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ABSTRACT 

An analysis has been developed for determining the flow para

meters in a constricted DC electric arc. This configuration is also com

monly referred to as the tube arc and may be described as an axisymmetric 

tube flow with a superimposed concentric electric discharge. The flow 

is steady and laminar, the pressure and electric potential are independent 

of radial position, and thermal radiation is included but reabsorbtion of 

thermal radiation is neglected. The analysis does not require the assump

tion of local thermodynamic equilibrium, but the gas properties which have 

been used are dependent on this assumption. 

The results of a literature survey indicates that two features 

are unique in this particular application. The most fundamental of these 

two is the use of stream function as the independent radial variable, 

which feature greatly simplifies the evaluation of substantial derivatives. 

This advantage is expected to be especially helpful in studies which in

clude the effect of chemical kinetics. The second feature involves a 

method of satisfying the wall boundary condition, that the velocity be 

parallel to the wall, without a trial and error procedure. This develop

ment simplifies the computer procedure and simplifies identification of 

the sonic .point and is useable (at least in principle) with any radial vari

able . 

The analysis and computer program has been checked by exten

sive calculations including an energy balance to four significant figures, 

and comparison with the independent results of five other investigators. 
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These comparisons show agreement averaging 5-10% with the difference 

largely attributed to errors in the representation of gas properties used 

in the calculations. 

Several conclusions are drawn from the calculated results. 

First, the flow in the immediate vicinity of the cathode is generally char

acterized by a sharply peaked enthalpy profile. As axial distance in

creases, the profile becomes wider and the maximum enthalpy at the 

centerline decreases. Second, the axial position of the cathode relative 

to the constricted region of the arc was found to have an important effect 

on the flow parameters (particularly voltage gradient) in the entry region 

of the constricted arc chamber. This effect is related to the radial dis

tribution of the cathode voltage drop energy input as affected by cathode 

position. Several implications are also drawn in the field of arc jet 

rocket design where studies of nozzle area ratio, inlet enthalpy, and arc 

chamber geometry indicate methods for obtaining improvements of 10-20% 

in efficiency. 

Several subjects are indicated for further study. These include 

the flow in the immediate region of the cathode, the effect of swirl (with 

emphasis on voltage gradient and radial enthalpy profile), the effect of 

chemical kinetics, and the flow in the region of the anode. 



1. INTRODUCTION 

1.1 Objectives and Related Background 

Research on engineering aspects of the electric arc as well as 

the study of its basic phenomena has been encouraged in about the last 

15 years by the appearance of promising new applications including space 

propulsion, fusion research, materials and atmospheric re-entry research, 

and cutting and spraying of refractory metals. One particular configuration 

which has received extensive study is the constricted arc in which the 

working fluid and the arc are brought in intimate relationship by passing 

both through a narrow tube or constrictor. This configuration was used 

by several investigators to pioneer arc jet engines, for example, Cann, 

Ducati, and Blackman (9) and Adams and Camac (1). It is generally con

sidered to have produced the highest enthalpy of any arc jet configuration 

operating at moderate pressures (about 0.3 to 3 atmospheres) e.g., Cann 

and Buhler(ll), page 284. 

System studies of space propulsion have shown several applica

tions where an electric propulsion system (such as the arc jet) operating 

between 1,000 and 2,000 sec specific impulse (pounds thrust per pound 

mass flow per second) with reasonable efficiency is the best engineering 

compromise (24), (3 6), (3 7), (62). The corresponding missions are of 

moderate duration where the decrease in propellent consumption for the 

electrical propulsion device at about 1,000 to 2,000 sec, e.g., the arc 

jet, represents an appreciable gain over that required by the average 

1 



2 

chemical system, but where the even lower propellant consumption of 

electric propulsion at 5,000 to 10,000 sec, e.g., ion or MHD, does not 

offset the higher power requirements compared to the 1,000 to 2,000 sec 

electric propulsion device. 

Some of the first experimental work on arc jet engines is reported 

in (1) and (9). While the results were encouraging, actual measurements 

were very limited and did not include thrust, for example. Shepard and 

Boldman (52) report an early study of electrode configurations including 

measured heat loss rates, mostly to the anode, on the order of 40% of 

the input power. By 1959, Cann and Ducati (10) had obtained specific 

impulses between 1,100 sec and 1,200 sec at overall efficiencies around 

70% with helium and overall efficiencies ranging from 37% at 1, 600 sec 

to 45% at 1,280 sec with hydrogen. The power level of Ref. 10 was be

tween 100 and 200 kilowatts and the arc jet engines were water cooled. 

Typical early analytical work is included in (10), (24), (3 6), and 

(37) which include work on basic performance limitations caused by heat 

transfer, dissociation losses, and electrode limitations. Later, Page, 

et al. (45) studied the loss mechanisms in arc jet engines including non

uniform velocity effects at the exit, dissociation, and propellant leakage 

past electrode seals, etc. Shelton, et al. (51), presented a more detail

ed study of the effect of exhaust velocity distribution. 

Stoner (60) shows results for water cooled thrustors and for hot 

wall radiation cooled engines which were developed with the dual objective 

of reducing the heat loss to the walls, and thus increasing the overall 

efficiency and of allowing self contained regenerative and/or radiation 

cooling. His mass flow rates were considerably lower than in the work 
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of Cann and Ducati (10). The net result was a considerable decrease in 

efficiency to about 20% or 30% with hydrogen. The lower efficiency with 

water cooled designs was assumed to be caused by a much higher percent

age heat loss to the walls. The reason (leakage) for the lower perform

ance with the hot wall designs was not known at that time. This is one 

example of an early need for an analytical basis for arc jet design. 

Jack (26) presented a fairly extensive study of regenerative and 

radiation cooling of arc jet engines which indicated the possibility of ob

taining 1,500 sec specific impulse using either radiation cooling with 

helium or regenerative cooling with hydrogen. Finally, experimental work 

by John, Mironer, and Connors (31), and Masser (38), both using hydro

gen, gave experimental results which ranged up to 60% efficiency with a 

regenerative and radiation cooled engine at 1,000 sec specific impulse. 

The problems encountered during the program reported by Masser 

(38) led directly to an attempt to develop a method of analysis which could 

relate arc jet performance to the geometry and flow pattern. The problems 

of (38) can be summarized as follows. In August of 1960, efficiencies of 

25-30% at 1,000 sec specific impulse had been obtained with hot wall 

engines. This efficiency was not adequate and therefore most of the effort 

expended at that time was directed to improving efficiency rather than 

achieving long life or obtaining extremely accurate measurements. The 

arc jet technology with which the author of (3 8) was familiar at that time 

depended largely on the work reported by Cann and Ducati (10). Contin

uous developments were made during the Fall of that year. Erhard Ganzel 

of Plasmadyne produced a tapered seal capable of operating successfully 

at the very high temperatures involved in the hot wall engines (well over 
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2,000°R) and applied it to the H-100-D radiation cooled engine (Fig. 12 

of Ref. 38) which achieved 41% efficiency at 1,035 sec. The performance 

of this arc jet engine established the fact that one of the previous prob

lems was inconsistent leakage which caused erratic performance. 

The final configuration of these tests was the H-100-F engine 

which leaned heavily on the empirical and experimental data obtained pre

viously by Cann, Ducati, Stoner, and Ganzel. It used regeneratively 

cooled silicon rubber O-ring seals combined with some radiation cooling, 

(less than 5% of the total input power) of the hot forward end. Measured 

efficiencies of about 60% at 1,000 sec were obtained with this design (38). 

A series of problems then followed, as documented in (3 8). An 

insulation failure, for example, required a different internal configuration, 

possibly affecting the amount of swirl that was given to the propellant. 

Thermal distortion in combination with very slight changes in design con

figuration could cause large changes in the flow pattern such as the amount 

of swirl which is dependent on small passages with good internal sealing. 

A tungsten insert was also added to achieve longer'life. Each change ap

peared to cause a significant decrease in efficiency which could not be 

overcome or explained with available analytical methods. Naturally, this 

situation raised considerable doubt regarding the accuracy of the best re

sults reported in (38), i.e., 60% efficiency at 1., 000 sec. 

The recent work of Todd and Sheets (66) also emphasizes the de

sirability of such analytical procedures, for they used a propellant flow 

arrangement similar to that of (38) and reported approximately the same 

performance, i.e., 55% at 1,000 sec. A description of Todd's geometry 

is given in Sec. 3.2.4. Similar information (power, thrust, mass flow, 



etc.) is not specified in (38) because that information was classified, 

however, this classification has recently been removed and it can now be 

stated that the design power and mass flow are identical. Todd had some

what different arc chamber geometry, apparently to obtain more stable 

operation, and reduce erosion by increasing the area at the anode. Todd 

also used a slightly lower pressure apparently to obtain longer thrustor 

life, and a smaller nozzle area ratio, for undetermined reasons. The en

gine of Todd is also completely regeneratively cooled whereas somewhat 

less than 5% radiation heat loss was evident in the H-100-F thrustor re

ported in (38). The cathode used by Todd has no resemblence to that used 

in (38). Rather, it is similar to the arrangement developed by Dr. Rolf 

Buhler at Plasmadyne Corporation. Dr. Buhler had found that this type 

cathode gave low contamination levels using nitrogen in hyperthermal 

electric arc wind tunnels. One version of this cathode is shown in 

Fig. 12 of (38). 

The reduced area ratio, slightly lower operating pressure, and 

the completely regeneratively cooling of Todd (66) compared to (38) could 

in combination, account for a decrease of 5% in efficiency. The amount 

of heat actually radiated in the H-100-F thrustor of (38) was probably a 

few percent since 95% of the electrical input was found to be in the ex

haust by calorimeter measurement. This measurement certainly did not 

detect all of the exhaust energy. Thus, the increased area ratio used in 

(38) and the slightly higher pressure, and therefore lower dissociation 

losses, would have to account for a change in efficiency of between 5 

and 10 percent to verify the result of 60% efficiency at 1,000 sec. This 

amount of change is reasonable and it is felt that the results of Todd (66) 
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indicate that the previous results, (38) were in fact accurate to within 

about 5%. Analytical methods of analysis would certainly have shortened 

the time required to again accomplish this level of performance. The 

concurrent accomplishment by Todd and Sheets (66) of 500 hrs continuous 

operation would also have been assisted by additional analytical proce

dures. 

In addition to the specific problems discussed in (38), which 

were the direct stimulus for the analysis given in (39), there were other 

general reasons for being interested in such an analysis. Much of the 

early development work on electric arc jets was conducted through intui

tive design and experimental trial and error, e.g., (1), (6), (9), (10), 

(31), (38), (45), and (60). One of the most notable characteristics of 

the experimental work which the author participated in during this period 

was the sizeable changes in operating parameters such as voltage, cur

rent and efficiency which could occur for unknown or poorly understood 

reasons. For example, with constant geometry and mass flow, a large 

increase in voltage could occur accompanied by a corresponding improve

ment in the overall efficiency. A recent and relatively mild example is 

given in the first paragraph on p. 125 of (66). In the work that this au

thor was involved with, it was obvious that two or more flow patterns 

were involved and that improved methods of predicting the flow pattern in 

the constricted electric arc were needed to estimate the effect of configu

ration changes on enthalpy and velocity profiles, heat transfer to the 

walls, frozen flow losses, etc. 

Of course, extensive information from various fields of heat 

transfer was available and used for engineering approximations in the 



design of regenerative cooling systems, etc. (38), (45), and (60). Also, 

numerous order of magnitude and/or highly limited engineering analyses 

were available in the literature. However, it is generally agreed that 

until the development of Stine and Watson (58), the available analytical 

methods for determining the properties and flow pattern in a constricted 

electric arc were very limited in their application, e.g., (2), (3), (20), 

(45), (57), and (69). It is also agreed by Stine and Watson (59) and (67) 

that their analysis of (58), while extremely useful because of its broad 

generalization, was limited in representing certain physical aspects of 

the flow particularly in what is usually designated the entry region. 

A method of performing numerical calculations for the arc posi

tive column was developed in an attempt to meet the above need (39). 

The main object of this dissertation is to convert the results of (39) into 

a useable engineering tool by performing an extensive improvement of the 

analysis, making improvements on the computer program, and providing 

suitable computational results and comparisons to check the analysis. 

These efforts will include energy balance computations to insure internal 

consistency, and comparisons with experimental and theoretical calcula

tions to insure order of magnitude accuracy (hopefully, accuracy well 

within the current knowledge of gas properties). In addition, a review of 

the pertinent past and current literature has been made and comparisons 

have been drawn where applicable. 

1.2 Historical Review 

Gaseous discharges have undergone considerable study since 

early in the last century when they became the subject of spectroscopic 
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measurements made to investigate atomic energy levels, etc. Low pres

sure gaseous discharges for example, were well known by 1890. An ex

tensive discussion of the background of gaseous discharges is given by 

Elenbaas (17) and Finkelnburg and Maecker (19) whereas a discussion 

with particular respect to electrothermal propulsion is given by Buhler (7). 

An electric arc is usually defined as a gaseous discharge at 

densities sufficiently high to insure thermodynamic equilibrium between 

the electrons and the remainder_of the gas (14). Early engineering inter

est involved atmospheric discharges in electric switch gear, e.g., 

Cobine (14) which gives a representative summary with particular em

phasis on the technology which is applicable to circuit breakers and 

switch gear. 

Early in this century, electric arcs were also applied to chemi

cal synthesis and used as a high temperature source of heat. A United 

States patent by E. A. Mathers (40) details an electric arc furnace heater 

not greatly dissimilar to many devices currently being used. Browning 

and Poole (6) refer to early patents dating back to 1906, and to the de

velopment in 1928 by Prof. Schonherr of a seven megowatt electric arc 

reactor for producing acetylene. The gas enthalpy and pressure produced 

by Prof. Schonherr's device were low by current standards. 

One of the more important accomplishments in the study of the 

high pressure (the order of one atmosphere) electric arc was the develop

ment of the Heller-Elenbaas equation (17), (23). This name is commonly 

applied to any form of a thermal energy balance equation in which the 

effects of Joule heating, thermal conduction, and in some cases, thermal 

radiation are included, and the effect of convection is not included, e.g., 
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(3), (11), (16), (18), (19, p. 337), (35), and (57). The following form is 

particularly applicable to cylindrical geometries and often referred to as 

the Heller-Elenbaas equation. 

E2CT+I(rkTr)r + Prad = 0 . (1) 

Here the subscript indicates partial differentiation. Much of the experi

mental work was done by Elenbaas at Phillips in Holland while working 

on the mercury vapor arc for lighting purposes, viz. (17) which also has 

an extensive list of original references on this work done in the 1930's. 

Theoretical work pointing out the importance and range of validity of 

this type of energy balance was presented by Heller (23). 

In the study of the constricted arc as in other pipe problems, it 

is customary to define three flow regimes, an entry region where flow 

conditions change rapidly, an asymptotic region in which the only changes 

are a slight negative pressure gradient to overcome viscous effects, and 

a transition region in between the previous two. The exact boundaries 

of these three regions are arbitrary just as boundary layer thickness must 

be defined as an arbitrary degree of approach to free stream conditions. 

The Heller-Elenbaas equation is pertinent to this dissertation 

because it governs the asymptotic solution which most constricted arcs 

approach as axial distance increases. This occurs because (compared 

to the Heller-Elenbaas equation) the only significant additional term 

which is added in the constricted arc involves energy absorbtion by con

vection, i.e., the fluid absorbs energy as it flows from a region of low 

enthalpy to one of higher enthalpy. As the flow approaches a steady 

state condition at large axial distances, this term becomes negligible 



and the enthalpy distribution becomes identical to the solution to the 

Heller-Elenbaas equation. Also, even in the entry and transition region, 

there are methods, Weber (69), (70) in which solutions to the Heller-

Elenbaas equation are used as a first approximation to the actual enthalpy 

distribution. 

Some of the earliest work on the entry region consisted of ex

tensive experimental effort by Kirstein and Koppelmann at Siemens in the 

1930's (33). Recently, Cassie (12) studied the inlet region assuming 

that the flow was inviscid and that a constant diameter section exhausts 

into a diverging supersonic nozzle with current flow in both the super

sonic nozzle and the constant diameter section. His work concentrated 

on obtaining analytic solutions for simplified representations of gas pro

perties. Then in 1962 Stine and Watson (58) developed an analytical 

solution for the constricted arc which has probably been the most suc

cessful and widely used to date. Their work will be discussed later 

with reference to the current status of study on the constricted arc. 

1.3 Current Situation 

Several recent papers cover the current status of arc chamber 

technology in considerable detail. AGARDograph 84 (2) presents two 

volumes of papers on arc heaters and MHD accelerators for aerodynamic 

purposes. This volume includes the analysis by Stine, Watson, and 

Shepard (59) which will be discussed later. Also included is the work of 

Harder and Cann (22) in which the combination of a constricted arc and 

magnetic forces are used to produce specific impulses of around 5,000 sec 

with 50% overall efficiency. The work of Cann and Buhler (11) and 
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Browning and Poole (6) summarized the basic capabilities/ limitations, 

and probable future developments of arc heaters as seen by two groups 

of investigators with extensive backgrounds in the development of arc 

heaters. 

Several mathematical models have been proposed to represent 

the constricted arc with particular emphasis on the entry and transition 

regions. Watson (67) discussed the models of Stine and Watson (58), 

Eckert and Anderson (16), Chen (13), and Weber (70). Some of his com

ments will be summarized below. 

The model of Stine and Watson (58) utilizes separation of vari

ables based on axial and radial distance. Linearization of gas properties 

and the assumption that radiative heat transfer is negligible allows a 

completely analytical solution. This study has been extremely useful 

in making engineering evaluations of various arc jet configurations (2), 

(3), (53), and (57). 

Eckert and Anderson (16) solved for the asymptotic (at sufficient 

axial distance so that axial gradients are negligible) solution in the pres

ence of transpiration cooling of the constrictor wall. Solutions were ob

tained in analytical form for several assumed mass flux profiles and with 

an idealized gas which is identical to that of the Stine-Watson model (58) 

except that radiation is included in an approximate manner. 

However, according to Watson (67) there appears to be some 

question regarding the manner in which Eckert and Anderson (16) extrap

olated certain relations between gas properties. Specifically, the pre

diction of Eckert and Anderson that significantly higher enthalpies could 

be obtained with transpiration cooled constrictors rather than water cooled 
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constrictors appears to be open to question. For example, Watson (67) 

by contrast shows a considerable similarity between the arc column in 

the transpiration cooling case and the water cooled case. 

Chen (13) has proposed a semianalytical model which divides 

the gas into a core "flow" and an outer flow. The mass flux of the "core" 

is assumed to be identically zero and its enthalpy is equal to the maximum 

value obtained from the Heller-Elenbaas equation, Sec. 1.2, eq. 1. The 

outer flow is one of varying enthalpy with the energy transfer calculated 

by assuming the "core" is a solid rod and using equations for forced con

vection past the solid rod. 

Weber (70) developed a model in which the core flow conditions 

correspond to the Heller-Elenbaas equation, i.e., fully developed flow. 

The rate at which the outer flow is ingested into the core is determined by 

matching heat transfer between the core flow and the outer flow. Weber 

has pointed out that this procedure may be considered analogous to the 

assumption that the turbulent boundary layer wall shear stress may be re

lated to boundary layer thickness and free stream velocity by the relation 

deduced from fully developed pipe flow. Weber and Pugmire (69) compare 

this analysis with experimental results and obtain fair agreement but con

clude that considerably more work is needed to fully understand the inlet 

region. 

Watson (67) concluded that none of the available analytical ap

proaches combined a completely realistic picture of the flow conditions 

within the constrictor (particularly the entry region) with the engineering 

usefulness of the results of the Stine-Watson model (58). The Stine-

Watson model, for example, gives a characteristic length which is 



indicative of the length required to obtain asymptotic enthalpy levels, 

voltage gradients which are representative of experimental voltage grad

ients, and heat flux, values in relatively close agreement with observed 

values. These quantities can all be calculated directly from gas proper

ties and constrictor geometry. The Stine-Watson model does not, however, 

give a realistic picture of the flow conditions, particularly enthalpy pro

files, in the entry region. In many cases, its successful use may be 

based on the fact that it gives conservative wall heat flux values in the 

entry region (provided thermal radiation is small). 

Jedlicka and Stine (30) compare the results of the Stine-Watson 

model (58) with experiment. They find that the voltage gradient and the 

wall heat flux compare quite closely whereas the average enthalpy at the 

exit is approximately 30% below that of the theory. The apparent dis

crepancy is attributed to a combination of experimental and small differ

ence errors by this writer. Their results (30) are of particular interest 

since their experimental configuration has the cathode a considerable dis

t a n c e  a w a y  f r o m  t h e  e n t r a n c e  t o  t h e  c o n s t r i c t e d  r e g i o n  o f  t h e  a r c ,  i . e . ,  

the arc extends about an inch through a largely unconstricted region before 

entering the constrictor. The question is raised whether this configuration 

gives the same voltage gradient a's would be obtained if the cathode were 

placed immediately in the entrance region such as in the work of Bennett 

and Connors (3) wherein the voltage gradient appears to be relatively con

stant from the cathode to 1.2 centimeters downstream. The numerical re

sults, presented later in this study, seem to verify the relatively constant 

voltage gradient shown by Bennett and Connors and indicate that cathode 
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position is pertinent in evaluating and comparing experimental and ana

lytical data. 

In addition to the four approaches summarized above, Skifstad 

(55), (5 6), and (57) presents a recent study of the inlet region of the con

stricted electric arc, with the experimental comparisons being made in 

(56). Skifstad assumes that the local Mach number is small, that radia

tion heat transfer and pressure dependence of gas properties is negligible, 

and that the gas is in local thermodynamic equilibrium. By comparison, 

in this dissertation, the local Mach number is not assumed smaller than 

unity, radiation heat transfer and pressure dependence of gas properties 

is included, and the assumption of local thermodynamic equilibrium is 

required only in the numerical calculations rather than in the basic 

analysis. 

Skifstad then divides the flow into two regions, an inner flow 

which is analyzed on the basis of energy transfer to an arc in an uncon-

fined flow of gas and an outer flow which is not heated by the arc and 

which is isentropic and one dimensional. The inner and outer flow are 

then matched at their common boundary by conserving mass, momentum 

and energy. Skifstad then proceeded to transform the equations into a 

convenient form for use with a similarity transformation and the Pohlhausen 

integral method as given in Chapter 10 of (47). Unfortunately, the re

sults shown by Skifstad (55), (56), and (57) have not been reduced to 

computer solutions and hence do not allow comparison with the approach 

presented in this dissertation. 

There is a large body of literature relating to the flow of elec

trically conducting fluids through tubes in the presence of electric and 
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magnetic fields. A typical example pertinent to this dissertation is the 

work of Jain and Srinivasan (28) who studied the heat transfer in the entry 

region of a channel with electrically conducting fluid and walls in the 

presence of a transverse magnetic field. The equations developed are 

similar to the ones which govern the constricted arc and the results give 

an interesting insight into the relationship between thermal conductivity 

and viscous effects in the entrance region. 

The above analyses are chiefly analytic rather than numerical in 

approach. In contrast, similar approaches have been proposed independ

ently in (59) and (39) in which Ohm's law and the equations of continuity, 

momentum, and energy are used to obtain enthalpy and velocity profiles 

by starting with assumed entry conditions and then numerically comput

ing downstream. Stine, Watson, and Shepard (59) and Watson (67) have 

made extensive comparisons of their analysis with the simplified theories 

of (58) and with experimental data obtaining favorable results. The anal

ysis of (39) had certain specific differences and continued development 

was conducted which is presented in this dissertation both to document 

these features and to provide comparison with the work of Watson (59) 

and (67). 

The specific differences in the two approaches are as follows. 

Watson uses radial and axial distance as independent coordinates whereas 

in this dissertation, stream function and axial distance are the independ

ent coordinates. Also, Watson computes pressure gradient by trial and 

error whereas the analysis presented here develops a direct method of 

computing the required pressure gradient which also facilitates computa

tions for converging diverging nozzles. Other minor differences were 



that Watson did not include the minor effects of viscous dissipation or 

viscous work in the energy equation. Other comparisons of these two 

analyses will be made in Sections 2.2 and 3.2.5 with respect to the 

relative advantages and a comparison of results. 



2. ANALYSIS 

2 . 1  F l o w  M o d e l  

The constricted arc, Fig. la, may be considered as an axisym

metric tube flow (i.e., forced convection) with the addition of a concen

tric electric discharge. Thus, both the fluid flow and the current are two 

dimensional and axisymmetric, and a cylindrical coordinate system is 

used, Fig. lb. The current travels from a cathode, at x = zero, to an 

anode at some axial position downstream. A cool layer of gas adjacent 

to the walls (and having very low electrical conductivity) prevents the 

flow of current to all points on the radial boundary with the exception of 

the anode. 

The main physical distinction between the situation studied 

here and the usual electric discharge (low or high pressure) is the pres

ence of forced convection. This convective flow often passes around a 
I 

pin cathode and then through a ring anode. Many other arrangements 

exist such as passage through a ring cathode, fluid injection through 

porous electrodes, etc. As in the non-convective case, it is usually 

convenient to divide the discharge into cathode, positive column, and 

anode, regions, e.g., (14), (17), and (19). 

This dissertation is directed to the positive column, however, 

it has been found that flow conditions at the cathode have a moderate 

effect on the flow in the entry region of the positive column which effect 

should be considered when comparing calculations and/or experimental 

17 
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data. Also, an arbitrary and basic simplification (see page 22) to the 

flow model in the anode region is often made to allow comparison of cer

tain calculated results with experimental data. 

Extensive discussions of the cathode and anode regions are giv

en by Cobine (14), Elenbaas (17), and Finkelnburg and Maecker (19). 

These references indicate that there is a potential drop about equal to 

the first ionization potential of the gas at both the cathode and the anode. 

These references also indicate that space charge, energy balance, ioniza

tion probability per collision, and other effects are involved along with 

the ionization potential in determining the cathode and anode potential 

drop. Bennett and Connors (3), Cann, Ducati, and Blackman (9), and 

Cobine (14) further indicate that a cathode and anode potential drop of 

10 volts is a reasonable value for hydrogen. It is pertinent to note that 

since the electric current is carried mainly by electrons, the energy cor

responding to the cathode potential drop will be absorbed mostly by the 

gas while at the anode, the corresponding energy will be absorbed by the 

wall. 

It is usually assumed, e.g., (12), (56), (58), and (67) that the 

effect of the cathode is transferred to the positive column solely by the 

enthalpy and velocity profiles at the inlet. While this assumption is 

strongly s.upported by physical intuition, it excludes several effects. 

These include the effect of the radial voltage gradients and currents 

which may exist near the cathode. Despite these limitations, it is felt 

that the most practical approach at this time is to use this assumption 

and to conduct current studies of the positive column independent of the 

cathode region. It will be found that the proper enthalpy and velocity 
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profiles to be used in the inlet of the positive column are not well known 

at this time but there is evidence that these profiles should represent a 

potential drop of about 10 volts at the cathode and the associated energy 

input to the gas. 

Therefore, in this analysis, it is assumed that the enthalpy and 

velocity profiles are known at the cathode. The accuracy with which 

these enthalpy and velocity profiles can be represented is determined by 
0 

the number and distribution of the radial increments. Twenty increments 

are considered more than adequate in view of current knowledge of the 

gas properties. The assumption that the voltage is independent of stream 

function, which will be made in Sec. 2.3, is a basic limitation on the 

accuracy with which the actual conditions can be simulated in the region 

of the cathode. The magnitude of this limitation has not been investigat

ed since it is considered to be more pertinent to studies of the cathode. 

Study of the actual flow conditions at the anode is also consid

ered a separate subject and will not be considered here. Instead, the 

idealization adopted by many other investigators including Stine and 

Watson (58), Weber (69) and (70), and Skifstad (55), (5 6), and (5 7) will 

be used, namely the total current is constant at all cross sections be

tween the cathode and the "anode". The current is then assumed to 

c e a s e  a t  t h e  s p e c i f i e d  a n o d e  p o s i t i o n ,  F i g .  l c .  

Physically, however, the current cannot cease in the center of 

the flow but must continue to the anode at the boundary of the flow. The 

arc discharge generally does this by leaving the axis of symmetry and 

striking radially to the anode in a localized position, Fig. Id. This be

havior has been noted both photographically and through observation of 
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localized pitting on the anode surface. Alternatively, in other config

urations, usually having low pressure at the anode, the current might be 

diffused relatively evenly over the anode. One example of such a config

uration where considerable electromagnetic acceleration occurs is given 

in (22). This arrangement, discovered by Adriano Ducati at Plasmadyne 

several years ago (15) is generally known as the MPD (magneto-plasma-

dynamic) arcjet. While the behavior is not thoroughly understood (43), 

the MPD arcjet appears to be capable of high specific impulse (5,000 to 

10,000 sec) at relatively high efficiency (50 - 80%). 

In both cases, the radial portion of the arc discharge near the 

anode presumably will be investigated independently as an arc in the pre

sence of normal convection, e.g., Thiene (64). The total potential differ

ence between the anode and the arc chamber centerline at the same axial 

coordinate will be the anode potential drop of about 10 volts (with hydrogen), 

(3), (9), and (14) plus the potential drop from just outside the anode poten

tial drop region to the centerline. 

A common but rather extreme simplification of the above anode 

model has been of considerable convenience in this dissertation. In this 

simplification, the positive column is extended axisymmetrically past the 

actual anode until the desired voltage (e.g., the experimental voltage 

minus the estimated anode potential drop) has been reached. The differ

ences between this engineering approximation and the actual flow pattern 

are fairly obvious and the approach is justified solely on the basis of ne

cessity and of the results which can be obtained by its use. 



2 , 2  A p p r o a c h  

In principle, a numerical solution for the pressure, the electri

cal potential and current flux vector, the velocity, and the enthalpy, ver

sus the axial and radial coordinates, can be obtained to any reasonable 

degree of accuracy by repeated iterations and/or perturbations. This dis

sertation concentrates on the first iterative solution using approximations 

which are common in the study of the constricted arc. The simplified 

analysis is intended to serve as a basis for evaluating the validity of 

these approximations and for additional iterations and/or perturbations. 

Two unusual features are included in the analysis: Stream func

tion Is taken to be an independent radial coordinate, and the required ax

ial pressure gradient is calculated directly (rather than by trial and error). 

The use of stream function as a coordinate is advantageous in numerical 

calculations involving substantial derivatives such as those in the momen

tum equation and the energy equation. By definition, the substantial de

rivative is taken along a line of constant stream function. Thus, for 

steady flow, the substantial derivative can be expressed in terms of one 

partial derivative taken at constant stream function. This feature is also 

expected to be of considerable additional advantage in future work in

volving chemical kinetics since the rates of ionization, dissociation re

combination, etc. are generally expressible in terms of substantial 

derivatives. Use of stream function as the independent coordinate is 

also especially convenient when the wall diameter is a function of length 

such as in the arc chamber of (66) and for nozzles in general. In such 
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cases, the radial boundary conditions and increments are still independ

ent of length. 

Potentially, there is a secondary convenience in using the stream 

function to evaluate radial derivatives by finite difference techniques, 

namely, that the mass flow increments remain constant, independent of 

axial distance. However, there is the corresponding disadvantage that 

the increments of radius are not constant and at times the variation (with 

axial distance) of the distribution of the increments of radius is unfavor

able for efficient computational procedure. 

The overall advantages are considered to be poorly defined at 

the present time, but comparisons of calculations (68) using the method 

of Watson (67) with calculations using the method of this dissertation 

incicate that basing the radial increments on radius gives a more realis

tic evaluation of the voltage gradient at small axial displacements. This 

occurs because the central core quickly reaches a very high enthalpy and 

therefore a very low density and mass flux. For a given increment of 

mass flow, a decrease in mass flux produces an increase in the corre

sponding increment of radius and therefore results in reduced accuracy. 

The effect on voltage gradient is especially noticeable since electrical 

conductivity is a very strong function of enthalpy. The extent to which 

this can be oversome by manipulation of the mass flow increments has 

not been investigated. It also appears that the use of stream function to 

choose the radial increments has a slight advantage in calculating the 

velocity and enthalpy profiles in regions of very high mass flux, since 

the procedure automatically varies the radial spacing to maintain the de

sired mass flow in each increment. 
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The method used to calculate the axial pressure gradient is not 

unique to the coordinate system used here but can be adopted to calcula

tions, such as those of Watson (67) which use radius as the independent 

radial coordinate. The method starts with assumed enthalpy and velocity 

profiles at the cathode position. From this information and known gas 

properties, the total electrical conductivity is calculated at this section. 

Since the total current is known, the voltage gradient at this cross sec

tion follows directly. Then, the energy and momentum equations give 

the substantial derivatives of the enthalpy and the axial velocity as a 

linear function of the pressure gradient (pressure will be assumed to vary 

with the axial distance only). Knowing these substantial derivatives for 

each stream tube the rate of change of area with respect to axial dis

placement along a stream tube can be obtained as a linear function of 

the pressure gradient. This is done by expressing the incremental area 

of a stream tube in terms of the velocity, density, and incremental mass 

flow in the stream tube and then taking the axial derivative of this area. 

Use of substantial derivatives, obtained from the energy and momentum 

equations, results in an expression which is a linear function of the pres

sure gradient. Summation over the cross section is then performed to ob

tain the derivative of area with respect to axial distance as a linear 

function of the pressure gradient. The pressure gradient can then be cal

culated using the derivative of area with respect to axial distance, given 

by the boundary conditions. The method has been successful in maintain

ing the desired diameter to four or five significant figures. However, a 

certain amount of control decisions have been required in the program to 

avoid overshoot and other undesirable occurences particularly in regions, 



26 

such as the throat, where the rate of change of area undergoes a sharp 

change. 

2 . 3  A s s u m p t i o n s  

The following assumptions are inherent in the numerical results 

which will be presented. 

1. The fluid flow and electric current are steady and axisymmetric, 

and the fluid flow is laminar. 

2. The pressure and the electric potential are functions of axial 

distance, x, only. The current in the discharge is constant for 

all cross-sections between the cathode and the anode. 

3. Axial velocity gradients and heat conduction are negligible 

compared to radial velocity gradients and heat conduction. 

4. The effect of radial components of velocity and current are neg

ligible. Thus, the component of a streamline is small in the 

radial direction and the radial distribution of current varies 

slowly with axial displacement. 

5. Ohm's law in the form j = E cr is valid, i.e., magnetic effects 

are negligible. 

6. The flow is optically thin, thus reabsorbtion of thermal radia

tion by the gas is negligible. 

7. The gas is electrically neutral and in local thermodynamic equi

librium . 

8. The tangential component of the velocity is zero, i.e., there 

is no swirl for vortex stabilization. 

9. Electrostatic, electromagnetic, and gravity forces are negligible. 
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2 . 4  C o o r d i n a t e  S y s t e m  

The coordinate system, Fig. lb, is cylindrical with independent 

coordinates x, , and & in the axial, radial, and tangential directions 

respectively. The origin of the axial coordinate, x, is placed at the 

downstream tip of the cathode. The electric potential is also defined to 

be zero at this point. As a result of the assumption of axial symmetry all 

quantities are independent of 0, and all derivatives with respect to & 

are zero. Stream function, \Jj , is defined by the following differential 

relationship with radius, r, as an intermediate variable, 

d f = 2 77 r f udr - 2 77 r f vdx 

It will be shown that this definition of (// identically satisfies the conti

n u i t y  equa t i on  fo r  a  compres s i b l e  f l u id .  The  r e l a t i on  be tween  r  a nd  (p  

at a given value of x can be obtained by integration of the differential ex

pression for {fj . In the usual way, [p and r have a common origin. Then, 

for a given x, the value of (J/ corresponds to the total mass flow through 

a circle of radius r, centered on the axis of symmetry. 

Since there is a point relationship between ip  and r for all 

values of the axial coordinate, x, the choice of the independent coordinate 

in the radial direction is arbitrary. is used here and in the numeri

cal calculations that follow. However, in obtaining the basic equations, 

it will sometimes be convenient to perform manipulations using x, r, and 

Q as the independent spatial, variables. These exceptions will be noted 

where they occur. 

It will be helpful to note that derivatives with respect to stream 

function or radius are taken at constant x. Thus, 
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(2) 

is ^ ip d r (3) 

However, partial derivatives with respect to x can be taken either at con

stant stream function or at constant radius. The following relations are 

noted. 

b b 
1 6 r b 

b x x a x r ° </, x , (4) 

b . a v a 
b x 

r 
b X 

y, ^ x r ^ 
• 

X (5) 

This distinction between partial derivatives with respect to axial distance 

taken 1) at constant r and 2) at constant lb is particularly important. 

The substantial derivative for steady flow can be expressed in 

x and r coordinates 

D dx b + dr b 
Dt dt b X r 

6 r 

or in x and coordinates 

D _ dx b 

The term 

Dt dt b x 

d (A )> 

(6) 

(7) 

does not appear in equation 7 because the substantial dt 3 (p 

derivative is taken along a streamline and therefore d ip /d t  is zero. 

2 . 5  B a s i c  E q u a t i o n s  

The five basic equations involved in this analysis are conserva

t i o n  o f  m a s s ,  m o m e n t u m ,  a n d  e n e r g y ,  t h e  e q u a t i o n  o f  s t a t e ,  a n d  O h m ' s  

law. The last four are related in the same order to the four variables, 



velocity, enthalpy, density and voltage gradient. Conservation of mass 

will be indirectly related to the pressure gradient through the momentum 

equation and the boundary conditions. 

2 . 5 . 1  C o n s e r v a t i o n  o f  M a s s  

Conservation of mass (the continuity equation) is satisfied by 

the use of stream function (t^) as a coordinate. Since ip and its deriva

tives are continuous, 

a2t/- b1 0 
6 x d r  d  x  *  

Evaluating the partial derivatives gives 

(f ur)x + (f vr)r = 0 , 

which is the continuity equation for a compressible fluid in axi symmetric 

flow. 

2 . 5 . 2  C o n s e r v a t i o n  o f  M o m e n t u m  

Momentum must be conserved in three non-planar directions for 

an exact solution. The axial (x), radial and tangential (6) direc

tions will be used here. 

2 . 5 . 2 . 1  T a n g e n t i a l  M o m e n t u m  E q u a t i o n  

The tangential momentum equation is not required because the 

tangential velocity is assumed to be zero everywhere. 



2 . 5 . 2 . 2  A x i a l  M o m e n t u m  E q u a t i o n  

30, 

The most convenient form of the axial momentum equation is 

given on p. 15 of Ref. 25 with x, r, and Q as independent coordinates, 

P  D ?  =  X ~ P x  +  ( 2 ^ u x +  ^ V * v ) x  +  r  M> r(vx + ur) 

+ 1 
r M-$ae +wx) e (a) 

X is the axial component of the net body force acting on the fluid, u is the 

axial velocity, v is the radial velocity, w is the tangential velocity and 

v is the velocity vector. \ is the second coefficient of viscosity, com

monly considered equal to -2/3yil. The subscript is used to indicate 

partial differentiation unless otherwise stated. 

All derivatives with respect to Q are zero because of the assump

tion of axial symmetry. Likewise by the stated assumptions, the term 

<2Au + A V- v)„ is negligible, while the term involving v is much 
' X X X 

smaller than the companion term involving ur. Thus, equation 8 becomes 

? Dt X ~ px + r r * 

The electrostatic, electromagnetic, and gravitational body forces 

(here represented by X) acting on the fluid are generally neglected in the 

analysis of the arc positive column, e.g., (11), (14, chapter 9), (58), 

and (67). The electrostatic forces are negligible because the positive 

column is essentially electrically neutral. The space charge effects which 

occur are concentrated in a very small region around the anode and the 

cathode. The space charge effect caused by diffusion of electrons to the 



cold walls which occur in the positive column of a low pressure glow 

discharge is negligible in the high pressure discharge because the mean 

free path is so small that local thermodynamic equilibrium exists through

out the positive column. 

Electromagnetic forces are neglected because they are usually 

small compared with the existing pressure forces. For an electrically 

neutral fluid, the only electromagnetic force acting is identical in origin 

to the attractive force between two parallel electrical conductors carry

ing current in the same direction. For solid conductors, this is caused 

by the action of the magnetic field of one of the conductors on the moving 

charges in the other conductor. In a conductive gas, this interaction is 

usually called the pinch effect. The assumption of negligible electro

magnetic forces or pinch effect restricts the analysis to conditions under 

which the current density is sufficiently low to result in negligible pinch 

pressures. Cann and Buhler (11) have studied the effect of electromag

netic forces in the positive column and show that it is only appreciable 

compared to the existing static pressure for extremely high enthalpies 

(much higher than currently obtainable in a constricted arc). 

The effect of gravity is neglected in the constricted arc because 

free convection is prevented by the geometry. There are geometries for 

which this is not the case, the horizontally or vertically burning arc be

tween free standing electrodes such as discussed by Cobine, chapter 9 

of (14) is one example. In fact, the term arc apparently comes from the 

shape of the horizontally burning arc between free standing electrodes, 

where buoyancy forces cause a distinct arch. 
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After setting the body forces equal to zero, the axial momentum 

equation becomes, . - _ 

^  D t  = - p x + " r  '  ( 9 )  

With lp as the independent radial variable, and pressure as a function of 

x only, equation 9 becomes, 

f  + 4 T l 2 ? u ( r 2 ? u ' " > V  •  ( 1 0 )  

With x and lp coordinates the substantial derivative becomes 

Du 
Dt = UUx ' 

and the axial momentum equation in x and lp coordinates becomes, 

? uux = -ai + 4nr2?ufr2
f . (ID 

This is the form used for preparation of the computer program. 

2 . 5 . 2 . 3  R a d i a l  M o m e n t u m  E q u a t i o n  

The assumption that pressure is dependent only on x eliminates 

the need for the radial momentum equation. Development of the equation 

will be summarized to indicate the factors which are involved in this 

simplified representation of the pressure distribution. A convenient form 

of the radial momentum equation is given in Ref. 25 with x, r, and Q as 

independent coordinates. 



33 

•? Fk - 7"! = R " pr + (2̂ vr + AV' v \ 

+ — LI (~ + w - —) 
r v r & r x q 

+ 

, 2 JLL , 1 v v + (v - — w c, ~ ~ ) . r r r & r (12) 

R is the radial component of the net body force. Since deriva

tives with respect to & are zero, and the tangential velocity, w, is zero, 

equation 12 becomes, 

This equation with appropriate simplifications and/or change of coordinates 

could be used to evaluate the radial pressure gradient as part of the com

puter program. Regions in which the radial pressure gradient is appreciable 

would be found through comparison of axial and radial pressure gradients. 

2 . 5 . 3  C o n s e r v a t i o n  o f  E n e r g y  

A convenient form of the energy equation is given in (25) again 

with x, r, and Q as independent coordinates, 

^ §t = R - Pr + (2M v
r + A V- v)r + p. (vx + uf) 

x 

+  ̂ ( v  - - )  .  
r \ r r/ (13) 

?  K  " D t  + ' ?  +  < t >  +  7 ( r k T r » r  

+ 0<Vx " Prad + 12 'kTs 'e 
r (14) 
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P , is the thermal radiation per unit volume (positive when leaving), Q 
rad 

(represented by ^ ^  in Ref. 25) is the internal energy generation, i.e., 

Joule heating, etc., and the viscous dissipation cj)is given by 

<$> = JU 2 2 ,1 v _  + ( r w 0  
,  v » 2  ,  2  + — ) + u 

r ' x 

-i 0 
+ (— ua + w ) + (v + u ) v r » x x x r r l e  

+  ( —  v  +  w  -  — ) ^  v r e r r 

+ A ( V  +  ~  W / 3  +  — +  U )^  .  
\ r r 6 r x' 

Simplifying cf) by setting the tangential velocity (w) and derivatives with 

respect to Q equal to zero, and neglecting terms containing the radial 

velocity (v) or the axial derivative of axial velocity (u ) results in the 
X 

familiar form 

(J) = JLL ur
2 . 

In the usual manner, the internal energy generation term will 

consist only of Joule heating giving 

2 Q = E CT. 

After setting derivatives with respect to Q equal to zero and 

assuming the term (kT ) is negligible viz., (58) equation 14 becomes, xx 

C> — 12b +r2 (J- 4. ,, u  ̂ + .1. /  ̂m \ _ p 
v Dt Dt M" x + r lrlcVr rad * 

Next, defining a new variable K as 

K = kTfAr . 

Equation 15 becomes 

? Wt = K + e2 ̂  W +1 (rKhr'r * Prad . 

(15) 

(16) 

(17) 
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With x and [ f j  as coordinates, equation 17 becomes 

f § t  + E 2 < r  +  4 n 2 f 2 u 2 r % 6 i ^ ) 2  

+ 4 1*7 2 p u (f ur2Kĥ , )̂ p - Prad . (18) 

Evaluating the substantial derivatives with independent coordinates x and 

[p results in 

Dt ~ x ' (19) 

Dfi = , 
Dt dx * (20) 

and equation 18 becomes 

^ uhx = UHx +£2cr + 4 77 2 f 2u2r2/^(u ^)2 

+  4 T 7 2 ?  u ( f >  u r 2 K h ^ ) ^  -  P r a d  .  ( 2 1 )  

This is the form used to calculate the pressure gradient in equations 29 

and 34. However, to calculate h equation 11 was rearranged to give, 2s. 

^=ATT2fu(fur2/u,u(p)[p -  f u u x  .  ( 2 2 )  

Substitution of equation 22 into equation 21 yields 

f uhx = - pu2ux + 4T72? u2 (r2f u/^u^ 

+ 4 IT2 f 2 u2 r2 / ju u^ 2 + E2 CT 

+ 477 2?u(?ur2Kh^ -Prad , (23) 

or by combining the second and third terms on the right side 

f  u h x  = - f  u 2 u x  +  4 T T 2 ? u  ( r 2 f  u % c u ^ ) 0  

+  E 2 C T + 4 T T 2 ?U ( ?  u r 2 K h ^ ) ^  -  P r a d  .  ( 2 4 )  
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This equation was used to calculate h in the computer program 

2 because the term pu ux physically represented in the non-linear term 
o 

u (u /2)x« This non-linear term should be calculated exactly in the 

finite difference form f u A(u /2). In regions with large velocity grad

ients such as in a nozzle it was also necessary to use total enthalpy 

(i.e., including kinetic energy) when computing the term h ^ by finite 

differences. 

2 . 5 . 4  E q u a t i o n  o f  S t a t e  

An equation of state relating the three parameters of enthalpy, 

density, and pressure exists for every system in local thermodynamic 

equilibrium. The computer results which are presented in this disserta

tion are based on a modified perfect gas relationship in which the density 

is proportional to the pressure divided by the enthalpy. This is an ap

proximation to the equation 

f = p/F (h, p) . (25) 

where F (h,p) is nearly linear in h and a weak function of p. Non-equi-

librium effects have not been considered in the results which will be pre

sented. 

2 . 5 . 5  O h m ' s  L a w  

In studies of the arc positive column, it is common to assume 

t h a t  the current density, j, is given by a simplified form of Ohm's law 

(11), (58), and (67), 

j = E CT . (26) 



The above equation is a simplified version of the following vector equa

t i o n ,  p r e s e n t e d  f o r  e x a m p l e  b y  S u t t o n  a n d  S h e r m a n  ( 6 3 ) ,  p .  3 0 2 .  

j = cr E + (q x B) - @ (j x B) 

where ft is the Hall parameter, i.e., reciprocal of the electron charge 

density (eng) * and j is the conduction current density. Ion and electron 

slip were neglected by Sutton and Sherman in obtaining the above equa

tions. The use of the simplified (j = E CT) version then neglects the in

duced potential gradients q x B and (j x B). 

2. 6 Boundary Conditions 

The pressure, the total mass flow, the required diameter, and 

the desired enthalpy profile are specified at the inlet (x = zero) cross 

section. A normalized velocity profile is then scaled linearly to obtain 

the required diameter. The boundary conditions at the wall consist of 

the specification of fluid enthalpy and either diameter or pressure as 

functions of axial distance. A constant value of fluid enthalpy at the 

wall was used in the numerical calculations. The variation of diameter 

with axial distance was linear for most of the calculations, however, in 

a few cases the pressure was held constant and the resultant diameter 

was calculated at each axial position. 

2 . 7  P r o c e d u r e  f o r  N u m e r i c a l  S o l u t i o n  

Five basic equations have been discussed in Sec. 2.5. The 

first, conservation of mass, is satisfied identically by the use of stream 

function as a coordinate. The other four are conservation of momentum, 
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conservation of energy, the equation of state, and Ohm's law. Compar

ing these five equations with the general equations of magnetohydrodynam-

ics, e.g., (8) , (48) , (63) , and (65) it is noted that Maxwell's equations 

have been replaced by Ohm's law, the continuity, momentum, and energy 

equations have been simplified and expressed in x and (/<• coordinates, and 

a simplified equation of state has been adopted. These five equations 

are related to the dependent variables in the following manner. The vel

ocity, enthalpy, density and voltage gradient are related to the momen

tum equation, the energy equation, the equation of state and Ohm's Law 

respectively. The axial pressure gradient is related to the specified 

boundary conditions by the continuity, momentum, and energy equations. 

The general numerical procedure is as follows, an enthalpy pro

file is assumed at the cathode cross section, i.e., the inlet where x = 

zero. A .normalized velocity profile, with the desired relation between 

velocity and stream function, is then multiplied by a constant calculated 

to give the specified inlet diameter with the given pressure and mass 

flow rate. Next, the total electrical conductivity (length per ohm) is 

calculated at this cross section. The potential gradient then equals the 

total current divided by the total electrical conductivity. Then, if the 

variation of diameter with axial distance is specified as a boundary con

dition, the required pressure gradient is calculated. Conversely, the 

pressure could be specified versus axial distance as a boundary con

dition, in which case the diameter is calculated at each axial position. 

The numerical procedure calculates pressure gradient by satis-

bying the boundary condition at the wall. First, the total cross sectional 

area can be expressed as 
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-M 

A(x) = d ijj 
p(x, (//) u (x, <//) (27) 

where M is the total mass flow rate. Then, by differentiation, 

dA(x) = 
dx 

fu . u <? > X  +  '  X 
2 2 

? u 

Since pressure is independent of Ip, 

9 = ?. h + P ? J x ' h x ' p dx 

d 0 
(28) 

(29) 

The expression for the derivative of the area can then be expressed in the 

following form, 

^-/ I? 47T2(?ur2/iu^-^<^ 

dp/dx , E CT 

L ? 
+ 4 T T  f  u r  / ^ ( u y , ) '  

+  4 7 T 2 ( f  u r 2 K h ( ,  )  rad 
(p  Ip  u 

+ u fp Hx 
d U; 
^2 2 
f u (30) 

The terms involving dp/dx are then grouped in one integral and 

the remaining terms in another integral. Since dp/dx is independent of 

stream function it is removed from inside the integral and equation 30 

takes the form, 

dA(x) _ p _ p d£ 
dx 2 1 dx (31) 

Where 

.M 

pi = t - i  +  S L l h  _ u P  ,  _ d j t  
1  u +  f nr P>  ? 2 U 2  (32) 
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(33) 

Solving equation 31 for dp/dx yields, 

dp _ _ dA/dx _ _^2_ 
dx P1 P1 (34) 

In equation 34, dp/dx is the value of the axial pressure gradient 

required to obtain the desired rate of change of area with axial distance. 

Equation 34 is valid for both a converging nozzle (P^ less than zero) and 

a diverging nozzle (P^ greater than zero). These two regimes correspond 

to subsonic and supersonic flow in the one dimensional case. Once the 

pressure gradient and the velocity and enthalpy profiles are known at a 

given cross section, the momentum and energy equations, 11 and 24 give 

the substantial derivative of the velocity and the enthalpy. A suitable 

axial increment of distance is chosen to give adequate accuracy and 

stability to the solution (occasionally this is still a source of difficulty) 

and the axial derivatives of velocity and enthalpy are then used to ob

tain new velocity and enthalpy profiles (versus stream function) at the 

new axial position x + dx. The procedure is then repeated until the de

sired axial position is reached. 



3. RESULTS 

3 . 1  C o m p u t e r  P r o g r a m  

Equations 11, 24, and 34 were used in the preparation of a 

FORTRAN computer program to calculate the velocity and enthalpy distri

butions in the constricted arc model defined in Section 2.1. This FORTRAN 

program was compiled and run on the IBM 7072 computer at the Numerical 

Analysis Laboratory of the University of Arizona. 

3.1.1 General Description 

The basic program allow choice of the electrical current and 

mass flow rate, the inlet pressure, enthalpy, and diameter, the wall 

enthalpy, and the rate of change of wall diameter with axial distance. 

In one variation, the pressure is kept constant and the required wall con

tour is obtained while in another variation the current is zero and flow 

conditions are calculated for a converging-diverging nozzle. In a third 

v a r i a t i o n ,  t h e  c u r r e n t  i s  z e r o  a n d  t h e  g a s  p r o p e r t i e s  a r e  c o n s t a n t ,  i . e . ,  

independent of enthalpy. 

The mass flow was divided into n (typically n = 20) increments 

in order to evaluate the derivatives taken with respect to stream function. 

These increments were numbered from the center (i = 1) to the wall (i = n) 

with the total flow in all increments from one to i being 

i = M (i/n)x (35) 
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where M is the total mass flow and x (typically x = 2) is a variable which 

controls the relative distribution of mass flow in the increments. The 

flow in a given increment is then 

AtPi = - Ip (36) 

If the mass flux is independent of stream function a value of two for the 

exponent x corresponds to equal increments of radius, while increasing 

the value of the exponent x results in smaller increments of stream func

tion in the center of the flow and larger increments near the wall. 

An energy balance which compared the total energy flow into and 

out of the system was also included in the program. To do this, the total 

electrical power input and the total heat transfer to the wall were calcu

lated while the total energy flow through each cross section was obtained 

by summation of the enthalpy and kinetic energy flow over all the incre

ments of stream function. This energy balance typically checked to four 

or five significant figures in regions of low velocity; however, in regions 

involving higher velocities, such as an expanding nozzle - where the 

kinetic energy is of the same magnitude as the enthalpy - the accuracy 

of the energy balance was significantly poorer, generally being in the 

order of 1% of the electrical power input. This significantly higher dis

crepancy was attributed to neglecting higher order terms in programming 

viscous effects and kinetic energy as discussed ia Section 3.2.4. 

The thrust and the overall efficiency as a propulsion device were 

also calculated assuming expansion through a "supersonic" nozzle to a 

vacuum. The term "supersonic" is qualified because the flow is subsonic 



near the wall. In order to make these calculations, the total momentum 

flowing across each cross section was calculated and at the exit, the 

momentum plus the pressure-area term gave the theoretical thrust of the 

arc jet device. The overall efficiency was also calculated as the ratio 

of the "effective jet energy flow" to the total electrical power input. 

"Effective jet energy flow" was defined as the minimum possible energy 

flow in the exhaust jet for the given thrust and mass flow. This minimum 

energy flow corresponds to the case where all the energy in the exhaust 

is kinetic, and all particles have the same "effective" velocity. This 

"effective" velocity is the thrust divided by the mass flow. The minimum 

energy flow in the exhaust jet is then one half the mass flow rate times 

the square of the "effective" velocity. The electrical power was obtained 

using a total voltage equal to the calculated voltage between the cathode 

and the anode plus a 10-volt anode drop, viz., Sec. 2.1. 

3.1.2 Gas Properties 

An extensive effort on a high accuracy representation of gas 

properties was not made for several reasons. The study of gas properties 

is not part of the subject area of this dissertation, while high temperature 

gas properties at this time are currently the subject of extensive research 

and there are large uncertainties (factors of two to five or more) in avail

able values. Also, impurities in the flow from sources such as electrode 

erosion can conceivably have as much as an order magnitude effect on 

certain gas properties. 

Hydrogen was selected for these studies because the program 

was originated to investigate electrical propulsors and hydrogen has been 
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the propellent used in most experimental propulsor development. The 

reports of Brezing (5), Grier (21), King (32), Krascella (34), Rosenbaum 

(50), and Yos (71) were referred to in evaluating gas properties. The 

equation of state as chosen, corresponds to the work of Krascella (34) 

and Rosenbaum (50) while the transport properties correspond to the work 

of Yos (71). 

The procedure in obtaining the gas properties is as follows. 

The results of Krascella (34) and Rosenbaum (50), which by spot check 

agree to within 1%, are considered essentially identical for the purposes 

of this dissertation and they provide the basic relationship between den

sity, temperature, pressure, and enthalpy. For the numerical calcula

tions, a linear relationship between density, pressure and the reciprocal 

of enthalpy is assumed. Temperature was not directly involved in the 

numerical calculations. 

Transport properties are then obtained from the work of Yos (71). 

Yos presents viscosity, thermal conductivity, electrical conductivity, 

and thermal radiation as functions of pressure and temperature. The re

sults of references (34) and (50) were used to relate Yos' results to pres

sure and enthalpy, and then corresponding approximate mathematical 

relationships were obtained, by trial and error, for use in the numerical 

calculations. Because of the nature of this work and the fact that gas 

properties were not part of the basic subject, a considerable latitude in 

approximation was used. This is felt justified both on the basis of the 

objectives and of the initial results which were obtained. If the initial 

results had not been reasonable, more effort would have been required 

on gas properties. 
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To summarize, simplified mathematical relationships for viscos

ity, thermal conductivity, electrical conductivity, and thermal radiation 

were obtained in terms of pressure and enthalpy. These relationships 

gave reasonable comparison with the results of Yos when plotted versus 

temperature through the relationships of references (34) and (50). The 

resulting representation of the properties of hydrogen used in this dis

sertation is as follows: 

1. Density is assumed to be proportional to the pressure 

divided by the enthalpy. At a pressure of one atmosphere, 

the constant of proportionality matched the data of 

Krascella (34) and Rosenbaum (50) at temperatures below 

5,000°R and above 50,000°R. In between these tempera

tures, there was an error averaging 25%. 

2. The viscosity and thermal conductivity (based on enthalpy 

gradient as defined by equation 16) were assumed to be pro

portional to the square root of the enthalpy. The constants 

of proportionality used result in a Prandtl number of 0.80 and 

give results which are in agreement to within 25% of the 

values given by Yos up to about 20,000°R. Above this 

temperature, at which ionization becomes appreciable, the 

calculated values which were used were as much as four 

times greater than those given by Yos. 

3. The representation of electrical conductivity was consider

ably more complicated. At one atmosphere pressure, the 

value computed from the equation as used in the computer 

program is approximately equal to that of Yos at 15,000°K, 
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twice that of Yos, at 22,000°K and one half that of Yos at 

11,000°K. 

4. At one atmosphere pressure, the values given by the computer 

program for thermal radiation are approximately 1/3 of the values 

given by Yos. 

The absolute accuracy of the above representation of gas proper

ties is a function both of the basic accuracy of the referenced analyses 

and of the deviation of the chosen representation from the results of the 

referenced analyses. Density and enthalpy can be calculated quite ac

curately as functions of temperature and pressure because of the extensive 

analytical and experimental work that is available on the thermodynamic 

properties of a dissociated and ionized gas. The theories of ionization 

and dissociation have been verified experimentally at moderate tempera

tures whereas the required data such as ionization and dissociation ener

gies are available with high accuracy from spectroscopic measurements. 

This conclusion is supported by the close agreement (1%), at high en

thalpies, between the independent analyses of Krascella (34) and 

Rosenbaum (50). 

Yos gives the following estimates for the accuracy of his trans

port property calculations. At temperatures where ionization is negligi

ble, the overall accuracy of the calculated transport properties, except 

diffusion coefficients and radiation, is estimated to be about 10-20%, 

with the error primarily attributed to uncertainties in the required colli

sion cross sections. At higher temperatures, Yos estimates a probable 

error of about 50% due primarily to his approximate treatment of coulomb 
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collisions and of excited states. However, Yos qualifies this estimate 

by pointing out that there was an unresolved conflict between experimen

tal measurements of thermal conductivity at high temperatures and the 

theoretical calculations. This conflict might indicate an error of as much 

as an order of magnitude. A typical comparison of analytical and experi

mental results is given in Fig. 6 of Yos (71). Yos further states that this 

unresolved conflict appears to center around the determination of the pro

per cross sections to be used for coulomb collisions. 

Thus, in this work, the representations of viscosity and thermal 

conductivity approximated the results of Yos at enthalpies below the val

ue where ionization became important while for higher enthalpies where 

ionization was important the values used in this report were chosen in 

an attempt to average the above difference between theory and experiment. 

For the same reason, the representation of electrical conductivity was al

lowed to give higher values than shown by Yos at high temperatures. 

In this dissertation, the representation used for thermal radiation 

gives values approximately 1/3 of those of Yos (71) Yos had arbitrarily 

multiplied his analytical results by a factor of three to provide agreement 

with a limited amount of experimental evidence. After surveying the ex

perimental data on which Yos' decision was based and checking it against 

recent data of Morris and Bach (42) , it was decided to arbitrarily elim

inate this factor of three. This decision was based on several factors 

including the possibility that impurities caused some of the higher results 

obtained experimentally, plus the fact that the experimental work referred 

to by Yos was conducted with argon only rather than with hydrogen, and 
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finally the results of Morris and Bach (42) obtained using nitrogen seem 

to agree fairly well with theory. 

Yos refers to the work of Petschek et al. (49), and Olsen (44) 

for experimental verification of his analytical calculations of thermal 

radiation. Petschek, et al., studied the spectra of argon in a shock 

tube with the impurity mostly air, estimated to be less than 1% and an 

accuracy of measurement as plus or minus 20%. No estimate was made 

for the effects of the impurity on the measured intensities. 

Olsen (44) measured the absolute intensity of the continuum 

radiation in an argon arc between a tungsten cathode containing 1% thor

ium and a copper plate anode. The mass flow rate was three to five stand

ard cubic feet per hour of cylinder argon with not more than 50 parts per 

million of impurities. In 100 hours of operating time, the anode weight 

loss was negligible and the cathode weight loss was 10 milligrams. 

This corresponds to less than one part of cathode weight loss per million 

parts of argon mass flow, however, the exact flow conditions could have 

considerable effect on the contamination in the region of the arc itself. 

Olsen does not estimate the accuracy of his measurements nor the effect 

of these impurities on the overall measurement. 

Recent experimental measurements of thermal radiation from a 

nitrogen plasma by Morris and Bach (42) also appears to be pertinent to 

this study. Their apparatus was arranged so that the flow prevents dif

fusion of impurities from the electrodes into the region of observation. 

The authors of (42) conclude that their results compare reasonably well 

with theoretical values and in particular, they found that the N~ encount

er could not be neglected at high temperatures. Neglect of this encounter 



49 

could explain some of the discrepancy hetween theory and experiment in 

earlier works. 

In view of the limitations of the above experimental data on 

thermal radiation it is felt that the arbitrary use of the basic analytical 

results of Yos without a correctional factor was a reasonable approach. 

However, in a specific application, the proper values for thermal radia

tion could well be an order of magnitude greater than have been used in 

this dissertation. 

In addition to the current limited status of knowledge of gas 

properties at high temperatures and enthalpies there are two other limita-
•wtl 

tions on the previously presented representation of gas properties. These 

are the requirements that the gas be in local thermodynamic equilibrium 

and that the gas be free of impurities, since small amounts of impurities 

can have large effects on gas properties. 

The effect of impurities have been mentioned in regard to the 

typical experimental data available on thermal radiation at high tempera

tures. Another possible effect of impurities would be to greatly increase 

the electrical conductivity at moderate temperatures if the impurity has 

a low ionization energy. To a lesser extent, thermal conductivity and 

viscosity would also be affected by the addition of trace quantities of 

a low ionization potential contaminant. Most arc jet engines, for ex

ample, use thoriated tungsten cathodes. Tungsten has a first ioniza

tion potential of 8.1 volts compared to 13.527 for hydrogen, thus, at 

moderate temperatures (about 9,000°K) a small amount of tungsten in 

the center of the flow could conceivably make an appreciable contribu

tion to the electrical conductivity. 
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There are two conditions for which the assumption of local 

thermodynamic equilibrium is probably not justified. First, the electrons 

may not be in thermodynamic equilibrium with the rest of the gas near 

the cathode because of the very high temperatures and voltage gradients 

there. Second, in an expanding nozzle, the chemical kinetics may be 

such that recombination will not be complete and the flow will be what 

is generally termed "frozen" . , 

Non-equilibrium electron energies in a constricted arc have 

been reported by Jahn and Von Jaskowsky (27) using a Langmuir probe. 

Their measurements indicate electron energy levels in excess of those 

legitimately expected on the basis of the maximum enthalpy at the exit 

of the arc jet. It appears that there is a small volume of intense heating 

and very high temperaute immediately downstream of the cathode, the 

resulting low number densities and long mean free paths plus high poten

tial gradients result in non-equilibrium electron energies,, as in the well 

known glow discharge. Fortunately, however, this region of very in

tense heating appears to be very small in extent and therefore inability 

to simulate the deviation from local thermodynamic equilibrium is not 

considered a great handicap. 

Another, although considerably less conclusive, reason for sus

pecting the presence of non-equilibrium electron energies in a constrict

ed arc is the apparent improvement in overall efficiency which converging 

diverging nozzle appears to give to the electric arc jet when it is used as 

a propulsion device. The first use of a converging-diverging nozzle for 

electrical propulsors was reported in (38). It was used then for the gen

eral purpose of obtaining more uniform flow at the exit and thus more 
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efficient conversion of electrical energy into directed kinetic energy. A 

specific aspect of the reasoning was that using a converging-diverging 

nozzle would keep the arc upstream of the throat (the arc must extend to 

the throat if only a diverging nozzle is used) and thus provide additional 

time to re-establish local thermodynamic equilibrium of the gas and elec

trons. The results reported in (38) and recently in (66) indicate a defi

nite improvement compared to a diverging nozzle (no converging section), 

however, the extent to which this can be attributed to regaining electron 

equilibrium energies is unknown. It is hoped that the methods of this 

dissertation will be useful in future studies of this problem. 

The assumption of local thermodynamic equilibrium also implic

itly assumes that the chemical kinetics are such that equilibrium will ex

ist throughout the nozzle where the enthalpy is rapidly decreasing. This 

condition is often referred to as "shifting equilibrium" in the study of 

chemical rockets. Bray (4) has performed an extensive investigation of 

recombination in a nozzle, showing that local thermodynamic equilibrium 

will be maintained to a certain point where the recombination rate will 

be just sufficient to maintain this equilibrium. At this point, a sudden 

freezing of the flow will occur because of a feedback effect in which de

creasing temperatures reduce the collision frequency, which reduces the 

temperature further, etc. The net result is that the flow can be assumed 

to be frozen at a constant composition at and downstream of the point at 

which the actual recombination rate just equals the recombination rate 

required to maintain equilibrium. 

This effect of frozen flow in the nozzle was not included in the 

calculations reported in this dissertation because it is considered a 
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separate subject to be considered with other future refinements. From 

the purely engineering viewpoint, the overall effects of freezing of the 

flow in the nozzle can often be treated independently of other effects 

(41) thus, it was not necessary to include this effect in the current effort 

in order to obtain useful results. 

3.2 Comparison with Other Results 

Comparisons were made with other known results to provide an 

approximate check on the overall validity of the analysis and computer 

program. An approximate check on the analysis and program was all 

that was expected because of the difficulty of separating mathematical 

errors in the program from errors in the representation of gas properties 

and in the experimental data used for comparison. 

To make this check the analysis and program was first modified 

to provide comparison with known heat transfer results for flow in a tube 

with constant fluid properties and zero current. Then, using the variable 

properties of hydrogen, the effect of the assumed entry velocity and en

thalpy profiles was briefly investigated to determine whether the results 

of further calculations would be unduly limited by the assumption of 

arbitrary inlet profiles. After it was determined that the effect of the 

inlet profiles was moderate, and concentrated in a short initial length, 

comparisons were made with the results of Bennett and Connors (3), Todd 

and Sheets (66), and Stine and Watson (59), (67), and (68). 



3.2.1 Zero Current Constant Property Heat Transfer 

A series of numerical calculations were performed to allow com

parison with selected zero current heat transfer results for constant fluid 

property duct flow as summarized on p. 461 of Jakob (29). These calcu

lations are performed to check both for internal consistency and for book

keeping errors (such as decimal point, units, and transcription) in the 

programming of thermal conductivity and viscosity effects. The enthalpy 

and velocity distributions in particular should approach well known theo

retical values at large lengths, while the importance of the radial distri

bution of stream function increments could be evaluated over the entire 

length. 

These numerical calculations were made with constant gas pro

perties corresponding to hydrogen at an arbitrary enthalpy (4,000 Btu/lbm) 

where the Prandtl number was 0.8. The initial velocity and enthalpy pro

files were uniform and three distributions of stream function increments 

were used, corresponding to exponents of 1, 2, and 4 as described in 

Sec. 3.1.1. The calculations were extended to a length which corre

sponded to a value of 15.5 for the parameter CpM/kL (specific heat times 

mass flow divided by thermal conductivity and length) used in (29) and 

here in Fig. 2. For an approximate comparison, the value of CpM/kL 

corresponding to the results of Todd and Sheets (66) would be about 400 

at the exit of the arc chamber using a thermal conductivity corresponding 

to bulk enthalpy. 

The numerical results are shown on Fig. 2 in addition to the an

alytical data for both parabolic and uniform velocity profiles which has 

been obtained from Fig. 22-6 on p. 461 of Jakob (29). Jakob also presents 
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selected experimental results obtained by Sieder and Tate (54) using liq

uids having Prandtl numbers between 150 and 20,000. For clarity, the 

experimental results of (54) are not shown on Fig. 2 but they are consist

ently about 5-10% higher than the analytical results for a parabolic ve

locity profile. The trend is for better correlation between the numerical 

computations of this dissertation and the analytical and experimental re

sults as the length increases. 

Further, at the maximum length for which the numerical calcula

tions were made (CpM/kL = 15.5) the velocity profile was within 10% of 

the expected parabolic profile and the enthalpy profile was also within 

10% of the analytical asymptotic profile designated R q  on Fig. 22-4, 

p. 455 of Jakob (29). This asymptotic enthalpy profile is not parabolic 

as one would intuitively expect by analogy with velocity distribution. 

In the asymptotic solution, the enthalpy is still changing slowly to ap

proach a uniform value, thus yielding a heat convection term which, a-

long with the parabolic distribution of mass flux, results in an involved 
V... 

equation governing the enthalpy distribution. This equation has been 

studied by several authors and their results are summarized on pp. 451 

to 464 of Jakob (29). 

At small lengths, the results became increasingly dependent on 

the distribution of the radial increments of stream function. As expected, 

smaller values of the exponent, which correspond to smaller increments 

of flow near the wall, indicated increased heat transfer and a more rapid 

approach of bulk enthalpy to the wall enthalpy. A value of two for the 

exponent gave results which were slightly greater than analytical calcu

lations for a parabolic profile whereas the results for an exponent of one 
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were approximately midway between the analytical results for a parabolic 

profile and for a uniform profile. The results corresponding to an expo

nent of four were below both sets of analytical results and are considered 

significantly deficient in the entry region. 

At the entrance, it would be expected that a fluid with a Prandtl 

number of 0. 8 would give results approximately midway between results 

for a uniform velocity distribution across the inlet and results for a para

bolic velocity distribution across the inlet. As length increases, the 

flow for a Prandtl number of 0.8 would then approach the results for a 

parabolic velocity distribution. Thus, from Fig. 2, it would seem that an 

exponent of one should probably be considered slightly more accurate 

than an exponent of two or higher. However, an exponent of two was 

used for the bulk of the calculations involving electric current in order to 

obtain reasonably small increments of radial distance at the centerline and 

thus compromise between accuracy in the center and accuracy near the 

wall. 

In conclusion, the results for all three of the chosen exponents 

approach other well known results as length increases and there is close 

correlation at large lengths between the calculated velocity and enthalpy 

profiles and well known analytical results. This is considered a definite 

indication that bookkeeping errors such as decimal point, units, and 

transcription, are not present in the programming of the effects of thermal 

conductivity and viscosity. Further, while additional effort would be re

quired to fully understand the relationship between the distribution of 

stream function increments and accuracy in the entry region, it appears 
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that the use of an exponent of two to choose the radial increments of 

stream function is a reasonable choice. 

3.2.2 Effect of Inlet Velocity and Enthalpy Profiles 

It is necessary to make an arbitrary choice of boundary condi

tions at the inlet (x = zero) to the arc chamber. In this dissertation, it 

was tentatively decided to use uniform inlet velocity and enthalpy pro

files except that the centerdncrement of stream function would have a 

higher value of enthalpy to insure that the calculation started with the 

current in the center of the flow. An investigation of the limitations im

posed on the application of the results by this arbitrary assumption was 

conducted before making extensive calculations. 

Three sets of numerical computations were made to evaluate the 

effects of inlet conditions on arc chamber operating parameters. In all 

three computations, the hydrogen mass flow rate was .001 lbm/sec, the 

inlet pressure was 2 atmospheres, the current was 200 amperes, the di

ameter was .25 in. and the wall enthalpy was 8,000 Btu/lbm. The veloc

ity and enthalpy profiles at the inlet provided the only variation between 

the three calculations. 

In two cases, the inlet velocities were independent of radius 

and the inlet enthalpies were identically equal to the wall enthalpy ex

cept for the center increment of mass flow. The center increment of mass 

flow was assumed to have an enthalpy (h^) of 20,000 Btu/lbm in the first 

.of these two and 400,000 Btu/lbm in the other. In the third case, the in

let enthalpy and velocity were assumed to be linearly dependent on stream 

function. The enthalpy increased linearly from 8,000 Btu/lbm at the wall 
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to 18,200 Btu/lbm at the center. The velocity varied linearly with stream 

function from zero at the wall to 10, 700 ft/sec at the center. It is felt 

that these three arbitrary profiles are representative of the variations in 

inlet conditions which can be reasonably expected. 

The computations were made for an axial length of 3.2 in. and 

the results are summarized on Fig. 3. It was found that the difference be

tween the two cases having uniform inlet profiles was negligible in over

all effect and concentrated in the first 0.01 in. of the constrictor length. 

The lower center enthalpy of 20,000 Btu/lbm gave much higher voltage 

gradients at very small axial distances as shown in Fig. 3b. The higher 

(by 5 volts) total voltage shown in Fig. 3c for an h^ of 20, 000 Btu/lbm is 

a result of this higher voltage gradient at very small axial distances. 

However, at an axial distance of 0.005 in., the voltage gradients were 

essentially identical. The difference between the uniform and the linear 

inlet profiles was small and concentrated in the first 0.5 in. of the con

strictor length. For example, at a constrictor length of 0.2 in. the volt

age gradient for the linear inlet profiles was 10% higher than it was for 

the uniform profiles. At an axial distance of 1 in., which is a reasonable 

total length for the parameters of this computation, it was found that the 

three enthalpy profiles were very similar, however, this was not true for 

the three velocity profiles. Even at the maximum length of 3.2 in. (con

siderably longer than current practice for the given conditions) there was 

still considerable difference between the velocity profiles for the uniform 

inlet conditions and those for the linear inlet conditions. 

With a Prandtl number near unity, viscous and heat convection 

effects will result in nearly equal thermal and viscous boundary layer 
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thicknesses. Intuitively, this might appear to be inconsistent with the 

finding that the effect of inlet velocity profiles extends further than the 

effect of the inlet enthalpy profile. The reason for this apparent incon

sistency is that the arc process is mainly one of converting electrical 

energy into enthalpy of the gas through Joule heating. This occurs at the 

center of the flow and the process very quickly overpowers the initial en

thalpy distribution. Actually, traces of the initial enthalpy distribution 

could be found throughout the length of the constrictor even at 3.2 in. 

However, the total increase in enthalpy is so great that the effect of the 

initial enthalpy profile quickly becomes negligible by comparison. 

It is concluded that the effect of inlet profiles is moderate and 

concentrated in the initial portion of the constrictor. Therefore, use of 

the desired uniform inlet enthalpy and velocity profiles will not impose 

undue restrictions on the validity of the results. However, it does appear 

that the inlet profiles may be important in evaluating experimental voltage 

gradients in the entry region. This conclusion is also supported by re

sults presented in Sec. 3.2.3 and 3.3.7. 

3.2.3 Experimental Voltage Gradient Measurements of Bennett and Connors 

Reference 3 by Bennett and Connors presents extensive experi

mental measurements on electric arc jet propulsor configurations using 

hydrogen. Voltage gradient measurements made with tangible probes 

briefly inserted into the flow are included for a hydrogen mass flow of 

.25 gm/sec in a constrictor with a diameter of .173 in., a length of 

.456 in. and the flow choked at the exit. The arc current was 175 am

peres and the average voltage gradient was 67 to 68 volts per centimeter 
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with a scatter of ^3 volts. Their voltage gradient results are shown on 

Fig. 4 where each horizontal line indicates a voltage gradient obtained as 

the ratio of measured voltage to probe center to center separation. The 

end points of each line indicate the center location of the probes. 

Numerical calculatons were made for the same hydrogen mass 

flow, arc current, and constrictor geometry and, in the ranges of interest, 

the voltage gradient was found to be relatively insensitive to inlet pres-
i 

sure and enthalpy. For example, the voltage gradient increased about 

10 volts/cm when inlet pressure was increased from .50 to 2.0 atmos

pheres while increasing the enthalpy from 2,000 to 4,000 Btu/lbm pro

duced a corresponding 2 volts/cm increase. Then, using an inlet enthalpy 

of 2,000 Btu/lbm, the inlet pressure was adjusted until the flow choked 

at the desired length (this occurred at .75 atmospheres). The results of 

the final numerical calculations are also shown in Fig. 4. The initial 

peak voltage gradient shown in the calculations is thought to be at least 

partially a result of both the assumed inlet conditions and the distribu

tion of mass flow increments. Results which support this opinion are 

discussed in Sec. 3.3.7. 

However, with the exception of the entry region, it seems cer

tain that the computed voltage gradients are approximately 10% higher 

than actually exists. It was concluded from this close an agreement that 

the probability of the existence of order of magnitude compensating errors 

is low. Then, the effect of inaccuracies in gas properties was ̂ investi

gated in relationship to this 10% difference. 

To do this, several computer runs were made, first with the ther

mal conductivity increased by 10%, next with the electrical conductivity 
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decreased 10% and finally with the viscosity increased by 10%. The cor

responding changes in the voltage gradient were 6.5, 4.0 and zero %. 

Using linear extrapolation, the change in thermal conductivity and elec

trical conductivity corresponding to a 10% increase in voltage gradient 

would be about plus 15% and minus 25% respectively. The effect of ther

mal radiation was not investigated because it contributed a loss of only 

.146% of the electrical power input. Therefore, a reasonable error in the 

representation of thermal radiation could not have a noticeable effect on 

voltage gradient. The effect of the equation of state was not investigated 

because it and the pressure are compensating factors when the flow is 

required to choke at a given length. Thus, the additional computer time 

reiquired to balance pressure changes against changes in the equation of 

state while holding total length constant, was not considered justified. 

The maximum enthalpy obtained during the calculations was 

approximately 600,000 Btu/lbm which existed in a very hot core. When 

the innermost 4% of the flow was excluded, the maximum enthalpy remain

ing was 60,000 Btu/lbm. Essentially, all of the current was confined to 

the inner 4% of the mass flow, thus it appears that the equation of state 

and transport properties in the region of 60,000 Btu/lbm to 600,000 Btu/lbm 

(corresponding to about 3,700°K to 15,000°K) are reasonably accurate in 

their integrated effect over the constrictor. Further, in this range of pres

sures and enthalpies, it is concluded that the overall or integrated effect 

of thermal conductivity and electrical conductivity was probably correct 

to about 15% and 25% respectively. 
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3.2.4 Experimental Thrustor Results of Todd and Sheets 

Todd and Sheets (66) present the results of extensive tests on 

an arc jet engine, including a 500 hr. life test, with very accurate instru

mentation of operating parameters including voltage, current, mass flow 

rate, and thrust. Their data is considered to be accurate well within 1% 

and thus provides an excellent reference for comparison with numerical 

calculations. In particular, comparison with the results of Todd and 

Sheets should illustrate the engineering usefulness of the analysis and 

program developed here, at least in the region of the given flow para

meters . 

The arc jet chamber used by Todd and Sheets had an inlet dia

meter of .25 in. which increased almost linearly to a maximum value of 

.312 in. at a total axial length of about .75 in. The diameter then remain

ed constant to the end of the arc chamber at a total axial length of 1.125 in. 

The flow then entered a converging-diverging nozzle with a throat dia

meter of .187 in., a nozzle half cone angle of 15°, and an area ratio of 

60 to 1. Average operating values during the 500 hr. endurance test were 

a hydrogen mass flow of .000735 lbm/sec with an arc chamber inlet pres

sure of 1,105 mm of mercury. The arc current was 116 amperes with a 

total measured potential drop of 261 volts. The corresponding average 

values of arc jet engine performance were a vacuum specific impulse of 

1,013 sec with an overall efficiency of 55% and a thrust of 0.745 lb. 

Numerical calculations were made for an arc chamber which start

ed at a diameter of .25 in. and expanded at a linear rate to a diameter of 

.312 in. at .75 in. length. The diameter was then kept constant until a 
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length of 1.125 in. was reached. At this point, the total calculated volt

age was 188 volts. As pointed out in Sec. 2.1, data in (3), (9), and (14) 

indicate that a 10-volt drop at the anode is reasonable, and this value 

will be used here, thus giving a total of 198 volts. 

In order to compare this result with the experimental results of 

Todd and Sheets, it will be necessary to consider the effect of swirl (which 

has not been included in the analysis) and the voltage between the center 

of the arc chamber and the wall. Swirl which has not been included in 

the analysis and calculations, has been found experimentally to increase 

the operating voltage in most arc chambers. However, there are effects 

of swirl which could increase the total operating voltage without affecting 

the potential gradient in the center of the positive column. These include 

both subjecting the radial component of the arc near the anode to normal 

convection and stretching the arc by encouraging it to remain concentric 

with the centerline. Since viscous effects are small, the tangential swirl 

velocity is approximately inversely proportional to radius and would cause 

normal convection plus stretching of the radial component of the arc into 

a spiral pattern, as viewed in a direction parallel to the centerline of the 

constrictor. 

Swirl could also increase the voltage gradient along the center-

line of the arc positive column through constricting the arc or by increasing 

heat transfer, however, the method by which either of these effects could 

occur is not currently well understood. Since it was not known positively 

whether swirl increases operating voltage by increasing the voltage grad

ient along the centerline of the positive column or by other effects, it 



was necessary to neglect the effect of swirl. Analytical study of the 

effect of swirl is strongly recommended as suggested in Sec. 4. 

The difference between the calculated voltage plus 10 volts 

anode drop, and the 261 volts measured by Todd and Sheets, is 63 volts. 

If the calculations are considered to be correct, this implies a differ

ence of 63 volts between the centerline and the wall at this point. The 

distance between the center of the arc chamber and the wall is .15 6 in. 

and the corresponding average voltage gradient from the center of the arc 

chamber to the wall would be 405 volts per inch. This is approximately 

three times as large as the calculated voltage gradient of 145 volts per 

inch along the centerline at an axial distance of 1.125 in. The average 

voltage gradient between the centerline and the wall should be high be

cause the temperature near the wall is relatively low and the arc is sub

jected to convective cooling, normal to the current, caused by axial flow 

and tangential swirl. Thiene (64) has studied the effect of such normal 

convection on flexure and other operating characteristics of the electric 

arc. In unpublished discussions, he has indicated that, as expected, 

the effect of normal convection is to cool the arc and thus raise the elec

trical resistance of the gas and the potential gradient. Therefore, the volt

age gradient of 405 volts per inch does not seem to be excessive and the 

numerical calculations are felt to be in reasonable agreement with the ex

perimental results of Todd and Sheets (66). 

In order to have the same electrical power into the gas as ob

tained experimentally by Todd and Sheets the calculations were continued 

with a constant diameter of .312 in. until the total calculated voltage 

was 251 volts, which occurred at a length of 1.5 6 in. When the assumed 
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10-volt anode drop is added, this equals the 261 volts measured by 

Todd and Sheets. 

The flow was then passed through a converging-diverging nozzle 

(with zero current) for which the numerical computatons gave a throat dia

meter of .167 in. compared with the .187 in. used by Todd and Sheets. 

This difference in throat diameter is largely attributed to the difference 

between the actual and the assumed equation of state. The equation of 

state determines the average molecular weight which affects the mass 

flux and throat area. The expansion was continued to an area ratio of 60 

where the calculated specific impulse was 1,100 sec at an efficiency of 

63.5% compared with the experimental values of 1,013 sec and 55%. This 

is certainly an acceptable comparison considering the approximations 

which will be discussed below. 

It is difficult to assess the effect on calculated efficiency of 

adding arc chamber length to simulate the portion of the arc which goes 

from the center of the arc chamber to the wall. The arc traverses and 

heats gas with a low enthalpy when going from the center of the chamber 

to the wall. However, having a longer chamber will also result in addi

tional heat transfer to the cooler gas between the arc and the wall. Thus, 

within the scope of this dissertation, it cannot be stated that the simu

lated flow conditions will have more or less uniform profiles at the exit of 

the arc chamber and therefore indicate higher or lower efficiencies respec

tively than the actual flow. However, from past calculations on the ef

fect of enthalpy profiles, this author would estimate that the overall 

effect would be less than plus or minus 5%. 
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As discussed in Sec. 3.1.2, shifting equilibrium exists in the 

nozzle until a certain point is reached beyond which the expansion is so 

rapid that the flow remains frozen. The possibility of frozen flow was not 

included in the numerical calculations and this clearly means that the nu

merical results yield considerably higher specific impulses and efficien

cies than could actually be obtained. Past calculations of the effect of 

frozen flow, for example, Figs. 5 and 6 of (38) indicate that an 8.5% 

loss in efficiency corresponding to the difference between numerical cal

culations and experimental results is reasonable. Frozen flow losses af

fect performance solely by reducing the thrust and therefore, the effective 

exhaust velocity. For a given ratio of electric power to mass flow, the 

efficiency will be proportional to the square of the effective exhaust vel

ocity and therefore, to specific impulse squared. Therefore, a decrease 

in efficiency from 63.5% to 55% caused by frozen flow losses would be ac

companied by a decrease in specific impulse from the calculated 1,100 sees 

to 1,025 sees. It is concluded that the comparison with the experimental 

results of (66) is reasonable. 

An energy balance, as described in Sec. 3.1.1, was made for the 

arc chamber and for the nozzle. For the nozzle, this energy balance check

ed to within 1% of the electrical power input and for the arc chamber to 

y/ithin 0.01% of the electrical power input. The discrepancy in the energy 

balance in the nozzle is attributed to approximations in evaluating viscous 

dissipation and work terms in the energy equation. These approximations 

would lead to increased errors in the nozzle where the velocities and the 

shear forces are high. This premise was checked by repeating the calcula

tions with the viscosity arbitrarily set to zero in which case the energy 
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balance checked to four significant figures over the entire calculations. 

Thus, the premise was considered verified although additional study is 

recommended to determine if this error can be eliminated by changing the 

program. 

No attempt to draw conclusions regarding the accuracy of the gas 

properties, etc. , was made from the comparison of the numerical calcula

tions with the experimental results of Todd and Sheets. This decision 

was made mainly because of the poorly known nature of the voltage drop 

from the centerline of the arc chamber to the wall. 

3.2.5 Numerical Calculations Using the Method of Watson 

Watson (59) and (67) has developed a numerical procedure for 

obtaining solutions to the constricted arc which has been discussed in 

Sees. 1.3 and 2.2. His computer program and the one of this disserta

tion were used to perform calculations for identical boundary conditions 

and flow parameters for comparison. The programs were completely in

dependent in that Watson used radius and axial distance as his coordi

nate system whereas in this dissertation, stream function and axial 

distance were the basic coordinates; further, none of the computations 

(except gas properties) were common to both programs. Thus, reasonable 

agreement between the two computations would be evidence that signifi

cant errors were not present in either program. 

To accomplish this, Watson (68) modified his program to accept 

the gas properties used in this dissertation. The two programs were then 

used to determine the flow parameters in a 1/4 in. diameter arc chamber 

with a hydrogen mass flow of .001 lbm/sec and a current of 200 amperes. 
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The inlet pressure was two atmospheres and the enthalpy was 2,000 

Btu/lbm at the inlet and the wall. 

The results are summarized in Fig. 5 which shows excellent over

all agreement. A semi-log plot was found to give the most useful results 

in Figs. 5b and 5c, but the resultant distortion of the profile should be 

noted. The most noticeable differences are the slightly higher voltage 

gradients obtained at moderate distances by the method of Watson (59) 

and (67) and a slight difference in the enthalpy profiles at the edge of the. 

core of the arc. It is concluded that the results plotted in Fig. 5 indicate 

that significant errors were not present in either program. However, fur

ther study is recommended to determine the cause and significance of the 

difference in the profiles at the edge of the arc core. 

3.3 Illustrative Examples 

A series of computations were made for typical electric arc jet 

engine configurations. The objective was to investigate the usefulness 

of the numerical program in obtaining reasonable results and predicting 

trends over a greater range of operating parameters than were demonstrated 

in the preceeding comparisons with the work of Bennett and Connors, and 

Todd and Sheets. One particular objective was to verify the consistency 

of the results with well known experimental trends such as the variation 

of efficiency with specific impulse and voltage with current. It was also 

felt that these computations could provide a useful illustration of the ap

plication of the numerical procedure developed here. 

Unless otherwise noted, the arc chamber conditions for the cal

culations made in this section were as follows. The arc chamber had a 
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diameter of .25 in. and a length of 1 in. The hydrogen mass flow of 

.001 lbm/sec entered the arc chamber inlet at 2 atmospheres pressure 

and 8,000 Btu/lbm enthalpy. The wall enthalpy was equal to the inlet 

enthalpy. The calculations were performed with 20 increments of stream 

function and an exponent of two and the center increment of stream func

tion (mass flow) was at an enthalpy of 20,000 Btu/lbm. The arc chamber 

discharged into a conical nozzle, 3 in. long, with a converging section 

of slope minus 0.20 and a diverging section of slope 0.30 (half angle of 

26.6 and 16.7 degrees respectively). These slopes correspond to the 

configuration of (38). This nozzle was assumed to exhaust to a vacuum 

when calculating the thrust and efficiency as an electric arc jet rocket. 

For other aspects of the flow, underexpansion of the nozzle is a suffi

cient condition. 

Several variations were made in arc current, enthalpy at the in

let, arc chamber length, wall shape and diameter, and nozzle length. 

Brief calculations were also made for a very low mass flow thrustor (as is 

currently of interest for satellite orbit and attitude control, etc.), and of 

the flow conditions very near the cathode. 

3.3.1 Effect of Current 

Calculations were performed for the basic conditions stated in 

3.3 using several currents from 50 to 300 amperes. The resulting varia

tion of voltage versus current is shown in Fig. 6a and the corresponding 

variation of efficiency with specific impulse as an arc jet engine (with 

the nozzle of Sec. 3.3) is shown in Fig. 6b. The voltage versus current 

and efficiency versus specific impulse curves are consistent with the 
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extensive experimental data on this subject. Three experimental points 

taken from (38), with a hydrogen mass flow of about .00075 lbm/sec, are 

also shown on Fig. 6b for comparison. The computations using the meth

ods of this dissertation follow a similar trend but are approximately 12% 

higher than the experimental results. As explained in the discussion of 

the comparisons with the work of Todd and Sheets, some or all of this 

could be attributed to the effect of dissociation. 

The experimental points of (38) were further below the numerical 

calculations at the end points than in the middle. At low specific impulse, 

this is attributed to the constant inlet enthalpy used in the calculations. 

As current and power is reduced, the energy available for regenerative 

heating of the propellant decreases and the inlet enthalpy should decrease 

also. At high enthalpy, the increased variation is attributed to the effects 

of frozen flow losses which were not included in the numerical calcula

tions and which would be largest at the higher enthalpies shown. There

fore, it is concluded that the voltage versus current and the efficiency 

versus specific impulse curves are reasonable in magnitude and in trend. 

3.3.2 Effect of Inlet Enthalpy 

An inlet enthalpy of 8,000 Btu/lbm was included in the above 

basic conditions. This value of inlet enthalpy was considered to be re

presentative of an arc jet thrustor with very effective regenerative cooling 

and/or with the hydrogen propellant heated by external sources. However, 

since the inlet enthalpy can be controlled within limits by methods such 

as electrical, nuclear, or solar heating, its effect on efficiency and 
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specific impulse was investigated to determine the significance of this 

arbitrary choice made for the basic conditions. 

To do this, the performance was calculated for the basic condi

tions stated in Sec. 3.3 and four additional inlet enthalpies. The results 

are given in Table 1 and Fig. 6c. 

Table 1. Effect of Inlet Enthalpy 

Arc chamber diameter and length = 0.25 and 1.0 in. respectively 

Hydrogen mass flow = .001 lbm/sec 

Inlet pressure = 2 atmospheres 

Wall enthalpy = inlet enthalpy 

Current = 200 amperes 

Conical nozzle 3 in. long converging slope minus 0.5 diverging 0.3 

Inlet 
Enthalpy 
Btu/lbm 

Approximate 
Rankine 

Temperature 
Calculated 

Voltage 

Specific 
Impulse 
Seconds 

Efficiency 
Percent 

2,000 595 172 871 45 

4,000 1,160 179 965 53 

8,000 2,290 188 1,099 66 

12,000 3,330 194 1,203 77 

20,000 4,800 203 1,358 94 

The above results are consistent with the experimental data of 

(38) where approximately 20% improvement in efficiency was obtained by 

adding regenerative cooling to a series of arc jet thrustors. The term, 

approximately, is used deliberately since other minor changes were made 

in the arc chamber geometry when the regenerative cooling was added, 
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thus, it is meant that the regenerative cooling appeared to give results of 

the same magnitude as indicated in the above table. 

For reasons stated below, the data in Table 1 is also considered 

compatible with the recent, very careful, experimental results of Todd and 

Sheets (66) described in Sec. 3.2.4 where an efficiency of 55% was ob

tained at 1,013 sec specific impulse. Visually, extrapolating from Table 1, 

the inlet enthalpy of approximately 5,000 Btu/lbm in (66) would correspond 

to a specific impulse of slightly under 1,000 sec and an efficiency of 

about 56%. When frozen flow losses are added, the resulting performance 

would be somewhat lower than the values of (66). 

However, there are two compensating factors which would cause 

the actual performance for the conditions of (66) to be higher than indicat

ed in the above table. These are the fact that the calculations, the effect 

of the arc heating between the centerline of the arc chamber and the anode 

at the wall has not been included and also in the calculations, the arc 

chamber length was shorter (1 vs. 1.125) and the mass flow was larger 

(.001 vs. .000735) then used experimentally in (66). 

Both of the above factors contribute to improved efficiency, the 

passage of the arc from the centerline of the arc chamber to the anode at 

the wall would heat cooler gas near the wall and contribute to a more uni

form enthalpy distribution, while the use of a slightly longer arc chamber 

by Todd and Sheets with a lower mass flow would mean that the enthalpy 

distribution at the exit of the experimental arc chamber would be more 

uniform than would be computed for the conditions in Table 1. It is felt 

that the effect of dissociation would be largely compensated by differ

ences in arc chamber length and mass flow rate, and the omission of the 
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arc heating from the centerline to the anode. Therefore, the results of 

Table 1 are considered consistent with the experimental data of Todd and 

Sheets. 

The results shown-in Table 1 also indicate that an increase in 

inlet enthalpy from 2,000 to 20,000 Btu/lbm will give a simultaneous in

crease of about 48% in efficiency and 485 sec in specific impulse. Since 

such enthalpies are obtainable by several practical methods, it appears 

that preheating the propel] ant before it enters the arc chamber should be 

considered as a supplement to regenerative cooling, in the design of 

electric arc jet rocket engines. 

3.3.3 Effect of Arc Chamber Length 

Arc chamber length is another parameter which can be varied with

in certain limits. These limitations evolve from problems which include 

insuring that the arc does not strike to the wall before reaching the end 

of the arc chamber, starting the arc which usually becomes more difficult 

as arc chamber length is increased, and heat losses to the wall which 

would be expected to increase as arc chamber length increases. For 

these reasons, a series of calculations were run to determine whether 

the numerical program would yield useful information on the important var

iations which might be expected as arc chamber length is increased. 

The calculations started from the basic configuration with a 1 in. 

long arc chamber, and currents of 50 to 300 amperes. All these calcula

tions were then continued to an arc chamber length of 2 in. while the re

sults for 50, 100, and 150 amperes were also continued to a total arc 

chamber length of 3 in. Then, the flow for each arc chamber condition was 
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assumed to discharge into the nozzle of Sec. 3.3. The calculated results 

are shown in Table 2 and Fig. 6d. 

Table 2. Effect of Arc Chamber Length 

Hydrogen mass flow = .001 lbm/sec 

Inlet pressure = 2 atmospheres 

Inlet enthalpy = wall enthalpy = 8,000 Btu/lbm 

Conical nozzle 3 in. long converging slope minus 0.5 diverging 0.3 

Current 
Amperes 

Arc Chamber 
Length In. Voltage 

Specific 
Impulse Sec 

Efficiency 
Percent 

50 1 319 850 95 

2 5 70 1,035 80 

3 809 1,198 76 

100 1 240 950 78 

2 431 1,202 71 

3 612 1,425 71 

150 1 20 7 1,029 70 

2 372 1,332 67 

3 528 1,588 68 

200 1 188 1,099 66 

2 338 1,445 65 

300 1 167 1,222 61 

2 300 1,641 63 

The results in Table 2 can also be compared with the experimen

tal results of Todd and Sheets. This was done in an approximate manner 
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by keeping the ratio of current to mass flow constant and then interpolat

ing for a voltage of 251 volts (i.e., 261 minus a 10-volt anode drop) in 

Table 2 and Fig. 6d. The mass flow and current in (66) are .000733 

lbm/sec and 116 amperes respectively. The proportional current for the 

.001 lbm/sec mass flow of Table 2 is 159 amperes. The interpolation 

gave values of 68% efficiency and 1,140 sec specific impulse. Consid

ering that the nozzle used in (66) had a smaller expansion ratio than the 

one used for Table 2 and that dissociation losses were omitted from the 

calculations for Table 2, these interpolated values are felt to be in favor

able agreement with the experimental values of 55% and 1,013 sec meas

ured in (66). 

The results shown in Table 2 and Fig. 6d, indicate that signifi

cant improvement in performance is possible if the desired arc length can 

be obtained with the longer arc chamber lengths. For example, the per

formance for 50 amperes current and a 3 in. long chamber (76% at 1,200 

sec) is impressive, even though the effect of dissociation is not included. 

Further, the longer chambers not only appear to give higher efficiency at 

a given specific impulse but do so with a considerably lower current. 

Lower current would mean lower heat loads and energy losses at the elec

trodes and in the remainder of the electrical circuit, which would further 

contribute to high efficiency. However, total voltage becomes quite high 

for the longer arc chambers as does the slope of voltage versus current, 

thus, developing a suitable power supply may become more difficult. 
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3.3.4 Variations in Wall Diameter and Shape 

Another of the parameters which must be determined by the arc 

jet designer is the diameter and shape of the arc chamber wall. In addi

tion to being important to overall performance, the effect of these geo

metric variables is difficult to predict with the use of simplified methods 

and many times is contrary to physical intuition. Therefore, a series of 

calculations were made to investigate the effect of variations in wall 

diameter and shape. The extent of the variations was limited both be

cause of the absence of a generalized approach (in the case of non-linear 

gas properties) and because more extensive calculations were not required 

by the purpose of this dissertation. 

For example, it is not clear what axial parameter should be held 

constant when comparing arc chambers of different diameters although 

total calculated voltage does seem reasonable. However, until the volt

age drop between the center of the arc chamber and the anode at the wall 

can be estimated to engineering accuracy it will be difficult to perform 

such calculations. Conversely, arc chamber length could be held constant 

but then the total electrical power will vary. 

A series of calculations were made with the pressure gradient 

arbitrarily set equal to zero to demonstrate the application of the numeri

cal computations to the study of wall shape. The object in setting the 

pressure gradient to zero was to allow a very small initial diameter with

out having the flow choke as it is heated. With zero pressure gradient 

the velocities remain unchanged except for viscous drag and the mach 

number actually decreases as the flow is heated. It was felt that this 
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arbitrary approach might yield information on a minimum size, minimum 

heat loss arc chamber. As pointed out in Sec. 2.2, these calculations 

with variable wall diameter were greatly'simplified by the use of stream 

function as the independent variable since the independent radial boundary 

conditions are still independent of length. 

The calculations with zero pressure gradient were made for an 

arc chamber with a 0.1 in. diameter inlet, a hydrogen mass flow of 

.001 lbm/sec and an inlet pressure of 2 atmospheres. The inlet and wall 

enthalpy were both 8,000 Btu/lbm. One current of 150 amperes was used 

and four power levels were obtained by using four arc chamber lengths. 

The flow from each arc chamber then discharged into the nozzle of Sec. 

3.3. The calculated performance and the variation of arc chamber exit 

diameter with length is presented in Table 3. 

The constant pressure arc chamber is felt to give a significant 

improvement in performance as compared to the basic constant diameter 

(.25 in.) arc chamber. With a length of 1 in. the constant pressure arc 

chamber gives a simultaneous improvement of 7% in efficiency and 70 sec 

in specific impulse compared to the constant diameter configuration of 

Fig. 6b. The same comparison for a 2 in. length (c.f., Fig. 6d) gives 

an improvement of 7% in efficiency and 50 sec in specific impulse. 

Examination of the enthalpy profiles indicates that the improved 
i 

performance should be attributed to a flatter, more uniform enthalpy pro

file produced by the constant pressure arc chamber. This flatter, more 

uniform enthalpy profile is attributed to the lower average diameter, and 

therefore, increased heat transfer, of the constant pressure arc chamber. 
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Table 3. Zero Pressure Gradient Results 

Inlet diameter = 0.1 in. 

Hydrogen mass flow = .001 lbm/sec 

Inlet pressure = 2 atmospheres 

Inlet enthalpy = wall enthalpy = 8, 000 Btu/lbm 

Current =150 amperes 

Conical nozzle 3 in. long converging slope minus 0.5 diverging slope 0.3 

Arc Chamber 
Length In. 

Exit Dia. 
In. Voltage 

Specific 
Impulse Sec 

Efficiency 
Percent 

0.5 .189 134 920 85 

0.75 .210 177 1,018 80 

1.0 .228 217 1,100 77 

2.0 .286 359 1,375 74 

Two additional arc chamber diameters .18 in. and .5 in. were 

chosen to make a brief investigation of the effect of arc chamber diameter. 

The current was 200 amperes and the mass flow, inlet pressure, and inlet 

and wall enthalpy were the same as for the constant pressure case speci

fied above. For the .18 in. diameter arc chamber, the flow choked at ap

proximately .84 in. and an expanding conical nozzle (slope = 0.30) was 

used at this point. The calculations for the .5 in. diameter nozzle were 

made for lengths of 1 in. and 2 in. The three arc chambers discharged 

into a conical nozzle with a length of 3 in. giving the results shown in 

Table 4. 

The performance results for the .5 in. diameter arc chamber and 

the .18 in. diameter arc chamber are slightly below the results for the 
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.25 in. diameter arc chamber of Fig. 6d. A slightly lower efficiency 

with a larger arc chamber is consistent with the experimental results ob

tained under the program of (38) wherein increasing arc diameter from 

.25 in. to .375 in. resulted in a slight decrease in overall performance. 

The decrease in performance for the .18 in. diameter arc chamber is also 

consistent with experimental results obtained during the program of (38) 

wherein the performance with a .173 in. diameter, .75 in. long arc cham

ber and a diverging nozzle was somewhat lower than with a similar con

figuration with a .25 in. diameter arc chamber and a converging-diverging 

nozzle. 

Hydrogen mass flow = .001 lbm/sec 

Inlet pressure = 2 atmospheres 

Inlet enthalpy = wall enthalpy = 8, 000 Btu/lbm 

Current = 200 amperes 

Conical nozzle 3 in. long converging slope minus 0.5 diverging 0.3 

Arc Chamber Length Specific Efficiency 
Dia. In. In. Voltage Impulse Sec Percent 

Table 4. Effect of Arc Chamber Diameter 

0 . 1 8  84 204 1 , 1 1 1  63 

0.5 1.00 1 2 2  955 75 

0.5 2 . 0 0  219 1 , 2 1 0  69 

It is concluded that variable diameter arc chambers offer the po

tential for a modest but significant improvement in arc jet thrustor perform

ance and that further study should be conducted on this subject. One 



suggested approach is the use of a constant pressure gradient to obtain.a 

certain pressure drop (e.g., 25% of the inlet pressure, etc.) along the 

total arc chamber length. An investigation of arc chambers in which the 

flow is maintained slightly below the choking point throughout a large 

percentage of the length of the arc chamber is also recommended. This 

would be done in an attempt to minimize the effective diameter and thus 

achieve a more compact and efficient arc chamber. Further study of arc 

chamber diameter including emphasis on the interrelated effects of arc 

chamber length and the presence or absence of a converging section in 

the nozzle also appears desirable. 

3.3.5 Effect of Nozzle Length and Area Ratio 

The calculations for the basic configuration with a .25 in. dia

meter, 1 in. long arc chamber and a 3 in. long conical nozzle were con

tinued to determine the effect of additional nozzle length and illustrate 

the application of the numerical calculations to the study of nozzle geo

metry. The effect of nozzle geometry is of interest for several reasons. 

The arc jet rocket designer wants to determine the nozzle shape and 

length which will optimize the trade off between items such as heat 

transfer to the nozzle wall, viscous drag, ionization and dissociation 

losses, and incomplete expansion losses. Analytical methods of perform

ing these optimizations are of particular interest at the present time be

cause arc jet rocket test facilities generally have vacuum systems 

capable of maintaining a pressure of about 1 mm Hg in the test chamber. 

Since the optimum expansion ratio usually would correspond to a nozzle 

exit pressure considerably below this, it is desirable to have analytical 
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methods of predicting the improvement which should be expected when op

erating at optimum expansion ratio in the actual space environment. 

To perform the calculations, additional nozzle lengths were add

ed to the previous calculations (Sec. 3.3.1) for the basic configuration. 

Six inch and 12 in. nozzles were considered for currents from 100 amperes 

to 300 amperes; the results are shown in Fig. 6e. In addition, the calcu

lations for a current of 200 amperes were continued until viscous effects 

prevented further expansion with the arbitrarily specified slope of 0.3 in 

the diverging section (i.e., when drag offsets the pressure gradient 

force). 

Figure 6e indicates that if the flow is in local thermodynamic 

equilibrium, simultaneous improvements of about 9% in efficiency and 

60 sec in specific impulse should be expected when the nozzle length is 

increased from 3 in. to 12 in. The improvement at a given value of spe

cific impulse is also impressive, being approximately 15% at 1,000 sec. 

The nozzle for the 200 ampere arc chamber was further extended until vis

cous effects prevented further pressure drop at the given expansion rate. 

This occured at a nozzle length of 23 in. However, the maximum effi

ciency (75% at 1,170 sec) occurred at a nozzle length of 13.5 in. and 

pressure of .123 mm Hg. 

It should be emphasized that the benefit which can be obtained 

by increasing nozzle length (and therefore, nozzle area ratio) is strongly 

dependent on the amount of frozen flow losses occuring in the nozzle. 

Frozen flow losses have an effect similar to that of cooling the gas and 

thus reducing static and total pressure, or equivalently increasing the ef

fective area ratio. Further, with frozen flow there is less total thermal 
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energy available to the nozzle to be converted into kinetic energy so gen

erally less will be gained by increasing the nozzle effectiveness through 

larger area ratio and longer length. 

The experimental results of Todd and Sheets (66) and the numer

ical calculations made in this dissertation, for comparison with those ex

perimental results, were also examined for information on the possible 

improvements to be expected with larger nozzle area ratios. It was noted 

that the calculated exit pressure for the experimental configuration of 

Todd and Sheets (66) was 2.0 mm Hg whereas the actual arc chamber pres

sure was given as .8 mm Hg. The actual pressure in the exit plane of the 

nozzle was not measured, however, the nozzle was presumably underex-

panded since the authors of (66) imply that this is the case by presenting 

their results for vacuum conditions. However, even if the nozzle was 

slightly overexpanded the following reasoning is considered valid. 

An actual exit pressure about 1/2 the value calculated for equi-

librius expansion would indicate that the flow was close to equilibrium, 

and frozen flow losses are relatively minor, since the difference in exit 

pressure between frozen flow and equilibrium flow is generally one or two 

orders of magnitude . In this case, extending the calculations which have 

been previously made for comparison with the work of Todd and Sheets to 

longer nozzle lengths (and therefore larger expansion ratios) should give 

a useful but unconservative approximation to the improvement in perform

ance which might be expected. When this was done, it was found that the 

maximum calculated performance was 71.3% efficiency at 1,165 sec with 

a corresponding nozzle length of 8 in. and exit pressure of 0.174 mm Hg. 

This represents an improvement of 7.8% in efficiency and 65 sec in specific 
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impulse over the calculated values for the nozzle actually used by Todd 

and Sheets. These results would indicate that an improvement in effi

ciency of about 10% (depending on the amount of frozen flow which actu-

tually exists in the configuration of Todd and Sheets) could be expected 

at the design specific impulse if the nozzle were extended to approxi

mately optimum size. 

The above results indicate that the numerical calculations are 

currently capable of providing useful results for the optimization of elec

tric arc jet rocket nozzles provided that the effect of frozen flow losses 

is not large. It is also indicated that current experimental work in vacuum 

test chambers with a pressure of about 1 mm Hg do not indicate the maxi

mum efficiency which can be obtained with a given electric arc jet rocket 

configuration. It appears that the efficiency in vacuum with an optimum 

nozzle can be as much as 10% higher than the experimental values. Thus, 

system studies of arc jet rocket propulsion systems should be based on 

the best possible estimate of vacuum performance with an optimum nozzle. 

It is also felt that the above results demonstrate that the effect 

of frozen flow losses should be included in future refinements of the nu

merical calculations. An attempt should be made to determine the basic 

assumptions regarding frozen flow losses which are necessary to match 

the experimental results of Todd and Sheets and others. For example, if 

reasonable engineering assumptions about the effect of frozen flow losses 

lead to results which simultaneously result in favorable comparisons with 

the measured performance and match the exit pressure then such assump

tions and the associated theory would be supported. Inclusion of the 

effect of frozen flow losses will also be found desirable in Sec. 3.3.6 
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(and by Stoner, Ref. 60 and 61) where it is indicated that this effect is 

of greater importance at lower mass flow rates. 

3.3.6 Very Low Mass Flow Results 

A series of calculations was made for a very low thrust arc jet 

engine with a hydrogen mass flow of lO-^ lbm/sec. The resulting thrust 

is approximately . 01 lb which is currently of considerable interest for 

satellite orbit and attitude control. Thus, this size has been under con

siderable experimental investigation (46) and (61) and it was considered 

pertinent to make a preliminary investigation of the usefulness of the nu

merical calculations for this size of arc jet thrustor. 

These series of calculations included one set which was scaled 

down, by the ratio of mass flows, from the basic arc chamber described 

in Sec. 3.3. This scaled down arc chamber gave promising results, how

ever, another set of calculations made to check the experimental work of 

Stoner and Greco (61) indicated that for this mass flow, (10~^ lbm/sec) 

frozen flow losses must be included to obtain reasonable results. 

All the arc chambers were of constant diameter and discharged 

into a nozzle with a converging slope of minus 0.5 and diverging slope 

of 0.3. The nozzle length was chosen to correspond to maximum effi

ciency and specific impulse, i.e., optimum length. The inlet and wall 

enthalpies were 8,000 Btu/lbm in all cases. 

Initial results were rather disappointing in that the flow would 

choke before a bulk enthalpy sufficient to obtain useful specific impulses 

was reached. It was suspected that this was a result of using exces

sively large current (typically 30 amperes) for the given mass flow, and 



therefore, calculations were made for an arc chamber with a diameter of 

0.025 in. and a current of 1.5 amperes. These values were obtained by 

scaling the arc chamber cross sectional area and the arc chamber current 

from the previous calculations discussed in Sec. 3.3.1 by the ratio of 

the mass flows. For simplicity, variations in electric power input were 

obtained by varying arc chamber length, giving results as shown in 

Fig. 6f and Table 5 . 

Additional calculations were then made to compare with the re

sults reported by Stoner and Greco (61). For the calculations, the arc 

chamber diameter was .009 in., the inlet and wall enthalpy was 8,000 

Btu/lbm and the electrical current was 13 amperes. The nozzle did not 

have a converging section and therefore, the throat diameter was .009 in. 

in all cases. Variation in electrical power input were obtained by using 

several arc chamber pressures which in turn affected the arc chamber 

length and voltage at which the flow choked. The results are given on 

Fig. 6f and in Table 5 along with the experimental value reported by 

Stoner and Greco. The absence of a tendency for the calculated efficien

cy to decrease as specific impulse increases is attributed to the increase 

in arc chamber length and pressure which accompanied increases in power 

level. The actual inlet enthalpy was not measured in (61); however, an 

energy balance using the given data indicates that 8,000 Btu/lbm is not 

an unreasonable value. 

The experimental efficiency of Stoner is 35% compared to calcu

lated values of 54%. Frozen flow losses (dissociation and ionization) are 

considered the most likely contributor to the difference, especially since 

Stoner (60) and (61) has obtained reasonable results in making one 



98  

dimensional calculations of arc jet engine performance by assuming com

pletely frozen flow. Errors in gas properties are another possible source 

of variation between experimental and calculated results. 

Table 5. Results With Very Low Mass Flow 

Hydrogen mass flow = .00001 lbm/sec. 

Conical nozzle optimum length converging slope minus 0.5 diverging 0.3 

Specific 
Arc Chamber 

Dia. In. 
Length 

In. 
Current 

Amps 
Calculated 

Voltage 
Impulse 

Sec 
Efficiency 

Percent 

.025 .01 1.5 56.2 720 113* 

.02 99,4 834 92 

.03 140.7 923 82 

.04 180.7 998 75 

.05 219.9 1,063 71 

.07 29 6.2 1,170 65 

.009 .0052 13 30.8 1,148 '54 

.0069 39.2 1,260 54 

.0107 58.7 1,490 54 

*Efficiencies greater than 100% are possible because the energy of the 
propellant at the arc chamber inlet has not been included in the power 
input, viz., Sec. 3.1.1. 

As pointed out in Sec. 3.2.4, frozen flow losses in the nozzle 

affect performance solely by reducing the thrust and therefore, the ef

fective exhaust velocity. For a given ratio of electric power to mass 

flow, the efficiency will vary as the square of the effective exhaust ve

locity and therefore, as specific impulse squared. The calculated 
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specific impulse which simultaneously corresponds to 54% efficiency and 

to the experimental mass flow and electrical power of Stoner (61) is 1,365 

sec (1,3 65 = 1,100 1/54/35). The corresponding arc chamber length from 

Table 5 is about .0085 in. which compares well with the actual value of 

.009 in. used by Stoner and Greco, thus indicating that the calculations 

are reasonably accurate for the arc chamber. 

The premise that dissociation losses were responsible for the 

bulk of the difference between the calculated and experimental values of 

efficiency was examined by estimating that amount of the energy flow at 

the exit to the arc chamber which was represented by dissociation and 

ionization. It was found that about 34% of the enthalpy flowing into the 

nozzle from the arc chamber was invested in dissociation and ionization. 

Thus, the difference between the experimental 35% and the calculated 54% 

could be caused by the presence of completely frozen flow in the nozzle. 

It appears that the calculations are reasonable for this mass flow 

with the exception of the effect of frozen flow losses. Therefore, the in

clusion of at least an engineering approximation to the effect of frozen 

flow losses is strongly recommended. These approximations should be 

made with a minimum objective of allowing study of nozzle shape to min

imize frozen flow losses and maximize performance. 

3.3.7 Flow in the Cathode Region 

Two sets of results concerning the flow in the immediate vicinity 

of the cathode are summarized here because of their importance in evalu

ating results for the flow in the positive column. In one of these sets of 

results, a very small mesh size was used to determine the flow pattern in 
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the immediate vicinity of the cathode. In the other set of results, the 

effect of the inlet enthalpy of the center increment of mass flow was com

pared with the data of Bennett and Connors (3) and Shepard, Watson, and 

Stine (53), with particular emphasis on the probable effect of the cathode 

voltage drop. 

These calculations were made because of the relationship be

tween the inlet conditions at and around the cathode and the flow condi

tions (particularly voltage gradient) in the entry region of the arc chamber 

as discussed in the last part of this section and also in Sec. 3.2.3. In 

Sec. 3.2.2 it is noted that it was necessary to specify the enthalpy and 

velocity profiles at the inlet to the arc chamber. Thus, even though the 

effect of inlet profiles was found to be moderate in Sec. 3.2.2, it was 

still considered desirable to investigate the flow pattern near the cathode 

to determine that the assumed profiles were reasonable. 

One set of calculations was made for the basic conditions of 

Sec. 3.3 and a current of 100 amperes. The inlet velocity and enthalpy 

profiles were uniform with the exception of the center increment of mass 

flow which was at a slightly higher enthalpy than the others. Sixty in

crements of mass flow were used and an exponent of six was was used to 

determine their distribution as explained in Sec. 3.1.1. Thus, the cen

ter increment has a mass flow equal to (1/60)® times the total mass flow. 

The numerical calculations indicated that the center increment of mass 

flow quickly reached a maximum value of enthalpy (approximately 10^ 

Btu/lbm) and then surrounding increments of mass flow started to increase 

in enthalpy as the center increment slowly decreased. After the center 

increment reached its maximum enthalpy value, the change in enthalpy 
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profiles was such that the voltage gradient was relatively constant for 

the remainder of the axial distance calculated. This occured in a manner 

similar to the other results obtained in this dissertation and by Watson 

(67) in both cases where the increments of mass flow were distributed on 

a much coarser basis. 

It was also found that the maximum temperatures and enthalpies 

were considerably above the values for which the basic gas properties 

were obtained and for the assumed inlet conditions the stream lines did 

not always have a small slope. However, regardless of moderate errors 

in the above, it is concluded that the cathode situation can be character

ized by a small diameter high temperature core. The existence of this 

very high temperature core is directly related to the extremely strong var

iation of electrical conductivity with enthalpy, through the effect of con

ductivity on Joule heating. This hot core then heats the surrounding gas 

by thermal conduction with the flow at the centerline cooling off slowly 

as the outer increments start to carry part of the electrical current. The 

enthalpy profile also appears to quickly approach the distribution which 

corresponds to a minimum voltage gradient and therefore minimum power 

input for the given total current. 

It is concluded that the analysis can be helpful in future studies 

of the flow in the immediate region of the cathode; however, the program 

should be modified in order to do this more efficiently (the very small mesh 

size currently requires excessive computer time). In the immediate region 

of the cathode (i.e., very small values of x) only a few increments of 

mass flow are affected by the electrical heating at the center of the arc 

and a few more increments of mass flow are affected by viscosity and 
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thermal conductivity effects near the wall. The remainder of the flow is 

essentially isentropic and considerable computing efficiency could be 

gained by treating this as one increment. Consideration should also be 

given to starting the calculations a reasonable distance upstream of the 

cathode to improve the velocity and enthalpy profiles at the cathode and 

inlet to the arc chamber. 

The other results pertinent to the study of the flow in the vicinity 

of the cathode were obtained during a brief investigation of the relations 

between the cathode voltage drop, the inlet enthalpy of the center incre

ment of mass flow, and the voltage gradient in the entry region. The nu

merical calculations made for comparison with the experimental data of 

Bennett and Connors (3) had a large peak in the voltage gradient at the en

try region (viz. Sec. 3.2.3 and Fig. 4). A similar peak is inherent in cal

culations made using the simplified analysis of Stine and Watson (5 8), 

while the numerical calculations of Watson (59) and (67) also show a peak 

voltage gradient at small axial distances. Experimental results by Shepard, 

Watson, and Stine (Fig. 20 of Ref. 53) using an arc jet configuration with 

the cathode approximately 1.5 in. upstream from the .25 in. diameter in

let to the constricted arc chamber also show a peak voltage gradient at the 

inlet and a variation in voltage gradient with axial distance comparable 

with (58). However, the data of Bennett and Connors (3), for an arc cham

ber configuration in which the cathode is placed at the inlet to the con

stricted section of the arc chamber, show an essentially constant (within 

59$ voltage gradient over the length of the arc and do not indicate any 

large peak voltage gradient near the inlet although the measurements were 



probably not able to detect a peak in voltage gradient over a very short 

distance (less than about 0.5 mm from the cathode). 

It was postulated that the position of the cathode and the asso

ciated voltage drop and energy input to the gas was the factor which 

could explain the variations between the different sets of calculations 

and experimental data. Therefore, a series of calculations with varia

tions in inlet enthalpy profile and number and distribution of mass flow 

increments was made to check this premise and to isolate the possible 

causes for the peak voltage gradient at the inlet. 

Attention was first directed to the configuration of Bennett and 

Connors (3) and to the possibility that the peak in calculated voltage 

gradient at small axial distances was connected with the mesh size of 

the mass flow increments. To do this, separate and simultaneous varia

tions were made in the number of increments of mass flow and their radial 

distribution. First, the number of mass flow increments was increased 

from 20 to 30 and then the exponent used to determine the distribution of 

mass flow increments was increased from two to three. Finally, both of 

these changes were made simultaneously. In all cases, the change in 

voltage gradient versus axial distance, for axial distances greater than 

about .002 in. was minor compared with the previous calculated values 

for an exponent of two and 20 increments of mass flow. It was further 

noted that the voltage gradient results appeared to approach asymptoti

cally to values which still had a considerable peak in voltage gradient 

in the entry region. It was concluded that while mesh size could be im

portant at very small axial distances, it was not the main factor involved 

in the subject voltage gradient peak at moderate axial distances. 
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Therefore, an attempt was made to simulate the effect of the as

sumed cathode voltage drop energy input to the gas. This was done by 

increasing the enthalpy of the center increment of stream flow to a value 

where its energy flow (mass flow times enthalpy) was equal to the power 

represented by the current times a 10-volt cathode drop (cathode poten

tial drop is discussed in Sec. 2.1). This calculation was performed for 

the arc chamber parameters of (3)-, (given in Sec. 3.2.3) and it was found 

that with this inlet profile, a voltage gradient peak in the entry region 

did not occur. It also appeared that a reasonable choice of the inlet en

thalpy of the center and possibly one or two surrounding increments of 

mass flow would result in a calculated voltage gradient whose variation 

with axial distance was similar to the experimental data. 

It is concluded that the flow pattern and the voltage gradient in 

the immediate vicinity of the cathode is closely related to the cathode 

potential drop. It further appears that calculations using the analysis 

of this dissertation will compare reasonably well in the entry region with 

the experiments of (3) if the proper distribution of the cathode potential 

drop energy is made. 

The experimental configuration of Shepard, Watson, and Stine 

(53) which has a cylindrical section about 1.5 in. long and 2.5 in. in 

diameter between the cathode and the constricted (diameter of 0.25 in.) 

section of the arc chamber was considered next. Moving the cathode 

upstream from the inlet to the constricted section of the arc chamber 

allows the initially concentrated cathode voltage drop energy to spread 

radially by thermal conduction over a larger area at the inlet. A set of 

numerical calculations was made using the geometry of Shepard, Watson, 
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and Stine (53) but using hydrogen and the constricted arc chamber para

meters of Bennett and Connors (3), (nitrogen was used in the experiments 

of Ref. 53). These calculations yielded a variation of voltage gradient 

with axial distance similar in appearance to the corresponding experimen

tal results of (53). In particular, the peak voltage gradient was about 

50% greater than the asymptotic value for both the calculations and the 

experiment. Examination of the calculated results for the two cathode 

positions revealed a definite difference in enthalpy distribution at the 

inlet to the constricted section of the arc chamber. As expected, with 

the cathode at the inlet to the constricted region, the enthalpy profile 

was sharply peaked, e.g., at an axial position of .01 in. the cathode 

energy input was contained in the inner 15% of the mass flow. By con

trast, when the cathode was located 1.5 in. upstream of the constricted 

region, the enthalpy profile at the inlet to the constricted region was much 

less peaked - with the maximum value reduced 30% and the cathode energy 

input distributed over the inner 75% of the mass flow. 

It is concluded that the axial position of the cathode relative to 

the inlet is an important factor in determining the flow in the entry region 

of the constricted arc and it appears that the effect on flow parameters is 

exerted through the distribution of the cathode voltage drop energy input. 

The magnitude of this effect is sufficiently large that it should be con

sidered when comparing calculated and/or experimental data which do not 

have identical cathode geometries. 



4. CONCLUSIONS 

The following conclusions are drawn from the work discussed 

in the previous chapters. 

1. The analysis and the associated computer program are internally 

consistent. The assumptions made in the analysis are reason

able for engineering requirements over the range of plasmajet 

operating parameters included in the comparisons. However, 

it should not be assumed, for example, that the flow was com

pletely laminar but rather that the effect of turbulence, if turbu

lence existed, was small. 

2. The accuracy of the calculations is currently limited by know

ledge of gas properties. Typical accuracy for the arc chamber 

appears to be about 10% in voltage gradient and in other flow 

parameters. Overall efficiency as a plasmajet rocket engine 

can be predicted within 10% to 30% with much of the error being 

contributed by frozen flow effects which were not included in 

the calculations. 

3. Improvement of nozzle geometry offers an important gain in ef

ficiency (approximately 10%) for current designs such as that of 

Todd and Sheets (66) which have nozzle exit pressures of about 

1 mm Hg. This increased efficiency can be obtained with a min

imum investment in research effort and without technical or de

sign complications. For arc jets with smaller frozen flow losses 

(resulting from higher mass flow, etc.) the increase in efficiency 
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might be as much as 15%. Conversely, with large frozen flow 

losses, the improvement might be negligible. 

4. Improved regenerative cooling and/or external heating of the pro-

pellant offers substantial improvements in efficiency (about 20% 

over current values), and improvement of arc chamber geometry 

offers increases of about 10-20% in efficiency compared to cur

rent designs. 

5. The superimposed effect of the changes indicated in items 3 and 

4 above have not been determined nor have the practical limita

tions fallen within the scope of this study. It is concluded, 

however, that total improvements of about 20% are indicated 

with relatively simple modifications of nozzles, increased re

generative cooling, and improvements in arc chamber geometry. 

The additional improvement which can be obtained with external 

heating and more sophisticated arc chamber designs is difficult 

to assess. 

6. The radial distribution (at the inlet to the constricted section of 

the arc chamber) of the cathode voltage drop energy input has a 

very important effect on the flow parameters in the entry region 

of the constricted arc chamber. This effect explains most of 

the difference between the experimental voltage gradient results 

of Bennett and Connors (3), obtained with the cathode at the in

let, and Shepard, Watson, and Stine (53), with the cathode con

siderably upstream of the inlet. Thus, it is necessary to consider 

cathode position and probably geometry when comparing experi

mental flow parameters in the entry region. 
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7. The program should be modified as suggested in Sec. 3.3.7 to 

study the flow in the immediate region of the cathode. The effect 

of both chemical kinetics and radial distribution of the cathode 

voltage drop energy input should be considered. 

8. The flow in the anode region should be investigated with a mini

mum objective of obtaining an approximation to the voltage drop 

from the wall of the arc chamber to the centerline, at the anode 

position. This study should include the effect of convection 

perpendicular to the radial component of the arc resulting from 

tangential and axial velocities. 



SYMBOLS 

A Area 

B Magnetic flux vector 

Cp Specific heat at constant pressure 

E Potential gradient 

h Enthalpy (referenced to zero °K) 

I Current 

i I nteger number 

j Current flux 

K... Modified thermal conductivity (K = k/cp) 

k Thermal conductivity 

M Mass flow 

n Number of increments of flow chosen 

Prad Thermal radiation power per unit volume 

p Pressure 

q Velocity 

R Radial force 

r Radius 

t Time 

u Axial component of velocity 

V Electric potential 

v Radial component of velocity 

w Tangential component of velocity 

X Axial component of body forces 

110  



Axial coordinate 

Overall efficiency defined on p. 43 as equal to mass flow times 

effective exhaust velocity squared divided by twice the elec

trical power input. 

Absolute viscosity 

Density 

Electrical conductivity 

Stream function 
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