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ABSTRACT

A theory 1is presented for the design of time-varying
filters which yield minimal mean square estimates of the in-
coming signal for the case of nonstationary, additive, un-
correlated signal plus noise inputs., It is shown how certain
aspects of Wiener theory apply to the more general problem
and under what conditions the nohstationary design is optimum.

An engineering solution to the problem is obtained
based upon an assumption of '""quasi-stationarity'" of the short-~
time power spectral densities of signal and noise. A recent
control system approach is used to simplify the analytical
solution of a set of equivalent Wiener problems, along with
a linearization of the input power spectral density function
by the asymptotic Bode technique which yields a measurement
procedure for determining the nonstationary channel statistics.
An analysis is performed to place in evidence the channel-
identification time requirements for optimum adaptive action
of the time-varying filter.

Two examples are simulated on an analog computer
to both verify the theory and illustrate the hardware com-
plexity that arises in practical realizations of adaptive
filters. It is demonstrated by theory and experiment that
significant gains in filter output signal-to-noise ratio
can be achieved through the application of the adaptive
~concepts to time~varying communication channels.

A practical example of-an empirical nature is given
to illustrate the design of an optimum adaptive phase-
locked loop detector for the Echo II, FM passive satellite,
communication system. A theoretical improvement in infor-
mation transfer of approximately 27 times is demonstrated.
for the satellite system when a closed-loop combination of
adaptive receiver-variable rate transmitter is employed.

viili



Chapter 1

INTRODUCTION

1.1  PROLOGUE

In the mos" general terms, a filter is a device
for separating or reducing certain entities in a system.of
heterogeneous collection., The heterogeneous cbllection
wﬁich is of interest in electrical communications is com-
posed 6f signal and noise, where the two real time processes
are distinguished as the'desired or ihfprmation bearing
electrical fluctuations (signal) and the undesired or dis-
'ﬁurbing electrical fluctuations (noise). |

Informafion transfer is accomplished in a communi-
éations system when the signal consists of random electrical
fluctuations and when these time variatiohs are caﬁable of
. being separated,nto some'exfentg from the noise.

Figuré 1.1-1-illustrates a general open-loop adaptive
communications system in blockbdiagram form.

’This work deals with the receiver although it is
impossible to ignore the effects of the other elements of
the system; in particular the behavior of the physigal
" communication media and to a someWhaﬁ lesser degree the
form Qf}the encoder. decoder, and information source and

sink are contributing factors to the receiver design.

1
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Fundamen#ally it is the function of the receiver to
‘transform the electromagnetic energy incident at its input
into another energy form or state. The outpﬁt from the re-
ceiver muStlbé in a form which is accebtable to the infor-
mation sink, such as an_ﬁudio or visual preSentation if
fhe sink is a human, or an acceptable range of voltage
variations with time if fthe sink is an_electronic computer,
In any event, the rcceiver is faced with the problem of
filtering (geuncral sense) the incoming real time random
process in order té separate the signal from the noise,
The filtering operation may_take place directly in the
domain of the received energy form, i.e., a radio frequency
(rf) filter; or if may occur after decoding (demodulation)
of the high frequency signal into a low frequency or base-
band variatftion. - In practice both techniques are uséd, since
Athey yield additive imprdvements in signal separation from
noise.v'

Independently and almost simultaneously in the early
1940's, Norbert Wiener [1] and A. N. Kolmogorov,[Z] developed
a theory for the solution to the problem of optimum. (in a
‘minimal mean square error sense) filter design for the
éeparation of signal from noise when both are stationary,
additive, stochastic processes.

However. when cither or both the signai and noise
arc nounstationary, then the optimal fiitering problem can-

not. be solved directly by the Wiener-Kolmogorov theory.
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Unfortunately, if is usunlly the case for physical communi-
cations media, that necither signal nor noise possess stationary
statistical descriptors, such as power spectral densities,

auto-correlation functions, or even means. If one adopts the

-

viewpoint that all countinuous but nonstationary stochastic
processes may be represented as discrete'random functions
of time, then it follows that a filter structure which is
optimum in the Wiener sense at one instant of time will not,
in general, be of optimum structure 5f some later time dis-
placemeht. Thus, if an optimum'filter exists for non-
stationary stochéStic processes, it must of necessity have
a time-varying structure. Only if such a structure can vary
deterministically as a function of ihe time-varying statis-
tical descriptors of the stochastic processes will such a
filter be, iﬁ the Wiener sense, optimum. |

The objective of this work is to present a theory
for the design of minimal meén square error filters for non-
stationary, additive, uncorrelated, signal and noiée. It is
shown that certain aspects of the Wiehér—Kolmogorov theory
carry over to the more general prbblgm and that, under cer-
tain qualifying conditions, the nonstationary desigh of such
filters follows directly the Wiener teéhniques. Of more
than’cursory interest to communications engineers should be
the resﬁlts of Chapter 4, wherein the simulation of two par-
ticular cases of time-varying adaptive filters is presented

'along with the empirical performance of these filters.
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Obviously. ﬁs is the case in most engineering prob-
lems, certaih apprbximations and assumptions are required
in order *to effect a useful solution. Whétever these occur
the author has called them to the attention of the reader,
and note is made of any important consequences which are
inherent in such deparrtures Ifrom the exacthess of the
mathemaiics,

“The fundamental coulribution of this work is: the
reduciion of theory to practice wherein the importaht factor
of engineering judgemen' is exercised in ordef to simplify

the design procedures identified by the mathematics.

1.2 ° CONTENTS

The material to follow has been arranged in tﬁe
following sequence: (1) a survey of the'existing theory
and approaches to the problem, (2) a statement of the ap-
préach to be used in this work, (3) the application of this
.approach to theoretigal and empirical examples, and (4) analog
~computer realizations to éxperimentaliy verify the adaptive
filter theory presented.

The history of the problem is treated in Chapter 2
by présenting thé general mathematical framework in which
the problem lies and by discussing briefly the approaches to
a solution as used by previous investigators. The notation

used is presented in the early part of Chapter 2,



The basis [lor ihe approach used to clfect an engi-
neering Solutioﬁ ro the problem is set down in Chapter 3;'

A necessity Tor certain assumptions and:approximations is
demonstrated, and these assumptions and approximations are
treated in detail to{esfablisﬁ their merit and efféctiveness
in the éontéxt_of this investigation. The proposed design
method is outlined in the last seétion of Chapter 3.

Three exawples of adaptive filter design and aﬁ
analog computer simulation of the first two of»these ekamples
are presénted'in Chapier 4. A comparisoh jé made between the
theoretical and experimental performanées of the simulated
examples° A filter performance meaéure, which indicatesv
the improvement in.filtef action of the adaptive structure
win relation to the fixed optimal filter, is defined and
the experimental behavior of this measure yith nonstationary
inputs is-presented. The deéign of an adaptive phase-locked
loop FM demodulator is cdnsidered in the lasf section of
Chapter 4 in .order to give a more practical example of fhe
use of the aaabtive theory. | |

Practical épplications of the method are discussed

and conclusions drawn to the work in Chapter 5.



Chapter 2
HISTORY OF Tl PROBLEM

2.1 INTRODUCTION AND ORGANfZATION OF THE CHAPTER

The bachkyground material pertaining to the problem
éf adaptivé optimal filtering of stochastic processes is
presented in this chapter. A mathematical formulation of .
the problem, which dates back:fo the early 1940's, is pre-—
sented, and thé contributions of investigators in this area
since that time are diécussed, approximately in their chron-
oloéical order. Section 2.2 is devoted to a discussion of

the notation to be used in the paper,.
2.2 NOTATION

The nonstationary‘and time-varying aspects of the
"problem'to be considered in this work make it necessary to’
use certain notational forms which, although a part of the
moderﬁ work in communications and random process theory, are
not standardized and consequently require definition here.
"Adaptive Filter." An adaptive filter (or self-

- adaptive filfer, which is slightly redundant) is defined as
a passive or active device which automatically adjusts its
parametcrs'in accordance with some algorithm dependent upon

changes in the input signal statistics.

7



Lower case letters such as s(t), n(t), and i(t)

denote time dependent or stochastic raﬁdom variables. The
.stochastic variables considered in this work are all assﬁmed
to be real-valucd, bounded, qontinuous'or discrete functions
of time. This is in agreement with the physical world'that
generates such entities. 1In general, the stochastic variables
treatéd are not statioﬁary} i.e., their étatistics may be
time dependent, and conseﬁuently they will not in general
satisfy the ergodic hypothesis,1

~ Since the stochastic processes to be treated are non-
stationary, the notation used to denote mathematical expec-
tation must differ from that used to denote time average,
To this end, the following definitions are employed:

Mathematical Expectation

E{f[vs(t)]}= f(s)dP(s), _ ' | (2-1)

where E is the expectation operator, P(s) is the probability
measure over the space S of s(t), and the integral is taken
in the Lebesgue-Stieltjes sense.zﬂ E {f} will be referred to

as the expectation of the function f.

1. For a discussion of the ergodic hypothesis, see
Davenport and Root [3], pp..66-68. . .

2. Sec Korn and Korn [4], p. 113..



Time Avorage

T :
Al£[s(t)]) = e [F £{s(t)] at, (2-2)
| J-T
where A is the average operator and the integral is taken in
the Riemann sensc, Alr) will be referred to as the average
df the function T, |
Certain special expectations and aﬁerages arise in
the study of random procésses and these are.defined below.

Autocorrelation Function

@xx(tl,tz) f E[x(tl)x(tz)} = x(t)x(t,). (2f3)
Crosscorrelation Function

¢xy(tl,t2) = E{x(tl)y(ﬁz)} - x(t)y(t,). | .(2—4)
Time Autoqorrelation Function

Py (B T5) =.A{x(t1)x(t2)] =f§?%17§?¥;7. (2-5)
‘Time Crossporrelation %unqtion

Opy (t1stg) = Alx(ty ()] = XGDY (). (2-6)

For stationary stochastic processes an extremely
valuable relationship exists beitween the power spectral

density associated with the random variable x(t) and its
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time autocorrelairion funchtion. This relationship, known as
~the Wiener-Khintchine relation, states that

i V)

oty gr, (2-7)

HX

W]
) =
\\

Gxx(w) = g

where GXX(Q) is the power speqtral density function asso-
ciated with wuhe statioﬁary random variable x(t). Physically
lGxx(w)lrépresents the poweir that would be dissipated in a |

‘ one-ohm resistor if a‘random voltage or current x(t)YWefe‘
passed through an "ideal" zero bandwidth filter centered at
fréquency w.

- In order to'extend the useful ideas of autocorrelation
and‘power spectral density to nonstationary random variables,
the short-time autocorrelation functions and corresponding
power density spectra as first used by Fano [ 5], will be
defined as follows:

Short-Time Autocorrelation Function

t
<p,t{x r,e) =20 xmxm-r)e@ T May, o (2-8)

o]

Short-Time Power Spectral Density

t _ 1 t —a|7|-jor A
Gy (o,w) = "[ Oy (T,Q)e ar, (2-9)

1. Note that the time autocorrelation function is a
Tunction of only one variable 1 = lto - t.|, since, for a
stationary process, only the relativeé timé displacement de-

termines - not. the initial or final time values tl and tz.
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where & is the time constant of a low-pass filter whose im-

pulse response or weighting function is given by

L _ 2 .
loo o“%Y ¢t > o

nery =Y . | | (2-10)

The *wo-sided Laplace traunsform proves to be a use-
ful mathematical concepi in certain aspects of optimization

theory and is defined by the reciprocal relations

’
G

F(s) :' 1nf\"b*dt, - (2-11)

f(t) = §WJ F(s) e® ds, (2-12)

where s = 0 + jw is the so-called complex frequency; The
absence of an abscissa of absolute convergence in the inverse .
transform (2-12), restrvicts the transform to functions which
satisfy the convergence relations:
If(t)lz dt < @,

(2-13)
-] lf(t)lz dt < =,

0

2.3 MATHEMATICAL FORMULATION

With reference to figure 2.3-1, the following defini-

tions are made for fhe purpose of mathematical modeling:
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The signal s(tj and noise n(t) are assumed to be
stochasticélly indépendent,‘co@tinuous or discrete, random
variables possessing ceritain time dependent statistical
descriptors. | |

The impulsc-response function or weighting function
of the linear fiiter; h{t,r) is characteriéed by two variables,
t and 7, for the general time-varying linear filter, where
h(t,7) represents thevoutﬁut of the filter at time t due to
an impulse input at time 7.

The symbol e(t) is the filter error, i.e., the dif-
- ference between actual output c(t) and the desired output s(t).

The output c(t) méy be related to the filter input .
i(t) by the superposition integral,

[o 2]

c(t)

I

‘h(t,r) i(t-r)dar

(o o]

t

(2-14)

h(t,r)[s(t-r) + n(t—r))dr,

where theAupper limit ® in the first integral may be replaced
by t in the second integral, since, for physical realizability,
h(t,r) = 0 for 7 > t. The lower limit - in the first inte-
gral may be.replaced by 0 in the second integral if we define
h(t,r) = 0 for 7 < 0.

As a consequence of the definition of filter error,
figure 2.3-1 and equation (2—14)3 the error may be written as

a function of the ‘input random process as follows:
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i
re(t) = s(ﬁ) - [’ hit,7)[s(t-1) + n(t-r)]dr. (2-15)
)o ‘

In most commpnication signals it is not the instan-
faneous error é(f) thch is of interest. but»father the mean
square of e(f) which is tﬁe criterion used here. This is
denoted by ; 7;; = mse. where The bar -indicates that averag-
ihg is to be performed with respect to the ensemble of input -
functions. A discussion of other‘error,criteria sucﬁ as
le(t)| and €(1) is not presented or considered here, but
rather note is made of fhe correspondence between miﬂimal
mse and maximum output signal-to-noise power ratio. The
reader is referred to Knapp [6] for a thorough discussion
of error criteria.

The squared instantaneous error yields

t
e®(t) = s%(t) -2 h(t,m)s(t)[s(t=r) + n(t-r)]dr

0 .
t At S -
ﬁjr.]’ h(t,Tl)h(t,rz)[s(t—Tl) (2-16)
- JO0 JO -

+ n(t-Tl)][S(t—Tz) + p(thZ)Jqudrz.‘
The auto- and cross-correlation functions for fhe'

various stochastic processes are defined as follows:
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;4 (tg,1,) = TEPIE,) = TS(E) + nlE I [5(E,)

+ n(t25|
-@is(tl,tz)v= i(tl)S(tz)A#_Té(tl)v+ n(tl)Js(%éT.
i - | (2-17)
wss(tl,t2) = s(t;)s(t,)

@nn(tl,tz) = n(tl)n(té)b

an(tl,tz) S(tl)n(tz)

where the bar indicates that ensemble averaging, (2;3) and

(2-4), is to be applied; The mse may now bhe expressed-in
terms of certain correlation functions as

(1) = o__(0) -zjr h(t,T)®_, (t,t-r)dr

| | (2-18)

0
B t At
' ‘ fjr.Jr h(t,fl)h(t,rz)éii(t-rl,t~72)drld72,
C 0 Jo o - |

where the opefation of ensemble averaging is assumed to comw.
mute with that of integration. |

As was demonstrated by Booton [7], using the calculus
of variatibns technique, the mse is minimized with respect
to all possible choices of the systenm weighting'function
‘h(t,r), if and only if, h(t,7) = ho(t,T), where ho(tzr) is’

related to the systenm correlation functions as follows:
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. .y : ,

®5i(t—77t).@ / ho(tln)@ii(t~7,t~n)dn, ‘(2—19)
Jo '

2.4 'CONTRIBUTIONS TO THE THEORY

Unfortunately (2-19) cannot’be solyed in general for'
bo{t‘f) gxplicigly in tovrus of Qsi and ¢ii since (2519)'13
the general form of the integral equation of the first kind
(see references [7] aund [8]). Shinbror [8] was able to
obtain‘a solutioh for ho(t,T)’explicitly in terms of ¢si and

i for the speéial case of white noise which is stochastically
indepebdebt of the signal. Even under this special case the
solu£ion was obtained in the form of aAfinite‘SUMmation of
producis of functions of t and functious of T as an approxi-
mation to the general infinite summation required for an exact
solution, ‘For non-white noise the iny tractable techniqué
for effecting a solution to (2;19) appears to 5e numerical
and, in all but the simplest of cases, would require machine
computation, : ‘

Beginning in 1954, Bendat [9] treated the problem of
optimum-time variable filteriﬁg for nonstationary random
processes. His approach was to consider those system
weighting functions h{t 1) which are separable, i.e., h(t,7) =
f7i)glr). where 1(t), fﬁo time-varying factor, is a function

of + alone, while g(r). ibe constant parameter factor, is a
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function of T alone. In addivion, more complicated weight-

ing functions of ihe form

M _ ,
hit,r) = & fn(t)gn(T) + ULLY 8(1) + V(B)B(t-T), (2-20)
: n=:1 ' - )

whore M is an iﬁjuger and & is the Dirac delta function,
‘were coﬁsidered by Bendat. Included in Bendat's wofk is a
discussion of asymptotic filter design and'synthesis, where
,ha(t,r) is definad as an asymptoitic weighting function to

an optimum weighting function ho(t,T) if
ha(t,‘r)/ho(t,7)~——>1 as t— (t—30), (2-21)

thus ha(t,T) can be either the long time (t—>®) or short
Time (t—¥+0) asymptote to the éptimum weighting function
hO(t,T)u The asymptotic design ideas presented by Bendat
offer a solution to the Synthesis of time~variable filters
when exact optimal synithesis is difficult and when asymptotic
operating regioné are involved; The major drawback to Ben-
dat's approach.lies in the fact that nothing can be inferred
in general about the asymptotic filter's performance during
the non-asymptotic period. The question arises also, as to
what restrictive conditions exist in order for the optimal
weighting function to be of separable form.

Several ad hoc¢ engineeriung approaches to the design
and synthesis ol received signal controlled time-varying fil-

ters have appeared iun the literature Keiser [10] proposed a
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filter whose passband'is controlled by a signal derived from
a measurement of certain parameters in the input signal plus
neise autocorrelation function, Using an experimental filter
whose bandwidth and passbdnd characteristics were fixed, but.
Awhose center frequency was a controlled variable, Keiser was
able to demonstrate a significant impfovement in signal-to-
noise ratio for thc.variable-pass netﬁork in comparison to a
fixed network filtcf even at fractional signal-to-noise
‘ratios. Although his approach was essentially the first
example of a forward loop adaptive filter, the experimental
example {reated was of 5ueh a simplified nature that the sig-
nificant design.problems associated with the general adaptive
filter,concept were renderad triviail.

The fesults of a General Electric Company investiga-
tion are described by Klass [11] wherein a filter was developed -
which adapts to a condition of pass or no-pass as;determined.
by the presence or absence‘of a desired pulse-~type signal at
the input. The adaptation time for this filter was found to
be'dependent both upon input signal-to-noise ratio end upon
pulse repetition'rate, being approximately inverse to their
product. ‘In general, several seconds were required for the
filter to adapt or in a rudimentary sense to learn about its
environment.

Glaser [12], in 1961, veported the development of
an adaptive filter for the detection of a pulse signal whose

waveform is fixed, but unknown to the receiver. The algorithm
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used was that of’the maximum likelihood ratio, and a digitally
simulated systiem cxhibited "satisflactory" performance for
sigﬁal-to-hoise ratios as low as 12 db.

In 1962, Bucy and.Féllin [13] published the results
. of their investigation of an adaptive filter which was Simu-
lated on an ahalog computer to measure the spectral densities
of the input signal and noise processes and adjust its bandpass
characteristics to yield optimal filtering in the Wiener sense.
The experiment treated two unknown parameters and the adapta-
tion time required was slow, being of the order of several
seconds.

Many worthwhile confributiops have been made in less
‘closely related areas such as adaptive or self-optimizing
control systems and Stromer [14] gives an excellent bibli-
ography of 47 references‘on pre-1959 wo;k,in.this field.
The texts by Chang [15], Newton et al [16], and Mishkin and
Braun [17], are among the books which treat the general area

of optimal design theory.



Chapter 3

ANALYSIS AND SYNTHESIS OF ADAPTIVE FILTERS

3.1 INTRODUCTION AND ORGANIZATION OF THE CHAPTER

A general form.for the channel adaptive filter.is‘
suggested by the time-varying aspects of the problem, and
this form is described, first as an over-all system, and
then in detail for each functional block. An analysis is
made in order to place the design factors in evidence and
to examine their interrelationships for performance trade-
offs and limitations. The proposed design method is

outlined in the last section of this chapter.

3.2 THE GENERAL ADAPTIVE FILTER

The random process inpﬁt to the adaptive filter is
taken to be a nonsfationary'stochastic variable composed of
signal s(t) and noise n(t), where the two are assumed to be
stochastically igﬁependent and additive. In order for the
time-varying linear filter to adapt to or follow the non-
statiénary behavior of this input in an optimum sense, it
is necessary that the following operations be performed by
the adaptive structure:

| (1) The nonstationary behavior of the input process

must be observed,

20
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(2) the requisife filter parameter variations must
be_determined from a combination of both the physical measure-
ments on the input process and the optimﬁzation algorithm for
the filterxr, and

(3) fthe physicalArealization of the filter parameter
variations necessary forvopﬁimal performancé must be

accomplished.

qued upon the foregoing operational description, a
block diagram for the general adaptive filter str&cture is
poétulated as shown in figure 3.2-1.

The 6utput of the filter, shown in figure 3.2~1 as
v g(t-X), is‘an.estimate of the input signal waveform s(t),
where A is a time delay which arises due to (a) the inherent
reSponse’time of a physical system to an excitation at t=0,
and (bf the time required for the Operationsbof channel
_ identification, parameter computation, and implementation
of the computéd parameter values_within'the filter sttuéture.
Ideally, one would seek to cause X——*O and g(t)'E s(t),
however the;physical 11mitatiohs;of the System'never'allow ‘

such an ideal realization, and, in'most communication sys-

s(t).

tems, it is unnecessary that X = 0 or that Q(t)
An example’in point is fhe sitﬁation in acceptable delayed
voice communicatipns where not only the individual speaker
and listener determine the extent to which time delay and
distortibn can enter the system, but also the material

being spoken.
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~ While average output signal-tofnoise ratio is:- not
the only critéri(m for performance of a filter, in'maﬂy
applications it proves to be the most significant meésure;
and often no.other is readily useable or tractable from{aﬂ
analysis poini of view. Thus, the criterion for adaptive
- filter perfdrmance is chosen as minimal average Square

error, i.e.,

ale2() B aifs) - Bce-n)12) (3-1)

"is to be a minimum. In addition, the system delay A should
be small, where the qualitative "small" is necessary uatil
a specific application is determined or a qu#ntitative re-
striction is imposed on this delay. |

Of the two sources of time delay ((a) and (b) listed
above) in the adaptive filter sfructure,‘the delay due to .
.the adépfive operétions of identification, computation, and.
implementation is the determihing factor with regard to the
allowable time rate of variation in the input nonstationarity
parameters. This delay must be short with respect to the
rate of change in the random process parameters.‘ The ef-
fect of changing the filter's structure may otherwise be
such that the filter response h(t,r) does not correspond
to the optimal response function ho(t¢r) for thg instan-
taneous input which exists at the time the adaptation proc-

ess has been compleited, Stated another way, the nonstatioﬁary
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time dependence br the input signal must be slowly varying
with respect to the.timo fequired for the over-all adaptive
opcration.

The foilowing assumption, hereafter referred to as
quasi—stationnrity, is made regarding the random channel
and additive noise portions of the communication system
model depicted earlier in figure 1.1-1:

Both the gain and phase-delay characteristics
of:the random channel and the nonstationary param-
eters of the édditive noise are varying slowly witﬁ
respect to transmitted signai message changes and
receiver filter adaptation time.

| The quasi-stationarity assumption regarding channel
parameters, and hence received signal nohstationarities,
can be justified for high information rate systems. Con-
sider an FM/FM telemetry system employing 16 quantization
levels and information source bandwidths of 30-50 kc. The
average information rate of transmission over the channel -
will be approximately 29-48 kilobits/Sec.1 For a repre-
sentative fading rate of‘20 db in iOO milliseconds and a
relatively fine quantization of iOO levels, the bit rate

for the fading nonstationarity will be 66.5 bits/sec. Thus,

1. See Nichols and Rauch [18], p. 184, and Harman
[19], pp. 109-111.
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the average signaling rate is approximately three orders of
magnitude higher than the fading rate.l
Yith respect to the additive noise source, the quasi-
"'stationarity assdmptiqn'is less easily justified, and for
certain types of man-made interference it appears definitély
inéorrect, Nevertheless, such an assumption is inherent in
the-adaptive filter concept as herein proposed, and one must
" content oneself with the restrictions of the assumption or
modify the philosophy of adaptation suggested hefe.'

Despite the restrictions on the use of the proposed

-

adaptive filter concept, there exist many physical applica-
tions for such.systems. Ionospheric fading, multi-path
interference, time-varying white background noise, and all
types of slowly changing atmospheric conditions which corrupt
the signal transmission are examples of the nonstatidnary
problems for wh.ch o .. .piive filtering will be shown to be

a useful and feasible receiver technique.

3.3 TIME-VARYING FILTER STRUCTURE

When one adopts the quasi-stationarity assumption,
as stated in section 3.2, certain aspects of the Wiener-

Kolmogorov theory become applicable to the problem. In

1. The fading ratce used here is representative of
the measured maximum short-term fading in ionospheric propa-
gation tests. Sce the National Bureau of Standards [20] for
empirical data on Tading and noise in ionospheric propagation.
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particular, it ié useiful wo consider'the stochastic input to
rhe adaptive filter as o ”piecewise"'stationary and ergodic
random variable, or equivalenily, fhe problem may be stated
as follows: | | |

The input. stochaétic process is composed of a

sequence {ia(ﬁ)} ol random variables, for which
there exists a Tinite or infinite number of sub-
sequences . each ol which is defined to be station-
"ary and ergodic within its particular subspace of
the entire inpu! space., The ergodic hypothesis,
however,idoes not apply to the ensemble members

éf the different subsequehces.

The optimal Wiener filter solution to this problem
is thus a finite or infinite number of solutions‘to each
subspace problem if one has the a priori knowledge that
the ensemble member, which is the input to the system for
anyfgiVen period of time, belongs to a certain Stationary‘
~and ergodic class of functions. It is the function of the
channel identificafion block, figufe 3.2-1, to prdvide the
adaptive structure with this a priori knowledge.

In order to determine the specific.information re-
quired for a solution to each of the equivalent Wiener
problems which compose the quasi-stationary problem to be
treated, a discussion of the, by now,.éléssic Wiener problém

is piven in the appendix, There il is shown that the optimum
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system [unc:ion Hu'sﬁ._wnich minimizes the averaged squared

error Tor the Wiener Tiltering problem is

D (g)
ot

[r‘
j’ 59
\Tr'b' (&) & TEY]

H (g) - ‘T;ss : an P.R. (3_2)
© (e fs) 4 @ (s)]
T e an +
where the symbols | }; and { }p R are as defined in the

appendix.,

An eximination of *3-2) discloses that the a priori
information required for a solution Lo the biecewise équiva-
lent Wiener problems is %the complex ﬁower spectral densities
of signal and signal plus noise at the input to the filter.
The two-sided transforums @SS(S) and énn(s) used in (3-2)
are related to the -signal and noise power spectral densities

by the relation

)]y = 27 Gy (W) - (8-3)

If one considers the pieceWise application of (3-2)
to the noﬁstationary problem, it becomes necessary, in
general, to first détermine the power spectral densities
(PSD's) of input signal and noiée, and then to implement
the solution of (3-2) for the optimum filter function Ho(s).

Moreover, t*these operations must bLe performed in real time

such that the quasi-stationavity assumption is valid.
Aside from the computational difficulties of implementing a

machine”(digirul or analog) computation according to (3-2),
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the *ime required‘ror an accurate défermination of.Gss(aD
and Gnn(w) is ovdinarily long if a serial procedure is used,
or extremely couplex and expensive, from a hardware view-
point . it a parallel rechnique is emﬁloyedn

The sinsle mo=st effécﬁjvelmethod for achieving a
practical realization "o 'he indicated éolution lies in

vihe use ol Til wvailable a priori knowledge concerning the
comminicartion sy=iem,  The [orm of modulation, physical
‘medium of communic4iiun; information sburce statistics, and
expected noise and in'erference process descriptions are
all likely to be avaiiable to the system designer,. Thué,
it is probable that the channel identification block of
the adaptive filter structure need not determine the con-
tinuous PSD of signal and noise for all frequencies, or
even for a large number of discrete frequencies, in order
for an accurate description of Gss(uﬂ and Gnn(aD to be
obtained.

By using fhe a priori system knowledgé available,
it is possible 1.0 ﬁfe~design'the time-varying filter struc-
ture,; incorporaiting within this design the provision for
adjusting certain elements in the structure, and hehce
parameters of the filter's response functién.' Three
examples of this procedure are treated in Chapter 4.

There remain however, additional analytical com-
plicaﬁiéns asxwoctrated with the compuhafion and physical

realiza“ion of ihe optimal filter form (3-2), even when
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one is given the specural densities of sigual aud-noise. The
operations of spectrum factorization (A-25) and pgrtial
fractions oxpausion (A-27) necessary to the physically real-
izable solution :3-2) make it necéssary that @Ss(s) and
@nn(s) be expressible as ithe quotient of rational, finite
algebraic polynuomials 1n s,

Suclhi a represeniation canmol always be made exact
for Lﬁe signals and noise of interest in-cémmunications.

An oxamplel ie the power specirum of the pulse-width modﬁ—
lated waveform depicted in figure 3.3-1. Here it is assumed
.that the pulse-width £ of an individﬁal pulse is equaily
likely *to be any value from zero‘to T, The pulse repeti-
tion rate is 2T, For fhis waveform the power spectrum

will contain two components, one due to the random behavior
of the pulse widths and the other component4due to the
periodic behavior of. the pulse repetitions.

The two-sided Fourier transform of the time auto-
correlation function foy the random component may be shown
to be
2.2

2 [ TS® - 4 sinh2 (TS/2) ]

T

(3-4)

¢rr(s) = K

‘where K = K(E,T). Thus the power spectrum is not a quotient

of rational, finite algebraic polynomials in s.

1. This example 1s contained in Lee [21], pp. 225-
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Various methods are avéilable, e.g., the Butterworth
approximation,l for representing suéh poWer spectra by a
finite'alggbraic polynomial quotient. . Conseqﬁently, it is
assumed that the specira of interest in this work are either
Qf_this exact nature or can be approximated by such a
representation,
| ‘The sccond aspect of difficulty to the application
" of (3-2) is the algébraic complexity which is.present., This
complexity effectively limits the use of Wiener theofy to
’simple problems. In all but the simplest of cases, the
algebraic complexity of findingAHo(s), which resﬁlts from
an exact solution to (342), is such that the coeffigients
of the s-terms in numerator and‘déhominator are high order
functions of the Specfrum parameters. Such solutions, even.
| when the algebraic difficulties have been overcome, do not
disclose to the synthesist a procedure for adjustment of
the filter elements which will cause Ho(s) fo corresﬁond
“to thé quasi-stationary forms of @Ss(s) and @nn(s),
| R. B. Streets, Jr. [ZSj has developed a technique
. for the determination of an approximation to the Wiener
filter which greatly simplifies the solution of (3-2) and
in addition presents Ho(s) in a concise algebraic form.
Streets' method is founded upon a high’degree of intuition
resulting from his examination of many particular cases of

exact Wiener design,

1. See Tuttle [22] pp. 741-831.
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The meﬁﬁdd proposed by Streets is to_nérmalize tﬁe
optimum unrealizable filter transfer function (A-22) with
resbect to @nn(s). Thus oné begins with (A=-22), repeated.
below

¢ (s)
i (s) = 52 ,
e (s) + @ (s)

nn

and then factors the normalized @ss(s) function into'a LHP
product ¢; and a RHP product @;, each containing the square

root of the gain.

. _ . - (3-5)

He then nazvelyl assumes that all that is necessary
_in order to make Ho(s) physically realizable is to retain
only the LHP factor @;‘of the normalized @ (s), thus the

physically realizable optimal fesponse function is

@ :
H (s) = —— . | | . (3-6)

+
1+ ¢S

Streets then identifies @; with the open loop trans-

fer function of a unity feedback system as follows

: Go(s) = O (1/s), for‘ég <1,
(3-7)
G (s) = @, for & > 1,
0 s s

, 1. This is Sfreets' term for this assumption.
See [23] p. 34.
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‘where the notarion (¥ f(1/s) is used to indicate that Go(jw)
hasAé Bode ploi for w > u%/wfaﬂwhich has a -1 slope (-20 db
bér decadc){ aond Qhere W, is the radian frequency at which
IGO'(jw) | = 1. |

The explanation fér the \faifactor by which the
break frequency W, is veduced lies in the closed loop
"Butterworth" sysitem approach that Streets assumes., An

example of the method follows.

Example:
' R 2
®_ (s) = — @ (s) = N7,
sSS . :"g?;;?.’ nn

Then the normalized @SS is

o - _ B
sS 1 - SZ/VZ
and
+ _ R/ -~ _ R/N
% “TFsv e % TT o8V

- Thus, we let

_ _B/N
Go(8) = 3577 >

which is valid for all w since in this particular case
, + '
. I L s R S NN
GO(Juﬂ = @SCJQJ for all QS(JUJ,
The closed loop approximate filter form will then

be given by

H (s) = “-Sgii3, = R/N
o = T 4 GO(ST 1 + R/N + S/V (3~8)
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The exact Wiener filter for this example is given

by

‘ 2
HO,(S) = -\/l hi _('R'/N) - 1 _ (3_,}9)
RV

<l

Thus one may observe that (3-8) and (3-9) agree
"very nearly" when R/N > -10. However, the true measure
of the approximafion_lies in the differences in performance
between the approximate (3-8) and the exact system (3—9).
Streets has compared the RMS value of thé error for this
approximate filtéf (and others) as a percentage increase
over the exact filter RMS-error. His analysis shows thatl
even for a signal-to-noise ratio as low as 2:1 (6.db) the
approximation error is only ébout 10% greatéfrthan)the‘
exact filter RMS error; and fbr a signal-to-noise ratio of
10:1.(20 db), the approximation error is less than 0.5%
greater than the exact,filter RMS error.

It is of.interest to note that even for this simple
example the approximate filter function offeré a considerable_.
sjmplification in its "computational" form.ovér the exact
filter. That isbto say that the machine compﬁtations and
measurements neéessary in order to perform the systen
operations as outlined in section 3.2 are greatly simpli-

fied by the approximate filter form.
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3.4 CHANNEL [DENTIFICATION

—

As has.béen shown in the preceding section, the
function ot fhe channel identification block in figure 3;2-1
is to provide ‘he adaptive struéture with énougb a priori
knowledge of the input processes for a‘determination and
adjustment of the variablé elements in the filter. Basically
this is an estimation problem in the sense of mathematiéal
statistics, and ove is led to consider certain aspects of
the theory of staitistical inference.

Parzen {26,27;28,29,30,31], Bia"ckman and Tukey [32],
Grenander and Rosenblatt [33}, and others [34,35,36,37] have
treated the geheral problems of estimating the Spectral
densities of stochastic processes. Any attempt to deveiop
a criterion for the '"goodness'" of a spectral density estimate
is inseparabiy connected with the purposeS‘for which the
estimate will be used. However, there are certain funda-~
mental properties of statistical estimates which act as
quantitative measures of thé estimate;s perfection. A
basic requirement for an estimate is consisfency in quadratic
mean.1 'If a stationary time series x(t), is observed over
the sample period 0 = t = T,‘and an estimate k,, of an

T
unknown parameter k of the series is formed on the basis

of the sample, thén kT is consistent in quadratic mean if

Tl_ii‘ (B[ |k, - k|2]} = o,

1. Parzen [27], p. 331,
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where the expected value is taken under the assumption that
k is .the true parameter value. If an estimate is consistent,

it iz asympiotically unbiased, i.e.,

lim {E[RT}} = k.

Parzen (311 poinis out that empirical spectral

—

analysis of a stationary time series is not an "easy problem"
due to the [aci that ihe obvious estimafe of the spectral

densiny functioun: namely, fT(uﬁ, defined by

T
C fpfw) - 2% g7 Ry (7)dr,
") .
where
T~ 7|
Retry - L] xitxt+|rde, || < T,

0

.is not a consistent estimate of_the true spectral‘denSity
function f(w). |

‘Many ways have been suggested in the literatufe-fér
forming consisteﬁt,éstimates of the value f(db) of a spectral
density function at a given frequency W, - Generally these
" methods belong to one or the other of two classes, (i) the
uée of a continuous time record of~finite length, and (ii)
the use of discrete data.takeﬁ‘at equally spaced time valués.
Of these two classes of metﬁéds (i) offers the advantage of
empirical calculation in real time éuch that it should be

possible to continuously. or at lease piecewise continuously,
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~estimate the spectral densities of interest at certain
discrete frequencies.

Analog computer techniques for estimationg the power
| spectral density of a random process at a discrete frequency
have been suggested By various authors, and Rideoﬁt [38]
‘gives the square-law recalization shown iﬁ figure 3.4-1.

Certain significant practical difficulties arise
 when the technique of power spectral dénsity estimation
illustrated by figure 3.4-1 is employed. An ideal flat
frequency response function-Hf(jw) centered atAfi and
having bandwidth Af cannot be physically realized, the
~ operation of squaring is difficult to implement ovef a
1érge dynamic range of inputs, and tﬁe integration must
be cyclic with the estimate'readout'occurring at the end
Jof each integration period T before the integrator is reset
to.a zero initial condition. | |

Blackman and Tuke& [32] have treated the problem
- of non-ideal filtering for the continuous analysis case by
.é conSidérafidn of severalvrealizablé'spectral window forms
Hy (w) for which an equivalent ideal filter bandwidth is |
defined. - In addition, théy introduced the concept of'the
equivalent number.pf degrees of freedom of the sQuare-law
' éstimate, where |
K = 2, | | ~ (3-10)
(A (w) ]
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is the equivalen* number of'degrees of freedom; AP(w) is
termed the coefficient of variation and is given by

o
2E(W) e, | (3-11)
. <a®> :

where oy is the standard deviation of the estimate and
2. . .. e .
<a“> is the mean of the estimate,

Morrow [39] has shown that

) L -
P , | C(3-12)

<a’> V2@ T
where BW is the "effective" bandwidth of the filter in cpe
Aand T is the integration time in seconds. When the coeffi-
cient of variation is less than 0.2, the error in the PSD
estimate has an approximate normal distribution and a con-
fidence level can be established for the estimate.

If a permissible error of 10 per cent in the PSD
estimate is assumed, the coéfficient of variation becomes
0.1 and the required'bandwidth-integration time product must
- be 50. In this case the equivalent number of degfees of
freeddm, k, is equal to 200,_ahd as is well known, the>chi-
square distribution may be appréximated by the narmal dis-
. tribution as k=,

From a table of the normal distribution one deter-

"mines that for k = 200, 90 per cent of the PSD estimates

1. Burington and May [40] state that if k > 30, in
practlcal calculations it is often sufficient to approximate
the X2 distribution by a normal distribution with mean k and
variance 2k. :
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lie within rhe range ol OnSSGvro 1,165 of the true PSD. i.e.,.
a spread of lh443.db‘ Thus. one has an a priori probability
of‘0"9 £90% confidence)‘ﬂhat a single PSD estimate will lie
within an inerval of widibh 1,44 db abou:. the true PSD,

To iilusira'p jhé magnitude of integration time're;
quired for vﬁo estimotion of PSD in a comﬁunicdrion channel,
consider.tﬁg’prnblem ol a3 large index FM wave‘having a l-mcps
bandwidth after modulation. Tf one selects five disﬁinct,'
cqually spaced [requencies at which PSD is to be estimated;
narrow-band filters having "e{fectfiive" bandwidths of approxi-
mately 50 kcps could be/'usedn

Filuer Q's on tThe order of 2ﬁ000 would be required
~at perhaps 100 mcps, hence the use of crysfal filters would
be indicated. The required integration time, in order that
all five PSD estimates be made at a 90% confidence level of

1.44 db will be

- K
T = gvgw
T =-—429%—- = 1 millisecond,
4{107°)5

Hencé,'short integraktion fimes are required when cohpared
to the representative maximum fading rate of 20 db in 100
millisécondS,

It has been suggested by Cohn [41)] that the square-
law device.shown in figure 3.4-1 can be replaced in practice

by 2 linear detector, which is much simpler to realize
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" accurately. Cobn shows thaw boith types of detectors will
give the correct rms amplitude for én input; which'ha$ a-
Gaussian amplitude disﬁributionn Since the input to the
square-law device has been narrow band-pass filtered, it
follows' thar the ampliitude distribution of the random
variable y(i) in figure 3;441 is approximately Gaussian.
The analog realization showﬁ in figure 3.4-2 is
suggested as a pfactical power>spectfal density anaiyzér‘
for estimating the mean—équare amplitude 6f the random.
variable x(t) an rbhe discrere frequency f,.
‘When the random variable y(t), in either figure
3.4-1 or figure 3.4-2, bas a Gaussian amplitude_distribu-
tion with standard deviation ¢ and zero mean, as has been

postulated, the expectation of the output of the square- |

law analyzer is

2 2 |
Elp.} =] y -——77 exp [~y /20 ] dy = ¢ (3-13)
y - o(2m) 2 ,-
and that of the linear analyzer is
] ” .- 1/2
EtP_} =| vy exp [-y /20 Jdy = 0(—) .(3~14)
-y o(zm 172

0
Thus, for ergodic random inputs, the square-law analyzer

gives an asymptotically unbiased estimate'of the variance

1. M. Rosenblatt {42] has examined the rigorous
mathematical condifious wnecessary for this ascertion and
has shown that a fairly broad domain of inputs exists
within which the assertion holds,
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of y(t){ while the linear analyzer does not. The asymptotic
bias‘of the linear analyzer estimate'is, however,-rémovable
-and this estiﬁate offérs‘certain other advantages in compu-
tational simplicity which will be discussed in Chapter 4.

Since it is the final values of the integrator outputs
(figures 3.4-1 and 3.4-2) which arevthe PSD estimates, oﬁly
- those output values occurring at integer multiples of the
repetitive integration time T represent the corfect esti-
mates {ak} of PSD for use as inputs to the.parameter compu-
tation block. Conséquently, a sample-hold devicé must be
used following the integrator shown in either figure 3.4-1
or 3.4;2 in order to form the piéceWise—constant estimates
of PSD. This sample-hold circuit must operate in time syn-
chronism with the repetitive'opefating integrators.such-that
the samples of Py(t) are taken slightly-in‘time advance of
fhe integratoris reset operation. | |

The realization of such a sample-hold device is
discussed in Chapter 4 along with other aspects of the analog

simulation of adaptive filters.

3.5  FILTER PARAMETER COMPUTATION

Referring to the general adaptive filter diagram,
figure 3.2-1, the input to the parameter computation block
consists of the [ai} sample-held PSD estimates from the
channel identifier, as discussed'in the preceding section;

Since it has been assumed that enough a priori knowledge is
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available to pre-design the form of the time-varying filter
structure, it is then the funcktion of the parameter computa-
tion block to deftermine the requisite values of the adjustable
parameters within ihe filier structure.

Alrhough the parameter computations can be made either
digitally or by analog techniques, only analog techniques are
discussed here sinée this technique operatesiin a parailelv
fashion in real time and has suffiéient accuracy for the
intended utilization.

Parameter computation is accomplished'as'follows;

The k point-fréquency PSD estimates are obtaihed from the
channel identification block at times T, 2T, 3T, ... , and
these estimates act as the constant (for a period T) inputs
to the paraméter computer. From these inputs, utilizing a
stfaighf line or asymptotic'Bode approximation@to the input
(signal plus noise) PSD curve, the unknown filter parameters
{am}'can be determined.

An ekample to illustrate the mefhod is given_aé
follows. Lefvthé signal and noise have complex Spectra of

the forms

rZ (1 52)
- 22
q)SS('S) = sz 51 4 <r< u:‘
1-3% Q-5
q“ - u
anq _ '
. 2
¢nn(b) =N

respectively.
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The pdwcr spectral densities for this example, alongb
wiﬁh the»asymptotic'Bode approximatiohs, are iliustrated in
figure 3.5-1.
It is assumed that Rz, Nz, q, r, and u are random
variables satisfying the quasi-stationarity assumption and
such that the ranges of q,‘r3 and u do not overlap. The
Ire&uencies.at which PSD estimates are taken are identified

5

prising signal and noise are taken to be uncdrrelated, the

as- Wy, Wy, Wy, Wy- and w.. Since the random variables com-

‘complex spectra inpu* to the adaptive structure. is
¢ii(s) =A¢Ss(s) + @nn(s).

For this example, the PSD estimates at Ws +ee 5 Wg

are identified as P on P5 and may be written, using the

l’
asymptotic Bode. approximation, as

‘ .2 2
P1 = R” + N"
_ 2
P, = N2 + (L) g2
p. = N° + (q)2R2 (3-15)
3 _ T
2.
— N2 q Uy n2
. P4 N© + GF"BZ) R
p. =N + QU )2R2
5 T 'u';g

Equations (3-15) comprise a set of five independent
linear equations in the five unknowns Rz, N2, quz, %fg(q)sz,

(u)z(%)sz. Since the system determinant
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1 1 0 0 0

. . 2 .

0 1 (1/0s) 0 0
A= |o 1 0 1 0

0 1 0 0 4(1/w4)2

0 1 0 0 (1/w5)2

is non-zero for w, / ws. unique solutions exist and .are

5 :

given by
' 2 2 2. 2
p2 _Piles - wg) - wsPs + WPy
| 27 2 ’
Wg = Wy
2 2
g2 o Usts T WaPq
: ) 7 0
W5 = Wy
2 2 2 2
2 g WPy = WPy - (Wg = WPPy '
S 7 T o - (3-18)
P. - w,P, - (W= - w,)P
W55 5 4 4 5 T “4'%1
2 2 2 2
2 g WsPg — WyPy - (Wy - WP,
r = Wy =5 5 ) ’
' 2 2 2 2.0
2 _ 2 WPs — WPy - (W5 - WPy

2
w4)P3

2
WzPs ~ WP, - (w5

"An analog realization for the determination. of the
unknoﬁn parametersvin.this example is shown;ip figure 3'5'27
Higher brdered power spectral density répresenfations‘thén
those used in the cexample will require a more complicated
computation block, however, the types of computing_eléments

will not change.
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3.6 PARANETER [MPLEMENTATION

The computed parﬁmeter estimates {am} from the fil-
tor parametor.computa!ion block act as the inputs to the
piarameter jmplemonhaaion bldék, whose function i* is to effect
the adjustment of the variable components of the time-varying
filter strucrure. DBouh the given inpuns and required outputs
determine rhe structure of *he implementation block.

| o general the inpun; to the parameter implémeﬁﬁation
block are pieéewise d.c. random volrages produced by the
algebraic transformations of the computation'biockvon thé
sampled and held PSD outputs from the channel identifier,
The required ouiputs from the implementation_block are‘de-,
termined both in quantity and funcfional form by the physical
realization chosen for the time-varying filter.

Since the time—varying filter used is one whose trans-
fer function is specified in form but whose pole and zero
- positions may be required.to vary froﬁ.sampling'interval 10
samp]jng interval, both dynamic respdnse and static accuracy
are implied requirementé of the implementing block. Résponse
speed %o step changes in the inputs {am} is related to the
integration time Tkused for PSD'estimatidn:‘ A rule of. .
thumb would be to:require the 10% to 90% response time of
the implementing sySfem'fo be less than %%; such tﬁat the
time-varying [filter pavameters will be correctly realized,

within 10%, for approximately 90% of the time.
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Only one'methdd of varying the parameters bf the
filter form is described in this work, although other tech-
niques have been considefed. By5using an anqlog quarter-
square multiplier withiu ﬁhe loop of a diffgrential analyzer
form it is possible to éontrol accurately (10.5% of saturation)
and rapidly (10% to 90% response time ~50 uééc.) the posi-
tions of poles and zeros in a linear transfer function.

As an‘éxample of this technique for time-varying

filter realization. consider the following_transfer'function

} A/B
17 A/B+ 878 °

H(s)

where A and B are to be controlled parameters. An analog
realizafion'of this fransfer function is shown in figure
3.6-1, wherein two multipliérs are.required to realize the
transfer function dependencé'upon parameters A and B.

In general, for a transfer function of the form

K(1 + %—)(1 +-§—) A ¢ g—)

H(s) = 1.2 , 2, @1
L+ 00 +52) oo o (1 +
1 2 n

Where\n,> m,vthe differential-analyzer réalization with
multiplier controlled parameters Will require m + n +'l
multipliers for the simulation.

The control signals produced by the parameter implé-
mentation block act as the inputs to the Varjous multipliers
used in the.ana]og_siﬁulatjon of the filfter transfer function.

The examples given in Chépter 4 further illustrate the type
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of operations required and hardware realizations necessary

for the operation of parameter implementation.

3.7 SUMMARY OF THE PROPOSED DESIGN METHOD

Angipriori knowledge of the communication system
is assumed as follows: ¢gs(s) and ¢nn(s) are‘ofiknown
fdfms; these forms contain certain quasi-stationary
random parameters. The‘ranges oﬁer which the random
| parameters vary is known or at_worst‘a'confidence statehent
can_be made in regard to the parameter ranges.

The form of the time-varying optimal filter is
determined, based upon the available a priori knowledge of
‘the system descriptors @SS(S) and ¢nn(s). In practical
cases, the use of Streets' technique to determine the ap- -
proximate form of Hé(s) will greatly simplify the analytical
work necessary for this step.' Once the realization.of Ho(s)
has been fouhd, the fequisite quasi-stationary process
parameters neceésary to the time-varying form of Ho(s) are..
placed in evidence, .The“parameter@estiméte-dutpufs,from<
the channel identifier are then kndwn and channel identifi-
cation circuit design is accomplished utiliZing the @ss(S)uf
@nn(s) form, which is the input, and the required parameter
estimates, which compose the output of the identification
block. ..
Special purposo.analogfcomputing cifcuits are thén

designed in order to compute the required filter parameter
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variations necessury for optimal perfofmance, In certain
cases., the hardwafeAdomplexity ﬁecessary to the parameter
computer realizatioh‘can be simplified by using linear
rather than square—laW detectors fer PSD estimation by the
identifier.

The parameter implementation block, needed to
realize the time-varying filter parameters, is dependent
upon the method of parameter adjustment chosen within fhe
filter‘structure aﬁd upon the inputs from the‘computation
block. Consequently; the implementation circuit design is
the flnal step in the procedure

Examples of the appllcatlon of the design method

are presented in the next chapter.



Chapter 4

ANALOG SIMULATION OF ADAPTIVE FILTERS

4.1  INTRODUCTION AND ORGANIZATION OF THE CHAPTER

Three examples of adapti?e filter design are pre-
éented and the analog simulations of the adaptiVe filters
to be designed and analyzed as eiamplés in sections 4.2
and 4.4 are described in this chapter. The experimental
work presented is intended to both justify the proposed
theory and to illustrate the hardwaré compléxities which
arise in the realization of adaptive filters.

An EAI-TR-48 general purposé analog compuier having
32 operationél amplifiers, 8 répetitive—operation inte-
gfators, 3 quarter-square multipliers,.zexz-diode function
generators, and 20 coefficient setting potentiometers, waé
used for the simulations. In addition, several pieces of
special purpose analog equipmeﬁt were constructed using
Burr-Brown #1512 operational amplifiers.

The over-all experimenfal complex of équipment.was
state-of-the-art representative for the intended use, and
all instruments used were calibratéd and determined to be

operating within the manufacturer's published specifications.

54
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4.2 ADAPTIVE FILTER EXAMPLE NO, 1 - DESIGN AND ANALYSIS

-

The general class of problems to which this example
relates is that of low-pass signals corrupted by white

noise.

The signal complex sbectral density function‘is
given by
' RZ - . o
@ (s) = TS5 (4-1)

—

and the noise complex spectral density function by

SN2 -
@ (s) - N°, (4-2)

Itvmay be noted that the signal spectral density is
représentative ofva random square wave having Poissoh dis~
tributed event points where 2/v is the expected number of
event points per second. | “

| The parametér v is taken as time-invariant for this
example, while thevparaméters R2 and Nz are taken as non-
stationary and are postulated to obey thé quasi—étationarity
assumption of section 3;2,
The exact stationary Wiener filter for this examplé

has a transfer function which is given by

2 ‘
- 1 (4-3)

() =“V& + R/

1+ (R/N)? + s/v

while the Streef's approximation yields
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RN

One may obserQe tha, {4-3) and‘(4—4) agree "very
nearly" when R/N ™ 10, and Streets {23]‘has;shown that
when R/N = 2 (A db) the apprpximate filter has oniy about
a 10% greater RMS error than the exact filter;
| It is interesting to note that even fofxfhisf
”simple” example.the approximate filter form offers a con-
siderable simplification in computational requirements over
the exact filter. 1In addition, since (4-4) contains R/N
directly as a parameter rather than (R/N)2 as in (4—3), itv
is obvious that a properly designéd linear detectbr realiza-
tion of the channel identification block will greatly sim-
plify the adaptive structure.

A consideration of the Bode approximation to the
.PSD curves shown in figure 4.2-1, shows that the two dis-
crete‘frequeﬁcy PSD éstimates using a linear detector at

Wy and‘ub, denoted by F

p and Fg, will'yield respectively

_ TR
R2.+ N2 and F ”=-\/N2 + CX—) R2. ' (4-5)

1 3 Wy

By choosing wy >> v, and forming the quotient of

F

Fl/FZ from (4-5) one has

Fy R 4 N2

3 N2 & (V) mre
W

(4-6)
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2 =3

and for the case where > 1, (4-6) may be further reduced

4o
~ 0 ‘ (4-7)

Thu§q by cmploving the linear detection method for
PSD estimation. an es‘imafe of the requisite R/N parameter
‘variation in (4-4) can he formed directly from the quotient
of the two PSD»estimaies at f1 and f3 under the assumptions
stated above,

To preqict the ‘heoretical improvement that an
"ideal" adaptive filtérl realizes, in inéreased output signal-
to-noise ratio, over a fixed optimum filter, one makes the
following analysis. |

Let y denote the design value of R/N chosen for the
fixed optimum filter of equation (4-3). Since v is not
changing with *time in this example, it is convenient to

normalize the complex var@able s in (4-3) and in (4-4) such

that
2
HO(S) a-\rl hi 72 - 3
\/1 +%Y + s
and R,

- R/N
Ha(s) T T+R/N+s -

1. The term "ideal", as used here, denotes an
adaptive filter rhai makes zero error in identifying the
signal and noise PSD parameiers, and requires no time for
the identification, computaition, and implementation
operations.
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The error spectrum for the output of the linear ideal

filter may be shown to bel

Co0ls) = ®SS(S)[1—U(5)][1fH(fs)] + @ . (s)H(s)H(-s) (4-9)

and when the inverse #ransformation is invoked, the mean-
- square filter error is given Dby

o

e” (1) n-r—;j 9 (s)ds. (4-10)
3 -j oo

Upon substituting the two filter forms (4-8) into
(4-9), one obtains the error spectral representations for
the adaptive and fixed filters as follows:
2 |

| 2R
) (s) = , )
ee, C14R/N) 2 - 2

R VI 212
(o> (s) = 5 7 .

€ L+vy -5

“and (4-11)

The mean-square filter error may now be obtained by
~ substituting the two spectral forms in (4-11) into (4-10)
and uéing a contour integration around the left-half plane.

One obtains

—_ 2
2 _ R
°a T TI RN (4-12)
and :
S 9 27 p. |
o2 . RZ 4 w7 (V1 o+ y% - I]Z ’ (4-13)
o - 2I )

1. See Newton, Gould, and Kaiser [16], pp. 123-125.
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It is convenien'. 7o normalize 74-12) and (4-13) with
respect to the signal "sturength parametér" R2 and to define

the adaptive filter gain F (expressed in db) as

G

A o
Fo = 10 log,,

. -1, : (4-14)

-n-r T l
SRENT HoREN !

~which is equivalen® *o *“he ratio of the output signal-to-
roise ratios of the filters. Thus, if F; > 0 db, the output
signal-to-noise ratio of the adaptive filter is greater, by .

the value of F., ihan tha®t of the fixed optimum filter.

G° ‘
For an input coadition on the quasi-stationary fac-

tor R/N of R/N = v, the value of F, is = 0 db, since the

G
exact optimum filter H_(s) in (4-8) will produce the minimum
bossible mean-square error and Ha(s), from (4-8), will pro-
duce an error grea%er than or equal to that of Ho(s) due to
the Streets approximation,

However, for a sufficiently large variation in R/N
from the fixed design value 7y, the "ideal" adaptive filter
will produce'a lower mean-square errbr than the fixed optimum
filter. Figure 4.2-2 is a graph of equations (4-12) and
(4-13)§~normalized with respéct to R2, vs the quasi-stationary
value of R/N. | |

Either énalytically, using (4~12) and (4-13), or
froh the graph of mean-square errors for the two filters
~figure 4.2—2, one c¢an determine the theoretical filter gain

FG of the adaptive structure for a given probability
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distribution of rvhe ranQom parameter variable R/N. For
exahple if R/N is,knoﬁn "0 be distributed "equally likely"
on the range 1 ¥ R/N S'1.00 and the fixed filter has been
designed for the logrithmic median of this range, i.e.,
vy = 10, then tholxdeal adapftive filter will give an

expected FG of

] 2V1 + yz

| ' 100 ‘
E[FG} f} [1A+-x][],+x-2’(;'\/ 1+y2 - 1)2] dx$(4-15)

|
i
o]
bt
Q
a3
s
)
—
-

4.6 dbn

i

BlF)

Thus, for this example, if the signal were fading
such that the input signal-to-noise ratio has a dynamic
range from O db fo 40 db, the adaptive structure will theo=
retically give an average improvement in output signal;to—
noisé ratio of 4,6‘db. At the extremes of the signal
- strength, i.e., for‘R/N = 1 and R/N = 100, the ideal
adaptive filter gain is 9.15 db and 9.6 db, respectively.
At the minimum input signal-to-noise value, a 9 db increase
in:signal-to~noisé ratio could significaﬁtly improve the
-over-all threshold of a receiver.

The experimental verification of the performance
of the adaptive filter for this exémple is pfesented in the

next section.
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4.3 SIMULATION OF EXAMPLE NO. 1 - WHITE NOISE
CORRUPTED 1.OW-PASS SIGNAL

The stochastic processes which have been identified
v‘as signal and noise in example No. 1 were generated by two,
stochastically iﬁdependent, GR-1390-B random hoise generatérs.
Each generator produced a random signal having a Gaussian
amplitude distribution and a flat (X1 ap) power spectral
density from 20 cps to 20 keps. The’genefator output used
to create theléignal process was low—ﬁass filtered by a
first order filter having an upper cutoff frequency of‘398'
cps (2500 rps). For all practical purposes the noise, which
was the oﬁtput from the second generator, wés flat over‘and
far beyond the signalipandwidth of approximately 400 cps.

The input to the adaptive stiructure was formed by
combining the two stochastic processes in an analog summing
amplifier, the output of which has the'spéctral representa-
tion of (4-16). | |

R2 2

7 w + N, (4-16)
1 - s“/(2500) o '

'¢ii(S) = ¢SS(S) + ¢nn(8) =

For experimental purposes N2 was held constant and
R2 was varied by varying tﬁe atteﬁUator.on the output~of the
random noise generator used to form the signal process.

As has already been discussed in section 4.2, the
adaptive filter *ravsfer function for this example is

H_{s) - __R/X " (4-17)

1 + R/N + 52/(2“5 b 103)_2
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A differential ahélyzer realization of the form
shown in figure 3.6-1. with parametér B fixed, was considered
Tor the simulation. However, since the numerical value of B
requifed_for the experiment was >>1; énd consequently con-
siderable gain was required both to realize B = v and
A= % v, another hardware form was chosen to realize Ha(s),
as shown in figure 4n3;1.

Two point-PSD estimates were used to identify the
parameters R and N for this example. The'léw—frequency filtef
used to estimate R2 + Nzlwas arbitrarily selected as a flat
band-pass filter having a 3 db bandwidth of 190 cps with a
center frequency of 160 cps. The high;frequency filter used
to estimate N2 was a Gaussian band-pass filter éentered at .
10 kcps and having a 3 db bandwidth of 3.4 kcps.

Utilizing the maximum integration time availablé from
the TR-48 equipment in repetitive-operation, which is 500

milliseconds, the coefficients of variatibn for the two

‘estimates are, from (3-11),

1

% (w))

= ;= 0.0725
"V 2(190)0.5
and
2 (w,) = S - = 0.0172.
V2.4 x 103)0.5
In terms of confidence intervals. (C.I.) for the two
estimates, the esfimate of R2 + N2 had a 96% C.I. of 1.79 db

2

about the true value and the eStimate of N had a 96% C.I.-
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of 0.43 db about the true_valué. The operational amplifier
configurations constructed to realize the filtersvused for
PSD estimation at f1'= 160 cps and at f2v= lb kcps are shown
in figure 4,3-2. '

| The lincar détoctor circuits which follow the band-
pass filters, were constructed in éccbrdance with figuré
3.4-2 using transistorized Burr-Brown 1512 operational
amplifiers and GE-IN3873 computer diodes.

In order to provide the parameter computation séction/ 
of the adaptive structure with the final sample~held values
of the outputs ffom the channel identifier it‘was'neceSsary
to construct sample~hold circuits and a timing generator.’
The fﬁnction of the timing generator was to cause the sample
taken from the REP-OP integrators to be slightly in time
advance of the integrators' reset operations. Since an
internally generéted sawtooth timing wavefdrm is available
at the patch panel of the TR-48, this Qaveform being intended
for the synchronous operation of a display scope,ﬁthe timing
waveform w#s used to generate a time—advanch pulse sequence
necessary for the operation of the samplefhold circuits.
Figure 4.373 shows the circuit diagfam of the timing generator
and one saﬁple—hold circuit. A sebar;te sample-hold circuit
isArequired for each REP-OP integrator oufput ffom the
channel identification block.

The complete adaptive filter simulation for example

No. 1 is shown schematically in figure 4{3—4.
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In order to experimentally determine the adaptive

filter performance, the error signal
: - . A . B
ca(t) = g(t) - sa(t) . : (4-18)

was formed using a dilferencing amplifier and then squared

using an X° diode function generator, which yields
‘ A 2 ‘
(1) = [s(t) -8, (0] - (4-19)

The average Sduared—error was experimentally deter-

'

mined by a weighted integration of ei(t), yielding

T
o

[s(t)-’s‘a(t)]zdt. - | (4-20)

The infegration TO used in'(4—20) was made long with
respect to the REP-OP integration time T. 1In all evaluations
T0 2 30 seconds, and.T = 0.5 éecond.

A similar éomputational schemeTwas used to obtain
the‘average squared-error of the‘filtered outﬁut from. a
computer simulated fixed Opfimum filter. The analog cdmputer
realization for comparing the meanesquare error of the fixed
optimum and adaptive iilters is shoWn in figure 4.3-5.

Two éases of fixed optimum filter design were
compared with the adaptivé filter for fhis example. Figure
4.3-6 shows the experimental data and theoretical curve for
FG'in'decibels for the fixed filter designed at an R/N ratio

of 1.22 (1.73 db). The experimental data may be seen to
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agree Qith the theoretical o within -0.5 db as R/N varies
over a 20 db range.

Figure 4.3-7 gives the resulits of the measuredladap-
tive filter gain vs the theoretical for the fi#ed optimum
filter‘aesignéd at aan/N ratio of 10.7 (20.6 db). The
measured data lie within a spread of t0.5 db of the theo-
retical for R/N from 5.26 db to 18.62 db. The experimental

F. was 1.5 db low at the lower extreme value of 1.73 db and

G
0.95 db low at the upper extreme value of 20.6 db.

The data presented‘in figures 4.3-6 and 4.3-7 were
taken for a static condition on R/N; that is, several seconds
were allowed after a change waé made in R/N béfpre the mean
squared-errors of fixed and adaptive filters were computed.

In order to assess the effect of timeQVariations in
R/N on the adaptive filtér’s performance, the step function
response of the channel identification énd parameter com-
putation portion of the adaptive strucfﬁre waé determined.
Eigure 4.3-8 shows the reépohse of the parametér control
 signal A(t) (see figure 4.3-4) to a step change in the ran-
dom process R/N ratio from 1.22 to 10.7; i.e.,.from 1.73
t6 20.6 db. This resﬁlt was obtained from a recording
using a Moseley Model 2D X-Y recorder. .The measured 10-90%
rise time of the Moseley recorder was 40 milliseconds.

Siuce the measured rise-fime of the control circuitry-
recorder cascade as shown in figure 4.2-8 was 95 milliseconds,

the actual rise time of the control circuitry may be estimated
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5 s - : L . . : 1
from the theory of rise fime composition in cascade circuitry.

The control circui* rise time 1s approximately given by

T z‘\/(gs x 1072 = (40 x 107%)?

'].‘r ~ 86 milliseconds..

Thus, the break frequency for the channel identifi-
cation parameter computation portion-of the adaptivebstructure

is approximately -

- 1 - ' -21)
£ - T 1.85 cps. (4.21)

The delay time, noted in figure 4.3-8 as td’ is a
random variable, the value of which for any particular per-
formance of the step response experiment is determined by the
time séparation between application of the Step change inv
R/N and the sample~-time of the PSD estimating circuitry.

~ Thus, once a PSD estimate of the valu€ of R/N has been.made
for . > to’ the sample—hold and parameter computation cir-
cuitry will reépond with anl86 millisecond 10-90% rise.time.
Since a REP-OP intégration.tiﬁe of 500 milliseconds
~ was used, this béing primarily determined by a desire to
reduce the variance in the PSD estimates, the 86 millisecond
response time of the remaining circuitry appears negligible

by comparison,

1. See any modern text on amplifier theory, e.g.,
- Martin [43], pp. 222-224,
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Thus; in vhis example,the time required for PSD
estimation limiis the ability of the adaptive structure

to follow the nonstationarities in the input process,

4.4  ADAPTIVE FILTER EXAMPLE NO. 2 - DESIGN AND ANALYSIS

The case of two band-pass signals having mutually
interferring spectra is considered in this example.
The complex spectral density of signal a(t), the

signal to be”recheredg is given by

2, 2,2
-AT (s /u”)
@& (s) = ' (4-22)
aa (l-sz/uz)(l-sz/vz).

and the complex spectral density of signal b(t), the inter-

ferring signal, by

ﬁbbg(s)’ - _32(22/w2)2 . . | (4-23)
S {1-s“/w") (1-s"/q")
where the~freQuencies u, v, w, q are fixed<and,relatednby
Tu< v sSw <‘q. Fof_convenience lét vV =W énd lét the signals
havé eqﬁal bandwidths, i.e., v=u = qgq-w. |
The signal "strength parameters"wA2 and B2 ére sto-
chastic variablés, assumed to satisfy the quasi-éfdtidﬁarflel
condition. In order to simplify both the analisiéfand thu
hardware siﬁulation to follow, signal a(t) will be takenvés
a low-pass signal, i.e., set u = 0 in (4-22).
The stationary optimum filter for this example has

a transfer function given . by
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_Ko(l + s/q)

Ho(s) S T T s7a) (4-24)
~where

(- 4
and

sl @

Using Streets' procedure, the approximate optimﬁm

filter is

' Ka(l + s/q)

Ha(s) T T ¥ s/p) ° (4-25)
where -

__A/B
Ka “1T3a/8
and
A1l 1
1 _Baq 'V
b T+
: - [l

The plot of the power spectral densities of signals
a(t) and b(t) is shoWn in figure 4.4-1, along with the loca-

tion of two narrow band-pass filters for PSD estimation at

W < v and at gb, where v < db < g. The use of'squgreflaw
detectors to estimate the power at uﬁ'and y yields,
respectively

. 2 '
.2 Wy “ 2
Pl = AT + (77) B

and - | ' (4-26)
2 v 2,2 :

Pz.* B A+ (ZE) A”,
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The time-varying parameter, required for the adap-
 tive filter rcalization of (4-25), is A/B, which from

- (4-26) is given by

(4-27)

The theoretical improvement of the adaptive filter
over the fixed optimum filter ié again computed by utilizing
relations (4-9) and‘(4—10). The evaluafion of the equivalent.
contour integral (4-10) is greatly simplified by the pre-
pared tables found in Newton, Gould, and Kaiser [16], pp.
366-381., The calculated mean-square error.expressidns using
(4-24) and (4-25) are of the same form and hence only the
résult for ei is given below.

K a 2 ,
[A ( ) + K28 an? + B2k ) %av

wl

.(4-28)

The parameters K, and a are constants in the fixed
oétimum.filterndesign‘and are determined by the A/B ratio
selected for the design of'this filter. For the adaptive
.structure, the parameters Ka and b are time-varying in cor-

requndence to the nonstationary behavior of A/B as esti-
- mated by (4-27).
‘ Because of the numerical complexity of (4-28), the
theoretical FG
the range of A/B have been selected for simulation in

curves vs A/B are not shown until q, v, and
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secthion 4.5, The nheoretical and measured FG

curves for
this example are shown in ligure 4.5-4;
Both the theoretical FG

shown for this example indicate ‘that an improvement in

and the measured values

filter outpur signal-to—noise ratio of approximately 9 db -
is realized for o 20 db departure in the A/B ratio from
ithe fixed filter design value,

4,5 SIMULATION OF EXAMPLE NO. 2 - MUTUALLY
' TNTERFERRING BAND-PASS SIGNALS

The stochastic process a(t), which was idehtified
- in section 4.4 as the lower frequency band-pass signal in
example no. 2, was produced by shaping the output of a
GR-1390-B‘random noisé generator using a first order Iow—“
pass filter having an upper breﬁk frequency of 2500 rps.
'Since~thellower'break frequency of the noise generatbr was
31.4 rps, the bandwidth of signal a(t) was essentially
2500 fp;.

| The stochastically indepéndent interferring ran-
dom signal b(t) was produced by shapiﬁg the spéctrum of a
seéond GR-1390-B noise\generator usiﬁg the analbg circuitry
shown in figure 4.5-1,.

| ' The fixed optimum filter structure described by
(4-24) and the adaptive filter (4-25) are of the same H(s)

form, that is

z) . ‘ ) (4-29)
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For both filters. the zero location s = -z was héld
fixed at z = 5000 rps. The design value selééted for the
nonstationaryiparamétef ratio A/B determines K and p in the.
fixed filter, while the time-varying estimate of A/B controls
K and p in the adaptive filtér.
By the analysis of section 4;4Vit was determined

that the fixed optimum filter parameters are

- A/B ' :
P TRT 1\ | (420
— + — -
(82 Eﬁ rz)
and
-1+ v/q . A
where

v = 2500 rps, and q = 5000 rps.

.Experimentally it’was again convenient, as in the
simulation of example no. 1, to fix B and vary A by using
the variable attenuator on the output of the noise generator
. used to form the process a(t)._ The range of variation used
for A/B was from 1.22 to 10.7.

o When the_lowef extreme value of A/B is selected as
the design point for the fixed optimum filter, the fixed

filter parameters are determined by (4-30) and (4-31) to be
P = 2600 rps and K = 0,.765.

Referring once again to the analysis of section 4.4,

Jazptive filter parazeters are

: it S (U 5
Al Wwes JIoung theT The

0}
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tfunctions of the nonsiatinnary parameter ratio A/B as

follow5? , .
A8 : '
| Ko 5=57g (4-32)
~and _ .
1+ A/B ' . ’
” "",'\‘“T"‘:—"T : ' (4-33)
B q v

The aﬁalog realization, using a singie multiplier
that was used ito simalate *he transfer function'form (4-29)
with parameter55(4—32) and 4-33), is shown in figure 4.5-2,.

In order“to form ithe parameter control signal c(t),
it was necessary to estimate the time—varying parémeter A/B.
Since the analog equipmeni needed to estimate A/B by re-
- lationship (4—27), which is the required method when both A
and B vary, was ndt available, it was cbnvenienf to estimate
A'alone. Because B was held fiXed in the experimental simu-
lation, an estimate of A was sufficient to determine A/B.

The complete simulation used for the adaptive filter
is shown in figure 4.5-3.

To compare experimentai and theoreticél performance
of the'adaptive.filtér for this example, the technique il-

“lustrated in figure 4.3-5 was emplbyed. " The result of the

~

measured vs theoretical FG for the fixed optimum filter de~

“signed at A/B = 1.22 is shown in figure‘4u5—4. The measured
data lie within a spread of +1.4 to -0.6 db of the theo-

Aretical curve which was célculated using (4-28) with the

numerical values of Ko’ a, Ka and b substituted.
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4.6 AN ADAPTIVE PIIASE-LOCKED LOOP FM_ DEMODULATOR.

A practical example of av empirical nature is noW
- given ﬁo illustrate the use of ihe proposed adaptive filter
theory for the design of an improved TM demodulﬁtor struc-
{ure" The'phaSemlécked loop (PLL) demodulator was.chosen
for this example becauSe:of'its prern capability in weak
signal detectior and because of the observed time-varying
nature of the received.signal-to-noise ratio that such a
detector experiences iu a m§dorn communication satellite
system,.

The system used for illustration is the Echo-II
passive satelliﬁe S- and X-band transportable terminal,
_The gross received signal strengthAVariation pattern is}
shown,ianigure 4,6-i as a funétion of earthAcentral angle
and time frqm zenith for an éntenna-tracked overhead pass
.of the satellite [44]. A close.approxipatioﬁ to the function
shown in figure 4.6-1 on a linear scalé, is given by the
reiationship‘ . |

S(t) = s(o) altl/7s ' | (4-34)

for each orbit in the total communications interval T.1

Additionally, since the receiver antenna tracks
the overhead pass of the satellite, thé gross received

noise power variation varies with anteuna elevation angle.

)

1. The parameters used in equation (4-34) are
T = 113 sec, T/2 - 530 sec., S(0)/S(T/2) = 100,
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Pritchard {[45] indicates that autenna noise temperature
varies with frequency and elevation angie as éhbWh‘in figuré
4.6-2. TUsing 8 kmc as the FM carrier frequency, one has
that the recei&ed noise power véries by a factor_of'7:1 as -’
antenna elevation angle G 'varies from 5° to 90° with‘re—
spect to the‘horiZOntal.

Upon normalizing.the received carrier-to-noise
ratio (CNR), such *“hat for an elevafion angle @ = 5° the
'CNR will be 10 dbyl-one has that the CNR as a function of
time and angle at earth's center is as plotted in figure
4.6-3. The assumption made:here is thai ‘he receiver front-
end noise is exitremely low (T < IOOK)Q Thus a cryogenic
maser type of supérsensitive receiver front-end is implied.

The limifing rate at which information can be trahs-
 ferred in an ideal, strictly band~iimited channel is given

by Shannon's chaunel capacity formula

C =W log, (1 + S/N), bits per second. (4-35) "
. Since the receiver output signal-to—n@ise,ratibf

varies in proportion to the received CNR acéording to

Sy . 02 : ﬁ , |

where (S/N)ovis thé output signal-to-noise ratio of the PLL

detector, C/Ni is the received CNR, and M is the FM modulation

' 1. This ¢orresponds to an FM threshold of approxi-
mately 25 db for *the output SNR of the PLL detector.



ANTENNA NOISE TEMPERATURE (°K)

10

ot
z
\ r—4
\\
2
™ 1
5 ELEVATION ANGL
\\\\ eLr .
N —l)
N \:‘L\ \ Di |
3
} \\
\ N Py
AVANERNEAY
90
//E’\\
GALAXY NOISE
< Pa—
X~BAND
| L1111
107! 2 4 810 2 4 8100 2 4 § 102

Figurev 4.6-2.

FREQUENCY (KMC)

Antenna Noise Temperature VS. Frequency
With Antenna Elevation Angle as a Parameter

16



CNR(DB)

40

30

20

10

. _DESIGN THRESHOLD
A/

1 1 1 1 1 1 1

92

. i
-12 0 +12 . +24 - +29
w(ANGLE AT EARTH CENTER) IN DEGREES

[l i
-29 -24

f | — T T T T |
-530 -440 -220 0 220 440 +530

TIME FROM ZENITH - SECONDS

Figure 4,6-3. Carrier—to—Noise‘Ratio, Received
for an Overhead Pass



93
index; ir‘foliows thar the information capacity of the satel-
lite communidation~sysnem varies with timel |

Thus. if the PLL detector were to operate within a
counstant margin of *“he threshold condition, i.e., at a con-
stant outpui SNR, the rangmitier could fransmit with a
‘ timé-varying'inrormn(iou rate. This would allow a larger
Lotal.amount ¢f information %o be transferred during each
satellife pass of. T scconds. than éould be transferred in a
fixed capacity svstem,

A block diagram of the PLL detector is shown in fig-
ure 4.6-4, along with the equivalent linear form.

| Analytically, the problem of optimum design maybbe

stated as follows [46]:

= W2 = minimum, ' : (4-37)

N
. . . ' 2 . : . ‘
to noise interference and E; is the transient error measure

where 0% is the mean-square phase or frequency jitter due

due to non-ideal tracking of‘the signa1 phase or freqUéncy
variations.: Lambda is a Lagrangién mﬁltiplier as used in
the;calcuius of variations technique.

The minimization of detector error (4-37) is to be
accomplished subject to a semi~-fixed configuration constraint
as depicted in figure 4.6-4(b). Under these.conditions,

becomes a function

the optimum selection of F(s), Kf, and Kl

of thg input PSD. i.e., ¢Ss(s) + ¢nn(s).
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When one hns/signalland noise PSD‘s which satisfy
the quasi-stationarity éssumpﬁon9 the solution of (4-37)
yields a time-varying sysfem. The time variations in
f,’and K1 are then de@erminedvby the nonstationary
behavior Qf ¢Ss(s) and @nnﬁs).

F(s), K

Since the maximum rate of change in CNR (figure

4,6-3) is apprbximately

. o) '
'éi;E'MAX = %;O-m_000773 db/sec,

the application of the chaunel identification techniques
prbposed‘in this work is realistic,

The channel identification is required at RF with
the result that measuring devices must be inSerted‘w{thout
significantiy altering the signal which is of concern to
the PLL qémodulator. ~One apprdach to this problem is to
utiliie a three;port hybrid to split the RF signal info
two channels which have interchannel isolation with respect
td intefconnected impedances. Such a hybrid dévice,can be
constructed from transmission line sections as shown in
figure.4.6—5. On the order . of 20-db isolation can be
. achieved with Eandwidths of approximately 35 per cent,

" In the channel identifier output of the hybrid,
a straightforward approach is to.place a series of n
narrow-band'Filners.in parallel to obftain the inputs for

the point power spectral density estimates. This approach,
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however., is quite complicated fromba-hardware standpoint and
" consequently another more practical method is presented.

The second approach is shown in block diagram form
in figure 4.6-6. The approach gsed here is to feed the
‘ cﬁannel idéntificr output of the hybrid into a wide-band
mixer with center frequency_corfesponding to the center
frequency of tlic received TM signal band. The IF frequency
is at dc so that the.entire Spectrﬁm has been translated to
the low-pass case, A highl& stable, crystal controlled,
temperature stabilized oscillatorbis utilized in the mixing‘
- process.- A serieé of narrow crystal filters at center fre-
quencies uniformly distributed over the frequency band from
dc to several megacycles are utilized as inpufs for the
PSD estimators. Standard operational amplifiers and inte-
‘gratOrs operating over the bandwidth and integration times
required are state-of-the-art and should present no problem.
in the realization. |

Care must be taken to deSign the mixer to keep
spurious output terms low since these spurious 6utputs
could cause error in the Epeétrum translation."With suf -
ficient care a 60-db dynamic range can be achieved with
.sSpurious response low énoughatq‘méet the required objectives.

The parameter computation and implementation portions
of the adaptive PLL structure could be realizéd by the same
types of speciadal-purpose analog computing elements already

described in sections 4.2 and 4.4. Since the low-pass
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filter operating within the phase-locked loop is required
fo have maximum bandwidihs on fhe order of 100 kcps for
' large iﬁdex N SyS{Omﬁ: state-of-the-art multipiiefs could
be used to effect the parameter variations.

Develet [47) .Las derived an expression for the
.outpﬁtvsignal-ru—nqisé rutid of the PLL receivgr having an
“optimum fixed filter function F(s). ‘Uunder the conditions of
modulation with a béndslimited white Gaussian signal, the
‘output signal-to-noise ratio of the PLL detector when

operating above threshold is given by

S 2D2(C/N)i o . .
Wo ===~ o (4-38)
exp(c™)

-

where 02 is thé minimum following error of the PLL,
Utilizing Develet's work and the CNR data of figure

4.6-3, the time-varying rate at which information could be
transferred in the Echo II sysfem, employing an optimum
adaptive receiver, is shown in figure 4.6—7. | |

| In order to realize the advantage in vafiable data
rate offered by’ the channel it woulé be necessary to close
the communication loop. Thus a réturn_ﬁath from receiver
to. transmitter would'be required, through which the re-
ceived CNR information could bé tranéferred. This channel
would require an extremely low information rate, ﬁence
baﬁdwidthAfequiroments would be slight. Using ﬁhis return

information, the traunsmitfter would time-vary its data rate
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in correspondcuce to fhe receiver CNR and hence the link
~information capacity. |

-The area under fthe two curves in figure 4.6-7 rep-
resents the‘iotal information transfer possible during a
' pass of the sarollite, A graphical integration yields the
result thdt the time-varying adaptive éystem could transfer
27 times the informaﬁion of a fixed rate system during each
overhead pass ol lcho ]T}

In summary. this cxample has shown that the theory
presented for the design of adaptive filters has practical
applications_iﬁ modern communication systems. ‘Additionally,
the pbint.is made that bybuSing‘adaptivewtime-vafying
trénsmitters and receivers, more efficient use can Be

taken of the available communication channels.



Chapter 5
DISCUSSION AND SUMMARY

5.1 DISCUSSTON OF WORK PRESENTED

| A theory has been proposed for the design efvhear-
optimal time-var;ing.filﬁefs which offer a significant
improvement over fixed parameter Wiener filters when the
input is a nonSﬁationafy stochastic process, having slowly

varying nonstationary parameters, cohposed of gdditive, un-
correlated signel‘and noise. .

| Examples‘of:the &esign method have been given and
two experimental simulations have'been presented to verify‘
the proposed theory. The experimental results obtained
eadequately subsfantiate tﬁe theory and indicate the hard-~
ware*complexities which érise when adaptive filtering is
applied to practical problems. Both the theoretical work
and the practieal realizations are believed to be of use
in the.area of modern communications. |

- It has been demonstrated by the two experimental
analog simulations described in sections 4.3 end 4.5, that
-in practice adaptive filtef.structuiee yield performances )
considerably better than the best fi#ed filter. Gains in

output signal-to-noise ratios of 6 to 9 db are representa-

tive of the adaptiQe structures conSidered when the filters‘
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are subject to some 20 db of variability in input signal-to-
noise ratio.

A theorétical exampie of a modern satellite comﬁuni-
cat.ion systém waé.given in section 4.6 té illustrate both
the feaéibility of the design methods presented and thg
brder of improvcuent fhat may be expected when adaptive
concepts are applied “o time-Qarying channels, If was dem-.
onsfraﬁed in section 4.6 that some 27 times as much informa-
tion could theoretically be fransferred in an adaptive
satellite communicationvsystem as can be transferred using
"a fixed, minimum thfeshold design for the receiver.

A considerétipn of the departufe from optimum, which’
results for a Wiener filter that has been designed for a
stationary input; when the input is in fact nonstationary,
indiéates that worst case fixed filter design is'not,.in
‘general, an efficient practice. Certainly.a~mofe éophisti—
cated approach in the single—parameter.nonstationary préblem

would be to minimize the analytical performance index

BlEG) = [FooP@aE,

where £ ié,the nonstationary parameter, with respect to the
functioh FG. This would Pe accomplished by selecting the
design value £ = A for Ho(s), such that the probability -
weighted area under the FG(g) curve is a minimum., For a _

uni form density, P{£), *his corresponds to minimizing the

integral

w.o~



104

€ max

FlE)ag.

gmi i

Thus, i is =auggesfed as a corollary to the adap-
tive filtmer theory prasentced. that fixed parameter Wiener
filters should be designed by using the a priori probability
concerning the likelirood of the input stochastic processes

departing from stationarity.

Lot vt e o At s wws 4 0 E w64 i et et et . it

5.2  SUGGESTIONS FCR FUTURE STUDY

Theré remalo several afeas of interest to which
-additional aitention should be given in regard to the adap-
tive filter theory preﬁented;

The selection of frequencies at which power spectral
dehsity estimates are to be made has been largely arbitrary
in. this work. It seems likely thatladaptive performance
would be improved if tnis selection were. made in some optiQ
mum fashion;’perhaps.with a consideration for mihimizing the
PSD esfimatdr time reduired fér a specified variance ih the
estimate. |

vThe problem of channel identification time has not
been entirely resolved., It méy be possible to describe in.
a more satisfying analytical mauvner the class of input PSD's
to which the proposed adaptive theory applies.

The mav~er of parameter implementation is anothef

area in which furrther study is needed. The dynamic ranges
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of state-of-éhe—art.multipliers restrict the rangé 6f con-
tinpous«parqmeterlcontrol to approximately 10-20 to 1. Other
devices, such as the field-effect transiStor;_may prove of

| use for this purpose.

5.3 SUMMARY

In conclusion, the contributions of this work have
been to further the knowledge in the area of optimum filter
theory and to present a design procedure for realizing near-
obtimum time-varying filters for solving the realistic andl
practical information transfer probleﬁs presented by none

stationary communication channels.



Appendix

DERIVATION OF THE WIENER OPTIMAL FILTER

For an input stochastic process cbmposed of sta-
tionary and ergodic signal and nolse which are uncorrelated,

the instantaneous filter error is given by
t .
e(t) = s(t) - c(t) = s(t) :[.h(T)[S(t—T) + n(t-r)]ldr, (A-l)
(0}

where h(t,r), the time-varying filter impulse response in
(2-15),'has been replaced by h(r), the impulse response func-
tion of a time-inyariant or constant parameter filter.

Since a physically realizable system can only respbnd
to past inputs, it is necessﬁry thﬁt h{(r) = 0 for 7 > t. 1In
addition one is free to define‘the impulse‘response h(r), to
be zero for 7 < 0. Thhs, the iower and upper limits of inte-
. gration in (A-1) may be replaced by -* and ©, respectively.
Making this substitution for the limits of integration, one

has

e(t) = s(t) i[— hir)[s(t=r) + n(t-r)]dr. (A-2)

ulFor the correlation function of a stationary sto-

chastic process

-

1. This analysis of correlation functions for non-
stationary random variables is due to Laning and Battin [24],
pp. 108-109, .
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Ty Tt = e (T, o) (A-3)
for cvery t., Choosing t = —'rl, one has
O Ty Ty) = o, (0, To=Tq)- : (A-4)

Thus, the correlation function is dependent only upon the

interval Ty = Tl; and not only 7. and To individually. The

1

notation, in the stariouary case, may just as well be

@Xx(fl, 72) = wxx(jz—fl) = wxx(Tl'Tz)’ | (A-5)

the lattfer relationship existing because of the symmetry of
the autocorrelation function.
Now fbrming the ensemble autocorrelation of the

error random variable,

¢m;M4=Ewcm¢m»M}

w

= E{[s(t)- h(Tl)[s(t-¢1)+n(t—71)]dflr‘ (A-6)"

h(fz)[s(t+x—72)+n(t+x—72)]de]},'

[s(t+k)—.-

(o]

and interchanging the operations of ensemble averaging and

integration, yields
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D IA) = E{s{')azz-k)}i/r h(TO)Lfscr) flﬁX—T )+

nf 1,.4-?\-7'2) ] }de

- ;Il' <:_ t'- | . -
Jf h(T1 EfstaX)[s( Tl)+n( Tl)]}dTl (A-7)
B | |
+J .j h{Tl)h(TE)E{L$£t—Tl)+n(t—Tl)][S<t+k-72) +
n(t+x—72)]}d71d72.

From thé aefiniﬁions of autocorrelation and cross-
correlation, equations (2-3) and (2-4) in section 2.4, cer-
tain simplifications in the notation of (A-7) can be made,
thus

) e(k) = QSS(A)t/F h(fz)[éss(k—fz) + ¢sn§k—72)]dfz

-J[. h(r )[@ (A -T ) + @ (x—f )]dT | (A-8)

fj h(T Dh(ry) [ (MT-T5) + & (>\+'r -T )

s AT =T )+ <I> o T T )]dT 1974

By the assumption, in the statement of the problem,

that signal and noise are uncorrelated, all crosscorrelation

terms in (A-8) are zero, thus (A-8) becomes

@ee(k) = @SS(A):/' h(T)QS (A-7)dr i/ﬁ h(Tl)éss(—A—Tl)dfl
i ) (A-9)

j[ jr h(Tl)hiTZ)(éSS(A+Tl-72) + @nn(k+71—72)]471d12.
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Taking the ftwo-sided Lsplace trausform of {A-9) gives

. ) E) [3¢] B
- - A . —SA L - . -5
D (s) f @ . iAde ‘Ar.lk = [ O ‘.)\)esxdk
ce 0 =]
o O

o -f. h (Tﬁ)j/ & (j)\-T)ES)‘dXdT
- _ S3

' (A-10)
. : ’ LS : :
_.-j h m'])-[ cI)SS\,—x—Tl)ev d)\d_q-_]
*j‘ J h 'T-;Tl)h f,'rz) ’ [@SS()\MI—TZ)
) SRS VRN R . J__(n
+ @ (A4T . -T )]éSAdAdT ar
nn - 1 '2 __1 97

. where @xx(s) is the symbol for the two-sided Laplace trans-
- form of the function Qxx(x)"
Multiplying certain terms in (A-10) by unity, where

unity may be written as

e5T1 . ST = | | (A-11)
and rewriting the integrals in a slightly different form,

‘yields the following:

@ (s) = 2 () _f h(f)ésfqr[ @Ss(x-nés("“”dx (A-12)

o - ; -

'co o
-ST
jr h(r,)e” 2dr, [P

—f h('r)eST,d'r[ @SS(-—A-T)ES(AJrT)dA + h(Tl)esndTl'

S(X+TL-TZ)

Ui

‘) g _ ‘—_S (X"'T "'Tg)
+ @nnax471 TZ)]O 1 dAa .
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One may now identify the various integral forms shown
with the correspounding two-sided Laplace transforms and re-

write'(A-IZ) as

() = @ (8) - @ (s)H(S)I+H(-S)] S
e , 58 (4-13)

+H(S)H(—s)[éss(s)+¢nn(s)].

Since the stochastic signal and noise processes s(t)
and n(t), with respect .to which the Laplace transform of the
~ error autocorrelation function (A-13) is expressed, are

stationary and ergodic random variables, one has that

& AN = ), - (a-14)

with prdbability one. Consequently, the following relation
(known as Parseval's relation) exists between ¢ee(s) and

the average squared error,

P~ Jm

2 () = e2(t) = i @ (s) ds. (A-15)
| . -

In order ‘to minimize the average squared error, one
is led through the foregoing analysis to consider the prob-

lem of choosing H(s) such that

. j©
1
T
_Jm 7
+ H(S)H(-s)[@Ss(s)+¢nn(s)]},ds (A-16)

Ale®()) = (@__(s) - [H(s)+H(-5)]@__(s)

-

=111 he minimized.
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The minimization problem'as thus stated, is an
example of rhe class of mini-max problems treated by the
caleulus of variations rechnique. One proceeds o a solu-
tion by sct®ing vhe general livnear system response function
H(s) equal To the optiwnal response function Ho(s) plus a

perturbation rerwm, thus ler
His) = Hofs) +oenis). (A-17)

wherc Ho(s) is that respounse function which causes the
integralvform {A~16) 'o be a minimum, or in general, a
minimum or maximum, Physical reasoning is usually sufficient
t6>show whether the solution fuunction Ho(s) that is obtained
produces a minimum or a maximum,

A nécessary, but not sufficient,'condition that H(s)

produce a minimum value of the integral (A-16) is that

2, - | ‘
qA[e€(til]€:O - o, o . | (A-18)

independent‘of nis).
Substituting (A-17) for H(s) in (A-16) gives
Jje , ' |
ale? ()} = 2%3 | (@ (s)-[H (s)+en(s)+H (-s)+en(-s)@__ (s)
—3® ,  (A-19)
+ [Ho(s)+€n(s)][HO(-s)+€n(-s)][@SS(S)+¢nn(s)]}ds.
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Thus,

aA{ez(f)}] '
€

N ] Ims)an(=s) ] _(s)+n(s)H_(~s) [@__(s)

=_“ T’lu‘} } B
O J-—-;j""

v @ ()]0 (=s)H_(s) [ (s)+@  (s)]])ds

o - |
:';;ij n(s){HO(¥S)[¢SS(S)+¢nn(S)]“QSS(S)}dS
~j® ‘

3%

+ e | T}(—S){HO(S.)'[@SS (s)+<I>nn(S)] » |

._J'OO
(A-20)

must be zero, independent of n(s). The two integral forms
in (A-20) can be made contour integrals in the s-pléne by
closing the,liné>integra1 from -j® to j« with an infinite
radius semi~circle which cloées either through a 1éft half
plane (LHP) path or through a right half plane (RHP) path.
Since e(t) .is zero for t < 0, i.e., the filter ié not re-
sponding until the input begins at t = 0, one concludes that
an LHP contour is to be used in order to evaluate the
physically reélizable average squared error, and correspond-
ingly its partial derivative with respect to €. |

It Will be shown, in the discﬁssibn that follows,
thgﬁ such an LHP closure of the integrals in (A-20) fesults
in an equivalence between the setting of either one to zero,
independent of n(s). That is fo say, if the kernel of the

sccond integral form in (A-20),
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H o(s) ll(i (o)e®  (s)] - ‘I’SS(S) , : (A-21)‘ '

is set o zero  thioe {ivst intepgral form will necessarily be
zero also..
~Thus. as a formal solution *to *the Wiener problem,

one obtains frow eguaving A-21) to zero
. : )D s

Hofsy - B I | | (A-22)

{ o

. LT O USS
- ES T nn -’

This solution for HO(S) is, however, not physically
reafiz%ﬁlej i.e., the substitution of the two-sided Laplaée
transforms @SS(S) and @nn(s) for real time-autocorrelation
functions ¢SS(A) and @nn(x) in (A-22) will require Ho(s) to
have right half plane polgs,v |

Singe H{s) must be physically realizaﬁle; i.e.,
iegular in the right ﬁalf of the s-plane (RRHP), and Ho(s)
must be RRHP, one concludes that n(s) muét be RRHP.» Now if

‘one considers the second integral form in (4-20),

| e | | .
g%f n(-8) [H (s)[@__(s)+@ _(s)]-®__(s)}ds, (4-23)
v -j® _ .

and noting that m(-s) must be RLHP, by Morera's theorem1 the

integrai expression in (A-23) will be zero if"

A 1. S8Sce any yexn on complex variable theory, e.g.,
Churchill [25]. pp. 94-95.
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HO{S)(@ﬁS(SW‘®nni5)]—@gs(s) . , (A-24)

is regular in the leTr halfl plune (RLHP) .
Since D fg) and & (s) + & (s) are the two-sided .
S S5 nn ‘

- Laplace transforms of real time-autocorrelation functions,
these transfovas are symmetrical’about both the real and
imaginary axes in rhe s-plane. Consequenily for (A4-26) to

g . 2 in G5 . F ! ’
be RLIP, the LIP poles of H {s) [@Ss(s) + @nn(s)] must be
ideuntical to rhe LUP poles of @qs(s)"

Let @ggf@) + @nn(s) be written in factored form as

& (s) + @ (s) = A(s)A(-s), ' (4-25)

where A(s) contains the poles and zeros of [ (s) + @  (s)]
which lie in the LHP and A(-s) contains the (necessarily

symmetrical about the imaginary axis) poles and zeros of

55

{9, (s) + @ (s)] which lie in the RHP,

The integral form (A-23) may thus be written as

= | e (s)
o5 | n(-s)al-s){A(s)H (s) - Z§§§y- las. (A-26)
_j°° . :

By a partial fractions expansion, one may write

éss(5> T 5 T :
Ay~ r1le) + 1g(es), (A-27)

where Ti(s) is RRIP and Tz(—s) is RLHP. Then (A-26) becomes
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Ylds

Ui

1
r-.jm - (A-28)
-ij n{—s)Ai—s)Tz(—s)ds, '
_Jm

s 774~5)[_\(._«.;\{A(smo(,s) - 1t

i
273

The integral forms shown in (A-28) are of necessity
contour integrals nnd‘qn inspection of the originai integral
Torms ‘4-20). Trom which (A-28) was derived, shows that it
is the LUP conwour by which {A728) is to be evaluated. Thus,
using a LIP contour for the inﬂegfn]s‘in (A—QS) and applying
Morera's theorem, one has that the second integral form in
(A-28) is zero since n(—s)A(-s)Té(Qs) is regular in the LHP.

Setting the remaining., in general non-zero, integral

" in (A-28) equal to zero, independent of n(s), gives

‘AQS)HO(S) - T ) =0, (A-29)
and hence
L& | | : )
H.O(S) = Z?:gj_ o | : (A—30)

Equation (A—SO) is the physically realizable solu-~
tion for the optimum Wiener filter. Frequently this is

written in.a.slightly different form obtained by setting

[@ss(s) + @nn(s)]_ = A(-s), - (A-31)

(& ts) + & )] = Als), (A-32)

and

¢~s{5) - A
"Z?'“.‘T"‘}- . I‘l sy, : . (8-33)
-7 JPLR, ' : '
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In (A-33) the notation P.R., which stands for physically

realizable, ivdicates the operation of (A-27), whereby

@gg(sﬁ/é¢-s) is oxpanded by partial fractious, and then

' only that poriion of *he expausion, Tl(s),'which is RRHP
s retained. ‘
Using tA-31). (A-32), and (A-33), the optimum

sysf.em [unction Hoés), which minimizes the average squared

error for the Wicner problem, is expressed as

H (s) = (Dol + @ ()] Jp g,
o~ : ‘ g
i.éss (S) +. é.l'l.l'l (S) ]+

(A-34)
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