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ABSTRACT 

A theory is presented foi* the design of time-varying 
filters which yield minimal mean square, estimates of the in­
coming signal for the case of nonstationary, additive, un­
corrected signal plus noise inputs. It is shown how certain 
aspects of Wiener theory apply to the more general problem 
and under what conditions the nonstationary design is optimum. 

An engineering solution to the problem is obtained 
based upon an assumption of "quasi-stationarity" of the short-
time power spectral densities of signal and noise. A recent 
control system, approach is used to simplify the analytical 
solution of a set of equivalent Wiener problems, along with 
a linearization of the input power spectral density function 
by the asymptotic Bode technique which yields a measurement 
procedure for determining the nonstationary channel statistics. 
An analysis is performed to place in evidence the channel 
identification time requirements for optimum adaptive action 
of the time-varying filter. 

Two examples are simulated on an analog computer 
to both verify the theory and illustrate the hardware com­
plexity that arises in practical realizations of adaptive 
filters. It is demonstrated by theory and experiment that 
significant gains in filter output signal-to-noise ratio 
can be achieved through the application of the adaptive 
concepts to timer-varying communication channels. 

A practical example of-an empirical nature is given 
to illustrate the design of an optimum adaptive phase-
locked loop detector for the Echo II, FM passive satellite, 
communication system. A theoretical improvement in infor­
mation transfer of approximately 27 times is demonstrated 
for the satellite system when a closed-loop combination of 
adaptive receiver-variable rate transmitter is employed. 

viii 



Chapter 1 

INTRODUCTION 

.1.1 PROLOGUE 

In the IHOS'; general terms, a filter is a device 

for separating or reducing certain entities in a system of 

heterogeneous col'lec+ion. The heterogeneous collection 

which is of interest in electrical communications ,is com­

posed of signal and noise„ where the two real time processes 

are distinguished as the desired or information bearing 

electrical fluctuations (signal) and the undesired or dis­

turbing electrical fluctuations (noise). 

Information transfer is accomplished in a communi­

cations system when the signal consists of random electrical 

fluctuations and when these time variations are capable of 

being separated, to some extent, from the noise. 

Figure 1.1-1 illustrates a general open-loop adaptive 

communications system in block diagram form. 

This work deals with the receiver although it is 

impossible to ignore the effects of the other elements of 

the system; in particular the behavior of the physical 

communication media and to a somewhat lesser degree the 

form of the encoder decoder, and information source and 

sink are contributing factors to the receiver design. 
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ĈOMMUŜ CATSON MEDIA & 

RECEIVE 

ADDITIVE 
NOISE 

ENCODER 
AND 

TRANSMITTER 

INFORMATION 
SOURCE 

Figure 1.1-1. General Open-Loop Adaptive Communication System 
to 
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Fundamentally, it; is the function of the receiver to 

transform the electromagnetic energy incident at its input 

into another energy form or state. The output from the re­

ceiver must be in a form which is acceptable to the infor­

mation sink, such as an- audio or visual presentation if 

the sink is a hum in , or an acceptable range of voltage 

variations with time if the sink is an electronic computer. 

In any event, the receiver is faced with the problem of 

filtering (general sense) the incoming real time random 

process in order to separate the signal from the noise. 

The filtering operation may take place directly in the 

domain of the received energy form, i.e., a radio frequency 

(rf) filter, or it. may occur after decoding (demodulation) 

of the high frequency signal into a low frequency or base­

band variation. In practice both techniques are used, since 

they yield additive improvements in signal separation from 

noise. 

Independently and almost simultaneously in the early 

1940's, Norbert Wiener [l] and A. N. Kolmogorov [2] developed 

a theory for the solution to the problem of optimum (in a 

minimal mean square error sense) filter design for the 

separation of signal from noise when both are stationary, 

additive, stochastic processes. 

However, when either or both the signal and noise 

arc nonstationary, then the optimal filtering problem can­

not be solved directly by the Wiener-Kolmogorov theory. 



Unfortunately, it is usually the case for physical communi­

cations media, that neither signal nor noise possess stationary 

statistical descriptors, such as power spectral densities, 

auto-correlation functions, or even means. If one adopts the 

viewpoint that all continuous but nonstationary stochastic 

processes may be represented as discrete random functions 

of time, then it follows that a filter structure which is 

optimum in the Wiener sense at one instant of time will not, 

in general, be of optimum structure at some later time dis­

placement. Thus, if an optimum' filter exists for non-

stationary stochastic processes, it must of necessity have 

a time-varying structure. Only if such a structure can vary 

deterministically as a function of the time-varying statis­

tical descriptors of the stochastic processes will such a 

filter be, in the Wiener sense, optimum. 

The objective of this work is to present a theory 

for the design of minimal mean square error filters for non-

stationary, additive, uncorrelated, signal and noise. It is 

shown that certain aspects of the Wiener-Kolmogorov theory 

carry over to the more general problem and that, under cer­

tain qualifying conditions, the nonstationary design of such 

filters follows directly the Wiener techniques. Of more 

than cursory interest to communications engineers should be 

the results of Chapter 4, wherein the simulation of two par­

ticular cases of time-varying adaptive filters is presented 

along with the empirical performance of these filters. 
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Obviously, as is the case in most engineering prob­

lems, certain approximations and assumptions are required 

in order to effect a useful solution. Wherever these occur 

the author has called them to the attention of the reader, 

and note is made of nnv important consequences which are 

inherent in such departures from the exactness of the 

mathematics, 

The fundamental contribution of this work is the 

reduction of theory to practice wherein the important factor 

of engineering judgement is exercised in order to simplify 

the design procedures identified by the mathematics. 

1-2 CONTENTS 

The material to follow has been arranged in the 

following sequence; (1) a survey of the existing theory 

and approaches to ^he problem, (2) a statement of the ap­

proach to be used in this work, (3) the application of this 

approach to theoretical and empirical examples, and (4) analog 

computer realizations to experimentally verify the adaptive 

filter theory presented. 

The history of the problem is treated in Chapter 2 

by presenting the general mathematical framework in which 

the problem lies and by discussing briefly the approaches to 

a solution as used by previous investigators. The notation 

used is presented in 'he early part of Chapter 2. 
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The basis Tor the approach used to effect an engi­

neering solution 'o <he problem is set down in Chapter 3. 

A necessity for certain assumptions and approximations is 

demonstrated, and these assumptions and approximations are 

treated in detail to establish their merit and effectiveness 

in the context of 'his investigation. The proposed design 

method is outlined in the last section of Chapter 3. 

Three examples of adaptive filter design and an 

analog computer simulation of the first two of these examples 

are presented in Chapter 4, A comparison is made between the 

theoretical and experimental performances of the simulated 

examples. A filter performance measure, which indicates 

the improvement in filter action of the adaptive structure 

in relation to the fixed optimal filter, is defined and 

the experimental behavior of this measure oyith nonstationary 

inputs is presented. The design of an adaptive phase-locked 

loop FM demodulator is considered in the last section of 

Chapter 4 in.order to give a more practical example of the 

use of the adaptive theory. 

Practical applications of the method are discussed 

and conclusions drawn to the work in Chapter 5. 



Chapter 2 

HISTORY OP THE PROBLEM 

2. JL INTRODUCTION AND ORGANIZATION OF THE CHAPTER 

The background material pertaining to the problem 

of adaptive optimal filtering of stochastic processes is 

presented in this chapter, A mathematical formulation of 

the problem, which dates back to the early 1940's, is pre­

sented, and the contributions of investigators in this area 

since that time are discussed, approximately in their chron­

ological order. Section 2.2 is devoted to a discussion of 

the notation to be used in the paper. 

2.2 NOTATION 

The nonstationary and time-varying aspects of the 

problem to be considered in this work make it necessary to 

use certain notational forms which, although a part of the 

modern work in communications and random process theory, are 

not standardized and consequently require definition here. 

"Adaptive Filter." An adaptive filter (or self-

adaptive filter, which is slightly redundant) is defined as 

a passive or active device which automatically adjusts its 

parameters in accordance with some algorithm dependent upon 

changes in the input signal statistics. 
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Lower case letters such as s(t), n(t), and i(t) 

denote time dependent or stochastic random variables. The 

stochastic variables considered in this work are all assumed 

to be real-valued, bounded, continuous or discrete functions 

of time. This is in agreement with the physical world that 

generates such entities. In general, the stochastic variables 

treated are not stationary"; i.e., their statistics may be 

time dependent, and consequently they will not in general 

satisfy the ergodic hypothesis."*" 

Since the stochastic processes to be treated are non-

stationary, the notation used to denote mathematical expec­

tation must differ from that used to denote time average. 

To this end, the following definitions are employed: 

Mathematical Expectation 

E (f[s(t)]} =/ f(s)dP(s), (2-1) 

Js 

where E is the expectation operator, P(s) is the probability 

measure over the space S of s(t), and the integral is taken 

in the Lebesgue-Stieltjes sense. E [f} will be referred to 

as the expectation of the function f. 

1. For a discussion of the ergodic hypothesis, see 
Davenport and Root [3], pp..66-68.. 

'2. See Korn and Korn [4], p. 113. 
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Time Average 

A [ f [ s (t) j } " 2V f f[s(t.)] dt, (2-2) 

J -T 

where A is the average operator and the integral is taken in 

the Riemann sense, All'3 will be referred to as the average 

of the function f, 

Certain special expectations and averages arise in 

the study of random processes and these are defined below. 

Autocorrelation Function 

<J>xx^tl't2^ = E^(t1)x(t2)} = xlt-L)x(.t2) . (2-3) 

Crosscorrelation Function 

*xy^tl't2^ = EtxCt^yCtg)) = x(.t1)y(t2) . (2-4) 

Time Autocorrelation Function 

<Pxx(ti,t2) = A{x(t],)x(t2) 3 = "XCT^TXTT^) . (2-5) 

Time Crosscorrelation Function 

<pxy^tl't2') = A^(t1)y(t2)3 = x(t1)y.(t2). (2-6) 

For stationary stochastic processes an extremely 

valuable relationship exists between the power spectral 

density associated with the random variable x(t) and its 



10 

time autocorrelation functionThis relationship, known as 

the Wiener-Khintchine relation, states that 

00 

G  ( W )  -  , - L l  o . , . . ( r ) c j a J r  dr, ( 2 - 7 )  
XX Z'iI / A.S. 

J _co 

where G (to) is the power spectral density function asso-
.X.X 

ciated with the stationary random variable x(t) . Physically 

Gxx (co) | represents the power that would be dissipated in a 

one-ohm resistor if a random voltage or current x(t) were 

passed through an "ideal" zero bandwidth filter centered at 

frequency to. 

In order to extend the useful ideas of autocorrelation 

and power spectral density to nonstat.ionary random variables, 

the short-time autocorrelation functions and corresponding 

power density spectra as first used by Fano f 5], will be 

defined as follows: 

Short-Time Autocorrelation Function 

^xx = 2®^ x(r))x(rj~r)e2a dij. 

Short-Time Power Spectral Density 

Gxx f ^xx j^dr, 

1. Note iliat the time autocorrelation function is a 
function of only one variable T, - j t9 - t^| , since, for a 
stationary process, only the relative time displacement de­
termines <p , not; the initial or final time values t, and tQ XX X ct 

(2-8) 

(2-9) 
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where a is the t ime constant; of a low-pass filter whose im­

pulse response or weighting function is given by 

! 2a o20!t, t > 0 
hU) - \ (2-10) 

:  0  .  t  < 0 ,  

The two-sided Laplace transform proves to be a use­

ful mathematical concept in certain aspects of optimization 

theory and is defined by the reciprocal relations 

p, 

F (s) -j f (t)estdt, (2-11) 

J —CO 

fJCO 
f(t) = F(s) estds, (2-12) 

J-j°° 

where s = a + jw is the so-called complex frequency. The 

absence of an abscissa of absolute convergence in the inverse 

transform (2-12), restricts the transform to functions which 

satisfy the convergence relations 

| f (t) j 2 d t < 00, 

° (2-13) 
' —00 

|f(t)|2 dt < ro. 

0 

2•3 MATHEMATICAL FORMULATION 

With reference to figure 2.3-1, the following defini­

tions are made for f.he purpose of mathematical modeling: 



;(t)' 

NOISE 
'n(t) 

A I 
| W i %i fern 

= s(t) + n(0 

sU) 

I V 
r ~ /\/v 

Wis 

r-: j 77rr'i 

LINEAR f:"\ .;V0i ST 
V.V £ a  ̂i A 

FILTER 

h(tfr) 
c(f) 

Figure 2.3-1. Block Diagram Defining Symbols 
i—• 
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The signal s(t) and noise n(t) are assumed to be 

stochastically independent, continuous or discrete, random 

viariables possessing certain time dependent statistical 

descriptors. 

The impulse-response function or weighting function 

of the linear filter, h(t,r) is characterized by two variables 

t and t, for the general time-varying linear filter, where 

h(t,T) represents the output of the filter at time t due to 

an impulse input at time r. 

The symbol e(t) is the filter error, i.e., the dif­

ference between actual output c(t).and the desired output s(t) 

The output c(t) may be related to the filter input 

i(t) by the superposition integral, 

r c(t) =| h(t,r) i(t-r)dr 

(2-14) 
t 

h(t,r) [s(t-r) + n(t-r)]dT, 

where the upper limit 00 in the first integral may be replaced 

by t in the second integral, since, for physical realizability 

h(t,r) = 0 for r > t. The lower limit -°° in the first inte­

gral may be replaced by 0 in the second integral if we define 

h(t,r) = 0 for r < 0; 

As a consequence of the definition of filter error, 

figure 2.3-1 and equation (2-14), the error may be written as 

a function of the input random process as follows: 

1 
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e(i) « s(t) - I h(t ,r) fs (t-r) + n(t-r)]dr. (2-15) 

Jo 

In most communication signals it is not the instan­

taneous error e'.r) which is of interest, but rather the mean 

square of e(t).which is the criterion used here. This is 

2 
denoted by e ( + ) - res'? where the bar indicates that averag­

ing is to be performed with respect; to the ensemble of input 

functions, A discussion of other error criteria such as 

1 e (t) j and e (t.) is not presented or considered here, but 

rather note is made of the correspondence between minimal 

mse and maximum output signal-to-noise power ratio. The 

reader is referred to Knapp [6] for a thorough discussion 

of error criteria. 

The squared instantaneous error yields 

e2(t) = s2(t) -2 / h(t,r)s(t) [s(t-T) + n(t-r)]dr 
Jo 

i l  h(t,r1)h(t,r2) fs(t-r1) (2-16) 

+ n(t-r1)][s(t-r2) + n(t-T2)]dT1dT2-

The auto- and cross-correlation functions for the 

various stochastic processes are defined as follows: 
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<5>ii (11,12) = i(t1)x (t2) - LsU.j) + J 

+ nU2)J 

<S>is^tl't2^ = iTtpT"(t^7 = IsCtj) + nU^ Js(t2) 

_____ (2-17) 

•ss'h'V " S<VS(V 

°nn ( t l 'V " 

^-jn^l'^) = s (t 1>n (tg) 121 

where the bar indicates that ensemble averaging, (2-p) apd 

(2-4), is to be applied. The mse may now be expressed in 

terms of certain correlation functions as 

-f JO 

e (t) - 0(0) -2 / h(t,T)$> . (t,t-r)dr 
So I bl 

(2-18) 
-t ft 

+ / h(t,r 1)h(t>r 2)4»ii(t-r1,t-r2)dr1dr2, 

Jo Jo 

where the operation of ensemble averaging is assumed to con* 

mute with that of integration. 

As was demonstrated by Booton [7], using the calculus 

of variations technique, the mse is minimized with respect 

to all possible choices of the system weighting function 

h(t,r), if and only if, h(t,r) E hQ(t,r), where hQ(t,T) is 

related to the system correlation functions as follows: 
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<l>s . (t-r ; i ) J hQ < t i Ct-T , t-77> d77 , (2-19) 

Jo 

for 0 < r < 00 • 

2 . 4 CONTRIBUTIONS TO THE _T(I?;ORY 

Unfortunately (2.-19) • cannot be solved in general for 

h <t,r) explicitly in '.onus of <2 . and <&. . since (2-19) is 
o ^ . 3 sx xi . 

the general form of the integral equation of the first kind 

(see references 17 j and f8j>. Shinbrot [8] was able to 

ob'.ain a solution for h (t.r) explicitly in terms of $ . and 
o 1 J si 

<?. • for the special case of white noise which is stochastically 

independent, of the signal. Even under this special case the 

solution was obtained in the form of a finite summation of 

products of functions of t and functions of r as an approxi­

mation to the general infinite summation required for an exact 

solution. For non-white noise the only tractable technique 

for effecting a solution to (2-19) appears to be numerical 

and; in all but the simplest of cases, would require machine 

computation, 

Beginning in 1954, Bendat [9] treated the problem of 

optimum-time variable filtering for nonstationary random 

processes. His approach was to consider those system 

weighting functions h(t,r) which are separable, i.e. , h(t ,r) = 

f'OgfT). where f (t) . the time-varying factor, is a function 

of ». alone, while g(r). ! he constant parameter factor, is a 



17 

.function of T alone. In addition, more complicated weight­

ing functions of the form 

M 
h(t,T) = s f (••. )g'n'.T ) + U(i) 6 (T) + V(t)<5 (T-T) ,  (2-20) 

n' 1 

whore M is an integer and 6 is the. Dirac delta function, 

were considered by Bendat;,. Included in Bendat's work is a 

discussion o 1' asymptotic filter design and synthesis, where 

h (t,r) is defined as an asymptotic weighting function to 

an optimum weighting function hQ(t.r) if 

h (t,r)/h (t,r)—>1 as t—(t—>-0) , (2-21) 
a o 

thus h (tjT) can be either the long time (t—*°°) or short 

time (t—>0) asymptote to the optimum weighting function 

h (t,T). The asymptotic design ideas presented by Bendat 

offer a solution to the synthesis of time-variable filters 

when exact optimal synthesis is difficult and when asymptotic 

operating regions are involved. The major drawback to Ben­

dat's approach lies in the fact that nothing can be inferred 

in general about the asymptotic filter's performance during 

the non-asymptotic period. The question arises also, as to 

what restrictive conditions exist in order for the optimal 

weighting function to be of separable form. 

Several n_d hoc engineering approaches to the design 

and synthesis of received signal controlled time-varying fil­

ters have appeared in the literature Keiser [10] proposed a 
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filter whose passband is controlled by a signal derived from 

a measurement of certain parameters in the input signal plus 

noise autocorrelation function. Using an experimental filter 

whose bandwidth and passband characteristics were fixed, but 

whose center frequency was a controlled variable, Keiser was 

able to demonstrate a significant improvement in signal-to-

noise ratio for the variable-pass network in comparison to a 

fixed network filter even at fractional signal-to-noise 

ratios. Although his approach was essentially the first 

example of a forward loop adaptive filter, the experimental 

example treated was of such a ^implii'ied nature that the sig­

nificant design problems associated with the general adaptive 

filter concept were rendered trivial,. 

The results of a General Electric Company investiga­

tion are described by Klassfll] wherein a filter was developed 

which adapts to a condition of pass or no-pass as determined, 

by the presence or absence of a desired pulse-type signal at 

the input. The adaptation time for this filter was found to 

be dependent both upon input signal-to-noise ratio and upon 

pulse repetition rate, being approximately inverse to their 

product. In general, several seconds were required for the 

filter to adapt or in a rudimentary sense to learn about its 

environment. 

Glaser[l2|, in 1961, reported the development of 

an adaptive filter for the detection of a pulse signal whose 

waveform is fixed, but unknown to the receiver. The algorithm 
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used was that of the maximum likelihood ratio, an'd a digitally 

simulated system exhibited "satisfactory" performance for 

signal-to-noise ratios as low as 12 db. 

In 1962, Bucy and Follin [13] published the results 

of their investigation of an adaptive filter which was simu­

lated on an analog computer to measure the spectral densities 

of the input signal and noise processes and adjust its bandpass 

characteristics to yield optimal filtering in the Wiener sense. 

The experiment treated two unknown parameters and the adapta­

tion time required was slow, being of the order of several 

seconds. 

Many worthwhile contributions have been made in less 

closely related areas such as adaptive or self-optimizing 

control systems and Stromer [1'4] gives an excellent bibli­

ography of 47 references on pre-1959 work in this field. 

The texts by Chang [15], Newton et al^ [16], and Mishkin and 

Braun [17] , are among the books which treat the general area 

of optimal design theory. 



Chapter 3 

ANALYSIS AND SYNTHESIS OF ADAPTIVE FILTERS 

3<1 INTRODUCTION AND ORGANIZATION OF THE CHAPTER 

A general form for the channel adaptive filter is 

suggested by the time-varying aspects of the problem, and 

this form is described, first as an over-all system, and 

then in detail for each functional block. An analysis is 

made in order to place the design factors in evidence and 

to examine their interrelationships for performance trade­

offs and limitations. The proposed design method is 

outlined in the last section of this chapter. 

3.2 THE GENERAL ADAPTIVE FILTER 

The random process input to the adaptive filter is 

taken to be a nonstationary stochastic variable composed of 

signal s(t) and noise n(t), where the two are assumed to be 

stochastically independent and additive. In order for the 

time-varying linear filter to adapt to or follow the non-

stationary behavior of this input in an optimum sense, it 

is necessary that the following operations be performed by 

the adaptive structure: 

(1) The nonstationary behavior of the input process 

must be observed, 

20 
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(2) the requisite filter parameter variations must 

be determined from a combination of both the physical measure­

ments on the input process and the optimization algorithm for 

the filter, and 

(3) the physical realization of the filter parameter 

variations necessary for optimal performance must be 

accomplished. 

Based upon the foregoing operational description, a 

block diagram for the general adaptive filter structure is 

postulated as shown in figure 3.2-1. 

The output of the filter, shown in figure 3.2-1 as 

s(t-X), is an estimate of the input signal waveform s<t), 

where X is a time delay which arises due to (a) the inherent 

response time of a physical system to an excitation at t=0, 

and (b) the time required for the operations of channel 

identification, parameter computation, and implementation 

of the computed parameter values within the filter structure. 

Ideally, one would seek to cause X—>-0 and s(t) = s(t), 

however the physical limitations of the system never allow 

such an ideal realization, and, inmost communication sys­

tems, it is unnecessary that X = 0 or that s(t) s s(t). 

An example in point is the situation in acceptable delayed 

voice communications where not only the individual speaker 

and listener determine the extent to which time delay and 

distortion can enter the system, but also the material 

being spoken 
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Y/hile average output signal-to-noise ratio is not 

the only criterion for performance of a filter, in many, 

applications it proves to be the most significant measure, 

and often no other is readily useable or tractable from an 

analysis point of view. Thus, the criterion for adaptive 

filter performance is chosen as minimal average square 

error, i.e., 

A {e2 (t.) } - A [ [ s (t) -s(t-X)]2} (3-1) 

is to be a minimum. In addition, the system delay X should 

be small, where the qualitative "small" is necessary until 

a specific application is determined or a quantitative re­

striction is imposed on this delay. 

Of the two sources of time delay ((a) and (b) listed 

above) in the adaptive filter structure, the delay due to -

the adaptive operations of identification, computation, and 

imp»lementation is the determining factor with regard to the 

allowable time rate of variation in the input nonstatipnarity 

parameters. This delay must be short with respect to the 

rate of change in the random process parameters. The ef­

fect of changing the filter's structure may otherwise be 

such that the filter response h(t,r) does not correspond 

to the optimal response function h (t.,T) for the instan­

taneous input which exists at the time the adaptation proc­

ess has been completed, Stated another way, the nonstationary 
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time dependence of the input signal must be slowly varying 

with respect to the time required for the over-all adaptive 

operation. 

The following assumption, hereafter referred to as 

quasi-stationarity, is made regarding the random channel 

and additive noise portions of the communication system 

model depicted earlier in figure 1.1-1: 

Both the gain and phase-delay characteristics 

of the random channel and the nonstationary param­

eters of the additive noise are varying slowly with 

respect to transmitted signal message changes and 

receiver filter adaptation time. 

The quasi-stationarity assumption regarding channel 

parameters, and hence received signal nonstationarities, 

can be justified for high information rate systems. Con­

sider an FM/FM telemetry system employing 16 quantization 

levels and information source bandwidths of 30-50 kc. The 

average information rate of transmission over the channel 

will be approximately 29-48 kilobits/sec.* For a repre­

sentative fading rate of 20 db in 100 milliseconds and a 

relatively fine quantization of 100 levels, the bit rate 

for the fading nonstationarity will be 66.5 bits/sec. Thus, 

1. See Nichols and Rauch [18], p. 184, and Harman 
[19], pp. 109-111. 
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the average signaling rate is approximately three orders of 

magnitude higher than the fading rate."*" 

With respect to the additive noise source, the quasi-

stationarity assumption is less easily justified, and for 

certain types of 'man-made interference it appears definitely 

incorrect. Nevertheless, such an assumption is inherent in 

the adaptive filter concept as herein proposed, and one must 

content oneself with the restrictions of the assumption or 

modify the philosophy of adaptation suggested here. 

Despite the restrictions on the use of the proposed 
_ r-

adaptive filter concept, there exist many physical applica­

tions for such systems. Ionospheric fading, multi-path 

interference, time-varying white background noise, and all 

types of slowly changing atmospheric conditions which corrupt 

the signal transmission are examples of the nonstationary 

problems for which ...pi.ive filtering will be shown to be 

a useful and feasible receiver technique. 

3.3 TIME-VARYING FILTER STRUCTURE 

When one adopts the quasi-stationarity assumption, 

as stated in section 3.2, certain aspects of the Wiener-

Kolmogorov theory become applicable to the problem. In 

1. The fading rate used here is representative of 
the measured maximum short-term fading in ionospheric propa­
gation tests. See the National Bureau of Standards [20] for 
empirical data on fading and noise in ionospheric propagation. 
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particular, it is useful to consider the stochastic input to 

r,he adaptive filter as a "piecewise" stationary and ergodic 

random variable, or equival-cn t ly, the problem may be stated 

as follows; 

The input, stochastic process is composed of a 

sequence li. (t)} of random variables, for which 
cl 

there exists a finite or infinite number of sub­

sequences. each of which is defined to be station­

ary and ergodic within its particular subspace of 

the entire input space. The ergodic hypothesis, 

however, does not apply to the ensemble members 

of the different subsequences. 

The optimal Wiener filter solution to this problem 

i's thus a finite or infinite number of solutions to each 

subspace problem if one has the jj priori knowledge that 

the ensemble member, which is the input to the system for 

any given period of time, belongs to a certain stationary 

and ergodic class of functions. It is the function of the 

channel identification block, figure 3.2-1, to provide the 

adaptive structure with this a^ priori knowledge. 

In order to determine the specific information re­

quired for a solution to each of the equivalent Wiener 

problems which compose the quasi-stationary problem to be 

treated, a discussion of the, by now, classic Wiener problem 

is given in the appendix. There it is shown that the optimum 
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sys t.em rune* ion H ' s') ... -.vhi cli minimizes the averaged squared 

error for the Wj ener 1'i 1 i;.r»r i ng problem is 

I ci> (s) 
/ _ 
\ rs> • <p ŝTT- n D 

H (S) •- <•—— — ' J " • (3-2) 
o i<& 's) + (s)l 

' ss nn J + 

where 'bo symbols [ ] •- and [ }p are as defined in the 

appendix. 

An exaiiu nation of (3-2) discloses that the a priori 

i n.formai on required J'or a solution to the piecewise equiva­

lent, Wiener problems is the complex power spectral densities 

of signal and signal plus noise at the input to the filter. 

The two-sided transforms $ (s) and $ (s) used in (3-2) 
ss nn 

are related to the signal and noise power spectral densities 

by the relation 

$ (s)] . = 277 G (IO). (3-3) 
xx Js=:jo<; xx 

If one considers the piecewise application of (3-2) 

to the nonstationary problem, it becomes necessary, in 

general, to first determine the power spectral densities "* 

(PSD's) of input signal and noise, and then to implement 

the solution of (3-2) for the optimum filter function HQ(S). 

Moreover, these operations must be performed in real time 

such that the quasi -sta t ionavity .assumption is valid. 

•Vsidc from the compu ' .a t i on a 1 difficulties of implementing a 

machine (digital or analog) computation according to (3-2), 
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the time required for .30 accurate determination of G (to) s s 

and G ''to) is ordinarily long :i f a serial procedure is used, 

or e x1 rerne'l v complex and expensive, from a hai'dware view­

point if 3 par;il]ol \echnique is employed. 

The i n; 1 c mo-o effective method for achieving a 

prac t.icn 1 rea 1 i v ' i on vo 'he indicated solution lies in 

i ho use of I f 1 v .1 i L a b 1 e a priori, knowledge concerning the 

comnni n i ca 1 on s ys ' em . The form of modulation, physical 

medium of commu n i c .1 i i on , information source statistics, and 

expected 'noise and in' erferer.ce process descriptions are 

all likely to be available to the system designer. Thus, 

it is probable that the channel identification block of 

!,he adaptive filter structure need not determine the con­

tinuous PSD of signal and noise for all frequencies, or 

even for a large number of discrete frequencies, in order 

for an accurate description of G^&(to) and Gnn(to) to be 

obtainedo 

By using the a_ priori system knowledge available, 

it is possible to pre-design the time-varying filter struc­

ture; incorporating within this design the provision for 

adjusting certain elements in the structure, and hence 

parameters of the filter's response function. Three 

examples of this procedure are treated in Chapter 4. 

There remain however, additional analytical com­

plications associated vvi th the computation and physical 

realization of the optimal filter form (3-2), even when 
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one is given * he spectral densities of signal and noise. The 

operations of spectrum factorization (A-25) and partial 

fractions expansion . < \ -27') necessary to the physically real­

izable solution :3-2.» make it necessary that 3>(s) and 

<*> (a) bis expressible as the Quotient of rational, finite 
nn ' 

algebraic polynomials in s. 

Such a represe'iia " ion cannot always be made exact 

for t,he signals and noise of interest in communications. 

An example"'" is i he power spectrum of the pulse-width modu­

lated waveform depicted in figure 3.3-1. Here it is assumed 

that the pulse-width £ of an individual pulse is equally 

likely to be any value from zero to T. The pulse repeti­

tion rate is 2T, For this waveform the power spectrum 

will contain two components, one due to the random behavior 

of the pulse widths and the other component due to the 

periodic behavior of the pulse repetitions. 

The two-sided Fourier transform of the time auto­

correlation function for the random component may be shown 

to be 

*rr(s) . Ka [ tV - (TS/2) ] , (3-4) 

where K = K(E,T). Thus the power spectrum is not a quotient 

of rational, finite algebraic polynomials in s. 

1 r This example is contained in Lee [21], pp. 225-
23 5, 
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Various methods are available, e.g., the Butterworth 

approximation,1" for representing such power spectra by a 

finite algebraic polynomial quotient. Consequently, it is 

assumed that the spec i,ra of interest in this work are either 

of this exact nature or can be approximated by such a 

representation. 

The second aspect of difficulty to the application 

of (3-2) is the algebraic complexity which is present. This 

complexity effectively limits the use of Wiener theory to 

simple problems, In all but the simplest of cases, the 

algebraic complexity of finding HQ(S), which results from 

an exact solution to (3-2), is such that the coefficients 

of the s-terms in numerator and"denominator are high order 

functions of the spectrum parameters. Such solutions, even 

when the algebraic difficulties have been overcome, do not 

disclose to the synthesist a procedure for adjustment of 

the filter elements which will cause HQ(S) to correspond 

to the quasi-stationary forms of ̂ ss(s) an^ 

R. B. Streets, Jr. [23] has developed a technique 

^ for the determination of an approximation to the Wiener 

filter which greatly simplifies the solution of (3-2) and 

in addition presents HQ(S) in a concise algebraic form. 

Streets' method is founded upon a high degree of intuition 

resulting from his examination of many particular cases of 

exact: Wiener design, 

1. See Tuttle [22] pp. 741-831. 
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The method proposed by Streets is to normalize the 

optimum unrealizable filter transfer function (A-22) with 

respect to n(s)- Thus one begins with (A-22) , repeated 

below 

«fr (s) 
II (s) - ^ , 
° ci> (s) + $ (s) 

ss v•' nn 

and then factors the normalized 0 (s) function into a LHP 
ss 

product and a RHP product each containing the square 
s s 

root of the gain. 

$+ <P~ 
H (s) = —§—I . (3-5) 
° 1 + 0" 

s s 

•« 1 
He then naively assumes that all that is necessary 

in order to make HQ(S) physically realizable is to retain 

only the LHP factor of the normalized ^L-Cs), thus the 
s ss 

physically realizable optimal response function is 

H (s) = . (3-6) 
° 1 + <£>+ 

Streets then identifies 3>* with the open loop trans­

fer function of a unity feedback system as follows 

G (s) = CX(l/s), for < 1, 
O b 

G (s) K-, ^ for > 1, 
o s' s ' 

(3-7) 

1. This is Streets' term for this assumption. 
See [23] p. 34. 
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where the notation Q" < 1/s) is used to indicate that G(j(jto) 

has a Bode plot for oo > wllich lias a _1 slope (-20 db 

per decade) , and where coc is the radian frequency at which 

|Go(jw)| « 1. 

The explanation for the yr factor by which the 

break frequency u)c is reduced lies in the closed loop 

"Butterworth" syst.em approach that Streets assumes. An 

example of the method follows. 

Example: 

2 
# (st .• 5,—^ , 4> (s) - N2. 
ss i - sW nn 

Then the normalized is 
SS 

o 
B2/N2 

ss - — 

and 

s l + S/v ' ws l - s/v • 

Thus, we let 

G (s) - R/N 
os ' 1 + S/v 

which is valid for all w since in this particular case 
+ 

GQ (jto) = ̂  C.j as) for a 11 <£>s (j to) . 

The closed loop approximate filter form will then 

be given by 

I-I (s\ ... _VS> R/N 
lo •' ~ T ^ G~l's7 1 + R/N + S/V ' (3-8) 
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The exact Wiener filter for this example is given 

by 

„ (S) „ Vl + (R/N)—I— _ (3-9) 

~\Jl + (R/N)2 + 

Thus one may observe that (3-8) and (3-9) agree 

"very nearly" when R/N > 10. However, the true measure 

of the approximation lies in the differences in performance 

between the approximate (3-8) and the exact system (3-9). 

Streets has compared the RMS value of the error for this 

approximate filter (and others) as a percentage increase 

over the exact filter RMS error. His analysis shows that 

even for a signal-to-noise ratio as low as 2:1 (6 db) the 

approximation error is only about 10% greater' than the 

exact filter RMS error, and for a signal-to-noise ratio of 

10:1 (20 db) , the approximation error is less than 0.5% 

greater than the exact filter RMS error. 

It is of interest to note that even for this simple 

example the approximate filter function offers a considerable 

simplification in its "computational" form over the exact 

filter. That is to say that the machine computations and 

measurements necessary in order to perform the system 

operations as outlined in section 3.2 are greatly simpli­

fied by the approximate filter form. 
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3- 4 CHANNEL I DENTIFICATION 

As has been shown in the preceding section, the 

function of the channel identification block in figure 3.2-1 

is to provide Uie adaptive structure with enough a^ priori 

knowledge of the input processes for a determination and 

adjustment of the variable elements in the filter. Basically 

this is an estimation problem in the sense of mathematical 

statistics, and one is led to consider certain aspects of 

the theory of statistical inference. 

Parzen [26,27,28,29,30,31], Biackman and Tukey [32], 

Grenander and Rosenblatt [33], and others [34,35,36,37] have 

treated the general problems of estimating the spectral 

densities of stochastic processes. Any attempt to develop 

a criterion for the "goodness" of a spectral density estimate 

is inseparably connected with the purposes for which the 

estimate will be used. However, there are certain funda­

mental properties of statistical estimates which act as 

quantitative measures of the estimate's perfection. A 

basic requirement for an estimate is consistency in quadratic 

mean.1 If a stationary time series x(t), is observed over 

the sample period 0 ̂  t ^ T, and an estimate k^ of an 

unknown parameter k of the series is formed on the basis 

of the sample, then is consistent in quadratic mean if 

TU™ (E[|kT - k | 2 ] } = 0, 

1. Parzen [27], p. 331. 
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where the expected value is taken under the assumption that 

k is the true parameter value. If an estimate is consistent, 

i t i s asyinp ' o1 i c a 1 1 y unbiased -i.e.. 

analysis of a stationary time series is not an "easy problem" 

due to the fact that 'he obvious estimate of the spectral 

density function; namely, f^,(to) , defined by 

is not a consistent estimate of the true spectral density 

function f (u>). 

forming consistent estimates of the value f(wQ) of a spectral 

density function at a given frequency coq. Generally these 

methods belong to one or the other of two classes, (i) the 

use of a continuous time record of finite length, and (ii) 

the use of discrete data taken at equally spaced time values. 

Of these two classes of methods (i) offers the advantage of 

empirical calculation in real time such that it should be 

possible to continuously, or at lease piecewise continuously, 

TllZ • k, 

P-arzen ! 31 1 points out that empirical spectral 

where 

Many ways have been suggested in the literature for 
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estimate the spectral densities of interest at certain 

discrete frequencies. 

Analog computer techniques for estimating the power 

spectral density of a random process at a discrete frequency 

have been suggested by various authors, and Rideout [38] 

gives the square-law realization shown in figure 3.4-1, 

Certain significant practical difficulties arise 

when the technique of power spectral density estimation 

illustrated by figure 3.4-1 is employed. An ideal flat 

frequency response function H^(jco) centered at fi and 

having bandwidth Af cannot be physically realized, the 

operation of squaring is difficult to implement over a 

large dynamic range of inputs, and the integration must 

be cyclic with the estimate: readout occurring at the end 

of each integration period T before the integrator is reset 

to a zero initial condition. 

Blackman and Tukey [32] have treated the problem 

of non-ideal filtering for the continuous analysis case by 

a consideration of several realizable spectral window forms 

Hj(jto) for which an equivalent ideal filter bandwidth is 

defined. In addition, they introduced the concept of the 

equivalent number of degrees of freedom of the square-law 

estimate, where 

k =, ?— (3-10) 
(Afr<cd)r 
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is the equivalent number of degrees of freedom; A^Cto) is 

termed the coefficient, of variation and is given by 

CT1 
£$<co) - —rf~ , (3-11) 

<a > 

where cr^ is the standard deviation of the estimate and 

2 
<a > is the mean of the estimate. 

Morrow [39] has shown that 

CT-, 
(3-12) 

< a >  - \ p 2 ( B W ) ~ ?  

where BW is the "effective" bandwidth of the filter in cps 

and T is the integration time in seconds. When the coeffi­

cient of variation is less than 0.2, the error in the PSD 

estimate has an approximate normal distribution and a con­

fidence level can be established for the estimate. 

If a permissible error of 10 per cent in the PSD 

estimate is assumed, the coefficient of variation becomes 

0.1 and the required bandwidth-integration time product must 

be 50. In this case the equivalent number of degrees of 

freedom, k, is equal to 200, and as is well known, the chi-

square distribution may be approximated by the normal dis­

tribution as k—-*00.* 

From a table of the normal distribution one deter­

mines that for k = 200, 90 per cent of the PSD estimates 

1. Burington and May [40] state that if k > 30, in 
practical calculations it is often sufficient to approximate 
the x2 distribution by a normal distribution with mean k and 
variance 2k. 
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lie w.i »;h i n 'the range ol 0„836 'o 1,165 of 'ho M'ue PSD. i.e., 

a spread of I,. <113 db 'rhus one has an ^ p r i_o r i probability 

of 0,9 i.90% con (' i dence) ' thd t a single PSD estimate will lie 

within an iiv^rvnl ol width 1,44 db about 1 he irue PSD. 

To i l lus > ra • e 'he magnitude of integration time re­

quired for 'ho (,'s' i tn;H i on of .PSD in a communication channel, 

consider the" problem of a large index FM wave having a 1-mcps 

bandwidth after modu l a ' i on .. If one selects five distinct, 

equally spaced frequencies .a t which PSD is to be estimated, 

narrow-band filters having "effective" bandwidths of approxi­

mately 50 kcps could be used, 

Fi 1 t.nr Q s on the order of 2 ,000 would be required 

at perhaps 100 racps, hence the use of crystal filters would 

be indicated. The required integration time, in order that 

all five PSD estimates be made at a 90% confidence level of 

1,44 db will be 

rn k 

~ 1~BW 

T - —---5— = 1 millisecond. 
4(10)5 

Hence, short integration times are required when compared 

to the representative maximum fading rate of 20 db in 100 

milliseconds. 

It has been suggested by Cohn j 41] that the square-

law device shown in figure .3, 4-1 can be replaced in practice 

by a linear detector, which is much simpler to realize 
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accurately„ Cobra's hows that, both types of detectors will 

give the correct rms amplitude for an input which has a-

Gaussian amplitude distribution. Since the input to the . 

square-law device has been narrow band-pass filtered, it 

follows"1" thar the amplitude distribution of the random 

variable y(t) in figure 3.4-1 is approximately Gaussian. 

The analog realization shown in figure 3.4-2 is 

suggested as a practical power spectral density analyzer 

for estimating the mean-square amplitude of the random 

variable x(t) at, r.he discrete frequency f^„ 

When the random variable y(t), in either figure 

3.4-1 or figure 3.4-2, has a Gaussian amplitude distribu­

tion with standard deviation or and zero mean, as has been 

postulated, the expectation of the output of the square-

law analyzer is 

y2 1 exp [-y2/2or2] dy = or2, (3-13) 
ff (2jt) 

E[P 3 = 

and that o'f the linear analyzer is 

rro 1/2 
DtPJ -/  y 1 yyg exp [-y2/2d2]dy - a (—) .  (3-14) 

y  JQ  a (2tt) » 

Thus, for ergodic random inputs, the square-law analyzer 

gives an asymptotically unbiased estimate of the variance 

1. M, Rosenblatt: [42] has examined the rigorous 
mathematical conditions necessary for this ascertion and 
has,shown that a fairly broad domain of inputs exists 
within which the assertion holds. 
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of y(t), while the linear analyzer does not. The asymptotic 

bias of the linear analyzer estimate is, however, removable 

and this estimate offers certain other advantages in compu­

tational simplicity which will be discussed in Chapter 4. 

Since it is the final values of the integrator outputs 

(figures 3.4-1 and 3.4-2) which are the PSD estimates, only 

those output values occurring at integer multiples of the 

repetitive integration time T represent the correct esti­

mates of PSD for use as inputs to the parameter compu­

tation block. Consequently, a sample-hold device must be 

used following the integrator shown in either figure 3.4-1 

or 3.4-2 in order to form the piecewise-constant estimates 

of PSD. This sample-hold circuit must operate in time syn­

chronism with the repetitive operating integrators such that 

the samples of Py(t) are taken slightly in time advance of 

the integrator's reset operation. 

The realization of such a sample-hold device is 

discussed in Chapter 4 along with other aspects of the analog 
•» 

simulation of adaptive filters. 

3.5 FILTER PARAMETER COMPUTATION 

Referring to the general adaptive filter diagram, 

figure 3*2-1, the input to the parameter computation block 

consists of the {a^l sample-held PSD estimates from the 

channel identifier, as discussed in the preceding section. 

Since it has been assumed that enough a priori knowledge is 
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available to pre-design the form of the time-varying filter 

structure, it is then the function of the parameter computa­

tion block to determine the requisite values of the adjustable 

parameters within the filter structure. 

Although the parameter computations can be made either 

digitally or by analog techniques, only analog techniques are 

discussed here since this technique operates in a parallel 

fashion in real time and has sufficient accuracy for the 

intended utilization. 

Parameter computation is accomplished as follows. 

The k point-frequency PSD estimates are obtained from the 

channel identification block at times T, 2T, 3T, ... , and 

these estimates act as the constant (for a period T) inputs 

to the parameter computer. From these inputs, utilizing a 

straight line or asymptotic Bode approximation .to the input 

(signal plus noise) PSD curve, the unknown filter parameters 

{a } can be determined. 
m 

An example to illustrate the method is given as 

follows. Let' the signal and xioise have complex spectra of 

the forms 

2 s2 
R (1 - ̂ ) 

*ss(s) - :—g j, q < r < u, 

(1 - V (1 - V 
q u 

and 

3> (s) - N2, 
nn 

.respect; i vel y. 
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The power spectral densities for this example, along 

with the asymptotic Bode approximations, are illustrated in 

figure 3.5-1, 

2 2 
It is assumed that B , N , q, r, and u are random 

variables satisfying the quasi-stationarity assumption and 

such that the ranges of q, r, and u do not overlap. The 

frequencies at which PSD estimates are taken are identified 

as co^, aVj, oo^, and Since the random variables com­

prising signal and noise are taken to be uncorrelated, the 

complex spectra input to the adaptive structure,is 

G>. . (s) = <E> (s) + 4> (s) . 
n ss nn 

For this example, the PSD estimates at oo^, ... , 

are identified as P^, ... , P5 and may be written, using the 

asymptotic Bode approximation, as 

Px = R2 + N2 

p2 = n2 + (tz:) r2 
2 ^2 

2 
P3 - N2 + (S) r2 (3-15) 

-  P 4 - n 2 + ^ ^ 2 r 2  

P5 " 1,2 + <§ ̂ >2r2 
o 

Equations (3-15) comprise a set of five independent 

2  2  2 2  i  2  2 2  linear equations in the five unknowns R , N , q R , (—) (q) R , 

2 n 2 2 
(u) (-3) R . Since the system determinant 
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- 2  
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Figure 3.5-1. Example Signal and Noise Power Spectral Density Curves 
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is non-zero for co, r cor - unique solutions exist and are o 

given by 

2 Pl(w5 R = — — 

° 2 2 
~ t05P5 + 4 4 

2 2 
w5 - to4 

N = 
W5P5 <°4P4 

- 00, 

q = 0^ 2 W5P5 W4P4 - (<4 -
2v_ 

w4 2 

r = 2 

u =00, 

4*5 

i p< V
 

1 <4 2 ' 

-

4PS - W4P4 - <•4 
~ 

W4^P2 

4P 
5 " W4P4 " <•4 - «4>P3 ' 

2„ 
w5 5 " "4P4 " <•4 " "4>P4 

4ps - «4p4 " <4 " W4)P3 

(3-16) 

An analog realization for the determination of the 

unknown parameters in this example is shown in figure 3.5-2 

Higher ordered power spectral density representations than 

those used in the example will require a more complicated 

computation block, however, the types of computing elements 

will not change. 



INPUTS FROM 
CHANNEL IDENTIFIER 

P'>—£> 
C-(w5-w4)p, 3 

>—0-
(U)5-W4j/ 

n-K-w4)p2̂  

s> 

>—-Q-
(cĵ — u)J 

E-(W5— 

> Qy~ 
(w4) [>sP5-w4pg 

^ \ 

_/ \ 

QtJs-uJp,- CJ5P5+£J4P4̂  

Y—1—\ \ 0J5-a?4 / 

>n̂ h-E> 

r£> 

Qj5P5+W4P4\ 
+K-w4)?,i] 

E-(ms-W4)P43 •/ 

\>-
(io5-w4)' 

ÔsPs +W4P4+(ti)5-w4)pj 

/ f , 
w4C-ĉ ps+a?»R«+lt3s-a!»;p4D 

NOTE: FOR NOTATION SIMPLICITY THE QUANTITIES a^, a^, u^, W4, w5 

SHOWN IN THE DIAGRAM ARE THE NUMERICAL VALUES OF THE 

CORRESPONDING VALUES SQUARED. 

Figure 3.5-2. Example Parameter Computation Diagram 
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3 „ 6 P A K AMETKRJ^MPLEMENTAT I_OM 

The compu1ed parameter estimates (a } from the fil­

ter paramever compu ' a * ion block act; as the inputs to the 

parameter .implementation block, whose function it is to effect 

the adjustment of the variable components of the time-varying 

f i 1 t.ei: strue'ure,. Both 'lie given input* and required outputs 

determine the structure of 'he implementation block. 

In general the inputs to the parameter implementation 

block are piecewise d.c„ random voltages produced by the 

algebraic t.ransforma tions of the computation block on the 

sampled and held PSD outputs from the channel .identifier„ 

The required outputs from the implementation block are de- , 

te.rmi.ned both in quantity and functional form by the physical 

realization chosen for the time-varying filter. 

Since the time-varying filter used is one whose trans­

fer function is specified in form but whose pole and zero 

positions may be required to vary from sampling interval to 

sampling interval, both dynamic response and static accuracy 

are implied requirements of the implementing block. Response 

speed to step changes in the inputs is related to the 

.integration timie T used for PSD estimation.' A rule of 

thumb would be to require the 10% to 90% response time of 

T the implementing system to be less than such that the 

time-varying filter parameters will be correctly realized, 

within 10%, for approximately 90% of the time. 
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Only one method of varying the parameters of the 

filter form is described in this work, although other tech­

niques have been considered. By using an analog quarter-

square multiplier within the loop of a differential analyzer 

form it is possible to control accurately (-0.5% of saturation) 

and rapidly (10% to 90% response time -~"50 usee.) the posi­

tions of poles and zeros in a linear transfer function. 

As an example of this technique for time-varying 

filter realization, consider the following transfer function 

n / \ _ A./B 
-S- 1 + A/.B + S/B ' 

where A and B are to be controlled parameters. An analog 

realization of this transfer function is shown in figure 

3.6-1, wherein two multipliers are required to realize the 

transfer function dependence' upon parameters A and B. 

In general, for a transfer function of the form 

K(1 + f--) (l +.5_) . . . (1 + f-) 
a i (Iq a 

H(s) = ± , -E- , (3-17) 
(1 + ̂ -)(1 + ̂ -) . . . (1 + ̂ —) 
12 n 

where n > m, the differential-analyzer realization with 

multiplier controlled parameters will require m + n + 1 

multipliers for the simulation. 

The control signals produced by the parameter imple­

mentation block act as the inputs to the various multipliers 

used in the analog simulation of the filter transfer function. 

The examples given in Chapter 4 further illustrate the type 



SIGNAL 
ft* I i,c SIGNAL 

ESTIMATE 

-B 

Figure 3.6-1. Analog Realization of the Transfer 

Function Hc(s) - S/,E 
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of operations required and hardware realizations necessary 

for the operation of parameter implementation. 

3.7 SUMMARY OF THE PROPOSED DESIGN METHOD 

An a priori knowledge of the communication system 

is assumed as follows: 3>.c(s) and 0 (s) are of known OS Illl 

forms; these forms contain certain quasi-stationary 

random parameters. The ranges over which the random 

parameters vary is known or at worst a confidence statement 

can be made in regard to the parameter ranges. 

The form of the time-varying optimal filter is 

determined, based upon the available £ priori knowledge of 

the system descriptors $ „(s) and $ (s). In practical 
. So liXi 

cases, the use of Streets' technique to determine the ap­

proximate form of HQ(S) will greatly simplify the analytical 

work necessary for this step. Once the realization of HQ(S) 

has been found, the requisite quasi-stationary process 

parameters necessary to the time-varying form of HQ(S) are 

placed in evidence. The parameter -estimate outputs, from 

the channel identifier are then known and channel identifi­

cation circuit design is accomplished utilizing the $ _(s) + ss 
<3>nn(s) form, which is the input, and the required parameter 

estimates, which compose the output of the identification 

block. 

Special purpose analog computing circuits are then 

designed in order to compute the required filter parameter 



variations necessary for optimal performance. In certain 

cases, the hardware complexity necessary to the parameter 

computer realization can be simplified by using linear 

rather than square-law detectors for PSD estimation by the 

iden t i f i er 

The parameter implementation block, needed to 

realize the time-varying filter parameters, is dependent 

upon the method of parameter adjustment chosen within the 

filter structure and upon the inputs from the computation 

block,, Consequently, the implementation circuit design is 

the final step in the procedure. 

Examples of the application of the design method 

are presented in the next chapter. 



Chapter 4 

ANALOG SIMULATION OF ADAPTIVE FILTERS 

4-1 INTRODUCTION AND ORGANIZATION OF THE CHAPTER 

Three examples of adaptive filter design are pre­

sented and the analog simulations of the adaptive filters 

to be designed and analyzed as examples in sections 4.2 

and 4.4 are described in this chapter. The experimental 

work presented is intended to both, justify the proposed 

theory and to illustrate the hardware complexities which 

arise in the realization of adaptive filters. 

An EAI-TR-48 general purpose analog computer having 

32 operational amplifiers, 8 repetitive-operation inte-

2 
grators, 3 quarter-square multipliers, 2-X diode function 

• 
generators, and 20 coefficient setting potentiometers, was 

used for the simulations. In addition, several pieces of 

special purpose analog equipment were constructed using 

Burr-Brown #1512 operational amplifiers. 

The over-all experimental complex of equipment was 

state-of-the-art representative for the intended use, and 

all instruments used were calibrated and determined to be 

operating within the manufacturer's published specifications. 

54 
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4.2 ADAPTIVE- FILTER ESAMPLE NO. 1 - DESIGN AND ANALYSIS 

The general class of problems to which this example 

relates is that of low-pass signals corrupted by white 

noise„ 

The signal complex spectral density function is 

given by 

2 
*„,<s) - ~2—(4rl) 
ss 1 - SVv 

and the noise complex spectral density function by 

$nn(s) - N2. (4-2) 

It may be noted that the signal spectral density is 

representative of a random square wave having Poisson dis­

tributed event points where 2/v is the expected number of 

event points per second. 

The parameter v is taken as time-invariant for this 

I 2 2 
example, while the parameters R and N are taken as non-

stationary and are postulated to obey the quasi-stationarity 

assumption of section 3.2. 

The exact stationary Wiener filter for this example 

has a transfer function which is given by 

„ (s, ,A/l + (R/N)̂  -_1— . (4.3) 
O / ;TT 

\J 1 + (R/N) + S/v 

while the Street's approximation yields 
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Ha's) "* Tnr"H7Sr~T""S7v " (4-4) 

One may observe that (4-3) and (4-4) agree "very 

nearly" when R/N > 10, and Streets [23] has shown that 

when R/N ~ 2 (6 db) the approximate filter has only about 

a 10% greater RMS error than the exact filter. 

It is interesting to note that; even for this 

"simple" example the approximate filter form offers a con­

siderable simplification in computational requirements over 

the exact filter. In addition, since (4-4) contains R/N 

2 
directly as a parameter rather than (R/N) as in (4-3), it 

is obvious that a properly designed linear detector realiza­

tion of the channel identification block will greatly sim­

plify the adaptive structure. 

A consideration of the Bode approximation to the 

PSD curves shown in figure 4.2-1, shows that the two dis­

crete frequency PSD estimates using a linear detector at 

0)-^ and oij, denoted by F1 and Fg, will yield respectively 

F1 = ̂\Jr2 .+ N2' and Fg = ~]/n2 + (^-) R2. (4-5) 

By choosing » v, and forming the quotient of 

F^/Fg from (4-5) one has 

c03' 



LOG (r2+N2) 
ASYMPTOTIC BODE APPROXIMATION 

ACTUAL PSD CURVE 

2 \J ̂ .j.̂ 2 

N 
v 

Figure 4.2-1. Bode Plot of $ (s) + <±= (s) Where $ (s) = 5—; $ (s) = N2 
ss nn ss -» £ f £ nn 1—S /V 
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and for the case where ^ > 1, (4-6) may be further reduced 

to 

(4-7) 
2 

Thus, by employing the linear detection method for 

PSD estimation, an e»4 i mate of the requisite R/N parameter 

variation in (4-4) can be formed directly from the quotient 

of the two PSD estimates at f and f^ under the assumptions 

stated above. 

To predic*. the theoretical improvement that an 

"ideal" adaptive filter1 realizes, in increased output signal-

to-noise ratio, over a fixed optimum filter, one makes the 

following analysis. 

Let y  denote the design value of R/N chosen for the 

fixed optimum filter of equation (4-3). Since v is not 

changing with time in this example, it is convenient to 

normalize the complex variable s in (4-3) and in (4-4) such 

that 

21 

H0(s) -
" y l  +  y~~  + s 

and (4-8) 

u / \ R/'N 
a ̂ 1 +"R7N + s ' 

1„ The term "ideal", as used here, denotes an 
adaptive filter that. makes zero error in identifying the 
signal and noise PSD parameters, and requires no time for 
'lie identification,, computation, and implementation 
operations. 
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The error spectrum for the output of the linear ideal 

filter may be shown to be"^ 

$ee(s) = $ (sHl-ll(s) ] f l-H(-s) ] + <i>nn(s)H(s)H(-s) (4-9) 

and when the inverse transformation is invoked, the mean-

square filter error is given by 

"2— 1 fr' 
e  ( t ,  * e e ( s ) d s .  ( 4 - 1 0 )  

u. 

Upon substituting the two filter forms (4-8) into 

(4-9) , one obtains tihe error spectral representations for 

the adaptive and fixed filters as follows: 

,2 
2R 
— T 

"a (1+E/N)^ - s" 
$ee (s) " ~7"~7~2 ~T ' 

and ' (4-11) 

$  f c )  -  r 2  +  +  ? ! ' - 1 ' 2  
vee ŝ-' , 2 2 

o 1 + y  -  s 

The mean-square filter error may now be obtained by 

substituting the two spectral forms in (4-11) into (4-10) 

and using a contour integration around the left-half plane. 

One obtains 

ea " T~?~R7N <4-12> 

and 

— 2 2 ,\r 2~* ,,2 
e « £—UL-illji-y - !) . (4-13) 

1. See Newton, Gould, and Kaiser [16], pp. 123-125. 
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11 is convpnienv > o  normalize (4-1.-2) and (4-13) with 

2 
respect, to the signal "strength parameter" R and to define 

the adaptive filter gain Fr (expressed in db) as 

(4-14) Fg = 10 log10 

_ 2 
e 

o 

2 
e 

• J 

which is equivalent 'o 'he ratio of the output signal-to-

noise ratios of the filters. Thus, if > 0 db, the output 

signa 1-to-.noise ratio of t;he adaptive filter is greater, by 

the value of F„, than that of the fixed optimum filter. Vj * 

For an input condition on the quasi-stationary fac­

tor R/N of R/N y, the value of FG is ̂  0 db, since the 

exact optimum filter HQ(S) in (4-8) will produce the minimum 

possible mean-square error and H (s), from (4-8), will pro-

duce an error greater than or equal to that of Ho(s) due to 

the Streets approximation. 

However, for a sufficiently large variation in R/N 

from the fixed design value y, the "ideal" adaptive filter 

will produce a lower mean-square error than the fixed optimum 

filter. Figure 4.2-2 is a graph of equations (4-12) and 

2 
(4-13), normalized with respect to R , vs the quasi-stationary 

value of R/N. 

Either analytically, using (4-12) and (4-13), or 

from the graph of mean-square errors for the two filters 

figure 4.2-2, one can determine the theoretical filter gain 

F^ of the adaptive structure for a given probability 



Figure 4.2-2. Fixed Optimum and Ideal Adaptive Filter Error 
Vs. Parameter R/N for Example No. 1 

r 
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distribution of r h o  r a n d o m  parameter variable R/N. For 

example i J' R/N is known vo be distributed "equally likely" 

on the range 1 ^ R/^ ̂  100 and the fixed filter has been 

designed for the logrithmic median of this range, i.e., 

y = 10, then the ideal adaptive filter will give an 

expected F^ of 

e[f„) =• „ 10 lo.. f.J. ]i'»'2'.V^7- »21 
lo \ 99 f ; 

dx >(4-15) 
G' ~ iu aa j / ft) 

J1 2 VI + y 

ECF-,} = 4.6 db 
KJ 

Thus/ for this example, if the signal were fading 

such that the input signal-to-noise ratio has a dynamic 

range from 0 db to 40 db, the adaptive structure will theo­

retically give an average improvement in output signal-to-

noise ratio of 4.6 db. At the extremes of the signal 

strength, i.e., for R/N = 1 and R/N = 100, the ideal 

adaptive filter gain is 9.15 db and 9.6 db, respectively. 

At the minimum input signal-to-noise value, a 9 db increase 

in signal-to-noise ratio could significantly improve the 

over-all threshold of a receiver. 

The experimental verification of the performance 

of the adaptive filter for this example is presented in the 

next; section. 
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4.3 SIMULATION OF EXAMPLE NO. 1 - WHJTE NOISE 
CORRUPTED LOW-PASS SIGNAL 

The stochastic processes which have been identified 

as signal and noise in example No, 1 were generated by two, 

stochastically independent, GR-1390-B random noise generators, 

Each generator produced a random signal having a Gaussian 

amplitude distribution and a flat (-1 db) power spectral 

density from 20 cps to 20 kcps. The generator output used 

to create the signal process was low-pass filtered by a 

first order filter having an upper cutoff frequency of 398 

cps (2500 rps). For all practical purposes the noise, which 

was the output from the second generator,, was flat over and 

far beyond the signal bandwidth of approximately 400 cps. 

The input to the adaptive structure was formed by 

combining the two stochastic processes in an analog summing 

amplifier, the output of which has the spectral representa­

tion of (4-16). 

2 
$ (s) = (s) + $nn(s) - — JT + N2. (4-16) 

ss nn 1 - s /(2500) 

2 
For experimental purposes N was held constant and 

2 -
R was varied by varying the attenuator on the output of the 

random noise generator used to form the signal process. 

As has already been discussed in section 4.2, the 

adaptive filter transfer function for this example is 

H <s) •• (4-17) 
1 ^ R/N + s /(2.5 x 10 ) 
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A differential analyzer realization of the form 

shown in figure 3„6-I„ with parameter B fixed, was considered 

for the simulation. However, since the numerical value of B 

required for the experiment was »1* and consequently con­

siderable gain required both to realize B = v and 

D 
A = — v, another hardware form was chosen to realize H_(s), 

N « 

as shown in figure 4„3-l. 

Two point-PSD estimates were used to identify the 

parameters R and N for this example. The low-frequency filter 

2 2 
used to estimate R +- N was arbitrarily selected as a flat 

band-pass filter having a 3 db bandwidth of 190 cps with a 

center frequency of 160 cps. The high-frequency filter used 

2 
to estimate N was a Gaussian band-pass filter centered at 

10 kcps and having a 3 db bandwidth of 3.4 kcps. 

Utilizing the maximum integration time available from 

the TR-48 equipment in repetitive-operation, which is 500 

milliseconds, the coefficients of variation for the two 

estimates are, from (3-11), 

A<S>(w') = . 1 — » 0 - 0725 
•x "\/2(190)0.5 

and 

A4>(cd?) = ,—L«=» , = 0.0172. 
* V 2(3.4 x 103)0.5 

In terms of confidence intervals (C.I.) for the two 

2 2 
estimates, the estimate of R + N had a 96% C.I. of 1.79 db 

2 
about; the true value and the estimate of N had a 96% C.I. 
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of 0.43 db about the true value. The operational amplifier 

configui'ations constructed to realize the filters used for 

PSt) estimation at; f-^ = 160 cps and at fg = 10 kcps are shown 

in figure 4,3-2, 

The lincai- derector circuits which follow the band­

pass filters, were constructed in accordance with figure 

3.4-2 using transistorized Burr-Brown 1512 operational 

amplifiers and GE-IN3873 computer diodes. 

In order to provide the parameter computation section-

of the adaptive structure with the final sample-held values 

of the outputs from the channel identifier it was necessary 

to construct sample-hold circuits and a timing generator. 

The function of the timing generator was to cause the sample 

taken from the R"EP-0P integrators to be slightly in time 

advance of the integrators' reset operations. Since an 

internally generated sawtooth timing waveform is available 

at the patch panel of the TR-48, this waveform being intended 

for the synchronous operation of a display scope, the timing 

waveform was used to generate a time-advanced pulse sequence 

necessary for the operation of the sample-hold circuits. 

Figure 4.3-3 shows the circuit diagram of the timing generator 

and one sample-hold circuit. A separate sample-hold circuit 

is required for each REP-OP integrator output from the 

channel identification block. 

The complete adaptive filter simulation for example 

No. 1 is shown schematically in figure 4.3-4. 
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In order to experimentally determine the adaptive 

filter performance, the error signal 

€ (t) - s(t) - s (t) (4-18) 
d a 

was formed using a differencing amplifier and then squared 

2 
using an X diode function generator, which yields 

e^(t) = [ s (t) -s (t) ]2. (4-19) 
a a 

The average squared-error was experimentally deter-

2 
mined by a weighted integration of e (t), yielding a 

Cg(t) =i-| ° [s(t) -sa(t)]2dt. (4-20) 

°Jo 

The integration Tq used in (4-20) was made long with 

respect to the REP-OP integration time T. In all evaluations 

T ^ 30 seconds, and T = 0.5 second. 
o 

A similar computational scheme was used to obtain 

the average squared-error of the filtered output from a 

computer simulated fixed optimum filter. The analog computer 

realization for comparing the mean-square error of the fixed 

optimum and adaptive filters is shown in figure 4.3-5. 

Two cases of fixed optimum filter design were 

compared with the adaptive filter for this example. Figure 

4.3-6 shows the experimental data and theoretical curve for 

FG in decibels for the fixed filter designed at an R/N ratio 

of 1.22 (1.73 db). The experimental data may be seen to 
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agree with the theoretical to within -0.5 db as R/N varies 

over a 20 db range. 

Figure 4. 3-7 gives the results of the measured adap­

tive filter gain vs the theoretical for the fixed optimum 

filter designed at an R/N ratio of 10.7 (20.6 db). The 

measured data lie within a spread of -0.5 db of the theo­

retical for R/N from 5.26 db to 18.62 db. The experimental 

F0 was 1.5 db low at the lower extreme value of 1.73 db and U 

0.95 db low at the upper extreme value of 20.6 db. 

The data presented in figures 4.3-6 and 4.3-7 were 

taken for a static condition on R/N; that is, several seconds 

were allowed after a change was made in R/N before the mean 

squared-errors of fixed and adaptive filters were computed. 

In order to assess the effect of time-variations in 

R/N on the adaptive filter's performance, the step function 

response of the channel identification and parameter com­

putation portion of the adaptive structure was determined. 

Figure 4.3-8 shows the response of the parameter control 

signal A(t) (see figure 4,3-4) to a step change in the ran­

dom process R/N ratio from 1.22 to 10.7, i.e., from 1.73 

to 20.6 db. This result was obtained from a recording 

using a Moseley Model 2D X-Y recorder. The measured 10-90% 

rise time of the Moseley recorder was 40 milliseconds. 

Since the measured rise-time of the control circuitry-

recorder cascade as shown in figure 4.2-8 was 95 milliseconds, 

the actual rise time of the control circuitry may be estimated 
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from the theory of rise time composition in cascade circuitry. 

The control circuit rise time is approximately given by 

Tr ~ ~\J<.95 x 10"3)2 - (40 x 10~3)2' 

T <=< 86 mi 1Liseconds.. 
r 

Thus, the break frequency for the channel identifi­

cation parameter computation portion of the adaptive structure 

is approximately 

f = 7̂2~(hilT~ = 1,85 cps' (4-21) 

The delay time, noted in figure 4.3-8 as t^, is a 

random variable, the value of which for any particular per­

formance of the step response experiment is determined by the 

time separation between application of the step change in 

R/N and the sample-time of the PSD estimating circuitry. 

Thus, once a PSD estimate of the value' of R/N has been made 

for t. > t' , the sample-hold and parameter computation cir­

cuitry will respond with an 86 millisecond 10-90% rise time. 

Since a REP-OP integration time of 500 milliseconds 

was used, this being primarily determined by a desire to 

reduce the variance in the PSD estimates, the 86 millisecond 

response time of the remaining circuitry appears negligible 

by comparison. 

1, See any modern text on amplifier theory, e.g., 
Martin [43], pp. 222-224. 
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Thus, in 'his example,'the time required for PSD 

estimation l.iniji.s the ability of the adaptive structure 

to follow the nonstationarities in the input process. 

4•4 ADAPTIVE FILTER EXAMPLE NO. 2 - DESIGN AND ANALYSIS 

The case of two band-pass signals having mutually 

interferring spectra is considered in this example. 

The complex spectral density of signal-a(t), the 

signal to be recovered, is given by 

A2/ 2, 2v 
$ (S) ... g 2S 2 2 (4~22) 
aa (l-sVu^d-sV) 

and the complex spectral density of signal b(t), the inter-

ferring signal, by 

r,2, 2, 2, 
$ (s) ̂  ^ (4-23) 

• bblfe- 77^/ 2v f. 2. 2* ' (1.-S /w ) (1-s /q ) 

where the frequencies u, v, w, q are fixed and related by 

u < v ̂  w < q. For convenience let v = w and let the signals 

have equal bandwidths, i.e., v-u = q-w. 

2 2 
The signal "strength parameters" A and B are sto­

chastic variables, assumed to satisfy the quasi-stationarity 

condition. In order to simplify both the analysis and the. 

hardware simulation to follow, signal a(t) will be taken as 

a low-pass signal, i.e., set u =0 in (4-22). 

The stationary optimum filter for this example has 

a transfer function given.by 
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where 

and 

K (1 + s/q) 

VS) = ~TI~T s/a) 1 (4"24) 

K = .1 + l/ 3. 
o 1 + v7a ' 

1 _ r 1 , 1 i1/2 
a " I + JTTirZJ 

q %) v 

Using Streets' procedure, the approximate optimum 

filter is 

K (1 + s/q) 

Vs> - a + s/b) • (4-25) 

where 

tr _ A/B K. — a 1 + A/B ' 

and 

A l l  
1 _ 13 q v 
^ 1 + A/fe • 

& 

The plot of the power spectral densities of signals 

a(t) and b(t) is shown in figure 4.4-1, along with the loca­

tion of two narrow band-pass filters for PSD estimation at 

< v and at where v < eo^ < q. The use of square-law 

detectors to estimate the povi(er at and yields, 

respectively 

2 wi 2 2 p = AZ + (-i) B 
1 v 

and (4-26) 

P2 « B2 + (^-)2A2. 
2 ^ 
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The time-varying parameter, required for the adap­

tive filter realization of (4-25), is A/B, which from 

(4-26) is given by 

A , / _i . (4-27) 

The theoretical improvement of the adaptive filter 

over the fixed optimum filter is again computed by utilizing 

relations (4-9) and (4-10). The evaluation of the equivalent 

contour integral (4-10) is greatly simplified by the pre­

pared tables found in Newton, Gould, and Kaiser [16], pp. 

366-381. The calculated mean-square error expressions using 

(4-24) and (4-25) are of the same form and hence only the 

2 
result for e' is given below. 

- [A2(^2l)2+Ky(i)2](av)2 +B2(l-K0)2av 
eo 2 (a + v) ' (4-28) 

The parameters Kq and a are constants in the fixed 

optimum.filter design and are determined by the A/B ratio 

selected for the design of this filter. For the adaptive 

structure, the parameters Kq and b are time-varying in cor­

respondence to the nonstationary behavior of A/B as esti­

mated by (4-27). 

Because of the numerical complexity of (4-28), the 

theoretical FG curves vs A/B are not shown until q, v, and 

the range of A/B have been selected for simulation in 



81 

section 4.5, Tho theoretical' and measured F„ curves for 
V j  

this example arc shown i.n figure 4.5-4. 

Both the iheoret.icaL Fr, and the measui'ed values 

shown for this example indicate that an improvement in 

filter output s i gna L-to-iioi.se ratio of approximately 9 db 

is realized for a 20 db departure in the A/B ratio from 

the fixed filter design value. 

4.5 SIMULATION OF EXAMPLE NO. 2 - MUTUALLY 
INTKUFERH1fr"G BSNO-PASS SIGNALS 

The stochastic process a(t), which was identified 

in section 4.4 as the lower frequency band-pass signal in 

example no. 2, was produced by shaping the output of a 

GR--1390-B random noise generator using a first order low-

pass filter having an upper break frequency of 2500 rps. 

Since the lower break frequency of the noise generator was 

31.4 rps, the bandwidth of signal a(t) was essentially 

2500 rps. 

The stochastically independent interferring ran­

dom signal b(t) was produced by shaping the spectrum of a 

second GR-1390-B noise generator using the analog circuitry 

shown in figure 4.5-1. 

The fixed optimum filter structure described by 

(4-24) and the adaptive filter (4-25) are of the same H(s) 

form, that is 

TI/ \ K11. •+• s/z) , . 
H(s) * Tr+-S7pT^ • (4"29) 
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For both filters, the zero location s = -z was held 

fixed at z =•• 5000 rps. The design value selected for the 

nonstationary parameter ratio A,/B determines K and p in the. 

fixed filter, while the time-varying estimate of A/B controls 

K and p in the adaptive filter. 

By the analysis of section 4,4 it was determined 

that the fixed optimum filter parameters are 

A/B 

A2 1 1 I1^ 
"2 S + ~2 
B q r I 

(4-30) 

and 

where 

K - , (4-31) 

v = 2500 rps, and q = 5000 rps. 

Experimentally it was again convenient, as in the 

simulation of example no. 1, to fix B and vary A by using 

the variable attenuator on the output of the noise generator 

used to form the process a(t)., The range of variation used 

for A/B was from 1.22 to 10.7. 

When the lower extreme value of A/B is selected as 

the design point for the fixed optimum filter, the fixed 

filter parameters are determined by (4-30) and (4-31) to be 

p = 2600 rps and K =* 0.765. 

Referring once again to the analysis of section 4.4, 

it -«as fourjd ttz the acsptiye filter parameters are 
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functions of the nois '.at i on a ry parameter ratio A/B as 

follows 

K . t4-»7b (4-32) 

and 
1  t  A / R  ( a  

p " ftti 
B q V 

The analog realiz^vion, using a single multiplier 

that was used, 'o simulate the transfer function form (4-29) 

with parameters (4-32) and 4-33), is shown in figure 4.5-2. 

In order to form the parameter control signal c(t), 

it was necessary to estimate the time-varying parameter A/B. 

Since.the analog equipment needed to estimate A/B by re­

lationship (4-27), which is the required method when both A 

and B vary, was not available, it was convenient to estimate 

A alone. Because B was held fixed in the experimental simu­

lation, an estimate of A was sufficient to determine A/B. 

The complete simulation used for the adaptive filter 

is shown in figure 4.5-3. 

To compare experimental and theoretical performance 

of the adaptive filter for this example, the technique il­

lustrated in figure 4,3-5 was employed. The result of the 

measured vs theoretical for the fixed optimum filter de­

signed at A/B = 1.22 is shown in figure 4.5-4. The measured 

data lie within a spread of +1.4 to -0.6 db of the theo­

retical curve which was calculated using (4-28) with the 

numerical values of K . a, K and b substituted. o a 
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4. 6 A NT ADAPTIVE PTf ASE-LOCKEP LOOP FM DEMODULATOR 

A practical example of an empirical nature is now 

given to illustrate the use of the proposed adaptive filter 

theory for the design of an improved FM demodulator struc­

ture, The phase-locked loop (PLL) demodulator was chosen 

for this example because of its proven capability in weak 

signal detection and because of the observed time-varying 

nature of the received signal-to-noise ratio that such a 

detector experiences in a modern communication satellite 

system. 

The system used for illustration is the Echo-II 

passive satellite S- and X-band transportable terminal. 

The gross received signal strength variation pattern is 

shown in figure 4.6-1 as a function of earth central angle 

and time from zenith for an antenna-tracked overhead pass 

of the satellite [44]. A close approximation to the function 

shown in figure 4.6-1 on a linear scale, is given by the 

relationship 

S(t) - S(0) © I ^' /T s (4-34) 

for each orbit in the total communications interval T.^" 

Additionally, since the receiver antenna tracks 

the overhead pass of the satellite, the gross received 

noise power variation varies with antenna elevation angle. 

1, The parameters used in equation (4-34) are 
T = 113 sec.. T/2 - 530 sec., S(0)/S(T/2) = 100. 
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Pritchard [45] Indicates that antenna noise temperature 

varies with frequency and elevation angle as shown in figure 

4.6-2. Using 8 kmc as the FM carrier frequency, one has 

that the received noise power varies by a factor of 7:1 as 

antenna elevation angle ^ varies from 5° to 90° with re­

spect to the horizontal. 

Upon normalizing the received carrier-to-noise 

r a t io (CNR), such that for an elevation angle 0=5° the 

CNR will be 10 db,1 one has that the CNR as a function of 

time and angle at earth's center is as plotted in figure 

4.6-3. The assumption made here is that 'he receiver front-

end noise is extremely low (T < 10°K)„ Thus a cryogenic 

maser type of supersensitive receiver front-end is implied. 

The limiting rate at which information can be trans­

ferred in an ideal, strictly band-limited channel is given 

by Shannon's channel capacity formula 

C = W log2 (1 + S./N) j bits per second, (4-35) 

Since the receiver output signal-to-noise ratio. 

varies in proportion to the received CNR according to 

(|)Q = 3M2 C/.N. , (4-36) 

where (S/N)q is the output signal-to-noise ratio of the PLL 

detector,, C/NL is the received CNR, and M is the FM modulation 

1. This (corresponds to an FM threshold of approxi­
mately 25 db for the output SNR of the PLL detector. 
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index; i' follows thaT rhe information capacity of the satel­

lite communication system varies with time. 

Thus, if the PLL detector were to operate within a 

constant margin of '.be threshold condition, i.e., at a con­

stant output SNR, fho '.rnnsmi ttier could transmit with a 

time-varying infonn.i 'ion rate. This would allow a larger 

total amount of In forma' ion to be transferred during each 

satellite pass of T seconds than could be transferred in a 

fixed capacity system, 

A block diagram of the PLL detector is shown in fig­

ure 4.6-4, along with the equivalent linear form. 

.Analytically, the problem of optimum design may be 

stated as follows [46]: 

cr^ -t- =•• minimum, (4-37) 

2 
where cr^T is the mean-square phase or frequency jitter due 

2 
to noise interference and ET is the transient error measure 

due to non-ideal tracking of the signal phase or frequency 

variations. Lambda is a Lagrangian multiplier as used in 

the calculus of variations technique. 

The minimization of detector error (4-37) is to be 

accomplished subject to a semi-fixed configuration constraint 

as depicted in figure 4.6-4(b). Under these conditions, 

the optimum selection of F(s); K^, and becomes a function 

of 'he input PSD , i„e., <E> (s) + (s) . 
^ ; ss nn 
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When oiif has signal and noise PSD's which satisfy 

the quasi -stationar i ty assumption;, the solution of (4-37) 

yields a time-varying system. The time variations in 

F(s)3 Kj, and Kj are then determined by the nonstationary 

behavior of $ (s) and <i> (s) . 
ss n n 

Since the maximum rate of change in CNR (figure 

4.6-3) is approximately 

(T'ux • 220 - °-0773 db/sEC> 

the application of the channel identification techniques 

proposed in this work is realistic. 

The channel identification is required at RF with 

the result that measuring devices must be inserted without 

significantly altering the signal which is of concern to 

the PLL demodulator. One approach to this problem is to 

utilize a three-port hybrid to split the RF signal into 

two channels which have interchannel isolation with respect 

to interconnected impedances. Such a hybrid device can be 

constructed from transmission line sections as shown in 

figure 4.6-5. On the order ..of 20-db isolation can be 

achieved with bandwidths of approximately 35 per cent. 

In the channel identifier output of the hybrid, 

a straightforward approach is to place a series of 7] 

narrow-band fi 1 t.ers in parallel to obtain the inputs for 

the point power spectral density estimates. This approach, 
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however, is q u i t e  c o m p l i c a t e d  from a hardware standpoint and 

consequently another more practical method is presented. 

T h e  s e c o n d  a p p r o a c h  i s  s h o w n  i n  b l o c k  diagram form 

in figure 4.6-6. The approach used here is to feed the 

channel identifier output of the hybrid into a wide-band 

mixer with center frequency corresponding to the center 

frequency of the received FM signal band. The IF frequency 

is at dc so that the entire spectrum has been translated to 

the low-pass case. A highly stable, crystal controlled, 

temperature stabilized oscillator is utilized in the mixing 

process. A series of narrow crystal filters at center fre­

quencies uniformly distributed over the frequency band from 

dc to several megacycles are utilized as inputs for the 

PSD estimators. Standard operational amplifiers and inte­

grators operating over the bandwidth and integration times 

required are state-of-the-art and should present no problem, 

in the realization-. 

Care must be taken to design the mixer to keep 

spurious output terms low since these spurious outputs 

could cause error in the spectrum translation. With suf­

ficient care a 60-db dynamic range can be achieved with 

spurious response low enough to meet the required objectives. 

The parameter computation and implementation portions 

of the adaptive PLL structure could be realized by the same 

types of specia 1-purpose analog computing elements already 

described in sections 4.2 and 4.4. Since the low-pass 
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filter opera t i n y  w i ' . h i n  the phase-locked loop is required 

to have maximum bandwidths on the order of 100 kcps for 

large index FM sy's4. oms', state-of-the-art multipliers could 

be used to effect 'he parameter variations. 

D e v e l c t  1 "  4 7 ]  . h a s  derived'an expression for the 

output signa l-'o-noise ratio of the PLL receiver having an 

optimum fixed fi 1 ter . function F(s). Under the conditions of 

modulation with a band-limited white Gaussian signal, the 

output signa1-'o-noise ratio of the PLL detector when 

operating above Uireshold is given by 

O 2D2(C/'N). 
<§>„- -a-i. (4-38) 

exp (a ) 

2 
where a is the miaimum following error of the PLL. 

Utilizing Develet's work and the CNR data of figure 

4.6-3, the time-varying rate at which information could be 

transferred in the Echo II system, employing an optimum 

adaptive receiver, is shown in figure 4.6-7. 

In order t o  realize the advantage in variable data 

rate offered by'the channel it would be necessary to close 

the communication loop. Thus a return path from receiver 

to transmitter would be required, through which the re­

ceived CNR information could be transferred. This channel 

*.vouId require ar. extremely low information rate, hence 

bandwidth requirements would be slight. Using this return 

information, the transmitter would time-vary its data rate 
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in correspondence t: o  the receiver CNR and hence the link 

information c a p a c i t y ,  

- T h e  a r e a  u n d e r  t h e  t w o  curves in figure 4.6-7 rep­

resents the tovul information transfer possible during a 

pass of the satellite. A graphical integration yields the 

result that the time-varying adaptive system could transfer 

27 times the information of a fixed rate system during each 

overhead pass of Echo IT. 

In s u m m a r y ,  (.his example has shown that the theory 

presented for the design of adaptive filters has practical 

applications in modern communication systems. Additionally, 

the point is made that by using adaptive time-varying 

transmitters and receivers, more efficient use can be 

taken of the available communication channels. 



C h a p t e r  5  

D I S C USSION AND SUMMARY 

5-1 DISCUSSION OF WORK PRESENTED 

A theory has been proposed for the design of near-

optimal time-varying filters which offer a significant 

improvement.over fixed parameter Wiener filters when the 

input is a nonstationary stochastic process, having slowly 

varying nonstacionary parameters, composed of additive, un­

corrected signal and noise. 

Examples of the design method have been given and 

two experimental simulations have been presented to verify 

the proposed theory. The experimental results obtained 

adequately substantiate the theory and indicate the hard­

ware complexities which arise when adaptive filtering is 

applied to practical problems. Both the theoretical work 

and the practical realizations are believed to be of use 

in the area of modern communications. 

It has been demonstrated by the two experimental 

analog simulations described in sections 4.3 and 4.5, that 

in practice adaptive filter structures yield performances 

considerably better than the best fixed filter. Gains in 

output signal-to-noise ratios of 6 to 9 db are representa­

tive of the adaptive structures considered when the filters 

102 
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are subject to some 20 db of variability in input signal-to-

noise ratio. 

A  theoretical e x a m p l e  of a  modern satellite communi­

cation system was given in section 4.6 to illustrate both 

'he feasibility of the design methods presented and the 

order of improvement that may be expected when adaptive 

concepts are applied to time-varying channels. It was dem­

onstrated in section 4„6 r.hat some 27 times as much informa­

tion could theoretically be transferred in an adaptive 

satellite communication system as can be transferred using 

a fixed, minimum threshold design for the receiver. 

A consideration of the departure from optimum, which 

results for a Wiener filter that has been designed for a 

stationary input, when the input is in fact nonstationary, 

indicates that worst case fixed filter design is not, in 

general, an efficient practice. Certainly a more sophisti­

cated approach in the single-parameter nonstationary problem 

would be to minimize the analytical performance index 

E{.Fg3 = J FG(£)P(£)d£, 

where £ is "the nonstationary parameter, with respect to the 

function F^. This would be accomplished by selecting the 

design value £ = ̂  f°r H0(s)? su°h that the probability 

weighted a r e a  u n d e r  the curve is a minimum. For a 

uniform density; P{£): this corresponds to minimizing the 

integral 
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. max J Vi)d^. 

Thus, i '- i s  s u g g e s t e d  as a c o r o l  lary to- the adap­

tive, filter theory pr.. that fixed parameter Wiener 

filters should be designed by using the a priori probability 

concerning the likelihood of the input stochastic processes 

departing from sfcatio.oari.ty-. 

5.2 " SUGGESTIONS FOR FUTURE STUDY 

There remain several areas of interest to which 

additional attention should be given in regard to the adap­

tive filter theory presented. 

The selection o:f frequencies at which power spectral 

density estimates are to be made has been largely arbitrary 

in this work. It seems likely that adaptive performance 

would.be improved if this selection were made in some opti­

mum fashion, perhaps with a consideration for minimizing the 

PSD estimator time required for a specified variance in the 

estimate. 

The problem of channel identification time has hot 

been entirely resolved. It may be possible to describe in 

a more satisfying analytical manner the .class of input PSD's 

to which the proposed adaptive theory applies. 

The mat'.er of parameter implementation is another 

area in whi ch fur '.her study is needed. The dynamic ranges 
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of state-of-the-art multipliers restrict the range of con­

tinuous parameter control to approximately 10-20 to 1. Other 

devices, such as the field-effect transistor, may prove of 

use for this purpose. 

5.3 SUMMARY 

In conclusion, the contributions of this work have 

been to further the knowledge in the area of optimum filter 

theory and to present a design procedure for realizing near-

optimum time-varying filters for solving the realistic and 

practical information, transfer problems presented by non-

stationary communication channels. 



Appendix 

DERIVATION O.F THE'WIENER OPTIMAL FILTER 

' For an input stochastic process composed of sta­

tionary and ergodic signal and noise which are uncorrelated, 

the instantaneous filter error is given by 

e (t) = s (t) - c (t) = s(t) - h(r)[s(t-T) + n(t-T)]dT, (A-l) 

Jo  

where h(t,r), the time-varying filter impulse response in 

(2-15), has been replaced by h(r), the impulse response func­

tion of a time-invariant or constant parameter filter. 

Since a physically realizable system can only respond 

to past inputs, it is necessary that h(r) =• 0 for T > t. In 

addition one is free to define the impulse response h(T), to 

be zero for r < 0. Thus, the lower and upper limits of inte­

gration in (A-l) may be replaced by and 00, respectively. 

Making this substitution for the limits of integration, one 

has 

e(t) = s(t) -1 h(r)[s(t-r) + n(t-r)]dT. (A-2) 

*For the correlation function of a stationary sto­

chastic process 

1.: This analysis of correlation functions for non-
stationary random variables is due to Laning and Battin [24], 
pp. 108-109. 
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r2*'-> ' "*x<TX' 'V <A_3) 

f o r  e v e r y  t ,  C h o o s i n g  i  -  - T  ̂ . .  o n e  h a s  

^xx'Tl' 7:P " °xx(0' t2"t1)- (A"4) 

Thus. the correlation function is dependent only upon the 

interval r2 - t/- anc! not only and t2 individually. The 

notation, in the stationary case, may just; as well be 

'a(tl' t2) " °xx(t2-t1) " <i,xx(Tl"T2)' (A"5) 

the latter relationship existing because of the symmetry of 

the autocorrelation function. 

Now forming the ensemble autocorrelation of the 

error random variable, 

<£> (X) = E{. e (t;)e (t+X.)} 
ee 

= E{[s (t)- I h(r1) [s (t-T1)+n(t-T1) IdTj^J' (A-6) 

;_CO 

[s(t+X)-l h(r2) [s (t+X-r2)+n(t+X-T2) ]dr2]}, 

J— 00 

and interchanging the operations of ensemble averaging and 

integration, yields 
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<£> 'X) •=• Ef s  ' t  s  '  '  h  < T 0 )  E f .  S  ( t )  [  s  C t - i -X-T r , )  +  
e e  /  '  &  £  

n ' t 4 - T 2 )  1  } d r 2  

ow 

h 'r i.) E{ s •<-X) [  s  (r;-r :) + n (t -r x) ]} dr x (A-7) 

r '' r  "  
4 I  I I'l \T 1)h(T r,)E[ [s( t-T1)+n(t-r.1) ] [s(t+X-T2) + 

J „ X> JO 

n(t+X-r2) ] IdTj^dTg. 

From the definitions of autocorrelation and cross-

corr elation., equations (2-3) and (2-4) in section 2.4, cer­

tain simplifications in the notation of (A-7) can be made, 

thus 

%e ( X )  »<T2>[*b8<X-t2> +*sn (X-T2 )'dr2 

h(Tl)L^ss(X~Tl) + ®sn(X"-rl^drl (A"8) 

h(T1)h(r2)[4'ss(Mr1-T2) + 

+4ns(X+Tl-r2) + 4,nn(X+Tl-T2)ldTldT2 

By the assumption, in the statement, ojf the problem, 

that signal and noise are uncorrelated, all crosscorrelation 

terms in (A-8) are zero, thus (A-8) becomes 
00 /•"<» 

(X) - <i> (X)-/ h  ( r )& (X-r) dr - h (r, -)3> (-X-r, ) dr, 
e e  s b  I  s s  /  1  s &  1  1  

(A-9) 

h(r1)hi.r2) f®ss(X+r1-r2) + ̂ nn^+Tl~r2^dTldr2* 
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Taking the two-s i.ded l. jp l B.co transform of (A-9) gives 

X> 

<P (si - / «fr • •'X)e~sXdk = / <J> !'X^eaXdX 
ce / ov-j ' ss 

CO 

•  h C r ) j  0 (X-r") esXdXdr 
' ss 

R r 
h ( r  ̂  )  I  (~X -T  ̂  )  e^dXdr  ̂  

? „y_co 

uj /• cn co 

i i i [*ss<:*-+t.-,-t2) 
_ IV 

(A-10) 

-sX 
+ *nn^+Tl~r2^e d^dT1dr2' 

where 0 (s) is the symbol for the two-sided Laplace trans-

form of the function $ (X). 
xx 

Multiplying certain terms in (A-10) by unity, where 

unity may be written as 

isTl • eSTl = 1, (A-ll) 

and rewriting the integrals in a slightly different form, 

yields the following: 

00 CO 

4>ee(s) = <E»ss (s) - / h(r)esrdr / $ss (X-r)es ̂ "T^dX (A-12) 

J_oo -/_co 

00 — 00 /" 00 

- / h(r)eSTdr / 4>sg(-X-r)es^+T^dX + / h(r1)eSTldT1< 

-/-CO 00 
CO 00 

h (r2) e^7"3 dr2 I f^ss ̂ +Ti~T2^ 

4- $ CX+rn-r9)]Gs(X'fTl~Ta)dX. nn '1 2 J 
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One may now idenri.fy the various integral forms shown 

with the correspond i ng- two-sided Laplace transforms and re­

write (A-12) as 

$ (s) = <? (s) - (&) !"HCS)+H(-S) 1 
ee ss • ss ' (A_13) 

+H(s)H(-s) [«3?ss(s)+4>nn(s) ] . 

Since the stochastic signal and noise processes s(t) 

and n(t), with respect; to which the Laplace transform of the 

error autocorrelation function (A-13) is expressed, are 

stationary and ergodic random variables, one has that 

*ee(x) (A-14) 

with probability one. Consequently, the following relation 

(known as Parseval's relation) exists between 0 (s) and 
6© 

the average squared error, 

e2(t) = e2(t) = I %e(s) ds' (A"15) 

In order to minimize the average squared error, one 

is led through the foregoing analysis to consider the prob­

lem of choosing H(s) such that 

Af.e2 ( t )  3 =  /  ^ss^  "  [ H ( s ) + H (~ s )  

i 1.1 be m i iiimized „ 

+ H(s)H(-s) [$sg (s)+4>nn(s) ] } ds (A-16) 



Ill 

T h e  m i n i m i z a t i o n  p r o b l e m  a s  t h u s  s t a t e d ,  is an 

e x a m p l e  o f  t h e  c l o s e ,  o f  m i n i - m a x  p r o b l e m s  t r e a t e d  by the 

calculus of vo r i .1' i oris technique,. One proceeds to a solu­

tion by setting 'he general linear system response function 

H(s.) equal to the optimal response function Hq(S) plus a 

p e r t u r b a t i o n  r , e r m . ,  t h u s  l e t ;  

w h e r e  H.. {s) i s  ' h a t ;  r e s p o n s e  f u n c t i o n  w h i c h  causes the 

i n t e g r a l  f o r m  C \ - 1 6 )  fo b e  a  m i n i m u m ,  or in general, a 

minimum or maximum,, Physical reasoning is usually sufficient 

to show whether the solution function Hq(S) that is obtained 

produces a minimum or a maximum. 

A necessary, but not sufficient, condition that H(s) 

produce a minimum value of the integral (A-16) is that 

H  f ' s  )  = •  I I  '  s )  1  cri ( s ) .. 
o ' 

(A-17) 

BA[e2( t ) }  
(A-18) 

Je=0 

independent of r}(s). 

Substituting (A-17) for H(s) in (A-16) gives 

A{e2 (t) } - I j00 f,̂ ss
(s)-[Ho(s)+er?(s)+Ho(-s)+cr)(-s)]$ss(s) 

(A-19) 

+ [Ho(s)+€7](s) ] [Ho(-s)+e7](-s) ] [*ss(s)+*nn(s) ] 5ds« 



112 

Thus, 

a.A[e2K) j 
7e 

€ -0 ̂  

f - j " '  

j 

77 ( -s ) ( HO (S ) [ ̂ SS (S ) +$NN <S ) ] 

- <$> • (s)} ds , 
(A-20) 

must be zero, independent of 77 (s). The two integral forms 

in (A-20) can be made contour integrals in the s-plane by 

closing the line integral from -j00 to j00 with an infinite 

radius semi-circle which closes either through a left half 

plane (LHP) path or through a right- half plane (RHP) path. 

Since e(t) is zero for t < 0, i.e., the filter is not re­

sponding until the input begins at t = 0, one concludes that 

an LHP contour is to be used in order to evaluate the 

physically realizable average squared error, and correspond­

ingly its partial derivative with respect to €. 

that such an LHP closure of the integrals in (A-20) results 

in an equivalence between the setting of either one to zero, 

independent of 77 (s). That is to say, if the kernel of the 

second integral form in (A-20), 

It will be shown, in the discussion that follows, 
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U 'bl-« fs')l -<& (s)„ (A-21) 
O ' 1 es ' ' 1111 1 SS ' • 

i s  s e t :  i , o  z t . M - o  •  i n -  i ' i  i  -  i n ' - e u ' r a l  f o r m  will necessarily be 

z  e  r  o  a  . 1  s  u  „  •  

T h u s ,  a s  a  f o r m a l  s o l u t i o n  t o  t h e  W i e n e r  problem, 

o n e  o b ' a i n s  i ' r o i i i  e q u a i  i n y  ^ - 2 1 )  t o  z e r o ,  

<i> i's) 
H (si . (A-22) 
°  c ?  ' s )  • '  $  < s )  

-  -  s s  n n  "  "  

T h i s  s o l u t i o n  f o r  is ? however, not, physically 

realizable, i„e,, t h e  substitution of the two-sided Laplace 

transforms $ss's) and $nn(s) f°r real time-autocorrelation 

functions <pss(A) and <Pnn(X) in (A-22) will require HQ(S) to 

have right half plane poles. 

Since H(s) must; be physically realizable, i.e., 

regular in the right half of the s-plane (RRHP), and Hq(S) 

must be RRHP;, one concludes that 77(s) must be RRHP. Now if 

one considers the second integral form in (A-20), 

rJ03 

-R I ?i(-s)tH (S)[$ (S)+<3? (s)]-4> (s)}ds, (A-23) 
2ttj ' ov L ss nn ss • ' J-3 00 

and noting that 77(—s) must be RLHP, by Morera's theorem'1' the 

integral expression in (A-23) will be zero if 

1. S e e  a n y  y . e K i :  o n  complex variable theory, e;.g., 
Churchill ( 2 5 j „  pp. 9 4 - 9 5 .  
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I I  ' • & )  '  s;  | ( s )  ( A - 2 4 )  
o 1 ~s ' mi ss • 

is regular in 'he left half plane (RLHP). 

Since <I> ' 's') and <& (s) + O (s) are the two-sided 
s s  '  •  s s  iin 

Laplace Transforms of real time-autocorrelation functions, 

t h e s e  t r a n s f o r m - ;  i r e  s y m m e t r i c a l  about both the real and 

i m a g i n a r y  a x e s  i n  - h e  s- p l a n e .  Consequently for (A-26) to 

b e  R L T I P  .  t h e  L IIP p o l  e s  o  f  T I  (s) [<& (s) + <E> (s)] must be 1 o • 1 ss nn J 

identical to the LITP poles of <3? (s) „• 1 ss 

Let <& f"s) + <p (s) be written in factored form as 
s s  '  n n  

<& (s.) 4- $ (s) - A(s) A(-s) , (A-25) 

where A(s) contains the poles and zeros of T4> (s) + 3> (s) 1 
^ L ss nnv J 

which lie in the LHP and A(-s) contains the (necessarily 

symmetrical about the imaginary axis) poles and zeros of 

[<fr_(s) + 3> (s)l which lie in the RHP. 
aS rm 

The integral form (A-23) may thus be written as 

rJ0° $ (s) 
2?J| 77 (-s) A(-s) { A(S)Hq (s) - -£ls) }ds. (A-26) 

J-j00 

By a partial fractions expansion, one may write 

<&(s) 

A(-s) = ri(-s) + rs("s)' (A-27) 

where (s) is RRTtP and is • Then (A-26) becomes 
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- J  CO 

I T) '• -s ) A'.-s 1 f A'- s) II (s ) -  ̂ ( s.) } ds 
~Ti j I ' ' ° 

, r -jw ,-j® (A-28) 

2rr j  
r \  ' . - s )  A ' , - s  ) T  ( - s )  d s  .  

• j "  

T h e  i n 1  ( , ' ^ r a l  f o r m s  s h o w n  i n  ' A - 2 8 )  are of necessity 

contour integrals and an inspection of the original integral 

forms A-20) , from which <'A-,2S) was derived, shows that it 

is the LUP convuur by which (A-28) is to be evaluated. Thus, 

using a LII.P con'our f or t.he integrals in (A-28) and applying 

Morera's theorem, one has that the second integral form in 

(A-28) is zero si nce rj (-s)A(-s)r (-s) is regular in the LHP. 

Setting the remaining- in general non-zero, integral 

in (A-28) equal to zero, independent of 77(s), gives 

A(s)H (s) - r (S) =0, (A-29) 

and hence 

r (s) 

V s> - TOT- • (A-30) 

Equation (A-30) is the physically realizable solu­

tion for the optimum Wiener filter. Frequently this is 

written in a slightly different form obtained" by setting 

[*ss(s) + ®nn(s)]_ = A(-s) , (A-31) 

[ < & s s ' . s )  + - A's); (A-32) 

and 

V- .'>)~\  
'27'-iT"/p R " ri's) (A-33) 
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i n  ( A - 3 3 )  <  l i e  n o ' . a v i o n  P„R, , wbich stands for physically 

realizable, indicates the operation of (A-27), whereby 

<E> <s l/A(-s) is expanded by partial fractions, and then 

only that port ion of the expansion, 3? (s) , which is RRHP 

is re i.ai nod., 

Using ' A -3 1') . f'A-32) , and (A-33) P the optimum 

system function H As) , which minimizes the average squared 

error for the Wiener problem, is expressed as 

" 

— 

,[«& Q (s) + <P (s)] „ „ 
H (s) = A— -jP-R- , (A-34) 

•<P Cs) 
ss 

o r$ (s) + 0 (s) ] 4 ss nn ' J 
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