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ABSTRACT 

The classical methods of analysis generally associated with the 

restricted three body problem are utilized to study the librational res

onances of satellite orbits produced by the longitude-dependent terms in 

the geopotential. The motion is examined in a co-ordinate frame rotating 

with the average angular velocity of the satellite. In the rotating sys

tem the terms contributing to a librational resonance are those for which 

the potential does not depend explicitly upon time. For these terms the 

Hamiltonian is a constant of the motion, which implies the existence of 

the Jacobi Integral. The equation for the zero velocity curves is then 

obtained, and the regions of possible motion are examined for various 

values of the Jacobi constant. 

The equilibrium positions are obtained on the assumption of 

nearly circular orbits. For any Vj^p disturbing term in the geopoten

tial there exist 2(A - 2p) equilibrium positions in the rotating fraire. 

The equilibrium positions are equally spaced along a zero velocity curve, 

and for a given inclination one half of these equilibrium positions are 

stable and one half unstable. However, if the inclination function 

changes sign the positions of the stable and unstable points are 

interchanged. 

The analysis is extended to include satellites in orbits of 

arbitrary eccentricity by associating with each real satellite a ficti

tious "mean" satellite which moves in a circular orbit. The problem is 

vi 



reformulated in terms of the elliptic elements associated with the 

true satellite and the procedure for the nearly circular case is 

repeated. 

It is shown by applying Szebehely's criterion that the zero 

velocity curves are not, in general, possible orbits. 



I. INTRODUCTION 

With the revival of interest in celestial mechanics that 

accompanied the launching of artificial Earth satellites in 1957 

special attention has been devoted to the problem of the motion of an 

orbiting body in the immediate vicinity of its parent body. 

For the natural satellites in the soiar system, i.e. planets 

around the sun or moons around planets, the smaller mass is at a rela

tively large distance from the parent body, the smallest ratio of or

bital radius to the radius of the parent body being 2.5^ for the fifth 

satellite of Jupiter. For this reason the detailed motion of a satel

lite very close to its parent body had not been examined in great 

detail by earlier workers in the field. However, for numerous scienti

fic uses of artificial satellites, such as studies of the figure of the 

Earth, atmospheric density, etc., it is imperative that the orbit of a 

satellite in the immediate vicinity of the parent body be accurately 

known. 

The basic problem of a body moving around a much more massive 

one was a challenge to the budding world of scientific inquiry during 

the 16th and 17th centuries. The motions of the planets had been ob

served by Egyptian, Greek, and other astronomers of antiquity; and 

various hypotheses were advanced to explain the motion. The epicyclic 

system of Ptolemy finally prevailed and was the accepted theory of 

planetary motion through the Middle Ages. However, as astronomical 

1 
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measurements became more precise, the explanation of the motion in 

terms of epicycles became extremely cumbersome and unwieldly. 

The first step toward modern astronomy was taken by the Polish 

monk Nicholas Copernicus, who in 15^3 propounded the heliocentric 

theory of the solar system. Following this, the Danish astronomer 

Johannes Kepler, after careful analysis of the observations and measure

ments of Tycho Brahe, put forth by 1619 the empirical laws of planetary 

motion that today bear his name. Later in that century Sir Isaac 

Newton established that Kepler's Laws were a natural consequence of the 

Law of Universal Gravitation. 

With the discovery of gravitation as the fundamental force of 

celestial mechanics and the solution of the two-body problem by Newton, 

the basic problem of satellite dynamics was solved. The work in the 

field since that time has been in analyzing the perturbing influences 

on the two-body motion and studying the effects of these perturbations 

on the orbit. Perturbation theory has been developed to a highly re

fined tool in celestial mechanics and has lead to important astronomical 

discoveries, the most prominent of which was the prediction of the 

existence and precise position of the planet Neptune in 18H6. 

The most complete theory of the gravitational field to date is 

that of Einstein, namely the General Theory of Relativity. In this 

theory the gravitational force is deduced from the properties of space-

time itself. Conceptually, this has had far-reaching effects on our 

understanding of gravity. However, for practical applications in or

bital mechanics, calculations from a relativistic theory differ from 
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those made on the basis of Newtonian theory by terms of order (v/c)2, 

v being a characteristic velocity of the body and c being the speed of 

light. For most applications this leads to a correction of less than 

one part in 106. With few exceptions, most notably the precession of 

the perihelion of Mercury, relativistic effects are unobservable. 

Hence, calculations on the basis of Newtonian theory are quite adequate 

for comparison with observations. 

Satellite theory is that branch of celestial mechanics which 

deals with the motion of satellites around their primaries, lunar 

theory being the most prominent example. In satellite theory the 

motion will be Keplerian provided; 

1) the only forces acting are the gravitational forces 

between the two bodies; 

2) the force obeys an inverse square law. 

Also the mass of the satellite is generally much smaller than that of 

the primary, the largest primary-satellite mass ratio in the solar sys

tem being that of the Earth-Moon, where the ratio is 81:1. For an 

artificial Earth satellite the effect of the satellite on the Earth's 

motion may safely be neglected, and the center of the Earth may be taken 

as the origin of an inertia! frame of reference. 

The above conditions for Keplerian motion are never truly 

satisfied, and the degree to which one or the other is violated and the 

resulting effect constitute satellite perturbation theory. In the case 

of close Earth satellites the principal perturbing force stems from the 

Earth's asymmetry, and the important consequent orbit perturbations due 
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to this lack of symmetry have been the subject of numerous investi

gations. 1~9 Additional important perturbing forces are those due to 

X X 12 
attractions of the sun and moon,10 atmospheric drag, ' radiation 

pressure,and electromagnetic effects in the upper atmosphere.^ 

Very minor perturbations result from tidal influences, planetary 

attractions, relativistic effects, etc. 

In this paper we shall be concerned specifically with 

perturbations arising from the Earth's departure from sphericity. The 

effect of all forces other than the Earth's gravitation will be ignored, 

the justification being that all perturbations are small so that in a 

first order theory the effects are independent and may be analyzed sep

arately. The total perturbation is then obtained from simple 

superposition. 

The external geopotential, in a co-ordinate frame fixed to the 

Earth and with origin at the center of mass of the Earth, is usually 

expressed in terms of geocentric distance r, geographic latitude 8} and 

longitude A , as 

°» a a 

V(r,e,A) = -GMe £ £ J£m(S£.) pfl.m(sin cos{m( )}, 
r l=o m=o r 

where Re is the mean equatorial radius of the Earth, Me is the mass of 

the Earth, G the gravitational constant, PJlm the associated Legendre 

polynomial, and J£m and are constants characteristic of the Earth. 

A more complete discussion of the geopotential will be included 

in a later section. At this point, we wish only to discuss qualita

tively the magnitude and effect of some of the terms in the expansion. 
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Fig. 1. Co-ordinate System for Geopotential. 



If we separate the m = 0 terms, we obtain 

00 00 

V(r,g,X) = - GJk I J£ (Eg,)1 Pi(sine) - GM^ I [ J£m 
r i.=0 r r 1=2 m=l 

Pj,m(sin3) cos , (l-l) 
r 

where the terras for £=1 vanish, since the origin of our co-ordinate 

frame is at the center of mass of the body. The first term corresponds 

to a point mass or spherically symmetric body. The following series of 

zonal harmonics (m=0) gives the axially symmetric part of the geopoten-

tial. In this series, the first term is dominant, since J2 = 

1082 x 10 6, whereas all other J£ and J£ra are of order 10 6 or less. 

The perturbations due to the Jg term have been carefully 

1-u 
analyzed by various authors, who found the principal effects to be: 

1) A secular motion of the node, wherein the satellite 

orbit plane rotates about the polar axis of the Earth 

at a rate proportional to J2. 

2) A secular motion of the perigee, wherein the perigee, or 

near-point of the orbit, rotates in the orbital plane, 

also at a rate proportional to J^. 

3) Long period effects which are oscillatory with a period 

that is long compared with the orbital period. 
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Perturbations due to the other Jg, terms are at least three 

orders of magnitude smaller. In general, those terms with SL-even pro

duce both secular and periodic effects, while terms with £-odd produce 

only periodic effects. 

The series of tesseral harmonics (m^o) expresses the longitude 

dependence of the geopotential. In a frame other than one attached to 

the Earth, this longitude dependence, coupled with the Earth's rotation, 

introduces an explicit time dependence into the potential. A variety 

of methods has been used to study the effects of the tesseral harmonics 

on satellite orbits, some of which are: 

1) The differential equations of motion in a co-ordinate 

frame rotating with the mean angular velocity of the 

satellite were formulated and solved for satellites in 

nearly circular orbits by Blitzer.5 

2) Lagrange's Planetary Equations were employed by Cook,^ 

in which the analysis was limited to near circular 

orbits and small inclinations. 

3) The Von Zeipel method was utilized by MorandoT to analyze 

the effect of the first few tesseral harmonics on small 

eccentricity orbits. This method involves a series of 

canonical transformations to a system where all co

ordinates are cyclic. The Ilamiltonian equations are 

then readily integrable. 
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it) Allan® expressed the forces on the satellite in a 

rotating frame and pointed out the analogy to the 

equations for a pendulum of unrestricted amplitude. 

For the problem under consideration here the classical method 

of analysis used in the restricted three-body problem will be applied 

to satellite motion. The Hamiltonian will be formulated in a co

ordinate frame rotating with the mean angular velocity of the satellite. 

For terms in the geopotential corresponding to a librational resonance 

of the satellite the Hamiltonian is time-independent and leads directly 

to the Jacobi Integral and zero velocity curves of the problem. The 

equilibrium positions of the satellite in a rotating frame will then be 

found and their stability investigated. For the stable positions the 

period of small amplitude oscillations will be determined, and finally, 

the question of whether or not the zero velocity curves are possible 

orbits will be discussed. 



II. THE TWO-BODY PROBLEM 

A. Formulation of the Problem 

The basic problem of celestial mechanics, the so-called 

two-body problem, may be formulated as follows: Given the initial 

position and velocity vectors of two point masses, subject only to 

their mutual gravitational attraction, find their position and velocity 

vectors for all times. 

ami ?(t) explicitly in closed form. However, if one seeks the paths of 

the particles in space a complete solution may be obtained. With 

respect to the origin of an inertial frame at o (Fig. 2), denote the 

position vectors to masses m and m by r and r , respectively. Let 
12 12 

? = ? -? be the vector from m to m . The equations of motion of the 
12 2 1 

particles are 

Even this apparently simple problem cannot be solved for i*(t) 

m, d2ri = -Gm,mn r, 
1 dt^ 

(II-1) 

(II-2) 
A 

ubtracting; (II-2) from (il-l) gives 

? = d2r = -OCn^+m^r = -ur 

y = G(mi+m2). 

(11-3) 

where 

9 



Fig. 2. Vectors for the Two-Body Problem 

Fig. 3. Geometry of the Ellipse 



Taking r, both sides yields r«r = 0. Hence r*r = h = constant, where 

ft is the angular momentum per unit mass. Taking r* both sides, we 

obtain r*Fi = 0, which says that the position vector is always ortho

gonal to a constant vector. Thus the motion will be restricted to a 

plane passing through the origin. 

If we take the x-y plane to be the plane of motion, the 

Lagrangian for relative motion expressed in polar co-ordinates is 

L = l/2[r2+r262]+y/r. 

The equations of motion then are 

r = re2-y/r2, (II-1*) 

djr2e) = 0. (II—5) 
dt 

Integrating (II-5), we obtain r20 = h. (II-6) 

Using this relation, we may eliminate 6 from the first equation. 

However, the resulting differential equation cannot be integrated to 

give r(t). The usual procedure is to utilize (II-6) to change the 

independent variable from t to 0. 

In addition, making the usual substitution u = 1/r, there 

results the standard differential equation for the orbit 

d2u + u = \i/ h2. 
de7 

The general solution is 

u = v/h2 + Acos(0-u>), 
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or, in terms of r 

r 
H+All l* UO ( 0 — <i>) 

(11-7) 

Now the polar equation of a conic is 

r 
1+e cos( 0-oi) 

It is seen then that these are identical if we set 

p = a(l-e2) = h2/u (II-8) 

and e = Ah2 

P 

There are three possible conic sections for the orbit. 

If 0^e<l, the orbit is an ellipse with the attractive force at one 

focus. If e=l, the orbit is a parabola, also with one focus at the 

force center. If e>l, the orbit is a hyperbola, again with one focus 

at the force center. In satellite theory the orbits are always closed; 

so we shall be dealing only with elliptic motion and e<l. 

B. The Elliptic Orbit 

Five elements are required to describe the ellipse and its 

orientation in space. Two of these, the major semi-axis a. and the 

eccentricity e_ (Fig, 3), determine the size and shape of the ellipse. 

For a satellite moving in an elliptic orbit the total area swept out in 

one revolution is 

A = irab = Tra2/l-e^, 



13 

As the areal velocity is h/2, the period of the satellite is 

T = 2Tra?-/l-e^ = 2itv^ 
h y , 

In terms of the mean angular velocity or mean motion 

n = 2it = h = /p/as 

T a^/l-e* 

Hence w = n2a3, (H-9) 

which is a convenient form of Kepler's third law. 

Three additional quantities are needed to determine the 

orientation of the ellipse in space. These are (Fig. it): 

1) n - the longitude of the node, defined as the angle 

between a fixed axis and the nodal line, 

2) w - argument of periapse, the angle between the nodal 

line and the periapse as measured in the orbital plane, 

3) i - the inclination angle, which is the angle between 

the orbital plane and a fixed reference plane (usually 

the equatorial plane for Earth satellites). 

Completing the set of elliptic elements is T, the time at which the 

satellite passes through the periapse. The six elements (a, e, T, fi, 

a), i) naturally divide into two groups, with the first three referring 

to the orbit itself and the last three describing the orientation of 

the ellipse in space. 

Fig. H depicts a segment of the orbit of a close Earth 

satellite. The origin is at the center of mass of the Earth, the 
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Fig. U. Orientation of the Orbit. 



z-axis is along the rotational axis of the Earth, the x-axis is toward 

the First Point of Aries, and the y-axis completes the right-handed 

triad. The x-y plane coincides with the equatorial plane of the Earth. 

C. Variation of the Elements 

For two-body motion, in which the bodies are equivalent to 

point masses and gravity is the only force acting, the elliptic ele

ments are constant and the orbit is fixed in space. However, for most 

problems in orbital mechanics there are other forces acting which dis

turb the elliptic motion. As the perturbations are usually small, the . 

motion will be nearly-Keplerian. If the perturbations were suddenly 

removed the body would assume Keplerian motion, and the ellipse along 

which the unperturbed body would then move is termed the osculating 

ellipse. At each point on the orbit, then, there is an osculating el

lipse; and the elements of this ellipse must be uniquely rela.ted to the 

position and velocity vectors at that point. This osculating ellipse 

in changing with time due to the perturbations, and the varying set of 

elements which instantaneously describe the osculating ellipse are 

referred to as the osculating elements. 
di 

The set of six first-order differential equations for a, e, at, 
dT 

fi, ui and dt form the usual starting point for investigating the effects 

of various perturbations on the motion. The six elements (a, e, T, Q, 

oi,i) may properly be thought of as equivalent to the six "constants" of 

integration of (Il-l) and (II-2). iience any six independent functions 

of the elements may be utilized to specify the orbit. One set which is 

of particular importance are the Delaunay variables defined as 
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L = /ua , I = n(t-T) , 

G = L/l-e* , g = w , 

H = G cos i , h = n . 

These form a set of canonically-conjugate co-ordinates with 

q_i = U, g» h) » Pi = (L» G» H) . 

•Then 

q. = - DR_ p = 9R 

3Pi ' aqi ' 

where R = p/2L2+R' is the total llamiltonian for the problem, and R' is 

the perturbed part of the Hamiltonian. 

However, for any particular problem the set of elements to be 

used is chosen with an eye toward clarifying the problem and simplifying 

the solution. 



III. THE RESTRICTED THREE-BODY PROBLEM 

A. Introduction to the Three-Body Problem 

The problem of finding the motion of three bodies moving under 

their mutual gravitational attraction has drawn considerable attention 

since the time of Newton. Although the mathematical problem may be 

reduced from one of eighteenth order to one of sixth order, a general 

solution has yet to be found. However, if certain restrictions are 

placed on the masses or their motion, the problem reduces to one that 

proves tractable within limits. A particular type of restricted three-

body problem which has been thoroughly investigated is the "circular" 

case, in which one mass is infinitesimally small while the other two 

move in circular orbits about their common center of mass. As the 

methods used are relevant to our problem, we examine this case in some 

detail. 

B. Planar Circularly Restricted Three-Body Problem 

Consider two particles rai and mzt where n^mj, moving in 

circular orbits around their common center of mass under their mutual 

gravitational attraction. The motion of the infinitesimal third body m 

is restricted to the orbital plane of nij and m2. Denoting the angular 

motion of nij and m2 by u, we have that 

to2 £3 = G(mj+m2), (ill-l) 

where £ is the separation of and m2. 

17 
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Fig. 5. Co-ordinate System for Restricted Three-Body Problem. 
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Let us study the motion of m in a Cartesian co-ordinate system 

whose origin is at the center of mass of irij and m2 (Fig. 5) and which 

is rotating with the angular velocity w. The position of the infin

itesimal mass is (x,y), that of mt is Xj, and that of m2 is x2. The 

equation of motion of m in the rotating frame is 

r = -VV-2w*v-ojA(uLr) , (III-2) 

where V = -Gmi -Cm? 
rl r2 » 

rt2 = (x-xj)2 + y2, 

r22 = (x-x2)2 + y2 , 

r2 = x2+y2. 

In terms of components (III-2) becomes 

x-2u>y = -_3V +io2x , (III-3) 
9x 

y+2o)X = -9V +u)2y. (III-M 
ay 

Introducing the U function, defined as 

« = f oi2(x2+y2)-V(x,y), (III-5) 

we find that the equations of motion become 

x-2u>y = = Qx , (II1-6) 
f)x 

y+2a)X = j)ft = ft . (III-7) 
ay J 
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The equilibrium positions are found by setting x = y = 0 in 

(III-6) and (III-7), whence 

a = n = 0 (ni-8) 
x y 

are the conditions for equilibrium. It can be shown that there are 

five points in the rotating fraire which satisfy (III-8); these are cal

led the Lagrange points and are denoted by Lj , L2 , L3, and 

Three lie on the x-axis and are referred to as the collinear points 

(Lj, L2, L3 in Fig. 6); while the other two points, each of which forms 

an equilateral trianple with mj and m2, are denoted by and L5. An 

integral of the motion may be obtained by multiplying (II-6) by x, 

(III-7) by y, adding and integrating. This yields the so-called Jacobi 

Integral, which may be expressed as 

x2 + y2 = v2 = 2n-C, (III-9) 

where C is the Jacobi constant. On setting; v2 = 0 in (III-9), we obtain 

the equation of the curves on which the velocity is zero, namely 

2S2-C = u)2(x2+y2) + 2Gmi + 2Gm? = 0, (111-10) 

rl  r2 

Let us examine the zero velocity contours for various values of 

the Jacobi constant. If C is large it can be seen from (I11-10) that 

there are three distinct curves corresponding to a particular C: one 

in the neighborhood of mj where rj is small, a second in the region of 

m2 where r2 is small, and a third remote from the origin for x2 + y2 

laree (CQ in Fip\ €). As C decreases the inner ovals expand, while the 

outer one contracts. This continues until for some Jacobi constant, 



say Cj, the inner ovals touch at the point L3. For C<Cj the inner 

ovals coalesce to form one large curve around both masses. As C de

creases further the outer curve continues to contract and the inner to 

expand, until they touch at Lj for C c C2. As C continues to decrease 

the inner and outer curves join to form one continuous curve (C3 in 

Fig. 7). Further decreases in C. lead to the inner and outer regions 

touching again at L2, for C = C4. For C<C4 the zero velocity curve sep

arates to form symmetrical closed contours around the points Lj, and L5 

as C continues to decrease (C5 and Cg in Fig. j). 

For C>C0 motion is possible only within the inner curves or 

outside the outer curve, since v2 is positive only in these regions. 

The intermediate region is a forbidden area, as the particle would have 

an imaginary velocity in this zone. Thus there is no possibility of 

transfer from one region of possible motion to another. For C_<Ci it 

becomes possible for the particle to move from the vicinity of one pri

mary to the other, and for QlC^, transfer becomes possible between the 

inner and outer regions. The areas of forbidden motion are now just 

the regions around L,4 and L5, and these shrink as C decreases, until 

they vanish at L4 and L5. We note that the collinear Lagrange points 

are identical with the double points for the zero velocity curves. How

ever the condition for a function to have a double tangent at a point 

is that the first partial derivatives of the function vanish at that 

poin^"^ which is also the requirement for equilibrium. Thus the col

linear equilibrium positions could also be identified by the double 

points. 
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Fip,. 6. Zero Velocity Surfaces for CQ > Cj > C2. 
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Fie. T« Zero Velocity Surfaces for C3 > C,^ > C^. 
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C. Stability of the Equilibrium Points 

Suppose we denote the position of a Lagrange point by 

(xq, yQ) and investigate the motion in the immediate vicinity of such 

a point. We introduce Xj and yt, defined by 

x = x + Q . Xj , where | Xj | « I, 

y  =  y 0  
+  y \  . where |yj| « H. 

An expansion of the partial derivatives in a Taylor series around 

(x0, y0) yields 

ft = x,92ft 

3x 

fty = xt 92ft 
3x3y 

+ y2 32ft 
0 3x3y 

+ yj 32ft 
0 3p" 

9 

0 

(III-ll) 

(111-12) 

Hence equations (III-6) and (III-7) become 

• • • 

xj - 2a)yi = XjQ̂ lo + yifixyl 0 • (111-13) 

•• • 

Y! + 2OJX, = XJFT^LO + YI^YYI 0 •  ( I I I - IM 

These are a pair of coupled linear differential equations 

with constant coefficients, whose solution may be carried out in a 

straightforward manner. In general, it is readily shown that the col-

linear Lagrange points are unstable, whereas the triangular points are 

stable for a restricted range of the mass ratio + m2) < 0.03fl5.^^ 



D. Reduction to the Two-Body Problem 

Suppose one of the primaries is removed, that is m2 = 0. The 

center of mass is then located at nij. Equations (III-6) and (III-7) 

now pertain to the motion of an infinitesimal mass moving in the gravi

tational field of mj, expressed in a co-ordinate frame rotating with w, 

where w is no longer defined by (Ill-l) but now represents an arbit

rary angular velocity. The form of the equations is unaltered, but the 

n function reduces to 

n = 1/2tu2r2 + Gmj_ (111-15) 

* » 

The Jacobi Integral for this case becomes 

v2 = u)2r2 + 2Gmj- C, (III-16) 
r 

and the zero velocity curves are specified by 

w2r2 + 2Gmi - C = 0. (111-17) 
r 

The curves for this case are somewhat simpler, for now they are circles 

in the x-y plane whose radius is determined by the positive real 

solutions of the cubic equation 

io2r3 - Cr + 2Gm1 = 0. (111-18) 

For C large, the equation can be satisfied either for r>>l or 

r<<l. Thus there are two zero velocity curves associated with each 

value of C, ri = /C/w and r2= 2Gm^/C. 

As C decreases the inner circle expands and the outer circle con- , 

tracts until C = Cm̂ n, at which point the inner and outer curves 
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coincide. The radius at which C = C . is determined by 
min 

d__(w2r2 + 2Gm - C) = 0 
dr r 

for which r = ̂ Gm ^3~~is the real, positive solution. Using this in 

_ to2 
(111-17), we obtain 

C = 3(Gm,a)3) 3̂. 
min 

For any given C motion within the inner zero velocity surface 

is necessarily bounded and must therefore be elliptic in the non-

rotating inertial frame. On the other hand, motion outside the outer 

surface is not necessarily bounded and may be either elliptic, parabolic 

or hyperbolic. 

E. The Hamiltonian and the Jacobi Integral 

The Jacobi Integral, a first integral of the motion, can 

always be obtained for time independent potentials. Futhermore, 

for such problems the Hamiltonian is constant and, except possibly 

2b 
for a constant factor, can be identified with the Jacobi Integral. 

Hence, one simple procedure for obtaining the Jacobi Integral is to 

find the Hamiltonian and set it equal to a constant, in particular 

(-C/2). 

If H is the Hamiltonian for a system in an inertial frame 

of reference, the Hamiltonian in a co-ordinate frame rotating with 

+ 10 
angular velocity w is 

Hr = H - w»t , (111-19) 
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where L is the angular momentum. If Hr is time independent, we may 

write 

H - w*L = -C/2. (111-20) 

Applying this to the two body problem, we find that the Haniltonian for 

a mass moving in a Newtonian gravitational field, expressed in a 

non-rotating frame is 

H = v2 - CM . 

2 r 

Since 2i*fl = a)2r2f the Jacobi Integral is, from (111-20) 

v2 - GK - ai2r2 = -C/2. 
2 r 2 

Thus, we have 

v2 = ui2r2 + 2GM - C = 2Q - C. 
r 

Comparing this result with (III-9), we see that the two are identical. 

This procedure for finding the Jacobi Integral from the Hamiltonian will 

be utilized later in this paper to determine the Jacobi Integral for 

Earth Satellites. 



IV. APPLICATION OF THE JACOBI INTEGRAL TO EARTH SATELLITES 

A. Formulation of the Geopotential 

The gravitational potential of an arbitrary body, 3, at an 

external point whose spherical polar co-ordinates are (r, 6, $), is 

given by (Fig. 8) 

V = - /b Gdin" 
s 

If we eliminate s by the law of cosines and expand the denominator 

by the binomial theorem, the potential may then be expressed as an 

expansion in a double series of spherical harmonics as (cf. I-l) 

CO & 
V = - GH I I Pg.Tn(cos6) [A0m cos m<j> + sin m<t>] , 

r i,—0 m=0 r® 

where M is the mass of the body, A m̂ and B^ are constants determined by 

the mass distribution within the body. Specifically, for all SL ana for 

19 
m ^ 0, A m̂ and B^ are given by 

A^ = 2(fi,-m) ! J (r')1 Pj, (cose') cos m<j)*dK , 
MU+m) J 

B2,m = 2(ft-1") • P£m(cos0') sin ir^'di-l . 
M( &+m) I 

For m = 0 the coefficients are 

A =1 J.(r') P (cosO') dl-f , 
S-0 B & 

B = 0 . 
Ao 

28 
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Fip. 8. Co-ordinate Frame for External Potential. 
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When the origin of the co-ordinate frame is at the center of mass of 

the body, a direct calculation shows that 

A10 = A11 = B11 = 

In the case of the Earth the external potential, in terms of 

geographic longitude A and geographic latitude 6(= TT/2 -6), is usually 

written as 

<*> a & 

V = -p/r{l +11 /Re, Pjlm(sin 0) CCcos mA + SAm sin mA]}, 
1=2 m=o r 

where p is GMe, and the mean equatorial Earth radius Re is incorporated 

with the A£m and to give the new dimensionless constants Cj_m and 

S£m* 

Often the geopotential is expressed in slightly different form 

by introducing the two sets of constants and A m̂ defined by 

J£m2 = c«.m2 + Sji,m2 , 

tan ( m A^) = . 

C»r. 

Then an alternate form for V is 

V = -p/r[l + I I ̂ m/He^j^P^niCsin £) cos m (X-A£m)]. (iV-l) 
£ m r 

The terms for m = 0 are the zonal harmonics, which are independent of 

longitude. We shall ignore the effect of these terms, except for the 

relatively large secular effects of J2 on the longitude of the node and 

on the perigee to. Dropping the m = 0 terms from the summation and 

noting that the z-axis of our frame is very nearly a principal axis of 



the Earth, in which case J = 0, we express the geopotential as 
2 1  

oo £ 
V = -u/r[l + I X (Rf^P0rr(sin3)cos rn( X-Afcm) ]. (IV-2) 

1-2 m=l r 

If all Jarn were zero the potential function would reduce to 

that of a mass with spherical symmetry, and satellite orbits around 

such a body would be planar. In the case of the Earth all the are 

quite small, being of order 10~6 or less. Hence, as a first approxi

mation, the satellite may be thought of as moving in a plane under the 

influence of the dominant inverse square term of the geopotential, the 

effect of the Jj,m terms being to perturb this motion both in the plane 

and normal to the plane. It is convenient, therefore, to transform to 

a co-ordinate system Oxyz whose x - y plane coincides with the unper

turbed orbital plane. This plane is defined with respect to an inertial 

reference frame by the angles fi, i and u)et, as specified in Figure 9« 

If we examine the motion of a satellite in a near equatorial 

2^-hour orbit, from the viewpoint of an observer in a co-ordinate frame 

attached to the Earth, it is possible to formulate the Jacobi Integral 

for the problem and to determine the stationary positions of the satel

lite. For a satellite in an orbit at arbitrary inclination to the equa

tor and with a period other than 2U hours, equilibrium motion does not 

exist in an Earth-fixed frame, but might exist in a co-ordinate frame 

rotating with the mean motion of the satellite. Thus we would like to 

examine the motion in such a reference frame. To accomplish this we 

shall write the Lagrangian for the problem in a co-ordinate system ro

tating with the mean angular velocity of the satellite, and whose x - y 
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Fig. 9. Geometry of Satellite Plane. 
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plane coincides with the unperturbed orbit plane. In the notation of 

Reference 5 we denote the ratio of the average inertial angular velo

city of the satellite to the rotational velocity of the Earth, ue» by 

s. That is 

s u)e = cos i + (u)ave , (IV-3) 

where (u)ave is the average angular velocity in the moving orbit 

plane. The term Ji cos i enters because of the rotation of the orbit 

plane, J2, induced by the J2 zonal harmonic. The position of the mean 

satellite from the line of nodes ON, measured in the moving orbit plane 

and denoted by (u)ave, is then 

(û ave = (")ave(t-tfj) = (stoe " ̂ cos i)(t-tfl), (IV-U) 

where t,} is the time the satellite passes the ascending node. 

To formulate the Lagrangian we need to express the geopotential 

in the rotating frame. From Figure 9 we see that the transformation 

from the Earth-fixed system, in which the geopotential is usually 

expressed, to the rotating system is effected by: 

1) a rotation through an angle (fi-u>et) around the z-axis, 

2) a rotation through the angle i around ON, the line of nodes, 

3) a rotation through (u)ave around the z-axis. 

Hote that these rotations are similar to the usual Eulerian angle 

1A 
rotations. 

To carry out the transformation we need to determine the 

behavior of the spherical harmonics under rotations. This is a problem 



w> 

also encountered in quantum mechanics in determining the behavior of 

a.npular momentum wave functions under rotation, and the calculations 

20 21 
are to be found in numerous quantum mechanical texts; ' hence only 

the results will be piven. A spherical harmonic in the unprirned frame 

is transformed into a linear combination of spherical harmonics in the 

primed frame as 

i 
Pj,m(cos 0)exp(,jm<}>) = (&-m.) ! ][ P£jj,'(cosO')ezp[,i (fi-wet + m"<p 

(Z+rri) ! m'=-£ 
. - 2o+m+m' 2£-2o-r-m' -2Q-rr,-m 

+ m'uave)] I (^ia)(J~I!i) (cos i/2) (sin i/2) (-l) ~2"~ 
o 

where ,j = /^1 and o is summed over all values for which the binomial 

coefficients do not vanish. With k = m' + £, then 

21 
P£m(cos G)exp(,im<t>) = £ Pj,(k-.P) ̂ coa 6 ") exp [1c) (+ (u)ave) 

+ n>.(n-u.et)] (2£-k) ! y ( J+* ) (£̂ ) (cos i/2)2°+m+k̂ (sin i/2)3£"2°"" 
U-m)! a ~° 

.fc+o i-m-k . , 
* (-1) .1 . (IV-5) 

The sum. over o involves only the inclination anple i. uence 

define the function to be 

/ ^ / . v / Ji+n \ ,£-m, / , , 2a+2k+m-s, 
"jlrck^) = (gtL - k) ! I (2j,-k-0̂  ^ o ^ ĉos 1̂  

(I - m.) ! a 

. . .B^a-m-k i+o+q 
• (sin i/2) (-1) , 

where q is the intef-er part of (£-rn-k) . 
2 
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Expressing the geopotential in the rotated frame via (IV-5), we have 

. 24 
V(r,M,i,nft) = -y/r[l + I I Jj,m(Re/r) I P4(k_a)(cos ^)HJ!<rnk(i) 

Z m k=0 

•[sin](t^)oMni(l-0<i + (u)ave> + n(!,-"et " Xtn,))1- (IV"6) 

RCOS, I -5*1 1 !  
We henceforth adopt the convention that m terms like .or J 

sin cos 

the upper trigonometric function pertains when (i.-m-k) is even and the 

lower applies when (fc-m-k) is odd. 

Since we shall take into account only the secular effect of Jz 

on the node, we may write 

a. • — 

n = n0 + fit, where ft = -3/2/GMg J-? (£e.) cos Eliminating (u)ave 
/ a7" (l-e^)2 a 

via (IV-U), we obtain 

V = -y/r[l +H Jam(R£,)4X p«,(k-*)(°°S ®Wmk(i) [gin^(JL-m-k)odd [(*-*•)? 
S. m r k=o 

+ [(il-k)(su>e-^ cos i) + m(^-u)e)]t + m(fto-^Jliri) - (&-k) 

•(swe-ft cos i)t^ ]. (IV-7) 

As a check on (IV-6), we consider the rotated plane to be the instan

taneous satellite plane rather than the fixed unperturbed plane. On 

setting 0 = tt/2 and usinp the relation 

2ft-k 

p8fw = (-1) 2 k 1 » for ~ 
k) even 

2&(k/2)\,2l-k. 
\ " 'ry 7 1 

= 0 , for (2i - k) odd, 



we find that 

V - - u/r [1 + H I Jlta (Ik)1 (?l>a~^gp>' 
I m p=o r 2*P p! (£-p)! 

^sin^Imjodd" ̂ S,~2p̂  + [ ( k--2p) (su)e~^ cosi) + m(Q-u)e)]t + mC^-A^,) 

- (£-2p) (stoe-n cosi)tTj}] , 

where we have set p = 2k. As the terms with k odd vanish in the ahove 

potential, we use the upper trigonometric function for (H-m) even and 

the lower for (il-m) odd. V/ith the constants A. and B. defined as 
Jimp Jimp 

.AJimp = (Jl-2p) (swe-f2 cosi) + m(ft-0)e) 

and 

BJlmp = m̂ n0"XJlm^ " U-2p)(swe-ft cosi)tM , 

the potential may then he written 

V(r J,i,t) = - u/r [l + I I I J4m(Re/r> ^mp^ 
Jl m p 

• [SJ]{(4-2p)+ + A,mpt + B£mp}]. (IV-8) 

FPmr)(i) is the Kaula22 inclination function, defined as 

I 
g m=0 

Jimp 

£-m-2g Jl h 

Pjlmp^) a I (sini> I. (|J)(cosi) 

I (£-m"2G+h) ( m"h ) (.i)0 k 
p c P-E-c 

where k is the integer part of The sum over g goes from zero to 

the lesser of p or k, and c is summed over all values for which the 
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binomial coefficients do not vanish. Equation (IV-8) is identical with 

the potential function used in Reference 5. 

It is convenient to deal with dimensionless quantities; hence 

we define dimensionless distance and time via 

z = r/ Re and T = u>et. (IV-9) 

In terms of these variables, (IV-7) then becomes 

24 
V = - _U [1 + I I Jjm I p£(k_n (cos 0) Hirfs.(i) (IV-10) 

Re 2 JI m z* k=0 

* «* 

Ajimk. = (£ - k) (s - cosi) + m( fi - l), 

(IV-11) 
B£mk ~ ~ - U.- k)(s-n"cosi) Tn , 

ana the prime denotes differentiation with respect to T. 

B. Geopotential in Terms of Orbit Elements 

It will also be necessary to express the geopotential in terms of 

the orbit elements (a,e,i,ft,w and M). This transformation, carried out 

pO 
in detail by Kaula, is quite tedious, and we shall just indicate the 

method and state the results. In (IV-6), the angular displacement of 

the satellite with respect to the nodal line as measured in the rotated 

plane is $ + (u)ave. 

Now <t> + (u)ave = w + f. 

Using this relation in (IV-6), we rewrite the potential as a sum over 
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terir.s of the form cos t)f or sin nf, p beinp an interer. iiow r s.nd f 
riL" —p:— 

are both periodic functions of the true anamoly M. Then l/r^ [f?^](pf) 
sin 

is also periodic in M and ir.ey be expanded, in a Fourier series as" 

<l/r)l[=j»>]pr - l/a« I X^V)[^]qM. 
q=_oo 

where X ̂ '"(e) are the so-called Hansen coefficients depending only on 
X/ 

the eccentricity. 

Making use of these transformations, Kaula then expresses the 

peopotential as 

V = — p/a + £ £ £ £ ^£,mpq(a»e »i ft), (IV-12) 
1=2 m=0 p=0 q=-co 

where 

& cos ( even 
V£mpq = J«,m(Sfi.) r'J?,PT. ê̂  ^sinJ(j,-m)odd + (Sr'+H)i 

•a 

+ tr(fi—ojgt— } • 

The function ^'£pq(e) is defined as 

-U+l),U-2p) 
G
m(e) = X (e) 

£-2p+q 

= (-l)lql(l^)^hl Q£pqk R2"k , 

where 

l+/r=e* 

>W = j0 (2h-f > ^ [Clzirile ]r . 
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*pqk = I (-2Pl I [(£ - 2p' + q. )e/(20)] 
r=0 n-rJ rt 

and 

h  =  k  +  a , n  =  k  f o r  q  >  0 ,  

h = k , n = k - q for q < 0, 

p" = p , q = q for p$ X./2 , 

p = 2. - p , q = - q for p> %/2, 

C. Lagrangian and the Equations of Motion 

Having found the potential energy expressed in the rotating 

frame, we now need to calculate the kinetic energy in order to for

mulate the Lagrangian. This may be accomplished from the definition 

of kinetic energy 

T = l/2( x2 + y2 + z2), (IV-13) 

and the transformation equations relating x, y, z to F, S, 

These equations are 

x = r a , 

y = r 0 , (IV-Ik) 

z = r y , 

where the direction cosines are 

a = [sinO cos<J) cosfi - sinO sin(J> sinfi + cos0 sini cosfi ], 

3 = [sinG cos<() sinfi + sinG sin<|> cosi cosfi - cosG sini cosfi ], (IV-15) 

Y = [ sinG sini)) sini + cos-© cos i ]. 
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On differentiating (iV-lU), we obtain 

x = ra + fa, 

y = r6 + rB, 

z =  r y  +  r y .  (IV-16) 

Substitution into (IV-13) yields 

T = l/2[r2(a2+82+y2) + r2(a2+S2+y2) + 2rr(aa+BB+Yy)]. (IV-1T) 

II ow 

a2 + S2 +Y2 = 1» 

and 

• • 1 
aa + 36 + YY = 0» 

Combining with (IV-17), we then find 

T = l/2[r2 + r2(u2 + B2 +Y2)]. 

In terms of C = ^ and 6 = TT/2-0, a straightforward calculation shows 

that 

• • • •  •  «  • • •  
a2 + g2 + y2 = 62 + (uave+|)2cos26 + 2(uave+0^(cos26 cos i - cos 6 

* * • 
sin 6 sin i) + 26fi cos(uave+f;)sin i + S32(cos26 cos2(uave+C) 

• cos26 sin2(u&ve+C)cos2i + sin26sin2i). 



Hence 

T = U)e2Rp2{ Z'2  +  Z2 [  FI '2  + COS26 (S + O2 - ( s + C - fi'cosi) 

2 

• n'sini sin26 sin(? + uave)+ 26 fi'sini cos (5 + uave) (lV-18) 

+ n'2 sin2i(cos26 cos2(? + uave) + sin26 )]} , 

where we have now introduced the dimensionless variables z and 

T defined in (IV-9). 

If we combine (IV-1Q) with (IV-IO) and divide through by 

we2Re2 , the Lagrangian for the problem becomes 

L = 1/2 { z'2 + z2 [ 6'2 + cos26 (S + E," )2 - (s + 5" ~ £2 cosi) 

• n* sini sin26 sin(£ + uave) + 26"ft sini cos(5 + uaVe) 

+ fi'2(sin2i cos26 COS2 (  £+ %VE) + sin26)]} + A/z [ 1 

+  I I  i m l  «£irik(i) P£(k-£) (sin6) [ - k)5 + 
H m z*> k 

+ ^mk^ + ®Amk^J* (IV-19) 

As previously noted 0," is of order 0( J2 ) and is quite small 

compared with other velocities in (IV-19). For this reason we may 

safely neglect terms of order 0( J2 ) in the Lagrangian. After drop-
2 

ping these terms, (IV-19) becomes 

L = 1/2 { z'2 + z2 [ 6 2 + cos26 (S + S')2  - (s + £*) Q." sini 

• sin26 sin(? + uave) + 26'ft'sini cos(£ + uaVe)D + a/z[ 1 

+ H JHm I Hlrtk(i) P*( k_fc)(sin6) [JgHd- k)5 
I m -aT k 

+ AJ!iiakT+ B£mk}] . (IV-20) 

The Lagrangian equations of motion for z, £ and 6 are then readily 
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found to be 

z" - z[ S'2  + COS26 (S + £ ) 2 - ( S +5 N  sini sin26 sin(5 + uave) 

+ 2 6' fi'sini cosU + uave))]= - «/z2 " a 1 I U +1) Je.m 
£ m £1*2 

•Pt(k-A)(Bin«) %mk(i) [l?®HU-k)C + AamkT + B^J , (IV-21) 

d { z2[ cos2<S (£"* + s) - n" sini sin26 sin(? + uave)]} 
dT 2 

=  -  z _  (C + s) fi' sini sin26 cos(£ + uave) - z2 6' fi sini sin(?+uave) 
2 

+ « I 11 U - fc) Jt-n. Hamk(i) P4(k-4)(sin6) ["[&£]{ (*-*)* 
£ m k zl+1 

+ AJlmkT + B£mk) » (IV-22) 

d { z2[ 6 + fi'sini cos(5 + Uave)H = -z2(S + s)2 sin6 cos6 
dT 

- z2(c' + s) ft' sini cos2S sinU + uave) + a 1 I 1 
I m k z +̂l 

•P jl(k_j()(sin6) cos6 H^mjJi) + A«,mkT + B&mk) • (XV—23) 

Thus far no restrictions have been placed upon the problem, 

and the equations of motion are perfectly general. However, equations 

(IV-21), (IV-22) and (IV-23) are a set of second-order coupled 

nonlinear differential equations, and little progress can be made 

toward an analytic solution. Therefore, we shall confine our atten

tion to the case of nearly circular orbits. 

The condition for circular orbits is 

z = constant = zQ , 

5 = constant = 0 , 

6 = constant = 0 . 



If the orbits deviate from circularity only slightly, we may write 

z = zQ + A, 

with the conditions that A << z0 

and S, 6 << f• 

Substituting into the equations of motion, and neglecting second order 

terms, such as A2, £2, 62, AJ m̂, etc. we obtain 

A" - 3 s2 A - 2 s zQ C = - a £ £U + l)__Jm I ^mkU) 
H m zo+2 ̂  even 

* P^(k-£)(0) [g^U^T + IW , (IV-2U) 

%o C" + 2 s A = a I I I Jpm( ) P£,(k-£) ^ ^ftmk(i) 
I m k evenz +̂i 

• [~los] tA«-mkT + B£mk* » (IV-25) 

z* 6" + z02 s2 6 = a H JfeE IljimkCi) P*.(k-4)(0) 
Ji m zg^k odd 

* [|?g]{ %mkT + "%mk> • (IV-26) 

D. Motion Normal to the Orbit Plane 

Now, equation (IV-26) for motion normal to the satellite plane 

is decoupled from the other equations, and may be written in the form 

6" + S26 = h(T), (IV-27) 

where 

h(T) = a £ £ 1 ifr&, D£lJsin^ AJLmkT+ B£mk^ *(lV-2o) 
I m k odd Zq+ 
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and we have used the relations 

P«,(k-n) (0) - 0 for k even 

2JL-k-l 
= (-1) 2 (k + 1)1 = Dzk for k odd 

2£ (gW£l JKk+l)! 

Equation (IV-27) is the equation of motion for a driven 

oscillator for which the driving frequencies are A^^, and the general 

solution is the sum of the complementary functions and a particular in

tegral • The complementary function, obtained by setting J r̂a = 0, is 

6 = 5i cos sT + 62 sin sT, 

where 61 and 62 are arbitrary constants. 

The particular integral corresponding to any term is 

For s ^ Aj^ the satellite vrill oscillate normal to the fixed reference 

plane with a frequency Ag^. The amplitude of the oscillation is quite 

small; the upper bound being of order 10~2 degrees. If s = A^^ the 

frequency of the driving force is the same as the orbital frequency, and 

the amplitude of the oscillation tends to increase without bound. Guch 

a case is referred to as a dynamical resonance, and the oscillation 

amplitude given by (IV-29) is no longer valid. The solution for a dynam

ical resonance is obtained by setting A^^ = s in the original equation 

of motion (IV-26). The solution now consists of purely periodic terms 

Jim I HfTnk(i)DfV[^]{AfcmkT + B 
•o 

k odd (sZ-AjirojJ 

(IV-29) 
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plus a term displaying the effect of the dynamical resonance; this term 

being 

H0mk(i) Dj& T [£igs]{ sT + B£mk} . (IV-30) 
2 zQ ' s 

Note the presence of T in the amplitude, which means that the 

out-of-plane motion now has a component which increases linearly with 

time. The rate of increase in the amplitude of this motion is 

To illustrate the magnitude of this increase, let us compute the effect 

of JJ2( = U.U x 10-7) on a 12-hour equatorial orbit. On setting i = 0 

and s = 2 in (IV-31), we have 

d16| = .01 degrees/year. 
dt 

A discussion of the dynamical resonance for the in-plane motion 

of satellites in nearly circular orbits is carried out in Reference 5. 

It is shown there that the radial and angular motions in the satellite 

plane also display secular increases in amplitude for = s. Thus 

both the in-plane and out-of-plane motions exhibit these secular 

perturbations due to dynamical resonance. Furthermore, it is shown in 

Reference 5 that there is a second case in which we may have large dis

placements from unperturbed motion; this being for A^^ = 0 and is refer

red to as a librational resonance. For this case there is no explicit 

time dependence in the potential, and consequently no external driving 

force on the satellite. It is these librational resonances that we shall 

be concerned with in the next section. 
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£. Motion in the Orbit Plane 

We now return to equation (IV-20) and rewrite it with reference 

to the instantaneous or osculating orbit plane, rather than in terms of 

a fixed plane. Setting 6 = 0 in equation (IV-20) yields 

L = 1/2 { z'2 + z2(s + O 2 )  +  a / z  +  a  I  I  I  FMp(i) 
I m p^T*1 

. 2p)t + A^T + B^p} . (IV-32) 

The momenta conjugate to z and F, are 

PZ = = z' » 

9z 

PF =  2k, = z2(s + 
and ' 3£"* 

Thus, from the definition of the Hamiltonian as 

H = X Pi 4i - L(q,qift) , 
i 

we obtain 

H = 1/2 ( z2 + z2f/2) - 1/2 z2s2 - a/z - a I I I Jg.m FfcmpU) 
H m p Zo 

. [£?*]{ U-2pK + AAnpT + B^p} . (1V-33) 

By definition, the Hamiltonian must be expressed in terms of 

co-ordinates and their conjugate momenta. However, we shall not use the 

Hamiltonian to obtain the canonical equation of motion, but rather as a 

first integral of the motion. Thus we shall refer to (IV-33) as the 
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Hamiltonian even though it explicitly contains the velocities rather 

than momenta. Note that H has an explicit time dependence and hence is 

not a constant of the motion. 

F. Librational Resonances 

Let us examine the effect on the satellite motion of an arbitrary 

Vamp term, which contributes to librational resonance. With A£mp = 0 the 

Hamiltonian for such a term is 

H^mp = 1/2(z"*2 + z2s2) - 1/2Z2S2  -  A/z - J^. Ffcrnpt1) 
z 

. [g?gHU-2p) 5 + Bimp}. (IV-3U) 

Note that H is constant, since the explicit time dependence vanishes. 

Choosing the constant as -C/2, where C is our previously defined Jacobi 

constant, we have 

z 2 + Z2£ 2 = z2s2 + 2a + 2aJom Fjynp(i) 
z 

• " 2pU + %mp> - C. (IV-35) 

Introducing the velocity in the rotating frame, v , as 

v = z'2 + z2*;'2, 

we may write (IV-35) in the form of the familiar Jacobi Integral 

v2  = 2fi - C, (IV-36) 



where 

2ft = z2s2 + 2a + 2a Jin. Fj.rrmU) [siS]{(»-2p)€ + BAmp}. (IV-37) 
z z +̂1 

Equation (IV-36) is the Jacobi Integral associated with an 

arbitrary V£mp term contributing to the librational resonance. For 

future reference we rewrite the equations (IV-2U) and (IV-25) in terras 

of the ft function as 

A" - 2 s z0 C = i£ = ftz , (IV-38) 
9z 

z02 F,n + 2 Zo s A = 3ft = ftf . (IV-39) 

H ' 

We shall refer to ft occasionally as the zero velocity "surface". 

0. Zero Velocity Curves 

Setting: v = 0 in the Jacobi Integral, (IV-36) leads to the 

equation for the zero velocity curves, namely 

z2s2 + 2a + 2 a JBw, FYNP(I)  ] {(Jl-2p)£ + B4mp} = C. (IV-UO) 

z z +̂1 

To determine the shape of the curves in the (z,£ ) plane, we first 

calculate the unperturbed zero velocity curves and then use perturbatio: 

theory to determine the effects of J^. 

For = 0 the problem reduces to that of Section III-3. Thus 

utilizing those results, we have that the unperturbed zero velocity 

curves are circles whose radii are determined from 

z2s2 + 2 a / z  =  C. (IV-Ul) 
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For C large there are two values of z satisfying (lV-f+1), one where z is 

large, such that 

z = Zi « t/c/s, (IV-1»2) 

and the second for z small, such that 

z = z2 = 2a/C. (IV-J13) 

Again, as C decreases the outer zero velocity curve contracts and 

the inner curve expands, until at C = Cmin the curves coincide. The 

radius at which this occurs is found from 

d^(z2s2 + 2a/z) =0, 

dz 
namely 

z, ,3 = a/s2. (IV-UU) 

A satellite at a radius zc will appear stationary in the 

rotating frame; for, from elementary considerations, the condition for 

circular orbits in an inverse square field is 

ct/z02 = s2z0, 

and the angular velocity of such a satellite is s, the same as the 

rotation rate of the co-ordinate frame. At z = zQ, C = Cm̂ n, which from 

(IV-UI) is 
2/ 

Cmin = 3z02s2 = 3(as) 3< (IV-1+5) 

To determine the zero velocity curves when the perturbation 

terms are included, we write 

Z = ZQ  + N, 
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where n is the perturbation induced by Then, substituting into 

(IV-I IO), we have 

(zQ + n)2s2 + 2a + 2aJjun F£ (i) 
(zQ+n) (zD+n) 

' [^HU^pH + B top} = C. (lV-k6) 

Expanding and dropping second order terms, we find that the solution of 

(IV—U6) for n is 

1 = " Jg.T [g?g]{U-2p)S + B^mp} . 
ZQ^-1 (zQ^-a) 

(IV-UT) 
z0t-' (i0V-a) 

Hence, 

z = z0 + J0tn F<,mr(i) [^]{(A-2p)S + B£mp} . (lV-b8) 
zj-1 (z'03S2-a) 

Now for the outer zero velocity curve, the quantity ( Zq s2 - a) 

is positive, but for the inner zero velocity curve it is negative. Thus 

the sign of n for the outer curves is opposite to that for the inner 

curves. Note, too, that as zQ •* zQ the magnitude of n increases. Plot

ting the disturbed zero velocity curves, we have a periodic disturbing-

term imposed on a circular unperturbed curve, with the perturbing term 

oscillating with frequency (i-2p) (See Fig. 10). As C decreases the 

amplitude of the deviation increases until for some value of C (= C3 in 

Fig. 10), the zero velocity surfaces for the outer curve touch the zero 

velocity surface for the inner curves at (£-2p) points. For C < C3, the 

zero velocity curves form closed contours around the points midway 

between two adjacent points of tangency (Ctf and C5 in Fig. 10). 
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The points where the zero velocity curves first touch are the 

points of double tangency or double points. From analytic geometry, a 

necessary and sufficient condition for a function f(x,y) = 0 to have a 

double point at a point (xQ, y ) is that 

9f 
9x 

= 9f 

x0.y0 

= o. 

*0.y0 

Hence in the present case 

= 0. (IV-U9) an 
9z 

= 9£ 
zo»?o zo»£ 0*^0 

Also, if we seek the equilibrium positions from the equations of motion 

by setting z = constant = zQ and £ = constant = 50, we find the condi

tions for equilibrium are just the equations (IV-H9). Thus, the points 

of double tangency are also equilibrium positions in the rotating frame, 

At the equilibrium positions 

_9£ 
9z 

, v /• • ^ „. - ircos 

o zo ^o 

9fl 
95 

= -_£L + Zos2 - aJg.mFg.nm(i) (&+l) L^] { (t-2p) Co 

+ B*mp> = 0 » (IV-50) 

- « J?m F£mp(i) U-2p) [ "Sin ]{ (4 _ 2p)f,0 
17 _ J6* 1 

+ = 0. (IV-51) 

0 zD 

For arbitrary £mp-values the equation (IV-51) is satisfied if 

^ = (k+l/2)* B, . k=0.1.... (IV-52) 

..2(H-2p)- 1 • 
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i r  

Fig. 10. Perturbed Zero Velocity Curves for (£-2p) = U. 



which states that the equilibrium positions are equally spaced and 

separated by an angle TT/(£-2p) in the (z, K) plane. 

To determine the equilibrium radii we use the result (IV-52) in 

(IV-50), which yields 

-a + zQs2 - aJ0m(fc+l) Farap(i)(-l)k = 0 . (IV-53) 

^7 icT1 

Let zQ = zQ + n where zQ is the unperturbed equilibrium radius and 

substitute into (IV-53), whence 

- a (1 - 2n ) +(z0 + n) s2 - qJoni (fc+l) FpmpU) (~l)k = 0. 
I""2* zQ (zQ + TT) 2̂ 

Assuming n small, the solution to first order is then 

n = cxJ^uU+1) F£mp(i) (-i)k. (IV-5U) 
3 s 20 

Thus the equilibrium positions are alternately further in and out than 

the unperturbed equilibrium radius. 

A clearer understanding of the nature of the zero velocity 

curves may be obtained by examining the topology of the zero velocity 

surface. For z >> 1, and also for z « 1, it is clear from (IV-37) that 

the zero velocity surface approaches infinity. As z decreases from 

infinity or increases from the origin fi decreases, until saddle points 

are reached at the points where the zero velocity curves first touch. 

The other (&-2p) equilibrium points correspond to true minima in 

(z, K). At the points where = 8^ = 0, the values of the Jacobi 

constant are 

^ = ̂ min ~ (-l)k, 
*o 
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where is the unperturbed minimum value of C. At the point where 

k is even C is a true minimum for Famp(i) >0. If Fjj,mp(i) <0, the mini

mum occurs for k odd. Thus, for a satellite with a given Jacobi constant 

Cs, motion is possible outside the outer zero velocity curve and inside 

the inner zero velocity curve, with the intermediate region being 

forbidden. As the satellite moves in the z£-plane its velocity is 

1 / 2 
always v = (2fl - Cs) . 

points we return to the equations of motion (IV-38) and (lV-39)« Ex

panding ftz and in Taylor series about the equilibrium positions, we 

obtain 

=  [  * * *  *  

If we substitute into (IV-38) and (lV-39) and utilize the fact that 

H. Stability of the Equilibrium Positions 

To investigate the question of stability of the equilibrium 

^z = [(^zz^o^ + ̂ zi^O^ + '** ' 

the equations of motion become 

A" - 2szor = ("ZZ)0A zz'o » (IV-55) 

z0
2f," + 2sz0A = (^)05 (IV-56) 
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This being a set of coupled linear equations with constant coefficients, 

the solutions will be of the form 

where u is the dimensionless frequency. Substituting into the equations 

of motion, we have 

In order to have non-trivial solutions for A and we require the 

determinant of the coefficient to vanish; which leads to the condition 

-w2A - 2iszQu)E -  (nzz)0A = 0 , (IV-5T) 

-co2 z02£ + 2isz0coA - = 0 (IV-58) 

(IV-59) 

where \ - <»«> * <B«>oV " Us2' 

Y = (flzz)o("Es)o» 

z  
o 

The solution for u>2 is then 

u>2 = - Y^Cyi^YJ /z, (IV-60) 
2 

whence we get the two solutions 

uif2 = - Yi + tYi2-1̂ ] /Z* (IV-61) 
2 

w-2 = - Yi-[y,2-^YO1 ,Z. (IV-62) 
2 
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Utilizing equations (IV-37), (IV-UU) and (IV-51) to evaluate Yj and y2 » 

we find that 

Yj = - s2 + a J„m (-l)k F£mp(i) [£(1+1) - U-2p)2] , 
z Tt+J O 

Y2 = -3 s2 a JCm (£-2p)2 F£mp(i) (-l)k . 
z( o 

TTFT 

With c and d defined as 

c = J^a(-l)k Ftmr(i) 4(4+1) , 

d = jfl.irftt-l) rtmT,(iHU-gp)2 , 

the constants Yj and Y2 are 

Yj = - s2 + c - d , 

Y2 = - 3 s2 d. 

Hence to first order in the frequencies of the oscillations in the 

regions of equilibria are 

au2 = s2, (IV-63) 

w + 2  =  - 3 d  =  - 3 c t  J i r r ,  (-l)k Fjunpti) U-2p)2- (IV-6M 

Zo 3̂ 

One frequency, w_, is very nearly the same as the orbital 

frequency s_. However, the other frequency w+ will be real only if 

d < 0. From the definition of d, one sees that d alternates in sign 

from one equilibrium position to the next, due to the (-l)k term. 

Hence, OH-2 alternates in sign from one equilibrium position to the 

next. For those positions where U+2 is positive the satellite will 



57 

oscillate about the equilibrium position with a frequency snail compared 

with the orbital frequency s, since << 3.. For example, a satellite 

in a 12-hour equatorial orbit will exhibit a long period oscillation due 

to J?2 of approximately 2150 days or 5.9 years. 

Figure 11 shows the zero velocity curves for a co.se of 

particular interest, namely that of the equatorial 2't-hour satellite 

perturbed by the J22 term. The equation for these curves, obtained by 

setting i = 0 and s = 1 in (IV-I+O) is 

z2 + 2a/z + 6aJ?? cos(2ii + B220 ) = C. 
z3 

If we use the resonance condition A^nrn = 0 in the definition of 

Bj,mp» we may express B^p 

3i,mp = - th - *j,m) » 

where fin is the nodal angle of the satellite as it passes through the 

ascending node and Tjj = ioet]vT. Now % - Tg is the longitude of the satel

lite when it is at the ascending node. Denoting this by Xy, we may write 

m(Xu - Xĵ ij,). Using this relation for B p̂ in the equilibrium 

relation (IV-52), we find the longitude of the equilibrium nodes to be 

(k) 
A II = k7r_ + X^, k = 0,1, ... , 2m-l. 

m 
If we apply this to the above mentioned case we find the equilibrium node 

longitudes are identical with the equilibrium positions of the satellite; 

hence 

(k) (k) 
£ =Xy ""^22 = ^ = 

2 
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Fig. 11. Perturbed Zero Velocity Curves for 
Geostationary Satellites. 



are the equilibrium positions in the rotating frame ( see Fir. ll). 

These positions are equally spaced 90° apart and are labeled Pj, P 

P3, Ptf in Fig. 11. Utilizing the stability criterion (lV-6^), we find 

that the positions with k odd are stable (P2 and P^ in Pig. ll), and 

those with k even are unstable ( Pj end P3). Hote that again the zero 

velocity curves first touch at the unstable points and form closed con

tours about the stable points. From (IV-63) the short period oscil

lation about equilibrium takes very nearly one day. The long period 

oscillation, obtained from (IV-6H), is 

w+ = 6̂ 2l . 

zo 

or using J22 = 1.7 x 10~6 the period is P+ = 8U5 days or 2.3 years. 

I. Physical Interpretation of Equilibrium 

Let us now examine the equilibriun positions associated with 0. 

Vj^itlT) Pel"turbing term by calculating the force on the satellite as ob

served in the rotating frame. For the satellite to oscillate about j-n 

equilibrium position the effective force irust always be directed toward 

the equilibriun position; hence as the satellite passes through the 

equilibrium position the direction of the force must reverse. For an 

equilibrium case the tangential force acting on the satellite may be 

calculated from the effective potential U by 

^ = Ik = U-2p)L?osHU-2pk + B£mn} . (IV-67) 
z 

If we expand this about an equilibrium, position as 
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= Fc|n + 3F K + 32F K2 £ 1 0 — 
3? 0 W 0 

and utilize the fact that 

Fc'o =4. 
ss2 

3 • • • = 0 , 

then 

Fr = 9F K + 

For the tangential force to he toward the equilibrium position, 

F^ must have the opposite sign of 5, hence 

3F 
35 

= 1 . 32fl 

0 z "H7 
< 0 . 

If we utilize (IV-52) for we find 

1 n55|0 = - aj^ F 1̂T1T?(i)(&I2p)2(-i)k < 0 . 

Talcing F^pCi) > 0, we then require that k be even for equilibrium. 

Comparing this with the previous equilibrium criterion (IV-6U) we see 

that (IV-68) contradicts our former condition. The resolution of this 

conflict is explained in terms of the so-called satellite paradox. This 

says that if we allow a tangential force to act on the satellite in a 

nearly circular orbit, the resulting motion will be opposite to the 

direction of the applied force. The reason for this is that if we allow 

a force to act in the positive f; direction this will increase the energy 

of the orbit, which in turn increases its radius. As the radius in

creases, then from Kepler's third law it follows that the angular velo

city of the satellite must decrease. When the motion is examined in the 



rotating frame the slowing down of the satellite Deans that it tends to 

move in the negative £ direction, which is the opposite direction to 

which the force is acting. Conversely for a retarding force the energy 

is decreased; the satellite moves inward, and the angular velocity in

creases. Hence a retarding tangential force results in a speeding up of 

the satellite. Returning to our resonance problem, we now require that 

for stability about an equilibrium point the force in the rotating frame 

be directed away from the equilibrium position. Then instead of k even 

in (IV-68) we now require k odd. Thus a physical analysis, if carefully 

done, yields the same result as the Jacobi Integral method. 

J. Zero Velocity Curves as Possible Orbits 

The zero velocity curves in the vicinity of an equilibrium 

position resemble the orbits one would expect about this point. The 

question of whether or not the zero velocity curves are possible orbits 

25 
may be answered by applying Szebehely's criterion. The condition for 

a particle to move along a zero velocity curve with velocity v is 

v • Vft = 0. (IV-70) 

Furthermore, the Jacobi Integral and the equations of motion must be 

satisfied if this is to be an orbit. Now. ft may be expressed in the form 

ft = U(r) + K V(r,<t>) , (IV-71) 

where U(r) is the ft function for the unperturbed two body problem, 

V(r,<J>) is the perturbing potential and K is a small parameter. Then 

substitution into Szebehely's criterion leads to the following conditions 



and 

dU [ V r A l / r  + 2/k + 2 dU) + (Vw)/r ] 
dr k2dr 

- vd> L. t ( 1/r + 2/k + 2 dU) dU] = 0 (IV-73) 
dr k2dr dr 

Taking (IV-37) as the function and substituting into (IV-72) and 

(IV-73) one finds that the criteria are not identically zero; hence, 

in general, the zero velocity curves are not possible orbits. 



V. LARGE ECCENTRICITY ORBITS 

If the restriction to orbits of small eccentricity is removed 

the equations cannot be linearized, and the problem is not solvable ana

lytically. Furthermore, from physical reasoning we would not expect 

equilibrium states for real satellites in the rotating frame for other 

than nearly circular orbits. In order to handle orbits for which £ is 

not small we utilize the idea of the "mean" satellite - a fictitious 

satellite which moves uniformly in a circular orbit with the same period 

as the true satellite in its eccentric orbit. Given the period of an un

perturbed satellite, the radius a of the mean satellite's circular orbit 

is determined from Kepler's third law p = s2a3 (cf. II-9). 

The angle which the mean satellite has traversed since passing; 

perigee is given by the mean anamoly, M. By associating with a true 

satellite its mean satellite it will be shown that we may transform the 

problem to one for which the method of the Jacob! Integral is applicable. 

The Hamiltonian for the mean satellite will be given in terms of the or

bit elements and their derivatives, rather than in terms of physical 

variables (r, 0, 4>) • To formulate the Lagrangian we need to find the 

kinetic energy in terms of orbit elements; the potential in terms of 

orbit elements is given by equation (IV-12). 

We had previously written the kinetic energy in a frame rotated 

such that the x-y plane was the unperturbed orbit plane as (IV-18). 
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If we neglect the out-of-plane motion, ie. set 6 = 0 in (IV-18), then to 

first order in fi we have 

T = l/2[r2 + r2(sewe + £)2] . 

Now the mean satellite is moving in a circular orbit of radius a, so we 

identify r with a. Hence 

T = l/2[a2 + a2(seoie + £)2] • (V-l) 

Here sea>e is the equilibrium angular velocity of the mean satellite, 

which by analogy with (IV-3) is 

seue = <^ave + " cos 1 ' 

The angular displacement of the mean satellite from the line of nodes is 

a) + M. If we utilize the relation 

u = u + 11 = 5 + U)ave , 

in (IV-12), the potential may be written 

£mpq 

where 

V = - „/a - I VtmM (V-2) 
Jlmpq 

= - p/a - \ Fy.mp(i) ̂e) s & m p q  

&S,mpq ~ JJ-mf Si^ ̂ fc-Sp+lH + Ajimpq'1' + B£mpq* » 

and 
Aj-mpq = ^ Jl~2P+l) (sewe-^ cos *) - qw + m(fi-u>e) , 

%mpq = m(no-Xani) - <luo - U-2p+q) (se<V-6 cos i)tH 



Forming the Lagrangian, we have 

L = 1/2 [ a2 + a2(5 + setoe) ] + y/a + £ V^gU^i,^,^). (V-3) 
&mpq 

The momenta conjugate to a_ and £ are 

Pa — a » 

= a2 (| + setoe). 

Thus, 

H = 1/2 [a2 + a2£2] - a2s(a2uiP2 - y/a - \ . (V-H) 
2 &mpq 

As before the Hamiltonian is not a constant of the motion, due to the 

explicit time dependence in the potential. However, if we examine the 

effect of the V£mpq terms separately then for those terms in which 

Ajjmpq. = 0 "the Hamiltonian will be time independent. In such cases 

H = 1/2 [a2 + a2£2] - [ a2sP2a)P2+ y/a + Vampq] = -C/2, (V-5) 
2 

or 

a2 + a2£2 = 2fi - C, 

where 2fi = a2se2we2 + 2y/a + 2 Vj,mpq. Note that (V-5) is the 

Jacobi Integral for this problem. 

Now equations (V—3) and (V-5) have the same form as (IV-32) 

and (IV-37) for the case of nearly circular orbits. Hie correspondence 

is complete if z is replaced by a, V£mp by V£mpq, and all variables now 

have dimensions. Hence the solution for the mean satellite may be car

ried out in a manner completely analogous to the nearly circular case. 

As before, the equilibrium positions ar6 found from the conditions 
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3£ = 9£ = 0. 
9a 

Comparing this with (IV-52) we find equilibrium positions in the 

rotating frame at 

£0 ~ (k+ l/g)71̂  ~ %mt)a ^ = 0,1, ... 2(&-2p+q)-l 
U -  2p +  q j  (V-6) 

= J?,m y>.mp(l) We),,l*+1) (-l)k (v~7) 

2 s g a o ^  

Hence for elliptical orbits we find that there are 2(&-2p+q) 

equilibrium positions associated with an arbitrary Vnmpq disturbing 

term. The frequencies for small oscillations in the vicinity of the 

equilibria points are ( cf. (IV-63), (IV-6U) ) 

U.2 a s 2 
- e » 

u)+2 = -3cs 2 , 
T G 

where 

c = aJi.m (I - 2p + q)2 F£mp(i) G4pq(e) (-l)k (V-8) 

Again, the equilibrium positions are alternately stable and unstable, 

due to the (-1)^ dependence. 

Thus we see that for an arbitrary V^mpq perturbing term in the 

geopotential there exist 2(£ - 2p + q) equilibrium positions in the 

rotating frame, of which one-half are stable and one-half unstable. 

The positions of the stable and unstable points are reversed if 

Ffcmp(i) or Gfcpq(e) changes sign. As the lowest order term in G£pq(e) 

is of order e^-, then as e goes to zero, Gj_pq(e) vanishes unless 

q = 0. As G^po =1, the results for the elliptical case reduce to those 



for nearly circular orbits as e approaches zero. 

When the mean satellite is at an equilibrium position 

associated with V m̂pq, the real elliptical orbit will be unaffected 

by that V^mpq perturbing term. As the mean satellite librates about 

the equilibrium position the longitude of the node of the real orbit 

will oscillate about the equilibrium position; the periods of 

oscillation for the mean satellite and the real satellite are identical. 



VI. SUMMARY AHD DISCUSSION 

In this analysis the concepts of the Jacobi Integral and zero 

velocity curves, long utilized in the restricted three-body problem, 

have been applied to examine satellite orbital resonances associated with 

longitude-dependent terms in the geopotential. It has previously been 

7 2 6 
shown by Morando1 and by Blitzer, Boughton, Kang and Page that equi

librium orbits and librational resonances exist in an Earth-fixed frame 

for the equatorial 2l4-hour orbit. For satellites of arbitrary period 

and arbitrary inclination the potential function may be expanded as a 

sum of separate terms in a co-ordinate frame rotating with the 

mean angular velocity of the satellite. In this rotating frame the 

Jacobi Integral and equilibrium positions exist for those Vamp terms 

which are time-independent. The zero velocity curves and equilibrium 

positions may be deduced analytically if the V m̂p terms are examined 

separately. It is found that there are 2(ft-2p) equilibrium orbits asso

ciated with a particular V m̂p perturbing term. Half of these orbits are 

stable and half are unstable; the particular ones that are stable depend 

on the sign of the inclination function. For small deviations from 

equilibrium the satellite will oscillate about the equilibrium position 

due to the librational resonance. The oscillatory motion consists of 

two components, one having a period nearly the same as the orbital period 

and the second being long compared with the orbital period. 

68 
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In addition to librational resonances it is shown that the 

longitude dependent terms also lead to dynamically resonant orbits. For 

dynamical resonance the frequency of the driving force resulting from a 

V£mp term must be nearly equal to the natural frequency of the satellite. 

In such cases there is a secular increase in the amplitude of the oscil

lation, both in the satellite orbit plane and normal to this plane. How

ever, the resulting rate of increase of the amplitude is quite small, 

being of order 10~2 deg/year. 

Actual equilibrium positions can exist only for circular orbits, 

and librational resonances are present only for nearly circular orbits. 

The existence of resonance states for orbits of arbitrary eccentricity is 

investigated by utilizing the geopotential expanded in terms of elliptic 

elements. This introduces a new summation into the potential, and an ar

bitrary perturbing term is now designated as V^p^. By introducing the 

"mean" satellite, a fictitious satellite which moves in a circular orbit 

with the same period that the true satellite moves in its eccentric orbit, 

it is possible to find equilibrium orbits and librational resonances for 

the mean satellite. Associated with an arbitrary disturbing term 

there are 2(£-2p+q) equilibrium positions for the mean satellite, of 

which half are stable and half unstable. The particular stable orbits 

are now determined by the sign of the product of the inclination function 

and the eccentricity function. If the mean satellite is at an equi

librium position the real satellite will be unaffected by the per

turbing term. As the mean satellite librates about the equilibrium 

position the longitude of the node for the eccentric satellite will 
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oscillate about the equilibrium longitude. For eccentric orbits 

dynamical resonances simply do not exist. 

For a given orbit there will be a large number of terms in the 

geopotential which contribute to a given librational resonance. In the 

case of circular equatorial orbits the effect of all such terms may be 

calculated^ since the J22term dominates the perturbing series. Hence 

equilibrium positions may be computed utilizing J22 alone, and the effect 

of other terms determined from a perturbation analysis about the J22 

equilibrium positions. However for orbits of arbitrary inclination and 

eccentricity the dominant perturbing term is obscured by the inclination 

and eccentricity functions. Hence to evaluate the effect of a large 

number of disturbing terns one must resort to numerical methods. 

The results found herein regarding equilibrium positions, 

stability and resonances have been compared with those given by Allan^ 

on the basis of variation of elements, with those of Blitzer^ based on 

9 
Lagrange's equations of motion, and with those of Gedeon et al calcula

ted on the basis of Lagrange's planetary equations. In all cases 

complete agreement was found. 
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