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ABSTRACT 

The principal result gives a Kinkowskian bound 

on the norms of Ideals In Ideal classes of certain fourth 

degree extensions of the ratlonals. Let denote a 

real quadratic extension of the ratlonals with class num­

ber 1 and let fXQ = <<"0, where X and £ (unit) are 

integers In K1# Then will be called a 

fixed point field. The main result states: 

Every ideal class of a fixed point field contains 

an ideal of noun less than or equal to N-( /1Q)/^H^, where 

= inf {x: x = Imzlmz1 for (z,z1) a fixed point in the 

fundamental domain of the Hilbert modular group for • 

xhe above result is obtained by using a generali­

zation of the classical result of Fermat, which states 

that the solvability of x2+l = 0 (mod m) implies the solva-

bility of x +y = m in rational Integers. Using the no­

tation above, this generalization, which Is due to H. Cohn, 

states: 

The solvability of £2-T£* 6 = ° (mod ~f) implies 

the solvability of 7*̂  £2+ 6"£2 ~ T T?. in integers 

iv 



V 

in with |N( 72)| = N^( ô)/4Hi# 

With the aid of the Minkovrskian bound the class 

number of several fixed point fields is determined. 

It is also proven that all fixed point fields 

are normal. A theorem characterizing units in fixed point 

fields is also given. 



TABLE OP CONTENTS 

Page 

TITLE PAGE 1 

STATEMENT BY AUTHOR 11 

ACKNOWLEDGMENTS 111 

ABSTRACT iv 

CHAPTER: 
I. The Hilbert Modular Group 

1. Definitions 1 

2. Fixed Points 3 

II. Relative Quadratic Fields 
3. Basis Theorem S 

4. Discriminant 11 

5. Factorization of Primes 14 

6. Galois Group 21 

III. Fixed Point Fields 
7. Normality of Fixed Point Fields 23 

8. Existence of Fixed Point Fields 27 

9. Mlnkowsklan Bound 29 

10. Units 32 

IV. Class Number of Fixed Point Fields 
11. Determination of Class Number 35 

12. Class Number Unequal to 1 40 

13. Concluding Remarks 44 

TABLE I 45 

TABLE II 47 

REFERENCES 48 

vi 



1. Definitions 

The Hllbert modular group H for a totally real 

field K of degree n over the ratlonals Q with conjugate 

fields K1, K*is the group of transformations 

T such that 

(1) T(z,z' z<n-l>) = 
Jz^ J9 z• +<5« /(n-D^n-D^n-i)] 

where (z, z1,..., z^"1̂ ) £ UxU1 x... xU 1̂1"15, U,U' U^"1* 

denote n copies of the upper half of the complex plane, 

Ĉ /3»7»6e°K ("toe integers in K) f (a totally-
positive unit). In the following z will be used instead of 

(z, z*,..., z n̂"^ ) and (1) will be written 

i < « >  

Rc UxU'x^txU 1̂1"^ will be said to be a fundamen­

tal domain for the Hllbert nodular group H if for every 

z £ UxU'x*••xu(n"^) there exists a T £ H such that T(z) £ R 

and if z^z^f R are such that T(z^) = T(z?) for some T f H 

then z^ and z^ are on the boundary oi R. HQ = Hq(K) will 

be defined to be inf £x: x = Imz'Imz1•••Imz(a~l) for 

(z, z*..., ) belonging to the fundamental domain of the 

Hllbert modular group over Kj. 

1 



The following theorem due to H. Cohn ^ 2 j , which 

3ives a lower bound for HQ in the quadratic cane, will be 

used below. 

THEOREM 1. If K is a real quadratic field with 

clar,s number 1, then Hrt »- ^ where d is the discriminant of ° d 

In the following K will be assumed to have class 

number 1. This is done so that we will have H »• 0, as 
o 

shown by Kaass [ 5 1 • 



2. ?1xed Points 

A point z will be said to be a fixed point of the 

Hilbert modular group H if there exists a T £ K such that 

T(z) a z and T is not the identity element of H. We will 

let = H^(K) = lnf fx:x = Imz*Imz' • • •Imz n̂"^ with 

(z, z *,... f z n̂~^ ) a fixed point belonging to the fundamen­

tal domain of the Hilbert modular group.] It is clear that 

* H0. The following lemma characterizes fixed points. 

LjJKMA 1. The most general fixed point is 

(?) z0 = - f ̂VA--"T 

where for a unit £" andTCO^, 

( 3 )  A  =  -  r 2 —  0  

(4) £2+ J\ = 0 (mod 4^). 

Proof. If zq is as given in the lemma, the 

transformation that leaves zQ fixed is ^iven by 

/ < x  f i \  l i f t  4 f A \  

17  !  )  \ T 

3 
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2 „ .2  which are all in 0^ since (3) and (4) r;ive us ^ = 7 (mod 4) 

and hence = X (mod 2). 

Now suppose Yz = Z°* Then/zo">'(6 ) z o"j3= 0  a n d  

_ -6+u±'yf~52-2Ci6+(xs*'*7C 
z° 

Therefore for z0 to be in the upper half plane 

, = -f ̂ -lVAa-nT 
0 2/ 

where ^£-(5+0() = ^P-T2~ 0 and £ = (5 - OC and 

£2+A = (6-a)2+4^(6+a)2 = ^e-^a6 = *>fl7 - ° (®°<i 47)• 

With the aid of this lemma we are able to prove the 

following theorem due to H. Cohn £ 2 j which will be of rreat 

importance in determining the class number of certain rela­

tive quadratic fields. 

THEORY 2. Let X and £" (unit) belong to 0^ and 

let A = 4e-T 2 — 0. If Ji 0K is such that 

(5) f2*A = 0 (moci *7) 

is solvable, then there exists fi.£2.r2 £ 0^ such that 

(6) £fv!£f = 
4 77 and 

2 

(7) |n( 72)| = oAl. 
' 2nH, 
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Proof. Let zQ be a fixed point as clVcn in lemma 1. 

Then there exists a V £ H such that V(sQ) is in the funda­

mental domain. We can say 

Z1 =  V( z 0 )  =  \ p - [ l V -  (a totally positive unit) 
V z o  

and ••Inz|n"^^ — Hi» since z^ is a fixed point 

of VTV~\ where T is the transformation which leaves z Q  fixed. 

Thu: 

Imz^ = Im 

or 

(?) 

where 

&z 0 *u ) i v *o *  o ) ]  =  (Ap -uv  ) i ^» 0  =  yiA^r 

\Vz0+py J | V z 0 *  p j 2 "  2 j  |i/z„+P| 

inzi = 7?grVA3gnr 

9 
V £2^2Zj) p 

= *r 2̂ 2Pj': .jl̂ yn' 

=  < , -V  £  *27  p f ' + t sS  

11 

Since z1 is also a fixed point, we have by lenna 1 

YATVAT VAI°-T) 
a7i'a7i"'27ln-1» 

T — - +1 
where - H, 



6 
( A i )  II( r? 1 . ^lnce /\ = 46-7"' = det(I)-(tr(T))2 

' 1 1 

= det(VTir1)-(tr(VTV-1) )2 = 4C1-7'£ = A1 we have 

(,) Xm2l = 
/i 

Comparing ( 3 )  and ( 9 )  "we obtain 

VA°C"71 7?gT#B"7 or 

2 4' 

* = 7(wfg£) =7>?7i 'W and ^ have the same si^n. 

Hence, on setting ̂  = ^?7l» P1"00*" completed. 

3y replacinc £ by 7'-2^ the congruence (5) becomes 

r̂ „4r£+4£2+4e-r2 = o (mod 4^) or £2-f£ +e = 0 (mod ^), 

Also by replaclnc 2£i""^'^ and ^2 ̂  becomes 

4  £  i - 4 Tf  1  f  g+r 2  f  e£  1 - r g  £  ̂  
4 / 

f l - r ^ ^ e f i - 7  7 s .  

Thus vre are allowed to restate theorem 2 as follows: 

TH^ORiil 2A, Let 7* and 6 (unit) belonr; to 0V and Xw 

let^ = 4^T2-^ O, Then the solvability of 

(10) £2-r£ + e 5 0 (ra0d 7) ln °K 

implies the solvability of 



( l i )  1  £ 2 * ^  £ 2  ~  T  l n  ° K  

with 
|S( r.), - ±lAl 
' 2 ' 2^ 

Let us observe the consequences of this theorem for 

n = 1, I.e. K = Q. Then the only admissible £ is 1 and T 

must be 0 or 1. We consider the casef= 0. Then the theorem 

states that the solvability of £*"+1 = 0 (mod ~jf) implies 

the solvability of £i+£2 = wlth S»7» \l» ̂ 2,T2 

rational integers and 

|i;(72)| = j72| - flilAU 2^2 
' d> 2HX V3 

since (;) = V3/2. Therefore 7^ = 1. Hence theorem 2A 

is neon to be a generalization of the classical result of 
p 

Fenat that the solvability of x +1 = 0 (nod m) implies 
p p 

the solvability of x'+y = ra for ra a positive rational inte­

ger. This result in turn can be used to prove, in a very 

simple manner, that Q(~\J-1) has' class number 1. In section 

8 a theorem will be proven, using theorem 2A, which will 

aid in determining the class number of certain imaginary 

fourth degree extensions of the rationale. 



3. Basis Theorem 

In the following K.^ will denote a quadratic ex­

tension of the rationale having class number one, I.e. 

= Q(i/m) where m Is a square-free rational Integer and 

Q(-\/~ni) has unique factorization. If /i is a square-free in­

teger in K^, K2 will denote The following basis 

theorem will be needed to determine the factorization in 

0K2 of the primes in 0K̂ . 

TH30REK 3. Let (2) = (A2)l; and (/i ) = 

(A.x)ai (,l2)a' (7^)*««(rrr) in 0K . Let and be the lar­

gest rational integers such that 

(12) V 2  E LL  (mod Xl^X22Z? ) 0 - gx - JJlf 0 - g2- i 2 

is solvable. If is a solution of (12), then 1, Q is 

an integral basis for K2 over where 

(13) Q= V̂ . 
J 1 A1 a2 

Hence 1,U, Q,uQ is an integral basis for K? over Q, 

where 1,CJ Is an integral basia for over Q. 

8 



V 2 -  i f  
£1221' NK2/K1(<̂ ) = ls an lnteser 

in Kx by (12). 
2 1) 

TK2/Ki^^ = , 6i . g1 is an integer 
Ai1A2' 

in since | 2* Hence Q ls an integer in K^. 

Let A = '̂ %y ./M be an arbitrary integer in Kg where 
i f  

CC,j3tY are integers in and (CX,/?, T) = Then 

(14) N . (A) M and 
k2/k1 7^ e' 

(3-5) = ̂  

are integers in K1# Therefore yj2CX and • 

Suppose 7T|( 7»a), thenTT2 j Q 2//• Therefore 2̂ sinceTTljQ. 

This is a contradiction since // was assumed to be square-free. 

Hence (J,CX) = 1, and from (15) /|2. 

Also from (14) CX2 = JJ^Ll (nod If2). Mow {y,J3) ~ 1 

since otherwise (C£ 1# Therefore there exists 

P (: Ojr^ such that pjl = 1 (mod 2̂). Hence Z/2e /i. (mod 2̂) is 

solvable with \ j -  p C X• Therefore A = ̂ - ^ where g, and g? 

Afaf2 

are as given in the theorem. 



Note that A®1 A|? ls "toe "worst possible" denom 

inator for an Integer in 0V . Now 
2 

a-aq 

As> X 8l 
Ai A 2 

is in Ojr OKr Therefore it is in 0K̂ , and hence 

A =al~PlVl * D j Q .  
Jl Sl 
1 A2 

Henceforth we will write Q = 2% where T 

7x fl 

denotes the denominator as given in the basis theorem. 



A. Discriminant 

When A£K^, will denote the image of A under 

the automorphism of which sends •yfpCinto and A"" 

will denote the image of A under the isomorphism of Kg 

which sends -yfm into -̂ HT. 

THEOREM A. The discriminant of K is 
2 

l6d N(/i. ) 

7i> 

where d is the discriminant of K, and T is as defined above, 
1 '1 

Proof. 

Discriminant = 

1 

1 

1 

u  f t  

ua 0s 

u Qz 

us QSs 

u  0 

u  Qs 

us ns:; 

1 U 5"J 

i  u s  Q s  

o o Q -Qs 

o o Q°-QSs 

uQ 

t/! Qs 

u ( Q - Q 3 )  | 

uB( Qg-QSs) 

li 
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= [(us-u)2<n-03)(0s-0S5)] 

HU aVu5 

7i 7J j 
I6d' ££AL> . 
N2( 7,) 

The relative different of K2 Is defined to be the 

Ideal (A^-A^, ̂ -A^, ), where runs through all 

elements of 0^. The relative discriminant (5 of is 

defined to be the square of the relative different. 

THEOREM 5, 5 = 
n 

Proof. $ — A t̂ ^2* * * * ^ 

= wiv^ iMt 

l 7i 7i 
g~\/jZ \2 ton 
r7 vJi' P2' • • ' ' 
' I  

'in. \ 

71}  

TiLSORa; 6. (1) Let ffbe a prime in 0V such 

that TTfe. Then the relative discriminant of K2 is divisible 

by 7T if and only if?T|C^. 
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(il) If A?ll2 in 0K̂  and X\"U then 

the relative discriminant of Is relatively prime to X 

if and only if 

(16) LL = U2 (nod A2*) is solvable in 0 . 
H 

Proof. The first part is obvious. For the second 

part suppose (16) is solvable. Then by the basis theorem 

XS|7i» and Conversely, if then A?|7i* Hence 
1 7i 

by the basis theorem 11 (mod ) is solvable. 



5. Factorization 

As the following theorems will show, the Ideal 

factorization of primes In relative quadratic fields is 

analogous to the factorization in quadratic fields. Here 

the relative discriminant plays the important role. 

THEOREM 7. Let Tf be a prime in such that 

TtfcU* Then (77) = PXP2 in K2 If and only if 

(17) 11= a2 (nod Tf )  

is solvable in 0„ # in which case 
n. _ 

= (rr,cento 

r2 = Crr,cx-y71.). 

Proof. Note that ( ( X , V )  = 1, since lfTTjCC, then 

•jY'j/.^whlch is contrary to the hypotheses. Therefore P^ ^ P2, 

for if Px = P2, then ^ = in ,a+TfiT,CX-rfi, 2C0 = (1) = Pg 

which is impossible. 

how PjP2 = (T r 2 , r r (a *^J I ) ,T r (a - - ^ fT ) , i i - a . 2 .  

= (rr)(rr,a+'v7i".a-VM»<^-c<2)/rr. so) = (rn since err. aa)= i. 

Conversely, suppose (7f) = ?ip
2« Tak3-nS relative norms 

we have (7T)2 = P1P2P^P|, but also {T f ) 2  -  pip2pip2* H e n c e  

S S 
P1P2 = P1P2* Therefore either 

14 
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(18)  

or 

( 1 9 )  

P1 = and P2 = 

Px = P^ and P2 = ?*. 

r> O Now there must be an element CX*/.1. : In P^ such that 

P^ = ( ̂ t 0".•/?Q) 81,1(1 (rJ,p) = 1. Por lfT'|/lfor all element 

In P1( we would have P^ ; (7T,CO. an ideal In K1# 

Now If (15) holds 

?x = ('.'.a+/]Q,a+/]Q5,2./?V/v = uj 

which Is Impossible. Therefore (19) must be true, i.e. P2 = P 

Let ,-Y^. nSJ- ^ 
A = ' ̂  ̂£ P^ wl th ( 7T,fJ ) = 1» then 

k "  
7i 

£p£ = P o*  

Since PXP^ = ( 7 T ) ,  AAS = o  (mod Tf) 

71 

or 

CX2 = (mod 7T). 31nce (7T,JJ )  = lf̂ 7has an inverse^" 

(mod T) and (£ct)2 = /( (mod 7T) • 

THEOREM 8. Let ^||2 In 0^, and let (6, 1 )  

Then (X) = 811(1 only 1* 

(20) U =• CC2 (mod A2Ul) 

Is solvable In 0«. • Moreover, in this case 
xf l. 

= 1. 

(21) 
L1 = 

l2 = 

A. 

A. 
x  , — 
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Proof. By reasoning Glmllar to that used In 

theorem 8, we find that, If L-^ and L2 are as given In (21), 

L1 * V 
Now suppose (20) Is solvable and and are 

given by (21), then 

-2 ,, \ 
LiLj - > 2 . i , ,  ;  • • • t i  

since A T~" 

- (I),'1 ' ( * l l  <-*/< ' <  ' -U  2v;; - (A) |,.-y 

=  ( A )  

= i. 

Conversely suppose (A) = Then ^A)2 = L1L2L1L2 STS 

and ( A ) = L^L JJL^L^. Hence either 

(22) 1^ = and 

or 

(23) ^ = l| and L2 = L^. 

As in the proof of theorem 8 there exists an element 

X +  0 ' •  .  I n  \  su c h  t h a t  =  (  A  a n d  ( J 3 , \ )  =  1 .  

Now if (22) holds 

But (J = ML and ( <5 , A ) * 1. ̂  (/?2» A ) = 1; thus Lx = (1), 

'1 

which Is impossible. Hence (23) holds and (A) = 
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A - Qlr̂ AlL belong to where ̂ jA. Vie now have 

(24) AAS = = o (mod \). 
T1 

Since X^A- t  ( Cf t  X ) = !• Hence there exlsts.fCO such that 
' J Ki 

£ff = 1 (mod A). Thus from (24) we obtain 
-J 

(25) (f(J)^-LL - 0 (mod ^ ). 

7 l  

Since (6 » A) = 1» theorems 6 (11) and 3 show that T^; 

therefore (25) yields (^^J2 - // (mod 2̂J+1). 

THJ20ILSK 9. IfTTlsa prime in 0*, such that 
1 

77; jx and lT\?, then (7T) = P2 in K2 where 

(26) P=(7T,V/I)-

Proof. Let P be given as in (26). Then 

p2 = ( r r 2
t r r \ J l t / i )  = (7r)(7r,VZT"»/Vrr) = (rn 

because (7T,/i/7T) = 1 since ̂  is square-free. 

The factorization of primes which are factors of 

2 and & is somewhat more difficult and requires the fol­

lowing lemma. 
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L3-IKA 2. Let \ be a prime factor of 2 In 0T 

such that ,^|]2 and \6 |! 71# Then If 
K1 

(27) V2 ^ 1.1 (nod A2g+1) 

is solvable In 0^ • 
x. 

Proof. Case I. g = 0. 

Suppose first \= 2; then m ~ 5 (mod 8). Let 1 t(J- m 

2 
denote the Integral basis for 0K . Let u = a+bLV andjy = x+y^'. 

Then (27) becomes 

x2+y2i l+m+2~V n j+2xy(j-(a+bU) = 0 (mod 2) 
1 4 I  

or 

x2+(^T '̂] y2-a+(y2-b)L7 z 0 (mod 2). 
\ 4 1 

Since z 1 (mod 2), to solve (27) we must solve 

J 
| x2+yc-a = 0 (mod 2) 

i 2 j y -b = 0 (mod 2) 

simultaneously In rational Intecers x and y, and this Is 

clearly possible. 

If A ̂  2, then A = 0 or 1 (mod A ) 811(1 (27) is 

clearly solvable. 

Case II. g = 1. 

Since g = 1, there existssuch that 

V\ = U (mod A2)-
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L. 

Let . ! •  A-*y/ = rf. Since (f ~ 0 or 1 (mod \), there exists 
A 

such that p2 = (f (mod \). Let ̂  = l\+PA » -  Then 

Lbi. = v l rU* z Pv \X*P 2 X 2  
= + 

gA pyx 
13 13 ) 5T^ A 

which is in 0 V 
A A-

Hence (27) is solvable with = 2y2« 

THEOREM 10. Let A|(2, (5 ) in 0K # Then (^) = L2 

in K2 where L = ( A.V/I) if A|U and L = ( ̂ ,0) if A \ 11 and the 

V]_ in Q is taken to be such that Î  s (Ji (mod ̂ S+l). 

Proof. Suppose \ | U and L = ( \ tVjI) • Then 

L 2  =  (  1 2 . ; V / T . « >  =  ( A H A  ,iu ,u/\)  =  ( A )  s i n e s  ( I . A V A )  

Suppose A f  Then since \l(5 we have A | V ? 1  mii hence 

g -=• \. Therefore by lemma 2 there exists an integer 

in such that 

( 2 8 )  y \  =  a  ( m o d  A 2 g + 1 ) .  

Let L = ( ̂ ,0) where the U-^ in is given in (28). Then 

Ls = ( A.QS) and 
f i - Q S  =  =  0  ( m o d  }  )  s i n c e  g -  1 ,  

h 
Hence L = L° and 

L2 = LL2 = (l2,AO.AOs.^|-) = ()j|l(Q,Qs.m = (A ) 

because A. i 

A7i 
= 1, for if X l i 'U  

A 1\ 
we would have 
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f.1 (mod which contradicts the definition of g. 

Theorems 7, 8, 9, and 10 can now be combined to give 

the following theorem illustrating how the prime ideals in 

Ov factor in 07 , 
1 k2 

THEOREM 11. Let ^7 denote a prime in K-^ such that 

Tffe and let \ denote a prime in such that ^ j;2. Then: 

(7T) 
if 7T{/i and CX2 = fi (mod ft) 

is unsolvable in 0K^# 

( T T )  =  )  i f  r r { / /  a n d  a 2  =  fi (nod ft).  

i f  r r l  / / .  

( A )  =  

( ^ )  a n d  a 2 =  I J  ( m o d  / \ 2 U l )  
is unsolvable in 0^ • 

k1 

(  A  »  )  (  A  ^ ̂  ) if A |  6 (X2 = U (mod^2^+1) 
A s  

^(a.vzt)2 

q.o)2 

"  A | M .  

If X j (5 and A P-» where the V, 

in Q is ouch that 

V \ =  f l  ( m o d  A 2 ® " 1 " 1 ) .  



6. Galois Group 

We proceed now to the task of determining the 

G a l o i s  g r o u p  I 5 ( K 2 / Q )  o f  t h e  f i e l d  K 2 .  

THEOREM 12. K2 IS a normal field (i.e. V/Js £ K2) 
\ 

If and only If fj° - (If3 2 where p € 

Proof. Suppose =^/p2. Then V/V9 = p"*J]T £ K2. 

Suppose V/is € K2. Then where CC £ K^. 

Hence = OC2+fi2 U *2CXJ3^/U and a=Oor^=0. If ft =  0 ,  

/is = QT2 and = ( CXS)2 which Is impossible since is 

square-free. Therefore CX = 0 and =y32/X« 

COROLLARY 1. K2 is a noraal field if and only if 

N(/X) = a2 *°r some a £ %. 

Proof. If K2 is normal ^ p2 for some p £ 

a n d  K ( / /  )  =  / ^ / X s  =  ( / I  p ) 2 -

I f  N ( / /  )  =  a 2 ,  t h e n  / i 9  =  rx2/fji = jJ.{CX//i.L )2 and 

Ko 1g noraal. 

THEORliM 13. If Kg is noraal, then 

( l ^ / Q )  =  { l , s , S , s S }  s 2  =  S 2  =  1 ,  s S  =  S s .  

21 
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Proof. Clearly s, S £ &(K2/3) and s2 = G2 = 1. 

Cince K2 la normal £(s = /7/Q2 for some pf and we have 

(cx+/)Vu) g 3  =  ( a  s * / ? B p V / I ) s  =  « s - / } s p V / I  =  c x B-/)SV/Z5 

= (CX-y ;V/J)S = (CX+/ V/7)°S. Therefore sS = Ss. Also the 

number of elements in /^(K^Q) is 4 Eince K2 is a normal 

fourth degree extension of Q. 

The following theorem will not be needed in the 

future material, but is Included in order to complete the 

discussion of the Galois group of K2. 

THiSORa* 14. If is not normal and N = K2(V7IS) 

(the splitting field for (x2-//)(x2-//s)), then 

# (N/Q) = fl,(13),(24),(13)(24),(1234),(1432),(12)(34),(14)(23)} . 

Proof. Let x± =V/T. x2 = *3 = -V/T. xA = -~VjT§. 

Any 3 automorphism of N must permute x^, x2# x^, x^, and 

must leave the rational number x-^x^ + x^x^ fixed. Also 

there must be 8 automorphisms since N is an eighth degree 

extension of vi. The theorem follows immediately. 



7. Normality of Fixed Point Fields 

The fields with which we shall be concerned in the 

following will be called fixed point fields and are defined 

as follows: Let denote a real quadratic extension of Q 
r> 

with class number 1, and let fJL0 - where tf Is a 

unit and T £ 0^. Then K2 = will be called a fixed 

point field. Note that jit has exactly the sane form as 

In theorem 2A. There arose from fixed points of the 

Hllbert modular croup; hence, the name fixed point field. 

In general jJ.Q  will not be square-free, but v. 

may write (1Q = (T2// where /I is square-free. Then 

Kg = = K^V/Z), an« we see Kg is a relative quad­

ratic field as discussed in Chapter II. Hence the theorems 

In sections 3 thru 6 apply to fixed point fields. 

Continuing vrith the ideas pursued in section 6, 

now applied to fixed point fields, we prove the following 

theorem. 

THEOREM 15. If K2 is a fixed point field, then 

Ko is a normal field. 
C. 

Proof. We begin by making two observations which 

will not only be used in the proof of this theorem but 

23 
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also In later proofs. 

-flg = 4e-T2 - and = 4es.(r°)? = 4fs 

Give us 

(29) 13U/0) - 16« 

Also T2 and ( X s )  4 £" 3 yield N2( T ) * 16 or 

( 5 0 )  | N ( T ) |  -  4 .  

Prom corollary 1 It suffices to show that N(/i) Is 
p 

the square of an element In X^. Glnce Uo = 0 U• 

K( U0) = N2(Cf )N( U ) and It will suffice to show N(U ) is 

the square of an element In K^. From 

(31) or? Hu/0) = (r?-4e)(( r8)2-^) = K2(T)-4Kr2es)+i6 = i6 

we ceo ?(7*%s) — 0. If T = 0, N(/LL0) = 42 and we are done. 

When X t 0 the proof breaks Into several cases. 

Cane 1. ra ^ 4n+l 

Let X2CS  = a+b"\/~m where a and b are rational Integers, 

Then T(7"2(TS) = 2a and by (31) we have 

( 3 2 )  1 6  >  N ( / i 0 )  =  N 2 ( T  ) - S a + l 6  >  0 .  

Case la. |u(T)| = 1 

Then by (32) we have 16 ^N(/i0) = 17-8a > 0, 
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Hence a = 1 or ? and 2i(// ) = 3r" or l2. 

Case lb. |k ( T )| = 

Then by (32), 16 :r N( /Z ) = 20-3a =-0 and a = 1 or 2. 

If a = 2, N( il0) = 22. Since IUT2(f s) = a^-b^ = 4, If a = 1, 

o 
then -bna = 3 which is Impossible. Hence a cannot be 1. 

Case lc. |N( T )J =3 

Then 16 > N(// Q) = 25-3a ^ 0 and a = 2 or 3. 

Thus N(|/q) = 32 or l2. 

Case 2, m = 4n+l 

Let f2 f s = a+bj^* j where a and b are rational 

integers. Then ?(T2CS) = 2a+b and (31) becomes 

( 33) 16 > N(/i0) = N2( T )-4(2a+b)+l6 - 0. 

Case 2a. |»( T )| = 1 

T h e n  ( 3 3 )  b e c o m e s  1 6  »  i i { j J L Q )  = 17-4(2a+b) »• 0 and 

2a+b = 1,2,3, or 4. If 2a+b = 2 or 4, li( UQ) -  32 or l2. 

SuoDose 2a+b = 1. Then N(T2CS) = * 2 a + W ' ~ " n b  =  l  a n d  
4 

-tab2 = 3 which is impossible. Therefore 2a+b = 1 is ex­

cluded, which leaves only the possibility 2a*b = 3. In this case 

N (  T 2 £ ~  s )  =  = 1  o r  m b 2  =  5 .  H e n c e  m  =  5  a n d  

» ( f i 0 >  =  ( V ~ 5 ) 2 -

Case 2b. |N(T )| = 2 

In this case 16 * N(//Q) = 20-4(2a+b) =» 0 and 
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2 2 

2a+b = 1,2,3 or 4. But M( T2 € s) = (2a+b) -mb _ 4 or 

4 

(2a+b)^ = 16+mb^. Hence 2a+b * 4; thus 2a+b = 4 and 

K( UQ) = 22. 

Case 2c. |N( T )| =3 

We then have 10 » N(/i0) = 25-4(2a+b) — 0 and 

2a+b = 3,4,5 or 6. Also N(T2fS) = t 2 a * b ) ' -  9  o r  
4 

p o 
(2a+b) = 36+mb which requires 2a+b * 6# Hence 2a+b = 6 
and N(/i ) = 1. The proof of the theorem is now complete. 

If K_ is a fixed point field and A £ K0, the above d d 
theorem tojether with theorem 12 allows us to say AsS = ASs. 



8. Existence of Fixed Point Fields 

It Is natural at this point to ask about the exis­

tence and abundance of fixed point fields, i.e. for a fixed 

positive integer m such that Q(V~m) has class number 1, how 

many exist such that// is the square-free kernal of 

p Q = 7*2-46~-~0. For 6 = 1 it is clear that f = 0 and 1 are 

admissible values for T and thus (V-3) (If 3 is not a per­

fect square in K^) and K^( Y^4) = K^( are always fixed 

point fields. Hence for fixed m, fixed point fields exist. 

We proceed now to partially answer the question of abundance. 

Since 7*2 46" we see that £ must be a totally pos­

itive unit. If we let £Q denote the fundamental unit of 

= Q("\/"nf) then 

el* [( r/e^)?-4] if n = 2k 

[( T/f£)2-4C0] If n = 2k+l. 

(34) uo = rufj = 

The quantities that appear in brackets in (3^) are admis­

sible values for a different UQ which gives rise to the same 

fixed point field. Thus in seeking admissible values for 

jjL0 we may restrict the values of C to 1 and e if e0 is 

totally positive and to 1 alone if is not totally positive. 

( I f  € 0  w e r e  n o t  t o t a l l y  p o s i t i v e  n  c o u l d  n o t  b e  o d d  i n  ( 3 4 ) . )  
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For fixed £ we now show that there are only a 

finite number of values for T that Give rise to an admis­

s i b l e  / i 0 .  L e t  7  =  x + y L . / ( l , L /  I s  a n  i n t e g r a l  b a s i s  f o r  1 ^ ) ,  

where x and y are rational integers. Then x and y must 

satisfy 

-2"^ - x+yu - sVT 

(35> -2v?s - - 2v?®. 

Now if (x,y) is a solution to (35), (x,y) must be a lattice 

point in the interior of the parallelosram determined by 

the four lines 

x+y u = 2vt 

x+yu = -2 V?~ 

**yub = 2vt® 

*+yus = -2vc*5. 

Thus we see that for fixed C, there are only a finite num­

ber of admissible values for 7". This proves the following 

theorem. 

THEOREM 16. For a fixed m, there are a (non-zero) 

finite number of fixed point fields. 

Table I on page 45 gives a listing of all admissible 

values of (J for selected values of m. 



9. ::inlcow3klan Bo mid 

In determining the class number of a particular 

algebraic number field, much work can be eliminated by 

being able to say that every Ideal class contains an ideal 

with noun less than or equal to some fixed number. Such 

a number Is often called a Minkowsklan bound on the norms 

of Ideals in ideal classes. The following theorem, which 

appears on page 190 of £ 7 ] , will be used to determine a 

Kinkowskian bound for fixed point fields. 

THEOREM 17. Every ideal class of an algebraic 

number field contains Infinitely many prime ideals. 

THEOREM 18. If is a fixed point field, then 

every ideal class of K2 contains an ideal \j/ such that 

>[y] = 

Proof. Let f^iQ = -r2-4C—-=0 and also let H = (/2// 

where /i is square-free. Then K2 = is a fixed point 

field. Let & be an Ideal class of K2« The theorem Is 

clearly true if <3. is the class of principal ideals, so 

we may assume <3. le not the identity class. 
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Let PfQ. where P 1b a prime ideal such that p|( 
N 

This is possible by theorem 17. Now, by theorem 11, pp° = ( I T )  

W h e r e  f t  i s  a  p r i m e  i n  w h i c h  d o e s  n o t  d i v i d e  ( 2 1 1  Q ) .  

Again by theorem 11, there exists an integer Oin such 

that (X2 = j.l (mod 70 • Hence if p - CX • 

( 3 6 )  p 2  =  f j i 0  ( m o d  7 T ) .  

S i n c e  ( 7 T , 2 )  =  1 ,  b y  t h e  C h i n e s e  R e m a i n d e r  T h e o r e m  t h e r e  

exists & Pi C 0K such that pi  = p (mod Jf) and pi  = T (mod 2) 

Hence = T"2£ for some integer > in K^, Prom (36) we have 

p \  =  p 2  =  4 £ 2 - 4 r £ + r 2  s  ( j . o  =  r 2 - 4 e  ( m o d  r r ) .  

Hence +1 = 0 (mod T'), Now from theorem 2A there 
,V  ^  

exist integers t 2* 72 ln *1 sucil 

( 3 7 )  r l =  t t t 2  

with 1 

k( r ) « kiukl 
' 2 

Or, revrritlng (37) we have 

( £i~ c2x)( si" ̂ 2x)s = ( T r ) ( J 2 )  = pps( 72) 

where X = an integer in K2. Hence P J ( or 

P | ( *i'thou't loss of generality we may assume 
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p | ( £ l - ? 2 x > -  T h e n  (  ; ' l - f 2 x )  =  p r  a n d  P P s p r S  =  ( T T ) ( 7 2 )  

Clearly PC &"1 and ps £ 0L, since pps = ( ^2)* We 81180 

have sk2/q[^s] = %/q [( 7s)] = |V«1 7a)|= 

The following corollary Is an Immediate consequence 

of theorem 18. 

i 
COROLLARY 2. If M  ( / i Q )  -  2 ,  t h e n  K 0  h a s  c l a s s  ah. c 

number 1. 
4hi 

We conclude this section by giving a simple, but 

important, application of theorem 18. R. DeVore has shown £3} 

that for the field Q(V~5), HQ = V5/4. This result was 

proven by showing that HQ r Y5/^ and that H
0-V3/4. It 

will now be shown, using theorem 18, that HQ * V5/4. Let 

m = 5, C = 1, and T = Then = -5+VJ is 
2 2 

totally negative. Since » HQ we have, if H0 =- V5/^» 

N V s ,  
4% - 4H0 

Hence, by theorem 18, we would be led to the absurd state­

ment that every ideal olass of contains an ideal 

of norm strictly less than 1. Hence H0 * gives 

another proof of (the easier) half of DeVore1s result. 



10. Units 

The following theorem serves to characterize units 

In fixed point fields. It should be noted that the proof 

In no way depends on Dlrlchlet's unit theorem. The proof 

does, however, require some knowledge of the structure of 

units In real quadratic fields. This may be found in [ 1 ] 

THEOREM 19. If K2 IS a fixed point field, all 

units are of the form /^E11 where 

60 denotes the fundamental unit of and is a primitive 

k™ root of unity, n^ (determined (mod k)) and n2 are 

rational integers. Furthermore 

/ 12 if (1 = -1 and m = 3 

4 if // = -1 and m ^ 3 if H = -1 and m ^ 3 

k  =  < 1 0  i f  fl = - 5  

6 if (1 = -3 

if f± = - 5 ± VF 

if jl = -3 

\ 2 otherwise 

Proof. Let 3 be an arbitrary unit in K-2. Clearly 

| = |e°| and Jfi^J = |3oSJ , since A° is the complex 

conjugate of A. Also |3e3ss23s| = |e|2|es|2 = l. 
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Hence |s 11 Es| = 1. 

Consider the set U = [x:x = log |i^ and E Is a 

unit In K^. U forms an additive subgroup of the real 

numbers. Suppose the elements of U become arbitrarily close 

to 0. Then |E| becomes arbitrarily cJ.oce to 1 and 

| S |2 = jEEs| = |£~Q| becomes arbitrarily close to 1, which 

contradicts the definition of 60 (the fundamental unit 

of K-j_)« Hence U is not dense and it must contain a smallest 

positive element. ThU3 there exists a unit EQ in 0^ such that 

each element in U can be written as nlog | eQj where n is a 

rational integer. Therefore for any unit e in k2, JeJ = JsoJn 

o r  S  =  ej}£ w h e r e  | £ |  =  1 ;  a l s o  |  e s| =  | i S § | n  o r  E s  =  ( B ® ) n £  8  

w h e r e  | £ s |  =  1. T h u s ,  s i n c e  £  a n d  a l l  i t s  c o n j u g a t e s  l i e  

on the unit circle, £ is a root of unity (as shown on page 

122 of [4] ). Now |e0EQ| = |ej| with t = 1 or 2, for if 

t 3, = Eq/ £• would be such that 

Ml = |e£-2| - K\ = I Volor N - hoi 

which contradicts the definition of EQ. If t = 2, |sQ/ C0| = 1 

and E0 can be chosen to be t Q. If t = 1, then j2
0j2 = jfQJ 

a n d  E 0  =  V £ q ( 9  w h e r e  | $ |  =  1 .  Q  m u s t  b e  r e a l ,  s o  Q  =  1 1 .  

0 = 1 can be eliminated since V^o canno't a fixed point 

f i e l d .  T h u s  Z 0  =  V " C 0 .  I f  V - T ~ o  £  K 2 »  =  V ^ o t  

whereO(,J3 £ HenceCX2* [.iff+2OLp\fU = - €0. Thus (Xfi = 0 
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and p £ 0. Therefore CC= 0 and^}2 = - e0/fl. Now -

Is not  a  p e r f e c t  s q u a r e  u n l e s s  -  6 0 / j J L  -  1 »  o r  j J i  =  -  f 0 .  

In order that {-^ (a primitive k**1 root of unity) 

be in Kq »  0 ( k )  m u s t  b e  2  o r  4 .  H e n c e  2 ,  3 ,  4 ,  5 ,  6 ,  1 0 ,  1 2 ,  

are the only possibilities for k and 

£2 = -1 

<4 = v* 

~ \ • 

£ l O =  "  ̂ 5  

£ 12= • 

In order that *12 £ K2, we must have m = 3 and (JL = -1. 

In order that £ Ko, we must have fj. = -3 and if K2 

we must also have m ^ 3« 

In order that £- £ K^, we must have (m = 5 and) 

In order that £46 K^, we must have = -1 and if £l2 £ K2 

we muct also have m ^ 3. 

Also, £3, € K0 if and only if K2 and ^ if and 

only if £ K2» The theorem follows immediately. 



11. Determination of Class Number 

The following theorem gives neoessary conditions 

for an algebraic number to be an element of a fixed point 

field. It will be used in showing certain Ideals to be 

non-principal. 

THEORIM 20. If A { where Is a fixed point 

field, then "-"-O. 

Proof. Let A = (X+flrfl whereCCThen 

= OC2- 11J32 "" 0 since [1^0 and 

N
K2/K1

(A) 8 = (aS)2-//S(>0S)2- 0 since fi8 - 0. Hence 

nk /k ̂  1s totally positive. 

Included in Table II oh. page 47 is the class number 

of specific fixed point fields. These have been determined 

using many of the preceding theorems. The following three 

examples illustrate many of the techniques which have been 

used. 

Example 1. Let m = 5, 7" = 0 and £ = 1. Then 

fjQ = -4 and fl = -1, i.e. K2 = ^f^i). Since H-j_ ~ 

35 
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we have 

4% - 5~ "" 2* 

Hence by corollary 2, has class number 1. 

Example 2. Let m = 3, t = 0, 6" = 6" = 2+VT« 

Then //Q = -4e0, and = -f0. i.e. = Q(V"3, V-2- V3). 

Prom theorem lf -= 2/d = 1/6. Hence 

st'mn) « 6. 
4Hl 

Therefore from theorem 18 every ideal class of K2 contains 

an ideal of norm less than or equal to 5. But since 5 does 

not factor in = Q("V~3) there are no ideals of no no 5 and 

the classes vhich contain factors of 2 and 3 generate the 

group of ideal classes. 

Since (2) = (l+l/T)2 in and l>2 = - £" q (mod 2) 

is unsolvable in 0K . = 1, Q <5 = ^ • 

Hence from theorem 11 we have 

(2) = (x+v3)2 = =l" 

( 3 )  = (VT)2 = (V3.I+Y=T0>2( V3.Wre0
)2 = pfp2 

If L were a principal ideal generated by A, then we would 

have = (l+V^^o whlcl:1 not totally positive, 

contradicting theorem 20. Hence L cannot be prinoipal. 
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Similarly P^ and ?2 are not principal. But L2 and P^Pg 

are principal and 

pjl = (j+y5,vt(i+vr?o)'(1+v3)(i+vrt(,).(1+v-ero)2) 

= (l+v^o'ti-v^fo.vt.i+vt.i+v7? 0) 

= (i+vt?0) 

since (V"3»1*V~3) = 1. Hence P^, P2 and L all belong to the 

same ideal class and thus "K2 has class number 2. 

Example 3. Let m = 11, T =1 and £" = 1, Then 

M0 = -3 = IJL and K2 = QSince V = 1 satisfies 

jy2 = /i. (mod 4), (S = -3 and Q = Prom theorem 1, 
2 

H-i =- 2/d = 1/22 and hence Mfl) -= 17 # Therefore from 
4H1 

theorem JL8 every ideal class of K2 contains an ideal with 

norm 16 or less. Hence the classes which contain factors 

of primes less than 16 generate the group of ideal classes. 

S i n c e  ( 2 )  =  ( A . ) 2  i n  O g  »  w i i e r e  X  =  3 + V l l ,  * > y  
1 

theorem 18, ( \ ) factors in 0%^ if and only if 

( 3 8 )  O C 2  =  - 3  ( m o d  ^ 5 )  

is solvable in 0j^# If we let CX = x+yVlI, then after 

expanding and multiplying through by A, (38) becomes 

( 3 9 )  3 x 2 - f 3 3 y 2 + 9 - 2 2 x y  =  ( 6 x y - x 2 - l l y 2 - 3 )  " V T l  =  0  ( m o d  8 ) .  

Now (39) Is solvable if and only If 
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(40) 3x2+y2+2xy+l = 0 (mod 8) 

and 

(41) 6xy-x2-3y2-3 = 0 (mod 8) 

have a common solution In rational Integers z and y. But 

(41) Implies x $ j (mod 2) and then (40) becomes 

3x2+2xy*y2+l = 2x2+(x+y)2+l = 2x2+2 = 0 (mod 8) 

which is impossible. Thus ( \ ) does not factor in 0R . 

( 3 )  d o e s  n o t  f a c t o r  I n  0 K ^ ,  b u t  ( 3 )  =  ( V - 3 ) 2  ° k 2 *  

(5) = (4+yiLL) (4-VTI) tlle congruences 

(X 2  = -3 (mod 4 1 VTI) are seen to be impossible by testing 

a  c o m p l e t e  r e s i d u e  s y s t e m  ( m o d  4  +  V l l )  ( e . g .  0 ,  1 ,  2 ,  3 ,  4 ) .  

Therefore neither of the factors of (5) factor further in Ov . 
2 

It is easily verified that the factorization of (7) is 

( 7 )  =  ( 2 +Vn) ( 2  -VTI) 

= (2+"^ll# 2+"^0) (2+ »2- v-3) (2-v-li, 2+"^-3) (2- v"ll» 2-v~3) # 

( 1 1 )  =  ( V T l ) 2  i n  0 K l  a n d  O C 2  =  - 3  ( m o d  ^ / ^ ^ )  i s  

unsolvable in Oj^; hence does not factor in 0^ . 

(13) does not factor in 0K^. Therefore any factor 

of (13) would have nonn 132 which is bigger than n* 

Hence the class containing a factor of (13) contains an 

ideal of norm less than 

All the above ideals are principal with the possible 

exception of the factors of (7)» As in example 2 these are 
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not principal since €0 = 10+3Is totally positive and 

2+yn is not totally positive. If we let PP2, P-j, P^ 

denote the four factors of (7) listed in the above order, 

we see P^P-j = (2+Y^3) and P2?4 = (2-V^3). Therefore since 

PXP2 = (2+yil) and P3P4 = pl ~ PA and P2 ~ P^ 

Hence all non-principal ideals are equivalent to P^ or P2. 

Now P^ cannot be principal because if P^ = (a), then 

Nk^^(a) = (2+V^)^Cq which is not totally positive, con­

tradicting theorem 20. Hence the order of the group cannot 

be 3 and thus K2 has class number 2. 

In Example 3 it was shown that the non-principal 

ideals of smallest norm were the factors of (7). Therefore 

if H-. =- 3/28 we would have ^.AU -d) «= 7 and we would be led, 
4ĥ  

by theorem 18, to the false conclusion that Q(VTl,yr3) 

has class number 1. Hence for m = 11, H^^ 3/28. In the 

same manner the following upper bounds for H^ have been 

determined for the values of m listed below. 

m = 3 H l - 1/2 m = 17 «1 = 1/2 

m = 6 H l - 1/4 m = 21 % - 1/5 

m = 7 H l - 1/4 m = 33 1/2 

m = 11 H l - 3/28 m = 41 *1 = 1/2 

m = 14 «!- 3/28 



12. Cla3B Number Unequal to 1 

In Table II on page 47 It is seen that many fixed 

point fields do not have class number 1. The following 

theorems attempt to "explain" why certain fields fail to 

have class number 1. 

THEOREM 21* Let €0 (the fundamental unit in K^) 

have norm +1. If there exists a prime 7T in 0K^ such that 

N ( 7 T )  =  - p  a n d  ( T T )  =  t l x e n  p i  a n d  * 2  a r e  n o t  

principal* (Hence K2 does not have class number 1.) 

Proof. Suppose P^ = (A). Then 

<42> = r r e t  

but TTCQ is not totally positive since its norm is negative. 
» 

Hence by theorem 20 (42) is Impossible. Therefore P^ can­

not be principal. 

As the hypotheses show, the following theorem can 

be applied not only to fixed point fields, but also to ceiv 

tain other relative quadratic fields. 

40 
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THEOREM 22. Let where i j 5 (mod 8) 

and K^ has class number 1. Let K2 = where pi is a 

totally negative square-free integer in K^ and N(/i) ^ 2. 

If S = 4/i , then Kg has even class number. 

Proof. Since m £ 5 (mod 8), (2) factors in 

0^ # If X denotes a factor of 2, A|<5= 4/i. and hence 

( a ) = l2 m °k2# supp°se l = (a)» "to011 nkg/q̂ a) = 2* 

Let A = OC+/3Y/7, *^ere OC,/? € Oj^ (Q =V/T since j = 4/i). 

Then 

(45) = a2-///?2 : 2Vwi|0C/?| 

and 

w Nv*i(A) 8 = («B)2-^S(>0S)2 -

since /!-*-= 0* Multiplying (43) and (44) we obtain 

( 4 5 )  N k  , q ( A )  =  4 N i ( ) U . ) | N ( a / } ) | .  

Now if 0(JJ t 0 we see from (45) that NK^QCa) ^ 4 which 

is impossible. Clearly Q ^ 0 and if OC = 0 (43) and (45) 

give Nk^^(A) = N2(yO)U(/i) which cannot be 2 since N(/i ) ^ 2. 

Thus L cannot be principal and since L2 is principal the 

class containing L has period 2. Therefore K2 has even 

class number. 
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COROLLARY 3. If K2 is fi fixed point field with 

m = 1 (mod 8) and = -1, then Kg has even class number. 

Proof. In Klf  (2) = { \  ) (  X s )  where ( A  .  A S )  =  1 »  

If P € 0K were such that p2 = -l (mod A2)» th«n 

2 2 
(p ) = -1 (mod  (  A B )  ) »  and by the Chinese Remainder Theorem 

(46) CX2 = -1 (mod 4) 

would be solvable. Let (X = x+yCJ where CJ = arid 
2 

also let m = 8n+l. Then (46) becomes 

( 4 7 )  x 2 + 2 n y 2 + l  +  ( 2 x y + y 2 ) U  =  0  ( m o d  4 ) .  

Now (47) is solvable if and only if 

(40) x2+2ny2+l = 0 (mod 4) 

and 

( 4 9 )  2 x y + y 2  =  0  ( m o d  4 )  

have a common solution in rational Integers x and y. But 

(49) implies y = 0 (mod 2) and then (48) becomes 
o 

x +1 = 0 (mod 4) which is impossible. Hence (46) is 

u n s o l v a b l e  a n d  t h u s  < 5  =  4 f l »  T h e r e f o r e  b y  t h e o r e m  2 2 ,  

Kg lias even class number. 
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COROLLARY 4. Let Kg be a fixed point field with 

m  £  1  ( m o d  4 )  a n d  / i  =  a + b V m .  I f  b  i s  o d d  a n d  N ( / i )  ^  2 t  

then K2 has even class number. 

Proof. Since m ? 1 (mod 4), (2) = ( \)2 In 0^. 

If (X= x+y-v/m, then CX2 - jil (mod j(2) Is solvable in 

Oj^ if and only if 

( 5 0 )  x ^ + m y 2 - a  +  ( 2 x y - b ) \ f m  =  0  ( m o d  2 )  

is solvable in rational integers x and y. But since b is 

odd 2xy-b = 1 (mod 2) and hence (50) Is impossible. 

Since a2 = /i. (mod \2) is unsolvable in Og f S= 

and by theorem 22, K2 has even class number. 



13. Concluding Remarks 

The theorems in the previous seotion do not cover 

all the cases in Table II, where the class number is un­

equal to 1. It is expeoted that more inclusive theorems 

can be found, which give sufficient conditions for failure 

of unique factorization in fixed point fields. 

The general definition of the Hilbert modular 

group and the statement of theorem 2 suggest that the 

definition of a fixed point field might be generalized to 

allow to be a totally real field with unique factori­

zation and of arbitrary (finite) degree over the rationale. 

With this generalization it appears that, after making the 

appropriate ohanges in the theorems in section 5, the 

proof of theorem 18 will carry over. The essential proper­

ties used in the proof depend on the fact that K2 was a 

quadratic extension of and that was a field chosen 

so that theorem 2A would apply. It does not seem rea­

sonable, however, to expect theorem 15 to carry over, 

since may not be normal. Theorem 19 also would not be 

expected to generalize since its proof depended on knowing 

the structure of units in K^. 

Besides generalizing the definition of a fixed point 

field, it is hoped that in the future other useful proper­

ties of fixed point fields can be established. 
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TABL3 I 

Admissible Values of /U 0 for Selected Values of m 

c r u„ 6 y. 
2 1 0 -4 2 -1 

1 -3 1 -3 

& -2 42 -1 

3 1 0 -4 2 -1 

1 -3 & -1 

-1 1 -1 

2+\Z5" 0 -4(2*^3) 2 -(2W3) 
1 -7-by/J 2+\/3 -1 

2W3 -1 1 -1 

iWf -2(2+\/3) l+v/3 -1 

5 I 0 -4 2 -1 

1 -3 1 -3 

(l±V5) / 2  (-5±^5)/2 1 ( - 5±V3) / 2  

6 i 0 -4 2 -1 

1 -3 3-\/<r -(5+2\/6) 

0 -4(5+2\/T) 2 -(5+2\/6) 

2+y/6 -2(5+2\/6j 2+\f6 -1 

3+^6~ -<5*2\/6j 1 -(5+2^6) 

7 1 0 -4 2 -1 

1 -3 1 -3 
i 

8+3 \Z7 0 -4(8+3^/7) 2 -(8*3^7) 

3 Wf - 2 ( 8 + V 7 )  3W7 -1 

\ 
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TABLE I (Continued) 

m c t fig cf [1 

11 1 0 -4 2 -1 

1 -3 1 -3 

10+3\/li 0 -4(10+3^/11) 2 -<10+3\/il) 

3-h/II -2(10+3v/ll) 3+v/IT -1 

13 1 0 -4 2 -1 

1 -3 1 -3 

14 1 0 -4 2 -1 

1 -3 1 -3 

15+4^14 0 -4(15+4/l4) 2 -(15Wl4) 

4+/l4 -2(15+4\/l4) 4+/l4 -1 

17 1 0 -4 2 -1 

1 -3 1 -3 

21 1 0 -4 2 -1 

1 -3 (3-V21 )/2 -(5+^21)/2 

(5+\/21)/2 0 -4(5W21)/2 2 -(5+v/21)/2 

(3+V2T)/2 -(5+V^I)/2 1 -(5+^l)/2 

33 1 0 -4 2 -1 

1 -3 6+\/33 -(23+4\/33) 

23+4\/33 0 -4(23+4/53) 2 -(23+4/33) 

6+\/33 -(23+4^33) 1 -(23+4^33) 

41 1 0 -4 2 -1 

1 -3 1 -3 
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TABLE II 

Glass Number of Specific Fixed Point Fields 

Fixed Point Fields 5 Class Number 

Q(y/2,v^i) A I 

Q(\/2,vC3) I 

I 

Q(\/3W-2-\/3) 4/X 2 

Q (v^f.v^i) 4/1 1 

Q(\/5,\/^3) 1 

Q(\/5,\/(-5±\/5)/2) M 1 

Q(N/6"./^L) A2M 2 

Q(\/6,\/-5-2\/6) 1 

Q(^V^) M 1 

Q(y/T.^) M 2 

QCv/U.y/^I) M 1 

Q(y/ntN/^3) 2 

Q(>/T3,V/^L) 1 

Q(X/1l7,\/^T) 4M 2 

1 

Q(/21W^1) 4 fl 2 

Q(\/2l^(-5V2l')/2 1 

Q(\Z33,Vf-2>4vT33) M 1 

Q(\Z4T,yC3) M 1 
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