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ABSTRACT 

In 1956, the hypothesis of a mathematical principle 

by L. S. Pontryagin led to the development of a new opti

mization technique. This method came to be known as the 

Maximum principle and is capable of maximizing an arbitrary 

functional of the system and control functions. Both the 

system and the control functions can be constrained by 

equalities or inequalities. Pontryagin and other Russian 

scientists have proven that the Maximum Principle is a 

necessary and sufficient condition for optimal control of 

linear systems, and a necessary condition for optimal con

trol of non-linear systems. 

This dissertation applies the Maximum Principle to 

problems in nuclear engineering. These problems are con

tinuous and non-linear in nature and are constrained by 

physical limitations, thus other known techniques, namely 

the Calculus of Variations, or Dynamic Programming are not 

suitable. The problems treated are of three different 

aspects of nuclear engineering: (1) xenon poisoning, 

(2) reactor kinetics and (3) optimal fuel distribution 

in nuclear reactors. 

The buildup of xenon poisoning is a prime factor 

in restarting a high flux thermal reactor after shutdown, 

in order to restart the reactor at any time, sufficient 

vi 
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excess reactivity must be present in order to override the 

xenon poisoning. The amount of excess reactivity required 

can be minimized by determining an optimum reactor shut

down program. Based on the Maximum Principle, optimum 

shutdown programs are determined for various flux levels 

ranging from lO1^ cm~^ sec"''' to lO*® cm~^ sec-"'". Results 

show that a considerable reduction in the peak value of 

xenon concentration can be realized by relatively simple 

shutdown programs. 

The operation of nuclear reactors frequently requires 

power level changes. Since the kinetic behavior of the reac

tor is. non-linear, conventional design techniques will not 

suffice. The Maximum Principle gives a systematic design 

procedure, that results in an optimal system. Open-loop 

control functions are determined for control processes with 

minimum control rod movement and with minimum control 

energy. Power level changes in minimum time, and start up 

of nuclear space systems with minimum auxiliary energy are 

also discussed. 

In the design of a nuclear reactor an important 

criterion is to determine the distribution of fuel in a 

given reactor such that the reactor would be critical with 

a minimum amount of fuel. This problem has been previously 

treated by variational techniques and a solution has been 

obtained for homogeneous reactors in which the dimensions 
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have not been fixed. A new approach to the problem is 

presented by the application of the Maximum Principle. This 

method is applicable to reactors with fixed dimensions as 

well as to reactors whose dimensions are undetermined. The 

technique is applied to both homogeneous and heterogeneous 

reactors. 



Chapter 1 

THE MAXIMUM PRINCIPLE 

Introduction 

Scientists and engineers for many years have been 

faced with problems concerning the determination of extreme 

values of integrals, whose integrands contain unknown func

tions. For example, the shape assumed by a flexible chain 

fixed between two fixed points is the one with the lowest 

possible potential energy. Another example, the Fermat 

principle of optics, asserts that the actual path traversed 

by a photon is that for which the integral representing the 

travel time between two points is a minimum. These are 

classical variational problems and can be solved by the cal

culus of variations. The calculus of variations relates 

the optimization problem to an Euler equation. However, 

it should be noted that the solution of the Euler equation 

may not yield the optimum curve. The fact that it has to be 

satisfied is a necessary rather than -a sufficient condition 

for optimality. 

Many problems of recent interest are of a discreet 

type or are problems with restricted variables. In discreet 

problems it is necessary to make decisions periodically, 

therefore requiring a multi-stage decision process. The 



following is a simple problem of this type. Given a quan

tity x which is divided into two non-negative parts, y and 

x - y, from y a return of g(y) and from x - y a return of 

h(x - y) is obtained. If this division is to be performed 

in such a way as to maximize the total return, then the 

analytic problem is to determine the maximum of the function 

R^x.y) - g(y) + h(x - y) 

for all y in the interval 0 < y < x. Consider a two stage 

process. In the process of obtaining the return g(y), the 
.c " 

original quantity, y, is reduced to ay, and similarly x - y 

is reduced to b(x - y) , where a, and b are constants. The 

quantity 

ay + b(x - y) - xj 

is divided into two parts, y^ and x-^ - y^, such that 

0 < yx < x1. 

As the result of this new allocation, the returns gCy^ 

and MXj^ - y^ are obtained. The total return for the two 

stage process is 

R2(X, y» YX) - E(Y) • h< x  - y) • g(y x) + h< xi y~i> 

The maximum return is found by maximizing this function of 

y and y^ over the two - dimensional region 0 < y < x, 

0 < y^ < x^. This problem can be solved by calculus. 



However for an N-dimensional case it is necessary to find 

the absolute maximum in every subregion and to determine 

the'best possible combination of the subregions. The maxi

mum within any subregion can occur inside of the region or 

on the boundary. All possibilities have to be investigated. 

It is evident that for problems involving a large number of 

stages, a systematic procedure for carrying out this pro

gram is required. 

Problems of this type led Bellman (1) to the devel

opment of a new optimization technique known as Dynamic 

Programming. Noting that "an optimal policy has the proper

ty that, whatever the initial state and initial decision are 

the remaining decisions must constitute an optimal policy 

with regard to the state resulting from the first decision", 

Bellman was able through a functional equation approach, to 

reduce a multi-stage process to a one-dimensional choice. 

For the above example let 

f (x) - Max Jg(y) + h(x - yj) 
1 Oiy<x 

then the total return from the two-stage process is 

RgCx.y.y^ - g(y) + h(x - y) + fx(ay + b(x - y)) 

The two-dimensional problem is now reduced to two one-

dimensional problems. Generally an N-dimensional problem 

can be reduced to N one-dimensional problems, therefore the 



time required for the solution is shortened. The present 

formulation permits explicit solutions for a large class 

of functions g and h. 

In the given example, the problem was separated into 

two distinct stages, requiring a decision at the beginning 

of each stage. Since most physical systems behave in a 

continuous manner, an infinite number of decisions is re

quired for an exact solution. Therefore the use of Dynamic 

Programming for continuous processes has a definite disad

vantage . 

In some problems the state variables or the con

trol variables or both are restricted by inequalities. As 

an example the problem may be to place an artificial earth 

satellite into a given orbit. In this case the horizontal 

velocity of the rocket must be maximum at a fixed height, 

at a given time for a given flight range and for zero verti

cal velocity. Because of physical limitations imposed on 

the system, some of the variables are restricted, for exam

ple the acceleration of the rocket can not exceed a given 

value. Another example is the flight of an airplane from 

one fixed point to another with the least fuel consumption. 

Here the integral of the fuel consumption has to be mini

mized with the additional constraint that the maximum 

velocity of the plane can not exceed a given value. 
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Certain types of restrictions can be treated by the 

Calculus of Variations through the Lagrange multipliers 

method. However, the restrictions have to be of a certain 

class; they must be equalities rather than inequalities, 

and of an integral type. In 1956 the hypothesis of a new 

principle by L. S. Pontryagin led to a- general method which 

treats restricted problems. This method is known as the 

Maximum Principle (2). Through many contributions since 

1956, the method has been greatly extended, and mathemat

ically established. Pontryagin and his co-workers proved 

the Maximum Principle to be a necessary and sufficient con

dition for optimal control of linear systems, and a 

necessary condition for optimal control of non-linear 

systems. They also established a close relationship between 

Dynamic Programming and the Maximum Principle, and derived 

all the essential theorems of the Calculus of Variations 

from the Maximum principle. 

Because of its generality and solid mathematical 

foundation the Maximum Principle has become an important 

tool in modern automatic control theory. It is of interest 

in nuclear engineering since many problems are continuous 

and non-linear in nature with restricted variables. The 

purpose of this chapter is to summarize the essential 

Theorems of the Maximum Principle and to show through 
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examples how this method is applied for different types of 

problems. 

The Formulation of the Maximum Principle 

Let the system under discussion be described by n 

first-order differential equations: 

X^|U , • • a , Ur ) i • 1 ,2 , a . a ,n (1—1) 

when x , x are the state functions, u, ,...,u^ are the 
1 n 1 r 

control functions and x^ is the time derivative of x^ . The 

control functions must be piecewise continuous and may be 

restricted by inequalities of the form 

gj(u ,..., ur) <0 j - 1, 2 , . . . ,  m (1-2) 

where the g.'s are known functions. A control satisfying 
3 

•' these conditions is called admissible control. The state 

variables have to satisfy the given initial conditions: 

xi(o) - xio i - 1,2,..•,n (1-3) 

If the control functions are given fpr a time interval, then 

the state functions are uniquely determined in this interval 

by Eqs. (1-1) and (1-3). 

The problem is to determine the control functions 
t 

which will force the system from the given initial state to 



a final state in a transition time, T, such that the 

function 

n 
S - £ c.x. (T) (1-4) 

1 1 l 

of the final values of the state functions will be a 

minimum. The c^'s are given constants. This problem state 

ment is very general and practically every kind of perfor

mance index can.be reduced to this form. This will be 

shown in the next section. Problems with variable end-

points will be discussed later. 

To formulate the Maximum' Principle it is necessary 

to introduce a system of auxiliary functions, p^, defined 

by Eq. (1-5). 

n afk 
Pi - -T, axi p i - 1,2 n (1-5) 

k-1 K 

This system of equations also has a unique solution for 

given control functions and initial conditions. For con

venience the following vector notation is introduced: 

x- (x]L(t),..., xn(t)) (1-6) 

u - (u (t)f..., ur(t)) 

P - (P (t), . .. , PjjCt)) 

The Hamiltonian of the system is defined by: 
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The system equations and the auxiliary equations now can be 

written in the form 

3H , • 3H / •) q \ 
x. - and p. - - (1-8) 
1 i 

which is analogous to the canonical equations of Hamilton 

in analytical mechanics. 

The Maximum Principle for the case in point can thus 

be stated as follows: 

Theorem 1 .  L «  t .  u(t) , 0 < t < T, be an admissible control 

such that the corresponding trajectory x(t) , which begins 

at the point x0 at time zero, passes at time T through some 

point xx. For u(t) and x(t) to be opLiiual it is necessary 

that there exists a non-zero continuous vector function 

p(t) such that: 

1. for every t., 0 < t < T, the function H(x,u",p)of the 

variable u attains its maximum at the point u — u(t) 

H(x(t), u(t), p(t)) - M(x(t), p(t)) (1-9) 

2. at the terminal time T the relations 

P±(T) - -c. (1-10) 

are satisfied. 

From Theorem 1 it is possible to determine the 

optimum trajectory, starting at x which will minimize 
o 

Eq. (1-4). Eq. (1-b) gives 2n relations among the 2n + r 



variables. The maximum condition, Eq. (1-9), gives r 

separate relations, since the control function u is an r 

dimensional vector function. For example if the maximum 

is attained at an interior point of the control region, the 

maximum condition is satisfied only if the equations 

3H_ 
3ui 

- 0 i - 1 r (1-H) 
u - u(t) 

are satisfied. Because Eq. (1-9) gives algebraic equations 

rather than differential equations the solution depends on 

2n parameters, the initial and final conditions; Eqs. (1-3) 

and (1-10). Therefore it is conjectured that there exist 

only separate, isolated trajectories which can be optimal. 

If the conditions of Theorem 1 are satisfied only by one 

trajectory, and if from physical arguments, it is clear that 

an optimal trajectory exists, then it is reasonable to assume 

that the trajectory thus determined is optimal. 

The Maximum principle as stated above pertains to 

the case where the performance index is minimized. The 

principle equally pertains to problems where the performance 

index is maximized. In this case the Haniiltonian must 

attain its minimum value for u - u(t) in the time interval 

(o,T). 



1° 

To illustrate the use of the Maximum Principle, 

consider the following simple system: 

xi - u - (1-12) 

x - 1/2 u2 

with the initial conditions 

x1(o) - a x2^°) " ° (1_13) 

and requiring that the performance index S - x0(T) be mini-

mum. From Eq. (1-5), the auxiliary equations are 

Px - Px (1-14) 

P2 - 0 

The Hamiltonian of the system is: 

2 
H - Px [u - xj + p2 1/2 u (1-15) 

Since H must be a maximum for the control to b« optimal, the 

derivative of H with respect to u must equal zero 

|S . Pl + p2u . 0 (1-16) 

The final conditions on the auxiliary variables are given 

by Eq. (1-10): 

PX(T) - 0 p2(T) - -1 (1-17) 
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Combining Eqs. (1-14) and (1-16) and making use of the final 

conditions, the optimal control function is the solution of 

the following differential equation: 

u - u with final condition u(T) .» 0 (1-18) 

The solution is u — 0 for all t, in the interval 0 < t < T. 

This result is obvious from the second part of Eq. (1-12). 

If u is non zero, in some subinterval, then the value of Xg 
* 

will increase. To minimize X2(T), the control function has 
* 

to be.zero over the control interval. 

Performance Indices 

In the previous section the Maximum Principle was 

formulated for the performance index . 

S - £ ciX (T) (1-19) 
1 1 

which is a linear function of the final values of the state 

variables. It remains to be shown that other types of per

formance indices can be reduced to this form. 

A common performance index is of the integral type: 

J- F(x,u)dt (1-20) 
o 

In this case the time integral of a given functional of the 

state and control variables, F(x,u), is minimized. In 
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addition to the n state variables, a new variable, x 

is introduced: 

xn+l " F<x<u> (1-21) 

Using the performance index 

S - Xn+1(T) (1-22) 

the problem is reduced to a special case of the general 

problem treated above. In this case it is necessary to 

solve the n+1 differential equations describing the aug

mented system with n+1 initial conditions. The additional 

initial condition is xn+i(0) " which is obvious from the 

above formulation. 

A special case of the integral type of performance 

indices is 

Here the time required to transfer the system from a given 

initial state, xQ, to a final state is minimized. This is 

the time optimal problem. In order for the problem to be 

meaningful, the final state has to be specified by fixing 

the final value of at least one of the state functions. 

The right end of the trajectory is no longer free, therefore 

instead of the boundary conditions, Eq. (1-10), the trans-

versality condition has to be used. The transversality 

(1-23) 
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condition is given in the next section. Since for the case 

under consideration the time interval (0,t') is not fixed, 

the following condition must be satisfied: 

M(x(t), p(t)) - 0 (1-24) 

for all t, 0 < t ^ t' in addition to Theorem 1. 

The performance index can also be a given function 

of the final values of the state variables: 

J - F(xx(T) xn(T)) (1-25) 

To reduce this problem to the general form it is necessary 

that F be differentiable and to introduce the new variable 

Xn+1 " F(*l» ' ' xn> (1-26) 

and form the differential equation 

xn+i - dF(X1dt"*n> (1~27) 

The additional initial condition is 

xQ+1(o) - ),..., xn<°)) (1-28) 

The performance index to be optimized is 

S - xn+1(T) (1-29) 

In some physical situations, it may be desirable to 

optimize for two or more performance indices at the same 
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time. If an appropriate weighting factor is assigned to the 

performance indices, it is possible to handle the problem 

even if the given performance indices are of different types, 

This is accomplished through the introduction of one or more 

new variables. 

Further difficulty arises if the system given by 

Eq. (1-1), or the augmented system, is non-autonomous; that 

is, at least one of the equations contains t explicitly. 

This difficulty can be circumvented by the introduction of 

a new variable 

xn+i " t (1-30) 

and a new differential equation 

x n+1 ™ 1 xn+l<°> - 0 d-31> 

The new system is autonomous and can be treated as before. 

Since the selection of the performance index in

fluences the auxiliary equations and also the maximum 

conditions, it can change the character of the problem. 

Therefore, the selection of the performance index is very 

important, and is not necessarily derived from physical 

considerations. In many cases it is convenient to select a 

performance index which simplifies the problem. Of course, 

the performance index, even if it is selected for'mathemati

cal convenience, has to be physically acceptable. 
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Variable Endpoints and the Transversality Condition. 

Consider now the problem when the initial and the 

final state of the system is not completely specified, but 

only restricted. The initial point xQ is restricted by 

n - rQ equations of the form: 

fi(xl(o) xQ(o)) - 0 , (1-32) 

and the final point x^ is restricted by n - r^ equations 

of the type: 

fi(xi(T),..., xn(T)) - 0 (1-33) 

f^ is a real scalar valued function. In geometric terms 

this means that the initial point x has to be on an r 
° ° 

dimensional smooth manifold, SQ, given by Eq. (1-32). Simi

larly x^ lies on S^, an r^ dimensional smooth manifold 

given by Eq. (1-33). Let TQ and Tj^ be the tangent planes 

of SQ and respectively, so that they pass through the 

point xQ and x-^ . 

The problem is to find an admissible control u(t), 

which transfers the system from an initial point xq, belong

ing to S0, to a final point Xj_, belonging to S1, such that 

the functional 

T _ 
J - / F(x ,u)dt (1-34) 

o 

be a.minimum. 
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Upon introducing the auxiliary functions, there will 

be 2n + 2 first order differential equations. Therefore 

2n + 2 boundary conditions are needed. Since the right 

end of the trajectory is no longer free the boundary condi

tions given by equation (1-10) can not be used. Instead, 

2n (r + r^ of the relations are given by equations (1-32) 

and (1-33). The initial condition for xQ+^ is given, 

xn+^(0) m o. The final condition for one of the auxiliary 

variables can be assigned arbitrarily, since the auxiliary 

functions are determined except for a common multiple. For 

example, p _(T) - -1. 
n+l 

In order to determine the remaining rQ + r^ condi

tions, rQ + r^ relations are needed. These relations are 

given by the transversality condition, which states: the 

vector p(t) at the right endpoint of the optimal trajectory 

x(t) has to be orthogonal to T^. In other words, the trans

versality condition signifies that (p(T),9) - 0 for every 

vector 9 - (9,,...,9 ) belonging or parallel to T . The 
1 

transversality condition has a similar sense at the left 

endpoint of the optimal trajectory x(t). It is necessary 

only-to replace T and T^ by zero and TQ respectively. It 

is clear that the transversality condition at the right 

endpoint contains r^ independent relations, since it is 

sufficient to substitute r' : linearly independent vectors 

9 ,...,9 in the relation (p(T),9) - 0. The 
1 rl 
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transversality condition at the left endpolnt contains rQ 

independent relations . 

The limiting case of the above is when both end-

points are given. Then rQ - r^ - 0 and there is no need 

to use the transversality condition. An example of this 

type of problem is the path an airplane would follow between 

two fixed points so that the fuel consumption is a minimum. 

Another example is the time optimal problem, when the system 

is required to transfer from a given initial state to a 

given final state in a minimum amount of time. 

The control time, T, can be fixed or left free as 

in the time optimal problem. If the time is fixed, then in 

addition to the first part of Theorem 1 and the .trans

versality condition the relation -

Pn+1(t) - const 0 (1-35) 

has to be satisfied. If T is not fixed, then there is one 

more free parameter. To have a determined system one addi

tional relation is needed. The required relation is: 

M(p(t) , x(t))- 0 for 0 £ t < T (1-36) 

M was defined by Eq. (1-9). 

Restricted State Variables and the Jump Condition 

In the problem discussed above only the control 

function was restricted. No constraints were placed on the 
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state variables. Therefore the region of the allowed values 

of the state variables is the entire state space, X. For 

physical reasons the state variables in many problems are 

restricted in addition to the control variables. In other 

words only those admissible controls whose corresponding 

phase trajectories lie in a given closed region G are per

mitted. This region is chosen beforehand in the n dimen

sional state space X. 

Consider all the admissible controls which trans

fer the system from the position xQ to the position x • in 

such a way that the corresponding trajectory x(t) lies 

entirely in G. The problem is to choose a control from this 

class so that the integral 

fT _ J fn+1(x(t), u(t))dt (1-37) 

takes on its minimum value. 

There are three possibilities: (1) the trajectory, 

x(t), lies entirely in the interior of G; (2) the tra

jectory lies entirely on the boundary of G; and (3) the 

trajectory is composed of sections, some of which lie on 

the boundary of G and some of which lie in the interior of G. 

In the first case, when the trajectory lies entirely 

in the interior of G, there are no complications. The Maxi

mum Principle, as it was stated previously, applies. 
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If the trajectory lies entirely on the boundary of 

the region G, the Maximum Principle has to be modified. 

Assume that the closed region G is defined by the inequality 

g(x) <0 (1-38) 

where g is a scalar valued function with continuous second 

derivatives. It must also have a smooth boundary with a 

continuously varying curvature given by Eq. (1-39). 

g(x) - 0 (1-39) 

The following notation is introduced: 

q(x,u) - 2 ^(X) ft(x,u) (1-40) 
i-1 dXi 

Then the modified form of the Maximum Principle is: 

Theorem 2. Let x(t) , 0 6. t < T, be an optimal trajectory 

corresponding to the optimal control u(t), and lying entire

ly on the boundary of G. Then there exists a continuous 

vector function p(t) - (P1(t),...,pn+1(t)), 0 ̂  t £ T, and 

a piecewise continuous, piecewise smooth scalar valued 

function A(t), 0 < t < T, so that Eqs. (1-41) - (1-43) and 

conditions (a) - (c) below are satisfied on the interval 

0 < t < T. 

dx . aHffj.u) . f (5rg) u_41) 

dt op 



dp . . 9H(x,p,u) + A^tv aq(x^u) 

dt 3*" 3x 

H<p,x,u) - M.(p,x) - 0 (1-43) 

where A(t) is determined from the maximum condition 

Eq. (1-43); 

a) Pn+i(t^ " const ^ 0 

b) the vector p(o) is not zero and is tangent to the 

boundary g(x) - 0 at xQ. 

c) At all points where Mt) has a derivative, the 

vector dA(t) .grad g(x(t)) 
dt 

is directed towards the interior of G, or else is 

zero. [i.e. d Vdt < oj 

To consider the third case, the following definitions 

are introduced for convenience. A point x(t^) of the tra

jectory which lies on the boundary of G is a junction point 

if 0 < t^ ̂  T and if there exists a positive number a, so 

that the section of the trajectory x(t) with t^ - a < t < t , 

or the section with t^ < t < t^ + a, or both, lie in the 

interior of G. ^ is called the junction time. The jump 

condition is said to be satisfied at a junction point 

when there exists arsection 5T(t), tg ^ t i t3, of the trajec

tory so that (t2, tg) is the largest subinterval of (0,T) 

which contains t^ as its only junction time, and where the 

20 

(1-42) 



21 

functions p — (t) and p +(t) can be chosen in such a way that 

one of the following two conditions are satisfied: 

P + (tL) - p ~ (tx) + b grad gCxC^)) (1-44) 

p (t^> + b grad gCxCt-^) - 0 b f 0 (1-45) 

In Eqs. (1-44) and (1-45) b is some real number, and p ~~ 
+ 

and p are defined by 

P ~(t) - (PL(t),...,pn+1(t)) t2 < t < tx (1-46) 

P +(t) - (Pl(t),„..,pn+1(t)) t1<t^t3. (1-47) 

If the section x(t), t^ < t ^ t3, lies on the boundary 

g(x) - 0, then Eq. (1-44) reduces to Eq. (1-48). 

P +(t1) - p ~(ti) (1-48) 

The system of necessary conditions, which must be 

satisfied by every optimal trajectory lying partially inside 

the region G and partially on the boundary of the region, 

is summarized in the following theorem: 

Theorem 3. If an optimal trajectory x(t) lies entirely 

in the closed region G and contains a finite number of 

junction points, then each section of the trajectory which 

lies in the interior of G, with the possible exception of 

the endpoints of the trajectory, satisfies the Maximum 

Principle. Each section which lies on the boundary of G 
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satisfies Theorem 2, and at each junction point, the jump 

condition has to be satisfied. 

The controls treated so far were "inertialess con

trols" , since the only requirement was that they be piece-

wise continuous. In most practical cases, the control 

system has built-in inertia; it can not jump from one value 

to another instantaneously. Problems having controls with 

inertia can be reduced to the above formulated optimal prob

lem. For example, the requirement may be that the control 

functions u^(t),...u (t) have piecewise continuous first 

derivatives, v^(t) vr(t), whose absolute value is less 

than a given constant. To reduce this problem to the form 

given above, the control functions are introduced as state 

variables and the derivatives of the control functions are 

defined as the new control variables. Introducing Eq. (1-49) 

fE - v (1-49) 
dt 

to the system of equations results in a problem with re

stricted state variables and piecewise continuous control 

functions. 

The Synthesis problem 

The Maximum Principle reduces a control problem to 

a mathematical problem of 2n first-order differential 

equations and r algebraic equations. This system of 

equations relates the state variables to the control 
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variables and therefore gives the control law for the system 

To synthesize the control system from these relations is, in 

general, a very difficult task. Most of the difficulty 

arises from the fact that only half of the initial condi

tions are known. The other half of the boundary conditions 

are given,JLn the form of final conditions. This means solv

ing a split boundary value problem. A straight-forward 

solution, generally, is not possible; therefore it is 

necessary to apply an iterative type of solution. A compu

ter must be built into the control system, and since the 

iterative solution takes time, the control command will be 

delayed in respect to the sensed trajectory position. 

The synthesis of optimal control systems is one of 

the important problems of modern automatic control theory. 

The use of the Maximum Principle in control system synthesis 

is currently under development. It is not the purpose of 

this dissertation to provide a summary of these developments 



Chapter 2 

OPTIMUM REACTOR SHUTDOWN PROGRAM FOR MINIMUM XENON BUILDUP 

Introduction 

After shutdown of a high-flux thermal reactor, the 

xenon concentration will increase for many hours. The maxi

mum xenon concentration increases rapidly with flux level 

as it is shown in Figure 1. In order to start the reactor 

any time after shutdown, sufficient excess reactivity must 

be present to override the xenon poisoning. The amount of 

excess reactivity required to override the xenon poisoning 

can be minimized by determining an optimum reactor shut

down program. The development of optimum reactor shutdown 

programs have been investigated by Ash, Bellman and Kalaba 

using dynamic programming (3). Due to the size of the 

computer necessary to solve this problem no solution was 

given. Fresdall and Babb (4) investigated the effect of 

a simple pre-selected shutdown program, such as exponential 

or linear functions, in the reduction of the maximum xenon 

concentration. These programs are in no sense optimal. The 

approach to the solution of the problem presented here is 

based on Pontryagin's Maximum Principle. 

The Maximum principle is used to determine an optimum 

reactor shutdown program that will minimize the maximum 

value of xenon concentration. Optimum shutdown programs 

-24-
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14 
have been determined for flux levels ranging between 10 

n/cm^-sec to 10*^ n/cm^-sec and for control times up to 7 

hours. Results show that considerable reduction in the peak 

xenon concentration can be accomplished by relatively simple 

shutdown programs. 

Formulation of the Problem 

In the model used here, it is assumed that the state 

of the reactor can be described by the neutron flux 4> , the 

iodine concentration I, and the xenon concentration X. The 

equations describing the xenon concentration as a function 

of time are: 

I - *]_ <t> - A^I - cr^ ct> I (2-1) 

x - r2 2f * + V - a2 
x ~ °"2 * x (2~2) 

with the initial conditions 

<Ko) - <J> X(o) - X I(o) - I (2-3) 
o o o 

The symbols used in the above equations are defined below: 

V- fission yield 

A— decay constant 

Z - macroscopic fission cross section 

cr- microscopic absorption cross section 

The subscript 1 refers to iodine and the subscript 2 refers 

to xenon. The last term in Eq. (2-1) is neglected since its 
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v 16 
contribution is negligible for flux levels less than 10 

2 
n/cm -sec. Solving Eqs. (2-1) and (2-2) for <J> - 0, the 

iodine and xenon concentration as a function of time after 

shut-down is given by Eqs. (2-4) and (2-5) respectively, 

-^t 
I - Ib e (2-4) 

A]_ -Ait - A0t -Apt 

X " A2-AI. IB <E "E ' * HE <2_5) 

with the initial conditions 

1(b) - Ib X(b) - Xb (2-6) 

In Eqs. (2-4) and- (2-5) the subscript b denotes the iodine 

and xenon concentration at the time of shutdown. Taking 

the derivative of Eq. (2-5) with .respect to time and equat

ing to zero, the time corresponding to the occurrence of 

maximum xenon concentration can be obtained. 

« - (A, e'A2t- AX e_A1Y -A, X„ e_A2t - 0 
dt A2-Ax 

2 1 2 b 

(2-7) 

t - 1
v In 1 b } A2xb (2_g) 

A1"A2 a I 
1 b 

Substituting Eq. (2-8) into Eq. (2-5), the maximum value of 

the xenon concentration after shutdown, in terms of the 

iodine and xenon concentration at the time of shutdown, is 

given by 
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X 
Xmax " (Ib + Kb'<B (2"9> 

A - l - i i  B - i S  C -  A 2  (2-10) 
Ai AT *1~*2 

The problem is to determine a flux program for the 

control time interval 0 < t < b such that the maximum value 

of xenon concentration given by Eq. (2-9) will be a minimum. 

From physical considerations the following constraints are 

placed on the system: 

6 > 4>(t) >^0 I(t) > 0 X(t) > 0 . (2-11) 
ymax 

Application of the Maximum Principle 

In applying the Maximum Principle, the following 

state variables are defined, 

x1 - I x2 - X (2-12) 

and the standard notation u - <t> for the control variable m 

is used. To minimize the performance index S is 

3- W (xlb+Ax2b,(B + AB^,C -(2-13) 

The new state variable xQ is introduced. 

x c 

x - (x, + AX9)(B + AB ) (2-14) 
o 1 2 Xl 

The problem reduces to one where the final value of the 

state variable xQ has to be minimized. The time derivative 

of xQ is 
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X C 
xo " u + AK22f " A<r2x2)(B + AB + (y^ -

x 2  X2 x22 - x22 

- ̂ 2
x2"*l2f xf * 34 - Acr2 5^- - ^ ) x 

x (B + AB 0-1 ABCJ + (A1(A-L)x1 - AA2X2) (B + 

+ AB ~ )° + ABC (B + AB ~ ) C"1 [X^ - \^2 - A1x2 + 

1 x 2 x 21 

+ A<V 2  - A2 x~~~ ai *r ( 2" 1 5 )  

1 1 

The Hamiltonian of the system is defined by 

H - £ ps x£ 
o s s-

which becomes 

(2-16) 

H - poXq + P;i( -A-^) + (2-17) 

where xQ is given by Eq. (2-14). The Maximum Principle 

states that for a control, u, to be optimal, Xj,jax equal to 

a minimum, the Hamiltonian of the system must be a maximum 

with respect to u for all values of t in the control time 

interval. For the case in point, the Hamiltonian is a 

linear function of u, therefore the optimal control will be 

an on-off type control operating on the boundaries of the 

control region. That is 

0H 
f°r "3IT > 0 u - 4> -4> 

(2-18) 
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for |5 < ° u - <j> - 0 (2-18) 

and at every time where 

X2 *- c 
|§ - Po [(Vf - *1*1 +A*2 f "A<r2 *2><B + ABji) + 

V2Sf *2 - *2 *2 
+ ABC ( jfi - <r2 it- " Vf Z~Z * KHx1 * 

1 1  * 1  

2 C-1T 
• Ax2)(B + AB j-) J + " «i*i) Pi + 

• {Vf " cr2x2) P2 " 0 (2"19) 

the flux should switch from d> to 0 or vice-versa. The T max 

next logical step is to determine the optimal number of 

switchings. This is normally done by calculating the 

number of times changes sign in the control interval. 

For this case, the limitations on the state functions are 

given by equation (11). The auxiliary functions are defined 

as 

2 

^ " " IO PS 3*1 <2"20) 

with the boundary conditions 

PQ(b) - -1 PJ(b) - 0 P2<b> " 0 (2-21) 

These functions are not limited in any other sense. It is 

not possible from this information to determine the optimum 

number of switchings. However, an alternate approach can be 

used. By assuming a given number of switchings it is 
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possible to calculate I and X from Eqs. (2-1) and (2-2) for 

the time interval 0 < t < b. Solutions to these equations 

will have the switching times t , t OF...t , as para-
Si SZ au 

meters. Knowing I and X or x-^ and x2 and the boundary 

conditions at t • b, the auxiliary functions p^ and pg can 

be determined for the control interval 0 < t < b from Eqs. 

(2-20) and (2-21) starting with the last sub-interval 

•t < t <-b. These equations will have the same parameters 

tsi> It is now possible to write one equation in the form 

of Eq. (2-19) for every switching point. There will there

fore be n algebraic equations with n unknowns corresponding 

to the switching times . 

Another procedure for solving this problem is to 

calculate XJJJ^ from Eq. (2-1) for a control function with 

an assumed number of switchings. By trial and error a com

bination of switching times can be determined that will 

yield the smallest xenon peak. Using this technique the 

optimum number of switchings is also determined. Since 

this technique is amenable to digital computer calculations, 

it is the approach that was used. 

Results 

Using the procedure outlined in the previous sec

tion, optimum shutdown programs were determined for a reac

tor having the following values for the constants: 
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^ - 0.056 \ - 2.9-10"5 sec"1 Xf - lO^cm"1 

y2 - 0.003 Ag - 2.1*10~5 sec"1 &2 * 3.5-10"18cm2 

Figure 2 shows the reduction in the xenon peak as a 

function of the control time parameter b. The maximum xenon 

concentration is normalized to the maximum xenon concentra

tion occurring after instantaneous shutdown. In Figure 2 

there are two distinct regions corresponding to one-pulse 

and two-pulse control. 

One-pulse control is optimal for control times less 

than four or five hours, depending upon flux level. An 

example of this type of control is given in Figure 3. In 

this figure, the xenon concentration, as a function of time, 

for instantaneous shutdown is compared with a one-pulse 

optimum control shutdown program. The pulse width and 

termination time, for the flux level indicated, are shown 

in the upper part of the figure. A program of this type can 

be characterized by one variable, such as the pulse width. 

Figure 4 gives the optimal pulse width corresponding to 

given control times and flux levels. 

With an increasing control interval, the value of 

the xenon concentration occurring just prior to the control 

pulse increases rapidly, and for b — 4.5 hours it reaches 

the value of the xenon peak after shutdown. Beyond this 

point the maximum xenon concentration occurs before, rather 
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than after shutdown. The problem statement given above 

must therefore be modified. It is necessary to require the 

maximum value of the xenon concentration to be a minimum 

after t — 0 rather than after t — b. To meet this require

ment a second pulse must appear before the terminal pulse 

in order to reduce the first peak. 

When the control time extends into the two-pulse 

region, the pulse width for the pulse terminating at t - b 

remains constant and a second pulse appears at t • tp as 

indicated in Figure 5. As the control time interval b 

increases, the width of the pulse beginning at t^ increases, 

but t^ remains constant independent of the control time. It 

is noted that while the width of the pulse is well defined, 

the maximum value of the xenon concentration is relatively 

insensitive to the location of the first pulse. Variations 

in t^ as large as 0.1b produce very little change in the 

maximum xenon concentration. The optimal program in the two-

pulse control region is described by three characteristic 

numbers: t^,'the time of occurrence of the first pulse; 

At , the width of the first pulse; and At0, the width of 
1 « 

the terminating pulse. A plot of these characteristic num

bers is shown in Figure 6. Knowing the value of the steady 

state flux at the time of shutdown, and given a control time 

b, which falls into the two-pulse control region, the opti

mal shut-down program can be determined from Figure 6. 
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Calculations based on the original problem state

ment, even though they lose their physical meaning in this 

region, can be carried out and serve as guidelines as to 

the best that may be accomplished in the region. It is 

clear from Figure 1 that this is the case for the two-

pulse control region. These guidelines are shown as dash 

lines on Figure 1. If the two-pulse control is extended 

beyond the two-pulse control region, the lines as shown in 

Figure 1 curve away from those calculated on the premise 

of the original problem statement. It is reasonable to 

assume that beyond this point three-pulse control is needed. 

There is no proof as to how close it is possible to come to 

these optimum guidelines. It is conjectured that three or 

more control pulses will result in further reduction in 

the maximum value of the xenon concentration for large 

values of control time. 

Discussion 

For the reactor model assumed it is clear that 

considerable reduction can be realized in the after-

shutdown buildup of xenon poisoning. The amount of reduction 

in xenon concentration depends on two parameters, the maxi

mum flux- level at the time of shutdown and the available 

control time. For high flux levels the fractional reduction 

in the xenon poisoning is greater for a given control time 

than that obtained at lower flux levels. Since the maximum 
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value of the xenon concentration increases almost linearly 

with the flux level, the reduction in xenon concentration is 

more dramatic for the high flux levels. For example, with 

a control time of b - 6 hours, the fractional'reduction is 

14 
27.7%, 36.6% and 44.5% corresponding to flux levels of 10 , 

14 16 
3 x 10 and 10 , respectively. The values of the maximum 

13 
xenon concentrations for these flux levels are 9.1 x 10 , 

2.6 x 1014 and 8.4 x 10*^, respectively. For U235 fuel, the 

relationship between poisoning and xenon concentration is 

given by 

X cr 0.83<r 

P - -S - —- X - 2.49 X 10"15x (2-22) 
*t *f 

The equivalent reactivity is 

p - fP (2-23) 

where f is the thermal utilization factor for the reactor 

without poisoning. Using a value of f - 0.8, the reduction 

in terms of reactivity is 

Ap- 2.x 10~15 X^q (1 - ) (2-24) 
•^mo 

For flux levels of 1014, 3 x lO*4, and 10*® the percent 

reduction in reactivity that can be accomplished with opti

mal two-pulse control is 18, 52 and 1,680. 
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In all the cases presented above, it was assumed 

that the maximum control pulse level is equal to the equi

librium flux level at the time of shutdown. Since the 

pulse width is fairly small in many cases, it would seem 

reasonable to permit overloads for these short periods of 

time. This was done at the steady state flux level of 

14 
3 x 10 by permitting the maximum value of the flux to be 

14 4, 5, and 6 x 10 . While the pulse width decreased 

appreciably, to about one-half at <J> max - 2<PQ, the reduction 

in xenon poisoning improved only slightly, changing from 

25.5% to 26.1% for <p max - 2<pQ at b - 4 hours. 

In deriving optimum shutdown programs, it was 

assumed that the flux could undergo step changes. In 

reality, reactors have period limitations and fast startups 

and shutdowns have to be avoided. To estimate the effect of 

period limitations, the example presented in Figure 5 was 

worked out with a constraint on the maximum rate of change 

of flux, requiring 10 minutes to reach its peak value from 

startup and 10 minutes to return to zero. During this time 

the flux was assumed to change linearly for simplicity. 

This last assumption is more restrictive than the real case 

where the flux rises in an almost exponential manner. The 

effect of this distorted control pulse was essentially 

negligible, the difference being within one percent of that 

obtained using rectangular pulses. 



Chapter 3 

FLUX STATE CHANGES IN NUCLEAR REACTORS 

Introduction 

The operation of nuclear reactors frequently re

quires power level changes. In the case of experimental, 

research, or small power reactors, this is usually accom

plished in a semi-automatic manner. While some of the 

operation is automatic, the main decisions are made by 

operating personnel. In large stationary power reactors, 

as well as nuclear rocket engines and nuclear submarine 

reactors, it is desirable to have automatic control. For 

power reactors the automatic control is advantageous be

cause of economic considerations. In the case of military 

applications, such as submarine reactors, a fast response 

is a prime factor. For reactors of this type, automatic 

control has a direct application. Fast response is also 

desired for nuclear rocket engines used in space. 

The simplest description of the kinetic behavior 

of a nuclear reactor is given by the kinetic equations: 

- P* ~ ft n + 
dt A i 1 1 

(3-1) 

(3-2) 

-42-
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In Eqs. (3-1) and (3-2) n is a properly averaged value of 

the neutron density, and for simplicity it is assumed that 

the neutron density is proportional to the reactor power. 

(3 is the total delayed neutron fraction, and ^ is the 

fraction of delayed neutrons belonging to the i-th group, 

c^ is the precursor concentration and /\^ is the decay 

constant of the i-th precursor. A is the neutron genera

tion time, and p^ is the reactivity. 

These equations, as given here, apply only for a 

bare, thermal, zero power reactor. A more exact model is 

complicated by feedback effects such as temperature, void 

or poisoning feedback, and the effect of the reflector. 

However, even these simple equations are non-linear, and, 

therefore, the design of an automatic control system is by 

no means a simple task. There are two approaches to the 

problem. The first approach is to linearize the system 

equations and apply conventional linear automatic control 

theory. Since the system designed on this basis is appli

cable only to small variations in power, its use for large 

changes in power level is questionable. 

The second and more desirable approach is to design 

a control system for the non-linear model. Older, analyti

cal methods, presently still in use, follow trial and error 

procedures. Currently much effort is being expanded in 

automatic control systems design to determine a new and 
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general technique which would permit systematic design. 

Different approaches and different methods are being con

sidered. One of the most promising of these is Pontryagin's 

Maximum Principle, which gives a systematic design procedure 

that is also optimal. 

The purpose of this chapter is to apply the Maximum 

Principle to nuclear reactor control problems. It will be 

shown how optimal control functions for open-loop control 

of non-linear systems can be determined. 

Performance Indices 

In chapter 1 it was stated that one of the most 

important steps in the solution of optimal control problems 

is the selection of the performance criterion. This is 

usually done on a compromise basis. It is desirable to 

optimize with respect to some characteristic of the system, 

and correspondingly select a performance index which mathe

matically simplifies the problem. The following discusses 

a few performance indices that have definite physical sig

nificance and result in relatively simple mathematical 

treatments. 

In large power reactors, power level changes should 

be made with the minimum disturbance of the neutron flux 

distribution. Large control rod movements may cause drastic 

changes in the spacial distribution of the power generation, 

thus resulting in local overheating or possible xenon 
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oscillations. A sensible performance criterion could be 

the minimization of control rod movement. As a first 

approach, reactivity is assumed proportional to control 

rod movement. To penalize large control rod movements, 

the performance index is: 

S - ^ p2  dt. (3-3) 

For certain types of nuclear reactors, it is impor

tant to optimize the energy requirements of the control 

system. Assuming that the load is mainly inertia, that the 

control rod movement is linear, and that there is no pre

ferred sense of motion with respect to energy consumption, 

then the energy expended for a short time, dt, is given by 

dE - M | a 11 v | dt (3-4) 

In Eq. (3-4) M is the mass of the moving components, a is 

the acceleration and v is the velocity of the control rod. 

If the total energy used for control is selected as the 

performance index, then 

E(T) T 
S - J dE - M ^ | a.11 v | dt (3-5) 

Another approach to this problem is to assume that a power 

level change can be accomplished by a single withdrawal and 

insertion of the control rods. In this case, the rod must 

be accelerated to a speed v^ in one direction, stopped, 
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then accelerated to a speed v„ in the opposite direction and 
z 

stopped. Neglecting gravitational effects, the total energy 

consumed is: 

2 2 2 2 2 2 
E » 1/2MV + l/2Mv + l/2Mv + l/2Mv - M(v + v ) 

1 1 2 2 12 

(3-6) 

Therefore, the selection of the performance index 

T 
S - / p2 dt (3-7) 

o 

which minimizes the square of the control rod speed for 

the entire operation is sensible. 

Nuclear rocket engines and submarine reactors must 

be capable of realizing rapid changes in power level. 

Therefore, time-optimal control is needed, and the corres

ponding performance index is 

rt 
S - J dt. (3-8) 

o 

To start a nuclear system in space, it is required 

to minimize the auxiliary power supply necessary for start

up. Part, of the auxiliary energy is used for the circula

tion of the coolant, and part is used for control rod 

movements. If the power requirement for the coolant cir

culating system is a constant, then the problem is to 

minimize the start-up time and the energy consumed by the 

control system. For this case, one performance index could 

be, 
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S - / (k + p2) dt (3-9) 
o 

when k is an appropriate weighing factor. Another appi'oach 

to the problem is to use the performance index 

T 
S - / P2 dt (3-10) 

° 

obtain a solution, ana then let T decrease as far as the 

system constraints permit.. The solution with the smallest 

T is the optimal solution. 

Power Level Changes With Minimum Control Rod Movement 

For convenience, consider a bare, thermal reactor 

with one group of delayed neutrons and with temperature 

feedback. It is assumed that the temperature of the reactor 

is proportional to the power level. Under these conditions, 

the effective reactivity input to the reactor is the sum of 

the external reactivity input, p , and the feedback tern: 

P t -  P "  
c< n (3-11) 

where c< is the power coefficient of the reactor. The 

reactor kinetics equations given by Eqs. (3-1) and (3-2), 

then become 

n - i ( pn - c<n2 - 0 n) + Ac (3-12) 

c " ̂  n - Ac (3-13) 
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where the neutron density (n) and the precursor concentra

tion (c) are the state variables and the reactivity (p) is 

the control function. 

The system is assumed to be in the steady state for 

times t < 0 and has the initial conditions: 

n(0) - nQ, c(0) - cQ (3-14) 

The problem is to change the flux level (or neutron 

density) from nQ to anQ, a, being a constant, in a fixed 

time T so that the integral square input, Equation (3-15), 

will be a minimum. 

S - f p2(t)dt (3-15) 
o 1 

Further, it is required that the new power level an remain 
o 

at this value for t > T. This can be satisfied if the slope 

of the neutron density is zero at time t - T. Therefore 

the final conditions are: 

• 

n(t) - anQ, n(T) - 0 (3-16) 

Applying the Maximum principle as outlined in the 

first chapter, the following system of equations is obtained: 

* 1 2 
n - i  ( p n  -  < x n  -  @  n )  +  A c  ( 3 - 1 7 )  

A 

c - n - Ac (3-18) 
A 

x3 - P2 (3-19) 
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P1 " " k 1  P - 2 c < n  - 9  )P1 - A P2 
(3-20) 

(3-21) 

P - 0 
3 

(3-22) 

2 A p • pxn (3-23) 

with iaitial and boundary conditions given by Equations 

(3-<14) and (3-16), and also, 

Eqs. (3-19) and (3-22) are not necessary for specification 

of the control function. Eq. (3-23) can be used to elim

inate one of the variables. There are four first-order 

differential equations, two of which are non-linear, and 

four boundary conditions given by Eqs. (3-14) and (3-16). 

This system of equations can be solved on an analog computer. 

A repetitive analog computer is especially suitable, since 

its memory capability makes possible an automatic iterative 

solution of the split boundary value problem. 

analog computer with the following values for the para 

meters: 

*3(0) - 0, P3(T) - -1. (3-24) 

The problem stated above was solved on an iterative 
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The computer diagram for the solution of the problem is in 

Appendix 1. Representative results are shown in Figure 7. 

The lower part of Figure 7 shows a family of power level 

curves corresponding to final values varying from - 2IIQ 

to n^ — 10 nQ. The upper part of this figure shows the 

corresponding reactivity functions. 

The boundary condition n(T) » 0 brings the flux to 

the required level with a zero slope, but this alone does 

not guarantee that the power level depend on the control 

function, that is, on the reactivity program after time 

t - T. The required reactivity input can be easily calcu

lated from the kinetic equations, and it is given by: 

p(t) - c< n(T) + ( p(T) - n(T))e"A(t~T^ for t > T (3-25) 

This part of the reactivity functions is indicated in Figure 

7 by dashed lines. It is clear from Figure 1 that the 

reactivity function has a jump at t — 0. This is a short

coming of the solution as presented here. 

Variations of the power level and reactivity curves, 

with varying transition time (T), are shown on Figure 8. As 

would be expected, the relative shape of the power curve 
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changes only slightly while the reactivity function changes 

more drastically. The step input at t • 0 increases rapidly 

with decreasing transit time. It thus becomes more diffi

cult to realize the required control function for shorter 

transition times. 

The Time Optimum Problem 

Certain types of nuclear reactors, such as nuclear 

rocket engines and submarine reactors, require rapid re

sponse and automatic control. It therefore follows that a 

systematic design procedure for an automatic control system 

that will change the power level in minimum time is needed. 

However to obtain meaningful solutions to time optimum 

problems, it is necessary to consider all physical limita

tions imposed on the system. In the absence of these 

limitations, it is mathematically admissable to change 

power level in zero time by application of impulse type in

puts . For nuclear reactor control, the usual limitations 

are: 

1. Maximum available reactivity 

2. Maximum rate of reactivity input 

3 . Period limitation 

To formulate the first limitation, a performance criterion 

of the form, 



54 
rt 

S- J dt (3-26) 

P ( t )  <  p  v r max 

will be considered, which leads to the augmented state 
« 

variable, x3 - 1. In this case, for the model given, the 

Hamiltonian is a linear function of p (t) and can be made 

maximum by, 

P (t) •• + p 
~~ V max 

(3-27) 

The control always operates on its boundary. The principal 

problem is to determine correct switching boundaries. Re

sults of this type are not suited for nuclear reactors, 

since it requires insertion and withdrawal of control rods 

in zero time. The uniqueness of this solution is not 

proven, therefore there is a possibility of finding a 

singular solution for the problem. This has been demon

strated for similar types of control problems by Gibson and 

Johnson (5). 

In the previous section, a method was presented for 

determining optimal reactivity functions for fixed transi

tion times, with the performance criterion, 

T 
S - / p 2(t) dt. (3-28) 

An alternate approach to the time optimum problem is to 

determine what happens to the solution of the problem 
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discussed in the previous section if the transition time T 

is decreased. The maximum values of the reactivity and the 

minimum values of the reactor period were recorded for de

creasing transition times. The results of these recordings 

are shown in Figure 9. From this figure, for a given 

—2 
limitation (for example, p •< 10 ), the minimum time re

quired to realize a given flux change under the conditions 

that the performance be optimal can be obtained. Note that 

the slopes of these curves below a certain value of t rapid

ly increase with decreasing transition time. That is, 

there exists a time limit under which relaxation of the re

strictions imposed on the system will result only in slight 

improvement of the transition time. 

The minimum time obtained from these figures is not 

an absolute minimum. It is only the shortest time for which 

the performance criterion is minimum. The control is sub-

optimal rather than optimal. A great advantage of the 

Maximum Principle is that it makes possible the direct 

application of the limiting conditions of the solution. 

This was done.for different limiting values of reactivity, 

and the results are shown in Figure 10. 

For the particular example described by Figure 10, 

it is apparent that the system output will not reach the 

desired final state in T • 1 sec. for any p less than 
» max 

—3 
4.6 x 10 . Thus, a minimum control time for this 
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particular amount of maximum reactivity is established. If 

the results of measurements are recorded and plotted in a 

similar manner as was done in Figure 9, then, from this 

plot, the optimum time can be determined for given limita

tions, and, from figures similar to Figure 10, the required 

reactivity functions can be obtained. This solution can be 

more nearly approximated physically than the solution ob

tained for the minimum time problem. 

Power Level Changes With Minimum Control Energy 

will be assumed. The energy used for control rod movement 

is optimized, and therefore the performance index is 

Furthermore, to make the problem more realistic, it will be 

assumed that the control system has inertia and is unable 

to respond instantaneously. This limitation is given by 

the restriction 

In addition, the reactivity must satisfy a given initial 

condition: 

The same reactor model used in the previous example 

o 
(3-29) 

P — P max 
(3-30) 

o 
(3-31) 
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the problem, then, is to select a control function, p , 

which drives the system from the given initial power level, 

n , to a final power level, an„, without overshoot. In so 
o o 

doing, Eq. (3-29) must be a minimum and the conditions given 

by Eqs. (3-30) and (3-31) must be satisfied. 

First, p is introduced as a state variable and 

r - p (3-32) 

is selected as the new control variable. The new system 

is described by Eqs. (3-12), (3-13) and (3-32). The 

boundary conditions are: 

n(o) - nQ n(T) - anQ (3-33) 

c(o) - cQ n(T) - 0 

pco) - Po 

Applying the Maximum Principle to this problem 

results in the following set of equations: 

n - i ( pn - oC n2 - 0 n) + Ac (3-34) 

c - 6 n - Ac (3-35) 
. . A  

r (3-36) 

2 
x4 - r (3-37) 

*1 " " k (PP1 " 2K°P1 " & Pl' " A P2 (3-38) 

P2 " - AP1 + AP2 (3-39) 

1 
P3 - - ̂  nPx (3-40) 

P4 - 0 (3-41) 
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P3 - -2rp4 (3-42) 

Since o.ne of the. boundary conditions for the auxil

iary functions can be selected arbitrarily, let 

P4(T) - -1. (3-43) 

Eq. (3-43) together with Eq. (3-41)gives 

P4 - -1 (3-44) 

for the whole control interval. Eq. (3-37) can be elimi

nated, since it does not give additional information. Eq. 

(3-42) can be used to eliminate p^ from the system of equa-

tions and Eq. (3-36) can be used to eliminate r. The 

results are the following equations: 

n - i  (  p n  -  c <  n 2  -  0  n )  +  A c  ( 3 - 4 5 )  

c - J2. n - Ac (3-46) 

PI " ' A (?'PI ' 2O<NP1 - E PX> - ® P2 (3-47) 

P2 - - Apx + A P2 (3-48) 

•<?--^nPl (3-49) 

These equations with their corresponding initial conditions 

have been solved for different values of a and T using an 

iterative analog computer. The resulting control functions, 

and the corresponding power curves, are shown in Figure 11* 

For the computations the same constants were used as in the 

previous section with the additional constants 
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P - 0.1 sec-1 (3-50) 
Muax - ... 

p - 0. 
XQ 

Note that because of the selection of this initial condition 

for the reactivity, the system did not start from a steady 

state. As in the previous problem, T was decreased and the 

minimum time during which the required power level change 

can be accomplished was determined. The results of these 

investigations are plotted against the final power level in 

the upper part of Fig. 12. The above procedure was repeated 

with a - 3 and Pmax • 0.025, 0.05 and 0.2. The results are 

given in the lower part of Fig. 12. 

Reactor Startup With Minimum Auxiliary Energy 

In nuclear systems for space applications it is 

desired to start the reactor in space because of safety con

siderations. The power necessary for the startup must be 

drawn from auxiliary energy sources. The high cost of plac

ing an energy source,into orbit demands the use of an 

auxiliary power system with minimum weight. Assuming the 

weight of the source is directly proportional to the total 

energy it can deliver, it is necessary to select a reactor 

startup program which requires the smallest possible 

auxiliary energy. 
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During startup the auxiliary power system has to 

circulate the coolant and serve as a source of energy for 

the control system. Accordingly the performance index 

t' 
S - £ (k + p2) dt (3-51) 

is proposed. In Eq. (3-51) k is a given weighting factor 

expressing the proportion of energy used for coolant cir

culation. It is assumed the system under consideration 

can be described by the following set of equations: 

n - i  p  n  -  ̂  n  +  A c  ( 3 - 5 2 )  
A  ' T . .A 

c - ® n - A c (3-53) 

T - an - bT (3-54) 

PT - P " T (3-55) 

where a and b are given constants and T denotes the average 
f ~ 

temperature of the reactor. The rest of the notation is the 

same as in the previous sections. This model is more 

realistic than the previous one in that it takes account of 

the power removal from the reactor. 

The problem is to drive the system from a given 

initial state, (nQ, cQ, TQ), to a final power level, n^, 

such that the integral, Eq. (3-51) is a minimum. This 

should be accomplished without overshoot of the final 
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power level. The system is subject to the restriction 

< r (3-56) 
max 

where r is a given number. 
max 

A new control function r - p is introduced and p is 

treated as a state variable. Application of the Maximum 

Principle gives the following equations: 

n - - pn - ̂  nT - f n + Ac (3-57) 
A r A A 

c - S n - Ac (3-58) 

T - an - bT (3-59) 

P 

p - r (3-60) 

2 
+ r 

A , ̂  ^ „ 0 

'n+1 " k + r2 (3-61) 

1  "  "  A  (  ?  '  -  e  )  P x  - 2  p 2  "  a p
3  < 3 - 6 2 >  

P - - AP, + AP, (3-63) 
2 1 ^ 

P3 " A npl + bp3 (3-64) 
1 

P4 " " A npl (3-65) 

P5 - 0 (3-66) 

. H • ̂ Pj(n p - o<nT - 0n + A A c) + • (3-67) 

+ p2(^n - Ac) + p3(an - bT) + p4r + 

+ P5(k + r2) 

- p4 -f 2psr - 0 (3-68) 

The initial conditions are: 

n(o) - nQ, c (o) - cQ, T(o) - TQ, p(o) - 0 

and xn+1(o) - 0 

(3-69) 
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At the right end of the trajectory the following conditions 

must be satisfied: 

n(t') - n^ and n(t') - 0. (3-70) 

The final condition on one of the auxiliary functions can 

be assigned arbitrarily, therefore let 

p.(t') - -1. (3-71) 
5 

The remaining two final conditions must be calculated from 

the transversality condition. The right end point of the 

trajectory has to lie on a two-dimensional manifold given 

by the equation 

n 

'̂ -( p - cXT - 0 ) + Ac - 0 (3-72) 

The normal vector to this surface is 

nf °< nf 
v - ( — , - yf- , A ) (3-73) 

At the right end point of the trajectory the auxiliary 

vector, p, must be parallel with v. This gives the follow

ing conditions: 

n o< n 

P^TET P^ET P^TTT U~74) 

Therefore the remaining two final conditions are: 

P2(t*) - o<Pl(t') and . P3(t') - ££ P1(tl ) 

(3-75) 
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This system of equations, Eq. (3-57) - (3-68) to

gether with the boundary conditions, Eq. (3-69) - (3-71) 

and (3-75), can be solved on an iterative analog computer 

or on a digital computer. The resulting solution would 

give the optimal control function, the optimal trajectory 

and the smallest possible time during which the transition 

can be accomplished under the stated restrictions. 



Chapter 4 

MINIMUM FUEL LOADING IN NUCLEAR REACTORS 

Introduction 

In elementary reactor design, a constant fuel dis

tribution is assumed in order to simplify mathematical 

treatment. Efforts have been made to determine fuel dis

tributions which give uniform power generation in the reac*-

tor. As a result the reactor can operate at higher power 

level and the fuel burnup is more uniform. Another cri

terion could be the determination of a fuel distribution 
$ 

which would make a given reactor critical with the minimum 

amount of fuel. 

This problem was first investigated by Goertzel in 

1956 (6). He showed that minimum fuel loading is equivalent 

to a flat thermal flux in the reactor core under the follow

ing assumptions. (1) The reactor is thermal and homo

geneous. (2) The moderating and thermal transport 

properties are uniform throughout the core and the reflector. 

(3) For a finite reflector the neutron flux is assumed to 

vanish at an extrapolated boundary independent of energy. 

Then he proceeded to calculate sample fuel distributions 

which produce a flat thermal flux. For the case where the 

reactor size is not fixed, he determined the optimal size, 

-68-
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requiring the smallest fuel loading, and the corresponding 

fuel distribution. This fuel distribution has its maximum 

value at the center of the core, and in monotonically de

creasing in the direction of the core-reflector interface. 

For a given reactor with dimensions less than the optimal 

size, the fuel distribution requiring a minimum amount of 

fuel is similar to the previous case, except for a con

centration of fuel at the core reflector interface. 

Shapiro (7) extended Goertzel's results to reactors 

having constant moderator properties with variable moderator 

density. Recently Andersson (8) gave results of numerical 

calculations based on Goertzel's work for a two-group 

diffusion model. The shape of the distribution is similar 

to that obtained by Goertzel. It decreases continuously 

towards the core reflector interface, and just before the 

interface rises sharply. 

Recently Lewins (9) discussed Goertzel's results 

and drew some interesting conclusions based on a two-group 

diffusion model. He showed that a distribution with peaks 

in fuel concentration at the core reflector interface repre

sents a maximum fuel loading and not a minimum, where 

maximum fuel loading is defined as the maximum amount of 

fuel that can be placed in a reactor without making it 

super-critical. He also showed that the method used does 

not give a solution for the problem with fixed reactor size. 
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The purpose of this chapter is to present a differ

ent approach to the problem through the application of the 

Maximum principle. It is shown that for a two-group 

diffusion theory model the auxiliary equations are equiva

lent to the adjoint equations of perturbation theory. The 

maximum condition is derived for both homogeneous and 

heterogeneous reactors. The method outlined is applicable 

to reactors in which the dimensions are fixed or variable. 

Minimum Euel Loading in Homogeneous Reactors 

The analysis in this section is based on a two 

group diffusion model. This model, while not necessarily 

accurate enough to give good results, will permit an insight 

into the problem and can be easily generalized for multi-

group treatment. For simplicity the discussion is limited 

to a one-dimensional case, a slab reactor. The two-group 

diffusion equations are: 

In the above equations and Dg are the fast and thermal 

diffusion coefficient and and cj>2 are the fast and ther

mal neutron flux respectively. 77 is the number of neutrons 

produced in fission per neutron absorbed in the fuel, £ is 

the fast fission factor, and p is the resonance escape 

(4-1) 

(4-2) 



probability. 5" and? are the macroscopic absorption 
fa ma 

cross-section of the fuel and the moderator respectively, 

and 7. 1 is the removal cross-section, representing the 

loss by scattering from the fast to the thermal group. 

Using the same assumptions as Goertzel, the proper

ties of the moderator D , 2. an(* D are assumed to 
1 1 ^ ma 2 

be constant and independent of position. As long as the 

enrichment of the fuel is constant, rj can be treated as a 

constant, and since in homogeneous reactors £ is very 

close to unity it will also be assumed constant. The 

resonance escape probability for a homogeneous system is: 

Nf 

p - exp(- ̂ — I). (4-3) 
p^sm 

In Eq. (4-3) Nf is the fuel density, is the average 

logaritmic energy decrement, is the scattering cross-
sm 

section of the moderator and I is the effective resonance 

integral. The value of the effective resonance integral 

is given by empirical relations based on experiments. For 

natural uranium it is 

/T \ 0.415 
1 - 3 . 9  •  < 4 - 4 )  

Substituting Eq. (4-4) into Eq. (4-3), the result is 

/ / \ 0.585v 

T 6' '• 
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The problem is to select a fuel distribution, , 

for the system described by Eqs. (4-1), (4-2) and (4-5) so 

that the total fuel loading in the reactor 

a 
S - f N dx (4-6) 

o 1 

will be a minimum. The width of the reactor is fixed and 

is equal to 2a. 

The two diffusion equations can be reduced to four 

first-order differential equations, two of which are non

linear. Applying the Maximum Principle to these equations 

results in the following: 

(4-7) 

<t>2 - ct>4 (4-8) 

1  1 1 1  7 7 £ " < o f a  ,  
^3 " "DJ^l " D~ Nf<J>2 (4-9) 

k ~ ~ ̂  P*1 + (£ma + £faNf>4>2 (4-10) 
mi 

4>5 - Nf (4-11) 

P1 - - T7 P3 + p P4 (4-12) 

p2 - ̂ TJ~~ Nfp3 - <2ma + ^afNf>p4 <4"13> 

P3 - ~P1 (4-14) 

P4 " -P2 (4-15) 

P5 - 0 (4-16) 
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In the above equations, (o af is the microscopic absorption 

cross-section of the fuel and p is given by Eq. (4-5). The 

dot denotes differentiation with respect to the space co

ordinate x. Eqs. (4-12) - (4-15) can be combined into the 

following two second-order differential equations. 

2 
5L_Pa -li p3 + Ilpp - 0 (4-17) 
dx^ 

N'P3 " <*ma +^faNf> »4 * 0 • <4"18> 

These equations are exactly the same as the adjoint 

equations from perturbation theory. The auxiliary functions 

Pg and p^ are equivalent to the fast and thermal adjoint 

functions respectively. 

The Hamiltonian of the system is: 

H - <j>3Pl + ct,4P2 + ("t£ V2 j P3 + (4-19) 

+ (- uj. P+i + + f̂aNf> ̂ 2) p4 + NfPs 

The maximum condition is 

i ' .585^1 1 • . ,17 / 3.9 
- ̂ _<t,2P3 L 4>lP4 Nf exp * 

, .585 \ 
x (Nf -1) ) + p5 - 0 (4-20) 
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The given initial conditions on the state functions are: 

<|> <°) - *10 *3(0) - 0 (4-21) 

<)>2<0> ~ ̂ 20 ^4(o) " 0 

<Mo) - 0 

The initial condition on the fast flux, *20' can Iiot 

be chosen completely arbitrarily. It is related to the 

thermal flux distribution through the flux distributions 

in the reflector. If the size and composition of the 

reflector is fixed then for a given fuel distribution this 

initial condition is determined from the other boundary 

conditions. However if the size or the composition of the 

reflector is undetermined, then 20 can selected freely 

as long as the equations have a physically realizable 

solution. The final conditions on the auxiliary functions 

are determined by the Maximum Principle. They are 

Px(a) - 0 P>3 (a) - 0 (4-22) 

P2(a) - 0 P4<a) " 0 

P5(a) - -1 

The simultaneous solution of Eqs. (4-7) - (4-16) with the 

maximum condition, Eq. (4-20), and the given boundary con

ditions gives the required optimal fuel distribution. The 

solution obtained must be checked in order to be sure the 
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result is a minimum fuel loading. This can be done by 

examining the sign of the second derivative of the Hamil-

tonian with respect to . 

The resulting solution is different from that 

obtained by Goertzel. In addition to the diffusion equa

tions and the adjoint equations, the maximum condition, 

(4-20), has to be satisfied, and the adjoint functions and 

their first derivatives must vanish at the interface. It is 

hard to see what conditions would permit these requii'ements 

to reduce to the flat thermal flux condition. 

To obtain a solution for the given system of equa

tions is not a 'trivial problem," since four of the differen

tial equations are non-linear and half of the boundary 

conditions are given at the core-reflector interface. Thus 

it is necessary to solve eight differential equations sim

ultaneously with four initial and four final conditions. A 

solution can be obtained on an iterative analog computer 

starting with approximate values of the unknown initial 

conditions and hopefully converging to the solution. This 

problem can be solved numerically on a digital computer. 

The development of a multi purpose code which could handle 

both homogeneous and heterogeneous reactors for a wide 

range of input data is very desirable, and would be a rather 

interesting subject for future investigation. 
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Minimum Fuel Loading in Heterogeneous Reactors 

Since most large power reactors are heterogeneous, 

the above analysis will be extended to include these 

reactors. Assuming that all the fuel elements are the same, 

the problem is to determine the optimal spacing between 

fuel elements so that the total fuel loading will be a 

minimum. The two-group diffusion equations will be used, 

and are written below in a slightly different form. 

D«!+L- •«?£** 4,2- 0 (4-23) 
dx 

D;W + " ̂  " U"f' " ° (4"24> 

where f is the thermal utilization. Since the fuel elements 

are alike, 77 is a constant. If the fuel elements are not 

closely placed, £ is constant. The thermal utilization and 

resonance escape probability are functions of the spacing, 

and therefore functions of x. Letting the reciprocal of 

the distance between two adjacent fuel elements be y, the 

performance index 

S - f" ydx (4-25) 
o 

represents a quantity proportional to the total fuel loading. 

Both f(y) and p(y) are assumed to be known functions of y. 

Introducing the auxiliary equations and eliminating 

two of the auxiliary functions, the system of equations to be 
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solved is given by Eqs. (4-23) and (4-24) and the following 

auxiliary equations: 

d2p3 Zi 2l 
—-J- P„ + P  P 4  -  0  (4-26) 
dx D ,3 D 4 

1 2 

2 

El + ̂ £^ma f p., - ma (1 + f ) p. - 0 (4-27) 
2 4 

dx D1 D2 

The maximum condition is 

_ V£Zma^ p ^  - JZJL £ 1p4 ̂  + Ziifi <+> 2P4 H -
^ 3 dy jj r 14 jj T 2 4 dy 

2 2 

- 1 - 0 (4-28) 

In Eq. (2-28) p. was chosen to be equal to -1. This was 
o 

obtained in a manner similar to that in the previous problem. 

The boundary conditions are also the same as in the previous 

problem, and are given by Eqs. (4-21) and t(4-22)„ 

Optimal Fuel Enrichment in Heterogeneous Reactors 

Consider a large heterogeneous thermal reactor of 

a given size with fuel elements of a given size and spacing. 

The problem is to select the enrichment of the fuel elements 

in order that the total amount of U-235 used be a minimum. 

This problem is similar to the previous one, the 

main difference being that the enrichment of the fuel, 

z, is the new control variable instead of-the fuel element 

spacing. The diffusion equations and the auxiliary equations 
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have the same form as before. However the fast fission 

factor and 77 are functions of z, as well as the thermal 

utilization and the resonance escape probability. All 

four of these functions must be known. The boundary con

ditions are the same as before. 

The performance index is 

- t. zdx (4-29) 
o 

The performance index must be minimized. The corresponding 

maximum condition is 

-JLan^ J^2p4«-

dz 2 clz 2 dz 

- 1 - 0 (4-30) 

This problem can be solved in a manner similar to that 

outlined in the previous cases. 



APPENDIX 1. COMPUTER PROGRAM 

The computer program used to compute reactor 

power level changes with minimum control rod movement is 

shown on Figure 13. 
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Figure 13. Computer Program for Minimum Control Rod 
Movement 
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