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ABSTRACT 

Probably the chief problems in using a cosmic ray 

beam to study nuclear interactions are the low counting rate, 

the determination of the energy of the incident particle and 

the identification of the incident particle. A problem 

closely associated with cosmic ray methods is the determina

tion of the target nucleus. In the energy range where a 

charged pion will emit Cerenkov radiation and a proton will 

not, a gas Cerenkov counter could distinguish between types 

of incident particles and in the very high energy range 

where a proton emits Cerenkov radiation in a gas, measure

ment of that radiation will give information about the 

energy of the protons. Using a plastic scintillator as a 

target and recording the pulse height of the event in this 

scintillator helped increase the counting rate and also gave 

information about the nature of the event. 

In this experiment an air Cerenkov counter was 

placed above a multiplate cloud chamber. The counter con

trol consisted of three scintillation counters, one above, 

one inside and one below the chamber. The scintillator 

inside the chamber was also the target. An event was 

accepted if at least one particle passed through the bottom 

scintillator, a sufficient amplitude pulse was received from 

xi 



xii 

the target scintillator and one particle passed through the 

top scintillator. The data indicated a counter control bias 

against events of charged particle multiplicity less than 

four. When the logic circuit indicated an acceptable event 

had occurred, the Cerenkov pulse and the target scintillator 

pulse were displayed on an oscilloscope. 

The average energy of the penetrating showers was 

estimated by assuming that the average transverse momentum 

of all neutrons and charged secondaries depended only on the 

primary momentum and that it was a linear function of that 

momentum. This linear function was evaluated at two points 

by observing the threshold of Cerenkov emission for incident 

pions and for protons. Neutral pion energies were deter

mined by measuring the associated electron showers in the 

iron plates. 

Laboratory system results are given based on 19^ 

events classified as 0-7 Bev/c, 90 events classified as 7-14 

Bev/c, 28 events classified as 14-28 Bev/c and 17 events 

classified as above 28 Bev/c. The electron cascade showers 

of 227 neutral pions were paired and the resulting neutral 

pion spectrum presented. 



xiii 

Eleven events with particularly small target scintil

lation pulses are believed to be proton-nucleon collisions. 

Center of momentum system results are given for these events 

assuming they are proton-proton collisions. 



CHAPTER I 

Introduction 

The object of this experiment is to study penetrat

ing showers initiated in polystyrene by charged cosmic rays 

at an altitude of 2500 feet to determine which are proton-

proton collisions as contrasted with proton-carbon collisions, 

and also to investigate the utility of using a gas Cerenkov 

counter in conjunction with a cloud chamber. 

One advantage of using cosmic rays as a particle 

source is that energies considerably above accelerator 

energies are available (Morrison 1961). The principal 

problems of using a high energy cosmic ray beam are low 

counting rates, the measurement of the momentum and the iden

tification of the particles initiating events. A problem 

occuring frequently in cosmic ray work is that of distinguish

ing proton-proton events from proton-heavy nucleus events. 

At lower altitudes most cosmic rays are the products of air 

cascade showers (Broadbent 1947a, 19^7b, 19^8). A cosmic 

ray incident on the top of the atmosphere will Initiate a 

penetrating shower on the average after traversing one 

interaction mean free path in air (Cocconi 1961, p. 217; 

Sltte 1961, p. 163). The consequent attenuation of particle 

1 
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energy and increase in the number of cosmic ray particles 

continues until the particle energies get too low for them to 

initiate further penetrating showers. This process results 

in a considerable flux of high energy protons and pions at 

sea level, as well as other particles (Cocconi 1961, p. 261; 

Sitte 1961, p. 164). This flux can be used for the study of 

nuclear interactions, called "penetrating showers" when 

observed in a cloud chamber. 

Devices which collect and measure Cerenkov radiation 

are called Cerenkov counters (Jelley 1958)• A charged 

particle traversing a medium with a velocity v which exceeds 

the velocity Cm of light in the medium will emit a continuous 

spectrum of radiation called Cerenkov radiation. The inten

sity of Cerenkov emission is a function of the amount by 

which the charged particle's velocity, v, cxceeds the velocity 

C . From a threshold value of zero Cerenkov emission at 
m 
v = Cm the Cerenkov emission increases rapidly to achieve a 

limiting value. It is proportional to 

U/cJ2 - 1 
I K 2 — 1-1 

<v/C m)2 

If the amount of Cerenkov* emission per unit path 

length can be measured accurately enough then the velocity 



of the charged particle can be determined in the velocity 

range Cm to C. See Appendix A. Also the angle between the 

Cerenkov radiation and the charged particle trajectory 

Increases from zero degrees at v = Cm to a limiting value as 

the limit of equation (l-l) is achieved. See Appendix B. 

For high energy penetrating showers it has been 

reported that the average value of the transverse momenta of 

penetrating shower secondaries depends only weakly on the 

primary energy or particle identification (Jain et al 1964, 

Hansen and Fretter I960, Montanet i960). This allows an 

estimate to be made of the total momentum of the charged 

secondaries of a penetrating shower by measuring the angle 

each secondary makes with the extension of the trajectory of 

the incident particle. 

Cerenkov emission data plus an estimate of the 

momentum of the primary particle producing a penetrating 

shower admit a distinction to be made between light (e.g. 

200 electron masses) and heavy (e.g. 2000 electron masses) 

charged primaries in the momentum range between threshold 

Cerenkov emission for light and for heavy primaries. 

In this experiment it was not possible to measure 

the trajectory of the Incident particles very accurately. 

Because of this the light collection efficiency of the 

Cerenkov counter was known only approximately for any 



individual event. Consequently, no attempt was made to use 

the amplitude of the Cerenkov pulse to estimate the velocity 

of the incident particle in the range Cm to C. The Cerenkov 

pulse information was used only to determine whether the 

incident particle velocity was above or below threshold for 

Cerenkov light emission. A charged pion with a momentum 

exceeding 7 Bev/c or a proton with momentum exceeding 47 

Bev/c could with good probability register an observable 

pulse in the Cerenkov counter used. (See Air Cerenkov Pulse 

Analysis in Chapter III.) 

It was assumed that over the range of energies 

encountered in this study the average value of the trans

verse momentum of all penetrating shower secondaries was a 

linear function of the laboratory momentum of the primary 

particle (Farley 1959> Jain 1961). With this assumption and 

the fact that the observable air Cerenkov counter threshold 

for charged pions and protons were about 7 and 47 Bev/c, 

respectively, the variation of transverse momentum with 

primary energy can be determined. The average momentum of 

all secondaries was then estimated by angular measurements. 

For neutral pion secondaries a better momentum estimate was 

obtained by analyzing the electron cascade showers produced 

in the multiplate chamber by the gamma ray decay products 

of the neutral pion (Roos 1963* Carlson et al 1950, Gregory 

and Tinlot 1950a)• 
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An empirical event classification similar to one 

used by Piserchio and Kalbach (1962) for nuclear emulsion 

events is: 

(i) Clean, even prong events; events which have 

an even number of charged secondaries, no recoil ionizations 

at the point of interaction and no secondary alpha tracks. 

(ii) Clean, odd prong events; same as class (i) 

except with an odd number of charged secondaries. 

(iii) Star events; all events which do not belong to 

either class (i) or (ii). For this experiment class (i) 

includes collisions with free protons and collisions involv

ing bound protons which result in no evidence of heavily 

ionizing boil-off particles. Class (ii) includes collisions 

with bound neutrons which result in no evidence of nuclear 

excitation. In this experiment it was not possible to 

observe wide angle secondaries ox1 low energy secondaries 

which did not leave the target scintillator. For such 

events as well as for all class (iii) events the ionization 

occuring in the target scintillator could not be estimated 

from the cloud chamber data above. Information about ioniza

tion in excess of that implied by the cloud chamber picture 

was obtained by photographing the target scintillation pulse 

on an oscilloscope. Clearly it is not possible to distinguish 

between excess ionization due to unobserved prongs and that 



due to class (ill) events. There Is evidence that the target 

scintillation data made it possible to recognize some of the 

class (i) and class (li) events. 

The target scintillator was located inside the cloud 

chamber (see figures 2 and 3) so that a view could be obtained 

of the incident particle trajectory. The mean free path for 
p 

inelastic collisions in carbon is 87 g/cm (Rossi 1952, 

p. 364). To a vertical beam the target scintillator con

tained approximately .25 inelastic mean free paths of carbon 

and about .05 of a geometric mean free path of hydrogen. 

Inside the chamber and below the target scintillator were 

eleven one half inch thick iron plates. A single one half 

inch thick iron plate was also on top of the bottom scintil

lator. For all acceptable events it v;a3 required that at 

least one secondary particle traverse six inches of iron 

without giving rise to an electron shower. A secondary 

charged pion capable of penetrating six inches of iron would 

have an average momentum of 250 Mev/c and a secondary proton 

would have an average momentum of 790 Mev/c (Rossi 1959> 

p. 44). 



CHAPTER II 

Apparatus and Procedure 

Cloud Chamber 

The main features of the cloud chamber are described 

by Werebrouck (1959)-

The cloud chamber was a conventional rectangular 

multiplate type with an aluminum entrance wall one eighth 

inch thick. Beam particles before entering the first visible-

region also traversed a one eighth inch thick aluminum dummy 

plate and a four inch thick liquid scintillation counter. 

Dummy plates covered with polished aluminum were mounted on 

both the entrance and exit walls of the chamber to Improve 

illumination. Light parallel to the plate surfaces entered 

on each side through 10-^ inch by 32 3/^ inch windows of 3/^ 

inch Herculite. An aluminum plate was mounted on a piston. 

Piston guidance was provided by the piston sliding through 

a cylinder of variable length extending from the back of the 

chamber. The plate was suspended around its edges by 

neoprene rubber which partitioned the chamber into a front 

and a rear volume. The (front) chamber gas was compressed 

or expanded whenever compressed air was introduced or vented 

from the rear volume. The length of the cylinder determined 
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the expansion ratio. An expansion ratio of 1 . 0 J  was used. 

The aluminum piston plate always rested against the rear 

chamber wall in the expanded position. The chamber was 

originally designed to be operated on its back for use with 

an accelerator. For cosmic ray work it was mounted on one 

3ide. In this position it was important that sufficient com

pressed air be introduced into the rear volume to uniformly 

seat the piston on the cylinder rim as, otherwise, the neo-

prene stretched allowing the piston to sag in the cylinder. 

Such misalignment scored the cylinder. Using an expanded 

chamber gauge pressure of 15 cm. of mercury, a rear volume 

pressure of 4.2 p.s.i. gauge was needed to uniformly seat 

the piston. 

It was Important not to have much overpressure in the 

rear volume, however, because venting the excess air length

ened the expansion time. Also overpressure stretched the 

neoprene seal and created expansion turbulence. For this 

reason it was necessary to use a pressure regulator with a 

minimum differential between Its opening and closing pressure. 

A regulator which was satisfactory was the Null-Matic Regu

lator manufactured by Moore Products Company of Philadelphia. 

The two fast expansion ports of the chamber's rear 

volume were opened and closed by the motion of two steel "pop" 

valves, each of which was In an iron magnetic circuit. Two 
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coils provided magnetic induction in each circuit. The 

coupling of each steel "pop" valve to the iron magnetic 

circuit was varied by changing the thickness of brass shims. 

V/hen the chamber was operated on its back each shim had been 

designed to ride with its "pop" valve during a fast expan

sion. When the chamber was operated on its side, the shims 

sometimes failed to ride with the "pop" valves so that after 

approximately one hundred expansions the shims were destroyed 

by sliding over the "pop" valve stem threads. New shims 

were designed which were attached to the iron magnets and 

these shims showed no wear after ten thousand expansions. 

The characteristics of the iron plates in the cloud 

chamber after correction for the .020 inch thick aluminum 
O 

covers were: plate thickness 10.24 g/cm . The average 
p 

plate thickness to a vertical beam was 10.4 g/cm , however, 

because some of the plates were tilted. The average space 

between plates was .9 Inches. The thickness in g/cm of the 

aluminum reflectors mounted on each face of the iron plates 

is multiplied by 1.12 to obtain the iron equivalent for 

ionization loss (Rossi 1952, p. 43). General Electric RTV-11 

liquid silicon rubber was found to be superior to either 

epoxy or rubber cement for attaching the aluminum reflectors 

to the iron plates. 
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The chamber filling was argon gas saturated with the 

vapor from a 70# ethyl alcohol and 30# distilled water mix

ture. It was necessary to add 50 cc. of alcohol every two 

weeks because of the diffusion of the alcohol through the 

neoprene gasket. A clearing field to remove background ions 

was provided by a plate to plate electric potential of 15 

volts. The cycling period of the chamber was 90 seconds. 

No slow expansions were used in the cycle. 

Auxiliary Apparatus 

The chamber, counters, cameras and flash lamps were 

inside a refrigerated enclosure whose temperature was kept 

at 67° F (see figure l). A five ton York refrigeration 

unit was used. 

To reduce thermal gradients the air inside of 

the enclosure was circulated. A pair of baffled blowers 

drew air from under the chamber and expelled it up and 

over the top of the chamber (see figure 2). The fan of 

the regrigeration unit operated only during a cooling cycle 

and it blew air toward the lower front of the chamber. To 

avoid heating the rear volume of the chamber the compressed 

air used to compress the cloud chamber was pre-cooled by 

an ice bath before it entered the storage tank. The 

front to rear thermal gradient was less than .1°C and the 
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chamber top was about .7° C warmer than the bottom. This 

latter gradient was greater than optimal but only extensive 

revision of the enclosure or the air circulation control 

would have reduced it. 

For illumination an 80 centimeter Siemens gas dis

charge tube was placed on each side of the chamber at the 

focal point of a lO^- inch cylindrical polished aluminum 

reflector of parabolic cross section. A polished half 

cylinder fitting snugly on the chamber side of each tube 

reflected the forward light from each tube toward the 

aluminum reflector. Slight reflector imperfections and 

misalignments resulted in a rather strongly divergent beam. 

A "Venetian blind" collimator was placed between the chamber 

and each discharge tube to help correct this. The flash 

lamps and collimator assemblies were carefully draped to 

eliminate scattered light. A 1000 microfarad capacitor bank 

held at 2000 volts was discharged through the lamps 95 

milliseconds after the counter circuits indicated an event. 

Stereo-scopic pictures were taken by two Beattie Varitron 

cameras with Gotar lenses. The film used was 70mm Kodak tri 

X Panchromatic. A solenoid-operated camera shutter opened 

before the flash and closed thereafter, so the refrigerated 

enclosure could be entered without fogging the film. The 

lens apertures were set at f/13* The two data taking 
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lenses were 73 cm. apart. An exposure counting register was 

mounted at the corner of the chamber. 

The film was processed with Pairchild Smith develop

ing machines. Three parts of fresh Kodak D-19 developer were 

mixed with one part used developer. Each gallon of developer 

was then used on 200 feet of JOinm. film. This procedure 

added bromides to fresh developer which allowed longer 

development times with less background fog. In the Fairchild 

machine at 75° F, development times were 32 and 37 minutes, 

respectively, for the first and second 100 foot lengths. A 

stop bath was not used. JThe film was fixed for approximately 

seven minutes in an ammonium thiosulfate fixer solution. 

Each gallon of fixer was used on 30° feet of 70mm. film 

before discarding. 

The air Cerenkov counter was located immediately 

above the cloud chamber (see figure 1). A concrete roof of 

a thickness of five inches was above the Cerenkov counter. 

The angle between a charged particle's trajectory and its 

Cerenkov emission is: 

(See Appendix B.) 
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At an average temperature of 83° F and an average 

absolute pressure of 27-32 Inches of mercury the value of the 

Index of refraction of air is 1.000244 (cf Appendix C) and 

6 = 2.44 x 10-4. The maximum angle of emission of Cerenkov 

light (y =0o) is 1.25° at the above temperature and pres

sure (see Appendix B). This results in a .92 foot diameter 

illuminated pool of light on the mirror. The aluminum-front-

surface mirror had a 51 inch radius of curvature. The mirror 

reflected the light toward a bank of four 5 inch Dumont 6364 

photomultipller tubes. A 21 foot high double thickness bag 

of polyethylene .008 Inches thick was used to keep background 

light out (see figure 2). A double thickness bag was used 

because it was found that a considerable amount of light 

passed through a single thickness. The pulse from the 

photomultipller tube bank was amplified (see figures 3 and 4) 

and then displayed on a Tektronix Model 541A oscilloscope. 

Three scintillation counters were used to control 

the chamber (see figures 2 and 5). The coincidence time 

resolution was approximately 1.5 microseconds which resulted 

in a negligible accidental coincidence rate. 

The scintillation counter above the chamber was 

connected to two discriminators and (see figure 6). 

The output of discriminator was connected to the anti

coincidence input #4 of the coincidence-anticoincidence 
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circuit (see figure 7). Discriminator was adjusted to 

put out a pulse if two or more minimum ionization particles 

went through the upper scintillator. The output of discrim

inator was connected to the coincidence input #1 of the 

coincidence-anticoincidence circuit. Discriminator D^ was 

adjusted to put out a pulse if one or more minimum ioniza

tion particles went through the upper scintillator. 

The scintillation counter below the chamber was 

connected to discriminator D^ (see figure 8), whose output 

was connected to the coincidence input #3 of the coincidence-

anticoincidence circuit. Discriminator D^ was adjusted to 

put out a pulse if one or more minimum ionization particles 

went through the bottom scintillator. 

The target scintillation counter was connected to 

discriminator D2 (see figure 9), whose output was connected 

to the coincidence input #2 of the coincidence-anticoincidence 

circuit. Discriminator Dg was initially adjusted to put out 

a pulse if two or more minimum ionization particles traversed 

the target scintillator. 

The coincidence-anticoincidence circuit would put a 

standard pulse out only if no pulse waB received on input #4 

and coincident pulses were received on inputs 1, 2 and 3-

Using the discrimination settings described, a high 

coincidence rate of 8 counts per 10 minute interval resulted. 
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Examination of the cloud chamber photographs showed that 

almost all pictures were of a single minimum ionization 

particle accompanied by a fast electron or else a single 

minimum ionization particle accompanied by one or more 

particles which missed the upper scintillator but traversed 

the target scintillator. In view of the long cycling time 

this high counting rate was unacceptable and the discrimina

tion level of Dg was raised until a level of 1 count per 7 

minute interval was attained. This was the final operating 

point and at this discrimination level few two prong events 

were observed. From the multiplicity distribution of figure 

10, it appears that there was a bias against events with 

fewer than four prongs. 

The output of the target scintillator was delayed 

before entering the oscilloscope so that it and the Cerenkov 

pulse could be displayed on one trace. (See figure 11.) 

The oscilloscope sweep and the cloud chamber fast expansion 

were controlled by the coincidence-anticoincidence circuit 

output. A number register was photographed with the 

oscilloscope trace. When the flash lamps discharged, the 

electrical noise tended to re-trigger the oscilloscope. To 

prevent the appearance of multiple traces from this cause, a 

pulse was taken off the Strobatron tube of the flash lamp 
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control which was used to blank the oscilloscope during 

lamp discharge (see figure 12). 

The cloud chamber cycling control wound the film in 

the cloud chamber and oscilloscope cameras as well as operat

ing both number registers. The cloud chamber number register 

was correlated to the oscilloscope number register by means 

of marking lamps. 

/ 
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CHAPTER III 

Analysis of Data 

Event Coordinates 

The cloud chamber photographs were scanned by view

ing the film on a ground glass "table" illuminated from 

behind by fluorescent lights. Both views were scanned 

simultaneously. Identification of an event was confirmed 

if the extensions of the incident and of two penetrating 

secondaries met at a point in the target scintillator. If 

the Incident particle was not visible then it was required 

that the extensions of 3 penetrating secondaries meet at a 

point in the target. Knock-on electrons were excluded by 

the "penetrating" requirement. See figure 13 for a sample 

event photograph. 

The event photographs were then projected i size 

onto a sheet of drawing paper and both views drawn. It was 

important to be able to project both views simultaneously in 

order to correctly correlate the secondaries in the two 

views. This was done by observing ionization and other 

distinguishing track features. The projected fiducial lines 

and a horizontal grid network were drawn on each view. See 

figure 14 for a sketch of event number 8263.  

29 
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A one half size stereo-scopic view reconstruction 

platform was used to construct the depth projection viev; of 

each event (see figure 15)- The distance d from the camera 

lens line to the inside of the chamber face plate was short

ened .208 inches to compensate for the displacement of the 

image by refraction in the front window (see Appendix D). 

Along horizontal grid lines the distances from a vertical 

fiducial to track segments were transferred by needle 

calipers to the stereo-scopic reconstruction platform. The 

stereo-scopic lines of sight were then mapped on the drawing. 

The intersection of lines of sight of both views wa3 then 

considered to be the plot of a point on the track of the 

particle. Points of the track were mapped for each second

ary at three depths and for the primary at one depth. Prom 

this a depth view and a polar plot were constructed. The 

depth mapping was corrected for the gas motion when the 

cloud chamber was expanded. Only events which originated 

in the target scintillator were included in the data. For 

the depth view of event number 8263 see figure 16. Because 

the incident particle was visible only over a short distance 

the polar plot was constructed under the assumption that it 

had a vertical trajectory. Angular corrections were applied 

only if the incident particle trajectory was inclined by 15° 

or more from the vertical. 
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In the reconstruction geometry of the polar plot, 

the stcindard deviation of the depth position of any secondary 

was expected to be five times' the standard deviation of the 

transverse position because the angle between the stereo

scopic views was only 11.3°• The standard deviation of the 

polar plot position of the extension of the incident parti

cle's trajectory was much larger than that of any of the 

secondaries. This was expected because the polar plot 

mapping of the incident was the mapping of an extension of 

the incident track. Also it was difficult to obtain a good 

photograph of the top section of the chamber. Because of 

this the "event center" of a polar plot will be defined to 

be the geometric center of all penetrating secondaries. For 

several photographs the side to side position of the exten

sion of the incident was compared to the side to side posi

tion of the event center and the comparison was quite favora

ble. By error propagation theory the standard deviation of 

the position of the "event center" is less than that of any 

secondary. Because of the large variance of the depth 

mapping of the extension of the incident track the "event 

center" depth was assumed to be the depth mapping of the 

extension of the incident track. In those photographs in 

which the incident track was not visible the "event center" 

was taken to be the polar plot mapping of the incident 

particle. 
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It was necessary to judge how close the polar plot of 

each secondary was to the plot of the extension of the inci

dent trajectory in order to judge its momentum from the 

assumed value of the transverse momentum. The exact measure

ment of this distance becomes very critical if the plot of 

the secondary is very close to the plot of the extension of 

the incident trajectory. For those events in which the 

incident trajectory was visible a polar plot mapping of a 

secondary was not considered to be closer to the event 

center than the distance corresponding to the estimated side-

to-side error of the position of the extension of the inci

dent . For those events in which the incident track was not 

visible, a secondary was not considered to be so close to 

the event center that its forward laboratory momentum (which 

resulted by using transverse momentum assumptions) was 

greater than the total forward momentum of all other second

aries unless such a momentum was consistent with calorimetric 

estimates. 

Air Cerenkov Counter Pulse Analysis 

The light collection efficiency of the Cerenkov 

photomultiplier tube bank was evaluated by ray tracing for 

various trajectories of the incident particle. For this 

purpose Cerenkov emission was assumed to occur at the 
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maximum Cerenkov emission angle in air. If the angle of the 

incident particle or its position indicated that Cerenkov 

radiation would probably not be collected by the Cerenkov 

counter's photomultiplier tube banlc then the Cerenkov pulse 

data was not used for that event. 

It was necessary to estimate the frequency of spuri'-

ous Cerenkov pulses due to knock-on electrons or to showers 

not seen in the chamber. The Cerenkov data of 91 events was 

rejected because of v/ide angle incident trajectories. The 

particles initiating these events- could not have registered 

a Cerenkov pulse and yet thirteen of these events had 

Cerenkov pulses. Knock-on electrons from the particles 

initiating these events would not be very likely to produce 

Cerenkov pulses. This indicates a spurious Cerenkov pulse 

frequency of 14.3$- In the final tabulation (see table l) 

194 events with favorable incident trajectories were in the 

0-7 Bev/c momentum range and 28 (14.4$) of these events had 

Cerenkov pulses. The 91 events with wide angle trajectories 

included events from all energy ranges and some of these 

high energy events may have been part of very high energy • 

extensive showers containing many particles emitting 

Cerenkov radiation. The 194 events with favorable incident 

trajectories were classified in the 0-7 Bev/c momentum 

interval and so are less likely to have been associated with 
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such high energy extensive showers. However the Cerenkov 

data of the 194 events is more likely to include pulses from 

knock-on electrons than the data of the 91 wide angle events. 

Also some high energy events may have been inadvertently 

classified in the 0-7 Bev/c interval. Prom these considera

tions about both the 91 and 194 event samples, it is probable 

that the frequency of spurious Cerenkov pulses is less than 

14.4#. 

In Appendix E it is shown that under a reasonable 

3et of assumptions, knock-on electrons from the concrete 

roof should account for approximately a 4# rate of spurious 

Cerenkov pulses. 

Setting 7 = > • _ 1 i hi the probability of a 
/\- (v/C) 

Cerenkov pulse dependB on the value of 7 for the incident 

particle. 

To evaluate the probability versus 7 of recording an 

observable Cerenkov pulse for all events within the accept

ance angles, the following analysis is used. The geometric 

collection efficiency for different values of 7, 0, «p and I 

wa8 estimated from ray tracings. The parameters 6, cp and l> 

are, respectively, the incident trajectory angle parameters 

and the distance from the center of the upper scintillator 

to the trajectory of the Incident particle. The number of 
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events occuring in each interval A9^, a Par̂ -'-~ 

tion of 9 ,  cp and I was recorded. From this the number 

of collected photons versus A0^, Acp^ and A^ can be obtained 

for any assumed value of y of the incident particle. The 

probability Gy(m) collecting m photons from an incident 

particle with a velocity y is then the norm.ed frequency 

distribution of a given number of photons in the product 

Nf where f is the frequency with which events occured in the 

range 9  e  A 9 ^ ,  cp e Acpj, £ e Ai^. 

The conversion of a collected photon into a photo-

electron can be considered to be a Bernoulli trail (Parratt 

1961, p. 30) so the distribution of the number of photoelec-

trons resulting from a given number of collected photons will 

be Binomial. Thus the probability of getting n photoelectrons 

for a given value of y is given by 

J G,y(m)B(n,m,p) 

where B(n,m,p) is the Binomial probability of getting n 

photoelectrons out of m collected photons if the probability 

for each collected photon to yield a photoelectron is p. 

The probability p is called the quantum efficiency of the 

photomultiplier tube. 
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Figure 18 is a histogram of amplitude versus number 

observed for all recorded Cerenkov pulses with an amplitude 

of less than or equal to .105 volts. The peak at .02 volts 

is assumed to be due to a single particle emitting Cerenkov 

radiation and that at .05 volts to two particles. 

In Appendix E it is shown that a particle with y 

equal to 150 emits approximately 149 photons in the range of 

wave lengths to which the photocathodes are sensitive. With 

a collection efficiency maximum of 80$ and an average quantum 

efficiency of 10$ the single particle Cerenkov pulse frequency 

peak (at .02 volts) corresponds to approximately 12 photo-

electrons (see figure 17)• The minimum amplitude Cerenkov 

pulse identified was .007 volts and this then corresponds to 

about 4 photoelectrons. 

The probability of registering an observable Cerenkov 

pulse for a given value of 7 is then equal to: 

S [ 2 CL,(m)B(n,m, .1)] 
n=>4 m=l 

where B(n,m,.1) = 0 if n > m. 

This expression was evaluated numerically for y = 

45.5, 60, 80, 100 and 150. The results are presented in 

figure 18. 
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Shower Production Mean Free Paths 

The mean free path for penetrating shower production 

by charged secondaries passing through the iron plates was 

measured. For each charged secondary the total observed 

path in the iron plates was recorded. If a path terminated 

with the production of a penetrating shower that information 

was noted. 

p 
Total observed path (g,/cm ) _ Mean free path for the 
Total number of penetrating showers - production of penetrat 
initiated by charged secondaries ing showers 

Only the top ten plates were used in this measurement 

because knock-on electrons produced in the bottom plate 

could be easily misinterpreted. 

Secondary Neutrons 

The hemisphere beneath the target was divided into 

solid angle intervals. Choosing the central solid angle 

interval as 0-7° and each successive solid angle interval 

twice as large as the preceding one, results in the inter

vals: 0-7°; 7°-12°10«; 12°10'-l8°40'; 18°40'-27°27'; 27°27' 

390541; 39o54,-58o10'; 58°10»-87°12'. 

Penetrating showers in the iron plates caused by 

neutral particles were assumed to be due to neutrons. To 

estimate the number of secondary neutrons, a neutron mean 

free path for penetrating shower production in iron of 125 

g/cm was used (Robs! 1952, p. 364). Because the observed 
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shower mean free path for charged secondaries included pions 

as well as protons it was not used for the neutron analysis. 

Throughout each solid angle interval the neutron flux was 

assumed uniform and the probability of producing a penetrat

ing shower was computed based on the iron path length 

presented to neutrons in that interval• Plate edges and the 

inclination of the plates to the secondary neutrons were 

accounted for. The weight factors derived for the intervals 

were: 0-1°, weight 1.7; 7°-12o10I, weight 1.7; 12°10'-l8°40', 

weight 1.7; 18o40'-27°27', weight 3-1; 27°27'-39°54', weight 

3-7; 39°54,-58o10', weight 6.6. The weight factor for the 

interval 58°10'-87°12' was 10.000 for the range 58°10' to 

65°42'. For angles greater than 65°42' one could not expect 

to observe neutrons. 

Analysis of Neutral Plon Secondaries 

There is no known process, decay or otherwise, other 

than the neutral pion decay which efficiently transfers 

penetrating shower energy to electron energy (Sitte 1961, 

p. 180). Thus all electronic showers were assumed to be due 

to neutral pion decay. 

An electronic shower theory which uses asymptotic 

(Ee-̂ 00 * Ey"-*00 ) expressions for radiation and pair 

production, neglects Compton effect and assumes the collision 
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loss to be a constant energy dissipation eQ per radiation 

length is used (Rossi 1952, p. 223). Except for the value 

of eQ, such a theory is independent of the media. The 

theoretically expected number, N x, of electrons occuring 

at the maxlmvun of a shower in iron versus the energy of the 

gamma ray is plotted in figure 19- The theoretically expected 

depth TNjĵ x at which the maximum number of electrons appears 

Is plotted versus the energy of the gamma ray (figure 20). 

decay, gives as the angle between the two emitted gamma rays 

(Rossi 1952, p. 199): 

Using angular measurements and shower energy estimates with 

the above equation the gamma rays can be partitioned into 

pairs, each pair being associated with the decay of one neu

tral pion (see figure 21). 

events which had only one pair of reasonably correlated 

showers were selected. Prom equation (3-1) the value of 

sin £/2 could be calculated using the gamma ray energies 

based on gamma ray shower theory. Comparing this value of 

Applying conservation of momentum to neutral pion 

(3-1) 

To check the validity of shower theory in iron 
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sin 4/2 with the directly measured value yielded the ratios: 

Average directly observed value of sin j/2 1.19 (based 
Average value of sin £/2 calculated from ~ on 29 events) max 

Average directly observed value of sin £/2 _ 1.19 (based 
Average value of sin £/2 calculated from Tumax ~ on 20 events) 

The inclusion of incorrectly correlated high energy 

showers would most likely result in the directly observed 

value of sin i/2 being larger than the calculated value of 

sin i/2. Considering this probable source of error, the 

above ratios justify using the shower theory parameters N„,_„ irmx 

and Tt j  „ to estimate neutral pion energies . wmax 

Because of the extremely short lifetime of the neu

tral pion (Roos 1963) it is not possible to distinguish the 

vertex of a gamma ray pair from the nuclear event giving rise 

to the neutral pion and thus estimate directly the neutral 

pion trajectory. However, from the estimated energies and 

trajectories of the pair of gamma rays it is always possible 

to find a direction for which the algebraic sum of the gamma 

ray transverse momenta is zero and such a direction is the 

trajectory of a neutral pion if the pair of gamma rays are 

the decay products of one neutral pion. 

In a multiplate chamber one plate thickness separates 

adjacent shower samples. This contributes a fluctuation to 

the estimated values of the shower parameters. The 
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statistical nature of the shower process contributes addi

tional dispersion to shower parameter estimates. Only for 

Isolated low energy showers could an estimate of Nmax be 

obtained. For overlapping showers it was only possible to 

estimate individual shower parameters within upper and lower 

bounds. For an analysis of the error in the resulting esti

mate of the energy of the neutral pions see Appendix F. 

The corrected distribution of neutral pions versus 

angles was obtained by correcting the observed distribution 

for the unobserved decays. The probability of a gamma ray 

producing a recognizable shower in the iron plates was com

puted based on a pair production probability of .7 per 

radiation length in iron (Rossi 1952, p. 84). Dividing 1 

by these probabilities yields the gamma ray correction 

factors which were averaged over each angle interval. These 

correction factors are 0-7°, weight 1; 7o-12oi0', weight 1; 

12°10'-l8°40', weight 1; l8°401-27°27', weight 1.4; 27°27'-

39°5^'> weight 1.7; 39°54•-58°10«, weight 2.3- No showers 

were observed beyond 58°. 

The total number of gamma rays in each angle inter

val (based on paired plus unpaired showers) was multiplied 

by the appropriate weight factor to yield the corrected 

number of gamma rays. In each angle interval the corrected 

number of gamma rays divided by two was assumed to be the 



42 

corrected number of neutral pions. It should be noted that 

this correction does not compensate for showers which were 

not seen because their energy was very low. The nuetral pion 

transverse momentum and energy results are based only on the 

pion spectrum derived from paired showers. 

Event Classification and Transverse Momenta 

While viewing the events on the scanner estimates of 

the multiple scattering of the secondaries were obtained by 

the following procedure. On a clear plastic plate were 

scribed straight lines of a measured width. VJith the aid of 

a hand lens, the saggita displacements were visually estimated 

by examining the superposition of various width lines with a 

secondary trajectory. Using these estimates and the Moliere 

scattering equation (Rossi 1952, p. 69), lower bound energy 

estimates were made assuming all relativistic secondaries to 

be charged pions. Hansen and Pretter (i960) find 75$ of all 

carbon target secondaries to be mesons in their study. For 

secondaries which terminated in the chamber energy estimates 

were made from range and particle mass based on the rate of 

ionization increase. Charged pions with energy less than 1 .5  

Bev could be fairly reliably identified by scattering and 

Ionization. Most events had one or more secondaries with 

momentum too high to measure by this procedure so the calori-

metric estimates of energy generally give lower bounds only 

and had a limited utility. 
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For all of the laboratory forward going charged 

secondaries (i.e., charged secondaries traveling downward in 

the laboratory) and all observed neutrons the acute angle £ 

between the particle trajectory and the extension of the 

incident trajectory was measured. Those secondaries going 

backward (i.e., upward) in the laboratory were not Included 

when estimating the total laboratory forward momentum. This 

is because it was difficult to accurately determine the tra

jectories of all secondaries going backward in the laboratory 

and for such secondaries it was often impossible to distin

guish penetrating particles from electrons. Approximately 7$ 

of all secondaries observed were going backward in the labora

tory. From kinematics, momentum of laboratory backward going 

secondaries is expected to be considerably lower than that of 

laboratory forward going secondaries, so neglecting secondaries 

going backward in the laboratory should result in only a few 

percent error in the momentum estimate of the primary particle. 

The assumption that the transverse momentum of 

secondaries is independent of the emission angle has been 

used by Farley (1959) and also by Jain (1961). Evidence sup

porting such an assumption can be found in V. L. Fitch et al 

(1962) and B. Bellini et al (1962). There i3 some evidence 

that the average transverse momentum varies slowly with 

momentum (M. Kazuno 1962) .  
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The value Pj. of the transverse momentum of secondary 

neutrons and charged secondaries is assumed to depend only 

on the primary energy by the linear function: 

Pj. = a + bPlnc' (3-2) 

where P = laboratory momentum of the incident particle. 

Let P// denote the longitudinal component of the 

secondary laboratory momentum and P_L denote the transverse 

component. Then for a secondary denoted by the subscript m: 

Pi00t?m = P//m (3-3) 

P„ = Pj. osct (3-4) m m 

Using the above assumptions, a sum over secondaries 

yields: 

M 
Pj. 2 cot£ 

m=l m 

M 
2 P„ 
m=l m (3-5) 

where: M = number of secondary neutrons and charged second

aries . 
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The momentum of the Incident particle is written as: 

. ^ M J o 
pinc = px s cot C + 2 P// , (3-6) 

m=l m j=l J 

Combining equation (3-3) and (3-2) results in: 

,inc 

M 
a£ cot 
m=*l 

r 
Jm 

^ 7T° z py 

Jsl 
J (3-7) 

1 - bZ cot 
m=»l 

C m 

For a given pair of assigned values of the trans

verse momentum at an incident laboratory momentum of 7. and 

47 Bev/c a set of assigned values of the parameters a and b 

of equation (3-3) was determined by the conditions: 

a + 7b = Pj l  ,7 (3-8) 

a + 47b = Pj. ,47 (3-9) 

Pj_ ,7 assigned value of transverse momentum at 7 Bev/c 

Px ,47 assigned value of transverse momentum at 47 Bev/c 

The pairs of assigned values of Pj_ ,7 and Px*47 which 

were included in the analysis were: (Pj. ,7 = 175 Mev/c, 
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Pj. ,47 = 400); (200, 400); (225, 400); (250, 400); (275, 400) ; 

(300, 400); (325, 400) ; (350, 400); (375, 400): (400, 400): 

(175, 300); (200, 300); (225, 300); (250, 300); (275, 300); 

(300, 300); (175, 250); (200, 250); (225, ?50): (250, 250): 

(175, 200); (200, 200). 

A program on an I.B.M. model 7072-1401 digital com

puter carried out the above calculations.and for each assigned 

pair of values of the transverse momentum and sorted 275 

selected events according to the momentum intervals 0-7 Bev/c, 

7-14 Bev/c, 14-28 Bev/c, 28-47 Bev/c and 47+ Bev/c. The 275 

selected events were those which had good pulse data and 

where the incident was inside the Cerenkov counters accept

ance angles. 

The Cerenkov emission of 7 Bev/c pions and 47 Bev/c 

protons is approximately 27 photons (see table 2). The 

probability for observing a Cerenkov pulse increases rapidly 

for pion momenta above 7 Bev/c (see figure 18). It was 

assumed that pions with momenta below 7 Bev/c would seldom 

register a Cerenkov pulse while a fair proportion of those 

above 7 Bev/c would register a Cerenkov pulse. Similar 

assumptions were made for 47 Bev/c protons. Thus a histo

gram of Cerenkov pulse frequency versus event momentum should 

show a sharp increase at 7 Bev/c. Due to the proton spectrum 

the Cerenkov frequency histogram should also show a distinct 
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increase at 47 Bev/c. The transverse momentum assignments 

at 7 Bev/c and 47 Bev/c chosen to be the most consistent with 

the data of this experiment was the assigned pair yielding 

the histogram nearest to the following characteristics: a 

Cerenkov pulse frequency nearest to 14.4$ (the frequency of 

random Cerenkov pulseB obtained for the 91 events with 

rejected Cerenkov pulses) for the momentum interval 0-7 

Bev/c, the sharpest increase in Cerenkov frequency for the 

momentum interval 7-14 Bev/c, modest values for the Cerakov 

pulse frequency in the 14-28 Bev/c and 28-47 Bev/c intervals 

and a Cerenkov pulse frequency nearest to 1 for the momentum 

interval 47+ Bev/c. The favored histogram with the assign

ment Pj_ ,7 - 200 Mev/c, Pj_ ,47 = 300 Mev/c is shown in 

figure 22. These values are within the range of values 

found by others (Kazuno 1962, Jain 1964). 

Target Scintillator Pulse Information 

The ionization track lengths in the target scintilla

tor of the primary and of all observed charged secondaries 

(including fast electrons and any accompanying extensive 

shower particles through the target) were measured. Ioniza

tion density was classified as minimum or heavy and the 

total length for each class was listed separately for each 

event. For each of 195 selected events the specific pulse 

amplitude per unit track length was computed. Defining: 
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N = Specific target pulse 

D = Target scintillation pulse amplitude 

R = Total recorded track length of minimum ionization track 
in the target 

B = Total recorded track length of heavy ionization track in 
the target 

a = Assigned weight factor for heavy ionization per track 
length 

then, 

N =mr3B (3-io) 

It Is known that the organic phosphors show rela

tively low efficiency for densely ionizing particles 

(Garlick 1961, p. 117)• Thus even though the densely 

ionizing particles appear to be of the order of ten times 

minimum ionization, the appropriate weight factor was 

unknown. A computer evaluation of N was done for a = 2, 

3> 3~k> ^5 and an assignment of a was chosen to make 

the minimum specific pulse amplitude least dependent on the 

recorded blue track length. On this basis the best weight 

factor value would be 2. It is conjectured that this result 

is due to the occurence of heavily ionizing secondaries in 

almost all events but it appears that usually their range 

is confined inside the target. Thus a low specific target 
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pulse Is favored when the range of heavily ionizing second

aries exceeds the dimensions of the target scintillator. 

Because of this, the events which had visible heavily 

ionizing secondaries were simply considered to be carbon 

target events. 

Eighteen events were selected which had a specific 

target scintillation pulse amplitude of less than .005 volts 

per inch of recorded minimum ionizing track and no apparent 

heavily ionizing secondaries. 

Among these events was one event (number 3179) which 

appeared to be an elastic proton-proton collision. The 

elastic event had a specific target scintillation pulse 

amplitude of .0029. Ten of the remaining events had speci

fic target scintillation pulse amplitudes which were less 

than or equal to .0030 voltB. These will henceforth be 

denoted as the sample A events and all such events were 

extracted from the data. Seven of the events in the 18 

event sample had specific target scintillation pulse ampli

tudes between .0030 and . 0050 volts per inch of recorded 

minimum ionization track length. These will be denoted as 

sample B events. Both the sample B and the sample A events 

were further analyzed on the assumption that they were 

proton-proton collisions, or proton-peripheral nucleon 

collisions in which little energy was transferred to the 

nucleus. Identification of secondaries and measurement of 
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their momenta were based on scattering and ionization 

estimates. The energy estimates of. the primaries were those 

obtained by the transverse momentum assumptions described 

previously. 

The energies of three of the sample A events as 

deduced from transverse momentum were too low to agree with 

calorlmetric estimates and were increased accordingly. The 

energy of one of the sample A events was increased in order 

to put one prong into the center of momentum system back 

cone. These events were then reanalyzed with the corrected 

energies. The results of this analysis are presented in 

Chapter IV. 

Forward Momentum Analysis 

If in a proton-carbon collision, the incident proton 

shared its momentum equally with a neutron one half of the 

time and equally with a proton one half of the time then the 

average value of the secondary proton forward laboratory 

momentum would be three times as large as the average value 

of the forward laboratory momentum of the secondary neutrons. 

The ratio: 

total forward laboratory momentum of secondary protonB ld 
total forward laboratory momentum or secondary neutrons WOUJ-a 

increase with an increase in elasticity and would decrease 

as the forward momentum of an incident proton was shared 

with more secondary neutrons. 



The total forward momentum of the events was esti

mated using the transverse momentum assumptions discussed 

previously. The forward momentum of the neutrons was 

similarly estimated. The measurement of the forward momen

tum of the neutral plons was based on the corrected gamma 

ray spectrum. The total forward momentum of the charged 

pions was assumed to be twice as large as that of the 

neutral pions. 

?ln° - + \ p//m (3-n) 
Ji=i j=l m=l 

where P0*1 is the momentum of a charged secondary and P11 is 

the momentum of a secondary neutron. 

L ch Q **7<t R y-. 
2 ?// £ = 2 P// +2 Pg, (3-1?) 
i=l q=>l Q r=l r 

where P*5 is the momentum of a secondary proton. 

Q _4- tj-O . 
2 P7# = 22 P//, (3 -13 )  
q=l 14 j=l J 

Combining equations (3 -H)#  (3 -12 )  and (3 -13 )  yields: 
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1 pp p1*10 - * p" - 32 p^* 

TT "Si " W i (3-W) 

Jx  A 

The value of this ratio for the events of eaeh momen 

turn interval is presented in Chapter IV aa is the ratio: 

R 
2 
r-1 

P'r 
?lna - 2 -

m-1 n 

J 
32 
J«1 

J 
2 

M 
Z 
m-1 7n 

—- (3-15) 

Also presented in Chapter IV is the ratio: 

pines 

"1 Jo" 
Z ? / /  
J-l J 

Analysis of the Sample A Elastic Event Number 3179 

This event had one secondary p^ with an interior 

angle 0^ of approximately 1° and another secondary P2 with 

an interior angle of approximately 6.9°. The secondary 

initiated in the iron a penetrating shower whose energy 

is estimated to be 10 to 20 Bev. The secondary pg ejected 



one heavily ionising particle from the seoond plate while 

appearing to undergo a large angle scattering. The energy 

of Pg is estimated to be above 2 Bev. The Cerenkov pulse 

amplitude was zero which indicates that the primary proton 

energy 1b probably lesB than 47 Bev. The zero amplitude 

Cerenkov pulse also supports the interpretation of an 

incident proton rather than an incident plon. Assuming the 

event to be an elastic proton-proton collision and using the 

formula: 

tan 0^ tan » 1 - (v/C)2 (3-16) 

where v is the velooity of the center of momentum system 

with respect to the laboratory system resulted in an inci

dent proton energy of approximately 21 Bev. Balance of 

transverse momentum resulted in the laboratory momentum of 

p^ being 18 Bev/c and the laboratory momentum of p2 being 3 

Bev/c. 

Neutral Strange Particle Decays 

The oharts for identification of the A0 and K° 

decays were computed from the following equation whieh 

expresses conservation of 4 momentum (Hardy 1953): 

^(M2 - - V?) - E+E_ - P+P„cos 0T (3-17) 



5^ 

where: 

M a aass of neutral strange partiole 

M+ » mass of secondary 

M_ » mass of secondary 

» laboratory momentum of secondaries 

E+,E_ » laboratory total energies of secondaries 

eT = opening laboratory angle of decay 

From these calculations one Interior angle versus 

the opening angle for constant values of P+ and for the con

stant values of P_, was plotted. Figures 23 and 24 show 

these curves for A0 and K° respectively. 

Each neutral two prong decay was Interpreted to be 

one of the following possibilities: 

(1) The decay Is a A0 with the proton having greater 

laboratory momentum. By the transverse momentum balance the 

proton then has the smaller interior angle. This Is by far 

the most frequent type of decay. 

(2) The decay Is a A0 with the proton having the 

lesser laboratory momentum. Here the proton has the larger 

Interior angle. This occurs only when the proton Is emitted 

at an extreme backward C.H. angle and so thla Is comparative

ly rare. 

(3) The decay Is a k£. Kinematioally the k£ deoay 

Is symmetric. 
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(4) The decay is a K^. The secondary electron 

makes this decay easy to identify. 

The angle measurements of the decay are mapped under 

each of assumptions (l), (2) and (3)- Each of these mappings 

predict the momenta of the two secondaries and this is com

pared with the estimated momenta of the secondaries based on 

scattering and ionization data. 

Event 8263 had two neutral particle decays (see 

figures 13 and 14). Prong D had an interior angle of 5°> 

prong D" had an interior angle of 6.5°* both prongs were 

minimum ionization and could have been charged pions with 

momentum above 1 Bev/c. The opening angle for prongs e'and 

E" was 4°, 

Mapping the angles of prongs D' and D" under inter

pretation (l) predicts a proton momentum of .2 Bev/c and a 

charged pion momentum of .16 Bev/c. These momenta are 

Inconsistent with scattering and ionization data. Interpre

tation (2) predicts a proton momentum of .1 Bev/c and a 

charged pion momentum of .14 Bev/c which is also inconsis

tent with scattering and ionization data. 

Interpretation ( 3 )  predicts that prong D" has a 

momentum of 2.0 Bev/c and prong D' has a momentum of 1.8 

Bev/c. This is consistent with scattering and ionization 

data. 



Because of the small opening angle and moderate 

momenta, prongs E! and E" are unlikely to be a K° decay. E1 

and E" could be the prongs of: K? it" + p.* + v . It is ci |x  

also possible that a K° was initially produced and it inter

acted in one of the iron plates to produce a A°. Prongs E1 

and E" are consistent with a A° decay. An interpretation 

consistent with accepted conservation rules is the produc

tion of a K° and a TJ°. 



Figure 13• Photograph of event number 8263. 
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Figure 23- A° decay kinematics. 
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Table 1. Cerenkov Pulse Frequency Versus Momentum Intervals 

Momentum 
Intervals 0-7 7-14 14-28 28-47 47+ 

Number of events 290 91- 28 8  10 

Number of events 
with good Cerenkov 
pulses 

194 56 14 4 7 

Number of Cerenko\ 
pulses 

28 16 4 2 6 

Cerenkov pulse 
frequency 14.4$ 28.6$ 28.6$  50$ 86$ 



Table 2. Cerenkov Emission VersusJy 

y 2ira[26-i?] 
y 

Average 
Number of 
Photons 
Emitted 
per meter 

Emission 
Angle 

45-5 1.000 0 0° 

50 .00008 4.3 30' 

60 .00020 10.6 48' 

TO .00028 15.0 57' 

80 .00032 17.1 1°1' 

90 .00035 18.7 1°5' 

100 .OOO38 20.1 1°?. 

150 .00044 23.5 1°12' 

00 .00048 25.5 l°l5i 



CHAPTER IV 

Results 

For each incident particle momentum interval the 

following data la presented: 

(1) Histogram of the observed number of neutral 

pions versus the laboratory angle intervals discussed in 

Chapter III. See figures 25, 27# 29 and 31. 

(2) Histogram of the estimated number of neutral 

pions versus the laboratory angle intervals. See figures 26, 

28, 30 and 32. 

(3) Histogram of the energy of neutral pions 

versus the laboratory angle Intervals. See figures 33, 3^* 

35 and 36. For each angle interval of these figures is 

given the approximate value of one standard deviation from 

the s»an as oalculated in Appendix P and assuming t = 1. 

This atandard deviation includes only the estimated error in 

measuring the paired showers and does not include the fluc

tuation due to correlation blunders or due to the statistical 

nature of pion production. 

(4) Histogram of transverse momentum of neutral 

pion versus the laboratory angle intervals. See figures 37, 

71 
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38, 39 and 40. For each angle interval of these figures is 

given the approximate value of one standard deviation (cf. 

item 3)• 

(5) The value of the neutral pion transverse momen

tum averaged over all laboratory angles. See table 3-

(o) The corrected average number of neutral pions 

per event. Gee table 3* 

(7) Histogram of the number of neutral pions versus 

their transverse momentum. Gee figures 41, 42, 43 and 44. 

(8) Histogram of the number of neutral pions versus 

their energy. Gee figures 4 5, 46, 47. and 48. 

(9) Histogram of the estimated number of neutrons 

versus the laboratory angle intervals. Gee figures 49, 50> 

51 and 52. 

(10) The estimated average number of neutrons per 

event. See table 3-

(11) Histogram of the number of charged secondaries 

versus the laboratory angle intervals. Gee figures 53* 54, 

55 and 56. 

(12) Average number* of charged secondaries per event. 

Gee table 3- v 

(13) The value of the ratio 
m 

Chapter III. See table 3» 
4-j 

(14) The value of the ratio 

Chapter III. See table 3-

— calculated as in 

m 

~ calculated as in 
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pine 
(15) The value of the ratio • calculated as in 

S P'Vi 
Chapter III. See table 3.  j  j  

(16) Mean free path for production of penetrating 

showers in iron by all charged secondaries. See table 3. 

The data of the momentum intervals 28-47 Bev/o and 

47* Bev/o were combined because of the meager number of 

events observed. This number of events also forced the use 

of the angle intervals 0-12°10'j 12o10«-27o27'; 27°27'-

J^IO1 . In this 28+ Bev/c interval electron showers made it 

impossible to obtain reliable information about the composi

tion of the secondaries. Because of this the evaluation of 

items 13* 14 and 15 was not attempted for the 28+ Bev/c 

momentum interval. 

The error in the neutral pion energies displayed in 

item 2 are computed assuming t =» 1 (see Appendix P). 

Analysis of the sample A events on the basis that 

they are proton-nucleon collisions yielded a center of momen

tum system. All center of momentum system data presented is 

for the sample A events which excludes the elastic event 

discussed in Chapter III. For this center of momentum syitem, 

histograms of the number of neutral pionB versus their trans

verse momentum and versus their total energy are given in 

figures 57 and 58. Similarly histograms of the number of 

secondaries believed to be charged pions versus their 



transverse momentum and versus their total energy are given 

In figure 59 and 60. Histogram of the number of neutral 

plons versus the ooslne of their oenter of momentum system 

angle and the number of charged plons versus the cosine of 

their oenter of momentum system angle are given In figures 

61 and 62. 



30 -

Z5 

20 

15 

IO 

5 

A-

3 
Z 

I 

7° 12° 10' B°40' 27*27' 58° 10' 

Degrees 

Figure 25« Observed Number of Neutral Pions Versus 
Laboratory Angles for 0-7 Bev/c Interval 



76 

4f> 

CO 
a o 
•H 
CM 
rl 
d 
U 
"S O 
S 
<M 
O 

<u 
Q 

26 

10 
8 

6 

A 
I 

7° IZ' 0' 18°40' 27*£7' 39*S4 5T8#IO' 

Degrees 

Figure 26. Estimated Number of Neutral Pions Versus 
Laboratory Angles for 0-7 Bev/c Interval 



77 

2£ -

ZO -

% l*-
£ 

ss 

to • 

T* f2° 0' |8°40' 27*27' 39W 58°K)' 
Degrees 

Figure 27. Observed Nianber of Neutral Plons Versus Laboratory-
Angles for 7-1^ Bev/c Interval 



78 

zs -

zo • 

3 • 
2 -

7° 12°IO" 18"40' 2.1° ZT' 33°5-4' Ŝ IO1 
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Figure 61. Estimated Number of Neutral Pions Versus the 
Cosine of Center of Momentum System Angles for Sample A 
Events. 
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Center of Momentum System Angles for Sample A Events. 



Table 3- Tabular Entries from Results 

Item 0-7 Bev/c 7-14 
Bev/c 

14-28 
Bev/c 28+ Bev/c 

Neutral pion transverse momentum (Bev/c) .318- .224 .173 

in C
O

 C
O

 

Number of neutral plons per event 

C
J o

 

i—i 

1.09 • 92 1.89 

Number of neutrons per event 1.00 1.58 1.0 • 71 

Number of charged secondaries per event 5.00 4.43 5-17 4.6 

z p5 
Value of -—-

z Pn 

m m 

2.9 2.3 3-0 - -

V pP 
v r 

Value of — 
z p1:0 

J J 

2.1 2-3 3-2 — 

Value of inc
o 

Z PT° 
J J 

6.7 7-1 7.2 - -

Shower mean free path for charged 
secondaries (gm/crn^) 326 264 186 204 



CHAPTER V 

Discussion and Comparison 

Some General Features of the Survey Data - -

Of seventeen events in the 28+ Bev/c momentum inter

val, eleven had trajectories indicating good Cerenkov data. 

The spurious pulse rate is likely to account for one of 

these pulses so approximately 60$ of these events have 

momenta above 60 Bev/c (cf. figure 16). Most of these 

events had heavy cores and considerable electron shower 

activity. Because of this it was not possible to accurately 

estimate the composition of secondaries in the 28+ Bev/c 

interval. Those secondaries which could be seen and inter

preted are presented in the tabulated data. It was clear 

that much was hidden by the dense showers. 

Events occuring in the concrete roof produced pions 

which initiated events in the target scintillator^ Fifteen 

percent of the events in the 7-14 Bev/c momentum range had 

Cerenkov pulses which were not accounted for by the spurious 

Cerenkov pulse rate. Some of these could have been due to 

protons whose energy was greatly underestimated. It is also 

expected that some charged pions with momentum above 7 Bev/c 

initiated events but did not register a Cerenkov pulse. 

114 
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Considering these possibilities it is reasonable to estimate 

that approximately 15% of the events in the 7-1^- Bev/c range 

were due to charged plons and it. is possible that an even 

larger fraction of the events in the 0-7 Bev/c range were 

due to charged pions. 

The results of Weaver (1953) indicate that in proton-

proton collisions the probability for meson production is 

low until energies of the order of 10 Bev are reached. If 

this is so then considering the triggering bias, it i3 likely 

that proton-proton collisions did not enter the survey data 

until the 7-1^ Bev/c momentum interval. 

As the energy of the event increases the secondaries 

are emitted into smaller laboratory angles (the angle between 

the secondary trajectory and the forward axis of the event). 

This effect is especially important for neutral pion and 

neutron secondaries because at large laboratory angles the 

probability of observing them drops off sharply., Also at 

low energies, secondary neutrons may not have enough energy 

to produce recognizable penetrating showers in a multiplate 

chamber. 

At high energies it sometimes becomes difficult to 

identify each separate gamma ray initiated shower due to 

overlapping showers. Such shower activity can also obscure 

neutron initiated penetrating showers. 
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In item 11 it is seen that the average multiplicity 

of charged secondaries is less in the 7-14 Bev/c interval 

than in either the 0-7 Bev/c or the 14-28 Bev/c interval. 

This could be considered to be due to an anomalously large 

charged prong multiplicity in the 0-7 Bev/c Interval. One 

possible explanation is that events are included in this 

range in which a high energy secondary underwent a multipli

cative collision in the target which resulted in an apparent

ly larger multiplicity with larger angle secondaries. Many 

such secondary collisions were seen and it is likely that 

some were not recognized. With the transverse momentum 

assumptions used, more apparent secondaries at larger angles 

could result in lowering the momentum estimate of the event. 

It was noted that the specific target scintillation pulses 

were larger for the 0-7 Bev/c interval than for the 7-14 

Bev/c interval. Based on a random sample of 7 events the 

specific target scintillation pulses in the 0-7 Bev/c and 

the 7-14 Bev/c intervals were, respectively, .012 and .009 

volts/inch. The neutral pions and neutrons produced when 

secondaries undergo multiplicative collision in the target 

may often not have been observed because they had low 

energies and thus the neutral plon and neutron multiplicity 

was not anomalously large in the 0-7 Bev/c interval. 

If for the events in the first three momentum inter

vals, the number of charged pions is assumed to be twice 
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that of the neutral pions then an average of h3% of all 

secondaries were plons. This Is considerably lower than 

the 75$ estimate obtained by Hansen and Pretter (i960). 

Event Energy Classification 

Assuming the validity of the transverse momentum 

assumptions used to evaluate the event energies, the momen

tum of a high energy secondary would often be underestimated 

because the secondary trajectory would not be as close to 

the event center (cf. Chapter III) as it was to a true 

extension of the incident trajectory. 

Using a'geometrical mean free path A of 145 g/cm2 in 

iron (Rossi 1952, p. 363), the mean free path for the produc

tion of penetrating showers in iron by the secondaries 

decreased from 3-0 A in the 0-7 Bev/c interval to 1.7 ̂  in 

the 14-28 Bev/c momentum interval. The value of the mean 

free path for penetrating shower production was nearly the 

same in the 28+ Bev/c interval as in the 14-28 interval. 

The larger penetrating shower mean free path in the 0-7 

Bev/c interval is probably due to some secondary energies 

being too low to Initiate recognizable penetrating showers 

in the iron plates as well as to a lower cross section. 

Sitte (1961, p. 180) states that the mean free path for 

shower production is longer than geometrical, at least for 
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energies below 4 Bev/c. The value which the shower mean 

free path appeared to be asymptotically approaching was 

approximately 1.7 ̂  but this could be due to using iron 

plates rather than a nuclear emulsion to observe shower 

production. If each neutron and charged secondary in the 

14-28 Bev/c interval is assumed to have a forward momentum 

of 4 Bev/c, then the average momentum of events in that 

interval would be approximately 24 Bev/c. The average 

momentum of events in the 14-28 Bev/c interval data listing 

is 17 Bev/c. The sample A event energies were analyzed 

using calorlmetry and symmetry and the indication there was 

that again the energy had been underestimated. 

Survey Data Transverse Momentum 

The neutral pion transverse momenta is observed to 

increase with angle for all energy intervals listed. The 

transverse momentum of penetrating shower secondaries is 

often assumed to be independent of angle (Jain 1962; Parley 

1962) and such an assumption was used in analyzing the data 

of this experiment. The neutral pion average transverse 

momentum Is observed to decrease as the event energies in

crease . However the average transverse momentum at which 

the maximum number of neutral plons is observed shifts to 

slightly larger values as the event energy Increases. Fail

ure to observe the wide angle neutral pions would result in 
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the above behavior of their average transverse momentum. If 

so, then the energy dependence of the transverse momentum at 

which the maximum number of neutral pions is observed is 

probably a better index of the behavior than the average 

value. 

In the 28+ Bev/c interval the observed number of 

neutral pions versus their transverse momentum has a maximum 

value which agrees fairly well with that obtained by 

Slddheshwar and Yosh (1962) in their study of cosmic ray 

interactions in carbon at 50 to 150 Bev. The number of 

neutral pions drops off more rapidly, however, with an 

increase in transverse momentum than does the distribution 

obtained by Siddheshwar et al ( 1 9 6 2 ) .  

Comments on Forward Momentum Results 

The ratios listed as items 13, 14 and 15 were 

observed to fluctuate somewhat. This is expected since they 

were based on some quantities which were measured crudely 

and others which were corrected. 

2 2 p/y 
The ratios ~e— and •••>  • •  • c a n  

2 p-nf,. + 2 . 2 Pir° + 2 P"""* 
J q 9 3 q *9 

be evaluated from items 13, 14 and 15 plus the assumption 

stated in equation (3-13)-
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The values of J J + Q £ f°r the 0-7 Bev/c, 
pine 

7-14 Bev/c and 14-28 Bev/c intervals indicate that at these 

energies approximately 1/2 of the laboratory forward momentum 

is transferred to pions. 

Strange Decays Observed 

Six secondary neutral strange particle decays were 

observed. Three were believed to be K° decays, two were 

believed to be A° decays and one could have been either a 

K° or a A° decay. All of these strange particles were 

secondaries of events classified in the 7-14 Bev/c interval. 

The Events of Sample A 

The number of neutrons observed in sample A is 3 which 

results in 5 neutrons after corrections for detection efficiency. 

Fermi Theory final state probabilities for b.2 Bev/c inelastic 

proton-proton collisions (Kalbach, Lord and Tsao 1958) indicate 

the probability of getting a neutron in the final state is 

approximately .5> so the number of observed neutrons is not 

inconsistent with interpreting all of the smaller pulse events 

as proton-proton collisions. If the sample A events are 

interpreted as proton-proton collisions then there are 6 

missing nucleons in the 10 event sample. If two of the 

missing nucleons are assumed to be the missing neutrons 

implied by the three observed neutrons, then it is likely 

that 4 secondary protons were misinterpreted as pions. 
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This changes the charged plon average multiplicity from 

3.7 to 3-3 Per event. Comparing a charged pion multiplicity 

of 3-3 with those from nuclear emulsion data at 6.2 and 19-8 

Bev/c (cf. table 4) indicates that even the corrected 

energies are considerably below the true energies. 

Assuming the number of charged pion secondaries to be 

twice the number of neutral pions results in 62>j of all charged 

secondaries being pions. An average of .[3 neutrons per event 

results in an average of 2.2 secondary nucleons per event which 

is good evidence for the sample A events to be proton-proton 

collisions. 

Those secondaries which could be identified as pions 

had modest center of momentum system energies agreeing with 

the values obtained by others (cf. table 4). In each event 

there was generally one or two charged secondaries whose 

momenta was too high to measure and it was believed that these 

were often secondary protons. The inelasticity and other center 

of momentum system quantities arc reasonably consistent with 

'the values obtained by others (cf. table 4), however, center of 

momentum system fore-aft peaking of secondaries was not observed. 

Comparison of Sample A w1th Other Events 

The average energy, multiplicity and center of momentum 

system pion symmetry of the sample A and sample B events were 

approximately the same. The only notable difference between 
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these two samples, aside from the slight difference in specific 

pulse height, was the average number of neutral pions per event, 

these values being 1.4 and .4, respectively, for samples A and 

B. The total number of events in samples A and D is too low 

for this comparison to be given much significance. 

The average energy of the 12 observed neutral pions in 

sample A is .47 Bev while the average enei'gy of the 126 observ

ed neutral pions in the 0-7 Bev/c interval is .88 Bev and is 

1.35 Bev for the 64 observed neutral pions in the 7-14 Bev/c 

interval. This indicates that the neutral pions have a lower 

energy for proton-proton collisions than for proton-carbon 

collisions. An interpretation of this result proposed by 

Bowen is that proton-proton collisions tend to be more 

elastic than proton-carbon collisions. 

The angular distribution of neutral pions was observed 

to shift to smaller angles with an increase in energy. This 

trend was not as strong for the angular distribution of 

charged secondaries and absent for the distribution of neutrons 

until very high energies were reached. Scattering of the 

neutrons in the iron plates before they initiate observable 

penetrating showers contributes to the behavior of their angular 

distribution. 

Assuming the charged pion multiplicity to be twice the 

neutral pion multiplicity, the average number of nucleon 
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secondaries for all events below 28 Bev/c is 3-6 while it is 

2.2 for the sample A events. The average multiplicity is 

6.9 for proton-carbon events and 7-1 for proton-proton events. 

Summary 

A gas Cerenkov counter with a cloud chamber for cosmic 

ray work was useful for determining energy could be useful in 

distinguishing between pion and proton initiated events. 

Measuring energy from transverse momentum considerations 

may give reasonable average energies but given event energies 

can be grossly in error. An improved Cerenlcov counter plus 

calorlmetric measurements that could indicate which events 

were associated with spurious Cerenlcov pulses would be much 

better than transverse momentum assumptions. 

Iron plates allowed a more complete neutral pion analysis 

than could probably have been obtained with lead plates because 

with lead plates the electron shower overlap more. 

A scintillator target did allow identification of sorae 

proton-proton events. A thinner target scintillator would 

result in fewer secondary collisions and knock-on electrons 

which should permit identification of a larger portion of the 

proton-proton collisions. The target scintillation counter gave 

good count rates resulting in little bias. 

Specific differences between proton-proton and proton-

carbon events were clearly indicated by the data. 



Table 4. Comparison of Sample A Tabular Entries with Results of Others 

Tf IF* TT0 If1 •tp rf 
0 .M. C .M. 

P-P collisions at 3*5 Bev/c 
(Plserchio and Kalbach 1962) .45 1.5 — .111 .126 

P-P collisions at 6.2 Bev/c 

(Kalbach, Lord and Tsao 1959) 
.49 2 . 3  — .320 

P-P collisions at 19-8 Bev/c 

(Abraham and Kalbach 1962) 
.35 3 - 7  — .154 .263 

Sample A events of this 
experiment (Average corrected 
energy is 9.3 Bev) 

.46 3 - 3  1 . 4  • 5 .244 .385 .318 .477 

Inelasticity is equal to "K 



APPENDIX A 

The classical formula for Cerenkov emission is given 

by Panofsky and Phillips (1955* P* 308) to be: 

f? = f t 1 -  ^A_1^ 

2 
2 V - 1 using P = -—m— this equation can be written: 

7 

dN e2 r r-, 1 idcu 
m  =  ̂  ;  U  ( A - 2 )  

ty<Z 

The photomultiplier tube response was appreciable 
, o _ o 

only over the interval of 3^00 A to 5:->00 A and over that 

interval the index of refraction could be considered to be 

constant at the value 1.000242 as calculated in Appendix C 

The integral of equation (A-2) then becomes 

n 5 Wd - ij) -1]<*- - ~|rper ck-O 
i xx 

a = fine structure constant 
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Using the approximation for a gas, 

n2 = 1 + 26 (A-4) 

for large values of y equation (A-3) can to a good approxi

mation be written: 

N = 2ira[26 - -i] - <i-) photons per meter (A-5) 
J f i 

Using 6 = .00024 (cf . Appendix C) and Y °o , equa

tion (A-5) yields 162 emitted photons in the counters 

twenty-one foot length. 



APPENDIX B 

The angle between Cerenkov emission and the charged 

particle's trajectory is given by Panofsky and Phillips 

(1955, P. 308): 

c _ 1 
cos ̂  = K7 - HP (B_1) 

Using  ̂= 
n  I _ i  

and the equation sin ̂  = / 1 «— 
n (Y - 1) 

and also the approximation for a gas: 
( 

n2 = 1 + 26 (B-2) 

results ip 

sin it = / 26 - (B-3) 
Y - 1 

Using 6 = .00024 and Y —> °° in equation (B-3) gives 

"̂ (Y —> oo ) = 1.25°. 

/ 
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APPENDIX C 

Cauchy's formula for the index of refra.ction, n>- of 

a gas is valid in a wave length range which contains no 

resonances (Bora and Wolf 1959)• The visible range contains 

no resonances and Cauchy's formula is: 

B,, 
5 a n - 1 = A (1 + -4) (C-l) 

A 

where for air at T = 0° C and P_ = 21.65 cm of mercury 

pressure if the wave length, A, is measured in microns: 

A = 28.79 x 10"5 (C-2) s 

Bo = 5 . 6 7  x 1 0 "  ̂microns2 (C-3) 

Since A and B are linear functions of the density p then 

from the ideal gas law: 

PT 
f- - -pn| (0-4) 
Hs s 

Thus: A 
K= V (c-5) 

B "s 
57 vy (c-6) 0 O 
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PT B_ PT 

, 5 a A
3 W ( 1  +  ( c " 7 )  
S AS 

For T = 301° C and P = 29-32 cm of Hg, equation (C-7) 

results in n » 1.00024. 



APPENDIX D 

The image of a track will be displaced due to the 1-j 

inch thick front glass plate. Using the small angle approxi

mation it is possible to change the distance between a repro-

jection of the front glass inner surface and a reprojection 

of the camera position so that the track displacement is 

corrected (Bowen). The derivation of the correction 

follows (cf. figure 6 3 ) :  

Using n =* 1.5# t => 1.25 the correction for a full size 

reprojection would be .417". 

d = it(l - i) (D-l) 

(D-2 ) 
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A LIC-HT RAY WITH G LASS PLATE ABSENT 
A LIGHT BAY WITH GLASS PLATE PRESENT 

Figure 63. Correction Distance for Front Window Optical Path. 
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APPENDIX E 

Cerenkov Emission from Knock-on Electrons 

Twenty-three feet above tne Cerenkov counter mirror 

was a"concrete roof with an average thickness of five inches 

From Rossi (1932, p. 16) 

Total probability of collision 
of a heavy charged particle 
and an atomic electron result
ing in secondary electron of 
E»  <  E '  <  EP 

E 1 
| max 
- / '( E,E' )dE 1 

J E' 
1 

(E-l) 

E = Energy of heavy charged particle 

m = Mass of heavy charged particle 

E' = Energy of knock-on electron particle 

PG M c 
4>dE' = ^ [ 1 - (J 

<y 

o p] • 
+ M 

Vt 
-)f'] (r-2) 

+ mc' (E ' ) max 

G = 1.3 J .  ( y - 3 )  

The minimum electron energy which can result in an 

observable Cerenkov pulse is approximately 26 Mev or .0213 x 
_ "5 

10 J ergs. 
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The heavy charged particle is assumed to be a 2 Dev/c 

proton. Thus = .Gel 1-"^ 

Ho = 3-3 x iC"-3 ores . 

Total probability -

2G M c2 n , - L I7' E' !•' 
e r f 1 1 i !} :.iax max 1 i 
* l ipT ~ <n—i ~ -=n— -p— + — jyJ 

. p/ "max L'l 2(E2 + mc'") 

= *j.k x per gm cm"1* (E-^l) 

It can be seen that this probability is approximately the 

same for all high energy penetrating particles. The average 

density of concrete is ?• .* g/cc. (Parker 19^7j P« l80) . 

From Rossi (lj>, p. 6 b )  an approximate scattering 

formula for particles heavier than electrons is 

< -  V  •  R ;  < E - 5 >  

where E, = ?1 :,Icv. For concrete it is assumed that Xn = 24 
o 

gm/cm'". 

This scattering formula neglects radiation effects 

so it can be considered to be a lower bound for electron 

scattering. For an electron with S3 ''lev of energy ejected 

from a point cm. inside the concrete roof: 
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< 0̂  >av = .078 radians (E-6) 

An initial deflection of .078 radians results in a displace

ment of 23 inches on the mirror and an electron deflected 23 

inches away from the upper scintillator would be unlikely to 

focus any Cerenkov emission of the pnotomultiplier tube bank. 

Yet the probability of producing a fast electron of energy 

above 53 Mev in i- cm. of concrete is only v. x 1C~ . 

Thus the only likely way an electron could result in 

a Cerenkov pulse is when -xtcnsive shower ejects many fast 

electrons from the f aL.,;u the Cerenkov counter. 

Consider for example a roof area 5 feet in diameter 

and vertically above the target scintillation counter. As 

a working hypothesis suppose that the Cerenkov emission of 

1/3 of the 53 Mev electrons which are ejected from points £ 

cm. inside the roof is focused on the Cerenkov tube bank. 

The chamber top area is about 1/10 that of a 5' diameter 

circle. Assuming an average of two penetrating particles 

are seen in the chamber area then an average of 20 penetrat

ing particles pass through the 5' diameter circle. This 

would result in a probability per chamber event for a fast 

electron to register a Cerenkov pulse of .043. 



APPENDIX F 

The estimate of T m is assumed to be in error by "max J 

+-i- plate 1/3 of the time, -I- plate 1/3 of the time, +1 plate 

1/6 of the time, and -1 plabe 1/6 of the time and calcula

tions are based on the average number of electrons. Using 

the approximate shower equation 

max (F-l 

The following is obtained: 

E + AE 
T _ F max 

plate ~ ̂ Or 
maxx + . 3 8  

= 1.46 E (F -2 )  

max inax 

.68 E ( F - 3 )  

max T max 

= 2.14 E (F-4) 

13i3 
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T? _ Ap - F o raa" ~ (f e IUl'lx'\c~ ' ̂6 L ",L1 plate " LV° ' Vj'tr ;c 

= .hG E (F-5) 

With these values the variance is: 

- i( .46e)2 + -( .?>??. f + i(l.l'4E)2 + .^E)? J'. O u o j 

= .$'6E2 (F-6) 

Using E 0 - E^ + v".0 the resulting variance of the 

neutral pion energy is given by: 

p o p  O  O  
a£ - a* + a; - ok(E/j + E.' ) (F-T) 

TfO l'l L2 1 

The dispersion in the estimates of shower energies 

will lead to some blunders in correlating pairs of showers to 

neutral pion decays. However if a pair of showers are 

correctly correlated then the angle betv/een the showers 

furnishes additional information about the neutral pion 

energy. 
E1 Writing: T  H  — —  
" • ' 2  

rvo = (T + I)E2 (F-8) 
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and using these results in equation (3-1) yields: 
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E o = 1ffiT + (F-9) 
II O t - ~ — 1 

T ̂  Gin 

By error propagation equation (F-9) results in: 

_ 13S( T  + 1) COS <j + { + 1} 

EttO ' 2t"2 sin ̂  3/2 sin ̂  

? JP / \ Clearly: ~ = -77- + (F-ll) 

2 _2 _2 so a£/2 " â 1/2 + ae2/2 (F-12) 

The variance of i-^/2 or of £p/2 is estimated to be equal to 

or less than (.O^O)2 radians for 6 > 8°30'. For £ £ 8°30' 

angle measurements were not strongly relied upon. 

By error propagation equation (F-8) results in: 

a2 = (~-)2 a2 + (^~)2 (F-13) t i,2  ̂ E<. 

Using equation (F-6) this becomes: 

a2 = 1.?T2 (F-14) 

Thus equation (F-10) becomes: 
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4^ «  ^  - 1 0 - 3  +  < ¥ > ?  

f. > 3°30-

For Cr £ 8°30' equation (F-Y) can be used to estimate the 

error. 
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