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ABSTRACT

The prinecipal result gives a Minkowskian bound
on the norms of 1deals in 1deal classes of certain fourth
degree extensions of the rationals, Let Kl denote a
real quadratic extension of the rationals with class nun-
ber 1 and let u-o =T2-4€<<0, where 7 and € (unit) are
integers in K;. Then K, = Kl(yng) will be called a

fixed point field, The maln result states:

Every l1deal class of a fixed point fleld contalns
an 1deal of norm less than or equal to Nf(lio)/aﬂl, where
H = Inf {x: x = ImzInz' for (z,2z') a fixed point in the
fundamental domain of the Hilbert modular group for Kl}.

The above result 1s obtained by using a Zeneralie

zation of the classical result of Fermat, which

[¢7}

tates

that the solvability of x°+1 = 0 (mod m) implies the solva-
bility of x2+y2 = m 1n rational integers., Using the no-
tation above, thls generallzation, which is due to H, Cohn,

gtates:

The solvability of §2-T§+ezo (nod 7) implies
the solvability of {$-7§, £, €§§ =7 7» in integers

iv



3
in K with |N( 72)| = N°( uo)/zml.

With the ald of the Minkowsklan bound the class
number of several fixed point fields is determined,

It 1s also proven that all fixed point fields
are normal, A theorem characterizing units in fixed point

fields is also given.
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1. Definitions

The Hilbert modular group H for a totally real
ficld K of degree n over the rationals Q with conjugate
fields K', K'', 000, K(n'l) i1s the group of transformations

T such that

(1) T(z,2',.0.,2(0-1)) =

~{n-1), (n-l):&n«-l))
)

(7’z+5 7'z +5"""7(n-lT (n-1).5(n-1

(n-1) (n-1)

where (Z,Z',...,Z(n-l)) E UXU'X"‘XU ’ U,U',ooogU

denote n copies of the upper half of the complex plane,
(I,/Q,’)/,é €0y (the integers inm K) and()(é-ﬂ’)’: € (a totally
positive unit). In the following z will be used instead of
(z,z',...,z(n’l)) and (1) will be written

T(z) "%E;gg
R c UXU'XOOOXU(n-l) will be said to be a fundamen-
tal domain for the Hilbert modular group H if for every
z € UxU'xe e e xU(N=1) there exists a T € H such that T(z) € R

and if Z1»2, & R are such that T(zl) = T(zQ) for some T ¢ H
Hb(K) will

then 2 and z, are on the boundary oi k. Ho

be defined to be inf §x: x = ImzeInz'...Inz(0=1) for
(z,z'....z(n'l)) belonging to the fundamental domain of the

Hilbert modular group over Ki,

1



2
The following theorem due to H. Cohn [2] , which
71ves a lower bound for Ho in the quadratlc case, will be

used below,

THEORZM 1, If K 1s a real quadratic field with

class number 1, then Ho - % where d 1s the discriminant of K.

In the followling K will be assumed to have class
nunber 1., This i1s done so that we will have h’o - 0, as

shown by Maass [5] .



2o rixed Points

A polnt z will be sald to be a fixed polnt of the
Hilbert modular group H 1f there exists a T € Il such that
T(z) = 2 and T 1s not the identity element of H, We will
let Hy = Hl(x) = inf {x:x = Imz-Imz"'°Imz(n'1) with
(z,z',....z(n'l)) a fixed point belonging to the fundamen-
tal domain of the Hilbert modular group.] It is clear that

Hy = i, The following lemma characterizes flxed polnts,

LeNMA 1, The most general fixed polnt is

(2) . = -_£+1\[ng117
0 ¥

where for a unit € and T €0y,

2
(2) A =4€-T“== 0
(4) §2+A:—O (mod 4',7).
Proof. If zZ, is as given in the lemma, the

transformation that leaves zZ, fixed is ziven by

x p Tt L
1 T B
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which are all in Og since (3) and (4) rive us SQE 7‘2 (mod &)

and hence §E 7 (mod 2).

Now suppose%ﬁ}% = 24 Then")’zg-r(é -(X)Zo-[}: O and
2y = -6+aivj5;3;xg+a§+4m.

Therefore for Zo to be 1n the upper half plane
- :ﬁ*ﬁiVASinT
o — .
2y
where A= 46-(6+(X)2 4(‘-7’2» 0 and § = H - and
E2A = (5-00%+e-(5+00)2 = 464X 5= 407 = 0 (moa 47).
With the ald of this lemma we are able to prove the

z

following theorem due to H, Cohn [2] which will be of creat
importance in determining the class number of certaln rela-

tive quadratic flelds,

THZORENM 2, Let 7 and € (unit) belong to OK and
let A = 46T ° == 0, If Y€ O0g s such that
(5) £24 N =0 (mod 47)
is solvable, then there exlsts §1, 52, 7’26 0, such that

2 2
(6) | §1ug2 - 772 and

(7) I5¢ 7)) = (A,

A
N

n
27Hy
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Proof, Let z, be a fixed point as g¢lven in lemma 1.
Then there exdists a V € H such that V(zo) is in the funda-
mental domain, e can say
21 = V(z, ___E v-{11/=7) (a totally positive unit)

and Imzl-Imzlo--Inzln 1) > Hy, slnce z, 1s a fixed point

1
of VIV"l, where T is the transformation which leaves z_ fixed.

Thucg
Imz, = [ Az g+ ) ( Ug&._&} (AP=LL Y Jlnzg ZLV_S nY
|vz°+p] [Veor D [ 2 27 [Vzo+p]
or
(¢) Inzy = 7192’\[538“2'
where

+ 1V—'"n Y

o

-47,(~ pl

e | gef (el

i

|

=y &2y PYeAY”

Slnce 29 15 also a fl:xed point, we have by leanma 1

\f_\/—&; yfA(n-l)i
AT b

- 'Al:l_?L'S"nTl, where
1
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or (”rl)‘ = M. Since A 4€T - det(:)*(tr(l‘))?

?nfil

= det(VIV-Y)a(tr(VvIV-1))© = 4€1-T§ = A, ve nave

(9) Inz, = __ALZJ.

n

7

Comparing (8) and (9) we obtain

'\/—A—sgn:ﬁ _ QQM-SP;HT or
ho
-;'- = 7’(72 .' __.L) =T N7, cince Y and 7’1 have the same sign,

scny,

Hence, on setting 5 = T 7, the proof is completed.

3y replacing § by T—2§ the conrruence (5) beconmen

7P-4TE 44 £2446T" = 0 (202 47) or £5TL+€20 (mod 7).
Also by replacing §1 by 2§1-T§0 and §’> by 52 (€) becomes

s £8-a78y Lo Eomnellr? &7 7y
4 <

or §§-T§1§g*€§g=772-

Thus vwe are allowed to recstate theorem 2 as follows:

THIORZM 24.  Let T and € (unit) belong to O, and
let A = 46T°== 0. Then the solvability of
2 =
(10) {°-T€+€ =0 (moa J) 1no,
implies the solvability of



2 .
(11) §17TE18e* €= T a0y
wlth

Let us observe the conseguences of thls theorem for
n=1, i.e. K= Q, Then the only admissible £ 151 and T
must be O or 1, We consicer the caseT= 0. Then the theoren
states that the solvability of §2+1 =0 (mod ) implies
2 2 . i - N
S = Y, Y
the solvability of £7+£5 = Y'Y, with ¢, 7, £, £,,7,

ratlonal integers and

| ' v"l'- 2]
(Y o= 1, o= EAA) = 2 o
’ N Ll |-2‘ 2H1 W

since Hl(;) = ‘V@VE. Therefore 7% = 1, licnce theorem 24
1s secn to be a generalization of the clascical result of
Feriat that the solvability of z°+1 = 0 (mod m) implies

the solvability of x2+y2 = m form a positive rational inte-
ger. This result in turn can be used to prove, in a very
sinple manner, that Q(\/-1) has class number 1, In section
8 a theorem will be proven, using theorem 2A, which will

ald in determining the class nunmber of certaln imaginary

fourth degree extensions of the rationals,



Je Basis Theorem

In the following K; will denote a quadratic ex=
tension of the rationals having class number one, i.e,
Ky = 3«(Vm) vwhere m 1s a square-free rational integer and
Q(\'m) has unique factorization, If ([ is a square-free in-
teger in K,, K, will denote Kl(VQI). The following basis
theorem will be needed to determine the factorization in

OK2 of the primes in OKl'

THEOREM 3. Let (2) = (,Ll)h ()\g)iﬁ and ([L) =
(Ag)3 (1) (TR)+++(T1.) in Og,» Let gy and g, be the lar-

gest rational integers such that
(12) V2= U (mod ABASE) o=g, =0, 0= g,= {
= o 1 A2 = 81 = A1 V= 8= Ao

is solvable, If Ul is a solution of (12), then 1, (2 1s

an integral basis for K, over Ky where

(l;) Q: L%-::\[”go
AAS?

Hence l,LJ,SY,Lfgzis an integral basis for K, over Q,

)
where 1,/ 1s an integral basis for K, over Q.
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Proof, N, L1 i

KQ/KI(Q) - ‘115&/1256;

1s an integer

in Kl by (12),

; 2 L/l
T T —
KQ/K]_(\’}) l&kg;_ i1s an integer
2 -
in K, since ,{f,{g 2, Hence 7) 1s an integer in KE'

SO

,’)\ i
Let A :.’.(_%.ﬂ be an arbitrary integer in K2 where
v
a-ﬁ-T are integers in K, and (-f,(.‘,/t.?. Y) = 1. Then

Y2« N2
(14) N kg A = —yé;—g and

(15) Tgo/xy (A) = 2X

are integers in K,, Therefore 7 !2(X and ?/2‘5(2-/32/1 .

Suppose TT!( 7’,0{), thenTTE;lB 2//_ « Therefore T{2| {{ slnce TT)"/@
This 1s a contradiction since [{ was assumed to be square-free,
Hence (7,0() =1, and from (15) ?’

Also from (14) (X2 = /[}2,[1_ (mod 72). Now (7,,8) =1

since otherwise ((X, [{,7) # 1. Therefore there exists

24

QGOKl such that 01 =1 (mod 72). Hence )/°= L (mOdT‘?) is
—
+ H
solvable with )= S(X. Therefore A :._ai.g Agu where g, and .
' t
112

are as given in the theorenm,
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Note that,l%glg? is the "worst possible" denom-

inator for an integer in O Now

K2°

=00 =E1mf1
l& Aﬁ, 8,
1' Az

is in 0K2()K1. Therefore it 1s in OKl' and hence

a =Ly + 0,0
AT AL

+v/
Henceforth we will write () = YL VU ynere 7&
1l

denotes the denomlinator as given 1n the basls theorem.



4, Discriminant

When AG{KQ, AS will denote the image of A under
the automorphism of K, which sends /[ into -\QZ, and A°
will denote the image of A under the isomorphism of K,
which sends y/m into -+/m,

THEOR™M 4, The discriminant of K2 is

164°N( 1L )
N(71)
where d 1s the discriminant of Kl and 71 1s as defined above,
Proof,
2
1 w0 WAY.
1 LJS {)s LJS§)S
Dliscrininant =

1 W QY ws

1 1,JS vQSs WL g?St;

1 W 02 W °
1 (JS (s qujs |
o o S Q=08 |
|
o o §15ss wele-Psy |

11
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(WS- ZQ-*)1(Q%-0%9)]°
=F VIl 2\/[?]23 163°N(jL)

2( Y
f4! 7e Ne(Y))

The relative different of K2 1s defined to be the

1deal (AI-AE, AQ-Az, e o« ¢« ), Where A'i runs through all
elements of OKQ‘ The relative discriminant 6 of K2 is

defined to be the square of the relative different,

THEOREM 5. 8 = (ﬂé)

Proo.f. 6 = (Al-Ai, AQ-AS, e o o )

(LufE L2

N 71
VL \2 2
=(?—7%} (s Bor vv o)
:(f_g\
7%

THSORD G, (1) Let 7T be a prime in 0K such
1
that 7742, Then the relative discriminant of K, 1s divisible

by 7T 1f and only if TT{L.
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(11)  1f V2 1n oKl and ) {/{ then

the relative discriminant of K, is relatively prime to A
if and only 1f

(16) (L= U2 (moa Y is solvable in O .
1

Proof, The first part is obvious, For the second

part suppose (16) is solvable, Then by the basis theorem

,\“}7’1. and \{6. Conversely, 1f;\4’%,%. then )|y, Hence
'

by the basis theorem [/ =)? (mod /\2“,) is solvable,



5. Factorization

As the followlng theorems will show, the ideal
factorization of primes in relative quadratic fields 1is
analogous to the factorizatlon in quadratic fields, Here

the relative discriminant & plays the important role,

THEORENM 7. Let 7T be a prime in xl such that
Tf2[L. Then (1) = P;P, in K, 1if and only if

(17) LU= (% (mod7T)

1s solvable in OKI, in which case

Py o= (T, V)
P2 = ('\r.d"‘lrﬁ)o

Proof, Note that (¢¥,7) = 1, since 1f77]X, then
-(%nﬂuch is contrary to the hypotheses, Therefore P, # P,
for iAf Pl = P2, then P1 = (7T,((+\HI;C(-‘;1, 220 = (1) = P2
which 1s impossible,
Now Py Py = (172, TH(O+VIL) » THOCSVIL ) s = X%, 2THX)
= (TT)(IT, CU+VIL, =Vl (LL=cP)/ 1Ty 200 = (T7) since (77, 2X)= 1.
Conversely, suppose (77) = P;P,. Taklng relative norms
we have (T7)2 = PyP,PjP5, but also (77)° = P;P,P P,. Hence

PlP2 = Pin. Therefore elther

14
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_ 55 _ 55
(18) Pl = Pl and P, = P2
or

_ 5 .3
(19) Pl = P2 and P2 = Pl.

o

Now there must be an element Cx+’[7‘,~?1n Pl such that
Pyo= (77, (}4-/?() and ('U',:;) = 1. For if “"\"E‘Psfor all elements
in P;, we would have P; = (77,({X), an ideal in Kye |
Now if (18) holds
Py = (7«".iﬁI-f/f}Q,f‘;(vQQS,?/B\/L—L—/ ;Yl) = (1)
which is impossible. Therefore (19) must be true, i,e, Py = Pi.

Let ) 2
A =’1*7“"‘/EL_EP1 with (TT,/(P?) = 1, then
1
AS :M€P§ = P20
T
[ P o 2_ 2
Since PP} = (17), AA® :"(_?;éz-u Z0 (mod 77) or
1

19 & 5/8211 (mod 77). GSince (TT./O) = l,f/}has an 1nverse£
(mod 77) and (5(1)25 L (mod T7).

THEOREM 8.  Let )2 in Og,» amd let (6, 1) =1,
Then () = L,1, if and only if

(20) = &° (moa \20+1)
1s solvable in OK e Moreover, in this case
. 2
- ’
(21) 1 |

L,

ho3E



16
Proof, By reasoning similar to that used in
theorem 8, we find that, if L, and L, are as given in (21),
L, # L,e
Now suppose (20) is solvable and L, and L2 are

given by (21), then

e am (I oP-q !
DN o _ 2

= () [ COVL =V L=l 2N

- / “ [ lr ,k\\ /\\.21+1' l‘ )

= (A)

-

since (A 2vii o g,
Conversely suppose ( i) = L,L,. Then (A )2 = LngLiLg
and (\)? = L, L,LL,. Hence either

_ ¢S _ +S
(22) I, =L eand L2 = L2
or

_ +S .3
(23) L, = Ly and L2 = Ll.

As in the proof of theorem 8 there exists an element

+/1.71n L) such that Iy = (A ,Qx+D and (03,2) = 1.
Now if (22) holds
(A.Q"’Btﬁ? a+ﬁ§?s ..% —ﬂ fl

2
But § = 72 and (§,1) =1, and (05, 1) =1; thus I = (1),

which is impossible, Hence (23) holds and () = LlLi
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,"('1'_—
Let A .—.Q."’-,;,_Jﬁ belong to L, where ,\{A. We now have
71
24 AA° = &£ —t- = 0 d .
(24) -c—;lrL (mod )
Since /\%’A, (7, 1) =1, Hence there exists{{ 0K such that
> 1l
£7=1 (mod A). Thus from (24) we obtaln
(25) (€)= -0 (moa ).
since (§ , A) = 1, theorems 6 (11) and 3 show that ,\Q“:fl;

therefore (25) yields (£)2 = 1 (moa \*'*1).

THSO0RES 9, If 77 1s a prime in oKl such that
TTi/L and 7TJ2, then (T7) = 2

= P in K2 where

(26) P= (TT,VIL).

Proof, Let P be given as in (26), Then

P2 = (TT2,TTN(L L) = (TT)CTTNLL, W/ 7T) = (7))
because (77,/L /T7) = 1 since (L 18 square-free,

The factorization of primes which are factors of
o]

[ons

and 6 1s somewhat more difficult and requires the fole
lowing lemma,
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LENA 2, Let ) be a prime factor of 2 in O

K
N | - 1
such that ,@hE and lg’!{i. Then if ¢-. {,
(27) Y2 = (L (mod )°E+1)
is solvable in OKl.
1eVm
Suppose first A= 2; thenm = 5 (mod 8), Let 1,L/= >

denote the integral basis for OKl. Let ([ = a+bl/ and)y = x+y__%

Then (27) becomes

) T
x2+¥2{-1-ﬂ£?-1-‘3!+2md-(a+bw) =0 (mod 2)
/
or

X2+(m l) -a-.-(y b)h/ = 0 (mod 2).

Since Qﬁl Z1 (mod 2), to solve (27) we must solve

ix +y =0 (mod 2)
iy--b~0 (mod 2)
simultaneously in rational integers x and y, and this is
clearly possible,
If ) #2, thend = 0 or1 (mod A) and (27) is
clearly solvable,
Case II, g = 1.

Since g = 1, there existsLJI such that

Ui = u (mOd Az)o
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Let ~ZASLL - (Te Since 7= 0 or 1 (mod 1), there exists

\

[ Op such that P2= g (mod 1). Let ), = 1y+QA.. Then

2 2 2412 2
Lomil Vim0 A+RA° _c=p° | 2A pU;
T Ry 1 ¥

which is in OKI. Hence (27) 1s solvable with ) = )5,

THEOREM 10.  Let A[(2,§) 1n 0 . Then (}) = 12
in K, where L = ( A,V )

Ul in () 1s taken to be such that L’f

[land L= ()\,52) 1£i}/L and the
L (mod )28+1),

i

Proof, Suppose \ I/A,'_ and L = (,]\ ,\/u )e Then

S = ALV U) = OGN U/)) = (X)) stace (L, U/)) =L
Suppose A“L. Then since ) !6 we have Xl 4/ ?“]2_ and hence

g = {. Therefore by lemna 2 there exists an integer !’

1
in Kl such that
(28) V= U (moa )28+1),
Let L = ( A,!?) where the Yy 1in ") 1s given in (28)., Then
LS = ()\,°) and
’ Q=S = 2\/( 20 (mod i) since g-{,
;’1
Hence L = L° and
12 - 118 - ,\Q.AQ.AQS—J— - (0 Lo, QS AL L () )
]’2 72
1
because ,{,Ul-u = 1, for if ,\lLl-‘ we would have

73 72
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L'i = {/ (mod )°6*2) which contradicts the definition of g.

Theorems 7, 8, 9, and 10 can now be comblned to give
the followlng theorem illustrating how the prime i1deals in
0 factor in O, .
ST Ko

THEOREM 11. Let "7 denote a prime in Kl such that

TT*Q and let )} denote a prime in K. such that /\5;‘}{2. Then:

1

if TT{/,L and X° = ; (mod 77)
1s unsolvable in °K1‘

.
(1)

() = (T, X+ VIO (T, ex=VI{) A£ 771/ and x® = (L (mod 7).

L(Tr,\/[[)2 1£ 77| /L.

/

(1) if \*5 and (x°= L (mod ,\Eﬁ*l)
1s unsolvable in OKI.

s s ITE
(/\.-’-‘Ij‘/-z)(l."’t'iN y 1f Af§ and x= [ (moa 22+1),

(A) = ¢ () D)2 e A | L

(A,M)?2 1f/\l(5 and A'f,u, where the I/l
| in () is such that

Vis U (moa APE*D),

N



6. Galois Group

ne proceed now to the task of determining the

Galois group fﬁ(Kg/Q) of the fleld X,.

THEOREM 12, K, 18 a normal field (1.e. \/us € x2)
if and only if (° = up2 where 0 € Kq.

Proof. Suppose us =ﬂp2. Then \//:75 = /f_,-\/[[t K.

Suppose '\/Z(—g € K,o Then VZF = (x+ﬂ\/[[, where CI,B € X;.
Hence [/® =a2+/02u+2o(/8\//]'€ Ky and (X=0or =0, Iff}=0,
/.l'.s = 052 and [/ = ((15)2 which 1s impossible since /( 1s

squarc-free, Therefore (X = O and us :[}Qu.

COROLLARY 1. K2 i1s a normmal field if and only 1f

N(L) = (X2 for some (X € K.

Proof, If K, 1s normal ,le =/_1p2 for some 0 € K
and N([L) = MUS = (U D)2
) = (X%, then U® = X°/y = MU(X/[L)? and

Ko is normal,

THEOR:M 13, If K2 is nomal, then

2 2

,&(xz/q) = {1,s,5,85¢ s =35°“=1, &S = Ss,

21



Proof, Clearly s, S ¢ tJ(KQ/Q) and s° = 32 = 1.

Cince K5 13 normal L(S = /JLJQ for some ) ¢ K, and we have

(O(+[J'\/ﬂ)°s = (CXS+L’S,O\/ZI_)S =CY.S'/[; Sp-\[&. =C(s_/?s~,/us
= (C17[7NQZ)S = (Cx+[1\QI)SS. Therefore sS = Ss, Also the
nunber of elements in );(KE/Q) 1s 4 since K, 1s a nomal

fourth degree extension of Q.

The following theorem will not be nseseded in the
future material, but is 1lncluded in order to complete the

discussion of the Galols group of K,.

THEORE 14,  If K, 1s not normal and N = Ky(Vi(F)
(the splitting field for (x2-[i)(x2-[13)), then
L1832 = {1,(13), (24),(13) (24), (1234), (1432), (12) (34), (14) (23)} .

Proof. Let xy =V, xp = VU, X; = i, x, = SVIUE.
Any Q automorphlism of N must permute X1 Xos Xzp Xy, and
must leave the rational number X)Xz + XX, fixed. Also
there must be 8 automorphisms since N is an eishth degree

extenslon of (. The theorem follows immediately,



Te Normality of Fixed roint Flelds

The flelds with which we shall be concefned in the
following will be called fixed point fields and are defined
as follows: Let K, denote a real quadratic extenslion of Q
with class number 1, and let [l, = T°-4€-=0, where € 1s a

unit and T € O Then K, = K;(V/[,) will be called a fixed

K1°

poinrt field., Note that LLO has exactly the same form as

-/ in theorem 2A. There /\ arose from fixed points of the

Hilbert modular group; hence, the name fixed point fileld,
In general [[, will not be square-free, but

may write [, :(TQL[ where [/ 1s square-free, Then

K, = Kl(\ﬂI;) = Kl(\ﬁz), and we see K, 1s a relative quad-

ratic fileld as dlcscussed in Chapter II., Hence the theorems

in sections 3 thru 6 apply to fixed point filelds.
Continuing with the 1deas pursued in section 6,

now applled to fixed polnt flelds, we prove the followling

theorem,

THEOREM 15. If K, 15 a fixed polnt field, then

Ko is a normal fleld.

Proof, We begin by making two observations which

will not only be used in the proof of this theorem but

23
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alco in later proofs,
S S, 2
~jiy = 46-T% = 4€ ana -5 = 4€5-(T7)° = 4

clve us
(29) N(Uy) = 16,
2 S 2 ~ S .2 -~
Also T <= 4€ and (T®)c= 4¢° yleld N°(T) = 16 or

(20) w7 < A

From corollary 1 1t suffices to show that N(/[{) 1s
the square of an element in K . Since [, = Ueu ’
F(LL,) = Ne(J )N(L) and 1t will suffice to show N(UL ) 1s

the square of an element in Kpe From
(31) 0= N([l ) = (T2=4€)((T5)2-4€5) = N2(T )-4T(T %€5)+16 =16

we see 7(T%S)=o0, If T =0, N Uyl = 42 and we are donc.

When T # 0 the proof breaks into several cases,

Case 1. m £ 4n+l
Let T2¢S = a+b\/m where a and b are rational integers.
Then T(Tefs) = 2a and by (31) we have

(32) 16 = N([L ) = N°(T )-8a+16 > 0,

Case la, IN(T)' =1
Then by (32) we have 16 ZN(/LLQ) = 17=-8a = 0,



q
<

Hence a = 1 or 2 and K(//,) = 3° or 1°,
case 1b, IN(T’” =2
Then by (32), 16 = N(// ) = 20-3a = 0 and a =1 or c,
Ifa=2 N(U,) =22 G5lnce ¥N(T2€5) =a’°v% =4, 1fa =1,
then -b?-m = 3 which 1c impossible, Hence a cannot be 1,
Case lc. IN(T )’ =7
Then 16 = N({{,) = 25-5a>= 0 and a = 2 or 3.

2

Thus N(u_o) = 3° or 1°,

Case 2. m = 4n+l

Let T2€ S = a+b(}-?-3@) where a and b are rational

integers, Then T(TQES) = 2a+b and (31) becomes

(23) 16 = N(uo) = NQ(T)-4(23+b)+16> 0.
Case 2a, IN(T), =1
Then (33) becomes 16 = N([[ ) = 17-4(Pa+b) = O and
2a+b = 1,2,3, or 4. If 2asd = 2 or 4, K(( ) = 3° or 1°,
2 2
Suppose 2a+b = 1, Then N(T2€s) = (2a+bi =nb® _ 1 and

-ub® = 3 which is impossible, Therefore 2a+b = 1 1s ex-

cluded, which leaves only the possibllity 2a+b = 3. In this case

~
N(Tze‘s) :2:%1)—=1 or mb° = 5., Hence m = 5 and

NiL,) = (VB
Case 2b, IN(T), = 2

In this case 16 = N([[(,) = 20-4(2a+b) = O and
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2 .2
2a+b = 1,2,3 or 4, But N(TZ2¢ %) = (Qa*b—i =nd” _ 4 or

(2a+b)° = 16+mb°., Hence 2a+b = 4; thus 2a+b = 4 and
2
¢ uo) = 2¢,

Case 2c. 'N(7’ﬂ = 3
We then have 16 = N(LLO) = 25«4(2a+b) = 0 and

P2
2a+b = 3,4,5 or 6, Also N(T2¢5) = L"’a*bi =ZB° _ 9 or
(:?a+b)2 = 36+mb2 which requires 2a+b = 6, Hence 2a+b = 6

and N(;Lo) = 1, The proof of the theorem is now complete,

If K, 1s a filxed polnt field and A € K2, the above

theorem tozether with theorem 12 allows us to say ASS = 2SS,



8. Ixistence of Flxed Toint Flelds

It 1s natural at this polnt to ask about the exlis-
tence and abundance of fixed point flelds, i.e. for a fixed
positive integer m such that Q(\m) has class number 1, how
many [/ exist such that// 1s the square-free kernal of
[, = T°=4€=<0, For € = 1 1t 1s clear that 7= 0 and 1 are
admissible values for 7 and thus Kl('\f—-—}-) (1f 3 is not a per-
fect square in X;) and Kl('v:ﬂ) = Kl(\f:I) are always fixed
point fields, Hence for fixed m, fixed point flelds exist,
We proceed now to partially answer the question of abundance,

Since T2 =< 4€ we see that € must be a totally pos-
1tive unit, If we let Eo denote the fundamental unit of

Kl = Q(ﬁ) then

€2 [(T/€g)-4]  1fn= 2k

(34) [, = T°-4€2 =

€2k [(1/€¥)%4€,] 1fn = 2xa.

The quantities that appear in brackets in (34) are admis-

sible values for a differentlio vhich gives rise to the same

fixed point field. Thus in seeking admissible values for

M, ve may restrict the values of € to 1 and 60 if Eo is

totally positive and to 1 alone if €° i1s not totally positive,

(1f €° were not totally positive n could not be odd in (34).)
27
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For fixed € we now show that there are only a
finite number of values for 7 that give rise to an admis-
sible (oo Let 7 = x+y(/(1,/ 1s an integral basis for Kl).
where x and y are rational integers, Then x and y must

satisfy

-2\ﬁf-< X+y(.) < QVET
=2VES < x+y( )8 < 2VE B,

Now 1f (x,y) is a solution to (35), (x,y) must be a lattice

(35)

point in the interior of the parallelogram determined by

the four lines

X+y(/ = 2\/?—

X+y() = -2\[2::—~

x+y (/% = 2Ves

x+y( S = -EVQFB.
Thus we see that for fixed €, there are only a finite num-
ber of admissible values for 7, This proves the following

theoren,

THEOREM 16. For a fixed m, there are a (non-zero)

finite number of fixed point flelds.

Table 1 on page 45 gives a listing of all admissible

values of [{, for selected values of m.



9, sinkowskian Bound

In determining the class number of a particular
algebralc number fileld, much work can be eliminated by
being able to say that every ideal class contalns an 1deal
with nomm less than or equal to some fixed numdber. Such
a number is often called a Minkowskian bound on the norms
of 1deals in ideal classes, The following theorem, which
appears on vage 190 of [ T ] , Will be used to determine a
Minkowskien bound for fixed polnt fields,

THEOREM 17. Every i1deal class of an algebralc

number field contalns infinitely many prime ldeals,

THEOREM 18, If K2 1s a fixed point fleld, then

every ideal class of K, contalns an ldeal ¥/suoh that
EX
N°( Lg)
N -

~2 '
Proof. Let [{, = T°~4€ =<0 and also let [/ = %1
where [/ 15 square-free. Then K, = KIGVAL) is a fixed point

field, Let @ be an ideal class of K The theorem is

2.
clearly true 1f & is the class of principal ideals, so

we may assume X is not the identity class.

29
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Let P¢Q where P 1s a prime ideal such that Pf(2(/,).
This is possible by theorem 17. Now, by theorem 11, PP> = (77)
Where 7T is a prime in OKl which does not divide (21/0).
Again by theorem 11, there exlists an integer (Y in Kl such
that (x° = // (mod 7). Hence Af D=(X ¢

(36) 2= [, f(mod 1),

Since (77,2) = 1, by the Chinese Remainder Theorem there

exists apl ¢ O such that [)1 =P (mod 77r) and pl = 7 (mod 2).

Ky

Hence /), = T=2~ for some integer ‘' in K,. From (36) we have
1 5 :

,Cf = p2 = 4§ 2-4T§+ 72 = o = T8¢ (mod 77).

Ty

0 (mod 77). Now from theorem 2A there

,l'

-
Hence (=7 +¢

~

v

exist integers § £ ,7. in Ky such that

1’ 222
rd 2 -~ ™ ~ 'k2 -
(57) 1" T &1t = T,
with 2
) 2 hand 4H1

Or, rewvriting (Z7) we have
& » > eyS - - S( 7.
(&=t oX)( &= 55X = (MY 2) = PP2(77)

where X = L% an integer in K,. Hence P’( §1- §2X) or

PI( 61’ §2X)S. Without loss of generality we may assume
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P,( §1-£2—X)0 Then (1;1-§QX) - Pr‘ and Ppsrrs= (77’)(72).
Clearly [T € G~ and S¢ Q, since S = ( 7p)e We also

%
have NK2/Q{FS] = Ng, /q [ 72)] =|Nx1/Q( 1A E —Na-b;l )

The followlng corollary is an iumediate consequence

of theorem 18,

]
COROLLARY 2, If E;:;‘Lﬁl < 2, then K, has class
1

number 1,

We conclude this section by giving a simple, but
important, application of theorem 18, R. DeVore has shown [3]
that for the field Q(V'5), H, = V5/4. This result was
proven by showing that Hj = V5/4 and that Hy=V5/4. It
will now be shown, using theorem 18, that H, = V5/4. Let
m=5,€=1, and T = l€9£§: Then Llo = = ’2 is
totally negative. Since Hy = H, we have, 1f Hy >~ \/'5—/4,

) V5
4H1 - Ho
Hence, by theorem 18, we would be led to the absurd state-
ment that every 1deal class of Kl“\/zg:ﬂ) contains an ideal
of norm strictly less than 1., Hence H, = \/5/4, This gives

another proof of (the easier) half of DeVore's result,



10, Units

The following theorem serves to characterize units
in fixed point filelds. It should be noted that the proof
in no way depends on Dirichlet's unit theorem. The proof
does, however, require some knowledge of the structure of

units in real quadratic fields., This may be found in [ l]

THEZOREM 19, If K2 1s a flxed point field, =all

units are of the form CnEn where

° €0 if ,1-1- # -60
€, denotes the fundamental unit of K; and Ck 1s a primitive

k*® root of unity, ny (determined (mod k)) and n, are

rational integers, Furthermore

(12 iIf ([{=-1 and m = 3
4 Af [{ = -1 and m £ 3
k= {10 1fu=-5_12_f2_
6 if U = =3
\ 2 otherwise

Proof, Let = be an arbitrary unit in K,, Clearly

‘El = |ES| and |ES| = |3 Sl. since A° is the complex
conjugate of A, Also lE S5g8z° | l | 'ES|2

32
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Hence [E”ES‘ = 1.

Consider the set U = {x:x = log H and £ is a
unit in K,}. U forms an additive subgroup of the real
numbers, Suppose the elements of U become arbitrarily close
to O, Then |E| becomes arbltrarily close to 1 and
|E‘2 = ‘EES' = |(§| becomes arbitrarily close to 1, which
contradicts the definition of €, (the fundamental unit
of Kl). Hence U is not dense and it must contain a smallest

vositive element, Thus there exists a unit &

o in OK2 such that

each element in U can be written as nlog lEol where n is a

rational integer, Therefore for any unit E in K2, |E| = |E°|n
or = = Egc where |C| = 1; also IES! = |Eg’ D oor 2% = (Eg)ngs
where Ié‘sl = 1, Thus, since /; and all 1ts conjugates lie

on the unit circle, (; 1s a root of unity (as shown on page
122 of [4] ). Now [5Eg| = |€5| with t =1 or 2, for if
t =32, B = 5,/ €, would be such that

[2as] = Jes? < fed] = [Bokg| ox 1= |5y < |3

which contradicts the defimition of 5 . If t = 2, on/ €°| =1

and I, can be chosen to be €°. If t =1, then IE0|2 = l(‘ol
and I, = \/609 where I@l = 1, @ must be real, so § = *1,
© =1 can be eliminated since \/60 cannot be in a fixed point

fleld. Thus L, = V=€g. If V=€ € K,y then 040V = V=€,
wherea,[} € Kl. Hencea2+ u/@?q»ea,[}\/ﬂ_: - €,. Thus aﬂ =0
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/32 = =€,/ Now =€/l
1s not a perfect square unless - €,/ =1, or[{ = = €.

and /O # 0, Therefore (Y = O and

In order that gk (2 primitive k*B root of unity)
be in K,, (p(k) nust be 2 or 4, Hence 2, 3, 4, 5, 6, 10, 12,

arce the only possibllities for k and

I

(o = -1

Cu

Ls _lxz;-_u\,L‘EIz'/
¢t

Clo °C~

Cl?"}g*'ﬂ°

Ce
In order that 4126 Ko, we must have m 3 and U = -1,

]

In order that .Cé € K,, we nust have [/ = =3 and 1if 412¢ K,

Sand)uz-i;éﬁ

-1 and 3f (1, § K,

we must also have m # 3.

In order that -~ € K,, Wwe must have (m
> 2

|

In order that 446 K,, we nmust have /|
we must also have m # 3,

Also, CB € K, 1f and only if §6c K, and gsc K, 1f and
only 1if glo C 2;2. The theorem follows immedliately,



11, Determination of Class Number

The following theorem gives necessary conditions
for an algebralc number to be an element of a fixed point
fleld, It will be used in showing certain ideals to be

non-principal,

THEOREM 20, If A€ K2. where K2 1s a fixed point

Proof, Let A = (14-)8\/[[ where(;(,ﬂ € Kl‘ Then
NK2/K1(A) = ag_ uﬁa = O since LL < O and

NK2/K1(A) 8 2 (as)a-us(/ﬂs)2> O since us< 0. Hence

NKQ/K]_(A) is totally positive,

Included in Table II oh page 47 is the class number
of specific fixed point fields. These have been determined
using many of the preceding theorems, The followlng three
examples 1llustrate many of the techniques which have been

usedo

Example 1. Letm =5, 7=0 and ¢ =1, Then
Uo = =4 and [ = =1, 1,0, K, = Q('\I-S,V-l). Since Hy = 345

35
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we have

3
Y(ilo) - 4Y5 _ 5,

B, - 5

Hence by corollary 2, K2 has class number 1.

Example 2. Letm=3, T =0, € = €_ = 2+V3,
Then U, = =4€,, and [/ = =€, l.e. K, = U3, V-2-3).
From theorem 1, H, < 2/d = 1/6. Hence

N i)

Therefore from theorem 18 every 1deal class of K, contalns
an ldeal of norm less than or equal to 5, But since 5 does
not factor im Ky = Q(/3) there are no ideals of nomm 5 and
the classes which contain factors of 2 and 3 generate the
group of i1deal classes,

since (2) = (1+V3)2 1n Og, and V¥ =€, (mod 2)
1s unsolvable in °K1‘ 71=1 (0 =V end § =

Hence from theorem 11 we have

(2) = (1+V3)2 = (145,046 )4 = L*
(3) = (V3)2 = (V3,14=€ )2 V3,1-V=€ )2 = P5P5

If L were a principal ideal generated by A, then we would

have NK2/K1(A) = (1+\f3)€‘§ which is not totally positive,

contradicting theorem 20, Hence L cannot be prinolpal,
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Similarly P, and P2 are not principal, But 12 and PP,
are principal and

Bl = (34 V3, VI(L+V=E o) (1+ V3 (14 V=€ 5) s (4= € L) 2)
= (1+ V'€o)(1"V-€o»'\/3.l+\/-.1+v-€°)
= (1+V-€)

since (V3,1+V3) = 1. Hence P, P, and L all belong to the

same i1deal class and thus 'K2 has class number 2,

Sxample 3. letm =11, 7 =1 and € = 1. Then
Mo = =3 = [ and K, = Q(V/11,V-3). Since )/ = 1 satisfies
V2 = U (mod 4), & = =3 and M = 1—"3&. From theorem 1,

Hy = 2/d = 1/22 and hence -N-LI%OJ- < 17. Therefore from

1
theorem 18 every 1deal class of K, contalns an ideal with

norm 16 or less, Hence the classes which contain factors
of primes less than 16 generate the group of ideal classes,
Since (2) = (1)° in OKI' where ) = 3+3\/11, by

theorem 18, ( ) ) factors in °K2 if and only if
(38) X2 = =3 (mod )5

15 solvable in Og . If we let (X = x+y\/11, then after
expanding and multiplying through by A, (38) becomes

(39) 3x2433y249-22xy = (6xF=x°=11y°=3) V1l = 0 (mod 8).

Now (39) 1is solvable if and only if
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(40) 3x°4y°42xy+l = 0 (mod 8)
and
(41) 6xy=X°=3y%=3 =0 (mod 8)

have a common solution in rational integers x and y. But
(41) implies x £y (mod 2) and then (40) becomes

242 =0 (mod 8)

3x2+21y+y2+1 = 212+(x+y)2+1 = 2x
which is impossible, Thus ( )\ ) does not factor in 0K .
(3) does not factor in Og , but (3) = (\/"3)2 1n O -
(5) = (4+\fii)(4—\fii) in Oxl, but the congruences
CXQEE -3 (mod 4 * \ffi) are seen to be impossible by testing
a complete residue system (mod 4 + \/11) (e.g. O, 1, 2, 3, 4).
Therefore neilther of the factors of (5) factor further in 0K2.
It is easily verified that the factorization of (7) 1is
(24V11) (2-V11)
= (2+V11,2+=3) (2+ V11,2« /=3) (2-V11,2+/=3) (2-11,2-V=3).
(11) = (V11)° in Oy, and X°= -3 (mod VIl) is

Ky
unsolvable in oKl; hence (7\/11l) does not factor in OKZ.

(7)

(13) does not factor in °K1' Therefore any factor
N
g
Hence the class containing a factor of (13) contains an

ideal of norm less than ﬁiﬁiﬂl.
1

All the above ideals are principal with the possible

of (13) would have norm 132 which is bigger than

exception of the factors of (7). As in example 2 these are
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not principal since 60 = 10+31\11 is totally positive and
2+73/11 18 not totally positive, If we let Py, Po, P3, P4
denote the four factors of (7) listed in the above order,
we see Py Py = (241/=3) and PP, = (2=+/=3). Therefore since
PPy = (2+VI1l) and PgP4 = (2-/11), Py ~ P, and P, ~ P,.
Hence all non-principal ideals are equivalent to Py or P,.
Now P% cannot be principal because if Pi = (A), then
NK2/K1(A) = (24-\/].].)3 €§ which 1s not totally positive, con-

tradicting theorem 20, Hence the order of the group cannot

be 3 and thus K, has class number 2,

In Example 3 it was shown that the non-principal
ideals of smallest norm were the faotors of (7). Therefore
%
if H) = 3/28 we would have %&Ql < 7 and we would be led,

1
by theorem 18, to the false conclusion that Q(7\/1l, /=3)
has class number 1, Hence for m = 11, HI: 3/28, 1In the

same manner the following upper bounds for H; have been

detemined for the values of m listed below,

m=3 H) = 1/2 m = 17 H = 1/2
m=6 H) = 1/4 m= 21 H = 1/5
m =7 Hy = 1/4 m = 33 H = 1/2
m =11 Hy = 3/28 m = 41 H = 1/2
m = 14 H = 3/28



12, Class Number Unequal to 1

In Table II on page 47 1t is seen that many fixed
point flelds do not have class number 1. The following
theorems attempt to "explain" why certain fields fail to

have class number 1.

THEOREM 21, Let €, (the fundamental unit in K,)
have nom +1, If there exists a prime T{in.OKl such that
N(TT) = =p and (77) = P, P, in °K2- then Pl and P2 are not

princlpal., (Hence K, does not have class number 1,)
Proof,. Suppose P = (A). Then
- n
(42) NK.’:‘/Kl(A) =M€,

but Tﬁfg is not totally positive since its norm is negative,
Hence by theorem 20 (42) is impossible, Therefore P, can-

not be principal,

As the hypotheses show, the following theorem can
be applied not only to filxed polnt flelds, but also to cer-

tain other relative quadratic flelds.,

40
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THEOREM 22, Let K; = Q(\/m) wherem 5 (mod 8)

and Ky has class number 1, Let K, = K,(V() where [ is a
totally negative square-free integer in K, and N(UL) # 2.

1t § = 4/1, then K, has even class number,

Proof, Since m £ 5 (mod 8), (2) factors in
OKl. If ) denotes a factor of 2, ,{,6: 4/( and hence
- 12 = -
(1) = L° in °K2° Suppose L = (A), then NK2/Q(A) = 2,

Let A = (X+(V[(, where a,ﬂ € Ok, () =V since § = 411).
Then

(43) N /iy (A) = P-4 2 = 2=l x|
and

() Ng_gp (0) ° = (@) 15057 = V=t
since [(<< O, Multiplylng (43) and (44) we odbtain
(45) Ny, sq(a) = AN [N D))

Now if C(L?. # 0 we see from (45) that NKQ/Q(A) = 4 which

is impossible, OClearly /B £ 0 and 1f (¢ = 0 (43) and (45)
give NKQ/Q(A) = Ne(,ﬂ)N(,u) which cannot be 2 since N(/LL) # 2.
Thus L cannot be principal and since L2 is principal the
class containing L has period 2, Therefore K2 has even

class number,
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COROLLARY 3. If K» 18 2 fixed point fileld with

m=1 (mod 8) and [/ = -1, then K, has even class number,

Proof.  In K3, (2) = (A )( AS) where (), \5) =1,
if p¢ OKI were such that pe = «1 (mod /\2), then

(p8)2

=1 (mod (,{5)2), and by the Chinese Remainder Theorem

(46) X2 = -1 (mod &)

would be solvable, Let (X = x+y(/ where {/ = l'-ﬁ-eﬁ and
also let m = 8n+l, Then (46) becomes

(47) x2+2ny2+1 + (2xy+y2)u =0 (mod 4),

Now (47) 1s solvable if and only if

(43) x2+2ny2+1 =0 (mod 4)
and
(49) 2xy+y° = 0 (mod 4)

have a common solution in rational integers x and y, But

(49) implies y = 0 (mod 2) and then (48) becomes

x°+1 = 0 (nod 4) which is impossible, Hence (46) is
unsolvable and thus 6 = 4/{l, Therefore by theorem 22,

1{2 has even class number,
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COROLLARY 4,  Let K, be a fixed point field with
m gl (mod 4) and [[ = a+bVm., If b is odd and N(L) # 2,

then K2 has even class number,

Proof, Sincem # 1 (mod 4), (2) = ()} )2 in OKl.
If (X= x+y~/@, then (X° = 1 (mod /\2) is solvable in
OK’.L if and only if

(50) x2+my2-a + (2xy=b)vm =0 (mod 2)

1s solvable in ratlonal integers x and y. But since b is
odd 2xy-b =1 (mod 2) and hence (50) is impossible.
Since (X° = 4 (mod ,lz) 1s unsolvable in °K1' 6= 4l

and by theorem 22, K, has even class number,



13, Concluding Remarks

The theorems in the previous section do not cover
all the cases in Table II, where the class number is un
equal to 1, It is expeoted that more inclusive theorems
can be found, which glve sufficient conditions for fallure
of unique factorization in fixed point flelds.

The general definition of the Hilbert modular
group ané the statement of theorem 2 suggest that the
definition of a fixed point field might be generalized to
allow K; to be a totally real field with unique factori-
zation and of arbitrary (finite) degree over the rationals.
With this generalization 1t appears that, after making the
appropriate changes in the theorems in sectlion 5, the
proof of theorem 18 will carry over., The essential proper-
tles used in the proof depend on the fact that K, was a
quadratic extension of Ky and that K, was a field chosen
so that theorem 2A would apply. It does not seem rea=-
sonable, however, to expect theorem 15 to carry over,
since K1 may not be normal, Theorem 19 also would not be
expected to generalize since its proof depended on knowing
the structure of units in Ky

Besides generalizing the definition of a fixed point
fleld, it is hoped that in the future ofher useful proper-
ties of fixed point flelds can be established,
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TABLE I
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Admissible Values of [l , for Selected Values of m

n € T Ua d I
2 1 0 -4 2 -1l
1 -3 1 -3
'3 -2 V2 -1
3 1 0 -4 2 -1
1 -3 V3 -1
V3 -1 1 -1
243 0 -4(24/3) 2 - (24/3)
1 -7-b3 on3 -1
243 -1 1 -1
143 -2(24/3) 143 -1
5 1 0 -4 2 -1
1 -3 1 -3
(1H/5)/2 (-54/5)/2 1 (-541/5)/2
6 1 0 -4 2 -1
1 -3 3-VG_ - (5+2V6)
5426 0 -4(5+2VE) 2 -(5+2V6)
24\6 -2(5+2V6) 246 -1
34V6 -(5+2V6) 1 - (5+26)
7 1 0 -4 2 -1
1 -3 1 -3
| 8+3VT 0 -4(8+/7) 2 -(8+3VT)
>WT =2(8+3/7) 3T -1




TABLE I (Continued)
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n € T Lo a U
11 1 0 -4 2 -1
1 -3 1 -3
lO+3VZi 0 -4(10+3VEI) 2 -(10+3JII)
3011 -2(10+3V11) 3411 S
13 1 0 -4 2 -1
1 -3 1 -3
14 1 0 -4 2 -1
1 -3 1 -3
15+4V14 0 ~4(15+4/14) 2 - (15+4/1%)
4afls | -2(15+4/13) 414 -1
17 1l 0 -4 2 -1
1 -3 1 -3
21 1 0 -4 2 -1
1 -3 (3=v21)/2 | =(5+/21)/2
(5+v21)/2 0 -4(54/21)/2 2 -(5+/21)/2
(3+V21)/2 | =(5+V21)/2 1 ~(5+/21)/2
33 1l 0 -4 2 -1
1 -3 6+V33 | =(23+4/33)
23+4\33 0 -4(23+4Y33) 2 -(23+4/33)
6+/33 -(23+4/33) 1 - (23+4/33)
4 1 0 -4 2 -1
1 -3 1 -3
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TABLE II

Class Number of Specific Fixed Point Flelds

Fixed Point Plelds 8 Class Number

[ Q(V2,V-1) A2 U 1
Q(V2,V=3) I
Q(V3,/-1) M

QUV3,V=24/3) 4l
QV5,V-1) 4l
QV5,V=3) M

Q(V5, (=58/5)/2) I

Q(V6,V/-1) A°

Q(Y6,V=5-2V6) u
QV7T V-1) MU
QVT7,V=3) 7
Q(V11,V-1) ML
QVIL,V-3) U
QV13,V-1) 4L
Q(V17,V-1) 4L
V1T /=3) L
Q(v21,V=1) 7

Q(VZL, V(=5=/21)/2 Il

QV33,V=23-133) U
Q(VEL,V=3) U

VST IR R S Y SR SR RN I Y VR T I S
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