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BEST POSSIBIE INEQUALITIES FOR THE LOWEST
POINTS OF THE FUNDAMENTAL DOMAINS FOR THE
HTLBERT MODULAR GROUPS FOR R(V5) AND R(V2)

Robert Henry DeVore, Phe. D.
The University of Arizona, 196l

Director: Harvey Cohn

The principal result is (Imz) (Imz!') = yy*>V6/L( «56)
for (z,z!) in the fundamental domain of the Hilbert Modular
Group for Q(Sl/ 2). It is an improvement of the result
yy' > «54 of G¥tzky and Siegel (Math. Ann., 1928). The new
result is also hest possible.

Using a result of H, Cohn (Amer. J. Math., 1960),
namely yy' > L/10, it suffices to show that for every (z,z')
with 1/82 <y'/y< e§ and 1/10 < yy' < V5/l; there exist
2, = -1/{(z -~ v) and Zv' = =1/(z' = y') where y and '
are conjugate integers such that yvy'v > 1/5/ Lk A pair
(z,52,) was found for which y y' = V5/L, ¥, /7, = &, and
lecl = N‘zc -1 = l\lec - eol = Nﬂzc +1 =~ eol = l. The
region whose boundary is (x2 + ycz) (x'2 + y'cz) =1 and
its translates to the lattice points generated by (1,1) and
(eé ,s(;) in the x,x'=plane were shown to cover the plane.

This and the fact that the inegquality was shown to need



verification only on the lines y!'/y = so-:-*:1 between
yvy! = V5/h and yy' = /10 yielded the desired result.

Attempts to prove similar inequalities for the
field Q(21/2) are made, but they would not prove

successful as the method now standse.



1. Introduction

' L
The Hilbert modular group H for a quadratic field Q(m),

(m square-free and greater than 1), is the group of transformations

_[az+B a'z'+8'
(L (z,2')3T(z2,2") = Tord | YTaTeE"

where g' 1s the conjugate of ., Im z = y> 0, In 2z' =yt>s 0,
a6 - gy ©¢(= totally positive unit), and the coefficients lie in

1
the ring of quadratic integers in Q(m¥ ).

A fundamental domain R for the Hilbert mcdular group H
is defined according to the general method of Siegel [7]. It is
a set of points containing at least one transform cf every point
(z,2') with Imz s 0 and Im z' > O. Also if any two points in
R are equivalent under transformation fl) then they will lie on
the boundary of R, (The traditional treartment for one complex

varisble can be found in Gunning [ u 1.)

We restrict ourselves to quadratic fields Q(mi), (m
square-free and greétev than 1), for which the class number is
one [ 6] in order that the fundamental domain,§L§uld ha&gig'"floor“

above (say) Im z = Im 2' = constant.

The fundamental domain for H 1is found by a direct

generalization of the method used in obtaining the fundamental

domain for the rational case.



2
Little is known about the shape of the fundamental domain,
but the most important feature is the lowest point because of its
immediate application to quadratic forms (see section 6). (Here
"lowest point" refers to the minimum value of Imz ° Imz' for

(z,2') in the fundamental domain.)

1 .
For a quadratic field Q(m?2) with discriminant d and
class number one [ g ], Blumenthal [ 1 ] proved that the lowest

point satisfied Imz<Imz'> 5%. .

For Q(5Y72) the best result for the lowest point up to

now was Im z+Im 2' > ,Sh... [ 31].

The principal new result is the discovery that the best
possible result on the lowest point for Q(5172) is
SPQ
Imz * Imz' > /ﬁ = .56 ,

It occurs for

(2) z =..l..:..'/_5+i.l.-\/.5:..'./.?l.
¢ u 2 2
and I S LR N R

4 2 2 .

Special properties of Q(SLkz) are used which are not present for

Q(21/2)y,



2% One Dimensional (i. e. Rational) Results

For the raticuaal case the Hilbert modular group is the

group of transformations

(3) z +Tz =32tD
cz +d
where Imz =y >0, ad - bc = 1 and the coefficients are rational
integers. All transformations with ¢ = 0 are of the form
Tz =2 +Db, and form the subgroup called H°° which leaves

fixed .

We definc as in[J N d.(z) = |cz + d|2 which is useed in
c,d .

the identity

v (ad - be) 1n z
(u) Im Tz = -

Nc,d(z)
We now defineas in[2] the valence of z by the equation
(5) v(z) = sup(ImTz)

for T e H. Thus v(Tz) = v(z) for T € H since H 1is a group.

The fundamental domain is now constructed with the help of

the following lemmas:



m

LEMMA 1. Tor any fixed 2z there are only a finite number

of pairs (c,d) for which Nc.d(z) is less than any preassigned

constant K ,
Proof. The inequalities
(6) K> N, {2) =|ez+d | 2>c2y2

limit ¢ to a finite number of possibilities and for each of

these the inequalities
(7) K > Nc’d(z) = |cz+d|2 >(ex+d)?
limit d..

LEMMA 2, For any z a T exists forwhich v(2z) = Im(Tz) .

This follows easily from lemma 1.

We next define Ro to be the infinite intersection (see

Figure 1)

(8) R, = ﬂ {z]N, q(2) > 1}

(c,d)=1,c0

LEMMA 3. A necessary and sufficient condition that v(z) = Imz

is that =z ¢ R° e



haA

z-plane

Figure 1

Fundamental Domain for the
One Variable Case (R = Rofw Reo)



Proof., If =z 1is in Ro’ then for any T, ImTz < Imz
follows from equation (4). Conversely if z ¢ R, then
N, d(z) <1 for some pair (c,d) with (c,d) = 1. Thus a T
»

exists for which v(z) > ImTz > Imz,

LEMMA 4, If zl and z2 are both in Ro and z_=Tz

then one or both.of the followiquconditions hold:

(9) z, = Twz2 or
(10) zy and 2z, lie on the boundary of Ro'

Proof, If T ¢ H_, then, since bo.h 2z and Tz, are
in R, ,Imz, = ImTz, by lemma (3). Hence Nc,d(zz) = 1,

Similar reasoning applied to z, shows N, d(zl) =1,
’
A fundamental domain for H can be taken as

(11) R_:-1/2<xc<1/2

-]

Then lemmas (1) through (4) combined yield the following:

THEOREM1,R = R (1 R with boundary points identified
le) o0

under H is a fundamental domain for H.

(Conventionally R is written Rq/g to indicate thet R
>+

contains only one prepresentative of each class of points in Ro

under H_ )



3. The Floor for the One Dimensional Result.

Before discussing the floor it is desirable to refer to a

well-known result [ 7 J.

THEOREM 2 . A positive definite quadratic form in integral

yariables x,y with real (not necessarily integral) coefficients

qx2 + Pxy +'f?2

represents some number & = G(xo,yb) satisfying

(12) (3 :V;%- .A = BZ‘_L;Q'Y .

LEMMA 5. Ro can be expressed as

R, = Q{lel,d(Z) 21},
Proof. Define F(c,d), a positive definite quadratic form

with parameter 2z and variables c¢ and d, to be

(13) F(c,d) = Nc d(z) = (ex+d)2 + c?y2?, y

L]
By theorem ( 2) there exists a pair (c,d) such that
0 <F(c,d) < /3 =22/V§ . ¢ and d can be assumed
relatively prime since otherwise their greatest common divisor
could be factored out and the inequality would be improved. Thus

for a fixed 2z there exists a T € H such that



Y3

(1) i v(z) > ImTz = y/Nc’d(z)_: __2_ = Ho .

Hence if c>1/H_, i.e. if ¢ > 1, then

(15) N (z) >c®y25>5c?H 2>1 for z e R
c,d - - o o

and therefore Nc d(z) = 1 can not be part of the boundary of R,
. .

The floor of the fundamental domain is taken to be all

points 2z for which lz| =1 and vy > /572.



4, Generalization to the Two Variable Case.

Let H_ Dbe the subgroup of H leaving 2z = « fixed. Then
T, € H, is of the form Tmz = ¢ z + B where 8§ is a quadratic integer

in Q(ml/2) and ¢ is a totally positive unit, A basis for the
1/2) 1/2

integers in Q(m is [1,0] where w = (d + d°"7)/2 and

m if m = 1(4)
(16) d =
- um if m £ 1(u) .

Two special subgroups of H_ are the translation sub-
group ( €= 1) and the unit subgroup (B = 0) having fundamental
domains S and E vrespectively where

(17) é = {(z,29] |x-x"| <al/?

72, luxt -wx| < a/?/2}
(the parallelogram determined by (1,1) and (w,w') with center

at the origin) and

E =((zy2) Ve <y'/y s¢ )

where ¢ is the fundamental totally positive unit. R_ , the

fundamental domain for H _ , is defined to be SN E (with boundary

points identified under H_).



Let N(ay) = (ay)(a'y'), S(ai) = az + a'z' and

Ny,G(Z)

NYrG (z)

Niyz +612 = |yz + &8|2|y'z' + §'|2,

NY65 (z) if v, ¢ and yy48p have a unit as a factor
0
of proportionality., Define v(z) = supN(ImTz) for T € H., Then

(18) N(ImTz) = N(Imz)/N (z).
Y, $

The inequalities in lemma 1 for the one variable case are replaced

by'

N(Y)? N(Imz)2
(19) N, §(2) 2 (yy)2 (]s'] = |y'sx' |) 2

(y'y"2 (f8] - |yx])?

Also Ro in the one variable case is replaced by

(20) Ro= () {z|N (z) > 1}.

©  (¥,8)=1,y#0 s

Lemma 4 does not change going from the one variable to the two

variable case.

THEOREM 3., The fundamental domain of H is R = Roﬂ sNE

identifying boundary points by H.




5. The Floor for the Two Variable Case.

The positive definite quadratic form in lemma 5 is

replaced by

_ (21) F(y,6)=S|yz+6|2=(Yx+6)2+y2y2+(y'x’+6')2+5'2y'2 .

d 6=
) w an n3+nuw,

F(y,8) becomes a positive definite form in the rational

If v and & are replaced by y = nl +n

integers Nys n2, n3 and n, Using a result of Korkine
and Zolatareff [5], we find there exists an integral
quadruple (n_,n ,n ,n ) such that

1 2 3 4

/2

1
(22) 0 < F(y,8) £ 2 /Q(dyy')l where d=(w~w')2
Since the geometrié mean is less than or equal to
the arithmetic mean,

2
(23) 2 Nl/6

(z) < slyz + 6]2= F(v,8).
Therefore for any z a pair (y,8) exists for which
(2u) N(ImTz) = N(Imz)/N ROESLE

. Y,

Y and 8 can be assumed to be relatively prime, otherwise

10
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a common factor could be factored out which wpuld improve
the inequality. Since the class number is assumed to be
one there exists a pair (a,B) such that Tz=(az+f)/yzt+d
is a transformation eH and such that N(ImTz) > 2/d. In

/

lemma 5 Ho is replaced by H_ = HO{Q(ml é)}= minV(z).

THEOREM ). For the Hilbert modular group H in a

- quadratic field of discriminant d every 2z is equivalent

to at least one Tz for which N(ImTz) > 2/d, i,e.
/2

Kt )) > 2/a,

LEMMA 5., Ro can now be replaced by

(25) R = /\\ {ley,G(Z) _>_l} .
° (y,d):l,lN(yMsl/Ho

Proof. If |N(y)| > 1/H°, then for all z e R ,

N(Im z)

V(z) :Ho’ which implies NY 6(z) > 1., Thus

N .(z2) = 1 could not be part of the boundary of Ro'

Y6
if  |N(yY| > 1/H .

The floor of the fundamental domain R consists of
_points in R r7aRo. We say the floor is simple [2] if it

is contained in a set of hypersurfaces N 6(z) = 1 for
Ys

which |N(y)| = 1. It can be shown [3] that by a suitable choice

of fundamental domain, the floor will consist of a single hyper-
surface N|z| = 1.
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- THEOREM 5. (GBtzky) For Q(¥S5) the fundamental domain

has a simple floor.

Proof, By theorem h, Ho > 2/5. 1Inm Q(V5) there does
not exist an integer y for which IN(y)I = 2, Thus the floor

is simple.

G8tzky showed that the floor of the fundamental
domain can be taken as a single hypersurface, namely
|zz']%2 = 1. He used a difficult method which consisted
essentially of approximating the x, x' cross-secﬁion of

R by a parallelogram.



6. Applications to Quadratic Forms

Consider the following positive definite binary

quadratic forms:

ax2 + Bky + Yy2
(26)

u|x|2 + B'xly' + -Y'yl2

where the coefficients are conjugate integers in Q(ml/Q),

a real quadratic field of discriminant d and class number

one.
We now define 6 and 6' to be
-8+ A
o =28 , -A = BZ-lay < 0
(27) 2@
-Br+ V- B!
8 = , -A' = 502_40171< 0 .
2a!
Thus
-6 VA
Im6 = = e
21 20
(28) ﬁ
'~ 8" VB
1- = — .
Im6 1 2ot




iu
If (8,0') is in the fundamental domain (i,e., if the quadratic

forms (26) are reduced) then

(29) H < N(Imo) = INCA)
o - .
4 N(a)

Squaring both sides of (29) and multiplying both sides by

16(N(a))2 we obtain

: 2 2
(30a) N(a) > (uH )2 (M(®))2

Consider the (conjugate) positive definite binary

/2

quadratic forms (26) im Q(ml ) of discriminants -A

and =-A' in terms of equivalence under transformations

X
]
]}

©

x

+

Q
<

pX + g x!
o yo

1%
1]

+ t
Ax Wy S\

1
>
x‘
+

=
<

1/2

with coefficients in Q(m ) and determinants

pU - Ao =g >qg, p'ut=oa'r'=¢ >0,

Then a, for some equivalent form,will satisfy

(30b) N(q) < /ﬁ(A)/HHO .



7.  Heuristic Derivation of Critical Value for V5 and attempt for v2

In the one variable fundamental domain the lowest point

(z =-% + i _% ) 1is a fixed point, z, satisfying the equation’

z = Tz
c e . (z - 1)
where T 1is in the Hilbert group H. Here Tz = ——eemrs—
Z

1/2

For Q(57°°) we try fixed points hoping that, as in the

one variable fundamental domain, the lowest point is a fixed point.

Set

(31) Z :..g_z__tg.
Yz +6

where a§-By = €, a totally positive unit. Solving (31) for

z and using af - By = ¢ we obtain

vz2 + (6 - a)z - B =0
(32)
z___(a-B)'H-A
2y
where
A== (8- a)2-upy = e - 72"

and T=a+ 6 .

15
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In order that Im z # 0, Im z' ¥ 0, we require

A>0 A|>0

(33)

be > 12, ue's 112,

If (z, z') is taken to be in the fundamental domain we

obtain

) =/ﬁze-12/4)
N(y)

(34) N(Im = > 4/10(=2/d).

Since € is a totally positive unit and the fundamental unit 5°=(1*/5)/2
has a negative norm, € must be an even power of the fundamental

2

unit. Thus e can be incorporated into T and y so that

inequality (34) can be rewritten in the simpler form

I(1evr?2
VYN(1-12/4) > 4/10 .

N(Y)

(35) N(Im z) =

The following inequalities are a consequence of (35):

It] < 2
(36) Tl < 2
0 < N(t) < i,
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These imply that t is a unit or zero since N(1) can not be
equal to 2 or 3 (In_R(Sl/2), 2 and 3 do not have factors).,
1/2

1L+5

2
B=-1, y =1, §é=0, It satisfies all the necesaary condi-

We try T = and we can make the choice a = g,

tions and gives the value of z, in section 1 above. For

this value

(37) - 1z,

u
N
]

¢~ fo

/5/4 > 4/10.

and N(Im z )
c

1/2

When the procedure is carried out for Q(2 ) we

replace (35) by
(38) N(Im z) > 1/u(= 2/d).

We use an unpublished result of H. Cohn that the > sign

can be replaced by a > sign in (38).

% next show that the only values of N(Im z) for
z a fixed point are > 1/2 or < 1/4, Specifically we

replace (35) again by
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_ M(1-72/4)

N(y)

(39) N(Im z) > %

Inequality (36) holds again, but this time

N(t) = 0, 1, 2, while N(y) =1, 2, 4, °°°

We exclude the case where N(y) = 2 and N(t) = 1, because

then a6 = 0(modv2) (since a + 6 = 1) while By

0(mody2)
leading to a contradiction (a§ - By= 1). Thus the left hand

side of (39) has no values 31/2 or <l/u,

Later on (§10 below), however, we show that a

value of z* exists for which

.

(40) /% < N(Im z,) = 475 **° < 1/2 ,

hence the minimal valence is not produced by a fixed point,




8., The Main Result

The main new'result, Theorem (below), is established

by the following sequence of lemmas:

Lemma 6. Azone, (X2+ a2)(Y2+ b2) <1, is convex

if 1/2 <ab <1,

Proof. Let X = ax, Y = by and k = 1/ab.
We wish to show (%2 + 1)(y2+ 1) = k2 is convex if
1l <k <2, Because of symmetry with respect to both axes
we need only show that D% <0 for x >0,y >0,
Differentiating
(41) (x2 + 1)(y2 + 1) = k2
once we obtain
(42) (x2 4+ 1)y Dy + x(y2 + 1) = 0,
Differentiating (42) once we obtain

(43) (x2 + 1) [yD2y + (Dy)2] + uxyDy + y2 + 1 = 0,

Using equation (43) we see that Dzy;i 0 is equivalent to

19
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(4u) (x2 + 1)(Dy)2 + uxyDy + y2 + 1 > 0,

Solving equation (42) for Dy and putting this value in equation

(44) we obtain

x2€y 2+ 1)2  ux%(y 2+ 1)
(u5) - +y%2 +1>0,
y2(x2 + 1) x2+ 1

After multiplying both sides of (45) by y2 (x2 + 1) we

obtain

(46) -2x2y2 + x2 + y2 > 0,

Let 1+ x?2=¢ and 1+ y2 =n (&n = k2), After making
this cﬂange of variables and after simplifying, inequality
(u46) becomes

(47) - -2 En + 3£ + 3n - 4 >0,

The minimum of the left side of (47), holding gn constant,

occurs for E= n. Putting E£=n in (47) we obtain

(u48) -2£% + 6E - 4 > 0,
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Since £ and n are equal, £= k., Thus inequality (48) can be

written

(49) -2k? + 6k - 4 2 0,
This inequality is equivalent to
(50) (k - 2)(k - 1) 0,

from which the lemma follows .

Lemma 7. For every (z,z') with (y,y') = (y,,y') =

1 [5-% l\/ 54 - ;
N~ 3 —5 {or (y,y') = (y'c,yc)} there exists a

pair of conjugate integers (v, V') such that

(51) Im

~—'i-) . Im(._.'._l....)gv/sm.
Z =V 2! - V!

Proof. Inequality is the same as

y : y'
(52) € < >/5/4

(x=v)2 + y 2 Po(x'-v')2 ¢ y'zc—

which is equivalentto

(53) (k-2 + y 2(x'-W2 +y.'2] <1
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because ycyc' = ¥5/4, Proving (17) is equivalent to show-
ing that the zone (x2 + ycz)(x'2 + yc'z) <1 and its
translates to all the lattice points cover the x,x'-plane.
Because the zones are convex, the fundamental parallelogram
inside the zone in Figure 2 is entirely within the zone. The
zones cover the plane because the parallelogram and its

translates to all the lattice points cover the plane.

LEMMA 8., For any (x,x') and (y,y') such that

Y/ey< v'/y < gq0yy' = A where U4/10 < A < VS/4,

(54) yy! yo¥o' Yy

(X2 ¥ yH(x'2 4y 2) 2 M0 (x24+y,2) (2" 24y 2)° (x2+yﬁ)(x'2+y”i)

' = ' = v - ' =
where y 2/y2 € ¥ u/yu 1/¢e 5 and Yo, y.y A,
Proof. Since yy' = A,

(55) vy! A

(RZ + yO(x'2 +y'2) - (x% + y2)(x'2 + AZ/y2) © £y

For y in the interval determined by 1l/e < y'/y < €, and
yy' = A, £f(y) takes on its minimum for y determined by
y'/y = g, and yy' = A, or for y determined by y'/y = l/e

and yy' = A. This follows from the fact that D2f(y) < 0.
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4+ (1,1)

Four zones meeting
at the critical
point

+ (%)

+ (- 1, g = 1)

Figure 2

{(x-v)? +yc2] ((x'-v‘)2+yé'2] =1
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Lemma 9. For any (x,x'), v'/y =e,(or 1/e5) and

4/10 < yy'(=A) < V5/4,

(56) vy’ >_ YoV
[(x-v)2 +y2][(x"=v")2 +y'2] = [(x~-v)? +Y§][(x'-v°2 ty 2]

where (v,v') is chosen as in lemma 7.

Proof. After performing cross multiplication and using
the fact that -y'/y = goWe see that inequality (56) is equivalent

to
(57) (x-v)2 (x'-v")2 < (yy')(ycy'c) = AYS/4

where 4/10 < A < ¥/5/4 and (v,v') is chosen so that
[(x-v)2 + ycz] [(x'-v')2 + y'cz]_: 1. Thus to prove inequality

(57) it suffices to show that the system

(%=v)2 (x'-v')2 = AVS5/4
(58)

[(x=-v)? + yczl[(x'-v')2 + y‘CZJ = 1

has no real solution for 4/10 < A < Y5/4. Clearly it
suffices to show that the system has no real solution for the

worst case, which occurs for A = 4/10. Substitution of
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(x"-v')2 from the first equation of (58) into the second equa-

tion leads to the following quadratic equation in w = (x-v)?2:

(59) wz(uy'cz) + w(A/S - 11/1) + (A5 yc2) =0,

The discriminant D of this equation satisfies the inequality
D = (A/5 - 11/4) =~ 5AY5 <0

if A 1lies between the two positive roots of D = 0, sghown

here:
(60) (21 - 8Y5)/u¥5 < A < (21 + 8/5)/u/5 .

By direct computation the lowest root has the value ,359°*°*

which is less than the value A = 4/10.

Blumenthal's improvable bound [1] for the lowest

point (1/2d = 1/10) is clearly much too small.

Lemma 10, For ey<y)y < €3 {or 1/e3 < y'ly < 1/g)

and 4/10 < yy' < V5/4 we have
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yays'
P Y
[(x"-v )24y 20 (x" 1 y™ ) 24y 12]

]

(61) yy'_ >
[(x=v)2 +y2J[(x'=v') 24y'2] —

where yay ' = yy's y.' =y, o (efeelx') = (x,x ') and

(gy, €pv) = (v¥#,v¥"),

Proof., The following inequality

(62) yy’ [C vy
[(x-v)2 +y2][(x'-v)24y2] 2 min [(x-v)2+yi][(x'-v')2+y'i]

I N

ysy'5
\[(x-v)2+ygnt(x'-v')2+y'§J }

= eb, 4/10 <y yl < V/5/4

10 ! 5/4 !
where 4/10 < vy 2 /5/4, Y1 /Yl
and ys'/y5 = 1/g2 follows by the reasoning used in lemma 9,
Suppose the minimum is

YVs'
[(x-v)2+y§][(x'-v')zfy'szl ’

S
11 or
[(x-v)2+y12][(x'-v')2 +y'12]

Then the lemma foilows from the equation

vy¥] L A
[(x-v)2+y§][(x"“')Z*Y'il E [(ex-ev)2+Y§][(e'x'_evvv)2+yF§]

(63)

with the fdllowing change of variables:
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%
y3 = gcyl s X = eg s V¥ :g(\))’
(e4)
y'3= y'l/eo y X%' = eéx' y VE' = gy,

The main result (below) is now seen to follow from

lemmas 7 ‘through 10 in the manner indicated in Figure 3,

THEOREM6 . For any (x,x') and any (y,y')

satisfyiné 1/ ef< y'/y < e% and 4/10 < yy'! < V544

there exists a (v,v') such that

(65) vy'
[(x=v)% + y21[(x'=v')% + y

'2] 3_ Y5/4

Proof., 1If l/goi y'/y < gothen the inequality

follows from lemmas 7 through 9.

Lemma 10 reduces the case g< y'/y < e%
. {or 1/e% < y'/y < 1/ g} to the case where

l/eo: y'/y :eobut with (x,x') replaced by (x*,x*'),

which doesn't present any difficulty,‘and with (v,v')
replaced by (v¥,v®'). The relation between (v,v') and
(v¥,v%') is such that if (v,v') is a pair of integers than
so is (y%,v*') and conversely. Consequently the existence of

a pair of integers (v#*,v*') always implies the existence

of another pair of integers (v,v').
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Lemma 9

Lemma 8

Figure 3

Use of Lemmas




g, Proof that the Main Result is Best Possible.

THEOREM 7. The constant (Y5/4 is best possible,

Proof, It suffices to show that N(Iyzc+6|2) > 1

for y and § arbitrary integers in Q(v5) and

1 A+v/5

= i =£ 1 e
(66) z = x t iy, of2 t 1 3 =

(-l/zc =z, -eo).

The proof amounts to observing that N(|yzc+6|2)
can be thought of as the norm of an algebraic integer in
the field Q(zc,/ 5). Let €, = ¥z, + 6. Then the con-
jugates of El are 52 = Y'Zé + 6, £3 = Yzc + 6 and
&u = Y'Ec' + 6' where y' 1is the conjugate of y in Q(/S).
Z. is the complex conjugate of 2, and z'c is the conjugate
of =z, in Q(YS). The inequality expresses the fact that the

norm of an integer in Q(zc,/s) is greater than or equal to

one.

27



10, Failure of the Method for Q(2l/2)
/2

1l
For Q(2°" ) the critical value will be seen to be pro-

duced by some unknown point which is not a fixed point. We

conjecture its value to be produced by

(67) 5 = lai—i& + i

1 2 LA
z! = l—:—i& + i)
1 .
2
2 ‘3+2/6 e e . ®
where )\éz s = 475 . By the argument given in g,
y .
above, all we need prove is that the valence of 2z is ;2

1
"{which lies between 1/2 and 1/4), In fact we shall show

that if y # 0

(68) _ Njyz +6]2 > 1

except for the following fiour cases:

(69) N|zy| = N|z -1} = N|z, -/2| = N|z)-(1w/2)| = 1.

(or cases equivalent through multiplication of these values of

vz; + 8§ by a unit).

28
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We note that
(70) N|yzl+5|2 >NUIm(yz,+6)]2=N(y)2 A4

Therefore if N(y) > 2L =2,15 "** then equation (gg ) is
22
automatically satisfied., This leaves for consideration only

2 . .
y = unit or y= 21/ »unit. By removing a unit factor from vy

and § we are left only with y= 21/2 and y = 1,

1/2
First consider y = 2 . From the following inequalities:

1+/2 2 1-v2
(71) N|/22 +6|2= ( +5) +2)2 _+6') +2A2
1 /2 -2

> U4 + = N(L + V2 + /2602 + 232[**°]

.9+ N(w)?

v
i~ El

"where w = 1 + v2 +/26 we conclude that,since w # 0 and

§ is an integer, N(w)? > 1, Hence
(72) N|v2 2, +8]12 > .9 + 1/4 > 1,
therefore (68) holds.

Next consider y = 1. Here we take the following

expansion:
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( 2
€73)  N|z +6]2= A% L N(¥)2 + A2 s(¥?)
16 4

where S 1s the trace, and

(74) Vo= 1+ V2 426,

Hence lel + 8|2 >1 unless
(75) N(y) < u

and

(76) S(y?) < 4/x% = 8,50 - ,

From (75), as before, y = 0 or ¢ = unit since N(y) = 2
is impossible for (74), We consider for which units y is

1l is

it possible that S(y2) < 8.50, We note

impossible by (74) while if ¢ = V2 + 1, ¢2 = 3 + 2/2 and

1

S(y?)
S(y?)

6., If ¢y is a higher power of v2 + 1 then

S((3 + 2/2)2) = s(17 + 12V/2) = 34, Therefore

{v

using Y= I./Q.i 1 in (74) we obtain four different values
of 6§ which are shown in (74)., This establishes the valence for

(67).
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1/2

If the method of proof for Q(5 ) were to extend

to Q(Zl/2

) using N in place of 2 then the following

system (see lemma ( 9)) would have to have no real solutions:

(x-v)2 (x'_v-)z - AAZ
(77)

[(x=v)2 + A2][(x'-v")2 +A2] =1

for 2/d = 1/4 < A = A2, We shall show that there is no real
solution for A = AZ so that even if we could improve our
initial estimate of HO(:Z/d) there would be no way of mak-

ing this method work.

We set A = A2 and we eliminate (x' -v')? using

the variable w = (x-v)2, We then_obtain from (77) the

equation
(78) AMwZae (A" - Dw+r® =0
- 29
with discriminant 1 - ui“ = 3212———-' > 0,
u

Thus we have pfoved that an extension of the method for
1/2)

1/2,

Q(5 to Q(2 could not be performed in routine fashion,



(1]

(2]

(3]

(L)

[51

(6]

(7]

(8]

32
REFERENCES

O. Blumenthal, "Uber Modulfunktionen von mehreren Veranderlichen's
Math. Ann., 56 (1903), ppe 509=5LC.

H. Cohn, "On the Shape of the Fundamental Domain of the Hilbert
Modular Group"; Proceedings of the AMS Symposium on recent
developments in Number Theory (to appear 196L).

F. Gdtzky, "Uber eine zahlentheoretische Anwendung von Modulfunk-
tionen zweler Veranderlicher"; Math. Ann., 100 (1923),
pp. l11-L37.

R. C. Gunning, "lectures én Modular Forms"; Annals of Mathematics
Studies, Number LB,

J. F. Koksma, "Diophantische Approximationen"; J. Springer,
Berlin, 1930.

H. Maassg, "Uber Gruppen von hyperabelschen Transformationen';
Sitzber, Heldelberg, Akad, der Wiss. (19L0).

Niven and Zuckerman, "An Introduction to the Theory of Numbers';
John Wiley and Sons, 1960, '

C. L. Siegel, "Lectures on Advanced Analytic Number Theory';
Tata Institute, 1961.




1.

2¢

3.

S5e

SPECIAL DEFINITIONS

Discriminant of a quadratice....See equation 16.

fie1d om/?)

Fixed point eeesccccsccsscescesez i8 a fixéd point for a group

of transformations H if 2=T2z
for TeH and T # identity

transformation,

Floor oc..-oc.ooooooo-ooooo-toooThe floor of the fundamental

Fundamental domain seseseccscsee
Fundamental totally positive ..

unite

domain is that part of &R
which does not intersect R_q
See page l.

A fundamental totally positive
unit is a unit e, with the
property that all totally
positive units are of the form

n .
€ for some integer n. (For

+
the fields Q(21/ %) and Q(sl/ 2)
€, is the square of the funda-
mental units eo= vV 241 and

g, = (1 +V'5)/2 respectively.)

6. Hilbert gmup S8 00000000000 0 See page 1.

7. Simple floor‘....-............. See page 11.
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8. Totally positive .usesvssevioss A quadratic integer o is totally
positive, a >> 0, if a >0 and
a' >0

9, VAlenCe .eceosseescnssnasensasss See quation 5, This definition
of valence is taken from [2].
Classically the term valence
denoted an equivalence class
under (say) the Hilbert group,
but this meaning is no longer
in active use,

10. Zone (in a lattice)....cicesoeeFor a function F(xl,xQ)
defined in the xl,x2 plane,
the zone of a lattice point
(v,v') 1is the set of (xl,xz)
for which
|P(x -v,xz-v')I:]F(xl-u,xz—p')!
for any other (u,u') in the

lattice.



