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ABSTRACT 

This investigation generalizes the geometrically nonlinear theory 

of sandwich plates to include the effects of core orthotropy and the 

bending rigidity of the sandwich facings. The appropriate boundary value 

problem is formulated for the structurally symmetric sandwich in which 

the facings are regarded as being Identical in thickness and material 

properties. In addition, all the information required to formulate the 

boundary value problem for the structurally nonsymmetric sandwich plate is 

presented. The facings are treated as though they were ordinary plates 

in which the Kirchoff-Love hypothesis is used, and the core is assumed 

to be an antiplane material. 

The appropriate equations of equilibrium for the panel were 

deduced by direct statical computation, and by considering the first 

variation of the total potential energy of the sandwich, in which the 

nonlinear strain displacement relations were used in the formulation 

of the total potential. It was observed that the order of magnitude 

approximations required when calculating facing equilibrium directly 

from statics were not required when calculating equilibrium by the 

variational technique. 

The appropriate boundary conditions for two types of simply 

supported edge, for a free edge, and for a clamped edge were deduced by 

considering the first variation of the total potential energy of the 

system. In the case of a free edge, the appropriate edge condition 

vi 



contains the ,:Kirchoff" portion due to the fact that the facing 

stiffness is taken into account. When the facing stiffness is zero, 

the free edge condition degenerates to a condition on the transverse 

shears in the core. When the core thickness is taken to be zero, the 

free edge condition degenerates to the usual Kirchoff condition for an 

ordinary plate. 



CHAPTER 1 

INTRODUCTION 

In this time (1965) of space satellites and projected moon 

flights, the quest for structural materials possessing almost Utopian 

characteristics rapidly expands, and among the properties which the 

age of space has thrust into prime importance is a high strength to 

weight ratio. This always desirable characteristic has become a 

necessity. In the future metallurgists may have a great deal more 

freedom in designing a material having predetermined properties, but 

in the present absence of that freedom an alternative is to construct 

a structural element exhibiting the desired gross behavior. Struc

tural sandwich components are examples of such elements having high 

strength to weight ratios produced by combining existing materials. 

Structural sandwiches, like their restaurant counterparts, 

are generally three layered. They are composed of two outer facings 

made of a high strength material such as steel or aluminum, which are 

separated by a low density core material such as balsa wood, honey

combed metals, or one of the various plastic products. This arrange

ment of materials produces a panel with the high strength to weight 

ratio essential in the aerospace industry. 

From the structural analysis point of view, sandwich panels 

may be divided into two groups; the hard-core sandwich and the 

soft-core sandwich. In both cases the facings are presumed to behave 

1 
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as though they were membranes or ordinary plates, and in the hard-core 

analysis the bending stiffness of the core is taken into account as 

well as its shear stiffness. The hard-core analysis is more applicable 

for structural laminates in which the core has appreciable bending 

stiffness. This normally occurs when the densities of the three layers 

are more nearly the same, and the strength to weight ratio is low. In 

the soft-core sandwich, the in-plane core stresses are taken to be 

identically zero, which implies that the core carries only the trans

verse shear stresses and the normal stress acting in the transverse 

direction. This state of stress has been called by L. N. G. Filon [6]* 

the state of antiplane stress, and for this reason the weak or soft 

core is also called an antiplane core. The antiplane core analysis 

leads to simpler governing equations than the hard-core analysis, and 

it is an appropriate mathematical model for sandwich panels in which 

the in-planc moduli of elasticity are drastically different, which is 

the case for sandwiches possessing high strength to weight ratios. 

The study of sandwich structures is approximately twenty-five 

years old, and one of the earliest papers on the subject was published 

in 1940 by Cough, Elam, and Debryune [8] in which they were concerned 

with the wrinkling type of instability of a thin sheet resting on a 

continuous supporting medium. They used the theory of the beam on an 

elastic foundation as the basis for predicting the wrinkling phenomenon, 

and this approach appears in the literature as late as 1960 (22). 

It appears that the beginnings of the theory of sandwich structural 

* Numbers in brackets refer to entries in the list of 
references, pp. 88-89. 
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elements, motivated by the needs of the aircraft industry, grew out 

of the beam on elastic foundation theory as a logical extension since 

this theory is unable to predict the gross behavior of a sandwich panel. 

Since these early beginnings, sandwich structural elements 

have been analyzed for a tremendous variety of geometries and loads. 

An admirable bibliography on sandwich plates and shells current through 

December of 1962 has been prepared by J. I. Foss of the Douglas 

Aircraft Company [5] in which the works on the subject have been 

collected and indexed. It includes papers dealing with the bending 

and buckling of sandwich plates and shells, local instability, thermal 

effects, core to face attachments, fabrication methods, and design 

applications. But in all the work that has been done, little has been 

done with the finite deflection theory of sandwich structures. To 

the present writer's knowledge, there is only a single paper on sand

wich plates in which the nonlinear theory is considered, and that was 

published in 1948 by Eric Reissner [15]. 

In his paper, Reissner develops finite deflection equations for 

flat sandwich panels which are very analogous to the von Karman equa

tions describing the large deflection behavior of ordinary plates. In 

fact, his equations reduce to the von Karman equations if the shear 

modulus of the sandwich core is taken to be infinite. Reissner treats 

the core as an isotropic antiplane medium in which he uses the results 

from the linear theory of elasticity to derive the equations of 

constraint for the core. Limiting the core to being isotropic has 

the disadvantage of making the resulting theory Inapplicable for 

sandwich plates with honeycomb cores, which are orthotropic in that 
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they have two different shear moduli associated with two perpendicular 

directions of the panel. He further assumes that the facings behave 

as though they were identical membranes, and this restricts the 

application of his theory to sandwich plates which have facings with 

the same thickness and modulus of elasticity as well as neglibible 

bending stiffness. 

The purpose of pointing out the restrictions to Professor 

Reissner's work has not been to criticize, but to delineate the work 

that remains to be done with the finite deflection theory of anti-

plane sandwich plates. It is the objective of this dissertation to 

lift the remaining limitations to this problem. The theory is 

developed within the bounds of small finite deflections, as does 

Relssner, but the limitations of core lsotropy and membrane facings 

are eliminated. Some writers [2, 10] have relaxed the assumption of 

membrane facings in their work on the bending and buckling of sandwich 

plates, but have done so in such a way as to require that the core 

thickness to facing thickness ratio remain large. In generalizing 

the finite deflection theory, no limitations are placed on the facings 

except those of the Kirchoff-Love hypothesis, which states that normals 

to the undeformed facing remain normal during deformation, and that 

those same normals remain lnextensional. This means that the theory 

will be applicable to sandwich plates with thick facings of different 

thicknesses, and materials In which the bending stiffness of the 

facing contributes significantly to the total bending stiffness of the 

plate. Of course, the facings cannot be so thick that their shear 
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deformation is an important consideration. In addition, the core is 

assumed to be an orthotropic antiplane medium so that the results will 

apply to sandwich plates with honeycomb cores. 

In an ordinary plate theory, the Kirchoff-Love hypothesis is 

used to relate the displacements of the plate to the middle surface 

displacements. The middle surface is a convenient reference surface 

in an ordinary plate; however, in a sandwich problem two ordinary 

plates serve as facings. In the sandwich problem the Kirchoff-Love 

hypothesis is used to relate the displacements in the facings to the 

interface displacements rather than the displacements of the facing 

middle surfaces. In the core the equations of constraint are developed 

in terms of the interface displacements; thus, the matching of the 

core displacements at the interfaces to the facing interface displace

ments can be accomplished by simple substitution rather than having 

to write an equation to perform the required displacement "matching". 

In order to facilitate the analysis, indicial notation and 

the summation convention are utilized. In connection with the 

summation convention, any two repeated Latin indices will imply a 

range from one to three, and any two repeated Greek indices imply a 

range from one to two; for example, 

= A,8, <- AXBX rAtB, 

A<Q>= AA * A*&>-

When it will be necessary to write repeated indices where the 

summation is not implied, one of the indices will be enclosed in 

parenthesis; thus, 
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=• AhB, + Ajifiz' 

In addition, the Kronecker delta and the alternator will be used to 

simplify some of the expressions used. They are defined below: 

Sij = O when C y j 

£ji - 1 when L 

0.-. a O when any two indices are identical l j a  

4 / 2 $  ~  & Z 3 /  * &J/2. ~ 1 
and e32.l ~ - C/3Z ~ ~I • 

The examples following illustrate an application for the Kronecker 

delta and alternator. Let A" A £ and where the ^ are 

the unit base vectors associated with the fundamental cartesian 

co-ordinate system. The vector product is given by 

A * B  -  A -  C '  *  B j  L j  

= \ Bj r. k tj 

- Ai 8j ZijK rK 

and the scalar product is given by 

A ' E  -  A -  L i  ' B j  L j  

= A; 6j rt • Lj 

S A' Bj QlJ 

= A{ &i. 



CHAPTER 2 

GENERAL CONSIDERATIONS 

2.1 INTRODUCTION 

The purpose of this chapter will be to familiarize the reader 

with some of the underlying concepts of finite deflection theories. 

The information presented in this chapter is admirably treated by 

Novozihlov [14], but his derivations are in scalar form. Since vector 

notation and the summation convention will be used in the development 

of the fundamental results for sandwich plates, this notation is 

introduced to discuss some of the general concepts of deformation 

presented by Novozihlov [14], 

In Figure 2.1, consider a region B occupied by a continuous 

undeformed body of material. The position vector of the generic 

point P in B is given by 

r = x, ij 

where the Xj are the rectangular cartesian co-ordinates of P and the 

(,j are the unit base vectors associated with the XJ . Now let the 

body be deformed and displaced so as to occupy the region B*, during 

which the point P moves to P*. The position vector of P* in B* is 

given by 

7 
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UNDEFORMED BODY B 

- P 

a 

p̂ f 

23 

12 

a, a 

DEFORMED BODY B 

Figure 2.1 Relationship Between Points in 
a Deformed and Undeformed Body 00 
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r 4 -  r  +  v  ( 2 . D  

where P* — Xj Cj 

and V = (j . 

The components of the displacement vector 1/ are functions of the 

and assumed to be differentiable as many times as necessary. From 

(2.1), it follows that 

X* = X- + Vt-

4 
in which the X^' are the deformed co-ordinate lines in B* correspond

ing to the undeformed co-ordinate lines in B. 

A definition of the extensional strain £. is 

£ =. Hm ~~ ̂  (2.2) 
AS-+Q 

where is the increment of arc length in the undeformed body, and 

AS* is the increment of arc length in the deformed body correspond

ing to 45 • At this point, it is convenient to introduce the 

identity 

+E = JL (ds f  
Z z (c/s)x ' 

The identity (2.3) can be expressed in terms of the displacement 

components by making use of the fact that 

(ds'f= dr *' c/r* 

J 
and (ds) = dF• dr -
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Calculating dr * one obtains 

dr*= tfdij 

= (2.4) 

By defining 

Zif- {(vi,J + vli) 

and Oi-j- ~ 

equation (2.4) becomes 

dr*- (Sij *<Lcj dij)dxjli. (2.5) 

By carrying out the scalar product dr*c/r using both (2.5) and (2.4), 

one obtains respectively 

(0(5*) - \_djm * * Ldim&ij 

+ + (lliU^jdXn (2.6) 

= [4, i-Mjm U-n 

where '̂;/r7 — Û &itW 

4- (ĵ im *" &Lj (-2'̂  

By using (2.7), equation (2.3) is now transformed to 

c - \ff' + -L iV' £!&" o on "j* + t - I U-jm * 2. LimjC/5 dS ' ( ' 
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dx.' 
The quantities are nothing more than the direction cosines of 

the differential vector (Jr in the undeformed body. By letting 

-Jm~ \̂ Jm 2. ] 

. A - dnj 
and DJ ~ ds~ 

equation (2.9) becomes 

£ + E =  e j m b j b „ .  (2.10, 

Equation (2.10) relates the extension of an arbitrary element 

of arc to the £'j functions and the direction cosines of the element 

of arc. The extensions of the elements of arc coincident with the 

co-ordinate lines are of particular interest. Specializing (2.10) 

for this purpose, the extensions £(i) fche co-ordinate lines 

are related to the functions by the following: 

r} 
e(uf *<>•>+ T-- < 2 - u >  

These three equations are identical to equations (1.48) presented by 

Novozihlov [14] and serve to identify the physical meaning of the 

functions having identical indices. 

In order to interpret the functions when the indices are 

not identical, it is convenient to use the unit vectors which are 

* 
tangent to the Xy , the deformed co-ordinate lines. The vector 

I\TJ is a vector tangent to the deformed co-ordinate lines. Normal-

—* * 
izing f ' produces a unit vector which is tangent to the X; J m <J 
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co-ordinate line. The normalized vector is denoted by CLj where 

°V / —+ -4 / • 

Carrying out the indicated scalar product and making use of (2.5), 

becomes 

a. = (4'^y^-v) <-•. (2.12) 

The €<y functions having indices which are not identical are 

now shown to be related to the shear strains. When the orthogonal 

* 
cartesian co-ordinate lines Xi of B displace and deform into the 

of B* they generally do not remain orthogonal. The measure of their 

non-orthogonality are the shear strains. The shear strain 

defined by 

X y =  ̂  " *  < t > u  w h e n  •  ( 2 . 1 3 )  

is the angle between the tangent to the co-ordinate line and 

¥ 
the tangent to the )\j co-ordinate line. Recall that 

• 

Thus, from (2.13), it follows that: 

Jin = Cos (f>cj 

making 

J//7̂ - = C L i 9 & j .  
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Applying (2.12) and carrying out the indicated scalar product, one 

finds that 

5m- -J—̂  —r When L I*? J . (2.14) 

This equation relates the £ij functions having unequal indices 

to the shear strains and the extensions of the and Xj co-ordinate 

lines. It serves to identify the physical meaning of the functions 

when the indices are not equal. Equation (2.14) also corresponds to 

equation (1.32) given by Novozihlov [14], where it must be remembered 

that the functions in (2.14) are equal to one-half of Novozihlov's 

functions. 

Thus far, the physical meaning of the functions has been 

established, but the physical interpretation of the and Cij 

functions, which make up the functions, has not been discussed. 

The functions can be readily interpreted by linearizing 

(2.11) and (2.14). Upon linearizing they become 

£(i) = Gfic) 

and — 2 & i j  when J  • (2.15) 

Observe that the functions are nothing more than the extensions 

and shears in a linear theory; they are the strain components of the 

linear theory of elasticity [17]. 

In order to interpret the functions, consider a rigid 

body displacement consisting of a translation VQ and a rotation 0 , 
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where Va and Q are constant vectors. It is assumed that Q is an 

infinitesimal rotationi When the rotations are infinitesimal, the 

resultant of two rotations is formed by adding the two rotations as 

vectors. The displacement, , due to an infinitesimal rotation <c> 

may be expressed by 

y = & x r .  

Thus, in the case of the rigid body displacement consisting of l/0 

and © , the displacement vector may be written as 

V = V0 Oxr (2.i6) 

where V — Li 

5= QiU 

and 

f is the position vector whose origin lies on the line of action of 

the rotation vector. Differentiating (2.16), one obtains 

V-= +  § , ;*r  -  §*% 

but, since and Q are constant vectors, 

G>*CC. (2.17) 

Since (2.17) becomes 

Vŷ ' Lj = 0* i 



from which it follows that 

QK<L^Cp. (2.18) 

Forming the (O^J functions from (2.18), one obtains 

- J- exJi - Ok ^alj] 

but so that 

&kJL . (2.19) 

Equation (2.19) shows that the LO^j functions are interpretable as 

rigid body rotations provided that they are infinitesimals. This 

means that the powers of the rotations must be negligible compared to 

rotations themselves, and this fact must be kept strictly in mind 

when considering the so-called "large deflection" theories. With 

these preliminary remarks concerning deformation, several different 

simplifications of the strain-displacement relations used in various 

nonlinear theories will be examined. 

2.2 FINITE DEFORMATION 

A finite deformation theory is a theory in which both the 

strains and displacements of the body may be very large. In such a 

theory, the equations (2.11) and (2.14) must be used in their general 

form in order to calculate the extensions and the shear distortions. 

Furthermore, the equations of equilibrium must be computed for the 

deformed body where account is taken of the fact that the volume 

element under consideration is greatly distorted, and that it 



undergoes a gross relocation relative to its original undeformed 

configuration. The equations (11.43) given by Novozihlov [14] are 

the equations of equilibrium appropriate for a finite deformation 

theory. Most materials, if they exhibit a linear elasticity at all, 

exhibit it only for extremely small values of the strains; and in a 

finite deformation theory the extensions and shear distortions can 

be large as well as the displacements making the theory too general 

for many engineering applications. 

2.3 FINITE DEFLECTIONS 

deformation theory, but it is possible for flexible bodies to under

go very large deflections while undergoing infinitesimal strains. A 

piano wire, for example, may be deflected so greatly that an Initially 

straight wire could be bent into a closed ring. Upon releasing the 

constraints, the wire would return to its initial configuration, indi

cating that the strains remained in the elastic region. Here the 

deflections are extremely large and the strains infinitesimal. For 

a finite deflection theory where the extensions and shear distortions 

are regarded as infinitesimals, (2.11) and (2.14) are modified by 

considering £ negligible compared to £. , and letting Sin # 

For a finite deflection theory of this type one obtains 

Both the displacements and strains may be large in a finite 

and when ( 2 . 20 )  



It must be emphasized again that no restrictions have been placed 

upon the magnitude of the displacements in (2.20). Equations (2.20) 

define the strain-displacement relations valid for deflections of any 

magnitude, provided that the strains are infinitesimals. 

Again, equilibrium must be computed relative to the deformed 

geometry, but in this case the element of volume can undergo gross 

relocation from the undeformed configuration, but not a gross change 

in shape. A volume element which was a rectangular parallelepiped 

before deformation may be regarded as a rectangular parallelepiped 

after deformation for the purposes of calculating the equations of 

equilibrium. In addition, the dimensions of the element in the 

deformed state are taken to be those of the element in the undeformed 

state. The only thing taken into account when computing equilibrium 

is the fact that the elemental volume can experience large changes in 

location and orientation. This is, of course, consistent with the 

assumption of infinitesimal strains. In the linear theory of elas

ticity, the strains are of the same order of magnitude as they are in 

this case, but there the fact that the elemental volume is displaced 

from the undeformed configuration is not taken into consideration 

when formulating the equations of equilibrium. It is to be noted 

that a finite deflection theory is applicable to many flexible 

structural elements. 

In any situation where a generalized Hooke's law is applicable 

in the linear theory, it would be applicable in a finite deflection 
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theory because in both cases the extensions and shears are of the 

same order of magnitude. 

2.4 SMALL FINITE DEFLECTIONS 

The final simplification to be considered produces the 

strain-displacement relations widely used in geometrically nonlinear 

theories. Timoshenko [18] calls it a large deflection theory, and 

Reissner [15] calls it a finite deflection theory, but it is to be 

observed that the magnitudes of the deflections are sharply restricted 

in addition to requiring infinitesimal strains. In this theory, the 

deflections cannot be nearly as large as in the previous case. This 

theory is used to investigate the behavior of bodies in a deformed 

configuration which is nearly the same as the undeformed configura

tion. In this so-called "large deflection" theory, it must be 

remembered that large really means slightly larger than the deflections 

allowed in a linear theory, and for this reason the term small finite 

deflection theory seems more appropriate. 

As in the finite deflection theory where the deflections may 

be arbitrary, the extensions and shears are presumed to be infinitesi

mals; but in addition, the definition of the functions is simpli

fied by writing 

£<y = <Z;j (2.2i) 

where the products and Zfd are regarded as being 

negligible compared to , and the products U )̂ (a)#j may be of 



the same order of magnitude as the functions. With these 

simplifications in mind, the extensions and shear distortions for 

this case are 

The assumption that the products of the &)ij functions may be of the 

order of magnitude of the strains implies that the products of the 

functions are negligible compared to the functions them

selves. As it was pointed out in (2.19), the functions are 

related to the rotations when the products of the Cjgj functions are 

negligible compared to themselves. The example considered in (2.19) 

was the case of zero strain, but when the strains are Infinitesimals 

Novozihlov [14] points out that the functions are the average 

rotations. From these assumptions on the order of magnitude of the 

rotations, it can be seen that the rotations everywhere in the body 

must remain quite small. Thus, the deflections must remain small 

enough so that this assumption is never violated. It is for this 

reason that the terminology large deflection is somewhat misleading. 

Equilibrium for a small finite deflection theory must also be 

computed for the body in its deformed configuration. The comments 

made previously regarding equilibrium for a finite deflection theory 

also apply in this case, except that in a small finite deflection 

theory the difference between the deformed and undeformed geometry, is 

small. To illustrate these remarks concerning equilibrium, the 

when Cy£- J. (2.22) 



equations of equilibrium are calculated for a rectangular paralelle-

piped. For this purpose, it will be convenient to use the deformed 

base vectors defined in (2.12), but in a finite deflection theory, 

the extensions are infinitesimals and are negligible compared to one; 

therefore, one writes 

In a small finite deflection theory, the functions differ from 

the strains by an amount o f the order of magnitude of the squares of 

the rotations; consequently, the functions are of the order of 

magnitude of the strains. The rotations themselves are appreciably 

larger than the strains, and for the purpose of calculating equilib

rium for a small finite deflection theory, one writes 

where the CdK'L j products are of the order of magnitude of the 

strains. For the purposes of calculating equilibrium, the vectors 

and SLj are regarded as being precisely orthogonal so that 

(2.23) 

Calculating the scalar product GL^»3C,j* one finds that 

Calculating the vector product GL.'XCL / and disregarding the products 
4 w 

of the rotations, it follows that 
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&L * =  t-JL' 

The identity 

fyk̂ LjK - G>lKH (OkJ ¥ 0>f>jfL&pi (2.24) 

can be proven by writing the identity out in full for all possible 

values of the indices. Making use of (2.24), the vector product 

becomes 

aiK&j ~ (&&K +U>Ax)Ll ^IjK 

- ZlJK &K. (2.25) 

Figure 2.2 shows a rectangular parallelepiped in both the 

deformed and undeformed states. In the undeformed state, the parallele

piped is defined by planes parallel to the three co-ordinate planes. 

The stress vector acting on the face of the parallelepiped in the 

deformed body is given by 

TC ~ Tcj&J- (2.26) 

where the component of stress acting in the direction is 

tiK = Ti-ZK. 

The summation of forces in the absence of body forces and neglecting 

changes in size and shape of the rectangular parallelepiped gives as 

the vector equation of equilibrium 
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ELEMENT IN UNDEFORMED BODY 

dx2  _ 

dx 

T3dx,dx2 

ELEMENT IN DEFORMED BODY 

Figure 2.2 Deformed Element Showing the Stresses Acting 
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-7̂  +• 

-%dfcl*3 + (% + Z^dxp^ 

-7^d\dxx+ [r} * Zjd^dndx? O. 

which may be written as 

f- = 0 (2.27) 
C.,C 

Expanding (2.27), the vector equation of equilibrium takes the form 

( 2 - 2 8 > 

A 

This results in the three scalar equations of equilibrium 

fej (hj f ̂ Kj) = O • (2.29) 

Equationst (2.29) are identical to equations (11.49) derived by 

Novozihlov [14], when it is observed that the relationships between 

the rotation components (/)•• and Novozihlov's are 

0)^, =• 

^31 

• 
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The summation of moments gives the second vector equation of 

equilibrium 

= o 

or the scalar equations 

& • (2.30) 

By writing out (2.30), it may be shown that 

ca = r„ 

and C3l = 7l3 . 



CHAPTER 3 

CORE ANALYSIS 

3.i INTRODUCTION 

Figure 3.1 shows an element of a sandwich panel. It consists 

of an upper facing and a lower facing separated by a core of a light 

filler material. The co-ordinate system that will be used in the 

succeeding analysis will be the fundamental cartesian system oriented 

as shown in Figure 3.1. The co-ordinates are taken to be the 

in-plane co-ordinates, oriented in such a way as to form a right-

handed system with the Z co-ordinate which is taken to be positive 

downward. The fundamental cartesian system will, of course, be the 

natural co-ordinates for rectangular panels. 

A sandwich panel could be viewed as a three layered structural 

element in which the facings behave as ordinary plates constrained 

from acting independently by the action of the core. The problem of 

this chapter will be to obtain the appropriate equations of constraint 

to be applied to the equations governing the behavior of the facings. 

As it was pointed out In the introduction, only those cores 

in which the idealization of the antiplane state of stress is appro

priate will be considered. The state of stress in the cord is 

idealized by. setting the in-plane stress components of the core equal 

to zero. Such an idealization produces meaningful equations of 

25 
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UPPER FACING 

UPPER INTERFACE 

CORE 

X • FUNDAMENTAL 
REFERENCE SURFACE 

LOWER INTERFACE 

LOWER FACING 

SANDWICH PLATE ELEMENT 

Figure 3.1 Nomenclature of a Sandwich Plate Element 
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constraint for cores such as the honeycombed metals, or any material 

having an in-plane modulus of elasticity much smaller than the in-

plane moduli of the facings. By assuming that the core will support 

no in-plane stresses, this theory must be applied to only those 

sandwich panels in which the facings carry the bending stresses. 

3.2 EQUILIBRIUM 

The stress vector for the stresses in the core is defined by 

r -&<• 
where the are the in-plane stress components, which are taken to 

be zero for the soft-core sandwich. From (2.27), observe that the 

vector equation of equilibrium in the absence of body forces is 

T- = o .  

Specializing this for the state of antiplane stress, one obtains 

but from (2.23) the deformed base vectors may be seen to be 

(X3- + o^iz(-1 • 

is the rotation component about the normal to the panel which 

is taken to be zero; thus, 
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6L5- ^ 1- TDCIS C^. (3.2) 

The rotation about the normal to the plate is taken to be zero 

because the plate is not a flexible body with respect to in-plane 

deformations; however, the rotations of the panel about the two in-

plane co-ordinates can be appreciable because thin sandwich panels are 

quite flexible with respect to transverse deflections. Making use of 

(3.2) in (3.1), the following scalar equations of equilibrium are 

obtained 

3̂/6,3 * 3̂]̂  = 0 (3*3) 

^3Cji +  0' ( 3 , A )  

In addition to setting the rotation about the normal equal to zero, 

the rotations about the in-plane co-ordinates are assumed to be 

functions of the in-plane co-ordinates alone. Making use of these two 

simplifications, the scalar equations of equilibrium (3.3) and (3.A) 

become respectively 

3̂/3,3 O (3.5) 

 ̂iji + (3.6) 

The use of the assumption that the are functions of the 

alone in the equations of equilibrium for the core is meaningful 
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because the strains are infinitesmals, an order of magnitude smaller 

than the rotations; thus, an "average" rotation will essentially 

account for the orientation of the elements of the core. By 

substituting of (3.6) into (3.5) one obtains 

^36,3 * ^3(j?}$fJ^3B + ~ 0 

in which the second term is clearly negligible compared to the first, 

making (3.5) read 

Gl/3,3 * ~ O' <3-7> 

Upon expanding *n a power series in Z of the form where the 

Cjp are functions of the in-plane co-ordinates alone and substi

tuting the series into (3.7), there results 

o>^r3s] =o. 

Equating the coefficients of the powers of Z to zero gives 

<̂3 ' 3̂/9,6 3̂S (3,8) 

from which it follows that 

V - £p^e/S 

+• £ 27/^J-S, ̂ 3*,£+"' (3.9) 
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From (3.9) it can be observed that the first term of the series is a 

good approximation for the shears in the core. Thus, for the shears 

in the core, one takes 

V3/S - T3/3(*<*). (3.10) 

Making use of (3.10) in (3.6), equation (3.6) becomes 

£>•= o 

from which it follows that 

^33 = -ZTsCJ + -f(*a)  (3.11) 

where is an arbitrary function of integration. Evaluating 

(3.11) at the upper and lower Interfaces, and adding and subtracting 

the two relations thus obtained, one obtains 

ht3By- C -

Cs = -iV3Bie + 7" (3.12) 

where 7"= J [^33 ^3 ] 

and where and 3a/-. are the'normal core stresses acting at the 

upper and lower interface respectively. 

These results for equilibrium are nothing more than the 

results that one would obtain by a direct integration of the linear 

equations of equilibrium for the core. It has been shown that using 
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the results of the linear equations of equilibrium implies neglecting 

small quantities compared to one in the small finite deflection case, 

and except for minor differences in notation they are identical to 

Goodier's [6] and Reissner's [15]. It may be observed that the stress 

distribution in the core was obtained directly from equilibrium, which 

means that the core is statically determinate. 

3.3 EQUATIONS OF CONSTRAINT 

constraint, the interface displacements need to be related to the 

interface stresses. The elastic law of the core to be used is 

where £. is the transverse modulus of elasticity of the core and the 

&(tn) are the shear moduli of the core. The first relation takes 

account of the fact that the shear modulus may be different in two 

perpendicular directions of the panel; thus, making the analysis 

applicable to panels with the so-called orthotropic honeycomb cores. 

From (2.21) observe that the appropriate strain-displacement 

relations for the core are 

In order to complete the development of the equations of 

(3.13) 

(3.14) 

3̂3 " ,̂3 * T ̂ 3o(^3o(. (3.15) 
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Making use of (3.15) in (3.13), it may be shown that 

^3 = ~£ ^33 ~ 

but from (3.12) this can be written as 

Integrating this equation yields 

V3 = 2. ̂ j/9] "" X * *" (3,16̂  

where an arbitrary function of integration. Evaluating 

(3.16) at the two interfaces and subtracting gives 

V = £[ ** (3.17) 

where W = ~~ 

and where and are the values of the transverse displace

ments at the upper and lower interface respectively. Evaluating (3.16) 

at the Interfaces and adding leads to 

3 = W*~ + g- J" ^3^/9 

where W^- ^ "] 

from which it follows that 

^ ~ 2£[(*l) ^ ^ * (3-18) 
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At this point an additional assumption governing the behavior of the 

core is introduced. The core is now assumed to have an infinite 

stiffness in the transverse direction. This amounts to saying that 

the facings remain the same distance apart during deformation, and it 

precludes the possibility of the local or the wrinkling action of the 

panel because relative transverse displacement between the facings is 

prevented. The present analysis will only be concerned with the gross 

behavior of the sandwich panel, and, for the purposes of studying the 

gross behavior of the panel, this is not a restrictive assumption 

because the transverse loads on the plate produce negligible relative 

transverse deflection between the facings. Thus, (3.18) reads 

- \N* + . (3.19) 

Making use of (3.19) and (3.14) leads to 

and upon integration for to 

< " t  ^ ~Zh +  °-2 0 )  

where is an arbitrary function of Integration. Evaluating the 

at the upper and lower Interfaces and subtracting, one finds that 

( 3-2 l )  

The |/ and the  ̂ are the upper and lower interface tangential 

displacements respectively. Equations (3.21) are the Important 



equations of constraint for the core. The < are the interface 

shear stresses as well as the transverse shears in the core, and 

these equations relate the shears of the core to the displacements of 

the interfaces. 

Taking the transverse modulus of elasticity of the core to be 

infinite makes (3.17) read 

W = — -̂ 3̂0(̂ 3 <*. (3.22) 

This equation of constraint shall be disregarded. Later in the 

analysis, the transverse displacements of both the interfaces are 

taken to be 

V3 ~ = IV (3 .23)  

Equation (3.23) violates (3.22); however, this will not introduce 

serious errors in a thin panel. Neglecting the nonlinear terms in 

(3.22) amounts to saying that the vertical distance between the inter

faces is preserved. Where the core is thin and the curvatures of the 

panel small this is reasonable and leads to incompatibilities of the 

order of magnitude of the strains; however, disregarding the products 

of the rotation in the in-plane strain-displacement relations for the 

facings can lead to serious error. This is true because the thickness 

of the core is much smaller than the in-plane dimensions of the panel. 

These terms which cause negligible error in the transverse direction 

add to create a serious incompatibility in the in-plane direction. 

In the in-plane direction, account is taken of the fact that the chord 

length between the ends of the panel is not the same as the arc length. 
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The core development Is concluded with a summary of the 

important results. 

CORE EQUILIBRIUM 

£$0 (Xc{) (3.24) 

h ^ =  ^3 - z i t  (3-25) 

EQUATIONS OF CONSTRAINT 

L/*= W (3.26) 

F & (3.27) 

where - \ZQ " 



CHAPTER 4 

FACING ANALYSIS 

The usual approach to plate theory is to use the middle 

surface of the plate as the reference surface. In a sandwich panel, 

the two interface surfaces are more natural reference surfaces 

inasmuch as both the core stresses and displacements have to be 

matched with the facing stresses and displacements at the interfaces. 

The equations governing the behavior of the facings will be developed 

by treating the facings as ordinary plates, in which the loads on the 

upper facing are the transverse load and the upper interface stresses, 

and the loads on the lower facing are the lower interface stresses. 

The Kirchoff-Love hypothesis is used to relate the respective facing 

displacements to the interface displacements. 

4.1 STRAIN - DISPLACEMENT RELATIONS 

From (2.22) the appropriate strain-displacement relations for 

the shear strains are 

when £*4(0 sO* As it was explained in the previous chapter, U 

is taken to be zero because a thin plate has only two degrees of 

freedom with respect to rotations larger than those of the order of 

36 
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magnitude of the strains, and those are about the in-plane co-ordinates. 

The vertical shearing strains in the facings are taken to be zero, which 

is consistent with the assumption that normals remain normal, making 

^ = O  

from which it follows that 

The rotations are given by 

but from (4.2) these become 

^4oC ^3,*' 

From (2.23) the deformed base vectors for the facings are given by 

L ot *• 3̂* £3 

#.3=. Z"3 ~ U)^0(£O<, (A.3) 

when s O • Since the transverse displacements of the inter

faces are taken to be equal in (3.23), the rotations of the interfaces 

can be written as 
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Thus, the deformed base vectors tangent to the two interfaces are 

given by 

i- WJ0<(3 (a.5) 

and the base vector normal to the deformed interfaces is 

<J3= C3 ~ (4.6) 

Having the deformed base vectors for the interfaces, the 

Kirchoff-Love hypothesis is used to relate the displacements of the 

facings to the interface displacements. The details are indicated 

for the upper facing, but the corresponding results for the lower 

facing are simply written down. In Figure 4.1, is the position 

vector of the deformed upper facing, and it is related to the position 

— * 

vector of the deformed interface by 

**-  r*  *  

This equation implies that normals to the interfaces are lnextenslonal 

and that they remain normal to the interface. Figure 4.1 shows an 

~7° 
element of the deformed facing. The vector Vjr Is the displacement 

vector of the upper interface given by 

Vr°- V«To( + Wis (4.7) 

where the scalar components are functions of the in-plane co-ordinates 

alone. \J U is the displacement vector of the upper facing. From 
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Figure 4.1, note that 

V  = Vr" + [ j  + ̂][a3 ~ ̂J] (4.8) 

which becomes 

v - y<K {z wL3. (4.9) 

By using the same technique, the displacement vector for the lower 

interface given in terms of the interface displacements, which are 

functions of the in-plane co-ordinates, can be generated. Thus, the 

displacement vector for the upper facing is given by (4.9), and the 

displacement vector for the lower facing is given by 

Equations (4.9) and (4.10) serve to identify the scalar displacement 

components of the facings in terms of the interface displacements. 

Making use of (4.4), (4.9), and (4.10) in (2.21), the strain-

displacement relationships for the two facings can be written down. 

The strain-displacement relationships for the upper facing are 

The strain-displacement relationships for the lower facing are given 

by 

(4.10) 

where 

(4.11) 



UNDEFORMED ELEMENT 

DEFORMED ELEMENT 

Figure 4.1 Relationship Between Upper Interface 
Displacements and Upper Facing Displacements 
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where (Z, [<* * • 

4.2 EQUILIBRIUM 

Equilibrium for the facings must be written for the deformed 

geometry. Figure 4.2 shows an element of the sandwich in the deformed 

state. The base vectors defined in (4.5) are taken to be the vectors 

which are perpendicular to the sides of the facing element defined by 

taking the Xo< to be constants. The base vector defined by (4.6) is 

perpendicular to the surfaces defined by taking the Z co-ordinate to 

be a constant. The stress vector defining the stress on the interface 

of the upper facing is 

The stress vector defining the stress acting on the transverse sides 

of the element is 

and the load vector defining the distributed load acting on the upper 

facing is given by 

The stress resultants which replace the distributed force 

system acting on the transverse sides of the upper facing element by 

a force and a couple are defined next. The couple acts at the primary 

T3°= VZCLi. (4.13) 

T°-  a  • 
/<K L (4.14) 

(4.15) 
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Figure 4.2 Deformed Sandwich Element Showing Stresses Acting 
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reference surface which is defined by taking the Z co-ordinate to be 

zero. The forces and couples per unit of co-ordinate length are 

- h 

w.i«) 

~(!t+d) v  , - 4  

where 

- h ~(x 

-<^d) fi 
r- k.A. 

(4.17) 

where K 

—T >J 
The co-ordinate is normal to the face upon which /V^ and A/lc*. 

act. The first vector equation of equilibrium is obtained by setting 

the sum of the forces acting on the element of the upper facing equal 

to zero; thus one obtains 

*• [?}"+ = O 

from which 

— t/ 

K,« *• Z +1=0- (4.18) 
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Expanding (4.18) with the help of (4.5), (4.6), and (4.16), it follows 

that 

~ *" ^3/3 ~ f )WJjS ~ O (4.19) 

and (N^-N^W,,),* <-r3",He +1 * '°- <4-20> 

In (4.19) the interface shear stresses are greater than 

the transverse stresses so that the third term is negligible compared 

u 
to the second. In addition, the in-plane forces of the facing Notp 

are greater than the transverse shears so that A/q3 Wjflis negli-

</ 
gible compared to • Taking these approximations into account, 

(4.19) may be simplified to 

Using (4.21) and the relation »/\£ in (4.20), (4.20) becomes 

*0 + ^*33 ~ 0 (4.22) 

without further approximation. The three equations defined in (4.22) 

and (4.21) are the three scalar equations of force equilibrium. 

Turning now to the summation of moments, the second vector 

equation of equilibrium for the upper facing element Is developed. 

Taking moments about the point 0 in Figure 4.2, one writes 

- M^dx, 1- [/VI,"+M̂ d̂ i -/Vf/c/x, 

+ ja ,x[/y *+j5,xAI dx.c/^ 

t- + Lâ fyc/x, dx1 

(Equation continued on page 45) 
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(Equation continued from page 44) 

- 4 <4 + [T * 4v ?°k4-

This equation reduces without approximation to the two scalar 

equations 

My- + Qa + J-  ££  (4.23) 

and a third equation which represents the summation of moments about 

the normal and is disregarded. 

Having established the equations of equilibrium for the upper 

facing, the equations of equilibrium for the lower facing are simply 

written down. The stress resultants for the lower facing are defined 

by 

A£ = (4.24) 

where ^C- f dh 

Jh 
— £  X  t _ _  

and /VL= Map CIS <4-25> 

2 r£+c 

where /V^ = I & T^g c/-t. 

r 
The stress acting on the lower facing at the Interface is given by 

= Sfo-
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The appropriate scalar equations of equilibrium may be calculated in 

the same fashion as for the upper facing, and, after carrying out 

the calculations and using similar approximations, the equations of 

equilibrium for the lower facing are 

Equations (4.21), (4.22), (4.23), (4.26), (4.27), and (4.28) 

represent ten partial differential equations of equilibrium for the 

face plates of the sandwich panel. While they could be used in their 

present form, it is more meaningful in the sandwich problem to use 

certain linear combinations of these ten aquations. It will be 

noticed that the definitions of the stress resultants in (4.16), 

(4.17), (4.24), and (4.25) suggest that one define 

(4.28) 

(4.29) 

From the definition of the /M,^ and the can be observed 

resultant bending couples of the sandwich panel 



acting at the primary reference surface, and the A/^ are the 

resultant in-plane forces of the sandwich panel. By adding and sub

tracting the individual pairs of the facing equilibrium equations 

the following linear combination of the primary system of equations 

of equilibrium is obtained 

<7* O 
By taking into account the fact that the C3j9 and the Cjg * which 

are the interface shearing stresses acting on the facings, must be 

equal to the interface shear stresses acting on the core it follows 

that 

° 7~ 
(-3/9 ~ ^'•3/9 ~ ^38' 

Recalling that 

r-- * £] 



48 

the equations of equilibrium become 

o 

Q«> <"£/ <? *C/-C-o 

~ Z?~ ^O• (4.30) 

y- — 
Eliminating the shears and in (4.30), one obtains 

<*. -hr t̂ * q -& r»= o 

Â*" 0 

Nctfij x ~ 2 ̂  = 0 (4.31) 

and using (3.25), which is a statement of core equilibrium, the first 

equation of (4.31) becomes 

/M>Wy *6 *  1  -O'  

Using (3.17) In the second equation of (4.31) and taking the trans

verse modulus of elasticity of the core to be infinite, the second 

equation of (4.31) reduces to the equation of constraint (3.22) of 

the core which has already been discussed. Thus, the equations of 
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equilibrium for the sandwich panel reduce to 

~ W>*> ~1  ( 4 ' 3 2 )  

. +  _ 
N̂  = O (4.33) 

~ -2 2j|fl (4.34) 

+- — 

where the shears and have been eliminated. 

Equations (4.32) and (4.33) are identical to those found in 

[18] for the large deflections of ordinary plates, and equations 

(4.34) are the additional equations which enter for the sandwich 

panel. The physical interpretation for the equations (4.32) and 

(4.33) is obvious because all the variables entering them are indi

vidually meaningful as sandwich variables. There is no obvious 

physical meaning for » but if both sides of (4.34) are multl-

plied by j , half the core thickness, one has 

( 4 , 3 5 )  

The right hand side of (4.35) represents the resultant transverse 

shears in the core, and the left hand side of (4.35) can be inter-

preted as the moments produced by applying /y^ at the lower 

Interface and at the upper interface. Viewed in this light, 

(4.35) represents an equation of equilibrium similar to the first 

equation of (4.30). 
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4.3 STRESS RESULTANT-DISPLACEMENT RELATIONS 

The final step required to obtain a "raw" formulation of the 

governing partial differential equations for the sandwich panel is 

to put the stress resultants defined in (4.16), (4.17), (4.24), and 

(4.25) in terms of the interface displacements. This is done by 

relating the stresses appearing in the integral definitions of the 

stress resultants to the facing strains through the elastic law of 

the facings. 

In index notation, following Green and Zerna [9], the elastic 

law of the upper facing is taken to be 

(4.36) 

where - G +"/Tv* 

and for the lower facing 

(4.37) 

where B^^ = &*+S*f£$7t * /~y * • 

Note that4^0^is symmetric with respect to o( and@ , with respect to 

^ and f> , and with respect tocfland^/?, that is 

= 3t 

~ Bjpup 
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£ and O are the shear moduli of the upper and lower facing 

respectively, and V and if^are Poisson's ratios for the upper and 
o a 

lower facing respectively. iT and £ are the moduli of elasticity 

for the upper and lower facings respectively, where the following 

relations hold 

£u= 

.fL_ 26* 
snd C * (A .38) 

When (A.36) is written out in full, it reads 

7~a - J— 2£L° hi. QV 

r = Jet  + " / - (vjk L 

/f(V)ti [eA+ v"e>i] 

which is recognizable as the elastic law used for homogeneous isotropic 

plates. Using (4.36) and (4.11) in (4.16) and (4.17), there results 

2 

* z tyMr)  + 

-&n**r w - h±d-Nu 

(4.39) 

• ( 0  — ( 4 . 4 0 )  

Using (4.37) and (4.12) in (4.24) and (4.25), one obtains 

£ 
(4.41) Air w»r] 

+  M**- < 4 - 4 2> 
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By defining 

i * p̂] 

and ~~ ^p] (4.A3) 

it may be observed that 

<r i&'ti] 

and (Z -̂ J [V„ * . (4.44) 

Forming > A/^g > and with the aid of (4.43), (4.29), (4.39), 

(4.40), and (4.41) the following relationships between the sandwich 

stress resultants and displacements are obtained: 

\c (4.45) + 

X-- <̂ 14+1 

Uf * d (4.46) 

Tzlf  A*̂ p] ̂  ?p 

•f ^-[2/7 +c*</]<;4- ±{c-d)N*$. (4 .47 )  



By substituting (4.45), (4.46), (4.47) into the equations of 

equilibrium (4.32), (4.33), and (4.34), and taking into account the 

equation of constraint (3.27) from the core, one would obtain seven 

partial differential equations governing the behavior of the sandwich 

•j. — 
panel in terms of the seven unknowns, |/V , , and Zje( • 



CHAPTER 5 

ENERGY ANALYSIS 

5.1 THE TOTAL POTENTIAL 

In the preceding chapters the basic relationships needed for 

forming the governing equations of the sandwich panel were developed; 

all that remains to be done is to carry out the substitutions indi

cated in the last chapter. In this chapter a variational technique 

modeled after Varga [20] and Sokolnikoff [17] will be used to obtain 

the equations of equilibrium and the appropriate boundary conditions 

for the sandwich problem. It is interesting to note that the equa

tions of equilibrium (A.32), (A.33), and (4.34) will be obtained 

without having to make order of magnitude approximations as was 

necessary when developing the equations of equilibrium in chapter four. 

formed by writing the strain energy integrals for the facings and the 

core separately, and then adding them to form the total potential for 

the sandwich. First, the strain energy Integrals for the facings are 

written. The strain energy of the upper facing is given by 

where the area integral is carried out over the plane region defining 

the plate. The strain energy of the lower facing is given by 

54 

The total.potential energy integral for the sandwich panel is 

(5.1) 
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(%+c) 

1JJ J B^ee^pdidA <5-2) 
J A J h 

1 
In the core, the contribution to the core's strain energy due to the 

transverse normal stress is disregarded, which is consistent with the 

previous assumption of taking the transverse modulus of elasticity of 

the core to be infinite. With this in mind, one writes 

h 

*aj  ^ ^  °/ i C Â  

but, making use of (3.27), one obtains 

V°=jJf  +  " f ) d i < / A  •  < 5 - 3 > 

I 

The potential of the transverse load is given by 

(5.4) 

To write the potential of the edge loads, the boundary of the plate 

is divided into two parts, Q and L. Over the region L of the boundary 

there are in-plane edge loads acting, and over the region Q there are 

no edge loads acting. The potential of the in-plane edge loads may 

be given in the following form: 
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V*= -fa &V * Va Phl\L)cU (5.5, 
JL 

*J o t & 
where is (\J evaluated at the edge, and is 

evaluated at the edge. Recalling from (A.29) that 

and A^= Nh ~ Nm 

the potential of the edge loads can be expressed as 

V= J-fit V?)cU. (5.6) 

where the are the direction cosines of the outward normal to the 

edge given by 

w = —i 
d<L 

n & 

The total potential of the sandwich panel, then, is 

,i . . trB U = v" + V * V1 * vL * v . (5.7) 

5.2 INCREMENT IN THE TOTAL POTENTIAL 

Having the total potential, the following mathematical 

experiment is of interest. What happens to the total potential when 
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the displacement field of the panel is disturbed? The total potential 

•h 
is considered to be a function of the panel displacements (/^ , Vat. » 

and *V • One wants to find AlJ defined by 

AU - u[w V*V C < " - l / ( ^  ).  ( 5 . 8 )  

In other words, one wants to investigate the behavior of U as one 

assigns arbitrary changes 41V , ̂  • and A , to the displacement 

field by examining AXJ . It must be emphasized that the disturbances 

AW » AV£ » and of the displacement field are arbitrary in both 

magnitude and sign. For the time being it shall be presumed that the 

plate is cut free from any edge constraints, but that the reactive 

forces caused by the loads act at the edges wherever they occur. 

Now 

A _//i 

3lt»r (€^A£jf](eis t A6^ej 

(M 
(5.9) 

where it must be emphasized that the displacement field is varying, 

and these variations in the displacement field cause the changes 

ZaCq(3 in the strain field. Thus, from (A. 11) it follows that 

•S 

-r[v*VC<] (5-10) 
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and that 

AV°=S! - &+WU 
A -Q+d)  

+ + ±eUH^VjdidA- (5-u> 

Recalling the definitions of the stress resultants (4.17) and (4.16) 

and making use of (4.36), one writes 

A V "  = -  ? ( * " ) , « »  +  

*ljff £>l,>e did* (5.12) 
A - (£+<i)  

and, by expanding the integrand of the third integral, one observes 

that 

|>0* + (ACuf * 2(ten)X 

+r(A&: <• aeA)1] 
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which is always positive except in the trivial case where the 

a 
increments in the strains are zero. Thus, AV can be written in 

the final form 

+ P" (5.13) 

0^ SL 
where r is a positive number of the order of magnitude of A . 

Making use of similar manipulations, the increment in the strain 

energy of the lower facing can be expressed as 

4V=J£<U; (WI, + i f 

Of + r (5.IA) 
n f A 2. 

where r is a positive number of the order of magnitude of . 

For the increment in the strain energy of the core, one obtains 

/]%«[(*»)>« * /f WV ~)]<  ̂

(5.15) 



0C A1 
where r is a positive number of the order of magnitude of . 

By relating the facing displacements and stress resultants to the 

appropriate sandwich variables in (5.13) and (5.14), and calculating 

and /\\J^ , all the quantities necessary to calculate the 

increment in the total potential due to arbitrary increments in the 

displacement field will be available. Substituting » AV*' » 

(5.13), (5.14), and (5.15) into (5.7), one obtains 

A U - [ [ [ ( % " * - +  

J A 

+ *• P (5-16) 

where p is a positive number of the order of magnitude of ^ 

It should be noted that what has been done with these energy 

integrals could have been done strictly in terms of the displacements 

by leaving the stresses in terms of displacements, but this procedure 

has the disadvantage of being a good deal more lengthy and more 

divorced from the physics of the problem. By expressing &U in terms 

of the stress resultants, one keeps in closer touch with the physical 

meaning of what is being done. 
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In order to. transform the increment in the total potential 

to a more useful form, an appropriate integration of parts formula 

is developed. Proceeding in much the same way as Langhaar [13] does 

in developing (3.18), and making use of Green's Theorem in the Plane, 

one writes 

and -jj^c/A *(£><P nob-

n - & 
where //, ~ ̂  

n - -
77i- 5£-

(hfytjxk, 

«-1 7 )  

A A 

Thus: 

• 

and taking 

</).  
one obtains 
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Using (5.17), (5.16) i9 transformed to 

AU JJ ^ 
A 

- N^av/ * £(arM - /%" 

- J(A^„-2ZJ,)]41V 

+ [̂ /VW)S -

+f7il%K+ K><K 
-q 

t f ? / ( < - £ > < + ^  
z* 

+  r / T * -  P  ( 5 . i 8 )  
JJA 

A Z  

where P is a positive number of the order of magnitude of ai 

5.3 THE FIRST VARIATION OF THE TOTAL POTENTIAL 

The first four integrals in (5.18) represent the first vari

ation of the total potential, and for equilibrium one must have 

6u=o , where tu represents the first variation of XJ . 

Setting Su*o one finds the following equations of equilibrium: 



63 

i = o 

- 0 

which are identical to the equations of equilibrium (4.32), (4.33), 

and (4.34) previously established for the sandwich panel. In addi

tion, the requirement that Si) *0 implies that over the entire 

boundary one must have 

o( + ^ o 

* = O. (5.19) 

Over the region Q of the boundary, one must have 

)h /vC= o 

(5.20) 

in addition to the condition (5.19). Over the region L of the 

boundary, one must have 

- & )aK< '  0  

%e)A v *=0 (5.2i) 

in. addition to the condition (5.19). 
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When the first variation of the total potential is zero, the 

increment in the total potential becomes 

f P (5.22) 

where P is always positive except in the trivial case where the 

increments in the displacement field are Identically zero. From 

(5.22), it is obvious that whenever the integral 

j j J A  ( 5 . 2 3 )  

is positive, the increment in the total potential is positive. Thus, 

when &u=o , and AU7Q for all possible variations of the con
figuration of the system, the total potential is not only stationary 

but an absolute minimum. 

Furthermore, it can be argued that there is at most one 

configuration of the system for which 6u-o and AU > 0 by 
supposing that there are two configurations of the system (j) and (j)* 

for which the first variation of XJ is zero and for which the increment 

&U Is greater than zero. 0 represents the displacement field in 

one configuration, and <^/ represents the displacement field in an 

alternate configuration. The total potential in the configura

tion can be represented by V(<P) , and in the (j)' configuration by 

Consider two cases: 

<«> U(<t>) * U(<p') 



(b) U(<p) = XJ«t>'). 

In case (a) if TJ(($) ? U($') then jU when moving from (j) to 0 

will be negative, and if U(0') ?U((P) then AXJ when moving from 

0 to (p will be negative; but AU must always be positive so that 

U(ty cannot be different from U(0') . Moreover, since All must always 

be positive except in the trivial case where there are no increments 

in the displacement field (f) and (ft cannot be distinct, because if 

(f> and (p were distinct and case (b) held, it would require that 

&U-O . This, of course, is in violation of the requirement that 

AU 70 . Thus, there is at most one configuration of the system for 

which &U - O and AU rO. 

In conclusion, it is observed that the equations of equilib

rium, and the conditions (5.19), (5.20), and (5.21) from which the 

appropriate boundary conditions may be obtained have been deduced 

without making order of magnitude approximations. In addition, for 

certain cases, a criterion that will enable one to state that there 

can be at most one solution to the boundary value problem defined by 

- O has been obtained. 



CHAPTER 6 

FORMULATION OF THE BOUNDARY VALUE PROBLEM 

In this chapter the results of the previous chapters will be 

used to formulate the boundary value problem for the structurally 

symmetric sandwich plate. In a structurally symmetric sandwich, both 

the facings are identical in thickness and material properties. The 

facing thickness is taken to be d, and the equations (A.45), (4.46), 

and (4.47) specialized for this case become 

N^2d£%l-VftCfi + 

+ 1ff(<lpp + i»] 

A^~= -dw^p) 

(6.1) 

( 6 . 2 )  

+ -j (hi-c/)N^ (6.3) 

where EP ~ 

66  
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hf / rl3cf> 
and 0 = "j%0 t . 

Note that [f is the flexural rigidity of a single facing. 

6•1 BOUNDARY CONDITIONS 

In order to deduce the appropriate boundary conditions to be 

applied t-o the governing partial differential equations of the sand

wich plate, conditions (5.19), (5.20), and (5.21) are used. They are 

the conditions required to make the first variation of the total 

potential zero. 

The rectangular panel under consideration is of length A in 

the X direction and of length B in the Y direction. Condition (5.19) 

is examined first, and after introducing the notation 

condition (5.19) becomes 

( 6 .A )  

Upon expanding (6.A), it may be written as 
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p, & + 

- [<?2AW + = 0. (6.5) 

After integration by parts, (6.5) is transformed to 

fo ,  -"vW +  

/T^^w]/ =0 (6.6) 

Uimifa 

but, since/V/A* A^| » fc^e last term in (6.6) is identi

cally zero. Thus, condition (5.19) can be expressed as 

'(q, - + rn„(&^ 

~[(% ~ = 0. (6.7) 

The conditions from which the appropriate boundary conditions 

are to be obtained are (6.7), (5.20), and (5.21). From (6.7) it 

follows that 

[<,, + - 2̂ ,x +<,]AW= o 

[i/v; - o (6.8) 
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on edges where X is constant, and that 

h [<, + ~ £<,+<,]aw = 0 

[£/£- <MaT 0 
( 6 . 8 )  

on edges where X is constant, and that 

on edges where Y is constant. On the portions of the edges where no 

edge loads act, it follows from (5.20) that 

= O 

0 (6.9) 

0 

= 0 (6.9) 

on edges where Y is constant. On the portions of the edges where there 

are in-plane edge loads acting, it follows from (5.21) that 

K - < K ' = o  

[/vj-/G ;]AVC=O C6.w) 

£v«- 0 (6.10) 

on edges where X is constant, and that 
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on edges where Y is constant. By using the conditions (6.8) through 

(6.10), the appropriate edge conditions will be developed for the 

edges defined by constant values of the X co-ordinate. The conditions 

for the edges where Y is constant will be written down by analogy. 

6.2 CLAMPED EDGE 

For a completely clamped edge, all the displacement components 

are specified so that equations (6.8) and (6.9) are satisfied by 

taking 

w  =  v f =  v«"= o  

on all edges, 

lAJy = 0 

or. edges where X is constant, and 

0 (6.11)  

on edges where Y is constant. On a completely clamped edge, it is 

not possible to specify in-plane edge loads so that (6.10) is 

inapplicable in this case. 

6.3 FREE EDGE 

On a free edge the displacements are unspecified, so that on 

the edges defined by constant values of X, conditions (6.8) and (6.9) 

are satisfied by taking 
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nZ = M* = N<= o 

K,«. - | \ t + < x = 0  

f\ln is zero along the edge; consequently, Aits rate of change 

along the edge is zero, making the last condition read 

0 • 

Making use of (6.3) and (A.30), this becomes 

+ (;-v'Hj + 

Thus, the conditions for the free edge with no applied in-plane edge 

loads are 

m*~, = < -- /^,= o 

+ ( i - V ' ) ^ 2 2 / ]  +  [ / )  * d ] r } , - 0  (6 .12 )  

on edges where X is constant, and 

- Nqf 0 

+ [h - d]tn= o (6.iz) 

on edges where Y is constant. 

The last condition of (6.12) is the analogue of the Kirchoff 

condition required in the analysis of ordinary plates. When the 



facings are thin, the influence of the Kirchoff portion of the con

dition is small. In fact, if the facings are taken to be membranes, 

the flexural rigidity of the facings, , will be zero causing the 

last condition of (6.12) to be simply a condition on the vertical 

shears of the sandwich having membrane facings. When the core 

thickness, h, is taken to be zero, it can be observed from (3.27) 

that Vq * O , and when V* 3 O the (Zoi/3 are also zero. Under these 

circumstances, (6.2) and (6.3) become 

<kjs] 

2 Ayi 
where £ U is the flexural rigidity of an ordinary plate of thick

ness 2d. Using these relations, the edge condition 

*• = o 

for the edges parallel to the Y axis becomes 

*• = O • 

This, of course, Is the usual Kirchoff condition for the free edge 

of an ordinary plate of thickness 2d. 

If it were desired to solve a problem in which in-plane edge 

loads were to be applied along the free edge, then conditions (6.10) 

would have to be met rather than (6.9). 
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6.4 SIMPLY SUPPORTED EDGE 

The two types of simply supported edge that will be consid

ered are: (a) the type of edge which will be allowed to rotate but 

not translate, and (b) the type of edge which will be allowed both to 

rotate and translate. 

The conditions applicable to the type (a) are derived first. 

The first condition of (6.8) is satisfied by setting W at the edge 

equal to zero, but, since rotation of the edge is desired, the second 

condition of (6.8) is satisfied by taking 

Since the edge will not be allowed to translate, the first condition 

of (6.9) will be satisfied by setting 1J^O at the edge. Because 

the edge is to be able to rotate, the second condition of (6.9) is 

satisfied by taking - O and Nn " O . Taking \^= O is con

sistent with the usual construction practice of including a stiffen

ing insert between the facings at the edge. This was pointed out by 

Hoff [10]. Summarizing and making all the substitutions necessary to 

put the boundary conditions in terms of displacements, one has 

tv = vf  = v~=o 

o 

+ y\\=o 

on the edges where X is constant. 
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Observing that s Q on simply supported edges where X is 

constant, it follows that ^ on t*1086 same edges. Taking this 

into account and noting that is zero at the same edges, it follows 

that 

wm = w = o 

-- i=0 

on edges where X is constant. By using the relation (3.27), condi

tions on the core shear stresses at the edge may be specified instead 

of the displacement conditions a Q and ~ O • Observing 

that WaQ along the edge, then it follows that 0 on simply 

supported edges parallel to the Y axis. Thus, the condition ^*0 

may be replaced by and the condition = O may be 

replaced by £3/^/ * O • Finally, the conditions for the first type 

of simply supported edge may be expressed as 

w,n = Vof = W = 0 

$32. "" I = 0 (6.13) 

vyu = wT= W - 0 

7j/ - O (6.13) 

on edges where Y is constant. 

on edges where X is constant, and 
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For type (b) edges, the first condition of (6.9) is satisfied 

by taking A^^Qon edges parallel to the Y axis and A/^sOon edges 

parallel to the X axis. Thus, for type (b) simply supported edges 

where no in-plane edge loads are applied, one has 

w = < = = O 

Qi - £31,1 ~ 0 (6.14) 

on edges where X is constant, and 

w  = N £ =  = o  

Zii — 0 (6«w) 

on edges where Y is constant. 

In the linearized problem, the conditions (6.14) will lead to 

a solution in the form of a double trigonometric series for the dis

placement IN and the shears stresses 

6.5 GOVERNING EQUATIONS 

The equations defining the governing partial differential 

equations for the small finite deflection behavior of the sandwich 

panel are given by 

(3.27) 

^ = 0 <4-32' 
u * 
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where the total facing shears Qq are defined by 

(6.15) 

By substituting (6.2) into (4.34), one obtains 

Zyj =? f V<L̂ a\t 0 ~ dty(6.16) 

After solving (3.27) for Ki< and calculating <L<tp , there results 

and, substituting (6.17) into (6.16), two equations relating the 

transverse shears of the core and the transverse displacement are 

derived. These are 

r hd j-pUi-v*) t- . d*v () r  1 
5/s = -j-£ [-5̂ , 

-^(htd)c/£fitV1^s- <6.is) 

Substituting (6.3) into (4.32), one finds 

2/>W 0• <6.i9> 

By substituting (6.8) into (6.19), equation (6.19) is transformed to 

~ 2 + d ) h d + "  D  

- 1 - 0 (6'20) 

where 0 = 2. (h + d) d'£ . 

Physically, D is the flexural rigidity of the composite sandwich panel. 
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In the isotropic case, the shear moduli of the core are 

identical and are given by = Q . Making use of (6.19) 

equation (6.20) may be transformed to 

-hd£-D*V M + OV4W Q> 

=  < 6 - 2 »  

It is obvious that by taking the shear modulus of the core to 

be infinite, or by taking the core thickness h to be zero, equation 

(6.21) becomes 

^  (6.22 )  

where equation (6.22) is one of the equations governing the small 

finite deflection behavior of an ordinary plate. When the facing 

stiffness, » is taken to be zero equation (6.21) reduces identi

cally to that given by Reissner [15]. 

As in the small finite deflection theories for the sandwich 

with membrane facings [15] and the ordinary plate [18], a stress 

function for the in-plane forces, A, can be introduced for the 

sandwich panel under consideration in this chapter. Following Green 

and Zerna [9], the equations of equilibrium (4.33) are identically 

satisfied by defining 

G-3<*7\ &3/Qp (6.23) 
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where (p is a stress function which is a function of the in-plane 

co-ordinates Xe< . That equilibrium (4.33) is satisfied may be 

readily shown by substituting (6.23) into (4.33) and expanding the 

resulting expression. Recalling that 

* Vft J 

and defining 

^o(0~ ~ f> 

it can be shown that 

< 6 -2 4 >  

By substituting the definition of Ac(fi into (6.24), it can be shown 

that 

/V^x ty/l •*!«.] <6-25) 

and by using (6.23) in (6.25 it follows that 

7^ = %,W(lJ. <6-26) 

The form (6.26) will be used when the in-plane edge forces 

A/ ** 
/Vg(£ are specified around the entire boundary, because the boundary 

conditions on |fi can be stated in terms of <j) at the edge and the 

normal derivatives of (j) at the edge. This is shown by Allen. [1]. 

When the displacements are specified at the edge of the plate, 
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equation (6.26) is not useful because the appropriate boundary 

conditions are stated in terms of displacements. When the displace

ments \/£ are specified at the edge, the appropriate equations are 

derived by substituting (6.1) into (A.33). ' 

Thus, when the edge forces /Vo<£ are specified around the 

entire boundary, the appropriate governing partial differential 

equations for the sandwich panel are 

j[h+d)hdEp^ + o /w 

- $2XW>» - <k, (6.27) 

- 2dE.VV„W^J = 0 (6.26) 

{hdBp^!-yf)Vl [-&*] * (I+V+) Jggfj 

-d{h td)EP{Vz^\=0. (6.18) 

6.6 UNIQUENESS OF SOLUTION 

If it can be shown that condition (5.22) is always positive, 

then the preceding boundary value problem will possess at most one 

solution. This is a statement of the stability of the equilibrium 

configuration defined by the boundary value problem. In the linearized 

boundary value problem, the integral does not appear in condition 



(5.22) so that the condition (5.22) is always positive except in the 

trivial case of zero increments in the displacement field. Thus the 

linearized boundary value problem for the sandwich panel possesses at 

most one solution. This is also true for the panel with facings that 

are not identical. 

In certain cases, an argument can be put forth to show that 

condition (5.22) is always positive for Borne nonlinear problems. 

Consider a sandwich plate that has two axes of symmetry with respect 

to the type of edge support, where the only type of support allowed 

is the fully clamped edge or the simply supported edge in which the 

in-plane edge displacements are prevented. The loading or displace

ment W is said to have the property B if it is antisymmetrical with 

respect to both in-plane co-ordinates. The loading to be applied to 

the plate and the increments in the configuration are supposed to 

possess property B. 

Under these circumstances, the set of allowable increments in 

the transverse displacement function is sufficiently arbitrary to 

allow the system to move from any configuration possessing property 

B to any other configuration possessing property B. If the load 

possesses property B, then the set of configurations possessing prop

erty B Is sufficiently large to contain all possible configurations 

of the system that could be caused by the load. 

In this case, if condition (5.22) can be shown to be positive 

definite, then the boundary value problem will possess at most one 

solution, because even though the increments in the transverse 
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displacement are not perfectly arbitrary they are sufficiently arbi

trary to characterize any possible configuration that could be caused 

by the load. Condition (5.22) is given by 

AU = t ]dA  

When the loading and 4W possess property B, the integral 

I =JJ a 

is zero, reducing condition (5.22) to 

= + jdA + p 

(5.22) 

dfi +P. (6.29) 

The mean value theorem for integrals is used to express 

condition (6.28) as 
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av= f  K f ]  J f [mf+  

+-

X*K« _y*y< 
+ P. (6.29) 

x = x  
y*y' 

The integrals in (6.29) are always positive so that the sign of ALT 

is determined by the signs of the mean values of the average exten-

sional strains of the sandwich 

,t .  /  . . .  

> Z X  

Physically, the mean values of the average extensional strains 

of the sandwich must be greater than zero to allow the plate to deform 

out of the plane when the edges supports are such that the edge cannot 

translate. Under these circumstances, AU in (6.29) and (5.22) will 

be positive. Therefore the sandwich with doubly symmetric edge 

supports and loads possessing property B may be shown to have at most 

one equilibrium configuration defined by the boundary value problem 

given by SlJ ® O . 
The irony of this is the fact that for symmetric loads it 

does not appear that anything can be said about the sign of the 

integral 

J J ^(A//jll/AW)ndA 



and thus about the positive definiteness of condition (5.22). But 

physically speaking, the plate being stretched into a membrane shape 

by a transverse load is an extremely stable configuration of the 

system. 

It is to be noticed that property B may also be defined by 

symmetry with respect to one of the co-ordinates and antisymmetry with 

respect to the other, and the foregoing argument will still hold. 



CHAPTER 7 

SUMMARY AND CONCLUSIONS 

With respect to the nonlinear analysis of sandwich panels, 

this dissertation has extended the theory to include the effects of 

the bending stiffness of the facings, core orthotropy, and facings of 

different thicknesses or materials. The appropriate boundary condi

tions for two types of simply supported edge, for a free edge, and 

for a clamped edge were deduced by considering the first variation of 

the total potential energy of the system. The nonlinear boundary 

value problem for the sandwich with identical facings was formulated. 

This boundary value problem is applicable to panels having identical 

facings but an orthotropic core. It was shown to possess at most one 

solution when the edge conditions were symmetric with respect to both 

the geometric axes of symmetry of the panel and the loading anti

symmetric with respect to one or both of the geometric axes of 

symmetry of the panel. 

Further work on the small finite deflection analysis of 

sandwich panels should be directed to the solution of the nonlinear 

boundary value problem, and the results subjected to experimental 

verification. To the writer's knowledge no solutions are available 

for the nonlinear equations given by Reissner [15]. 

The theory presented here can be used to formulate the non

linear boundary value problem for the sandwich possessing facings of 

84 
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unequal thickness and unlike materials by using the relations (4.45), 

(4.46), and (4.47) in their unsimplified form in the equations of 

equilibrium (4.32), (4.33), and (4.34), and the conditions (6.8), 

(6.9), (6.10). The conditions (6.8) through (6.10) will produce the 

appropriate boundary conditions to be applied to the governing equa

tions obtained by substituting (4.45) through (4.47) into (4.32) 

through (4.34). 

One of the applications of a small finite deflection analysis 

is to obtain the boundary value problem for the elastic stability 

problem. In this connection, the sandwich panel has two classes of 

behavior. The panel exhibits a local instability, and a gross insta

bility similar to that of the ordinary plate. The equations in this 

work can be specialized to obtain the boundary value problem for the 

gross buckling case, but not the local instability case because the 

transverse modulus of elasticity of the core was taken to be infinite. 

This, of course, prevents any relative deformations between the two 

faces of the panel. 

The nonlinear analysis of the sandwich panel could be further 

extended by not taking the transverse modulus of the panel to be 

infinite. This would leave the panel sufficient degrees of freedom 

to buckle locally. The equations, thus extended, could be specialized 

to account for both the local wrinkling phenomenon and the gross 

buckling behavior. This would have the advantage of providing a 

unified theory to account for both types of instability. However, an 

additional theory which would account for the wrinkling behavior of 
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sandwich panels would not provide conclusive results at this time. 

There are a number of references in the literature which attempt to 

describe this behavior. These theories are markedly different, and 

substantiating test data are few and not statistically sound. 

References [3, 8, 12, 19, 23] provide some experimental data 

regarding this behavior. In his paper on sandwich columns, Eringen 

[3] assumes that the core is orthotropic in the usual sense. He 

accounts for the in-plane modulus of elasticity as well as the trans

verse modulus of elasticity and the shear modulus of the core. The 

in-plane modulus of elasticity and the transverse modulus of elas

ticity are regarded as unequal. Thus his core analysis falls into 

the hard core category because he accounts for the in-plane stiffness 

of the core. This core model strikes this writer as the most accurate 

in the sense that it more nearly accounts for the actual behavior of 

the core, but it has the disadvantage of making the theory very com

plicated. In support of his predicted local buckling stress, Eringen 

lists some experimental data obtained by van der Neut [19], from which 

it is difficult to draw any conclusions regarding the validity of the 

model due to the scatter of the data, and limited amount of the data. 

Yuseff [23] uses a very much simpler analysis to account for 

the local buckling of the panel, and uses data from Hoff [12] to 

support his analysis. His predictions are reasonable for the data 

from Hoff that he selects, but the data in Hoff that Yuseff does not 

use in his paper do not agree so well. References [3, A, 6, 7, 11, 

12, 21, 22, 23] all deal with predicting the wrinkling stress by one 



mechanism or another, but this writer feels that what is needed to 

clear up the matter of this phenomenon is an experimental investiga

tion of sufficient magnitude to vary all the parameters influencing 

this type of instability to draw meaningful conclusions regarding the 

usefulness of the various theories. In this connection, it will be 

necessary to design the experiments to obtain meaningful data. 

Buckling experiments exhibit a great deal of scatter, so that the 

experiment would have to be designed statistically so that the effects 

of uncertainties regarding material properties and test conditions can 

be distinguished from each other, and so that reliable design limits 

can be obtained. 
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