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ABSTRACT 

A mathematical solution to the plane stress multi-

material simply supported beam was developed. The mathe

matical solution was obtained by selecting a stress 

function for each material in the form of a product of two 

single independent variable functions. The stress functions 

were selected such that the stresses and displacements 

determined from the stress functions satisfied the boundary 

conditions. 

The multi-material beam problem was reduced to a 

homogeneous beam problem by assigning appropriate material 

constants to the different material layers. The reduced 

problem was then compared to the existing solution of the 

uniformily loaded simply supported plane stress homogeneous 

beam. 

Several multi-material simply supported beams in 

which the thicknesses of the central layer depths were 

small in comparison to the depths of the other layers were 

analyzed and discussed. The conditions under which a 

multi-material beam could be analyzed satisfactorily by 

elementary methods were emphasized. 

The mathematical solution was used to predict the 

behavior of a multi-material model beam. Experimental 

ix 
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results were then obtained from tests performed upon the 

model beam. The experimental and predicted results were 

compared. 



Chapter 1 

INTRODUCTION 

1.1. Introduction 

In recent years considerable research has been con

ducted on beams comprising two or more materials. The 

majority of this research has been concerned with obtaining 

knowledge of the behavior of composite beams for use in 

highway and building construction. The composite beams 

usually consist of a steel beam and a concrete slab joined 

either by mechanical connectors or, very recently (1962), 

by epoxy resins. Although a large number, of tests have 

been performed, a mathematical analysis which completely 

predicts the behavior of the beam has been lacking. The 

existing theoretical solutions predict a few quantities 

that compare favorably to experimental data, but they do 

not predict all quantities. An example is the relative 

slip between the concrete slab and steel beam in a composite 

beam. Experimental results showed that in simply supported 

beams the maximum relative slip under certain conditions 

occurred at some point between the applied load and the re

action whereas the existing mathematical solutions pre

dicted that the maximum slip would occur at the ends of the 

beam. In addition, the existing mathematical solutions 

1 
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were developed for composite beams with spaced mechanical 

shear connectors and may not apply to the epoxy bonded com

posite beams with their continuous connection. It is be

cause of these discrepancies and uncertainties that a more 

exact mathematical solution is desirable. 

1.2. The Problem Defined 

The object of the research presented in this disser

tation was to develop mathematical expressions which predict 

the behavior of multi-material simply supported beams which 

are subjected to an arbitrary pressure distribution, and 

then using the developed expressions, examine the behavior 

of several example multi-material beams, and, for a model 

beam, compare the results predicted by the mathematical 

expressions to the experimental results. 

3. Method of Obtaining Mathematical Solution 

The multi-material simply supported beam was assumed 

to be a plane stress problem in the theory of elasticity; 

hence, the problem consisted of developing a stress function 

for each material. The stress functions were developed in 

a form such that the stresses and the displacements, which 

are determined from the stress functions, satisfied the 

boundary conditions. This problem differs from the majority 

of plane stress elasticity problems in that some of the 

boundary conditions are in terms of the displacements. 
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1.4. Literature Survey 

1.4.1. Experimental Studies of Composite Beams 

The mathematical solution described herein may -be 

used for analyzing simply supported composite beams com

prising two or more materials. Composite beams used In 

highway and building construction often consist of a con

crete slab connected to a steel beam. The means of 

connecting the slab to the beam have been primarily mechanical 

connectors such as studs, channels, and spirals. The natural 

bond between the concrete and steel was frequently used 

solely for shear transfer in cases where the concrete encased 

the steel beam. 

The first studies and experimental tests on concrete-

steel composite beams began in the 1920's after it had been 

observed that the steel and concrete of a concrete encased 

steel beam acted as a unit. The earliest studies, therefore, 

were concerned with concrete-steel composite beams in which 

the shear connection between the concrete and steel was pro

vided by natural bond alone. It was found that natural bond 

was not dependable, especially when the composite beam was 

subjected to repeated loads. As a result, in the design of 

composite beams, emphasis was placed upon the use of mechan

ical connectors to provide integral action between the slab 

and beam. 



n 

In I960 I. M. Viest^D* reported that over 230 com

posite beams made of steel I-beams and concrete slabs had been 

tested. These tests Included both large and small scaled 

composite beams with various means of supports and end 

conditions. Observations made by the various investigators 

were: 

1. The natural bond between the steel and concrete 

often provided complete interaction but it was not depend

able. 

2. The use of mechanical connectors provided a security 

against an early bond failure and the interaction could be 

considered complete as long as the natural bond was unbroken. 

After natural bond failure occurred, complete interaction 

was not obtained, and this was indicated by the presence of 

slip between the top and bottom material at the interface 

of the two materials. 

3. The mechanical connection did not become effective 

until after the natural bond had been broken and some de

formation had taken place. 

4. The slab tended to separate from the steel beam in 

the vertical as well as the horizontal direction. 

* Number in parenthesis refers to corresponding 
number in List of References. 
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5. For "adequate" connection the slips were so small 

that the beam could be considered as having complete inter

action; hence, the stresses and deflections could be deter

mined by elementary methods. 

Recently experimental studies have been con

ducted on concrete-steel composite beams utilizing epoxy 

resins as the shear connector. It was established that 

this method of connection could be used and that the inter

action, as indicated by the lack of slips, was superior to 

the interaction in composite beams which employed mechanical 

connectors. The advantages of using epoxy resins as the 

shear connector are that 1) they provide a continuous 

connection along the entire length of the beam, 2) no de

formation is required before the connection becomes effective, 

3) there are no stress concentrations present as in beams 

with mechanical connectors, and 4) tensile stresses intro

duced by shrinkage of the concrete may be reduced. It is to 

be noted that the mechanics of the connection between the 

slab and beam is quite different from that of mechanical 

connectors. 

The quantities that were given the most attention 

in evaluating the performance of a composite beam were the 

deflections along the length of the beam, the strain and 

stress distribution at the cross-sections of maximum moment, 

and slip, which is the relative displacement in the 



horizontal direction between the material layers. The de

flections, stresses, and the slips resulting from various 

loadings of the composite beam were determined and studied. 

The slips were considered to be the best indication of the 

degree of interaction obtained since a composite beam with 

complete interaction has no slip. The experimental strains, 

computed stresses, and deflections were compared to results 

obtained by elementary methods, and in some cases, to 

methods obtained from certain incomplete Interaction consid

erations . 

1.^.2. Theoretical Studies of Composite Beams 

One of the first detailed analytical treatments of 

composite beams was presented by E.S. Andrews. His analysis 

Is now referred to as the transformed section method. The 

transformed section method was based on the assumptions 

that the strains are linearly distributed through the depth 

of the beam and that interaction between the slab and beam 

is complete which implies that plane sections remain plane. 

This is referred to as the elementary theory and is used 

today in the design of composite beams. Other analyses, 

based on the assumption that interaction was not complete, 

were developed later. Treatments based on incomplete inter

action were presented by Stuessi^^, Jaeger^\ and Newmark, 

Siess, and Viest^^. Stuessi based his analysis on the 

assumptions that the slip magnitude was directly proportional 
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to the load transmitted by a connector and that the two 

materials Joined by the connectors deflect equally at the 

connector locations. The assumptions made by Jaeger are the 

same as Stuessi's except that he assumed that the two joined 

materials deflect equally at all points along the beam's 

length. Newmark, Siess, and Viest assumed that the two 

materials deflected equally along the entire length of the 

beam, that the slip was directly proportional to the hori

zontal force developed by the shearing stress, and that the 

connection was continuous along the length of the beam even 

though the solution was intended specifically for beams 

with spaced mechanical connectors. 

Stuessi's method yielded a set of linear simultaneous 

equations with the number of equations equal to the number 

of connectors. The unknowns of the set of equations were 

the forces acting upon the connectors. 

Jaeger investigated the stress concentrations in the 

concrete slabs in the vicinity of the connectors. He 

assumed the concrete slab to be in a two-dimensional state 

of stress and determined the stresses by means of a Fourier 

series expansion. He also presented a solution for the com

bined beam, however, it was essentially the same as Stuessi's 

in that a set of linear equations with the connector forces 

as the unknowns were obtained. 
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Newmark, Siess, and Viest's method yielded an 

ordinary second order linear differential equation with the 

axial force introduced by the shear connection as the 

dependent variable. For simple cases the equation could 

be solved in closed form, however, for more complicated 

cases numerical solutions were used. 

All of the investigators mentioned above concluded 

that the elementary methods (transformed section) used to-

determine stresses in composite beams were sufficient pro

vided that "adequate" shear connection was available. In 

addition, Jaeger's analysis of stress in the vicinity of a 

connector indicated that in a simply supported beam with a 

concentrated load at midspan, the horizontal stresses were 

about 19 percent greater than the stresses obtained by 

elementary methods at the point of maximum moment and about 

38 percent greater near connectors located at the ends of 

the beam. He did not verify his results experimentally. 



Chapter 2 

DEVELOPMENT OF MATHEMATICAL SOLUTION 

The development of the mathematical expressions used 

to predict the behavior of the multi-material simply supported 

beam employs the principles of the theory of elasticity. A 

plane stress problem was assumed; hence, the determination 

of the solution consists of generating a stress function which 

satisfies the biharmonic partial differential equation. 

The stresses, strains, and displacements are determined from 

the stress function. The stress function was selected such 

that the stresses and displacements were satisfied on the 

boundaries of the region under consideration. In this prob

lem there were actually three stress functions, one for each 

material layer. These stress functions differ only in that 

their constants of integration and the constants associated 

with the material properties are different; hence, in the 

following development only one stress function is required 

for illustration. The other two stress functions may be 

obtained merely by changing the material constants and the 

constants of integration. 

A particular case of interest in this study involved 

concentrated loads; therefore, it was convenient to express 

the loads as a Fourier series expansion. Concentrated loads 

9 
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were approximated by using a uniformily distributed load 

over a short length. It should be noted that the use of 

a Fourier series makes possible the representation of any 

load distribution that satisfies the Dirichlet conditions^. 

The stress function was assumed to be 

$=f(y) sin (1) 
L 

where f(y) is a function of y alone, L is the length of the 

beam, and n is an integer. Substitution of <(> into the bi-

harmonic equation yields an ordinary linear differential 

equation in f(y) with constant coefficients. This equation 

has the solution^?), 

f (y )ssC1coshoy+C2sinhoy+C2ycoshay+Cljysinhay 

where C^, , C^, and are constants of integration and 

a is equal to DJL. 
L 

The stress function then becomes 

$-.( C-Lcoshay+C2sinhay+C2ycoshay+C1Jysinhay )sinax (2) 

The stresses obtained from this stress function are 

2 
°„( x»yi"sinax[C n  a 2coshoy+C 0a 2sinhay+C_a( 2sinhay+aycoshay) 
x jy t -l d i 

+C2ja(2coshay+oysinhay) ] (3a) 

_ 2 . 2 
oy (x,y )»±_|.=-a^sinax[C1coshoy+C2sinhay+C2ycoshay 

+C|tysinhay] (3b) 
a2 . 

T xy ̂ x»y ̂ s,~T3c3ya'"" ° co 8 ° x ̂ C1 ° 31 nh ay+C 2 a c osh ay+C 3 ̂c 08 h ay+ay 3 ay ̂ 

+Ci|(sinhay+aycoshay) ] (3c) 

As indicated earlier, the multi-material beam con

sidered here comprised three material layers; hence, there 



are also three different stress functions having the same 

form (Eq. 2) but each having different constants of inte

gration. To form the beam, the three material layers were 

Joined or connected. In the mathematical model this was 

accomplished by equating the normal and shearing stresses 

and displacements at the interfaces of the adjoining material 

layers. The horizontal displacement u and the vertical 

displacement v, therefore, entered into the boundary con

ditions and had to be determined. 

The relationships between strains, displacements, 

and stresses are 

V|£'|(<Vl,0y) (I,a) 

ViH'v''0*' <1,b) 

„ 3au4.8v„2(i+u) ,, N 

xy 3y Jx T~TXy (4c) 

where E is the modulus of elasticity and \i is Poisson's 

ratio. 

The stress equations (3) were substituted into the 

strain equations (4). Equations (4a) and (4b) were then 

integrated to obtain the displacements u and v. Integration 

of equations (4a) and (4b) gave two arbitrary functions 

which were evaluated by substituting the displacement ex

pressions u and v into equation (4c). As a result the 

following expressions for u and v were obtained: 



u_-COSaX{c^a(l+u)coshay+C2a(l+pJsinhay+C^l^sinhay 

+ay(1+y)coshay]+C^[2coshay+ay(1+y)sinhay]}+Ay+B (4d) 

v°-sljgaX{ C^a(l+y)s inhay+Cg a( 1+y)coshay+C^[ay (1+y )sinhay 

+ (-l+y)coshay]+CJ([ay (l+y)coshay + (-l+y)sinhay ]} 

-Ajc+F, (4e) 

where A, B, and F are Integration constants. These constants 

are associated with rigid body motions; hence, for this 

problem they may be taken to be zero. The displacements ex

pressions then reduce to 

uB_c°saX^c^a(1+y)coshay+C2a(l+y)sinhay+C^[2sinhay 

+ ay (1+y) cos hay ]+C^ [2coshay+ay(1+y) sinhay ] } (*Jd) 

v°-3lgax{CjaC1+y)sinhay+C2a(1+y)coshay+C^[ay(-1+y)sinhay 

+(-l+y)coshay]+C^[ay(l+y)coshay+(-l+y)sinhay]} (^e) 

The remaining portion of the problem was to evaluate 

the constants of integration from the boundary conditions. 

There is a stress function for each material and, from 

equation (1), four constants of integration for each stress 

function; therefore there are twelve independent constants 

of integration for which there must be twelve independent 

boundary conditions in order that the solution may be 

obtained. The stress functions were denoted as (j>2, and 

$3 where the subscripts correspond to the material layers 

with the same number as shown in Figure 1. The constants of 
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Integration were denoted as C^, C^, etc. corresponding to 

*1» etc. corresponding to etc. 

The boundary conditions are listed below. The super

scripts denote the corresponding material layers as indicated 

in Figure 1. 

t1 (x,-h)»° (5a) 
Ay 

a1 (x,-h)"0 (5b) 

Tlxy(x,0)"T2Xy(x,0) (5c) 

(x,0)»o2y(x,0) (5d) 

u1(x,0)=u2(x,0) (5e) 

v1(x,0)-v2(x,0) (5f) 

,2xy(x't)-r3Jty<Jt«t) 

o2y(x,t)=o3y(x,t) (5h) 

u2(x,t)=u3(x,t) (5i) 

v2(x,t)=v3(x,t) (5J) 

x3xy(x,c)-0 (5k) 

a3y(x,c)=Eansin2™£ (51) 

'Aox(0-y>dy-° 

/A°x(L»y)dyo° 

/Aox (o,y)ydy»o  (6c) 

/A<Jx(L,y)ydy»0 (6d) 

f xy (0»y) dy "Re act ion (6e) 

/.t (L,y)dy°Reaction (6f) 
H xy 
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where the letter A associated with the Integral sign denotes 

the cross-sectional area of the beam. 

Boundary conditions (5) were used to evaluate the 

twelve constants of integration whereas boundary conditions 

(6) were identically satisfied by the choice of the stress 

function. 

By applying the boundary conditions (5) twelve 

simultaneous linear equations in the constants of integration 

are obtained. It should be noted that the constants of 

integration are dependent upon the parameter a which, in 

turn, depends upon the value of the integer n. For this 

reason, the twelve equations must be solved for each value 

of n. The number of times the set of equations must be 

solved therefore depends upon the number of terms of the 

Fourier series used to represent a given loading. 

The twelve equations obtained by applying the 

boundary conditions may be reduced to eleven by notingthat 

two of the constants are equal. Refer to Eq. 3b and Eq. 5d 

(C^«C^). Sixty-two of the remaining 132 coefficients were 

zero. The large number of zero terms occurred as a result 

of the nature of the boundary conditions and the selection 

of the horizontal reference axis. There were four con

stants to evaluate for each material; therefore, only four 

different constants entered the boundary conditions at the 

top and bottom surfaces of the beam. The remaining eight 



terms of each equation were zero. Eight constants entered 

into the boundary conditions at the interfaces, four from 

the two adjacent material layers. -The remaining four terms 

of each equation were zero. Also by placing the horizontal 

reference axis along an interface between two adjacent 

material layers, all sinh functions become zero thereby 

resulting in additional zero terms. In addition, ten of 

the eleven right-hand side terms were zero; hence, the eleven 

equations were arranged such that they could be solved with 

a minimum number of operations by Gauss's elimination 

scheme^By using Gauss's scheme, no more than six equa

tions entered the operations at any time. The remaining 

eleven equations which were obtained from the boundary con

dition and which were solved by Gauss's scheme are shown 

in Table 1. 

After the elimination of two or three of the con

stants from the set of equations, the new coefficients of 

the remaining constants became rather unwieldy; therefore, 

liberal use was made of substituting short symbols for the 

lengthy coefficient expressions. The elimination of two 

or three more constants from the remaining equations again 

resulted in the newly obtained coefficient expressions be

coming unwieldy; hence substitutions were again made. This 

process was continued until all but one of the constants 

were eliminated. These equations were solved before 



programming of the solution for the computer to save com

puter time and to eliminate the possibility of significant 

truncation errors which are sometimes associated with com

puter solutions of poorly conditioned simultaneous equations. 

A flow diagram for the computer program is given in 

Appendix A and the computer program is given in Appendix B. 
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Beam Problem 



Table 1 

BOUNDARY CONDITION EQUATIONS 

Eg. No. Equation 

1 -(sinhah+ahcoshoh)CJ+(coshah+ahsinhah) 

+acoshahC2-asinhahC^»0 

2 hsinhohcJ-hcoshahC^-sinhahC^+coshahC^-O 

3 2CJ-2n1/n2C^+[a(l+u J-n^n a(l+p ) ]cJ-0 

l\ C^+aCj-C^-aC^-O 

5 (-l+p1)c^+aa+ii1)cj-n1/n2(-l+w2)c^ 

-n1/n2a(l+y2)C2»0 

2 ? 2 
6 (sinhat+atcoshat)C^+(coshat+atsinhat)C^+acoshatC2 

-asinhatC^-aCOShatC2-(coshat+atsinhat)C^ 

O 1 
-(sinhat + atcoshat) Cjj + as inhat C^»0 

7 tsinhatC^+tcoshatC^+sinhatC^-coshatC^-sinhatC^ 

3 3 1 
-tcoshatC^-tsinhatCf + coshatCn »0 

3 14 1 

18 



Eq . No. 

8 

9 

Table 1 continued 

Equation 

~[2cosh~t+at+at(l+~ 2 )sinhat]C~+nl[2sinhat 
~3 n3 

+(1+~ 2 )atcoshat]C~+~a(l+~ 2 )sinhatC~ n3 

-a(l+~ 3 )coshatcr-a(l+~ 3 )s1nhatC~-[2s1nhat 

+at(l+~ 3 )coshat]c§-[2coshat+at(l+~ 3 )sinhat]C~ 

nl 2 
~n][at(l+~ 2 )coshat+(-1+~ 1 )sinhat]C 4 

nl 2 
-n-[at(l+~ 2 )sinhat+(-1+~ 2 )coshat]C3 3 

19 

-~a(l+u2 )coshatC~+a(l+u 3 )sinhatci+a(l+u 3 )coshatci 
+[at(l+~ 3 )sinhat+(-1+~ 3 )coshat]c§ 

10 asinhacci+acoshacC~+(coshac+acsinhac)C§ 

+(sinhac+aDCQShac)C4=o 

11 coshacCi+sinhacC~+ccoshacC§+csinhaaC~=an 



Chapter 3 

EXAMINATION OF THE SOLUTION 

3.1. Comparison of Results to a Known Solution 

The problem of a homogeneous isotropic plane stress 

beam that is simply supported and uniformly loaded has been 

(7 ̂ 
solved^ . In this dissertation this solution will be 

referred to as the classic solution. The multi-material 

beam may be reduced to a homogeneous isotropic beam by 

assigning the same material properties to all of the layers 

that comprise the beam. A uniformly distributed load may 

be represented by a Fourier series, hence, a direct com

parison of results obtained from the classic solution and 

the modified solution which was developed in the preceding 

chapter may be made. Numerical results were obtained for 

a beam which was loaded with a unit uniformly distributed 

load and whose length to depth ratio was 15. This beam is 

shown in Figure 2. A tabulation of the numerical results 

is shown in Table 2. 

Upon comparison of the maximum values of rows 1 to 2, 

11 to 12, and 17 to 18 of Table 2, it was noted that the 

comparable quantities all differ by less than 1 percent; 

the largest difference (0.8%) occurred between the maximum 

shear stresses (row 11 and 12). The primed quantities 

20 



indicate values obtained from the classic solution. The 

differences between the values obtained from the two solutions 

became greater as the ends of the beam were approached. Com

paring the values for the horizontal stresses (rows 1 to 2 

and 3 to 4), it may be noted that the classic solution 

yielded a horizontal stress at the end of the beam whereas 

these stresses are zero by the modified solution. In the 

classic solution there was no resultant normal force nor 

moment as a result of the horizontal stress distribution at 

the end of the beam. The horizontal stresses yielded by the 

two solutions became very nearly the same at x/L*0.05. This 

is an example of St. Venant's Principle. There was also a 

difference in the vertical stress at the ends of the beam. 

This was expected since the Fourier sine series cannot 

develop the load magnitude at th.e ends since the sine 

function is zero at those points; however, the Fourier sine 

series generated the uniform load with a high degree of 

accuracy at x/L-0.05. The vertical stresses from the two 

solutions at the center of the beam (y/c»0.0) became the 

same at x/L«0.15. There was a difference of approximately 

2 percent between the shear stresses at y/c-0.25 and 

x/L»0.0 but this difference had disappeared at x/I>0.10. 

The largest difference between the two solutions 

(10%) occurred in the vertical displacement v near the ends 

Cx/L«0.05) of the beam. The vertical displacements yielded 
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by the classic solution were greater in magnitude than those 

yielded by the modified solution. The difference between 

the two vertical displacements decreased as the x/L values 

increased. The vertical displacements obtained from the 

two solutions were the same at midspan. 

3.2. Convergence of the Fourier Series 

The modified mathematical solution was developed 

using a Fourier sine series expansion; hence, the results 

are the sums of the terms of the series. The number of terms 

required to obtain a desired accuracy depends upon the rate 

of convergence of the series. There was no question of 

convergence since Dirichlet's conditions^^were 

satisfied. In cases where there was a discontinuity in the 

loading (for example, a uniformly distributed load over all 

or a part of the interval under consideration), the series 

was not uniformly convergent^^^. For this reason the 

rate of convergence depended upon the values of the co

ordinate parameters; therefore, the number of terms required 

to obtain a desired accuracy varied throughout the length 

of the beam. It was noted that the stresses and strains were 

not uniformly convergent; however, since the strain ex

pressions were integrated to obtain the displacement ex

pressions, the series representing the displacements were 

uniformly convergent. The Fourier series representing the 

displacements must be uniformily convergent since. 



physically, there can be no discontinuities in the displace

ments. The Fourier expansion of a continuous function is 

uniformily convergent 10) ̂ 

The expressions for the stresses and displacements 

were lengthy and complicated, therefore, the number of terms 

of the series required to obtain a given accuracy was 

determined by a trial and error procedure. The stresses 

and displacements (hence the sums of trigonometric series) 

were obtained to six digits and compared after n terms. 

The value of n was increased until the sums of the series 

no longer changed with an increase in the value of n. It 

was determined that, for the studies presented herein, about 

50 non-zero terms provided an accuracy to at least four 

digits within the region under consideration. 

The sums of the Fourier Series for the horizontal 

stress at the top edge of a beam at midspan and the vertical 

displacement at midspan for different n values are shown 

in Figure 3. The horizontal stress shown in Figure 3 

appeared to be the slowest converging quantity. As men

tioned above, the series for the vertical displacement is 

uniformly convergent and converges much more rapidly than 

does the series for the horizontal stress shown in Figure 
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TABLE 2 
COMPARISON OP RESULTS OBTAINED PROM MODIFIED AND CLASSICAL SOLUTIONS 

Row Computed ~ -
No. Quantities 0 0.05 Q'1Q_ °»15 0.20 0.30 0.40 0.50 
"l ox(x,c) 0 32.22 60.96 96.39 108.20 141.96 162.20 168.96 

2 a'(x,c)* 0.20 32.26 60.95 96.39 108.20 141.95 162.20 168.95 

1 o*(x,c/2)  5 15.$6 36.28 T27P 5T& T3T7B Bo79^ PTSF" 

4 o£(x,c/2) -0.09 15.95 30.29 42.94 53.92 70.79 80.91 81.29 

"3 o y (x ,c/2J 0 -6 .168 -6.156 - f l .156 -6.156 -0.156 -0.156 -6.156 
6 o*(x,c/2) -0.156 -0.156 -0.156 -0.156 -0.156 -0.156 -0.156 -0.156 

I o (x,0) 0 -0.522 -0.502 -0.500 -o.'56o' '-0.'506 -6.506 -0.566 
8 ' aj(x,0) -0.500 -0.500-0.500 -0.500 -0.500 -0.500 -0.500 -0.500 

ay(x,c) 5 -1.018 -1.021 -0.976 -1.000 -0.992 -1.002 -0.998 
10 " Oy(x,c) -1.00 -1.000 -1.000 -1.000 -1.000 -1.000 -1.000 -1.000 

I I  Tx y (x ,b)  -11.16 -10.12 -4 .00— ^775——-2.2k o 

12 Tj[y(x,0) -11.25 -10.13 -9.00 -7.88 -6.75 -4.50 -2.25 0 

13 ' t (x,c/2J -8.28 -7.62 -6.76 -5.90 -5.06 -3.38 -1.68 0 
14 xiy(x,c/2) -8.44 -7.59 -6.75 -5.91 -5.06 -3.38 -I.69 0 

T5 u(x #c' )«*  -2 .*5*  -2.126 -1:980 -1.781} 1  - I .280 -6.666 0 
16 u'(x.c) -2.250 -2.217 -2.124 -1.076 -1.782 -1.278 -0.666 0 
T7 v(x,6y 0 3.39B 6.696 97ST0 12.662 17.326 2o .2KB 21.362 
18 v'(x.O) 0 3.737 6.961 10.015 12.811 17.393 20.301 21.301 

vUi'ici 0 3.29a 6.588 9.796 12.61* It-BbS 3d.362 ll.W 
20 y'(x.-c) 0.001 3.733 6.955 10.002 j-2«?94 17.370 20.278 21.274 
* Primes denote values obtained from the 'classic solution 
** All displacements are multiplied by 10"^ 

JJote: Stresses are in psi and displacements in inches. 



Chapter 4 

ANALYSIS OF MULTI-MATERIAL BEAMS 

*1.1. Introduction 

Examples of multi-material beams were analyzed using 
I 

the method developed in Chapter 2. The results of these 

studies were discussed and compared to the results obtained 

by using elementary methods of analysis. Emphasis was 

placed upon a three-material beam whose central layer 

depths were small in comparison to the total depth of the 

beams and to the depths of the top and bottom layers. This 

type of beam is similar to a composite beam consisting of 

two materials bonded together by a third material. The 

material properties of the top and bottom layers were 

selected so that the neutral axis of the entire section was 

located in or near the central layer thereby subjecting the 

central layer to the maximum shearing stress in the beam. 

The multi-material or composite beams analyzed in 

this chapter are considered to satisfy the assumptions on 

which the mathematical development was based. In practice, 

however, composite beams do not have rectangular shaped 

cross sections nor are the cross sections narrow in com

parison to the depths of the beams; hence, the stress is 

not uniformily distributed across the width of the cross 

27 



section. For these reasons the analysis of a composite 

T-beam, such as the epoxy connected steel-concrete beam 

shown in Figure using the modified solution can only 

be. an approximation. To analyze a T-beam using the 

modified solution, the width of the slab must be taken 

into account. This can be artificially done by increasing 

the modulus of elasticity of the layer representing the 

slab. After the results from the modified solution have 

been obtained, the total force acting on the slab cross 

section must be distributed in some manner across the width 

of the slab. It is common to assume a uniform stress dis

tribution acting on an "effective" width of the slab. A 

uniform stress distribution implies that the lateral shear 

distortion has been neglected. The only way to determine 

the actual stresses would be to solve the three-dimensional 

problem of the slab. Although the actual stresses are not 

determined in a composite T-beam, adequate insight into 

the behavior of composite beams with continuous connection 

between the materials may be obtained. This is indicated 

in Article in this dissertation. 

Tests on epoxy connected steel-concrete T-beams 

(?) 
have been performed^J; however, no comparison between the 

results predicted by the mathematical solution and the 

experimental results was made due to a lack of data. 
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The multi-material beam dimensions, with the ex

ception of the central and top layers, were kept the same 

in all*of the investigations presented in this chapter. 

In terms of the dimensionless parameter x/L, the span 

length was always unity. The vertical coordinates and 

dimensions were expressed in terms of the parameter y/L. 

For a given beam, three values of y/L had to be assigned, 

one for each material layer. For the studies presented in 

this chapter, the y/L values for the top and bottom edges 

were 0.0167 and 0.0500, respectively. The depth of the 

bottom layer was always the same; however, the depths of 

the central and top layers varied. In addition, the 

material constants of the top and bottom layers were kept 

the same. The moduli of elasticity were expressed as ratios 

with respect to the modulus of elasticity of the bottom 

layer; hence, the modular ratio of the bottom layer was 

always unity. In the computation of the displacements, the 

modulus of elasticity of the bottom layer was always £aken 

to be 4.25xl0^psi. The symbol n was U3ed to denote the 

ratios and the subscripts associated with the n's identifies 

the corresponding material layer. Refer to Figure 1. The 

associated subscripts should prevent any confusion with 

the integer n used previously. The modular ratio of the 

top was 7.06, whereas the values of Poisson's ratios were 
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0.25 and 0.15 for the top and bottom layers, respectively. 

The material properties of the central layer were varied. 

In these investigations the magnitude of the total loads 

applied to the beams was unity. For the majority of the 

investigations, the concentrated loads were applied at x/L 

equal to 0.30 and 0.70. In a few cases the loads were 

applied at midspan. It is noted that the concentrated 

loads were approximated by using a uniformly distributed 

load over approximately 1/100 of the span length. All 

beams analyzed here were symmetrically loaded; howevera the 

modified solution is not limited to symmetrically loaded 

beams. 

4.2. Effect of Central Material Layer Depth 

Stresses and displacements were obtained for three 

end supported beams in which the depth of the central layer, 

was varied. The beams were loaded by two concentrated loads 

symmetrically placed about midspan of the beam as described 

in Article 4.1. The modular and Poisson's ratios of the 

central layer were 0.010 and 0.40, respectively. The other 

properties were as described in Article 4.1. The depths of 

the central layers were expressed as the ratios of the depth 

of the layers to the depth of the entire section and are 

denoted by the term t/d. The t/d values of the central 

layers were 0.0078, 0.015b, and 0.0313. The maximum stresses 
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and vertical displacements for the three different beams 

are shown in Table 3. It was noted that the maximum 

horizontal stresses increased with increasing layer depth. 

The horizontal stresses in the stiffest material increased 

more rapidly than in the other layers. This indicated 

that the stiffer material carried a greater portion of the 

load as the efficiency of the entire cross section decreased. 

Prom Table 3» it was noted that the maximum shearing stress 

decreased as the depth of the central material layer in

creased. The central layer serves primarily as a shear 

transfer medium in the cases considered here; hence, an 

increase in the central layer depth has the effect of de

creasing the shearing stiffness of the composite beam and 

consequently, decreasing the efficiency of the entire cross 

section. Since the efficiency of the entire cross section 

decreases with increasing central layer depth, the vertical 

displacements also increased with increasing central layer 

depths as shown in Table 3. 

Slip curves for the beams with the different central 

layer depths are shown in Figure 5. It is noted that the 

slips in composite beams bonded together with a third 

material are actually the average shearing strain in the 

central layer multiplied by the depth of the layer. This 

is not true in mechanically connected composite beams. The 



slip curves shown are then the ratio of slip to depth of the 

central layer; however, they will be referred to as slip 

curves. It was noted that the slip curves for the three 

different central layer depths were practically the same. 

This indicates that the slip is essentially proportional to 

the central layer depth within the range of central layer 

depths considered. 

The horizontal stresses and vertical displacements 

(deflections) were compared to results obtained by using 

elementary methods. Example calculations using elementary 

methods are found in Appendix C. 

The results from the modified and the elementary 

solutions for beams having different central layer depths 

are shown in Table 3. It was noted that the horizontal 

stresses became greater as the thickness of the central 

layer increased and that the stresses obtained from the 

elementary method were smaller than those obtained from the 

modified solution. For a central layer thickness of 0.0078 

(expressed as the ratio t/d), the difference between the 

maximum horizontal stresses obtained from the modified 

solution and elementary method was 11 percent. This is a 

significant difference. The horizontal stresses as 

obtained from the two solutions at the top edge of the 

beam are shown in Figure 6. It was noted that the maximum 
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difference in the two stresses occurred at the point where 

the load was applied. The modified solution includes the 

effect of the vertical stress and also included the effect 

of bending stresses resulting from a local deflection of the 

top material layer. This condition is illustrated in 

Figure 7. The maximum stress occurs at the point where the 

load was applied and the stresses from the modified and 

elementary solutions compare favorably at points away from 

the point of load application. 

The shearing stress does not significantly change 

for the central layer thicknesses considered. The vertical 

displacements increased as the central layer depth increased. 

The vertical displacements obtained by using the modified 

solution are greater than those obtained by elementary 

methods. This was expected since the elementary solution 

was based on the assumption of complete interaction. The 

difference between the vertical displacements as obtained 

from the two solutions were 2.1 and 3*6 percent for a central 

layer depth of 0.0078 and 0.156, respectively; thus, it -

was seen that the differences are not significant. 

M.3. The Effect of Varying the Material Properties of the 

Central Layer 

An investigation was made in which the modular ratio 

of the central layer was varied while keeping the properties 
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of the other two layers constant. Solutions were obtained 

using modular ratios of 1.00, 0.071* 0.047, 0.024, 0.0071, 

and 2.4xl0~5 for the central layer. The central layer 

depth was t/d equal to 0.0156 and the other beam properties 

as described in Article 4.1. The reactions were located at 

the ends of the beams and a symmetric two-point loading was 

used (symmetric about midspan of the beam). The results of 

this study are shown in Table 4 and Figures 8 and 9. 

The stresses and vertical displacements (deflections) 

for the different central layer properties are shown in 

Table 4. It was noted that for a central layer modular ratio 

ranging from 1.00 to 0.024, there was no significant 

difference in the top and bottom edge stresses at midspan 

nor in the shearing stress; however, there was a difference 

of 6.7 percent in the maximum horizontal stresses which 

occurred under the applied load and almost 3 percent dif

ference in the vertical displacements at midspan. For 

modular ratios between 0.024 and 2.4x10"^, both the horizontal 

stresses and vertical displacements became much larger 

very rapidly whereas the shearing stress decreased to a very 

small value for the small modular ratio of 2.4x10"^ in the 

central layer. 

The slip curves for the beams with the different 

properties of the central layer are shown in Figure 8. It 



was noted that the slips decreased algebraically with de

creasing central layer modular ratios. The 3lips were 

positive (a point on the bottom edge of the top layer dis

placed to the right of a point on the top edge of the 

bottom layer) along the entire half span of the beam for 

a central layer modular ratio of 0.047 and greater. The 

slips in the region between the end of the beam and the 

applied load (at x/L»0.30) were negative for a central layer 

modular ratio of 0.024 and less. Some of the slips in the 

region between midspan and the applied load remained posi

tive until the central layer modular ratios became very 

small. It is to be noted that the above discussion applied 

to the left half of a beam. The signs of the slips in the 

right half of the beam would be opposite to those in the 

left half of the beam. This results from the selection of 

the reference axis. Positive slips do occur and have been 

observed by the author in the testing of composite T-beams. 

The slips continued decreasing with decreasing 

modular ratios to the limiting point (zero modular ratio). 

The absolute value of the maximum slip near the zero 

modular ratio was approximately 110 times greater than the 

maximum slip in a beam whose central layer modular ratio 

was the same as that of the weaker adjoining material as 

seen in Figure 9. The two slip curves in Figure 9 represent 
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the limits of slip for the extreme values of the modular 

ratios of the central layer. It was noted that for these 

extreme cases, the applied load does not affect the shape 

of the slip curve; however, for values of modular ratios 

between these two extremes, the applied load does affect 

the curve shape. 

The shearing stress was essentially constant between 

the reaction at the end of the beam and the applied loads 

as shown in Figure 10; hence, this ruled out the assumption 

that slips are proportional to the shear stress or to the 

forces developed by the shearing stress. 

From Table M it was seen that for modular ratios 

ranging from 1.00 to 0.02*1, there was little difference 

(less than 1 percent) between the maximum midspan horizontal 

stresses obtained from the modified and elementary solutions. 

The difference between the maximum horizontal stresses 

yielded by the two solutions became greater as the modular 

ratio of the central layer decreased. There was a differ

ence of 9.9 percent for a central layer modular ratio of 1.00 

and a 17.3 percent difference for a modular ratio of 0.02*1. 

There was no significant difference in the maximum 

shearing stresses yielded by the two solutions. 

The vertical displacements increased with decreasing 

central layer modular ratio; hence, the difference between 

the vertical displacements yielded by the modified and 
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elementary solutions increased with decreasing central layer 

modular ratio. The differences were 1.7 and 4.7 percent 

for central layer modular ratios of 1.00 and 0.024, re

spectively. This difference is not excessive; however, it 

was noted from Table 4 that for central layer modular ratios 

less than 0.024 the deflections and also the stresses in

creased rapidly. 

4.4. The Effect of the Location of the Reactions 

The reactions of a beam are not located at the ends 

of a beam as yielded by classical solutions obtained by 

using theory of elasticity methods; therefore, the effects 

of moving the reactions away from the ends was studied. 

Relocation of the reactions was accomplished by superimposing 

two beam solutions, one of which the applied loads were 

acting on the central portion of the beam and one on which 

the applied loads were acting near the ends of the beam. 

The result of superimposing the two solutions is a beam 

whose reactions are located away from the ends. This is 

graphically illustrated in Figure 11. 

Stresses and displacements were determined for beams 

with their reactions located at x/L values of 0.00, 0.025, 

and 0.050. The applied loads were kept at the same distance 

from the ends; hence, the distance between the applied 

load and reaction decreased as the reactions were moved 
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away from the ends. This produced differences in the stresses 

and displacements; however, the primary interest was in the 

effect of the reaction locations on the slips. The results 

are presented in Figures 12 through 16. 

Slip curves for the three reaction locations for 

beams with the concentrated loads applied at midspan and 

for beams loaded by two concentrated loads symmetrically 

placed about midspan are shown in Figures 12 and 13. The 

above mentioned beams had a central layer modular ratio of 

0.071. The slip curves shown in Figure lH are for a beam 

whose central to bottom layer modulus of elasticity ratio 

was 0.024. 

In Figures 12 and 13, it was noted that the maximum 

slip, which is positive, occurred at the ends and that 

the changing of the reaction location increased the end 

slips. The end slips increased as the reactions moved away 

from the ends. The effect on the slips was small for the 

reaction location of x/L equal to 0.025 but became quite 

pronounced at x/L equal to 0.050. 

In Figure 14, the slips for the case of the re

actions located at the ends were negative between the ends 

and the applied loads. This beam had a central layer 

modular ratio of 0.024. It was seen that for the reaction 

located at x/L equal to 0.050, the slip curve had a com

pletely different 3hape than the one in the beam with the 



reactions located at the ends. It was seen that the maximum 

slip did not occur at the ends. Experimental tests on 

composite beams^KH) have verified that the maximum slips 

do not necessarily occur at the ends, but at some point with 

in the shear span. This type of behavior has been observed 

by the author in the testing of epoxy Joined composite beams 

No previously developed mathematical formulation has pre

dicted these results. 

In Figures 13 and 14 it was also noted that the 

applied load (at x/L equal to 0.30) had a pronounced effect 

on the slips, in fact, the slips as shown in Figure 14 be

came negative as a result of the applied loads. Thus it 

was seen that the location of the reaction and applied load 

may appreciably change the magnitude and shape of the slip 

curves. 

The horizontal stress and vertical displacement 

curves for the beams under a two-point loading and for the 

different reaction locations are shown in Figures 15 and 16, 

respectively. It was seen that, except near the ends, 

moving the reactions from the ends affected the stresses 

and deflections only in that the span was shortened by 

moving the reactions. This was concluded since the differ

ence between the horizontal stresses in the three beams, 

which differed only in that the reactions were not located 

at the same point, was constant along the entire span 



length as shown In Figure 15. This was true for both 

loading conditions. 

4.5. Normal Stresses at the Interfaces 

It was stated in Article 1.4 that in the testing of 

composite beams many investigators noted that there was a 

tendency for the concrete slab to separate from the steel 

beam in the vertical direction. Also in tests on epoxy 

Jointed steel-concrete beams^) the beams appeared to fail 

by a separation of the slab from the steel beam. A two 

point loading was used and this separation occurred between 

the two loads. As a result the normal stresses at the 

interface of the materials were examined. The results for 

beams loaded at midspan and loaded by a two point loading 

symmetrically placed about midspan are shown in Table 5. 

The maximum tensile stress occurred in the beam loaded at 

midspan and it occurred at the x/L value of 0.40. The 

maximum normal tensile stress also occurred at x/L equal to 

0.40 in the beam with the two point loading. The normal 

stresses were obtained at discrete points along the span 

length; hence, the maximum normal tensile stress may have 

occurred between the points. In order to be conservative 

assume that the maximum tensile stress was 0.005 psi per 

pound load and that the yield stress in the top material 

is 40,000 psi. The maximum horizontal stress for a load 



of unity is 3.2M psi; hence, the maximum normal tensile 

stress encountered at the yield load would be 

110t000/3.2^x0.005 which equals about 62 psi. For loads 

low the yield load, the normal stresses do not appear 

significant. 
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Figure 4. An Epoxy Connected Steel-Concrete T-Beam 
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TABLE 3 

MAXIMUM STRESSES AND DISPLACEMENTS 
IN BEAMS WITH DIFFERENT CENTRAL LAYER DEPTHS 

Quantity Depth of 
Central Layer 
(t/d) 

Maximum 
Modified 
Values 

Maximum 
Elementary 
Values 

Stresses, psi 
o at 
bottom 
edge 

0.0078 
0.0156 
0.0313 

1.15 
1.16 
1.17 

1.16 

o at 
top edge 

0.0078 
0.0156 
0.0313 

3.^5 
3.52 
3.62 

3.10 

TXY at 
encis 

0.0078 
0.0156 
0.0313 

0.095 
0.093 
0.093 

0.093 

-5 
Vertical Displacements. in x 10 

v at 
bottom 
edge 

0.0078 
0.0156 
0.0313 

7.60 
7.65 
7.73 

7.^5 
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TABLE 4 

STRESSES AND DISPLACEMENTS IN 
BEAMS WITH DIFFERENT CENTRAL LAYER 

MODULAR RATIOS 

Quantity Modular Midspan Maximum Maximum 
Ratio of Modified Modified Elementary 
Central Values Values Values 
Layer 

Stresses, psi 
1.00 3.12 3.40 

°x at 0.071 3.12 3.52 
top edge 0.0*17 3.12 3.55 3.10 

0.024 3.12 3.63 
0.0071 _ 3.14 3.87 
2.IxlO-5 4.12 7.64 

1.00 1.16 
°x at 0.071 1.16 
bottom 0.047 1.16 same 1.16 
edge 0.024 1.16 

0.0071 1.17 
2.4x10-5 2.45 

1.00 0.095 
Txy 0.071 0.093 
enas 0.047 0.000 0.093 0.093 

0.024 0.093 
0.0071 _ 0.093 
2.4x10-5 0.008 

/ertical Displacements. in x 10"5 
1.00 7.58 

v at 0.071 7.65 
bottom 0.047 7.68 same 7.45 
edge 0.024 7.80 

0.0071 _ 8.30 
2.4x10-5 28.60 
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TABLE 5 

NORMAL STRESSES AT INTERFACE 

x/L Two Point Load Single Load 
o ,psi/lb. Load a ,psi/lb. Load 

• ..i i. i mi i, i, n i. .y. n. i i 11 i 

0 0.0000 0.0000 
0.05 +0.0001 -0.0005 
0.10 +0.0001 -0 .0009 
0.15 +0.0001 -0.0009 
0.20 -0.0008 -0.0008 
0.25 -0.0010 -0.0001 
0.30 -0.0711 +0.0008 
0.35 +0.0032 +0.0018 
0.10 +0.0010 +0.0011 
0.15 +0.0002 0.0000 
0.50 -0.0005 -O.llOO 

Note: The plus symbol denotes tension. 
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Chapter 5 

EXPERIMENTAL TEST RESULTS 

5.1. Introduction 

A multi-material beam consisting of three materials -

aluminum, steel, and epoxy resin - was constructed, instru

mented, and tested. The results from the experimental 

tests were compared to the results predicted by the mathe

matical solution. 

5.2. Description of Model Beam 

The multi-material model beam was constructed of 

aluminum, steel, and epoxy resin. The steel and aluminum 

constituted the top and bottom layers whereas the epoxy 

resin constituted the center layer. The cross-sectional 

dimensions of the steel, aluminum, and epoxy resin were 1/2 

by 1/2 inch, 3/4 by 1/2 inch, and 1/4 by 1/2 inch, re

spectively. The beam was 1/2 inch wide and 1-1/2 inches 

in depth. The total length of the beam was 48-1/2 inches. 

During testing the beam was simply supported with a span 

length of 48 inches. The material constants (Modulus of 

Elasticity and Poisson's Ratio) for the steel and aluminum 

were taken from a handbook whereas the material constants 

for the epoxy resin were obtained by testing tensile 

specimens. The tensile specimens were molded at the time 
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the beam was constructed and kept in the same environment 

as the beam. The strains in the tensile specimens were 

obtained by means of electric strain gages. The results 

of the epoxy resin tensile tests are shown in Figure 17. 

It was noted that the stress-strain relationship for the 

epoxy resin was essentially linear. It was quite important 

that Poisson's Ratio be determined accurately. The re

lationship 

fta E 
Tmnrr 

was used in the mathematical derivation where G is the 

shearing modulus of elasticity. A slight variation in 

Poisson's Ratio may result in a significant variation in 

the shearing modulus of elasticity. 

5.3. Description of Test 

The model beam was simply supported on knife edge 

supports 48 inches apart. The beam was positioned on the 

supports such that the steel constituted the top layer. 

Instrumentation consisted of electric strain gages and 

0.0001 dial deflection gages. The electric strain gages 

were placed on the top and bottom of both the steel and 

aluminum layers at every one-tenth point of the span (4.8 

inches in this case). The dial deflection gages were 

located at every one-tenth point of the span length. The 

model beam wa3 not instrumented to measure end slips 



because of the lack of sensitive measuring devices. A 

single concentrated load at midspan and a symmetrically 

placed two point loading located at x/L=0.30 and 0.70 was 

used. The load was measured by means of a load cell to an 

accuracy of one pound. The mathematical solution applied 

only in the elastic range; hence, during testing the 

maximum load applied was kept below the yield load. Several 

views of the model beam are shown in Figures 18 through 21. 

5.4. Discussion and Comparison of Results 

The results predicted by the mathematical solution 

and those obtained by experimental tests are shown in 

Figures 22 and 23. Additional results which were predicted 

by the mathematical solution but which were not measured 

in the experimental tests are shown in Figure 21*. Results 

obtained by elementary methods along with the predicted and 

experimental results are summarized in Table 6. All of the 

results shown are for a total applied load of 100 pounds. 

The predicted and experimental horizontal stresses 

at the top and bottom edges of the model beam for a single 

concentrated load at midspan and for a symmetrically placed 

two point loading are shown in Figures 22 and 23, respec

tively. The maximum values of the horizontal stresses and 

deflections as obtained from the modified solution, ex

perimental tests, and elementary solution are shown in 



Table 6. The percentage difference between the predicted 

and experimental values as well as the difference between 

the experimental and elementary values are also shown in 

Table 6. From Figures 22 and 23 it was noted that the 

correlation between the predicted and experimental results 

was very good. In fact, the differences between the pre

dicted and experimental maximum values were less than 3 

percent as shown in Table 6 for both loading conditions. 

In addition, from Table 6, it was seen that the maximum 

difference between the experimental and elementary maximum 

values was less than 9 percent for both loading conditions. 

This is not an excessive amount. Also shown in Table 6 

were the predicted and elementary shearing stresses. There 

was no difference between the two values. 

The predicted slip curves for the model beam under 

the two loading conditions are shown in Figure 24. The 

effect of the reaction location was neglected since the 

location of x/L was 0.0104 which is less than the value of 

x/L of 0.025. From Article 4.2 it was seen that for a re

action location of x/L equal 0.025 the effect on the slips 

was small. 



59 

2.00 

1.50 

03 
M 

» 1.00 
to 
0) 
u 
-p 
to 

0.50 

0 . 0 0  
0.00 1.00 2.00 3.00 4.00 5.00 

Strain, ln/in x 10~3 

Figure 17. Stress-Strain Curves for Epoxy Resin 

1 Later al 
M-0.2 1 

Axi Ell 

I  

I 
/ E 

1 

348,0 00 p8 t / 348,0 00 p8 



60 

Figure 18. Model Beam 
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Figure 19. Test Apparatus 
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Figure 20. Instrumentation of Model Beam 



Figure 21. Measuring Equipment 
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Figure 22. Comparison of Predicted and Experimental Results-
Single Load 
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TABLE 6 

COMPARISON OF MAXIMUM PREDICTED, EXPERIMENTAL, AND ELEMENTARY 
RESULTS OF MODEL BEAM 

Quantity (1) 
Predicted 
Results 

(2) 
Experimental 
Results 

(3) 
Elementary 
Results 

Percent Difference 
Type of 
Loading 

Quantity (1) 
Predicted 
Results 

(2) 
Experimental 
Results 

(3) 
Elementary 
Results 

Columns 
(1) and (2) 

Columns 
(2) and (3) 

Type of 
Loading 

o (steel) 
X 

0X(A1) 

v(bottom) 

Txy(epoxy) 

9320 psi 

5360 psi 

0.104 in 

98 psi 

9050 psi 

53^0 psi 

0.106 in 

8460 psi 

5190 psi 

0.100 in 

98 psi 

2.9 

0.4 

-1.9 

7.0 

2.9 

6.0 

Cone. 
Load at 
midspan 

o (steel) 
X 

0X(A1) 

v(bottom) 

Txy(epoxy) 

9320 psi 

5360 psi 

0.104 in 

98 psi 

8460 psi 

5190 psi 

0.100 in 

98 psi 

Cone. 
Load at 
midspan 

ox(steel) 

ox(Al) 

v(bottom) 

Txy(ep°xy) 

5530 psi 

3200 psi 

0.082 in 

98 psi 

5520 psi 

3240 psi 

0.084 in 

5080 psi 

3120 psi 

0.079 in 

98 psi 

0.2 

-1.3 

-2.7 

8.7 

3.8 

6.1 

Cone. 
Load at 
x/L=0.30 
and 0.70 

ox(steel) 

ox(Al) 

v(bottom) 

Txy(ep°xy) 

5530 psi 

3200 psi 

0.082 in 

98 psi 

5080 psi 

3120 psi 

0.079 in 

98 psi 

Cone. 
Load at 
x/L=0.30 
and 0.70 



Chapter 6 

SUMMARY 

6.1. Conclusions 

An elasticity solution to the multi-material plane 

stress problem was developed using a stress function for 

each material layer In the form of a product of two 

single Independent variable functions. The stress functions 

were selected such that the stresses and displacements 

determined from the stress functions satisfied the specified 

boundary conditions. The material layers were mathematically 

connected by equating the displacements and the vertical 

and shearing stresses at the interface between two adjacent 

material layers. The accuracy of the solution was checked 

by reducing the multi-material problem to a homogeneous 

problem and then comparing the results to those of the ex

isting solution to the uniformily loaded simply supported 

plane stress homogeneous problem. The agreement between the 

two solutions was very good. 

The central layer depths of the multi-material beams 

studied were small in comparison to the depths of the other 

material layers. It was shown that, for the examples 

studied, the slip magnitudes were very nearly a linear 

function of the central layer depths. The horizontal 
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stresses and the vertical displacements increased slightly, 

but not significantly, as the depth of the central layer 

increased. 

The location of the reactions for simply supported 

beams was shown to have a significant affect upon the shape 

of the slip curves as well as the slip magnitudes. It was 

also shown that for reaction locations of x/L equal to or 

less than 0.025, the reactions could be considered as 

acting at the extreme ends of the beam; however, for reaction 

locations of x/L greater than 0.025, the reactions had a 

pronounced affect upon the slip curves and slip magnitudes. 

The reaction locations caused larger slip magnitudes and 

shifted the slip curves in the direction of the reaction 

force. The horizontal stresses and vertical displacements 

were affected only in that the moments were changed by re

locating the reactions. 

Multi-material beams were examined in which the 

central layer modular ratio was widely varied while all other 

material properties and dimensions were held constant. An 

envelope to all slip curves in a particular beam was deter

mined by using a central layer modular ratio of the order 

of 10"5 for one bound and a central layer modular ratio of 

unity for the other bound. Slips at any point could be 

positive or negative, depending upon the central layer 
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modular ratio and the location of the applied loads. It was 

shown that for a large range of central layer modular ratios, 

the horizontal stresses and vertical displacements as pre

dicted by elementary formulas were sufficiently accurate. 

It was shown that the horizontal stresses and 

vertical displacements are affected by the central layer 

modular ratio and depth and the locations of the reactions 

and applied loads. In addition, it was shown that the 

elementary formulas for stresses and displacements are 

sufficiently accurate for a certain combination of the 

central layer modular ratio and depth. This combination was 

not determined except for a single case; however, the 

magnitudes of the end slips may be used as a guide to indi

cate when the elementary formulas may be used. The 

elementary formulas will be sufficiently accurate provided 

the end slips are zero or positive for beams with their 

reactions located very near the ends. 

The mathematical solution was derived on the basis 

of a plane state of stress; hence, this solution, when 

applied to composite T-beams, can only be an approximation. 

Despite this limitation, these studies on multi-material 

beams indicated that the mathematical solutions developed in 

this dissertation will give an .insight into the behavior 

of composite T-beams. 
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Tensile stresses were found to exist along the 

interface between two materials layers; however, the 

magnitudes were less than 70 psi for the yield load of the 

beam. This indicated that the normal tensile stresses do 

not become critical, if at all, until after yielding in the 

beam has begun. 

A model beam was constructed and tested. The ex

perimental results were then compared to the results pre

dicted by the mathematical solution. All comparable 

quantities obtained from the mathematical solution and the 

tests differed by less than 3 percent; thus verifying the 

validity of the mathematical solution. 

6.2. Future Work 

The mathematical solution to the plane stress multi-

material simply supported beam developed in this disser

tation may be used as a foundation in the development of 

solutions to a large number of problems. By extending and/or 

modifying the solution, a variety of problems may be solved. 

For example, by extending the solution to take the width 

of the beam into consideration, a more exact analysis of 

composite T-beams would be possible. Whenever a T-beain 

analysis has been developed, another extension of the 

solution would make the analysis of an I or wide flange 

section possible. 
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This solution may be used to solve multi-material 

simply supported beams in which one or more of the materials 

were within thfe yielding range. This could be done by 

introducing a stress-modulus of elasticity relationship 

and by assuming the moduli of elasticity constant over a 

stress increment. This solution may also be used for 

analyzing deep beam3 and thermo-elastic problems of one 

material. 



APPENDIX A 

FLOW DIAGRAM FOR COMPUTER PROGRAM 

Input Quantities 

READ: 

START 

Set 
x«0 

Cycles«(No.) 
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Set 
y *•—h 

Index IA«=0 

Set n»l,ox=0 
ov*0»Txv"°» 
u=0,v*0. 

Compute Coefficients 
of Boundary Condition 

Equations. 

y:t 
Compute (1) 

Compute (2) 
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n:Cycles 

n»n+l 

Compute (1) 

Compute (3) 

= T + T 
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y:t 

Compute (2) 

CX» Cy » 

*xy 

Compute (3) 

BX» Cy 

Print: 

IA-IA+1 

y»t y«c 

x:L/2 



APPENDIX B 

COMPUTER PROGRAM 

*** ENDEBROCK. 10R 5610 
* COMPILE FORTRAN, EXECUTE FORTRAN 

52 READ 88»61*tf2.63tEl»E2»E3»Ul»U2*U3*Hl»H2*H3»ESP 
88 FORMAT (8F10.0) 

X = 0. 
R1 = E1/E3 
R2 = E2/E3 
E = 2.718282 
PI = 3.141593 
PIL = PI/B1 
CYC = 35. 

2 Z = -HI 

IA ' = 0 

H = 1. 
STX = 0. 

STY = 0. 

TAX = 0. 

UUU = 0. 

VVV = 0. 
A = H*P I L 
T = A*H 1 
U = A*H2 
V = A*H3 
R = A*B2 
S = A*B 3 
X = A*Q 



0 = A*ESP 
Y * A*2 
SNX s = SINF(X) 
CSX : = COSF(X) 

SNHT e (E**T - l./E**T)/2. 
CSHT = (E**T + 1•/E **T)/2• 
SNHU = (E**U - l./E**U)/2. 
CSHU = (E**U + 1•/E**U)/2• 
SNHV = (E**V - l./E**V)/2» 
CSHV = (E**V + l./E**V)/2. 
SNHY = (E**Y - l./E**Y)/2. 

CSHY = (t **Y + l./E**Y)/2. 
AA = -SNHT - T*CSHT 
AB = CSHT + T *SNHT 
AC = A*CSHT 
AD = -A* SNHT 
AE = H1*SNHT 
AF = —HI*CSHT 
AG = -SNHT 
AH = CSHT 
AI = 2. 
AJ = -2•*R2 
AK = A*(1.+U2) -R2*A*(1.+U3) 
AL = 1 . 
AM = A 
AP = (-1.+U2) 
AO = A*(1•+U2) 
AR = -R2*(-1.+U3) 
AS = -R2*A*(1• +U3 ) 
AT = SNHU + U*CSHU 
AU = CSHU + U*SNHU 
AV = A*CSHU 
AW = -A*SNHU 
6B = H2*SNHU 
BC = H2*CSHU 
BD = SNHU 

—j 
co 



BE = -CSHU 
BJ = Rl*< 2«*CSHU + U*(l.+U3)*SNHU) 
BK * Rl*(2«*SNHU + U*(1.+U3)*CSHU) 
BL = R1*A*(l.+U3»*SNHU 
BM = -A*(1«+Ul)*CSHU 
BN = -A*(1»+Ul)*SNHU 
BO = -(2•*SNHU + U* (1. + U1>*CSHU) 
BP = — (2 •*CSHU + U*(1»+Ul)*SNHU) 
BQ = R1*A*(l.+U3)*CSHU 
BR = -R1*(U*(l.+U3)*CSHU + (-1.+U3)*SNHU) 
BS = -R1*(U*(1•+U3)*SNHU + {-1.+U3)*CSHU) 
BT = -R1*A*(1.+U3)*CSHU 
BU = A*(1.+U1)*SNHU 
BV = A*(1.+U1)*CSHU 
BW = U*(1.+U1)*SNHU + (-1•+U1)*CSHU 
BX = U*(1•+U1)*CSHU + (-1.+U1)*SNHU 
BY = -R1*A*(1.+U3)*5NHU 
BZ = A*SNHV 
CA = A*CSHV 
CB = CSHV + V*SNHV 
CC = SNHV + V*CSHV 
CD - CSHV 
CE = SNHV 
CF = H3»CSHV 
CG = H3*SNHV 
CH » (4./(A**3*B1))*(SINF(R) + SI NF {S ) ) *S I NF ( 0 ) 
DAA = l./(AQ*AL-AP*AM) 
DAB = 1 */(AQ*Ab-AC*AP) 
DAC = 1•/(AQ/AP -(AC*AE-AA*AG)/(AB*AE-AA*AF)} 
DA = (AR*AL + AL*AP)*DAA - AB*AR*OAB 
DB = (AS*AL + AM*AP)*DAA - A8*AS*DAB 
DC = -(AP*AJ*AA)/AI*DAB 
DD = AP* ( AD*AI -AK.*AA ) / A I *DAB 
DE = (AR*AL+AL*AP)*DAA-AR/AP*DAC 
DF = (AS*AL+AM*AP)*DAA-AS/AP*DAC ^ 
D6 = ((AD*AE-AH*AA)/(Ab*AE-AA*AF))*DAC 
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EHG = <DN*DM-DH*DS)*EHA 
EH = EHD - (DT*DJ-DH*DV)*EHB 
EI = EHE - (DT*0K-DH*DW)*EHB 
EJ = EHF - (DT*DL-DH*DX)*EHB 
EK = EHG - (DT*L>M-DH*DY)*EHB 
EL = EHD' - ( EA»UJ-DH*L)HG) *EHC 
EM = EHE' - {EA#DK.-DH*DHH) *EHC 
EN = EHF' -(EA*DL-DH*DHI)*EHC 
EO = EHG - (EA*DM-DH*E6)•EHC 
EP = EHD - CA/BZ 
EQ = EHE - CB/B2 
ER = EHF - CC/BZ 
ET = EHD - CE/CD 
EU = EHE - CF/CD 
E V = EHF - CG/CD 
EX = -CH/CD 
FAA = 1. /(EI*EL-EH*EMJ 
FAB = 1•/(EI*EP - EQ*EH) 
FAC • 1./{EI*ET-EH*EU) 
FAD = (El*EJ-EH*EN)*FAA 
FAE = (EL*EK-EH*EO)*FAA 
FA » FAD - (EP*EJ-EH*ER)*FAB 
FB = FAE-(EP*EK-EH*EHG)*FAB 
FC = FAD - (ET*EJ-EH*EV)*FAC 
FD = FAE-< E T*EK-EH*EHG)*FAC 
FE = EX*EH*FAC 
C21 = -(FA*FE)/(F8*FC-FA*FD) 
C14 = -(FB/FA)*C21 
C13 = -FAD*C14 - FAE*C21 
C12 = -(EI/EH)*C13 - (EJ/EH)*C14 - (EK/EH)*C21 
Cll = -EHD*C12 - EHE*C13 - EHF*C14 - EHG*C21 

OC32 » -(DI/DH)*C11 -(DJ/DH)*C12 -(DK/DH)*C13-(DL/DH)*C14 

1 -(dm/dh)*C21 
C33=-DHE*C32-DHF*C11-DHG*C12-DHH*C13-DHI*C14-DHJ*C21 
C22 = -(AR*AL+AL*APJ*DAA*C33-<AS*AL+AM*AP)*DAA*C32 

C23 =-(AQ/AP)*C22-(AR/AP)*C33-(AS/AP)*C32 



C34 =-(DA/DC)*C33-(D8/DC)*C32-(0D/0C)*C21 
C24 = —(AJ/AIJ *C34 - (AK/AI)*C21 
C31 =C21 
I F ( Z ) 25 »25 »34 

34 IF(Z-H2) 12*26.26 
250STRX = SNX*(C21*A**2*CSHY + C22*A**2*SNHY + C23*A*{2.*SNHY 

1 + Y*CSHY) + C24*A*(2«*CSHY + Y*SNHY)J 
STRY = -A**2*5NX*(C21*CSHY +C22*SNHY +C23*Z*CSHY + C24*Z*SNHY) 

OSHR = -A*CSX*(C21*A*SNHY+C2 2*A*CSHY+C2 3*(CSHY+Y*SNHY)+ C24*(SNHY 
1 +Y*CSHY)) 
GO TO 27 

260STRX = SNX*IC11*A*»2*CSHY +C12*A**2*SNHY + C13*A*(2.*SNHY 
1 +Y*CSHY) +C14*A*(2»*CSHY + Y*SNHY)) 
STRY = —A**2*SNX*(CI1*CSHY +C12*SNHY+ C13*Z*C5HY+Cl4*Z*SNHY) 

OSHR = —A*CSX*(C11*A*SNHY+C12*A*CSHY+Ci 3*(CSHY +Y*SNHY)+C14*(SNHY 
1 +Y*CSHY)) 

GO TO 28 
270UU=-CSX/E2*(C21*A*(1«+U2)*CSHY + A*C22*(1.+U2)*SNHY +C23*(2.*SNHY 

1 +Y*(1.+U2)*CSHY)+C24*(2«*CSHY+Y*(1.+U2)*SNHY)) 
OVV = -SNX/E2*(C21*A*(1,+U2)*SNHY+C22*A*(1.+U2)*CSHY +C23*(Y*SNHY 
1 *(1.+U2 ) + (-1•+U2)*CShY)+C24*(Y*(1.+U2)«CSHY+(-1.+U2)*SNHY)) 

GO TO 31 
280UU = -CSX/E1*(C11*A*<1.+U1)*CSHY+A*C12*(1.+U1)*SNHY+C13*(2.*SNHY 

1 +Y*(1•+U1)*CSHY)+C14*(2.*CSHY+Y*(1.+U1)*SNHY)) 
OVV =-SNX/El*lCll*A*<l.+Ul)*SNHY+C12*A*(l.+U1)*CSHY+Cl3#(Y*SNHY 

1 *(l.+Ul)+t-l.+Ul)*C5HY)+Cl4*(Y*11,+Ul)*CSHY+(-1.+U1)*SNHY)) 

GO TO 31 
12USTRX=SNX*(C31*A**2*CSHY+C32*A**2*SNHY+C33*A*(2.*SNHY+Y*CSHY) 

I +C34*A*(2.*CSHY+T*SNHY)) 
STRY=-A**2*SNX*(C31*CSHY+C3 2*SNHY+C33*Z*CSHY+C34*Z*SNHY) ^ 

OSHR=-A*CSX*(C31*A*SNHY+C32*A*C5HY + C 33*(CSKY+Y*SNHY)+C34*(SNHY ' 

1 +Y*CSHY ) ) 
GO TO 11 

110UU=-CSX/E3* <C3l*A*(l.+U3)*CSHY+A*C32*(1.+U3)*SNHY+C33*(2.*SNHY 
1 +Y*(1.+U3)*CSHY)+C34*(2.*CSHY+Y*(1.+U3)*SNHY)) 
OVV=-SNX/E3*<C31*A*< i.+U3)*SNHY+C32*A*U.+U3)*CSHY+C33*fY*SNHY 



83 

v 
x 
z. 
</> 
* 

cn 
+ 

+ 
>-
X 
10 
u 
* 
c\ =3 
+ 

>-
x 
< 

* 
>-

* 

ro 
U X 
+ — < — >- X •— 

X 
< 

>- x t-

» 
X »«•* 
h-
in « 
x — 

>- t- •— * •— •- * < < in 
r >/) <J0 rH i/> <n CM >- X f- t— • O 
<S) * • UJ * # UJ h- W— * * m rH 
u rH »-H \ rvj s ro > •-H •> 

* 73 3 O • * UJ h- UJ in 
•— 1 1 «•— | 1 —«• (O CO \ C>J sQ rH 

X > H X >- Csl o —«» <1- #> CL — •> 

D I— 1— ID •- Z> 1 1 A X V •> CM X rH > m ON 
+ LO JO + in wO + X > CO ££ ct a: »-H * > • * 

• —• • • H" r— ID t— X > •* oo o ^/) • > in a) 
i—i * * rH * * H cO CO + to lO i/) D > • CO r\j (NJ • H #. 

1 rH »-H •«— CM CNi w • 13 -I * Nl • o UJ r-
UJ UJ * UJ UJ * * • H + + • + ^ o og •> CO D (NJ rH ^ 

+ \ N • \ X • ro CO w + ro ro o u. d a. vD 
-«» • • (\J • • CM UJ UJ * X >- X > — og r—• + ^ • 

rH rH *—< iTi r-H H w m \ X • m h» h- < Z> > V • o •*-« c>  ̂r o u> • rg 
3 en co CO • • rg CO LO V) t— 3 > >  H n n CNI r- C\J < —' CVJ \ 
+ II II II H 11 II rH •-H «•* 15 U + X »- H- •—t \ <\j 
• o o O n 11 li O II M II II II 1 X o 1 H <( O O rH O o X 
H t— X > > H- X >- >- i- X >- >- 1— I K rsl rvj z s zs: H- I I  h l h  • H-•W •—4 HH X X X X >- X 3 > — II W •H oc ~ cr 1 CJ N 
* O H- >— < O K  h- < o H* 1— < o h- t- < D > U- o U. u. q c o q : o o < o h o  II o O </) to h- *S} h- O CO tO 1— l/> CQ 1— D > — x o M a u. a u- O MO N O N  e> M 
H 

o o CvJ rH rH CVJ to in O h- O tT\ r-
<M CO CO ro •4* 4- CO CO o r- rg 



GO TO 4 
8 Z = H2 

GO TO 4 
9 Z = (H2+H3)/2• 

GO TO A 
15 Z = H3 

GO TO 4 
10 IF(Q - 81/2.) 51,52.52 
51 Q = Q + 0.05*81 

GO TO 2 
END 

oo 



APPENDIX C 

EXAMPLE ELEMENTARY COMPUTATIONS 

Modulus of Elasticity 

Material A - 4.25x10"^ pel B 

Material B - neglected 

Material C - 30xl06 psl 

Modular Ratio 

E> /E|;-7.06 
C A 

Determination of Neutral Axis 

y»EAy/EA 

° - w 3  

Moment of Inertia 

I-I0+Ad2 

i- 1̂̂ 6?3 + (6) (1) (3-0.193)2+ {7*°6 

+ (2)(7.06)(1)(1+0.193)2 

1-90.08 

Stresses 

o^(Top)- "S. - = 0.1719M 

ox(Bottom)- - o.06i»5M 

t(Maximum)- V| . 

-0.1870V 
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Maximum Deflections 

Concentrated Load at Mldspan 

6= TOE I 
A 

Concentrated load symmetrically placed about mldspan. 

Distance between the reaction and the nearest applied 

load Is a. 

(3L2-*»a2) 
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