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ABSTRACT 

This investigation provides a method of analytically 

predicting the critical buckling load for a constant com

pressive stress shell of revolution, which is loaded in an 

axially symmetric fashion producing a symmetrical buckling 

mode. This is presented in the following basic parts. 

a) A general theory for the constant stress shell 

of revolution is developed by an elasticity approach involv

ing equilibrium. This approach considers the infinitesimal 

displacements of a surface in the deformed state for the 

development of the equilibrium expressions. The reduced 

equilibrium equations are combined with appropriate boundary 

conditions to formulate the buckling prediction equations. 

b) The theory resulting from the general develop

ment is applied to a particular shell of the class that 

satisfies the assumptions of the development. The example 

surface selected is that whose meridian is defined by a 

hyperbolic cosine function. This results in a shallow shell 

of negative Gaussian curvature. Two ordinary differential 

equations which involve displacements of the surface result. 

These define the buckling,problem. 

c) A numerical approximation to solve the governing 

equations is used. These equations and boundary conditions 

xiii 
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are expanded in finite difference form and are written at 

points along the meridian of the shell. The resulting 

Eigenvalue problem is not in standard form; consequently, 

a trial-and-error computer solution is used to obtain the 

buckling loads and corresponding modes. 

d) The predictions resulting from the theory are 

compared with the results of tests on a series of seven 

model shells. These shells were constructed from polyvinyl 

chloride using a vacuum forming process. They were loaded 

beyond the buckling point and the critical load was deter

mined . 

e) Comparisons of the prediction resulting from 

the theory and the experimental evaluation of the critical 

buckling load are made. The analytical prediction in this 

example is conservative in that the predicted buckling load 

is less than the experimentally observed load. Reasons for 

this variation are presented. 



CHAPTER I 

INTRODUCTION 

The shell or shell type structure is one of the 

more efficient building elements in existence today. This 

efficiency is due primarily to the way in which these struc

tures transfer the applied loads to the supporting media. 

When the shell is thin, and the curvatures proper, the loads 

are transferred essentially in the plane of the element with 

little or no flexural bending effect. The most ideal class 

of thin shells, from an efficiency standpoint, contains those 

in which no bending exists and all the loads are transmitted 

as stresses or forces in the plane of the shell. Within 

this class, the efficiency is increased through a more com

plete utilization of the material when the direct stress 

resultants that exist are of the same magnitude. The shell 

that exhibits this behavior is commonly known as the constant 

stress shell, or funicular shell. 

The constant stress shell is not a new concept. Two 

classic examples of this type shell are the spherical pressure 

tank and the drop-shaped tank which is loaded by internal 

hydrostatic pressure. (1) * Shells of this nature can be 

* Numbers in parentheses refer to references listed 
in- the List of References. 

1 



classified into one of two categories based upon the type of 

stress that exists in the shell: a) shells of constant 

tensile stress, and b) shells of constant compressive stress. 

Each of these categories can be further delineated by the 

method through which this constant stress is produced. These 

are a) geometric configuration, and b) variation of thickness. 

The most commonly used shell of 'constant compressive 

stress is the constant thickness sphere or spherical cap 

which resists a pressure loading. The stability of these 

shells has been considered in some detail, possibly in part 

because of the simplified geometry which is involved (all 

radii of curvature are equal to a constant). Even though 

many theories have been advanced for the solution to the 

buckling problem for this particular.shell, the state of the 

art is still somewhat undeveloped. To date, 1966, both 

analytical and experimental results for spherical caps 

range from 0.1 to 0.9 of the critical buckling load for 

the closed spherical shell obtained by the classical 

approach. This classical approach was formulated by 

R. Zoelly (2) in 1915. It was later solved in 1932 by 

Z. Van der Neut. In general, there is very little over

all correlation between experimental and analytical results. 

The spherical shell is not the only functional shell 

of constant compressive stress. A timely discussion of 

various new types of shell structures, including several 

funicular shells, was given by H. Isler at the 1961 Symposium 
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on Shell Research at Delft, The Netherlands. (3) Some of 

the basic concepts for the formation and design of funicu

lar shells were included in the discussion. Two additional 

presentations were made by G. S. Ramaswamy and H. P. Harrenstien 

at the same symposium. These described in greater depth the 

formation and stress state of that type shell. 

In 1956 studies were initiated by G. S. Ramaswamy 

at the Central Building Institute at Roorkee, India, to form 

funicular shells to withstand distributed gravity loads. (4) 

These shells were generated by applying a layer of concrete 

to a fabric which was stretched over the desired boundary. 

The fabric was allowed to drape to form the funicular surface 

prior to the initial set of the concrete. When cured, the 

concrete shape was inverted and a funicular compressive shell 

resulted. 

In 1959 H. P. Harrenstien proposed the process by 

which, for a certain normally applied pressure loading and 

boundary configuration, the geometric shape of a constant 

stress shell could be obtained. (5) A shell generated by 

this method is used in this current study and is discussed 

in more detail in later chapters. 

Neither of the studies cited above extended beyond 

the formation of the geometric shape and the observation of . 

the membrane stress that existed due to the fixed loading 

and boundary conditions. Since the buckling condition of 

the constant stress shell was hot investigated it remains as 



an important factor in the analysis and ultimate engineering 

application of the proposed shells. 

It is the purpose of this investigation to develop 

a buckling theory which is applicable to the general class 

of constant compressive stress shells which are in the form 

of surfaces of revolution. The theoretical equations are 

developed by an elasticity approach similar to that used for 

the spherical case and are solved in finite difference form 

by use of a digital computer for a particular shell of this 

class . The results are compared with experimental buckling 

loads which are obtained from small scale tests made for the 

same shell and loading. 



CHAPTER 2 

LITERATURE REVIEW 

No studies existed in the literature which were 

directly applicable to the problem at hand - that of the 

general solution for the buckling of an arbitrary funicular 

shell of revolution. 

In recent years, however, many theories have been 

presented which predict the critical buckling load of various 

shells and shell-like structures. At the same time, probably 

an equal or greater number of experimental endeavors have 

been made for the same purpose. A collection of many of the 

more recent buckling theories was made by NASA in 1962. (6) 

Most of these theories and some additional works were reviewed 

by W. A. Nash (7) in March of 1960. In like manner, most of 

the recent experimental results for spherical caps were com

pared by K. P. Buchert (8) and W. A. Litle (9) in similar 

graphical representations. 

These theories and results included those for the 

buckling of statically and dynamically loaded shells of an 

isotropic, stiffened and sandwich nature. Thermal and internal 

effects upon the buckling loads were also included. Unfortu

nately, the shells involved were not of arbitrary shape but 

were only conical, cylindrical or spherical in configuration. 

5 



CHAPTER 3 

DEVELOPMENT OF BUCKLING THEORY 

3.1 INTRODUCTION. One method of formulating equa

tions for the buckling of a shell uses an elasticity approach 

This method requires the consideration of equilibrium of 

the shell in the deformed state. When a shell is loaded and 

buckling is not impending, "ordinary" equilibrium exists; 

but when this load approaches the buckling level "neutral" 

equilibrium results. It is noted that even in this latter 

state the internal forces must satisfy the "ordinary" equi

librium conditions of the shell in the deformed state as 

well as the appropriate boundary conditions. This state of 

"neutral" equilibrium exists whenever the displacements of 

the shell can increase without an additional increase in 

internal forces or external loading. When this condition 

is reached the equilibrium of the shell then becomes unstable 

and the shell is considered as being in a buckled state. The 

"neutral" equilibrium state is determined by incrementing the 

displacements and corresponding internal forces. Then from 

the equilibrium conditions two sets of equations are obtained 

which must be satisfied. The first is equilibrium of the 

internal force and external loading, including boundary condi 

tions; and the second, a set of homogeneous equations, includ 

ing homogeneous boundary conditions, that define the critical 
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load for which "neutrnl" equilibrium exists. The load deter

mined for the "neutral" equilibrium state is the critical 

buckling load of the shell. Mathematically the equations 

which are developed for determining the critical buckling 

loads of shells are Eigenvalue problems. This is the case 

for all buckling theories. (1) 

3.2 SHELL GEOMETRY. The development of the buckling 

theory in this chapter is presented for one particular class 

of shell. The theory developed satisfies the general proce

dure previously described but is applicable only to shells 

of revolution which are symmetrically loaded in such manner 

that the stresses in the shell are constant. 

3.2.1 Undeformed Geometry. Consider a point on a 

shell of revolution in the deformed state. 

Figure 3.1 
Geometry of Shell of Revolution 
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From the geometry shown in Figure 3.1 the following 

relationships can be derived. (10) 

n s t, x 

n2 = n sin^> - t2 cos<{> 

0t^ = 0 

3<t> 

3tj = sin<|> n - cos$ £2 

a© 

dt2 = n 

3$ 

dt 2 = cosij) t 

ae 

= -1 2 

9n = sin$ ti 
ae (3.i) 

5.2.2 Deformed Geometry. Consider the unit triad 

in a rotated position, Figure 3.2. The unit vectors in 

the deformed state are denoted by 7*, n*. 

Using small angle geometry this unit triad in the 

deformed state is: 

t* = tx + a1n 

—* — — — 

^2 ~ 12 * P2 ̂ 

n* = H -0 1t 1  -/S2t2 (3t2) 
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ti 

"/flit 

Figure 3.2 
Unit Triad in Deformed State 

If use is made of the geometry conditions of 

Equations (3.1, 3.2), the derivatives of the unit vectors 

in the deformed state may be given by Equations (3.3). 

at* =• ~/Slt2 + a&H 

9ij) 

dtt = - /8l sin<f> tA - cos4» t2 + (sin<f> + a A ) n 
30 90 

at* = -/Sz t2 + (1 +Ŝ 2) n 

a (j) 9 4) 

3ti = (cos(J> - JS 2 sinifc) tx + ^ 

9e de 

an* = - a^iti - (1 + 3/32) t2 - y62 n 

a<t> a<t> at 

Sn* = -(sin<J» *£2 cos<J> + ) tL & ( A cos<f> - a&> t2 
ae ae a© 

- /SL sin<|» ni . (3.3) 
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The displacements u, v and w are considered positive 

if they occur respectively in the positive directions of 

tj. , t2 and ri. 

3.3 EQUILIBRIUM OF THE DEFORMED SHELL ELEMENT. The 

sign convention used is that shown in Figure 3.3. This con

vention is that commonly used in the development of general 

bending theories for shells of revolution. (11) 

0* 

Figure 3.3 
Component Forces on Shell Element 
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+M 

-F 

do 

d (}> —k 

5^ 

Figure 3 . 4 
Vector Forces on Shell Element 

The forces used for equilibrium are represented in 

Figure 3.A. These forces can be written in terms of the 

conventional forces and moments as shown in Figure 3.3. 

F$ = N«t> d0 = (N$t/ + N<jie t* + Q<t>n*) ro d0 

Fe = Ne d* = CNet* + Ne4) tj • Qen+) rx . d4. 

fty = d6 = (M^t* - Me tz) r0 dG 

= Me d4> _ = (M0t£ - Me^ t*) r1 d4> 

F = Id4>de = (Xt* + Yt* • Z n *) rr r 0 d$d6 (3.4) 



12 

From: £]f =0 

dN$ + dNe + 7 = 0 

a* ' d© (3.5) 

From: = 0 

dMe ~ §M<t> + r0 t* x N© + rx tj x = 0 (3.6) 

60 d<f> 

The set of equilibrium equations (3.5, 3.6) can be 

expanded to form a set of six scalar differential equations 

by substituting the expressions for total forces and moments 

(3.A) into Equations (3.5, 3.6) and by considering the com

ponents using the shell geometry described in Equation (3.3) 

in the three orthogonal directions. The scalar equations are 

as follows: 

9CN^e r0) d_ Q^, r0 - Q/3i + N© r1 ~ fi \ a_ Q© 
se 0 4> a$ a© a© 

~fi\ Ne ri a i n^ ~ ri ( s i n <t> * A c o s* +  

de 

+ rx r0 (X Z) = 0 (3.7) 

d_ r° " fit ?L_ r° ~ fit r° ~ fii- ̂ 4*® r° ~ r° ̂  a A )  
a <$> d $ <}$ 

• d_ N©$ r 1  - d_ Q© r 1  - N© cos$ 
ae ae 

+ Qe ri cos4 - d£« ) + rx r0 (Y - fi€Z) = 0 (3.8) 
de 
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ft 9_ Nij) rQ + 0! a_ N(f,e r0 + Q_ Q<j,'r0 + N<j, r0 (1 + 0J32) 
d4> 34 04> 5<|» 

+ N<j>© rQ |£i - Qij) r0 $2 + pi a_ N© rx + p2 Q_ N©,), rx 
d© ae 

+ a_ Q© rx + Ne rx (sin<t> + 9£x) + Ne<j, rx aj5t 
a© a© a© 

- Pi Q© ri sin<t> + rx r0 (Z +pxX + (3f Y) =0 (3.9) 

- d_ M<j) r0 - 3_ M©((>ri + M© rx (cos<}> - pa sin<J>) + 0X M©<j> rx sin<J> 
3$ 3$ 

" ri ro Pi Ne<t> + r0 rx N<j,e + r0 rx (fy = 0 (3.10) 

3 M(j,© r0 + 0X M$ rQ - pt M<j>© r0 + 3_ M© rx + M©^ rx cos<|> 
30 6© 

- ro rx p* N©<j, + r0 rx p2 N$© - r0 rx Q© = 0 (3.11) 

~ Pi a_ M^ r0 + Pi d_ M<^© r0 - M<^ r0 3^x+ M^© r0 (1 + 90a) 
3$ 90 d()> 0 <|> 

+ P« £_ M© rx - Px 3_ M©^ rx + M© rx 
a© 3© a© 

- M©$ ri (sinij) + 3J3X) + r0 rx CNe<|> - P« Q<|> + 01 Q<|> - N$©) = 0 
3© , 

(3.12) 

3.4 SIMPLIFIED EQUILIBRIUM OF DEFORMED SHELL FOR THE 

SYMMETRICAL CASE. The general equilibrium equations derived 

in the previous article (3.3) would be very difficult if not 

impossible to use for the generation of buckling equations 

because of their complex form. If it is assumed that the 

geometry, loading, and subsequent buckling mode of the shell 

are symmetrical, the equations may be simplified by application 
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of the conditions of symmetry. The theory resulting from 

this simplification describes the symmetrical buckling 

case for a symmetrically loaded shell of revolution that 

exhibits constant stress characteristics. In general, this 

type buckling behavior is common in flat shells; however, 

a non-symmetrical buckling mode may be reasonably common 

for shells with a steep configuration. This simplification 

also extends greatly the possibility of mathematically 

evaluating a critical buckling load for the shell. 

The simplifications for a symmetrical case use the 

following relations: 

N(j,e = Ne<t) = 0 = 0 

M<j,e = Me<> = 0 Pi = 0 

Qe = 0 X = 0 

Under these conditions, the six general equations of 

equilibrium reduce to three equations of equilibrium and 

three identities. Each term of these identities are equal 

to zero. The reduced equilibrium equations are as follows: 

(Let & = 0 ) 

N,j, r0 - P d_ r0 - 0 N<j, r0 - r0 (1 + dj) - Ne r^os^ 
d<t> d$ 

+ ri r0 (Y - 0 Z) = 0 (3.13) 

PI. ro + 1. ̂  ro + "(j r0 (1 * dfi) - Q* r0 + N0 rj.sin<|> 
d<|> d(J> d<h 

+ ri r0 (Z + P Y) = 0 (3.1A) 

d__ r0 - Me r 1  (cos<t> - 0 sin<|>) - r0 r x  Qa = 0 (3.15) 
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3.5 FORMULATION OF THE BUCKLING PROBLEM. As presented 

in the introduction to this chapter, the displacements are 

incremented until no additional stress or loading accompanies 

further incremental displacements. This condition defines 

the "neutral" equilibrium state and is determined from the 

portion of the equilibrium equation which defines the incre

mental displacements. Since the equilibrium equations are 

written in terms of the internal forces and external loads, 

an increment of the internal forces corresponding to the 

appropriate displacement is used to form the governing equa

tions for the evaluation of the critical buckling load. This 

is accomplished by considering the internal forces in the 

following form. 

V = * NJ 

Not = Ne + N; (3.16) 

Where: N$T - The total axial force in the $ direction 

Ntf, - Membrane force in the 4> direction 

N<t> - Incremental force in the $ direction. 

Since this theory is written for a constant stress 

shell it is assumed that only membrane stresses exist prior 

to buckling. Therefore only increments corresponding to the 

inplane forces are considered. The moments and shears develop 

simultaneously with the incremental forces. The relationships 

for change of inplane force (3.16) can be introduced into the 

set of equilibrium equations (3.13, 3.14, 3.15) to form a 

set which contains the membrane equations o£ equilibrium (11) 



16 

and which contains those describing the critical buckling load. 

When the membrane equation is removed from the general set 

of equilibrium equations the buckling equations are formed. 

The buckling equations have the following form when 

linearized in terms of the displacements. In these equations, 

N(j, = Ne c s, where S equals a constant, and J3Y and pz are 

assumed to be negligible compared to Y and Z. 

d_ r0 - Nq rx cos<(> - rQ - 0 r0 S = 0 

d<J> (3.17) 

Njj, r0 +• N'e rx sin<t> + d_ r0 +• S d_ (3 r0 = 0 

d<{> d<t> (3.18) 

d__ r0 - Me rx cos$ - r0 rx = 0 
d<)> (3.19) 

The shear force can be eliminated from the equilibrium 

equations by use of Equation (3.19). The resulting set of 

equations are reduced to two equations (3.20, 3.21) which 

contain only the force increments and the moments. 

_d Njj, r0 - rx cos* - 1_ 

d$ r. 
djlfy r0) 

d$ 

+ Ma cos<|> 

- P r0 S = 0 

ro + n; rx sin$ + d_ T 1_ djM^ r0) 

d<j) L rx d$ 

- (Me cos<)>) + S d_ (5ro a 0 
d$ d 

(3.20) 

(3.21) 



Before these equations can be solved they must be 

restated in terms of the displacements. This necessitates 

the use of stress-strain and strain-displacement relationship 

3.6 STRAIN-DISPLACEMENT RELATIONSHIPS. Consider an 

element of the shell which has been deformed as illustrated 

in Figure 3.5. 

With reference to Figure 3.5, the following quanti

ties may be defined. 

V = ut + vt + wH 

r*= r + V 

ds 

n 
r 

Figure 3.5 
Displaced Deformed Shell Element 
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It can be shown that the extensional strains may be 

defined by the relationships: 

G<t> = I . ?ly 
r i '9* 

Ge = 1 Ji .dV 
r0 ' 3 G 

from which: 

£$ = _L / dv - w 
rx \ 5~4> 

Ge = -L / + v cos4> - w sin<^\ 
rQ I cJU I 

When these expressions are simplified, for a sym

metrical shell these extensional strains become: (11) 

Gct> = I (dv - w) 
r 1  d 

Ge = (v cot4> - w) 
r  2  ( 3 . 2 2 )  

The rotation (5 can also be evaluated by the following 

relationship: (11) 

P = 1 n 3V 
Ti ^ 

from which: 

P = 1 (j{S + v) _ (J 2 3 )  
ri at 
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The change in curvature in the shell can be defined 

by the following expressions. (11) 

X, 1 !_ 
ri d<t 

1_ (dw + v) 
ri d 

Xe = cot(fr 
r 2 

1_ (dw + v) 
ri (3.24) 

3.7 STRESS-STRAIN, STRESS-DISPIACEMENT RELATIONSHIPS, 

Stress-strain relationships for the shell are given by the 

following expressions. (11) 

* *  =  +  V G ,  

iV 

- z (X* + vye)] 

= E [ce 
+ VG<$> - z (Xe ~ VX^)] 

l-v»' (3.25) 

The inplane forces and the moments are: (11) 

J-t 

Vt ic.; 

r*  

"* = iu<T,d2 *r^(€»+vl6») 
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M<$> = 
.i 
i 

T <j> z dz = - Eh 
1 2 ( 1  - i / )  

tX* + V> Xe) 

fJ 
Me = ) Te z dz = - Eh* (X© + 

1 2 ( 1 -  v * 2 )  ( 3 . 2 6 )  

The forces and moments can be expressed in terms of 

the displacements by replacing the strains in Equations 

(3.26) with the appropriate strain displacement relationships 

(3.24, 3.25). 

K = Eh 

l-l/ 

D = Eh 
12(1- V )  

= K _1_ /dv -w\ + (v cot4> - w) 
,rx \d4» ! r2 

N4 = K 1 (v cot4> - w) + -J (dv - w\ 
,ra rx \d<|> / 

MA = -D 1_ d_ 
. ri d<$> 

(1. d" • ^ + V* / dw + v\ 
Vri d(j> rx/ rxr2 Vd<}> / 

cot4> 

He = -D cot4> /'dw-+vN + jJd_/l_ dw +• v \"1 
r-^rj Vd<t» / rx d^Vr-ĵ  d/J- (3.27) 

The displacements used in Equations (3.27) are those associated 

with the incremental forces, moments and shears which describe 

the buckling phenomenon and are in addition to those existing 

in the membrane state. 
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3.8 BOUNDARY CONDITIONS. To complete the formula

tion of the problem the boundary conditions must be con

sidered. The boundary conditions are obtained from a 

consideration of the total potential energy of the system U. 

The first variation of this total potential energy 

is the statement of equilibrium, 

6U = 0 . 

6u can be considered in two parts: the first is an integral 

containing the equations of equilibrium multiplied by the 

variation of the displacements; and the second is the virtual 

work of the edge forces. 

Since the equilibrium equations (including the loads) must 

equal zero, the first integral must equal zero; therefore, 

the virtual work of the edge forces must also equal zero. 

Virtual work of the edge forces can be determined by 

considering an element on the boundary of the shell as shown 

in Figure 3.6. The boundary of the shell is at • * constant, 

and c is the continuous curve of the boundary. Because of 

symmetry only N^,, and act on the boundary. 

f(Equilibrium Eq.) 8v &w + 
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Figure 3.6 
Boundary Element 

The virtual work of the edge forces is expressed 

as follows: 

&Wedge = &Uedge = ^ (Q<J> &w + N^, &v + M<j,S |3 ) ds = 0 

I [(?$ SW + (N<J> + M^) Sv + MJ, dSwjds = 0  
•x rx rx d <J> 

For this integral to be zero the integrand must equal zero. 

Consider the variations that correspond to the following 

boundaries. 

Clamped Edge 

S p =  0  

. d&w = 0 
" d<j) (3.28) 

&v = 0 

&w = 0 
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Free Edge 

Sv * 0 6 P *• 0 

Sw * 0 .\ = Q,j) = = 0 

(3.29) 

Simple Support- "Hinge" 

Sv = 0 6 ( 5  *  0 

Sw = 0 M$ = 0 

(3.30) 

Simple Support- "Roller" 

Sv = 0 S |5 * 0 

Sw * 0 A M(j, = Q(j, = 0 

(3.31) 

3.9 STATEMENT OF THE BUCKLING PROBLEM FOR THE 

CONSTANT STRESS SHELL CLASS. The set of equations to be 

used for solution of the buckling problem are given by 

Equations (3.32, 3.33). 

For convenience the following substitution is made: 



2k 

K d_ [" £o /dv - w\ + Vr0 (v cot$ w) 1 + K |"rx (vcot$ - w) 
d<j) L ri Vd(j) / r2 J L rz 

+ iJ /"dv -w\ 

\d<J> / 

+ D cos<t> 

cos<J> + D I d 
ri d 4> 

Efl L.\(̂ L) +2£0iMj)X 
ri d<J>[V r^/ rxr2 

cot4) X V d X 
rx d<J> rxr2 

+ S | rQX = 0 

(3.32) 

K 
£o 
ri 

dv - w 

d$ 

+ v'ro (v cot<}> - w) t s±n4> 

r 2 

ri (v cot4> - w) 

r 2 

+ V dv - w - D d_ ( 1_ d_ IS d_ 
d 4> d$ rl d<t> rx d$ 

X 1 + Vcot4> r0X 

+ D d_ 

d <$> 

cos^i cot^X * d 
rir2 d<J) 

X 
r, 

s 1_ 

rn r ll 2 

roX 
= 0 

(3.33) 

The set of equations (3.32, 3.33) and the boundary 

conditions describe the buckling phenomenon for the shell 

of the symmetrical constant stress class. 

One shell of this class has been considered in 

numerous buckling theories, the sphere or spherical dome. 

The original theory for the buckling of the complete sphere 

was obtained by a method analogous to that presented in 

this study. When the radii of curvature are taken to be 

constant, as must be the case for a sphere or spherical 

dome, the governing equations (3.32, 3.33) degenerate, with 

one discrepancy, to the equations derived for a sphere. 
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The discrepancy is a term Aw which accounts for the change 

of area of the loaded element considered in the derivation. 

The term is used in the equation primarily to aid in ob

taining a closed form solution and is of much higher order 

than the other terms in the derivation and can be neglected. 

(2) (12) 



CHAPTER A 

APPLICATION OF THEORY TO EXAMPLE SHELL 

4.1 INTRODUCTION• The buckling theory developed 

in Chapter 3 is applicable to any constant stress shell of 

revolution under a symmetrical loading. For verification 

of the general theory a particular shell of this class was 

selected for evaluation of the critical buckling load to 

be compared with a buckling load found by experimental means. 

According to the theory proposed by H. P. Harrenstien (5), 

if an axially symmetrical load is applied to a membrane with 

a circular boundary, the surface of the membrane will define 

the surface of a shell which has a constant stress for a 

loading equal to or opposite to that applied to the rnembran*. 

The shell selected for a solution of the critical buckling 

load was a shell which was generated by this method. 

4.2 SHELL GECMETRY. The shell used for a solution 

was defined by applying a uniformly distributed load over a 

circular area of radius "aM concentric to a circular 

membrane of radius Mb". The resulting surface is illustrated 

by Pigure 4.1 and is mathematically defined in Equation (4.1). 

26 
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Figure A . 1 
Configuration of Example Shell 

z = Pa2 i cosh-1 /2S b\ - cosh-1 / 2S R 
2S [ VPa' / \Pa° 

Where: P - Uniformly distributed load 

S - Internal force per unit of length 

in the shell 

a - Radius of loaded cap 

b - Radius of base of shell. 

(4.1) 

The familiar membrane equation yields relationships 

between the radii of curvature. Figure A.2 illustrates 

parameters used in these membrane relationships. 



2 B 

There £ ore 

7. 

V 
R 

/ $ N 

,ri gure 4 . ? 
Geometry on Shell Meridi.m 

N4, * N0 = Z 

7 = 0 

= Ne = S 

1__ + JL_ 
ri r? 

ri = "r! 

s i n <j> 

= -JR 
s i n<J> ( 4 . 2 )  

For t'i solution to the buckling theorv <i relationship 

for R in terms of 4' must: be derived since r1 (<t>) .ind r? ("•}>) 

.ire required for evnlu.it:ion of dr., , drt , and dR . ^rom 

d d $ d $ 
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Figure 4.2, Equation (4.3) can be written: 

tan<$ = -dz 
dR (4.3) 

For evaluation of Equation (4.3), Equation (4.1) 

may be used. Let Q = 2S/Paz . 

dz = -1 .0 
dR "VQ* R* - 1.0 

taniji = 1.0 
•VO4 R* -1.0 

After squaring, simplifying and taking the square 

root,Equation (4.5) is obtained. 

R = 1.0 
Q sin<j> (4.5) 

Define: 

Then: 

' - 1*  

f = Q sin<)> 

d£ = Q cos<|) 
d$ 

dfT = -Q sin$ 
d<f>2 

d8P = -Q cos^i 
d<fr« (4.6) 

4.3 BUCKLING EQUATIONS. The geometry of the shell 

has been sufficiently defined In Article 4.2 to allow 



30 

application of the buckling equations to the shell described. 

When the relationships involving radii of curvature (A.2) are 

used in Equations (3.32, 3.33) buckling equations for the 

example shell result. (Using p = l/R.) 

K 
D 

d2v + cot<J> dv + - cot2<j>) v - (l-i>) dw 
dp d<t> 

3 cot<J> + _2 d£ 

r 

d <J) 
+ p2 sin2<|> df2L 

d<|>2 

dX-
d 

(1 - - 3 cot«t» 1 df - 1 d2P 
p d<j> r d<pz 

§ X - o  ( A . 7 )  

K (1 - v*) (2w - dv - v cot<)») + pa sin24> 
D d$ 

d• 
d$* 

6 cot(j> + _4_ d£ 

P 

d 

6 cot* $-(4-1^) + 15 cotcfr 1. d£ + _3 d2P + 2_ I df V 
p d$ p d(J>2 p* \ d$/ d 4> 

-3 (1 - cot<|> + (6 cot2 - 5 +V<)ldf + 6. d^f + 1, d®f 
p d$ p d<^2 p d$s 

+ 3 cot<H /df\2 + 1 /dfWdff 

P* U*/ P2. U*/U*a  
X S /d2C+ cot<fr%\ = 0 

D \d<J> J 

(4.8) 

These buckling equations can be further simplified 

by using the relationships given by Equations (4.6). This 

simplification is necessary to obtain the sets of equations 

unique to the example shell. 

Let: A = K 
D Q# sin4 $ 
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d2 v + cot(j> dv + ("U> - cot4 v - (1 - \)) dw 
d d d <)> 

d_lX 
d(J)2 

+ 5 cot<J> dX. + f3 coti<Ji - (2 -T^)lX - S lX= 0 
d(J> J K 

C4 .9) 

Kl -tJ) (2w - dv - v cot<J>) + d*X + 10 cotdi d*X 
d$ d$8 d 
<k 

+ 123 cot' <j> - 7 + i^j d]£ + | A {])- A) cotij) + 9 cot3 <j> | X 

Si /d]C+ cot<j>X\ = 0 
K d̂* j (A.10) 

Equations (A.9, A.10) are in a form that can be used 

to formulate the Eigenvalue problem for the critical buckling 

load of the shell being considered. 



CHAPTER 5 

NUMERICAL SOLUTION FOR CRITICAL 

BUCKLING LOAD OF EXAMPLE SHELL 

5.1 INTRODUCTION. The governing equations for the 

buckling of the example shell do not admit a known closed 

form solution; therefore, an approximate method of solution 

is used. A finite difference expansion is selected for an 

approximation of the derivatives appearing in the governing 

equations. The finite difference approximations, when ex

panded about a series of points along the meridian of the 

shell, form a set of homogeneous linear algebraic equations 

for the displacements at the discrete points of expansion. 

The coefficients of the displacements in the set of equations 

are functions of the shell geometry and of "S", the internal 

force of the shell. In particular the coefficients (C) can 

in general be described by: 

Cj,i = Cj <*> *=*i " S Fj <•> 4>=<t>i 

corresponding to Wj. However,before the set of equations 

can be formed,consideration must be given to the finite 

difference expansions. 

5.2 FINITE DIFFERENCE EXPANSIONS. The displacements 

in the governing equation, v and w, are functions of the 

32 
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variable cj); therefore, they can be written in the form of 

Equation (5.1). 

w = w C ) 

v = v(<J>) 

X=X(w,v) =X(4)- (5.1) 

For a general form of the differences,a general 

function f(4>) can be used to represent any of the relation

ships of (5.1). The function can be expanded about <|> by a 

Taylor Series expansion, (13) 

f (<H + A<}>) = f (<$>i) t ft (<t>i) A<t> t f" (4>i) Ai2 

2 !  

± f'» (4>i) A^3 + f* (<^i)' a/±. . . 
3! 4! (5.2) 

f (^ + A 4>) = f (<t>i+1) 

f (4>i - A <t>) = f (^i-x) 

This can be represented by fi+1 and fi_i, respectively. 

Separating the two equations contained in Equation (5.2), 

Equations (5.3, 5.4) are obtained. 

fi+i = fi + fx M? + fj" A_$A •* fH AJ/ + . . . 
2! 3! A! 

(5.3) 

f±.x = fi - f{ A4> + fV A$] - f!» A4>3 • f" A»' - . . . 

2! 3! 
(5.4) 
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Adding Equations (5.3) and (S.^^the following ex

pression is obtained: 

f i t l  * =  2 £ i  4  2 f , i  -Hi *  2h" i± '  *  • • •  

This expression can be rewritten as follows 

f . - 2f . + f , = f ! f f A<kf ^ 
i»i l i-i l l — 

At* 12 

At the second term on the right the series can be truncated, 

and since this is a Taylor Series expansion the error will 

be of the same general magnitude as the first neglected term. 

n - -Ml -  <—**) 
(5.5) 

If Equation (5.A) is subtracted from Equation (5.3), the 

following expression results: 

f i * l  -  f i - l  = " i  M I  • . .  .  
3! 

Again the series can be truncated and the difference equation 

written as follows: 

fj • <«-*•'> 

24$ (5.6) 

These series expansions can also be written for fj and f£ 

since the only requirement is that the series be continuous. 
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fi" = f{+1 - 2f£ + f[_± (e~Aia) 

£ f  = £'̂ i - 2f'l * £i-i (e~iV) 

Expanding the first of these expressions gives 

fi' = £i+»- fi - 2fi.i + 2£i-i + £i - fi-, 

2 

f!" = f. . - 2f. + 2f. - f. , 
1 X+t l+l l-l l-Z ' 

2 A<*3 (5.7) 

while the expansion of the second of the two expressions 

results in the following: 

£i"= £i« - 2£i*i • £i - 2£i-fi+ 4£i - 2£i-i+ £i- 2£i-i * £i-t 

4 

fin= fj-n - ^fj+j. * Bfj - • fj.t 

A*4 (5.8) 

The above approximations are £or a general function 

and can be used for v, w, and X if desired. 

The set of differential equations (A.9, A. 10) con

sists of two general equations of two variables, v and w. 

The equations are of the fourth order in w and of the third 

order in v. These require a minimum of seven boundary condi

tions; however, only six conventional boundary conditions 
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are available. The final condition can be satisfied by writing 

an approximation for d3v in a form that does not require 
d 4)3 

an additional boundary condition for the solution. This can 

be justified by considering the origin of the term. The v 

term which appears in the expression for rotation produces 

the third derivative. The v contributes very little to the 

rotation and is often considered small enough to be neglected. 

For this reason it should be sufficient to use a difference 

approximation that does not require a boundary condition for 

the higher order. (1) Therefore, at the boundary of the 

shell, relationships (5.9, 5.10) are used to approximate 

derivations of v. For the point of minimum use: 

*1? = vi+2 - 3vi+i * 3vi - vi-i 
d4>3 A<t>3 (5.9) 

For the point of maximum <$, use: 

d3v = vj+i - 3vj -t- 3vi_1 - vj_2 

d <f>s a*3 (5.10) 

Equations (5.9, 5.10) are found by using all forward 

differences or backward differences in the expression for 

the second derivative, vj+i - 2vj + vj-i . 

a4>2 

5.3 FORMATION OF THE EIGENVALUE PROBLEM. When the 

finite difference expansion equations (5.5, 5.6, 5.7, 5.8) 

are used in the governing equations, the resulting equations 

for the expansion about a general jth point can be written. 
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As an example, Equation (A.9) then has the following form: 

Kj,i+2 wi+2 + Kj,i+i wi+i + Kj,i wi + Kj,i-i wi-i+ Kj,i-2 wi-2 

+ Jj,i+i vi+i + Jj,i vi + Jj,i-i vi_i = 0 

However, each of the K and J coefficients include 

quantities that contain the internal force S, and ones 

that do not contain S. These may be separated as indicated 

in Article 5.1. In addition, for convenience, the total set 

of algebraic equations resulting from the expansion of (A.9) 

can be expressed in matrix form. For this, the general expan

sion is written: 

(Cj,i*2 - S Fj,i+*) wi+2 + . . . *(Cj>i_2 - S F j f i_2) wi_j 

(cj,n+i ' s Fj,n+i) vi+i + • • • ",'(Gjtn-i" s Fj,n-i) vi-i= 0 

(5.11) 

Equation (5.11) in matrix form is given by Equation (5.12), 

[[C'] - S [F'l] [;} = 0 (5.12) 

with both [C'] and [F'] of order 2N+6 by N, where N is the 

number of points along the meridian of the shell. 

Equation (4.10) can be expanded in finite difference 

form (5.5, 5.6, 5.7, 5.8) by a method similar to that pre

viously used in the expansion of (4.9). The results are 

represented in (5.13) and (5.14). These correspond to (5.11) 

and (5.12), respectively. 
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(Cm,i+2 - S Fm,i+2) wi+2 + • +(Cm,i-Z " s 

+(Cm,n+2 ~ S Fm,n+2) vi+2 + • • • +(Cm,n-z - S Fm,n-t)vi-

[[0"] - S [F"L] | = 0 

(5.13) 

(5.14) 

The matrices [CM] and [FMJ are both of the order 

2N+6 by N, if Equations (5.9) and (5.10) are used for the 

expansion of on the boundaries. Again N is the number 
acp j 

of points used in the finite difference expansion along the 

meridian of the shell. 

Since both Equations (5.12) and (5.14) must be satis

fied for a solution to the buckling problem, the four matrices 

can be combined in the following way: 

& ]  - S P  
= 0 

or: 

[r°J -s M] = 0 (5.15) 

where the matrices [c] and [F] are of the order 2N+6 by 2N. 

For a complete formulation of the problem,.the boun

dary conditions must be considered. When the six equations 

of the boundary conditions are considered with Equations 

(5.12) and (5.14), the form of the matrices [c] and [F] will 

remain unchanged; however, their order changes. When the 

boundary conditions are included in [c] and [F], each matrix 
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becomes a square matrix of order 2N+6 by 2N+6. However, 

it is more convenient to use the relationship given by the 

boundary conditions relating displacements at the boundary 

to delete or combine columns of [c] and [F] to form square 

matrices of order 2N by 2N. It is noted that the latter 

lowers the size matrix which must be handled to make the 

calculations for the critical buckling load. 

After the boundary conditions have been accounted 

for by one of the methods previously cited, Equation (5.15) 

constitutes the statement of the problem to be solved. For 

a meaningful solution the displacements w and v must be dif

ferent than zero, which leaves Equation (5.16) as that which 

describes the buckling phenomenon. 

|[c] - S [F ] | = 0 (5.16) 

Equation (5.16) is the statement of the Eigenvalue 

problem. This equation can be transformed into a standard 

form for the Eigenvalue problem by the following method. 

Since [f] lei a singular matrix, 1/S becomes the Eigenvalue 

for the standard form of the problem. 

[ c ]  -  S  [F] • 0  

[o]  -1  [c]  - S [c]"1  [F]  *  0 .  

Therefore: 

[ i j  -  s  [c ]" 1  [F] « 0 . 

Let [C]-1 [Fj . [A] ; a non-singular matrix. 

Therefore, [ l ] - s [A] * 0 .  
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The resulting expression can be rewritten in standard 

form. If 8= l/S, and if the above equation is multiplied by 

-6, the standard form results. (14) 

[A] - 6 [I ] = 0 . (5.17) 

Either Equation (5.16) or (5.17) may be used for the solution 

of the buckling problem. Consequently, with either equation, 

a nontrivial solution requires the determinant of the coef

ficients to equal zero. Equation (5.16) being considered, 

the requirement for a solution may be represented by 

Equation (5.18). 

I [c] - S [F ] | = 0 (5.18) 

5.A COMPUTER SOLUTION FOR CRITICAL BUCKLING LOAD. 

The Eigenvalue problem lends itself reasonably well to a 

computer type solution since most computers form and handle 

matrices without difficulty. 

5.4.1 Method of Solution. Different approaches to 

the solution of an Eigenvalue are possible. The most nearly 

standard method is as follows. Equation (5.17), 

M  -  6  [ I ]  = o, 

can be written in the expanded form as follows: 

( A j _ j _  - S )  " u  

*x 

k3i 

(A„-6) 

l18 

( A  3 3  -  S )  

"in 

A*n 

kni ln2 kna * • • (Ann~ 6) 

= 0 
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The above determinant can be expanded by any standard 

method, and the results will be an n degree polynomial in 8 . 

The roots of the polynomial can then be determined for which 

the largest corresponds to the smallest buckling load and 

the lowest buckling mode. This method of solution, however, 

was not used for the example shell considered. An approximate 

method was developed which involved fewer calculations than 

the one described. This approximate method consisted of a 

trial and error approach for evaluating S as an Eigenvalue 

of Equations (5.18). This is accomplished by selecting 

various values of S and evaluating Equation (5.18). 

Rather than a random selection, a method which is 

more adaptable to the computer is to set S at a starting 

value and then to evaluate the determinant for S's that have 

been systematically incremented. This enables the vicinity 

of a root to be located by noting the values of S for which 

the value of the determinant changes sign. 

Since the problem statement contains S as an Eigen

value, the desired root is the lowest value. As the values 

of S increase from zero, the first root encountered corresponds 

to the desired solution to the buckling problem. By consider

ing the necessary calculations for the inversion of the [c ] 

matrix to obtain the standard form; the formation of the poly

nomial in 8; and the obtaining of roots to the polynomial, 

it is apparent that the approximate approach requires fewer 

calculations. 
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5.A.2 Formation of F and C Coefficients. When the 

finite difference expansions (5.5, 5.6, 5.7, 5.8) are used 

to replace the derivatives of the displacements in Equation 

(A.9) and (A.10), the resulting equations are (5.11) and 

(5.13). The F and G coefficients of the latter equation 

are given by the set of relationships, (5.19). Since the 

coefficients from Equation (5.13) form the strongest diagonal 

they will be given first, that is [C] = and [F] = F" 
F' 

Cj^+2= 1.0 + 5 A4> cot<j) 

^j,i+i = -4.0 - 10 A<J> cot<t> + A<J>Z (23 cot2 <() - 7 4 \)) 

5 

cJ,i 

4 1/2 A<f> [ 4 (\) - 4) cot<f> 4 9 cot $ ] 

8.0 - 2 A$2 (23 cot14> - 7 4V1) 

Cj,i-i = -4.0 4 10 A$ cot($ 4 a$4 (23 cot2<f> - 7 4 \)) 

- l/2 a4»S [4 (l) - 4) cotiji 4 9 cot8<J>] 

= 1.0 - 5 A$ cot<J> 

Cj ,n42 = 1/2 A4> 

Cj,n+i = * 10 + V2 [23 cot% - 7 +\) - "AXl-vO] 

Cjjtl = -20 Acot<|> + A$* [4 (\) - 4) cot$ + 9 cot% 

- "\(1 - v*) cot<|> ] 

Cjfn_x = + 10 A$2 cot^ - 1/2 a$S [23 cot*-7 + ^(1-tJ)] 

cj,n-z = -1/2 

cm,i+a = 1,0 

= -2.0 + 10 cot $ + [3 cota<|) - 2 +v> - ̂ (l-v>)] 

= -20 cot$ 

Cm^i_i = 2.0 + 10 A$ cot$ - [3 cot% - 2 4V> - X(l-V>)] 

i-2 = 1,0 



A3 

C®Tn.-2 =0 

= 2 A# CI * "LI - -:5 *\) cot# A#' 

= -4 CL + U a# * 2 A*3 IA'3"*) cct** + t1"1^ Cl+W - 2] 

= 2 A* CI * D * :_5+\) cct# A#* 

*̂,n-*i = 0 

Fj,i*l = V* CA#a * 1/2 A#3 cot#) 

Fj»i = -^A**/21 

Fjf£_1 =l/K (At* - 1/2 A#3 cot#) 

Fj.r^r = W/at 

Fj a = V* (A#* cct*) 

Fj,n-i = ~ ̂ A# /2K 

F«,i+i = W/K 

F«,i-x = " W/* 

FBfa = 2 1A#S/K (5.19) 

Because tfre fBjiession for d*v was changed at the 
d#s 

boundary, the set a£ ecsaticsis (5.20) are used for values 

of the C coefficients at the starting point on the shell 

which are dependent: npcea that derivative. For the same 

reason (5.21) represent* the affected C coefficients at the 

terminal paint an. the shell. 

cj,n-**= A# 

Cj.iwa = "3 A^ IC 41 est# - 1/2 A#® [ 23 cot*# -7*v>-"Xl-v»)] 

Cj a = 3 A# - 20 A#* est# • A#4 (*l-4) cot# + 9 cot8# 

-l(I-li) CCt#3 

Cjfa_x = -A# • 1C A#* est# - 1/2 A#9 [23 cot*# -7+t^-^l-vO ] 

(5.20) 
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Cj,n+± = A# + 10 A*2 cot* + 1/2 A<t>3 [23 cot4 <}>-7+v>- A(l-iJ)] 

Cjjtl = -3a$ - 20 a<>* cot^i + A<|>* cot<|) [4(iJ-4) + 9 cot2$-"X(l-vO] 

Cj,n-x = 3 A* + 10 A$8 cot $ - 1/2 A4>3 [23 cot2 4>-7+tJ-"K1-V>V] 

Ci n_f = - A# 
(5.21) 

5.4.3 Boundary Conditions. The boundary conditions 

considered for the example shells are those for a fixed edge 

condition which are expressed by Equation (3.29). This fixed 

edge condition was also used for the experiment. 

The boundary conditions must be expressed in finite 

difference form to be usable in the example. These expres

sions sze written for N points along the meridian of the 

shell as follows (5.22). 

w0 = 0 

v0  = 0 

WN = 0 

VN s 0 

" 1 - ^  =  0  

vN-l = 0 (5.22) 

5.4.4 Computer Program. Since generalized equa

tions (5.19v 5.20, 5.21) have been written to describe the 

coefficients which compose the two matrices of Equation (5.18), 

program can be written to evaluate the determinant 

by the left aide of Equation (5.18). The equation 

to be evaluated by the program is given by the following 

ihlp: 
| [c ]  -s  [F] | - DET. (5 .23)  
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Trial valnes of S must be used for the evaluation of 

t-rw and these values are selected in such a man

ner cast value of the determinant (DET) approaches zero. 

Tn«» floe diagram which describes the computer program 

fair (5.23) anid the boundary conditions represented 

frr. Sipat-:nrc (5.22) are shown in Figure 5.1. The actual 

program appears in Appendix A, Program No. 1. 

Tbe process of the program is described in the 

foLLowing simplified steps: 

a) The |C"J anad [F] matrices are formed from the 

relationships given by Equations (5.19), (5.20), 

and (5.21). 

b) Tbe [C] and [F] matrices are condensed by de

leting or combining columns according to the 

fixed edge boundary conditions formulated in 

Article 3.8 by Equations (3.29). The finite 

difference expressions used in the computer 

program are given by Equations (5.22). 

c) Tbe matrix [A] was determined for the relationship 

[A] - [0] - S [?'] 

for at particular value of S. 

6) Tbe sabroutioe DIAG was called which triangular-

ized tbe matrix [A] from which the determinant 

evaluated as the product of the elements on 

tbe diagonal. 
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e) Once a root was bracketed Cby the c&acge zf 

sign of the determinant) the sectisc. ct the 

trial value for S was refined ta prcdoce a 

value of S which was accurate ta rrrree signifi

cant figures. 

5.4.5 Shell Parameters. The shell parameters used 

in the solution are those determined far the experimental 

model shells. These quantities are listed as iccut data in 

Computer Program No. 1 of Appendix A and are evaluated in 

the following chapter. 
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17 

27 

GO 
TO A 

J = J+l 

START 

FE = FE+DEL 

1,22 
1,28 

C(J tN)EQ(5.21) 

C(L,K) =0 
F(L,K) =0 

READ FE, DEL,Q,T,D 

CAL. C(J,1),EQ(5.19) 

C(M,I) F(J,N) 
C(M,N) F(M,l) 
F(J,I) F(M,N) 

Figure 5.1 
FLov Diagram for Formation and Solution of Eigenvalue Problem 
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0-

GO 
TO B 

1=13,21 

1,000 

S+DELS 

READ,DELS,N 

MTRIG = 0 

B(I, J) = A(I,J+1) 

B(I ,22) = ACl.l) 

A(I,J) = C(I,J)+S*F(I,J) 

G(J , I) = C(J,1+2) 
F(J,I) = F(J,1+2) 

C(J,2) = C(J,2)+C(J,4) 
F(J,2) = F(J,2)+F(J,4) 
C(J,10) = C(J,12)+C(J,14) 
F(J,10) = F(J,12)+F(J,14) 
C(J,11) = C(J , 15) 
F(J,11) = F(J,15) 
G(J ,12) = C(J , 16) 
F(J,12) ̂  F(J,16) 
C(J,22) = C(J,28) 
F(J,22) = F (J , 28) 

Figure 5.1 (Continued) 



GO 
TO D 

GO 
TO C MTRIG 

END 

MTRIG = -I 
DETLST = DET 
SIAST = S 

GALL SUBROUTINE DIAG(N,A,DET) 

Figure 5.1 (Continued) 
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ABS( BIG-SMALL) 
~ —AfiS(bt6) 

TEST = .001 

TEST 

WRITE S 

MTRIG = 1 

GALL BM0DE(B , 21,22 ,1 ) 

GO 
TO E 

DET 

-® GO TO, IBIG (5) GO TO, IBIG CJ)~ 

BIG = S 

SMALL = S 

S = (BIG+SMALL)/2 

GO 
TO F 

Figure 5.1 (Continued) 
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DET* 
DETLST 

DET 

( WRITE S ) 

WRITE SLAST 

MTRIG o 1 

GALL BMCDE(B, 21,22,1 ) 

' GO 
TO E 

MTRIG o 1 
SMALL = SLAST 

BIG = S 
S = (BIG+SMALL)/2 
DETLST = DET 

DET 

IBIG IBIG 

GO ̂ 
TO F 

Figure 5.1 (Continued) 



SUBROUTINE DIAG,(N,A,DET) 

L = I, N 

BIG = A(L,L) 
KBIG = L 

K = L+l,N 

BIG = A(K,L) 
KBIG = L 

c\s BIG_ BIG = A(K,L) 
KBIG = L W\A(K,L)/VV 

(°) 

J = L,N 

BIG 

WRITE ZERO DET 

TEMP = A(KBIG,J) 
fc(KBIG,J) = A(L,J) 

A(L,J) = TEMP 

R = A(K,L)/A(L,L) 

Figure 5.1 (Continued) 
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0 H 

A(K,J) = A(K,J)-R*A(L,J) 

DET = A(l,l)/100 

N 

DET = DET*A(L,L)/100 

RETURN 

END 

Figure 5.1 (Continued) 



L-I 

WRITE(A(I,J),J = J1,N 

END 

L=L,M 

J=I ,N 

RETURN 

CONTINUE 

D = A(L,I) 

J1 = N-NC+1 

C = 1.0/ACI.I) 

DIMENSION A(21, 2 2 )  

A(I, J) = A(I,J)*C 

SUBROUTINE BMODE(A,M,N,NC) 

A(L,JJ) = A(L,JJ)-A(I,JJ)*D 

Figure 5.1 (Continued) 



CHAPTER 6 

EXPERIMENTAL EVALUATION OF CRITICAL 

BUCKLING LOAD FOR EXAMPLE SHELL 

6.1 INTRODUCTION. In order to investigate the ap

plicability of the theory advanced in Chapter 3 of this 

study, some experimental evaluations of the critical buckling 

load for a shell of the nature considered were performed. 

The configuration of an example shell was selected for test

ing with limitations of size dictated by the forming and 

testing equipment. The series of shells to be tested con

sisted of seven shells constructed of polyvinyl chloride 

plastic by a vacuum forming process. The actual test util

ized an Instron testing machine which simultaneously tested 

and recorded the results. 

6.2 PRODUCTION OF THE TEST SHELLS. The production 

of model shells to be tested for buckling became quite 

tedious, since even small imperfections of the slope could 

easily distort the results of tests. Tests made for buckling 

are highly dependent upon the curvature of the shell, whereas 

tests made for determination of membrane stresses or strains 
e  

that exist in a loaded shell are less sensitive to a devia

tion of the curvature. 

55 
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6.2.1 Shell Materials. The material selected for 

construction of the model shells was a polyvinyl chloride 

plastic available under the producer's trade name of 

Boltaron 6200 PVG. Boltaron 6200 PVC is manufactured by 

Bolta Products, Division of General Tire and Rubber Company. 

The test models were constructed of this particular 

plastic because: 

a) Boltaron 6200 PVC is a thermoplastic material, 

i.e., a material which when heated above room 

temperature exhibits a reduction of tensile yield 

strength and at a temperature of 150 tc 300° F 

becomes quite pliable. When the material is in 

the latter state it can be formed to various 

shapes which are retained at cooling. The thermo

plastic property allows the material to be used 

easily in a vacuum forming process. (9) 

b) The material has a stress-strain diagram which 

is similar in shape to that of concrete, a 

common material used for shell construction. 

c) The material has reasonably good properties for 

one which is adaptable to vacuum forming: 

Tensile Modulus of Elasticity = 454,000 psi (9) 

Ultimate Tensile Strength = 7500 psi (9) 

Poisson's Ratio = 0.47 (15) 

Creep Sensitivity - Low 



d) Boltaron 6200 PVC is c.jmrrterc. lal 1 y available in 

sheets that, are of a relatively uniform thickness 

and can be cut and handled during the forming 

operation wi thoat difficulty 

Boltaron 6200 PVC is probably one oi trie most conunon

ly used materials for the vacuum forming of models; conse

quently, quite extensive st udies have bee:, made of t lie material 

properties and behavior during forming. Because of experiences 

gained in past extensive studies, one by W. A. Li tie (9) at 

M.I.T., and a second by D. E. Milks (15) at the University 

of Arizona, this type material may be used without: extensive 

tests to evaluate material properties ar.d vacuum forming 

technique a. 

6.2.2 Shell Parameters. The shape of the test shell 

is somewhat undefined; therefore, Equation (4 . 1) can be con

sidered for use in determining the particular shape to be used. 

denoted  by Q. Since 2/a* is a constant S/P must also be a 

constant with a unique value for each shell defined by 

Equation (4.1). The value of S/P was arbitrarily taken as 

0.88183, with a = 1.5" and b - 9.5", This corresponds to a 

shell of 19" diameter at: the base, and 3" diameter at the 

crown- This shell has an internal stress of approximately 

z  = Pa1 fcosh"1 - cosh"1 

For  a  particular shell is a constant, wtiich wtis previously 
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6.2.3 Construction of Shell Hold For defining the 

shell surface a computer program was written to evaluate 

Equation (4.1) for the "a", "b" and S/P values selected for 

the test: shell. This program, which is listed in Appendix A, 

Program No. 2, evaluates the z coordinate and the change of 

z (Az) for radius values beginning with "a" and being incre

mented to R equals b. Three different size increments were 

used, 0.002", 0.004" and 0.006", making it possible to use 

relatively constant increments of L ?. in the construction of 

the mold of the model shell. 

The actual shell production was carried out on a 

vacuum forming machine (Figure 6.5). This necessitated the 

previous production of a mold of the exact shape of the sur

face desired and made of a material that could withstand the 

temperatures encountered in the forming process. The con

struction of the mold was carried out in two phases. 

First Phase: This phase was a process of construct

ing • mold of the general shape of the desired surface with 

a surface material that could be machined to the exact 

dimensions. The mold was made of three layers - each of a 

different material.. The base was a 20" diameter piece of 

3/4" thick plywood, the second was a layer of plaster of 

paris so shaped that it was close to that of the desired 

surface, and the third was a layer of epoxy resin and fiber

glass built up to an approximate thickness of one-quarter 

inch. A sketch of the apparatus for the construction of the 



HANDLE TO ROTATE • 
SHAFT AND BLADE 

U 

L 

VU5 

RIGID BRACKET 

1^"* SHAFT 

BLADE 

RIGID BASE PLATE WITH 
BRASS BUSHING 

FIGURE 6.1 

APPARATUS FOR CONSTRUCTION OF BASE MOLD 
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basic mold and a sketch of a section through the mold are 

shown in Figure 6.1 and Figure 6.2, respectively. 

The basic mold was made by putting wet plaster of 

paris into a box and rotating a blade, as shown in Figure 6.1. 

The desired shape was so obtained prior to initial set. This 

process was repeated until the resulting surface of revolu

tion conformed sufficiently to the curve of the blade. The 

blade or template was cut to a shape that corresponded, to 

the curve of the meridian of the selected shell surface. 

When the surface of the plaster of paris obtained 

the desired uniformity, the center shaft of the forming ap

paratus was removed leaving the core of the mold in the box 

container. Epoxy and fiberglass were applied to the surface 

in layers until an approximate thickness of one-quarter inch 

was obtained. The mold, including the bottom of the box 

EPOXY - FIBERGLASS LAYER 

PLASTER OF PARIS 

PLYWOOD HOLE LEFT BY SHAFT 

FIGURE e.a 

SECTION THROUGH SHELL MOLD 
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which served as a base for the finished mold, was then trimmed 

to 20" diameter and the edges were coated with epoxy and fiber

glass similar to the coating of the top surface. The result

ing base mold is illustrated in Figure 6.2. 

Second Phase: The second phase consisted of machin

ing the exact shape of the test shell from the basic mold 

constructed in the first phase. Since the surface was one 

of revolution the finished mold was turned on a lathe. The 

accurate surface was obtained by utilizing the output from 

the computer program for evaluation of Equation (6.1), as 

offset readings for the turning operation. To obtain the 

exact surface the first cutting of the shell was made with 

1/16" increments of radius. In addition, the shell surface 

was cut below the actual finish surface for this first rough 

cut. The ribs remaining after the rough cut were eliminated 

by hand finishing with sandpaper and a rasp. The surface 

was then re-coated with epoxy of approximately one-eighth 

inch thickness, which resulted in an exterior surface of 

epoxy without fiberglass that could be machined to very close 

tolerances. The final cutting increments used for the finish 

cut were also obtained from the computer output for evalua

tion of Equation (6.1). The increments of the radius aR were 

selected such that the change of z (Az) did not exceed 0.002M. 

Upon completion of this finish cut the ribs - approximately 

0.002" in height- were removed by hand finishing, which resulted 

in a finished surface for the molding of the model shells. 
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After the finished mold was 

completed the accuracy of the 

curvatures was checked. The 

check was made with an impro

vised measuring device, il

lustrated in Figure 6.3 

which utilized a standard 

0.001" Ames Dial Gauge. The 

radius of curvature and the 

curvatures along the meridian 

were determined from the re

lationship given by Equation 

( 6 . 2 ) .  

Curvature Measurement Device 

rx = A* + 0.25 (6.2) 

2 A 

r;j_ - Radius of Curvature 

A - Difference in Elevation of Pointers 
and Dial Gauge. 

Equation (6.2) was derived by assuming that the 

segment of the curve between the pointers of the measuring 

device was a circular arc. This assumption did not intro

duce an appreciable error since the gauge length was only 

one inch. The evaluation of the curvatures of the shell 

mold is shown in Table 6.1. 

Figure 6.3 
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To compare the values given in Table 6.1 the theoreti

cal curvatures were calculated from the following relation

ships based on Equation (A.2) and Equation (4.5) which were 

previously derived. 

R = 1 
Q sin$ (4.5) 

r'i = - R 
s in$ (4.2) 

R I  = -  L 
Q sin $ 

* =  t a n  (vq* R b  - 1.0 ) 

I # 
rx = Q sin • (6.3) 

The results of the evaluation of Equation (6.3) are 

presented in Table 6.2. 



R A ri 
1/r, 

2.0 in. 0 . .0385 in. 3 . .395 in. 0.253/i 

2.5 0 , .0248 5 . . 100 0 . 196 

3.0 0. .0180 6. 960 0.1436 

3.5 0, .0125 10. ,000 

o
 

o
 

r*~
t o
 

4 .0 0, .0105 11 . .92 0 .0838 

4.5 0, .0062 18, .95 0.0528 

5.0 0. .0070 17 , .89 0.0560 

5.5 0. .0062 18, .95 0.0528 

6.0 0 .0042 29 . .80 0.0346 

6.5 0 .0040 31 .30 0.0320 

7.0 0 .0033 37 .90 0.0264 

7.5 0 .0033 37 .90 0.0264 

CD
 
o
 

0 .0023 54 , .40 0.0184 

GO 

0 .0027 46 .30 0.0216 

9.0 0 .0018 69 .50 0.0144 

Table 6.1 
Experimental Curvatures 

in the Meridian Direction 
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R * r l l/rx 

2.0 in. 39 . 63° 3 . 13 in. . 318939''in 

2.5 30. 68 4 . 89 .204121 

3.0 25 . 16 7 . 05 .141750 

3 . 5 21 . 37 9 . 60 .104143 

<i.O 18. 59 12 . 54 .079734 

4 . 5 16. 4 6 15 . 87 .063000 

5.0 . 14. 78 19*. 59 .051030 

5.5 1 3 . 41 23 . 71 .042173 

6.0 1 2 . 27 2B . 21 .035437 

6.5 11 . 31 33 . 11 .030195 

7.0 10 . 50 38 . 40 .026035 

7 .5 9 . 79 44 , .09 .022680 

o
 

CO 

9. 17 50. 16 .019933 

8.5 8. 63 56. 63 .017657 

9.0 8. .14 63. ,49 .015750 

Table 6.2 
Theoretical Curvatures 

in the Meridian Direction 

The two sets of values for curvature can be compared 

by considering the variation between the actual and theoreti

cal curvatures. However, for a realistic comparison it 

should be realized that the error introduced by inability to 

read the curvature measurement device accurately beyond 



K> 20% 
X VARIATION 

MERCHAN Or 

3.0 4.0 5.0 6.0 7.0 

% VARIATION = C ** ~ ^ 00 

THE LEAST COUNT ON Ae 

CORRESPONS TO 3.33% VARIATION 

A,- EXPERIMENTAL A 

Ac" CALCULATED A 

t * 0.02975 IN. 

FIGURE 6.4 
COMPARISON OT CURVATURE VARIATION 
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0.001" was multiplied many times in the calculation of the 

curvature from these readings. Thus, one reasonable com

parison was made by considering the dial reading that would 

be required to obtain the theoretical curvature values. The 

calculated dial readings were compared with actual readings 

which, in turn, were represented as a percentage of the thick

ness of the material used in the forming operation. Figure 6.A 

shows these results in a graphic form. Compared to the thick

ness the largest variation in the dial gauge readings was 

slightly greater than six percent at a non-critical point in 

the shell, with a maximum of 5.7 percent in the more critical 

region. This variation was no larger than errors that could 

be developed in a good forming operation. 

6.2.A Construction of 

shells. The shell construction 

began upon completion of the 

finished mold. The production 

of the model shells was based 

on a vacuum forming process 

utilizing the Comet vacuum 

forming machine shown in Figure 

6.5. Before the forming began 

the mold had to be placed or. 

the base platform of the vacuum 

former. For the most succesa-

, , . , , Figure 6.5 
ful operation the following Vacuum Forming Machine 
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preparations were made prior to the forming. 

A cylindrical-shaped container was cast from sulphur, 

which was approximately 22" inside diameter, 3/4" thick and 

A" in height. Adjustment screws were, put into the plywood 

base of the mold to allow air flow around and under the 

mold during operation since the vacuum was applied through 

a single hole in the center of the base platform of the 

vacuum former. In addition, the adjustment screws could be 

used to adjust the elevation of the mold with respect to the 

cylindrical container. The mold was placed inside the 

cylinder and adjusted so that there was approximately 1" 

between the outer edge of the mold and the cylinder. The 

cylinder extended approximately 3/4" above the elevation 

of the outer edge of the mold. This combination formed 

three sides of a vacuum chamber with the shell mold extending 

out of the fourth side. The resulting chamber with slight 

refinements at the edge of the mold is shown in Figure 6.6. 

The frame which held the plastic while it was being 

heated and formed had the dimensions 36" x 30", which re

quired a piece of plastic this size for each operation. 

Therefore, in order to conserve material and to form a better 

seal over the vacuum chamber with the pliable plastic, a filler 

was made to reduce the size of the holding frame. Figure 6.7 

shows the filler after being placed in the normal holding 

frame. The stops on the holding frame were adjusted so that 

the elevation of the outer edge of the plastic in the lowered 



Figure 6.6 
Shell Mold 

in Vacuum Former 

Figure 6.7 
Ilnf ormed P1 <i s t i c 
in Hoiding Rinp 

Figure 6.8 
Pliable Plastic Before 
Application of Vacuum 

Figure 6.9 
Formed Shell After 

Application of Vacuum 
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frame was approximately 1" below t he t op elevation of the? 

cylinder of the vacuum chamber. 

Witt', t. he mol;l an I -*ar uuin former adequately prepared, 

the actual forming oper at ion ccn.'» i st ed of the five following 

basic steps: 

1. The plastic was cut arid clamped to the filler 

in the holding frame as shown in Figure 6.7. 

2. The heating element moved over the holding 

frame heating the plastic the desired duration 

end intensity. 

3. The holding frame was lowered, sealing the top 

of the vacuum chamber with the pliable plastic. 

This stage is illustrated in Figure 6.8. 

4. The vacuum was applied to the vacuum chamber, 

which forced the softened plastic to conform to 

the shell mold, as shown in Figure 6.9. 

5. The vacuum was maintained until the plastic had 

cooled sufficiently to retain the new shape, at 

which time the holding frame was raised to the 

nonnal posit ion for the removal of the shell. 

Figure 6.10. 

A typical shell as those removed from the vacuum 

former is shown in Figure 6.11. 



7 2  

Figure 6.10 
Untrimmed Shell 

Figure 6.11 
Typical Shells 
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The forming techniques are unique to each vacuum 

former and material used in the forming operation. The 

techniques are dependent upon t tie temperature to which the 

forming, material is heated before being applied to the form 

and the height of the cylinder which forms the vertical 

sides of the vacuum chamber above the outer edge of the mold. 

For the particular machine used, the temperature was regulated 

by a combination A the fell owing controls: first, the heat 

intensity as a percentage of the maximum heating capacity 

of the machine; and second, the duration of application of 

heat tc the forming material. The values of the controls 

are generally determined through a tria1-and-error procedure. 

The height of the cylinder was used at the elevation previously 

stated and no change was found necessary for good results. 

In addition, the following combination of heat intensity and 

duration vacuum time and set time proved to be most satisfac

tory for that particular operation. 

Heat intensity - 50% capacity 

Heat duration - AO seconds 

Vacuum time - 10 seconds 

Set time - 10 seconds (15) 

The shells for testing were produced using these 

conditions controlling the vacuum forming process. 

6.2.5 Thickness Variation of Shells. Since the 

surface area of the resulting shells was greater than the 

area of the sheet of plastic from which it was formed, the 



thickness of the material in the shell produced differed 

from that of the original sheet of plastic. In addition, 

the stretching of the material was not uniform which was 

evident from observation of the forming operation. The 

thickness variation resulting from the stretching effect 

was not expected to be great enough to affect the buckling 

mode; however, thickness measurements were made to determine 

the variation. 

To obtain the thickness measurements the device il

lustrated in Figure 6.12 was constructed. The device con

sisted of a 3/4" diameter steel rod with one end machined 

to a point, bent into a U-shape with an Ames 0.001" dial 

completing the closure. The shell thickness measurements 

were taken by sliding the shell between the dial gauge stem 

and the point of the U rod. Figure 6.13 shows the method 

of taking the measurements. 

For thickness measurements, four points ninety 

degrees apart along a circumference, defined by R = constant, 

were selected as measurement points. Also, the circumferences 

were varied by incrementing R in 1/2" steps from R = 2.0" 

to R = 8.5". The results of the thickness measurements are 

presented in Tables 6.3 through 6.9. 
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R\^9 0° 90° 180° 270° 

2.0 28.0 * 28 o 5 28.0 29.52 
2.5 28.5 29.0 29.0 28.75 
3.0 29.0 29.0 29.0 29.0 
3.5 29.0 29 .5 29 .,0 29.0 
4.0 28.5 29.5 28.75 29.0 
4.5 28.75 29.5 29.0 29.0 
5.0 29.0 30.0 29.0 29.0 
5.5 29.0 30.0 29.0 29.0 
6.0 29.0 30.0 29.5 29.5 
6.5 29.0 30.0 29.5 29.5 
7.0 29.5 30.0 29.75 29.5 
7.5 29.5 30.0 29.5 29.5 
8.0 29.5 30.0 29.5 29.5 
8.5 29.0 30.0 29.0 29.25 

Table 6 .3 
Thickness Measurements of Formed Shells 

Shell No . 1 

0° 90° 180° 270° 

2.0 27.5 28.5 27.5 28.0 
2.5 28.0 29.0 28.0 28.5 
3.0 28.0 29.0 28.5 29.0 
3.5 28.0 29.5 29.0 29.0 
4.0 28.5 30.0 29.5 29.0 
4.5 28.0 30.0 29.5 29.0 
5.0 28.0 30.0 29.5 29.0 
5.5 29.0 29.5 29.5 29.0 
6.0 28.5 30.0 30.0 29.0 
6.5 28.0 30.0 30.0 29.0 
7.0 28.0 30.0 30.0 29.0 
7.5 28.0 30.0 30.0 29.0 
8.0 28.0 30.0 30.0 29.0 
8.5 28.0 29.5 30.0 28.0 

Table 6.A 
Thickness Measurement of Formed Shells 

Shell No. 2 

* t = C ) x 10* in. 



R\ 0 0° 90° 180° 270° 

2.0 28.5 28.5 29.0 28.0 
2.5 29.0 29 .5 29.5 28.5 
3.0 29.5 30.0 29.5 28.5 
3.5 29 .5 30 .0 29.5 29.0 
4.0 30 .0 30 .0 29 .5 29.0 
A .5 30.5 30.0 29.0 28.5 
5 .0 30.0 30.0 29.0 28.5 
5.5 30 .0 30.0 30.5 29.0 
6.0 30.0 30.5 30.0 29.0 
6.5 30 .0 30 .0 30.0 29.0 
7.0 30.0 31.0 30.0 29.5 
7.5 30.0 30 .5 30.0 29 .5 
8.0 30 .5 30 .5 30.5 29.5 
8.5 30.0 30.5 30 .5 29.5 

Table 6.5 
Thickness Measurements of Formed Shells 

Shell No. 3 

180 270 90 

2.0 27 .5 27.0 28.0 27.0 
2.5 28.0 27.5 28.5 27.5 
3.0 27.0 27.5 29.0 28.0 
3.5 28.0 28.0 29.0 28.5 
4.0 28.5 27.5 29.0 29.0 
4 .5 28.5 28.0 29.0 29.0 
5.0 28.5 28.0 29.0 29.0 
5.5 29.0 28.0 29.0 28.5 
6.0 29.0 28.0 29.0 28.0 
6.5 29.0 28.0 29.0 30.0 
7.0 29.0 28.0 29.0 29.0 
7.5 29.5 28.5 29.5 29.5 
8.0 29.5 28.5 29.5 29.0 
8.5 29.0 28.5 29.5 29.0 

Table 6.6 
Thickness Measurements of Formed Shells 

Shell No. 4 



180 270  90  

2 .0  29  . 0  29 .0  27  . 5  29  . 0  
2 .5  29 .0  29 .0  28  . 0  29  . 5  
3 .0  30 .0  29 .5  28  . 0  29  . 5  
3 .5  29 .5  29  . 5  29  . 0  29  . 5  
4  . 0  30 .0  29 .5  28  . 0  30  . 0  
A .5  30 .0  30 .0  29  . 0  30  . 0  
5 .0  30 .0  30 .0  29  . 0  29  . 5  
5 .5  30 .0  30 .0  29  . 0  30  . 0  
6 .0  30 .0  30 .0  30  . 0  31  . 0  
6 .5  30 .5  30  . 5  31  . 0  30  . 5  
7 .0  30 .5  31 .0  30  .  5  30  . 5  
7 .5  30 .5  30  . 5  30  . 5  30  . 5  
8 .0  30 .5  30 .5  30  . 0  30  . 5  
8 .5  30 .5  31 .0  30  . 0  30  . 5  

Tab le  6 ,  ,  7  
Th ickness  Measu remen t s  o f  Fo rmed  She l l s  

She l l  No .  5  

270  180 90  

2 .0  27  . 0  28 .0  28  . 0  27  . 0  
2 .5  28 .0  28 .0  28  . 0  27  . 5  
3 .0  29 .0  28 .5  28  . 0  28 .0  
3 .5  29 .0  29 .0  29  . 0  28 .5  
4 .0  28 .0  30  . 0  29  . 5  28 .5  
4  . 5  28 .0  30  . 0  30  . 0  28 .0  
5 .0  29 .0  29 .5  30  . 0  28 .0  
5 .5  29  . 5  29 .5  29  .  5  28 .5  
6 .0  29 .5  29 .0  29  . 5  29 .0  
6 .5  29 .5  29 .5  30  . 0  29  . 0  
7 .0  29 .5  30 .0  30  . 0  29 .0  
7 .5  29 .5  30  . 0  30  . 0  29 .0  
8 .0  29 .0  30  . 0  30  . 0  29 .0  
8 .5  29 .0  29 .5  30  . 0  28 .5  

Table 6.8 
Thickness Measurements of Formed Shells 

Shell No. 6 
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180 90 270 

2.0 28 . ,0 28.0 28. .0 28.0 
2.5 28, .5 28.5 28, .0 28.0 
3.0 29. ,0 29 .0 28, . 5 28.5 
3.5 29 .5 29 .5 29. ,0 29 .0 
4 .0 30, .0 30.0 29, .0 29 .5 
A .5 30 .0 29.5 29 .0 29.5 
5.0 30 .0 29.0 29 .0 30.0 
5.5 30, .0 29.0 29 , .0 30 .0 
6.0 30 .0 29.5 29 .0 30.0 
6.5 30 .0 30.0 29 .0 30.0 
7.0 30 .0 30.0 29 .5 30.0 
7.5 30 .5 30.0 29 .5 30.0 
8.0 30 .0 30.0 29 .5 30.0 
8.5 30.0 30 .0 29 .0 30.0 

Table 6.9 
Thickness Measurements of Formed Shells 

Shell No. 7 

The results from the thickness measurements in

dicated a relatively uniform thickness was obtained with 

the forming operation used. Overall the maximum varia

tion of thickness did not exceed 10 percent of the maximum 

thickness of the formed shell. In fact, the maximum varia

tion occurred near the crown of the shell where the maximum 

curvature existed and where the formation of the buckle was 

extremely unlikely and in fact did not occur. 

Since the buckling phenomenon is dependent upon 

the radius of curvature as well as the thickness, it is not 

reasonable to use a simple mean value of the measured thick

ness of the model shells. The solution existing at the 
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present time for the buckling of spherical shells can be 

written in the following general form: 

z 

where C - constant 

R - radius of curvature 

t - thickness of the shell. 

The above form of the equation is not only applicable to 

closed spheres but can be used for various boundary condi

tions, as well as stiffened or unstiffened shells. (8) 

It would appear from the above expression that the 

factor which describes the critical buckling is t/R. With 

this reasoning the smallest value of t/R should correspond 

to the critical condition. For the example shell considered 

R is not constant and the smallest value of t/R occurs at 

the outer boundary of the shell. For an average thickness 

value of the seven shells tested the minimum ratio is given 

by the following: 

tave = 29.75 at R0 = 7.5" to R0 = 6.0" 

t/R = 0.000785 

The value of t at this critical point will be used for the 

numerical evaluation of the buckling since the solution is 

sensitive to the thickness. 

6.3 BUCKLING TESTS OF EXAMPLE SHELLS. Seven shells 

were constructed and measured by the procedures described in 
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the last two articles. However, prior to conducting the 

buckling tests, the boundary conditions, test apparatus and 

test variations were considered. 

6.3.1 Boundary Conditions. Initial plans were to. 

use a simply supported hinge type boundary at both the crown 

and the outer boundary. However as preliminary tests were 

conducted it became evident that the precision to which the 

shells could be trimmed at the outer boundary and at the 

crown was not sufficient to permit use of that type support. 

As a result, both boundaries were fixed for the test series. 

The fixation at the two boundaries was achieved by 

different methods. The fixed condition at the crown presented 

little or no problem and was achieved by inverting the shells 

and pouring an epoxy cap approximately 3/0" thick in the 

crown. The cap not only allowed no rotation of the shell 

at the crown but provided a relatively rigid region over 

which the loading of the shell was applied. Figure 6.14 

•hows the arrangement of the epoxy cap at the crown of the 

shell. 

On the other hand, the fixation at the outer boundary 

was much more difficult to achieve than the condition at the 

crown. Figure 6.15 shows the resulting clamp used at that 

boundary. The problems arose at the outer boundary in 

construction of a clamping arrangement that did not change 

the configuration of the shell. The steel ring shown in 
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Figure 6.15 was initially constructed as the simple support 

for the shell at that boundary, and since that type of 

support proved unsatisfactory the steel ring provided an 

excellent base for the resulting clamp. The shell surface 

in the region of contact between the clamp and the shells 

was obtained by the following method. After a formed shell 

had been trimmed, it was placed over the original mold, and 

the upper clamping ring was cast from epoxy. This ring 

conformed to the shell surface on its base, providing the 

desired clamping surface. Construction of the clamping 

arrangement was completed by putting the upper epoxy ring 

into the steel ring, after coating it with a bond breaker, 

and casting the lower epoxy ring to fill the space between 

the upper epoxy and the steel rings. The casting was made 

by putting the steel ring into a lathe, clamping the upper 

epoxy ring in place, then pouring the lower epoxy ring 

with the arrangement rotating such that the centrifugal 

force caused the fluid epoxy to fill the desired region. 

After the epoxy had cured, the interior face of the rings 

was trimmed forming a uniform, known dimension of the 

clamp. Even though the clamping arrangement (Figure 6.15) 

was rather difficult to construct it provided an accurate, 

rigid and stable support for the outer boundary. 
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6.3.2 Testing Apparatus. The buckling tests were 

conducted using an Instron testing machine, as shown in 

Figure 6.16. The nature of loading applied to the shell, 

a concentrated load at the crown, made possible the use 

of a conventional loading machine. 

The Instron's ease of operation and data recording 

equipment made the test operation, including the taking of 

the proper data, a simplified process. The tests were con

ducted to determine the load for which buckling impends. Since 

the Instron loads with a constant speed of the loading head 

Figure 6.16 
Instron Testing Machine 
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and records continuously the head motion vs. the load, a 

graphic representation of the crown displacement vs. the 

load on the shell was obtained for loads ranging from zero 

up to and beyond the critical buckling load. The chart 

obtained from these tests was used to evaluate the results. 

6.3.3 Test Variations. Different rates of loading 

were evaluated prior to the conduction of tests for the 

evaluation of the buckling load. The purpose of this varia

tion was to assure that the rate of loading did not affect 

the resulting critical load. The test series used was con

ducted at a loading rate of 0.05" displacement of the load

ing head per minute. Using the same shell and boundary con

figuration, tests were conducted at rates of 0.01M to 0.1" 

per minute with no apparent change in the results. Therefore, 

it was assumed that the rate of loading in the ranges used 

did not affect the resulting critical buckling loads. 

6.3.A Test Results. The buckling tests for the 

seven shells were conducted with the boundary conditions and 

rate of loading described in the previous articles. Figure 

6.17 shows a typical- shell being tested with the load 

slightly greater than the buckling load for that particular 

shell. As stated in Article 6.3.2, the data taken from the 

tests were in graphic form and are presented in Figures 

6.18 through 6.24. 
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Figure 6.17 
Typical Shell at Buckling Load 

It becanes apparent upon examination of the load-

displacement curves that each curve is similar in shape, 

with an essentially linear region as the load is initially 

increased from zero to approximately 0.8 of the critical 

load. The existence of the latter region in each case 

indicates that the support conditions were consistent and 

the linearity is a strong indication of non-slippage at 

the outer boundary clamp. 
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CHAPTER 7 

COMPARISON OF EXPERIMENTAL AND NUMERICAL 

SOLUTIONS FCR EXAMPLE SHELLS 

7.1 INTRODUCTION. In the twc previous chapters 

independent methods of solution for the critical buckling 

load for a particular constant stress shell of revolution 

were presented. These two solutions were obtained for the 

verification of the theory advanced in the earlier chapters 

of this study. Comparisons of results from the different 

solutions, are made in this chapter. 

7.2 RESULTS FRCM NUMERICAL SOLUTION. The formula

tion of the governing equations was made in Chapter 4. The 

method and necessary relationships for a numerical solution 

were presented in Chapter 5. The additional information 

needed to complete the evaluation of this solution in the 

form of a computer program is the insertion of the shell 

parameters of the example shells tested. These parameters 

provide the input data for the computer program and are 

given by the following: 

Input Main Program 

Computer Equations Numerical 

FE - 4 (Initial)* 0.16536361 
DEL = Afc = 0,084774656 
Q = Q = 0.78384811 
T - h = 0.02975 
D = D = 1.278786 

94 
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Input - Subroutine 

DELS = AS = 0.25 
N = 22 

The input data for the main program was previously 

determined in Chapter 6 with the exception of the evaluation 

of the a<t> increments. The change of angle A $ was determined 

by fixing the number of points, about which the finite dif

ference approximations were expanded, along the shell meridian 

used for the solution. Eleven points were selected, cor

responding to ten equal changes of angle of the radius of 

curvature between the outer boundary and the crown of the 

shell. 

On the other hand, the input data for the subroutine 

are only indirectly dependent upon the particular shell 

considered. The subroutine evaluates the determinant of 

the matrix for incremented trial values of the Eigenvalue 

(S). DELS is the increment used for successive values of 

S, and N is the order of the square matrix of which the 

determinant is to be taken. More detailed discussion of 

the mechanics of the computer solution is given in Appendix B. 

As is the case for a more familiar buckling phenomenon, 

such as the Euler column buckling, the lower buckling loads 

are those of most interest. Consequently, only the lower 

Eigenvalues are considered. 
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Using the input data listed in the computer program 

developed for the example shell the first four Eigenvalues 

were obtained. 

S = 4.244 
S = 6.168 
S = 14.461 
S = 23.984 

Since the quantity of interest is the lowest value 

of S, no attempt was made to present the remaining Eigen

values, which were not of particular value for this solution. 

In addition to obtaining the critical buckling loads 

from the computer program, the modes corresponding to each 

of the loads were obtained. The first four of these modes 

are presented in Figures 7.3 through 7.6. One point that 

might be of interest is the number of small wrinkles that 

appeared for the lower predicted buckling modes. This 

occurence is reasonable when considering the increased 

stiffness of the shell near the crown. A physical inter

pretation of these modes can be made by using a beam on an 

elastic foundation analogy. Consider a fixed end beam on 

a varying elastic foundation as illustrated in Figure 7.1. 

The anticipated buckling mode for this case has a 

shape similar to that shown in Figure 7.2. (2) 
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ax 

Figure 7.1 
Beam on a Varying Elastic Foundation 

Figure 7.2 
Typical Buckling Mode for Beam 
on a Varying Elastic Foundation 
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This shape, in general, corresponds to the meridian 

of the shell in the primary buckled configuration as 

illustrated in Figure 7.3. 

The circumferential elements of the buckled shell 

produce an effect on a strip along the meridian analogous 

to that of a varying elastic foundation on a beam. The 

variation of the elastic constants can be compared to the 

increased stiffness produced by an increasing curvature, 

since the circumferential elements restrain a meridian strip 

with a force proportional to their curvatures. 

This analogy not only tends to support the analytical 

prediction of the critical buckling mode but can possibly add 

insight to the physical concepts of the buckling phenomenon. 

The number of wrinkles seem to decrease for the 

higher buckling modes; however, it is suspected that this 

apparent reduction does not in reality occur. Since the 

higher buckling modes are at a higher energy level, an . 

increase in wrinkles, rather than a decrease, would be 

anticipated. This could be the case but not be apparent 

due to the coarseness of the finite difference grid near 

the outer boundary. The dotted lines shown in Figures 7.5 

and 7.6 indicate possible buckling modes which would be 

compatible with both the analytical predictions and the 

increased energy level concept. 



FIGURE 7.3 

BUCKLING MODE CORRESPONDING TO Scr=4.24-4 



FIGURE 7.4 

BUCKLING MODE CORRESPONDING TO Scr= 6.168 
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FIGURE 7.5 

BUCKLING MODE CORRESPONDING TO Scr=l4.46l 



FIGURE 7.6 

BUCKLING MODE CORRESPONDING TO Scr= 23.984 
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7.3 RESULTS FROM EXPERIMENTAL SOLUTION. The 

procedure for obtaining experimental results was described 

in detail in Chapter 6. The total load on the crown of 

the shell at buckling was evaluated from the load-displacement 

curves shown in Figures 6.18 through 6.24. The critical 

values of load were taken corresponding to the point of 

zero slope (a maximum) for each shell. 

Shell No. Total Load on Crown 
1 47.00 lbs. 
2 39.25 
3 44.75 
4 43.40 
5 45.25 
6 41.00 
7 42.10 

Since there was no apparent correlation between the 

thickness and the critical buckling load, the above values 

were averaged to obtain a single value, 

pexp = *3.25 lbs. , 

to be used for comparison of the different solutions. 

7.4 COMPARISON OF SOLUTIONS. For comparison of the 

experimental and theoretical results presented in the previous 

articles the results must be put into the same form. 

Considering the experimental results in the form 

obtained, total load on the crown of the shell, relationships 

must be used to change the total critical load to a uniformly 

distributed critical load on the crown and then to the 

internal stress S at buckling. The average value for the 

distributed load on the crown can be found by dividing the 
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total load by the area of." the rigid cap. Since the ratio 

of S/P is a constant for this particular shell an average 

value of the internal stress S for the experimental case 

can be calculated by the following relationship. 

Ave. Sexp = P Tave (0.081.03) 

^  c  a  p  

Ave. SCXp = 5.39 lbs. per in. 

In addition, the average internal stress for the experimental 

case can be calculated by dividing S by the thickness of 

the shel 1 . 

Vxp 186.3 pKi 

The numerical results were obtained in the form 

previously derived for the experimental solutions and can 

also be converted into stress. 

^ n u m  =  4 . 2 4 4  l b s .  p e r  i n .  ,  

and the corresponding stress is 

vnuir. = 142 • 6 P«i 

The results frctn the. two methods of solution could 

be compared by a number of rat: hods , however a direct com

parison will possibly be the most meaningful. 

Experimental Numerical 

S 5.39 lbs/in 4.244 lbs/in 
V 184.3 psi 142.6 psi 
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Also the following relationship can be written for 

the example shell considered. 

Snum = a-7™ Sexp 

The above results indicate a conservative result 

when a numerical solution to the analytically derived equa

tions is used to predict the critical buckling load for a 

shell of the nature considered. 

The method of solution of the prediction equations 

possibly contributes to the conservative results previously 

indicated. It is probable that the use of finite difference 

expressions to approximate the derivatives at discreet points 

along the meridian of the shell tended to produce a lower 

bound solution to the governing equations. This is based 

upon the various column buckling loads resulting from con

centrated load approximations for a uniformly distributed 

load. For this case, as the approximations are refined, 

the corresponding buckling loads approach the buckling load 

of a column with a uniform lateral loading from below. This 

type effect is also anticipated for a similar approximation 

used in the prediction of critical buckling loads for a shell. 

It should be noted that the shell selected for 

comparison of experimental and theoretical results was of a 

flat configuration and a symmetrical buckling mode was 

anticipated. The load was essentially applied on a horizontal 

plane. This method of application of the load partially 

restricts the crown of the test shell from rotating, 
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consequently reducing the possibility of developing an 

unsymmetrical buckling mode. It is very possible that a 

non-symmetrical mode of failure could produce a lower value 

of the critical buckling load for both the theoretical 

prediction and the experimental evaluation. 

While the shells were being tested it was not 

possible to compare the predicted buckling mode with that 

of the test shell other than by visual inspection. At the 

instant of buckling, as indicated by the load measurement, 

there was no visual evidence of buckling. However, as the 

vertical displacement of the crown was increased buckles 

began to appear. The initial buckles appeared to have a 

shape somewhat similar to that predicted for the lowest 

load, with the exception that some unsymmetrical effects 

appeared soon.after the buckles became evident. Under the 

conditions of testing the buckled shape continued to change 

and it was not possible to accurately evaluate the experi

mental buckling mode. 



CHAPTER 8 

SUMMARY AND CONCLUSIONS 

8.1 SUMMARY. The purpose of this dissertation was 

to develop a satisfactory method of analytically predicting 

the critical buckling load for a constant compressive stress 

shell of revolution subjected to an axially symmetrical 

loading which produced a symmetrical buckling mode. This 

was reported in the following five basic parts. 

a) Development of a General Theory. 

A general theory for the constant stress shell of revolution 

was developed by an elasticity approach involving equilibrium. 

This approach considered the infinitesimal displacements of 

a surface in the deformed state for the development of the 

equilibrium expressions. Since the solution of the general 

case did not appear to be feasible the general equilibrium 

equations were simplified by the application of a symmetry 

condition. After the reduced equilibrium equations were 

combined with appropriate boundary conditions, the buckling 

prediction equations for an axially loaded constant com

pressive stress shell of revolution were produced. 

b) Application of the General Theory to a 

Particular Shell. 

The example shell considered was a shallow one whose 

107 
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meridian was defined by a hyperbolic cosine function. This 

produced a shell of negative Gaussian curvature. The 

buckling prediction equations were formed using the geometry 

for this particular shell. 

c) Numerical Evaluation of the Critical Buckling 

Load for the Example Shell. 

The equations which resulted from the application of the 

theory to the example shell were a set of two ordinary 

differential equations which were written in terms of the 

displacements of the surface. A numerical approximation 

was used to solve these since the equations were not of a 

form for which a closed form solution was known or could 

easily have been produced. The equations together with 

the proper boundary conditions were expanded in finite dif

ference form and were applied at eleven points along the 

meridian of the shell. The set of algebraic homogeneous 

equations that resulted constituted an Eigenvalue problem. 

Since the Eigenvalue problem was not in standard form, and 

since rather lengthy numerical work would have been required 

to obtain this standard form, a trial-and-error procedure 

was used for the solution. For four of the lower Eigen

values, the buckling modes were also obtained. The numerical 

operations were carried out through the use of a digital 

computer. 
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d) Experimental Evaluation of the Critical 

Buckling Loads for the Example Shell. 

To evaluate the prediction resulting from the theory a series 

of model shells were constructed and tested. Seven shells 

were constructed from polyvinyl chloride using a vacuum forming 

process. These shells were loaded in a horizontal plane beyond 

the buckling point and the critical load was determined. 

e) Comparison of Predicted and Experimentally 

Evaluated Ruckling Loads. 

The prediction resulting from the theory and the experimental 

evaluation of the critical buckling load was made for the 

same shell and boundarv conditions; consequently, a direct 

correlation was possible. The prediction proved to be 

conservative (Predicted S = 0.774 x Experimental S). It is 

observed that this is a desirable feature for design pro

cedures . 

8.2 CONCLUSIONS. The conclusions that are drawn 

from this dissertation are the following: 

1) The solution for the critical buckling load for 

the symmetrical case of any homogeneous constant 

stress shell of revolution can be obtained by 

the procedure presented. The equations developed 

are not limited to spherical cases as are those 

in many previous developments. 
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2) For some cases of constant stress compressive 

shells of revolution, the analytical prediction 

of a critical buckling load from the equations 

developed using the classical elasticity approach 

(impending buckling and infinitesimal displacements) 
i 

produces conservative results. 

It is generally accepted that the results for the sphere or 

spherical cap are non-conservative when this approach is 

used. However, the contrary is found to be true for the 

example shell considered in this study. There are several 

logical reasons which could possibly account for the 

differences in the predicted results when comparing these 

two cases. 

First: For the spherical case, there is no pos

sibility of accounting for the change of radii of curvature 

since these radii are constant and all the derivatives which 

express this change are equal to zero. On the other hand, 

in the case of the example shell, the change of radii of 

curvature is introduced by the characteristics of the shell 

geometry in the deformed state. 

Second: The sphere is a clastic shell (positive 

Gaussian curvature) while the example shell is anticlastic 

(negative Gaussian curvature). Physically it seems possible 
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that the anticlastic property of the example shell could 

partially account for the conservative prediction of the 

critical buckling load, since the predicted fundamental 

buckling modes resulting from the two cases differ considerably. 

Third: Since the surface of the shell considered 

for this study was generated from a membrane, ideally, the 

boundary conditions should be those of the membrane. 

However, since it was not" physically possible to obtain 

the ideal membrane boundary conditions, a fixed condition 

was used for both the numerical, prediction and experimental 

evaluation of the bucklins' 1 oad for the example shell . Tt 

is possible that this deviation from the ideal boundary 

condition contributed to the conservative results. 

3) The predicted buckling load is very sensitive 

to the modulus of elasticity of the material. 

that is used in the shell. 

4) Buckling may be a primary consideration for 

the design of compressive funicular shells. 

As illustrated in a design example in Appendix C, the 

buckling criteria may well govern the design of funicular 

compressive stress shells as opposed to the traditional 

simple allowable membrane stress approach which is based 

on static equilibrium on! v. ''or the precast column cap 

considered, the predicted critical buckling stress was 
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310.7 psi. This may be compared with 2250 psi, which is 

the ACI allowable working stress for concrete of f^ = 

5000 psi. 

5) A reasonable attempt in the design of a shell 

to avoid buckling may be made through a trial-

and-error approximation. 

The example of Appendix C illustrates that a design can 

be based on buckling as the design criteria even though a 

design equation cannot be established to directly relate 

the critical buckling load to the shell parameters. Through 

the increased use of digital computers for design purposes, 

a solution by a trial-and-error procedure is now feasible. 

8.3 SUGGESTIONS FOR FUTURE INVESTIGATIONS. It is 

suggested that the following investigations be considered. 

a) The proposed theory should be applied to dif

ferent shell forms of the class specified, 

solved numerically and compared with experi

mental results. 

b) The theory presented in this study should be 

further refined by retaining non-linear terms 

and considering the non-symmetrical case. 

c) The theory as applied to the example shell 

should be considered to evaluate a first 
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approximation to the buckling load for a 

similar shell with other boundaries. 

d) A study should be made for the purpose of 

obtaining a single design relationship 

relating the critical buckling load to the 

shell parameters for the example shell with 

variations of S/P and a/b parameters. 

Results of some of the suggested extensions might 

well clarify some of the reasoning presented in Article 8.2. 



APPENDIX A 

LISTING OF CCMPUTER PROGRAMS 

Program No. 1 Program for formation of matrix of coefficients 

for the Eigenvalue problem and trial-and-error method for 

finding smallest Eigenvalue and corresponding mode. 

$IBFTC MAIN 
READ 10,FE,DEL,Q , T , D 

10 FORMAT (2F15.11,3F10.8 ) 
DIMENSION C(22,28),F(22,28) 
DO 7 K=1, 28 
DO 7 L=1,22 
C(L,K) =0 

7 F(L,K) =0 
J=1 
DO 70 1=3,13 
X=SIN(FE) 
Y=C0S(FE) 
Z = Y/X 
M = J+ll 
N = 1+14 
U = 12.0 / (T**2 * Q**2 *X**4) 
DK = ( 12.0 / T**2 )*D 
C(J,1+2) = 1.0+ 5.0*DEL*Z 
C(J,I+1) = -4.0-10.0*DEL*Z+(DEL**2)*(23.0*Z**2 -6.53) 
1 +(0.5*DEL**3)*Z*(-14.12+9.0*Z**2) 
C(J,I) = 8.0 - 2.0*DEL**2*(23.0*Z**2-6.53) 
C(J,I-1)= -4.0+10.0*DEL*Z +(DEL**2)*(23. 0*Z**2-6.53) 
1 -(0.5*DEL**3)*Z*(-14.12+9.0*Z**2) 
C(J,I-2) = 1.0 -5.0*DEL*Z 
IF (N-17) 30,30,20 

20 IF (N-27) 50,40,40 
30 C(J,N«2) =DEL 

C(J,N+1) =-3.0*DEL+10.0*DEL**2*Z -(0.5*DEL**3)*fc3.0*2**2 
1 -6.53 - 0.53*U) 
C(J,N-1) =-DEL + 10„0*DEL**2*Z - (0.5*DEL**3)*(23.0*Z**2 
1 -6.53 -0.53*U) 
GO TO 60 

40 C(J,N+1) = DEL + 10.0*DEL**2*2 +(0.5*DEL**3)*(23.0*2**2 
1 -6.53 -0.53*U) 
C(J,N) = -3.0*DEL-20.0*DEL**2*2 +(DEL**4*2)*(-14.12 
1 + 9.0*2**2 -0.53*U) 
C(J,N-1)= 3.0*DEL *10.0*DEL**2*2 -(0.5*DEL**3)*(23.0*2**2 
1 -6.53 -0.53*U> 
C(J,N-2) =-DEL 
GO TO 60 
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50 C(J,N+2) = DEL/2.0 
C(J,N+1) = -DEL +10.0*DEL**2*Z +(0.5*DEL**3)*(23.0*2**2 
1 -6.53 -0 . 53*U) 
C(J,N) = -20.0*DEL**2*Z+(DEL**4*Z)*(-14.12+9.0*Z**2 -0.53*U) 
C(J,N-1)=DEL +10.0*DEL**2*Z -(0.5*DEL**3)*(23.0*Z**2 
1 -6.53 -0.53*U) 
G(J,N-2)= -DEL/2.0 

60 F(J,I+1) = (U/DK)*(DEL**2 + 0.5*DEL**3*Z) 
F(J,I) = (-U*DEL**2)/(2.0*DK) 
F(J,I-1) =(U/DK)*(DEL**2 - 0.5*DEL**3*Z ) 
F(J,N+1) =(U*DEL**3)/(2.0*DK) 
F(J,N) = (U*DEL**4*Z)/ DK 
F(J,N-1)=-(U*DEL**3)/(2. 0*DK) 
C(M,1-2) = -1.0 
C(M,I+2) = 1.0 
C(M,I-l) = 2.0 +10.0*DEL*Z - (DEL**2) * (3.0*2**2-1.53 
1 -U*0.53 ) 
C(M,1*1) =-2.0 «10.0*DEL*Z = (DEL**2) * (3.0*2**2-1.53 
1 -U*0.53 ) 
C(M,I) = -20.0 *DEL * Z 
C(MfN-l) = ( 2 .0*DEL*(1.0+U)) -(DEL**2)*(5.0+U)*2 
C(M,N+1) = (2.0*DEL*(1.0+U)) +(DEL**2)*(5.0+U)*Z 
C(M,N) = - (4.0*DEL*(1.0+U)) +((2.0*DEL**3)*((3.0-U*7**2 
1 -1.53 + 0.53 *U )) 
F(M,1+1) = (U/DK)*DEL**2 
F(M,I-1) =-(U/DK)*DEL**2 
F(M,N) = (U/DK) *2.0*DEL**3 
FE = FE + DEL 
J = J + 1 

70 CONTINUE 
DO 72 J= 1,22 
C(J,2) = C(J,2) +C(J,4) 
F(J,2) = F(J,2) +F(J,4) 
DO 73 I = 3, 9 
C(J,I) = C(J,I + 2) 

73 F(J,I) = F(J,I«-2) 
C(J,10) = C(J , 12) * C(J , 14 ) 
F(J,10/ = F(J,12) + F(J,14 ) 
C(J,11) = G(J,15) 
F(J,11) = F(J,15) 
0(J , 12) = C(J,16) 
F(J,12) = F(J,16) 
DO 74 I = 13,21 
C(J,I) = C(J,H5) 

74 F(J,I) = F(J,1+5) 
C(J , 22) = C(J,28) 
F(J,22) = F(J,28) 

72 CONTINUE 
READ 80, DELS, N 



80 FORMAT ( FlO.4,110) 
DIMENSION A(28,28) 
S=0 
MTRIG=0 

81 DO 110 K= 1,1000 
S = S + DELS 

82 DO 83 J=1,N 
DO 83 1= 1,N 

83 A(I,J) = C(I,J) +S*F(I,J) 
DIMENSION B ( 21, 22) 
DO 121 1= 1,21 
DO 120 J= 1,21 
B(I,J) = A(I,J+l) 

120 CONTINUE 
B(1,22) = A(I,1) 

121 CONTINUE 
CALL DIAG(N,A,DET) 
IF (MTRIG) 93 ,92,84 

84 TEST = ((ABS(BIG-SMALL))/ABS(BIG))-0.001 
IF (TEST) 86,86,85 

86 WRITE (2,101),S 
MTRIG = -1 
CALL BMCDE(B,21,22,1) 
GO TO 110 

85 IF (DET) 87,88,88 
87 GO TO (90,89),IBIG 
88 GO TO (89,90),IBIG 
89 BIG = S 

GO TO 91 
90 SMALL = S 
91 S=(BIG+SMALL)/2.0 

GO TO 82 
92 MTRIG = -1 

DETLST = DET 
SLAST = S 
GO TO 110 

93 IF(DET*DETLST/lO.0**20) 98,95,94 
94 SLAST = S 

DETLST = DET 
GO TO 110 

95 IF(DET)97,96,97 
96 WRITE (2 ,101),S 

MTRIG = -1 
CALL BM0DE(B,21,22,1) 
GO TO 110 

97 WRITE (2,101),SLAST 
MTRIG = -1 
CALL BMODE(B,21,22,1) 
GO TO 110 

98 MTRIG = 1 
SMALL = SLAST 
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BIG = S 
S=(BIG+SMALLl/2.0 
DETLST = DET 
IF(DET)99,102,100 

99 IBIG= 2 
GO TO 82 

100 IBIG = 1 
GO TO 82 

102 WRITE (2,101),S 
CALL BMCDE (B,21,22, 1) 

101 FORMAT (1H0,3H S=,F7 .3) 
110 CONTINUE 

END 
$IBFTC DIAG 

SUBROUTINE DIAG (N.A.DET) 
DIMENSION A(28,28,) 
I=N-1 
DO 70 L=1,I 
BIG=ABS(A(L ,L) ) 
KBIG=L 
M=L+1 
DO 10 K=M ,N 
IF(BIG-ABS(A(K.L)))8,10,10 

8 BIG=ABS(A(K,L)) 
KBIG =K 

10 CONTINUE 
IF(BIG) 30,20,30 

20 WRITE(2,21) 
21 FORMAT(1H ,30H DET IS ZERO IN FORMING DIAG. ) 

STOP 
30 DO AO J=L,N 

TEMP = A(KBIG,J) 
A(KBIG,J) = A(L,J) 

AO A(L, J) =TEMP 
DO 70 K= M.N 
IF (A(L,K)) 50,70,50 

50 R= A(K,L) / A(L,L) 
DO 60 J=L,N 

60 A(K,J)= A(K,J) -R*A(L,J) 
70 CONTINUE 

DET = A(1,1 )/lOO. 
DO 80 L=2, 

80 DET = DET*A(L,L)/lOO. 
RETURN 
END 

tTPPiv1 nurnf 
SUBROUTINE BMCDE (A,M,N,NC) 
DIMENSION A(21,22) 

C M ROWS IN A 
C N COLUMNS OF COEFFICIENTS PLUS COLUMNS OF CONSTANTS 
C NC NUMBER OF COLUMNS OF CONSTANTS 
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DO 22 1 = 1,M 
C= 1. /A (I ,1) 
DO 21 J=1,N 

21 A(I,J) = A(I,J)*C 
DO 22 L=1,M 
IF (L-I)23,22,23 

23 D = A (L, I) 
DO 25 JJ = 1,N 

25 A(L,JJ) = A(L,JJ)-A(I,JJ)*D 
22 CONTINUE 

DO 30 1=1,M 
J1 = N-NC+1 
WRITE (2,600) (A(I , J ) ,J=J1 ,N ) 

600 FCRMATC1P6E20.8) 
30 CONTINUE 

RETURN 
END 

$ENTRY 
.16536361 0.084774655 .78384811 .02975 1.278786 
0.25 22 

SIBSYS 
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Program No. 2 Program for determination of Coordinates of 

Shell Surface. 

FUNCTION COSHI(U) 
CCSHI = LOGEF(2 . *U ) - 1./( 4 . *IJ**2)-3 ./(32 .*u**4 . ) 
1 -15./(288.1*U**6.) 
RETURN 
END 

DIMENSION Z(4000) 
READ 100, P,A,S,B 

100 FCRMATC 4F10.0) 
WIN = .002 

900 R = A 
JIVE = 1 
N = 8./WIN 
DO 200 I = 1,N 
FIRST = P*A**2./(2.*S) 
SEC = B/FIRST 
THIR = R/FIRST 
ZCI) = FIRST * (COSHI (SEC) - COSHI(THIR)) 
R = R + .002 

200 CONTINUE 
PRINT 150, Z(I) 

150 FCRMAT (6X, 27HTHE VALUE OF Z FOR R = A IS F10.8) 
PRINT 201 

201 FCRMAT (1H0 5X, 36HTHESE ARE THE .002 INCREMENT ANSWERS) 
R = A 
DO 2 I = 2 ,N , 1 
ANS = Z(I-l) - Z(I) 
R = R + .002 
PRINT 202, ANS, Z(l), R 

202 FCRMAT (5X,7HDELT = F10.8,5X,4HZ = F10.8,5X,4HR = F10.3) 
2 CONTINUE 

PRINT 203 
203 FCRMAT (1H1) 

PRINT 401 
401 FCRMAT (1H0 5X, 36HTHESE ARE THE .004 INCREMENT ANSWERS) 

R = A 
DO 4 I = 2 ,N , 2 
ANS = Z(I-l) - ZCH-l) 
R = R • .004 
IF ((1*1) - 4000)404,404,405 

404 PRINT 402, ANS, Z(I), R 
402 FORMAT (5X,7HDELT = F10.8,5X,4HZ = F10.8,5X,4HR = F10.3) 
4 CONTINUE 
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405 PRINT 403 
403 FORMAT (1H1) 

PRINT 601 
601 FORMAT (1H0 5X, 36HTHESE ARE THE .006 INCREMENT ANSWERS) 

R = A 
DO 6 I = 2,N,3 
ANS - Z(I+1) - Z (1+2) 
R = R + .006 
IF ((1+2) = 4000) 604,604,605 

604 PRINT 602, ANS, Z(I), R 
602 FCRMAT (5X,7HDELT = F10.8,5X,4HZ = F10.8,5X,4HR = F10.3) 

6 CONTINUE 
6 05 PRINT 603 
603 FORMAT (1H1) 

PRINT 801 
801 FORMAT (1H0 5X, 36HTHESE ARE THE .008 INCREMENT ANSWERS) 

R = A 
Do 8 I = 2 ,N, 4 
ANS = Z(I-l) - Z(I+3) 
R = R + .008 
IF ((1+3) - 4000)804,804,805 

804 PRINT 802, ANS, Z(I) R 
802 FCRMAT (5X,7HDELT = F10.8,5X,4HZ = F10.8,5X,4HR = F10.3) 
8 CONTINUE 

805 STOP 
END 

567. 1.5 500. 9.5 



Program No. 3 Program for determination of radius of 
curvature at discrete points on the shell. 

$IBFTC MAIN 
READ 10,Q 

10 FORMAT ( F15.10 ) 
R = 2.0 
DO 30 1=1,15 
A = 1.0 /(SQRT(Q**2*R**2-1.0)) 
FE = ARGTAN(A) 
AFE = FE*57.2958 
RONE = 1.0/(Q*SIN(FE)**2) 
CURV = 1.0/ RONE 
WRITE (2,20) R,AFE,RONE,CURV 

20 F0RMAT(1H0,10X,3HR= ,F8.2,AX,AHFE= fF8.2,AX,AHRl 
1 F8.2,AX,6Hl/Rl= ,F8.6) 
R = R + 0.5 

30 CONTINUE 
END 

$ENTRY 
0.7838A811 

$IBSYS 



APPENDIX B 

DISCUSSION OF COMPUTER SOLUTION FCR 

CRITICAL BUCKLING LOADS 

The procedure for computing the critical buckling load 

was presented in Chapters 5 and 7; however, some mechanical 

problems were encountered during the computing process. 

For the most part the calculations were straight

forward. However, when the computations of the Eigenvalue 

by the trial-and-error method were attempted, several problems 

arose. The process consisted of triangularizing the resulting 

matrix after the trial - Eigenvalue was substituted into the 

governing equations. The determinant was then evaluated as 

the product of these diagonal elements. 

The first problem was created by the formation of 

the diagonal. For this particular shell the resulting 

diagonal terms varied quite extensively, from approximately 

20,000 to 1.0. To retain the accuracy in obtaining the 

diagonal terms by an elimination process it was necessary 

to move the largest coefficient to the diagonal prior to 

each elimination. 

The second problem resulted from the actual product 

of the diagonal. The magnitude of the determinant became 

large enough to produce overflow of the computer capacity. 

Since the exact value of the determinant was not of interest 
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the product was reduced as it was formed. One precaution 

which must be taken with this process is that the reduction 

should be made to the product, rather than the individual 

terms, during the accumulation. This prevents the reduc

tion of extremely small diagonal terms which could result 

in non-zero terms being reduced sufficiently to produce an 

underflow or appear as a zero term. 

The third major problem was produced from the method 

by which the determinant changed sign indicating an Eigen

value. This change of sign was, in general, produced by one 

or more of the small terms changing sign, which did not 

greatly alter the value of the determinant for the initial 

trial Eigenvalue increments used in the program. Since only 

relative values of the determinant were produced only a 

qualitative comparison of the determinant-Eigenvalue relation

ships can be made. The relative change of the determinant 

is illustrated in the following sketch. 

,2' 

4.244 6.168 

This curve is understandable if the change of sign of the 

individual diagonal terms is considered. 



APPENDIX C 

EXAMPLE DESIGN PROBLEM 

Many times difficulties arise when an attempt 

is made to transfer the loads from a flat slab to a 

column. These difficulties are largely attributed to 

the high shears and subsequent bending moments that are 

developed at and around the columns. The nature of the 

particular shell studied for the application of the theory 

in this dissertation lends itself to this type load 

transfer. In order to illustrate the use of precast shell 

20'-0" 20'-0" 2O'-O" 

t 1—o~i 1—o 
\ J \ 

Typical Interior Region 

PART PLAN 
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units as a load transfer device from floor slabs to columns, 

the preceding typical slab-column arrangement is used. The 

precast shells are used as illustrated in the following 

f igure. 

1 0 '  - 0  

Floor Slab 

Precast Shell 

Spiral Column with 
Cap if required by 
Column diameter 

Loadings; 

L.L. = 100 psf 

D.L. (slab) = 6 (150) = 75 psf 
T2 

The design may either be based on allowable compressive 

stresses or the buckling criteria. It is assumed here that 

the buckling criteria governs. 
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Ultimate Loading (ACI-1963) 

U = 1.5 D.L. + 1.8 L.L. 

U = 1.5 (75) + 1.8 (100) = 292.5 psf 

Required Puc = (20 x 20) 292.5 = 117,000 lbs. 

However, since the buckling criteria is assumed to 

be critical which differs in principal from the ultimate 

strength approach to design, an increased load factor is 

used for the live load. 

Ultimate Loading (Buckling) 

Ujj = 1.5 D.L. + 3.0 L.L. 

Ub = 1.5 (75) + 3.0 (100) = 412.5 psf 

Required Puc = (20 x 20) 412.5 = 165,000 lbs. 

The buckling theory previously advanced is then 

used to design the precast column cap. Since basically the 

buckling prediction is an analysis rather than a design 

procedure a trial-and-error method is used to determine the 

required thickness of the shell after the required parameters 

are determined. The shell parameters are arbitrarily selected 

as follows. 

Shell Parameters: 

a = 1.5 ft. Units: P - psf 

b = 5.0 ft. S - plf 

0.15 

Q = 0.783848 
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Therefore: 

Q = -
y P 

p = Q [ ~Tj = 0.783848 [—j 

Maximum Ordinate: 

2.25 
= 0.88183 

Zmax = h [cosh"1 Qb - cosh"1 Qa ] 

^ax ~ 1 -278 

^ax - 1 • 89 ' 

cosh-1 (0.783848 x 5.0) - cosh-1 

(0.783848 x 1.5) 

"max = 22 5/8' 

Limiting Angles: 

4> = tan"1 1 . 0  

yjQ R -1.0 

At R = 1.5' 

<£ = 1.0131102 Radians 

At R = 5.0' 

4> = tan -1 1.0 

V14.36044 

Material: 

Assume f,!. = 5000 psi since the shell is to be 
precast. 

Er = 33 VTA 

Ec = (145) 2 (33) V 5000 = 3.925 x 10 psi. 

Stiffness: 

p _ Et3 
= 3.925 x 10V / lU o to/. „ 

U 12(1-1/) 12 (1-0.0225) TZJ" 2*78A x 10 t 
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175 

150 

(u 100 

75 

50 

25 

0 1.0 2.0 3.0 5.0 4.0 

thickness of shell (in.) 
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Calculation of Load from S; 

S 
p = 0.88183 

P = S 
0.68163 

Pc = AcapP = *2. P = 7.068583P 

p _ 7.068583 s _ 8.0158114S 
0.88183 

The previously calculated values and shell para

meters can be put into the program for critical buckling 

stress with provisions for varying t and calculating the 

load on the crown corresponding to each thickness. 

Values of t = 1 inch through 5 inches were used in 

the program with the resulting loads as follows: 

Pc 

1.0 in. 6,667 lbs. 

2.0 in. 14,848 lbs. 

3.0 in. 30,819 lbs. 

4.0 in. 60,854 lbs. 

5.0 in. 119,768 lbs. 

These values can be plotted to determine a reasonably 

accurate value for the thickness. 

For a load corresponding to the required ultimate 

load - 165 kips - the figure is entered on that abscissa and 

the corresponding t is found to be 5.35". A thickness of 

5.5" is then a reasonable value to be used for a solution. 
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Corresponding to Pc = 165,000 lbs. the stress in 

the shell can be determined from the initial shell parameters. 

8.0158114 

s = 165?000 _ 20,508.4 plf. 
8.0158114 

Stress in the concrete at buckling: 

fct = S 

fc = S = 20?508 J_ = 3X0.7 psi. 
t 5.5 12 

For the maximum allowable stress condition (ACI-1963): 

Allowable fc = 0.45 f£ = 0.45 (5000) = 2250 psi 

fr = 310.7 psi « fc ,, = 2250 psi. 
c ^allow. 

Therefore, buckling controls, as compared to the minimum 

working stress criteria. 

Use: t = 5.5" 

b = 5'-0" 

a = 18" 

zmax = 22 5/8" 

#4 at 12" centers both directions 

(A minimum temperature reinforcing.) 
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The above solution does not account for the pos

sibility of unsymmetrical applications of the live load. 

However, since the dead load is symmetrical, an increased 

factor beyond that which is normally used for ultimate 

design was applied to the live load for design by the 

buckling criteria. In the author's opinion, it is probable 

that the design is adequate for this adverse loading con

dition. As is the case for most structures, the redundanciesf 

such as temperature reinforcing, interior partitions and 

walls, which are not normally accounted for in a design, 

exist in this structural configuration and will add increased 

restraints and stiffness to the joint considered. This 

increased stiffness, along with the slab immediately over 

the column cap, will also contribute to the resistance to 

unsymmetrical live load conditions which may occur. 

* 
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