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ABSTRACT 

It is found that a large class of two-dimensional 

probability measures are absolutely continuous with respect 

to the measure defined by the product of the marginal meas

ures. These include the most common two-dimensional proba

bility measures of mathematical statistics. By considering 

the measure as an integral with respect to the product meas

ure, new proofs are given for known results. 

Necessary and sufficient conditions are given on the 

conditional expectation for a two-dimensional measure to 

belong to an especially simple class of two-dimensional 

measures with given marginals. In certain special cases the 

marginals of members of this class are shown to be independ

ent if and only if the distribution function of the sum of 

two marginals is equal to the convolution of the distribution 

functions of the marginals. If two random variables have 

non-zero covariance and if their two-dimensional Lebesgue-

Stieltjes measure is of this class then the measure is shown 

to be completely determined by the two regression curves. 

If the marginal probability measures are finite 

discrete then the convex set of two-dimensional measures with 

these marginals is shown to have a finite number of extreme 

points. It is shown that such measures can be associated 

v 
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with convex polyhedrons in Euclidean space. In the special 

case where the marginals are identical and uniform all the 

extreme points are obtained. Using known results about 
i 

distribution functions a method is given for obtaining two 

extreme points for any such convex set of two-dimensional 

measures. 

*• 
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CHAPTER i 
INTRODUCTION 

In this paper we examine the structure of certain 

two-dimensional probability measures. Specifically, those 

which are absolutely continuous with respect to the measure 

defined by the product of the marginals are considered. 

In recent years certain special types of such two-

dimensional probability measures have been studied. 

Lancaster and Kagleson have considered measures such that 

the Radon-Nikodym derivative of the measure with respect to 

the product of marginals is square integrable. See [13]> 

[1^1» [15]t [16]. Farlie has considered a class of such 

measures which have a relatively simple Radon-Nlkodym 

derivative in order to evaluate certain measures of associa

tion. See [3]» [^]/ [5]• Silvery uses the Radon-Nikodym 

derivative to obtain a measure of association. See [24]. 

This dissertation is divided into four parts. The 

first of these (Chapter 2) gives some standard results about 

two-dimensional probability measures. The second of these 

(Chapter 3) is mainly expository in nature. No claim is 

made for depth or originality of the results of that chapter. 

The theorems from Theorem 3-16 on are special cases of more 

general theorems. It should be noted, however, that the 

proofs are original and that the methods used should be 

useful at least in a pedogogical way. 

1 
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The original parts of this dissertation are contained 

in parts 3 and 4 (Chapter 4 and 5). Chapter 4 deals with a 

special class of two-dimensional measures where the Radon-

Nikodym derivative has an especially simple form. The main 

result of this chapter is Theorem 4.2 which gives necessary 

and sufficient conditions on the conditional expectation for 

a measure to belong to this class. With the exception of 

Lemma 4.1 and Theorem 4.13 all the results in this chapter 

are original. Lemma 4.1 is proven by Farlie in a special 

case, and Theorem 4.13 is suggested by Farlie although it is 

neither stated completely nor proven. 

Chapter 5 contains the most original idea of this 

dissertation. It treats two-dimensional probability measures 

with finite discrete marginals as a convex set and establishes 

a correspondence between such measures and polyhedrons in 

Euclidean space. The theorems contained in this chapter 

are believed to be original. 

Theorems, corollaries and lemmas are numbered in 

order according to the chapter in which they occur. Defini

tions are numbered in the same way but in a separate sequence. 

Numbers in brackets occurring in the body of the text refer 

to the list of references at the end. 



CHAPTER 2 
PRELIMINARIES 

In this chapter we will present the notation and some 

basic definitions and theorems necessary to the development 

of the theory of bivariate measures which are absolutely 

continuous with respect to the product of the marginals. 

(Wl.OL jlij.) and (Wa,£>,u2) will represent two measure 

spaces where Wx and Wa are sets, OL and 6 are the a- algebras 

on them and ui and ua are the probability measures. Points 

of Wj and W2 will be designated by x and y respectively. 

(wi x Wj, Q x B, Hi x tia) will denote the product probability 

space as is constructed in [12]. 

Random variables will be designated by X and Y, their 

distribution functions by Fj(x) and F2(y) respectively, and 

the associated density functions, if they exist, by fx(x) 

and fa(y). Their Joint distribution will be designated by 

F(x,y) and their joint density function, if it exists, by 

f(x,y). The expected value of a random variable or a Baire 

function of a random variable will be designated by E [ ]. 

The Lebesgue-Stielt jes measure on (-00 , 00) x (-=,«>) determined 

"by F(x,y) will be denoted by p. and the Lebesgue-Stielt jes 

measures determined by F1(x) and F3(y) on (~c0,00) will be 

denoted by and respectively. 

3 
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Let (Wx x Wa, CL x (B, M) be a probability measure 

space. 

DEFINITION 2.1. \iy is the marginal probability 

measure of on Wt if ^(A) = n(A x Wa) for all sets A 

belonging to CI. |ja is the marginal measure of |_t on Wa if 

Ua(B) « MCWj x B) for all sets B belonging to © . 

DEFINITION 2.2. If F(x,y) is the joint distribution 

function of two random variables X and Y then the distribu

tion function of X is given by Fj(x) = F(x,») and is called 

the marginal distribution function of X. The distribution 

function of Y is given by Fa(y) = F(°°,y). 

In this dissertation when we speak of a unique func

tion we will actually be referring to an equivalent class of 

functions. Two functions will be said to be equivalent with 

respect to some measure if they are equal almost everywhere. 

The following theorems are standard and are to be 

found in almost any text which deals with probability theory 

in a measure theoretic way. We have chosen to use the form 

given in [21]. 

THEOREM 2.1. Let (WT x W3, fl x 8, p) be a probabil

ity measure space. Let ̂  be the marginal measure of \x on 

Wlt and ija be the marginal measure of u on Wa. Then if B is 

any measurable set in <8, there is defined almost everywhere 

a unique function â(B|x) which is integrable over Wx 

with respect to and has the property that 



U(A x B) - JVs(B|x)dUl 

A 

for every measurable A in Q.. 

DEFINITION 2.3. The number H2(B|X) is called the 

conditional probability that y belongs to B under the condi

tion that x takes on its assigned value. 

There is a similar theorem and definition which 

defines a function (ii(A|y) on W3 where the number m(A|y) is 

called the conditional probability that x belongs to the set 

A under the condition that y takes its assigned value. • 

THEOREM 2.2. Suppose that h(y) is integrable with 

respect to ii3, then there is defined for almost all x a 

unique function E[h(y)|x] which is integrable over Wx with 

respect to and has the property that 

h(y) du E[h(y)|x] 

A x Wa A 

for every set A in Oi. If A = Wx then 

E[h(y)] 
u 

E[h(y)|x] d|_ix . 

DEFINITION 2.4. The number E[h(y)|x] is called the 

conditional expectation of h(y) under the condition that x 

takes on its assigned value. 



The two marginal measures p.x and na will "be called 

independent if fi, the measure on the product space, is that 

determined by the product of the two marginals. 

THEOREM 2.3» Suppose that for almost all x a proba

bility measure uajv(B) can be defined on the measurable sets 

B of B to satisfy 

M(A x B) =' Us*x(B) d^ 

for all A in QL. Then if B is any measurable set |Ja.,Y(B) = 

Ma(Blx) almost all x, and if h(x,y) is integrable with 

respect to p, then h(x,y) is integrable with respect to 

tjLa ( |x) for almost all x and 

h(x,y) d\i = h(x,y)dna( |x)d^ 

W, x W- w, ws 

If h(y) is integrable with respect to ps it is 

integrable with respect to |ja ( ]x) and 

E[h(y)|x] h(y) d|ja ( |x) 

W, 

for almost all x. 

Moreover, the marginals are independent if and only 

if \is ( 1 x) = |j2 for almost all x. 
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THEOREM 2.4. If W2 = (-c0̂ 00)# a probability measure 

|j2( Jx) can be defined on W3 for almost all x to satisfy the 

condition of Theorem 2.3. 

For the proofs of the above theorems see [21] 

pages 65-72. 

Since in this paper we are going to be concerned 

with measures which are absolutely continuous with respect 

to other measures, we will rely on the Radon-Nikodym theorem. 

The form of this theorem will be that given in [12]. 

Since we are going to stipulate that the bivariate 

measure p. is absolutely continuous with respect to the 

product measure \ix x |j3, and since p and px x \ss are both 

totally finite we will have a function 1 + R(x,y) determined 

almost everywhere (jj x \is such that 

u(E) = J [1 + R(x,y)]dp! X |JLA 

E 

for all measurable sets E belonging to WiXWa. 

When we speak of the joint distribution function 

F(x,y) of X and Y being absolutely continuous with respect 

to the product of the marginal distribution functions, we 

will mean that the Lebesgue-Stieltjes measure n is absolutely 

continuous with respect to the product measure determined by 

Hi X Ha • 



CHAPTER 3 
GENERAL RESULTS 

In this chapter we are going to present some general 

properties of the bivariate probability measures which are 

absolutely continuous with respect to the measure defined by 

the product of their marginals. We thus assume that there 

exists a function 1 + R(x,y) such that 

E 

for all measurable sets E in Wj x W2 . 

In order that (j be a probability measure with the 

proper marginals there are several properties that R(x,y) 

must have. 

THEOREM 3*1. If u is a signed measure defined on 

(Wt x WaJP Q. x 6 ) such that 

for all sets E in OL x <S , then n is a probability measure 

on (Wx x W3, CL x (B ) with marginals (jij on(W1,Q,) and n2 on 

(Wa, ©) if and only if 

u 
E 

8 



R(x,y) :» -1 almost everywhere nx x |ia , 

J R(x,y) dn3 «= 0 almost everywhere ̂  , 

Ws 

and 

J R(x,y) djii = 0 almost everywhere . 

Wi 

PROOF. If u is a probability measure on CL x fl then p(E) s 

for all sets in OL X <B . From this it follows that 1 + R(x, 

£ 0 almost everywhere ̂  x ji8 and hence R(x,y) ̂  -1 almost 

everywhere ̂  x \iz. 

Suppose that jj is a probability measure v/ith mar

ginal nT on Wj. By definition 

Ml (A) ** u(A X fig) 

for all A in CL , and by hypothesis 

u(A x Qa) 2 

o 
A x W 

{l + R(x,y)} dMi x |ia . 

'a 

By an application of Fubini's theorem we get the 

following equality 

^ (A) = J  { J  ( 1  + R(x,y) djjg)]- dnj 
A W, 

« J { J 1 dn2 + J R(x,y) dMs} dUl. 
A Wa Wa 



Since 

Ui (A) 1 • d\xx , 

we have by the uniqueness assertion of the Radon-Nikodym 

theorem that 

1 • d̂ u + R(x,y) d ŝ = 1 almost everywhere 

W5 Ws 

Now, \is is a probability measure so that 

1 • dna = 1. 

W2 

Hence, it is immediate that 

R(x,y) dn3 = 0 almost everywhere \j.x 

Similarly we find that 

R(x,y) d|ii = 0 almost everywhere 

W, 

This finishes the necessity part of the proof. 
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Suppose that R(x,y) s -1 almost everywhere x us 

and that 

R(x,y) d(j2 = 0 almost everywhere \ix 

W5 

and 

H(x,y) d'vAy = 0 almost everywhere ns 

W, 

Then p. defined by 

n(E) = (1 + R(x,y) )d^ x u3 

E 

for all E in Q x ® will be a probability measure. Because 

|i(E) ;> 0 for all measurable E and 

li(Wx x Wa) = (1 + R(x,y) )d|ij x dUs, 

Wjl x Wj 

we have by Pubini's theorem 

n(W, X wa) = [ (1 + R(x,y) )dfi3 J dMi 

Wx Wa 

[ 1 dMg + R(x,y) d\ia ] dnx 

*1 wa We 
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n 

1 • dnj = 1. 
U 

w 

That u will have the marginal nx on Wx is clear .from 

the definition of the marginal and upon replacing Wj by any 

A in CI in the above computation. 

A similar proof will show that |j2 is the marginal 

measure of \± on Wr 

Q. E. D • 

For a simple method of obtaining examples of suc-h 

functions, R(x,y), see Chapter 4. 

The following theorem shows that the bivariate 

measures we are considering are a special case of those of 

Theorem 2.3-

THEOREM 3.2. If the bivariate measure \i is absolute

ly continuous with respect to the product measure ^ x i_i3 

then there exists a measure ua( |x) on Ws for almost all x 

such that 

u(A x B) = 
U 

ji3(B|x) dux for 

A 

every measurable set of the form A x B where A belongs to Q. 

and B belongs to & . 
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PROOF. By hypothesis 

u(A x B) = [1 + R(x,y)] x n2 . 

A x B 

This Identity by Fubini's theorem is equivalent to 

M(A x B) [ [1 + R(x,y)] du2 J dux . 

A B 

A necessary and sufficient condition for a measurable 

subset E of Wx x Wa to have ̂  x u2 measure zero is that 

Ma(y|(x,y) belongs to E) = 0 for almost all x. 

For this result see [12] page 1^7. From this result and 

from the fact that R(x,y) :> -1 almost everywhere X NA , it 

follows that R(x,y) s -1 almost everywhere n2 for almost 

all x. 

We also have that 

R(x,y) dua = 0 almost everywhere nj_, 

W, 

and hence 
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Ua( |x)  [1 + R(x,y)] diia Is a probability meas

ure on W3 for almost all x. 

Q. E . D . 

By the above theorem we are able to apply the results 

of Theorem 2.3 to the measures we are considering. 

COROLLARY 3 • 3 • If |i meets the conditions of 

Theorem 3*2 the for B in (B 

Ua(B|x) = [1 + R(x,y)] du2 where 
U 
B 

H3 ( B |X) is the conditional probability of B  given x. 

PROOF. This result follows immediately from Theorems 2.3 

and 3.2. 

Q.E .D. 

COROLLARY 3 • 4. If \i meets the conditions of 

Theorem 3-2 and if ot(x,y) is integrable in p. then 

|a(x,y) | [1 + R(x,y)] d^ia < 00 for almost all x. 

W5 

PROOF. By Theorem 2.3 a(x,y) is integrable with respect to 

Ua( |x) for almost all x. 

Hence, 
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a(x,y)jd[x2( lx) < ™ for almost all x. 

Ws 

Since 

H P (  I X )  =  [l + R(x,y)ldjxr, we have a corollary to 

the Radon-Nikodym theorem that 

|a(x,y)|dnP( lx) = 
U 

w.  

a(x,y) | (1 + R(x,y))dp.-

W. 

for all functions a(x,y) which are integrable with respect 

to [i?( |x). From this it follows that 

a(x,y)|(l + R(x,y))du.a < m for almost all x 
<- . 
W, 

Q.E.D 

COROLLARY 3 • 5 • If l± meets the conditions of 
I 

Theorem 3.2 and if h(y) is integrable with respect to \±s, 
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then it is Integrable with respect to ( |x) for almost all 

x and 

E[h(y)|x] = h(y)(l + H(x,y))dus . 

W 2 . 

PROOF. By Theorem 2.3 

E[h(y)|x] = h(y)dMa( lx) exists 

Wa 

for almost all x. By a procedure similar to that used in 

Corollary 3.^ we have 

E[h(y)jx] = h(y)(1 + R(x,y))dn2. 

W, 

Q.E .D. 

COROLLARY 3»6. If meets the conditions of 

Theorem 2.2 and if ot(x,y) is integrable with respect to [± 

and iJx x jia then a(x,y)R(x,y) is integrable in x \JLS . 

PROOF. By a corollary to the Radon-Nikodym theorem 

a (x ,y)dt - i  

W, x W, 

a(x,y)(l + R(x,y))dpx x 

W, x W. 

for all functions a(x,y) which are integrable with respect 

to |i. 
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Since ct(x,y) is integrable with respect to p, 

a(x>y)(l + R(x,y)) is integrable with respect to x Ms. 

Also, ot(x,y) is integrable with respect to x |as by 

hypothesis. 

Since a(x,y) • R(x,y) = a(x,y)(l + R(x,y)) - a(x,y) 

and because the difference of two Integrable functions is 

integrable, ct(x,y)R(x,y) is integrable with respect to 

Mi X Ms • 

Q.E.D. 

COROLLARY 3-7- If M meets the conditions of 

Theorem 3.2 and if h(y) is integrable with respect to \is 

then h(y) * R(x,y) is integrable with respect to \i3 for 

almost all x. 

PROOF. By Theorem 2.3 h(y) is integrable with respect to 

iaa ( |x) for almost all x. 

Since 

h(y)diia( |x) = h(y) (1 + R(x,y))dus 

W- W 3 

h(y)(l + R(x,y)) is Integrable with respect to \is for almost 

all x. 

Since h(y)R(x,y) = h(y)(l + R(x,y)) - h(y) and 

because the difference of two integrable functions is 
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Integrable, h(y) • R(x,y) is integrable with respect to \is 

for almost all x. 

Q • E * D * 

It should be noted at this point that there are 

functions a(x,y) which are integrable with respect to ji and 

not integrable with respect to ̂  x ua and conversely. 

COROLLARY 3.8. If p meets the conditions of 

Theorem 3.2, then ̂  and \j.a are independent if and only if 

R(x,y) = 0 almost everywhere x \i2 . 

PROOF. This result follows immediately from Theorem 3-2 and 

Theorem 2.3. 

THEOREM 3»9. If M and |i' are two measures on 

(Wi x W3, 0L x ©) with the same marginal |ix on Wx such that 

for almost all x two probability measures via( |x) and |x) 

can be defined on the measurable sets B of Ws satisfying 

n(A x B) = 

A 
and 

|j' (A x B) 

M2(B|x)dji1 

Hs(B|x)d1i1 

for all A belonging to OL . Then n' = n if and only if 

H3(B|x) •» p_2(B|x) for almost all x and all B in ® . 
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PROOF. If |Ja(B|x) = U,J(B|X) for almost every x, then 

x B) = n(A x B) for all sets of the form A x B where A 

is in OL and B is in <B . 

By the additlvity of the measures p.1 and |j, 

U'((At x Bl)o(A„ x Bs)u...u(An x Bn)) 

™ ( ( Aj X Bj )u ( Ag x Bg )u > .. . u( Â  x B̂  ) ) 

where [A^ x B^} is a class of disjoint sets of the type 

given above. Thus the two measures \i and n' are identical 

on the algebra of all finite unions of sets of the form 

Ai x "^i wliere A is in OL and B is in ffl . The a- algebra 

0. x© is defined to be the smallest extension of this field. 

By the uniqueness assertion of the Extension theorem n1 = \i 

on (Wj x Wa, OL x (8) . For the statement and proof of this 

theorem see [17] page 87. This finishes the proof of 

sufficiency. 

Suppose that U '  = \i on ( W X  x W A ,  O L  x 8). Then for 

each B 

Ps (B |x)d|ii Hs(B|x)dp1 for 
0 
A 

every A in CL . Hence, using the theorem that if the integral 

of two functions is the same over all measurable sets the 
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functions are identical almost everywhere, we get that 

U2(B|X) = {I A( B | x) for almost all x. 

Q .E .D. 

The following theorems give sufficient conditions 

for the two-dimensional measure (j. to be absolutely continu

ous with respect to the measure \ix x \is . 

THEOREM 3.10. If the measures iax and are inde

pendent then p. is absolutely continuous with respect to the 

product measure. 

PROOF. If we put (l + R(x,y)) = 1, this result is obvious. 

Q .E .D. 

THEOREM 3.11. If one of the marginal measures, say 

Hx, is discrete then the two-dimensional measure must be 

absolutely continuous with respect to the product measure. 

PROOF. Since the measure is discrete there are at most a 

countable number of disjoint sets belonging to 0- such 

that > 0 and such that the only sets of a which have 

positive measure are sets which contain at least one . 

No non-null subset of an A^ can be measurable, for 

suppose A c A^, A ^ cj) and A is measurable. The (A^ - A) is 

measurable and ^(A^) = m(A) + UCA^ - A). But p(A) = 0 and 

A^ - A) = 0 because neither A or A^ - A contain a set Ay 

However li(A^) > 0' which leads to a contradiction. 
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Because of the results of the above arguments, we 

may regard the subsets as points of Wa when we construct 

the measurable space & x <B . 
oo 

Let A0 = -(U A.); then A0 is measurable and ia(A0) = 
i=l 1 

0 and \J1 = (J A. . 
i=0 1 

Let E by any measurable subset of V}1 x Wa such that 

n(E) > 0. We form measurable subsets of Wj x Wa from E by 

taking sets of the form 

E0 = [(Ao x Wa)D"E] 

Ex = [(Aj. X VJ2 ) F) E] 

En = [(An x wa)°Ê  

CO 

The sets E, are disjoint and U E. = E-
1 1=0 1 

Because the measure n is additive we get 

u(U Et) - t u(E,) = u(E). 
1=0 1 i=0 1 

Since M(E) > 0 by hypothesis, at least one of the sets u(E^) 

must have positive measure. 

Because u(E0) = |j([A0 x W2) E) < n( AQ X W8 ) = 

Ui(AO) = there is an i ^ 0 such that M(E1) > 0. Now we 

may regard the sets A^ as points and by using the theorem 



22 

that almost every section of a measurable set is a measur

able set we find that 

E ± -  =  ( ( A 1  x W S ) D E )  =  ( A ±  x B )  

where B is a measurable set in (B . 

0 < u(E±) = |a(A± X B) £ (W, x B) = MB), 

hence faa(B) >0. 

Thus, lij X = Hx * M- a  ( X  B) = Ui(A^) * 1̂ 2 (®) 

>  0  and x U2( E ) S ^ x | I S ( E ^ )  >  0 .  We have established 

that if M(E) > 0 then x (E) > 0. Since the measures 

involved here are strictly finite this is sufficient to 

insure that \i is absolutely continuous with respect to 

Ui x • 

Q. • E. D • 

COROLLARY 3.12. If one of the spaces W^, say Wx, 

has at most a countable number of points then the original 

measure [i is absolutely continuous with respect to the 

product measure ̂  x na. 

PROOF. This is obvious since the measure |jx must be discrete. 

Q.. E. D • 

COROLLARY 3.13. If one of the two random variables 

X and Y takes on at most a countable number of values 

with probability one, then \± is absolutely continuous with 

respect to x \i3 . 



23 

PROOF« Let X be the random variable which takes on the 

values xx , xa, ... with probability one. Then the sets 

[xx ], [xa] ... are identified with the sets Aa, A2, ... and 

the result is immediate. 

Q.E.D. 

THEOREM 3.14. If the random variables X and Y are 

such that JJL Is absolutely continuous with respect to Lebesgue 

measure then n Is absolutely continuous with respect to 

Ml * |ig . 

PROOF. The proof shall consist of showing that if u(E) > 0 

then JJLJ x na(E) > 0 where E is a Lebesgue measurable set. 

In this theorem W2 = Ws = 

Since \i is absolutely continuous with respect to 

Lebesgue measure, there exists a measurable function f(x,y) 

such that 

u(E) = 

E 

f(x,y)dxdy 

for all measurable sets E. 

By definition and with the use of Fubini's theorem 

we get 

lij (A) = |JL(A X Wa) = f(x,y)dydx 
u O 
A W 
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fx (x)dx 
O 
A 

and 

U*(B) = f(x,y)dxdy = 

B Wj 

f2(y)ay. 

The measure [ix x \is is determined on Q, x fl by 

Mi x Ms = fi(x) • f2(y)dxdy 

and hence n,, x u2 is absolutely continuous with respect to 

Lebesgue measure. 

Suppose that E is a Lebesgue measurable set in 

wi x W2 such that 

H(E) = f(x,y)dxdy > 0. 

E 

Let P be a set such that f(x,y) > 0 for all (x,y) in F. 

Then since F is measurable E n F = G is measurable and 

H(G) = f(x,y)dxdy = 

EOF 

f(x,y)dxdy > 0. 

E 
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Let G = (Cy] : (x,y) belong to G), that is the x 
Jv 

sections of the set G. Let A be a subset of Wx such that 

G for every x in A is non-measurable or that G„ has Lebesgue A A 

measure 0. Then it is well known that the set U G =» H 
x in A x 

has Lebesgue measure zero. See [20] volume II page J6 .  

Let G « ([x] : (x,y) in G) and let B be a subset of 

W3 such that G for every y in B is non-measurable or G has 
y «y 

Lebesgue measure zero. Then U G = I has Lebesgue 
Y in B y 

measure zero. 

Let (GH-H) designate the x-sections of (Gn-H). Now 

f(x,y) is strictly positive on G and hence is strictly 

positive on every x-section of (Gfl -H). Since the Lebesgue 

measure of each non-null x-section of (Gn-H) is positive we 

have 

fi (x) f(x,y)dy a f(x,y)dy > 0 

Wa (GO- H)x 

for each non-null x section. Hence for all x for which 

there exists a y such that (x,y) belongs to (Gn-H) , 

f±(x) > 0. 

In a similar fashion we may prove that fa(y) > 0 for 

all y for which there exists a point x such that (x,y) 

belongs to (Gn-I). 

Prom the above it is obvious that fx(x) • f2(y) > 0 

for all (x,y) belonging to (Gn - Ifl-H)CE. 
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Since the Lebesgue measure of I and H are zero, it 

is clear that (GO - in - H) will have positive Lebesgue 

measure. Thus, combining the facts that (GO - 10- H) has 

positive Lebesgue measure and that fx(x) • fa(y) > 0 on the 

set (GO - Hfl - I) we find that 

Mi X Ua (E) ̂  X Pa (G H - HO — I) 

I 

fj(x) fa(y) dxdy > 0. 

GH - H n - I 

Hence p(E) > 0 implies that \ix x us(E) > 0. 

Q .E. D . 

THEOREM 3.15. If X and Y are two random variables 

such that u • Xct + (l-x)y where a is a probability measure 

absolutely continuous with respect to Lebesgue measure, y is 

a discrete probability measure, and X is a real number such 

that 0 £ X s 1, then \i is absolutely continuous with respect 

to X UB . 

PROOF. If X - 0 or if X - 1 then the result follows by 

Theorem 3«1^ or by Theorem 3-H. Hence, we may assume that 

0 < X < 1. 

Let a1 be the marginal of a on Wj and as be the 

marginal of a on Wa. Let be the marginal of y on Wj and 

y8 the marginal of y on W,. 
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Using the definition of marginal measures we find 

that 

HI = + (1 - X)YI 

and 

lia sx \aa + (1 - x)ya . 

Let A be a measurable subset of Wx and B be a meas

urable subset of Wa. Then 

Hi X |Xa(A X B) - lii(A) • |is(B) 

- UM*) + (l-X)Yl(A)) • (Xcxs(B) + (l-X)y,(B)). 

Hence 

X M-a (A. x B) - Xaal(A)as(B) 

+ X(l-X)(a1(A)Ys(B) + y1(A)a3(B)) 

+ (l-X)3Yi(A) • Ys(B)a = X3a1 x OgfAxB) 

+ X(l-X)(a1 x Ya(AxB) + Yi X aa(AxB)) 

+ (l-X)'Yl x Ys(AxB). 

The above equality will hold for all measurable 

rectangles in Wj x W8. Hence by a process similar to that 

used in Theorem 3*9 we find that 

Hi X M-a(E) = Xsa, x 03(E) 

+  \ ( 1 - X ) ( A 1  x V = ( E )  +  Y I  x O T S  ( E ) )  +  ( I -X)'YI X Y S ( E )  

for all measurable E in Wx x Wa. 
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Suppose that ^ x I_I3(E) = 0. Then since 0 < X < i, 

we find that 

ax x aa(E) = 0 

and 

Yi x Ya(E) « 0. 

By Theorem 3-1^ or Theorem 3*11 a is absolutely continuous 

with respect to ax ct3 and y is absolutely continuous with 

respect to y1 x • Hence 

a(E) = 0 

and 

Y(E) =0. 

Thus n(E) = 0. Since all the measures involved are finite 

valued this is sufficient to show that p. is absolutely 

continuous with respect to x u2. 

Q.E.D. 

It is worth noting at this point that by Theorems 

3.113 3'l^j 3*15 the most common types of two-dimensional 

random vectors are included in the class we are considering. 

That is, the discrete, continuous, and mixed types are in 

this class. 

For the remainder of this chapter we are going to 

prove a number of isolated and special results which will 
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show the usefulness of considering the special class of 

bivarlate probability measures which are absolutely con

tinuous with respect to the product of their marginals. 

THEOREM 3.16. If n! is discrete and if x^ is such 

that > 0 then R(x1,y) exists and R(xi,y) s 

almost everywhere iaa . 

PROOF. R(x^,y) exists by Theorem 3.11. Let (x^} (1=1, 2, 

3, ...) be the set of all x^ such that u1(x1) > 0. Then by 

Theorem 3*1 

a> 

^ Rfx^y)^ (x^) = 0 for almost all y 

and ^ 

R(x,y) 2: -1 almost everywhere |ix x ps . 

Suppose that R(x. ,y) > (—rr-r - 1) for all y in a 
1 Mivx^1 

set B belonging to $ such that M3( B) > 0. Let E be the set 

of Wx x Wa such that R(x^,y) < - 1. Let E^ = (x^ x Wa)flE, 

then each E^ is a set of the form (x^ x B.^) where B^ is in© 

Ijij x ua(Ei) = 0 and hence H2(B1) = 0 for each i. Thus 

Ma(U B,) « 0. Let B0 = {BO - (U B,))j then us(B0) > 0 and 
1=1 1 i=»l 1 

R(x±,y) > (Mi(x±) " 1) for a11 y in Bq. Further, if y 

belongs to B0 then R(x^,y) s -1 for all 

Then 

H(x1,y)(p1 (x±)) >(l - Hxfx^) (1) 
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and since is a probability measure we have the following 

set of inequalities 

00 

X  -  1  ( 2 )  
i - 1 

and 
CO 00 

£ R(Xj,y)M-i(xj) ̂  £ •(-l)|i1(xj) 
3 = 1 J = 1 
i 1 3 3 ^ i 

for all y in B0. Combining (l) and (2) we get the following: 

CO 

R(x1,y)M-i(x1) + Y (-1)m-I(xJ) > 0 
3 - 1 

or 
00 

R(xi,y)M-1(x1) + Y (-1)^L1(Xj) > 0 . 

3 = 1  
3 * 1 

Using Inequality (3) we may transform this last Inequality 

into 

CO 

R(xi,y)|J.1 (x±) + £ R(x1,y)M.1(xJ) > 0 

3 - 1 
3 t i 

or 

00 

£ R(x1,y)p.1 (x± > 0 

i « 1 

for all y in B0 . But B0 is a set of positive na measure and 

hence this is a contradiction. 
Q.. E. D. 
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COROLLARY 3.17. If |±j is finite discrete then 

R(x,y) is bounded almost everywhere m x M.a . 

PROOF. If Xj, ..., x^ are the points for which > 0, 

then by Theorem 3*8 

Q.. E . D. 

It is possible to construct an example where the 

function R(x,y) actually takes on the maximal value given by 

the theorem, which shows that the bound given is the best 

possible. 

The following theorem gives bounds on the condi

tional expectation in terms of the ordinary expectation when 

one of the marginals is discrete. 

THEOREM 3.18. If the marginal \i1 of on V/x is 

discrete and if 

R(xi,y) s (,. /L \ - 1) almost everywhere ns M-i ) 

1) almost everywhere |i 

almost everywhere (ij x i_i3 . 

p 

E[h(y)] = h(y) &\xs exists 
U 

then 
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E[h(y)|x±] s: E[h(y) ] - E[h+(y)] - (jT["xJj7 

ElXyHx^ £ E[h(y) ] + E[h"(y)] + -1)E[h+(y)] 

where the x^ are the countable number of points such that 

|JL1(X1) > 0, h+(y) =« max (h(y),0) and h"(y) = max (-h(y),0). 
i 

PROOF. 

E[h(y)|x1l h(y)(l + R(x1,y)) dn2 

Wa 

E[h(y)] + E[h(y) • R(x1,y)] 

where each of the expected values exist either by hypothesis 

or by Corollary 3«7» 

Let 

H+(x1,y) = max(0, R(x1#y)) 

R~(x1,y) = max(0,-R(x1,y)), 

then 

E[h(y)R(x±,y)] £ E[h"(y)R"(xjL,y)] + E[h+(y)R+(x±,y)] 

By elementary properties of integrals we get 

E[h"(y)R"(xi,y)] s: ess sup{R"(x1,y)} • E[h~(y)] 

and 

E[h+(y)R+(x1,y)] £ ess sup(R+(xi,y)3 • E[h+(y)], 

where ess sup f(y) = inf (y: f(y) > M) = 0}. 
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Now by Theorem 3»1 and Theorem 3-16 ess sup R~(x^,y) 

£ 1 and ess sup R+(x, ,y) s: (••• i1 . -1). Thus 
1 M-l ) 

E[h(y)R(xjL,y)] <; E[h~(y)] + y -l)E[h+(y)] 

and 

E[h(y)|Xl] s E r h(y)] + E[h'(y)] + ( (̂
1 . -l)Erh+(y)]. 

A similar proof will show that 

E[h(y) IXjJ a Erh(y)] - E[h+(y)] - . -l)E[h"(y)] . 

Q.E .D. 

THEOREM 3»19• If M-i is discrete and if h(y) is a 

function on Wa such that the expectation Efh(y)] exists then 

the conditional expectation of h(y) given x^ takes the form 

E[h(y)|xi]'» E[h(y)] +'Xxi(h(y)) 

w h e r e i s  a  c o n t i n u o u s  l i n e a r  f u n c t i o n a l  o v e r  t h e  s p a c e  

of |ia integrable functions on Wa . 

PROOF. As in Theorem 3.18 we find that 

E[h(y)|x±] = E[h(y)] + E[h(y) • R(x±,y)] 

for all functions h(y) whose expectation exists. 

By definition 
•> 

h(y) • R(x±,y) dp.2 . E[h(y) • Rfx^y)] = 

W s 

By Theorem 3*1 and Theorem 3^8 for fixed x^, the 

ess sup {|R(xi,y)f} <; max (1,^^) -1}. 
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Hence R(x^,y) is bounded in the ess sup norm and thus by a 

standard result of classical function space theory 

( ) * Rtx^y) dp.2 =£Xi( ) 

Wx 

defines a continuous linear functional over the p,2 Integra-

ble functions on Ws. See [19]* page 249- Thus 

E[h(y)|x±] = E[h(y)] +£ X ; L (h (y ) )  

Q.E.D. 

Using the notation and techniques of this chapter we 

will derive results about some standard parameters of 

mathematical statistics. 

THEOREM 3»20. If X and Y are two random variables 

whose covariance exists and such that \i is absolutely con

tinuous with respect to x \is then 

i 

covariance of X and Y = cov.(X,Y) = x . y R(x,y)d|ii X[is . 

Wx Wa 

PROOF. It is a standard result of mathematical statistics 

that 

cov (X,Y) = E[X*Y] - E[X]E[Y]. 

As in the proof of Corollary 3*6 we have 

E[X-Y] = 

W, '-VJ 

(x-y)(l + R(x,y)) dp^ x p.a 
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(x-y) x pa + 

WI W2 

x-y R(x,y) dp.x x dpa . 

Wx Wa 

By Fubini's theorem 

x-y d^ij x M-s = 

Wi w2 

x dp,! y dns 

w, w s  

= E[X]E[Y]. 

Hence 

E[X-Y] = E[X]E[Y] + x-y R(x,y) dp.a x p.. 

Wx Wa 

and it is immediate that 

cov(X,Y) = x-y R(x,y) dp.x x pa . 

Wx Wa Q,. E. D. 

COROLLARY 3.21. If X and Y are two random variables 

which meet the conditions of Theorem 2.11 and are such that 

E[XS] and EtY3] exist then the correlation coefficient 

p(X,Y) takes the form 

x • y R(x,y) dp,! x p,2 

p(x,y) = ~ 
VE[(x - E[x])s] E[(y - E(y))a] 
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PROOF. This result follows Immediately from the definition 

of the correlation coefficient 

P(x,y) = cov <X'Y> • 
•J E[(x - E(x) )2 ] E[(y - E(y) )2 ] 

Q.E .D. 

For the class of bivariate distributions which we 

are considering the regression curves take an especially 

simple form. 

THEOREM 3.22• If X and Y are such that |x is abso

lutely continuous with respect to \ix x and if E[y] exists 

then the regression curve of y on x, mx(x) takes the form 

mx(x) = E[y|x] = E[y] + E[y • R(x,y)] 

PROOF. By Corollary 3.5 
"J 

mt(x) = E[y|x] = y(l + R(x,y)) d[±a 

i 
= E[y] + E[y • R(x,y)] 

where all the expectations exist either by hypothesis or by 

Corollary 3*7. 

Q.E.D. 

Similarly ms(y), the regression curve of x on y, 

takes the form E[x|y] = E[x] + E[x • R(x,y)] when E[x] 

exists. 
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This leads to the following interesting theorem. 

THEOREM 3.23. If X and Y are two random variables 

which meet the condition of Theorem 3.22 and are such that 

their covariance exists then a sufficient condition for 

cov (X,Y) ss 0 is that the regression curve m^x) = E[y|x] be 

equal to a constant almost everywhere . 

PROOF. Suppose that 

E[y|x] = c almost everywhere ; 

then 

E[y|x] = E[y] + E[y • R(x,y)] = c. (4) 

It is well known that 

E[E[y|x]] = E[Y]; 

thus 

E[y] = E[c]. 

Hence we have that c = E[y], and from this and (4) it 

follows that 

E[y • R(x,y)] = 0 almost everywhere \i1 . ( 5 )  

By Theorem 3.11 

cov (X,Y) = J x • y R(x,y) djx1 x jia, 

WiXV/2 

which by Pubini's theorem is equal to 
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y * R(x,y)dp.adm = x • E[y • R^y)]^ 

Wx w2 W. 

0 by (5). 

Q.E .D. 

Continuing our discussion of the regression curve vie 

obtain the result contained in the next theorem. 

THEOREM 3*24. If X and Y are two random variables 

such that p. is absolutely continuous with respect to |xx x \iP 

and if E[x«E[y|x]], E[y • E[x|y]], E[x], and E[y] exist then 

E[x-E[y|x]] = E[y • E[x]y]]. 

PROOF. 

E[x . E[y|x]] = x • E[y lx]dp.1 

W. 

x(E[y] + E[y • R(x,y)])djx1 

W. 

by Theorem 3<22. 

This last Integral is equal to 

x Etyjdji! + x y • R(x,y) djj.2 d 
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which by an application of Publni's theorem takes the form 

E[x] • E[y] + y  

W2 W, 

x R(x,y)dp.a d[ia = [y 
W, 

x E[x] + y E[x • R(x,y)]]d|xs 

E[y(E[x] + E[x • R(x,y)])] 

= E[y • E[x|y]]. 

Q.. E. D 

In the next chapter we will discuss the simplest 

type of functions which are members of the class R(x,y). 



CHAPTER 4 
SIMPLEST TYPE OF DEPENDENCE 

In this chapter we are going to study bivariate 

distributions where the function R(x,y) has the simplest 

possible form. That is 

R(x,y) = f(x) • g(y) 

where 

-J 

f(x) dp.! = 0 

i 
and 

e ( y )  d p - a  = »  

wa 

If either f(x) = 0 almost everywhere \x-i or g(y) = 0 

almost everywhere |ia then R(x,y) = 0 almost everywhere 

1JLx x |ia . Hence we will always assume that f(x) and g(y) are 

non-zero on some set of positive measure. 

Certain special types of such functions have been 

considered before. (See Morgenstern [18], Gumbel [9], [10], 

[11] and Parlie [3], [^]* [5].) However this is the first 

examination of such functions in their complete generality. 

Before deriving a characterization of such special 

bivariate distributions we will need the following lemma. 

40 
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LEMMA 4.1. If R(x,y) = f(x) • g(y) then ]f(x)| is 

bounded almost everywhere m and |g(y)| is bounded almost 

everywhere \i.s . 

PROOF. By construction 

>' 

f(x)dp.1 = 0, 

and since f(x) is different from zero on a set of positive 

measure f(x) must be strictly positive on some set Aj and 

strictly negative on some set AA such that M-i(AX) > 0 and 

M-i(A3) > 0. Thus there will exist sets A'r and A'A with 

positive measure such that f(x) i Ej > 0 on A1, and f(x) £ 

EA  < 0 on A1
2 . 

Suppose that g(y) > (- J? ) on a set Bj such that 

M-2(bI) > Then R(x,y) = f(x) g(y) < -1 on the set 

(A'A x Bx ) . But x M.S(A's x B1) = M-x (A1 
A ) • M.3(B) > 0, 

and since by Theorem 3*1 R(x,y) s -1 almost everywhere 

\ix x p.2 this leads to a contradiction. Hence g(y) ̂  (- ir ) 

almost everywhere \XS . A similar argument will show that 

g(y) st (- =•> ) almost everywhere |±s . Thus |g(y)| is bounded 

almost everywhere |x2 . 

By the same procedure it is possible to show that 

|f(x)| is bounded almost everywhere \ix . 

Q.E .D. 
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The conclusion of the above lemma can be written in 

classical function space terminology as f(x) belongs to Leo 

with respect to m and g(y) belongs to Lro with respect to \is . 

The next theorem is the central result of this 

chapter. 

THEOREM 4.2. If a bivariate measure |i with marginals 

lii and |i2 meets the conditions of Theorem 2.3, then the 

conditional expectation E[h(y)|x] of functions h(y) such 

that E[h(y)] exists has the form 

E[h(y)|x] = E[h(y)] + f(x)^(h(y)) 

almost everywhere where "3L(h(y)) is a continuous linear 

functional over the \x3 integrable functions h(y) on W2 if and 

only if p. is absolutely continuous with respect to m x \±s 

and the Radon-Nikodym derivative of |x with respect to 

(i! x |is is given by 1 + R(x,y) = 1 + f(x) g(y) . 

PROOF. Assume that n, is absolutely continuous with respect 

to p.! x \is and R(x,y) = f(x) g(y). Then the defining equa

tion for the conditional expectation of h(y) given x is by 

Corollary 3*5• 

E[h(y)|x] a 

W 

h(y)(1 + f(x) g(y))d|ji; 

Hence we have that 



E[h(y)|x] = E[h(y)] + f(x) 

W 
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i 

h ( y )  •  g ( y )  d n a .  

By Lemma 4.1 g(y) belongs to L^, with respect to |ia . Thus, 

using a result from classical function space theory we find 

that 

J (  )  g ( y )  d y . a  «  £ (  )  

W2 

defines a continuous linear functional on the \is integrable 

functions on W3 . See [19]* page 249. Hence we have that 

E[h(y)|x] = E[h(y)] + f(x) (h(y)). 

This finishes the proof of sufficiency. 

Suppose that for any function h(y) integrable over 

Wa with respect to [is, the conditional expectation of h(y) 

takes the form 

E[h(y)|x] = E[h(y)] + f(x) X. (h(y)) 

where "£. ( ) is a continuous linear functional. Since the 

measure \is is finite, for every continuous linear functional 

( ) on the |is integrable functions there exists a 

function g(y) in Leo with respect to JJL3 such that 
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*( ) (  )  g ( y )  d ( i 2 .  

Ws 

We define a signed measure \i1 on the space 

(Wi xWs, axfi) by 

M-' = (l + f(x) g(y))dn! x \is 

The above integral represents the indefinite integral and is 

thus a set function on»the JJLJ X [JLs measurable sets. Since 

(i2 [ |x] defines a probability measure on Ws, f(x) • g(y) 2: -1 

almost everywhere n-i x p,3 . For suppose there exists a set E 

such that p.! x M-a(E) > 0 and f(x) • g(y) < -1 on E. Let 

E = fy | (x ,y) is in E}j then since |i, x (i2(E) > 0 there will 

exist a set A of positive |JLx measure such that if x is in 

A* > 0. Since f(x) • g(y) < -1 on E we find that 

^s(Ex|x) = |x3 (Ev) + f ( x )  g ( y )  d j j i a  <  0 .  

E. 

Hence for a set of positive measure |i3 ( |x) does not 

define a probability measure on W2. This is a contradiction. 

Since 

E[h(y)|x] d^i = E[h(y)] 
o 
w 
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and 

E[c|x] = c, 

we find that 

f(x) djij *= 0 

W, 

and 

g(y) d|xa = 0. 

W, 

Hence R(x,y) = f(x) • g(y) meets the hypothesis of Theorem 

3.1 and p,1 is a probability measure with marginals (j.a and p,a 

By Corollary 3-4 

M.'a( lx) = (l+f(x) g(y))d|ia = i±a( )+f(x) e(y)dua • 

We have that 

|ia( | x) = m.2( ) + f (x) g(y) dM-s 

where the integral represents the indefinite integral and is 

thus a set function. Thus by Theorem 3*9 

— A ' fx « (J. 

Q.E .D. 
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COROLLARY 4.3. If Wa » (-»,+«) then for all h(y) 

integrable with respect to \±s, 

E[h(y)|x] - E[h(y)] + f(x) *£(h(y)), 

where * ( h ( y )  ) is a continuous linear functional on the |i2 

integrable function, if and only if \i is absolutely continu

ous with respect to x p,a and R(x,y) = f(x) g(y\. 

PROOF. This follows from Theorem 4.2 and Theorem 2.4. 

Q.E.D. 

COROLLARY 4.4. If p. is absolutely continuous with 

respect to m x p.a then for all h(y) integrable with respect 

to |X2 

E[h(y)|x] - E[h(y)] + f(x)£(h(y)) 

if and only if R(x,y) = f(x) • g(y). 

PROOF. This follows from Theorem 4.2 and Theorem 3.2. 

Q.E.D. 

It seems reasonable in view of the preceeding theo

rem to regard bivarlate distributions where R(x,y) » 

f(x) * g(y) as the simplest generalization of independence. 

The following theorem and its corollary give further support 

to this statement. 

THEOREM 4.5. Let X and Y be two random variables 

such that 11 is absolutely continuous with respect to 

Lebesgue measure and such that R(x,y) » f(x) • g(y). Then 

if Fx(x) =» 0 for x < 0 and Fa(y) - 0 for y < 0 the random 
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variables X and Y are independent if and only if the density 

function of Z - X + Y is equal to the convolution of the 

density functions fx(x) and fa(y). 

PROOF. Let Z • X + Y; then, as is well known, the density 

function of Z is given by 

f 3 ( z )  - FI(X) f„(z-x)(l + R(x,Z-X)) dx (1) 
U 
— 00 

If X and Y are independent then R(x,y) •» 0 and from (l) it 

follows that 

f 3  ( z )  fi(x) fa(z-x) dx. 

Thus the density of Z is equal to the convolution of the two 

density functions. 

Assume that X and Y are not independent. That is 

that f(x) • g(y) / 0 on some set of positive [ix x [ia measure, 

The measures p.! and |i3 are determined on the real line by 

M-I(A) fx(x) dx 

A 

and by 

MB) f a ( y )  d y -

B 
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Since f(x) • g(y) £ 0 on a set of positive [ix x \is measure, 

it follows that f(x) 0 on a set of positive measure and 

g(y) ̂  0 on a set of p.a positive measure. Hence we get that 

f(x) • fa(x) 7^ 0 on a set of positive Lebesgue measure and 

g(y) • fs(y) £ 0 on a set of positive Lebesgue measure. 

By hypothesis ^(x) « 0 for x < 0 and f2(y) •» 0 for 

y < 0. Hence (l) becomes in this case 

f3 (z) (fi(x) fa(z-x)+fx(x) f(x) fa(z-x)g(z-x))dx 

0 

or 

f9(z) fx(x)fa(z-x)dx+ fl(x)f(x)f2(z-x)g(z-x)dx, 

The existence of all the above integrals is established by 

standard theorems about convolutions. See for example [l], 

Let 

h(z) = fx(x) f(x) fs(z-x) g(z-x) dx. 

Hence h(z) is equal to the convolution of the two functions 

fj.(x) • f(x) and fs(y) • g(y) • Each of these functions is 

non-zero on a set with positive Lebesgue measure. Hence by 

a famous theorem due to Titchmarsh [26] h(z) ̂  0 on a set 
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with positive Lebesgue measure. Thus if X and Y are not 

independent the density function of their sum is not equal 

to the convolution of their density functions. 

Q. E. D . 

It is obvious that a similar theorem will hold if X 

and Y take on only negative values with probability one. 

COROLLARY 4.6. Let X and Y be two random variables 

which meet the hypothesis of Theorem 4.5. Then X and Y are 

independent if and only if the characteristic function of 

Z = X + Y is equal to the product of their characteristic 

function. 

PROOF. It is a standard theorem of mathematical statistics 

that if two X and Y are independent then the characteristic 

function of their sum Z = X + Y is equal to the product of 

their characteristic functions. 

Let cpx(t) be the characteristic function of X, cpa(s) 

be the characteristic function of Y, and cp3(w) be the 
characteristic function of Z. From the proof of Theorem 4.2 

and the definition of the characteristic function we get 

cp3(w) = f3(z) exp(iwz) dz 

00 Z 
n 

exp(iwz) fx(x)fa(z-x)(l+f(x)g(z-x))dx dz 
U 
0 
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or CO 
r> 

cp3(w) = exp(iwz) 
U 
— 09 

fx(x)f3(z-x)dx dy+ 

0 

exp(iwz)h(z)dz 
U 
— 00 

where h(z) is the function defined in Theorem 4.2. 

By a standard theorem on Fourier integrals 

CD n 

*exp (iwz) 
U — oo 

fi(x) f3(z-x)dx dz = cpx(w) • cpa(w) 

By Theorem 4.5* h(z) = 0 almost everywhere Lebesgue measure 

if and only if X and Y are independent. Hence, if X and Y 

are not independent h(z) ̂  0 on a set of positive Lebesgue 

measure, and by the uniqueness assertion of the Fourier 

integral theorem 

exp(iwz) h(z) dz £ 0. 
U 
— CO 

Thus if X and Y are not independent 

CPs (w) ̂ cpj, (w) cpa(w) . 

Q. E ,D 

It is well known that the above results do not hold 

for general bivariate distributions. 

If we consider integral valued random variables of 

this class we obtain a similar theorem. 
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THEOREM 4.7« If X and Y are two random variables 

which take on the integral values {0, 1, 2, . . .} with 

probability one, have probability functions P^x), Pa(y)j 

and if R(x,y) = f(x) g(y), then X and Y are independent if 

and only if the probability function P3(z) of Z = X + Y is 

equal to the convolution of the probability functions Px(x) 

and Ps(y). 

PROOF. The probability function of Z = X + Y is given by 

r 
pa(r) = Y (l+f(l)g(r-i))P1(i)Pa(r-i) for r » 0,1,... 

1=0 

Hence 
r r 

Mr) = £ Pi(l)P,(r-i) + £ f(i)s(r-l)PI(i)P,(r-i). 
1=0 1=0 

If X and Y are independent then f(x) • g(y) = 0 and thus the 

second sum vanishes. Hence P3(z) is equal to the convolution 

of Px(x) and P3(y). 

If X and Y are not independent then there exists an 

(i,j) such that f(i) PxCi) ̂  0 and g(j) PS(J) 7* 0. Let m = 

minimum {i} where f(l) Pi(i) ̂  0 and k = minimum Cj} where 

s(j) Pa (J) Then we find that 

k+m 

Y f (i) Px(i)-g(k+m-i)-Pa(k+m-i) = f (m)Px (m)g(k)P2 (k) 

1=0 
t 0. 

It follows thus that 



k+m 

P3(k + m) t ) Pi(i) • Ps(k + m - i) 
i=0 

and hence P3(z) is not equal to the convolution of Pt(x) and 

Q.E .D. 

COROLLARY 4.8. If X and Y meet the conditions of 

Theorem 4.7 then they are independent if and only if the 

generating function of their sum Z = X + Y is equal to the 

product of their generating functions. 

PROOF. Let Gx(s), Ga(t) an(3 G3(w) be the generating func

tions of X, Y and Z respectively. It is well known that if 

X and Y are independent, then the generating function of 

their sum is equal to the product of their generating 

functions. 

Q3(s) -  y  ( y  (i + f(j) g(i-j) pjj) PsU-j^s1 
ifeo j=0 

= y (y mj) p a(i-3))s i  

iso 3=0 

eo i 

+ y (y f(j) S(i-j) Pi(j) 
i=0 j=0 

p 3 ( y ) •  

The generating function of Z is defined to be 

By Theorem 4.7* we find that 

i 

It is a well-known result that 
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. i 

y (  y  Pi(J)  P3(i-J))s1 = Gj(s) • Gs(s). 
i=0 j=0 

G3(s) is a power series in s which converges in the 

closed interval [-1,+1]. By Theorem 4.7 there will exist at 

least one r such that 

r 

Y f(J) g(r-j) Pj(3) P„(r-J) t 0. 
3=0 

Hence in the power series expansion of G3(s) the coefficient 

of sr will be different from the coefficient of sr in the 

power series represented by G1(s) • G2(s). Hence by the 

uniqueness of the expansion of a function in a power series 

G3 (s) 7* Gx(s) • Ga(s) . 

Q. E .D • 

"We are now going to consider the covariance and 

correlation coefficient of two random variables whose joint 

distribution is of this simple form. 

THEOREM 4.9. If X and Y are two random variables 

such that p. is absolutely continuous with respect to x \xs 

and R(x,y) = f(x) • g(y) then if their covariance exists it 
i 

is given by 

cov (X,Y) = E[x*f(x)] • E[y«g(y)]. 

PROOF. By Theorem 3»20 



cov(X,Y) x • y R(x,y) x \it 

Wx W0 
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x • f(x) 
U 
w 

y • g(y) dixs 
O 
w 

= E[x • f(x)]E[y • g(y)]. 

Q.E .D. 

COROLLARY 4.1Q. If X and Y are two random variables 

which meet the conditions of Theorem 4.9* then the correla

tion coefficient p of X and Y if it exists is given by 

p „ E[x • f(x)] E[y . g(y)1 _ 

VE[(X - E[X])s]E[(Y - E[Y])*] 

PROOF. This result follows immediately from Theorem 4.9 and 

the definition of the correlation coefficient. 

Q.E.D. 

COROLLARY 4.11. If X and Y are two random variables 

which meet the conditions of Theorem 4.9* then cov(X,Y) = 0 

if and only if E[x • f(x)] = 0 or E[y • g(y)] = 0. 

PROOF. This result follows immediately from Theorem 4.9* 

Q..E .D. 

We are now going to investigate the regression 

curves for this special case of two-dimensional random 

variables. 
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THEOREM 4.12. Let X and Y be two random variables 

such that |i is absolutely continuous with respect to 

p.! x |ia and R(x,y) = f(x) g(y). Then if E[h(y)] and E[m(x)] 

exist the regression curves E[h(y)|x] and E[m(x)|y] are 

given by 

E[h(y)|x] = E[h(y)] + f(x) E[h(y) • g(y)] 

E[m(x)|y] = E[m(x)] + g(y) E[m(x) • f(x)]. 

PROOF. As in the proof of Theorem 3.22, we find that 

E[h(y)|x] = E[h(y)] + 

W 

h(y) f(x) g(y) dp.a 

=> E[h(y)] + f(x) E[h(y) • g(y)]. 

A similar proof holds for E[m(x)|y], 

Q.E .D. 

We can write the conclusion to Theorem 4.12 in the 

following way. The regression curves of \J.s integrable func

tions take the form Ĵ\ 

E[h(y)|x] = Xj (h(y)) + f(x)X3(h(y)) 

where ( ) and ~~£. 2 ( ) are two linear operators on the \±s 

integrable functions. We thus see that all the regression 

curves for all \iP integrable functions have the same general 

shape 

E[h{y) |x] . K, + f(x) Kg 
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where Kj and Kg are two constants whose values are deter

mined "by 3E,( ) and "£_( ) respectively. 
k 1 ® 

The following theorem gives even more remarkable 

evidence of the Importance of the regression curves for the 

class of two-dimensional random variables we are considering 

in this chapter. 

THEOREM 4.13. Let X and Y be two random variables 

such that p. is absolutely continuous with respect to m x |ia 

and R(x,y) = f(x) g(y). Then if X and Y have non-zero 

covariance the bivariate measure |i is uniquely determined by 

M-i* E[x|y] and E[y|x] . 

PROOF. By Theorem 4.12 

E[x|y] a E[x] + g(y) E[x • f(x)] 

E[y|x] = E[y] + f(x) E[y • g(y)]. 

By hypothesis cov(X,Y) ̂  0 and hence by Corollary 4.11, 

E[y • g(y)] 5^ 0 and E[x • f(x)] ̂  0. 

We now set 

E[x • f(x)] = 1. 

The choice of 1 in the above equality is arbitrary; we could 

choose any non-zero real number. Then E[x] is a known 

number and we thus are able to find g(y). Then E[y] and 

E[y • g(y)] are known numbers and we are able to determine 

f(x). 



57 

The following argument shows that the f(x) deter

mined from the second equation must satisfy 

E[x • f(x)] = 1. 

By Theorem 3.24 

E[y • E[x|y]] = E[y • E[y|x]]. 

We also have that 

E[y«E[x|y]] = E[y] E[x] + E[y • g(y)] E[x • f(x)] 

E[x-E[y|x]] = E[y] E[x] + E[y • g(y)] E[x • f(x)]. 

From these equations it follows that once E[x • f(x)] is 

fixed for the equation 

E[x|y] = E[x] + g(y) E[x • f(x)], 

the f(x) determined by the other regression curve must have 

the same property. 

Q.E .D. 

The primary use of two-dimensional random variables 

of the class considered in this chapter has been for the 

construction of examples and the evaluation of methods of 

measuring the association between two random variables. For 

specific examples the reader is referred to Crosby [2], 

Farlie [3], [4], [5] and Gumbel [9], [10], [11]. 



CHAPTER 5 
FINITE DISCRETE MEASURES 

In this chapter we are going to examine the set of 

finite discrete two-dimensional measures with given marginals 

as a convex set. Then we will use the association of these 

measures with the functions 1 + R(x,y) to establish some 

elementary properties of this set of measures. 

DEFINITION 5*1. A set U is said to be convex if fj.' 

and p." are in the set U implies that p. = Xp.1 + (l-x)p." 

belongs to the set U where X is a real number such that 

0 * X * l. 

DEFINITION 5.2. An element of a convex set U is 

said to be an extreme point of the set U if p, = Xp.' + (l-x)p." 

where X is a real number such that 0 £ X  ̂1 and p.1 and p." 

belong to U implies that IJL = p.1 or p. = p." . 

LEMMA 5.1. The set of bivariate measures U with the 

same marginals p,x and p,3 forms a convex set. 

PROOF. Let p.' and p," belong to U. Then by definition of 

the marginal measures 

H'(A X W„) = M-i(A) 

and 

p."(A x W8) = p.j(A) 

for all sets A in & . 

58 
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Let X be a real number such that 0 £ X £ 1. Then 

p. = Xn"1 + (l - XV is a measure on ax© and 

ji(A x Wa) = X|i' (A x Ws) +(1 - X)n"(A x W3) 

= Xjij (A) + (1 - X)nl(A) 

= M-x (A) • 

i 

Hence IJL is a measure with marginal \ix on Wr A similar 

computation shows that jx has the marginal on Wa . 

Q.E .D. 

LEMMA 5*2. The set of functions P =» {l + R(x,y)} 

measurable over (Wx x Wa, Q. x (B ) which define probability 

measures with respect to x |ia with marginals and p,3 is 

a convex set. 

PROOF. It will be sufficient to show that if R'(x,y) and 

R"(x,y) are two functions which have the properties of 

Theorem 3*1* then the function 

R(x,y) = XR'(x,y) + (l - X)R"(x,y), 

where X is a real number such that 0 £ X £ 1, will have the 

same properties. 

R(x,y) is measurable by elementary properties of 

measurable functions. Since R'(x,y) :> -1 and R"(x,y) £ -1 

almost everywhere m x \is, it follows that R(x,y) is -1 

almost everywhere [ij x (i3 . 



and 

Hence 

We have that 

Rl(xJy)dji1 = 0 almost everywhere \is 

W, 

R"(x,y)dp.1 = 0 almost everywhere \is 

W, 

R(x,y)d}i1 

Wi 

(XR'(x,y) + (1 - X) R,,(x,y))dn1 

W, 

= 0 almost everywhere \is . 

Similarly, we find that 

R(x,y)diia = 0 almost everywhere jxx . 

W5 

By Theorem 3^1 these conditions are sufficient to 

insure that the measure 

11 = (1 + R(x,y))d|i1 x |JL3 

will be a probability measure with the marginals m and 

and hence 1 + R(x,y) will be a member of the set of func

tions P. 

Q. E • D • 



61 

The next theorem demonstrates the usefulness of con

sidering the set of functions P. 

THEOREM 5«3» If the set of probability measures U 

on (Wx x Wa, (X x © ) with marginals \xx on Wx and \is on W2 

is such that if p. belongs to U then [i is absolutely continu

ous with respect to x (±2, then there is a one-to-one 

correspondence between the extreme points of the convex set 

U and extreme points of the convex set F of all functions 

which determine such measures on m x |i2 . 

PROOF. Let ii be an extreme point of the set U. Then by 

hypothesis 

M- = (1 + R(x,y))dji1 x |is 

where (1 + R(x,y)) is some function in F. 

Suppose that 

(1 + R(x,y)) = \(1 + R'(x,y)) + (l-X)(l + R"(x,y)) 

where X is a real number such that 0 £ X £ 1 and 1 4- R'(x,y) 

and (l + R"(x,y)) belong to F. 

Then 

M- (\(1 + R'(x,y))+ (1-X)(1 + RMx.yWdM., x n-a 

Xp.1 + (l - X)|J.". 
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Where 

and 

H1 (1 + R1(x,y) )djx1 x M-s 

M- (1 + RM(x,y))dji1 x |is 

(i* and p." belong to U. Hence by hypothesis jx = 1 

or |x - p," . Assume that p, » [x', then 

(1 + R»(x,y))dp.l x (i3 

and by the uniqueness assertion of the Radon-Nikodym theorem 

(1 + R(x,y)) « (l + R'(x,y)) almost everywhere (j^x^, 

Hence (1 + R(x,y)) is an extreme point of the set F. 

Conversely, let (1 + R(x.,y)) be an extreme point of 

the set F and let 

p. (1 + R(x,y))d|i1 x m.s 

Suppose that (JL » \\i1 + (I-X)IJL" where X Is a real 

number such that 0 X £ 1, p.1 and |i" belong to U. Then by 

hypothesis 

H' (1 + R1(x,y) )d|i1 x \Lp_ 
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and 

H" (1 + R"(x,y))d|i1 x M-s 

where 1+ R'(x,y) and 1+ R"(x,y) belong to F. We thus have 

that 

fi 

p, - (X(l + R'(x,y))+ (l-X) (1 + R,,(x,y)))dn1 x p.a , 

and from the uniqueness assertion of the Radon-Nlkodym 

theorem it follows that 

(1 + R(x,y)) « X(1 + R'(x,y)) + (l-X)(l + R"(x,y)) 

almost everywhere p.! x p.P . 

Since (1 + R(x,y)) is an extreme point of F, we have that 

(1 + R(x,y)) =» (1 + R 1 (x,y)) or 

(1 + R(x,y)) = (1 + R"(x,y)) 

almost everywhere IJLj x p.a . Hence p. « p.' or p, = p," and p. is 

an extreme point of the set U. 

Q.E.D. 

The preceding theorem sets up a one-to-one corre

spondence between the extreme points of the convex set of 

measures with given marginals and the extreme points of the 

convex set of Radon-Nikodym derivatives of such measures. 
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COROLLARY 5.4. If one of the marginals is discrete 

then there exists a one-to-one correspondence between the 

extreme points of the set U and the extreme points of the 

set F. 

PROOF. This follows immediately from Theorem 5«3 and 

Theorem 3«H« 

Q. E .D. 

We are now going to use the above results to prove 

some interesting theorems where both the marginals ̂  and p,a 

are finite discrete. 

THEOREM 5»5• The set of two-dimensional probability 

measures with finite discrete marginals p,a and p.a is a convex 

set with a finite number of extreme points. 

PROOF. By Theorem 5*3 and Corollary 5*4 it will be suffi

cient to prove that there exist a finite number of extreme 

points of the convex set of functions F. 

Let f x^X;,, ...,xn) and {yj,ya,...,yn3 be the set of 

points where ^(x^) > 0 and p-2(y1) > 0. We associate the 

functions 1 + Rfx^y^) with matrices of the form 

an ais . a i m 

ani ana nm 

where each a^j = 1 + R(x^,yj). 
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It Is an obvious consequence of Theorem 3.16 that 

(1 + R(x1>yj)) * . 

Prom this fact and from the properties of the function 

1 + R(x1,yj) it Is clear that there will be a one-to-one 

correspondence between the functions 1 + R(x^,yj) and the 

n x m matrices such that 

0 5 aiJ s mln(il7nqT ' STTyJl' 

n 

for all j 

i*»l 

and 

m 

Y = 1 for a 'L1 -1" 
j«=l 

Let M represent the set of all n x m matrices which 

meet the above requirements. A straightforward computation 

shows that M will be a convex set and there will be a one-to-

one correspondence between the extreme points of M and the 

extreme points of the set F. 

Let Mx be the set of all n x m matrices such that 

0 £ a. . s: • ?" i for all I 
1J 1*1 \ / 

and that 
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n 

J a^mfx^ = 1 for all j. 

1-1 

Let M2 be the set of all n x m matrices such that 

0 2 aij £ ixTTyjr for a11 3 

and that 

m 

J aiJna(yJ) » 1 for all i. 
J-l 

If a matrix belongs to the set M it is obvious that 

it will belong to the set and the set Ms. Hence it will 

belong to the set Mx H Mg. If a matrix belongs to Mj H M3 

an elementary argument shows that it will belong to M. 

Hence M «• Mx (~\ Ms . 

It is obvious that and Mg are convex sets. "We 

will show that has a finite number of extreme points. 

Let mt be an extreme point of the set . Then each 

of the cQlumns of must be of the form 

0 
0 
• 

• 

1 

• 

• 

0 
0 



The ith entry is equal to All other entries are 

zero. The entry which is different from zero will depend on 

the column. For suppose not, that is there is some "columns 

say column j, which is not of this form. Then it is clear 

that there will be at least two entries in this column which 

are non-zero. Column j will have the form 

where a. , > 0 and a. . > 0. ij kj 

Let 

0 
0 

1 

c 1 iHT^T 

o 

The only non-zero element is a1 

Let 

1 
1J M*1 ( ) 
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Then let 

mi "• (ci> ca t ' • • > ® j' • • •) 

= (c i » cs j • • • J ^ ' j' ' • • > 

mi — ( Cj ̂ Cjj * ' ' t c j J • • • J ' 

A simple computation shows that mx and mx belong to Mi. We 

find that 

mx - (1 - (xi))m" + a1J|jLl(x1)m1l 

where 5* mx and m ^ mx', and this is a contradiction to the 

hypothesis that m is an extreme point of the set Mj. 

Thus we have shown that all columns of the extreme 

points of the set are of the form given above. There are 

nm such matrices and thus the convex set Mx will have a 

finite number of extreme points. 

If we replace columns by rows and m.1(x1) by p.a(yj), 

a similar argument will show that Mg will have a finite 

number of extreme points. 

We now associate with each of the sets M, Mx, and Ms 

subsets E, Ex, and E2 in n • m dimensional Euclidean space. 

That is, E will be a subset of n • m dimensional Euclidean 

space made up of elements of the form 

(axi, &12J asu as2J a
3m> ' ' • >  

a
nm) 

such that 
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0 £ au £ rain(irr̂ iT - iir̂ r) 

n 

Z = 1 for a11 J 
i=l 

and 

m 

Z ai j 3̂ (yj) = 1 for a11 1-
3=1 

Ex and E2 will be defined in an analogous manner. A simple 

argument shows that E, , and E3 will be convex sets and 

that there will be a one-to-one correspondence between the 

extreme points of E, Ej, and Es and the extreme points of M, 

Mi, Ma respectively. 

It is an elementary result in the theory of convex 

sets in Euclidean space that the intersection of two convex 

sets each with a finite number of extreme points will have a 

finite number of extreme points. It is possible using 

elementary set theoretic arguments to show that 

E = EJ H ES . 

Hence/ since Ex and Es have a finite number of extreme points 

E will have a finite number of extreme points. Since there 

is a one-to-one correspondence between the extreme points of 

the set E and the set M, M will have a finite number of 
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extreme points. Hence F and U will have a finite number of 

extreme points. 

Q.E.D. 

The proof of the above theorem actually contains an 

important result. This is the association of the set of 

two-dimensional probability measures with finite discrete 

marginals with convex polyhedrons in Euclidean space. It is 

hoped that in the future this association will lead to some 

new results in probability theory. 

The next theorem gives a method of obtaining an 

extreme point in a special case. 

THEOREM 5 • 6. If |JLJ and \xs are discrete and if the 

function 1 + R(x^,yj) is such that for each x^ with 

li1(x1) > 0 there is only one point yji with ̂ (y^) > 0 such 

that 1 + RCx^y^) > 0 then 1 + Rfx^yj) is an extreme point 

of the set P. 

PROOF. Suppose that 

(1 + R(x±,yj)) = \{l+RT(x1Jyj))+(l-\)(l+Rl,(xi,yj.)) 

where X is a real number such that 0 s: X £ 1 and 1 + R'(x^,y^ 

and 1 + R'^x^yj) belong to F. If X = 0 then 

(1 + R(x1#yj)) = (1 + R"(xiJyJ)) 

and if X as 1 then 

(1 + R(x±,yj)) = (1 + R'U^yj)). 

Hence we may assume that 0 < X < 1. 
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Since 1 + R(xi,yj) ̂  0 for all (,y^) with 

M-i (X1)IJL2 (yj) > 0 and 1 + R(xi,yj) in F, we find that 

1 + R(x1,yk) « 0 if Yk *  Y y  

Hence ii2(yk) > 0 implies that 

1 + R^x^y^ = 0 

and 

1 + RM(XlJyk) = O if yk / yj 

for all x^ such that > 0. From the above and from 

Theorem 3.1* it follows that 

(1 + R(x1,yJ))|i1(x1) = 1, 

(1 + R'(x1,yJ))p.1(xi) = l, 

and 

(1 + R"(x1,yJ))M.1(x1) = 1 

for all (xi>yj) such that M-i (xi)|i.a (y^) > 0. Hence 

1 + R(xi,yJ) = 1 + R'(x1,yJ) =» 1 + R'^x^yj) 

almost everywhere p.! x \±s . 

Q.E.D. 

The following theorem is equivalent to a classical 

result in combinatorial mathematics. (See [231, page 58.) 

THEOREM 5.7. Let Wx = Ws = {l, 2, ..., n} and let 

1X1,(1) =fi3(j) for all i and j in Wx and Wa . Then the 

set of bivariate measures U on x W2 with marginals and 
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|i2 has exactly n! extreme points. These extreme points 

correspond to the n! one-to-one functions between Wx and W2. 

PROOF, There are nl one-to-one functions between Wj and Ws . 

Let h be one of these functions. Then if h(i) = j we set 

1 + R(i,j) =* n and 1 + R(i,k) =» 0 if k ^ j. This function 

1 + R(i,j) associated with h obviously belongs to P. By 

Theorem 5.6 this function associated with h will be an 

extreme point of the set P. Thus we have nl such functions, 

all different and all of which are extreme points. We call 

this set of extreme points of P, E. 

Let 1 + R1(i,j) be a function in F which is not a 

member or E. Then there is at least one j such that 

0<1+R1(i,j) <n for some i. Hence there must be another 

ix such that 0 < 1 + R1(i1,j) < n. 

Since 0<1+R1(i1,j) <n there must exist a ja 

such that 0<1 + R1(i1,js)<n. VJe can continue this proc

ess alternating i/s and J/s. At some step m such that m ^ 

2n - 1, we will have that i = i. or 1 = J. where k < m. m K m K 
Assume that i » i, . The proof in the other case will be 

m k 

similar. 

Let 

6 = mln{l + Rj (ij^» ̂ k+l ̂' * * "' ^ ^m—1^' 

n -(1 + R^VJk+i)). • • •- n "(1 + Ri(VVl))} 

B y  o u r  c h o i c e  o f  t h e  p o i n t s  ( i k < *  0  
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Let 

1 + R»(i,j) = 1 + Ri(i,J) " 6 

for (lkiJk+1)> (^+2^+3^ *" ̂ 1m-2,Jm-l^ 

1 + Rs(i,J) - 1 + Rx(i,J) + 6 

for ^ ̂ "k+2' ̂k+1 ̂' ^k+4' ̂k+3^ 

1 + Rs(i,j) = 1 + R1(i,j) otherwise. 

Let. 

1 + Rs(i»J) = 1 + R,(i»j) + 6 

for ^ic'^k+l^' "•• ^ 1m-2' 

1 + Ra(i,4) - 1 + Rx{i,J) - 6 

for (ik+a'Jk+l^' '•• 

1 4- R3(i,j) =. 1 + Rjfijj) otherwise. 

By the choice of 6 and the points (Jk+i)» • • • * Jm-i)' 

1 + Ra(ljj) an̂  1 + Ra(ijj) will be members of the set of 

functions F. Also we have that 

1 + MM) = 4(1 + Ra(i,J)) + 4(1 + R»(i,j)). 

Hence 1 + Ri(i,j) cannot be an extreme point of the set F. 

It iollows that there are exactly nt extreme points of the 

set F. 

Q i E • D • 

We are now going to use some known results about 

bivariate distribution functions to determine some extreme 



7 4 

points of the convex set U. For the results of the 

remainder of this chapter the assumption that p. is absolute

ly continuous with respect to pLx x p.a is not used. 

LEMMA 5«8. The set D of distribution functions 

F(x>y) with marginals Fx(x) and F2(y) forms a convex set. 

PROOF. This follows Immediately from the definition of 

F1(x)J Fa(y) and convexity. 

Q • E. D. 

By a theorem due to M. Fr£chet [ 7 ]  it is known that 

H0(x,y) = max[F1(x) + Fa(y) - 1, 0] (l) 

Hx(x,y) = mintF^x), Fa(y)] (2) 

are members of the set D such that if F(x,y) belongs to D 

then 

Ho(x,y) £ F(x,y) s£ Hj(x,y) for all x and y. 

THEOREM 5.9• The distribution functions H0(x,y) and 

Hj.(x,y) defined by 1 and 2 are extreme points of the convex 

set of bivariate distribution functions D with marginals 

Fx(x) and Fa(y). 

PROOF. Suppose that 

H0(x,y) « XH(x,y) + (l - X) G(x,y) 

where X is a real number such that 0 ̂  X s 1 and H(x,y) and 

G(x,y) belong to D. 

It is known that 

H0(x,y) £ H(x,y) for all x and y 
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and 

H0(x,y) £ G(x,y) for all x and y. 

By a straightforward argument it follows from this that 

H0(x,y) = H(x,y) or H0(x,y) = G(x,y). Hence H0(x,y) is an 

extreme point of the set D. 

Since Hx(x,y) ̂  F(x,y) for all F(x,y) in D and all 

x and y, a similar argument shows that Hx(x,y) Is an extreme 

point of the set D. 

Q. E .D. 

THEOREM 5.10- If F(x,y) is an extreme point of the 

convex set D, then the Lebesgue-Stieltjes measure defined by 

F(x,y) is an extreme point of the bivariate measures U 

having marginals and \iz . 

PROOF. By hypothesis 

M- dF(x,y) 

where F(x,y) is an extreme point of the set D of distribu

tion functions. Suppose that 

li = X|i' + (l - \)n" 

where 0 ̂  X ^ 1, and where p.1 and p," belong to U. We then 

have that 

H ' (  )  «  

and 

dF' (x,y) 
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n"( ) = dF"(x,y) 

where F'(x,y) and P"(x,y) belong to the set D. The integrals 

in the above equations are indefinite integrals and repre

sent set functions. It follows that 

p. = X dF'(x,y) + (1-x) dP"(x,y). 

By a well-known property of the Lebesgue-Stieltjes integral 

the above equation is found to be equivalent to 

li = d{XF'(x,y) + (l-X)F"(x,y)}. 

Since with each measure p, in U there is associated 

a unique F(x,y) we have that 

F(x,y) = XF'(x,y) + (1-X)F"(x,y). 

Hence by hypothesis 

F(x,y) = F1(x,y) or F(x,y) =FM(x,y). 

Thus 

p. = p.' or |1 =» p.' 

and p. is an extreme point of the set U 

Q.E.D 
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COROLLARY 5 • 11. The Lebesgue-Stieltjes measure 

associated with H0(x,y) and H^x^y) as defined in (l) and 

(2) are extreme points of the set U. 

PROOF. This follows immediately from Theorems 5-9 and 5.10. 

Q.E.D. 

The above theorems and corollary allow us to always 

find at least two extreme points where Wx = V/2 = 
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