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ABSTRACT

- The equations of mdtion of a system of N nucleons
are written, using the most genefal veloclty independent,
parity conserVing, two-body potential between pairs of
nucleons. The spin and isospin dependences are eliminated
by established techniques involving use_of the theory of the
group of permutations of N objects. The céﬁter of mass
coordinates and orlentatlonal dependences afe eliminated by
re-expréssing the operator for the kinetic energy in terms
‘of suitable variables, and using fechniques of angular
momentum theory.

The equations for all possible three-nucleon prob-
lems are written Iln detail, l.e., the parameters appearing |
in the N-nucleon equations are given exp;icitly, and the
coupled differential equations for the amplitudes of the

various states of spin, 1308p1n, and angular momentum are

displayed.

vil



1. INTRODUCTION

It 1s generally the case, when attempting to solve a
complex problem of phySics or mathematics, that the initlal
efforts are ;ather speclallzed approaches to restricted forms“
of the problem. As increasingly more successful treatments
are developed,. a general approach gradually evolves which is-
applicable to more éeneral formulations of the problem. In
the casgse of the probiem of several Interacting nucleons, the
work to present [1-9]* has largely concentrated on calcula-
tions of the properties of the ground states of specific
nuclel, predominantly the triton and the alpha particle.

The approach presented in this work is one of a more general
nature, in that the equatlons of motlion of the syétem of
nucleons are written not Jjust for the ground state,'but for
all the bound states. Further, this more genéral approach
furﬁishes a completely systematic means of attacking the prob-
léh, something that has been lacking in previous conéidera-
tions. -

As might be expected in generalizing an attack on a

problem, the more general method may lack some of the domplete

*Numbers 1n brackets refer to references as entered
in the List of References.



2
detall that a speclalized treatment of a restricted form of
the problem can achieve. Such 1is the case for the hethod
presented here, 1in that noncentral forces, namely the tensor
force and the spin orbit force, both of which are known to.
‘play some role 1n nuclear interactions, have so far been
excluded. Electromagnetic interactlions have also been
excluded. It 1s anticipated that these forms of interaction
,may-be treated as perturbations, or, if that is not possible,
at least the magnitude of their effects will be so obtalned.
In any case the treatment given here will provide an advanced
standpoint from which to base a further attack on the prob-
lem. In this treatment, all nucleon masses are assumed to
be equal, and non-relativistic quantum mechanics is assumed
to be vallid for the description of the system. |

In 6utiine, the treatment of the N-nucleon problem
given here involves the elimination of the spin and isospln
dependences through the use of the properties_of the gfoub
of permutations of N objects (l.e., the symmetric group SN).
The resulting set of coupled differéntial equations with the
spatlal coordinates as 1lndependent variables aré‘then
reduced to another set of differential equations involving
only "intrinsic" variables (that is, variables not depending
on the location or orientation of the system) by expressing

the operator for the kinetic energy in a‘form that exhibits



the role of the angulaf momentum operators and then using
‘the properties of the angular'momentﬁm wave functions in
order to eliminate the dependencés on spatial orientation.
To 1llustrate'the detalled workings of the approach, the
equapions of motion for all possilble three—nﬁcléon probléms

are written.



2. THE -SCHRODINGER EQUATION

The system of N nucleons is described by a wave
function ¥ which 1s a function of the spatial coordinates
ry»1=1...N (cartesian components xia’ a =-i, 2, 3) of
the N particles, as well as their spin and isotopic spin
'coordinatéé. The wave function satisfles the time 1ndepend—

ent Schrodinger equation (H is the Hamiltonian)

= (T.+ V)Y = E¥, (l)
o 3 32
where T = Zl Zl ( }-g— is the kinetic energy operator,
i=1 a=
*ia

V 1s the potentlal from which the nuclear forces are derived,
and E 1s the total energy of the system. Aésﬁming that
nuclear forces are charge independenf, veloclity independent
and parity conserving, the most general nuclear potential one

can write between two nucleons, i1 and j, say, 1is

G

ViJ

= Vé(rij) + Vc(rij)oi'cJ + V%(rij)TiTJ

(riJ)o1 cj 17Tyt [v, (rlj) + V! (rij)T T ]Sij’
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where SiJ = 1 ig d =i —ci-cj is the tensor potential,

Tig -

which willl not be considered further in this paper.

Thus, considering only two-body forces and, as has
been stated, neglecting tensor forces and electromagnetic
interactions, the most general potential which we can use.in

the Schrodinger equation is
130 - (2)

where Vij‘= ng - [VT(rij) + Vé(rij)ji'rj]sij
With this potential the constants of the motion
which we shall use are the following: (1)vthe'square of the
total orbital angular momentum of the center of mass and that
about the center of mass and thelr respective z-components;
(2) the square of the total spin and its z-component; and
(3) the squaré of the total isotopic spin and its 3-component.
The system of N nucleons must obey the Paull exclu-
sion principle because the nucleons have spin 1 and are
therefore fermions. The wave function as a result must be
antisymmeﬁric with respect to an interchange of two of the

nucleons; that is, 1f all the coordinates of two of the



nucleons are interchanged, the wave function must cnange‘i"
sign. Us;ng the theofy of the group of permutations of N o
objects, Sﬁ; Mahmoud and Cooper [10] hévé;shown that the

wave function for a system of N nucleons having total spin

s!' and total isospin t' can be written

14 _ 1 Ihtat:qtltnt o
¥(s',t ,_I_'_) _c'a?ﬁ"fy"‘ﬁ' l—'(a b'c!;a P v')
Varar (3)¥p 150 (8)¥g 1o o (2) (3)

where wa,a,(s) is a normalized eigenfunction of the total
spin angular momentum having transformation properties under
permutations of the nucleons the same as the a' basis vector
of the a' irreducible representa?ion of the group SN. wb'ﬁ'
has the same significance for isospin. wc,v,(z) is a func-
tion of the spatial coordilnates (2 i1s an abbreviation for
ry oo EN) transforming under permutations_in the same way
as the v' basis vector of the c¢' irreduclible representation
of Sy. Table I gives the wa,a,(s) for three and four nucle-
ons. The coefficients [ (a'b'c';a'B'y') are discussed at
length in [10], and are tabulated there for three and four

nucleons.



In a similér manner the potentilal 1s written in

reference [10] as

V= Za(ede) 2 2 [(abesaBy)Vyq(s)Vpa(t)Vey (2), (4)
The Vaa(s) contain spin operators, the Vbﬁ(t) contaln isospin
operators, and the vcw(g) contaln spatial coordinates in the
form of interparticle distances. Table II lists the V_, for
three and four nucleons. VValues of the coefficients G(abc)
for three and four nucleon problems are given in Table III.

When the potential (4) operates on the wave function
(3) various changes in the permutation symmetry are induced
in the components of the wave function, and the resultant
expression must be re-expanded in terms of the basis Wa,a,
and ¥ ,5,- Such a procedure is followed in [10], and the
spin and 1sospin functions are then eliminated yielding the
set of coupled differentlal equations
abe

(T-E)¥_n,u(r) + = G(abe) = [a'b'c"]%A(a'b'E')
¢y abe clyy! a'b'e"

x Maa'a')M(bb'b') [(ccre";yy'y")

X VC'Y('I")VC"Y'(‘I‘.) = 0 . | (5)



Expressions for the so-called recoupling coefficients,

abege
Aa'b'c
c

, :) , and their values are glven in [10]. The A(aa'a')
a'b!

1

are defined by the equation

agl{“(aa'a";aa'a")Vaa(s)wa,a,(s) = R(aa'a')wananéa.an (6)

and are glven in Table IV for the three and four nucleon
cases.

Several authors have used the theory of the symmetric
group to construct antisymmetric wave functions. Derrick
and Blatt [4] use such a method .both to construct antisymmet-
ric wave functlons and to determine which eilgenstates of
spin and orbital angular momentum can be present 1n the
ground state of the triton. Derrick [5] then calculates the
matrix elements of the Hamlltonian between the varlous eigen-
states of spin, isospin,‘and orbital angular momenta,
thereby obtaining sixteen coupled differential equations for
the spatlal functions involved in the ground state of the
triton. The equations involve only the separations“between
the particles. A simllar procedure for the triton, but
without the introduction of Euler angles, is given by Cohen
and Willis [8]. Cohen [7] also calculates the'matrix

elements for the alpha particle. While these papers



~approach the problem in a stralghtforward manner, all the
steps involved in classifying the wave functions and calculat-
ing the matrix elements would have to be carried out all

over again if the neutron-to-proton ratlo were changed,
whereas in the:method described above one would need only to
use a different set of the tabulated recoupling coefficients.
Thus a conslderable saving in effort is effected through the

use of the recoupling coefficlents.



TABLE T.

Three Nucleons

Vi,(s) 7
wgl(s) =J§[ala253
=J%[alﬁ2a3

ila 1%P3 +

Voo(s)

Four Nucleons

1
¥11(s) =Jg[°1“26354

+ ﬁ1a25304 +

W31(s)

l[ala B

=VF 2 3Bu

3( s) = 4la 1P 364
(S) =-..\/,-:[(11(126 5}4

Voo(s) = 3l By0q8), -

- (o Pyog

10
SPIN WAVE FUNCTIONS

a ﬁ a3 + Blazas]
+ B ay%5) ]

61a2a3]

+ a162a364 +'a15263a4 + B1a203ﬁu

+ 08,058 - a3B,B5ay + ByayalB),
B B a au]

- B B3a4)]

= Pr%agBy + ayBB3ey - By oyBaay ]

+ By Boagey, -3(ayByasB) + a BBy, ”
B125P50),) ]

@ PoPa%y - Biaxasly + 8105053 ]
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TABLE II. POTENTIAL FUNCTIONS

= T,'T,; for Vaa(g),

1 =]

For Vaa(s), Oij = 9,93 for Vaa(t), OiJ

eij = V(rij).

a. Three Nucleons

1
vy ;Jg[elg + 0y3 + 9,3]
Va1 2f5l010 - 2013 + 9p3)]

Voo =205 = 053]

b. Four Nucleons

S =V%[612 * O3 ¥ Oy ¥ Opz + Oy + O3
V3 =V%[612 + 013 + 0,3 (014 + 6,y + 05)]
V32 =J%[912 = Oy = 503+ Opg - Oy - 05)]
V33 = 2l0y3 = O3 + O3y - Oyl

Va1 =Q%[912 + Ogy = 3(015 + 0p) + 050 + 0,))]
Voo = 3(0y5 - €1)) = (055 = 0,))]



Three Nucleons

a(111) = &

V3

Four Nucleons

a(111) =Q%

G¢(133) = G(313)

G(233) = G(323)

TABLE III.

a¢(122) = G(212)

g(122) = g(212)

Il

6(331) =

o

=

6(332) -

G(abc)

G(221)

It

G(gel)

il

G(222)

G(222) =

3

o)

o



TABLE IV. A(aa'a')

a. Three Nucleons

13

.a' —
a 1 2 1
1 |V3 - -3V3
2 0 2 0
b. Four Nucleons
RN 3 > 3 )
1 (V6 f3Ve -VE {73V -36
3 0 ’ L 0 1 ' 0
2 0 RAE 2V6 /3 0




3. THE KINETIC ENERGY OPERATOR

You boll it in sawdust: You salt it in glue
You condense it with locusts and tape
Still keeping one principal object in view--

To preserve its symmetrical shape.

Fit the Fifth, The Hunting of the Snark
Lewls Carroll

Iﬁ order to retain the usefulness of the symmetry
considerations used in [10], ény re-expfession'of the;kinetic
energy operator must retain the essential symmetry of that
operator. 1If it can be written 1in such a way as to extilbit
the dependence on the angular momentum operators, use can be
made of the considerable body of techniques developed for
dealing with angular momentum. F. Villars‘[3] has derived
such an expreésiopmfor the kinetic energy of a classical =
system of N particies of equal mass. While' it 1s not diffi-
cult to extend his analysis to the case of a quantum systeﬁ,
the resulting parameters nepresqnt‘an unfortunate éepafation
of terms insofar as practical calculatlons are concerned. A
method which 1s computationally simpler is used by G.
Derrick [5] in his treatment of the triton'ground state.
What follows ;s a generalization to N bodies of Derrick's

treatment of the three bOdy kinétic energy operator.

14
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-ﬁ2 N 3 32
The kinetlic energy operator T = by b —
| - Mo am OXJ o

~1s proportional to the Laplaclan operator in a 3N dimensional
space. If a coordinate transformation 1is performed 1n this

space, then the Laplacian becomes, according tqltensor

analysis,
3N | o
2 1 9 ik 9 .
Vi 2 2= GNes —x) ., . (7)
1,3=1V8 3y’ _V_ e .
3yl K
where tnhe Xi are the new coordinates, gik = 3 zx zx
and g = f-ALjﬁz . - The coordinate transformation which we
det g : .

choose to carry out is one in which'threé of the new coordié
naﬁéé'are the coordinates of -the center qf maSS, three are
taken to be the Euler angles Gs’ s =1, 2, 3%, specifying
the orientation of fhe principal axes of the tensor of
inertia of the system, and the remaining 3N-6 coordinates
ﬁo, =1, 2 . . . 3N-6, are "intrinsic" coordinates, chosen

in some symmetric way. For the case of three and four

particles, the intrinsic coordinates can be chosen to be the

, #*More common notation in the literature 1s @, B, v
for 64, s respectively. Several sets of Euler angles
have %een useé by various authors; the choice in this paper
follows M. E. Rose [11]}, namely, 6, and 6, are the azimuthal
and polar angles, respectively, of the bogy fixed z axis.
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interparticle dilstances, since for these two cases they are
3N-6 in number. For five and more nucleons some other
choice must be made since the number of interparticle dis-
tances~§Lg:£l is greater thén 3N-6. Thus we have (in an

‘obvious notation)

N LN
1 1 2 : 1
X7 =x = Z X s X" =y = Z X s
i c.m. N =1 31 | c.m. N y=1 *42
N ]
3 I - b 5 _
XX =z m =% 2 ¥3+ X =0, ¥ =0,
j=1
x0 - O3 ana X°t0 - ¢

The relation between the old and new coordinates 1s contalned

in the set of equations

+
MW

Ryl 0g)x4,(E5) (8)

A=1

where the RAa(es) are the elements of the orthogonal roéation
matrix relating coordinates in a cartesian system at the
center of mass with axes parallel to the original axes to

the coordinates xiA in a cartésian system at the center of
mass with axes along the principai axes of the tensor of
inértia. The following notation will be employed henceforth:

(1) The coordinate system whose axes lie along the principal
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axes are known as the body-fixed axes,:and componehts taken -
with respect to these axes carry subscripté denoted by
capital latin letters; thus xiA~is the COmponené'along the A
axls of the position vector (with respect to the center of

mass) of the 1th

particle. (2) Components with respect to
the original system of coordinates (called spaée—fixed)
carry lower case. greek subscripts. (3) Angular momentum,
being an axial vector, is denotéd in Villars' articlejin'two<'
ways. In order to facllltate references to his paper;‘we
shall employ his notation, in which the componénts of an
axial Vector are denoted by a clrcumflex over the subscript,
or are aesignated by double index notatilon, namély‘;aa =
XapB - xapa. Thus ng = Lg, L23 = LA,vand L31 = Lé,-and, in
general AB = & (A, B, C cyclic). |

Now as 1s pointed out in [5] for the case N = 3, and
ik

as 1s true for all N = 3, the metric tensor g can be written

as

i [a ¥
) k

g¥ - (sms , (S = transpose of S) (9)

where S and M are 3N by'3N matrices. S 1s a function only
of the Euler angles and 1s given by

(1(3) o 0
0 e 0

2
ll

0 o I(3N-6)
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where I(3N-6) 1s a 3N-6 by 3N-6 identity matrix, I(3) is a 3

by 3 identity matrix, and 8 (elements es ﬁ) is given by
3

-cos 63 sin 83 | 0 1
. l . . .
8 = —s-m?; sin 82 sin 93 sin 92 cos 93 ' 0] (10)
kcos 62 cos 03 " =-sin 63 cos 62 sin 92

/

The (symmetric) matrix M is a function only of the intrinsic

coordinates, and 1s given by

| 3
T T3) L‘. O ' )
-....-' _r: ____________ e
| “71 "Lu) © °© |
L —p s e
O | .0 L, o b (symMm R
a T o lETRIC) o,
l .__L‘Ll_ I P
o] - 4
M | © (‘-u‘*wy.L
T T R T ey B TS
'g ld? 3 \-13. x IZMMI S— '& 31“‘ 'bY.-\ l;\ } SY b;g.‘ '
EL s W § % E 3, &,
\d,’ ;x IZM;()Z 3-‘1"2"4”‘)3 S_}‘ 5_;:‘“ ‘)—1;‘ I i x:‘.( S_;:.(
O A2 2 3 IS 3F, D, 2, 2,

IZ: taf W’:Jz‘-m“_‘al é:_l ZMM--‘,A 5;’(‘:2 '5{._,‘ FWia |z 3x‘,,, Txiw ]
| | i P .
l . ¢ L4 I . .
| ' |

$ { \
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where ixx’ etc. are the principal moments of inertia per

nucleon mass and

1

M - o
(2x43) - (2xp)

- 1 '
1a,AB = [xjpRpa  + XiRpal - (12)

While Mia A contains Euler angles, the summation
2

ags

2 M. = 74
j_aMla’ﬁ, 5x1a nA,o

is a function only of intrinsic variables.

1K _ (det S)%qet MK,

ik

Now it 1s easily seen that det g
1
so that /g = sin 0, m? where m = 1/det M Using this

relation, plus the fact (see Villars [3]) that

=
}
I MW

A_.

S

)
L 8,8 (-in 33;) )

or in matrix notation,

(1.

( ) b
1 -in a/anl

D2

-1ih 8/802 » (body-fixed components)

V)
!

Ly -1m /00, (13)

o \
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the Laplaclan becomes

3 La 3 3N-6 3¢
2 1l .2 A \2 - (]
Ve =5V + 2 Ip(=m)" +22 = T M, 1
N eum Tl AT TR 6l ja 1%A Xy
Lﬁ d 3 23N-6 1 3 1 50
X -+ T T me( m2 M, 2 )
(-I) 98, p\l1 o:1 9y 1o 1%A 3,
La IN=t 1 1
A - - ) (14)
3 s 3
=y b o5 m 'Sg; m DU,r 3{:
Lyx
where Ii = ) and cyclic permutations, and DGT =
3, .

z . Thus the operator for the kinetic energy of
1a 9Xyq 9%yq

a system of N particles is, finally,

P 3N-6 12 3 ‘
_ _c.mn. 1l -3 Z 1 A LS
T=—m *+ 2w _ 2 ™m° T De™r +35y 2 IR If
o,Tt=1 A=1 "
1 3 386 1 -3
+ = s La -1h) 55 2 3
W0 25 M, t P Fg g g (15)
O 2
X (5o mng,e)tp

where E%.m, = 'ihzc.m. and Tg = —Ih-EE; .
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As far as the motion of the center of mass is con-
cerned, the only place where the center-of-mass variables
occur In the Hamlltonian 1s in the first term of the kilnetic
energy operator. The Hamlltonlan separates into terms
representing the kinetic ehergy assoclated with the motion
of the center of mass, and the energy of the motion about

the center of mass. That is,

H=—pp- +H' =—p-+T' +V,

where T' contains ho center of mass variables. Thus the
wave function may be written as a‘product of a center of
mass wave function;and é function depending on the particle
coordinates relative to the center of mass. That 1s, in our

expresslon for the wave functlon, we set
' '
Vo () = ¥(Ry 1 )90 (21) . | (16)
Putting this expression into the coupled equations (5), and

carrying out the usual steps for separating variables, wé

obtain the equations for the w&v(gj):
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F(T'-E')Vfén,vn(z') + Z G(abc) z [a'b'C"]%

abe clyy!
abe
X o(ar'br'e!)A(aata' )M (bb'b!) ["(cere";vyy") (17)
a'b'c"
X Vo (2" W¥erp(2t) = O,

where E' = E - E being the energy assoclated with

c.m.’ Ec.m.
the center of mass motion.



4, ELIMINATION OF ANGULAR DEPENDENCES

If we now expand the wave functioﬁ'in terms of a:
product of a complete set of functilons Pq of the Euler
angles and a set of functions of the intrinslc variables, we
can separate out the dependences of the equatlons of motion
on the Euler angles by re-expanding the terms Lﬁ¢a and
(Lﬁ)2¢a as linear combinaﬁions of the ¢, and then using the
orthogonality properties of the set.

A particularly useful set of funcﬁions to use are
the functions D&%% (98), as defined in Rose [11]. These
functions are eigenfunétions:

(1) of the square of total orbital angular momentum

(with respect to the center of mass), with
eigenvalue 2(£+l)ﬁ2

(2) of the space-fixed z-component of the total

angular momentum, with elgenvalue -m'h -

(3) of the body-fixed z-component of the total

angular momentﬁm, with eigenvalue -m A.

The orthogonality property of these functions is given by

23
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er T am »*
fo a0, é a6, ‘siné,, fo cie D(Jii D&iﬁg

8W _
24+ mlml m2m2 J132 ' | (18)

Since the square of the total angular momentum and
its z-component are constants of the motion, we may write,

for an energy elgenstate with angular momentum £/ and projec-

tion m',
| L) |
1 _ oCY
Yoy(®') = 2 Donin(05)00 (8g) (19)
m=- .
(£)
In order to calculate the expansions of L4D and

A m'm
(Lﬁ)eDm'm in terms of the same kind of functions, we use the

following method, found, for instance. in Davydov [12): The
function D(J)(e ) is defined as the matrix element of the

rotation operator

D(Gs) = e1919, e'iezJ& e'iO3Jz (20)
betweeh states having the same value of the total angular’
momentum (quantum number j).and having magnetic quantum

numbers m' and m. That is,

Dpra (95) = (am710(0,) | m). (21)



The J's 1n the exponentials are operators for the Various
space—fixed components of the angular momentum, measured in
uhits of . If we.differentiate both sides of ﬁhis equation

with respect to 02, we have

3 (J) o | |
where A, = et19 10,0 16,7 -16.J
1=

3Jz e 2%y Jz~e'v 2%y e-"73z

6 ~10
A, = e 3szJy e 1939, .  (23)

Now the A's can be expressed as a linear combination of the

J operators

Ay = % AWQg I - - (24)
From the previous expressions for the A's we can determine

that the q,;'s form the elements of the nonsingular matrix

(-sin 0, cos 95  sin 95 0]
p—d ) 3 -~ .
{qa] sin 9, sin 03 cos 03 0 (25)
cos 02 0. l‘
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The matrix inverse to [q] is

~csc 92 cos 63 csc 02 sin 63 0
[qfl] = sin 03 ' cos 63 0. (26)
cot 9? cos 93. -cot 02 sin 63 1]

Introduclng a complete set of angular momentum eigenfunctions

into equation (22) we have

L N SHNEEIENFRIN - (e

‘Multiplying both sidés of this equation by qzi and summlng
1

over £, we obtain, since % qAZ.qE = 6ku B
-1 9 (J) _ o L) o . ’
%: qzu SUZ Dm,m = =1 i” Dm,mn (Jm lJulJm) . (28)

The matrix elements on the right hand side are easlily calcu-
lated from ordinary angular momentum théory, while we see

that if we denote = -1 9

Z qﬂu SEZ by Ku, then we have
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4

/ N / a N
- 6 : 6 6 4 2] 6
Klw csg o COS 3 sin..3 _ cgt ‘2 cos 3 55;
K.| = | csc 6, sih o cos 0, -cot O sin.O 0 (29)
2 2 o3 .3 2 3 592 )
K 0 0 1 _S_
L3 { ' J {0 3)

Comparison. of this equation with the equation (13) for the

body-fixed components of the angular momentum shows that

1 1‘
Kl = w7 |
LK3, L§J

Thus we have -determlned that

D(1"')

A m'm( s) = -m% m'm" (Zm"lLaIZm) ’ (30)

where A and @ have the same numerical value (l.e., 1, 2, 3).

We may calculate, then, as an example, that the

operator for the body-fixed x-component of the angular

£
momentum ‘ylelds the following result when applied to D;,; :
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4010 (%) = = ¥ Dty ("5, om)

= -5 D;?rzln (£m"| XL, + L_)|&m)

= - 2D ( )n[ﬁ/Q-\[ £- m) 'g+m+l)

i “m"m+1 (31)
+ n/2 \/( E+m)(£—m+1)‘6mnm_1] .“
) ]
LA D( ') = Drslflzl‘*'l T/ V(‘e"m)('a+m+l) - Dfﬂ%IZl-l

X 11/2 V(f+m) ( -mel)

Similar results are easlily obtalned for the other components
of the angular momentum.

Thus when we insert (19) into (17), multiply by
(3)*

-m m"
we obtain the set of equations for the mc(

and integrate over the space of the Euler angles,
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2 i
1 o -1 1 H ; ne XX
[m Sm 2-n-o_m2Do_TTr1. + m [B(2+l)—m ] [(i 1 )2
ot : VY “zz
. iyy | 4 izz mu2h2 _ m'n
(1 -1__)° (1, -1_)° &M
27 TXX xx"Tyy

iﬁgm"

21,0y 1 wou
* 5 3,6"g ¥ — 20 5 " 2(§ﬂ;;1n2n§,0} -E'}@;"Y (&G)

p abe
[ 2 c6(abe) = [atbre"]® aa'b'e')n(aa'a")

abe c'yy! a'bre!

X Mob'o") Meereyy ' v" WV, () 1ot (£) - (32)

1 1 B .
)2 R L 5} [§Mfﬂ' ]

", "

X [ V(T +2) (£-n"1) (B+n'+1) (£-m") 0%

m +2

+ W/(Z-m"+2)(Z+m"-l)(2-m"+l)(2+m"f T;HYQ]

. . ) - _ i -
zm V(4" 42) (£-n") [2(ng o#ing oo - 5 mo2

., n

ih —-;!_,-' o) -.1; ))] C"'Y"
X [i(ni,o'lné,c)vd -z n L(5E; m“(nl,o'ine,c Pm"-1

=0
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These equations represent the limit to which the Schrddinger

equation can be reduced while retaining the symmetry under

permutations, required by the formalism in which the particles

are treated as being ldentical.



5. THE THREE-BODY EQUATIONS

Turning now to the specific problem of writing the
equations for the three-body problem, considerable simplifi-
cations occur in the expression for the kinetic energy
operator, primarily due to the fact that at any instant of
time the posltions of the three particlés determine a tri-
angle, a plane figure. For more than three nucleons, the
equations (32) are fully as formidable as first glance would
suggest. The geometry for three bodies 1s indicated in
Figure 1. The body-fixed axes are labeled}with capital
latin letters. The body z-axlis is taken normal to the plane
in such a way that traversing the triangle from 1 to 2 to 3
amounts to a counterclockwise motion about the axis. The |
body x-axls 1ls taken along the major axis of the trlangle's
inertia ellipse.

=

The intrinsic variables &0 are taken as El = 8,

WVQX2—33)2 + (y2—y3)2 + (z2-z3)2 and cyclic permutations.

Using these relations it 1s simple to calculate that the

matrix whose elements are DUT is
¢ ’ ]

2 cos &3 cos 52

D = cos &3 2 cos bl

cos 52 cos &1 ' 2

A /

31
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where &l is the vertex angle at particle 1, etc.,‘and by the

law of cosines

sg + s% - si
Co8 yq = ~ - and cyclic permutations.
1l 232u3

All the parameters occurring in the kinetic energy oberator
are listed in [5], and these results, all of which have been
verified, will be 1ntroduced as needed.
Of particular interest 1is the fact that n2% = MA
l,0 2,0
= 0, and thus the equations (32) separate into two sets of
equations, one set containing only even m", the other con-
taining only odd values of m", because the terms that normal-
1y couple even and odd m" are zero when both 1§ g and N4
2 . 3 U

are zero.

The area of the triangle 1is

2.2 2.2

A =1 2sys, + 2sls3 + 2523% - si - sg - sg s

and a particularly useful set of relations is

2

| 2 _ 2 2
1xx1yy = 4/3 A° , 1+ iyy = l/3(sl + 55 + s3)
=i and (i._-i )=\/;2-16A2
3’ XX Tyy 3 3

Vith these relationships it is easily seen that
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i
XX vy _
(Lot 2 T 2 T e
Yy “zz zZ7 T XX -
and
.2 16,2
i -2\/i< -
= - L 2 = 3 2
,(1yy-1zz) (izz-—ixx) 4/3 A

h

Lastly, m? = 818283, and

2 2 2 2
12A(32 - 8%) 12A(33 - sl)

n31 = 516 g]v: © M3 = B TS NI173
9[13-3;-1\ N 9[1 —TL\]S

3 2

and
2 2
l2A(s1 - 32)

Before writing the final equations of motion, a
slight modification of equation (32) must be discussed. It

.ié clear from Table II that an expression of the form

X G(ab'c')agyw/%["(abc;am)vaa(s)vba(t)vc'w(g)

abe

can only represent a potential V = 2 ViJ in which every.
. 1<) ‘
term Vij contains the product of spin and 1sospin operators.
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But in the most general potential (2), terms containing only
spih operators, terms containing only isospin operators, and
terms containing neither are all present. These terms can
be readily téken care of, for it 1s easlly shown, at least
for three and four nucleons, that the Majorana operator

Vi =1§JVM(riJ)(1 + Ei'gﬁ)(l + Ii'ij) = 3 G(abe) =

abe afy
XJTP(b-an)v'()V' ()W (r) | - (33)
o | \abes ac\S/Vpp AR 33
M 1 ‘
where Vll(r) = —Tﬁ_ﬁji_]%iij VM(riJ) etc., and
N{N-1
Voa = Voo + 5,1

It is also easily shown that the operator

Vp = S Vlr, )1+ 8,-0)(1 - 5;5,) = -3 a(abe) 3 \E

1<] abe afy
' F
X [“(abesapy)v,  (s)Vpa(t)V,, (7) | - (34)
where V' a(t) = V. o(t) - \/ME=1) If we expand the left-
b b b1

hand sides of equations (33) and (34), we see that they both

contéin terms of the type found in the most general potential . -
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(equation (2)) but they each have a relationshlp between the
various terms. By subtracting (34) from'(33), adding a term

of the form

A

ME S 2z v

T,-1, = % Glabe) £ /*
1<d ¢

p(Ty )04 04747y = s opy

MF
X P(abc;a(}y)vaa(s)vbﬁ(t)VC,Y(I') ,

and adding a term of the form Vp = 3 VP(rij) =\ /M=

i<y
P
X Vll(r), a.general potential of the form (2) can be written.
Another way of saying this 1is that if the terms of the

potential (2) are broken up in the following manner:

Vg(ry ) = Vplrg ) + V(g ) - Velry )

Volry5) = Vylry ) - Vplry )
VT(rij) = VM(rlj) + VF(rij)
Var(ryy) = V(s ) + Vpleg ) + V(e )

then the potentlal i1s expanded as :
(abe) = [T (abe;a8) [V, 4(8)7,5(6) TV (2)
V=V, + 2 Glabe) 2 /=] (abc;a \' 5)V t)v . (r
4 abe apy V aa bR\ cY

" F < |
V(SR (2) + V(s Wig(t)Wo (£)]. (35)
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1 1}
Along with the V_, and V_, go A(aa'a') = Naa'a') +

"\/ﬁzggii‘éal and A'"(aa'a') = A(aa'a') - 'Eﬁigikl 6.1

With these changes, equations (32) become, for three

nucleons,

+

where c.p.

2(—é; + c.p.) + (2 cos » :3—-59— c.p.)
'sl 3 053 98,
- o
ll—(jél--as—' 4+ ¢Cc.p )] +’%M(»e(z+l) ||2)_%1 A
1 71
i n"2K°  m'A 124
{
EEH T T p
2 .2, 115%m" 1 d
[(52 - 83>3§I +c.p.)] + M 5 sls2s3(350518253n3,0)
2 16 ,2
ot iz - A 2
Vols - E'](‘Pcnfy (S ) - 2 -3_ s
P( G) m g u/s A2 .BM
( V(£+m"+2) (£-m"-1) (L+m"+1) (£-m") o ..+2(s )
VT2 (B (o) (Zm") 9.7 ,)
abe
[ = g(abe) = [a'b'c"]zA(a'b'c ){M\v v]
abq clvyy! a'b'e
F('c;c'c";w'v")\"p;ﬁw(so)] =0 . (36)

stand for cyclic permutations of 1, 2, 3 and
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. ME
{xxvcyl stands for the expression {k(aa’af)h(bb'b')\éy(so)
M | F
! | ] ' 1 ' ! 1 ] 1 1 !
+ A'(aa'a')A'(bb'b )ch(so) + A'(aa'a')A"(bb b')VcY(so)}.

These equations so far have not specifled the identity of

the nucleons, that 1s, they describe all three-nucleon prob-
lems. We willl now write down the equationslfor all possible
states of a three-nucleon system; filrst, howéver, we will
need to introduce some abbreviated notation. Having written
the explicit equations (36), we shall now retreat to the
practicality of a shorthand symbolism, which, upon comparison
with (36), is obvious. |

(T(E,m") '+ VP(SU) _ Eg)(p;::'Y"(sG) _ f(Bo.,"Z:m")ch"'Y"

m"+2
C"Y" ‘. i ab c
- f(so,t,—m")wmn_g + % G(abe) = [a'b'e"]2a(a'b'c!)
abc cltyy' - ~ a'b'e"
R ) teyt
X I M (eere vy iy epnY (sg) = 0. (36')

Now the slimplest dase is the one for which the total spin of
the system 1s 3/2 and the total isospin is 3/2. 1In this
case the spatlal wave functilon itselfl 1s'gntisymmetric with
.respect to én 1ntefchange of any two nucleons. * The isospin
3/2 (t = 3/2) state corresponds eithér to a trineutron, a

triproton, a triton (in a t = 3/2 state), or a Hellum three
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nucleus (in a t = 3/2 staté). Néne of these states of three
nucleons 1s known to exist in a bound state, but this does
not imply that it 1s useless to write the equations.

Although the primary concern'of this study 1s with bound
% states, nothing in the analysis has precluded its application
lto scattering. Thus fhe equations that follow describe the
scattefing of three nucleons in the various spin and isospin

. states. For spiln 3/2 and 1isospin 3/2 we have the equation

(T(£m") + Vp(sy) - EN-2ils,) - £(s

uc:E:m")Qll

m"+2

o - MF M -
L 1 ll 1
Cr £(sgadsmm"Vopi_p + [V3 Vy(sg) + W3V, (sg) lopn

The next case of interest concerns the same nucleil
as'the previous one, but this time in a spin 3 state. The

governing equations are

MF ME' M
2l
(T(2,m") + Vp(sy) - B' -V3 ¥y - V6 v,y -2V6 vy Jogn
“f(scsz:m")@i%+2 ;f(SC’E’—m”)mi%—Q

MF Mo
. - 2
+ (6 Vop + V6 Vee)rpm% = 0,

and
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MF - __MF
S . 22
(T(£,m") + Vp - BV <3 v, #+V6 vy + + 2\6 Vgl)q)
22
fQ ll+2 ” r) + (v— + 2v— V22)q) fn = O
The third possibility is s = 3/2 and t = %, which describes

either the triton or the helium three nucleus in a state with

spin 3/2. The equations are

MF F MF M
(P(£,m") + Vp - E' 53 W, -3 vy, /6 V,y -2V6 Vyy

F
, 21 21 21
=2Y6 V21}cpm' ~-fo "4 fCP "_o

- MF M L F
+(\/6 Voo + QVE-VEQ + 2\6 Vzl)wi% = 0,

‘ MF F MF M
(T(£,m") + Vp -B' 53 Vq; -3 Vyy A6 vy +2V6 v,y

+(V6 V22 +2VF-V22 +2V6 V 1)@ T = o.

The last possibility is s = % and t = %,‘which describes the .
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same nuclel as the previous case, but in a state with spin %.
The equations are greater in number than in any of the
previous cases, and, unfortunately perhaps, these equations
describe the ground state of the triton and the helium three

nucleus. They are:

MF ME M P
(2(2,m") + Vp - E' #V3 Wy -3V, + Vyy + Vg Do

11 |
= ST - ok ,. o ~2V3 V21 mm.. -2\3 Ve? ca 2 =0,
M F
(r(2,m") + Vp - E! +\[_ V 1 +u\/" Vi, +V l)}fpl1

11 P
-fo Pm! 4o —fm n ? +2\/_ V —2\/? V22)(Pmn

ig LA
+(-2\/3 U,y -2VZ Vo )i = 0,

o g W Folo1 o1 21
(T(£,m") + Vp, - E +/3 v, -2\3 Vop dorw —fo . o -0,

P ooy
+2/3 vy, 9°% = O,
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MF MF M F
(T(£,m") + Vp = E' #/3 V) +2V8 (Vyy + Vyy + V) Jo23

MF M F
-f‘cpi%Jrz -fcpi%_e +2Vb (Voo + Voo + V22)cp$?;

m\ —

These equatlons complete the set of equations describing all
the possible states of three nucleons. While there seems to
be no great hope of solving them analytically, with the use
of computers it may be possible to perform calculations on
the three-nucleon system.

The thfee—bodyrprbblem is rather speclal 1in that the
geometry 1s planar, and the kinetic energy operator simplifies
considerably. In order to exhibilt the kind of equation more
likely to be encountered when working with greater numbers of:
' nucleons, we write here an equation for the s =2, t =1
state of four'nucleons. This state 1s one which 1is presuma-
bly a possible state for a lithium four, helium four, or
hydrogen four nucleus. Agaln, since none of these nuclei 1s
known to exist in a bound state with spin 2, the equations
have applicablility to the scattering of four nucleons.
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(T(2,m") + Vp - E')@fﬁ(ﬁo) ~£(6 5.4 m")fpmn+2(€c)

S tnedh_o(e,) - F V(T (B

[ .

=109
R ARl R n ,31
X [;(”i,o““z,o)wc 1him (—'—ato m (.']1 Cr+:Lng’c,))](pm,,”_

3

) ;M \f(z_mn_*q_) ( B+m")[§("]‘ilo_iq§,0)‘"‘0’

| -m-};m‘é‘(—a—g}; m%‘(ni,g—ing,c))]m?’.l, 1
\}t - V_]_l ) M 511 +/2 1\3?31 +o\2 2;314-2\/5 '531]<P§%
- %‘\/6_ [rg';g +2¥32 +2$3 ]@3%
- .3.\/5 [?33 +2\D;33 +2533] 33 _o.

Equations similar in appearance exist for ¢3% and ¢3§, but
little is to be gained by writing them here.

It is clear from the coupled sect of differential
equations that result from the elimination of the spin,
.1sospin, and the angular dependences, that the price one
must pay for reducing.thé number of variables describling the

state of tii:: system is increased complication of the equations
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of motion. As we have seen, elimination of the spln and
isospin dependences couples functlions of different permuta-
tion symmetry, while elliminatlon of the angular dependences
couples functions of different projections of the angular
momentum on the body-flxed z-axis. Further progress in the
analytical solutlon of the problem seems to be an. extremely
difficult task at best. The equations (32) are exact
(insofar as the initial assumptions are correct); they
involve no approximations, and it may be the case that
suitable approximations will allow further insight into the
nature of the solutions of the equations.

The application of numerical techniques with high-
speed computing machlnes will probably provide the most
practical solution of the N-nucleon equations. Through
their use, properties (such as the magnetic moment and the
energy and i1ts dependence on the angular momentum) of the

bound states of N-nucleon systems may be calculated.



(Normal to plane
of triangle)

Ly

Figure 1. Geometry of the Three-Body Problem.
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