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ABSTRACT 

The initiation of cumulus clouds over mountainous 

terrain is investigated. A numerical model is developed 

and a photogrammetric study is made of the initiation of 

cumulus clouds over the Santa Catalina Mountains near Tuc

son , Arizona. 

The numerical study is constructed in two stages 

involving five cases. The first segment, which Includes 

Cases 1 and 2, is a numerical integration of the basic 

equations with the exclusion of all moisture variables. 

These cases are used to simulate mountain up3lope winds. 

The winds are initiated by an assumed potential tempera

ture change at the surface of a mountain 1km high with a 

45° slope. A level plain 2km long extends from the base 

of the mountain. Two cases are considered, one in a neu

tral environment, the seoond in a slightly stable environ

ment. A neutral environment leads to formation of a bub

ble which moves up and away from the slope. As the bubble 

rises above the ridge line, some similarities with previ

ous initial-bubble numerical studies are seen. A stable 

environment slows the development of the upslope winds and 

causes columnar shaped convection over the mountain slope. 

The results of the two cases are compared with each other, 

with previous numerical studies on isolated thermal 

x 
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bubbles and with a few observational studies on upslope 

winds. Pressure deviations for the model are computed and 

appear reasonable. Many of the features of the upslope 

wind are reproduced in the "dry" model. 

The second stage of the model includes moisture ef

fects in the basic equations. Changes at the mountain 

surface of both temperature and water vapor initiate the 

motion. Gases 3» 4 and 5 comprise the MmolstH model. 

Case 3 is Included to demonstrate the dynamic effect 

of water vapor in this model. The buoyancy effect of wa

ter vapor causes the motion to develop at a 20 per cent 

faster rate than in Case 2. A comparison of the results 

with observations of potential temperature and water vapor 

over the Santa Catalinas shows some similarities but indi

cates that the numerical model has eddy mixing effects 

that are too small. 

Case 4 is Included to model cloud initiation on a 

typical Tucson summer day with rain in the mountains. The 

environmental stability is greater than in any of the pre

vious cases. The effect is to slow the development of the 

slope winds and the development of the cloud. Cloud-inl-

tlatlon occurs after approximately two hours from the as

sumed initial equilibrium conditions. The cloud develop

ment extends over 20 to 30 minutes. A second stream func

tion center rising beneath the first Initiates a second 

growth surge in the cloud. The position of the stream 
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function center with respect to the cloud outline is cru

cial to the initial shape and evolution of the cloud. 

Oase 5 is included to show the effect of decreas

ing the mountain slope from 45° to approximately 26°. The 

mountain ridge is 300m lower than in the other cases. En

vironmental conditions are the same as those in Oase 3. 

The motion develops slightly slower, a cloud forming 100m 

lower and 9 minutes later (at 72 minutes) than in Case 3. 

The cloud develops faster than in Oase 4. 

The photographic study consists of the photogram-

metrlc analysis of 4 days of cumulus initiation over the 

Santa Catalinas. Charts of growth rates, cloud position 

and tracings of olouds over the mountain ridges are pre

sented. The environmental conditions, represented by Tuc

son radiosonde soundings, are related to the growth char

acteristics. The clouds form over the principal mountain 

ridges with their base topography in general agreement 

with the ridge topography on three of the four days. The 

ambient winds determine the position of the clouds with 

respect to the ridge line. The days with fairly strong 

winds show evidence of cloud formation in suspected lee-

waves. Wherever possible, the photographlo data are com

pared with the results of the numerical model. 



CHAPTER I 

INTRODUCTION 

The following dissertation represents an attempt 

to. give qualitative and quantitative explanations of the 

initiation of cumulus clouds over mountainous terrain. 

Tne investigation proceeds along two main lines: (1) the 

construction of a numerical model of the initiation of cu

mulus cloud over an ideally shaped mountain ridge in con

ditions of zero ambient wind flow and (2) the analysis of 

photograrametrlc data of the initial formation of cumulus 

clouds over the Santa Gatalina Mountains on four summer 

mornings. The numerical model provides results on mountain 

upslope winds as well as results on the formation of a cu

mulus cloud and so some space will be devoted to a discus

sion of the model's upslope winds and the extent to which 

these winds agree with existing theory and observations. 

Several papers in the past have dealt with convec

tion over mountainous terrain. Papers by Scorer (1955) 

and xHacJready (1955) were of a qualitative nature and 

seemed to be advancing the bubble theory of convection 

(Scorer and Ludlam, 1953) into the realm of upslope winds 

and cumulus convection over mountainous terrain. Scorer 

envisioned a boundary layer of air approximately 

1 
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1000 meters thick, over both plain and mountain, that was 

fed by thermals from the ground rising almost vertically 

into the air. Superimposed on this randomly occurring 

bubble-release from the hot earth surface was the general 

flow towards the mountains in the lower layers and away 

from the mountains in the upper layers. Thus, upward mo

tion existed over the slopes and downward motion over the 

plains, the entire circulation being driven by the differ

ence in temperature between the warm air layer over the 

slopes and the cooler air over the plains. 

A significant comment of Scorer's (1955) was: 

"There is, at present, no hope that it will be possible to 

predict by computations how the convection will develop 

during a day and the following evening." One result of 

the present research is the demonstration that there does 

seem to be some hope. 

The type of upslope motion imagined by Scorer con

flicted with that which Defant (1949) observed and discus

sed in the Compendium of Meteorology. Defant's observa

tions were made of upslope winds above a steep mountain 

slope in the Alps. He averaged several pilot balloon runs 

to show that winds increased rapidly above the slope to a 

maximum about 27 meters perpendicular to and above the 

slope. Upslope winds still existed 130 meters out from 

the slopes. No mention was made of thermals and it ap

pears that the upslope wind was a rather steady phenomenon, 
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although an averaging technique would certainly present 

smoothed results. 

In a later publication, Scorer (1956, p. 181) pre

sented a schematic diagram of upalope winds more in accord 

with the concept of a narrow, intense flow close to the 

slope and slowly subsiding air over the plains. This has 

also been substantiated by observations of Thyer and Buet-

tner (1962). 

Several papers reported on airplane observations 

of convection over heated areas. Malleus (1955) presented 

data on the effect which a heated island, Puerto Rico, has 

on the northeast trade winds. The mountains of Puerto 

Rico rise approximately 1 kilometer above sea level at 

their highest point and the airflow over the land mass may 

approximate airflow over mountain ranges surrounded by 

flat land. Unfortunately, MalJcus1 data refer to areas 

away from the main mountain convection center, and the 

convection is not as Intense as the present numerical 

model would suggest. Her deduction of vertical velocity 

shows a large convection cell, caused by the heated island, 

superimposed on the trade wind regime. Upslope winds were 

not Indicated as being confined to a narrow region near , 

the slope, but no observations were conducted near the 

slopes. 

Vul'fson (1956), Silverman (I960) and Braham and 

JDraginis (i960) gave the most detailed airplane 
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observations of convection over mountainous terrain. In 

these studies potential temperature and mixing ratio were 

measured at several elevations over a mountain range. The 

development of the convection with time was noted by com

paring mountain traverses made throughout the day. 

Vul'fson totaled the number of updrafts, and found them to 

be more numerous and larger over the mountain ranges than 

over the valley. He also found lower cloud bases over the 

lower mountain elevations but higher bases over the val

ley, as well as over the higher mountains. This contrast

ed with some of MacOready's observations (1955) that sug

gested the rule: the lower the source, the lower the cloud 

base. 

Braham and Eraglnis ( i 9 6 0 )  analysed potential 

temperature and mixing ratio fields over the Santa Cata-

llna Mountains near Tucson, Arizona, on a single morning 

in August, 1956. Oonvectlve cores first appeared 3 hours 

after sunrise at the 10,000 foot level (the lowest level 

analysed) approximately 1000 feet above the mountain 
* 

ridge. They occur over the high points of the mountains 

and are two to three kilometers wide. These convective 

cores are characterized by low potential temperatures, 

high mixing ratios, and low virtual temperatures, suggest

ing that the air had been forced above its buoyancy equi

librium level. In all cases the water vapor content of 



the air contributed substantially to the total buoyancy 

of the air. 

The above studies attempted to Isolate the effect 

of an elevated heat source on atmospheric convection. To 

supplement this work, it appears that a numerical model 

might be useful. The development of the model to include 

the Initial formation of cumulus clouds provides another 

basis of comparison with nature since observation of this 

cloud-initiation may be made. Inasmuch as the literature 

presents very little quantitative information on cumulus 

initiation over mountainous terrain, a chapter of this 

dissertation is devoted to results of photogrammetrlc ob

servations of the initiation of cumulus clouds over the 

Santa Catalina Mountains on four summer mornings. 



CHAPTER II 

DERIVATION OF EQUATIONS 

The equations of this model are quite similar to 

those of Ogura (1962, 1963) which are an application of 

the theory of shallow convection in the atmosphere (Ogura 

and Phillips, 1962). Others have applied the theory, no

tably Sasaki (1963) and Litschgi (1963). The features of 

the present research not present in previous work are the 

treatment of a lower boundary to simulate a mountain-plain 

surface and the addition of a water vapor buoyancy term in 

the third equation of motion. This water vapor buoyancy 

term will be shown to have an Important influence on the 

motion in a problem, such as this one, which begins from 

an equilibrium state. 

The derivation of the hydrodynamic equations fol

lows a less rigorous tack than that used by Ogura and 

Phillips but leads to the Identical form of the equations 

used by Ogura (1962, 1963), excepting the water vapor 

terms. The inclusion of water vapor in Ogura and Phillips' 

theory of deep and shallow convection by using their power 

series expansion technique has difficulties that I have 

not overcome* mainly due to the fact that the water vapor 

deviations are in no way linked to the temperature 

6 
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deviations. In fact, convection, albeit small, could be 

initiated solely by water vapor differences. This point 

will be made clearer after the derivation of the model's 

third equation of motion. 

The basic equations are the first and third equa

tions of motion, the equation of state for a mixture of 

dry air and water vapor, and the definition of potential 

temperature. 

du = -1 dv + i\ (2.1 ) 
dt p "Jx 

lit = ri -s -ĝ  +? (2.2) 
It p c)t z 

p = p RT (1 + r/m) (2.3) 
' 1 + r 

©=X(P/p)* = TTT"1 (2.A) 

where u, w are the x- and z- components of velocity, p is 

density, p is pressure, g is the acceleration of gravity, 

Jl is the liquid-water mixing ratio, i.e., the liquid wa

ter content of the air, r is the water-vapor mixing ratio, 

&x and Fz are frictional accelerations, R is the gas con

stant for dry air, m is the ratio of the molecule weights 

of water and dry air, 0 is potential temperature, T is 

temperature, P is a reference pressure at the base of the 

numerical grid, and K = R/cp where Cp is the specific 

heat for dry air at constant pressure, and TT =(p/P) 
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The equation of prime interest is the third equa

tion of motion, (2.2). The technique of the derivation 

will be illustrated using this equation. The extension to 

(2.1) will then be obvious. 

First, density is eliminated from (2.2) by the use 

of (2.3) and (2.4), giving the result 

dw = -Qc (1 +£r) art -g -gJ? +J_. (2.5) 
It p dz z  

In the above, the term (1+r/m) / (1+r) has been 

approximated by 1+£r where 2 = (l/m -1) = 0.608. 

The aim of the derivation is to put (2.5) into a 

form exhibiting the effects of small deviations of poten

tial temperature, pressure and water vapor on the vertical 

acceleration. To accomplish this, the variables 0, p, p , 

1T and r are written as the sum of a reference-state equi

librium value and a deviation from this reference state. 

These are deviations from a reference adlabatlc atmosphere 

of potential temperature 0 . Thus, 

© = © + ©', 

p = p(z) + p', 

p = p(z) + p', 

TT = RR(z) + rr', 

r = r(z) + r1, 

= J? . 

where the barred quantities p, have values which are 

consistent with the reference adlabatlc atmosphere. They 
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are functions of z alone. The quantity r(z) gives the 

initial water vapor content of the model's atmosphere. 

The quantity jl is considered a deviation from the zero 

state and becomes non-zero only after condensation occurs. 

If 0' has an initial distribution with height, then p', 

p', and rr' must be non-zero functions of z alone so that 

initial equilibrium conditions (no motion) are maintained. 

In the above, all the primed quantities except r1 

are considered to be at least one order of magnitude small

er than the corresponding reference-state values. The de

viation r' of water vapor may be of the same order of 

magnitude as r. This large water vapor deviation occurs 

frequently in the atmosphere and is responsible for the 

major part of the buoyancy of rising cumulus clouds in 

some situations. The latter point will be discussed be

low. 

Next, the above values are substituted into (2.5) 

and products of deviations or of deviations and deriva

tives of deviations are neglected«wlth the exception of 

product terms involving rf and any other deviation quanti

ty. The result is 

dw = - ® cp(1+Er) ,^TT! + |'g 

+£r'g -g^ +0'gEr* + F . (2.6) 
G 

This next-to-last term on the right side of (2.6) is two 
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orders of magnitude smaller than the other terms and is 

neglected in this study. The form of Fz will be given 

later. 

The above derivation used the result that 
mm 0mm ^ 

c*tt / d z ~ ( d/b z)(p" / P) . This approximation neg-

— X «1 
lects terms such as "X. (p/P) p1/? plus higher order 

terms in the expansion of ft = £(p + p')/ iQ . With 

results indicating maximum pressure deviations of about 

0.4 of a millibar, the latter approximation is consistent 

with other approximations in the derivation. 

.Equation (2.6) states that vertical accelerations 

occur because of deviations of pressure, temperature, wa

ter vapor and liquid water from a reference-state of equi

librium. The largest buoyancy term caused by water vapor 

deviations is the term Er'g. This term, which is com

pletely Independent of 0', allows for vertical accelera

tions due to a deviation in water vapor alone. That the 

buoyancy effect of water vapor may be significant is im

plied in much previous work concerned with the role of 

moisture in tropical cumuli. Malkus (1954) Indicated a 

virtual temperature buoyancy effect of 0.50 due to water 

vapor excesses near the bases of tropical cumuli. Telford 

and Warner (1963) Indicated deviations of wet-bulb tem

peratures in measurements over the ocean that suggest 

considerable buoyancy effect in moist parcels of air. The 
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virtual temperature of an air parcel is 10 higher than the 

actual temperature of the parcel for every 6 gm lcg"^ ex

cess in water vapor of the parcel over the environment. 

Thus, there is little doubt that the buoyancy effect of 

water vapor can be Important in the dynamics of moist con

vection, However, no water vapor buoyancy term was in

cluded in Ogura and Phillips' paper (1962), since they 

applied their analysis to the case of a dry atmosphere. 

It will be useful, for reference purposes, to 

write down Ogura and Phillips1 third equation of motion. 

The dimensional form of the equation is 

dw = -Op © fofTi + S € ©T 
Ht p d z 1 

=  ~ c n  ©  +  g  0 *  
P  dz § (2.7) 

where 

€ TT, = TT* qc. pressure deviation from that in an 

adiabatlc atmosphere, 

€ 0* Q = ©' = potential temperature deviation 

from that in an adiabatlc atmos

phere. 

For shallow convection the last form of (2.7) holds with 

the definitions 

€ ^ *nu = tt 1 « pressure deviation from that in an 

adiabatlc atmosphere, 

€0*0 © = ©' = temperature deviation from that in 

an adiabatlc. atmosphere. 
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In the above, single-subscripted variables are terms in 

the expansion in € of the non-dimensional variables and 

double-subscripted variables involve an additional expan

sion in $ of the variables, e.g.; 

„ # - * -2 * w* = w5 + € wj + € "2 + 

# a * w , o * = ^oo * ̂ 01 •••• + € w10 + t v W| j + •••• 

where the above variable is the non-dimensional vertical 

velocity. In Ogura and Phillips' paper (1962) € is the 

relative variation of potential temperature from © of 

the reference atmosphere and £ is the quotient of the 

depth d over which the convection is occurring divided by 

the depth H of a dry adlabatlc atmosphere, i.e., 

€ = ^0 / © 

9 = d / H . 

For shallow convection e and $ are equal to or less than 

one tenth, and H is approximately 30 kilometers. 

It can be seen that (2.6) without the water vapor, 

liquid water and frictlonal acceleration terms is the same 

as (2.7). 

An assumption of the present model is that results 

of Ogura and Phillips (1962) for shallow convection may be 
s 

applied in this model, i.e., the interpretation of 0* and 

rr' (as given above), the treatment of latent heat effects, 

and the continuity equation for an Incompressible fluid 

may all be used in this present numerical model. The as

sumption of incompressiblllty eliminates sound waves and 
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allows longer time steps to be used in the numerical inte

gration. Ogura and Phillips (1962) showed that lncora-

pressibillty was a feature of their shallow convection 

equations, but this incompressibillty will only hold rig

orously in a dry atmosphere. Substituting the equation of 

state for a mixture of dry air and water vapor for Ogura 

and Phillips1 equation of state for dry air shows only a 

small affect of the water vapor on the form of the conti

nuity equation for deep and shallow convection. An unde

termined effect is present, though, when condensation 

occurs and dO/dt is no longer equal to zero, which is 

needed in the derivation of the continuity equation. This 

difficulty emphasizes the Inconsistency of describing la

tent heat effects on moist oonvectlon while using hydrody-

namic equations derived for a dry atmosphere, as Ogura and 

Phillips (1962) and Ogura (1963) have done. The introduc

tion of a water vapor buoyancy term into the problem of 

shallow convection thus loses some of the rigor character

istic of Ogura and Phillips' treatment, but does add a 

realistic effect. 

Condensation occurs in the present numerical model 

only after the motion has developed for some time. The 

incompressibillty assumption seems quite good for the ma

jor portion of the Integration time, but has an undeter

mined effect in the later cloud-growth stage. 
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To complete the set of equations, Eq. (2.1) Is 

subjected to the same perturbation technique as (2.2). 

The result la 

du = - © c (1+Br) fo' + F . (2.8) 
at ox 

Also, the continuity equation for an Incompressible fluid 

Is used: 

dU + aw = 0 . (2.9) 
ox 

For the dry case the final equation Is one for the rate of 

change of potential temperature, 

d©' = K, V2 ©' (2.10) 
TT h 

where Is the eddy diffusion heat coefficient. In the 

numerical model, and Fz are assumed to be of the form 

= Km v2 u. 

pz = V2 ». 

where Km Is the eddy coefficient for momentum, assumed 

equal to K^. Equations (2.6) (with r, r', and X all set 

equal to zero), (2.8), (2.9), and (2.10) complete the set 

of equations for the dry case. The dependent variables 

are u, w, and ©'. In the dry case ©' Is Interpreted 

as a potential-temperature deviation. The boundary values 

and computational procedures needed to solve the equations 

are discussed in Chapter III. 

•For the moist case. Eqs. (2.6), (2.8), and (2.9) 

are used, but other equations are needed to describe the 
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effects of the release of latent heat. Most of the proce

dure used by Ogura (1963) is adapted for this cumulus-ini-

tlation problem and is outlined below. 

In place of (2.10) an equation for the change of 

a quantity which is proportional to the specific en

tropy, is used, i.e., 

dtf' = KhV2<p ' (2.11 ) 

where 

<p1 = + L_r for unsaturated air, 
c T p 00 

or (2.12) 

CD* - O1 + ^ rs 
"BT CpT00 for saturated air. 

In shallow convection X00 may be equal to © and is a 

constant reference temperature at the base of the model 

atmosphere. Also, ©' is the temperature deviation from 

temperature in an adiabatic atmosphere of constant poten

tial temperature (0) , L is the latent heat of vaporization 

and Cp is the specific heat at constant pressure. 

The quantity <y% to order € 1b derived in the 

following manner. First, specific entropy for a mixture 

of dry air and water vapor may be written as 

& =s const + c In© + Lr 
I P P̂""" 

const + cp In (1 + € 0*Q) + Lr 
Too 

= const + c_e ©*q + It • 
F 7TT— 

L00 
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In the above, 

0* — 1 + • . • • = 1 + fc 0^q + + . » . . 

T — T0 + ^ j + •••• + ^oo + ^ ®01 + <"^®10 + •••• 

and only terms of order c. or lower are retained. Here, 

the ©*'s are non-dimensional and of order unity but the 

l's are absolute temperatures. The constant in the above 

equation way be set equal to zero since, in the final 

analysis, we are only interested in deviations from an 

initial arbitrary state. Dividing by Cp gives (2.12) when 

0: 1 is identified with <1 /cp. 

An additional equation is now needed for the water 

variables in the problem. An appropriate equation is 

da = *wV2q (2.13) 

where 

q = r + X , 

and ILy is the eddy diffusion coefficient for water vapor. 

All the K.fs are equivalent in the numerical work. Equa

tion (2.13) states that the total water content of a par

cel may only change through eddy dlffuslonal processes. 

In (2.12), rs is given as a function of TQ by 

H es(T0) L ©• 
rs = exp , (2.14) 

rvP (tt)1^ Rv e2 

where Ry is the gas constant for water vapor and eg(XQ) is 
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the saturation vapor pressure as a function of tempera

ture. When T00 = © , TQ = ® - (g/cp) z. The (7T)1/* 

factor in the denominator of (2.1 A) was omitted in Ogura's 

1963 paper but I have retained it to permit use of realis

tic water vapor distributions In the numerical model. 

Without the factor, realistic initial distributions of 

temperature and water vapor may give spurious condensation, 

particularly near the top of the grid. Ogura's (1963) use 

of relative humidities to specify the moisture field elim

inated this problem in his study. 

In the above, 

"? f=1  -  gz / c p ®,  

where z is height. The saturation vapor pressure es(TQ) 

Is computed from 

es(T0) = 6.11 x 1o7*5(T0-273)/(T0-36) # 

Equations (2.6), (2.8), (2.9), (2.11), (2.12), 

(2.13)» and (2.14) are the basic equations of the moist 

model, once r (z) is specified. The dependent variables 

are u, w, n'» <p*» ©'» r or r', and Jl . The initial con

ditions and boundary conditions needed to solve the set of 

equations and the computational procedure used will be 

discussed in Chapter III. 



CHApra:* HI 

THJ2 NUMERICAL STUDY 

Ihe numerical model was developed in two stages; 

the first stage involved solving the pertinent equations 

without considering any moisture effects. Ihis "dry" mod-

el ^ave results on mountain upslope winds. Ihe second 

sta^e involved solving the pertinent equations with the 

addition of moisture effects to allow the simulation of 

the initiation of cumulus cloud over mountainous terrain. 

Ihe moisture effects on the mountain upslope winds were 

also noted in this "moist" model. 

Ihe Dry Model 

Ihe main purpose of this section is to present 

results of a numerical study of upslope winds caused by 

the heating of a mountain slope. Ihis model represents 

intermediate results in the study of tne formation of cu

mulus clouds over mountainous terrain. The mountains 

affect the formation in at least two important ways. As 

a high-level heat source they cause motion upward along 

the slope and above the mountain ridges, and as a barrier 

to the ambient wind flow they cause the air to rise while 

crossing the mountains. The barrier effect is neglected 

18 
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in this study, which may be justified in some situations. 

Braham and Draginis (I960) and Silverman (i960) have pre

sented observational data on the formation of convectlve 

currents over the Santa Jatalina Mountains near Tucson, 

Arizona; Braharn and Draginls, in particular, concluded 

froia the observations that the orographic lifting effect 

of these mountains is small, approximately 1000 feet in 

winds of 10 knots. These are isolated mountains and it is 

thought that the winds travel around the mountains rather 

than rise over them in many situations. Thus, the study 

of the upslope winds as caused by slope heating with zero 

ambient wind flow is a simplification, but, I think, close 

enough to the actual situation to warrant a numerical 

study, 

A second purpose is to study the characteristics 

of a possible heat source for numerical experiments such 

as those by Malleus and Witt (1959), Ogura (1962) and Lilly 

(1962). In those experiments an initial temperature per

turbation was specified in an initially still atmosphere, 

without specific discussion of the origin of the thermal 

perturbation Itself. The perturbation created a buoyancy 

force which resulted in motion of the fluid. This motion 
* 

was determined by numerical methods. The credibility of 

the numerical experiments of Ogura and Lilly was Judged by 

comparison with theoretical and laboratory results on mo

tion of dense fluids in less dense fluids (Scorer, 1957, 
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and Richards, 1963). Heating of a mountain slope could 

constitute a source for the type of temperature perturba

tions analysed in such numerical studies. The continuing 

temperature change at the surface would also add a feature 

not present in these studies. Indeed, Malkus and Witt 

wondered how a continuing heat source would change their 

results. 

Ogura (1963) added a continuing internal heat 

source to the problem in the form of release of latent 

heat. A significant result of his study was the columnar 

structure of the clouds formed. The continuous temperature 

change at the surface of the present model will be exam

ined for its effect on the shape of the convective motion. 

Lastly, Thyer and Buettner (1962) have analysed 

upslope winds as part of their numerical study of moun-

tain-valley winds. However, their numerical integrations 

were extended to final times of only two minutes because 

of computational instability difficulties. Their report 

came to the author's attention after the model of the 

present paper had been developed and Integrated to one and 

a half hours of model time. The longer time development 

of the slope winds studied in the present work makes re

sults more informative and offers useful illustration of 

satisfactory computing techniques for such problems. 

Also, the V-shaped mountain-valley profile of Thyer and 

Buettner's paper and the mountain-and-plaln profile of 
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tills model offer contrast In geometry and the early re

sults of both models may be compared for the effect of 

this geometry difference. 

Computational Procedure 

•SQuatlone.— A vorticlty equation is used in 

place of the equations of motion. It is derived by cross-

differentiating (2.6) and (2.8) (with all moisture variables 

equal to zero) to eliminate IT1. The result is 

V-/ = -V 'V n. + g + K V2>L . (3.1) 
<) t jj ^x 

The continuity equation (2.9) and the thermodynamic energy 

equation (2.10) complete the system of equations. The 

vorticlty '>'1 is related to the velocities, u and w, by 

\ w - A u • 
J X v* z 

Since the flow is assumed to be incompressible, u and w 

may be represented by gradients of a stream function, i.e., 

u = - 4* » w = a ir . 
J Z J X 

Thus, we may write 

v 2 y  =  r l  .  (3 . 2 )  

JSquationB (3.1), (3.2), and (2.10) with their appropriate 

boundary conditions (to be discussed) and the auxiliary 

equations for u and w were solved numerically. In the 

numerical study all total derivatives are expanded into 
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local and advectlve terms, i.e., d( )/dt = d( )/6t 
+ V*V( ). Thus an JSulerian representation is used. 

In these equations, V is a two dimensional veloc

ity with u component in the x-direction, w in the z-dlrec-

tion; V is the stream function; K is the eddy coefficient 

for both heat and momentum, and V2 is the two dimensional 

Laplaclan, d2( )/dx2 + «>2( )/dz2. All y-derivatives 

are assumed zero. The mountain ridge is infinite in the 

y-direction. 

Grid and Boundary Conditions.— The grid used is 

illustrated in the plotted results, where, it should be 

noted, the full grid is illustrated only when the analysed 

field requires it. The lower surface of the grid consists 

of a mountain 1 km high and a level plain 2 km long. The 

mountain slope is 45°, a relatively steep slope, but pro

gramming is considerably easier for that particular slope, 

Inasmuch as the mountain is an equal distance from hori

zontal and vertical grid points and only one grid Interval 

has to be considered when computing derivatives. The 

slope angle is changed in one case in the moist model. 

The height of the volume of integration is 5 km. There 

are 906 grid points, separated by 100 meters in the x- and 

z-directlons. Reflective symmetry about the vertical 

plane through the ridge-line is assumed so that the solu

tion in the right half-plane is mirrored in the left half. 
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The stream function and vortlclty are set equal to 

zero along all boundaries and on the symmetry axis, I.e., 

¥ =f\= 0 at x = 0 and 3 1cm, z = 0 and 3 1cm. 

The stream function Is determined only at Interior points 

of the grid; hence only vortlcltles at Interior points are 

critical. To be sure, vortlcltles at the lower grid points 

may affect the vortlcltles one grid Interval Into the In

terior, through advectlve and turbulence terms, but there 

Is some Indication that these boundary values of vortlclty 

are not crucial to the solution of the problem. Kalkus 

and ifiltt (1959) found their results to be rather Insensi

tive to their several assumptions regarding lower-boundary 

values of vortlclty and velocity. 

Normal velocities at the boundary are assumed 

zero ,  i . e . ,  

w = 0 at z = 0 and z = 3 1cm, 

u = 0 at x = 0 and x = 3 km. 

Tangential velocities are allowed along the lower surface 

(both mountain slope and level plain), lateral boundaries, 

and center axis. The tangential velocities are obtained 

by taking centered differences of the stream function at 

right vertical boundary and axis, using symmetry prop

erties of the model. Along the lower surface, tangential 

velocities are obtained from non-centered differences of 

the stream function. These velocities lead to advectlve 

cooling or warming along the surface, although the changes 



of potential temperature along the plain are such as to 

create no horizontal gradient of potential temperature; 

hence no advectlon occurs. 

Boundary conditions for the potential temperature 

deviation are: 

©' = constant at z = 3 km, 

©' = 0*(z) + (7-4z)°C sin TT X along the slope and 
12 plain 

where ©'(z) is the initial potential temperature stratifi

cation (to be specified later), X is time In hours, and 

z is height in kilometers. The potential temperature de

viation is kept constant along the top boundary and is 

computed along the vertical boundaries and axis using sym

metry conditions of the model. The potential temperature 

change at the surface is the key to the motion and is ar

bitrarily specified in this model. The technique is much 

like that used in Fisher's paper (1961) on the sea 

breeze. The diurnal potential temperature change at the 

surface is the driving agent for the motion. A potential 

temperature change at the mountain slope creates a non

zero horizontal potential temperature gradient which in 

turn creates vorticity, leading to motion in the fluid. 

An early version of this present model (not re

produced here) had this potential temperature change 

applied at the earth's surface, which coincided with the 

slope and plain grid points, and allowed no motion of the 
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air at the surface. This model gave physically unrealis

tic results, as motion in a stable environment developed 

more rapidly than motion in an unstable one. Ihis occur

red because the air moving up the slope cooled adlabat-

ically, increasing the horizontal potential temperature 

difference between surface and adjacent air. Just the op

posite effect would have occurred in an unstable atmos

phere; the horizontal potential temperature gradient would 

have decreased and motion would have developed more slowly. 

Ihis early model made it abundantly clear that any air 

that warmed and created vorticity through horizontal po

tential temperature gradients must be allowed to partici

pate in the motion. Ihe conflict between adlabatlc cool

ing (in a stable atmosphere with upslope motion) and non-

adlabatic warming from the heated surface must be modeled 

if realistic results are to be obtained. 

In order to do this, I turned to the following 

method — again closely paralleling Fisher (1961). Fig

ure 3.1 is a curve of the upslope wind as taken from 

Fig. 9 of Defant's paper (194-9). This curve Is an average 

of several pilot balloon runs through upslope winds along 

a 42° slope in the Alps. The upslope wind decreases down-
* 

wards below 30 meters above the slope and the speed at tO 

meters is close to the speed at 100 meters. It is postu

lated in the present mountain model that the observed po

tential temperature change occurs within a meter or so of 
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*"lg. 3.1.--^urve of Up3lope rfind speeds vs. 
Height Normal To Slope. Taken from Defant (19^9). 

the earth's surface where the winds are very light (as

sumed zero in the model). This potential temperature 

change is then propagated upwards via a Ficklan diffusion 

term, to the lowest grid points of the model, which are 

situated at 10 meters above the surface. The air at these 
I 

lowest grid points is allowed to move parallel to the sur

face with a speed obtained by non-centered differencing of 
/ 

the stream function. This upslope drift allows advective 

cooling, so both advective cooling and turbulent heating 

at these lowest boundary grid points will occur in this 

model. Results of the integration show wind speeds at the 

lower grid points slightly in excess of those at 100 me

ters, and so the qualitative features of the wind profile 

' in Fig. 3-1 are maintained. The grid mesh is not fine 
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enough to pick out the maximum at 30 meters and it remains 

for future studies to describe the finer details of the 

motion. 

Another significant feature of Fig. 3.1 is wind 

speeds of better than 2 m sec"1 at 130 meters. The trend 

to lower speeds has stopped with some indication of in

creasing upslope winds above 130 meters. One of the re

sults of the numerical study is to show how extensive the 

upslope wind is for this model. 

The potential temperature change along the surface 

is talcen from results reported in Geiger (1957)» concern

ing the diurnal trend of temperature in mountainous ter

rain. The amplitude of the diurnal variation of the plain 

temperature is greater than that of the slope temperature; 

the summit has the smallest diurnal change. Consequently, 

in this model, a sinusoidal potential temperature change 

is postulated at the surface with a period of 24 hours and 

an amplitude of 7°0 along the level plain, decreasing lin

early to 3°3 at the summit. These potential temperature 

changes appear reasonable when compared with temperature 

curves obtained from Mount Bigelow in the Santa Oatalinas 

during summer research by the Institute of Atmospheric 

Physics. 

At the initial time the fluid is at rest and no 

horizontal potential temperature gradients exist. Motion 

begins when the potential temperature at the earth's 
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surface increases and this change is transmitted to the 

lower boundary grid points via the diffusion therm. Sub

sequently both diffusion and advectlon affect the poten

tial temperature at these lowest grid points. 

The diffusion and advectlon computations at the 

lower grid points can be explained by reference to Figs. 

2.2a dnd 3.2b. For diffusion of a quantity tp at a slope 

grid point (see Fig. 3.2a) it is assumed that 

'•» 1^2 o • 

cp 3 U> 4 • 

Diffusion = KV2v/j a: .  2K(  < '^ 4 - ) /h 2  .  

For advectlon of a quantity tip at a slope point (see Fig. 

3 .2b) ,  

Advectlon = - V - 7 r = - v3( $ & )/( ^ s). 

= i( +v * L( +„)/( rs Hjj 
=i(w', + 4- 3) (4, - a 0) / h2 , 

where V is the stream function, s is distance, considered 

positive, up the slope, and the other quantities are given 

in the figures. Fig. 3.1 gives some justification for us

ing non-centered differencing for wind speeds at the slope 

grid points* 

JSddy Coefficients.—The eddy coefficients used in 

this study were chosen in the same way as in some of the 

previous works (Malkus and tfltt, 1959* and Ogura, 1963)* 

The grid size is taken to approximate the horizontal 

scale, L, of the eddies and is used in Richardson's 
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hsIOmetert  

(  a)  DIFFUSION 

H=IOOmeters 

(b)  ADVECTION 

Fig. 3.2.—Schematic Diagrams of Quantities Used 
in Diffusion and JLdvection Calculations 

Quantities used in diffusion calculations are shown in 
(a); quantities used in advection calculations are shown 
in (bj. Note that actual grid points are Identified with 
0 -symbol. 
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4/3 empirical formula, K. = 0.2 L ' , to obtain K. In the pre

vious studies this has led to turbulent eddy effects which 

were quite small and one might conceivably neglect them. 

However, these earlier studies began with a sizeable per

turbation that developed motion quite rapidly; consequently 

the advective terms were quickly predominant. The present 

model allows the temperature perturbation to increase from 

zero, hence the diffusion terras would be Important for a 

larger fraction of the model's development time. Also, a 

turbulent exchange term is the link between the earth's 

surface and the lowest grid points so a non-zero K must 
P  1  be used there. The values of K were 4 m sec" for the 

100 meter interval and 0.2 m2 sec"1 for the K of the 10 

meter interval in the surface transfer term. Further com

ments on the applicability of these K-values will be made 

in the results section of the moist model. 

Numerical Technioue.--Originally, the equations 

were written in the flux form and programmed for solution 

by the Lax-rfendroff method (Richtmyer, 1962, and Lax and 

im'endroff, I960). Very irregular patterns developed almost 

immediately in the potential temperature field and hence 

in all the other fields. The difficulty was most pro

nounced when the equations were solved in a neutral envi

ronment. Here impossible negative potential temperature 

deviations occurred in bands running parallel to the 



mountain surface. This difficulty was traced to the ad-

vective terms, where centered space differences were used 

in a field of large potential temperature gradients adja

cent to the mountain surface. Fisher (1961) mentions 

similar problems with the contrast between water and land 

temperatures. The difficulty in the present model was 

not corrected until the flux form of the equations (ob

tained by use of the continuity equation so that the ad-

vec t ive  t erms  take  the  form ^(ug>) /<Jx  +  d (w<p) /dz ,  

for an arbitrary variable <p ) and the Lax-Wendroff method 

were discarded and upstream differencing used. Upstream 

differencing with the flux form of the equations was good 

to 18 minutes integration time, when negative potential 

temperature deviation occurred In an area of sharp turning 

o f  the  s t reaml ines .  Only  the  advec t lve  form o f  iSqs .  ( 3 .1 )  

and (2.10) and upstream differencing gave a physically 

reasonable potential temperature field. It is of interest 

to note that cool pockets at the trough in Thyer and Buet-

tner's work (1962) look very much like patterns in some of 

the early versions of this dissertation's model. It 

appears that upstream differencing is one reasonable way 

to alleviate the unrealistic advectlve patterns caused by 

centered differences in regions of strong potential tem

perature gradients and in regions of rapid stream 



function variations. Another method that should work is 

Arakawa's scheme (illustrated by Lilly, 1964) which may 

have the additional advantage of strict conservation of 

energy for numerical models such as this one. 

Thus, experimentation led to the final choice of 

upstream differencing. Forward time-differences were 

used. The time Increment was 30 seconds in Case 1 until 

30 minutes integration time, and 15 seconds thereafter, 

when the motions were quite strong. Case 2 used 30 second 

time intervals throughout. The only other difference be

tween Cases 1 and 2 la in the environmental stability. 

Case 1 has a neutral environment, Case 2 a potential tem

perature increase of 1°C km*1, a value deemed appropriate 

to the conditions of the atmosphere over the Santa Cata-

l i n a s  d u r i n g  B r a h a m  a n d  D r a g i n i s 1  s t u d y  ( i 9 6 0 ) .  

Relaxation Solution of .—The accelerated 

Llebmann relaxation method (Frankel, 1950) was used to 

solve for the stream function. The finite difference 

form of (3*2) at any particular time step is 

V 2 Y  =  V ( I + 1 , J ) +  < f ( I - 1  , J ) +  4 > ( I , J + 2 ) +  ^ ( I , J - 1 )  

- 4<f(l,j) 

= H 2  7^(1 ,J ) ,  

where vJls equal to the flnlte-differenoe form of 
2  P  

H 7 and I and J are the numerical-grid indices for the 



x- and z- coordinates, I.e., x = I Ax and z = J£z; £x 

and Zi z are the grid Intervals. A method similar to Fromm 

(1963)  was  used  to  so lve  the  above  equat ions  for  4>  ,  ac -
h. 

curate to 1 part in 10 . It was required that, at all 

interior grid points, 

4* n ( I  , J )  <  Vaax  x  0 .0001 ,  

where n is the number of Iterations and 4* max is the max

imum value of the stream function at the la3t time step. 

The iteration procedure 13 

4>n(i,j) = vyh-'d.j) + ux r(i,j) , 

where u. is the over-relaxation coefficient, and R(I,J) is 

the residual, 

h(i,j) = v2h> - h2 ̂ (i,j). 

An oc of 0.70 was determined by experimentation, so that 

the fewest number of relaxation passes would be used. 

The iterative procedure with 1* max arbitrarily 
«.? o _ 1 set equal to 10 m* sec at the first time step required 

approximately 80 passes through the grid. At subsequent 

time steps the number of passes decreased to about 35 

passes in Case 1 and 20 passes in Case 2. The solution 

of (3*2) took approximately 20 seconds of the 30 seconds 

required for one time integration. 

Pressure Recovery.--The model's third equation of 

motion (2.6) wae used to obtain the pressure changes. 
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With all water variables Identically zero, Eq. (2.6) is 

written as 

dw = g - c fi dfT1 . (3.3) 
dt g p tz 

The eddy viscosity term in (2.6) was neglected, being two 

to three orders of magnitude smaller than the other terms. 

Substituting the approximation d(w2/2)/dz for dw/dt and 

solving for drt'/dz, iSq. (3.3) may be written 

III - g Q1 - * dw2 . (3.4) 
z Cp ® 2cp © dz 

Using the upper boundary conditions, tt1 =0, 

•Sq. (3.4) can be Integrated down from the upper boundary 

to give the distribution of rr'. This can be related to 

the  change  in  pres sure  in  mb,  Z ip ,  by  Eq .  ( 3 .5 ) .  

^p = P rr* ( rT + tt' ) ° v/a = p n' (TT)Cv/R , (3.5) 
* h 

where rr is related to pressure in the reference atmos

phere (which satisfies the hydrostatic equation) cv is 

the specific heat at constant volume for dry air, and the 

indicated approximation is accurate to at least 3 signifi

cant figures. Equation (3.5) Is solved for the change in 

pressure due to (1) potential temperature deviations from 

a base stratification and (2) vertical motions. The 

final-time patterns are presented in the results section. 
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Results 

figures 3.3 and 3.4 Illustrate the development of 

the stream function and isentropes of Cases 1 and 2, the 

value of the Isentropes indicating the deviation from the 

reference state © • The trajectories of the streamline 

centers are traced in Fig. 3.5. In each case the stream 

function center originates near the bottom of the slope, 

strengthens with time, and moves up and away from the sur-

face. At 30 minutes in Case 1 and 54 minutes in Case 2 

the center has moved above the ridge. 

Figure 3.3> for Jase 1, shows the vortex center 

moving away from the center axis as it rises above the 

ridge. The trajectory trace is non-linear, in contrast 

with the initial-bubble experiment where a constant cone 

angle was defined by the trajectory trace. Another feature 

of the initial-bubble studies, the mushroom shape of the 

isentropes, is also evident in Fig. 3.3. In contrast with 

Ogura's study (1962) where the Isentropes diffused with 

time and gradients decreased, here the potential tempera

ture increase at the earth's surface creates isentropes 

that are advected upward, intensifying the thermal bubble. 

Packing of the isentropes occurs in the cap. 

Beside these qualitative comparisons, one quanti

tative comparison of Case 1 with other bubble models, 

e.g., Lilly (1962), may be made — the ratio of wmo_ to 
ul CA>J L  



f i g*  3 .3 .—Evolut ion  o f  Excess  Potent ia l  Temperature  
Bind. Stream Function for Case 1. 

oolid lines show excess potential temperature in °J; 
dashed lines show stream function in 10+1m2sec-1. Area 
under 0.01excess potential temperature is shaded. Time 
in minutes is given in upper right hand corner of each 
chart. Note the changing Intervals of the streamlines 
from one time to the next. 





Fig .  3 .4 .—Evolut ion  o f  Potent ia l  Temperature  F ie ld  
and Stream Function for Case 2. 

bolid lines show potential temperature field (expressed as 
deviations above reference state, © ,) in °0; dashed 
lines show stream function in 10+1m2sec"T. Note changing 
Interval of plotted streamlines from one time to the next. 
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Fig. 3.5.—Trajectories of the Stream Function Center 
for Case 1 and Case 2. 
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the rate of rise of the oap height, with the cap height 

being defined arbitrarily by the 0.01°0 isentrope. This 

ratio is constantly increasing during the time the bubble 

is above the ridge. This happens for only 12 minutes of 

its history before the upper boundary affects the motion 

noticeably and the integration is terminated. In this 

short time, increases much more rapidly than the 

cap-height rate of rise. The ratio of the quantities is 

2.8 at 36 minutes and 3.2 at 42 minutes. The ratio for an 

isolated bubble in Lilly's paper (1962) was 1.95 at a time 

when theoretical results had been approached closely by 

the numerical results. Even this overestimated the ratio 

found  in  laboratory  exper iments  (R ichards ,  1963)*  As  

might be expected the development of Case I's line-source 

bubble after rising above the ridge is more rapid than the 

initial-bubble models. Other quantitative comparisons are 

difficult to make due to the indeterminacy of a virtual 

height in the present model and the continuous energy in

put of the model. 

Case 2 has no bubble counterpart for comparison. 

The movement of the stream function center in Case 2 is 

quite different from that of Case 1. The trajectory trace 

of Fig. 3.5 shows a halting, Irregular motion up the 

slope, especially prior to 42 minutes Integration time. 

Part of this Irregularity may be due to the difficulty of 

plotting the center by linear means in a non-linear 
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f i e ld .  A l arge  movement  occurs  be tween  42  and  48  minutes .  

A double center develops In the vortlclty pattern, shown 

in JTlg. 3.6, which may account for the large movement of 

the stream function center. Initially the main vortlclty 

center is located near the bottom of the slope. As the 

potential temperature change continues and advective 

effects become important, a center near the top of the 

slope develops. The movement of the stream function cen

ter from 42 to 48 minutes is Indicative of the upper vor

tlclty maximum becoming the predominant center. Subse

quently the upper maximum dominates the streamline pattern 

but the suggestion of a lower secondary maximum is still 

evident. 

In contrast with Case 1, the trajectory of Case 2 

shows no tendency for movement away from the center axis 

as the stream function center rises above the ridge. In

deed, a slight narrowing tendency may be observed and a 

columnar structure is evident. This result, when compared 

with those of Ogura (1963)• indicates that a heat source, 

whether it be latent heat or the heating of an elevated 

surface, may give rise to a columnar structure of the 

convection. However, the mountain model only attains this 

structure in a stable environment, indicating that the en

vironmental stability is the most important parameter for 

the shap? of the convection. 



Fig .  3 .6 .—evo lu t ion  o f  Excess  Potent ia l  Temperature  f i e ld  
and Vortlclty field for Jase 2. 

dolld lines show excess potential temperature field In °C; 
dashed lines show vortlclty field in 10~2sec"l. Note 
changing interval for vortlclty lsopleths. 





42 

The heating at the surface in Case 2 tends to 

bring the lsentropes into alignment with the streamlines 

in the region of upslope motion as can be seen in Flg*3.4. 

As the motion develops the lsentropes are continually 

shifted into alignment with the streamlines in the strong 

part of the flow — first along the slope and later above 

the ridge. Hear the bottom of the slope and in the down-

slope motion over the plain considerable advectlon of the 

lsentropes occurs. This causes packing of the lsentropes 

near the bottom of the slope and along the plain. The 

combined effects of surface heating and subsidence heating 

cause the dlsappearanoe of lsentropes in Case 2. The 

general appearance of the lsentropes along the slope and 

above the plain is similar in the two cases. The gradient 

that eventually occurs above the plain would certainly 

not be maintained.in the real atmosphere. This focuses 

attention on one of the unrealistic assumptions of the 

model — that of a constant eddy coefficient. The atmos

phere does have a more Irregular potential temperature 

distribution near the surface and does not have such large 

vertical gradients. However, the smoothness of the bound

ary and choice of eddy coefficients were made as a first 

approximation in order to enable large scale features of 

the upslope wind to be modeled. Eddy coefficients that 

depend on potential temperature and velocity gradients may 
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lessen these lower surface gradients and give more real

istic results in these areas. 

Although isentrope patterns of the two cases have 

some similaritiest excess potential temperature patterns 

as shown in Fig. 3.6 for Case 2 and Fig. 3.3 for Case ^ 

are not similar. The stability of the environment in Case 

2 leads to potential temperature deficits in regions of 

upward motion far enough away from heating effects of the 

mountain slope. The stability results in excess potential 

temperatures near the slope with isopleths that are pinched 

in at the top, spread out at the bottom. No packing of 

these excess potential temperature lines occurs in the 

cap of the convective core as it did In Case 1. However, 

slight packing of the isentropes does occur in the cap in 

Case 2. 

The vorticity pattern for Case 2 is also shown in 

Fig. 3.6 and is closely related to the excess potential 

temperature field and resulting buoyancy force. After the 

first time-step, buoyancy forces are present which create 

both negative and positive vorticities. The air in up-

slope motion sufficiently far from the slope so as not to 

be Influenced appreciably by turbulent heating cools adia-

batlcally and becomes cooler than air on either side, 

i.e., cooler than the warm slope air or the air warmed in 

the downslope motion. This creates the positive 
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vorticlties which become so evident in the later stages of 

Case 2. 

However, in Qase 1, for moat of the time, the buoy

ancy force created by the horizontal potential temperature 

gradients is everywhere such as to create negative vorti-

city. Not until a mushroom shape forms in the isentropes 

is an oppositely directed buoyant force formed anywhere. 

The motion is well developed by this time and vorticlties 

which were large and negative remain negative. 

The stability of the environment is crucial to the 

development of the motion, as is evidenced by the slower 

development of Case 2. The magnitude of the maximum 

stream function in the two cases Is approximately the 

same when both stream function centers rise above the 

ridge. This occurs slightly before 30 minutes in Case 1 

but not until 54 minutes in Oase 2. Both the magnitude of 

the stream function and position of the stream function 

center suggest that Oase 2 develops one-half to one-third 

as rapidly as Case 1. Of course the stable environment 

in Case 2 leads to decreased horizontal potential tem

perature gradients near the mountain surface and a slower 

development of the vorticity field. 

The depth and magnitude of the upslope wind can be 

inferred from Pigs. 3.3, 3«4, and the u- and w-patterns 

for Oase 2 in Fig. 3.7. The upslope winds originally 



Fig. 3.7•--Evolution of u and w for Case 2. 

Dashed lines show u in m sec"*; solid lines show w in 
m sec"' . Note change in interval on last chart. 

* 
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extend only 100 meters to 150 meters above the surface. 

A3 the motion develops and the stream function center 

moves up the slope, the region of upslope winds thickens. 

Also, at all times the depth of the upslope winds In

creases with distance up the slope. These features of the 

structure of the model's slope winds are in qualitative 

agreement with observations (Defant, 1951)* In the later 

stages the upslope winds occupy a layer 100 meters thick 

near the bottom of the slope, increasing to 350 meters at 

the top of the slope in Case 2, the more realistic case. 

Case 1 has upslope winds occupying an area 100 meters per

pendicular to the slope near the bottom, increasing to 500 

meters at the top. The magnitude of the winds, as derived 

from centered differences of the stream function, are a 

few centimeters per second at 6 minutes. However, by the 

final time step, both cases have winds of approximately 

3 m sec-1 close to the slope. 

These upslope winds are maintained by what Thyer 

and Buettner (1962) call anti-slope winds, as well as by 

flow from the plain, occupying a depth of 500 to 1000 me

ters. The u- and w-fields shown in Pig. 3.7 for Case 2 

indicate that the depth of the flow from the plain oscil

lates with time. At 30 minutes this flow is only 500 

meters deep. By 96 minutes a layer 1 km deep over the 

plain is contributing to the upslope wind. The geometry 
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of Thyer and Buettner's model, a steep V-shaped rldge-

valley system, did not allow this flow from the plain. 
M 

The pattern of flow from the plain and the anti-

slope wind differs in the two models. In Case 2 the upper 

part of the stream line pattern is constricted. The pat

tern suffers a horizontal elongation in comparison with 

Case 1. The entire volume outside the upslope motion 

maintains the upslope wind in Case 1. However, in Case 2, 

regions of tooth positive and negative stream function oc

cur. The negative region has its own circulation and con

tributes nothing to maintaining the slope wind. This nega

tive stream function is similar to that of Ogura's (1963) 

and represents the formation of stable oscillations due 

to the environmental stability. The potential temperature 

lapse rate in Case 2 is less than in Ogura's model (1963) 

and therefore the magnitude of the negative stream function 

is small. The main circulation center caused by the poten

tial temperature change at the mountain slope is always the 

predominant feature of the charts. 

The pressure deviations for the final time sequence 

are shown in Fig. 3>3. The term involving ©' in Eq. (3.4) 

is certainly the most Important as evidenced by the simi

larity of 0'-patterns and pressure deviation patterns. 

However, there are areas of dissimilarity which indicate 

that the vertical velocity term has its influence. These 

areas occur above the regions of ntaxlmum temperature 
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Fig. 3.8.—Pressure Deviation Fields for Oase 1 
and Gase 2 at the Final Integration Times. 

Fields are shown in mb. Case 1 is shown in (a); Oase 2 
is shown in (b). 
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excesses where the motion is still quite strong. Sample 

calculations showed the w-term an order of magnitude 

larger than the d'-terni above the region of strongest up-

draft. 

The maximum magnitude of the pressure deviation 

was 0.38 mb in Case 1 and 0.39 mb in Case 2. In Case 2 

the maximum pressure deviation occurred at the bottom of 

the slope with a secondary maximum at the top of the 

ridge. A single maximum occurs over the ridge in Case 1. 

The magnitudes are comparable to those reported by Fujlta 

(1962) from observation in the dan Francisco Mountains in 

Northern Arizona. 

Case 1 has negative pressure deviations over the 

entire field. No negative potential temperature devia

tions occurred and vertical velocities must not have been 

such as to give positive pressure deviations. Case 2 had 

negative potential temperature deviations, and hence posi

tive pressure deviations occur in the region of cold up-

draft. 

Horizontal pressure gradients of 0.1 mb per 100 

meters are indicated in fig. 3.8. This would give pres

sure gradient forces 100 times stronger than those on a 

synoptic scale. iSven so, the common assumption that 
* 

pressures Inside and outside a rising column of air 

(usually a cloud) are essentially equal would seem to hold 

in this model. 
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The Moist Model 

The addition of moisture to the numerical model 

makes it possible to simulate the formation of cumulus 

clouds over mountainous terrain. Moisture adds the pos

sibility of latent heat release and has been treated by 

Qgura (1963) for its effect on clouds developing from an 

arbitrarily Imposed initial temperature perturbation. The 

present model allows a time-dependent temperature pertur

bation as well as a time-dependent moisture perturbation 

to develop ab initio. Both these effects can be important 

in convection over mountains. 

The addition of water vapor to the model has three 

main effects on the motion. First, the evaporation of wa

ter at vegetation-covered mountain slopes causes the air 

near the slopes to be less dense than air at the same 

elevation over the plain. The buoyancy effect is the same 

as that due to heating the air. Second, the upslope wind 

advects air of high water vapor content, which further in

creases this buoyancy effect along the slope. Third, the 

lifting and cooling of the moist air eventually enables 

clouds to form and release latent heat. 

The moist model contains three cases. The first, 

Jase 3, had the same temperature stratification as Case 2 

of the dry model. The purpose of Case 3 is to show the 

effect that the addition of water vapor may have on the 
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dynamics of the motion. In addition, the stratification 

of water vapor and, to a lesser extent, temperature is 

similar to the observed values on the day in which Braham 

and Draginis (I960) made traverses over the Santa Catallna 

Mountains. Thus, Case 3*8 cumulus development should 

occur at heights comparable to the observed oumulus base 

heights in their study. Both water vapor and temperature 

distributions over the mountain ridge and slope of the 

numerical model may be compared with their observations. 

Oase 4 has temperature and water vapor distribu

tions that approximate the average conditions for a typ

ical summer rainy day in the mountains near Tucson, 

forty-four radiosonde soundings have been averaged to pro

vide the distributions.* The cumulus forms at lower ele

vations than in Oase 3. This allows comparison of the 

cloud's development with the photogrammetrlc data (in 

Chapter IV) on cumulus initiation. 

Case 5 is Included to illustrate the effect of 

changing the mountain slope from 45 degrees to about 26 

degrees. The temperature and water vapor stratifications 

are the same as in Case 3. Table 3.1 gives the pertinent 

Initial data for the three cases. 

* Dr. L. J. Battan of the Institude of Atmos
pheric Physics, University of Arizona, provided the data. 



52 

TABLE 3.1 

Environmental Conditions 

6&/d z br(z)/d z Initial Slope 
r(z) Angle 

at plain 

°C km"1 «m kg"1km"1 «m k«-1 

Case 3 1.0 1 7.0 45° 

Case 4 2.8 2 11 .0 45° 

Case 5 1 .0 1 7.0 26.5° 

Computational Procedure 

E q u a t i o n s T h e  v o r t i c l t y  e q u a t i o n  o f  t h e  m o i s t  

model is derived in the same fashion as that of the dry 

model. The model's first and third equations of motion, 

Eqs. (2.8) and (2.6) are cross-differentiated to yield a 

vortlcity equation, 

± > l = - V - V \  *  g, .19' • Bgjir'-gijL + KV2n..<3.6) 
d t ^ dx dx 7x 

It should be noted in (3*6) that dr/dx may be substi

tuted for dr'/dx, once 7(z) is specified. The contin

uity equation for an Incompressible fluid, J3q. (2.9) is 

used, and iiqs. (2.11) through (2.14) describe the 
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thermodynamic effect of water vapor. As in the dry model, 

a stream function Is used; thus Eq. (3.2) Is still one of 

the basic equations to be solved. 

Boundary and Initial Oondltlons.-- The boundary 

conditions of >(,, , u, w, and ©' are the same as in the 

dry model for Gases 3 and 4 of the moist model. The quan

tity 0* is now the deviation of temperature from the tem

perature in an adlabatic atmosphere of constant potential 

temperature 0 • This interpretation arises from the 

analysis of Qgura and Phillips (1962), but the actual dif

ference in degrees Celsius between 0* as a temperature de

viation or a potential temperature deviation is very small 

as long as motion is confined to a maximum depth of 31cm. 

In Case 5 the lower boundary condition for ©' becomes 

©' = 0* (z)+(K«+Koz) sin nt along the slope and , 
12 plain 

a change necessitated by the different slope angle. 

t is time in hours, z height in kilometers, and Kj and K2 

are chosen such that the amplitude is 70 at the plain and 

30 at the mountain top. 

The boundary conditions for water vapor are, 

r = const at z = 31cm, 
- % (3.7) ' 

r = r(z)+AslnTTT along the slope and plain, 
6 

where r(z) is the initial stratification of the water va

por and is specified in Table 3.1» A is the amplitude of 
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the water vapor change (2 gm Is.g~M# and T is time in 

hours. The time rate of change of r adjacent to the 

ground surface is obtained from curves of the diurnal 

course of vapor pressure given by Pranssila (1936) and re

produced in Haltiner and Martin (1957* p. 250). Data by 

Thornthwaite (1957) also support the amplitude and period 

used here. The observations were made over flat lands, so 

there is no reason to expect them to be applicable in 

every respect to this model. However, they are used in 

the absence of any more pertinent data from mountainous 

terrain. The change in water vapor at the surface is 

handled analogously to the temperature change. 

The shorter period of the water vapor change com

pared to that of the temperature is chosen to simulate the 

progression of the water vapor mixing ratio toward its 

mid-morning maximum, in contrast to the afternoon maximum 

of temperature. The model is Integrated over a maximum 

time-span of 2 hours 20 minutes so that the Interval of 

decrease in mixing ratio implied in (3.7) is never en

countered. The sine function change is Intended to rep

resent only the first few hours of the water vapor diurnal 

trend. 

As with the other thermodynamic variables, r at 

the lateral boundaries is determined using the basic equa

tions and the symmetry properties of the model. 
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Mumerioal Steps.-- The computation proceeds In 

the following manner. First the initial fields of Qf, r, 

Jc, and then q and 1 are determined* There is no motion 

initially. In the first time-step temperature and water 

vapor changes are allowed to occur at the surface. These 

changes are propagated to the lowermost grid points 

through the diffusion term. Advectlon is also computed 

for these points. <p* and q may then be determined. Af

ter the above computations at the lower boundary grid 

points, <p' and q are determined at all other points of 

the grid via the Sulerian form of £qs. (2.11) and (2.13)* 

The and q fields are then used to compute the satura

ted and unsaturated temperatures, as specified in Qgura's 

paper (1963)* The saturation mixing ratio is'approx

imated as 

The saturated temperature Og can then be determined from 

and the unsaturated temperature can be determined from 

2 

© <p 
L ® 

uns - q • 



56 

In the above 

*1 (z) 
* *  ( V  

cpt00V^)1/k 

f2(z) _L- + L f,(«) 
2 © 2Hv ^ * 

L' 2 

f3(z) f , ( « )  
4 

Again, the inclusion of the factor in the above 

expressions is necessary to permit use of observed values 

of water vapor and temperature. In the moist model, P was 

taken to be 850mb, ® and TQ0 as 296K, all being values 

which fit the observations near Tucson. This means es

sentially that the numerical model assumes the plain sur

face to be at about 5000 feet with convection limited to 

3km above this or approximately 15000 feet. Only small 

cumulus may be modeled within these specifications. 

occurs only if ©Q *s greater than which can be seen 

by writing 

Og and are then compared. Condensation uns 

© •  -  © •  -  '  L  ®  ( r  -  n )  uns s ' 8 ^' 
cP^oo 

= L° (r, - r -j?) 
n T a 
v T\ * Art 
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and realizing that, for saturation, r equals r8. If the 

air is unsaturated, 0* is set equal to 0^3» r is equal to 

q, and ^ is equal to zero* If the air is saturated ©f Is 

set equal to ©g, r is equal to rS( and J? equals q - rQ. 

Next the vorticlty is extrapolated in time and the 

results are used to compute f from J2q. (3*2). The com

ponents of the velocity are then computed. This completes 

one cycle. 

Thirty-second time-steps were initially used in 

the moist model. This interval was sufficient to insure 

computational stability throughout all of the pre-conden-

sation development. However, after condensation began and 

steep temperature gradients developed due to latent heat

ing, the time-step had to be decreased to avoid computa

tional Instability. The criterion, Zkt < Ax/|^| max, 

was checked if cloud had formed and At was reduced by one 

half if necessary. Seven-and-one-half-second time-steps 

were reached in Case 4 and approximately 400 time-Itera

tions were used. 

Results 

Case 3 was studied to show the dynamic effect of 

water vapor In this model. Figure 3*9 shows the develop

ment of the stream function field and the corresponding 

fields of temperature deviation and water vapor. A com

parison of Pig. 3.9 with Pig. 3.3 shows 30 per cent 



Fig* 3.9.—-Svolution of Fields of Stream Function, 
Temperature Deviation, and Water Vapor for Case 3# 

Dashed lines show stream function field in 10+* m^ seo~*; 
thick solid line shows temperature deviation field in deg G; 
thin solid line shows water vapor field In gm kg"1• The 
shaded area represents cloudy air of 0.1 gm kg"*' or greater 
liquid water content. Note ohanglng interval of stream
line. Time in minutes Is given in the upper right hand 
corner of each chart. 
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more rapid development or the motion in Case 3 than in 

Case 2. Besides the addition of water vapor in Case 3» 

the reference potential temperature has teen decreased 

from 310k to 296&» a change necessitated by the desire to 

fit the model to local conditions. This decrease in $ 

would augment the temperature term in the vorticity equa

tion of the moist model by about 5 per cent over that of 

the dry model. A check of the magnitude of the water va

por gradient term and temperature gradient term in the 

vorticity equation at grid points near the slope indicates 

that the temperature term averages 4.5 times greater than 

the water vapor term at 18, 30, and 60 minutes. Thus a 

20-25 per cent increase of motion is due to water vapor 

effects on the buoyancy of the air near the mountain slope 

and is a very important dynamic effect for this model. 

The ©'-field of Fig. 3*9 develops similarly to 

that in Case 2 of the dry model, at least until cloud for

mation. A warm core along the axis of symmetry and a cold 

core centered approximately 200 meters from the axis de

velop with time. In the area of negative w-velocities 

further out from the cool core a slight warming has occur

red due to subsidence. This temperature-deviation pattern 

shows packing of thp isopletha along the axis and around 

the top of the core, with a diminution of the packing 

further out from the axis. The formation of cloud causes 



the increase in temperature Inside the cloud at later 

times. 

The water vapor isopleths, or isohumes, in Fig* 

3.9 are advected up and away from the mountain slope. At 

60 minutes a mushroom shape is evident. Packing of the 

isohumes occurs above the stream function center prior to 

cloud formation. As in the dry case, the isopleths are 

undisturbed until the stream function center has approach

ed. For example, the isohumes about one kilometer above 

the slope are not distorted until affected by the strong 

circulation center rising over the ridge and slope at 

60 minutes. 

The patterns of temperature deviation and water 

vapor above the mountain ridge may be compared with those 

of the main convection currents found by Braham and Bra-

ginis (i960) over the Santa Catallna Mountains and illus

trated in their Figs. 5 and 6. The observations were not 

made directly over the main ridge-line of the Santa Cata-

linas, and ambient winds of 10 knots were present. Never

theless, comparisons may indicate areas where the numeri

cal model requires improvement. Braham and Draginls 

observed a cool-core convective current of high moisture 

content, similar in some respects to that of the numerical 

model. However, the model has a warm central column not 

present in the observations. This may be caused by the 

symmetry properties of the numerical model, which allows 



equal heating on both slopes of the mountain. In the ob

servations the maximum difference between potential tem

peratures in the core and those outside is approximately 

0.5C. The numerical model has a difference of 0.70 to 

0.8C. The half-breadth of the water vapor column at 60 

minutes is 1km, the same order of magnitude as that in 

Braham and Draglnis1 study, but the abrupt "top-hat" pro

file of Braham and Draginls1 observations is not so evi

dent here. Also the intensity of the vapor column is 

comparable to that in the observations, the model's vapor 

field increasing from 5.5 gm leg"1 outside the column to 

over 7 gm kg"1 at the center symmetry axis. The vapor 

column in the observations showed a maximum change of ap

proximately 2.0 gm kg. The observed vapor column had a 

strong gradient at the sides and a slightly weaker gra

dient at the top. The numerical model has stronger gra

dients at the top than on the 3ldes. These discrepancies 

suggest too little mixing in the numerical model, partic

ularly near the top of the core. 

The effect of the ground surface on the water va

por and temperature deviation fields can be seen by ob

serving the development of particular water vapor and tem

perature deviation lsopleths in fig. 3.9. for example, 

the 1C temperature deviation isopleth and 6 gm kg"1 
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isohume are initially coincident. If no changes of water 

vapor or temperature were modeled at the surface, but ambi

ent motion 8till existed, these isopleths would remain 

coincident in the model (if no condensation occurred), 

being advected by the winds and diffused by turbulence. 

The addition of water vapor and heat at the surface causes 

these sample isopleths to separate with time over the 

slope. The 6 gm kg""1 lsohume is advected upward and out 

from the slope (in the upper part of the stream function 

center). As heat is added to the model the 10 temperature 

deviation isoline moves downslope with time and occupies a 

smaller region. Over the plain, where the advectlve and 

turbulent effeots are separated from the "non-conserva

tive" effects of the slopes, the isolines remain coincident 

and move with the wind. The eddy mixing affects both 

fields equally since the initial variations with height 

were equal. Thus, the ground surface influences only the 

first few hundred meters over the plain, but, eventually, 

almost the entire column above the slope. 

The trajeotory of the stream function center and 

cloud outline is shown in Fig. 3.10. The trajectory 

traoe is nearly the same as that of Case 2. However, to 

Indicate that two separate centers are present in the 

model, the trajectory is not connected from 36 to 42 min

utes in Fig. 3.10. The lower center predominates for the 



Pig. 3.t0.--TraJectory of the Stream Function Center and 
the Evolution of the Oloud Outline for Case 3. 

Time in minutes is indicated along the trajectory trace. 
Oloud outline is delineated by 0.1 gm kg"1 liquid water 
content; outlines are depicted at 66 and 72 minutes. 
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first 36 minutes, the upper center the remaining 36 min

utes. This tendency for two centers Is even more evident 

In Cases 4 and 5. I suspect that the lower center re

flects the Importance of the greater temperature-change 

amplitude near the bottom of the slope. The upper center 

becomes dominant and rises off the slope when heating 

near the top of the mountain has developed adequately and 

has been augmented by advectlon from the lower slope. It 

would be of Interest to see how various temperature-change 

patterns influence the motion. 

The cloud formation is only of secondary Interest 

in Gase 3. —That process will be discussed more fully In 

Case 4. a small cloud does form with a base at about 

2.21cm, or approximately 12,000 feet above the plain. This 

is about 2500 feet lower than the cloud bases reported on 

the day of Braham and Draglnls' observations and indicates 

that the numerical model has higher moisture content or 

cooler temperatures in the updraft region. The added 

moisture content of the model seems the most reasonable 

cause of the lower bases. The clouds formed In air with 

mixing ratios of 6 to 7 gm kg"1. It appears from Braham 

and Draglnls' data that the clouds present during their 

observations must have formed in air with mixing ratios of 

4 gm kg"' or less. This may indicate less evaporation at 

the mountain slopes than was modeled numerically. 



Two further comments on Case 3 and its comparison 

with Jase 2 are in order* The vorticities, excess tem

peratures and slope-winds were quite similar to those of 

0a3e 2, and hence were not reproduced as figures. Also, 

the cp'-field can be obtained by graphical addition of 

the water vapor and temperature deviation fields. 

Oase 4 was included to show cumulus initiation on 

a typical summer rainy day in the mountains near Tucson. 

The stability and water vapor content are both greater 

than those for Case 3 and so before integration it was not 

evident how long it would take for cumulus formation. The 

greater stability was expected to slow the development. 

The greater water content was expected to allow the cloud 

to form at a lower elevation and hence in an earlier 

stage of the upslope winds. 

figures 3.11, 3.12, and 3.13 give the results. 

.Figure 3.11 illustrates the development of the cloud and 

t h e  m o v e m e n t  o f  t h e  s t r e a m  f u n c t i o n  c e n t e r .  F i g u r e  3 . 1 2  

shows a few representative charts of the stream function 

and Fig. 3.13 shows the fields of temperature deviation 

and water vapor. The motion develops very slowly and a 

cloud forms at 1.6km, but not until 113 minutes. The 

lower stream function center moves out from the slope, 

then upward and almoBt parallel to it, maintaining about 



Fig. 3.11 .—Trajectories of the Stream Function Centers 
and the Evolution of the aloud Outline for Case 4. 

Time in minutes is indicated along the trajectory traces. 
Cloud outline is delineated by 0.1 gm ltg"1 liquid water 
content; outlines are given at 3 minute intervals starting 
at 120 minutes. 
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•Fig. 3.12.—.Evolution of Stream function Field 
and Liquid Mater Content for Case 4. 

Solid lines show evolution of stream function field in 
10+1 m2 aec-1; dashed lines show liquid water content in 
gm kg"1. 
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F i g .  3.13.--Evolution of Fields of Temperature Deviation 
and Water Vapor for Case 4. 

Thiclc solid and dashed lines show temperature deviation 
fields in deg C; thin solid line shows water vapor field 
in gm kg"'. Shaded area represents cloud outline (delin
eated by O.t gm kg"1 liquid wlater content). 
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the same distance from the slope as in the other cases* 

The upper center becomes evident at 90 minutes and rises 

vertically 200 to 250 meters from the axis. The oenter 

follows a course slightly closer to the symmetry axis than 

the other cases, which have smaller stability. 

The cloud development is depicted from 120 to 138 

minutes. Although liquid water actually existed from 

about 113 minutes, It was not until 120 minutes that the 

cloud growth proceeded at a significant rate. Ogura (1963) 

analysed convection in unsaturated conditions starting 

with an Initial temperature perturbation. No cloud formed 

and grew unless the lower portion of his model-atmosphere 

was allowed to be dry adlabatlc so that the initial ther

mal perturbation had a "running start." In the present 

mountain model, the development of heating over the moun

tain ridge eventually produces a situation that allows the 

cloud to begin active growth. 

The position of the stream function center is the 

icey to the shape of the cloud and to its rate of growth. 

The cloud forms at 113 minutes, when the stream function 

center is 400 meters below the base. Upward vertical 

velocities at the cloud top are approximately 0.5 m sec"1 

whereas on the axis opposite the stream function center 

they are 3.1 m sec"1. The stream function center and the 

associated region of maximum upward vertical velocity 



move Inside the cloud at 129 minutes. It is only after 

this that a stem forms in the cloud outline. Prior to 

this the cloud is expanding outward and upward, in re

sponse to the advectlve effect of the wind field charac

teristic of the upper portion of the stream function pat

tern. After the stream function center enters the cloud 

it remains in the same relative position with respect to 

the upper part of the cloud outline. 

This relationship of the stream function center 

and cloud outline exhibits an Important difference between 

this model and laboratory and dry convection numerical ex

periments. In those experiments the rate of rise of the 

thermal element was compared with the maximum vertical 

velocity -- assumed to be an Integral part of the rising 

thermal — and a factor of 2.2 was noted between wmQ„. and HIgLX 
the rise of the thermal top. No such relationship exists 

in the numerical moist model. 

An Interesting occurrence in the growth of Case 4fs 

cloud is the second growth-surge in the cloud-stem when 

the lower stream function center rises within 200 meters 

of the cloud base, shown in fig. 3*12 at 141 minutes. 

Presumably this second surge would have affected the 
4 

growth in a similar fashion to the first growth if the 

upper center had not been restricted by the top of the 

grid. The upper stream function center influences the 
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lower levels as it stretches along the grid top. This 

double growth result suggests a series of bubbles rising 

from the mountain slope to develop cumulus clouds, which 

would give one explanation to the observed pulsation of 

cloud growths (Todd, 1964), or to the recurrence of clouds 

over the same location. 

The water vapor and temperature deviations shown 

in Fig. 3.13 illustrates several of the same characteris

tics as Pig. 3.9 for Case 3. The fields are analysed for 

the period of cloud development. At 120 minutes the water 

vapor lines are tightly packed in the region of the cloud. 

As the cloud grows the gradient remains large near the top 

of the cloud but steadily decreases in the interior of the 

cloud as water vapor is transformed to liquid water. This 

liquid water formation is associated with the Increasing 

temperature deviations in the cloud. The temperatures in

side the cloud are soon unrealistically high. 

£ven with these high cloud-temperatures the cloud 

grows at only a moderate, although accelerating, rate. 

The period of primary growth is 18 minutes. The final 

outline in Fig. 3*11 was rising at about 300 ft min~*. 

The maximum vertical velocities increase by a factor of 

two from 120 minutes to 135 minutes while the rise of the 

top of the cloud (or phase velocity as Ogura [1963J calls 

it) increases by a factor of three. Nevertheless, the 

cloud outline appears to rise in agreement with the 
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advective effects in the region of the oloud top. The 

breadth of the cloud is 700 to 800 meters, a reasonable 

scale for initial cumulus. 

As Ogura emphasized (1963), the mixing effects of 

these models seem to have too little influence on the 

cloud's development. Advectlon controls the motion. 

Matvejev (1964) has measured eddy coefficients inside and 

outside of clouds and found larger coefficients inside by 

a factor of four or five, and larger by an order of mag

nitude than the K used in this present numerical study. 

The use of Richardson's (1926) "law" for determin

ing the K-values used in this study is a definite weakness 

of the model. The hope (Malkus and Witt, 1959) that this 

formulation would simulate the turbulent effects of all 

eddies smaller than the grid size is not fulfilled. In 

this model the K's resulting from a 100 meter grid length 

were considered a representative order of magnitude for 

this atmospheric flow. (The K in the diffusion calcula

tions at the lowest grid points may be too small, consid

ering that we are trying to model flow over very rough 

ground.) However, K's of 0.1 to 1000 m2 sec"1 have been 

used in previous numerical and theoretical models (Malleus 
* 

and Witt, 1959 , Lilly, 1962 , Ogura, 1963 » end Haque, 

1964 ) with varying effects on the solution. Add to 

this the various finite-difference schemes (which may or 

may not add an implicit diffusion effect) used by several 
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of the above investigators, and the situation is even more 

confused as regards the eddy diffusion effects in the mod

els, These effects are of prime importance and they need 

to be more accurately simulated* Having models that allow 

comparison with natural phenomenon may aid in assessing 

the applicability of various K-values and diffusion theo

ries. The outlines of the clouds when the stream function 

was far below the cloud led to more plausible cloud shapes 

and so the early stages of the growth may reflect what 

occurs in nature more accurately than the later stages. 

Case 5 was run to see what effect the angle of 

the slope had on the motion. Thus the mountain height was 

changed from 1km to 0.7km and the width from 1km to 1.4km. 

The angle of the slope is thus 26.5° in Case 5. All other 

conditions are the same as in Case 3* 

The development of the stream function, tempera

ture deviation and water vapor is given in Fig. 3.14. The 

cloud outline and trajectory of the stream function center 

are in Fig. 3*15* The significant fact about these re

sults is that they do not differ much from those of Case 

3. The magnitudes of the stream function are slightly 

less intense than in Case 3 at equal times. At 42 minutes 

a second center is identified near the ridge. This upper 

center rises almost vertically about 300 meters from the 

center axis and slightly closer to it than in Case 3. 



fig..3.14.--Sample Jharts Showing fields of Stream 
function, Temperature Deviation, Water Vapor, 

and Velocity for Case 5, 

fields of stream function (dashed lines in 10+1 m sec"M» 
temperature deviation (thick solid lines In deg 0), and 
water vapor (thin solid line in gm kg***) are shown in 
(a). Cloud outline is also depicted. Velooity fields are 
shown in (b). u-field is given by dashed lines, w-field 
by solid lines, both in m sec"1. 
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Fig. 3.15.—Trajectory of the Stream Function Center and 
the Evolution of the Cloud Outline for Case 5. 

Time in minutes is indicated along the trajectory traoe. 
Cloud outlines are given every 3 minutes starting at 75 
minutes. 
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A cloud forms at 72.5 minutes, about 9 minutes later than 

in Case 3. Liquid water is present at grid points 100 

meters lower than in Case 4, which reproduces the ob

served fact that clouds form at lower elevations over low

er terrain in mountainous areas, but the effect is quite 

small in the numerical model. The fact that air leaving 

a lower ridge should begin cooling dry adiabatlcally soon

er than air leaving a higher ridge means that the low-

ridge parcel will arrive at equal elevations cooler than 

its high-ridge counterpart. In addition, the air at the 

lower ridge should start rising with a slightly greater 

water vapor content. Both these effects tend to cause a 

lower condensation level. 

The growth of the cloud in Case 5 proceeds at the 

same rate as Case 3 and in both more rapidly than Case 4. 

The final outline shown in Case 3 and Case 5 corresponds 

almost exactly in size and shape to the 132 minute outline 

in Case 4. This again emphasizes the great importance the 

atmospheric stability has on the motion in this model — 

affecting the development of the mountain slope winds as 

well as the growth of the small cumuli. It may be of 

great Interest to experiment with various water vapor and 

temperature profiles to observe the effect on the model. 

The irregular patterns in Pig. 3.14 near the slope 

arise from difficulties associated with the fact that 
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alternate points next to the slope are only 50 meters 

above the slope* Special formulae had to be used to com

pute derivatives of the various quantities and to compute 

the relaxation solution of JSq. (3*2) at these points. The 

irregularities damped with time and did not threaten the 

computational stability of the model. 

The u- and w-patterns shown In Fig. 3.14 are 

slightly different for this case compared to Case 3 or 

Case 2. The winds are parallel to the slope since +1 must 

be zero there and hence, in that region, u-veloclties are 

twice as large as w-velocities. 

Kinetic energy per unit mass and changes in this 

energy were computed for all three moist models. They are 

shown in Fig. 3.16. 

KJS = ^ (u^j + wij ) / 2 = total KE of model. 
it 

In general, horizontal gradients of temperature, water 

vapor, and liquid water should produce kinetic energy, and 

explicit and implicit turbulent diffusion of the model 

should degrade kinetic energy. However, no integral 

relations have been derived that could account for the 

Ogura's study (1962) showed that the implicit 
turbulence of the upstream differencing degraded the en
ergy of the system but I have retained its use as a proven 
stable finite-differencing technique. In the future 
Arakawa's technique can be used on the advective terms. 



Fig. 3.16.—Total Kinetic Energy and Change In Total 
Kinetic .Snergy for the Three Cases of the Moist Model. 

Dashed lines are for Case 3» dash-dot for Case 4, and 
solid for Ca3e 5# The curves start at 30 minutes for 
Cases 3 and 3 and at 83 minutes for Case 4, which neces
sitates the double abscissa scale. 
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temperature changes and water vapor changes at the surface 

and hence allow an energy balance to be checked throughout 

the numerical time-integration, further theoretical work 

on the Integral constraints for systems such as these needs 

to be done. It might prove enlightening to Integrate a 

version of this model through one complete reduced period 

and keep track of the kinetic energy and the various 

sources and sinks of kinetic energy in the model. 

The kinetic energy and change-ln-klnetic-energy 

ourves reflect to a large extent the effect of the en

vironmental stability of the models. Oases 3 and 5, with 

their lower stability, have larger kinetic energies and 

kinetic-energy-changes at the same time than Case 4. How

ever, the magnitudes of these quantities are of the same 

order at comparable stages of development of the motion. 

This is also refleoted in the evolution of the stream 

functions where the stream function centers are of com

parable magnitudes when rising above the ridge line. 

In all three cases, a noticeable increase in 

kinetic energy occurs when condensation begins. However, 

while Cases 3 and 3 have a steadily increasing ds/d t 

after condensation. Case 4 shows a pulsation in this 

quantity. This is associated with the very slow growth of 

the cloud from 112 to 120 minutes and the surge in growth 

thereafter. Shortly after this fall-off in diS/dt at 
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120 minutes, a smaller rate-of-lncrease of the maximum 

value of liquid water content occurred. These are cited 

as interesting properties of the model with no clear-cut 

explanation at this time. 



CHAPTER IV 

PHOTOGRAMMBTRIC STUDY 

Recently a few papers have been published concern

ing photograiojnetrlc studies of the growth of cumulus over 

mountains (Glass and Carlson, 1963, and Todd, 1964). 

Glass and Carlson (1963) used ground-based T—11 aerial 

cameras to record data on cloud-top growth rates, the 

change of cloud diameter with height, and the trajectory 

of clouds growing over the San Francisco Peaks in Northern 

Arizona. They applied this data to a check of the bubble 

theory of convection (Scorer and Ludlam, 1953, Jcorer, 

1958) and concluded that of the 21 cloud "thermals" they 

measured on a single day roughly two-thirds of them fit 

the theory. Among other things, a "fit" required that the 

cloud thermals broaden with height at an angle of approxi

mately 20° to 25° and that the elements' buoyancy be ap

proximately conserved. This last requirement leads to the 

result that 

(z - zQ)2 = k t 

where z is height of the thermal above its virtual origin 

z0, t is time and k Is a constant. These results for 

clouds emerging from larger cloud masses had been 

81 
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substantiated earlier by Saunders (1961) in a photogram-

metrlc study using time lapse films of clouds growing over 

somewhat flatter lands near Ostersund, Sweden. 

Todd (1964) analysed data from time lapse films 

and from airplane flights through the clouds over these 

same San jFranclsco Peaks on a single morning. The air

plane data provided information on the continuity of the 

updrafts, showing many updrafts lasting 7 to 18 minutes 

and one of 28 minutes. The speeds in the updrafts aver

aged 2 to 3 times greater than the rise of the tower tops. 

Todd used these facts to suggest that the cloud growths 

follow the starting plume theory of J. S. Turner (1962). 

This theory was developed to link the plume or Jet theory 

of convection (with entrainment at the sides) to the bub

ble theory (with mixing primarily at the top), allowing 

the latter theory to have a maintained source which could 

explain the observations of flat cloud bases. A serious 

weakness of the above theories Is their requirement of a 

neutral environment. We have seen in the, numerical model 

the critical Importance of atmospheric stability. 

The present photogrammetrlc observations are in

cluded to further illuminate cloud-growth characteristics 

over mountainous terrain. The effect of the mountains on 

the clouds' initial position may be shown. The use of 

four days' data allows comparison of different 
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environmental characteristics to show their possible in

fluence on the convection pattern* And, finally, the in

formation on rates of growth and cloud position with re

gard to winds may indicate areas where the numerical model 

needs Improvement. 

The days chosen for analysis were days on which 

the mountains were free of clouds in the early morning so 

that heating of the surface by direct solar radiation was 

possible. Several mornings during the summer months of 

July and August in Tucson will find the mountains shielded 

by clouds at sunrise, so the data days present by no means 

the only sequence of events representative of cumulus con

vection over the Santa Oatalina Mountains. However, they 

do represent a fairly common pattern, and one the numeri

cal model was designed to simulate, with the neglect of 

ambient winds. 

Method 

The stereo photographic technique used in this 

study has been described by Kassander and Sims {1957), 

Orville and Kassander (\96I), and Orvllle (1961). Two 

T-11 aerial cameras are situated at the ends of a base 

line 2.903 miles long and are directed parallel along a 

oentral azimuth of 30°18'. This oentral angle deviates 

481 of arc from being perpendicular to the base line. 
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The cameras are mounted so that the fooal planes are per

pendicular to the horizontal. They are connected elec

trically via a leased telephone line so that simultaneous 

pictures are taken of the cumulus. The cameras' 74° field 

of view gives good overlap at the 10 to 20 mile ranges of 

the principal ridges of the Santa Oatalinas. 

This orientation of the cameras conforms to the 

stereo-photogrammetric parallel-averted oase as defined by 

Hallert (I960). The basic equations used with the data 

from the photos are 

b cos <5 (f0 - x0 tan 6 ) 
y = 2 2 , (A.i) 

(£j> - 1 ) + p 

f j 

Ht = U, / fj) y , (4.2) 

A 
where, it is clear, allowance lias been made for the un

equal focal lengths of the cameras. The symbols are: 

y = perpendicular range, 

b = base line, 
s 

6 = angle of "avertedness", 

f| = focal length of left camera, 

f2 = fooal length of right camera, 

p = horizontal parallax = x^ - x2 , 

Xj = horizontal displacement on left camera 
negative, 



xp = horizontal displacement on right camera 
d negative, 

Hj = height of cloud point above left camera, 

z. = vertical displacement of cloud point on left 
camera negative. 

Hj must be corrected for the earth's curvature and atmos

pheric refraction to be compared with map heights. This 

was important in a check on the accuracy of the method by 

measuring the heights of mountain peaks in the Santa Qata-

linas. 

A stereoscope, parallax bar, and ruler divided in 

0.02 inoh divisions were used to obtain data from the 

films. The films were analysed using light tables on 

which stereo-pairs were oriented by means of mountain con

trol points. A previous error oheck (Orville, 1961) of 

the parallax bar technique on several peaks in the Cata-

' Unas indicated standard errors of 1 per cent in range and 

height measurements. The parallax was measured by ruler 

in some Instances. This is not as accurate as the paral

lax bar. An estimate of over-all accuracy would be about 

2 per cent. This means that the cloud positions can be 

plotted to accuracies of 0.2 to 0.4 of a mile in the 10 

to 20 mile ranges typical in this study, and the cloud 

heights known to within 100 to 200 feet. 

The Santa Catallna Mountains are a triangular-

shaped mountain mass with two principal ridges forming 
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a Greek letter T" (a map showing smoothed contours of the 

Catalinas is inoluded in the results section). The top 
_ v 

of the T" represents a ridge extending from Cathedral 

Rock northeastward to Mt. Lemmon and Oracle Ridge. Figure 

4.1 shows that the portion of the ridge line from Mt. 

Lemmon to the end of Oracle Ridge is the most formidable. 

The second and most massive ridge extends from Mt. Lemmon 

eastsoutheastward to Green Mountain and forms the stem of 

the T . Figure 4.1 also shows the height of this "Lemmon-

Green" ridge. Mt. Lemmon is the highest point of the 
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Fig. 4.1 .—Mountain Ridge Topography 

Heights of the two main ridge-lines are shown. Abscissa 
Is in miles along the ridge, ordinate shows height above 
sea level, in thousands of feet. 
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ridge, although the Soldier's Peak and lit. Bigelow area 

marie another high region. Several minor ridges extend 

from the8e two principal ones. The largest, bamaniego, 

is due west of Oracle Ridge. 

Results 

The order of the discussion of the results of 

cloud-initiation on the four days analysed will be by 

paired days; a westerly component in the winds is present 

on August 28, 1962, and July 13* 1963. and an easterly 

component is present on August 3V 1963, and September 9, 

1963. A few similarities will be noted about the convec

tion characteristics of the data days as well as several 

dissimilarities. 

Tucson radiosonde soundings are used in the fol

lowing discussion. The ambient properties over the moun

tains are assumed to be similar to those over the Tucson 

International Airport situated approximately 25 miles 

south-southwest of the Santa Catallna Mountains. The 

soundings are taken at 5:00 AM and 5*00 PM, whereas the 

initial cloud formations occur between 9*00 AM and 12:00 

noon. Any significant changes from the 5:00 AM to 5:00 PM 

soundings will be noted. 

The soundings give the environmental characteris

tics; the photographic data and analysis reveal the cloud 



characteristics. If all environmental features are the 

same on particular days one might expect the cloud-convec-

tion patterns for the days to be the same. However, sim

ilar patterns may exist because of quite different combi

nations of environmental characteristics. JSven with our 

crude observations some patterns may be found and related 

in a reasonable way to the environmental traits of the 

day. The environmental characteristics of the four days 

studied are given in Table 4.1 except for the winds, which 

are shown in the cloud position charts, to be discussed 

below. 

Table 4.1 

Environmental Conditions for Photographic Data Days 
(12 GMT Radiosonde Sounding, Tucson, Arizona) 

Date Level Temperature Height Lapse Rate Water Vapor 

mb °0 meters °0 km"1 Km kK 

Aug 908 28.0 930 12 .6  
28, 5 .9  

1962 850 24.6 1507 
6 .9  

11 .8  

700 13 .0  3178 
8 .2  

6 .0  

564 , .  -  1 .6  4960 
5 .2  

4 .0  

500 -  6 .5  5902 
6 .2  

0 .7  

400 -17 .1  7612  0 .4  



89 

Table 4.1 (Gontinued) 

•Date Level Temperature Height Lapse Rate Water Vapor 

July 911  28 .9  910  10 .0  
13 ,  4 .0  

1963 850 26.4 1530 9 .5  
7 .9  

700 13 .2  3204 7 .7  
7 .8  

535 -  3 .9  5390 3 .1  
4 .8  

500 -  6 .5  5933 2 .6  
8 .5  

467 -11 .0  6460 2 .3  

400 0 .9  

Aug 892 24.5 1130  13 .2  
3, 6 .0  

1963 850 22.0 1548 11  . 5  
6 .8  

700 10 .7  3204 6 .0  
6 .6  

606 2 .9  4390 1 .7  
8 .2  

557 -  2 .6  5060 3 .0  
-0 .14  

548 -  2 .4  5200 1 .3  
5 .9  

500 -  6 .6  5917 1 .0  
6 .2  

400 -17 .2  7627 0 .6  

Sept 906 29 .1  980 10 .4  
9, 4 .8  

1963 850 26 .4  1538 10 .3  
4 .7  

829 25 .4  1750 10 .1  
9 .0  

700 12 .2  3215  6 .8  
7 .4  

500 -  7 .9  5939 2 .3  
8 .3  

436 -16 .6  6980 1 .6  
4 .6  

400 -19 .6  7636 0 .7  
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The results are presented in three chart3 for each 

day. The first chart is a graph of the maximum cloud-top 

by 7*5° sectors over the mountains. The cloud points are 

conneoted when it is possible to identify the cloud tops 

from one minute to the next* This gives the growth rates 

of the oloud tops. Additionally, 4 or 5 curves of cloud 

diameter-versus-height are plotted on this chart. 

The second chart of each day's series shows the 

position of the clouds with respect to the contours and 

ridge lines of the mountains. Clouds in the first few 

minutes and at one later time interval when clouds have 

spread over the ridge are plotted. In addition, the winds 

from 6600 feet to 16,500 feet are shown on this chart. 

The third chart is a sequence of tracings made 

from 9"x9" film negatives to illustrate the extent of the 

clouds over the mountains during the period of analysis of 

the previous two charts and for a short while afterward. 

The data for August 28, 1962, are in Pigs. 4.2 to 

4.4: July 13, 1963, in Pigs. 4.5 to 4.7; August 8, 1963, 

in Pigs. 4.8 to 4.10; and September 9, 1963» in Pigs. 

4.11 to P.13. 
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Pig. A.2.—Maximum Cloud Top Height for August 28, 1962 

Heights are plotted vs. time by 7*5° sectors. Cloud tops 
that are connected from one minute to the next show the 
growth rates of the clouds. Width vs. height curves are 
Included to one side and Identified by numbers with their 
growth curves. 
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Fig. A.3.—Cloud Positions Over the Santa Catallnas 
for August 28, 1962. 

Clouds are plotted during several minutes at the beginning 
or the analysis period and at a later time in the cumulus 
development when the ridges have been covered. 
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Fig. 4.A.—Cloud Tracings for August 28, 1962. 

Several tracings made from, the 9"x9" film negatives are 
shown. The sequence continues after the analysis period 
of the day to show some further development of the cloud. 
The brealc in the mountain outline between Cathedral Roclc 
and Mt. Lemmon indicates a change in range of the princi
pal mountain ridges. The range of the ridge including 
Cathedral Rock and westward is 10 to 13 miles, that of Mt. 
Lemmon and eastward is about 18 miles. 



AUGUST 28 ,1962 

SOLDIER GREEN KIMBALL CATHEDRAL LEMMON 



Pig. 4.5.--Maximum Cloud Top Height for July 13, 1963. 

Details are the same as for Fig. 4.2. 
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Fig. 4.6,—Cloud Positions Over the Santa Oatallnas for 
July 13, 1963. 

Details are the same as for Fig. 4.3. 
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Fig* 4.7.—Cloud Tracings for July 13» 1963. 

Details are the same as for Fig. 4.4. 
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Pig. 4.8.--Maximum Cloud Top Height for August 8, 1963, 

Details are the same as for Fig. 4.2. 
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Fig. 4.9.—Gloud. Positions Over the Santa Catallnas for 
August 8, 1963* 

Details are the same as for Fig. 4.3. 
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Fig. 4.10.--Oloud Tracings for August 8P 1963. 

Details are the same as for Fig. 4.4. 
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Fig. 4.11Maximum Gloud Top Height for September 9, 1963. 

Details are the same as for Fig. 4.2. 
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Fig. 4,12.—Cloud Positions Over the Santa Catalinas for 
September 9» 1963. 

Details are the same as for Fig. 4.3. 
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Pig. 4.13.-
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Cloud Tracings for iSeptember 9» 1963. 

same as for Fig. 4.4. 
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First Pair of Days 

As noted, a similar environmental characteristic 

of August 28 and July 13 is the fact that they both have 

predominantly westerly flow — northwesterly winds in the 

lower levels (5000-10,000 ft) backing to southwesterly 

winds at 13*200 feet (msl), as shown in figs. 4.3 and 4.6. 

Coinciding with this similar environmental trait are three 

similar cloud-initiation characteristics. On both days 

clouds initially form over the south side of the "Lemmon-

Green" ridge. This side of the ridge would be expected to 

produce the earliest convection due to its favored posi

tion with respect to the sun. In addition, the northwest 

winds would tend to tilt any rising currents to this south 

side. The bases on these days were at approximately the 

same high altitude, 13*500 feet above mean sea level, a 

rather surprising result since August 28 was generally 

much moister in the lower levels than July 13. The third 

similarity among these days is the fact that the cloud-

base topography is rather flat, as can be seen from Table 

4.2, which'gives the cloud-base heights. In comparison 

with the other days, this may be attributed to a longer 

fetch from mountain ridge to cloud base, which allows a 

longer time and greater distance over which eddy mixing 

with the environment may occur. 



Table 4.2 

Cloud Base Topography 

Deg 10-15 
3500* 

15-20 
4000* 

20-25 
6000* 

25-30 
7000* 

30-35 
8600* 

35-40 
8200* 

40-45 
8100* 

45-50 
8400* 

50-55 
7700* 

55-60 
6900* 

Date 

Aug 28, 
1962 

13820 
(16 )  

13680 
(5 )  

13480 
( 2 1 )  

13370 
(8 )  

July 13, 
1963 

13420 
(10 )  

13410 
(56 )  

13220 
(8 )  

13290 
( 1 4 )  

13550 
(2 )  

13500 
(7 )  

Aug 8, 
1963 

10860 
(12 )  

10500 
(25) 

9720 
(21 )  

10350 
( 2 1 )  

10000 
(1 0 )  

Sept 9, 11430 11770 11800 12540 12370 12125 12220 11960 11750 
1963 (2) (5) (5) (12) (16) (14) (21) (5) (1) 

* Average height of ridge or underlying terrain. 
(Numbers In parentheses are the number of measurements.) 
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There are a few dissimilar environmental charac

teristics on these days. The winds are stronger on August 

28 and have a greater directional shear with height. As 

seen in Figs. 4.3 and 4.6, the winds are a maximum lOmps 

at 8250 feet (msl) on August 28 and a maximum of 6mps on 

July 13. Also the flow shifts from southwest to south-

southeast between 13*200 feet and 16,500 feet on August 

23, a change clearly noted when observing the clouds via 

T-11  pho tos  and  t ime  l ap s e  f i lm'a n d  ind i ca ted  b y  the  t i l t  

of the clouds in the early sequences of Fig. 4.4. Table 

4.J also shows that August 28 is wetter in the low lev

els, drier in the upper levels and is more stable than 

Ju ly  13  except  be t ween  1 0 ,5 0 0  and  16 ,500  f e e t  (ms l ) .  

These disparities may have some causal relation

ship with the dissimilar cloud-initiation characteristics. 

As seen in fig. 4.6, the location of beginning clouds on 

July 13 are confined to the ridge between Mt. Lemmon and 

Mt. Bigelow. Later development of the clouds occurs over 

the north side of the ridge as well as the south side so 

that a good portion of' the area between the 7000ft con

tour has cloud forming over it. Figure 4.3 shows that the 

development on August 28 is shifted one sector to the east 

compared with July 13 and the clouds form predominantly 

over the south side of the ridge, often outside of the 

7000ft contour. The wind characteristics on these days 
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may account for this difference. The lighter winds of 

July 13 (the afternoon sounding shows a decrease to Imps 

in winds at cloud base level) allow currents to rise over 

the ridge with slight tilt. As the morning progresses 

much of the higher terrain of the Catalinas has caused 

cloud formation. On August 28 the cloud bases are a mini

mum of 4000ft above the ridge. The strong winds at ridge 

level have tilted the rising air currents so that initial 

c loud- fo rma t io n  i s  d i sp laced  two  or  three  mi l e s  f rom i t s  

source. The first cloud to appear in the 37.5° to 45° 

sector showed an approximate one mile displacement in 

three minutes, which would indicate greater wind speeds 

over the ridge than were present in the environmental 

sounding. This cloud formed approximately 2.5 miles 

downwind from Mt. Lemmon. A hypothetical updraft rising 

at 600 ft mln"' (speeds typical of the cloud updrafts 

for this day but probably an over-estimate for the dry 

convection subcloud currents) would take 6.5 minutes to 

rise to oloud-base level, which is nearly enough time to 

traverse the horizontal distance from Mt. Lemmon to the 

location of this first cloud. It seems reasonable that 

the Mt. Lemmon sector was participating in the convection 

on August 28, and that the one-sector eastward displace

ment of the initial cloud-formations was due to the winds 

over the Catalinas. 
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The greatest disparity between cloud characterise 

tics for these two days is shown in the cloud-growth rec

ords in Figs. 4.2 and 4.5. Ihe difference between August 

28 and July 13 is striding. Convection on August 28 is 

much more vigorous, with growth rates of 600 ft mln"1 near 

the beginning and of 1200 ft min"1 near the end. The 

cloud tops progress rapidly, extending to 20,500 feet in 

40 minutes. In contrast with this, July 13 shows slow 

growths with maximum rates of 300 ft min"1. The cloud 

tops penetrate upwards very slowly, reaching 15»000 feet 

after 50 minutes. July 13 shows pulsations of 2 to 4 min

utes in cloud growth. August 28 has several examples of 

growth surges lasting 6 to 10 minutes. The higher growth 

rates and longer-lasting clouds are consistent qualities, 

the stronger updrafts producing higher liquid-water con

tents and denser cloud. Figs. 4,4 and 4.7 show tracings 

of the clouds over the mountain ridge and serve to empha

size the difference in cloud convection on these two days. 

The final sequence has cloud to 27,200 feet on August 28 

and to 17,000 feet on July 13 after comparable times of 

development. 

The environmental feature that seems most likely 

to explain this difference in dynamics may be the greater 

water vapor content of August 28, but the fact still re

mains that cloud-base heights on the two days were 
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virtually identical. This stresses the Importance of en

vironmental observations closer to the clouds. Some con-

vective organizing mechanism seems to have existed on Aug

ust 28 that was not present July 13« The possibility 

exists that some orographic effect was more Important on 

August 28 than July 13 due to the stronger winds on the 

former dayt but more complete observations would be needed 

to confirm this. According to mountain-wave theory, winds 

of 7mps at ridge level are necessary (but not necessarily 

sufficient) to form mountain waves. Winds of this speed 

were present in the lower levels on August 28 but not 

July 13* Direction shear was large on August 28, whioh 

would be unfavorable for wave formation. Winds lower than 

7mps impinging on a small mountain range may flow around 

rather than over the mountain. A more suggestive mountain 

wave situation will be discussed later. 

One final cloud characteristic to be noted is the 

rate of broadening shown in the corner of Pig. 4.5 for 

July 13. The clouds on this day spread out and grew very 

little, giving rise to the shallow-slope wldth-versus-

helght curves. Those for August 28, in Fig. 4.2, show 

no general trend. The few cloud examples in the lower 

levels broadened without rising substantially. The one 

cloud example for higher elevations shows the opposite 

result; it rose without broadening. The strong 
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dlreotional shear of the wind made choices of cloud "ther-

mala" very tenuous on this day. 

Second fair of Days 

The unifying environmental characteristic of the 

August 8, 1963* and September 9t 196?, data teas an easterly 

component of the winds* although August 8 had predominant

ly southerly winds at 9900 and 13*200 feet. The tempera

ture , water vapor and lower wind speeds of August 8 con

form most closely to those of Qase 4 of the numerical 
0 

model. The high wind speeds of September 9 are similar to 

those of August 28. 

In contrast with the previous two days analysed, 

these days have their initial cloud-formation over the 

north side of the ridge and are shifted westward as indi

cated in figs. 4.8 and 4.11. X attribute this to trans

lation of the rising currents by the ambient winds. The 

sun may have a greater influence on the south side of the 

slope but this Influence for cloud-initiation seems to be 

restricted to the higher elevations close to the ridge 

line. Otherwise the initial formations would not all be 

north of the ridge. The winds are weaker on August 8f 

but, due to the fact that they are more perpendicular to 

the ridge, their cross-ridge component is comparable to 

that of September 9. The higher bases of September 9 

would allow a longer time for translation, assuming 
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comparable updrafts on the two days. The early formations 

on September 9 are displaced further from the ridge line 

than those on August 8. 

The early formations of August 8 retrace the ridge 

line but displace it downwind except at the southeast end 

of the ridge. It is tempting to speculate that this illus

trates an end-effect, the wind travelling around the south

east end of the ridge and not materially affecting the 

rising currents at this end. It may also reflect a com

plex wind situation established by Green Mountain or other 

terrain in the area, and so, until more detailed wind ob

servations are available it is a moot question as to why 

the lacic of cloud displacement at the southeast end of the 

ridge. 

Figures 4.8 and 4.11 are the cloud growth curves 

for the days of August 8 and September 9* Figure 4.11 for 

September 9 begins 18 minutes after the clouds began form

ing over the ridge, since only one camera was operating 

from 10:30 AM to 10:48 AM. The one camera's pictures in

dicated that no large growths had occurred and that the 

flat growth curves of the first ten minutes of Pig. 4.11 

could be extrapolated to the time of initial cloud-for-

mation. (There was some evidence of cloud formation of 

approximately 3 minutes duration over Samaniego Ridge 

as early as 9:50 AM.) 
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With the extra 18 minutes of development added to 

the September 9 curve, Figs. 4.8 and 4.11 Indicate an 

initial period of rather slow growths followed by an in

crease in growth rates and an increase in the height of 

the maximum cloud-tops in several of the sectors. The 

initially slow growth-rates are about 300 ft min~* in the 

first 46 minutes for August 8 and the first 30 minutes for 

September 9* The maximum cloud-top is Increasing by about 

100 ft min"1 on August 8. On this day, from 10s15 AM on, 

the growth rates and envelope of cloud-top maximums in

crease at an accelerated rate. Growths of 700 to 1000 
—1 1 

ft mln~ are evident and the envelope of cloud-top maxi

mums is increasing by 400 ft min"*1 in the western sectors. 

The September 9 results show growth Increases starting at 

11:00 AM with a slight lull at 11:24 and then continued 

fast growth after 11:28 AM. Growth rates in this last 

surge reach 1100 ft min~*. The envelope of cloud-top max

imums is increasing by 400 ft mln"1. Todd (1964) also 

noted the surge in growth rates in his observational 

study. 

Figures 4.8 and 4.10, 4.11 and 4.13 indicate the 

days' convection began with a few Isolated puffs over the 

ridge and as sections of the ridge became covered with 

cloud the growths became more rapid and the clouds pene

trated higher and lasted longer. However, no simple 



112 

generalizations can be made about the extent of the cloud 

area and rate of growth. The data for August 28, in 

Fig. 4.2, show clouds rising rapidly from almost the be-

ginning of the time period. The environmental character

istics undoubtedly play an important but, as yet, poorly 

understood part in the growth history of the clouds. Not 

until values of the environmental characteristics can be 

related more closely to values of the cloud dynamics on a 

specific day will we be a!ble to claim better understanding 

of nature's cloud-growth process. 

The cloud width-versus-height curves are shown in 

figs. 4.8 and 4.11. The rapid growth-rates of the cloud 

tops lead to the steep slope of the curves, which are 

characteristically different from those of July 13* a day 

of slow growth. These data emphasize Scorer's point 

(1953, p. 265) that clouds growing in a stable environ

ment could not be expected to yield results consistent 

with the bubble theory of convection. Environmental con

ditions are too unlike the laboratory experiments in 

neutral conditions to expect much general agreement. 

Glass and Carlson's measurements (1963) were given as 

evidence that the bubble theory of convection seemed to 

fit the observed growth of small cumuli over mountains, 

but they did admit that approximately one third of their 

21 clouds did not seem to fit the theory. 1 have been 
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able to follow spherical cloud-tops in only a very email 

fraction of the clouds measured here, and those that have 

been traced have width-versus-height curves that fit no 

distinct pattern. I think that those cloud-growths that 

tend to verify the theory are much more the exception than 

the rule and that environmental conditions are normally 

such as to preclude agreement* Bon-linear numerical mod

els may come closer eventually to fitting the observations, 

but this is still a hope for the future. 

The cloud-base topography for all the days is 

given in Table 4.2. Here it is noticed that the topog

raphy shows the greatest extremes (approximately 1000ft) 

on the day with the lowest cloud bases, August 8. Septem

ber 9 and August 28 have approximately 400 foot differences 

along the ridge line and July 13 has 200 foot differences. 

The turbulent mixing from mountain-ridge to cloud base has 

been cited as a possible cause of the difference. The 

data are very sparse for September 9 in the regions over 

the valley but they do indicate lower bases over the valley 

than over the mountains. The lower bases on August 8 are 

attributed to the higher water vapor contents In the low

er elevations. The cloud-base results for August 28 show 

no general relationship with the underlying terrain. The 

July 13 results show agreement with the theory (the lower 

the ridge the lower the oloud base) in the region between 
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At, Lemmon and Ht. Blgelow but not in the sectors further 

east. It appears that the days with the lowest bases give 

the greatest agreement. 

She final topics of discussion about the second 

pair of days are the cloud areas, on September 9, downwind 

of the "Lemmon-Oracle" ridge, as shown in Pig. 4.1?. The 

initial photographs talcen on September 9 indicated an ac

tive region of cumulus conveotlon approximately 5 miles 

downwind. The underlying terrain includes the Samaniego 

ridge and canyon area but there is no reason to suspect 

this as a more favorable cloud region than the Oracle 

Ridge area to the east. The formation at 11:33 AM of a 

second group of clouds approximately 11 miles downwind of 

this ridge suggests lee-wave formation. The winds for 

this day are strong (9mps at 3250ft), constant with 

height, and nearly perpendloular to the ridge-line between 

Mt. Lemmon and the beginning of Oracle Ridge. The sta

bility in the layer from 700mb to 500mb is stronger than 

in the lower levels, as can be seen in Table 4.1. These 

conditions are considered favorable for wave formation 

based on Scorer's theory (1953)• If Scorer's parameter 

J?2 **-£-

s2 

is used to find the wavelength, an answer of 4.2 miles 

results. In the above, cf is the stability, 0.14km"*, 
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u is the mean wind speed at the ridge, assumed 9 m sec""*, 

and g Is the acceleration of gravity. A mean speed of 

limps would have given closer agreement with the observed 

wavelength and it could be argued that higher wind speeds 

would exist over the ridge due to the forced air flow 

over the "Lemmon-Green" ridge. Todd (1964) suggested that 

the San Francisco Peaks produced a narrow Jet about 4000 

feet above the peaks in his one day's analysis. The pos

sibility of waves set up by the "Lemmon-Green" ridge is 

minimized because of the angle of the winds striking the 

ridge. It seems reasonable that the winds crossing the 

"Lemmon-Oracle" ridge may have been of sufficient strength 

to set up wave motion. The heating effects of the slopes 

of Samaniago Ridge would be enhanced by the mountain wave 

and clouds would form earliest in this first wave-crest, 

forty-five minutes later clouds formed in the second crest 

when convection over a flatter valley surface was able to 

penetrate to levels affected by the mountain wave. The 

growth-rate curves in Fig. 4.11 show that the greatest 

cloud heights and most vigorous growths were in this as

sumed first wave-crest area, where theory and observations 

have shown the maximum vertical velocities to be. 
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General Comments 

The sun's Influence on the time of cloud-lnltla-

tlon was considered in only a most general way. Many 

things determine the time of appearance of the clouds, 

such as, the amount of solar heating, wind and orographic 

effects, temperature stratification, and moisture content 

of the air. Additionally, the previous day's precipita

tion and subsequent wetting of the ground may Influence 

the time of first-cloud formation. The first olouds (of 

the sustained cloud-growth period) appeared at 9:30 AM on 

July 13» 9:26 AM on August 8, 10:02 AM on August 28, and 

10:30 AM on September 9 (with evidence of clouds for a 

period of five minutes in a lee-wave at 9J 50). The base 

heights for July 13 were 3000 feet higher than those for 

August 8, which could explain the earlier appearance of 

clouds on August 8. The lee-wave effect could account for 

the "early" olouds on September 9. The data are really 

too few to draw any definite conclusions, although it ap

pears the solar influence acted as would be expected. 

These data from the four days <?n cumulus initia

tion have yielded several areas of agreement and disagree

ment. The cloud-initiation dissimilarities could often 

be attributed to disparities in the environmental charac

teristics. Even when a plausible reason exists for the 

various oloud-lnitiatlon characteristics, it is well to 
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remember that plausibility is no substitute for proof. 

The environmental conditions for the Santa Catalina Moun

tains were assumed the same as those over the Tucson Air

port. It is hoped that eventually studies such as these 

will include observations of environmental conditions 

closer to the clouds. 

Previous radar studies of this Southwest area 

(Braham, 1958, Ackerman, I960) have suggested that large-

scale processes are of crucial Importance for the occur

rence of cloud echos and rain. This may be true, but it 

seems that local effects are predominant in the Initiation 

process. Perhaps a closer look at local situations will 

reveal Important processes for local precipitation -- in 

particular, cumulus formation in lee waves may be of im

portance in certain wind situations (established, no 

doubt, by the general synoptic pattern). 

In a radar study in Pennsylvania Hosier, Davis and 

Booker (1963) determined that lee waves caused by the Al-

leghanles have a significant effect on the clouds and pre

cipitation in that area. 



CHAPTER V 

DISCUSSION AMD CONCLUSIONS 

Comparison of Model Results and Observations 

Most of the results have been disoussed in the in

dividual sections of the paper. However, it remains to 

link the numerical model with the photographio data and 

see to what extent and in what direction the model should 

be developed. In addition, the upslope winds should be 

compared with the observations of others. 

The geometry of the numerioal model was designed 

to simulate a long mountain ridge. Its smooth* oonBtant-

slope mountain oould model only the broader aspects of the 

flow over a heated mountain. The two main ridges of the 

Santa Catallnas are fairly long but many minor ridges and 

canyons lead to these principal mountain ridges. These 

irregularities undoubtedly cause the formation of clouds 

in isolated regions over the mountain ridges as is evident 

in the photographio data. However, the photographic data 

at the end of the ,time of observation in the oase of July 

13 did show the entire ridge oovered with cloud. The 

cloud position at times traced the outline of the ridge, 

indicating the importance of the high-level heat source. 

118 
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The temperature and water vapor fields specified 

in the model seem to have caused cloud initiation at 

reasonable altitudes. The more moist Case 4 of the nu

merical model had a temperature and water vapor field that 

conformed fairly closely to the August 8 data. The cloud 

bases in the numerical model formed at about 1800 feet 

above the ridge line and the clouds on August 8 had bases 

ranging from 1500 to 2000 feet above ridge elevation. 

Also, the lower terrain of Case 5 resulted in a cloud base 

slightly lower than in Case 3 which agreed with the obser

vations of lower cloud-base over lower terrain. 

The fields of temperature and water vapor did not 

lead to realistic values of temperature and liquid water 

content in the cloud, but 1 suspect that this was due to 

the dynamics of the problem and not to the initial con

ditions. In Oase 4, 20 temperature difference from inside 

to outside of the cloud, the 2 gm kg*"1 liquid water con

tents, and the associated gradients were larger than those 

normally found in such small cumuli (Aufm Kampe and Weick-

mann, 1957)* In addition, the magnitudes of the fields 

were increasing at an accelerating rate. The eddy mixing 

terms were increasing as the gradients increased but no 

balance seemed to be forthcoming between the advectlve and 

mixing terms. Larger diffusion coefficients, or mixing 

laws dependent on the flow velocity and field gradients 
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may allow better simulation of the physical properties of 

the cloud. 

The time-scale of the initiation of cumulus oloud 

appears to be reasonable in the numerical model (in the 

absence of any definitive field observations). The model 

assumes an initial equilibrium situation with temperature 

and water vapor at the slope equal to the values over the 

valley. This undoubtedly does not ocour generally. The 

clouds formed on the four data days (with stabilities more 

like Case 4 of the moist model) 3 to 4 hours after sun

rise. Initially the sun's radiation is needed to warm 

the slopes to ambient condition after a night of cooling, 

and so the 2 hours time for cloud initiation in Case 4 

seems to be in scale. 

On the other hand, the time-soale of the cloud-

growth does not seem to be proper in the numerical model. 

Case 4*8 main cloud-growth duration of 18 to 20 minutes is 

much longer than the 2 to 10 minute growths observed on 

the data days. The numerical model lacks a balance which 

could cause the cloud to stop growing and to dissipate. 

The pulsation which occurs in Case 4 does have 

some counterpart ija nature. The Images of the clouds on 

film negatives could be seen to alternate in optical den

sity, indicating a pulse in their growth. A hard, firm 

outline characteristic of rapid growth would change to a 
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soft, fibrous outline when growth ceased. Several changes 

could occur In the same cloud-top as new growths occurred. 

However, the pulsation In the numerical model was not In 

the same time-scale as that observed In nature. Perhaps 

an Irregular heating-pattern at the surface could produce 

this pulsation on a better time-scale. 0rf If the model 

reproduced a more realistic cloud-growth and dissipation, 

the second pulsation would create a new cloud Instead of a 

8urge in the first. 

The growth of the cloud-outline in the model pro

ceeds In a fairly realistic manner as long as the stream 

function oenter is beneath the cloud. Then the cloud 

broadens as it rises and the height and shape of the base 

remain steady. The rate of rise in Cases 3 and 5 seems 

the more realistic, 300 ft min"1. When the stream 

function center moves inside the cloud, a stem forms and 

the base evaporates. The two dimensionality of the model 

as well as the mixing law contributes to these unrealistic 

features, as pointed out by Ogura (1963). The photo

graphic data of September 9 revealed several cases of 

evaporation from the base up, so that a small tuft of 
* 

cloud high in the sky would remain to the last. Envir

onmental characteristics which differ from day to day cer

tainly play an important role in the evaporation-process 
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and it would be worthwhile to attempt to develop the nu

merical model to illustrate the dissipation prooess. 

And, finally, in our comparisons of the model-

cloud and nature, the absence of any ambient winds in the 

numerical model precluded orographic effects. The photo

graphic data of September 9 and possibly August 28 indi

cate that these effects can be Important in cloud growth 

studies, particularly if conditions are right for lee-wave 

formation. 

The reality of the upslope-wind results will have 

to be judged by comparison with previous observations. 

Defant's discussion of thermal slope-winds in the Compen

dium (1951) contains many of the features represented in 

this model, such as the magnitude of the upslope winds and 

the increased depth of these winds towards the ridge. In 

addition, the general shape of the lsentropes in Case 2 

agrees with Defant's figures. Georgii (1956, p. 15) pre

sents a schematic diagram of upslope winds with return 

flow very much like that simulated in the numerical model 

before the circulation center leaves the slope. 

Georgii18 text also includes data from Jellnelc (1933) on 
s 

upslope winds. These data Indicate upslope winds on the 

south slopes of 3 m sec"1 and depth of flow of 280 maters, 

all in fair agreement with the numerical model. The winds 

have a double maximum, a low point coming at about noon 
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which is attributed to the shading of the slope by convec-

tive clouds. Unfortunately, none of the observational 

data present a time development as extensive as that of 

the present numerical model, so a comparison is not now 

possible. Surely it would take observations under the 

most ideal conditions to trace a bubble up a mountain 

slope and into the free atmosphere. These ideal condi

tions would involve practically zero ambient wind flow, 

a oondltion assumed in the numerical model. 

Many Improvements and developments can be envi

sioned for this model. Various mixing laws should be ex

perimented with and developed so that observations and 

model may be more favorably compared. One of the values 

of a numerical model which Beeks to explain observable 

quantities Buch as cumulus formation over mountainous 

terrain is that advances may be made in our treatment and 

representation of complicated processes, such as turbu

lent mixing, through this comparison. 

The spatial variations of temperature and water 

vapor may be modeled to investigate their effect on the 

slope-winds and cloud-growths. The evaporation and heat

ing at the slope could be made interdependent through an 

energy balance equation and used to simulate convection 
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on days after heavy rains to see whether convection is in

hibited as some have thought. Also the slope-heating 

could be connected to the sun's angle and the shadow of 

developing cloud. 

The introduction of an initial ambient wind flow 

would make it possible to assess quantitatively the sepa

rate effects on convection of barrier-heating and barrier-

lifting and possibly simulate oumulus formation in lee 

waves. An Irregular lower surface could be modeled to 

see whether several streams could be initiated over the 

slopes, which may more nearly simulate Vul'fson's obser

vations (1956). 

The development of three dimensional models will 

be necessary, as in Thyer and Buettner's work (1962). 

Large capacity computing machines will be required for 

such problems. 

The symmetry of the two dimensional model may be 

changed to simulate an Isolated mountain ridge heated 

unequally on each side or, having different symmetry, to 

simulate a mountain-valley system with slopes on opposite 

sides of a valley heated differently. 

The grid could be extended in the vertical to 

allow for larger cloud growths. The theory of deep con

vection (Ogura and Phillips, 1962) may be applicable, but 

would cause the treatment of latent-heat release to be 

more complicated. It is tempting to consider adding 
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other cloud physics considerations to the problem, such as 

partitioning the liquid water content into reasonable drop-

size distributions and considering the dynamic effects of 

the fall velocity of the drops. 

It appears that in the next few years the entire 

growth of cumulus clouds may be treated by non-linear nu

merical models, from the initial stages of growth on to 

precipitation and, finally, to dissipation. Das (1964) 

has made progress in the numerical simulation of these la

ter stages. Observations in mountainous terrain seem 

ideal for testing the models. 

This study of the initiation of cumulus clouds 

over mountainous terrain has resulted in the addition of a 

lower mountain surface to previous numerical studies of 

atmospheric convection. An additional buoyancy term 

caused by the presence of horizontal gradients of water 

vapor ha8 been included in the numerical model and has 

been shown to be important in numerical problems, such 

as these, whlch*allow a temperature and water vapor per

turbation to develop a£ initio. To supplement the numer

ical work, photographic data have been analysed which 

illustrated several cloud-lnltlatlon characteristics over 

the Santa Catalina Mountains. Comparison of the 
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numerical models1 results on upslope winds and cloud-for

mation with the photographic results and extant observa

tions has yielded some agreement and indicated in what 

directions improvements in the model are needed. 

The model yields many results that are directly 

observable by ground and airplane observations. The en

tire cloud complex is modeled with no assumptions about 

oloud-shape or spherical vortex motion. There is hope 

that we may be able to improve our numerical models and 

observations so that the less complicated local situations 

may eventually be explained. 
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SYMBOLS USED 

A amplitude of surface water vapor change 

b base line 

Cp, cv specific heats at constant pressure and constant 

volume 

d depth of shallow convection 

£ kinetic energy or a constant Included in water va

por effects 

es saturation vapor pressure 

f friotlonal acceleration 

f fooal length 

g acceleration of gravity 

H height of adlabatic atmosphere or grid Interval 

Hj height of cloud 

h surface grid point Interval 

I numerical grid index for x-ooordlnate 

J numerical grid index for z-coordlnate 
A 

K eddy coefficient 

eddy coefficient for heat 

eddy coefficient for momentum 

TL^ eddy coefficient for water vapor 

Kj, constants in surface temperature change equation 
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k constant of proportionality 

L latent heat or length scale 

i  liquid water content or Scorer's parameter 

m ratio of Rv to R 

n number of iterations 

P reference pressure at base of model atmosphere 

P pressure or horizontal parallax 

q total water substance ( r  )  

R gas constant for dry air 

Rv gas constant for water vapor 

r water vapor mixing ratio 

r8 saturation mixing ratio 

8 distance along slope 

T temperature 

t time coordinate 

u x-veloclty 

V 
/ 

vector velocity 

vs wind speed 

w z-velocity 

z horizontal coordinate 

X1»  x 2  horizontal distance measurement on film 

y perpendicular range 

z vertical coordinate 

20 height of virtual origin 

*1 vertical distanoe measurement on film 
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cm over-relaxation coefficient 

@ expansion parameter 

& finite lnorement 

6 angle of avertedness 

fc expansion parameter 

vortloity 

potential temperature of reference atmosphere 

9 potential temperature 

k ratio of R to cp 

rr non-dimensional pressure variable or 3.14... 

P air density 

<T stability parameter 

t time 

specific entropy 

cp general variable 

cp1 quantity proportional to specific entropy 

^ stream function 

i 
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