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ABSTRACT 

AU-refiective imaging systems that are asymmetrical and eccentric have the advan

tage of providing more degrees of freedom to improve image quality. A disadvantage 

of these asymmetrical imaging systems is that they suffer from asymmetric mapping. 

This asj-Tiimetric mapping manifests itself mainly in the presence of keystone distor

tion and anamorphism. Due to the increase in degrees of freedom, the complexity 

of such systems escalates: thus, the designer is confronted with the difficult task of 

determining optimal starting points. 

This work addresses several first-order aspects of the design and characterisation 

of asymmetrical, aU-reflective, aspherical, eccentric imaging systems. In contrast to 

the work of Stone and Forbes, which is based upon the theory of Hamiltonian optics 

and includes both the first- and second-order considerations, this work is based upon 

the theory of coUineation. Because of the inherent simplicity of the coUineax mappiag, 

which is a projective transformation, we are able to present a simple but certainly 

not naive way of designing ajid characterising such asymmetrical all-reflective imaging 

systems. The simplicity of this proposition has the advantage that we can gain insights 

into asymmetrical mapping behaviour. 

Specifically, we apply the coUinear mapping model on all-reflective asymmetrical 

imaging systems resulting in the description of how the mapping between conjugate 

planes may be described. First we wiU define keystone distortion and anamorphism. 

Then we will introduce and investigate the significance of the Cardinal points and 

planes, the Scheimpflug condition and the horizon planes and show how they axe 

applied in the designing of imaging systems that are free of both keystone distortion 

and anamorphism. Having estabUshed a first-order layout of the optical system, we 

wiU then develop a process for converting the first-order layouts into imaging systems 

consisting of real aspheric surfaces. 
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Chapter 1 

INTRODUCTION 

''Where shall I begin, please your Majesty?" he asked. 

"Begin at the beginning." the King said gravely," and go on till 

you come to the end: then stop." — Lewis Carroll, 1832-1898 

1.1 Motivation 

In the fields of lithography, astronomy, remote sensing, spectroscopy, illumination 

design and many others, there is an increasing interest in unobscnred reflecting optical 

systems. There is a need for such systems in the field of micro-lithography because 

of the trend toward imaging systems operating in the UV and EUV of the spectrxmi, 

where the choice of transmitting glasses is limited. Even in optical systems that 

operate in the visible spectrum, the freedom firom chromatic aberrations in a reflecting 

s)''stem is usually of critical importance. 

Reflective rotationally symmetrical systems have the disadvantage that the obscu

ration caused by successive elements causes several undesirable effects such as those 

due to diffraction. By departing from the symmetry we can eUminate obscurations in 

reflective and catadioptric instruments in order to enhance contrast and throughput. 

The complexity of such systems as well as the difficulty in manufacturing them have 

made such systems extremely expensive and raxe. It is therefore not sxirprising that 

the design of such systems have often been Uttle more than a pedagogical curiosity. 

However, technological advances have made it possible to consider unsymmetrical 

designs more closely. Rodgers and Jewell [2] 1990 pointed out that tilted mirror sys

tems are difficult to aUgn because they have no axis of rotational symmetry to use as 

reference. Nevertheless, they also emphasised that tilts and decentrations of mirrors 
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are effective degrees of freedom, for minimising the asymmetric aberrations inherent 

in unobscured reflective systems. They also state that a comparable rotationally sym

metrical system is easier to align but has the disadvajitage that it requires a greater 

surface complexity. 

in respect of first-order concerns, a rotationally S5anmetrical system with untilted 

object and image planes is free of keystone distortion while asymmetrical systems 

normally suffer from its presence. 

In agreement with Laikin [3], who states that analytic techniques for determining 

the optimal starting design is the future of optical design, it is my opinion that 

the designer's value is greatest in the early stage of the design, i.e. the outline of 

the optical system. First-order optics defines the basic geometry of image-forming 

systems. It determines the ajdal positions and the vertex radii of the surfaces, the 

pupil locations and the "ideal" image location for any given object point. However, 

it cannot predict image quahty. 

The study of first-order optics is essential to understanding the basic principles 

of the image-forming process, and it should always be used with skill and care in the 

early design phase to avoid discovering the impracticality of the initial concepts later. 

This is particiilaxly true in the case of all-refiective systems because of their generally 

more complex geometrical configurations compared to ordinary lens systems. The 

general theory of non-centred systems is very much more complex because of the va^ 

increase in parametric freedom. Consequently, the designer is in need of design tools 

that help one to tmderstand image formation in such asymmetrical systems and that 

may lead to profound insights. 

In this work we wiU foUow Abbe, to whom most of the authors refer, who stated 

that the fundamental concept of an ideal optical system holds that for every point, 

line and plajie in object space there will be a unique corresponding conjugate in image 

space. This is the principle of coUineation and is independent of the symmetry of the 

optics. 
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Walther [4] emphasises strongly the fact that the first-order optics represents 

only an idealistic view since projective transformations are a poor approximation 

to the behaviour of real imaging systems. However, the complexity associated with 

Hamiltoniaji optics [5, 6], i.e. Eikonal theory, can be burdensome and can be a 

handicap in the study of the image formation by complex asymmetrical systems. 

Nevertheless, Stone and Forbes [1, 7-13] laid the foundations to provide a first- and 

second-order layout for asymmetrical systems using the principle of Eikonal theory. 

In their approach to first-order theory, they performed a Taylor approximation of the 

corresponding ELkonals. By doing that, they ensured that each system's first-order 

imaging properties must be equivalent to those of an axiaUy symmetrical system. 

Stone and Forbes stated further that such properties are desirable since it foUows 

that, to first order, aU points axe imaged sharply. Stone [14] enhanced the work 

further by providing the basis for the determination of the initial ray configmrations 

for asymmetrical systems. Howard and Stone [15, 16] apphed this theory and provided 

some interesting design concepts. 

In designing optical systems, our goal, in every case, is to produce a perfect sys

tem. It is known in advance that this goal cannot be achieved, but it gives direction 

to our endeavours. In that respect, using a coUinear mapping as the ideal imaging 

model can provide a simple path for both the investigation of the mapping properties 

and the design of such asymmetrical systems. We therefore wish to obtain simple 

relationships for dealing with the first-order behaviour of optical systems. We will 

concern ourselves only with the fixst-order design aspect of aspherical, off-axis, aU-

refiective imaging systems. First-order mapping systems are considered to be perfect, 

i.e. they provide stigmatic image formation; by definition, they do not siiffer from 

aberrations. Consequently, we will not include any consideration of how aberrations 

subsequently modify the mapping. That coma, for instance, has an additional and 

significant contribution to the orientation of the conjugate planes has been pointed 

out by Sasian [17] in his study of bilaterally symmetrical reflective systems. This 
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means that the conjugate-plane orientations determined with the tools developed 

in this dissertation will therefore not give an accurate prediction of how the planes 

need to be optimally oriented. The determined first-order orientations simply pro

vide an excellent starting point for the most appropriate orientation. After we have 

estabUshed the first-order outline and have determined the most appropriate staxting 

surfaces, it is then appropriate to use the computer to optimise the system. 

1.2 Scope of dissertation 

The scope of this dissertation is to develop a simple method with which one is able to 

design unsymmetrical reflective imaging systems that are free of keystone distortion 

and anamorphism. The development of such an approach will only be concerned with 

first-order optics; hence, no aberration consideration will be included. 

In other words, we wish to design unsymmetrical imaging systems whose mapping 

properties from the initial object plane to the final image plajie can be described as 

an aifine transformation, i.e. s' = m- s, where s defines an object point in the object 

plane while s' represents the conjugate point in the final image plane. The parameter 

m G IR defines the transverse magnification of the overall imaging system. 

In this work, we shall not concern ourself with any restrictions in respect of any 

requirements a system designer would like to impose. Consequently, the imaging 

elements can' be arranged in such a way that they might be in each other's way or 

even hinder the light path itself. Such concerns may be implemented into the design 

tool in a later stage together with other constraints. 

1.3 Dissertation overview 

The dissertation is divided up into several major parts. In chapter 2, we develop the 

coUineax mapping relationships dealing with mapping from the object space to the 
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image space. The major part of this chapter is to provide the fundamental mapping 

relationships between the two spaces. The orientation of the object plane and that 

of the mapping element are arbitrary. 

Chapter 3 is devoted to extending the fundamental mapping relations to describe 

the mapping between object points that are confined to a plane and their conjugate 

image points. In this process, we will point out several intriguing properties that 

ai'ise because of the coUineation. In this plane-to-pleine mapping, we require that the 

image plane orientation fulfil the Scheimpflug condition. This and other properties 

are the fovmdation block used in the next stage of development. 

This chapter is followed by chapter 4 where some mapping examples are provided. 

In those examples, we show how the orientation of the object plane in respect of that 

of the mapping element affects the mapping. The intention is to give guidajice ELS to 

what is to be expected from unsymmetrical systems as weU as bilaterally symmetrical 

systems. Another intriguing visualisation that is provided in this chapter is the func

tional form of anamorphism and keystone distortion as function of the object-plajie 

orientation variation. We also provide a brief discussion of the various combinations 

that arise from the presence or absence of keystone distortion. 

The core of this work is presented in chapter 5 where we wiU investigate in great 

detail the requirements for the imaging system to be free of keystone distortion and 

anamorphism. The design concept taJces advantage of and is based upon the unfolded 

system representation. This concept permits a straightforward strategy for either a 

geometrical or an algebraic design approach. Several illustrative design examples 

are provided. The design of the optical system takes into considerations only ideal 

mapping elements. 

In chapter 6 we provide a transition between ideal and real imaging systems. The 

transition requires an starting place for replacing the ideal mapping elements with 

real ones. Conic surfaces turn out to be perfect for our purpose and wiU be used as 

initial surface approximations. It is therefore the scope of this chapter to provide a 
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thorough discussion, which is tailored for its aim, of this surface type. 

The designs have been designed in their unfolded system representation. The 

purpose of chapter 7 is to provide the tools and concepts required to perform the 

conversion from the design's unfolded to its folded representation. Without any proof, 

we will graphically show that the ideal mapping systems still fulfill Scheimpflug's 

condition, which is, of course, to be expected. In addition, we introduce the concept 

of tandem ray tracing that will serve as a validation tool to confirm that the coUinear 

model is predicting the mapping correctly to first order. 

The Modern Schiefspiegler discussed in chapter 8 serves as an example in which 

we demonstrate that for certain optical systems it is possible to either eUminate or 

reduce either keystone distortion or anamorphism. In accordance with chapter 5, the 

Modern Schiefspiegler cannot simultaneously be free of both keystone distortion and 

anamorphism. 

Finally, in chapter 9 we summarise the dissertation and propose some future work 

that is based upon the theory developed in this dissertation. The discussion also 

includes necessary extensions to enhance this work further. 

1.4 ReadMe.txt 

This is not what you might have expected from the section title since the following 

has absolutely no resemblance with last corrections that axe normally accompanied 

with software packages. 

The intention of this section is twofold. First, I apologise for probably not having 

provided the most efficient and comprehensive investigation of the topic. By way 

of apology it is just time for me to graduate and to move on despite the fact that 

the topic put me in its speU of arousal. Nevertheless, this does not mean that I 

will not continue to work and improve on it. Second, I took the Uberty of using 

British spelling, which is, in my opinion, aesthetic and more appealing, throughout 
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this work. Considering that I am still an apprentice in the English language, it is 

certain that I failed abysmally at many passages. Consequently, you will not find 

the exquisite beauty of Verdi's music played to perfection, neither will you find the 

tremendous beauty of Andrea Bocelli's voice to speak symbolically. Despite many 

imperfections, which you might encounter and for which I apologise, you will come 

upon many aspects with the virtue of being novel, intriguing, ajid practical as well as 

providing profound insights. I hope that this work will be able to hold your attention 

and curiosity and to have a benign influence on you. 
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Chapter 2 

COLLINEAR MAPPING FOR MODELLING ASYMMETRICAL 

SYSTEMS 

The objective of this chapter is to introduce coUinear mapping as the ideal imaging 

model for unsym metrical systems. We develop the most general form of the coUinear 

mapping transformation, which consists of 15 independent coefficients, then reduce 

it to the most useful form for our purpose. With use of the mapping properties, the 

coUinear mapping relations is then rewritten to a more smtable and familiar form. 

The organisation of this chapter is as foUows: In section 2.1 we present a brief 

review of the development of the ideal imaging model for rotationaUy symmetrical 

systems based upon the collinear model. In section 2.2 we derive the coUinear map

ping model based upon two assumptions. Section 2.3 is intended to show how the 

coUinear mapping model is reduced to its most compact form required for our pur

pose. Section 2.4 is devoted to the discussion of the system characteristics defined 

by the coefficients of the coUinear mapping relations. In section 2.5 and 2.6 we de

fine the origins of the coordinate systems and rewrite the mapping equations using 

system terms obtained in the discussion of the mapping characteristics. Section 2.7 

is intended to show that the weU known Gaussian and Newtonian imaging equations 

axe special cases of the obtained coUinear imaging model for imsymmetrical systems. 

The section is concluded with the brief summary given in section 2.8. 

2.1 Introduction 

Considering the imaging process of an optical system, it becomes clear that Euclidean 

geometry is insufficient since lengths and angles are no longer preserved, ajid images 

of parallel lines may intersect. Euclidean geometry is a subset of what is known as 
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projective geometry. In fact there axe two geometries between them: similarities 

and affine^. Projective geometry models well the imaging process because it allows 

a much larger class of transformations than just rigid motions, a class that includes 

perspective projections. We will use the term projective transformation and coUinear 

mapping interchangeably in this work. 

Projective transformation is a mathematical transformation that is widely used in 

the field of computer graphics. In respect of optics, projective transformation, which 

is a coUinear transformation- but not a conformal transformation^, approximates the 

imaging performance of optical elements both made of and immersed into a meditun 

that is both homogeneoxis and isotropic. The nature of this one-to-one transformation 

is to map stigmatically points to points, lines to lines and planes to planes. 

As Goodman [18] points out, the coUinear transformation is an approximate de

scription of image geometry with the intervening optical system treated as a black 

box having certain properties, and not as a theory, that describes the process of 

image formation. Because of the natmre of this transformation, it is often taken to 

describe ideal imaging without any restrictions to the extent of the object or its im

age. However, it is physicaUy impossible for an imaging system to image as described 

by coUinear mapping; nevertheless, coUineax mapping serves as a guide. In addition, 

the expressions for actual ray behaviour talce the form of coUineation in the paraodal 

and, more generally, in the parabasal limits'*. 

Discussions in respect of the coUinear transformation and its appUcation to ap-

contrast to the transformations permissible under the Euclidean geometry, which includes 
rigid motions such as translations, rotations and reflections, the similarity transformation also in
cludes uniform scaling while the affine transformation also permits non-uniform scaling and sheaxing. 
Therefore, we have the following dependencies: projective D affine D similarity D Euchdean geom
etry. 

transformation a, having the property such that if £ is a line and a(£) is also a line, is a 
coUineation, meaning that a preserves line £. 

conformal transformation preserves the angle measures of a geometric figure; thus, only 
similarity trajisformations and their subsets belong to this class of transformations. 

'^ParabasaJ rays are rays that lie in a sufficiently close neighbourhood of an "arbitrary' ray from 
which first-order properties may be extracted. 
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proximate imaging systems may be found in Maxwell [19, 20], Czapski [21], Southhall 

[22], Von Rohr [23] and Conrady [24] to name a few. 

Moebius [25] seems to have been the first to suggest that the formation of axial 

images through refraction or reflection at a single spherical surface embodies the 

priaciple of collinear relationship, whence he concluded that all theorems on the 

optical effect of any system of reflecting or refracting spherical surfaces express nothing 

more or less than the direct consequences of this relation between an object aiid its 

image due to a single refraction. His conclusions were taken up and his theory further 

developed and confirmed. The first to abandon exphcitly all reference to physical 

conditions in his deduction of the laws of the formation of images and to enunciate a 

purely geometrical theory was Clerk Maxwell [19, 20]. He applied his investigation to 

a hjrpothetical " perfect" instrument which, he defined without regard to the possibUity 

of the means of its reaUsation by the following three requirements: 

1. Every ray of a pencil proceeding from a single point of the object must, after 

passing through the instrument, converge to, or diverge from, a single point of 

the image. 

2. If the object is a plane surface normal to the axis of the instrument, the image 

of any point of it must lie in a plane at right angle to the axis. (This definition 

expressly postulates the presence in the instrxunent of an axis, and, as will be 

seen in the next requirement, the axis is necessarily an axis of symmetry.) 

3. The image of an object in this plane must be similar to the object. 

The relations connecting the magnitudes and positions of the object and image that 

Clerk Maxwell deduces from these three purely geometrical premises agree with those 

derived by C.F.Gauss from the special physical conditions from which he proceeded. 

C.F. Gauss developed completely the theory of the refraction of paxajdal rays through 

a centred system of infinitely thin lenses, which was published in his famous work 
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Dioptrische Untersuchungen (Gottingen, 1841) [26]. C.F.Gauss was also the first who 

defined the focal length in a strict sense while introducing the concept of principal 

and focal planes. 

The last remaining step was taken by Abbe [see 21-23, 2 7 ] ,  who about the year 

1872, without any knowledge of the previous work of Moebius and Maxwell, developed 

in the course of his university lectures the geometrical theory of the formation of 

optical images by assuming nothing more than that optical transformation firom one 

space into another occurs. Without any special assumptions whatever as to the 

construction or constitution of the optical apparatus, and even without reference to 

the physical laws of reflection and refraction, he deduced in the simplest and most 

direct way all the laws concerning the relative positions, dimensions, etc. of the object 

and image. Thus, the fundamental and essential characteristic of optical imagery is 

a point-to-point correspondence, by means of rectilinear rays, between object and 

image; and from this one assumption, Abbe deduced the general laws of optical 

images. 

In modern geometry this unique point-to-point correspondence by means of rec

tilinear rays between image and object is called "Collineation" (collinear mapping or 

projective geometry), a term introduced by Moebius in his great work entitled Der 

barycentrische Calcul (Leipzig, 1827). 

The derivation of the collineation relationships is often treated by starting with the 

general form and then reducing its complexity by applying available symmetries. Ex

amples of such approaches can be foimd in Born and Wolf [28], Cox [29], Buchroeder 

[30], Sasian [17, 31] and Goodman [18], for instance. An important feature of the 

collinear transformation is that a succession of collinear transformations is a colhnear 

transformation, and these transformations form a group. It is associative, corre

sponding to the fact that a series of imaging operations can be associated pairwise 

in any way. There is a unit transformation, correspondingly physically to nothing or 

to a unit magnification afocal system. There is an inverse; thus, an image distorted 
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as a result of object or mapping element tilt can be rectified by an appropriately 

designed system to the extent that coUineation validly describes the effects. This 

siunmaxises the features needed to design all-reflective imaging systems that are free 

of anamorphism and keystone distortion. 

2.2 Collinear mapping as an ideal imaging model 

2.2.1 Assumptions and. requirements 

The theory presented here wUl be ba^ed upon two assumptions. The first assump

tion is that in any homogeneous, isotropic mediima, the geometrical rays of light axe 

straight lines, and as this assvunption imderlies the whole of geometrical optics, we 

may safely accept it. The second assimiption is of a very different natiure and that has 

been proven to be false, namely we assume that it is possible to construct a perfect 

or ideal optical system. This hypotheticaUy perfect optical system is defined as one 

that satisfies these conditions: 

1. To every object point there corresponds one and only one image point. Similarly, 

to every image point there corresponds one and only one object point. 

2. To every group of object points lying in a plane there corresponds a group of 

image points lying in a plane. Similarly, to every such group of image points 

there corresponds a group of object points lying in a plane. 

As a coroUary to these definitions, we have the result that, to every set of object points 

lying on a straight line, there corresponds a set of image points lying on a straight 

line (coUinear transformation). This result follows from the fact that a straight line 

is generated by the intersection of two planes. 

To gain in-depth imderstanding of the collinear mapping, a logical derivation of 

the relationships wiU be presented, which is based upon Dr. Shack's lecture notes [32]. 
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2.2.2 Collinear transformation derivation 

In response to the first listed requirement, let us assume that the point-to-point 

correspondence can be expressed for an arbitrary Cartesian coordinate system in 

object and image space. Therefore, for any object point {x,y,z), the corresponding 

image point (x', y',z') is uniquely determined by 

x' = a{x, y, z) 

y' = Pix,y,z) 

z' = 'r{x,y,z) (2.1) 

where a, [3, and 7 are functions yet to be determined. In response to the second 

requirement, let us state that auny plane in object space may be described by 

Ax -t- By -h Cz + D = 0 (2-2) 

and the corresponding, or conjugate, image plane by 

AV + B'y' + Cz' + D' = 0 (2.3) 

In the presence of a coUinear mapping, the set of coefficients in object space A, B, C, D 

must be uniquely cormected to the set in image space A', B\ C, D'. To show this, 

consider the function 

$(3:, y, z) = A' a{x, y, z) + B' (3{x, y, z) -I- C 7(x, y, z) -h D', (2.4) 

which, as it stands, is not necessarily zero. 

However, if we constrain our object points to he in the plane described in equ. (2.2), 

then $(x, y, z) must be identically zero. This wiU be true in general only if the 

expression Ax + By -f- Cz + D is a factor of $(a:, y, z). We may then write 

$(x, y, z) = {Ax + By + Cz + D) • 0(x, y, z), (2.5) 
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where 0(x, y, z) is yet to be determined.. 

The function ( p ( x ,  y ,  z )  cannot vajxish for points outside the object plane, since this 

would imply that there are points in the image plane that are conjugate to object 

points not in the object plane. Furthermore, 4>(x, y, z) can become infinite only La 

such a manner that $(x, y, z) remains zero when Ax+By+Cz+D = 0. Consequently, 

w e  c a n  d i v i d e  b o t h  s i d e s  b y  o ( x ,  y ,  z ) :  

^  ^ , P { x , y ,  z )  ^ , j ( x , y , z }  ^  1  
< p ( x , y , z )  < p ( x , y , z )  ( p ( x , y , z )  ( p ( x , y , z )  ( p ( x , y , z )  

=  A x  +  B y  +  C z - h D .  (2.6) 

Since the right side of equ (2.6) is linear, the left side must also be linear, as must be 

each term on the left side. 

a ( x , y , z )  
= ai X -h bi y -h ci z + di 

= 0,2 X + 62 y + C2 2 + (^2 

= a3 X + bs y + C3 z + ds 

= ao X + bo y + Co z + do- (2.7) 

(i>ix, y, z) 

P{x,y, z) 

4>ix,y, z) 

l{x, y, z) 

4>{x,y, z) 
1 

(t>{x,y, z) 

Multiplying through by 0(x, y, z) gives us our general collinear mapping equations: 

CLx X bx y -'r Ci z di G\ 
X = 

y = 

(1q X hQ y + cq z + d^ gq 
0,2 X b2 y C2 z + d2 G2 
0,0 X + bo y + cq z + do Go 
az X -j- bz y Cz z + d^ G3 

ao X bo y + Co z + do Go 

and similarly for the inverse collinear mapping 

a'l x' + 6'̂  y' -!- 2' + d\ _ G\ 

a'o x' + 60 y' + do z' + G'o 

a'2 x' + 62 y' + C2 2' + d'2 G'2 
a'o x' + 6^ y' + dg z' + G'o" 

(2.8) 

X = 

y = 

^3 + 6^ y^ + 4 2^ + ^ ^ 

a() x' + 6'o y' + g'o 2' + d!o G'o 
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AQ 
= 

QQ ^2 C3 — GQ 63 C2 -f- G3 60 Co — G3 bo Co "h G2 bz Co - a2 bo Cz 

= 
0,0 63 Ci — Gi 63 Co + Gi bo C3 — Go bi Cz -t- az bi Co -- az bo Cx 

Co 
= 

dl &2 CQ — Go 62 Cj. — Gi 60 Co -1- Go 61 C2 "h G2 60 Cx -- a2 bi Co 

4 
— Ql 63 C2 — Gx 62 C3 -1- G3 62 Ci — G3 bi C2 + G2 6X C3 -- a2 bz Cx 

a'l — bo C3 ^2 — bo C2 dz — 62 C3 do + 62 Co dz -f- 63 C2 do -- bz CQ d2 

= 
bi C3 do — bo Cz di — bi CQ dz -f 60 Cx d3 -|- 63 Co dx -- bz Cx do 

4 
= 

60 C2 di — bi C2 do -h 61 Co ^2 — 60 Cx d2 -i- 62 Cx do -- 62 Co dx 

-= 
bi C2 ds — 61 C3 £^2 ~ bz C2 di + bz Ci d2 -t- 62 C3 dx -- 62 Cx dz 

o!i 
= 

Go Co dz — Go C3 d2 -h G3 CQ d2 — G3 C2 do -t- G2 C3 do — A2 CQ dz 

b'2 
= 

Go C3 di — Gi C3 do -H Gi Co dz — Go Cx d3 -h a3 Cx do ~ <23 Co dx 

^2 
= 

Gi C2 do — Go C2 di — Gi Co <^2 4- GQ CX d2 — G2 CX do + G2 CO dx 

d'^ 
= 

CL\ C3 c/o — Gi C2 dz — 0,3 Ci <^2 -j- G3 C2 dx — G2 C3 dx -I- G2 Cx d3 

0.3 
= 

Go 63 £^2 — Go 62 dz + G3 62 do — 03 bo d2 — Cb2 bz do H- G2 60 ds 

b'z 
= 

<^1 bz do — Go bz di — Gi 60 dz -t- Go bi dz — CLz b]_ do + G3 60 dx 

4 
= 

Go 62 di — G^ 62 do "f" Gx 60 do — Go bi d2 -f- G2 bi do — G2 bo dx 

d'3 
= 

Gi 62 dz — Gx 63 dj — G3 62 ^1 "1" ^3 do + G2 ^3 dx — a2 dz 

TABLE 2.1. List of all coefficients connecting the object and image space 
coefficients of the forward and reversed coUinear mapping 
equations (equ. (2.8) and equ. (2.9)). 

These equations are for completely arbitrary Cartesian coordinates in the two spaces. 

However, by re-orienting and by re-locating the origins of the two coordinate systems 

as weU as by including symmetry consideration of the optical system, the number of 

numerical coefficients may be reduced dramatically. Table 2.1 lists the connection 

between the coefficients of the forward and reversed coUinear mapping equations. 

The coUinear mapping equations had been derived with the principle of imaging a 

plane to a plane. That the obtained equ. (2.8) and equ. (2.9) indeed map a plane into 

a plane can easUy be shown. To prove that the point-to-point correspondence holds, 

we simply have to substitute equ. (2.8) into (2.2) in case of the forward mapping 
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while we have to substitute equ. (2.8) into (2.3) in case of the reversed mapping. The 

mathematical expression of the latter case after further simplification is given by 

A' GI B' Go + C G-i -f- D' GQ = 0, (2.10) 

that can be rearranged to obtain the more common form 

X • \A! cii + B' 0-2 + C 0.2 + D' qq] 

y • [A' b\ + B' 62 "T C 63 + D' 60] "I" 

z • [A' + B' C2 + C' C3 + D' Co] + 

[A' di + B' c/2 + C" £^3 + D' (IO] = 0. (2.11) 

As expected, the obtained linear equ. (2.11) indicates that the mapped image 

plane is also a plane in object space. Therefore, demonstrating that the point-to-

point correspondence between the two spaces exists using the just obtained coUineax 

mapping equations. In addition, from equ. (2.8) and also as a necessary condition 

that the object plane and the image plane may be definitely conjugate, it foUows that 

finite planes are in general conjugate to finite planes^. 

When the object plane is located at finite distance 

gq = ao X -'r bo y + cq z -k- da = q, (2.12) 

we find that .it hats corresponding to it a plane at an infinite distance in the image 

space, whilst the finite image plane 

g'q = QQ X' + 60 y' + c'q z' (i'q = 0, (2.13) 

corresponds to an infinitely distant plane in the object space. Abbe referred to those 

planes as planes of discontinuity of the object and image space respectively. Knowing 

that I am jumping the gun now, I reveal the fact that those planes are referred to as 

front and rear focal planes of an optical system. 

°The term finite is used to refer to a finite location ajid not in respect of size. 
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2.3 Reduction of the collinear mapping equations to their 
simplest form 

The analytical disctission of the equations of image formation (coUinegu: mapping 

equations) suggests that an appropriate choice of coordinates within the two spaces 

wiU enable us to define the relations connecting the object and image space by means 

of very simple relations. 

2.3.1 Reference ray 

The establishment of a precise definition of the Gaussian optics is essential. Consider, 

therefore, a general optical system and some special ray® referred to here as reference 

ray or optical axis ray^. This ray is generally near the centroid (in both position and 

direction) of aU rays that axe required to pass unobstructed through the system®. The 

coUinear mapping relationships wiU be based upon the analysis in respect of this ray 

in the sense that it serves as reference axis. This situation wiU now be discussed in 

more detaU. 

So fax we have not imposed any requirements or placed any restrictions upon 

the imaging system. The two Cartesiaxi coordinate systems in object and image 

space axe not connected in any way. The coordinate systems may be rotated ajid 

located arbitrarily and independently in respect of one another. This situation is 

not acceptable to work with; thus, we must estabUsh a means for aligning the two 

coordinate systems. It seems only logical to align the coordinate systems upon a ray 

®There are several names for the same ray having the same purpose. Sands [33, 34] referred to it as 
base ray, which got adapted by Stone and Forbes [10] in their approach of designing unsymmetrical 
systems. Stavroudis [35], on the other hand, used the term pseudo axis, while WeLford [36] used the 
term principal ray. 

^The origin of this terminology is unknown but Thompson [37] seems to be one of the first who 
used this term. 

®To avoid any confusion, the collinear mapping itself is not concerned with rays and wavefronts; 
therefore, no restrictions upon ray-bundles can be superimposed. Although we are not concerned 
with parabaszd optics, the development of first-order optics can adso be based upon the analysis of 
rays near this reference ray as it has been done in the past. 
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in object space and its conjugate in image space. 

In order to do so, let us define a bundle of rays in object space having the following 

properties: aU of the rays are parallel to one another, which implies that the rays 

originate from a point located at infinity. The directions of the rays shall be such 

that the rays have a defined orientation in respect oi uq x + bo y cq z dq = 0, 

the plane of discontinuity in object space. The orientation of the rays is defined by 

the plane coefficients CQ, 6O and CQ. All of the mapped rays, which are conjugate to 

the object rays, will pass through a single point located on the plane of discontinuity 

in image space. However, one and only one conjugate ray will also have the same 

orientation to the plane of discontinuity in image space as the rays have to their plane 

in object space. This unique ray wiU be referred to as reference ray henceforth. A 

principal representation of this situation is given in Fig. 2.1 with the limitation that 

only a few rays out of the infinite set are shown. 

Object Space Image Space 

focal 
Diane 

focal 
plane 

FIG. 2.1. Parallel rays having a defined inclination to the focal plane in object 
space are mapped into the image space where aU of the rays come 
together at one point lying in the focal plane in image space. One and 
only one ray, the so called reference ray, will have the same inclination 
in respect of the focal plane in object and image space. 
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The object and image space are two individual spaces that need to be linked together. 

This unique reference ray wiU serve the purpose of establishing the Unk between the 

right-handed Cartesian coordinate system associated with each of the two spaces. 

The arbitrariness of the coordinate system orientation will be reduced from six to 

two degrees of freedom by requiring that the 2 axes of the two coordinate systems axe 

identical with this reference ray. Consequently, the two degrees of freedom left axe 

moving along and rotation around this reference ray. The former requfrement wiU be 

addressed in section 2.5 while the latter requirement wHl be addressed in section 2.3.2. 

2.3.2 Orientation of coordinate systems 

We still have not restricted the orientations of the coordinate systems since rotations 

about the 2 and 2' axes are still permissible. It wiU be our iatention to have the 

mapping arranged such that the two coordinate systems are aligned. This is carried 

out by rotating the two coordinate systems about the reference ray in object and 

image space with which the 2 and z' axes, respectively, axe coincident. By "aligning", 

we refer to the situation at which points confined to the xz plane or to the yz plane 

in object space map into the xV plane or into the j/V plane, respectively, in object 

space. 

2.3.3 Reduced collinear mapping equations 

The fact that we aligned the coordinate systems in respect of the chosen reference ray 

allowed us to align the 2 and z' axes. In addition, let us also requfre that r' = ?/' = 0 

when X = y = 0; therefore, we must have = ^2 = 0. The task of orienting the 

coordinate systems eUminated the coefficients 61, C2, a-i and Ci. 

The impact of these requirements is shown, in the following reduced collinear 
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mapping equations ; 

forward mapping: 

reversed mapping: 

X = 

y = 

X — 

y = 

CL\ X 

aQ X bo y + CQ z + do 

b2 y 

ao X + boy -'r CQ 2-1-^0 
a^ X + bs y C3 z -h dz 

ao X + bo y -h Co z do 

a\ x' 

a'o x' + 60 y' + a'o z' + d'o 

b'2y' 

a'o x' + 6'o y' -1- z' + (ig 
a'3 x' -i- 6'3 y' + c'3 2' + (i'a 

(2.14a) 

(2.14b) 

(2.14c) 

(2.15a) 

(2.15b) 

(2.15c) 
a'Q x' + 6̂ 0 2/' + c'o z' + d'Q 

The relationships between the coefficients for the forward and the reversed mapping 

have already been determined and are listed in table 2.1. Those relationships can 

be further reduced by substituting into them the eliminated coefficients: bx = ci = 

d\ — a2 = C2=d2 = 0. Table 2.2 Usts the connection between the coefficients of the 

forward and reversed coUinear mapping equations. 

The coordinate systems are still not completely fixed in space. Both of them can be 

shifted along the reference ray in their corresponding spaces. Therefore, the coUinear 

mapping equations can be further reduced by defining the origins of the coordinate 

sj'stems. This will be emphasised in a later chapter. 

® It is often found that the transformation is expressed in matrix form, i.e. a linear representa
tion (Goodman [18], Encarnagao et al. [38]). Equ. (2.14a)-(2.14c) eind similarly equ. (2.15a)-(2.15c) 
could be expressed as 

f x'\ 
y' 

z' 
\uj' J 

ai 0 0 0 
0 62 0 0 

<23 63 C3 0 

ao bo co do 

f x\ 
y 

\UJ J 
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a'o — 62 (<20 C3 - as Co) b'o = ai (bo C3 - h Co) = ai 62 Co d'o — —<2L 62 C3 

a'l = 62 (co dz — C3 do) b[ = 0 = 0 d\ = Q 

a'2 = 0 b'2 = ai (co dz — Cz do) = 0 II 0
 

a'3 = 60 (<23 do — oo ds) b'z = AI (63 do — bo dz) = —CLi 62 <^0 d'2 — FLI 62 d-z 

TABLE 2.2. Table connecting the object- and image-space coefficients of the 
forward and reversed coUinear mapping equations. 

2.3.4 Simplest form possible 

Another common approach is to define a bundle of rays in object space having the 

two following properties: all of the rays are paxallel to each other, which implies that 

the rays originate from a point located at infinity. The direction of the rays shall be 

so that the rays are perpendicular to the plane x + bo y cq z + do = Q, the plane 

of discontinuity in object space. AU of the mapped rays, which are conjugate to the 

object rays, wiU pass through a single point located on the plane of discontinuity in 

image space. However, one and only one ray will also be perpendicular to the plane 

of discontinuity in image space. This imique ray is then used to ahgn the coordinate 

system in object and image space. In this respect, the two coordinate systems are 

rotated so that the z and z! axes axe identical to this ray and perpendicular to the 

two planes of discontinuity. Consequently, the xy plane is conjugate to the x'y' plane. 

Now, we can independently rotate the two coordinate systems about the 2 and 2' 

axes respectively in order to align the two coordinate systems so that a point in the 

xz plane is mapped into the x'z' plane. Considering the selected reference ray and 

the alignment of the coordinate systems, the coUinear mapping equations reduce to 

their simplest form possible for an unsymmetrical system. 

/ ai 2: , h i y  ,  c % z - \ - d z  X = — ; y = — ; 2 = — 
cqz + do co z + do cqz + do 

The succeeding sections wiU not follow this approach. Not following this approach has 

the intrinsic advantage that we will not have to do axiy post hoc procedures to adjust 
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for tilted focal planes. The development of the mapping equations for unsymmetrical 

systems will be very clear and transparent if we use a skewed reference ray as our 

starting point. 

2.4 System characteristics 

This section is in its entirety devoted to the development of the characterisation of 

the system properties. By system properties, we mean the locations of the Cardinal 

points, which include the focal, principal and nodal points. In addition, we will also 

determine the planes such as the principal, focaJ, anti-principal planes as well as point 

out that they belong to a unique set of planes of the system. 

2.4.1 Focal planes and focal points 

Normally the plane of discontinuity in object space is referred to as front focal plane 

while the corresponding plane in image space is referred to as rear focal plane. As 

pointed out beforehand, the conjugate plane of the focal plane is located at infinite 

distance in the conjugate space. Conclusively, the locations of the front and rear focal 

plane are obtained by determining the hmit for 2 as 2/ is approaching infinity and 

vice versa. In other words, the conjugate points to all infinitely distant object points 

lie in the plane at which z! = 2!^ and the conjugate points to aU infinitely distant 

image points'Ue in the plane at which 2 = zp-

The analytical expression for the front focal plane is determined by solving the 

equation given in (2.14c) for 2 and determining its limit for 2/—>oo; hence. 

^  [ a q x  b o y  +  c l q ]  -  a z x  —  b z y  —  d z  

C3 - Co z' 

Go bq do 
x-\ y 

~Co —Co —Co 
(2.16) 



38 

The corresponding front focal point,F, is simply the intersection point of the reference 

ray with the front focal plane. We obtain for it 

F = ^  ( 2 . 1 7 )  
Co 

The analytic expression for the rear focal plane is obtained in a similar fashion but 

with the difference that the inverse coUinear mapping expression is required. Solving 

equ. (2.15c) for z' and determining its limit for z—oo, we obtain 

= lim r Z [GP x' + 6o y' + RFP] - a'̂  x' - 63 y' - d'3 ]  ̂ a'̂  x' 4- 60 Y' + DP 
I (^3-Co z j cq 

The equation for the rear focal plane is expressed using the coefficients defined in 

image space; nevertheless, the eqmvalent expression for the rear focal plane is obtained 

by substituting in the corresponding values Usted in table. 2.2, which then results in 

 ̂ao C3 - as Co 60 03 - 63 CO C3 
—0.1 Co —O2 Co Co 

The corresponding rear focal point is simply the intersection point of the conjugate 

reference ray with the reax focal plane. We then obtain for it 

F = — (2.19) 
Co 

2.4.2 Principal planes and principed points 

There exists one unique pair of planes having the properties that the lateral magni

fication is identical to unity. In other words, the identities x' = x and y' — y hold for 

aU points lying within the two planes. These are the unique principal planes. There 

axe also two conjugate points, P and P', associated with the planes, which are defined 

as the intersection points of the reference ray with the principal planes. However, we 

need to be more specific since the mapping in the xz plane are not normally equal to 

the mapping in the yz plane. Therefore, we may want to associate two major map

ping planes that are perpendicular to each other. At once, this suggests the usage 
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of the already defined mapping planes xz, which is conjugate to the x'z' plane, and 

yz, which is conjugate to the y'z' plane. Logically, the principal planes and points 

Eissociated with the yz plajie wiU have the subscript y while the ones associated with 

the xz plane will have the subscript x. 

The description of the front principal planes can easily be determined by consid

ering the coUinear mapping relations given in equ. (2.14a) and equ. (2.14b) as well as 

by including the intrinsic plane properties; hence, 

front principal plane in x-direction: 

—Co —bo ai — do 
= X H y -I (2.20) 

Co Co Co 

front principal plane in y-direction: 

—Co —bo b2 — do /oo-i\ = xH y + (2.21 
Co Co Co 

The description of the rear principal plane is also determined as easily by considering 

the reversed colHnear mapping relations given in equ. (2.15a) and equ. (2.15b), con

sidering the intrinsic plane properties and finally by substituting in the corresponding 

mapping coefficients given in table 2.2; hence, 

rear principal plane in x-direction 

, as CQ — ao C3 , bzCQ — bo Cz , CQ dz — cz do + ai Cz 
Zp^ = X H y -I (2.22) 

dl Co O2 Co CLl Co 

rear principal plane in y-direction 

j _ ^3 Co — ao C3 _ bzcq — bocz j , c^dz — czdq-k-b^cz m r,r,\ 
zp J y 
^ aiCo O2C0 02 Co 

As usual, the linked front and rear principal points are identified as the intersection 

points of the reference ray with the principal planes, which is equivalent of setting 

X = 7/ = 0 in equ. (2.20) and equ. (2.21) as well as by setting x' = y' = 0 in equ. (2.22) 
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and equ. (2.23). 

front principal point in .x-direction —— (2.24) 
Co 

front principal point in y-direction Py = — ^ (2.25) 
Co 

rear principal point in x-direction p' = —C3 do -h ai C3 (2.26) 
ai co 

1 • . • J- 4.- TJ' CQ DJ — DO B2 CZ FN rear principal point in y-direction P = (2.27) 
O2 Co 

2.4.3 Focal lengths 

By comparing the focal planes and the principal planes, one may observe that the 

focal and principal planes are parallel to each other in object as well as in image 

space. Conclusively, the sepaxations between those planes axe constant. 

As with the principal planes, the rear focal length and the front focal length, de

noted by /' and / respectively have to be defined more specifically since the principal 

planes are shifted in respect of each other. As we already know, the shift arises due 

to the mapping difference in the xz and yz plane. Because of this, let us define the 

focal lengths as foUows: 

front focal length in j-direction fj = zp — zp. 
I where j  —  x , y  

rear focal length in j-direction /j = z'p — zpj 

Therefore, 

front focal length in x-direction f^ = —— (2.28) 

rear focal length in x-direction f'^ = —cq^ (2.29) 

Co 
i 

0.\ Co 

-62 
front focal length in y-direction fy = (2.30) 

Co 

back focal length in y-direction f' = —£0^ (2.31) 
O2C0 
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2.4.4 Nodal points 

There axe also two conjugate points on the reference ray, the nodal points N and N'. 

As with the principal points, we must be more specific in identifying those points due 

to the mapping difference in the xz and yz plane. Therefore, let us distinguish the 

points by associating them with their mapping planes and apply the same notation 

as it was introduced in chapter 2.4.3. 

The nodal points have the property that when two conjugate points O and O' 

Ijdng in either the xz plane or the yz plane then the lines O N and O' N' maJce the 

same angle with their respective axes as indicated in Fig. 2.2. The points O and O' 

have been chosen to lay on a plane parallel to the focal planes. Only when the plane 

in object space is parallel to the front focai plane is the conjugate plane also parallel 

to the rear focal plane. A more detailed explanation is given in section 2.4.6. 

z=z' 
CO' 

FIG. 2.2. Illustration of the nodal-point property which is that the lines ON and 
O' N' make the same angle with their respective axes. The point O hes 
on a plane parallel to the front focal plane so that its conjugate plane is 
parallel to the rear focal plane. 
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in the xz plane we have the two conjugate points O and O' with coordinates 

(Xo, 0, Zo) and (xq/, 0, Zo>) resulting in: 

. x; 
tan(a;) = and tan(u;') = 

ia the xz plane we have the two conjugate points O and O' with coordinates 

(0, yo, Zo) and (0, yc/, z^) resulting in: 

Vo M _ y'o taji(a;) = and tan(ci;') = — 
Zq Zf4 z' -O ~N 

Since O N and O' N' are parallel, we can then equate the two corresponding equations 

and simplify them by using the relations given in equ. (2.28)-(2.31). Thereby, we 

determine the coordinates of the front eind rear nodal points in the two mapping 

planes. 

nodal points in x-direction 

Cofll Co Co 

K = = /x + - (2.33) 
Cq CO 

nodal points in y-direction 

=  f ' - ^  ( 2 . 3 4 )  
C062 Co " CQ ^ ^ 

Ny = = fy + - (2.35) 
^ CQ CO 

The conjugate planes located at N and N' are often called nodal planes, but this 

terminology is somewhat imfortunate. This discrepancy arises due to the fact that 

only the axial points N and N' possess the property u = u)'. Therefore, no plane will 

be associated with the nodal points in any of these chapters. 

2.4.5 Anti-principal planes and anti-principal points 

In spite of the fact that the anti-principal points axe historically not included in the set 

of Cardinal points, it will not be disadvantageous to discuss these points and planes 
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as well. As the najne already indicates, the anti-principal plajaes have the property in 

which the lateral magnification is identical to —1. Therefore, the identities 2/ = —x 

and y' = —y hold for ail points lying in the two planes. 

As discussed in section 2.4.2, we must be more specific in identifying those planes 

and points due to the mapping difference in the xz and yz plane. Consequently, the 

notation given in section 2.4.2 shall be adopted here: the principal planes and points 

associated with the yz plane will have the subscript y while the ones associated with 

the xz plajie will have the subscript x. 

The description of the front anti-principal plajies can easily be determined by 

considering the coUinear mapping relations given in equ. (2.14a) and equ. (2.14b) as 

well as by including the intrinsic plane properties; hence, 

front anti-principal plane in x-direction: 

_ , do-\-ai 
2^3; — 3; y (2.36) 

Co Co —Co 

front anti-principal plane in y-direction: 

_ _ , ^2 +do 
ZAy — X H y H (2.37) 

Co Co ^Cq 

The description of the rear anti-principal plame is also determined as easily by consid

ering the reversed coUinear mapping relations given in equ. (2.15a) and equ. (2.15b), 

considering the intrinsic plane properties and finally by substituting in the corre

sponding mapping coefficients given in table 2.2; hence, 

rear anti-principal plane in x-direction 

, aaCo —aoC3 , 63C0 —&0C3 , —Co <^3 4-C3 do + 0,1 C3 /o oo\ 2. = X 4 y ^ (2.38) 
ai Co 02 Co ai Co 

rear anti-principal plane in y-direction 

03 Co — (20 C3 , 63 Co — &o C3 Cpdz — Cz dp — 62 C3 2^ = 
(2l Co 62 Co —&2 Co 
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As usual, the linked front and reax anti-principal points are identified £is the intersec

tion points of the reference ray with the anti-principal planes, which is equivalent of 

setting 2: = y = 0 in equ. (2.36) and equ. (2.37) as well as by setting a/ = y' = 0 in 

equ. (2.38) ajid equ. (2.39). 

qj\ "f— c[q 
front anti-principal point in x-direction = (2.40) 

-Co 

front anti-principal point in y-direction Py = ^ ° (2-41) 
—Co 

rear axiti-principal point in x-direction p^ = —3 + C3 do + ai C3 ^2.42) 
FLL CQ 

rear anti-principal point in y-direction p' = —^ 3 + C3 <^0 + ̂ 2 C3 ^2.43) 
62 Co 

An interesting feature of the positions of the anti-principal planes is that the distances 

between the anti-principal planes and the principal planes are identical to twice the 

focal lengths in the corresponding mapping plane. Consequently, the distance from 

the principal point to the focal point is identical to the distance from the focal point 

to the antiprincipal point. This may be formally expressed as 

fx = - ZF= ZF -

£f J J J J 
Jx — -^Ax ~ ̂ F— ~~ 

fy = - 2f= zf - Zp^ 

fy — ^Ay ~ ^'f— ^F ~ ^'py 

2.4.6 Unique set of planes 

When we determined the focal length of the system, we learned that the focal and 

principal planes are parallel to each other in object as well as in image space. This 

observation suggests that there must exist a unique set of planes. A mapped object 

plane has a unique conjugate plane with defined location and orientation. In general, 

two planes parallel to one another but separated and defined in object space do 
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not normally map into planes that are also parallel to each other in image space. 

Nevertheless, in ca^e that the orientation of the planes are parallel to the front focal 

plane but shifted in respect of it, i.e. QQ a: + 60 y + CQ ^ + C/Q ^ 0, the conjugate plane 

is also parallel to the rear focal plane but shifted. 

That this must be true can be proven by mapping a plane, which is perturbed 

ia orientation and location ia respect of the rear focal plane, into the object space 

and investigating the mapped plane. Suppose we define an image plane in the usual 

manner, i.e. A' x' + B' y' C 2! D' = 0, where the coefficients of the plane are 

identical to the rear-focal plane as given in equ. (2.18), ajid add perturbation factors. 

The perturbation factors axe chosen so that any plane orientation and location can be 

defined. The selected perturbation variables monitor the orientation in x', denoted 

by a, the orientation in y', denoted by /3 and the distance to the rear-focal plane 

measured along the 2' axis, denoted by s'. This means that the image plane is 

identical to the rear focal plane when a = ,5 = s' = 0. The coefficients axe defined 

as: A! = 62 (AO C3 — CQ) + aai 62, B' = ai {bo C3 —bzCo) + 0 ai 62, C = AI 62 Q) and 

D' = —ai 62 (c3 + s'). Hence, the image plane is then analytically expressed as 

z = 0.0 cz — o-zcq 

—0,1 co 

a 

Co 
x' + 

bp C3 — 63 CQ 

—62 Co 
i 
Co 

y + 
C3 -i- s' 

CQ 

The conjugate plaxie in object space is simply determined by substituting in the 

coefficients of the plane to be mapped into equ. (2.11), which results in 

codz — cz do do z = —ao 

co CQS' 
X -t-

~^o 0^2 
y + 

CQS' co CQ COS'_ 

That the orientation of the object plane is directly influenced by the position of the 

image plane is clearly illustrated by the conjugate plane in object space. Therefore, 

any two planes being parallel to each other but separated in image space (ai = 0:2 ^ 

0, Pi = P2 ¥" 0) ¥" ^2) parallel to each other in the conjugate space unless 

the special case is present when ai = 0:2 = 0 and 01=02 = 0. Thereby, we proved 

that only planes parallel to the focal planes will also be parallel to each other in the 

conjugate space. 
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Buchroeder [30] pointed out that in the special case when the object plane is such 

that aox + hQy + cqz + d = Q and d ^ do, a family of object planes that are parallel 

to the front focal plane wiU be denned. In this case, the colUnear mapping equations 

(forwaxd mapping) reduce to 

/ ^1 
X = -X 

do — d 
i ^2 

CZQ d CZQ d d^ d dQ ' d 

These relationships are linear aind represent a special case of the coUinear mapping 

known as affine transformationConsequently, the set of forward mapped object 

planes that are parallel to the front focal plane will be parallel to the rear focal 

plane. This affine transformation is also true for the reversed mapping. Historically 

manifested, Buchroeder [30] referred to those planes having such properties as normal 

planes. 

2.5 Defining origins of object and image space coordinate 
system 

We have not yet reached any conclusions as regards the planes of reference z = Q 

and z" = 0. The coordinate systems in both object and image space are arbitrarily 

positioned. To define the coordinate system origins, we have at our disposal two 

locations, both of which axe paxticularly of great importajice. Since we cannot tell 

a priori which choice of origin wiU resiilt in the simplest or most useful mapping 

expressions, it seems only appropriate to discuss both of them. 

^°The functions defining z', y' and z' are linear but do not represent a linear transformation. Thds 
is because a linear transformation obeys the requirement L(a x -i- by) = a L(x) 4- b L(y), [39]. An 
affine transformation, by contrast, is not linear. It is composed of a linear transformation and an 
additive constant term. For example, the aflBne transformation in ID is i4(z) = mx + b. Therefore, 
it does not obey the requirement of linearity because A(cx + dy) ̂  cA{x) + d A{y). A rigorous axid 
comprehensive account is given in [40, pg. 145]. 
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2.5.1 Origins at focal points 

The front and rear focal points are potential locations for defining the origins of the 

coordinate systems in object and image space. They are not only from the optical 

but also from the geometrical standpoint the most distinguished points in the system. 

It seems only logical to declare the origins at these poiats. These automatically 

means that we must set do = = 0, which is obvious as we inspect equ. (2.17) and 

equ. (2.19). 

2.5.2 Origins at principal points 

In comparison to the focal points F and F', the principal points are conjugate points 

with the unique property that the lateral magnification is unity. It seems only logical 

that these points also represent potential locations for defining the origins of the 

coordinate systems in object and image space. 

In the event that we declare the origins at the principal points, we must chose 

either the principal points defined by the mapping properties in either the xz plane 

or the yz plane. In this respect, it does not matter which mapping plane will be 

preferred; thus, let us choose the yz plane. As a direct consequence of selecting the 

principal points Py and P'y as coordinate origins, the coUinear mapping coefficients 

rfo and dz must be set such that do = 62 and d^ = 0. These requirements can be 

concluded by inspecting equ. (2.25) and equ. (2.27). 

2.6 CoUinear mapping expressed with system-specific terms 

In this section we will define the required relationships and notations in order to 

rewrite all of the coUinear mapping equations using system-specific terms. By system.-

specific terms, we refer to the focal lengths and the tilt-angles defining the orientations 

of the principal and focal planes in respect of the defined coordinate system. 
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2.6.1 Sign convention for tilt angles 

In the event that a plane is tilted in respect of the estabUshed coordinate system, 

we must define a sign convention for the tilt angles. Two tilt angles are reqxiired to 

define the orientation of a plane. The tilt angles are measxired from the x and y axes, 

respectively. The sign convention, illustrated in Fig. 2.3, can be expressed as: 

• An anti-clockwise rotation about the -l-x axis defines a positive tilt-

angle in the yz plane. The tilt angle in this plane is denoted by 6y 

for any object or image plane and 'dy for any system plane. 

• An anti-clockwise rotation about the +y axis defines a positive tilt-

angle in the xz plane. The tilt angle in this plane is logically denoted 

by 01 for any object or image plane and dx for any system plane. 

(+) 

{+) 

z 

FIG. 2.3. Sign convention for tilt angles 

2.6.2 Defining orientations of focal eind principal planes 

Having defined the required sign convention, the tUt angles need to be connected to 

the collineax mapping coefficients. As we recall from section 2.3, the reference ray has 

the same inchnation in respect of the front and rear focal planes. We also recall from 
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the same chapter that the coordinate system is aligned in respect of this reference 

ray. Therefore, the following relations must hold 

ctQ a.0 C3 — a3 Co 60 bo C3 — 63 CQ —= and —= r 
Co di co co o2 co 

These relationships have been deduced by comparing the orientations of the front 

focal plane given in equ. (2.16) and the rear focal plane given in equ. (2.18). 

The following definitions shall be made to define the orientations of the focal planes 

and principal planes: 

tan(4) 
Co —0.1 Co 

. f <\ \ ^0 60 C3 — 63 Co fn AC\ tan(z?j,) = — = (2.45) 
Co 62 Co 

It is crucial to realise that we assumed that the front and rear principal planes are 

always parallel. In other words, the reference ray will intersect the focal eind principal 

plane in both object and image space in the same way. Considering the problem 

reahstically, this is not a generally vahd assimiption and hmits the model to be 

valid for specific cases only. In addition, we assume also that the mapping elements 

are being intersected by the reference ray at their vertex point. Therefore, the two 

permissible cases to be considered by this model are thin lenses and reflective elements 

where the reflective elements can be treated as thin lenses by assigning a negative 

index of refraction to them. However, the underlying theory presented in this chapter 

will be appUed in context of reflective systems only. In summary, we may state that 

the assximptions made here are perfectly correct and general if and only if the mapping 

elements axe either reflective or considered to be thin and axe immersed into the same 

homogeneous, isotropic medium. 

The reason why the theory is not apphcable to modelling certain mapping elements 

is depicted in Fig. 2.4, where a thick lens is iised for the illustration purpose, in respect 

of that figure, the reference ray is refracted at the vertex point of the first surface. The 
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ray is then refracted at the second surface at a location other than the surface's vertex 

point. Because of the change in the media between the object and image spaces, the 

reference ray alters its direction in both cases. Consequently, the orientation of the 

principal plane in respect of the reference ray is unequal in the object and image 

spaces. The proposed collinear mapping model does not support the modelling of 

such imaging elements. 

However, in case that the need for including such situations is present, it is not 

difficult to alter the model and to treat the orientation of the principal plane in object 

and image space as two independent entities. 

local axis 

reference 
ray 

AW 

FIG. 2.4. In all cases where the reference ray is refracted the proposed collinear model 
is not applicable. Hence, only reflective and thin lenses, which have the 
same medium in object and image space, axe mapping elements that may 
be represented by the proposed collinear model. 

2.6.3 System characteristics expressed with system-specific terms 

As already pointed out, the goal of this section is to rewrite the collinear mapping 

equations using only system-specific terms; thereby, we will be simplifying the map

ping relations and making them more transparent. In addition, we will represent both 

options of defining the coordinate origins as it was introduced in section 2.5. The 
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locations of the origins in object ajid image space have an effect upon the locations 

of the plcines as they intersect the reference ray. Therefore, the relations represent

ing the system characteristics, which were defined in section 2.4, are expressed in a 

general form. The effect of coordinate-origin choice upon the locations of the system 

planes is then represented in table 2.3. The relations defining the characteristics of 

the system, which are discussed in section 2.4 and represented in equ. (2.16)-(2.43), 

have then been rewritten. The derivation of the expressions considered the relations 

defining the focal lengths, which were given in equ. (2.28)-(2.31), as well as the tUt 

angles as given in equ. (2.46) ajid equ. (2.47). 

• focal planes 

zf = taji(i?x) x - tan(i9y) y + F (2.46) 

zp = tan('i?x) x' - tan(i?y) y' + F' (2.47) 

principal planes 

anti-principal planes 

zp^ = tan(i9x) X — tan(^9j,) y Px (2.48) 

z'p̂  = tan(T? x )  x '  -  tan(?9j,) y '  +  (2.49) 

zp^ = tan(i?x) X - tan(t9j,) y + Py (2.50) 

z'p̂  = tan(7?i) x' — tan('i?y) y' -I- Py (2.51) 

zax = t£Ln(i9i) X — tan('!9y) y + Ax (2.52) 

= taji(dx) x' — tan(t9y) y' + A'^ (2.53) 

ZAy = tan(t9i) X - tan( ' i?y)  y + Ay (2-54) 

= tan('i9i) x' — tan( i?y)  y' -I- Ay (2.55) 
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Origins at Origins at 
F and F' Py and Py 

Focal points F = 0 F' = 0 II II 

Principal points Pr = -fr 1 II II >
 

1 II 1 

II 1 1 II II o
 o

 II 

Anti-principal points H II >
 

H II Aj: — fx + fy K = f L + f y  

<
 

II II A y =  2 f y  ^ y =  2 f y  

Nodal points II II Nx = fy + f'x K  =  f r + f y  

II <
 

II ^ y  =  f y + f y  N y = f y + f y  

TABLE 2.3. Defining the locations of system points depending upon the origin of 
the coordinate system Ln object and image space. Origin locations 
of interests are located at the focal points F and F' as well as at 
the principal points Py and Py. 

The collinear mapping equations have also been rewritten using system-specific 

terms. The outcome of the convention results into two sets of equations as a direct 

result of the choice of coordinate system. The collinear mapping equations having 

the coordinate origins at 

• the front and rear focal points F and F' result in 

tan('i?i) X — tan(i9y) y — z 

y' = — 
tan(^?a;) X — tan( i?y)  y — z 

, tan(z9i) X - tan(T9y) f y y - f y  f y  

tan(i93:) X — tan(i?y) y — z 

(2.56a) 

(2.56b) 

(2.56c) 
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• the front and rear principal points Py and Py result in 

, f x x  
(2.57a) 

tan(i9x) X — tan('j?y) y — z + fy 

y = fyV 
(2.57b) 

tan(i?i) X — tan(z:^y) y — z + fy 

z 
y ^ tan(T^x) [/x + /^] X- tan(^y) [fy + /y] y- f y Z  

tan(i?i) X - tan(t?y) y — z + fy 
(2.57c) 

2.6.4 Physical restrictions upon mapping model 

Unfortunately, the mapping relations of the coUinear mapping model presented in 

section 2.6.3 do not represent a real mapping element to its full extent. The re

striction is due to the inherent nature of the chosen coUinear mapping model since 

we have designed it in such a way that the focal planes in object and image space 

are the only reference planes. This means that an object point located at infinity 

wQl always be mapped onto the focal plane in image space independent of the focal 

length variations. The model presented adjusts the location of the principal planes 

since they are measured from the focal planes. That this characteristic cannot be 

achieved using a real mapping element can be clarified by the following example. Let 

us assume that we have a reflective toroidal surface where the radii in the orthogonal 

directions are different; hence, exhibiting two extreme focal lengths. The image point 

of an infinitely distant object point will be astigmatic since two distinct foci exist on 

the reference ray. This statement can easily be confirmed using parabasal imagery 

where the image-forming properties can be determined by making use of rays lying 

in a sufficiently close neighbourhood of an "arbitrary" ray, the reference ray. 

Because of the non-physical representation of mapping systems whose focal length 

is orientation dependent, we must restrict the mapping systems to be only of that 

kind; hence, f = fx = fy This implies that we can drop the subscripts x and y of 



54 

all parameters related to distances ajid points but not those related to orientation; 

hence, the relations given in equ. (2.46) to (2.57c) must be rewritten to yield: 

• focal planes 

Zf = tan(i?i) X - tan(T?y) y F (2.58) 

zp = tan(??i) x' — tan(t?j,) y' + F' (2.59) 

• principal planes 

zp = t8Ji(i9i) X — tan( i?y)  y + P (2.60) 

z'p = tan(i?i) x' — tan(i?y) y' + P' (2.61) 

• anti-principal planes 

za = tan(i?x) X — tan( i?y)  y + A (2.62) 

z'a = tan(t93;) x' — tan(t?y) y' + A! (2.63) 

The coUinear mapping equations will also be simpler and depend upon their origin, 

we may consider the following two cases in respect of their coordinate system origin 

location: 

• origin at front and reax focal points F and F': 

f f ^ 
^  taxL( i 9 x )  X —  tan( 7 9 y )  y  —  z (2.64a) 

/ f y 

^ tan(79i) X — tan(i9y) y — z (2.64b) 

tan(79x)/2:-tan(T9j,) /y-/ / '  
Z = r--Tr rrpr (2.D4C1 

tan(i7x) X — tan(T7y) y — z 
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• origin at front and rear principal points P ajid P': 

(2.65a) X 
tan(i?x) 2: — tan(j?y) y — z + f 

fy 

tan(t9x) X — tan(z9y) y — z + f 
(2.65b) 

^ tan(T?x) [/ -\-f']x- tan(t?y) [/ + f] y - f z 

tan(i?i) X — tan ( i?y)  y — z + f 
(2.65c) 

2.7 Special cases 

The special cases axise as a result of the reference ray orientation in respect of the 

focal planes. In the unsymmetrical case, the focal planes axe tilted in respect of the 

X and y axes. The amount of tilt in the xz plane is given by dx and in the yz plane 

given by -dy. As soon ELS either I?! = 0 or 1?^ = 0, the system is bilaterally symmetric. 

The yz plane represents the plane of symmetry if = 0. Sunilaxly, the xz plane 

represents the plane of symmetry if =0. 

In the presence of a rotationally symmetrical system, the focal, principal and 

anti-principal planes axe all perpendicular to the reference ray. As we have already 

seen in section 2.3, the coUiaear mapping equations reach their simplest form when 

the chosen reference ray is perpendicular to both the front axid reax focal plane. 

Depending upon the coordinate origin choice, we obtain the well-known Gaussian or 

Newtonian mapping equations. 

• Newtonian mapping relations 

The coordinate origins are located at the front and reax focal points F and F'. 

The requirements = 0 and iJy = 0 axe substituted into equ. (2.64a)-(2.64c) 



56 

resulting in: 

f 
X 

—z (2.66) 
r fy 

y 
\ 

= //' //' 
r 

(2.67) 

• Gaussian mapping relations 

The coordinate origins are located at the front and rear principal points P and 

P'. The requirements = 0 and = 0 are substituted into equ. (2.65a)-

(2.65c) resulting in: 

2.8 Summary 

The scope of this chapter was to derive the coUinear mapping equations expressed in 

its most general form and use them as the foundation to derive relationships that are 

concerned with the image formation of all-reflective, asymmetrical imaging systems. 

In the process of deriving these specific coUineax mapping relationships, we required 

that the system's planes in object and image space have the same orientation in 

respect of the reference ray. This limitation of the geometrical model is specifically 

aimed for modelling all-reflective and thin mapping elements only. Although this 

constraint will turn into a handicap in case one is interested in performing a so-called 

Gaussian reduction, we pointed out that the proposed mapping model could easily 

(2-68) 

(2.69) 
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be modified to include the treatment of the principal planes in object and image 

space as two independent entities. The need for such modification is not necessary in 

this work since we are primarily interested in modelling all-reflective, asymmetrical, 

oif-axis imaging systems for the purpose of studjdng their mapping behaviour and in 

order to eliminate certain first-order properties. 

In the process of deriving the proposed coUinear model, we discussed a unique 

set of planes having the properties of being parallel to the principal planes. In the 

event that those planes function as object planes, the mapping between the object 

plane and its conjugate plane is described strictly as an affine transformation. In this 

chapter, we also surveyed several other fundamental properties of which we wiU make 

use in the following chapter. 
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Chapter 3 

IDEAL IMAGERY FOR ASYMMETRICAL SYSTEMS WITH 
ARBITRARY OBJECT-PLANE ORIENTATION 

In chapter 2 we discussed the coUinear mapping as a model for ideal imagery; therein, 

we developed the mapping properties of misymmetrical systems. The focus of this 

chapter is to extend and simplify the characterisation of the imaging and its proper

ties. We axe especially interested to know how an object such as a square grid lying 

in the object plane is mapped into the conjugate image plane. In other words, we 

will determine how a point described in the coordinate system of the tilted object 

plane is mapped iato the its conjugate plane having also a defined orientation in 

image space. Furthermore, we must also define means to investigate the mapping 

characteristics. This will lead then to conclusions with which we can then influence 

the overall mapping characteristics in concatenated systems. Logically, we must also 

introduce means of defining the orientation of conjugate image planes. As we shall 

see, this will lead to the extended Scheimpflug condition. The characterisation of the 

mapping will also lead to the definition of the keystone distortion as well as to the 

specification of the anamorphism of the system. 

This chapter is organised as follows: In section 3.1 we specify the actual situation 

with which we are confronted. In section 3.2 we introduce the plane-to-plane imaging 

model to be used henceforth, which is based upon the coUinear mapping model; 

therein, we propose means of characterising the mapping. In section 3.3 we present 

a simple means of determining the orientation of the plane conjugate to the object 

plane in image space. In section 3.4 we introduce the reader to new concepts of 

designing asymmetrical all-reflective imaging systems. The chapter wiU be concluded 

with a brief siimmary of the insight and knowledge we have been able to gain. 
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3.1 Problem specification 

3.1.1 Imposed restrictions upon inaaging model 

The coUinear mapping equations describe the ideal mapping of points defined in 3D 

space; however, we are only interested to map objects defined in the 2D subspace. One 

may also consider that a 3D object can be sUced into an infinite set of planes defining 

the 3D object. Hence, the mapping of the 3D objects is then defined as the infinite 

set of 2D mappings. Consequently, if one understsjids the 2D mapping, one might 

approach the 3D mapping characterisation based upon the derived characteristics of 

the 2D mapping. Consequently, the development and characterisation of the mapping 

wiU be restricted to a 2D mapping consideration only. Nevertheless, the object planes 

wiU not have any restrictions upon their orientations imposed on them. 

Taking this view point into consideration, we are therefore confronted with the 

situation that we have a 2D object lying in the so caUed object plane that will then 

be mapped into the conjugate space of a given unsymmetrical system. The coUinear 

mapping procedure in itself has been developed in chapter 2, in which we obtained 

the fundajnental relations to determine the conjugate point (x', y', z!) in image space 

for a given object point {x,y,z). In considering the 2D mapping, the equations in 

the present form are then rudimentary ajid in need of refinement. 

The coUinear mapping model investigated in chapter 2 does not permit us the 

modelling of ideal mapping elements that do not have a single effective focal length 

associated with them. Consequently, in the following discussion we wiU consider only 

mapping elements fulfilling the requirements that they are describable by a single 

focal length, that they are immersed only into isotropic and homogeneous media and 

that they are considered to be thin such that W = 0 (see section 2.6.2). The latter 

restrictions will force us to consider only thin lenses or refiective surfaces. These 

restrictions are severe and wUl exclude many intriguing cases; however, we must first 

understand the properties of those restricted systems before we can approach the 
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more complicated systems. 

3.1.2 Objectives of this chapter 

As the chapter title already indicates, the focus of this chapter is entirely devoted 

to the simplification of the mapping relations as well as to the procedure of how the 

mapping characteristics can be described tn a simple maimer. 

The chapter's objectives can be described as follows: 

• to obtain coUinear mapping relations, which map points defined in a given object 

plane into the corresponding plane ia image space. It is our desire to simplify 

the coUinear mapping equations so that they axe expressed entirely in terms of 

2D coordinates. 

• to obtain means of defining the inherent mapping properties, such as to describe 

the orientation of the image plane as function of its conjugate plane as well as to 

define proper ways of describing the mapping as function of keystone distortion 

and first-order anajnorphism. 

• to highlight important inherent properties of the mapping system such as spe

cific planes and lines, which wiU add insights and enhance our understanding 

of the mapping behaviours. 

To provide an overall preview of the problem addressed in this chapter, let us 

refer to Fig. 3.1. In this figure, we have a reference ray connecting the object point 

q with its conjugate image point q'. In the general case, the object plane intersects 

the reference ray at q while its conjugate plane, called image plane, intersects the 

reference ray at q'. Similar statements caji be made for the other planes shown in 

the figure. Those planes to which we refer as focal, horizon and principal planes, 

intersect the reference ray at point F, n and p, respectively, in object space. In 
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the general case, the mentioned planes intersect each other, and the intersection Unes 

are called horizon and Scheimpflug Hnes. The horizon Hne plays a significant role in 

the characterisation of the mapping properties whUe the Scheimpflug line is simply 

the key for expressing the image plane orientation as a function of the object plane 

orientation. 

front Scheimpflug 
line \ ! 

rear Scheimpflug 
line 

front horizon 
line \ 

rear horizon 
. plane 

rear horizon 
— plane 

front horizon 
plane 

object plane 

front principal 
plane rear principal rear focal 

plane plane 

object space ^ ^ 
image space 

FIG. 3.1. Illustration of an asymmetrical system with all important planes 
and lines to be discussed in this chapter. 

3.2 Mapping relationships between object and image plane 

The location of the on-ajds points q and its conjugate q' as shown in Fig 3.1 are 

stationary points about which the object and image plane rotate. That is the rea

son why we first investigate the on-axis mapping. Having understood its properties, 

we will then proceed and derive relations for the off-axis mapping. Since the object 
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and image planes are tilted, it will be very beneficial (if not essential) to describe 

the mapping from an in-plane coordinate system of the object and image plane re

spectively. We require therefore that the Sy axis of the in-plane coordinate system 

is orientated that it lies in the yz plane of the reference ray coordinate system. The 

intrinsic benefit of such an arrangement is discussed in section 3.2.5. 

3.2.1 Collinear mapping relationships 

The collinear mapping relationships have been developed ia chapter 2. It ought to 

be clear from that chapter that they establish the Unk between object points and 

their conjugate image points described in the object- and image-spaced reference ray 

coordinate system, respectively. Now, we are in position to rewrite the collinear 

mapping equations as given in equ. (2.65a)-(2.65c) (re-stated in equ. (3.1a)-(3.1c)) 

in order to obtain mapping relationships between conjugate planes. 

I _ f ^ 
^ tan(i9x) x — tan(i?y) 7/— z-h / (3.1a) 

^ tan(i?x) 2: — taji(79y) y — z -h f (3.1b) 

, ̂  tan(t?:,) [/ + f']x- tanj'dy) [f + f] y - f z 
tan(i?x) X — tan(t?j,) y — z f v • cj 

Although the development of the desired mapping relations based upon these equa

tions may seem appropriate, it will not lead to the desired simplest mapping rela

tionships. In spite of the tedious task of using the reversed coUinear mapping rela

tions given in equ. (2.15a)-(2.15c), rewriting them using table 2.2, equ. (2.28)-(2.31), 

equ. (2.44), (2.45) and defining the origins at the principle points P and P', which 
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will yield the reversed collinear mapping equations 

f ^ 
^ taii(i?x) x' — tan(i9j,) y' — z' + f (3._a) 

f 'y'  

^ tan(t?X) x' — tan(i?j,) y' — z' ->r f (3—B) 

tan(Tj^) [/ + /] x' - taii(t^y) [/ + f] y' - f z' 

taii(^2;) x' — tan(i?y) y' — z' -\- f '  ̂

we will be able to obtain far simpler mapping relationships. 

In case that the imaging siirfaces are reflective, equ. (3.1c) and equ. (3.2c) can be 

simplified further. This is because the media in object and image space axe identical, 

i.e. /' + / = 0; hence, 

f f ^ 
tan(T?x) X — tan(i?y) y — z + f 

££ 
tan('!?i) x' — tan( i 9 y )  y' — z' + f 

3.2.2 Definition of object and image plane 

In general, the object plane has an arbitraxy orientation with respect to the estab

lished reference ray coordinate system, which is maxufested in a right-handed Carte

sian coordinate system. The origins are located at the front and reax principal points 

P and P' in object and image space, respectively. It seems only appropriate to define 

the orientation of the object and image plane in the same way as the system's planes, 

to which the focal and principal planes belong, have been defined. Consequently, the 

same sign convention as introduced in chapter 2.6.1 wiU be utilised. 

As a result of that, the orientation of a plane is defined by two tUt angles 6^ and 

dy. The tilt angle rotates the plane about the —y axis while the tUt angle dy rotates 

the plane about the —x axis. The location of the planes is measured along the z and 

z! axes and their on-axis points, denoted by Q and Q' in Fig. 3.2, axe the intersection 



64 

e 

FIG. 3.2. Illustration of how the object plane is defined in the system by meaxis of 
two tilt angles and the distance from the front principal point. 

points of the planes with the reference ray. The distances Zo and 2^ are the distances 

from the principal points to the on-axis plane points; hence, the distance Zo = P Q is 

the object distance while 2^ = P' Q' is the image distance. The analytical expressions 

reflecting the definitions of the object and image plane axe therefore 

3.2.3 Magnification 

Transverse magnification 

The transverse magnification, which is sometimes also called lateral magnification, 

of an optical system, denoted by Mo and mo, is traditionally the ratio of a line 

segment perpendicular to the reference ray to the respective image size also taken 

Object plane 2 = Zq + x taji{6x) — y tan( 0 y )  

Image plane z' = z'^-\- x' tan(0^) — y' tan( 0 y )  

(3.5) 

(3.6) 
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perpendiculax to the axis, in the designation of this dissertation. 

_ v' m = — 
r] 

where rj and 77' are the corresponding heights in object and image space. It is im

portant to realise that the magnification is uniform in all directions; thus, it does 

not depend upon the hne-segment orientation. Again, this is only the case when 

we model only imaging systems that have a single focal length associated with them; 

thus, stigmatic imaging. In addition, we will have different but equivalent expressions 

for the transverse magnification when we consider the forward or the iaverse coUinear 

mapping relation. 

Considering the definition for lateral magnification, it is rather apparent from 

equ. (3.1b) and (3.2b) that lateral magnification, which is formally defined as 

M = ŷ  = -, 
y X 

can now be expressed as follows: 

/ 
m = (3.7) 

tan( t 9 x )  X  —  tan(i?y) y  —  z  +  f  

M = ^ - tan(T?y) y' -z' -frf 

The just stated expressions for the lateral magnification are valid at any point 

and taJce into consideration that the principal planes axe tilted. One will often be 

interested to'know the lateral magnification for an on-axis point only; therefore, let 

us consider those relationships as well. In order to distinguish the general expressions 

from the on-axis expressions, the on-axis expressions for the lateral magnifications 

will not be capitaUsed, i.e. rUo = Mon axis-

That we just have to set x = y = x' = 7/' = 0 in equ. (3.7) and (3.8) is evident; 

hence, 

/  f  - z '  
mo = . _ or rrio = —-— (3.9) 

J ^ J 
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Longitudinad magnification 

The longitudinal magnification M of an optical system is defined as the ratio of an 

infinitesimally small axial hne segment in image space to the conjugate line segment 

ia object space, 

dz" 
M = — (3.10) 

Fig. 3.3 shows the conjugate line segments Az and Az' whose ratio on the Umit of 

Az —> 0 gives the longitudinal magnification M. 

We obtain the ratio d2^ jdz by differentiating the collinear mapping's conjugate 

distance equation given in equ. (3.2c) with respect to z! and z. This will yield 

M  = / 3: - tan(T9y) f y - f f  

(tan(t?j;) X  - tan(t9j,) y  —  z - h  f f  

M = f (t;an(t9i) x' - tan(^?j,) y' - f) (3.12) 

the general expressions for longitudinal magnification. They expressions are vaHd at 

any point ajid take into consideration that the principal planes are tilted. 

Frequently one will often be interested to know the longitudinal magnification for 

neighbouring on-axis points only. We can look upon such points as the ends of a 

short object lying along the reference ray, and we shall want to know the length of 

the image of such an axial distance or object; therefore, let us consider those special 

relationships-as well. In order to distinguish the general expressions from the on-

axis expressions, the on-ajds expressions for the lateral magnifications wiU not be 

capitalised, i.e. m = axis 

It is apparent that we have only to set a: = y = x' = = 0 in equ. (3.11)-(3.12) 

to yield 

- f ' \  _2 
m = j (3.13) 

We may also note that with the same medium on both sides of the optical systems, i.e. 

—/ = /', equ. (3.13) reduces to m = rri^. Since the orientation of the system planes 
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has no effect upon the on-axis relations in respect of mapping and magnification, it is 

therefore not surprising that equ. (3.13) is identical to that obtained for rotationally 

symmetrical systems. 

front principal 
plane —^ rear principal 

— plane 

FIG. 3.3. As the on-axis object point Qo is moved to QAZ by an axnount AZ, 
the on-axis image point Q'^ moves to by an amoimt AZ' as 
indicated. Both object planes share the same Scheimpflug line in 
object and image space. 

3.2.4 Mapping of on-axis points 

The mapping along the z axis can be determined simply by considering the coUinear 

relationships given in equ. (3.1c) and setting a: = y = 0 or in equ. (3.2c) and setting 

a/ = i/' = 0. The on-axis magnification is then 

m^ = ^= (3.14) 

where rrio is the transverse magnification introduced in chapter 3.2.3. However, we 

may rewrite the above equation with the consideration that we have two equivalent 

expressions for the lateral magnification. Substituting the individual relations given 
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in equ. (3.9) into (3.14) and equating them will result in f zf + z f = z z', which may 

be re-expressed to yield 

/' / 
(3.15) 

X y 

Equ. (3.15) is identical to the Gaussian mapping relationship formally expressed in 

equ. (2.69) obtained for rotationally symmetrical systems. It seems needless to say 

that the orientation of the system planes has no influence upon the on-axis mapping. 

3.2.5 Mapping of off-axis points 

In this section, we are concerned with finding a formalism with which we wiU be 

able to describe the mapping of a point lying in the object plane into the conjugate 

image plane. A point lying in a plajie can be described either by the already estab

lished reference-ray coordinate system (r.r.c.s.) or by an in-plane coordinate system 

(i.p.c.s.). Using an i.p.c.s. has the advantage that then two coordinates are sufficient 

to describe any point on the object plane in comparison to three in the former one. 

In-plane coordinate system 

The i.p.c.s. is not as clearly defined as it might seem to be since its orientation in the 

plane is not defined. Nonetheless, the orientation of the i.p.c.s. will have an influence 

upon the derivation of the in-plane mapping relationships. 

To be precise, the orientation of the i.p.c.s., whose axes are denoted by Si, Sy and 

S-, modifies how keystone distortion and anamorphism wiU be defined. The number of 

parameters, which define keystone distortion and anamorphism, can be reduced to a 

minimum of three paraxneters if one of the i.p.c.s. axis lies in the xz or pz plane of the 

r.r.c.s.. In the derivation of the plane-to-plane mapping relationships, we selected the 

5y ajds as the one to he in the yz plane of the r.r.c.s.. Therefore, the Sx axis wiU only 

lie in the xz plane if the plane is not tilted about the y axis, i.e. 9x = Q. In Fig. 3.4 
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one visualises the coordinate transformation relationships as well as the aspect of 

arranging the i.p.c.s. within the planes of interests. In addition, the figure illustrates 

well that by appropriate rotations, the r.r.c.s. can be rotated so that it becomes the 

i.p.c.s.. By obtaining these rotation relationships, we have a link between the two 

coordinate systems. 

First, we rotate the r.r.c.s. about the x-axis and then perform a rotation about 

the new y axis: hence, only two rotations are required. Utilising the proper sign 

convention ELS it was defined in section 2.6.1, we may express the rotation relationships 

between the two coordinate systems as follows: 

3: Sx (3.16a) 

y — 3x Sy by (3.16b) 

2R = Si A, + SJ, b. (3.16c) 

Due to the wisely chosen orientation representation of the i.p.c.s., the coefficient bx 

is zero. How the other coefficients are related to the different representations of 

the conjugate-plane orientations is given in appendix A.l. Ignoring the mechanism 

behind, the coordinate transformation relationships may be summarised as follows: 

(^1 2/) ^ ("^x 1 by^ (3.IT) 

{x',y') (s'x a'x , s'x a'y -I- ^ b'^) (3.18) 

As usual, the primed parameters refer to the image space while the non-primed pa

rameters refer to the object space. Furthermore, the origin of the i.p.c.s. is defined 

by the intersection point of the reference ray with the object and image plane and 

denoted by Q and Q' in Fig. 3.4. 

In-plane latered magnification 

In section 3.2.1, we mentioned that we need the inverse collinear mapping equations 

in order to obtain the simplest plane-to-plane mapping relationships. That we just 



70 

object plane 

FIG. 3.4. Illustration of the in-plane coordinate system, (i.p.c.s.) of the object 
and image plane denoted by (sx,5y) and (s^, s^), respectively. Q, 
P, P' and Q' represent the intersection points of the reference ray 
with the object, front principal, rear principal and image plane. The 
distances Zo aaid z'^ are referred to as object and image distance, 
respectively. 

reversed the problem is an intriguing fact. Now, we have information about the image 

space but are interested to know the corresponding information in object space. In 

fact, this is essentially the same problem just reversed, which is perfectly legal for 

coUinear mapping. 

The expression obtained in section 3.2.3 for lateral magnification is still repre

sented in the system coordinate system. By substituting the expressions for the 

in-plane coordinates as given in equ. (3.17) and (3.18) into equ. (3.8) and simphfying 

the expressions, we obtain: 
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x! 
Lateral magnification in x-direction: rrix = — 

X 

£ ̂  ̂  ̂ iA (3.,9) 
X Si CX /' f ^ f 

y' 
Lateral magnification in y-direction: my = — 

y 

^ ^ ^  ^  < A . - 4 A , _  ^  

y Sx Oy + 5y 6y /' /' ^ /' 

/Cy 

where we set = tan(i?3:) — taji(0^) and Ay = tan(t?y) — tan(^y). The above 

equations axe now being solved for the lateral magnification defined in terms of the 

in-plane coordinates; hence, 

5' 
Lateral magnification in Sx-direction: ntg^ = — 

"^X 

rris^ = Axx [rrio -hs'x fCj: - Sy ICy] (3.21) 

Lateral magnification in y-direction: m s ^ = f  
iy 

[mo + s'^ICx- Sy ICy] . (3.22) 

The parameters ICx and ICy wiU be referred to as keystone distortion while the iden

tifiers Axx, Ayy and Ayx will, in general, be referred to as anamorphism parameters. 

The subscripts x and y indicate the direction to which they apply. In that respect, 

it is apparent that the effect of keystone distortion is describable by means of two 

independent parameters. The effect of anamorphism upon the mapping, on the other 

hand, cannot be separated into two directional parameters (x and y direction). This 
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situation is reflected in the presence of the bi-directional anamorphism parameter Ayx 

that influences the mapping in Sy direction but it is functional depended upon Axx-

In the sections to be followed, we wiU show that the contribution of Ajx is identical to 

zero in case that the imaging system under consideration is bilaterally symmetrical. 

Plane-to-plane mapping characteristics (asymmetrical systems) 

The image point (s^, s^), which is conjugate to the given object point (Si, Sy), can be 

determined by soMng equ. (3.21) and (3.22) for and respectively, which results 

in 

Off-axis mapping relation for asymmetrical systems 

1 S x  [ A -xx "^yx ̂ y] ^y ^^y] 
(3.23) 

ITIq [«^yx ^x •\-Ayy 5y] 
(3.24) 

Keystone distortion parameters 

K.. S i [4 A. - ai A, (3.25) 

(3.26) 

where 
Ax = tan(i?x) — tan(0^) 
AJ, = tan(i^Y) — tan(^Y) 

(3.27) 

Anamorphism parameters 

(3.30) 

(3.29) 

(3.28) 



73 

Since Axx and Ayy depend upon only one direction, we may refer to them as directional 

dependent anamorphism parameters while Ayx wiU be referred to as bi-directional 

dependent anamorphism parameter due to its dependency on both x and y direction. 

Plane-to-plcine mapping characteristics (bilatersJly S3aru2ietrical systems) 

Bilaterally symmetrical systems are special cases of unsymmetrical systems, where 

the planes are tilted about the same axis only, i.e. = "Qx or dy = 'Oy This wiU 

lead to the elimination of the bi-directional anamorphism parameter Ayx as well as 

of the corresponding keystone distortion parameter, i.e. Kx ov )Cy. The two cases to 

be considered axe therefore: 

K.X 0 but fCy = 0 -• 

• = 0 but /Cy 7^ 0 

where 

TTIq S 

, m.o s„ 

/ /Q QO\ 

^  l + A y y K y S y  

Axx = and /Cx = [tan(^i) - tan(0;)] 

Ayy = and fCy = [tan(i9j,) - tan(0;)] 

In this case, the coUineax plane-to-plane mapping relationships are tremendously 

simplified and may be expressed in terms of surface tilt angles only. Consequently, 
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we do not need to determine the proper rotation angles ^ and Q as introduced in 

section 3.2.5 and in appendix A.l. 

Anamorphism ratio A-n. 

The anamorphism ratio, A-n, is by definition the value by which the ratio s^jsy is 

altered as the point defined by the in-plane coordinates {s^, Sy) is mapped into the 

image plane; hence, 

^ (3.35) 
Oy i3y 

where the definition for the anamorphism ratio is obtained by taking the ratio between 

equ. (3.23) and (3.24) and extracting the ratio Sx/Sy to yield : 

We immediately extract the information from the definition, that for an imaging 

s^'stem exiiibiting no anamorphism characteristics, the anamorphism ratio must be 

unity and independent of object location. For that to be the case, the object plane, 

principal plane and image plane must ail be parallel to one another. Of course, 

this statement is valid only for single mapping elements and not necessarily also for 

compound systems, as we wUl see later. 

In case of bilaterally symmetrical systems, the anajmorphism ratio results in a 

simple expression, this may be stated as follows: 

(3.36) 

• ICx = 0 

— 

1 ^ COSjdy) 

A y y  C O S { 9 y )  
(3.37) 

• /Cy = 0 

(3.38) 
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3.3 Extended Scheimpflug condition 

In 1904 an Austrian Army officer, Theodor Scheimpflug [41], patented several spe

cial cameras for correcting the undesired distortion in photographs taken from bal

loons when the camera was not pointing straight down. The basic principle had 

really been invented by the French camera maker Jules Carpenter three years ear

lier, but Scheimpflug understood the matter thoroughly. Scheimpflug's British Patent 

describes how, among other things, three planes must converge along a single line. 

Expressed simply, these three planes are the film plane, the subject plajie and the lens 

plane. The lens plane is a flat surface drawn through the centre of the lens and remain

ing perpendicular to the lens axis (a hne straight through the lens). Scheimpflug's 

Principle has been one of the guiding rules for view camera users ever since. The 

Scheimpflug Principle may also be referred to as The Scheimpflug Condition, The 

Scheimpflug Rule or Gaussian Tilt Invariant. 

A y 

FIG. 3.5. Geometrical construction of the Scheimpflug condition 

In short, the Scheimpflug Condition indicates how to determine the correct image-

plane orientation in the presence of rotationaUy symmetrical systems when the object 

plane is tilted in respect of the optical axis. The condition can be expressed as a 
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geometrical construction as it is illustrated in Fig. 3.5 or in analytical terms, namely: 

tan(4j') tan{9') = tan(a;) tan(0) (3.39) 

where 9 is the rotation angle of the object plane about the —x axis. Since the principal 

planes are perpendicular to the reference ray (optical axis), the tilt angle G is also the 

dihedral angle between the object plane and the principal planes of the system. A 

ray emerging from the on-axis point Q and striking the optical system at a height y 

above the optical axis is defined by the angle u) it makes with the axis. From Fig. 3.5 

it is also apparent that tan(cj) = —yizo and tan(u;') = —yjz!^ as is tan(0) = Zojh and 

tan(0') = 

In this section, we will present an extended version of the Scheimpflug condi

tion, which wiU take into consideration the symmetry condition of gm unsymmetrical 

system. The obtained condition shall be referred to as the extended Scheimpflug con

dition. The section will not only provide an anadytical means but also a geometrical 

means of determining the orientation of the conjugate image plane. 

3.3.1 Analytical determination of the conjugate image-plane orientation 

The derivation is tedious and rather long but still straightforward; therefore, we will 

only provide the final relationships. Conceptually, the relationships were derived as 

follows: a general image plane was mapped into the object space by means of the 

reversed collinear mapping equations. The coefficients of the conjugate object plane 

was then compared with the description of a general object plane. The comparison 

revealed that the orientation of the image plane as function of the object-plane orien

tation is representable with two independent relations. They are independent in the 

sense that a rotation about the x axis does not influence the image-plane rotation 

about the x' axis. The same is vaUd for a rotation about the y axis. The importauit 

relations, to which we will refer as the Extended Scheimpflug condition, are expressed 
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as 

taii(02) = — [tan(0i) — tan(i?i)] -rtaii(??i) (3.40) 
Zq 

ta.a{6y) = — [tan(0y) — taii(t?y)] + taii(t9y) (3-41) 

Equ. (3.40) and equ. (3.41) reduce to the well known Scheimpflug condition, as given 

in equ. (3.39), when the principal planes are not tilted (t?i = i?y = 0). The reduced 

equations axe then 

tan(0') = — ta.n{9) 

The subscripts x and y have no significance La rotationally symmetrical system; hence, 

we obtained the Scheimpflug Condition for such imaging system La which the conju

gate planes are tilted since h = Zq/ tan.{9) = z'^j tan(0'). 

3.3.2 Scheimpflug line 

The significant Scheimpflug Une is identical to the intersection Une between the ob

ject plane and the front principal plane in object space or the image plane and 

the rear principal plane ia image space. Therefore, we must differentiate between 

the Scheimpflug line in object and image space to which we refer as front or rear 

Scheimpflug Une, respectively. Both of which wiU be located at infinity only when the 

object plane is paraUel to the focal plane. In any other case, both of the Scheimpflug 

lines will be located at flnite distance. 

The Scheimpflug line 

• in object space is due to the intersection of the object plane z = x tan(^j:) — 

y tan(0y) + Zo with the front principal plane z = x tan(i?i) — y tan(^9y). By 

equating the two equations and simpUfying its outcome by including the defini

tions of the keystone distortion given in equ. (3.25) and (3.26) and anamorphism 
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given in equ. (3.28) and (3.29), we obtain 

Sx ly^xx — -^x ̂ y\ [-^y ~ 0 (3-42) 

• in image space is due to the intersection of the image plane t! = x' tan(0^) — 

y' tan(0^) + 2^ with the rear principal plane z! = x" tan(T9^) — y' tan(79y). Again, 

by equating the two equations and simpUfying its outcome by including the 

definitions of the keystone distortion given in equ. (3.25) and (3.26), we obtain 

s'^}C,-s'ylCy-j^ = 0 (3.43) 

At first, it appears that the Scheimpflug line in object space represented by equ. (3.42) 

and in image space represented by equ. (3.43) axe not parallel to one another. To be 

able to compaxe the two lines, we can simply convert all parameters into one space by 

means of the extended Scheimpflug condition and then compare the two expressions. 

By going through the procedure, as it had been outlined for the individual lines, we 

yield the following analyticeil expression for the Scheimpflug line in object and image 

space; 

X [tan(t?2.) — tan(^i)] — y [tan(i? y )  — tan( 0 y ) ]  —  Zq =  0  

Hence, we showed that for the type of mapping systems under consideration, the 

Scheimpflug line in object and image space are parallel to each other. 

A word of caution: The Scheimpflug lines wiU be parallel to one axiother only if 

the mapping system has one focal length associated with it. 

3.3.3 Geometrical means of determining the conjugate image-plane ori

entation 

For the systems under consideration (single focal length), we are in the position 

to perform a purely geometrical means of determining the conjugate image-plane 
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orientation. Furthermore, in section 3.3.2, we determined that the Scheimpflug line 

in object and image space will then also be parallel. 

To determine the image plane orientation using a geometrical means, let us assvime 

for the moment that we know aU about the principal and object plane as well as the 

location of the on-axis image point. In that case, the Scheimpflug lines in object 

and image space axe parallel to each other. The task of determining the image plajie 

orientation is now as simple as extending the object plane until it intersects the front 

principle plane, with which we will locate the Scheimpflug line in object space. The 

Scheimpflug hne is then mapped into the rear principal plane that is identical to a 

parallel shift of the line in direction of the reference ray until it coincides with the rear 

principal plane. The image plane is then the plane defined by the rear Scheimpflug 

line and the conjugate on-axis image point, which can easily be constructed and 

computed. 

3.4 Horizon planes and lines 

3.4.1 In-plane rotation of object points 

The off-axis mapping equations as given in (3.25) and (3.26) give only limited op-

portxmities to analyse the in-plane mapping in more detail. In addition, we are in 

need of being able to define a point in the object plane and a possibility to rotate the 

point about its in-plane coordinate origin. This will be an essential part in the later 

discussion when we define a square grid, which is initially ahgned with the in-plane 

coordinate system. The rotation angle (j) wiU then enable us to rotate the grid about 

the origin in object-space. 

To determine the image-plane coordinates of such a defined off-axis object point, 

let us define the object-space coordinates Sx and Sy as function of the rotation angle 
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d>, which, defines a positive rotation about the +Sz axis; hence, 

Sa;(0) = cos((p) Sx — sin(0) S y  (3.44) 

Sy(<p) = sin((j:>) Sx + cos(0) Sy (3.45) 

These equations are then substituted into (3.23) and (3.24) and solved for the image-

space coordinates 3^(0) and 3^(0), which yields the coUinear off-axis mapping equa

tions 

s'x{4>) = ^ [Axxmo (sx cos(0) — Sy sin(0))] (3.46) 

Sy{(p) = ^ [rrio (5x [Ayx cos(0) + Ayy sin(0)] + Sy [Ayy cos(0) - Ayx sin(0)])] 

(3.47) 

where 

ID — 1 Sx [(•^IX ^X COs(0) '̂ 'Vy ^^^(0)| 

[("^xx ^x ''^^x ^^y) sin(0) -f- ^^yy ^y cos(0)j 

Despite the redundant information contained in the just obtained off-axis coUinear 

mapping relations, their existence is justified by their ability to simplify the mapping 

analysis to be carried out as weU as to determine the coordinates of the vanish

ing points. Furthermore, the conversion of the off-axis mapping equations from the 

Cartesian representation into its Polar form will result in a more comphcated relation. 

3.4.2 Horizon line 

The horizon line is the intersection of the object plane with the front focal plane. 

That we have also a horizon hne in image space is a logical conclusion to be drawn. 

The horizon line in image space is formed by the intersection of the rear focal plane 

with the image plane. If not otherwise stated we normally refer to the image-space 

horizon line. Nevertheless, the properties obtained for one are aJso valid for the other. 
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Let us recall that every point on the focal plane is mapped into its conjugate 

plane located at infinite distance. Therefore, every point that lies on the horizon 

Une is mapped to infinity in the conjugate space. Bearing that ia mind, let us solve 

equ. (3.46) and (3.47) for Sx and Sy, which results in 

^ ^ 4 [Ay cos(0) - Ayr sin(0)] + s'y [A^x sin((?:>)] 

~ AxxAyy [mo + S'xKx - s'y ICy] ^ ^ ^ 

Sy [Axx cos(<?!>)] - s'x [Ayx cos{4>) + Ayy Sin(0)] 

~ Axa: Ayy [mo ^s'^JCx- s 'y JCy] 

As a direct consequence of the fact that the denominator in equ. (3.48) and (3.49) 

are identical and that the anamorphism parameters Axx a^id Ayy are never identical 

to zero or infinity since \0x\ < f and < |, the equation for the horizon line in 

image space is therefore 

s'^K,x-s'ylCy+mo = Qi (3.50) 

The horizon hne is finite as long as one of the keystone distortion parameters, K-x or 

fZy, is not identical to zero; otherwise, the horizon hne is located at infinity La which 

case the object plane is parallel to the focal plane. The same statement is vahd for 

the horizon line in object space, whose function is determined by investigating the 

ofi-axis colhnear mapping equation in equ. (3.23) and given by 

Sx [•>'^^1 K,x Sy 1=0 (3.51) 

That we actually determined the axialytical form of the line was an unnecessary step 

since the horizon line must be parallel to the corresponding Scheimpflug lines in 

object and image space. That they must be parallel is just given by the fact that 

the principal and focal plajies are parallel to each other and both intersect the same 

plane, which is either the object or image plane. Nevertheless, by going through the 

derivation differently, we confirmed the result and we also obtained the offset value 

between the two lines in object and image space respectively. 
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The significance of the horizon line, defined in section 3.4.3 as the line along which 

the vanishing points move, maintains additional significance ia section 3.4.4. Here, 

we will determine the connection between the horizon line and the object plane. Fur

thermore, illustrated in Fig. 3.6 is another imique property, all image planes intersect 

each other at the horizon line in image space if all object planes axe parallel to each 

other but separated. 

rear Scheimpflug 
line 

front Scheimpflug 
line 

rear horizon 
^ line 

set of object 
planes 

front principal 
plane 

rear principal conjugate set of 

FIG. 3.6. Under the condition that all of the object planes are parallel but 
separated in respect of each other, all of the conjugate image planes 
intersect each other at the horizon. 

That the given statement must be correct can easily be proven by determining 

the intersection Une as function of the object plane separation. Since the intersection 

line is independent of the object plane separation, the common intersection line must 

be stagnant. By going through the derivation, one will also be able to prove that the 

intersection Une and the horizon line axe identical. 
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3.4.3 Vanishing points 

The most obvious chaxacteristic of the coUinear mapping is the existence of vanishing 

points in the final image. As will see shortly, the vanishing points are either at finite 

locations or at infinity Let us now obtain means of defining the coordinates of those 

vanishing points. In order to accompUsh that we have only to evaluate equ. (3.44) 

and (3.44) in the limit Sx —> oo as well as in the limit Sy —>• oo. Taldng the limit of the 

mentioned equations has the advantage that we can actually rotate the two orthogonal 

lines. In other words, we sweep two points about the object-plane origin. The amoimt 

of rotation is defined by 0. Initially the two points are located at (s^ = oo, Sy = 0) 

and {sx = O.Sy = oo). The lines, each of which passes through the origin and the 

object point, are perpendicular to each other. The function of the rotation angle 4> is 

to rotate the "cross" about the coordinate origin; thereby, we determine the vanishing 

points in image space as function of the rotation angle. The relationships determining 

the coordinates of the vanishing points are therefore 

VPsM) = 
s' = lim s 
^ Sx-~±00 

—Aa:x TTlo COs(<p) 

s' = lim Sy 
^ Sx—*±0O ^ 

-TUq [Ayy sin(0) -I- Ayx cos(<?!>)] 

/Cx ^y] cos(0) ^y] sin(0) 

(3.52) 

ypsM = 

lim s' = 
5y—>±00 

-Axx rrio sin(0) 

s' = Um Sy 
^ 3y—*-±00 ^ 

rrio [Ayy cos(0) — Ayx sin(0)] 
cos(0) [.^4xx ^^y] sin(0) 

(3.53) 

De facto, equ. (3.53) is redundant since the coordinates for the orthogonal van

ishing point, VPs^, is obtainable using equ. (3.52) and setting (^ —>• 0 -1- hence, 

m,(0) = m.(0+f)-
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TtVo 

FIG. 3.7. lUustration of a mapped grid-object (0 = 0, see also Fig. 4.1) 
in the presence of keystone distortion 7^ 0; /Cy ^ 0) and 
anamorphism while clearly identifying the locations of the van
ishing points. 

In the general case, the object plane is not parallel to the focal plane; thus, 

keystone distortion wiU be present {K,^ 7^ 0; /Cj, ^ 0). This also means that the 

horizon line intersects the xz and yz planes. The coordinates of these two distinct 

vanishing points are obtained by setting 0 = 0 in equ. (3.52) and (3.53); hence, 

VPs^icfi = 0) = 

\/P5„(0 = O)= (^0, (3.55) 

These results had been expected since the vanishing points must be on the horizon 

line. Fig. 3.7 shows an example of an object, which was mapped into the image plane. 
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in the presence of /Cx and )Cy. It is also clearly depicted that one of the \^nishing 

points cannot lie on the in-plane coordinate ajds anymore. That the vanishing points 

move along the horizon line must be true and can be shown as follows: the line 

s'y = a-s'^-\-b defined by the two points VPs^ and VPs^, which are given by equ. (3.52) 

and (3-53), respectively, has a given slope 

^ _ ^y,2 ~ ^ 

^r,2 ~ ^x.l 

and a given oflFset of 

L -/ -/ -/ -/ 
" ~ ̂ y,l ~ ̂  ' •®x,l — ~ ̂  • •Sx.2 — 

As we can see, the just determined parameters of the line- are independent of 4>. 

Furthermore, we can also see that this hne is identical to equ. (3.50) the horizon line 

in image space. 

As soon as the orientation of the object plane approaches the one of the focal 

plane, the location of the vanishing points move further away from the coordinate 

origin. In the limit when the object plane is parallel to the focal plane, the vanishing 

points are located at infinity. 

3.4.4 Horizon plane 

A unique property exists between the object plane and the horizon line. As the name 

of the plane indicates, the horizon plane is associated with the horizon line. The 

association is that the horizon plane intersects the image plane in such a way that 

the horizon hne corresponds to the intersection line between the two plgines. A direct 

consequence of this fact is that the horizon plane is now defined in two directions. By 

defining the orientation of the horizon plane such as that it intersects the rear nodal 

point, n', we just defined the unique property between the horizon and object plane. 

The horizon plane is then identical to the mapped object plane previously shifted to 
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the front nodal point, N. In other words, the horizon plane is conjugate to a plane 

pgirallel to the object plane passing through the font nodal point. 

Consequently, the horizon line may also be obtained by calculating the intersection 

between the horizon and image plane. The orientation of the horizon plane may be 

determined by means of applying the Scheimpflug condition. It is worthy to mention 

that the on-axis mapping between the nodal points is identical to unity; therefore, 

the orientation of the horizon plane may be written as 

tan(^^) = tan(03:) (3.56) 

tan('0p = tan(0y) (3.57) 

where the angular pairs {6x, dy) and (??i, dy) define the orientations of the object and 

focal plane, respectively. The fact that we consider only mapping systems having a 

single focal length, associated with them leads to simple relations between the horizon 

plane in image space and the object plane. The analytical form of the horizon plane 

in image space, which is parallel to the object plane, is consequently given by 

z'fj = x' tan('0^) — y' tan('0y) + N' (3.58) 

It is only logical that we may also define a horizon plane in object space. The definition 

is similarly to one defined in image space. In order to determine the orientation, we 

must map the object plane into the image space, shift the plane in a parallel fashion 

to the rear nodal point and map this plane then back into the object space. By going 

through this procedure, the orientation of the horizon plane is then 

z' 
tan(^i) = — [tan(0i) — tan(i9x)] + tan(i?x) (3.59) 

Zq 

z' 
tan( ^ y )  = — [tan( 0 y )  — tan(z? y ) ]  + tan( 7 9 y )  (3.60) 

where as usual the angular pairs (0r,^y) and {^x,dy) define the orientations of the 

object and focal plane respectively. The axial distances Zq and define the on-axis 
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object and image distance and are measured from the front and rear principal point 

respectively. The analytical form of the horizon plane in object space is therefore 

Z f f  =  x  tan(^i) -  y  tan(-0j,) + N  (3.61) 

3.4.5 Section summary 

It is important to understand the concepts of the horizon line and the horizon plane as 

well as how they may be applied in the design process of optical systems. An intriguing 

fact is also how the different planes intermingle with each other as Ulustrated in 

Fig. 3.1 on page 61. The horizon planes and horizon Unes play a key role in the 

first-order design process. To illustrate the significance of the horizon hnes, let us 

present techniques of determining the rear horizon line by means of intersecting the 

following two planes: 

• rear horizon plane and image plane. 

• rear horizon line and rear focal plane. 

• rear focal plane and image plane. 

• two image planes whose conjugate object planes are conjugate to each other. 

It might be beneficial to know that the rear horizon line is parallel to the rear 

Scheimpfilug line; thus, the former may be obtained simply by knowing the location 

of the Scheimpflug Une on the image plane. 

In general, a plane may be defined by a line and a point; consequently, if we know 

the location and direction of the horizon line and a conjugate on-a^ds point, then the 

above mentioned planes are completely determined. Contemplating further on this 

thought, we immediately see that the horizon line and the on-aods point 

• Q' define the image plane. 

• F' define the rear focal plane, which is also parallel to the principal plane. 

• N' define the rear horizon plane. 
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Similar statements can be made for the equivalent planes and lines in object space. 

3.5 Gaussian Reduction 

Unless the imaging system is free of keystone distortion and anamorphism, the present 

collinear mapping model does not permit a Gaussian reduction. This Umitation is 

a direct consequence of linking the principal plane in object space to that of the 

image space. However, this feature can easily be integrated into the collinear model 

by removing the link and treating the orientation of the two principal planes as 

independent instances. The procedure is straightforward and will not create any 

difficulties. 

3.6 Summary 

In this chapter we provided the fundamental plane-to-plane mapping relationships 

of asymmetrical imaging systems whose mapping elements are either reflective or 

regarded as thin. Basic properties such as transverse and longitudinal magnification 

as well as more advanced concepts such as that of the extended Scheimpflug condition, 

the horizon lines and planes, vanishing points and Scheimpflug line were introduced 

and discussed. Furthermore, we introduced a means of characterising the imaging 

properties in.respect of the amount of keystone distortion and anamorphism present. 

We related those quantities to the orientation of the object and principal plane. 

In addition, we introduced the concept of anamorphism ratio and showed that the 

mapping is a function of the object point location in case of asymmetrical systems 

only. This chapter represents the building block for the concept used to obtain designs 

free of keystone distortion and anamorphism. 
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Chapter 4 

MAPPING EXAMPLES AND THEIR DISCUSSION 

This chapter is intended as a complement to the analytical approach of chapter 3 ia 

the sense that we wiU provide illustrative mapping examples. The examples represent 

what is to be expected as well as providing fundamental understanding of the mapping 

behaviour. However, it is our objective to oflfer insights that wUl lead to a better 

understanding of the collineax mapping properties rather than to provide a thorough 

coverage of its characteristics from axi illustrative point of view. Furthermore, the 

examples are also intended to give guidance for the design of unsymmetrical systems 

free of keystone distortion and anamorphism. 

The organisation of this chapter is as follows: VVe introduce in section 4.2 the 

imaging system that serves as mapping system to be used throughout this chapter. 

In section 4.3 we introduce the square grid as the object for our illustrations, which 

is then followed by section 4.4 containing the collection of specific mapping examples. 

Section 4.5 concludes this chapter by giving a brief summaxy. 

4.1 Introduction 

The examples presented in this chapter are meant to provide a guidance as to what 

is to be expected from unsymmetrical systems in respect of their mapping capabil

ities. Although we cannot give a complete picture of the coUinear mapping natinre 

that accounts for ail possible situations, the examples provided wiU give an excellent 

overview of the mapping characteristics. It is to be expected that the nature of the 

mapping will change with the variation of the xmderlying imaging system as well as 

with the object. Consequently, it is desirable to have more mapping examples than 
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axe provided here in order to achieve a better understanding so that problem areas 

in the design of such systems can be discovered. 

It is our main objective to illustrate the effect of having various orientations be

tween the object plane and the principal plaxie. For that purpose, it is wise to change 

the way of representing the orientation of the individual planes. As in chapter 3, 

where we changed the representation of the planes in order to move from the ref

erence ray coordinate system to the in-plane coordinate system, we must perform 

a similar conversion. We will take advantage of the Euler angles, denoted by 0, 6 

and d, rather than applying any introduced representation except for the tilt angles, 

of course. Since our intention is to address the orientation of the individual planes, 

i.e. object plane (OP) and principal plajie (PP), which is equivalent to defining the 

orientation of the surface normal, we need only the Euler angles 4>op, 4>pp-, Sop aj3.d 

dpp, where 6 is the ajigle between the surface normal and the reference ray and 4> is 

the angle between the surface normal projected onto the xy plane and the y ajds of 

the reference ray coordinate system (see appendix B.2 for a complete description). 

This way of addressing the orientation will allow as to define the orientation of the 

individual planes and rotate them axound the reference ray without altering 6. 

We have selected the following situations for generating informative delineation: 

I. We wiU give illustrations to the combinations both with and without keystone 

distortion in the mapping process. These examples wiU provide a fundamental 

understanding of what the images will look like. The four examples are: 

(a) /Ci = 0 and /Cy = 0 

(b) /Cx ^ 0 and /Cj, = 0 

(c) /Cx = 0 and ICy 

(d) /Cx ^ 0 and /Cj, 7^ 0 
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II. The objective here is to have the object and principal plane always parallel to 

each other at (f>pp = 4iop = 0, i.e. 6pp = 6op, then rotating the object plane about 

the reference axis. 

III. This series of mappings is the logical extension of case II. Now, we keep the 

orientation of the principal plane fixed and vary the object plane in respect of 

dop and (pop- These examples axe depicted in appendix C. 

4.2 Fictitious imaging system 

As required, the fictitious system is immersed in air that is homogeneous and isotropic; 

hence, the focal length associated with this system will have a front and reax focal 

length of equal magnitude, i.e. —/ = /'. In addition, we place the object plane at 

the front anti-principal point resulting in a magnification of imit magnitude. 

For the examples to be presented in this section, we assimie that the focal length 

is set to 50 mm, i.e. —/ = /' = 50 mm. Since the object plane is located at the 

anti-principal point, Zo = A = —2 f = —100 mm, the image plane is intersecting the 

reference ray at the rear anti-principal point, z'^ = A' = 2 f = 100 mm. 

4.3 Object definition 

For the visualisation of the mapping, we work with two different object sizes. The 

object itself is represented by a square grid that is divided up into 100 sub-squaxes. 

The overall dimension of the entire object used in section 4.4.1 is 40 mm x 40 mm 

while the object size is 20 rmn x 20 mm in aU the other sections. An illustration of the 

former object is provided in Fig 4.1 that also shows the grid's orientation in respect 

of the in-plane coordinate system is defined by a rotation angle, denoted by 0. 
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FIG. 4.1. Object grid with 100 sub-squaxes, each of size of 4 mm x4 mm. 
The grid's orientation in respect of the in-plane coordinate sys
tem is defined by the rotation angle 0. (This angle is not to be 
confused with (pop or 0pp.) 

4.4 Mapping examples 

4.4.1 Special c£ises 

The four examples representing the special cases describe the mapping characteristics 

in relation to the presence and/or absence of keystone distortion; this is monitored 

by having defined object- and principal-plane orientations. Taking the definition of 

keystone distortion as stated in equ. (3.25) and (3.26) into accomit, we can immedi

ately extract the information of how the two planes have to be arranged in order to 

present the desired eS^ect. 
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/Cx = 0 eind K,y = 0 

For a system having a single mapping element to be free of keystone distortion and 

ultimately also free of ajiamorphism, the object plajie must be oriented such that it 

is parallel to the principal plane. This also means that the image plajie is parallel to 

the principal plane; hence, we have the situation that 9x = 6'^ = T?X and 9y = 6'^ = 

•dy. In this special case (affine transformation), the derived plane-to-plane mapping 

relations as given in equ. (3.42) and equ. (3.43) wiU reduce to their simplest form, i.e. 

s'x = lUo Sx and s'y = rrio Sy. Consequently, the front and rear horizon lines as well as 

the front and rear Scheimpflug lines are located at infinity; thus, the vanishing points 

are aiso located at infinity. In short, no keystone distortion and no emamorphism are 

present in the mapping. This situation is presented in Fig. 4.2(a) and in Fig. 4.2(b) 

having a grid-object orientation of 0 = 0° and (f) = 45° respectively. 

7^ 0 and ICy = 0 

Fig. 4.3 illustrates the mapping due to an imaging system that is bilaterally sym

metrical. In order for the imaging system to be of such kind, we must impose the 

requirement that the y directional tilt angles of the principal and object plajies must 

identical, i.e. 6y = -dy. Considering the definition for keystone distortion and anamor

phism, we may see that the imposed requirement results in the elimination of the 

mapping influence due to /Cy, Ayy and Ayx-

The horizon line is parallel to the axis axid passes through the vanishing points. 

The situation represented in Fig. 4.3(a) is given when the grid-object is not rotated, 

i.e. 0 = 0, while Fig. 4.3(b) represents the case, where the grid-object was rotated 

45° prior to the mapping. 

/Ca; = 0 and Ky ^ 0 

As in the previous case, Fig. 4.4 illustrates the mapping due to an imaging system 

that is bilaterally symmetrical. The only difference from the previous case is that we 
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imposed the requirement that the x directionai tilt angles of the principal and object 

planes must identical, i.e. 6^ = which results in the eUmination of the mapping 

influence due to K.^, -Axx and Ayx-

The horizon line is now parallel to the s'y axis and passes through the vanishing 

points, the location of those points depends upon the orientation of the grid-object 

in respect of the in-plane axis Sy. One of the vanishing points will be finite iu location 

while the other one is located at infinity in case that the grid lines of the object are 

parallel to the in-plane axes as represented in Fig. 4.4(a). In any other case, i.e. 

0° < 101 < 90°, the presence of two vanishing points, which are finite in location and 

lying on the horizon line, is guaranteed. This situation is represented in Fig. 4.4(b), 

where the grid-object was rotated 45° pripor to its mapping. 

/Cx 7^ 0 and ICy ^ 0 

For unsymmetrical mapping systems both of the keystone distortion paraxneters K-x 

and fCy are non zero. Consequently, the horizon lines are not parallel to either of 

the axes of the in-plane coordinate system. Furthermore, the presence of the bi

directional anamorphism parameter, Ayx^ results in the fact that only one and never 

both of the vanishing points will lie on either of the in-plane coordinate system ajds. 

It is logical that by rotating the grid-object in the object plane, we can align the 

mapped grid-object in such a way that one of the vanishing points is shifted to an 

infinite distance. Consequently, one set of lines of the mapped grid-object will be 

parallel to the horizon hne in image space. This situation is weU demonstrated in 

Fig. 4.5(b) while Fig. 4.5(a) represents the mapping of the non-rotated grid-object. 

The required rotation angle is easily obtainable from equ. (3.52) where we require that 

—>• ±oo, which implies that the denominator must be identical to zero. Solving for 

the rotation angle will yield 

tan(«) = (4 1) 
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(a) Grid-object orientation: cp =0° (b) Grid-object orientation: <p = 45° 

FIG. 4.2. Grid-object being mapped by a fictitious system where {•dxi'dy) = 
(40°, -20°) and dy) = (40°, -20°) so that = 0 and /Cj, = 0. 
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(a) Grid-object orientation: (p = 0° (b) Grid-object orientation: (p = 45° 

FIG. 4.3. Grid-object being mapped by a fictitious system where {dx'.'^y) = 
(0°, 40°) and {d^, dy) = (0°, -60°) so that /Cx = 0 and /Cj, ^ 0. 
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(a) Grid-object orientation: (p = 0° (b) Grid-object orientatioa: = 45° 

FIG. 4.4. Grid-object being mapped by a fiticious system where = 
(—20°, 0°) and {6x,  dy)  =  (40°, 0°) so that fCx ^  0 and /CY = 0. 
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(a) Grid-object orientation: 4> = 0° (b) Grid-object orientation: <f> % —10.92° 

FIG. 4.5. Grid-object being mapped by a fiticious system where (T?xi^y) = 
(-20°, 40°) and (9^, Oy) = (40°, -60°) so that IC^ ^ Q and Ky 0. 
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Mapping and System Units 

o
 II /Ci#0 XTi = 0 IC^yiO 

parameters P
 II o
 o

 II fCyy^O 

Object plane orientation 

tilt angle: 6^ [ ° ]  -20.0000 40.0000 0.0000 40.0000 

tilt angle: Qy n  40.0000 0.0000 -60.0000 -60.0GOO 

rot. angle: 6 r ]  40.0000 0.0000 -60.0000 -60.0000 

rot. angle: ^ [ ° ]  -15.5794 40.0000 0.0000 22.7605 

Principal plane orientation 

tilt angle: n  -20.0000 -20.0000 0.0000 -20.0000 

tilt angle: Qy [ ° ]  40.0000 0.0000 40.0000 40.0000 

Image plane orientation 

tilt angle: n  -20.0000 -57.4562 0.0000 -57.4562 

tilt angle: Qy [°]  40.0000 0.0000 73.6571 73.6571 

rot. angle: Q [ ° ]  40.0000 0.0000 73.6571 73.6571 

rot. angle; ^ [ ° ]  -15.5794 -57.4562 0.0000 -23.7947 

Misc. system parameters 

Ar = tan(a?i) — tan(5^)  [-] 0.00000 1.20307 0.00000 1.20307 

Ay = tan( ' i9y)  — tan(0y)  [-] 0.00000 0.00000 -2.57115 -2.57115 

Anamorphism 

•^xx [ - 1  1.000000 1.424022 1.000000 1.007796 

[-] 0.000000 0.000000 0.000000 0.195922 

[-] 1.000000 1.000000 1.776922 1.776922 

keystone distortion 

IC:, [mm~^ ] 0.000000 0.012944 0.000000 0.002107 

[mm~^ ] 0.000000 0.000000 -0.014470 -0.014470 

TABLE 4.1. Selected system, aad mapping parameters evaluated for the 
given examples. 
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4.4.2 9pp = dop while varying (p^p 

A unique way of representing the effect of having vaxious amounts of keystone distor

tion and anamorphism is achievable by rotating the object plane about the reference 

ray. The object plane will be rotated about the reference ray ia a clockwise fashion 

and so that the angle between its surface normal and the reference ray axis remains 

constajit. A further requirement is that the orientation of the principal plane must 

remain fixed having the orientation (0,9)pp (see appendix B.2 for the angle conver

sion) while the orientation of the object plane (OP) is parallel to the principal plane 

(pp) at cppp = (ibp = 0°, i.e. dop = 6pp. As a direct consequence of the alteration of the 

object plane, the orientation of the conjugate image plane will also change since we 

require that it must always fulfil the Scheimpfiug condition. The amount of keystone 

distortion and anamorphism are directly related to the orientation of the object and 

image plane which in return affects the mapping properties. 

• As we have akeady discussed in previous sections, the initial orientation of 

the object plajie, = 0°, represents a special mapping situation since the 

mapping is affine. This is well illustrated in the upper left mapping example 

represented in Fig. 4.6-4.12^, where the image is identical to the object. In any 

other case, the mapping will be influenced by the amounts of keystone distortion 

and anamorphism. 

• Another special case is always present in these examples when 4>op = TT. In those 

cases, the mapping system corresponds to a bUateraUy symmetrical imaging 

system; hence, we have the situation where ICx = 0, Axx — 1 and Ayx = 0. 

Consequently, the mapping is only affected by the amounts of y directional 

^The parameter 4> indicated in each box of Fig. 4.6-4.12 is identical to (fcp the rotation angle 
about the +z axis and defines the orientation of the object plane in respect of the principal plane. 
The size of each box is 60 mmx60 mm and represents the image plane with the the coordinate origin 
at the center. 
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keystone distortion and anajnorphism. This is well presented in Fig. 4.16— 

4.19, which represent the cross-sections (at Oqp E {10°, 20°,..., 80°}) of the 

corresponding 3D representation of the keystone distortion and anamorphism 

depicted in Fig. 4.13-4.15. 

• The two extreme mapping cases are present when 0pp—>0° and 0pp —»-90°. The 

difference is not only in the angular change of how the reference ray is incident 

on the principal plane but also how the mapping is strongly dependent upon the 

orientation of the object plane in respect of the principal plane. Figs. 4.6 and 

4.12 where 9pp = 10° and 9pp = 70°, respectively, visualise the situation rather 

well. In the former case, (/:^p defined orientation has only a minor influence upon 

the mapping. The effect of having keystone distortion is observable while that 

of anamorphism is that obvious. However, as we increase 9pp—>-90°, i.e. grazing 

incidence, the effect of having keystone distortion and an.amorphism becomes 

very apparent but is dominated by ajiamorphism. In the limit dpp >• 90° at 

(pop — ±90°, which is an impossible imaging system, we obtain the following 

Umits for anamorphism parameters: » 0, Ayx —*• 0 and Ayy —^ oo; thus, 

Atz. 0. This means that the mapped object will be stretched in s'y direction 

while being compressed in direction. Considering the object mapping at 

(bop = ±90° given in Fig. 4.6-4.12, we can easily perceive this mapping tendency. 

This information is of course also very well Ulustrated in Fig. 4.16 and 4.17, 

where we see the development of the directional anamorphism parameters as 

9pp is being increased. 

An importajit conclusion we can draw from these examples is that we must avoid 

mapping systems that have a rotation angle difference (ppp—cp^p « ±90°. Furthermore, 

we mvist prefer systems where (j)pp » ^p or (hpp — (fep « ±7r in case that we have 

an imaging system with grazing incidence, i.e. dpp —+ 90°. In all cases, where the 

image of the grid-object is being stretched, we have to bear in mind that the model 
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is based upon the coliinear model only and does not take Fermat's principle into 

consideration. Therefore, it is safe to say that those systems will suffer tremendously 

from aberrations- Nevertheless, this statement must be confirmed. 
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0 s 120. • 0  =  1 3 5 .  0  =  1 5 0 . *  0  =  1 6 5 . *  

0 = 180.• 0  =  1 9 5 . - 0 = 210.- 0  =  2 2 5 . -

0  =  2 4 0 . *  0  =  2 5 5 . - 0  =  2 7 0 . *  0  =  2 8 5 . *  

0  = ' 3 0 0 . *  0  =  3 1 5 . *  0  =  3 3 0 . *  =  3 4 5 .  

FIG. 4.6. Series of mapped grid-object where the object and image plane was 
initially set to Qqp = Opp = 10°. While the principal plane remained 
fixed, the object plane was rotated clockwise about the reference ray 
with = 15°. 
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FIG. 4.7. Series of mapped grid-object where the object and image plane was 
initially set to OQP = Opp = 20°. While the principal plane remained 
fixed, the object plane was rotated clockwise about the reference ray 
with A(pap = 15°. 
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FIG. 4.8. Series of mapped grid-object where the object and image plane was 
initially set to 9op = Opp = 30°. While the principal plane remained 
fixed, the object plane was rotated clockwise about the reference ray 
with A(^p = 15°. 
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III 
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0  =  3 1 5 . *  «  =  3 3 0 . "  «  =  3 4 5 . •  

FIG. 4.9. Series of mapped grid-object where the object and image plane WAS 
initially set to 9op = dpp = 40°. While the principal plane remained 
fixed, the object plane was rotated clockwise about the reference ray 
with A^p = 15°. 
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ymy/jv,\ 

FIG. 4.10. Series of mapped grid-object where the object and image plane was 
initially set to Oop = 9pp = 50°. While the principal plane remained 
fixed, the object plane was rotated clockwise about the reference ray 
with = 15°. 



106 

FIG. 4.11. Series of mapped grid-object where the object and image plane was 
initially set to 9qp — 9pp = 60°. While the principal plane remained 
fixed, the object plane was rotated clockwise about the reference ray 
with ^(fhp = 15°. 
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FIG. 4.12. Series of mapped grid-object where the object and image plane was 
initially set to OQP = 9pp = 70°. While the principal plane remained 
fixed, the object plane was rotated clockwise about the reference ray 
with A(f)op = 15°. 
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(a) X directional anamorphism, Axx 

(b) y directional anamorphism, Ayy 

FIG. 4.13. 3D representation of the directional anamorphism parameters Axx 
and Ayy as function of the Euler angles 9 and (f) with (f)pp = 0°, 
0 = Oqp — 9pp and (f)=^Pop • 
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FIG. 4.14. 3D representation of the directional anamorphism parameter Ayx as 
function of the Euler angles B and. 0 with 0pp = O°, 6 = 6op = 9pp and 
4^—4hp-
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(a) X directional keystone distortion, K.^ 

(b) y directionail keystone distortion, ICy 

FIG. 4.15. 3D representation of the directional dependent keystone distortion 
]Cx and fCy as function of the Euler angles 9 and 0 with (t}pp = 0°, 
6 = 6op = Opp — const, and 0 = (pt>p • 
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4.5 Summary 

In this chapter, we illustrated the influence of keystone distortion and anamorphism 

upon the mapping characteristics. For that purpose, we varied the orientation of 

the object plane in respect of the principal plane. We depicted the cases where 

the directional keystone distortion parameters were varied independently to cover aU 

combinations. 

In order to give aji overall impression how the various amounts of keystone dis

tortion and anamorphism influences the mapping, we varied the angle between the 

surface normals and the reference ray and rotated the object plane about the ref

erence ray. We observed that when the principal plane orientation is closer to be 

perpendiciilar to the reference ray the mapping is not as "distorted". As soon as 

the principal plane orientation was further away from this orientation, the mapping 

showed drastic variations in its mapping behaviom:. We showed that small variations 

of the object plane orientation away from parallelism to the principal plane causes 

a huge change in anamorphism and keystone distortion. This effect is also visible in 

the examples (see appendix C) where we kept the principal plane fixed and varied 

the object plane orientation only. 
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Chapter 5 

ALL-REFLECTIVE IDEAL IMAGERY BEING FREE OF 
KEYSTONE DISTORTION AND ANAMORPHISM 

The objective of this chapter is to provide a tool with which one is able to design first-

order reflective imaging systems exhibiting neither keystone distortion nor anamor

phism. The concept of the design approach is based upon the miderlying theory 

presented in the previous chapters. We show how reflective systems free of keystone 

distortion may be designed using either a geometrical or an analytical approach. 

In addition to presenting aai algebraic approach, we also show that the geometrical 

approach illustrates the design concept extremely well but also provides am easily 

obtainable and readily traceable solution for many cases of practical interest. Fur

thermore, a graphical visualisation substantiates the design and provides access to 

immediate conclusions regarding the characteristics of the imaging system. 

This chapter is organised as follows: In section 5.1 we present the general nature 

of this chapter. This chapter requires the introduction of notations and assump

tions, which axe presented in section 5.2. Before the actual presentation of the design 

procedure, we must introduce certain basic concepts of the approach, which are pro

vided in section 5.3. The foundation of the design procedure is given in section 5.4, 

where we introduce the essential conditions for eliminating keystone distortion and 

anamorphism. The algebraic design procedure is presented Ln section 5.5 while the 

geometrical approach is given in section 5.6. Section 5.7 provides examples for apply

ing the proposed design procedures as well as providing a verification. The chapter 

is concluded with a brief summary given in section 5.8. 
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5.1 Introduction 

The study of developing a novel approach to the first-order design of reflective systems, 

which is basically an elegant way of commencing a design process, is presented in 

this chapter. The method provides vital information about each individual reflective 

element as well ais the orientations of their individual object and image planes. The 

objective of this chapter is also to introduce both a geometrical and an algebraic means 

of designing ideal reflective systems free of both keystone distortion axid anamorphism. 

Furthermore, only a minimal number of reflective imaging elements may be used to 

accompUsh the task. However, the design tool introduced can easily be extended 

to include more imaging elements. This is especially useful when certain design 

constraints are given. 

The design approach takes full advantage of the knowledge gained in the previous 

chapters. This is especially true for the concepts provided in chapter 3, where the 

extended Scheimpflug condition was introduced and the role of the horizon Line was 

discussed extensively. Both of these concepts are very important in the geometrical 

as well as in the algebraic design approach. 

As has already been pointed out, two different methods of accomplishing the de

sign goal are presented. That the geometrical approach Ulustrates the design concept 

extremely well and provides an easily obtainable solution is an advantageous feature. 

Nevertheless," it is important to point out that this method is more prone to computa

tional errors. This is especially the case when the intersection line between two almost 

parallel planes needs to be determined. Due to the design concept, computational 

errors will propagate. 

The algebraic approach does not provide any visual understanding of the design 

concept at all. Nevertheless, the algebraic method represents an elegant and simple 

way of computing the sought after information. 

The geometrical method is extremely useful in the first stage of designing reflec
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tive systems. Because of its graphically capabiHty, it will help the designer to create 

new methods of approaching a given imaging problem. Moreover, its flexibihty allows 

one to see easily whether a solution is obtainable and appropriate. Once the designer 

has estabUshed the procedure to obtain a solution, the algebraic way is then to be 

preferred. The designer can then easily vary the design parameters and contemplate 

with different design solutions. We therefore have an excellent method of visualis

ing the problem, providing a vital means of being able to conceptualise new design 

approaches and an excellent method of computing the algebraical parameters. 

5.2 Notation and assumptions 

Several design exajnples axe presented in section 5.7. In order to make the design 

approach cleax and presentable, we introduce the necessary notation and state the 

assumptions that will be used. 

5.2.1 Assumptions 

In the design approach it is assimaed that the locations of the reference and mirror 

points are given and axe fixed in their locations. Moreover, it is also asstmied that the 

system's object and image planes are pre-defined in their orientation and location. 

Under normal circumstances, the two planes axe perpendicular to the reference ray. 

Special requirements on the reflective systems axe accounted in section 5.3.1. 

5.2.2 Notations 

In order to present the algebraic approach, we do not deviate from the already in

troduced notation given in the previous chapters. We introduced the Greek symbols 

0, -0, C and t? with appropriate subscripts to define the tilt angles of the conjugate 
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planes, the horizon planes, the horizon mapping planes and the principal planes re

spectively. Furthermore, the subscript x and y may be added to the symbols to be able 

to describe the orientation of the individual planes in the presence of unsymmetrical 

systems. 

The geometrical approach, on the other hand, requires the introduction of nota

tions to identify the different plajies, lines and positions: 

Planes : 

CP : Conjugate plane 

HP : Horizon plane 

HMP : Horizon mapping plane 

PP : Principal plane 

Lines : 
HL : Horizon line 

SL : Scheimpfiug hne 

HML : Horizon mapping line 

Positions : 

BP : Reference point 

MP : Mirror point (principal point) 

The first conjugate plane, CPi, is the system's object plane while the last conjugate 

plane, CPn+i, is the so called image plane of the entire imaging system, where the 

subscript n refers to the total number of ideal mirrors defining the compound imaging 

system. The ideal reflective systems to be designed map the object lying in CPi into 

CPn+i without the artifacts usually produced in the presence of keystone distortion 

and/or anamorphism. We may also note that the rear horizon line, HP^, of the first 

imaging system, which is parallel to CPi, and the first mapping plaine, HMPi, are 

identical. The front horizon plane of the last imaging element, HPn, which is parallel 

to CPn+i, and the last horizon mapping plane, HMPn, are also identical. The reference 
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points, BPj, are located along the reference ray and pinpoint the locations where the 

conjugate planes intersect the reference ray. The mirror points, MPj, on the other 

hand, identify the positions where the principal planes intersect the reference ray (see 

also Fig. 5.5). 

After having defined the abbreviations for all planes and points to be used, we 

are now in the position to introduce the notations to define new planes and lines as 

function of present points, lines and planes. 

From basic geometry, we know that a point is an infinitesimal small location in 

space, a line is perfectly defined by two different points while a plane requires three 

independent points. It is only logical that a plane is also perfectly defined by a line 

and an independent point. By adapting the following notation: 

Plane <= [ Line &: Point J (line and point define new plauae) 

^Plane | Plane @ Point J (plane parallel shifted to point to define new plane) 

Line <=[Plane & Plane] (two planes define new line), 

we are in a position to be able to outline precisely and efficiently the procedure for de

termining the orientations and locations of the sought lines and planes. For instance, 

if we were to encounter the expression SLi [CPi & PPi ], we immediately deduce 

from it that the Scheimpflug Une of the first mirror is identical to the intersection Une 

between its object and principal plane. In the above notation, the point is not on the 

line in the first case nor in the plane in the second case. That planes parallel to each 

other cannot be used to define a line in the third case ought to be obvious. 

5.3 Adapting the ideal imaging model for reflective systems 

The ultimate objective is to design imaging systems that are free of keystone distortion 

as well as free of anamorphism. Therefore we require that the entire imaging system 
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will be made solely of reflective elements. In order not to have a wide variety of 

different type of reflective elements, we impose properties upon these elements. 

5.3.1 Requirements upon reflective systems under consideration 

An entire optical imaging system may be designed using individual single imaging 

elements. The series of optical systems may be so arranged one after the other that 

the image space of one system is the object space of the following system, and so 

on. The resultant effect of aU these successive imagings is an imagery that may be 

regarded as due to a single optical system that by itself would produce the same 

effect. 

5.3.2 Ray tracing in an optical system given by its cardinal points 

This section will be devoted to the geometrical ray-tracing analysis Ln the imaging of 

point and line objects by an ideal mapping system specified by its caxdinal points. 

Without limiting the generaUsation of the topic presented here, we wUl restrict the 

illustrations to bilaterally symmetrical systems because they are easier to illustrate. 

In addition, let us suppose that the media in object and image space axe identical. 

The algebraic substantiation of this analysis will be drawn from chapter 3. 

The aim of this treatment is to display a few construction concepts for later 

convenience. Before we begin, we wish to note that for a system having the same 

medium in both spaces suggests identical angles u = u' made in Fig. 5.1 by the rays 

O N and N' O' with the reference rays. Furthermore, it has also the imphcation that 

the nodal and prLacipal points coincide, i.e. P = N and P' = N'. 

Consider the construction of the image for a line segment perpendicular to the 

reference ray of the system with reference to Fig. 5.1. For the point Oi, the image 

point O'l is determined as the intersection of at least two rays eminating from point 
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FIG. 5.1. niustration of three alternative constructions for point imagery 
by an ideal imaging system having the same homogeneous and 
isotropic medium in object and image space. 

Oi in object space. These may be rays labelled T I  and r2 and the conjugate rays 

and r'2 in image space. 

Another choice of rays can be rays rx and in object space and their conjugate 

rays r[ and in image space. The rays and its conjugate r'^ being parallel as the 

angular magnification at the principal points, coinciding with the nodal points in this 

case, equals unity, i.e. u = u'. 

A third construction involves rays T2, r'^ and ra, .7 -3 ,  and is seen to be similar to 

that of the previous choice. For rotationally symmetrical systems, the image of an 

axial point Q, being the origin of the perpendicular through point Oi to the reference 

ray, can be traced as such — by dropping the perpendicular from O'^ to the reference 

ray. This is certainly no longer the case for unsymmetrical systems. Now, we must 

either know the orientation of the conjugate image plane or be able to trace a second 

set of rays in the presence of bilaterally symmetrical systems and three sets of rays 

in the presence of unsymmetrical systems. Referring to the bilaterally sjonmetrical 

s}'-stem, this second set of rays emanate now from point O2, for instance, in object 

space. The line connecting the conjugate image points O'l and O2 represents the 

conjugate image plane. In this case, knowing the location of the on-axis image point 

Q' does not require tracing a second set since the image plane is also defined by the 
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two points 0 [  and 

From the knowledge just gained, we can conclude that in the presence of an un-

sjTnmetrical system and a given Une object, the conjugate line in image space is 

determinable in the same way as discussed above. Nevertheless, instead of having 

to trace individual rays, we may trace an infinite set of rays emanating from points, 

whose locus is the line object, and passing through the front nodal point. Considering 

the situation from this perspective, the conjugate line in image space is the intersec

tion line between the image plane and a plane defined by the line object and the front 

nodal point. This observation is essential and will be used extensively in the design 

process to be outlined. 

5.3.3 Unfolding a mirror system 

This section is somewhat redundant since this concept is well known; therefore, only a 

brief review will be given. Suppose we have a reflective surface with a tilted principal 

plane. We know from chapter 3 that the front and reax principal points as well as 

the front and rear focal points coincide; thus, we have the equality / = f. This 

also means that the front and reax principal plajies coincide. Suppose we have an 

off-axis object point, O, the conjugate image point may be determined as outlined 

in section 5.3.2. According to that outhne, the image point O' is determined as the 

intersection of at least two rays emanating from point O in object space. Referring to 

Fig. 5.2(a), these rays are labelled and r2 and the conjugate rays r'-^ and r'2 in image 

space. We note that the location of the nodal points, defined hy N = N' = f + f, 

is 2/ distant away from the principal points. It is also interesting to note that the 

object and image space share the same physical space. Thus, if the reference ray in 

object space moves in the positive direction, it will move in negative direction after 

it is reflected at the principal plane. 

The concept of unfolding the imaging system requires that the reference ray always 
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P.P F,F 

(a) conventional representation 

PP' 
N,N' 

(b) unfolded system representation 

FIG. 5.2. Conceptual representation of a folded and an unfolded mapping 
system. 

moves in positive direction. In this case, the reflective elements behave like a refractive 

elements with a negative refractive index. Goodman [18] states that in order to 

consider all types of systems in a unified way, pictoriaUy and algebraically, reflections 

can often be "unfolded", i.e., represented pictoriaUy as transmission, with mirrors 

replaced by hypothetical lenses with the same properties. Fig. 5.2(b) shows the 

unfolded system representation. In contrast with the orignal condition, the nodal 

points coincide with the principal points. 

In comparison to the previous figure, Fig. 5.3 shows an off-axis optical system 

consisting of a single reflective element. The purpose of the drawing is to show that 

the unfolded system representation is exact and not just an approximation. The rays 
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in the figure are real rays; thus, they obey Snell's law for reflection and refraction. 

Furthermore, the vertex of a figure of revolution intersects with the axis and is a local 

extremxim. However, the surface vertex of such off-axis mapping systems is no longer 

the intersection point of the axis of revolution with the axis but the intersection point 

of the surface with the reference ray. In the literature, one wiU encounter other terms 

for this reference ray, for instance, base ray, pseudo axis and optical axis ray (see 

section 2.3.1). 
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(a) folded system representation 
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(b) folded and unfolded system representation 

object 
plane reflective 

surface 

OAR 

MP RP. RE, 

(c) unfolded system representation 

FIG. 5.3. The series shows the concept of unfolding reflective systems where 
the reflective surface is represented as a thin lens having the same 
properties as the mirrors. The refractive index of the thin lens is 
n = — 1 assuming air as surrounding medium. 
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5.4 The elimination of keystone distortion and anamorphism. 

In the following sections, we will state the necessary requirements for designing ideal 

imaging systems exhibiting neither keystone distortion nor anamorphism. To elimi

nate keystone distortion from the mapping process we have to match horizon lines. 

To eliminate anamorphism we must impose requirements upon the orientations of 

the system's object and image plane. Therefore, both of the requirements must be 

fulfilled for imaging systems exhibiting keystone distortion nor anamorphism. 

5.4.1 Sine qua non for imagery being free of keystone distortion 

We may recall from chapter 3.4 that any object point that fulfills the requirement of 

being confined to the plane CPi and being located at an infinite distance away from 

is mapped into the rear horizon line, Consequently, any point whose locus 

is the front horizon line, which lies in CP„, is mapped into the conjugate plane 

and is located at an infinite distance away from EP^. This concept is illustrated in. 

Fig. 5.4. 

In order to design an ideal imaging system exhibiting no keystone dis
tortion, the rear horizon line due to the first tilted imaging element must 
be mapped into the firont horizon line of the last element. 

^ mflppsd into rTr 

Given a non-axial symmetrical system as represented in Fig. 5.4 means that we must 

map the rear horizon line HL'i into the front horizon line HLn of the last element of the 

ideal imaging system. The mapping process is actually extremely simple taking into 

consideration the knowledge gained from chapter 3 and from section 5.3.2 where we 

discussed the ray traceability in an optical system when we have knowledge about its 

cardinal points. These concepts can now easily be applied to determine the conjugate 

of a given line defined in object space. 
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HMP, = HE' 

2 HMP„=H^ 

FIG. 5.4. Illustration depicts the fundamental concept of how to eliminate key
stone distortion 

Fig. 5.5 was intended to visualise how the object and image plane for each in

dividual mirror are connected to the horizon mapping planes. It shows also how 

the conjugate planes, denoted by CP, and the horizon mapping planes, denoted by 

HMP, exist, relative to each other, throughout the entire mapping system. The hori

zon mapping line, HMLj for instance, is mapped from the object plane, CPj, of the 

imaging system into its conjugate plane, CPj+i, and identified as HMLj+i. The 

horizon mapping plane, HMPj, is defined by the horizon mapping line, HMLj, and 

the on-axis mirror point, MPj. Extending HMPj further, it wiU essentially intersect 

CPj+i and define an intersection line. As we already known, the mapped horizon 

line HMLj+i is identical to this intersection line. This information is enough for the 

geometrical approach. However, from the analytical standpoint, this information is 

not quite satisfying enough for obtaining the simplest relationships. We need to go a 
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HML 

HML 

HMPJ 

HML.^2 

FIG. 5.5. Hlustration of how the conjugate planes, CP, and the horizon 
mapping planes, HMP, are mapped through an imaging system 
as well as their dependencies. 

Httle bit further in our discussion. 

Hypothetically, let us assume that HMPj is an object plane and MPj corresponds 

to its on-axis object point, while HMPĵ i is the conjugate image plane and MPj+i is 

the conjugate on-axis image point. Let us imagine further that CPj+i is the principal 

plane of this hypothetical ideal imaging system. In that case, the distances —z'j = 

—{MPj EPj+i) and —Zj+i = —{MPjEPj) may be considered as the object and its 

conjugate image distance respectively. The orientation of HMPj+i is computable by 

means of the Scheimpflug condition, which we discussed in chapter 3.3. 
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As a simunaxy statement, we may say that we have two different sets of planes 

being mapped through the entire ideal imaging system, both of which share conditions 

given by the initial set-up of the ideal mapping system. Furthermore, the first and 

last planes of the two sets axe parallel to each other, i.e., CPi || HMPi = HP[ 

and CPn+i il HMPn = HPn- We have then the following expressions defining the 

orientations of the conjugate planes and the horizon mapping planes for the mirror, 

which are given in their origtual states in equ. (3.40) and (3.41), 

z'-
tan(0i,j>i) = — [tan(0ij) — tan(7?ij)] -1- tan(t?tj) (5.1) 

tan(Cij+i) = [tan(Ct,j) - tan(0i.y+i)] H- tan(0j.j+i) (5.2) 

where i  =  x , y .  The tilt-angle pairs { d x j  , dyj), , i^y.j) and (Cij , Cyj) define the 

orientation of the conjugate plane, principal plane and the horizon mapping plane 

respectively and Zj, Zj axe the on-axis object and image distances for the j"' mirror. 

5.4.2 Minimum required number of reflective surfaces 

Although we presented the basic idea for eliminating the presence of keystone dis

tortion and anamorphism in an ideal reflective system, we have not yet given any 

indication of how many imaging elements are required. To account for that, we shall 

group the ideal imaging systems into three categories: parallel systems, bilaterally 

sjTnmetrical systems and unsymmetrical systems. 

Parallel imaging systems 

By parallel systems, we refer to the situation where all principal planes and conjugate 

planes axe parallel to each other. This has the implication that all horizon lines and 

Scheimpflug lines are located at infinity; thus, parallel systems carmot suffer from 

either keystone distortion or anamorphism (affine transformation). By making the 
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statement we assumed that each individual element of the imaging system consists 

of only one focal length, i.e. f = = fy. A recurring but excellent example is 

a rotationally symmetrical system where the object plane is perpendicular to the 

common optical axis; thus, no tilted imaging elements will be encountered. 

Bilaterally symmetrical imaging system 

The plane of symmetry of the first imaging element coincides with the symme

try planes of all succeeding imaging elements. Consequently, all horizon lines and 

Scheimpfiug lines are parallel to each other. This is important to realise since it 

determine the number of imaging elements required. Furthermore, it allows us to 

outUne the ideal imaging system in 2D. 

The same concept as was used in section 5.4.1, where we talked about hypothetical 

mapping systems, will be used here in order to acquire the minimal nimiber of imaging 

elements. In such hypothetical mapping systems, the conjugate planes axe considered 

as principal planes and the horizon mapping planes as conjugate planes (see Fig. 5.6). 

In addition, we may also want to include the simplification that due to the symmetry 

of these type of systems, we have to map only points to points and not lines to 

lines. Furthermore, we also know that two mapping elements axe required to map 

a point between two axbitraxily predefined planes. In that respect, we have in our 

hypothetical mapping system the rear horizon plaxie and the front horizon plaxie of 

the first and last mapping element respectively acting 85 two predefined plaxies as 

Qlustrated in Fig. 5.6. Consequently, we have two different conjugate planes besides 

the system's object and image plane; hence, three imaging elements axe required to 

eliminate keystone distortion in the presence of bilaterally symmetrical systems. 

Asymmetrical imaging system 

Since the principal planes of the individual imaging systems can have any possible 

orientation, the individual Scheimpfiug lines axe in general not parallel to each other 
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HU=HML 
/ HMP,= HP,\ 

CP ^ ^ ^ ^ ^ \ 
\ ; ^ _ jlPj ^^MPj 

MP^ ^Rp] Tz - HMP, •"-=-- _ 

/HP,' = HMP, 
' ' HLJ= HML2 

(a) Conjugate plcines considered as principal planes in the hypo-
tiietical mapping system but still fulfilling the coUinear map
ping requirements 

,'HP; = HMP, Jf 
' HI^HML, sLf 

(b) Outline of entire mapping system with hypothetical mapping system as integral 
part 

FIG. 5.6. Visualisation of the fact that only three mapping components are 
required to obtain bilaterally symmetrical systems being free of key
stone distortion. 

anymore. Thus, this type of mapping system requires that we must map the reax 

horizon line of the first mapping system into the front horizon line of the last mapping 

system. 

In the most general case, the first and last mapping systems are unsymmetrical 

and their principal planes are not parallel to each other. The horizon lines of those 

sub-imaging systems are skewed in respect of each other and intersect the xz and yz 

plane at a finite location. 
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In section 5.4.1. we emphasised the circumstance that the Scheimpflug condition 

is independently computed for the x and y orientation; hence, we do not have to 

cope with mutually dependent equations. This leads to the conclusion that we can 

sepairate the problem by considering the mappLag in the xz or yz plane only. Con

sequently, only three imaging elements are required to eliminate keystone distortion 

ia the presence of asymmetrical systems. Furthermore, the same geometrical and 

analytical approach is apphcable independent of the imaging system type. The only 

difference is that the technique must be applied in the xz and yz plane. 

5.4.3 Sine qua non for imagery being free of anamorphism 

The anamorphism ratio, A-n, which was defined for a single mapping element and 

expressed ajialj^ticaUy in equ. (3.36) (see section 3.2.5, pg. 74), depends on the orien

tation of the object and image plane as well as on the object point under consideration. 

Consequently, each object point will be affected differently due to the anamorphism 

ratio's dependency upon the object-point coordinates. If the mapping systems are 

bilaterally symmetrical then the anamorphism ratio wiU be a fxmction of the object-

and image-plajae orientations only. 

Considering the definition of anamorphism and that the image plane of the sub

system is the object plane of the succeeding {j -t-1)"* sub-system, the anamorphism 

ratio of the entire system, whose derivation is given in appendix A.3, becomes 

Av„n = (5.3) 
W.i -^yx.n • '"O 

where Axx,n and Ayy^n are the directional dependent anamorphism parameters while 

Ayx,n is the bi-directional dependent anamorphism parameter of the overall mapping 

system. Furthermore, the anamorphism ratio has been determined so that it depends 

only upon the in-plane coordinates of the initial object points, i.e. tq = Sx/Sy. Thus, 

r^i = A-u.,n • To indicates how the object-point coordinate at the final image plane is 
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affected by the sequential mapping process. The index n represents the total number 

of sub-imaging systems defining the entire ideal mapping system. The anamorphism 

parameters still have the same meaning eis in the csise of a single mapping element. 

Moreover, their definitions have not changed except that the dashed parameters now 

refer to the final image plane of the system. Hence, 

Arx.n = (5.4) 

An/.n = (5.5) 

~ 7 [^.1 ^y,n+l] (5-6) 
Oy,n+l 

where n as usual represents the number of elements defining the overall mapping 

sj'-stem. The parameters with index 1 correspond to the object plane while those 

with index n + 1 refer to parameters taken in respect of the final image plane. The 

observation that the anamorphism ratio is independent of the number of mapping 

elements is to be expected since we based oiu: model upon the coUinear mapping. 

The system's anamorphism ratio, A-R.,n, defines how the object point ratio Sx/Sy 

is affected by the anamorphism of the overall mapping system as the object point is 

being mapped through the entire collineax mapping system. Consequently, we desire 

an anamorphism ratio of unity and independent of the coordinates of the object 

points- In order to achieve a mapping system being firee of anamorphism, we must 

fulfill the following two demands simultaneously: 

ax,i _ ay,i ^ Q 

^,n+l 

and 

0-x,l _ by,I Axx,n SO that ——'• •• 1 (5.8) 
^y,n+\. •^yy-.n 
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By substituting in the corresponding definitions of the individual parameters as 

given in appendix A.l one will obtain a simple demand upon the object- and image-

plane orientations which then can be expressed in terms of their tilt angles 

( 0r,n+l r dy.n-i-l ) = ± ( ̂ x.l , ^y.l ) (5.9) 

In case of bilaterally symmetrical systems, the anamorphism ratio will depend 

upon the directional anamorphism parameter Axx,n or Ayy^n only; therefore, the two 

cases to be considered are 

if = 0 = COS(^y.n-.l) 
•Ayj/.a COS(yy,i) 

if /Cy = 0 = ^xx,n = (5.11) 
cos(0i,n+i) 

Consequently, the requirement under which the anamorphism ratio is unity is present 

when 

= ±0i.n+i (5.12) 

where i  =  x . y .  Of course, this represents the special case of equ. (5.9) where either 

of the tilt angles is zero. 

In order to design an ideal imaging system exhibiting no first order 
anamorphism, the following demand must be fulfilled: 

• for unsymmetrical systems: 

( ^x.n+l , Oy,n+l ) = ± ( ^x.l , &y,l ) 

• for bilaterally symmetrical systems: 

^i,n+l — 

where 9i with i  = x ,y  are tilt angles of the object and image plane. As 
usual, n specifies the total number of mapping elements that defines the 
compound system. 
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Mapping modification: Equ. (5.3) also gives information about whether the map

ped object will be stretched or squeezed together. To illustrate this phenomenon, 

Fig. 5.7 was created where we plotted the resulting axiamorphism value when the 

object-plane orientation remains fixed while the image-plane orientation is variable 

in a bilaterally symmetrical ideal mapping system. In that plot, the object plane 

-75 -50 -25 0 25 50 75 
e„[°] 

FIG. 5.7. Illustration of the dependency of the anamorphism param
eter, An,n, upon the image-plane orientation, 

was set to 6i = 50°, which immediately teUs us that the anamorphism wiU be unity 

at 6n+i = ±50°. From Fig. 5.7, we can further deduce that the mapped object will 

be squeezed together when the image plane orientation is l^n+il < 50° and stretched 

when l^n+il > 50°- Furthermore, we also see that a small angular error in the image-

plane orientation has an increasing effect upon the amount of anamorphism when 

the object-plane orientation is shifted towards 6i —»• ±90°. In order to minimise this 

effect, the best choice for the object- and image-plane orientation is when we set 

e, = On^i = 0°. 

For example: Suppose we have two bilaterally symmetrical imaging systems, both 

of which are designed so that they axe free of keystone distortion. In the first imaging 

sj'stem, we fulfilled the requirement for having no anamorphism while no attempt 
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was made for the other one. The resulting difference in the mapping properties is 

beautifully represented in Fig. 5.8. Knowing that the grid-object is a square grid then 

it is quite clear that the imaging system producing the image as given in Fig. 5.8(b) 

has not fulfilled the requirement. 

0 . 5  

- 0 . 5  

- 1  - 0 . 5  0  0 . 5  1  

(a) fulfilled 

0 . 5  

- 0 . 5  

- 1  - 0 . 5  0  0 . 5  1  

(b) not fulfilled 

FIG. 5-8. Mapping of a square-grid object by means of an imaging system where 
the requirement for anamorphism-free imaging is/is not fulfilled 

5.5 Algebraical design approach 

In comparison to the geometrical method, the algebraic method permits one to obtain 

design parameters, which would not be obtainable with the geometrical method. The 

algebraic design approach is extremely straightforward. The entire design approach 

is based upon the mapping of two kinds of planes, the horizon mapping planes and 

the conjugate planes. The mapping equations of those planes are perfectly described 

by the extended Scheimpflug condition and stated for those planes in equ. (5.1) and 

(5.2). Considering those equations, we immediately deduce from them that we have to 
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satisfy simultaneously the mapping equations of the conjugate planes and the horizon 

mapping planes. Furthermore, with an ideal imaging system consisting of n mirrors, 

we wiU have 2{2n — 1) relations with 2(3n -f-1) unknowns. As usual, we assume that 

we know any paraxaeters except those defining the orientations of the various planes. 

Since  we have  more  unknown vgur iables  than  re la t ions ,  we must  def ine  a  pr ior i  2{n+2)  

parameters. However, we can reduce the number of tmknowns as follows: 

• We know the first and last orientations of the horizon planes since they are linked 

to the conjugate planes such that CiM = Qi,i and Ct,n = ^t,n+i (-4 unknowns). 

• We require that the orientations of the system's object plane, 9i^i, and the 

system's image plane, axe predefined (-4 unknowns). 

Consequently, the munber of unknowns is therefore reduced to 2(n — 2). This means 

that for a three-mirror system, we have two unknowns and must therefore define the 

orientation of one principal plane. In the case of a four-mirror system, we have four 

unknowns and must therefore define the orientation of two principal planes. 

Primarily, we are interested in determining the orientations of all principal planes 

in the ideal imaging system. The orientations of the intermediate conjugate planes 

and of all horizon mapping planes are of secondary interest. This circumstance is 

reflected in the relations given for the three- and four-mirror systems. Furthermore, 

the relations, stated in this section have in coromon that the system's object and 

image plane axe perpendicular to the reference ray; hence, = 0i,n+i = 0° where 

i = X, y. 

5.5.1 Three-mirror systems 

Recalling the fact that the minimal  number of mapping elements is n = 3, we have in 

this case 2(n — 2) =2 unknowns. Consequently, we require the knowledge about the 

orientation of one principal plane in order to be able to determine all other principal-
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and conjugate-plane orientations. The mapping equations for this three-mirror system 

are therefore 

tan(^t,2) = mi [tan(0i,i) — tan(i?i,i)] + tan(T?i,i) (5.13a) 

tan(0i,3) = 7712 [tan(0i,2) — tan(i?t,2)] + taji(i?i^2) (5.13b) 

tan(^£,4) = ma [tan(0i,3) - tan(t?i,3)] + tan(i?i,3) (5.13c) 

tan(Ci,2) = 7*1 [tan(C:M) - tan(^i,2)] + tan(0i,2) (5.13d) 

tan(Ci,3) = r2 [tan(Ci,2) - tan(^,-,3)] + tan(^i,3) (5.13e) 

z' 
where subscript i  =  x ,y  ajid the scahng factors are defined as m,- = -^ and r,- = 

J  Z j  J  2  

Since one mirror orientation is defined, we shall present the following three cases; 

• 1st mirror orientation defined : 

(5.14a) 

(5.14b) 

(5.15a) 

(5.15b) 

(5.16a) 

(5.16b) 

, . . (ml — 1) [m2 (r2 — 1) -t- Tq (ri — 1)1 ,. , 

, , a A ^2 ma (mi - 1) (n - 1) ^ ^ ^ ^ 
= (^3 - 1) (r, - 1) 

• 2nd mirror orientation defined : 

tan(7?£,i) = —^2) (m2 1) ^ tan(i?i.2) 
(mi - 1) [m2 (ra - 1) + r2 (ri - 1)] 

•tan(t9,3) = ( l -  r i )  (^^ -1 )  ^ 
(ms - 1) [m2 (r2 - 1) -I- r2 (ri - 1)] 

• 3rd mirror orientation defined : 

tan(T9i,i) = . tan(^?£,3) 
m3 r2 (mi - 1) (ri - 1) 

 ̂ ("̂ 3 - 1) [m2 {r2 - I) + ra (ri - 1)]  ̂
=  r ,m,rm,- lUl -r , )  
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5.5.2 Four-mirror systems 

A. four-mirror system consists of four mapping elements; therefore, we have in this case 

2(n —2) =4 unknowns. Consequently, we must a priori define the orientations of two 

principal planes in order to be able to determine all other principal- and conjugate-

plane orientations. The mapping equations for a four-mirror system axe drawn from 

equ. (5.1) and (5.2) for j = 1,... ,4; hence, 

tan(0j,3) = mi [tan(0i,i) — tan(z?tj)] -t- taxi(i?t,i) (5.17a) 

tan(0j,3) = ma [tan(0i.a) — tan(T?j.a)] + tan(t?i,a) (5.17b) 

tan(0,-,4) = ma [tan(0i,a) - tan(i9i,3)] +tan(i?i,a) (5.17c) 

tan(0t,5) = 7714 [tan(0i,4) — tan(i?t,4)] + tan(7^i,4) (5-17d) 

tan(Ci,a) = ri [tan(Ci.i) " - tan(0i,a)] + tan(0i,a) (5.17e) 

tan(Ci,3) = ra [tan(Ci,2) -- tan(0i,3)] + tan(0;,3) (5.17f) 

tan(Ci.4) = ra [tan(Ci.3) -- tan(0t,4)] + tan(0i,4) (5-17g) 

=  x , y  and the scaling factors are defined as m j  = 1" and r j  = 

Since the orientations of two mirrors axe being defined, there will be six different 

combinations for defining the two principal plan.es. We shall present only two cases; 

• 1st & 2nd mirror orientations defined : 

tan(T?i,3) = |tan(??i,2) (ma - 1) [mg (rg - 1) + 

n (ra - 1) + tan(75i,i) (mi - 1) \r2 ra (n - 1)-h 

ma [ma (ra - 1) + ra (ra — 1)] | (5.18a) 

tan(i?i,4) = "TTr ^ ("^2 — 1) (ra — 1) + It (m4 - 1) (ra - 1) t 

tan(t9f,i) (mi - 1) [ma (ra - 1) + ra (ri - 1)]| (5.18b) 
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• 1st & 3rd mirror orientations defined : 

taii(i:?i.2) = - 1) £) ~ "^3) {rz - 1) -

tan(7?i,i) (mi - 1) j^(ri — 1) ra ra + ma D 

tan(i9i.4) = |taii(i?£,i) (mi - 1) (ri - 1) mz ra + 

tan(7?£,3) (1 - ma) (ra - 1) 

where D = rriz (ra — 1) + ra (ra — 1) 

5.6 Geometrical design approach 

Despite the limited applicability, the geometrical method provides an interesting and 

unique way of conceptualising design approaches. As for the algebraic approach, 

the geometrical method is straightforward and simple in nature. In addition, it also 

provides a visual aid so that the design concept is easily understandable. Furthermore, 

the visual presentation has the advantage that one can easily see which part of the 

design must be altered to obtain a more favourable imaging system. The simplicity of 

this method is further enhanced by using the previously introduced unfolded system 

representation, where each of the reflective imaging elements is regarded as a thin 

lens with refractive index of minus one. 

The approach is presented in the form of a sequence of steps, which have to be 

followed in a more or less sequential order. The proposed design scheme has been 

generated as foUows: The first step is to use the initial set-up information to outUne 

the imaging system. This means that the location of all reference points and mirror 

points have been defined axid indicated on the reference ray. The system's object and 

image plane are then drawn. Next, we proceed with the determination of obvious 

hnes and plajies, which are directly related to the initial set-up information, i.e. 

(5.19a) 

(5.19b) 
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Scheimpflug lines and horizon mapping planes. The last step is to use the properties 

of the conjugate planes and horizon mapping planes to outline the entire ideal imaging 

system. The method given for each should be considered as a guide, which does not 

necessarily mean that it is the only possible one. 

The geometrical design scheme just outlined may also be used to obtain the alge

braically solution by following the same procedmre. The only difference in respect of 

the geometrical approach is that the algebraic approach does not require the knowl

edge of either the horizon hnes or the Scheimpflug Unes; hence, the number of steps 

required is reduced drastically. As in the geometrical procedure, each individual step 

is outlined and Usted in sequential order. Primarily, this allows one to easily follow 

the calculation as well a^ to compare it with the previously obtained geometrical 

scheme. 

5.6.1 Three-mirror systems 

The example displayed here is the most simple of aU cases to be presented. However, 

the simplicity of this example is just brilliant, as the British would say, in order to 

introduce the concept of this design method. The ideal imaging system consists of 

three mirrors; hence, we have to deal with 4 conjugate planes, CP, 3 horizon mapping 

planes, HMP, 3 principal planes, PP, 3 horizon Unes, HL, and 2 horizon mapping 

Unes, HML. 

The defining of the orientation of either the first or the last principal plane pro

vides that all other planes of the system will be defined. This is another striking 

feature of this simple ideal imaging system. However, this is not the case when the 

second priacipal plane is given. The system is then not imiquely defined and more 

information about the system is required if the geometrical design procedure is to be 

appUed. 

In this example, we wiU consider the case where the orientation of the first princi
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pal plane is given; however, one may easily deduce from this example how to approach 

the case where the last principal-plane's orientation is given. 

A priori we know the orientation of the object and image plane, and that 

they are parallel to the first and last horizon mapping plane respectively, i.e. Ci = 

and C3 = ^4-

principal planes 
conjugate planes 
horizon mapping planes 

SL, 

SL2 
CP, 

HL',= HML, 
HMP,= HP, CP PP, CP, 

CP, 
MP I RR z,z' 

RP. RP, MR MP, RP, 
HMP-

I HP,' = HMP 

FIG. 5.9. Geometrical design example of an ideal bilaterally symmetrical 
system consisting of three ideal mirrors. 

Step description Comments 

1. cPi@m CPi ± to reference ray {di = 0) 
2. cPi@m CPi J- to reference ray (^4 = 0) 

3. HP[ <= (CPi @ MPil HP[ parallel to CPi and HP[ = HMPi 

4. HPz ^ lcPi@MP3j HPz parallel to CP4 and HPz = HMPz 

5. 'SLi ^[CPi&PPi] Orientation of PPi is user defined 

6. CP2 ^lSL,&cRP,l Intermediate mapping plane 
7. HL\ ' ^ [ C P 2 & C H P I ]  Horizon line identical to HMLi 

8. HMP2 IMP2 ̂  HL[l Horizon mapping plane 
9. HLz ̂  [ H M P 2  &  HP3] Horizon line identical to HML2 

10. CPz < ^ [ H L z S c m ]  Intermediate image plane 
11. SL2 ^ [ C P 2 k C P 3 ]  Scheimpfiug line 
12. PP2 ̂  I S L 2  & MP2I 2nd principal plane 
13. SL3 ^ [ C P s k C P i ]  Scheimpfiug Line 
14. PPz ^ i S L ^ & c M P s l  3rd principal plane 



145 

The following analytical design scheme may be deduced just by following the 

geometrical outline as given above. 

~\  tan(02) = — [tan(^i) — tan(i?i)] + tan(t?i) orientation of CPo 
-I 

tan(C2) = ^ [tan(0i) — tan(02)] + tan(02) orientation of HMP2 

tan(03) = — [z2 tan(04) — Z3 t£Ln(C2)] orientation of CP3 
-̂ 2 ~ -̂ 3 

tan(i?2) = T [^2 tan(03) — z'2 tan(02)] orientation of PP2 
Z2 — Z2 

tan(t?3) = ——y [z3 tan(04) — Zg tan(03)] orientation of PP3 
Z3 — 23 

5.6.2 Foiir-mirror systems 

The aim here is to provide an example to support our claim that the geometrical 

design scheme may easily be extended to include more reflective surfaces than are 

necessary to have imagery free of keystone distortion and anamorphism. Two of 

the four mirrors are reqxiired to design the system to fulfill the requirements given 

in section 5.4. The other two mirrors may be oriented in order to satisfy other 

consditions. To define the orientation of two of the reflective elements, we have 

three different choices: we can define the 1^' and 2"^^ mirrors, the 3'"'' and 4"^ mirrors 

or the 1®^ and 4^'^ mirrors. All other cases will require more information from the 

designer, or one must consider the algebraic method. The first and second case are 

similar in their approach and represent a simple extension to the example given in 

section 5.7.1; therefore, we will present the third case, where the 1^' and 4"^ mirror 

are given. As in the previous example, we will first conceptualise the design approach 

using the geometrical method before we look into the analytical approach, which can 

be deduced from it. 
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principal planes 
conjugate planes 

— - horizon mapping planes 
SL, 

SL-

HL', =HML 

MR RR 
MP, , RP, RP. RP. MR 

FIG. 5.10. Geometrical design example of an ideal bilaterally symmetrical 
system consisting of four ideal mirrors. 

Geometrical design procedure; The entire ideal imaging system is represented 

in Fig. 5.10 and wais generated in the following maimer: 

Step Step description Step Step description 

1. 11. HL\<^[CP2kHP[]  

2. CP5@m 12. HLi [CP4 & HPi\ 

3. PPi @ MPi 13. HMPZ  [ MPs & HML21 
4. PP4 @ MPi 14. HMP2 <= [ MP2 k HMLi 1 
5. HP[ <5= [CPi @ MPiJ 15. HML2 ^ [ HMP2 & HMP3 ] 

6. HPi <= [CPs @ MP4] 16. CP̂  <= lHML2kRP, l  

7. 5Li [PPi & CPi] 17. SL2 ̂  [CP2&CP3I 
8. SL4 [PP4 &: CPs] 18. SL3 [CP3 & CP4] 

9. CP2 [sLi & ml 19. PP2 4= [SLz & MP2I 

10. CPi <= [sz:4 & i^P4j 20. PP3<^I5L3&MP3I 
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The following axiaiytical design scheme may be extracted just by following the geo

metrical outline as given above. 

tan(02) = — [tan(0i) — tan(t9i)] -|-tan(t?i) 

tan(04) = ^ [tan(05) — tan(t?4)] -f-tan(t?4)  

tan(C2) = V [tan(0i) — tan(02) ] + tan(^2) 

TAN(C3) = — [TAN(03) — TAN(04) ] 4- TAN(^4) 
-4 

[4 t;an(C3) - 23 tan(C2)] tan(03) = 

tan(i?2) = 

tan('i93) = 

4 — -3 
1 

•2^2 — 4 
1 

- [ z 2  tan(03) — 4 tan(^2)] 

~3 — -3 

orientation of CP2 

orientation of CP4 

orientation of HMP2 

orientation of HMP3 

orientation of CP3 

orientation of PP2 

orientation of PP3 

5.7 Examples of designing ideal reflective imaging systems 
free of keystone distortion suad anamorphism 

The objective of this section is to apply the analytical design procedure. For that 

reason, design examples are presented, which are simultaneously valid for bilaterally 

symmetrical as well as for unsym-metrical systems. In aU of the examples presented, we 

require that the system's object and image planes be perpendicular to the reference 

ray. Thus, we immediately eliminate the presence of anamorphism in the overall 

mapping characteristics. 

After having setup the initial system paxameters, all missing system information 

will be computed as outlined in the analytical section. Furthermore, each system 

example will also be accompanied with a mapping sequence. In that respect, a grid-

object is mapped from the system's object plane into the system's image plane. The 

mapping sequence represents each mapping stage and provides therefore an excellent 

visualisation. 
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In addition to visual inspection of the mapped object-grid as represented in 

Fig. 5.11(d), 5.12(e), 5.13(d) and 5.14(e), one may also want to check niunerically 

whether the outlined ideal imaging system is free of anamorphism. This can simply 

be accomplished by multiplying the amounts of anamorphism present in each sub-

imaging system. From equ. 5.3, we know that the imaging wiU. be free of anamorphism 

when the product is identical to unity. 

Initial conditions for the three- and four-mirror systems As usual in our 

examples, the orientation of the system's object {CPi =?• = 0) and image plane 

(CPn-i-i => 0n4-i = 0) assumed to be perpendicular to the reference ray. The 

individual object and image distances of the exajuples are listed below; 

• Three-mirror systems 

Js^Iirror Object distance Image distance lateral mag. 

1 Z l - -60 mm 4: -M5 mm mi: -0.25 

2 Z2: -80 mm -f-20 mm TTl2'- -0.25 

3 -3: -120 mm 4- +60 mm TUs'. -0.50 

• Four-mirror systems 

Mirror Object distance Image distance lateral mag. 

1 zi: -60 mm +15 mm mi: -0.25 

• 2 ~2- -80 mm 4- +40 mm m2: -0.50 

3 -120 mm _/ .  
-3- +60 mm mz: -0.50 

4 24: -100 mm 4: +100 mm m^: -1.00 

5.7.1 Bilaterally symmetrical system with three reflective surfaces 

Numerical values The system's lateral magnification is the product of the in

dividual lateral magnification values, i.e. m = mim2mz = 0.03125. The object 

mapped into the system's image plane is then 32 times smaller and 180° rotated in 
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respect of its original. Going through, the calculation as outlined in the analytical-

design-procedure paragraph, we then obtain the following numerical values if the 

orientation of the first mirror is set to = 40°; 

Plane type Orientation Location 

Conjugate plane CPy: 01= 0.0000° RPi = 0 mm 

CP2: 62 = 46.3665° flP2 = 75 mm 

CPr. 03= 80.0389° RP3 = 175 mm 

CP^: 04= 0.0000° RPi = 355 mm 

Principal planes PP.: i9i= 40.0000° MPi= 60 mm 

PP2: ^2= 78.1474° MP2= 155 mm 

PPz- T93= 62.2161° MPz= 295 mm 

Horizon mapping planes HMPi. Ci= 0.0000° @MPi 

HMP2: C2= 81.4391° ©MPa 

HMP3: C3= 0.0000° ©MPs 

Mapping sequence of grid-object Fig. 5.11 shows the mapping sequence of 

the grid (Fig. 5.11(a)) being mapped into CP2 (Fig. 5.11(b)), re-mapped into CP3 

(Fig. 5.11(c)) and finally mapped into CP4 (Fig. 5.11(d)), the system's image plane. 

As can be seen, each sub-imaging system is not free of keystone distortion. The 

amount of keystone distortion and anamorphism present is computable by means of 

equ. 3.26 and 3.29 and may be summarised as follows: 

Sub-imaging 
system 

keystone distortion 

ICy 
[mm~^ ] 

anamorphism 

•A/y 
[ - ]  

Focal length 
f 

[mm] 

1 -0.012062807 1.44918522 12.0 

2 -0.010043648 3.98916357 16.0 

3 -1-0.047449086 0.17297935 40.0 
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30 

20 

10 

-10 

- 2 0  

-30  • 

-5  

-10 

-IS 

- 2 0  

-25  

-30 -20  -10  0  10 20  30 -15  -10  -5  0  5 10  15  

(a) Object Grid (b) Mapped Grid at CP2 

10 

-5 

-10 

-1 

0 . 5  

-0-5  

-1  -0 .5  0 .5  

(c) Mapped Grid at CP3 (d) Mapped Grid at CP4 

FIG. 5.11. Mapping sequence of a square-grid object being mapped 
through a bilaterally symmetrical system consisting of three 
mirrors. 
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5.7.2 Bilaterally symmetriccil system with, four reflective surfaces 

Numerical values The system's lateral magnification is then the product of the 

individual lateral magnification values, i.e. m = mi 7712 mz = 0.0625. The object 

mapped into the system's image plaine is then 16 times smaller than its original. 

Going through the calculation as outlined the aaaalytical-design-procedure paragraph, 

we then obtain the following numerical values when the orientation of the first mirror 

is set to = 40° while the last is set to = —45°: 

Plane type Orientation Location 

Conjugate plane CPi ^1 = 0.0000° BPi, = 0 mm 

CP2 02 = 46.3665° PP2 = 75 mm 

CPz 93 = 79.1891° BPz = 195 mm 

CPi 04 = -63.4349° RP3 = 375 mm 

CPs 9-0 = 0.0000° EPi = 575 mm 

Principal planes PPi di = 40.0000° MPi= 60 mm 

PP2 1^2 = 77.1934° MP2= 155 mm 

PPz '&3 = 22.4039° MP2= 315 mm 

PPA -45.0000° MPz=^ 475 mm 

Horizon mapping planes HMPi Cl = 0.0000° @MPi 

HMP2 C2 = 81.4391° @MP2 

HMPz Ca = -72.6460° @MP2 

HMPi C4 = 0.0000° ©MPs 

Mapping sequence of grid-object Fig. 5.12 shows the mapping sequence of 

the grid (Fig. 5.12(a)) being mapped into CP2 (Fig. 5.12(b)), re-mapped into CP3 

(Fig. 5.12(c)), re-mapped into CP4 (Fig. 5.12(d)) and finally mapped into the system's 

image plane CP5 (Fig. 5.12(e)). 

As is directly observable, each sub-imaging system is not free of keystone distortion 

and/or anamorphism. The amount of keystone distortion and anamorphism present 

is computable by means of equ. (3.26) and (3.29) and may be summarised as follows: 
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Sub-imaging 
system 

keystone distortion 
ICy 

[mm~^ ] 

anamorphism 

Ajy 
[-] 

Focal length 

/' 
[mm] 

1 -0.012062808 1.44918522 12.0 

2 -0.009818939 3.67887531 80/3 

3 0.026969766 0.41941701 40.0 

4 -0.020000000 0.44721360 50.0 
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-30 -20 -10 0 10 20 30 -15 -10 -5 0 5 10 15 

(a) Object Grid (b) Mapped Grid at CP2 

-2 -1 -1 -0. 5  

(c) Mapped Grid at CP3 (d) Mapped Grid at CP4 

-1 -0. 5  

(e) Mapped Grid at CPs 

FIG. 5.12. Mapping sequence of a square-grid object being mapped through, a bilat
erally symmetrical system consisting of four mirrors. 
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5.7.3 Unsyrmnetrical system with three reflective surfaces 

Numerical values The on-axis characteristics are identical to the example of a 

fomr-mirror, bilaterally symmetrical system discussed in section 5.7.1. The numerical 

values specific to this example are tabulated below and assume that the orientation 

of the first mirror is set to = {20° , 40°}: 

Plane type Orientation Location 

Conjugate plane 

CP,: 0^,1= 0.0000° 0y,i= 0.0000° EP  ̂ = 0 mm 

CP2: 0^,2= 24.4638° 0j,.2= 46.3665° JRP2 = 75 mm 

CPS: dx,3= 67.9574° 05,,3= 80.0389° FIP3 = 175 mm 

CP^: 9rA= 0.0000° dy,4= 0.0000° BP3 = 355 mm 

Principal plane 

PPT: ^9:^,1= 20.0000° 40.0000° MPi= 60 mm 

PP2: 64.1808° i?y,2= 78.1474° MP2= 155 mm 

PP3: 39.4635° t9J,,3= 62.2161° MP2= 295 mm 

Horizon mapping planes 

HMPI: P
 

II p
 

0
 

0
 

0
 

0
 

0 C5,,i= 0.0000° @MPI 

HMP2: Cx.2 = 70.8607° Cj,.2= 81.4391° @MP2 

HMP3: Cx,3= 0.0000° Cj,.3= 0.0000° @MP2 

Mapping sequence of grid-object Fig. 5.13 shows the mapping sequence of 

the grid (Fig. 5.13(a)) being mapped into CP2 (Fig. 5.13(b)), re-mapped into CP3 

(Fig. 5.13(c)) and finally mapped into CP4 (Fig. 5.13(d)), the system's image plane. 

As is directly observable, each sub-imaging system is not free of keystone distortion 

and/or anamorphism. The am.ount of keystone distortion and anamorphism to be 

present is computable by means of equ. (3.26) and (3.29) and may be summarised 

as foUows: 
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Imaging keystone distortion anamorphism 

system [ 10~^mm~^ ] [-1 

JCy .Axx •Ayx •^yy 

1 -0.344481 -1.206281 1.048122 -0.329288 1.449185 

2 -0.069300 -1.004365 1.037510 -1.067608 3.989164 

3 +2.058165 +4.744909 0.919593 +0.386950 0.172979 



-40  -20  0  20  40 

(a) Object Grid at CPi 

-5  0  5  10  15  

(b) Mapped Grid at CP2 

0 . 5  

- 0 . 5  

- 1  - 0 . 5  0  0 . 5  

(c) Mapped Grid at CP3 (d) Mapped Grid at CP4 

FIG. 5.13. Mapping sequence of a square-grid object being mapped through an asym
metrical system consisting of three mirrors. 
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5.7.4 Unsymmetric£il system with four reflective surfaces 

Numerical values The on-aixis characteristics are identical to the example of a 

four-mirror, bilaterally symmetrical system discussed in section 5.7.2. The numerical 

values specific to this example are tabulated below and assimie that the orientation of 

the first mirror is set to iJi = {20° , 20°} while the second is set to = (40° , —40°}: 

Plane type Orientation Location 

Conjugate plane 

CP,: 0.0000° 9y,i= 0.0000° BPi — 0 mm 

CP2: = 24.4638° 24.4638° BP2 = 75 mm 

CP3: dx,3 = 70.6864° 0y,3= 64.3898° RP3 = 195 mm 

CPi. 0x,4= 59.2103° = -59.2103° BP3 = 375 mm 

CP-,-. ^x.5= 0.0000° 0.0000° RP  ̂ = ,=;7.S mm 

Principal plane 

PP.: 20.0000° 20.0000° MPi= 60 mm 

PPr- i?x.2= 67.1551° i?y.2= 60.3950° MP2= 155 mm 

PPz: 64.2144° -22.9476° MP2= 315 mm 

PP.: 40.0000° -40.0000° MPz= 475 mm 

Horizon mapping planes 

HMPi: Cx, i =  0 . 0 0 0 0 °  Cy,l = 0.0000° <^MPx 

HMP2: Cx.2= 70.8607° Cj,,2= 70.8607° @MP2 

HMPr. Cx.3= 69.5735° C5,.3 = -69.5735° @MP2 

HMPi. Cx,4= 0.0000° Cy,4 = 0.0000° @MPz 

Mapping sequence of grid-object Fig. 5.14 shows the mapping sequence of 

the grid (Fig. 5.14(a)) being mapped into CP2 (Fig. 5.14(b)), re-mapped into CP3 

(Fig. 5.14(c)), re-mapped into CP4 (Fig. 5.14(d)) and finally mapped into the system's 

image plane CPs (Fig. 5.14(e)). 

As it is directly observable, each sub-imaging system is not free of keystone distor

tion aind/or anamorphism. The amount of keystone distortion and anamorphism to 
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be present is computable by means of equ. (3.26) and (3.29) and may be summarised 

as follows: 

Imaging keystone distortion anajnorphism 

system [-] 

IC^ .Axx •Ayx Ayy 

I -0.580431 -0.690196 1.082356 -0.188408 1.098631 

2 -0.459875 -0.881375 1.467009 -2.010714 2.105799 

3 -t-2.498890 -hl.605799 0.830268 -h2.276311 0.844414 

4 +1.678199 -1.678199 0.758541 -0.559780 0.511889 



40 

20 

-20 

-40 

-20 -40 20 40 

(a) Object Grid at CPi 

-2  

-4 

-« 

-2  

(c) Mapped Grid at CP3 

1 

0 . 5  

0  

- 0 . 5  

-1 

-10 

-15 

-5 0 5 10 15 

(b) Mapped Grid at CP2 

-2 -1.5 -1 -0.5 0 0.5 1 1.5 

(d) Mapped Grid at CP4 

-o.s o.s -1 

(e) Mapped Grid at CPs 

FIG. 5.14. Mapping sequence of a square-grid object being mapped through an un-
symmetrical system consisting of four mirrors. 
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5.8 Summary 

In this chapter we provided the means with which one is able to design first-order 

imaging systems that are free of keystone distortion and anamorphism. We introduced 

and derived the anamorphism ratio of the entire mapping system. From this parame

ter, we deduced the essential condition that allowed the eUmination of anamorphism. 

It was shown that keystone distortion is eliminated by mapping the rear horizon hne 

of the first imaging element into the front horizon line of the last mapping element. 

Using those concepts and the concept of the horizon mapping planes permitted the 

design of imaging systems having the desired properties. We also showed that only 

three mapping elements are required. This fact was then also proven in the examples 

provided. 
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Chapter 6 

CONICS USED AS INITIAL MAPPING ELEMENTS 

In this chapter, we introduce a means of converting the ideal reflective mapping system 

into a real imaging system where the on-axis mapping properties will be preserved. 

For this purpose, we wiU discuss conic surfaces since they represent an initial surface 

tj^pe in the conversion process. It is therefore indispensable to prove that conic 

surfaces are the only rotationally symmetrical surfaces that form stigmatic images 

when operated at the proper conjugate points. Furthermore, we will address the 

various properties and aspects of the conic surfaces in order to thoroughly understand 

how this surface type caji be fully utihsed. Consequently, we will also devote a section 

on the determination of the surface parameters sought after. 

The orgajiisation of this chapter is as foUows: In section 6.1, we give a brief in

troduction to the natxire and motivation of this chapter. New symbols and notations 

that will be xised throughout this chapter axe simimarised in section 6.2. Section 6.3 

is devoted to the development of the functional surface to be considered for the mai>-

pings. In section 6.4, we discuss the different surface types on a superficial level 

while we examine their properties in section 6.5. Section 6.6 introduces the necessary 

procedure for finding the most appropriate conic section to replace the ideal map

ping elements. The chapter is concluded with section 6.7 where we provide a brief 

summary. 

6.1 Introduction 

In chapter 5, we developed ajid presented the concept of designing reflected imaging 

systems free of keystone distortion and anamorphism. As we know, the design ap

proach is based upon the coUinear model implemented as the ideal imaging model. 
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This model provides a simple but coavenient way to lay out optical systems. Never

theless, it should always be kept in mind that the small-angle approximation has been 

used. Consequently, the coUinear model predicts only the mapping in the vicinity of 

the reference ray and may not be applicable at aU outside that region. Actually, this 

fact is obvious since the coUinear mapping model does not satisfy Fermat's principle, 

which states that the optical path between two points through which a ray passes is 

an extremum. 

It is therefore indispensable to find a surface type that fulfills Fermat's principle at 

least for a diverging on-axis ray bundle and also fulfills the on-axis coUinear mapping 

requirements. Operated at the proper conjugate points, the conic sections fulfill both 

of the requirements simultaneously as will be shown in the sections to come. In 

addition, this stirface type is well known and therefore well characterised. 

At this point, it should be made cleax that this surface type is used to get an initial 

system where the on-axis characteristics coincide with the one given by the coUinear 

mapping model. However, since Fermat's principle is violated when the conic sections 

axe not operated at the proper conjugate points, we must expect degradation in the 

object-point mapping for aU off-axis object points. Therefore, the conic sections 

represent only an initial guess at the correct surface shape leading to high-quality 

imagery. The overall imaging optimisation concerning aberration control doe not fall 

within the scope of this work ajid wiU therefore not be covered. 

The motivation of this chapter is to provide the fundamental concepts of the 

conversion process that converts the imfolded system representation used for the 

coUinear mapping model into the corresponding folded representation. In comparison 

to the unfolded system representation, we now have real surfaces at our disposal. 

By going through the conversion process, we may immediately observe whether the 

optical system is realisable or not. An optical system is not realisable, for instance, 

if the imaging elements are in each other's way or the reference ray passes through 

a soUd portion of the optical system. AU these aspects can easUy be extracted from 
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the conversion process. 

The scope of this chapter is therefore straightforward: given the on-axis conjugate 

distances and the orientation of the principal plane, we must determine aU required 

information about the surface that will substitute the single ideal mapping element. 

The information regarding the ideal imaging element is considered as given since it is 

obtainable from the previous chapters. In order to provide the required information 

about the surface, we mxist thoroughly understand the surface properties and show 

how those properties can be fully used. 



164 

6.2 Symbols and Notation 

Symbol Meaning 

RK: Semi-latus-rectum 

Rr Tajigential radius: radius of curvature in tangential plane 

BS Sagittal radius: radius of curvatiure in sagittal plane 

e Numerical eccentricity 

a Semi-major axis of conic 

PI Distance from RPi to the conic 

PE Distance from RPB to the conic 

io Incident angle (measured from surface normal to incident ray) 

i'o Reflection angle (measured from surface normal to reflected ray 
(«o = -i'o)) 

4>I Angle between and pi 

4'B Angle between 4oc and PE 

<PA Angle between Zcoc and surface normal at conic 

'̂s Object aaid image distance measured in the sagittal plane 

LR, I'T Object and image distance measiired in the tangential plane 

ZR Surface normal intercept distance measmred from the internal ref
erence point RPi along 

Zs Surface normal intercept distance measured from the external ref
erence point RPb along 

RP^RPB internal and external reference points of the conic 

VPn VPs internal and external vertex points of the conic (intersection points 
of z^oc with conic) 

h Surface normal vector taJcen at the intersection point of incident 
ray with conic surface 

/w 1 
r, r Incident and reflected ray vector (= folded ray path) 

ZLca Direction vector of local conic axis of rotation 

rir.i. Refractive index 
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6.3 Functional form of surface of revolution 

6.3.1 Requirements upon surface under considleration 

Due to the chosen coUineax model we require that the on-axis image formation is 

stigmatic. This ensures that the real image surface has a single focal length associated 

with the mapping of a given on-axis object point. Since this surface will serve as a 

starting point, we shall not impose any requirements with regard to any off-axis 

points. Since the task of finding the best surface in respect of image quality wHl 

be handed over to the optimisation routine, there is no need to complicate the task. 

We require that Fermat's principle is satisfied for all rays emanating from the given 

on-axis object point and converge towards its on-axis conjugate point. 

6.3.2 Derivation of surface's functlonsd form 

For a general approach to defining the functional form of a mirror having the char

acteristics stated in section 6.3.1, let us take any arbitrary surface of revolution. In 

spite of the fact that this wiU limit the solution space for aU possible functional forms 

of surfaces, it wiU allow us to consider one form of surface in more detail. It is not 

our wish to give the impression that siurfaces of revolution are the only surfaces to be 

considered. 

The tangential plane, which is defined by the reference ray and the axis of revo

lution, of such a surface is shown in Fig. 6.1. 

In reference to Fig. 6.1, suppose we define now a ray in this plane such as ray f, 

where we assume that this ray crosses the axis of revolution, donated by zLocal- Let the 

intersection point, O, be the origin of a polar coordinate system. The corresponding 

polar coordinates in the tangential plane are the length p, the distance firom the 

origin to the surface, and the angle 0 between the axis of revolution and the reference 

ray. Since the surface is one of revolution about the axis, these coordinates, when 
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surface 
t nonnal 

axis of 
rotaUon 

reflected ray 
direction 

"Loc 

incident ray 
direction 

FIG. 6.1. Incident ray f that passes through the on-axis object point Q is being 
reflected at point P of the siirface of revolution acting as mirror. 

rotated about the axis of revolution, also define a surface. Consequently, any normal 

to the siuface of revolution wiU also cross the axis of rotation. Furthermore, the 

distance Rs between ray-surface intersection point P and the intersection point of the 

surface normal taJcen at P with the ajds of revolution remains constant for a given 

0 and p. This can easily be visualised if it is remembered that the sagittal plane 

is perpendicular to the tangential plane, and thus normal to the plane of the paper 

(more in § 6.5.7). The centre of curvature in the sagittal plane is therefore on the axis 

of revolution. However, the centre of curvature in the tangential plane is in general 

not on the axis of revolution. To my knowledge, the only surface of revolution where 

both centres of curvature are on the axis of revolution is a spheroid. Nevertheless, 

the radius of curvature in the tangential plane, denoted by Rr, also coincides with 

the surface nonnal as already pointed out but in general has a different length than 

Rs. 

Let the angle between the surface normal h taJ^en at point P and ray f be io as 
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showa in Fig. 6.1, then by the law of reflection, which is a special case of Snell's law 

stated here without any reference to specific coordinates aind given by rtr.i. {f x h) = 

n'r i_ (r' xn), the magnitude of the angle between the surface normal h and the reflected 

ray f' is also io', hence, = —io- Suppose now that we select an object point on ray 

f, denoted by Q, then rays emanating from this point will be focused by the surface 

at some point, denoted by Q', on the reflected ray r'. 

H. Coddington [42] derived expressions with which one is able to determine the 

foci of the tangential and sagittal rays in the immediate vicinity of the traced reference 

ray f. An excellent presentation of the derivation of those relationships based upon 

a geometrical point of view is given by Kingslake [43]. Conrady, on the other hand, 

provides a geometrical derivation [44, pg. 407+] as weU. as a direct derivation based 

upon the quality of optical path [45, pg. 588+]. The general relationships between 

the object and image points in the tangential plane are given by 

cos(z')—TVi cos(i) cos^(i') n^j cos^(2) 

S 

while the relationship in the sagittal plaaie is given by 

cos(i') - Tlr.i. COs(i) Tlr.i. 
% = LY T 

where rv.i. is in this case the refractive index, R the radius of curvature that is mea

sured in the Corresponding plane of symmetry. Is and IT are the distances measured 

in the sagittal and tangential plane respectively, i is the angle between the reference 

ray and the surface normal. As usual, the primed quantities refer to the image space 

while the unprimed refer to the object space. 

Both expressions can be simplified by considering the conditions that i = 

Zg = —i'^ and n^.j. = —rir.i.- Furthermore, we must take into consideration that we 

have in general different radii of curvature in the sagittal and tangential plane; hence, 

we obtain the simplified relationships between the object and image point in the 
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sagittal and tangential plane. 

2nT-.i. cos(io) 1 1 

Bs Is • I's 

and 

2nr.i. _ 1 , 1 

Rr COs(Zo) Ir I'r 

where I is the object distance and given by the distance between the two points Q 

and P while I' is the image distance between Q' and P in the corresponding planes sis 

indicated with the subscripts s gind r standing for sagittal and tangential, respectively. 

In order to fulfill the poLnt-to-point requirement, we must ensure that also 1^ = I'j. 

since we have Is = h- Consequently, we may use equ. (6.3) and (6.4) to define a 

surface having stigmatic properties; hence, we obtain 

D 
— = cos^iio) (6.5) 
Ihp 

This expresses the necessary and sufficient condition, which must be obtained in the 

sought-after surface of revolution, for this surface to be used as reflective element 

with the required point-to-point correspondence. The task is now to find the set of 

all surfaces which indeed satisfy equ. (6.5). 

From Fig. 6.1 and the reflection/refraction law, we may obtain the following rela

tionship 

^ ( f :  f : \  
sin(7r — i) sin((?ii — z'o)' 

that can be solved for Rs and simplified by means of trigonometry so that it becomes 

^ = n • ^ r - \  (6.7) 
COS(2o) — Sm(2o) cot(0) 

which is in need to be rewritten in polar coordinates. 

For that reason, if one were to determine the radius of curvatvire then for any 

curve expressed in polar coordinates [see 46], the distance element ds and the angle n 
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surface of 
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FIG. 6.2. Relation between the angles and 

between the tangent to a curve p  =  p { ( p )  and the radius vector at each regular point 

P = (p. 0) are given by 

1 d ( f )  d p ,  

R ds ds 

d p \ ^  d P - p  

2 . I 

where 

ds'' = dp̂  -f- d(j)̂  

tan(A) = p 

-| 2/3 (6.8) 

-1 
(6.9) 

(6.10) 

Equ. (6.10) may be rewritten as we consider the fact that /z = 7r/2 — hence, 

./ 1 dp 

that caji then be solved for sin(Zo) and cos(io); therefore, we may write 

dp 
d ( p  

(6.11) 

sin(z;) = (6.12) 
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and 

cos(z;) = 

d(j)) 

(6.13) 

Substituting equ. (6.12) and (6.13) into (6.7), we then obtain an expression for the 

radius of curvature in the sagittal plane expressed in polar coordinate parameters; 

hence, 

Rs = 

\d(j) j 

1 - cot(0) ^ 
(6.14) 

The tcingential radius of curvature, Rr, is just the reciprocal of equ. (6.8) as it was 

given in [46]. 

21 2/3 

Rr = 
d(i>) 

( dp d?p 
(6.15) 

The differential equation describing the sought-after surface of revolution is obtained 

by substituting equ. (6.13)-(6.15) into (6.5); hence, 

P^t:^ - 2 
d p V  _  ^ = 0  (6.16) 

dd^ \d(f} j tan(0) dcp 

The algebraic solution of this differential equation for p can be obtained with e.g., Math-

ematica [47], Maple [48] or without the use of technological advances. 

P = (6.17) 
Co + cos(0) 

where Ci and C2 axe constajits of integration. Equ. (6.17) is identifiable as the equa

tion of a conic expressed in polar coordinates [see 46], with the numerical eccentricity 

e equal to and the semi-latus-rectimi RK equal to C^jCi- Consequently, a conic 
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is the one and only surface of revolution that, when operated as a reflective element, 

will form a stigmatic image. This statement is true only as long £LS the reference ray 

passes through the origin. In this equation of a conic, the origin is a "focus" of the 

conic. Throughout the entire derivation, no cleax distinction was made between the 

incident ray and the reflected ray. We do -not have to make this distinction since 

the point of intersection of either ray with the axis of revolution, when chosen as 

the origin of the polar coordinate system, will always result in equ. (6.17). The only 

difference is that there are two values for p and logically two values for 0, for the same 

conic. One will find in the literature that many authors refer to those origin points 

as the (geometrical) "foci" of the conic; therefore, if the incident ray passes through 

one " focus", the reflected ray must pass through the other one. 

6.4 Conic sections of revolution 

Since the surface shape, i.e. the type of conic section of revolution, is defined by 

the deformation constant, the application of the sections varies with the deformation 

constant. As will be pointed out, the surfaces can be operated either at the intemai 

or at the external side of the conic section. Moreover, the conic section of revolution 

as well as the way it wiH be operated determines whether the object and image points 

axe real or virtual. The dash-dotted line in the figures, i.e. Figs. 6.3-6.6, that passes 

through the reference point (s) and that is reflected at the conic sections corresponds 

exactly to the reference ray but now applied to a folded system. Since the oblate 

eUipsoid does not fulfill the point-to-point mapping requirement, there is no need to 

discuss its characteristics. 

6.4.1 Spheroid 

The conic sxirface whose ninnerical eccentricity is identical to zero, i.e. e = 0, is 

referred to as sphere. In this particular case, the two reference points are coincident 
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at the centre of the sphere. Due to this degeneracy, no unique axis of revolution 

is definable. Consequently, any line through the centre of curvature intersecting the 

surface thereby defining the local vertex may be taken to be the local axis of revolution 

of the surface. As with the other conics, firom the operational point of view, we can 

differentiate two cases: 

1. reflection at internal surface: As shown in Fig. 6.3(a), a diverging beam emerg

ing from the degenerate reference point is reflected at the internal side of the 

conic and reflected back to itself. Consequently, the reference point acting as 

real object point is also the real image point. 

2. reflection at external surface: As shown in Fig. 6.3(b), a beam converging to

wards the coincident reference points is reflected at the external side of the 

sphere in such a manner that the restdting diverging wave coincides with the 

converging wave. The coincident reference points axe object and image point 

and both are virtual. 

(a) reflection at internal sur
face of conic 

(b) reflection at external surface of conic 

FIG. 6.3. Meridional section of reflecting sphere. 
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6.4.2 Prolate Ellipsoid 

The conic surface is a prolate eUipsoid when the numerical eccentricity lies in the 

interval 0 < e < I. Both reference points are at finite locations and inside the conic. 

Prom the operational point of view, we can differentiate two cases: 

1. reflection at internal surface: As shown in Fig. 6.4(a), a diverging beam is 

emerging from one reference point, reflected at the internal surface of the conic 

and converging towards the other reference point. The reference point from 

which the wavefront is emerging is a real object point while the reference point 

to which the wavefront is converging corresponds to a real image point. 

2. reflection at external surface: As shown in Fig. 6.4(b), a beam converging to

wards one reference point, reflected at the external side of the conic surface is 

moving away from the surface in a diverging fashion as if it had emerged from 

the second reference point. In this case, the reference points serving as object 

and image points are both virtual. 

6.4.3 Paraboloid 

The conic surface is a paraboloid when the numerical eccentricity is identical to e = 1. 

As with the prolate ellipsoid, both of the reference points are located inside the conic. 

However, only one reference point is at finite location; thus, the separation between 

the two reference points is infinite. Prom the operational point of view, we can 

differentiate two cases: 

1. reflection at internal surface: As shown in Fig. 6.5(a), a diverging beam is 

emerging from the reference point at finite location, reflected at the internal 

surface of the conic and converging towards the other reference point. Since the 

second reference point is at infinite distance, the reflected wavefront is planar 
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(a) reflection at internal surface of conic 

(b) reflection at external surface of conic 

FIG. 6.4. Meridional section of reflecting prolate ellipsoid. 

and always perpendicular to the axis of revolution. Both reference points axe 

inside the conic and their points correspond either to the real object or image 

point. 

2. reflection at external surface: As shown in Fig. 6.5(b), a beam converging to

wards the finite located reference point, reflected at the external side of the 

conic surface is moving away from the surface as a planax wave, whose wave-

front is perpendicular to the axis of revolution, and converging towards the 

second reference point. In this case, the reference points serving as object and 
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image points axe both virtual. 

(a) reflection at internal surface (b) reflection at external 
of conic surface of conic 

FIG. 6.5. Meridional section of reflecting paraboloid. 

6.4.4 Hyperboloid 

The conic surface is a hyperboloid when the numerical eccentricity is greater than one, 

i.e. e > 1. In comparison to other conic surfaces, the hyperboloid is the only conic 

section of revolution that consists of two separate surfaces. In the apphcations to be 

followed, we wiU never take advantage of this uniqueness; thus, we will concentrate 

only upon one surface and its vertex point. In that respect, one reference point is 

inside the conic while the other one is outside. Prom the operational point of view, 

we can differentiate two cases: 

1. reflection at internal surface: As shown in Fig. 6.6(a), a diverging beam is 

emerging from reference point, RPi, reflected at the internal surface of the conic 

and is moving away from the surface in a diverging fashion as if it had emerged 
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from the second reference point, The object point located at reference 

point BPi is real, the image point located at reference point is virtual If the 

mapping had been in opposite direction, the object point were virtual while the 

image poLat were real. 

2. reflection at external surface: As shown ia Fig. 6.6(b), a beam convergiag to

wards the virtual object point, EP^, reflected at the external side of the conic 

surface, is then converging towards the real image point RP̂ . 

(a) reflection at internal surface of conic (b) reflection at external surface 
of conic 

FIG. 6.6. Meridional section of reflecting hyperboloid. 

6.5 Relationships of conic surfaces 

6.5.1 Notations, definitions and conventions 

In section 6.3, we pointed out that the reference ray passes through one "focus" of the 

conic while the reflected ray passes through the second "focus". The word "focus" 

has a completely different meaning for someone influenced by the optics jargon than 
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it will have for a mathematiciaji working with conic surfaces. Therefore, it seems only 

logical to introduce new terms in order to remove any ambiguities. The term "focus" 

will be used in its optical sense while the term reference point will be used for the 

geometrical focus. This convention was introduced by H. Brueggemann [49] and will 

be used henceforth. 

Since there are two reference points, RP, for every conic, Brueggemann recom

mended that the two be further distinguished as internal and external reference 

points. Adapting his notation, the internal reference point is the one closer to the 

mirror if only a small portion of the conic wiU be used. Although, this definition 

is not absolutely free of ambiguity, the meaning will always be clear. The reference 

points win therefore carry the subscripts / or £ for their identification. Stavroudis 

[35], on the other hand, made also a distinction between them by referring to the 

geometric foci of the conic as proximal and distal focus. 

The conic is perfectly described by two parameters; the semi-latus-rectum, de

noted by R^, and the nmnerical eccentricity, denoted by e. It is often the case that 

one selects the semi-major axis, denoted by a, and the semi-minor axis, denoted by 

6, instead. However, choosing these parameters will result in a discontinuity between 

the definitions of an ellipse and a hyperbola. The two cases cannot be treated simul

taneously; thus, separate equations must be apphed. Besides the advantages given by 

the use of polar coordinates, this discontinuity represents another reason to use the 

semi-latus-rectum and the numerical eccentricity in order to describe conic surfaces. 

T h e  d e f o r m a t i o n  c o n s t a n t  i n t r o d u c e d  b y  S c h w a r z s c h i l d  a n d  d e f i n e d  a s  ̂ 5  =  — w i U  

also not be used since the munerical eccentricity often occvirs in the unsquared form. 

It is worthwhile to note that Schwarzschild's deformation constant 5s [50], which 

represents a measure of the departure from a sphere, is nowadays referred to as the 

conic constant and usually denoted by the symbol K. An apaxabolic deformation 

constant, which logically represents a measure of the departure from a paraboloid, is 

occasionally used in the hteratiire [51]. 
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FIG. 6.7. Visualisation of P/, 0^, PBT 4>e and their definition. 

6.5.2 Basic conic relationships 

In reference to Fig. 6.7, the distance from the reference point to the conic surface is 

given by equ. (6.17) while the following equations reflect their reference point origins; 

hence, 

« = l + etsW 

and 

Rk: 
STT (6.19 1 — e COS(0B) 

where Rk: is the semi-latus-rectum and e is the numerical eccentricity of the conic, 

which should not to be confused with the geometrical eccentricity defined as va^ + 6^ 

where a and b are the semi-major and semi-minor axis of revolution, respectively. Nor

mally, the conic sections are divided up into five categories but because of redundancy 

given by our framework the oblate ellipsoid caimot be used here since it does not ful

fill the point-to-point mapping requirement. The four conic sections of interest are 

tabulated below: 
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e = 0 Spheroid 

0 < e < 1 Prolate Ellipsoid 

e = 1 Paraboloid 

e > 1 Hyperboloid 

The conic sections axe also shown in Fig. 6.8 where we have either ah of the 

vertices (Fig. 6.8(a)) or ail of the internal reference points (Fig. 6.8(b)) coincident. In 

the latter figure, the intriguing feature that aU conic sections intersect each other at 

one point is well indicated. The line connecting this point with the reference point is 

perpendicular to the axis of revolution. Moreover, the length of that line is identical 

to the semi-latus-rectiun as can be seen by setting <j)i = 7r/2 in equ. (6.18). 

40 
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^^•^^EUipsoid 

20 
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o
 

o
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(a) The vertices of all conics are coinci
dent 
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40 / ^ Paraboloid 
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20 
/^^^^Blipsoid 

20 
N.Sphere \ 

Q 11 I 20 40 60 80 J 

-20 

-40 

(b) The reference points of all conics are 
coincident 

FIG. 6.8. Surface profiles of the conic surfaces to be covered henceforth. In this 
example, ail conics have a semi-latus-rectum of R^. = 18 mm and the fol
lowing conic constants: Sphere e = 0, prolate eUipsoid e = 0.8, paraboloid 
e = 1.0 and hyperboloid e = 2.0. 
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For a prolate ellipsoid both. pi and Pe are always positive while for a hyperboloid 

Pi is always positive and Ps is always negative. 

The semi-major ajds, a, is related to the semi-latus-rectimi, R^, by 

R ^  =  a { l -  e ^ )  (6.20) 

where the semi-major axis is related to the simi of the distances from the reference 

points to the conic such that 

2a = Pr-t-pE (6-21) 

K the usual convention, that the semi-major axis of a hyperbola is negative, is eidopted, 

then Rk: is positive for ail conics. This is valid for hyperboloids as well as eUipsoids 

since by equ. (6.19) Pb is defined as negative for hyperboloids. 

By combining the classical conic relationships as given above, one will obtain 

useful relationships between ^ and : 

. (1 +e^) cos(^) - 2e 
= l-Ka^-2acosfe) 

f, s (1-H e^) cos(<^)-f-2 e 

-'"-NSASSFE »« 
In equ. (6.23'), the numerator on the right hand side is always positive; thus, when 

e > 1, pr and ps have opposite signs. The convention adopted here is that /% is always 

negative for hyperboloids thereby eliminating the need for the second hyperbolic 

sheet. 

6.5.3 Angle of reflection 

As we will see in a section to come, the angle of reflection is directly related to the tilt 

angle of the principal planes. Considering the objective of this chapter, the incentive 
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of this derivation is therefore to relate the angle of reflection to the distances between 

the reference points and the conic, i.e. p, as well as to the semi-latus-rectum, 

From the geometry of conics, it is known that the distance between the two ref

erence points is given by: 

RPiBPE = 2ea. (6.26) 

Considering again Fig. 6.7, we see that by erecting a perpendiculax from the intemal 

reference point to /%, that: 

2 e a cos{(I)b) -f- Pr cos(22o) = Ps (6-27) 

is obtained. Substituting equ. (6.18), (6.19) and (6.22) into (6.27), and solving for 

cos(2zo), we get 

=os(2i.) = l-—(6.28) 
1 -I- — 2 e cos(0£;) 

Equ. (6.28) can be simplified further by applying trigonometric relationships and 

solving for sin(io) and cos(2o): 

sin(2o) = e sm(0^) ^g) 
\/l + e^ — 2e cos{(f)E) 

and 

, > 1 — e cosf^p) 
cos(zo) = , „ ' (6.30) 

y/l + —2e cos((ps) 

These equations define the relation between ig and 4>e- Similax relationships can 

be found by substituting equ. (6.23) and (6.25) into (6.29) and into (6.30) thereby 

deriving relations between and hence, 

sin(zo) = g sm(<?!>,) 

axid 

/ • X  1  +  e  cos(<hr) 
cos(zo) = —. = (6.32) 

V^l -he^ +2e cos(0r) 
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Next, we must eliminate the dependency of the angle reflection upon 0^ and (f)E and 

express it in terms that are known from the first-order design process. For that, we 

first note that cos(^ in equ. (6.18) may be substituted by equ. (6.22) yielding 

^ = (1 -e^) (1 -e cos(0g)) 

Pj 1 -f- — 2 e COS(0E) 

Squaring equ. (6.30) and substituting Lato equ. (6.33) and considering equ. (6.19) and 

equ. (6.20) will yield the extremly useful relationship: 

Pi Pb cos^{io) = a Rx:- (6.34) 

6.5.4 Tangential radius of curvature 

Knowing the functional form of the surface of revolution, the derivation of the tan

gential radius of curvature, Rr, is obtained by means of evaluating equ. (6.15), where 

the parameters p and (j) are either referring to the internal or to the external reference 

point. By differentiating equ. (6.18) or (6.19) twice with respect to <p having the 

appropriate subscript, substituting it into equ. (6.15) and simplifying, we get 

13/2 

(6.35) Rr — 1 + 1? I, 

This expression can be further simplified simply by substituting equ. (6.11) into 

equ. (6.35) and we get after some simplifications: 

Rr = (6.36) 
COS^{IQ) 

This remarkably simple expression for the tangential radius of curvature represents 

the radius of curvature of the conic surface in the tangential plane that is valid at any 

point on the surface. It depends only on the reflection angle, z'o, which is the angle 

between the surface normal at the point and a line connecting the surface point with 

either of the reference points. 

As Kingslake [43] pointed out, the fact that the oblique radius is always greater 

than the axial radius of curvature provides a convenient check on the calculation. 
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6.5.5 Sagittal radius of curvature 

In principle, the sagittal radius of curvature can be obtained in the same fcishion as for 

the tangential radius of curvature. That means that equ. (6.14) must be evaluated. 

However, this approach is not required since the expression of the tangential radius 

of curvature has been already derived. Furthermore, by considering Coddiagton's 

equations as given in equ. (6.3) and in equ. (6.4) and recalling the initial requirement 

for stigmatic properties as given in equ. (6.5), we just have to substitute in the 

expression for the tangential radius of curvatiure as given in equ. (6.36) and solve for 

i?5. By accomplishing the task, we get the following trivial expression for the sagittal 

radius of curvatvire 

Rs = (6.37) 
cos(zo) 

As with the tangential radius of curvature, the sagittal radius of curvature represents 

the radius of curvature of the conic surface in the sagittal plane that is valid at any 

point on the surface. It also depends only on the reflection angle, Zq, which is the 

angle between the surface normal at the point and a line cormectiug the surface point 

with either of the reference points. 

6.5.6 Radius of curvature at vertex point 

Prom Fig. 6.7 or from equ. (6.27), for instance, it is seen that z'o = 0 at the point where 

the axis of rotation intercepts the conic. These intersection points are also referred 

to as the vertex points of the conic. Furthermore, by inspecting the expressions for 

the sagittal and tangential radius of curvatures as given in equ. (6.36) ajid equ. (6.37) 

respectively, it is seen that the radius of curvature in the two orthogonal directions 

are identical to the semi-latus-rectum at this point, i.e. Rp = Rs = Rtc- In order to 

be more precise, let us consider Euler's theorem as it is stated in [52], for instance, 
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The curvature 1/Rn of a curve of normal section at a regular point 
of a surface is given by the formula 

1 _ cos^(5) sin^(5) 

Rfi E Ri £ R2 

where £ = ±1 and S being the angle between the plane of curve of 
normal section and the plane of the first principal curve of normal 
section. 

Thus the radius of curvature at the vertex point is always identical to the semi-latus-

rectum and therefore also independent of orientation. 

6.5.7 Surface normsd relationships 

With the exclusion of the locations where the axis of revolution intersects the conic, 

then at any point on the conic the surface normal intersects the axis of revolution. 

The intercepting point is always between the two reference points. Furthermore, 

the two distances between the axial intersection point and the reference points are 

uniquely coupled to the corresponding two distances between the reference points and 

the poLat on the conic. The distance from the surface-normal intercept point to the 

internal reference point will be called while the distance from the intercept point to 

the external reference point will be denoted by 2^. As seen in Fig. 6.9, corresponds 

axis of 
rotacioa 

FIG. 6.9. The surface normal and its aspects. 
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to the angle between the surface normal and the axis of revolution. Furthermore, it 

is also seen from Fig. 6.9 that 

Zj sin(0A) = Pi sin(2o) (6.38) 

and 

Ze = Pe sin(zo) (6.39) 

By dividing equ. (6.38) by equ. (6.39), we get a remarkably simple relationship be

tween the surface-normal intercept distances and the distances pi and ps-

^ = — (6.40) 
ZB PB 

By combining equ. (6.21), (6.26) and (6.40) even simpler expressions caji be ob

tained for the surface-intercept distances Z[ and Ze as they are related to the numerical 

eccentricity of the conic: 

Zr = epr (6.41) 

and 

ZE = epE (6.42) 

Considering this result, we may rewrite equ. (6.26) to obtain 

2ea = Z[ Ze (6.43) 

a simple expression relating the conic distances to the surface-intercept distances. 

Combining either equ. (6.38) with (6.41) or equ. (6.39) with (6.42), we obtain another 

useful association 

sin(zo) = e sin(0A), (6.44) 
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which relates the angle of reflection to the angle between the surface normal and the 

conic axis of revolution. 

In Fig. 6.9, we indicated that the distance PA along the surface normal is identical 

to the sagittal radius of curvature, Rs- It is seen from the figure that 

sin(io) sin(7r - 0,) 
— = R. 

By substituting in equ. (6.41) and (6.18) into equ. (6.45) and solve for i^, we see that 

Rk: e SLn(0j) RF:  

sin(io) 1 + e cos{^r] cos{io) 

tan. (to) 

The latter fraction of the expression is identical to equ. (6.11); hence, we proved that 

the distance PA is identical to the sagittal radius of curvature, Rs-

6.5.8 Imaging relationship aJong the reference ray 

As we derived the functional form of the siurface shape in section 6.3.2, we required 

that the surface has stigmatic properties, which were then manifested in the require

ment that Rs = Rt cos^(io) as given in equ. (6.5). 

This relationship is independent of the conjugates; thus, if it is true at one pair of 

conjugates Q and Q', it is true for aU conjugates. Consequently, if the reference ray 

passes through one reference point of the conic there will be no astigmatism for any 

conjugates on that ray. This also impUes that an azimuth angle, an angle of incidence 

and principal radii of curvatures can always be foimd to satisfy equ. (6.5) and thus 

there is always one reference ray at any point for which there is no astigmatism at 

any conjugate. 

This unique situation allows us to determine all required paxameters of the proper 

conic section, as it will be presented in the section to be followed. 
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FIG. 6.10. Illustration of possible stigmatic conjugate points. 

6.5.9 3D representation of conic sections 

Vector function 

In the discxissions to come, we will take advantage of the vector representation of the 

conic sections. For that we choose the axis of rotation as the polar axis and use the 

polar coordinates (pi,(pr,a) or (/%, <;6e, cr). The former set of polax coordinates uses 

the internal reference point as coordinate origin while the latter refers to the external 

reference point. Given the definition of p(0), the vector representation of the conic 

sections denoted by p is obtained by Rz(cr) • RxCvr — 4>i) • 4oc at the internal 

reference point aaad p{(f>E) Rz(c) • • 4<.c at the external reference point yielding 

where the definition of the conic distances pi and /% are given in equ (6.18) and (6.19) 

respectively. Without loss of generality, (j) and a can be taken to lie in the intervals 

[0, tt] and [—TT, 7r], respectively. 

(6.46) 

(6.47) 
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Fig. 6.11 shows a set of rays emanatiag from one reference point, reflecting at the 

conic surface and converging towards the second reference point. The reference ray, 

which is indicated by the dashed-dotted line, is generally near the centroid of aU rays 

that are required to pass unobstructedly through the system represented here by a 

single surface. Each ray section, which is the distance from the reference point to the 

conic surface intersection point, is representable with either equ. (6.46) or (6.47). 

FIG. 6.11. 3D representation of conic section with prolate ellipsoid 
as illustration example. 

Surface normal 

Using differential geometry of surfaces, we can determine the surface normal of conic 

surfaces, s, at the surface point defined by p. The surface normal, n, is a straight 

line passing through p and is normal to the tangent plane at that point on s. This 

siuface normal is given by [see 46, ch. 17] 
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d { y ,  z )  

^ ^ Pa X ^ 5(0,0-) 

^ l ^ d { y , z )  

5(0, <7) 

^ . 5(z,x) . , d i x , y )  
^ —r • y + 

5(0, cr) 5(0,0-) 

4-
d { z ,  x )  

.5(0, cr) 
+ 

d { x , y )  
(6.48) 

5(0,0-) 

where 

5(a, 6) 
5(0,0-) 

= det 

da da 

50 da 

56 56 
50 da 

and represents the unit normal vector of s at the point p. p^ and Po- are the partial 

derivatives of p in respect of 0 and a respectively. 

By applying equ. (6.48) on equ. (6.18) and on equ. (6.19), we obtain the following 

relationships for the surface normal as function of the corresponding vector function pi 

or Pb- Depending upon the choice of coordinate system origia, we have the following 

two relevant cases: 

• surface normal ia respect of internal reference point 

"r(0/, cr) = (sin(«7) sin(0r) , - cos(o-) sin(0,) , e + cos(0;)) (6.49) 

• surface normal in respect of external reference point 

"e(0e,O") = sin(o-) sin(0£:) , cos(cr) sin(0E) , COS(0e) - (6.50) 

As usual, 0r is measured from —Ztoc while 0e is measured from +fcoc- is the local 

axis of rotation of the conic section and is defined as a unit vector pointing from the 

internal reference point, RPj, to the external reference point, EPb- is the sagittal 

radius at point p. 

Teingential or meridional plane 

The plane defined by the reference points and the intersection point of the reference 

ray with the conic surface shall be referred to as either the tangential plane or the 
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meridional plane henceforth. The plane perpendicular to it is normally called sagittal 

plane. In the case of an nnsymmetrical system, those planes are miique for each 

individual mapping element; however, in the case of bilaterally symmetrical systems, 

all mapping elements share the same tangential and sagittal plane. Logically, there 

is no unique symmetry plane associated with rotationally symmetrical systems. 

6.6 Conversion relationships from unfolded to folded map
ping system 

6.6.1 Appropriate conic section 

The task to be completed is to convert the object and image distances, z and zf, into 

the corresponding conic distances, pi and ps- Since the on-axis mapping properties 

must be preserved, the absolute values of the distances cannot be altered; thus, we 

must be concerned with setting the correct signs only. For that reason, we created 

table 6.1 that indicates the how the conjugate distances are related to the conic 

distances. 

Using the on-axis mapping equation, we are in- the position to determine the 

effective focal length of the mapping element as a function of the object and image 

distance. In the case where the effective focal length is negative, the mapping element 

is said to be p.egative and considered positive in the other case. This classification is 

well illustrated in Fig. 6.12 where a reflection at the external part of the conic surface 

corresponds to a negative mapping element while a reflection at the internal part of 

the conic surface corresponds to a positive one. A further distinction may be drawn 

by specifying whether the object and/or image is real or virtual^. For instance, if the 

conic is either a sphere as depicted in Fig. 6.12(a) or a prolate elhpsoid as depicted in 

^Basically, there are two types of object auid image. A real image is an image where the rays 
actually converge at a point and then diverge. A virtual image is an image where the rays never 
actually converge but instead they diverge as if they came from a particular point. A similar 
statement may be made for the object point. 
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Condition A PB Surface Type 

/. >0 z < Q  z  =  f '  +z' 00 Paraboloid 
z  =  f  — z  00 Paraboloid 
z < f  — z  +z' Prolate EUispoid, Sphere 
2 > / — z  +z' Hyperboloid 

z > 0 -f-z' —z HyperboUd 
/. <0 z>0 z '  =  f '  —z' 00 Paraboloid 

z  =  f  +z 00 Paraboloid 
Z >  f  +z —z' Prolate EUispoid, Sphere 
Z < f  -z' z  Hyperboloid 

z < 0 z -z' Hyperboloid 

TABLE 6.1. Coaversion of conjugate points to conic distances while also 
determining the appropriate conic section. 

Fig. 6.12(b), then both of the conjugate points are either real (operated at internal 

surface portion) or virtual (operated at external surface portion). On the other hand, 

if the conic is a hyperboloid as depicted in Fig. 6.12(d), the conjugate points are 

either real or virtual or vice versa, but never identical. Due to this circumstajice, the 

different conic sections can be appUed only tmder specific conditions as indicated in 

table 6.1. 

6.6.2 Numerical eccentricity and semi-latus-rectum 

From section 6.6.1, we know which conic section is most appropriate to replace the 

ideal mapping element by a real mapping element. In that section, we also con

verted the on-axis object and image distances, z ajid 2/, into the corresponding conic 

distances, Pi, and p^. Since the orientation of the principal plane in respect of the 

reference axis defines the reflection angle, we possess all the required information in 

order to express the semi-latus-rectum, i?jc> and tlie munerical eccentricity, e, in terms 
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(a) conic section: Sphere (b) conic section: Prolate Ellipsoid 

(c) conic section: Paraboloid (d) conic section: Hyperboloid 

FIG. 6.12. Representation of the internal and external reflection of incident 
wavefront upon the various conic sections while the wavefronts 
emerge and converge towards the reference points of the conic. 

of the conic distances, pr, and ps, and in terms of the reflection angle, Zq. 

An expression for the numerical eccentricity is obtained by substituting equ. (6.21) 
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and (6.20) into (6.34) and solving for e, which then yields 

e  =  + , / l - 4  (6.51) 

The semi-latus-rectum is simply the combiaation of the two eqs. (6.21) and (6.20); 

hence, 

Equ. (6.51) will result into an imaginary value in case of oblate eUipsoids where the 

numerical eccentricity is negative. However, since this conic section cannot be con

sidered in this work since it does not fulfill the point-to-point mapping requirement, 

we win never have to check for this condition. 

In the Hmit as Pb ±oo ov pj —* ±oo, the numerical eccentricity becomes unity 

while the semi-latus-rectum becomes 2pcos^(zo). If the on-axis object point is located 

at infinity, i.e. z'o = 0, the image point is located at the rear focal point whose distance 

from the vertex point is identical to half of the vertex radius, which is a well known 

fact for paraboUc surfaces. Due to the sign convention that for all hyperboloids one 

of the conic distances is always negative, the semi-latus-rectum is always positive. 

6.7 Summary 

In this chapter, we investigated the conic surfaces in respect of their properties an.d 

their use as initial surfaces. We have proven that the conic surface is the only ro-

tationally symmetrical surface that forms stigmatic images if operated at the proper 

conjugates. Furthermore, we showed also that in this case Fermat's principle that all 

optical paths axe equal between a point object at the axis of the surface and the image 

entirely governs the shape of the surface. These surfaces are always quadratic sur

faces: an ellipsoid if the object and the image are both real or virtual; a hyperboloid 

if one of the points is real ajad the other virtual; and a paraboloid if either the object 

(A + A ) = 2 cos=(.„). 
2  PI  +PB 

(6.52) 
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or the image are at infinity. The conic surface shapes arise out of the recognised 

property of a quadratic surface, that the sum of or difference of the distances from 

the reference points to any point at the sxirface are constant. 

Consequently, this surface type is extremely suitable as a replacement of the ideal 

mapping elements. Furthermore, the description of this surface type can be extracted 

directly from the first-order design information, which makes this surface even more 

attractive. 
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Chapter 7 

FOLDED MAPPING SYSTEMS 

The objective of this chapter is to address the conversion of the ideal mapping system 

from the unfolded system representation into its folded representation. Furthermore, 

we compare the mapping results of the coUinear mapping with those obtained through 

the tandem-ray-tracing procedure. In addition, we aJso show that the Scheimpflug 

condition is preserved in the conversion process. Having folded the imaging system, 

we will then proceed to use conics as initial surface approximations to replace the 

ideal imaging elements in order to obtain a real imaging system. The folded system 

representation not only shows how the system will look like but can also be used for 

a practicality test. 

The organisation of this chapter is as follows: in section 7.1, we state the motiva

tion and purpose of this chapter. In section 7.2, we introduce the unfolding concept 

and introduce the required tools. In section 7.3, we introduce the tandem-ray-tracing 

concept as a means of verifying the mapping prediction of the coUinear model. In 

section 7.4, we present examples of folded mapping systems where the ideal mapping 

planes have been replaced by conic surfaces acting as initial surface approximations. 

This chapter'is concluded with a brief chapter summary given in section 7.5. 

7.1 Motivation 

In chapter 5, we developed the concept of designing reflective systems free of keystone 

distortion and anamorphism. In the same chapter, we also presented examples of 

such systems having either three of four surfaces. However, we have not given ajiy 

indication whether those systems are realistic. The folded system representation will 

show immediately whether the reflective siirfaces are in each other's way or whether 
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they interrupt the optical path. 

It is the purpose of this chapter to indicate how the optical imaging system, which 

is still in the unfolded stage, can easily be folded. The folding process in itself involves 

the determination of various directions and locations in three-dimensional EucUdegm 

space. Consequently, this chapter is intended to develop an understanding of the 

folding concept and to provide necessary computational tools. 

7.2 Folding scheme 

7.2.1 Surface normsd 

The orientation of the surface may be defined in several ways as we have done in the 

previous chapters. The surface normal, which is one way of describing the orientation 

of a plane, has been defined using either the tilt gingles or the Etiler angles. The 

direction cosine values, denoted by the symbols L, M and N, represent another 

efficient way of its representation. They are defined as 

where a, P and 7 axe the angles between the surface normal n and the axes x, y 

and z, respectively. Equ. (7.2) always provides either the abiUty to compute one of 

the direction cosine values in the presence of the two others or a useful computa

tional check. The conversion from the tilt-angle or Euler-angle to the direction-cosine 

representation is covered in appendix B.2. 

L = cos{a)= h • X 

M = cos(/3)= h • y 

N = cos(7) = h- z 

(7.1a) 

(7.1b) 

(7.1c) 

and 

-h iV2 = 1 (7.2) 
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The definitioa of the direction cosine permits us not only to declare unit sur

face normals, but also any other vector of unit magnitude, e.g. the direction of the 

reference ray. 

7.2.2 Reflection matrix 

Let the angle between the incident ray, f = (r^, r^, r^f), and the surface normal h = 

(L, M, N) be z'o, then by the law of reflection the magnitude of the angle between 

the reflected ray, f' = is also ZQ, i.e. IQ — Considering Snell's law 

n { f  ' K n )  =  n '  { f  x n') and assuming that we have for the refractive index n' = —n, 

we may simplify Snell's law yielding 

f '  =  f  —  2 { r  • n ) h  

This equation may be written in. component form 

= Tt - 2 L + M  +  r f , N ) L  

=  n f - 2  { n L  +  r ^ M  +  N )  M  

r't, = TN - 2{rt, L + TM M + N) N 

which can then be rewritten in matrix form as 

(7.3) 

(7.4a) 

(7.4b) 

(7.4c) 

f' = A4 -f (7.5) 

where 

A/i = 

1 - 2 L 2  - 2 L M  - 2 L N  

- 2 L M  1 - 2 M 2  - 2 M N  

- 2 L N  - 2 M N  1 - 2 N ^  

The matrix notation is conceptually convenient because equ. (7.5) represents a rota

tion of the coordinate axes, i.e is identical to a linear transformation operator with 

a determinant of -1. In other words, the right-handed coordinate system, in which 
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the incident ray is defined, will be converted into a left-handed coordinate system, in 

which the reflected ray is defined, and vice versa. 

Equ. (7.5) can be interpreted in the following way: The incident ray r, has the 

direction cosines rvr.ti r,v.t with respect to the e, coordinate system. After reflection 

it has the direction cosines r,vj in the same coordinate system. Another way 

to look at it is that the reflection has caused a rotation of the coordinate system, i.e. 

ei,k —> Cj.k where k = x,y, z. The direction cosines of the y"' coordinate system with 

respect to the z"' are given by the terms in the reflection matrix Aitj. This is a very 

convenient concept because it gives directly the rotation between the object and its 

image. 

7.2.3 Reference ray coordinate system 

In the process of folding the imaging system, we must keep track of all local coordinate 

systems whose orientations are defined by subsequent reflections upon the mirrors. 

For that purpose, it is crucial to understaixd that the individual reflection matrices, 

are always defined by the surface normal, n, of the corresponding principal plane. 

The surface normal is always given in the reference coordinate system in the unfolded 

representation; thus, the reflection matrix is defined in that coordinate system but 

operates on the local coordinate system in the folded system representation. 

It is therefore important to differentiate between the two reflection matrices j 

and is defined in the reference scheme whose base vectors axe Ci.x, e,,v, 

§1.2 and operates on the base vectors of the i"' reference scheme to define ej,x, ©J.Y. SJ.Z 

the base vectors of the reference scheme. Alij, on the other hand, is defined in 

the global reference scheme whose base vectors are eo.x, Go.yi Sq.z sJid. also operates 

on the base vectors of the z"' reference scheme to define the reference scheme. 

Consequently, must first be converted into the i"* reference scheme before it 

can be appUed as outlined in appendix B.3.2. 
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Following this definition, we can establish the following relationships between the 

global coordinate system and the local coordinate systena expressed in recursive 

form as 

ej.k = -eo.k (A: = x, y, z) (7.6) 

where 

1 J^oAni) = for j = 1 
M o j  =  < 

[ M o j -i • for j  >  1  

or exphcitly expressed in non-recursive form 

m-oj = alo,i("i) • ali,2(n2) • - - .  • • m.j-ij{hj) (7.7) 

If there are an even number of reflections the determinant of the reflection matrix 

Ato, J- is +1 while if there axe an odd number of reflections the determinaxit of the 

matrix is —1. Prom an imaging point of view, we can restate this fact as follows: 

1. An image seen by an even number of reflections is right-handed. 

2. An image seen by an odd number of reflections is left-handed. 

This change from a right- to a left-haxided coordinate system takes care of all plane 

orientations; hence, no post hoc tasks are required to adjust for the image flip occur

ring at each mirror. 

7.2.4 Reference ray 

In the folded system representation, the reference coordinate system defined the di

rection of the reference ray, which corresponded to a horizontal line. In the folded 

system representation, the straightness of the reference ray is interrupted at each 

mirror since it also obeys the law of reflection. However, as one is looking down the 
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reference ray at the object plane one wiU see only a point independent of the sys

tem representation. Therefore, the reference ray coordinate system again defines the 

orientation of the reference ray. 

The direction of the reference ray after the reflection is given by 

{eo.z for j = l 
(7.8) 

Ato.j -eo.z for J > 1 

where = (0,0,1) defines the z axis of the global coordinate system. 

7.2.5 Reference and mirror points 

In comparison to the folded system representation, the locations of the reference 

points RP do not necessarily lie on the reference ray. This is because the reference 

ray is strictly the ray that emerges from the on-axis object point and is reflected at 

each mirror until it intersects the final image plane. Considering now Fig. 6.12, we 

see that in the presence of virtual points, the reflective surface is used at the external 

portion of the surface. Consequently, only the Unear extension of the reference ray 

win intersect the reference points. However, the mirror points, MP, will always he on 

the reference ray. The locations of the individual mirror points, , and reference 

points, are given by 

•PfiP.i = {Xo, 2/o, Zo) 

Pmp,] — PRP.j-I "i" Pj.i (^-9) 

Pftp.j-¥i ~ Pmp.] "I" 

where PRP̂ Q defines the origin of the global coordinate system, Pj.i, Pj,2 are related to 

the object and image distance, respectively, as stated in table 6.1, and the range of 

j goes firom 1 to n with n defining the niunber of reflective sturfaces of the imaging 

system. 
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7.2.6 Folding scheme recipe 

AH the tools required for performing the folding process axe provided in sections 7.2.1-

7.2.5 and in section 6.6; therefore, it seems only necessaxy to provide a brief recipe of 

how the folding process can be accomplished or approached. 

1. Conversion from tilt angle to direction cosine representation: (see appendix B) 

(^i) %)cp.j ^ = {.L, M, N\;pj for J = 1,..., n + 1 

(l?!, t?y)pp,.j ^ ~ (-^1 for 3 = 1, . • . , 'T' 

2. Determination of the local reflection matrices: (see section 7.2.2) 

hpp_j => A^tj so that ej = -ei 

3. Determination of the global reflection matrices: (see section 7.2.3) 

A'lij = • A'ttj 

4. Conversion from tilt angle to xy rotation angle representation: (see appendix B) 

(i9x. %)cp.j = >  {0, OR:.y.j i  =  1 , . . . ,  n  +  1  

5. Determination of the global conjugate-plane rotation matrix: 

=A4i,,--11,(0,•)-R„(^j) 

6. Determine reference and mirror points as outUned in section 7.2.5 where fj is 

defined as 

= Atij -eo.z 
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7.3 Verification of collinear mapping model 

7.3.1 Limitation 

The development of the first-order design using the collinear mapping model has 

some severe limitations that have not been addressed yet. By definition, the coUineax 

mapping model is a based upon a modular concept and is concerned with mapping 

of points, lines and plaaies only. Therefore, the collinear model is not concerned in 

any respect with rays or even wavefronts. 

FIG. 7.1. Illustrating that the collinear model is concerned only with the mapping 
of-points that may result in impossible imaging systems since wavefront 
concerns axe not taken into consideration. 

This circumstance is depicted in Fig. 7.1 using a conventional rotationally sym

metrical imaging system consisting of two ideal imaging elements. Since neither a 

physical stop is associated with the collinear mapping model nor is Fermat's principle 

incorporated or considered, it simply does not matter how we draw the "rays" to 

show the connection between the object and its image. For simplicity and due to the 

nature of the collinear mapping model, the most obvious "ray" connecting the object 

itermediate 
iniage 
planel^ 

'\ image 
^ plane 

mapping 
element 

mappmg 
element 
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with, its image is given by the "ray" passing througk the object point and through 

the nodal point of the ideal imaging system. 

In a real imaging system, on the other hand, the presence and location of the 

single physical stop defines how the wavefront emanating from a particulax object 

point moves through, the imaging system. The direction of the wavefront can be 

altered only by imaging elements. Consequently, the sizes of the individual mapping 

elements vary v/ith object point location assuming that the wavefront is not designed 

to be vignetted. 

It is crucial to imderstand that the required sizes of the elements is not part of the 

coUinear mapping model; therefore, real imaging systems, which are excellent in the 

first-order representation, may turn out to be impractical. However, this limitation 

can easily be circumvented in the sense that in the design process we can readily test 

for this situation by replacing the ideal imaging models with conics and check the 

design for feasibihty and practicality. 

7.3.2 Tcindein ray tracing 

Since real ray tracing wiU not give the results needed in order to compare the coUinear 

mapping model prediction with the actual imaging, a tandem ray tracing was imple

mented. As in real ray tracing, the tandem-ray-tracing procedure traces also rays 

starting from" the object plane, through the entire imaging system to the final image 

plane of the system. However, those rays have no memory in respect of what hap

pened preceding its intersection with any conjugate plane. At any conjugate plane, 

it re-evaluates its direction such that it intersects the reflective sxnrface at the inter

section point of the reference ray with the reflective surface. In other words, each 

individual imaging system has its own "stop" associated with it. 

This concept is natinrally not reahstic but it serves the exclusive purpose of check

ing the prediction of the coUinear mapping model. For instance, Fig. 7.2 shows an 
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imaging system that is bilaterally symmetrical and consists of three mirrors as map

ping elements. The tandem rays emanating from object points, which are confined 

to CPi, are reflected at the mirror point, MP^, and intersect the conjugate plane, Ci^. 

The intersection points of those rays are then " traced" into CP3 via MP^ and so forth 

until the intersection points at the final image plajie are obtained. 

7.3.3 Scheimpflug condition 

In the design process we implemented the features of the Scheimpflug condition in 

order to design unsymmetrical systems in the imfolded system representation. It is 

only logical that such systems must also fulfil the Scheimpflug condition in the folded 

system representation. Fig. 7.3—7.6 were created to serve the pmrpose of demonstrat

ing this fact. However, while the bilaterally symmetrical systems as given in Fig. 7.3 

eind Fig. 7.5 can easily be checked visually, the unsymmetricaJ. imaging systems as 

given in Fig. 7.4 and Fig. 7.6 are more difficult to visuahse. This obstacle can be 

overcome using a vectorial approach for the verification process. In that case, we 

determine the intersection lines between the conjugate planes and the principal plane 

for each individual imaging system and check that those lines are identical. 

In all figures, the conjugate planes are as usual identified with Ci^, the principal 

planes with PPj and the surface normals of the conjugate and principal planes with 

ficp,j and ftppj, respectively. 

7.3.4 Comparison with collinear model 

By comparing the results obtained through collinear mapping and through tandem 

ray trax:ing, we will be able to verify that the collinear mapping model provides an 

excellent mapping representation that is valid to first order. 

For illustration, we consider an imaging system whose individual mapping ele

ments are identical, i.e. have the same transverse magnification and focal length. For 



205 

example, all imaging systems of the previous sections have these properties and are 

visualised in Fig. 7.3-7.6. Each mapping element has an object distance of —100 mm 

and image distance of 50 mm. Additionally we require that the orientations of the 

initial object plane and image plane be perpendicular to the reference axis (optical 

axis ray), the system is free of axiamorphism ajid keystone distortion to first order and 

the orientations of the first and second mirrors are given by {dx, = (—15°, —30°) 

and (i?i,^9y)pp.2 = (—20°, —45°) respectively. The orientations of the principal planes 

aure identical to the imaging system illustrated in Fig. 7.6. 
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FIG. 7.2. Visualisation of the tandem-ray-trace concept applied to a bilaterally sym
metrical imaging system consisting of three reflective surfaces, whose prin
cipal planes are denoted by PPi, PP2 and PP3. 
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FIG. 7.3. Example of a three-mirror bilaterally symmetrical imaging system in which, 
the Scheimpflug condition is satisfied. 
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FIG. 7.4. Example of a three-mirror asymmetrical 
Scheimpflug condition is satisfied. 

imaging system in which the 
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FIG. 7.5. Example of a four-mirror bilaterally symmetrical imaging system in which 
the Scheimpflug condition is satisfied. 
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FIG. 7.6. Example of a four-mirror unsym metrical imaging system in which the 
Scheimpflug condition is satisfied. 
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FIG. 7.7. Mapping-sequence comparison of a square-grid object being mapped 
through, an unsymmetrical system (see Fig. 7.6) consisting of four mir
rors between coUineax mapping (lines) and tandem ray tracing (dots). 
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7.4 Excimples of folded mapping systems having conic sur
faces 

We will present severaJ imaging examples consisting of either three or four reflective 

surfaces. We require that each individual reflective element has an object distance of 

z = —100mm and an image distance of 2/ = 50mm; hence, each mapping element has 

a focal length of /' = —/ = 33.3 mm. In the case of the three-mirror imaging system 

the principal plane of the first reflective surface was defined, while in case of the four-

mirror imaging system the principal planes of the first and second reflective surface 

were deflned. That information is then sufficient to determine the orientations of the 

other reflective surfaces defining the imaging system. Because of the requirement in 

respect of the object and image distances, only prolate ellipsoids will occur in these 

examples. 

In each example, we trace a cone of real rays emaciating from the on-axis object 

point through the entire imaging system. The rays are reflected at the conic sur

faces whose parameters were determined with the relations stated in section 6.6.2. 

The semi-latus-rectum and the numerical eccentricity are indicated at each reflective 

mapping element. In each example, we have marked all conjugate planes as well as 

the tajigent planes of the conics also known as principal planes. Furthermore, those 

planes are accompanied by their surface normals. 

Fig 7.8-7.9 and Fig 7.14-7.15 show mapping systems that are bilaterally sym

metrical. In the former case, the imaging system consists of three reflective surfaces 

while four reflective surfaces define the imaging system in the latter case. In Fig 7.10-

7.11 and Fig 7.16-7.20 we present two examples of unsjonmetrical imaging systems. 

Fig 7.10-7.13 depict two three-mirror imaging systems while Fig 7.16—7.20 depict two 

four-mirror imaging systems. 

In comparison with the other examples, we show an example where the imaging 

system is compact and where conflicts can arise. Such a problem area is well shown 
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in Fig. 7.12 and in Fig. 7.16 where the image plane is intersected by rays that are 

reflected at the second and third mirror, respectively. Furthermore, we have not taken 

into consideration any mechanical and accessibility constraints. However, we have to 

bear in mind that the imaging system represents only an a starting point; thus, the 

individual reflective surfaces wlU change in shape, location and orientation in order 

to improve the overall imaging quahty. 

7.5 Summciry 

In this chapter, we showed how the ideal mapping system could easily be converted 

from the vmfolded representation into its folded representation. In the case of the 

unfolded system representation only one reference ray coordinate system (r.r.c.s.) 

was required. In the case of the folded mapping system, we showed how the reflection 

matrices can be easily be used to keep track of all locally defined r.r.c.s. and how 

to convert between the individual coordinate systems. Using the reflection matrix 

and allowing the r.r.c.s. to change from right- to left-handed, we were able to use the 

already determined surface orientations in eaxii step of the folding process. Those 

orientations could be used without having to adjust their orientations due to the 

reflection properties of the mapping elements. After having established the r.r.c.s., we 

introduced tandem ray traxiing as a means of verifying the coUinear model prediction. 

The advantage of this approach is that the modular property of the coUinear mapping 

was taken iato consideration for the verification process. Furthermore, we also showed 

that the Scheimpflug condition is still satisfied and not compromised in the conversion 

process. Of course, this result was to be expected. Finally, we presented several 

three- and four-mirror examples that were designed using the principles introduced 

in chapter 5. The ideal mapping elements were then replaced by conic surfaces as 

presented in chapter 6 leading to perfect imagery for the on-axis object point only. 
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FIG. 7.8. Example of a bilaterally symmetrical imaging system consisting of three 
reflective surfaces. The first mirror orientation is set to (i9i,'i9y)pp,i = 
(0°,-35°). 



215 

image 
plane 

Conic \ 
e =0.635253 
R^= 44.734 mm 

1 Conic 
e =0.883909 
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FIG. 7.9. Front view of Fig. 7.8 depicting the bilateral symmetry of the imaging 
system. 
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FIG. 7.10. Example of an unsymmetrical imaging system consisting of three re
flective surfaces. The first mirror orientation is set to (iSr, iJyW.i = 
(-15°, -35°). 
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FIG. 7.11. Side view of Fig. 7.10 depicting the unsymmetrical nature of the imaging 
system. 
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Conic I 
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FIG. 7.12. Example of an misjonmetrical imaging system consisting of three reflec
tive surfaces. The first mirror orientation is set to i9y)pp,i = (7°, —5°). 
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FIG. 7.13. Side view of Fig. 7.12 depicting the unsynametrical nature of the imaging 
system. 
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e = 0.553777 
R^= 51.9998 mm 

Conic 
e =0.745356 
Rt= 33.3333 nun 

Conic 
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FIG. 7.14. Example of a bilaterally symmetrical imaging system consisting of four 
reflective surfaces. The first and second mirror orientations are set to 
(4,^yW.i = (0°, -30°) and {^x,-dy)pp,2 = (0°, -45°), respectively. 
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FIG. 7.15. Side view of Fig. 7.14 depicting the bUateral symmetry of the imaging 
system. 
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Conic 
e =0.646992 ^ 
R^= 43.6051 nun 

^ Conic 
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e =0.606133 
R.= 47.4452 mm 

FIG. 7.16. Example of an unsymmetrical imaging system consisting of three re
flective surfaces. The first and. second mirror orientations are set to 
(4,^y)pp.i = (-15°,-30°) and (4,t9y)pp.2 = (-20°,-45°), respectively. 
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Conic 
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Rt= 47.4452 mm 

FIG. 7.17. Side view of Fig. 7.16 depicting the unsjonmetricai nature of the imaging 
system. 
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FIG. 7.18. Example of an misymmetrical imaging system consisting of four reflective 
surfaces. The first and second mirror orientation are set to = 
(—8°, —8°) and (•j5xj4^W.2 = (~8°, —8°), respectively. 
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FIG. 7.19. View from the bottom side of Fig. 7.18. 
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Ri.= 61.2248 mm 

Conic EI 
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FIG. 7.20 Back view of Fig. 7.18 depicting the unsymmetrical nature of the imaging 
system. 
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Chapter 8 

MODERN SCHIEFSPIEGLER 

In this chapter, we show how the coUinear mapping model that we developed in 

this work can directly be appUed in the first-order ainaJysis and optimisation of the 

Modem Schiefspiegler [35, 53-56]. Stavroudis referred to this type of imaging sys

tems as Modem Schiefspiegler in order to honour the off-axis design concept of the 

Schiefspiegler [57], which was introduced by Kutter. 

This chapter is organised as follows: In section 8.1, we give a brief statement 

about the motivation behind this chapter. In section 8.2, we will provide the first-

order mapping equations for this type of imaging systems. In section 8.3, we show 

how keystone distortion can be either reduced or even eliminated from the mapping 

leaving only anamorphism as residual first-order mapping disturbance. In section 8.4, 

we provide an example of the Modern Schiefspiegler and show that keystone distortion 

can be eliminated, at least for the imaging-system example. This chapter is then 

concluded with a brief snmmaxy given in section 8.5." 

8.1 Motivation 

The Modem Schiefspiegler is an off-aods bilaterally symmetrical imaging system whose 

reflective surfaces are conics. The proposed collinear mapping model is therefore 

suitable to analyse and optimise its first-order properties. For that purpose, we will 

look at the first-order mapping equations, which describe the mapping between the 

object and the final image plane. Prom the previous chapters, we know that in general 

bilaterally symmetrical imaging systems axe bedeviled by the presence of keystone 

distortion and/or anamorphism. That we can eliminate keystone distortion wiU be 

shown. 
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8.2 Mapping relationships 

Our primary goal is the establishraent of the mapping relationships between the object 

plane, CPi, and the final image plane, CP3. Since the imaging system is bilaterally 

symmetrical, the keystone distortion parameter /Cx is identical to zero as are the 

anamorphism paxajneters Axx and Ayx, which assimaes that the plane of symmetry 

is the yz plane. These mapping cases were explored in section 3.2.5. Consequently, 

the result of that discussion shall be considered only. 

The coUinear mapping equations that are specifically intended for all-reflective, 

eccentric, bilaterally symmetrical imaging systems map an object point between two 

conjugate planes and are given by equ. (3.33) and by equ. (3.34), which are being 

restated here for convenience. 

5x = 

s„ = 

^ •^vy ' ' ^y 

•Ayy • TUq • Sy 

1 + ' sy 

where 

_ cos{9l^) cos{e^) 
•'^yy ~ j,os(6^) ^ ~ /' [ ( y) 

In order to estabHsh the link between two conjugate plane, we must take into consid

eration the extended Scheimpflug condition whose definition is given in equ. (3.41) 

and restated below for convenience. 

taji(9y) = — [tan(^) — tan(T?y)] -t- tan(t9y) 

The desired mappings, which establish the mapping relationships between the object 

and the image plane, are obtained by applying equ. (3.33)—(3.34) twice. To be spe

cific, the object point (si^i, Sy.i), which is confined in the object plane CfJ, is mapped 

into the intermediate image plane CP2 resulting into the object point (s^.z, Sy,2). This 
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object point is then being mapped into the image plane CP3 resulting into the ob

ject point (5x,3, Sy^z). The object-point mapping relationships, which describe the 

mapping from CP^ to CPS, are therefore 

„ _ "̂ 0.1 • • sx.l 
—  1 , t  / Y  I  A  k *  \  ( ® * ^ )  

1 •'v/y.i ' "t" •'%ry,'2 ' '^,2 ' 

„ _ •'4̂ .1 • •Ayy^2 • "'̂ 0,1 • "<^0,2 • •sy.l ,g 
y»3 ^ t /i t \ ) 

' •'T/y.i" v^y.i ' -^yy.z " ^y,2 * ''^0,1; • •Sy,! 

where 

t _ cos(^.j+i) 
cos(^j) 

(8.3) 

ICyj = E5£(|i±ll [tan(tf„-) - (8.4) 

z' 
tan(^jH.i) = [tan(^,j) - tan(T?yj)] -f- tan(t?yj) (8.5) 

Zo,j 

and 

mo,j = 
fj 

As usual, fj is the rear focal length of the j"' mapping element (j = 1,2) and Zqj 

and 2^ J axe the on-axis object and image distances, respectively. 

8.3 Eliminating keystone distortion 

The presence of keystone distortion is given when the vanishing points axe not located 

at infinite distances. The characteristics of bilaterally symmetrical imaging systems 

is that one of the vanishing points hes at an infinite distance while normally the other 

one is located at a finite distance. In the chosen bilaterally symmetrical system, the 

symmetry plane is the yz plane; thus, the vanishing point moves along the Sy_3 axis. 
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If we map a square-grid into CP3 then all the vertical lines in the image wiU cross one 

another at the location of the vanishing point. 

Consequently, in order for the Modern Schiefspiegler to be free of keystone dis

tortion, we must arrange the mapping such that the vanishing point is located at 

an infinite distance. In other words, we must minimise the x-directional difference 

between point P+ = 5r,3(si.ii and P_ = Sx,3(5x,i, —Sy,i) where Sy) rep

resents the coUinear mapping as defined in equ. (8.1). We may also note that because 

of the first-order properties we may select any point on a vertical line in the object 

plane. For simplicity, let us define the two mapping points to be P+ = 5x,3(l, -t-1) 

and P_ = Si,3(l, —1). The resulting fimction to be minimised (in the ideal case to 

be nulled) is therefore 

a(6^a) 

2 • • TTIQ  I  •  771(3 2 • (̂ y,l "1" '^yy,2 '  ̂ y,2 " 'tlo.l) 

' ̂ y,2 • '^0,1) ' ®y,i] ~ 1 

Under the assumption that a solution exists, we may simplify equ. (8.6). The nu

merator is never zero as are neither the parameters Ayy^i, mo,i and mo,2 over the 

permissible range over which 6^,1 may vary, i.e. < 90°. The equation to be 

solved is then 

•^yy,2 ' ^y,2 ' ~ 0. (8.7) 

This represents a transcendental equation and is best solved numerically. An example 

of an application of this equation is given in section 8.4. 

8.4 Example of a Modern Schiefspiegler 

In the design of the Modern Schiefspiegler, which can be used to illustrate how key

stone distortion or anamorphism may be minimised by reorienting the orientations 
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of the object plane, let us eissume that the imaging configuration is as it is speci

fied in Tab. 8.1. By varying the orientation of the object plane and determining the 

Mapping element Pi = -^o p2 = + 0̂ II 0 e Rk 

First mirror 

Second mirror 

200 mm 

120 mm 

100 mm 

20 mm 1 
1 

C
O

 
to

 
C

O
 
0
 

0 
0 0-463779 

0.809625 

117.7363 mm 

24.1155 mm 

TABLE 8.1. Configuration of the Modern Schiefspiegler (see also Fig. 8.3). 

conjugate image plane orientation by means of applying the Scheimpfiug condition, 

we vary the amount of keystone distortion and anamorphism. Fig. 8.2 shows the 

sequences of a square-grid object being mapped through the Modem Schiefspiegler 

where the mapped object is depicted at the intermediate, CP^, and final image plane, 

CP3. The object plane is rotated about BP^ such that the effect of varying the object-

plane orientation is illustrated. The corresponding amounts of keystone distortion 

and anamorphism is presented in Tab. 8.2. Fig. 8.2(b) shows nicely that affine map-

@ 1^ mirror @ 2"*^ mirror 

Figure a y  [ - ]  Kiy [mm~^] a y  [ - ]  Ky [mm 

8.2(a) -40.00 0.77214 -0.00353534 1.23219 0.00409402 

8.2(b) -20.00 1.00000 0.00000000 1.14542 0.00227666 

8.2(c) -12.64 1.06361 0.00096100 1.11217 0.00172904 

8.2(d) +40.00 1.06483 0.00649122 0.83775 -0.00263903 

TABLE 8.2. Listing the variable amounts of keystone distortion and anamorphism 
corresponding to the figures given in, which are based upon the Modern 
Schiefspieler configuration given in Tab. 8.1. 

ping is present for the first mapping (object and first principal plane axe parallel 

to one another) and the final image is " distorted" because of the anamorphism and 

keystone distortion generated at the second mapping. 
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If we axe interested ia removing the presence of keystone distortion from the overall 

imaging, we must numerically solve either equ. (8.6) or equ. (8.7). Fig. 8.1 shows a 

solution of equ. (8.6) and of (8.7), respectively, that results in the appropriate value 

of ^,1, which turned out to be = —12.64°. Fig. 8.2(c) shows that for a certain 

(a) Plotting equ. (8.6) versus (b) Plotting equ. (8.7) versus 

FIG. 8.1. This illustrates the requirement upon the object-plane orientation so that 
the overall imaging is free of keystone distortion but not free of anamor
phism. According to the above results the appropriate object-plane orien
tation is at Qy^i = —12.64°. 

object plane orientation the amount of keystone distortion can be eliminated 

from the overall mapping. In this example, the orientation of the object plane is set 

to ^,1 = —12.64° and the resulting image-plane orientation CP3 is then Qy^z = —34.42°. 

Fig. 8.3 shows the imaging configmation as defined in Tab. 8.1 where the conjugate 

planes, namely object, intermediate image and final image plane, which are denoted 

by CPi, CP2 and Cig, respectively, have the orientation leading to the mapping as 

depicted in Fig. 8.2(c). 

From chapter 5, we know that the system's anamorphism ratio, (see equ. 



233 

(5.10) on pg. 136) defines how the object-point ratio ri = Sx,i/Sy^i is being mapped 

into the final image plane, i.e. ra = ATz,n • t'i- The system's anamorphism ratio for 

this example is identical to ATz,n = 0.845. This means that for the object-point ratio 

ri = 1.0 the conjugate image point is given by = 0.845 5^,3. In other words, 

the image is elongated in y direction, which is perfectly exemplified in Fig. 8.2(c). 

The mapped object-point (sx,i, 5y,i) = (32,32) mm defined in CPi has the coordinates 

(2.6667,3.1545) mm in CP3, whose coordinate ratio is identical to Since the 

imaging does not suffer from x-directional anajnorphism, i.e. Ayy^n = 0. the Sx,3 

coordinates may also be evaluated by means of the lateral magnification, i.e. = 

n^o.i • "^-0,2 • 5r,i. In this example, the overall lateral magnification is rrio = rno,i • mo,2 = 

1/12. 

8.5 Summary 

In this chapter we have shown how easy it is to apply the proposed coUinear mapping 

model to reflective imaging systems such as the Modem Schiefspiegler. In addition, 

we also showed that it is possible to eliminate keystone distortion from the overall 

mapping. To also eliminate anamorphism from the mapping, it is necessary for the 

image plane to be addressed independently as was shown in chapter 5. 



234 

-40.0° 

20 

10 

-10 

- 2 0  

-20 -10 0 10 20 

(b) 

-4 -2 0 2 4 

-20.0° 

20 -10 0 10 20 

(c) ^.1 12.64° 

-20 -10 0 10 20 

(d) 6^,1 = -1-40.0° 

Fig. 8.2. Mappings created with the Modem Schiefspielgler's configuration given in 
Tab. 8.1. The mapped square-grid objects on the left are taken at the 
intermediate image plane CP^ while the ones on the right are taken at the 
final image plane, CP .̂ 
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image \ 
plane 

'CP.3 

RR 

MR 

CPJ 

pp. 

Conic n 
e =0.809625 
Rv= 24.1155 mm intermediate image 

plane 

RE, 
CP,2 

object \ ©CP 
plane u_|' 
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RE 
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pp.i CP.l 

CP, 
Conic I 

e =0.463779 
R^= 117.7363 mm 

FIG. 8.3. Modern Schiefspiegler with object-plane orientation set to Qy^i = —12.64° 
resulting of the image-plane orientation of ^,3 = —34.42°, where the imag
ing configuration is given as stated in Tab. 8.1. This imaging configuration 
leads to the mapping as indicated in Fig. 8.2(c). 
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Chapter 9 

SUMMARY AND FUTURE WORK 

This is not the end. It is not even the beginning 

of the end. But it is, perhaps, the end of the 

beginning. — Winston Chxirchill, 1874-1965 

9.1 Dissertation summary 

Now, we have accomplished the scope of this work: to develop a versatile method to 

design aU-reflective, imsymmetrical imaging systems that are free of keystone distor

tion ajid anamorphism to first order. The emphasis has been on developing the theory 

in such a way as to provide insights into the coUinear mapping of off-axis all-reflective 

unsymmetrical imaging systems and how the acquired knowledge can be apphed to 

design imaging systems that are free of keystone distortion and anamorphism. 

In chapter 2, we started with the coUinear mapping relationships stated ia their 

most fundamental form. Those relationships establish the connection between the so-

called object and image space. We reduced the complexity of those relationships by 

placing requirements upon the coordinate systems of the individual spaces. Further 

simplification was obtained by linking the principal planes of the object and image 

space to one another. Furthermore, we rewrote the coUinear mapping equations solely 

in terms of focal lengths and principal-plane orientations. During the development of 

the general mapping equations for uns3mnmetrical systems, we explored the first-order 

properties in great length and introduced the concept of having a so-caUed reference 

ray. 
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In chapter 3, we modified the coUinear mapping relations to consider only object 

points that lie in a specific object plane whose orientation was defined by means of 

two tilt angles. The restriction led then to the definitions of keystone distortion and 

anamorphism. Those definitions and the transverse magnification were suflScient to 

define then the plane-to-plane mapping. These plane-to-plane mapping relationships 

rely on a newly defined coordinate system called the in-plane coordinate system. We 

derived and showed how the object, principal and image plane are connected to one 

another by the extended Scheimpfiug condition. In that respect, we discussed the 

Scheimpflug line and its featm:es. That the object and image plane are also maiquely 

related to the horizon plane in image and object space, respectively, was together 

with the significance of the horizon Une. 

In chapter 4, we provided specifically targeted mapping examples that were created 

using a single ideal imaging element as basis. The mapping was computed using 

the coUinear mapping relations derived in the preceding chapter. The accompanied 

discussion includes the mapping cases in which the amount of keystone distortion was 

varied. 

In chapter 5, we discussed how we can design ideal imaging systems that are free 

of keystone distortion and also free of anamorphism to first order. We showed how 

the concepts obtained in chapter 3 can be fuUy utilised to accomplish such designs. 

We showed that the system design can be approached either using geometrical or 

analytical concepts. Whichever method is appUed, the fundamental approach remains 

the same. We concluded the chapter with design examples encompassing all acquired 

knowledge from this and the preceding chapters. 

In the conversion from the ideal imaging system to a real system, we must re

place the ideal mapping elements with real surfaces having the required properties. 

In chapter 6, we examined how the conic surfaces can be used as initial mapping 

elements. These replacement surfaces result in perfect imagery for an on-axis object 

point only and not for any off-axis points. Consequently, these surfaces must then be 
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altered to provide an overall imaging improvement, which, is not a part of this work. 

The emphasis of chapter 7 was on the folding process and the implementation of 

the preceding chapters as aji entity. At that point, we knew how to design reflective 

systems, which are free of keystone distortion and anamorphism, but all those systems 

axe Ulustrated in the unfolded representation. The tools of this chapter and the 

knowledge gained from chapter 6 are required for the folding process. We gave a brief 

recipe of how to approach the folding and presented several examples of fiurst-order 

designs in which the ideal mapping elements were replaced by conics. 

The versatihty of the proposed design approach and the simplicity creates an ex

tremely powerful design tool for the initial design of off-axis all-reflective unsym-

metrical imaging systems. In spite of the limitations of the proposed model, the 

developed mapping relationships and their properties provide a powerful design tool 

and enhance the design and analysis of gill-reflective unsymmetrical imaging systems 

in general. Nevertheless, the method can easily be extended to include the first-order 

design outline of refractive image forming systems as well. 

9.2 Future work 

9.2.1 Extension of collinear mapping model 

The proposed mapping model of unsymmetrical systems is restricted to imaging sys

tems that consist of reflective and/or thin refractive elements. The restriction arises 

from the requirement imposed upon the mapping model that the orientations of the 

principal planes in object and image space have the same orientation in respect of 

the reference ray. Removing this link will result in an even more general and versa

tile mapping model having the potential for describing unsymmetrical image-forming 

systems that are also refractive. The inclusion of this property into the coUineax 

mapping model is easy and straightforward. 
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In addition, this additional freedom will result in the possibility of establishing the 

reduction of concatenated mapping systems. The equivalent procedure in rotationally 

symmetrical systems is known as Gaussian reduction. 

In order to gain more first-order information of the asymmetrical imaging system, 

it will be advantageous to develop a method allowing paraxial ray tracing. As it is 

well known, paraxial ray tracing allows the optical designer to obtain a vast amount 

of information of the given optical imaging system with a minimum of calculation 

effort. In comparison to rotationally symmetrical imaging systems, asymmetrical 

imaging systems require that paraxial rays must be traced in the xz and yz plane at 

least. 

9.2.2 Off-axis conic fitting 

In chapter 6, we explored the conic surface in great length; however, the description 

of the conics are given in respect of the reference points only. It will be very beneficial 

for the optimisation process to describe the conics at the point where the reference 

ray intersect the conic. The advantage of fitting a surface at the off-axis conic section 

has the intrinsic advantage that we can add easily an unsymmetrical asphere in order 

to vary the shape of the basic conic section. The variation in shape is intended to 

modify the optical path and to improve to overall image quality. 

An account of such off-axis conic fitting has been given by Slyusarev [58, ,§9.8] 

and later by Cardona-Nunez et al. [59, 60], Cardona-Nunez and Cornejo-Rodriguez 

[61]. 

9.2.3 Optimisation 

The layout of the first-order design is a substantial part in the overall design process. 

However, it is common for one to design the layout and discover later its impractical-

ity. The proposed design procedure represents a versatile design tool in the sense that 
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impractical or critical design layouts can be detected at a very early stage; hence, we 

can reduce the cost. The geometrical design layout in the unfolded system represen

tation in itself gives vital information to the designer. For instance, a steep angle 

of incidence of the reference ray in respect of the principal planes tells the designer 

immediately that the mirror operates near grazing incidence. Furthermore, the map

ping examples given in chapter 4 are excellent in the sense that one can immediately 

see whether the image will be spread out in any of the conjugate planes. This, for 

instance, tells the designer that one has to have a close look in respect of the imaging 

performance of off-axis object points. Furthermore, the imaging modular characteris

tics of the coUinear mapping wiU probably have a major influence and requires more 

attention from the designer. 

More information can be drawn from the folded system representation, in which 

the ideal mapping elements have been replaced by the appropriate conic section. This 

representation gives additional information as to whether there is a design conflict. 

Such a design conflict can arise when any of the mapping elements hinders each other 

or even obstruct the Ught path itself. Visual inspections of various designs are easily 

obtainable and rather inexpensive in time. 

By means of the coUineax mapping model and the introduced design procedure, 

one can very efficiently change the system parameters in order to vary designs. Fur

thermore, one can easily obtain the collinear mapping of a grid-object, for instance, 

and at the same time the folded system representation in order to get an excellent 

accoimt of the first-order layout and what can be expected from the imaging system. 

Thus, the work in this dissertation is extremely suitable for such work. However, the 

design process needs to be automated, which could easily be implemented. 

In order to improve the overall imaging quality, which also includes the effect of 

having off-axis object points, we must consider the varying of several design param

eters. For instance: 
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• By introducing small variations in the individual object and image distances, 

we will still have stigmatic imaging for on-ajds object points but we will intro

duce optical path changes that might lead to an improvement of image quality. 

However, this has the disadvantage of changing the first-order properties of the 

system. 

• Varying the conic constant will introduce a variation of the optical path as well. 

However, the change in the conic constants changes the location of the reference 

points; hence, on-axis object points will not be stigmatically imaged. 

• Varying the tip and tilt parameters, i.e. their orientation, of the individual 

surfaces, will naturally also change the optical path; hence, these parameters 

are also very powerful but will also change the first-order properties. 

• adding an. unsymmetrical aspherical surface on top of the already established 

conic surface wiU change the optical path but will not change the established 

first-order properties; hence, this needs to be further considered. 

It is important to recall that the first-order design is only aji approximation. The 

presence of aberrations could influence the best image plane orientation; thus, we 

may need to consider altering the already established first-order properties in order 

to obtain the best image quality. 

It is essential for a better understanding of the image formation of unsymmetrical 

systems, and also for the optimisation process, which one includes the effects of 

aberrations in the model. An inco]T)oration of aberrations into the design model will 

considerably improve the design of such asymmetrical systems. 
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Appendix A 

DERIVATIONS 

A.l Parameters a^, ay, and by 

In section 3.2.5, we needed to chainge the coordinate system La order to obtain plane-

to-plane mapping equations. The relationships between the two coordinate systems 

were expressed as (see equ. 3.16a-3.16c) 

OC — S3; Gjp "l" Sy bx 

y by 

X  —  S j p  ( L ^  S y  b z  

The parameter pairs (aj, b i )  where i  =  x , y , z  estabUsh the connection between the 

in-plane coordinate system (i.p.c.s.) and the reference ray coordinate system (r.r.c.s.). 

These parameters axe then used to define anamorphism and keystone distortion. In 

order to have the simplest expressions for anamorphism and keystone distortion, the 

parameter bx can be eliminated by requiring that the i.p.c.s. is orientated such that 

the y axis of the i.p.c.s., denoted by always lies in the yz plane of the r.r.c.s.. 

The r.r.c.s. can be rotated into the i.p.c.s. by applying Euler rotations, which 

require the knowledge of three rotation angles (see B.1.2). Only two rotation angles 

need to be defined in case we perform the following rotations instead; 

• rotation about —x axis by RI(Q:) •. X = xf y ̂  y' 2—>2/ 

• 2"*^ rotation about —y' axis hy Ily{(3) : x' —>• Sx y' Sy z! = 
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These rotations can be defined in the following manner: 

Ftary = (R^ ' R-y " R-x " Rx 

= Rx Ry 

COS /? 0 — sin /? 

sin/? sino: cos a cos/? sin a 

sin p COS a — sin a cos /3 cos a 

(A.1) 

This rotation matrix represents the conversion between the two reference schemes 

such, that 

®i.p.c.3. R^rj; '®r.r.c.3.- (A.2) 

In order to represent a point (Sx, Sy), which locates a point in the i.p.c.s., in the 

r.r.c.s., we simply apply this rotation matrix upon the coordinates; hence, 

^i.p.c.s. — Riy '^r.r.c.s. 

or written in explicit form 

y 

\ ̂ ) 
where 

cos (3 0 — sin /? 

sin sin A cos OL COS /? sin A 

sin/? COS a —sin a cos/? cos a 

( s ^ Ox 

\ 

( 3x \ 
y '^x 

3x Sy by 

^ Sx OJ-  -f~ Sy j  

Ox = cos (3 

ay = sin(/?) sin(Q) 

= sin(/?) COS(Q:) 

6i = 0 

BY — COS (A) 

bz = — sin(Q:) 

In order to calculate the rotation angle pair {a, /?), we can relate it either to the 

already established tUt angle pair (0x. ^y) or to the direction cosines values L, M and 



244 

iV of the surface normal. The relations of the latter one can easily be established 

since J, = R^j, -z yields 

/ L \ / -sin(/?) 
5Z = I M 1 = 1 cos(P) sin(Q:) 

\ N J \ cos{P) cos{a) 

S; is logically identical to the surface normal of the conjugate plane. The above 

relations between the surface normal atnd the rotation angles can be used to replace 

the rotation angles a and /3 yielding 

ax = wl — L^ 6i = 0 (A.3a) 

- L M  ,  N  ,  ,  
Oy = . by = , (A.3b) 
^  V I - L ^  V 1 - L 2  ^  '  

U .A O ^ bz = . (A.3c) 
vT-T2 

In order to express the rotation coefficients in terms of tilt ajigles, we just replace the 

direction cosine values with the relationships given in appendix B.2.1 yielding 

No 
0.x = 7a~\ 6i = 0 (A.4a) 

C O S i O y )  

Oy = Ne tan(0x) sin(^y) by = cos(0y) (A.4b) 

a, = Ne tan(0i) cos{9y) bz = - sin{9y) (A.4c) 

where 

= 1/^1 + tai!?{6x) + tan2(0j,) 

A.2 Extended Scheimpfiug condition 

The derivation is straightforward and shall be presented here. The procedure of 

deriving the relations is as simple as defining the object plane, mapping it into the 

image space and comparing the outcome with the predicted image-plane orientation. 

Needless to say that this can be done vice versa as well. In that case, we can use the 
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already obtained equation of an inversely mapped image-plane. By substituting iato 

equ. (2.11) the condition that 6i = ci = dj, = 02 = C2 = ^2 = <^3 = 0 and rfo = b2, the 

mapped image plane is in respect of the principal points acting as coordinate origin 

given by 

X \A' cLi + C' 0,3 + JD' qq] + y \B' 62 + C 63 + D' 60] + z \C' C3 + D' cq] + \D' 62] (A.5) 

where the coefficients A', B', C and D' describe the image plane, e.g. A' x' + B' y' + 

C ̂  + Z?' = 0 as statet in equ. (2.3). 

Let us now solve the expressions defining the object and its conjugate plane for z 

and z' and compare the resiilting expressions with that of a plane as stated in (3.5) 

and (3.6). This wiU yield 

z = X 

and 

A! cLi + C dz + D' OLQ 

C C3 4- D' CQ 
-y  

B' 62 D' 60 "t" C" 63 

C'C3 + D'Cq 
4-

-D'62 

C' C3 + D' CQ 
(A.6) 

tan(0x) tan(0y) ZQ 

Z = X 
•-A'" 'B'' "-D'" 

. 

-y 
c 

+. (A.7) 

taji(0'J tan( 0 y )  

Next, we determine how the object plane and image plane orientations are related to 

each other. For that purpose, we may re-express the definitions of the object plane 

orientation in terms of focal length and conjugate distances. Taking into consideration 

the relations given in equ. (2.28)-(2.31), equ. (2.44)-(2.45) and equ. (A.6), we will 

obtain the following relationships: 



Tilt-Coefficient in x 

tan(6'i) 

ai A' as D' cq 

_ Co C Co C Co 

Co C 
_ -fx tan(g^) -  4 [/e + /y] +4 tan(4) 

~ z' — f J y 

tan(0^) = tan(6'i) —— + tan(i9x) ' •' ^ 
f .  

F 4- F 
:^^^-tan(4)^ 

fx fx 

= tan(0,) ̂  + tan(4) 
/x fy 

— tan(6!r) ^ — + tan(i9i) 
Jx ZQ 

fx 

fy 

fx . 

Hence tan(0^) = ̂  ̂  [tan(0j:) — tan(i9i)] + tan(t?i) 
~o Jx 

Tilt-Coefficient in y 

tan(6^) = ^ ~ ° 
<^3 

CO C" 

^ -/y tan(g^) - < tan(7?y) + tan(^?y) [/^ -I- /y] 

tan(0y) = tan(6^) "" ^ tan(72y) -|- tan(i?y)^^^^-^^ 
/y Jy Jy 

7' f  4- f — 2/ 
= tan(^) — + tan(i9y) ^ ° 

fy 

z'  
= tan(^) — -H tan(t?y) 

l - <  
-2^0 

Hence tan(6'y) = — [tan(^y) — tan( 'i?y)] + tan(i?y) 

ZQ 
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• Shift value 

-D' bo 

C  C Q  _  ~ Z o  f y  

fy-'o 
Co C 

In section 2.6.4, we stated that we have to correct the model in order for it to 

realisticly model real imaging elements. Consequently, we must impose the restriction 

upon the focal lengths in object and image space such that f = fx = fy and /' = 

= fy. Considering this fact, the Scheimpflug condition results into the simple 

relationship that is valid for both directions. Hence, 

tan(0^) = — [tan(0t) — tan(i5j)] + taji(i?i) where i  =  x , y  (A..8) 

A.3 Anamorphism ratio of entire mapping system, A-ji^n 

The anamorphism Ratio, A-jt, due to a single mapping is the value by which the ratio 

r = Sx/Sy is altered as the point defined by the in-plane coordinates (si, Sy) is being 

mapped into the corresponding conjugate plajie; hence, 

^  = A - r . - —  o r  r '  =  A -R , - r  (A.9) 

where the definition of the anamorphism Ratio is obtained by determining the ratio 

between the corresponding coUinear mapping relations as given in equ. (3.23) and 

(3.24) to yield: (see equ. (3.36)) 

= A T 'A L") 

where n indicates the number of mapping elements present in the coUiaear mapping 

process. 

A relation of equivalent functional form must be obtainable between the image and 

object plane that is independent of the intermediate number of mapping elements. 
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Let us refer to this ratio as system anamorphism ratio or simply as anamorphism 

ratio. This seams to be appropriate, since we are always interested in the knowledge 

of how the in-plane coordinate ratio, TQ, in the object plane is being mapped into the 

image plane of the mapping system. Consequently, let us refer to the anamorphism 

ratio of the system as defined as 

A AXX,N. / .  1 

~ Ay.n+A.x,nTo 

and 

< = An,n • To- (A. 12) 

FVom the definition of the anamorphism ratio, we see that the mapping of the coor

dinate ratio of a given point depends upon the proceeding mapping properties. In 

order to determine the system anamorphism ratio, we must take into consideration 

the smamorphism ratios of the individual mapping elements denoted by Anj- This 

represents a simple iterative process since rj = A-nj • where Ajzj depends upon 

This recursive dependency may be written in non-recursive relations ELS follows: 

ri = AR.̂ X • ro 

Axx, 1 ^ 

Ayy^X 4" Ayx,l ' ''^0 

Ta = An^2 • 

Axx,l Axx,2 
Avy,l Ayy^2 "i" (•'4̂ 1,1 Ayx,2 ~l"  Ayx,l Ayy^2^ ' Tq 

Tz = An,z • Ti 

•̂ 4.11 1 Axx,2 AXX,^ 
' , "PQ 

Ayy^X Ayy/2, Ayy^Z "I" iAyx,l Ayy^2 Ayy^Z "f~ Axx,I. {,AxX,2 Ayx,Z Ayx,2 Ayy^z)') ' '"O 
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The relations get more complicated the more mapping elements axe involved in the 

mapping process. However, we CBJI also see that the properties of the previous rela

tions can be simplified by taking into consideration the definitions of the anamorphism 

parameters as stated in equ. (3.28)-(3.30). 

Comparing equ. (A.ll) with the previous relations, we see immediately that the 

systems's directional anamorphism parameters Axx,n aJid Ayy^n depend on the corre

sponding directional anamorphism parameters; hence. 

The directional anamorphism parameters, Axx,n and Ayy^n% depend only upon the 

parameters of the object and image plane; thus, all intermediate conjugate-plane 

orientations have absolute no affect. 

The bi-directional dependent anamorphism parameter, is functionally de

pendent upon all three defined anamorphism parameters. The dependency of Ayx,n 

may be written in recursive form such as 

n 

(A.14) 

(A.I3) 

This relatioQ- can be further simplified as we write it into non-reciarsive form and 



250 

consider their definition. This will then lead to 

•^i.n = ^ ^ I PJ Axi.i j • -^yx,] ' | 
J=1 Vt=i / \/=i+i 

'yj+1 
A Y-I I T 

\^xj / \Oy,n+l 
= E 

^1,1 

^y.n+l 

^y.n+l 

^1,1 

^y,n+l 

m—1 

E'^y.J+1- J I "v.^+1 J • "y,m T 
• J "r • •^x.m -T / , • ^z,j 

,_i '^xj "x,m '^x.m J=l- V 1^. ' j=m+l 
gy.m ^v.m4-l 
flx.m. «^x.m+l 

J , ^y,m+l J , &y,m+2 j , A 
I •^^x,Tn 1 -^i.Tn+l ' / ^ •'^xj 

'^x,m ^^x.m+l - „ 0,x,TTi ' j=m+2 

— L 
y~^ Oy,j+l 

. i=i ^x,m+l 

<^V.m ^v,m+2 
ttx.m ax,m+2 

'^y.l *^,71+1 

,®x,l '^x.rH-l. 

^r,n+l ' *^,1 ^x,l ' ̂ ,n+l 

^x,n+l • ^y,n+l 

Considering the definition of Axx,n, we see that the definition of the bi-directional 

anamorphism parameter is identical to that of a single mapping element. As the di

rectional dependent anamorphism paraoneters, Ayx,n depends only upon the parame

ters of the object and image plane; thus, all intermediate conjugate-plane orientations 

have absolute no impact. 

1 
•'^x.n — ['^.l •'^x,n ' Qy,n+l] 

3y,n+l 
(A.15) 
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Appendix B 

CONVERSIONS AND COORDINATE SYSTEMS 

This appendix addresses the various ways of representing a point or vector in the 

three-dimensional space. 

B.l Rotation matrices and their applications 

B.l.l Rotation matrices 

The rotation matrices have been arranged so that they obey the sign convention 

introduced in section 2.6.2. Consequently, a clockwise rotation about the indicated 

axis is considered as positive while a anti-clockwise rotation is therefore regarded as 

negative. 

1. Rotation about the —x axis: 

10 0 

Rxifli) = 0 cos(a) stn(Q:) 

0 — sin(a) cos(a) 

0 

(B.l) 

2. Rotation about the —y axis: 

l iyiP) = 

cos(/3) 0 — sin(Q:) 

0 10 (B-2) 

sin(Q:) 0 cos(a:) 

3. Rotation about the +z axis: 

cos(7) — sin(7) 

Rzil) = sin(7) cos (7) 

0 0 0 

0 

0 

1 

(B.3) 
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B.1.2 Euler rotation matrix 

Every matrix R = [njt] representing a proper rotation in three-dimensional Euclidean 

space can be variously expressed as a product of three matrices, and in particular 

£LS 

e ,  <p)  =  R,{c t>)  R^{9)  R, (d)  

C(TJ 0^ ~~ 50 CQ S-Q 50 CQ 5^ SQ 

50 C0 CQ ~"50 5^ *4" C0 CQ C^ C^ SQ 

— SQ 5T? —SQ C^ CQ 

(B.4) 

where 

CG = cos(0) = COs('!?) = COs[(j)) 

S0 = sin(0) = sin({9) = sin(0) 

This implies that any { x , y , z )  coordinate system can be brought into coincidence 

with a second (x', y*, z*) coordinate system with the same origin by rotating through 

angles t?, 6 and 4> such that 

• l®' rotation about +z axis by Rz{4>) - x ^ x' 

• 2"'' rotation about —x' axis by Rx{d) : x' = x" 

• rotation about +2/ axis by Rz{d) '• x" —>• x* 

y  -^y  

y 

y" y' 

z = z' 

^ — » •  £ 

z" = z' 

The three Euler angles •0 ,6 ,6  define the rotation uniquely; except for multiples of Iw.  

Moreover, they are uniquely determined by a given rotation, unless 0 = 0, to which 

one refers as " gimbal lock". 

Another way of interpreting the construction of the Euler rotation matrix is that 

we may consider the two parameters 9 and 0, which are described in spherical polar 

coordinates, as required in order to fix the axis of rotation. Then one additional 

parameter donated by angle describes the ajnount of rotation about the specified 

axis. 



253 

B.2 Conversions 

B.2.1 %,ey]=^[L,M,N\ 

The following outlined procedure shows how to convert the tilt angle pair [Q^-, 9y] into 

the corresponding Direction Cosine values [L, M, iV]. 

X 

(a) Tilt emgles (b) Direction Cosine 

FIG. B.l. Visualisation of the tilt angles and Direction Cosine parameters. 

Prom Fig. B.l and the requirement upon the Direction Cosine values that states 

that L2 + + iV2 = 1, we see that 

tan(0i) = and tandy = ̂  

Hence, 

L = —N tan(0i) 

M = +N tan(0y) (B.5) 

A'" = ± [1 + taxi^{9x) + taii^(0y)] 

TT 7f 
where \dx\ < — and \ 6 y \  <  —  

St /t  



254 

The sign of the surface normal direction is airbitrary i.e. ±N; however, for the purpose 

of consistency we require that the surface normal is in the same direction ais the 

incident ray direction. Hence, the positive sign convention is appUed in this work. 

An even simpler method to determine the relationship between the two represen

tations can be obtained by considering a plane such as F = tan(0i) x — tan (0y )  y + 

(^0 — .2) = 0 and determining its surface normal n = (L, M, iV); hence, 

n = ± 
VF 

i l V F i l  
= ± 

5J^5F^ 5F_ 
5 x '  5 y ^  5 z  

^ 
S x '  S y '  6 z  

= ±-
(— tan(0x), tan(0j,), 1) 

y/1 -H TAN2(0;E) + TAN2(^J,) 
(B-6) 
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B.2.2 [0xA]==>[0>e]xy 

This conversion is applied in the determination of the in-plane coordinate system 

parameters and bi where i = x,y,z (see section 3.2.5). In order to simplify the 

coUinear mapping expressed with the in-plane coordinates, we must keep either the 

Sx or the Sy axis of the in-plane coordinate system within the xz or yz plane of the 

sj'stem coordinate system, respectively. As outlined below and illustrated in Fig. B.2, 

we selected the latter choice. 

• 1^' rotation about —x axis by i?x(^) • x = x' v' v' z z' 

• 2"'' rotation about —y' axis by i?y(0) : x' —> x" y' = y" 2' —»• z" 

z 

(a) Tilt angles (b) Rotation angles of 

FIG. B.2. Visualisation of the tilt angles and equivalent rotation parameters. 

Therefore, 

L\ I -since) \  
M 1 = R^{d) ^ { cos(,f) sin(0) 
N J y cos(e)cos(0) J 
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From section B.2.1, we know how the tilt angles axe related to the direction cosine 

values. Consequently, we just equate them and solve for the angles ^ and 6 yielding 

9 = dy \0\ < 7r/2 
(B.7) 

^ = — arctan(cos~^(0y), — tan(0i)) |,^| < 7r/2 

since 1^x1 < ir/2 and \9y\ < 7r/2. 
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B.2.3 [^x,^y]=>[0,^U 

The following relationships show how to convert the tilt angle pair [Ox.dy] into the 

corresponding rotation angles [6^, 0e]zx- The rotation angles are identical to the Euler 

angles introduced in section B.1.2 where = 0; hence, the rotation order is: 

• 1^' rotation about +z axis by Rzi(j>) • x —»• x' y ̂  v' z = z' 

• 2"^^ rotation about —x' axis by Rx{9) : x' = x" y' —> y" z' 2" 

(a) Tilt angles (b) Rotation angles of R:^^{6,^) 

FIG. B.3. Visuahsation of the tilt angles and equivalent rotation parameters. 

Therefore, 

L \ / — sin(6) sin(0) \ 
M I = • -^ = ( sin(0) cos(0) I 
N j Y cos(d) J 

Prom section B.2.1, we know how the tilt angles are related to the direction cosine 

values. Consequently, we just equate them and solve for the angles ^ and 6 yielding 

two cases 
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• 0 < |0| < TT and 0 < 6 < -Kjl 

4) = — arctan(tan(0y) j, — tan(0x) j) 
9 = j arccos ([1 + tan^(0x) + tan^(0j,)]~''/^) (B.8) 

where 

J = +1 > 0 
—1 else 

• 0 < |0| < 7r/2 and \0\ < -Kjl 

0 = — arctan(tan(^y), — tan(0x)) 
Q = axccos ([1 + tan^(0x) + tan^(^j,)]~^/^) 

(B.9) 

since j^xl < 7r/2 and \ 6 y \  <  7r/2. 

B.3 Coordinate system considerations 

B.3.1 Representation of a linear operator in different schemes 

So far we have not given any information regarding the interpretation of the rota

tion matrices as given in appendix B.l. The effect of the rotation matrices may be 

interpreted equally well as a rotation of the coordinate system or as a rotation of 

the vector in the opposite direction. These two possibUities; (1) rotating the vector 

keeping the basis fixed and (2) rotating the basis (in the opposite sense) keeping the 

vector fixed must be considered as separate instances; otherwise, it might lead to 

confusion. In that respect let us briefl.y discuss the coordinate traxisformation used 

in this work, which is based upon the thorough discussion given in [46, ch. 14]. 

Consider the finite-dimensional real vector space V„ with a reference system defined 

by n base vectors Ci, ej,..., e„ that axe independent and orthonormal. Each vector 

n 
(B.IO) 

Jk=l 
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is described by its components C2. • - -: <fn- A linear transformation operator A = 

[oifc] mapping into itself transforms each base vector e'^ into a corresponding vector 
n 

®Ic ^ ^ik ®l ~ 1; 2, , Tl) 
x=l 

and each vector x of VJ, into a corresponding vector x' of V„: 

x' = Ax = 
fc=i t=i 

The components of vector ^ and the components of vector x, both referred to the 

61, §2,..., e„ reference system, axe related by n linear homogeneous transformation 

equations 

~ + %2 ^2 H 1- Ajn ( j  =  1 ,  2 ,  n ) .  

The transformation matrix relates the two reference schemes e,i, §12,..., ei„, ab

breviated as e,, and eji, eja,..., ej„, abbreviated as ej, to each other such that 

ej = Rij e, (short for ej,^ = R<_, e,.k A: = 1,2,..., n) (B.ll) 

Xj = R-' Xi (B.12) 

The transformation matrix is referred to the reference scheme; hence, Cj are the 

basis vectors of the j"' reference scheme, e, axe the basis vectors of the reference 

scheme while Xj and axe the representation of x (see equ. (B.IO)) in the and z"' 

reference scheme. 

Next, let us consider the representation of a linear operator A in different measure

ment schemes. Given the transformation matrix relating the §1 and ej reference 

system as given in equ. (B.ll), the linear operators Ai and A^, which are measured in 

the and j"' reference scheme respectively, are related by similarity transformations 

A, .=R-/A,  R, , .  (B.13)  

and as reversed operation 

A,=R, ,  A,R-^ (B.14)  
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B.3.2 Definition of the reference schemes 

The relations provided ia section. B.3.1 axe directly applicable in the determination 

of local coordinate systems defined as consecutive coordinate transformations. By 

consecutive coordinate transformations, we refer to the situation where each local co

ordinate system is directly related to the preceding local coordinate system. Knowing 

all the subsequent transformation matrices, we can easily determine the relation be

tween two non-consecutive local coordinate systems. 

In order to use the rotation matrices as given in section B.l, we must convert 

the rotation matrix into the corresponding local coordinate system prior to its usage. 

Another approach is to define the local coordinate systems always from an initial 

coordinate system also referred to as global coordinate system. Following this scheme 

we can establish the following calculation pattern : 

~ Ro.i '^0 ~ Ro.i "So 

63 = R.1.2 '&1— " R-1,2 • ^0,1) ' ~ 1^,1 • 1^1,2 1^,2 '^O 

63 = R-2,3 "63" (R-0,2 • • ^0,2) ' ~ Rfl,2 • R<2,3 '^Q~ RO,3 "SQ 

G4 ~ 1^,4 "63" (RO,3 • 1^,4 • ^^.3) • ®3 ~ Rfl,3 • 1^,4 "60" RO,4 '^O 

The determination of the rotation matrix relating the global coordinate system with 

the local coordinate system can be siimmarised as follows: 

where 

ej = -ej.i = R<,,, -Co (B.15) 

Ro.  =  ̂  R0.1  for  j = l 

\ • Rj.ij for j >l 

§0 Basis vectors of the global coordinate system 
Cj Basis vectors of the j"' local coordinate system 
Ry._,+i Rotation matrix (defined in §0) operating on ej to define ej+i 

Rotation matrix (defined in Cj) operating on ej to define ej+i 
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These reference systems shaxe all the same coordinate origin; thus, a translation vector 

defining the coordinate origin for the different local coordinate systems in respect of 

the global one must be included. 
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Appendix C 

MORE MAPPING EXAMPLES 

'i^y) = const, while varying {Ox, Oy) The purpose of this appendix is to pro

vide more examples in which we represent the effect of having various amounts of 

keystone distortion and anamorphism. 

As in section 4.4.2, the object plane has been rotated about the reference ray in 

a clockwise fcishion. WhUe the object plane is being rotated, the angle between the 

object-plane's surface normal and the reference ray remains constant. In comparison 

to the mapping examples provided in that section, the examples presented hereinafter 

are based upon three sets. The sets of examples are defined in respect of the orien

tation of the principal plane, i.e. {(j),6)pp, and set to dpp G {0°, 30°, 50"} V 4)pp = 0°. 

For each set of principal plane orientations, the object plane will be varied such that 

QQP = Bpp ± 30° with a step size of A^op = 10° and Bop ^ 9pp. As a direct conse

quence of the alteration of the object-plane orientation, the image-plane orientation 

will also change since we require that the Scheimpflug condition must always be sat

isfied. We excluded the cases where QQP = Bpp since they have already been covered 

in section 4.4.2. 

The variables 0 and B printed in each square box in Fig. C.1-C.16 indicate the 

orientation of the object plane; therefore, <J)OP = ^ and BQP = B. The size of each 

square box is 60 mm x 60 mm and represents the image plane with the coordinate 

origin at the center. 

• Fig. C.1-C.3 represent interesting mapping cases since the mappings are affected 

by keystone distortion only (see Fig. C.4-C.5). This situation arises from the 

unique mapping set-up in which the principal plane is perpendicular to the ref

erence ray and the object plane intersects the antiprincipal point. Consequently, 
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this means that the resiilting image plane orientation cancels the presence of 

the anamorphism parameters A^x-, Ayx and Ayx- That this must be true is also 

given in section 5.4.3 where we discussed the sine qua non for imagery being 

free of anamorphism. 

Due to the nature of the imaging system, the mappings having the same mag

nitude of the object-plane orientation, correspond to the same mappings with 

the difference that they are 180° rotated in respect of one another. In case 

when the grid-object is rotated with the object plane then the mappings where 

Oop = ±30°, which are depicted in Fig. C.l(a) and Fig. C.3(b), will be identical 

to the one show on the top left corner of Fig. C.l(a). This certainly also the 

case with the other mapping examples where the object pleine is either set to 

dop = ±10° or set to Oqp = ±20°. 

• Fig. C.6-C.8 illustrate the mapping examples in which the principal plane was 

oriented such that 9pp = 30°. All the mappings in Fig. C.6(a) are identical since 

a rotation of the object plane about the reference axis has no effect when the 

plane's orientation is perpendicular to that axis. In all other mapping examples, 

the amount of anamorphism and keystone distortions vary as illustrated in 

Fig. C.9-C.11 BJid Fig. C.12-C.13, respectively. 

• Fig. C.14-C.16 illustrate the mapping examples in which the principal plane 

was oriented such that 6pp = 50°. The amount of anamorphism and keystone 

distortion vary as illustrated in Fig. C.17-C.19 and Fig. C.20-C.21, respectively. 
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(a) 9pp = 0° and 6op = —30° 

(b) 9pp = 0° and Qqp = —20° 

FIG.  C. l .  Ser ies  of  mapped grid-objects  with  (0 ,  Q )PP = (0°, 0°) with OQP = —30° and 
Oop = -20° 
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(a) 9pp = 0° and 9op = —10° 

0=300 .  
e=io" 

(b) 6pp = 0° and OOP = -1-10° 

FIG. C.2. Series of mapped grid-objects with (0, D)PP = (0°, 0°) with 9OP = —10° and 
9op = 10° 



266 

T 

(a) 9pp = 0° and dop - +20° 

(b) 9pp — 0° and 6op = +30° 

FIG. C.3. Series of mapped grid-objects with {4>,0)PP — (0°,0°) with 6OP = 20° and 
Oop = 30° 
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(a) 9pp = 30° and Qop = 20° 
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e^io 

FIG. C.9. Illustrations of A^x due to configurations given in C.6-C.8 
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FIG. C.ll. niustrations of Ayx due fco configurations given in C.6-C.8 
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e=80-

FIG. C.17. Illustrations of Axx to configurations given in C.14-C.16 
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FIG. C.18. Hlustrations of Ayx due to configurations given in C.14-C.16 



FIG. C.19. Elustrations of Ayx due to configurations given La C.14-C.16 
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FIG. C.20. Illustrations of K-x due to configurations given in C.14-C.16 
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