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ABSTRACT 

In this dissertation we solve problems of the 

following type. Given a system which can be described by 

n state equations, 

. i _i / 1 2 n 1 2 r, 
X  *  f  (x )  X  5  •  •  •  f  X  )  U  |  U  ^ • • •  ,  U  /  ,  

i = 1) 2, ••• ) n, 

and a given criterion function, 

t 

x°(tf) = 
f 

„o, 12 n 1 2 n> 
f (x f x f • • . , x f u , u f ••• ) u )dt, 

t 
o 

what piecewise continuous control functions, 

uJ « uJ(t), t ^ t ̂  t^, j = 1, 2, ... , r, 

move the state variables, x1, from the given initial state 

to the given final state in such a way that the criterion 

function, x°(t^), is minimized? 

We formulate the problem by using Pontryagin's 

Maximum Principle. The required maximization of the 

Hamiltonian with respect to the u^ is accomplished by 

steepest ascent. The state equations, adjoint equations, 

Hamiltonian, and steepest ascent process are simulated on 

the analog portion of an iterative hybrid computer. This 

x 
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takes place at extremely high speed; a complete solution is 

generated in less than one millisecond. 

The above equations must satisfy both initial and 

final conditions. The initial conditions pose no problem 

as they can be set directly into the computer. The final 

conditions are more troublesome. These are satisfied only 

if the adjustable parameters, the initial values of the 

adjoint variables and the time interval t^ - tQ, are 

correct. The relations between the adjustable parameters 

and the final values of interest are so complex that an 

analytical expression is, in general, impossible to obtain. 

We solve this boundary-value problem by iteration. 

An optimizing routine minimizes a measure of the distance 

between the given final conditions and the associated final 

values that result from a trial set of values for the 

adjustable parameters. It does this by performing a 

modified random walk with the values of the adjustable 

parameters. The step size is automatically adjusted by the 

routine during the search. The terrain over which the 

search takes place is very irregular and includes such 

features as local minima, cliffs, level plains, and long 

narrow ridges. Thus some sort of random search must be 

used as these features, especially the local minima, combine 

to defeat any purely deterministic search. The minimum 

distance between the given final conditions and the final 

values is zero; thus convergence to a local minimum can 
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be detected by a distance that is appreciably larger than 

zero. 

State constraints can be conveniently handled by a 

penalty function technique. In this approach, the system 

is actually allowed to violate the constraint, but a large 

penalty is charged to the criterion function whenever it 

does. If the penalty is made large enough, the constraint 

violations become negligible. The penalty function must 

have the right form to insure that it en-forces the con

straint but does not introduce jump conditions which result 

in additional boundary condition. 

The analytical work is justified by hybrid computer 

solutions of undamped second- and third-order systems, a 

constrained second-order system, and Zermelo's navigation 

problem, all with a minimum-time criterion function, and a 

second-order system with nonlinear dEimping and a minimum 

time-plus-fuel criterion function. Typical solution 

accuracies are one to two per cent, and typical convergence 

times are on the order of a few seconds. 

The techniques of this paper are applicable to a 

wide variety of problems--those with linear, nonlinear, and 

time-varying system, integral and final-value criterion 

functions, and constrained controls and states. 



CHAPTER 1 

INTRODUCTION 

The type of problem investigated in this study is 

the following. One is given a system with known character

istics. It might be a missile, or perhaps an automobile. 

One is also given a criterion of performance. For the 

above examples, it could be the time required to intercept 

a hostile target or the fuel consumed traversing a given 

course. What is the best possible performance that can be 

obtained from the given system? That is, what is the 

minimum time to interception or the smallest amount of fuel 

consumed? 

Notice that at least two very interesting questions 

are completely ignored. Just how does one find the 

characteristics of a system? This is often a major part of 

the problem. It is, however, beyond the scope of this 

study. The selection of a suitable performance index is 

also the basis of interesting philosophical discussion and 

analytical investigation (Nelson, 196^). This too is beyond 

the scope of this paper. 

Implicit in the statement of the problem is the 

existence of an input or control through which the perform

ance of the system can be guided. As a result of finding 

1 



2 

the optimum performance of the system, we will also find 

the optimum way in which this control should be manipulated. 

There is, unfortunately, a different optimum control for 

each specific situation, that is, for each different 

combination of initial conditions and disturbances. 

Normally a great many different disturbances exist; imagine 

how many ways an automobile can be affected by wind gusts, 

road surface, weather conditions, and other automobiles. 

Furthermore, these disturbances are rarely predictable. 

Thus the known optimum performance in a particular situa

tion is usually useful only as a standard against which to 

measure a practical control system. 

In general, practical control systems, those which 

form a control as a function of the available present and 

past states of the system, do not provide optimum control. 

The synthesis of a practical control system that will 

provide optimum, or near optimum, performance in each 

situation is beyond the scope of this paper. We will be 

content with finding what the optimum control and perform

ance are. 

For example, over a given stretch of road and for 

a given sequence of winds, the optimal steering for an 

automobile might be 0 degrees for k seconds, 3 degrees for 

10 seconds, -10 degrees for 7 seconds, etc. If any of the 

given conditions change in the slightest degree, we must 

compute a new optimal control sequence. 
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Now consider a practical control system for 

steering an automobile. This would turn the wheels, not as 

a function of time but as a function of the position of the 

car on the road, its speed, traffic, road and weather 

conditions, traffic laws, etc. Thus the practical control 

system can be used anywhere, although its performance for a 

given set of conditions may not be as good as that of an 

optimal control system designed for those conditions. 

-The given conditions, however, can be used to test 

the practical control system. Since we know the optimum 

performance under these conditions, the engineering 

decision of what is a satisfactory practical system is 

greatly simplified. In certain cases, notably space 

navigation, the system is relatively free from unpredict

able disturbances. Here we can control the system with a 

precomputed function of time. In this case the optimal 

control system is also a practical one. 

There are numerous ways of finding the optimum 

performance of a given system (Leitmann, 1962). Most of 

them require the use of a modern scientific digital 

computer with a massive memory (Sridhar, 1965)* Pontryagin 

(1962) provides a method, the Maximum Principle, of 

attacking the problem that greatly reduces the memory 

requirements. However, in order to do this, he increases 

the number of equations to be solved. He also adds addi

tional boundary conditions. It is the latter which have 
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thwarted most attempts to solve all but the simplest 

problems analytically. The problem presented by the 

Maximum Principle is one vulnerable to attack with em 

iterative hybrid computer. It involves the solution of 

simultaneous differential equations, requires only a 

modest amount of memory, and includes a two-point boundary-

value problem that can be solved by iteration. 

This paper attempts to present a general method of 

solving optimal control problems using a hybrid computer. 

A particular computer, the University of Arizona's ASTRAC 

II, was used for all of the experimental work, but the 

discussion in Chap, k allows any hybrid computer that 

includes a general-purpose digital computer to be used. In 

fact, most of the problems in the paper can be solved on an 

analog computer using a manual trial-and-error search to 

solve the boundary-value problem. 

We first present the theoretical basis for the work 

(Chap. 2) by stating Pontryagin's Maximum Principle. This 

is followed by a development of the computational details 

necessary to implement the theory (Chap. 3)- Then we 

present and discuss hardware and software parameter 

optimizers that automatically solve the troublesome two-

point boundary-value problem always associated with the 

Maximum Principle (Chap, k). In Chap. 5» we provide 

experimental verification of much of the work in Chaps. 3 

and k by solving two linear, minimum-time examples. 



Chapter 6 presents the solution of a problem with a state 

constraint, and it provides verification of Sec. 3»5* The 

experimental work is concluded by the solution of two non

linear problems (Chap. 7). 



CHAPTER 2 

PONTRYAGIN•S MAXIMUM PRINCIPLE 

—Derivations of Pontryagin's Maximum Principle, both 

rigorous and heuristic, have frequently appeared in the 

literature (Pontryagin ejb al^. , 1962{ tfitsenhausen, 196^; 

deBacker, 1963; Kopp, 1962). There will be no attempt here 

to duplicate these derivations, or even to justify their 

results. This discussion will review and present them in a 

form that is adapted to computer simulation; it will also 

establish the notation to be used throughout the paper. 

2.1 Statement of the Problem 

Consider a dynamical system whose state can be 

represented by an nxl (column) state matrix. 

x = 

x 

X  

n 

, x f X. (2.1.1) 

The region X is the state region. The motion of the state 

through X is determined by a given system of first-order 

differential equations (state equations), 

6 



dx 
dt 

» x = 

r* ~1 
— -

.1 
X  f1(x,u) 

.2 
X  f2(x,u) 

• s  • 

• 

• 

• 

* 

1 
a •
X
 

i 

fn ( X , u) 

s f(x,u), (2.1.2) 

where the control, u * u(t), is represented by an rxl 

(column) matrix, 

u1 (t) 

u( t) = 

u2(t) 

, u c u, (2.1.3) 

ur (t) 

The given admissible control region is U. The problem is 

to find the optimal control, u*(t), that moves the state x 

along an optimal trajectory, x*(t), from an initial value, 

x(tQ), located anywhere in the given initial manifold, SQ, 

to a final value, x(t^), located anywhere in the given 

final manifold, S^, in such a way that the given criterion 

function, 

x°(tf) » j f°(x,u)dt (2.1.4) 

is minimized for x «= x*(t) and u * u*(t). For the present, 

we will assume that the criterion function, x°(t^.), must be 

expressible in this form. This will later be relaxed 
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somewhat (Sec. 2.4). Although we are interested in 

minimizing x°(t^), we will actually use only f°(x,u) in the 

formulation that follows. 

Consider only those state equations for which 

f(x,u) and j^f(x,u) are defined and continuous for all 

x, u, and t such that simultaneously x £ X, u £" U, and 

t  • =  t  - =  t _ .  I f  t h e  i n t e r v a l  ( t  , t _ )  i s  d e f i n e d  a s  t h e  
o  —  —  i  o  I  

time region, T, these conditions must hold for all x, u, 

and t such that simultaneously x (f X, u £ U, and t £ T. 

We refer to this region as the direct product XxUxT (Korn 

and Korn, 1961) and state the continuity condition as: 

f(x,u) and f(x,u) are defined and continuous on XxUxT. 

The region X is bounded but, for the moment, assume that 

the state x is always interior to X and never on the 

boundary. 

Define admissible controls as those u(t) (f U which 

are piecewise-continuous functions of time. That is, u may 

be anywhere within or on the boundary of U, and it undergoes 

only a finite number of discontinuities for t f T. For the 

present, restrict U to be a fixed region, independent of x 

or t. 

The initial and final states are located in given 

manifolds, Sq and SSq is defined as all points, x, that 

simultaneously satisfy the set of relations, 
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12 ko 
a (x) = 0, s (x) = 0, ... , s (x) = 0, k c n. (2.1.5a) 
0 o o o — 

is similarly defined by the set of relations, 

1 2 8f(x) = 0, sf(x) =0, ... , sf (x) * 0, k^ <= n. (2.1.5b) 

These must be smooth manifolds. That is, the row matrices, 

^ i i ^ , i 
<3 8 £ (£S_ 33 SB } i - 1 2 k 
jx l, i* , 2' ••• » 7n * 1 * x* * k> 

5x <?X <3x 

must exist and be independent at each point x (f S. The 

above are (n-k)-dimensional manifolds, since a point in n-

space with k independent constraints has only n-k degrees 

of freedom. 

As an example, consider the problem of changing 

orbits. We wish to move a vehicle from one fixed orbit 

(one-dimensional manifold) to another fixed orbit, Fig. 1. 

Clearly the manifolds are one-dimensional, since the angle 

© uniquely determines the position of the vehicle in the 

fixed orbits. 

2.2 The Maximum Principle (Pontryagin, ejt ajL. , 1962) 

Before proceeding with the principle, it will be 

convenient to state the problem in more compact language. 

First define 

x° * f°(x,u), x°(to) • 0. (2.2.1) 

Adjoin this to the state equations, and redefine x and f. 
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Fig. 1. Orbit Changing Problem 
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X * 

r ~i — — — 

0 
X 

. 0 
X f°(x,u) 

1 
X 

.1 
X f1(x,u) 

• , X 0 • • 

* • • 

• « • 

n 
X 

.n 
X  fn ( X , u) 

_ _ _ _ k. _ 

5 f(x,u) ( 2 . 2 . 2 )  

Again, f(x,u) and 3x 
f(x,u)j must exist and be continuous 

on XxUxT. The problem is to minimize x0(t^). 

We introduce the (row) ad.joint matrix, 

P * ^ P 0' Pi' **" ' ̂n^ * (2.2.3) 

The ad.joint equations are 

P± = -P 
af 

dx. 
i = -(PD' Pi* » p n 

dr 

dy? 

af 

af n 

<?x 

0 ,  1 ,  n 

or p 
<?x 

(pf) . (2.2.4) 

Define the Hamiltonian function as 

H(x,p,u) = pf(x,u) « P0
f° + Pifl + ••• + Pn

fn* (2.2.5) 
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The state and adjoint equations can be expressed in 

canonical form. 

•  0  "aH 
X  dp 

O 

.1 d H  
X  

a p i  

• 

• 

a  • 

• 

• 

•  n  

• 

an 
X  

1 

c
 

0
,
 *
 

. 

_ aH 
x 

( 2 . 2 . 6 )  

(PQ» Px» • • • > Pn) •=• (" 
aH 

&XC 

<?H <3H 

dx 
n 

dx 

£ H 
ax 

(2.2.7) 

It is now possible to state Pontryagin1s Maximum 

Principle. Let u(t), t f T, be an admissible control which 

transfers the state from some position x C S to the 
00 

position x^ € S^., and let x(t) be the corresponding 

trajectory. In order that u(t) and x(t) yield the solution 

of the optimal problem, it is necessary that there exist a 

nonzero, continuous vector function p(t), corresponding to 

u(t) and x(t), such that: 

1. For every t f T, the function H £p(t),x(t),u 

the variable u £ U attains its maximum, 

u
m̂ Xy H(p,x,u), at the point u = u*(t). 

of 



2. For all time t f T the relations 

= 0 P o ( t )  < 0 ,  u  £ >  y  H  j^x(t), p(t), u 

are satisfied. 

3. The transversality conditions requiring p(tf) to be 

orthogonal to the hyperplane tangent to S^. at the 

point x(tf) and p(tQ) to be orthogonal to the 

hyperplane tangent to Sq at the point x(tQ) are 

satisfied• 

This principle provides only the necessary condi

tions for a minimum of x°(t^.). It will single out, from 

the continuum of trajectories joining Sq and S^, a number 

of separate, isolated candidates for the optimum. Hope

fully, this number will be small. 

The Maximum Principle as stated above is applicable 

only to systems with the following properties: 

1. x = f(x,u), where f and -— are defined and con-

tinuous on XxUxT. 

2. U consists of all bounded piecewise-continuous 

controls, and U / U(x). 

3. The terminal manifolds, S, are smooth. 

2.3 Boundary Conditions 

There are 2n+2 first-order differential equations, 

n+1 state equations and n+1 adjoint equations. As a 

result, 2n+3 independent boundary conditions are necessary 
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to evaluate the 2n+2 constants of integration plus the time 

interval t_ - t . f o 

The initial point, x(tQ), in n-dimensional state 

space, is constrained to lie on the (n-kQ)-dimensional 

manifold, SQ. kQ independent relations are necessary to 

specify Sq. Similarly, k^. independent relations specify 

the terminal manifold, S^.. 

The statement that p(t^) is orthogonal to the 

hyperplane tangent to S^. at the point x(t^) (Sec. 2.2) is 

equivalent to saying that 

dx 

P 2' • • pJ 

dx 

dx 
n 

,  1  ,  , 2 .  .  n  = p,dx + p„dx + ... p dx = 0 rl 2 *n 

J (t = tf) (2.3.1) 

subject to the constraint that dx is tangent to S^ or 

i n 

ds^(x) = ^ 
S B  

£ dx'' =0, i = 1, 2, .. , k _. 

j=l dx' 

(t = tf) (2.3.2) 

If k^. = 0, then all of the dx are independent, and the 

transversality conditions result in the conditions 

Pj = 0, j = 1, 2, ... , n. (t a tf) 



If k^. ̂  0, then only n-k^ of the dx^ are independent and 

the tranaversality conditions result in only n-kf condi

tions on the Pj. A similar argument applies to SQ. 

Two conditions have been previously specified. 

x°(tQ) = 0 by definition, and H x(t),p(t),u = 0 is 

a necessary condition. Totalling the above, we find only 

2n+2 independent boundary conditions. But the adjoint 

equations (Eq. 2.2.4) are homogeneous in p. That is, if 

p(t) is a solution then so is Ap(t), for an arbitrary 

constant A. Thus, the magnitude of p(t) may be chosen 

arbitrarily as one of the required conditions. The 

problem must be formulated so that H is not a function of 

x° (Pontryogen e_t al^. , 19&2) . Thus pQ = 0 (Eq. 2.2.7), and 

we can set 

PQ(t) = _1» 

which insures that necessary condition 2 of Sec. 2.2 is 

met. The necessary 2n+3 independent conditions are now 

present. 

The problem of determining the optimal control, 

u*(t), and the associated optimal trajectory, x*(t), has 

been reduced to a two-point boundary-value problem. A 

problem of optimization with respect to functions has thus 

been simplied to one of optimization with respect to 

parameters, if solutions of the differential equations 
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(Eq. 2.2.6 and 2.2.7) can be found, and if H can be 

maximized. 

2.k Generalizations 

The Principle can be applied to nonautonomous 

systems in which f, SQ, S^., or L (Appendix A) depend 

explicitly on t (Pontryagin e_t al^. , 1962; tfitsenhausen, 

196(1) . Define a new variable 

xn+1 = t, or xn+1 = 1, xn+^(t )=t. (2.4.1) 
o o 

Adjoin this to x, and the resulting system is autonomous. 

If the time interval t^. - t is fixed, there is a final 

condition, x (tf) = t^. If this interval is free, the 

additional dimension of x results in an additional 

dimension in S^. and adds one more transversality condition. 

Thus we have added two boundary conditions as well as two 

Xi+1 
variables, x and Pn+^» ant* the system is still com

pletely specified. 

For some systems the constraints on u may vary with 

the state; that is, U = U(x). If U can be defined by a 

relation of the form 

1 u h1(x) 

2 
u h2(x) 

u = • 

• 

• 

r u 

< • 

• 

• 

hr (x) 
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then by defining a new control, v, related to u by the 

relation 

u 1 = hi(x)vi, i = 1, 2, ... , r, (2.4.3) 

we obtain a control with an invariant control region 

(Witsenhausen, 1964), 

h*(x) v^" - h^(x) <= 0, or v* < 1, i * 1, 2, ... , r. 

(2.4.4) 

The Principle is also readily extended to criterion 

functions of the form 

t „ 

x°(tf) = f (x,u)dt + e x( tf) (2.4.5) 

One introduces a new variable, 

.n+1 x = e x (t) = f(x,u) = fn+*", xn+^(t ) = 0, (2.4.6) 
c* X O 

and evaluates x by 

• o ro / v .n+1 o / . \ A 
X = f (x,u) + f , X (t ) a o. (2.4.7) 

The above, and indeed the entire paper, assumes 

that the criterion function is to be minimized. Note that 

maximizing x°(t^.) is equivalent to minimizing -x°(t^.). 

Thus both types of problems can be treated by the same 

techniques. 

State constraints can be treated analytically by 

the method stated in Appendix A. 



CHAPTER 3 

COMPUTATIONAL CONSIDERATIONS 

In this chapter we will consider some computational 

aspects of implementing the Maximum Principle on a hybrid 

computer. In the following, "hybrid computer" will denote 

an iterative differential analyzer with analog computing 

elements (summers, integrators, multipliers, etc.) and 

digital control and peripheral equipment (integrator mode 

control, parameter optimizer, statistics computer, etc.), 

such as the ASTRAC II system, Fig. 2. The state equations 

are implemented, on an appropriate time scale, with analog 

computing elements by using standard techniques which will 

not be discussed in general. 

3.1 The Ad.joint Equations 

Recall from Chap. 2 that a necessary condition for opti-

mality is 

The adjoint equations are (Sec. 2.2) 

* C7 XI 
p = " 57* 

aH 
(2.2.7) 

iuaA u uiaA 
u f n H : u f U  
max „ max \ _ max / .0 , . 1 , .nv 

pf(x,u) = u £ u<P0x + Pxx + ... + pnx ) 

0. (3.1.1) 

18 
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Digital 
Decision 
E/ements 

Data 
Linking 
Circuits 

Analog 
Computing 
Elements 

D/q/tat Mode 
Control 
(C/ock) 

Fig. 2. The ASTRAC II System 
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In the usual procedure, we set pQ * -1 so that, if H is 

maximized, 

• 1 • 2 • n • o / m < a \ 
p,x + Pr,x + ... + p x = x . k j . 1 . 2 )  
*1 r2 n 

For most problems x °  will be non-zero on every portion of 

the trajectory. If the state of the system approaches an 

equilibrium point, x approaches zero. Thus p must tend to 

infinity to satisfy Eq. (3*1.2) . In fact, p is bounded 

only if |xj has a lower bound. As a result, either the 

adjoint or the state equation must be unstable on any 

portion of a trajectory that has an associated non-zero x°. 

Unstable state equations are no real problem, since 

the region of interest is always bounded. For instance, it 

is possible that a missile interceptor will escape the 

earth's gravitational field, but only the region near the 

target need be considered. As soon as the interceptor 

leaves this region, computation ceases. 

Often, however, the state will be driven to an 

equilibrium point where p will be unbounded. The region 

near the equilibrium point is of interest, and it is not 

usually desirable to stop computation when p exceeds a 

predetermined limit. Even when p is bounded, this bound 1b 

often not easily predicted, since physical reasoning and 

intuition are not always easy to apply to the adjoint 
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equations. This makes systematic scaling of the adjoint 

variables very difficult. 

To avoid this scaling problem, we introduce 

normalized adjoint variables, (deBacker, 1964). ^ and p 

are related by 

p  =  i p I I A i  A s  U 0 > A x »  •• •  > A n > *  ( 3 . 1 . 3 )  

where p denotes the norm of p and is defined by 

= V(po)2 + (pl)2 + ••• + (Pn
)2' (3-1.4) 

Note that the necessary condition pQ(t) < 0 implies that 

A0(t) < 0. The normalized adjoint equations are obtained 

from the corresponding adjoint equations (Eq. 2.2.7) as 

follows: 

p =  - t£ =  - p  §§* H  =  p f' * =  f ( x' u )  

p = it (llpllA) = A|t (llpH) + llpll A 3 - ||p||A|| (3.1.5) 

i  -  _ 1  i £  _ 1  

A" " A  d x  " M 
1 1 

• " A^ - W 

A ax 

3t (IWI) A 

pll 

It <"\/pp*> 

(ppT)A 

A 

(3.1.6) 

where the superscript T denotes matrix transposition. 

Thus, 
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A- - i  &  
A dx 

1  t  \  T )  
—2 (-P 5£>p A 

- A  § § • * § £  A T A  

- H (AF> - h tort A  

Define a normalized Hamiltonian function 

H » >f 
n ' v. 

dX 

<?H 
x = f(x,u) - t-t1 

d A  

(3-1.7) 

( 3 . 1 . 8 )  
n 

and note that 

max „ _ mux „ /Ctt" = •-< TT H a U. u t U n u t U 

Then the complete system of equations is 

Hn = ̂ f (Hamiltonian) (3*1.8) 

aH 3H _ 
A .  =  "  A  )A (adjoint eq.) (3.1-9) 

(state eq.) (3*1.10) 

Next, we examine the normalized adjoint equation to 

see if some additional insight results. Assume (with no 

real justification) that the second term in Eq. (3*1*9) is 

very small; that is 

aHr, 1 T ^ > A  
2>H 

<< n 
d x  

A  
* H 

n 
<3H 

(AIRAT) A - A d x  AT A 

(3.1.11) 

( 3 * 1 . 1 2 )  
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The second term on the right of Eq. (3•1*12) is much 

smaller than the first. Within the square brackets the 

first term is much smaller than the second. Neglect this 

small portion of a small portion, then 

A *  
3H 

n 
e>X 

- (AAT>A = - ̂  - I(D 
X 2 dt A I 2>A (3.1.13) 

A = i, " = " denotes "is approximately equal to." But 

which implies that ( |A|^) = 0* The small neglected 

portion is very small indeed. In fact, it appears that its 

inclusion is unnecessary. We are, however, dealing with 

the real world, not w^th ideal models. If some perturba

tion should cause A to increase, the second term would 

cause a compensating decrease. Consider the A^ equation, 

e>H 
) _ n i 
^i . i ~ 2 

bx. 
dt A A±- (3-1.1*0 

If it < ') =• 0 and if > 0, the added term causes A^ 

to be more negative, thus reducing A± The effect is to 

A' and to keep A at least close offset the increase in 

to unity. 

Although this technique will prevent computer over

loads due to the adjoint variables, it does nothing to 

solve the equally serious problem of large differences in 

the relative magnitudes of the adjoint variables. It is 

therefore possible that trial-and-error scaling will be 

required in addition to normalization. Each problem must 
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be examined to see if the advantage gained from normalizing 

the adjoint variables sufficiently offsets the added 

complexity of the simulation. For small computers, such 

as ASTRAC II, it is likely that in most cases the 

normalized adjoint equations will be too complex to allow 

their implementation. 

3.2 Maximizing the Hamiltonian (Korn, 1964) 

The defining equation for the optimal control, u*, 

is 

u* = arg nm«x
v H(x,p,u), (3*2.l) 

or, in words, u* is the argument that maximizes H(x,p,u) 

with respect to u. We propose to enforce this by steepest 

ascent, that is by continuously implementing the differen

tial equation 

T 
u a k 

iH , k=»> 1. (3.2.2) 

This is subject to the same limitation as all gradient 

techniques in that there must be no local maxima of H. 

This is not a static maximization. u will be 

optimal at every instant only if the variables p and x 

change so slowly that they remain nearly constant during 

the ascent. As k—>00, u—s»u*. Thus k must be large to 

insure accurate computation; note also that H must be 

maximized at every instant, including the initial time. 
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The proper course is to allow the steepest ascent process 

to operate continuously, including during those periods in 

which the state and adjoint simulations are reset. This 

will automatically enforce the initial conditions for u. 

The success of the steepest-ascent maximization of H can be 

evaluated through observation of the value of H after the 

various boundary conditions have been satisfied. H should 

be very close to zero at all times (Sec. 2.2). 

Since the expression for H is known, it may seem 

that there is no reason to use steepest ascent to maximize 

it. An explicit expression for u* can often be obtained by 

inspection and almost always by solving 

v— = 0, if u = u* 
iu ' 

for u* in terms of x and p. These explicit expressions, 

however, may in fact, involve steepest ascent procedures. 

For instance, the solution of a common example (Sec. 5»2) 

gives 

u* = sign(p2). < 3•2.3) 

This is generated by a comparator which, because of its 

compensation or circuit capacitance, is j.n essence just a 

high-gain limited integrator. The actual simulation of 

Eq. (3*2.3) is thus given by 

u = kp , u < 1, k ̂  > 0. (3.2.4) 
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In other cases, the steepest ascent process may 

result in a simpler set-up or may eliminate scaling prob

lems. In another example (Sec. 7«3)» we obtain the 

Hamilton!an, 

H = -1 - p^cos© - Pg^in© + ax"*"), (3-2.5) 

where 0 is the control. H can be maximized by 

© = k = ktpj^sin© - p2cos©) (steepest ascent), or 

(3.2.6a) 

-1 p2 
0 = tan (explicit expr.). (3*2.6b) 

It is quite likely that at some time p2 =- p^. This 

condition causes no problem in Eq. (3>2.6a), but might 

result in an overload condition in Eq. (3*2.6b) even though 

both p^ and p^ are within the dynamic range of the 

computing elements. This will occur if the indicated 

division results in a quotient that is beyond the dynamic 

range of the divider. 

3 « 3  S t a b i l i t y  o f  t h e  S t e e p e s t  A s c e n t  P r o c e s s  

For vector control, the steepest ascent equations 

are 
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/ 5 H v T  .  /  a  u = k(^—) = k / p r— 
du. \ <?u 

f(x.u) u = 

u 

u 

u 

(3.3.1) 

Assume that k is large enough to insure that p and x are 

approximately constant during the statfpest ascent process. 

D H 
Let u =s u + u , where u is the point at which -— = 0. 

o p '  o  r  3  u  

u = 
dt 

( u  +  u ) = u  = k  \  •— [H(U +  u  )  
o p p du L o p J 

(3.3.2) 

Here it is most convenient to revert back to component 

notation. 

H(u + u ) = H(u ) + 
op o / , 

3H(u ) 

j=l d U 
-2- uJ 
J P 

r r 32 H(u ) 
1 ^ V "VUo' .1 k . 
2 Z_i L,. j., k u u + * 3uJ<3u j=l k=l 

- H(uo> + I Z I 
4=1 k=l 

r »2H(u„) . . 
u^ u + . . . 

3ujduk P P 

(3.3.3) 
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• i .i u = u 
P 

= k 
3 u 

x ' 52H(u ) k 

h(uo» *! E E - - u u + •• 
j=l k=l 

d  U^A UK p p 

* a2H(u ) 
= k y —;—T-— uj +.. > 

f-, aujauk P 
j=i 

r 3 2H ( u ) 
2 -  UJ 
k p 

<r—i <9 H 
= k y —i 

3=1 
d\X <?U 

(3.3.4) 

This can now be put into matrix notation, 

u 
d H(u ) 

o 
a J 

j 
uJ 

P 
(3-3.5) 

which has the form u = Au . Note that A is a real 
P P 

symmetric matrix. From matrix theory, we can immediately 

say that the eigenvalues of the linearized steepest-ascent 

equation (Eq. 3*3*4) are real (Korn and Korn, 1961). 

One can determine stability by solving 

det la -
9 H(u ) 

o 

.3u^u^ 
= 0 (3.3.6) 

for the eigenvalues a. I denotes the identity matrix. If 

all the a are nonpositive, then the system is stable in the 

sense of Liapunov (Gibson, 1963). For the common case of 

scalar control, this becomes 

a 
d2H(u ) 

o 
a 2 
d u 

(3.3.7) 
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which provides a quick and usable test for regions of 

stability. 

This test will be of value only during the steepest 

ascent process. In general , if u is on a boundary of U, 

3 H 
there is no point u at which = 0. Thus the discussion 

o du 

of this section does not apply to the case of bang-bang 

control. 

3 « Minimum-time Systems 

A common control situation combines a minimum-time 

criterion function with a bounded control. Here the 

problem is to move the state from an arbitrary initial 

value, Xq, to a given final value, x^., in minimum time and 

with a control whose components cannot exceed certain 

bounds. If the system is one that falls into a rather 

broad class, the Maximum Principle can be simplified. 

Theorem 

If a system can be described by an equation of the 

form 

x = 

— — 
— — 

. 0 
X 1 

.1 
X a* (x) 

.2 
X 
• 
• 

= a (x) 
• 
• 

+ 

• 

• n 
X 

» 

an(x) 
— _ 

b*(x) bgtx) 

b^(x) b^(x) 

b^ ( x) bg ( x) 

0 

b*(x) 

b^(x) 

u 

u 

u 

u 

= a(x) + B(x) u a f(x,u), (3.4.1) 



where 

x(t ) = x , x (t _) = x , 
o o x I 

u «= L , i = 1, 2, ... , r, and 

a1(x^.) *0, i = 1, 2, ... , n, 

then the condition that u
m^Xjj H(p,x,u) 
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(3-4.2) 

(3.4.3) 

(3-4.4) 

= 0 is redundant. 

Proof 

From Sec. 2.2 

n n 

H = pif3'(x,u) = ^ Pi. 

i=0 i=0 

i*(x) + ^ bj(x)u^ 

j=l 

n n r 

= P, + £ P^x) + £ Y, PibjCx)uJ 

i=l j=l i=l 

n n 

= p0 
+ E p ial(x)  + E uJ E Pib j (x)-

j=l i=l i = l 

H is maximized with respect to u if 

(3.4.5) 

uJ = LJsign 

n 

- i =1 

sign 

i=l j=l I L i=l 

n r n 

(3.4.6) 

\ 

n r f n 

u
mexu H B p

c 
+ E pi&1(x) + E lJ  \si«n E pibj(x) > 

E p ibl(x)  " p0 
+ E p ial(x)  + E lJ  

i=l j=l i=l 
I! pibju) 

i=l 
(3.4.7) 
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The only condition on pQ is that pQ(t) < 0. Since 

Pq is constant over the interval tQ < t < t^. (Pontryagin 

et al., 1962), it is sufficient to insure that P0(tf) < 0. 

This is clearly satisfied if we let 

PQ(t) * PCi(t
f) = 

In this case 

-z 
j=l 

n 

Z pi(tf)bj[x(tf)] 
i = l 

. (3.^.8) 

n 

uTu H(tf) = E p±(tf) a±[x(tf). 
= 0 (3.4.9) 

i=l 

regardless of the values of the Pj^^f)* providing only that 

the boundary condition x(t^) = x^. is satisfied (Eq. 3*4.4). 

But H(t) is constant (Pontryagin et^ eil^ , 1962), so that if 

H is zero at t = t^., then it is zero for all t in the 

interval (t , t~) . Thus, if the usual condition p = -1 
o' f ' *0 

is replaced by Eq. (3.4.8), the condition that 

H(p,x,u) = 0 is automatically true and does not impose 

additional conditions on the adjoint variables. The 

theorem is proved. 

The adjoint equations (Eq. 2.2.7) are reduced to 

P± = - a H 
^x1 

= - p a f 
ox 

i = 1, 2, n (3.4.10) 

and cure homogeneous in p. If p is a solution to Eq. 

(3.4.10), so is Ap, for an arbitrary constant A. However, 

the signs of the p^ are important due to Eq. (3*4.6). 
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Thus we have removed one condition (p = -l) and 
o 

one equation (pQ = 0) from the system discussed in Sec. 

2.3- We Eire again at liberty to add an arbitrary condition 

to the remaining system. Since we cannot, in general, say 

that one of the p^ will be constant, a suitable condition 

must be chosen for each individual problem. 

All this is of no great theoretical importance, but 

it results in a considerable saving in computer setup 

complexity. First, it is no longer necessary to even 

generate the Hamiltonian, much less to enforce any boundary 

condition on it. Furthermore, the freedom in the choosing 

of an arbitrary condition may result in a further simplifi

c a t i o n  o f  t h e  b o u n d a r y - v a l u e  p r o b l e m  ( S e c .  5 » 2  a n d  5 « 3 ) »  

3 » 5  S t a t e  C o n s t r a i n t s  a n d  P e n a l t y  F u n c t i o n s  

There are two types of state constraints, which we 

may call system-imposed and control-imposed. System-

imposed constraints are a result of the physical limita

tions on the system. Control-imposed constraints must be 

satisfied by the proper behavior of the control. Examples 

of both types are present in the case of an airplane. At 

low speeds the system is constrained to a two-dimensional 

surface, the ground. No possible manipulation of the 

control surfaces will cause the plane to leave the ground 

until it reaches flying speed. This is a system-imposed 

constraint. Once the craft is airborne it is possible to 



move the control surfaces in such a way that the structure 

will fail. In this case it is necessary to constrain the 

motion of these surfaces so as to avoid such violent 

maneuvers. The latter are control-imposed constraints and 

are the type that will be treated by the penalty-function 

technique considered here. System-imposed constraints can 

also be treated by penalty functions but with a slightly 

different technique (Korn and Korn, 1964). 

Basically, the scheme is to allow the system to 

violate the constraint, but to charge a large penalty to 

the criterion function whenever it does. Since the 

criterion function is being minimized, these violations 

will tend to be small. In fact, by making the penalty 

large enough, one can make the violations as small as 

desired. The reason for using penalty functions is to 

avoid the introduction of jump conditions (Appendix A). 

These add dimensions to the boundary-value problem, and 

hence add computing hardware and computing time by making 

the iteration more demanding. 

Using the penalty function P(x,u), we will modify 

the criterion function, 

x° = f°(x,u) + P(x,u) = f°(x,u), (3»5«l) 
P 

where x° = f°(x,u) defines the criterion function for the 

unconstrained system. The constrained Hamiltonian is 



n 

H = pf = Y"1 p.fi(x,u) P P Z_i I P 
i=0 

3 k  

n 

= po^f°(x,u) + P(x,u) + ^ p^f*(x,u) 

i=l 

PQP(x,u) + H, (3-5.2) 

where H is the Hamiltonian for the unconstrained system. 

Conjecture 

The necessary properties for a penalty function, 

P(x,u), used to enforce a constraint, g(x) < 0, are: 

1. P(x,u) = 0 for g < 0, P(x,u) =» 0 for g 0. 

2. P(x,u) and are defined and continuous on XxUxT. 
c x 

3 P 
'o 3u 

Justification 

3H 
au and p ^ 0 for g 

o 3u r 0 0. 

Property 1 is clearly necessary to insure that a 

penalty is charged only when the constraint is violated. 

Property 2 is needed to insure that the addition of 

P(x,u) to f°(x,u) will result in a system to which the 

Maximum Principle is applicable (Sec. 2.2). This elimi

nates the addition of jump conditions. 

The control will be developed by steepest ascent. 

The process is defined by (Eq. 3*2.2) 

u = k 
3 H  
I 

3u - *[& (pOP • H)]* . KPO[|E] • *[»]'. 

(3.5.3) 
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where k* = O if g < 0, and k' 1 if g > 0, and 

/ \ ,m (m) 
« m (x»u) = 77m [s(x)] 

dt 

is the lowest-order time-derivative of g that explicitly 

contains u. The necessary properties of P restrict the 

forms of the functions h^ and h^. 

Property 1 implies that h^h^ = 0 f°r S = 0, and 

that ^ ® ^or S ̂  Except in the trivial case of 

m = 0, h2 t h2(g). Thus, 

h^ = 0 f or g = 0. 

A sufficient condition for ^ ® " 

h^ =» 0, hg ̂  0 for g =* 0. 

Property 2 implies that 

<^h1 9h„ ^ (m) 
k 'h, hn and (k'h^h,,) = k' §£ h„ + k'h, tA- ~§ 

1 2 dx 1 2 dg 3x 2 1 Im) bx •=> 3 g  

are defined and continuous on XxUxT. Since P = 0 for 

B P 
g < 0, r— must also be zero here. This implies that 
— ' bx 

d h. , 3h„ , (m) 
h0 + h >—r S — x 0 for g = 0. 

dg ax 2 1 (m) <?x a 
o g 

It has been established that h^ = 0 for g = 0 and that, in 

general, h0 ji 0 here. In addition, if the constraint is 
A 

defined by g(x) < 0, it is clear that the boundary will 
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be well-defined only if 0 at g * 0. All this results 

xn 

th 
as 

= 0 at g = 0. 

Property 3 implies that 

a p  
Po d\i 

3h. 5h , (m) 
p fc' - & h„ + p k'hn 

1 Jf 1 " *o <3g u 2 o 1 (m) du 0 g  

dh (m) 
p k'h.. 1—r- j» — ro 1 ̂  (m) du a  a-

The above can all be combined into three necessary 

iii 
du 

properties of P = k'h^ |g(x)J h. 
(m) / \ 
g (x,u) 

1. h^ = 0 for g = 0, h^ =* 0, h^ =» 0 for g ="0; (3 • 5 • 9) 

0hl ^h2 d <r 
2' hl h2' dg"' Imp af' and ar® defined and 

<3g 

continuous on XxlIxT for g •=» 0, in addition, 

th - 0 at g = 0 

d h 2  a.(m) d H 

ag
lm) d u du 

(3.5.10) 

for g = 0. (3.5.11) 

Two simple functions with these properties are: 

P(x,u) = k ' [g(x)j 2 [g^m^ (x,u) 

P(x,u) a k' |^g(x)j 2 jg^m^ (x,u) 

', and (3.5.12) 

(3.5.13) 



CHAPTER k 

SOLUTION OF THE BOUNDARY-VALUE PROBLEM BY 
AUTOMATIC ITERATION 

The Maximum Principle reduces a functional optimi

zation problem to a boundary-value problem. That is, 

instead of searching for the optimum piecewise-continuous 

u(t), we need only find the values of a finite number of 

parameters, usually p(tQ) and possibly t^. - tQ, which 

result in satisfaction of the final boundary conditions. 

Note that this is equivalent to minimizing the magnitude of 

a multi-dimensional vector. Each component is the differ

ence between a final value and the corresponding boundary 

condition. In general, the dimension is n+1 (Sec. 2.3) » 

but in some cases this can be reduced (Sec. J.k). 

4.1 The Optimizer 

Included as a computing element on ASTRAC II is a 

hard-wired, digital, four-parameter optimizer (Mitchell, 

1964). Detailed descriptions of this device have appeared 

in the literature, and it is appropriate to review its 

characteristics and limitations here. This also provides a 

systematic way of introducing the more elaborate strategy 

actually used. The operation is best explained through a 

flow diagram (Fig. 3)- Since the optimizer can only 
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maximize a scalar function, we must change the boundary-

value problem to this formulation. 

Let the given final conditions be 

y1(tf) * y*, i x l, 2, ... , n + 1, 

where y1(t^.) is the final value of yX(t), and y^ is the 

corresponding boundary condition. The various y"*"' s could 

represent state variables, adjoint variables, or the 

Hamiltonian, depending on the given problem. Define the 

boundary penalty function as 

n+1 Y(tf) = -d 
l/-. \ 1 2\ 2 n+1/. v nn y (tf)-y , y (tf)-yf, ... , y 

(4.1.1) 

where the function d is such that d(0,0, ... ,0) = 0. 

Y(t^) is a measure of the negative of the distance between 

the final-value vector and the final-condition vector. 

Note that 

max Y(tf) = 0, (4.1.2) 

and that when Y(t^.) is maximized, the boundary conditions 

are satisfied. The form is therefore suitable for 

adapting the optimizer to the enforcement of the boundary-

value problem. Examples of suitable functions are 

Y(tf) = -

n+1 

z 
i=l 

1_ 
2 

(4.1.3a) 
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n+1 

Y(tf) = -

i=l 

n+1 

H °i yl(v - 4 
i 
2 

(4.1.3b) 

(V = - Z ci y1(V - 4 (4.1.3c) 

i =1 

where the c^, i = 1, 2, ... , n+1, are suitably chosen 

weighting factors. Equation (4.1.3c) requires the least 

hardware for analog implementation and is the one used for 

the examples in this study. 

The optimizer varies four parameters, a^, ag, a^» 

and a^ in steps of size A• The value of A is stored and is 
changed as conditions warrant. The amount by which a 

particular parameter, a±, is varied is 6±. 6± may take 

only the values A , 0, or -A. A value is selected by the 

state of a digital, pseudo-random noise generator (Hampton, 

1964). During the optimization procedure, the number of 

consecutive failures, np, and the number of consecutive 

successes, n^, are stored. The number of consecutive 

failures is the successive number of times that the set of 

perturbations, (5^, (5^, (5^» 5^, to the parameters, a^, a2, 

a^, a^, did not cause Y(t^) to increase. ng is similarly 

defined. 

In the following, the numbers in parentheses refer 

to similar numbers in Fig. 3- The optimizer starts opera

tion when signaled that a value has been generated for 
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Y(t^.). The value of Y(t^.) is compared with the largest 

value previously obtained, Y x, and the previous perturba

tion is judged a success if Y(t„) =» Y , or a failure if 
X IQdX 

Y(t„) < Y (l). After a failure, the preceding perturba-
f — max 

tions are removed (2), the failure counter is advanced, and 

the success counter is reset to zero, as we want to count 

only consecutive successes (3)- If np has reached some 

predetermined number, Np (4), we conclude that the perturba

tions are overshooting the maximum, and we reduce A (5)* 
A is stored as a single "1" in a register, and the left 
shift is equivalent to halving it. This is a "left around" 

shift, and if A -A • » the result of the shift is that 
' ^ 1 mm 

A=A Thus, a "local search" is followed by a "global 
max ' 

search," which will presumably prevent the optimizer from 

being permanently trapped at a local maximum. 

If the preceding trial was a success, we do not 

remove the last-set perturbations. The success counter is 

advanced, and the failure counter is reset, as again only 

successive events are counted (6). The largest value 

obtained for Y(t_) is the present one; thus, Y = Y(t„) 
f ^ ' ' max f 

(7). If ng has reached the predetermined number Ng (8), 

which is not, in general, equal to Np, we conclude that the 

step size is too small and double A (9)» This is a "right 

around" shift. We have now removed any unsuccessful 

pe r t u r b a t i o n ,  r e t a i n e d  a n y  s u c c e s s f u l  o n e ,  a n d  s e t  A. 
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The digital noise generator is now stepped (10) to 

provide a random number which generates a value for(5^« 

This value (A» 0, or is stored (ll), and the process is 

repeated for (5g» (5^» and <5^(12-17) • At this time, np is 

reset to zero if np = Np (l8), and ng is reset if ng = Ng 

(19)• All parameters are now perturbed (20), and the 

optimizer stops to allow the computation of a new value of 

Y(t^) by an analog-computer run (21). 

There are several flaws in this scheme. The values 

of Y(t„) and Y are stored on analog sample-hold circuits, 
f max 0 

Any drift in these elements can cause trouble. If the 

voltage representing drifts in the positive direction, 

Y^ax may actually become positive. Since the true maximum 

of Y(t^) is zero, the optimizer will be unable to achieve a 

success. The search will fail unless it had converged on 

the maximum before the circuit storing Y began to drift 0 max 0 

in the positive direction. 

There are eight bits in the parameter registers. 

After the maximization process converges, the optimizer 

begins a new global search just in case it has found only a 

local maximum. Consider the one-dimensional situation 

shown in Fig. k. The process has converged to a = aQ, and 

the optimizer now begins a global search. Clearly it will 

never find the true maximum, because the only values that a 

can assume area = a + (2*C)(/\ ),k*l, 2, ... .8, and 
o min ' ' ' ' ' 

all these will result in failures. Unfortunately, this is 



Fig. k. Global Search Example 
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a common and not a pathological case. Note also that we 

have not yet utilized the a priori information that the 

maximum value of Y(tf) is zero. As a result, the optimizer 

will make unnecessary global searches. 

A large number of trial parameter values result in 

an analog-computer overload. These trials are clearly 

failures to the observer, but the optimizer will use the 

resulting Y(t^) as an acceptable trial value. The above 

deficiencies required modification of the original optimiza

tion procedure. 

4.2 The Modified Optimizer 

The terms (f, n^, N^, anc*Am^n must be added to 

those defined in Sec. 4.1. £ is a small negative number. 

If Y > £, we conclude that this is the true maximum. 
max 

The size of £ is determined by the contour of Y(t^.) and by 

Amin» the smallest step size. n^ is the number of times 

that the current local search has successively converged to 

a value of Y which is less than £. In other words, ru, 
max M 

is the number of successive failures of the global maximum 

test. N-. is the value of n.. at which we conclude that Y 
M T4 max 

is indeed a local maximum. When n^ = N^, the local search 

is discontinued and a new global search begun. 

We may now proceed to the operation of the modified 

optimizer (Fig. 5)» If the preceding trial was a failure 

(1), the unsuccessful perturbations are removed (2), and the 
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failure counter is advanced (3) as before. But if np = , 

A is reduced only if A^A^jj (4, 5)* If A =Amj_n' 
the 

global maximum test is made (6). If Y C (6), then the 0 max 

process has converged to a point close to the true maximum. 

After N_ consecutive failures in the vicinity of the global 
r 

maximum (7)* Y is set equal to Y(t„) (8), and n„ is 
' max f F 

reset to zero (9). Thus, as long as values of Y remain IQ &X 

in the vicinity of the global maximum, perturbations 

continue with A =A • , and Y is set every N_ trials to 
rain' max F 

the value Y = Y(t„). This allows the optimizer to track 
max f 

a slowly moving maximum, and prevents any drift in the 

stored value of Y from causing the search to fail. If 
max 

the test value of Y is determined to be a local maximum 
max 

(6), is advanced (10). If n^ = (ll), we conclude 

that this point is indeed a local maximum, and the process 

must start over. This is done by setting A =A (12), J 0 max ' 

setting all parameters to zero (13)» and removing the value 

of the local maximum (1 At) . These last two steps are an 

attempt to prevent the situation shown in Fig. 4. Note 

that if A=-Amin (4), or if the process converges to the 

global maximum (6), the local maximum counter is reset 

(15)« Thus, any single convergence to the global maximum, 

or any increase in the step size above Am^n» will reset the 

local maximum counter. 

In the case of a successful trial, Y(t^) > Y 
f max 

(l), the process is identical to that described in Sec. 4.1 
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(16, 17, 18). Better processes can be devised (Sec. 4.3) » 

but they cannot be implemented with the available hardware 

on ASTRAC IX. 

All of the above serves merely to determine the 

step size,A- The portion of the process shown in Fig. 6 

is identical to that described in Sec. 4.1. The start-up 

routine is not shown, but this merely sets A c ZA 1 a, = 
' J max 1 

a0 = a_ = a. = 0, and Y = -10. 
2 3 4' max 

The modified optimizer does enforce the boundary 

conditions. The parameters A , C, N„, N_, and NM are set v ' S' F 7 M 

experimentally to suit each problem. Typical values are 

shown in the examples in Chaps. 5 and 7* Typical con

vergence efficiencies are also shown in the examples. 

The optimizer includes a provision for adding 

correlation, that is, adjusting or biasing the perturbation-

noise distribution so that the 0. tended to move the a. in 
1 1 

the same direction as in a preceding successful trial or 

opposite to that in a preceding failure. This feature, 

however, was not used in the present study. It almost 

always resulted in poorer performance them was obtained 

with a purely random walk. A study of typical contours of 

Y(tf) (Figs. 13* 14, 27, 28, 36, and 37) shows one reason 

for this. The local gradient does not slope toward the 

global maximum, in most cases, except in its immediate 

vicinity. An early success, while the step size is still 

large, will bias the steps in the wrong direction. What is 
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more, when the optimizer is reset after convergence to a 

local maximum, all parameters are set equal to zero. The 

biasing of the direction of the perturbations creates a 

tendency for succeeding trials to follow similar paths. If 

these paths lead to a local maximum, then degraded perform

ance, in the form of lengthened times to converge to the 

global maximum, results. 

For all of the examples, the probability that a 

step is positive is 0.25; the probability that a step is 

negative is 0.25; the probability that a step is zero is 

0.5. 

4.3 A Software Optimizer 

Since the special, hard-wired digital optimizer is 

not generally available outside the University of Arizona's 

Analog/Hybrid Computer Lab, the following software optimizer 

for a general-purpose digital computer is presented. This 

permits the techniques discussed in this paper to be used 

on hybrid-computer installations embodying general-purpose 

digital computers and in all-digital simulations. It also 

includes modifications which should result in improved 

performance. 

The first task is to obtain a source of random 

words. The following program is equivalent to the hardware 

pseudo-random digital noise generator in ASTRAC II 

(Hampton, 196k). The block diagram of the device is shown 
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in Fig. 7« For certain values of n, it is possible to 

obtain a maximum-length sequence of bits, 2n - 1 bits 

long, with only the single half adder shown. A list of 

some of these is given in Table I for shift registers of up 

to 25 stages. The length of the shift register is n, and 

stages f and 1 are connected to the half adder (Fig. 7)-

The flow diagram in Fig. 8 generates an r-bit 

random word with random sign and places it in location R. 

The computer word-length is w bits plus the sign. The 

length of the "shift register" is n bits, and w => n. The 

state of the shift register is stored in location NG. A is 

a register. It is assumed that word NG is preset to some 

other state than all zeros, and that shift commands do not 

alter the sign bit. In calling for the subroutine, one 

must specify r, 0 r < w. Note that the steps "NG = NG + 

A" and "shift R left 1" must not alter the contents of 

register A. 

The portion of the optimizer shown in Fig. 9 per

forms almost exactly the same tasks as the hardware 

optimizer of Fig. 5« The first step is to determine 

success or failure, indicated by the word S. S = 1 implies 

success; S = 0 implies failure; and S = -1 implies failure 

due to an overload in the simulation of the state and 

adjoint equations. This value of S is used later in the 

correlation process. The number of parameters has been 

increased to p, and the order of some of the operations has 
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Table I. Feedback for Some Maximum-length Sequences 
(Korn, 1966a) 

n f Length of Sequence 

3 2 or 3 7 

4 2 or 4 15 

5 3 or 4 31 

6 2 or 6 63 

7 2, 4, 5, or 7 127 

9 5 or 6 511 

10 4 or 8 1,023 

11 3 or 10 2,047 

15  2 ,  5 , 8, 9, 12, or 15 32,767 

18 8 or 12 262,1^3 

20 4 or 18 1,048,575 

21 3 or 20 2,097,151 

22 2 or 22 4,194,303 

23 6, 10, 15, or 19 8,388,607 

25 4, 8, 19, or 23 33,554,431 
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been changed. Otherwise the operations of the systems in 

Figs. 5 and 9 are identical. Note that /\ here is a number 

instead of the position of a "1" in a shift register. 

»A- A + 1" is thus equivalent to "shift /\-reg left 1." 
Although it was not found useful in this applica

tion, a correlation circuit is shown in Fig. 10. This 

increases the probability that (5^ is positive if the 

previous run was successful and the previous (5^ was posi

tive, or if the previous try was a failure and the previous 

(5^ was negative. Similarly, the probability that will 

be negative is increased if the previous run was successful 

and the previous (5^ was negative, or if the previous try 

was unsuccessful and the previous was positive. This 

means that the parameters will tend to move in directions 

that resulted in successes and will tend to move opposite 

to directions that resulted in failure. If S = -1, no 

correlation is introduced. There are three different 

strategies chosen by the value of a control word, CC. 

CC = 0 implies no correlation. CC = 1 implies that each 

5± wil1 move in a direction that was previously successful 

of opposite to a direction that failed with probability 

0.75* CC = 2 implies that each will follow previous 

successes and avoid previous failures with probability one. 

/\ has a slightly different meaning here from that 

in Sec. 4.2. Here, /\ is the number of bits in the random 
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Thus 2^is the maximum step size. The minimum is, of 

course, zero. 

There are N bits in the parameter words, N < w. 

The lower-left portion of the diagram reduces the so as 

to keep the parameters within their dynamic range, 

2N =• a. . 
i 

The foregoing diagrams are presented to specify the 

processes. They are not oriented toward any particular 

computer or language. Computers with larger libraries of 

commands will offer many opportunities for simplification. 

Although designed for the present particular 

application, this optimizing routine can be used for many 

maximization problems. In most cases the global maximum 

test would have to be redesigned as the value of the global 

maximum would probably be unknown. 



CHAPTER 5 

LINEAR EXAMPLES 

The conjectures and discussions in the foregoing 

mean very little without experimental justification. The 

purpose of Chaps. 5» 6, and 7 is to provide verification 

for Chaps. 2, 3, and k. The major problems here are of a 

practical nature, and they will be discussed when they 

appear likely to recur in other problems and other machines. 

5.1 Simulation-to-optimizer Data Linkage 

Some translation is necessary to allow the results 

of a trial to be communicated to the optimizer. These 

circuits are essentially the same in all problems, and it 

is efficient to discuss them only once. The circuits that 

allow the computer and optimizer to communicate are shown 

in Fig. 11. The symbols used here and throughout the paper 

are defined in Appendix C. The initial value of the 

boundary penalty function, Y(to), is stored in track-hold 

19» and its final value is stored in 28. Y(t~) and Y 
' f max 

are compared by comparator 5-30* The combination L = 1, 

M = 1 causes Y = Y(t_), while L = 0, M = 1 results in 
max f ' ' 

Y = -10. For M = 0, the track-hold remains in hold 
max 

(Appendix B). 
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The contour of Y(t^) contains local maxima. To 

test for these, the magnitude of Y(t^) is checked after the 

optimization process has converged, that is, after the step 

size has been reduced to its smallest possible value. If 

YCt^J-^C (both Y(tf) and £ are less than zero), E = 1, 

indicating a local maximum. In many problems, the magni

tude of the local maxima become more negative with an 

increase in Y(tQ). To afford correct operation for a wide 

variety of initial states, £ is made proportional to Y(tQ) 

plus a constant. £" and £ are set empirically for best 
1 Ct 

operation. 

Overloads are a problem. The diodes on the input 

of comparator 3-20 select the maximum of the applied 

voltages. If this maximum exceeds 10 volts, an overload 

is indicated by 0V. This operation is performed only 

crudely, but great accuracy is not necessary here. The 

circuit is shown for the example in Sec. 5»2. For other 

examples, the applied signals and the number of diodes will 

vary. 

The circuit at the bottom of Fig. 11 develops the 

signal R" that controls the mode of the integrators in the 

simulation. The positive transition of R", which switches 

the integrators from reset to compute, coincides with that 

of R, the reset signal developed by the computer at t = tQ. 

At t = t^, R" undergoes a negative transition which puts 

the integrators back into reset. The time t„ - t is 
I o 



controlled by the optimizer. Integrator 23 develops a ramp 

starting from -10 volts at t = t and reaching +10 volts 

1000 lis. later. The eight-bit digital word a^, which is 

one of the parameters under the control of the optimizer, 

is converted to a voltage by digital-to-analog converter 

3-21. When the sum of this voltage and that on the output 

of integrator 23 becomes positive, the output of comparator 

k-22 moves positive, signalling the time t • t^. Due to 

noise there may be several of these transitions in quick 

succession. Flip-flop 2 is reset by the first of these and 

ignores the rest. Gate 16 insures that R" must be a "1" 

(reset) if R = 1 or V = 1 (overload, Appendix B). This 

means that t^, - t cannot exceed 1000 ^ls (computer time) 

and that an overload will result in the immediate resetting 

of all integrators. The pulse Scauses r to move from 

zero to one, 198 [is before the start of the compute period. 

Thus, even if t^. - t is very small, track-hold 28 will be 

in track for a minimum of 198 These signals are shown 

in Fig. 43 (Appendix B). The track-holds do not store the 

correct voltage if their track periods become too short. 

In the above, the computer was assumed to be 

operating at 500 runs per second. All of the times should 

be proportionally changed for other repetition rates. 
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5.2 Example: A Second-order System 

Consider the system 

= u, u < 1, x(tf) = x(tf) = 0 

with a minimum-time criterion function. The physical 

system represented by the problem could be a unit mass 

which is free to move along a straight line. Its position 

is x, and its velocity is x. The object is to move the 

mass to the point x = 0 and the velocity x = 0 in the 

shortest possible time. To accomplish this, one can apply 

any force, so long as its magnitude does not exceed unity. 

1 . 2 Identify x = x , and x = x . Then, 

.o .1 2 .2 x  =  l , x  =  x , x  =  u  

H = PQ + Pxx + p2u 

Po = 0, px = 0, p. 

u = kp2, u 

(state equations) (5*2.1) 

(Hamiltonian) (5*2.2) 

(adjoint equations) (5*2.3) 

(steepest ascent) (5*2.4) 

Y(tf) = -c ±  x1(tf>) -c, X 2(t f) 

(boundary penalty) (5*2*5) 

As k becomes large, the steepest ascent control equation 

becomes one that describes the action of a comparator with 

a small stabilizing feedback capacitor. In fact, no 

capacitor was needed for this example, but this is not true 
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in general. The considerations of Sec. J.k apply here, and 

we can restrict p^ to the values, 

p^ = +.l* (5*2.6) 

The problem is now to find the values of p0(t ) and t„ - t 
a O I O 

1 2 and the sign of p^ that result in x (t^) = x (t^) = 0. 

The analog simulation is shown in Fig. 12 (Appendix C). 

All integrators are controlled by the signal R" (R" = 1 

implies reset). Electronic switch 1 causes 10p^ to be +10 

volts or -10 volts depending on whether the most signifi

cant bit of the optimizer's parameter a^ is a one or a zero. 

Digital-to-analog converter 2-11 converts the parameter 

(an eight-bit digital word) to the analog voltage 

The control, u, is developed by comparator 6 followed by a 

precision diode-bridge limiter. The limiting level of u is 

accurately adjusted to ̂  1 volt with pot 13. 

The contour of Y(t^) for the initial conditions 

1 2 
x (tQ) = 0, x (tQ) = 5 is shown in Fig. 13. This gives the 

value of Y(t^) as a function of two variables, t^. - tQ and 

p0(t ). Y(t») is a measure of the distance between the 
a O I 

final state of the system and the given final conditions on 

the state. A very negative value of Y(t^) indicates that 

the final state is far from a point that satisfies the 

given final conditions. The problem presented to the 

optimizer is to find the highest (least negative) point of 

the terrain shown in Fig. 13* In other words, it must find 
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a set of values of p0(t ), t„ - t , and the sign of p., that 
A O I O X 

causes Y(tf) = 0. Only the terrain near the optimum point 

is shown in Fig. 13• Similar plots can be made for p^ * +1 

and p0(t ) =» 0. The true maximum, indicated by the symbol 
6 O 

*, is located at t. - t =12 seconds, p0(t ) = -B.k. The 
'  t o  d  o  

only effect of p0(t ) is to alter the time, t , at which u O S 

the control changes sign. t is located on a straight line 

connecting the origin and the point (10, -10). To the left 

of this line, Y(tf) is independent from the value of 

p0(t ). Note the local maxima at t, - t =0 and at 
a O 1 O 

t„ - t = 5, -10 «= p0(t ) -5. Because of these, a hill-
X O ~ u O 

climbing technique is not assured of success. However, 

since the value of the true maximum is known, convergence 

to a local maximum is easily detected. A hill-climbing 

technique with a random starting point and a local maximum 

rejection feature will eventually succeed. 

A similar plot is shown for the initial conditions 

i o 
x (t ) = 0, x (t ) = 2 in Fig. l4. Qualitatively, the two 

o o 

plots are very similar. Figure 14 does not have a local 

maximum at t^ - t =0, but this is a region of zero slope, 

which is almost as troublesome. A local maximum does 

exist at t. - t =2. Note also that the contour is much 
f o 

flatter than that of Fig. 13. However, the two plots are 

not so drastically different as Table III indicates. 

Apparently it is the combination of the flat contour, the 

relatively high noise level in ASTRAC II, and perhaps some 
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1 2 P, = - 1 ,  x  ( t  ) = 0, x  ( t  ) = 2, c  = 0.25, C _  »  0 . 5 0  
J* O OX m 
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quirk in the optimization strategy that is responsible for 

the long convergence times. 

Figure 15 shows a phase-plane display of the 

1 2 response to the initial conditions x (tQ) = 0, x (t0) = 5« 

The search is shown continuing at the smallest step size 

(about 80 mv.). Note the high sensitivity of the final 

values to small changes in the initial values of the 

adjoint variables. Figure l6 shows the time response to 

the same initial conditions. 

Table II compares the measured and theoretical 

response times (Appendix D) for two different iteration 

rates. For these data, the optimizer was disconnected, and 

p, , p„(t ), and t„ - t were set by hand. Table III shows 
1 o f o 

some average convergence times for various initial condi

tions . 

5-3 Example: A Third-order System 

Consider the system 

x = u < u •c 1, x(tf) = x(tf) = x(tf) x 0, 

again with a minimum-time criterion function. This could 

represent a unit mass moving in a straight line with 

position x, velocity x, and an applied force x. The control 

is the rate of change of the applied force. We wish to 

move the state to the point x = 0, x = 0, x =* 0 in minimum 

time, subject to the given control constraint, 

T . 1 . 2 3 Let x = x , x = x , x = x , then 

u 1. 
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2 
Vertical: x , 2 volts/cm. 

Horizontal: l/2x^, 2 volts/cm. 

Fig. 15• Phase Plane Response of the Second-order System 

x1(tQ) = 0, x2(tQ) a 5 



Tops l/2x"*", 5 volts/cm., second line is = 

2 2 
Center: x , 5 volts/cm., fourth line is x =0 

Bottom: 5u, 10 volts/cm., sixth line is 5u s 5 

Time: 0.1 millsec./cm. (computer time), 

2 seconds/cm. (scaled time) 

Fig. 16. Time Response of the Second-order Syst 

x*(t ) =0, x^(t ) = 5 
o o 
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Table 11. Theoretical and Measured Optimum Response Times 
of the Second-order System 

Measured, Measured, 
Theoretical 500 rps 50 rps 

<t ) 
o 

0
 

+» 

CM 
X
 t 

s 
t 
s tf 

t s 

0 5 C
O
 

•
 

to
 

12.07 
C
O
 

•
 

00 

1 2 . 0 8  8.48 12.15 

0 4 6.82 9.65 6 . 8 0  9.64 6.84 9.64 

0 3 5.H 7-24 5 . 0 5  7.32 5.12 7.28 

0 2  3 .41 4.83 3.4o 4.84 3.40 4.88 

0 1 1.70 2.4l 1 . 6 8  2.40 1.72 2.40 

10 0 3-17 6-33 3 . 1 6  6 . 3 6  3.12 6 . 3 6  

8  0 2.83 5 . 6 6  2.84 5.72 2.84 5.68 

6  0 2.45 4.90 2.44 4 . 9 6  2.48 4.96 

4 0 2.00 4.00 1 . 9 6  4.00 2.00 4.oo 

2 0 1.41 2 . 8 2  1.44 2.84 1.40 2.84 
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• o _ *1 2 «2 3 *3 X  = 1 ,  X  =  X  ,  X  =  X  ,  x  =  u  

(state equations) (5-3-1) 

2 3 H = p + p..x + p0x + p~u (Hamiltonian) (5-3-2) 
OX a J 

PD = 0, px = 0, p2 = -P]L, P3 = -p2 

(adjoint equations)(5•3•3) 

<= 1, k =» =" 1 (steepest ascent) (5-3-^) u = kp3, u 

T(tf) = -c. X1(tf) -c. x2(tf) -c. X^ ( t^.) 

(boundary penalty) (5-3-5) 

The considerations of Sec. also apply here. The 

simulation is shown in Figs. 17 and l8, and the comments 

made about Fig. 12 also apply here. The simulation-to-

optimizer linkage is as shown in Fig. 11 except that there 

are four more diodes associated with comparator 3-20 to 

3 detect overloads of x and p^. The time responses of the 

system for two different sets of initial conditions Eire 

shown in Fig. 19. Average convergence time for the 

initial condition x"*"(t ) = 50, x^(t ) = x^(t ) = 0 is 2^.6 
o o o 

seconds (12,300 iterations). 

Any large change of these values requires rescaling 

of the adjoint equations. The problem is that Y(t^) is 

very sensitive to small changes in the initial values of 

the adjoint variables. This condition is so extreme that 
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-aop,) 

Fig. 17« Simulation of the Third-order System, 
State and Adjoint Equations 
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+10 

-3 

~/0 -/o 

5K 5K 
•AAA—r—VW 

0.4 <?7 5(7. 

4* 

5K 
Wr 33 

36 

Fig. 18. Simulation of the Third-order Example, 
Control and Boundary Penalty 



For both (a) and (b) 

Tops (l/25)x*t 2 volts/cm., second line x* = 0. 

Second: 

Third: 

Bottom: 

Time: 

(l/5)x^, 2 volts/cm., third line is x^ » 0. 
i 3 

x , 2 volts/cm., fifth line is x 0. 

5u, 10 volts/cm., sixth line is 5u = 5« 

0.1 millisec./cm. (computer time) 

2 seconds/cm. (scaled time) 

Pig. 19* Time Response of the Third-order System 
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it is very difficult to distinguish local maxima. An 

eight-bit word for the initial values of the adjoint 

variables just does not offer a sufficiently small minimum 

step size. 



CHAPTER 6 

A CONSTRAINED-STATE EXAMPLE 

In this chapter we will again treat the system of 

Sec. 5.2, but with the addition of the control-imposed 

state constraint (Sec. 3*5) 

:2 < V. 

This is to be enforced with a suitable penalty function. 

This type of limitation on velocity is a common situation 

in physical systems. The system can exceed the limit, but 

it is unwise to do so. For example excessive velocities 

can result in shortened bearing life, high fuel consumption, 

or mechanical failure. 

6.1 Formulation of the Constrained Example 

The state equations are 

•  0 . . 1  2 . 2  /  ̂  1  .  \  x  = 1 ,  x  =  x  ,  x  =  u  ( 6 . 1 . 1 )  

There are actually two constraints to be enforced, 

g1(x) = x2 - V < 0, g2(x) = -x2 - V < 0. 

Form a penalty function using the techniques of Sec. 3«5» 

P(x,u) = l/2k' g (x ) 
(m) / x 
g (x,u) (3.5.12) 

Here m = 1, and the result is 

79 
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P(x,u) = l/2k's(x2 - V)(x2 - V)2(u)2 

+ l/2k•s (-x2 - V)(-x2 - V)2(u)2, 

where s(t) =0 for t ̂  0 

= 1 for t ^ 0. 

k* is now just a large positive constant as the unit step, 

s(t), expresses the discontinuity at g(x) = 0. 

P(x,u) = l/2k1 s(x2 - V)(x2 - V)2 + s(-x2 - V)(-x2 - V)2 

(u) = 1/2k's( - V) ( x V)2(u)2 

The constrained Hamiltonian is 

Hp = PQP + H = po(l + P) + P]Lx + p2u, 

where H is the Hamiltonian for the unconstrained system 

(Eq. 5*2.2). Let pQ = -1, then the system becomes: 

.0 .1 2 .2 x = 1, x = x , x =u 

H = -1 - l/2k•( - V) s ( 

(state equation) (6.1.1) 

2 >*w \2 2 - VMu; + p^x + p2u 

(Hamiltonian) 

Pi = °' F*2 = "P1 + k ' * - V)sign(x )s( 

(6.1.2) 

2 - V)(u) 

(adjoint equation) (6.1.3) 

u = k P2 - k'( V)2s( - V)u u < 1, k => =» 1 

(steepest ascent) (6.1.4) 
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Let us examine the stability of this when it is on 

the constraint boundary; that is, when the penalty term is 

non-zero. Using the considerations of Sec. 3«3» we first 

find u . 
o 

a u 
H (u ) 
P o 

= 0 = -k' ( " + P2 

u = 
o k' ( V)' 

^2H 
= -k'( 

"2) u' 
V)* = a 

( 6 . 1 . 5 )  

( 6 . 1 . 6 )  

The above are true only when the system is being constrained 

by the penalty term. In this case s( x - V) = 1. It was 

pointed out in Sec. 3*3 that the discussion does not apply 

to the case of bang-bang control. The eigenvalues of the 

system are non-positive, and thus the constrained system 

is stable in the sense of Liapunov. The discussion in 

Sec. 3»5 pointed out that constraints enforced by penalty 

functions are not rigidly enforced, but that they are 

violated by a small amount. Under these conditions, the 

eigenvalues are negative, and the system becomes 

asymptotically stable. 

6.2 Results of the Constrained Example 

The scaled equations actually simulated are 

1/2X1 = 0.5(x2), x2 o 0.2(5u) 
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H = —• (lOp, ) (x2) 2 
p 10 1 10 - 1 

- k 
l i 10 

(k2h)(5h) To (5->2 

10^ = 0, p2 = -0.1 (ioP;L) + kx/ ̂  k2h sign(x ) 

1 ic »2 
10 

5u = 5k ( p2 k1< 1Q To ^2h)(5h) 

where k' = l/4k^k2» and h = ( - V) s ( 

(5u) 

- V). 

5, 

The simulation is shown in Figs. 20 and 21. Note that 

2 comparator 6 - k O  and switch 8 together form k^h sign (x ). 

k^ takes only the values 1 and 5» Examination of the 

portion that generates (5u) shows that the diode-bridge 

limiter, inverters 2k and 25, and multiplier 4-27 form a 

feedback loop around integrator 16, which has an extremely 

high gain, (2)(10 ). It is necessary to stabilize the 

loop by placing a 250 pf. feedback capacitor on the 

amplifier internal to multiplier 4-27- The rest of the 

simulation is well-behaved. As was discussed in Sec. 3*2, 

integrator 16 is never reset. Thus the steepest ascent 

process is always active. 



+10 
lOOpf feedback capacitor 

\+/0 (5u) 
k.k 

-JO 

-JO 

SJ 
22 

6- 40 1-7 

- e  

- a o p )  - ( / o P / )  

R 

[29 

±/0 
—@)— 

±/o 

Fig. 20. Simulation of the Constrained System, 
State and Adjoint Equations 
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 ̂ 5K 

-to — — v w  

7o_ 
5"K X-N / A 

—VW 

18Jr©i 

-?6 
«?-/; 

•Jq(^)2 

k2h 

-kg h 

5h 

-^(kgh)(Sh) 

13 

-jfc(kjh)(5*l 
^>—r— ̂ 5> 

M .  

j/>— 

Pig. 21. Simulation of the Constrained System, Penalty 
Function and Hamiltonian 



The performance of the system is shown in Figs. 22 

1 2 
and 23• The initial conditions are l/2x = 5» x =0, and 

the constraint is 2 
x : 2 in all of the figures. The 

recordings were made with the computer operating at 1000 

runs per second. 

Figure 22 shows the case where k' = 20. The 

performance of the system is good. The constraint is 

enforced fairly rigidly, and u is approximately zero while 

the system is on the constraint boundary. A comparison of 

the trace of p^ and the theoretical solution (Appendix E) 

shows that they qualitatively agree. In particular note 

that Pg exhibits jump phenomena when the system enters or 

leaves a constraint boundary. The jumps are not sharp 

because of a relatively low gain in the penalty function 

loop. Pg does have the same slope on the constraint 

boundary as when the system is free. Thus the penalty 

function not only tends to enforce the constraint, but also 

causes the adjoint variables to have the correct perform

ance . 

In Fig. 23 * k' = 1.23* The performance is dras

tically degraded. p^ moves 0.6 volts into the forbidden 

region before the control, u, is changed at all. The 

control does not remain near zero while the system is 

constrained. p^ does not even approximately exhibit jump 

phenomena. 



Top: l/2x*, 2 volts/cm., third line is x* * 0. 
2 2 Second: x , 2 volts/cm., third line i s  x  = 0 .  

Third: 5u, 10 volts/cm., fifth line is 5u = 5• 

Bottom: H, 0.5 volts/cm., seventh line is H = 0. 

Time: 50 |isec./cm. (computer time), 

1 second/cm. (scaled time). 

Fig. 22a. Time Response of the Constrained System 
for k' =20 



Top: 

Second: 

Third: 

Bottom: 

Time: 

ioi j\aa 

l/2x*", 2 volts/cm., third line is x* = 0. 
2 2 

x , 2 volts/cm., third line i s  x  = 0 .  

5u, 10 volts/cm., fourth line is 5u = 5• 

p^, 2 volts/cm., sixth line is Pg = 0. 

50 [J. sec./cm. (computer time), 

1 second/cm. (scaled time). 

Fig. 22b. Time Response of the Constrained System 
for k' > 20 
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our.- J» i-or j\aa 

Top: 

Second: 

Third: 

Bottom: 

Time : 

1 1 1/2x , 2 volts/cm., third line is x « 0. 
2 2 x , 2 volts/cm., third line i s  x  = 0 .  

5u, 10 volts/cm., fifth line is 5u = 5« 

II, 0.5 volts/cm., seventh line is H = 0. 

50 [Isec./cm. (computer time), 

1 second/cm. (scaled time). 

Fig. 23a. Time Response of the Constrained System 
for k' = 1.25 
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'S OI"> 

Top: l/2x , 2 volts/cm., third line is x = 0. 
2 2 Second: x , 2 volts/cm., third line i s  x  = 0 .  

Third: 5u, 10 volts/cm., fourth line is 5u = 5« 

Bottom: p^» 2 volts/cm., sixth line is Pg = 0. 

Time: 50 llsec./cm. (computer time), 

1 second/cm. (scaled time). 

Fig. 23b. Time Response of the Constrained System 
for k' » 1.25 
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In all of the traces, H remains near zero. The 

jumps of H are due to the non-zero risetime of u. 

A comparison of some theoretical (Appendix E) and 

measured results is shown in Table IV. This shows that 

penalty terms cannot be added and then disregarded. The 

solution must always be inspected to see if the finite gain 

of the penalty loop is causing unacceptable errors. The 

constraint set on pot 31 is not the constraint enforced. 

For the pot settings of V = 1, 2, and 3» the constraint 

boundaries are actually 1.2, 2.2, and 3*2, respectively. 

As the constraint loop gain is decreased, the differences 

widen. The simulation becomes unstable if the loop gain is 

raised much above k' = 20. The errors in Table IV were 

computed using the constraint boundaries actually enforced. 

If the setting of pot 13 is used as the theoretical value 

of V, the errors are unacceptably large. 

Note the large errors for the tightly constrained 

system (V = l). Here, the amount by which the trajectory 

"sags" into the constraint has become large with respect 

to V. The state thus moves faster than it would if it were 

rigidly constrained. These errors could be reduced by 

rescaling the problem especially for this case. 

Data are given only for an iteration rate of 1000 

runs/second. Accuracies are approximately the same for the 

rates of 100 and 10 runs/second. 
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Table IV. Experimental Event Times and Errors for the 
Constrained Second-order System. 

All times are given in seconds (scaled time). 
The penalty function loop gain is k' =20, 
except that * indicates k1 = 10. For these 
cases, the system is unstable at the higher 
gain. 2 

For all cases, x (t ) = 0. 
o 

X' 
V tl 

error 
% 12 

error 
°/o 

t£ 

error 
% 

10* 1.2 1.36 13.3 6.46 -22.4 7.80 -18.2 

8* 1.2 1.36 13.3 5.48 -17-8 6.68 -15.0 

6 1.2 1.28 6.67 4.46 -10.8 5.60 -9.68 

4 1.2 1.22 0.60 3.26 -2.10 4.42 -2.43 

2 1.2 1.18 -0.60 1.76 5-39 2.88 0.35 

10 2.2 2.20 0.00 4.48 -1.54 6.61 -0.89 

8 2.2 2.20 0.00 3-70 1.65 5.80 -O.69 

6 2.2 2.16 -1.82 2.94 8.06 4.96 -0.61 

18 3-2 3.22 0.62 5 .62 0.00 8.72 -1.13 

16 3.2 3.22 0.62 5.08 1.60 8.10 -1.22 

14 3-2 3.20 0.00 4.54 3.89 7.52 -0.66 

12 3.2 3.18 -0.62 3.82 I.87 6.86 -1.30 
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An attempt was made to enforce the constraint with 

a penalty term of the form 

P(x,u) = k ' g(x) 
(m) , v 
g (x,u) (3.5.13) 

For this particular example this becomes 

P(x,u) = k*s(x2 - V)(x2 - V)2 

+ k's(-x2 - V)(-x2 - V)2 u 

where s(t) =0 for t < 0 

= 1 for t > 0. 

As before, k' is now just a large positive constant. The 

steepest ascent control equation is 

u = k P2 - k'( x - V) s ( - V)sign(u) 

During the steepest ascent x and p^ are essentially 

constant, so that the form of the above is 

u = -Asign(u), 

where A is some positive constant. It is impossible to 

obtain satisfactory operation from a system of this type. 

The term sign(u) has an extremely high gain near u = 0. If 

k' is reduced to a value low enough to insure stability, 

the gain is too low to accurately enforce the constraint. 

This does not mean that penalty terms of the form of 

Eq. (3'5.13) will be unusable for all problems, however. 
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Constraints can be enforced using penalty functions 

only if one is very careful. The constrained variables 

must be monitored to insure that the proper constraint is 

being enforced and that it is being enforced rigidly enough 

to produce acceptable results. 
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x (t £.) = x(tf) = 0 (boundary conditions) 

x°(tf) = \ (b + u )dt, b > 0 (criterion function) 

u <=: 1 (control constraint) 

This is easily put into standard form. First note that the 

considerations of Sec. 3*4 do not apply here. Thus we set 

Pq = -1. 

. 0  
x • b + u 

.1 2 .2 2 ,  x  =  x , x  =  u  -  a x  

H = -b - u 
2 2 

+ Pj^x + P2^u ~ ax 

(state equation) (7 • 3- • 1) 

2 ) 

$1 = 0, p2 = 2a 

u = k p0 - sign(u) 

P2 " P1 

(Hamiltonian) (7*1*2) 

(adjoint equation) (7*1*3) 

Y(tf) a c x1(tf) 

, u <= 1, k =» =» 0 

(steepest ascent) (7*1*4) 

2, 
- c, x (tf) - c. H(tf) 

(boundary penalty) (7*1*5) 

Equation (7*1*4) cannot be satisfactorily 

implemented with analog computing elements because of the 

extremely high gain implied by the term "sign(u)." If k is 

reduced to a value low enough to insure stability, the 

steepest ascent process becomes far too sluggish to 
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accurately maximize H. However Eq. (7.1.^) leads to a 

direct realization of the control law. If p^ =» 1» as k 

becomes very large the steepest ascent equation approaches 

u = sign(p2>. 

If 1, as k becomes very large Eq. (7.1.4) approaches 

u = 0, 

since 

u < < 0 for u => 0, and 

If 

u =•> 0 for u «= 0. 

= 1, only the sign of u is defined; its magnitude 

is not specified by the condition that H be maximized with 

respect to u. If = 1 over a non-zero interval of 

time, then this is called an interval of singular control 
> 

(Athans and Falb, 1966) . The control law is thus 

u = -1 for p^ ̂  -1» 

-1 >=. u 0 for pg = -1 

u b 0 for -1 < P2 ̂  

0 ̂  u <: 1 for p2 = 1, 

u = 1 for 1 < pg. (7.1.6) 

For the case of non-singular control, p^ will be 

exactly unity only at isolated instants of time and not 

over any non-zero intervals. Thus u may assume any bounded 
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value at these instants, and the correct control can be 

generated with one of the simple dead-space comparator 

circuits (Korn and Korn, 1964). 

Now assume that the case is one of singular control 

Then, since P 2  =  1  

P2 = 0 - 2a P2 - Pl» or 

px = 2a x p2* 
(7-1.7) 

Equation (7*1.3) implies that p^ is constant. Thus, since 

Pg is also constant, and the form of Eq. (7«l«l) implies 

2 2 
that x is continuous, x must be constant. As a result, 

. 2 _ x = 0 = u - a 2 x , or 

u = a x ( 7 . 1 . 8 )  

In addition 

max 
u e u 

H = 0 = -b - u + PJJ^x + P2(u - a x ) . 

Combine this and Eq. (7.1.7) to form 

-b -

-b -

u 

u 

( 2 ,  P2^x + P2*u ~ a x ' )  =  0  

+ PQU + ap. X » 0 . (7.1.9) 

Due to Eq. (7.1.6) and to the fact that p2 = +_ 1 

-1 — u ̂  0 for Pg * -1, 

0 < u < 1 for Pg «* 1. 
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Thus 

u + p2u = 0, 

and Eq. (7«1«9) becomes 

-b + ap. x = 0. (7.1.10) 

This is satisfied, since p„ » + 1, by 

2 x = p -\I~K~ 
2 V  a*  

(7.1.H) 

Equations (7.1.8) and (7*1.11) imply that 

u = p2b. (7.1.12) 

1. Note that this can be true only if b < 1, since u 

It has not been shown that this solution will 

satisfy the boundary conditions. The complete argument 

showing that trajectories having intervals of singular 

control can satisfy all of the necessary conditions of the 

Maximum Principle is contained in Sec. 8-10 of Athans and 

Falb (1966). The above portion will suffice for the 

present argument. 

Suppose that one is attempting to solve this problem 

on a computer. Further suppose that we are concerned with 

the singular solution corresponding to p^ » 1. Then, from 

Eqs. (7,1.7), (7.1.1l)i and (7.1.12), the correct values 

are 

P2 = 1* Pi = 2 Vab 1 X2 = and u = b. 
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Now let there be some small positive error, (5, in the 

value of p^» This might be due to drift in an analog 

computer or to round-off in a digital machine. Then 

Po - 1 + 5 • 

This, in turn, implies that u = 1, and 

2 . 2  2  x = -ax + u = -b + 1 0. 

2 2 
x is thus becoming more positive and, since x 

is increasing. As a result 

2 

0, 

P2 = 2ap, - p. > 0. 

This causes a further positive drift of the value of Pg. 

Similar arguments can be made for a small negative error 

and for the case of p^, = -1 • The system is regenerative 

with respect to errors in the value of p_ and thus very 

sensitive indeed. The question of how to implement the 

correct value of u for p^ = + 1 is now academic, since a 

direct simulation of the Maximum Principle can never result 

in a singular solution. 

An attempt was made to generate a singular solution 

by setting p and p0(t ) on potentiometers by hand. Even 
X a O 

though the existence and location of the singular solution 

were known, the attempt failed. p^ would remain near unity 

for only a short time, and would then move regeneratively 

away. As a result, the boundary conditions on x^(t^) and 

x2(tf) were never met. 
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The sensitivity of the simulation does not mean 

that a useful control system cannot be synthesized from a 

singular analytic solution. Athans and Falb (1966) 

develop a very satisfactory closed loop control system 

which defines a unique value of u at every point in the 

phase plane. The task is not easy, however. Even with the 

assigning of much of the work to exercises for the reader, 

the development requires nineteen pages of text. 

The above argument has shown that, in this case 

at least, a singular solution cannot be generated by a 

computer. We will see in Sec. 7»2, however, that a non-

singular type of solution is easily obtained using a 

computer. 

It is possible that the analytic singular solution 

and the computer-generated, non-singular solution will have 

the same value for the criterion function associated with 

them. One might use less fuel but require more time than 

the other. This can be checked only by actual computation 

of the criterion function. The existence of more than one 

solution is not surprising. Nothing in the Maximum 

Principle says that a solution must be unique. In fact, 

since it provides only necessary conditions, not all solu

tions may be optimal; one may still have to choose the 

optimal control from among the candidates provided. 
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7.2 Example: A Nonlinear Second-order System, Results 

The scaled equations to be simulated are, from 

Eqs. (7»l«l) through (7.1*5)» 

5xX = 0.5(5x2), 5x2 = 0.5(5u) - 2.5ax2 x2 

(state equation) (7*2.1) 

H = -0.2 

+ 4 

5u - 10(b/l0) + 2(l/2p x ) 

l/4(u -

Px = 0, p2 = a 

x x2)pg (Hamiltonian (7*2.2) 

Pg - 0.5?^ (adjoint equation) (7*2*3) 

5u = 5 for 1 <= p2 

= 0 for -1 < p 

= -1 for pQ <= 

2 

-1 

1. 

(control law) (7*2.4) 

Y(tf) = -0.2cx 5x (tf) - 0 .  2 c ,  5x (t^) -c. H(tf) 

(boundary penalty) (7*2.5) 

The state and adjoint equations, Eqs. (7.2.1) and 

(7*2.3)« have been time-scaled by an additional factor of 

two over the convention stated in Appendix C. Thus, in 

scaled time, compute cycles are k seconds long at 250 and 

25 runs per second, 10 seconds long at 1000, 100, and 10 

rps, and 20 seconds long at 500 and $0 rps. 

The computer diagrams are shown in Figs. 24, 25, 

and 26. Note that the digital-to-analog converters in 

Fig. 2k are connected to the IJ terminals of their 
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Fig. 2 k .  Simulation of the Nonlinear Second-order System, 
State and Adjoint Equations 



103 

5K 
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Fig. 25• Simulation of the Nonlinear Second-order System, 
Hamiltonian and Boundary Penalty 
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-6 
F b! «*» failure 
(Y(h)< Ym„ r)  ma* 'max 

29 

+ /0 
E~! =»• Joca/ max. 

3-20 

0V , 0V "0 =** Overload 

4-2.2 

+/0 

Fig. 26. Simulation-to-optimizer Linkage Circuits for 
the Nonlinear Examples 



105 

associated integrators. This is possible because the 

D-to-A converters in ASTRAC II are essentially variable 

resistors. Although they are normally associated with an 

amplifier, they can be connected to any summing junction 

if it is necessary to reduce the number of amplifiers being 

used. The integrators are, unfortunately, very sensitive 

to stray capacitance on their IJ terminals, hence the 

stabilizing capacitors connected between the G and IJ 

terminals. 

The linkage circuits in Fig. 26 perform exactly the 

same tasks as those in Fig. 11, except that the adaptive 

global maximum test has been replaced by one with a fixed 

£. For the two examples in this chapter, the adaptive 

test offered no advantage. Also note that D-to-A converter 

3 is connected to the SJ terminal of comparator k-22. 

Figure 27 is a contour plot of Y(t^) in the 

plane with P2^0^ held constant at its optimum value. Note 

the discontinuity at p^ = -1.85, 1.3 «= '«= 3« This is the 

location of a singular solution of the type discussed in 

Sec. 7«1» Also note the relative maximum at t^ = 0. Too, 

the true maximum is located very near to the discontinuity 

and on a long, narrow ridge. All of these unpleasant 

features combine to make a very challenging problem for the 

optimizer. 

Figure 28 is also a contour plot of Yft^.), but in 

the t -p_(t ) plane with p held at its optimum value, 
t A O J. 
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Tf-f0) seconds 

Overload 

Fig. 27« Contour Plot of Y(t^) in the t^-p^ Plane for the 

Nonlinear Second-order System 

P2(tQ) = -2.22, 5x1(t1) = 3, x2(tQ) = 0, Cl = 
c 2  ~  

c3 = 0.3 
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i f ~ t ,  s e c o n d s  

2 3 

Overload 

/ 

Fig. 28. Contour Plot of Y(t„) in the t„-p0(t ) Plane for 0 f f 2 o 
the Nonlinear Second-order System 

= -2.21, 5x1(tQ) = 3, x2(tQ) = 0, = c2 = 3» = 0.3 
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Here too is a discontinuity s= ~2*5» 1.3 •= < 4), 

a local maximum (p„(t ) = -1.8, t = 0), a ridge running 
M O X 

parallel to the discontinuity and through the true maximum, 

and a flat plain in the vicinity of the origin. Again, 

this is a difficult terrain over which to search for a 

maximum. 

These two plots are a rather inadequate character

ization of the actual three-dimentional problem. That the 

maximization process converges at all is surprising. Table 

V shows that it not only converges, but it usually does so 

relatively efficiently. 

Notice the point for which no convergence time is 

given. Here, the process would not converge in any 

reasonable time (5 minutes). It is interesting that the 

1 2 
process would converge with 5x anc* 5* se* to 

values other than 0 and 2, respectively. Then, with the 

search still going on at the 80 mv. level, 5x^(tQ) and 

5x (tQ) could be slowly changed to the troublesome values, 

and the solution would obediently follow. Therefore, a 

solution could be obtained at this and other, similarly 

troublesome points, even though the process would not 

converge to them directly. 

There was no single value of £ that resulted in 

satisfactory operation over the entire range of conditions 

in Table V. The adaptive variation of £ used in Sec. k.2 
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Table V. Average Convergence Times for the Nonlinear, 
Second-order System 

The times are averaged over ten trials. Np = 15. 

NS = OO. N„ = 
M 

i 80. € = 0.1. C1 = 3* C2 = 3-

c3 = 
0.3-

5x1(0) 5x2(0) a b time, sec. no . of runs 

2 0 0.95 1.0 1.0 7.0 7,000 

2 0 0 1.0 1.0 3.6 3,600 

2 0 0 5-0 1.0 5*4 5,^00 

2 0 0.95 5-0 1.0 2.8 2,800 

3 0 0.95 1.0 1.0 5.6 5,600 

3 0 0 1.0 1.0 2 . k  2,400 

3 0 0 5-0 1.0 1.5 1,500 

3 0 0.95 5.0 1.0 2.9 2,900 

4 0 0.95 1.0 1.0 9-9 9,900 

4 0 0 1.0 1.0 3-3 3,300 

4 0 0 5-0 1.0 1.0 1,000 

4 0 0.95 5-0 1.0 1-5 1,500 

0 3 0 1.0 o.4 5-7 5,700 

0 3 0.95 1.0 o.4 16.6 l6,6oo 

0 3 0.95 2.5 o.4 11.2 11,200 

0 3 0 2.5 o . k  3.1 3,100 

0 2 0 1.0 0.2 5.5 5,500 

0 2 0.95 1.0 0.2 34.8 34,800 

0 2 0.95 2.0 0.2 - -

0 2 0 2.0 0.2 6.9 6,900 
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also was not satisfactory. It was therefore necessary to 

adjust £ for each large change in initial conditions. 

Figures 29 through 32 show typical responses of the 

system with the search continuing with an 80 mv. step 

size. These illustrate some interesting characteristics 

of the system. When the system is penalized more heavily 

for time, the coasting time, the time during which u = 0, 

becomes shorter. The system is also less sensitive to 

small changes in the adjustable parameters under these 

conditions. Note the change in the nature of the solution 

when the nonlinear damping is added. Since in no case does 

P2 become equal to unity over any non-zero interval of 

time, all of the illustrated solutions are of the non-

singular type. 

7»3 Example: Zermelo's Navigation Problem (Korn, 1966b) 

We now consider the problem of a body moving at 

constant speed with respect to a moving medium. Only the 

direction of the motion of the body is controllable. This 

direction is to be varied so that the body will reach a 

fixed point in minimum time. An example is a ship navi

gating in a river. The situation is shown in Fig. 33. V 

is the fixed speed of the ship, is the variable velocity 

of the medium, and 0 is the controllable angle. 

For this example, we will consider the simple case 

2 1 
where Vm is parallel to the x axis and proportional to x . 
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(a) 

0, b = 1 

a = 

(b) 

0.95, b = 1 

a = 

(c) 

0.95, b = 5 U 
For all traces: 

Vertical: 

Horizontal: 

2 
5x , 1 volt/cm. 

5x^, 1 volt/cm. 

Fig. 29- Phase Plane Response of the Nonlinear 
Second-order System 
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5x , 1 volt/cm., 

fourth line is x = 0. 

5x^, 1 volt/cm., 
2 fourth line is x = 0. 

5u, 5 volt/cm., 
second line is u = 0. 

H, 0.5 volt/cm., 
fifth line is H = 0. 

, 2 volts/cm., 

first line is p^ = 0. 

Pgt 1 volt/cm., 

fifth line is p„ = 0, 

Time: 

20 (isec./cm. (computer time), 

0.2 seconds/cm. (scaled time). 

Fig. 30. Time Response of the Nonlinear Second-order System 

a = 0, b = 1 
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5x*, 1 volt/cm., 

fourth line is x* = 0. 

2 
5x , 1 volt/cm., 

2 fourth line is x = 0. 

5ut 5 volts/cm., 
second line is u = 0. 

H, 0.5 volt/cm., 
fifth line is H = 0. 

2 volts/cm., 

first line is p^ =0. 

p^» 1 volt/cm., 

fifth line is = 0. 

Time: 

20 l^sec./cm. (computer time), 

0.2 seconds/cm. (scaled time). 

Fig. 31* Time Response of the Nonlinear Second-order System 

a = 0.95, b = 1 
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5x^", 1 volt/cm., 

fourth line is x = 0. 

2 
5x , 1 volt/cm., 

2 fourth line is x » 0. 

5u, 5 volts/cm., 
second line is u = 0. 

H, 0.5 volt/cm., 
fifth line is H = 0. 

P-^, 5 volts/cm. , 

first line is p^ =0. 

p , 2 volts/cm., 
a 

fifth line is Pg =0. 

Time: 

20 [isec./cm. (computer time), 

0.2 seconds/cm. (scaled time). 

Fig. 32. Time Response of the Nonlinear Second-order System 

a = 0.95, b x 5 
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X 

Fig. 33- Zermelo's Navigation Problem 
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0 must be defined as shown in Fig. 33» since the available 

sine and cosine generators are limited to a range of -90 

deg. to + 90 deg. The considerations of Sec. 3«^ do not 

apply» and we set PQ = -1. The system is 

• 0 .. . 1 A » 2 j  n 1 x = 1, x = -cos©, x = -sinQ - ax 

(state equation) (7«3*l) 

H = -1 - p^cos© - PgCsin© + ax^) 

(Hamiltonian) (7-3.2) 

px = ap2, P2 = 0 (adjoint equation) (7•3•3) 

0 = k(p^sin© - p^cos©) (steepest ascent) (7«3»^) 

Y(tf) = - c ±  x1(tf) - c, X2(tf) - c, H(tf ) 

(boundary penalty) (7>3*5) 

For convenience, V has been set equal to unity, and the 

final conditions are that both state variables be zero. 

Let us examine the stability of the steepest ascent 

process, using the considerations of Sec. 3*3« First find 

© . 
o 

S_H 
c>© 

= p,sin© - p0cos© = 0 for © = © 
J. <2 O 

This can be satisfied by those values of © for which 
o 
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Pi p2 
sin© = • 1 = , cosO = •— t or 

°  " V  ,  v 2  ,  \  2  V  /  \ 2 -  \  2  
(p ) +(p2) lPj/ +^2 

(7.3.6a) 

" P1 „ " P2 sinQ = . , cos© = 
0 V , ,2 , ^2 ° V ^ TsTT *2 

(Px) +<P2^ *P;j/ +^P2' 

(7.3.6b) 

Note that the values specified by Eq. (7»3«6a) minimize the 

Hamiltonian, while those specified by Eq. (7«3«6b) maximize 

it. 

The eigenvalues, a, found by using Eq. (3•3•7) are 

^2H(© ) 
a = 0 s p cosO + p-sin© . (7.3.7) 

S>q5 1 o 2 o 

For the ©q of Eq. (7«3«6a), 

OC = "A /(P-^)2 + ^2^ — °* (7.3.8a) 

For the 0q of Eq. (7«3>6b), 

a = - y^)2 + (p2)2 < 0- (7.3.8b) 

The steepest ascent process is thus unstable at 

the values of G that minimize the Hamiltonian and is stable 

(in the sense of Liapunov) at the values of 9 that maximize 

the Hamiltonian. In fact, if either p^^ or p2 differ from 

zero, the latter point is asymptotically stable. 
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Sp̂  cos 9 

-5josin& /Ocos 6 
5p cose 

2-/S 

iOs/n a 
op sin 8 

/OfsinB + ax')  

-/O S//7 9 

/Ocos0 

-X* (£ )  

- / ( t )  
± /O ^— 

Fig. 3^. Simulation of Zermelo's Navigation Problem, 
State and Adjoint Equations 
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4-27J 29 
'0.2 

+io —(so)— 

6-3 

39 

/Ocas 9 
25 

0.2 

5K 
ANr 

0.4 

33 

^6 

—0 36 

Fig* 35• Simulation of Zermelo1s Navigation Problem, 
Hamiltonian and Boundary Penalty 
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10 

8 

-ss 

6 

-/.S 

4 

-2.5 

0 
6 2 10 

tf~tQ ) seconds 

Fig. 36. Contour Plot of Y(tf) in the tf-p2 Plane for 

Zermelo's Navigation Problem 

1 2 
X (tQ) = 5, X (tQ) = -5, c± = c2 = 0.4, c3 = 0.8, a = 0.05, 

P1(tQ) = -4.38 
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Table VI. Average Convergence Times for Zermelo's 
Navigation Problem 

The times sure averaged over ten trials* Np = 15• 

N =00. N., = 80. f - 0.01. c, = 0.4. 
S M 1 
Cg = 0.4. = 0.8. 

3. 2 x (0) x (0) time, sec. no. of runs 

5 0 1.1 1100 

5 2 2.4 2400 

5 4 1.8 1800 

5 6 0.8 800 

0 2 1.2 1200 

2 2 0.5 500 

4 2 1.3 1300 

6 2 0.8 800 

8 2 0.6 600 
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(a) 

x1(t ) = 5, x2(t ) -5, 

a = O 

(b) 

x1 (t ) = 5, x2(t ) = -5, 

a = 0.05 

(c) 

cX(t ) o 5, x2(t ) = 5 

a = 0.05 

For all traces: 

Vertical: 

Horizontal: 

2 , 
x , 2 volts/cm. 

x^", 2 volts/cm. 

Fig. 38. State-plane Response for Zermelo's 
Navigation Problem 
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x"'", 2 volts/cm., 

fourth line is x = 0. 

x^, 2 volts/cm., 

fourth line is x = 0. 

0/10, 2 volts/cm., 
first line is Q = 0. 

H, 0.2 volts/cm., 
fifth line is H = 0. 

5p^» 2 volts/cm., 

first line is =0. 

5pg» 2 volts/cm., 

seventh line is Pg = 0. 

Time: 

50 llsec./cm. (computer time) 

1 second/cm. (scaled time) 

Fig. 39• Time Response for Zerme^o's Navigation Problem 

a = 0, x1(tQ) = 5, x2(tQ) = -5 



CHAPTER 8 

CONCLUDING REMARKS 

By the proposed techniques (Chaps. 2, 3» and ^)» 

we have successfully solved (Chaps. 5* 6, and 7) the 

following optimal control problems: 

undamped, second-order system (minimum time) (Sec. 5-2); 

undamped, third-order system (minimum time) (Sec. 5«3)> 

undamped, second-order system with a state constraint 

(minimum time) (Chap. 6); 

second-order system with nonlinear damping (minimum 

time-plus-fuel) (Sees. 7«1 and 7-2); 

Zermelo's navigation problem (minimum time) (Sec. 7»3)* 

The ability to solve given problems is the major 

criterion by which any new method must be judged. The 

techniques of this dissertation have decisively demon

strated that ability. 

These methods allow optimal control problems to be 

solved with relative dispatch. For each example in Chap. 

7, the total time from the presentation of the problem, 

through formulation, scaling, patching, debugging, and 

experimental adjustment was about fifteen hours. At this 

point one could begin the investigation of the solution. 

New solutions are available, in most cases, as fast as the 

127 
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potentiometers and the recording camera can be adjusted. 

One can slowly vary a parameter, and the optimal solution 

will track the variation to provide a solution that is 

optimal for each new value. This is the major reason for 

allowing the optimizer to continue its search at the 

smallest step size after it has converged. Because of this 

feature, the investigator can quickly discover the charac

teristics of the optimal system. The rapport between the 

investigator and the problem that has always been afforded 

by conventional analog-computer simulation is thus now 

available for optimal control problems. The advantages of 

this are difficult to over-emphasize. 

The accuracies of the solutions are good. For the 

unconstrained second-order system, the measured switching 

times were typically within 1.0 per cent of the theoretical 

values (Table II). For the constrained second-order 

system, the switching times were typically within 2.0 per 

cent of the theoretical values (Table IV) under favorable 

conditions (V =» 2). If one uses the analog simulation 

accuracy criterion of per cent of full scale, the maximum 

errors are 0.5 per cent for the unconstrained second-order 

system and 2.1 per cent for the constrained system if 

V > 2. 

The abrupt transitions that occur in bang-bang 

control constitute an excellent dynamic test of analog 

computing elements. It is therefore significant that the 
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accuracies do not materially change when the computer is 

allowed to slow down by a factor of ten (Table II). This 

shows that it is indeed practical to achieve accurate 

computation at even the highest iteration rate of ASTRAC II 

(1000 solutions per second). High speed computation is not 

only possible but very desirable, as the very respectable 

convergence times of some few seconds (Tables III, V, and 

VI) become unreasonably long at iteration rates of 100 or 

10 runs per second. 

The ease of altering the simulation on line, which 

is characteristic of analog simulation, is also available 

for optimal control studies. The same optimizing strategy 

was used in all the examples, and only minor changes were 

required in the simulation-to-optimizer linking circuits 

(Figs. 11 and 26). As a result, it was necessary to 

repatch only the state and adjoint equations, the control 

law, the Hamiltonian, and the boundary penalty in order to 

change problems. 

The simulations were straight-forward and caused no 

unusual difficulties. The scaling problems in the adjoint 

equations, which were anticipated in Sec. 3-li did not 

materialize in the problems studied. A first-trial scaling 

was made by setting the gains of all integrators to about 

0.1. Only minor adjustments were necessary. 

Notice that, in most cases, the contours over which 

we seek maxima are very irregular (Pigs. 13» 1^» 27» 28, 
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digital patching changes were required, but it was neces

sary to completely strip the analog patchboard and start 

over. The functional separation of the patching system 

into analog and digital patchbays greatly reduced the 
* 

chances for patching errors. The availability of uncom

mitted digital logic elements was indispensible for the 

modification of the optimization strategy (Chap, k and 

Appendix B) and for such tasks as converting a voltage into 

a time interval (Figs. 11 and 26). The very versatile 

clock (Eckes and Korn, 1964) enabled event times (Tables 

II and IV) to be measured accurately and easily, in 

addition to providing all the timing signals needed by the 

simulation and optimizer. 

The results of the experiments should be taken as a 

demonstration of feasibility only. ASTRAC II is, after 

all, a prototype computer. The component characteristics 

and accuracies were known, but the examples in this paper 

comprise the first experiments in which the entire computer 

was used to solve a single problem. At the time of this 

study there has been no systematic investigation of the 

behavior of ASTRAC II as a system. In fact, even the 

statement that component characteristics and accuracies 

were well known is open to question, for the processes of 

building the computer and of this study were going on 

simultaneously. For example, after the experiments in 
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Chap. 5» the integrators were recompensated, and after the 

experiments in Chap. 6, they were recompensated again. 

The most serious shortcoming was the eight-bit size 

of the pareuneter registers and digital-to-analog converters 

associated with the optimizer. As was noted in each 

experiment, the final states of the systems investigated 

are quite sensitive to small changes in these parameters. 

Usually, the resulting jitter was so great that the 

optimal solution was bracketed and thus generated only 

approximately. In fact, in order to find the switching 

times for the experiments in Sec. 5*2 and Chap. 6, it was 

necessary to disconnect the optimizer and adjust the 

parameters manually. An eleven or twelve bit parameter 

word, which would reduce the jitter by a factor of about 

eight or sixteen, respectively, is probably the minimum 

size that should be used. 

Almost as serious a problem was the small size of 

ASTRAC II system. The second-order system of Sec. 5»2 

requires 23 of the kO amplifiers available. The third-

order problem of Sec. 5«3 requires 29. Thirty-nine 

amplifiers are necessary just to simulate the state and 

adjoint equations, the Hamiltonian, and the steepest ascent 

control loop for the constrained second-order problem of 

Chap. 6. There are none left for generating Y(t^) or to 

provide the simulation-to-optimizer linkage circuitry 

necessary for automatic enforcement of the boundary 
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conditions. Both of the examples in Chap. 7 require the 

use of all kO amplifiers, and several more would have been 

used had they been available. In most cases it would 

require a 100 to 200 amplifier machine to solve realistic 

optimization problems with third-order nonlinear systems 

and state constraints. 

The results of this study are encouraging. It has 

been shown that it is quite feasible to use a very fast 

iterative hybrid computer with only modest component 

accuracy (within 0.25 per cent of half scale) and a simple 

digital optimizer to solve rather sophisticated optimal 

control problems. The success of the optimization strategy 

developed for the linear examples of Chap. 5 in solving the 

nonlinear examples of Chap. 7 is very gratifying. At this 

point, no insurmountable difficulties have appeared. In 

fact, the only limitations at present are due to the 

limited size of ASTRAC II and to limitations in the 

capabilities of some of its associated digital equipment. 

These are presently being corrected and further investiga

tions using the new equipment will, no doubt, produce 

substantial improvements. 

In closing we emphasize that these techniques are 

applicable to a wide variety of problems--linear and non

linear systems, integral and final-value criterion functions 

(Sec. 2.4), systems with constrained state variables (Sec. 
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3>5» Chap. 6), and autonomous or nonautonomous systems 

(Sec. 2.4). 



APPENDIX A 

SYSTEMS WTTH INEQUALITY CONSTRAINTS 

Suppose that the system is subject to a scalar 

constraint of the form (Bryson, Denham, Dreyfus, 1963? 

Melsa, 1965) 

L(x) <= 0. (A.l) 

It is important to note that L does not explicitly depend 

on the control u. This discussion is clearly extensible to 

systems where L is a set of constraints, but for simplicity 

and to avoid cumbersome notation, we will consider only the 

simple case here. 

A possible case is shown in Fig. ^1• In the 

intervals (t ,tn) and (tQ,t„), the trajectory is uncon-O -L 6 I 

strained. In (t^t^), x(t) must move on the surface defined 

by L(x) = 0. The simple case in which only one portion of 

the trajectory is constrained will be discussed. Again 

this is clearly extensible to the more elaborate case where 

more than one portion of the trajectory lies on a constraint 

boundary. Thus in the presentation below "t^" can be 

replaced by "t^ type," that is, a point at which the state 

of the system meets a constraint boundary. Similarly, 

can be replaced by "t^ type." 

135 
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Fig. 4l. A Constrained Trajectory 



diL Denote the ith time-derivative of L, r, by L 
dt1 
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(i) 

Define the mxl (column) matrix, N, as 

N(x) = 

1 

X 
o
 £ 

I 

L(x) 

N^x) 

• 

L(l)(x) 

• 

• 

Nm-1(3c) _ — 

• 

• 

T (m-1), * L (x) 

(A.2) 

where L(ra)(x,u) is the lowest-order time-derivative in 

which the control u appears explicitly. On the boundary it 

is required that 

N(x) = 0, L^m^(x,u) = 0. (A.3) 

In addition, jump conditions (corner conditions) must be 

met. 

p(t1+) = p(tx-) - ^ ̂  N(tx) , H(tx+) » H(t1-) 

(jump conditions at t=t^) (A.4) 

p(t2+) = p(t2-), H(t2+) » H(t2-), 

(jump conditions at t=t^) (A.5) 

where 
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N(t. ) H 
ax 1 

c> N° 

^x° 

a> N1 

X ° O X 

^x3 

«bx] 

• • 
• • 

£N° 

£xn 

c3N 

«>x n 

^N1 m-1 -1 e>N m-1 

e> X i>X n 

» t 3 (A.6) 

and. 

c - (v t1! fm-l» 

is a constant Lagrange-multiplier matrix, 

The equations of motion are 

fort «= t < t, and t0 <= t <= t_ 
o— — 1 2 — — f 

<=>H 
x = 

<^H 

(A.7) 

(state equation) (A.8a) 

(adjoint equation) (A.9a) 

0, 

u* = arg um£Xu H(x,p,u), (control equation) (A.10a) 

for t^<t<t^ 

x = 
bP 

=>H A c>H 
P bx. <bu 

L^m^(x,u) = 0. 

<^>L 
(m) 

£>u 

-1 
^>L 
(m) 

c>X 

(state equation) (A.8b) 

(adjoint equation) (A.9b) 

(control equation) (A.10b) 
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Here £ j ^ indicates the multiplicative inverse of the 
matrix in brackets, and 

a>L(m) /c>L(m) a>L(m) ^L(m\ 
-gZ = I o » . 1 » . n '» 

E>X X X 

/3>H <^H o>H » 
<511x lrr' r?' " * ' r~* 1 

ou ®u e>u 

iL(m) ,iL<m) AL<m) aLU\ 
"5u = V v 1 ' ~~ 2 ' . r '' e> u u d u 

The row vector 11 requires m conditions for evalua

tion. These are furnished by N(t^) *= 0. The jump condi

tions on H at t^ and t^ permit the evaluation of the values 

t^ and tg« The problem is thus completely specified. 

In particular, note the special case in which m = 0 

This implies that N is identically zero, and the familiar 

corner conditions result. 

pU^) = p U^), H(tj+) = H U^) 

p(t2+) = p(t2-), H(t2+) = H(tg-) 

The addition of constraints has, in effect, increased the 

number of points at which boundary conditions must be met. 



APPENDIX B 

OPTIMIZER MODIFICATIONS 

The addition of digital logic to the parameter 

optimizer in ASTRAC II (Sec. k.l) is necessary to render it 

capable of solving the problems discussed in this paper 

(Sec. k.2). This logic is shown in Fig. k2. On the 

optimizer patchbay (Mitchell, 1964), the connection between 

Np and Sh L is broken. Np becomes an input to and Sh L an 

output from the external optimizer logic. The logic also 

requires the signals BC, A, B, C, D, and Gq from the 

optimizer, the timing signals S^, S^, IR» and R from 

ASTRAC II's clock (Eckes and Korn, 1964), and OV, F, and E 

from the linkage circuitry (Fig. 11 or Fig. 26). The 

operation of the logic is shown in the timing diagram 

(Fig. 43). 

Flip-flop 7 stores the information that an overload 

has occurred. The signal V = 0 then holds the simulation 

in reset for the remainder of the compute cycle (Fig. 11). 

V = 0 also sets flip flop 3« Flip-flop 3 stores the state 

of the signal F. If F = 1 (failure) or V = 0 (overload), 

then S = 1, indicating failure to the optimizer. If F = 0 

(success) and V = 1 (no overload), then S = 0, indicating 

success. 

i4o 
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step-size to its largest value, and forces Y to be -10 max 

volts. 

As a result of these modifications, the optimizer 

has been changed from the one discussed in Sec. 4.1 to 

that discussed in Sec. 4.2. 



APPENDIX C 

SYMBOLS 

The symbols used for analog computing elements are 

shown in Fig. 44 (Simulation Councils, Inc., 1966). The 

integrators require additional explanation. The integrator 

4 5 
gains available are (2)(10 ) and 10 at 1000 and 500 runs 

3 /L 
per second, (2)(10 ) and 10 at 250, 100 and 50 runs per 

2 3 second, and (2)(10 ) and 10 at 25 and 10 runs per second. 

The gains are switched automatically along with the 

repetition rate. To avoid clumsy notation we will observe 

the time scaling convention shown in Table VII. Using this 

convention, the scaled integrator gains remain constant at 

either 1 or 5» regardless of the repetition rate. For most 

of the examples in this paper, no further time scaling is 

needed. 

The digital logic symbols are shown in Fig. 45 

(AIEE, 1962). For the logic available in ASTRAC II, a 

logical one is -6 volts, and a logical zero is 0 volts. 

The gated flip-flop combines a number of basic logic 

functions and is the only type of flip-flop available on 

ASTRAC II. 

1^5 
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Table VII. Time Scaling Convention 

Repetition 
Rate 

Compute Cycle Length, 
Computer Time 

Compute Cycle Length, 
Scaled Time 

1000 rps. 1 msec . 20 sec. 

500 rps. 2 msec. 40 sec. 

250 rps • 4 msec . 8 sec. 

100 rps . 10 msec . 20 sec. 

50 rps. 20 msec . 40 sec . 

25 rps. 40 msec. 8 sec. 

10 rps. 100 msec. 20 sec . 
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APPENDIX D 

ANALYTICAL SOLUTION OF THE SECOND-ORDER SYSTEM 

The problem (Sec. 5*2) is 

x° = 1, x"*" = x2, x^ = u, (state equation) (5*2.l) 

H * p +> p.x + p0u, , (Hamiltonian) (5*2.2) Ox w 

PQ = 0» Pj^ = 0» P2 
= "pi» (adjoint equation) (5*2.3) 

u < 1, (control constraint) (D.l) 

x1(t ) b x*, x2(t ) = x2, x^tt-) = x^(t-) = 0. 
o o o o7 f f 

(boundary condition) (D.2) 

By inspection of Eqs. (5*2.2) and (D.l), H is maximized 

with respect to u if 

u = sign(p2) (D.3) 

The adjoint equations are now solved by inspection of Eq. 

(5.2.3). As usual, let pQ = -1. 

PQ = Pj/t) = pj^, p2(t) = P2*°) " P].* (D.4) 

For simplicity we have assumed that t = 0. Denote the 

initial value of u by u(0) = uq. There can be, at most, 

1^9 
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For the case of xq = 0, Eq. (D.8) becomes 

*. * i V"u°x°' l'"i! V"u°x°' 

Since both times must be real, positive, and finite, the 

particular cases reduce to 

t a (l + X2 , t„ a (1 + V~2) " <s o t 
, for x = 0 
' o 

(D.9) 

•V  t f  - 2  for x = 0 (D.10) 



APPENDIX E 

ANALYTICAL SOLUTION OF THE CONSTRAINED 
SECOND-ORDER SYSTEM 

The problem (Sec. 6.1) is 

x° s 1, x"*" a x2, x2 = u (state equation) (5.2.1) 

H * p + p1x + p„u (Hamiltonian) (5*2.2) OX fil 

PQ 
s O, = O, p2 = -pj. (adjoint equation) (5»2.3) 

u -c 1 (control constraint) (E.l) 

Q 
x <= V (state constraint) (E.2) 

x"^(t ) = x*", x2(t ) = x2, x^"(t„) * x2(t„) = 0 
O O O O I I 

(boundary condition) (E.3) 

These have been written as though the system were uncon

strained. It is understood that they may have to be 

modified during the course of the analysis to follow. Use 

the method of Appendix A to find the solution on the 

constraint boundary. Note that there are two separate 

constraints in this problem, 

Lx(x) = x2 - V ̂  0, L2 = -x2 - V < 0. i E . k )  

For both of these m = 1 .and from Eq. (A.2) 

L^(x,u) = (x2 - V) = x2 = u, N^ = x2 - V. (E.5) 

152 
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The jump conditions are, from Eqs. (A.4) and (A.5) 

pl*tl+* = Pi^l") " ̂ 1 ~̂ T  ̂" V* * Pl^l"^* 
C>X 

p2(tl+) » P2
(ti_) ~ ~^2 (x2 " V) = P2(tl-) " ̂ 1* 

C>X 

H(tx+) = HCt^) (E.6) 

Pl(t2+) = P1(t2-), 

p2(t2+) = p2(t2_)' 

H(t2+) = H(t2-) (B.7) 

For convenience we have dropped the superscript on . On 

the boundary of the constraint, the adjoint equations 

become, from Eq. (A.9b), 

P1 = 
h H Mi 
. 1 isu 
ax 

c)L 

Six 

-1 c>L 

6x] 

= 0, 

P2 * 
o>H £H 
v 2 £u 
£x 

<^L 
6 u 

-1 

ixS " -pl-
(E. 8) 

L(x,u) = 0 implies that u = 0 on the boundary (Eq. A.10b). 

A similar argument can be made for boundary 2, obtaining, 

L2 ( X , U) = -u, N2 = -x - V, (E. 9) 

with the resulting jump conditions, 
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Pl(tl+) = P2(tl+^ = P2(tl_) + ^2' H(ti+) 

x H(tx-) (E.10) 

pl (t2+ > = p2*t2+* = p2*t2~^' H^2+^ 31 H^t2~^ 
% 

(E.ll) 

Also on boundary 2, from Eq. (A.9b) 

u = 0, p1 = 0, p2 = -Pj^' (E. 12) 

It should be noted here that jump conditions are not 

unique. Any constant may be added to the condition at t^ 

provided that same constant is subtracted at t^ (Melsa, 

1965)• In particular, at boundary 1 

p2(t1+) = P2(t1-) - 1/2^, P2(t2+) = P2(t2-) + 1/2^1 

(E.13) 

could replace the similar conditions in Eqs. (E.6) and 

(E.7) above. Similarly, on boundary 2 

P2(t1+) = PgU^) + l/2^2, P2(t2+) = P2(t2-) - l/2^2. 

( E . I k )  

The principle of optimality (Bellman, 1961)  states, 

in essense, that any portion of an optimal trajectory must 

also be optimal. Therefore, the performance of the system 

in the intervals (t ,t.) and (t_,t„) must be identical to 
o 1 2 f 

that developed in Appendix D, but with a boundary condition 
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O 

of the form x (t^) = +_ V. To force the state to a given 

velocity in minimum time there must be no switchings of 

2 1 u(t). Thus if we assume that Xq = 0 and Xq 0, the system 

will behave as shown in Fig. 46. For convenience, let 

t  = 0 .  
o 

For 0 <= t < t^, 

.1 2 .2 _ X  =  X  ,  X  =  - 1 ,  

2 
X (t) * -t, X^(t) = X^ - l/2t2, X^(t^) = -V = -t^. 

(E.15) 

For t^ < t < t2, 

x2(t) = -V, x1(t) » x1 + 1/2V2 - Vt. (E.16) 

For t2 < t < tf 

.1 2 .2 . X = X , X = 1 , 

x2(t) = t - t2 - V, 

x1(t) = x1 + 1/2(V2 + t2) - (V + t0)t + l/2t2. (E.17) 
O 6 <2 

The boundary conditions permit the evaluation of t^ and t^, 

and t^ has been found above. 
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/ 
X 

2 X 

U 

to t, tf 

Fig. 46. Solution of the Constrained Second-order System 
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