature Field 

'1 Tl "2 u3 T3 U4 t4 

1  0 . 0  

2 9.36 

3 24.04 

4 31.80 

5 35.24 

6 36.61 

7 37.12 

8 37.30 

9 37.34 

10 37.30 

11 37.12 

12 36.61 

13 35.24 

14 31.80 

15 24.04 

16 9.36 

17 0.0 

207.5 

207.5 

208.5 

209.9 

211.5 

213.1 

214.7 

216.3 

217.9 

219.6 

2 2 1 . 2  

2 2 2 . 8  

224.4 

225.9 

227.4 

228.4 

228.4 

0.0 

4.41 

1 2 . 2 1  

17.43 

20.08 

21.25 

21.71 

21 .88  

21.93 

21 .88  

21.71 

21.25 

20.08 

17.43 

1 2 . 2 1  

4.41 

0 . 0  

211.9 

211.9 

213.7 

216.9 

220 .8  

225.0 

229.4 

233.9 

238.3 

242.8 

247.2 

251.6 

255.9 

259.8 

262.9 

264.7 

264.7 

0.0 

1.55 

4.32 

6.17 

7.10 

7.49 

7.64 

7.70 

7.71 

7.70 

7.64 

7.49 

7.10 

6.17 

4.32 

1.55 

0 . 0  

236.4 

236.4 

238.1 

241.2 

245.1 

249.3 

253.7 

258.1 

262.5 

267.0 

271.4 

275.8 

2 8 0 . 0  

283.9 

287.0 

288 .6  

288 .6  

0.0 

•0.07 

•0.24 

-0.45 

• 0 . 6 2  

-0.73 

-0.79 

-0.81 

-0 .82 

-0 .81 

-0.79 

-0.73 

-0.62 

-0.45 

•0.24 

-0.07 

0 . 0  

257.4 

257.4 

259.6 

2 6 2 . 6  

265.9 

269.3 

272.7 

276.1 

279.5 

282.9 

286.3 

289.7 

293.1 

296.4 

299.4 

301.6 

301.6 

0.0 

-1.56 

-3.81 

-4.78 

-5.19 

-5.36 

-5.43 

-5.46 

-5.47 

-5.46 

-5.43 

-5.36 

-5.19 

-4.78 

-3.81 

-1.56 

0 . 0  



The prescribed heating rates for the three-dimensional case are 

tabulated below. 

P mbs 

Heating rate 

°C per day 

125 0.024 

375 0 . 2 6 6  

625 0 . 2 6 6  

875 0.053 

The choice of the heating rate for the mid-tropospheric levels corre

sponds closely to the values used by Phillips and Matsumoto. At 125 

mbs and 875 mbs the rate was chosen to balance the northward transport 

of heat by turbulent diffusion. In the absence of large-scale eddies 

the stratosphere will be approximately in thermal balance. The chosen 

value of heating at 875 mbs means that the temperature of the lowest 

layer in the model will be influenced by the processes of advection and 

thermal interchange with the surface only. Northward transport of heat 

by advection will result in thermal interchange between the air and the 

land or water surface with the oceanic heat reservoir controlling the 

air temperature to a large extent. 

are taken to be a function of latitude only and are identical to the 

temperature of the overlying air. This insures that there be no 

vertically directed heat fluxes at the lower interface at the start of 

the three-dimensional integration. The surface temperature as a func

tion of the 17 grid points in the north-south direction is tabulated 

below. 

The initial conditions of temperature over the lower surface 
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Point Temperature °K 

1 257.4 

2 257.4 

3 259.6 

4 262.6 

5 265.9 

6 269.3 

7 272.7 

8 276.1 

9 279.5 

10 282.9 

11 286.3 

12 289.7 

13 293.1 

14 296.4 

15 299.4 

16 301.6 

17 301.6 

The topography of the land surface is presented in Fig. 5.2. 

Approximately 25 per cent of the lower surface consists of land, the 

remainder being ocean. The land consists of one idealized continent 

which is symmetrical about 45 degrees latitude. The maximum elevations, 

approaching 2000 meters, are located near the western side of the conti

nent. Initial vertical velocities resulting from the easterly flow over 



Fig. 5.2. Land Surface Topography 

The contours of height are in meters and the small square in 

the lower right corner illustrates the size of the finite-

difference grid. 
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this idealized land surface range up to 10"* cm/sec. This small, but 

systematic, vertical motion field will initiate the eddying motion, thus 

eliminating the need for any arbitrary attempts to induce large-scale 

turbulence. The energy distribution and transformation rates which 

prevail at the end of the 60 days of preliminary integration as 

determined from the three-dimensional model are presented below. 

P = 4053.00 

S = 28.50 

K = 138.70 

- 56.68 

' 6.12 

P'K = 7.18 

- 0.75 

K'T - 2.35 

The units of these energy values are such that k would have a value of 

1.0 if a uniform west wind prevailed everywhere on the grid having a 

speed of 1.0 meter per second. The energy transformation rates are 

such that a value of 1.0 acting for a period of one day will produce 

an energy change of unity. 

During this 60-day period, energy is continually being added by 

the latitudinal heat source Q at a rate which far exceeds the energy 

losses, and thus the total energy is constantly increasing. Equilibrium 

between gains and losses for this two-dimensional integration will occur 

only at very high wind speeds, but when the motion is permitted to be 

three dimensional, we will achieve quasi-equilibrium at reasonable wind 

speeds due to the increased effectiveness of eddy dissipation. 



Turbulent mixing is a loss to both P and K . K is in

creasing at the expense of P as a result of the ppsitive correlation 

between vertical velocity and temperature as expressed by F'K, 

Surface frictional drag at this time is an energy loss. 

The development of the three-dimensional fields of horizontal 

motion, vertical motion, and temperature, and the attendant energy 

transformations will be discussed in the next chapter. 



CHAPTER 6 

THE THREE-DIMENSIONAL SOLUTION 

6.1 General comments 

Integration of the complete three-dimensional model proceeded 

using the initial conditions derived atr' it lined n Chapter 5. The 

development of cyclone-scale turbulence was allowed to occur naturally 

as a result of the baroclinic instability of the zonal flow. Arti

ficial stimulation of the flow was not required. The three-dimensional 

equations were integrated for a total of 25 days in time steps ranging 

from 6 hours to 3 hours in length for a total of 13b time steps. This 

variation in time step was required to shorten the computation time 

while satisfying the linear stability criteria for this model. An 

accounting of the integration time is as follows: 

Number 

of days dt (hours) 

Number 

of steps Total time (days) 

60 24 60 60 (two-dimensional) 

9% 6 33 69% 

13 4 78 

CO 

2^ 3 JO 85 

6.2 Three-dimensional, motion 

For the remainder of this chapter it is convenient to set the 

time reference equal to zero at the start of the three-dimensional 

integration; thus time will run from 0 days through 25 days. 
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The motion discussed in this and the following section includes 

the land-ocean contrast insofar as differential frictional drag and 

differential heat transfer are concerned. The influence of the undu

lating topography on the motion is .'tnportant arid will be considered 

separately in section 6.4. 

The eddying motion increased very rapidly during the early part 

of the forecast so that, at 750 mbs, the eddy kinetic energy was 7 per 

cent of the mean kinetic energy at 16 days. Constant pressure charts 

of various parameters, documenting the flow for the period 16 through 

25 days, are presented in Figs. 6.1 through 6.11. 

During this 10-day period a flow pattern developed which has 

many of the characteristics seen on actual weather charts. 

1) A trough of low pressure develops over the west-central 

portion of the continent while a pressure ridge intensifies over the 

southeastern part of the continent. 

2) Cold air advection northwest of the trough and warm air 

advection southeast of the trough produce a strong gradient of tempera

ture in the region of the trough. 

3) The temperature gradient tends to be stronger over land as 

a result of the difference in heat capacity between land and water. 

4) ~ A region of high-velocity wind is found above and slightly 

to the north of the maximum temperature gradient in the lower tropo

sphere . 

5) Rising motion is found just east of the trough region and 

sinking motion is evident in the regions of high pressure. 
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6) The systems tend to move eastward at a speed of about 

600 km per day. 

The development of the kinetic energy of the eddies at the ex

pense of the eddy potential energy is seen most clearly in Figs. 6.6 

and 6.9. Rising motion just ahead of the 750-mb trough in the region 

of warm air advection and sinking motion in areas of cold air lead to 

strong conversion of eddy potential to eddy kinetic energy. Especially 

strong gradients of vertical motion are associated with the low center 

just east of the continent at 25 days. Rapid cyclogenesis is occurring 

as a result of the correlation between vertical motion and temperature. 

The trough-ridge system at 500 mbs (Fig. 6.8) shows a rather 

well-developed velocity maximum above and slightly north of the strong 

temperature contrast noted in lower levels. The rapid development of 

the trough over the southwestern part of the continent at 500 mbs seems 

to indicate that the low-pressure cell at the surface (Fig. 6.11) will 

intensify and move toward the northeast. The thermal structure indi

cates that the system does not change shape with height, and this is 

apparent from the 250-rab surface (not shown). 

The development of the subpolar low and subtropical high and 

the related fields of temperature and vertical motion together with the 

flow aloft appear very realistic when compared with the structure of 

the atmosphere as seen from actual weather charts. 

6.3 Energy considerations 

Periodically during this 25-day forecast, all of the terms 

which appear on the energy diagram, Fig. 4.1, were computed so that a 



Fig. 6.1. 750-mb Height Field at 16 Days 

The contour interval is 2 x 10^ geopotential centimeters. The 

continent appears in outline and the small square in the lower 

right corner illustrates the size of the finite-difference grid. 





Fig. 6.2. 750-mb Height Field at 20 Days 

The contour interval is 2 x 10^ geopotential centimeters. The 

continent appears in outline and the small square in the lower 

right corner illustrates the size of the finite-difference grid. 
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Fig. 6.3. 750 mb-Ileight Field at 21 Days 

The contour interval is 2 x 10^ geopotential centimeters. The 

continent appears in outline and the small square in the lower 

right corner illustrates the size of the finite-difference grid. 
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Fig. 6.4. 750-mb Height Field 

and 625 rab-Temperature Field at 22 Days 

The contour interval is 4 x 10^ geopotential centimeters and the 

isotherms are dravm for each 10C. The continent appears in out

line and the small square in the lower right corner illustrates 

the size of the finite-difference grid. 
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Fig. 6.5. 750-mb Height Field at 23 days 

The contour interval is 4 x 10^ geopotential centimeters. The 

continent appears in outline and the small square in the lower 

right corner illustrates the size of the finite-difference grid. 
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Fig. 6.6. 750-rab Vertical Velocity Field 

and 875-mb Temperature Field at 23 Days 

The solid lines are isotherms drawn for each 5C and the dashed lines 

are isolines of -10 Co . The isolines of vertical velocity are also 

approximately equal to W in mm per sec. The continent appears in 

outline and the small square in the lower right corner illustrates 

the size of the finite-difference grid. 
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Fig. 6.7. 750-rab Height field and 

625-mb Temperature Field at 24 Days 

The contour interval is 4 x 10^ geopotential centimeters and the 

isotherms are drawn for each 10C. The continent appears in out

line and the small square in the lower right corner illustrates 

the size of the finite-difference grid. 
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Fig. 6.8. 500-mb Height Field at 25 Days 

The contour interval is 1 x 10^ geopotential centimeters. The 

continent appears in outline and the small square in the lower 

right corner illustrates the size of the finite-difference grid. 
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Fip 6 . 9 .  625-mb Temperature Field and 

500-mb Vertical Velocity Field at 25 Days 

The solid lines are isotherms dravm for each 5C and the dashed lines 

are isolines of -u> . Approximate values of tat in cm per sec can be 

obtained by multiplying values of to by 1.5. The continent appears 

in outline and the small square in the lower right corner illustrates 

the size of the finite-difference grid. 
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Fig. 6.10. 750-mb Height Field at 25 Days 

The contour interval is 4 x 10^ geopotential centimeters. The 

continent appears in outline and the small square in the lower 

right corner illustrates the size of the finite-difference grid. 
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Fig. 6.11. 1000-mb Height Field at 25 Days 

The contour interval is 4 x 10 geopotential centimeters. The 

continent appears in outline and the small square in the lower 

right corner illustrates the size of the finite-difference grid. 
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nearly complete record of the energetics of the developing motion was 

obtained. This computation involved the evaluation of the 14 triple 

integrals and 4 double integrals listed in section 4.1. It required 

approximately as much computing time as was needed to make one step 

forward in time and required well over half of the programing effort. 

A tabulation of the results of this computation is presented in 

Tables 6.1 through 6.4. 

Primarily as a result of a steady addition to the store of 

potential energy through the agency of the latitudinal diabatic heat

ing (p • P , the mean potential energy, P , increases steadily during 

the first 24 days then decreases slightly on the 25th day. The total 

energy of the model, the sum of K, P and K , shows this same 

pattern indicating that, near the end of the forecast, the dissipative 

mechanisms were tending to balance the energy inputs and a level of 

quasi-equilibrium in the energy balance of the model has been achieved. 

This is substantiated by the gradual rise, then leveling, of the input 

Q' P and the turbulent loss P - T  . Conversion of mean potential 

to mean kinetic energy occurs during the early part of the forecast but, 

as the motion becomes more involved, the sign of this transformation 

changes. Phillips (1956) noted that the sign of this conversion does 

change, and that its average value tends to be small. During this 

period f increased 29 per cent and K increased 79 per cent over 

their values at the end of the two-dimensional integration. 
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Table 6.1. Energy Relations Involving P 

p 9 ' P P'T P-S P* ?' p.K 

4053 28.4 56 .7 6.1 0 .0 0 .0 7.2 

4231 20.5 58 .8 6.8 -0 .07 4.8 : K 10"4 6.4 

4410 14.9 60 .9 7.4 0 .25 7.2 x 10"3 6.5 

4610 11.3 63 .0 8.0 3 .51 4.3 : x 10"2 3.6 

4785 8.2 64 .8 8.5 2 .70 0.41 7.7 

4874 6.6 65 .7 8.7 2 .15 1 .76 7.1 

4966 -7.9 66 .5 9.0 -4 .12 6 .70 18.4 

5006 -11.7 66 .9 9.1 -105 .10 13 .15 58.3 

5076 -12.0 67 .2 9.2 -130 .60 24 .24 -85.9 

5207 11.9 67 .3 9.2 -31 .19 44 .66 -132.7 

5306 62.9 67 .3 9.2 137 .40 75 .95 -113.2 

5229 51.6 67 .3 9.3 175 .30 97 .59 14.7 



Table 6.2. Energy Relations Involving K 

Day K P - H  K'F K' K K'T 

0 138.7 7.2 0.75 0.0 2.35 

4 158.5 6.4 -0.07 -9.9 x 10~5 3.17 

8 177.2 6.5 -0.55 6.2 x 10"3 3.78 

12 196.1 3.6 -0.84 3.5 x 10"2 4.27 

16 212.5 7.7 -0.92 -5.5 x 10~2 4.63 

18 220.4 7.1 -0.37 0.16 4.79 

20 227.7 18.4 •0.07 0.48 4.92 

21 231.2 58.3 -2.65 2.20 4.90 

22 234.5 -85.9 -6.63 6.78 4.79 

23 236.7 -132.7 -6.17 17.85 4.55 

24 240.4 -113.2 1.57 39.77 4.21 

25 247.0 14.7 0.88 73.18 3.82 



69 

Table 6.3. Energy Relations Involving P 

Day 
/ 

? 
/ / 

Q'P * 
/ 

P '  s' p.V 
i i 

P > T  

0 0.0 0.0 0.0 0 ,  .0 0.0 0  .0 0.0 

4 1.32x10 
-3 

3 .2xl0"5 0.0 -1.4x10" 
2 

4.8x10" 
4 

7.2x10" •4 8.6xl0"5 

8 1.74x10 
-2 

4, , lxlO"4 0.0 -2.9x10" 2 7.2x10' 
3 7.6x10 

•3 
6.5xl0"4 

12 8.40x10 
-2 

4, ,5xl0"3 0.0 1.6x10" 
3 

4.8x10" 
•2 

4.5x10" •2 1.8xl0-3 

16 0.32 2 .2x10'2 0.0 -6.7x10" 2 0.41 .  0  .26 7.8xl0"3 

18 1.10 7 .2xl0~2 -8.2xl0"3 - 0 ,  .22 • 1.76 1  .00 3.OxlO-2 

20 4.68 0.27 -3.5xl0"2 - 0  .63 6.70 4 .20 0.12 

21 9.90 0.52 -0.73 -1. .12 13.15 8 .26 0.26 

22 20.85 1.09 -1.44 -2 .84 24.24 16 .10 0.49 

23 37.95 2.23 -2.53 -2 .31 44.66 33 .61 0.89 

24 61.81 3.92 -40.94 -2 .13 75.95 54 .75 1.45 

25 78.73 5.24 -5.18 -2 .98 97.59 63 .85 1 . 9 0  

* The constant, R , in eq (3.5) was set equal to zero during 

the first 16 days; to 1 per cent of its final value for 17 through 20 

days; to 10 per cent of its final value for days 21, 22 and 23; and 

to its full value just prior to the start of day No. 24. This was done 

to allow the eddy motion to increase as rapidly as possible. 
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Table 6.4. Energy Relations Involving K 

k ' p'V k ' < £  k ' t '  k ' ,  f '  

0.0 0.0 0.0 0.0 0.0 

8.4xl0"4 7.2xl0"4 -9.9xl0"5 3. 8xl0"5 -2 .3x10' 

8.5xl0~3 7.6xl0~3 6.2xl0-3 3. ,9xl0"4 -3 . 1x10" 

4.2xl0_2 4.5x10'2 3.5xl0"2 2. ,3xl0"3 6 .8x10' 

0.24 0.26 -5.5xl0~2 1. . 3xl0~2 5 .1x10' 

0.87 1.00 -0.16 4, .2xl0-2 0.19 

3.71 4.20 0.48 0.16 0.71 

7.54 8.26 2.20 0.33 1.32 

14.59 16.10 6.^8 0.63 2.78 

29.10 33.61 17.85 1.31 5.50 

54.23 54.75 39.77 2.55 1.04 

79.68 63.85 73.18 4.13 15.19 
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The transformation P'P was positive and increasing during 

the entire forecast and this led to a steady increase in P . The 

doubling time of P was somewhat in excess of one day until the 

latter stages of this forecast when the rate of increase slowed, chiefly 

as a result of the operation of the eddy "radiation" mechanism 

* 

which was activated just prior to the 24th day. The delay in the 

initiation of this mechanism was to allow most rapid increase in the 

eddy quantities in order to shorten the forecast period. P 'T re

mained small during the entire period. 

The eddy kinetic energy, fc' increased at the expense of P 

and, in turn, was subject to losses from turbulent mixing, K^r' , 

/ / 

frictional drag at the lower surface, K ' F , and nonlinear conversion 

to K . Of these, the transformations p'* K and ft appeared 

most significant. From 18 through 23 days K tended to be about 75 per 

c e n t  o f  P i n  m a g n i t u d e .  A t  t h e  2 5 t h  d a y ,  h o w e v e r ,  K e q u a l e d  P  

probably as a direct result of the Q ' f loss to P . Also, during 

/ r-~ t / 
these last two days, K ' K and ft •>' increased so that it would ap-

. / ^ / 

pear that K would drop in value relative to P in the future. 

The pattern which is revealed by these energy considerations 

is as follows: P is systematically converted to K through the route 

rr ! / / / — 
P ' I , P ' K and K • K . Along this route, turbulence, radiation, 

and surface friction systematically deplete the energy. Thermal inter

action with the underlying surface acts alternately as a source and sink 

in the mean state. In the mean state, the conversion P' K changes sign 

as does the process K'F This latter result was also obtained by 



Phillips and is a consequence of the surface easterlies. When surface 

westerlies become more pronounced K - r is a loss. The role of the 

mechanisms new to this model--that is the conversions P'5 , P'*5 and 

d'P --appears to be significant and will be discussed in more detail 

in the next section. 

6.4 The influence of the lower boundary 

The lower boundary condition for this model, given by eq 

(2.18), can be written in terms of local temperature changes at the 

875-mb level in the following way: 

1 1 =  4- i - c UL +XL.M0 + 
& t  3  £ p d r  s n j t  $a  

The diabatic heating consists of vertically directed fluxes as a result 

of vertical gradients of temperature expressed in eq (3.6), turbulent 

transports given by eq (3.4), "radiative" losses expressed by eq (3.5), 

and the latitudinal heating function, eq (3.2). At the 875-mb level the 

latitudinal heating was adjusted to balance the turbulent transports in 

the mean state; however, turbulent eddy transport is permitted. The 

last two terms on the right side are the direct result of permitting 

nonzero values of LO at the lower boundary. 

The magnitudes of the terms comprising the right side are 

given below: 
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S>R 

or, more simply, 

Quantity Magnitude 

deg per day 

Mjj-fyT 6.0 

J-(dj\ 2 . 0  

_L(4M\ 0 . 8  
C p \ d t ) R  

UdJi\ 3. OxlO-2 

CpKacJr 

£ &  0 - 1  
£> ft b~t 

2 . 0  

= - wrvPr -^<4 t-
»t Jl , SR , <6.2) 

6.0 
3.0 Z,<9 

This analysis shows that local temperature changes which arise from ad-

vection, diabatic heating resulting from the "radiation" mechanism, and 

vertically directed fluxes at the surface, are somewhat larger in mag

nitude than those resulting from vertical velocity. In addition to 

n 
being small, the effect of vertical velocity resulting from the topog

raphy occurs only over land. The physical processes described by this 

equation can be interpreted by noting that, for example, warm air ad-

vection, which tends to raise the temperature locally, is compensated 

by loss of heat to the surface when the air temperature exceeds the 

surface temperature, by loss of heat "radiatively" when the local tem

perature exceeds the latitudinal average, and by turbulent dissipation 

when the local temperature exceeds the local space average. Thus there 

tends to be a near balance between advective and diabatic processes. 
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The effect of vertical velocity is small but systematic. Subsid

ence near regions of high pressure leads to warming and upward motion 

produces cooling and, again, these processes tend to be opposed by the 

diabatic processes. Temperature changes resulting from flow over the 

undulating topography are about one-third smaller than the effects of 

advection in eq (6.1); however, these are also systematic. Positive 

vertical velocity is found on the windward side of the continent and 

subsidence occurs on the leeward side. Gradients of vertical motion 

from this source are always a maximum over the continent. 

The vertically directed heat fluxes at the surface generally 

had the effect of reducing the temperature gradient at the surface and 

in the overlying air and, as a result, reduced the wind shear in the 

lowest level of the troposphere. Fig. 6.12 presents land and sea 

surface isotherms and isolines of temperature difference between the 

air and the underlying surface for the 25th day. The region of maximum 

warm air advection is found between the low and the high, and it is here 

that the air is losing heat to the oceanic heat reservoir. The conti

nental interior shows the effect of cold air advection in northern 

regions and warm advection in southern areas. As a direct result of 

the difference in heat capacity between ocean and land, the air 

temperature gradient achieves its maximum value above the continent 

demonstrating the moderating influence of the oceans on climate near 

the sea coast. 

The energy associated with the surface fluxes appears to be-

substantial in the mean state but much less important in the perturbation 



Fig. 6.12. Land and Sea Surface Isotherms and Isolines 

of Temperature Differences between Air and the Underlying Surface 

The isotherms are drawn for each 5C and the isolines of temperature 

differences are drawn for each 2C. The continent appears in outline 

and the small square in the lower right corner illustrates the size 

of the finite-difference grid. 
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state. The increase in P as a result of surface fluxes on the 21st 

and 22nd days indicates that heat is being added to the lowest layer 

of the atmosphere at low latitudes. During the next two days, when 

the systems move offshore, the sign of the heat transfer is reversed. 

Fleagle (I960) shows that heating shifts the instability toward shorter 

wavelengths and he speculates that, as a consequence, moving disturb

ances might pulsate when passing over heat sources. This reversal 

in direction of the heat flux in the mean state appears to be related 

to the asymmetrical heat transfer associated with the land-ocean con

trast; however, no simple explanation presents itself. 

The heat flux in the perturbation state is small and of constant 

sign. The isoline of zero flux passes near the center of the two active 

cells, thus heat loss on the west side of the low slightly overbalances 

the heat gain on the east side. It is reasonable to anticipate that the 

sign of this transformation would change during the dissipative stages 

of this cyclone when the phase relations between height and temperature 

become distorted. 

The loss of energy by the eddies through the pseudo-radiation 

mechanism is very large on the 24th day because it was activated just 

six hours prior to this time in order that the eddy energy would build 

up more rapidly. By the 25th day the mechanism is operating normally. 

This process appears to be removing about 5 per cent of the perturbation 

potential energy per day; hence, it is the largest of the dissipative 

processes at this level. 
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The influence of the undulating topography on the temperature 

changes in the lowest levels appears to be substantially the same magni

tude as the vertically directed heat fluxes at the surface based on the 

analysis of eq (6.1). To determine more specifically the influence on 

the motion field a comparative integration was performed. The topog

raphy was that of Fig. 5.2 while all the other effects were maintained 

as described in previous sections. 

This comparison reveals that the topography is very effective in 

developing the eddying motion from the zonal flow. A comparison of the 

energy terms involved in eqs (4.11) through (4.14) is presented below 

for time equals 4 days. 

$ z 0 nonzero •I
 
o
 

$5 nonzero 

p 4251.5 4284.3 ?' I .35xl0"3 2.12 

58.83 58.96 ?>?' 4.82xl0"4 1.30 

P'S -0.07 -52.2 <?'P' 0.0 0.0 

P'f 6.77 .6.83 p's' -1 . 35x10"^ -0.31 

P - K  6.35 -29.0 pV 8 .55xl0"5 0.029 

K 158.6 161.6 P'K' 7 .17xl0'4 0.899 

R'f 3.17 3.05 k' 8 .38xl0"4 0.964 

K'p -0.07 -2.28 K '>l' 3 ,85xl0"5 0.035 

kV -2 .32xl0"4 0.182 

K-K -9 .90xl0"5 0.549 
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The effect of the topography is slight on most of the mean 

quantities but is quite pronounced on the perturbation quantities. The 

i 

development of the eddy energies and eddy energy transformations occurs 

at a rate about 4.5 times that in the absence of the undulating topog

raphy or, in other words, the status of the perturbation quantities at 

this time is about equal to that noted at 18 days in the previous inte

gration. We note also that the heat flux at the surface in the mean 

state is quite large at 4 days, indicating that there is an involvement 

between the effect of topography and the heating which cannot be sorted 

out by a comparative integration of the type discussed above. Smagorinsky 

(1953) remarks that the influence of the large-scale asymmetries of non-

adiabatic heating and cooling on mid-tropospheric flow is calculated to 

be the same magnitude as the influence of broad mountain areas. 

Cressman (1960) introduced terrain-induced vertical velocity into a 

barotropic model and found significant forecast changes over a 48-hr 

period using initial conditions corresponding to an observed state of 

the atmosphere. 

Finally, it should be noted that the dramatic changes resulting 

from the undulating topography are partly a result of the initial con

ditions of zonal flow. The vertical motions noted in section 6.2 

associated with a fully developed storm will tend to mask the vertical 

velocity resulting from the undulating topography since there is a 

difference of a factor of 10 between them. A clear presentation of 

these magnitudes is given by Stuart (1962). 



6.5 Conclusions 

This numerical experiment with the earth's atmosphere was suc

cessful in a number of respects. The flow patterns which resulted were 

quite realistic when compared with actual weather charts, indicating that 

the equations and related boundary conditions are self-consistent and 

that the numerical techniques used to solve these equations were satis

factory. Personal experience indicates that difficulties associated 

with inconsistent equations readily appear on the contour charts and 

in the energy transformation equations. 

The study of the energetics of the developing motion reveals 

that mean potential energy is systematically converted to mean kinetic 

energy through nonlinear interactions among the perturbation quantities. 

Turbulent mixing, radiation, and surface friction systematically deplete 

the energy while the latitudinal heating function is a rather constant 

source of energy. Heat fluxes at the lower boundary appear to act 

alternately as a source and as a sink of energy in the mean state, but 

are small in the perturbation state. A quasi-equilibrium in the energy 

balance was noted at the end of the 25-day integration. 

The features of this model which represent extensions of previous 

work arc found to be important for the developing motion. The undulating 

topography enhanced the development of the eddy quantities while the 

diabatic processes at the lower boundary tended to reduce the temperature 

gradients in the lowest layer. The eddy heat loss mechanism was found 

to be the most significant energy loss to the perturbation potential 



energy. The atmosphere Ln part determines its own heat sources through 

the eddy heat loss mechanism and the surface interchange, and this 

interrelationship prevented the influence of the topography from being 

studied completely independently of the other effects. 

Both Phillips and Matsumoto found a concentration of isotherms 

which resembles frontal zones seen on weather charts. This study re

veals that these baroclinic zones persist even though the vertical heat 

exchange with the surface (not considered by Phillips and Matsumoto) 

tends to moderate them. The land-ocean contrast tends to favor baro

clinic development over the continent; thus the inclusion of a lower 

surface having a varying composition is one step further toward reality. 

Further work with this model should include the entire northern 

hemisphere so that all the lateral boundary is at the equator. A hemi

spheric grid which appears suitable has been used by Gates and Reigel 

(1962a) for 24-hr forecasts, but this will require considerably more com

puting horsepower and may lead to instability problems (Kuo and Nordo, 

1958). 

The results of this study indicate that the lower boundary is 

important for motions on the scale of the general circulation and that 

the effect of the boundary can be included in the model in a rather 

straightforward manner and still lead to meaningful results. It would 

appear that routine numerical weather forecasts could profitably include 

the influence of the lower surface. 

The omission of the latent heating from this and most other 

models is serious. It appears appropriate to study this effect, 

together with all the radiative effects associated with the moisture 



arid cloud distributions, within the framework of the primitive equa

tions. Efforts along these lines are currently being made by several 

groups having substantial human and computing resources available. 



APPENDIX I 

NOTATION CONVENTIONS 

AH/<!t the rate of diabatic heating per unit mass 

Cp specific heats at constant volume and pressure 

p atmospheric pressure, vertical coordinate 

°( specific volume 

7~ temperature 

R gas constant for dry air 

M- horizontal speed toward the east 

ry- horizontal speed toward the north 

V horizontal velocity vector 

acceleration due to gravity 

3: height above the earth's surface 

<P geopotential height, gz 

f, Coriolis parameter, constant Coriolis parameter 

CO vertical velocity for this system = 

|?q lateral kinematic eddy viscosity coefficient 

Q- potential temperature 

unit vector in -p direction 

frictional forces per unit mass in x and y direction 

fp" vector frictional force per unit mass 

surface value of the density 

(j} geopotential height of the land surface 
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S hydrostatic stability, eq (2.8) 

Vft geostrophic velocity, eq (2.11) 

fg. geostrophic vorticity, eq (2.12) 

G" diabatic heating constant, eq (3.2) 

kr eddy heat diffusing coefficient 

proportionality constant, eq (3.5), for eddy heat loss 

^ constant in boundary heat flux formulation cq (3.6) 

^•5 volumetric heat capacity 

<~L constant governing land surface temperature changes, 

eq (3.8) 

JEy surface stress in x and y direction 

IF surface stress vector 

k surface frictional drag coefficient 

y mean of defined by eq (4.1) 

deviation value of ^ 

L east-west dimension of the grid 

W north-south dimension of the grid 

K kinetic energy 

P potential energy 

surface frictional energy 

T energy of turbulent degradation 

S energy of surface heat flux 

£> energy associated with diabatic heating 

grid spacing in east, north direction 



AP grid spacing in the vertical 

AT time increment 

Subscripts 

latitudinal diabatic heating 

^Ut)T turbulent diabatic heating 

^/dt)R radiative diabatic heating 

air temperature 

Ts surface temperature 

Tl land temperature 

% ocean temperature 



APPENDIX II 

FINITE-DIFFERENCE EQUATIONS AND METHOD OF SOLUTION 

The method of finite differences replaces the continuous inde

pendent variables by discrete variables X, ^j fa f , according to 

the scheme X — C-i— I — O) 

y = j"/ u- 1-17) 

f ~ It&f ( R - I, ' 'K ' ' ' 

t -XAT (r = !; 1 ' " ) 

11 corresponds to L - 6600 km, 16 Ay corresponds to W s 9600 km, 

and ^ Ap corresponds to 1000 mbs. 

The equations to be reduced to finite-difference form are 

eq (2.13), the boundary conditions eqs (2.20), (2.21), (2.22), and 

(2.23), and the diagnostic eqs (2.5), (2.9), (2.11), and (2.12), and 

the energy integrals of section 4.1. 

The finite-difference approximations to the terms in eq (2.13) 

are as follows: 

R)j 

(Al) 
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(V| 'Vp jj-' + ^ "" fl*'_'l 111) 

+ 

(A2) 

r°(iS|pI-(D> ~ -  f a , ! ' * )  

-5k->/x(^,4, r  -  fyjfk-itft'/fapy 

(A3) 

) £RdH 
S%p PcpJt\ A *-i i k. 

J L -
aP^I <w (i$U)/'««*• 

-[(ŝ (fU) A-'/J 

(A4) 

At any given time T in the problem, the right side of eq (2.13) 

can be evaluated by employing eqs (Al) through (A4). The advective term 

is evaluated from data valid at time V , but stability considerations 

(Phillips, 1956) dictate that the terms involving friction and heating 

be evaluated at time T-I . After evaluating the right side, eq. (2.13) 

can be written as 

VpdjP 4 f. 2 si 
a* 

- K; 1 iK 
(A 5) 
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The range of the discrete variables for this equation is x-=. 2.- IZ , 

j — 2 —l(> > anc* 2,3,4 • '^e side of (A5) is evaluated 

through the use of (Al) and A3). 

Eq (2.20) is evaluated at the level I by 

+  (widthj,'h] A P  

and eq (2.21) is evaluated at 6 according to 

(A6) 

5,* 
a p  

~ (?* TtX', i, 5 ~ 

(A7) 

The range of the variables in eqs (A6) and (A7) is x-=. Z-I"Z-and j z: 2.-/6 

The finite-difference approximations to the lateral boundary conditions 

are 

Ml . = ftJ\ (A8) 

M _ W> 
• dtjhi/k ,-^/K 

for -J =. I-/5 and fc = z, 3, ^ 5 » and 

(A10) 
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fM\ - ft(f\ (All) 
Kttjj.ilk {"51)1,^,1 

for X- J-13 and K -1, lt 3, ̂  5 . Eqs (A8) and (A9) correspond to eq 

(2.23) and eqs (A10) and (All) correspond to eq (2.22). 

Eqs (A5) through (All) constitute 1105 simultaneous equations 

in the 1105 unknown values of / bT. on the 13 x 17 x 5 network of grid 

points. As a direct result of the Cauchy conditions on all the bound

aries (eqs (A8) through (All)), one additional condition is required to 

provide uniqueness to the solution. This is taken to be 

(cW\ =. O.O (A 12) 

Vi)tj7A3 

or that the center point of the 500-mb surface does not change height 

with time. Thus the height fields at any time are relative to this 

point. 

The solution along the time axis at each point i, j, k, is 

obtained from the relation 

4W, = <&-, +z(^i
Ar CA13> 

The first time step is made by simply stating that $i • The 

increment, A "f , is determined from computational stability require

ments and, according to Phillips (1956), this can be 24 hours for the 

two-dimensional case and must satisfy the requirement that 

C At < O.^S &X (A14) 
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for the three-dimensional problem, where c is the highest local 

wind speed anywhere on the grid. Eq (A14) was satisfied during the 

integration of this problem by the use of the time increments given 

in Chapter 5. 

The solution to eqs (A5) through (All) was obtained in the 

following manner. Eq (A5) was evaluated at some interior grid point, 

say i, j, k, with the current values of ^^(bT- In general, the left 

side of (A5) did not equal zero. This can be expressed as i~ Ejij/k' 

We note also that there is some constant, ̂ r (P) , which can be used 

so that if we now evaluate (A6) we find that - 0.0 or we have 

solved (A5) at one point i, j, k. This process can be continued for all 

interior points but, because the equations are simultaneous, we must 

go through the entire network of grid points many times before the E's 

become tolerable. After each pass through the grid performing the 

operations described above, eqs (A6) through (All) are solved over the 

ranges indicated. In actual practice this process converges. 

The iteration process can be accelerated by empirically deter

mining an additional constant, , to be used in (A16) . 

in (A 15) 

(A15) 

(A 16) 



Eq (A 16) replaces (A15) in the iteration scheme. The optimum value of 

°<0 was found to be 1.4 by numerical experiment. Convergence can be 

accelerated further by taking (^>4-. as an approximation to Ht) T. 

These two techniques reduce the computing time needed to solve the 

simultaneous equations by about a factor of 10. 

The iteration process was halted when the largest value of 

| k anywhere on the grid was less than about 1 per cent of 

the average value of everywhere on the grid. This required 

from 20 to 60 passes through the equations. When the convergence cri

terion was satisfied eq (A13) was solved and the next time step was 

started. 

Temperature was obtained at each of the intermediate levels 

in the vertical through the use of eq (2.5) written as 

Tb-t-y, =. 'A. -<A (A 17) 

R A P 

The range of k is 1, 2, 3, 4. 

The vertical motion is obtained by evaluating the terms in 

eq (2.9) so that UJ> is obtained at the levels 2, 3, and 4 in the 

vertical. Since the stability and the heating term are valid at inter

mediate levels the value of these quantities to be used in eq (2.9) was 

taken to be the vertical average over the neighboring levels. Eq (2.9) 

can now be written as 
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CDfc (SK+'Iu t $ k - '/i_\ * (ys .̂ ||)R 
if 

(A18) 

(l|Sr)»it + I1'0 

where the range of k is 2, 3, 4. 

The geostrophic velocity is evaluated by 

A -t,4 = 
* Z f . A X  ~  

and the geostrophic vorticity is obtained through the use of eq (Al). 

The average value of any quantity is obtained by evaluating 

eq (A.l) according to 

3̂ S, i — tfj + l,-} rfj-h-Q 
" Z f0 AX 

(A19) 

j i * ~~ |'|  ̂i D ) * 
(A20) 

and deviations are obtained by subtracting the average from the 

actual value. 

The energy integrals of section 4.1 can all be written in terms 

of the product of two quantities such as 

\ f7'0c/Xc// 

5 

These are evaluated according to the following scheme: 

U-Bdv -\x t t R-
^ Lfe=x <T7- -J ^ 

11 /4" 
£ f > b j jl'iiA* - is*/ 

{ L l = '  J  

(A2l) 
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