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ABSTRACT 

A theoretical design for an electrostatic filter 

lens is presented. The purpose of a filter lens is to 

improve contrast in the image by removing the inelastically 

scattered electrons from the beam of an electron microscope 

without impairing the resolution carried by the elastically 

scattered electrons. To do this, the potential along the 

axis of the lens is lowered to a value of eight volts. 

Electrons are decelerated to the potential minimum, which 

represents an energy barrier for inelastically scattered 

electrons that have lost more than eight electron volts 

of energy. The electrons that are not turned back by the 

energy barrier are then reaccelerated to form an image at 

the screen. Since electrons move slowly near the potential 

minimum, they are subject to a large amount of curvature 

and it requires careful design to preserve the resolution 

contained in the original beam. In particular, minimum 

chromatic field aberration and distortion is desirable. 

The filter lens is intended to replace the projec

tor lens of an electron microscope having an accelerating 

potential of 6^+00 volts. An analytic potential along the 

axis was assumed and ray paths were calculated. The posi

tion of the image plane was determined by the condition 

viii 



that the first-order chromatic field aberration vanishes 

in this plane. Such a plane could be found and the dis

tortion in this plane could be minimized by varying 

oertain parameters in the potential function. 

The deviation at the image plane of a bundle of 

paraxial rays leaving the same object point but having 

different energies was used to determine the effect of 

axial chromatic aberration on resolution. For an energy 

difference of the order of thermal energy in the cathode 

the corresponding disk of confusion in the image plane 

has an upper limit of 0.002 mm for a screen image of 

,2 cm diameter. 

By means of Laplace's equation and the analytic 

potential along the axis, the equipotential surfaces in 

space were determined. The shape and potential of the 

minimum number of electrodes needed to produce the field 

are given. This set consists of seven electrodes. 

All numerical calculations were made on an 

IBM 7072 electronic computer. 



1. INTRODUCTION 

It is desirable in an electron microscope to pre

vent all inelastically scattered electrons from partici

pating in the formation of the image. Those electrons, 

having energies different from that of the main beam, do 

not hit the image screen at the same point as do the elas-

tically scattered electrons which have left the same object 

point with the same initial direction. A high-speed elec

tron scattered by an atom may or may not lose energy during 

the scattering process. If the incident electron is scat

tered without loss of energy the collision is called 

elastic. If energy is transferred from the incident elec

tron to the atom the collision is called inelastic. 

Usually the most frequent energy losses are between ten 

and twenty electron volts (M611enstedt 19^9» Fowler 19&5). 

The purpose of a filter lens is to remove the 

inelastically scattered electrons from the beam without 

destroying the original information carried by the beam. 

As a result, the filter lens prevents the inelastically 

scattered electrons from deteriorating the quality of 

electron micrographs and diffraction patterns. 

A schematic diagram of the optical elements of an 

electron microscope is shown in Figure 1. The schematic 
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representations of the lenses actually stand for electric 

or magnetic fields that give the required imaging proper

ties. Electrons leaving the source are accelerated to a 

potential of at least a few kllovolts and direoted Into the 

object by the condenser lens. Some of the electrons in the 

beam are scattered by the object. The objective lens 

receives a narrow cone of electrons from each object point 

and focuses them on a corresponding point of the first 

Intermediate image. Two more stages of magnification 

follow: Electrons in the central part of the first and 

second intermediate images pass through the intermediate 

and projector lenses and form further magnified second 

intermediate and final images respectively. 

electron first second 
gun intermediate intermediate final 

object image image image 

-s?4e | A i A i A ! A 

gjrftt)—1r~1v 
condenser objective intermediate projector 

lens lens lens lens 

Pig. 1. Schematic diagram of the optical elements 
of an electron microscope. 



3 

Electron Scattering 

The energy distribution of electrons in the beam 

before and after passing through the object is shown in 

Figure 2 for the element aluminum. Other elements have 

similar energy loss distributions (Marton, Leder, and 

Mendlowitz 1955). In Figure 2 the sharp central peak at 

zero energy loss is that of the main beam. It has an aver

age beam energy corresponding to the accelerating potential 

of the microscope and an energy width due to the Maxwellian 

distribution of electrons emitted from the cathode 

(Mollenstedt and Lenz 1963» P« 322). This width, taken as 

the half-width of the Maxwellian energy distribution is 

AE = 2.446 kT or 0.55 electron volts for a cathode temper

ature of 2600 degrees Kelvin. The Maxwellian distribution 

is a sufficiently good approximation for the energy distri

bution of electrons emitted from a cathode at high 

temperature. 

The focusing properties of any electron microscope 

using the full Maxwellian beam must be such that the 

thermal energy width will not significantly affect the 

resolution. However, as the beam passes through the object, 

some of the electrons experience, due to inelastic scatter

ing, a decrease in energy which is very much greater than 

the Maxwellian energy width. As seen in Figure 2b, most 

of the inelastically scattered electrons-have lost more 
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ENERGY LOSS (ev) 
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Fig. 2. Energy distribution of electrons in 
the beam before and after passing through an 
object (from Powler 1965 P.750 for the energy 
loss curve of Aluminum). 
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than ten electron volts as compared to the 0.55 electron 

volt width of the main beam. 

Present electron lenses all have chromatic aber

ration; that is, they focus electrons of different veloc

ity to different points. This means that the wide spectrum 

of inelastically scattered electrons that passes through 

the objective, Intermediate, and projector lenses will 

have the general effect of blurring the image at the screen. 

Thus, an increase of resolution and constrast will result 

from the removal of the inelastically scattered electrons 

before they hit the screen. Increase of contrast is 

especially important for observing low atomic weight 

elements such as found in biologic specimens. 

Chromatic Aberrations 

We define the total chromatic aberration as the 

deviation in the image plane of a ray with energy e(0+A0) 

from another ray with energy e0, both of which start out 

at the same object point with the same initial direction. 

In the paraxial approximation, this total chromatic 

aberration consists of two terms, the axial chromatic 

aberration and the chromatic field aberration. Both 

depend on the energy difference eA0, and both are, for a 

first approximation, proportional to A0 if A0 is suffi

ciently small. 



Figure 3 illustrates these two types of chromatic 

aberration. The chromatic field aberration is proportion

al to the distance of the object point from the axis, and. 

independent of the direction of the initial ray. It 

represents the dependence of magnification on the energy. 

On the other hand, the axial chromatic aberration is pro

portional to the initial ray inclination and independent 

of the position of the object point in the object plane. 

This means that its effect on resolution is the same for 

all object points, Including the point on the optical axis 

provided that all of these points are irradiated with an 

electron beam of the same angular aperture. The well 

known theorem that, for an electron lens using static, 

axially symmetric electromagnetic fields, the chromatic 

aberration cannot be made equal to zero (Scherzer 1936), 

refers only to the axial chromatic aberration. 

Previous Work 

The suggestion that filter lenses be employed to 

increase contrast in images formed by electron micro

scopes is due to Boersch (19^7). Filter lenses can be 

classified in two general types: retarding field (elec

trostatic energy barrier) and magnetic deflection. 

Proposals have been made (Boersch 19^9t 1953; 

MSllenstedt and Rang 1951) to use an energy filter in the 
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chromatic 
field 
aberration principal 

ray 

ob ect image 
plane plane 

I—axiai 
I chromatic 
I aberration 

aperture 
angle 

4> +&4> 

disk of 
confusion 

image object 
plane (^) plane 

Pig. 3. Two types of chromatic aberration, 
(a) Chromatic field aberration. (b) Axial 
chromatic aberration. In both cases, one 
ray has energy e(0+A0), the other ray has 
energy e0, and both rays start out from the 
same object point with the same initial 
direction. 



form of an energy barrier to remove the inelastlcally 

scattered electrons. The barrier idea is to give the 

potential along the axis a very low minimum, for example, 

eight volts. Consequently, only the elastlcally soattered 

electrons and a very small fraction of the inelastlcally 

scattered electrons cross the energy barrier; most of the 

inelastically scattered electrons are removed from the 

beam because they do not have enough energy to cross the 

barrier. An energy barrier is capable of eliminating the 

inelastically scattered electrons but there are many prob

lems to overcome before a satisfactory filter lens can be 

made. 

The early designs of retarding field filter lenses 

were mostly of the three-element "unipotential" type in 

which the potential of the central electrode was lowered 

until the required filtering action was obtained. Experi

mental investigations using unipotential lenses have been 

reported (Boersch 19^9» 1953; Bykhovskaya and Der-Shvarts 

1959; Hahn 1959» Hollenstedt and Rang 1951)» "but these 

lenses have limitations in their practical application. 

To overcome the disadvantages of unipotential 

lenses, multi-element filter lenses have been designed 

experimentally (Beaufils 1959» Simpson and Marton 1961, 

Wilska 1965a, Wilska and den Boer 1965*0• Wilska, and 

also Wilska and den Boer, were interested in large exit 
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angles with good filtering properties so that the lens 

could be used as a projector instead of an intermediate 

lens. The final designs consisted of three to seven 

electrodes. An important feature was a cavity in front 

of the last crossover which was responsible for exit angles 

as high as *K) degrees. Beaufils, and especially Simpson 

and Marton, have experimented with five-element inter

mediate image filter lenses which consist of two short-

focus lenses symmetrically placed about the saddle point 

of the field. The first lens decelerates the electrons 

and produces an intermediate image at the saddle; the 

second lens reaccelerates the electrons to form a real 

image at the exit aperture. The combination is essential

ly two immersion lenses back-to-back. This type of lens 

is useful if one wishes to filter a collimated beam. 

An excellent review of retarding field energy 

analyzers is given by Simpson (1961). Simpson states 

that the difficult part to design is the decelerating part 

of the system, and this we find to be true (unless one 

wishes to accept several crossover points inside the lens). 

Filter lenses using magnetic deflection in 

combination with an electron mirror have been reported 

(Castaing and Henry 1962, Henry 1965). These lenses are 

capable of filtering both sides of the energy distribution 

of electrons; hence, they permit an image to be formed 
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with electrons of a certain energy range. One must be 

careful when using magnetic deflection because, by bending 

the beam, axial symmetry is destroyed; hence, the system 

must be designed so that second-order aberrations are 

small. (In an axially symmetric system all even-order 

aberrations are zero; thus, only third-order aberrations 

dominate.) 

Theoretical calculations on electrostatic filter 

lenses have been performed by a few investigators 

(den Boer and Wilska 19^5» Der-Shvarts and Belen'kiy 1962, 

Lippert 1955* Schiekel 1952). Numerical calculations on 

a filter lens which was optimized experimentally have been 

made by den Boer and Wilska. They find the potentials 

for a given set of electrodes and from them calculate the 

trajectories of electrons. Der-Shvarts and Belen'kiy 

take known ray solutions for mathematical models of uni-

potential lenses and calculate chromatic aberrations for 

a few filter lens designs. Lippert investigates aberra

tions of a unipotential lens. Our method of designing 

a filter lens is similar to that of Schiekel. In partic

ular, we find an analytical potential along the axis that 

gives the required filtering and imaging properties. 

Furthermore, we assume a potential function with more 

degrees of freedom, investigate geometric and chromatic 

aberrations in more detail, and give a set of electrodes. 
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Qualitative Form of Potential Along the Axis 

A qualitative form of the potential along the axis 

is shown in Figure The origin of the z coordinate is 

placed at the potential minimum for convenience. The 

potential increases in both directions away from the origin 

to a value 0max representing the accelerating voltage of 

the microscope. The potential should approach 0max rapidly 

enough so that regions far from the origin can be called 

field-free. Since the lens is designed to be employed in 

low voltage microscopes built by Dr. Alvar P. Wilska of the 

University of Arizona (Wilska 1965a, 1966), we have chosen 

an accelerating potential of 6^00 volts. 

region of electric field 

max 

w -p 
rH 
O 
> 

0(z) 

0 

Fig. Qualitative distribution of potential 
along the axis of symmetry of an 
electron filter lens. 
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It is easy to make an energy barrier and relative

ly easy to make an ordinary lens, but it is difficult to 

make an electron filter lens. In such a lens, the elec

trons must be decelerated until they have only a few elec

tron volts energy near the potential minimum and then 

reaccelerated to full potential. In the region near the 

origin they are moving very slowly and hence are very 

sensitive to electric fields. Electrons starting out with 

only a one volt loss out of 6400 volts could have a highly 

different trajectory compared to those starting out with 

no energy loss because in going through the potential 

minimum the ratio of energy loss eA0 to the kinetic 

energy e0o is one to eight volts. Therefore, the total 

chromatic aberration is proportional to A0 only for 

energy differences eA0 which are small compared to the 

barrier energy e0o of eight electron volts. The chromatic 

aberration becomes infinite for electrons of more than 

eight electron volts loss because these cannot get through 

the lens at all. 

Nevertheless, the lens must have zero or very 

small chromatic aberration for all electrons having up to 

i0.55/2 ev deviation from the main beam energy. In 

other words, the lens must have a vanishing or very small 

first-order chromatic aberration coefficient so that the 

Maxwellian energy width will not have an adverse effect on 
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the image quality. The difficulty lies in producing a 

lens that has a zero or very small chromatic aberration 

at a given electron energy and infinite chromatic aber

ration for energies only eight electron volts below the 

energy of the main beam. 

Another problem is distortion which produces an 

image no longer similar to the object. This defect is not 

as serious as chromatic aberration because distortion does 

not affect resolution and can be easily corrected. Yet, 

the distortion must be kept small in order to be able to 

obtain stifficlently wide images on the screen. 

The reason why a filter lens of this type is 

possible can be seen in Figure 5. Let us assume that the 

£ 
o 
•P 
cj 
U 
fH 
<0 

*3 
*d 
H 
<D 

O 
•H 
•P 
a) 
0 
o 

o 0 
8 12 16 20 2b 

Energy loss (ev) 

Pig. 5- Chromatic field aberration 
in an ideal filter lens. 



conditions of zero chromatic field aberration for the 

main beam and infinite chromatic field aberration for 

electrons with an eight volt energy loss have been met. 

Then, at the image plane the main beam will focus to a 

point (zero chromatic field aberration) and almost all of 

the inelastlcally scattered electrons will be removed by 

the potential barrier (infinite chromatic field aberra

tion). According to the nature of the scattering process 

(Figure 2b), there is only a relatively small number of 

electrons with energy losses between zero and eight elec

tron volts. Consequently, there is not a very great 

amount of blurring in the image due to the chromatic aber

ration of these few electrons. 

The electron filter lens is designed to replace 

the projector lens shown in Figure 1. This means that the 

beam enters the filter lens with a very small angular 

aperture because of the high magnification of the second 

intermediate image. We may therefore expect that the 

effect of axial chromatic aberration, which is propor

tional to the angular aperture, will be negligible. Its 

effect will be discussed in Chapter 5. The filter lens 

has fixed imaging properties; hence, focusing and change 

of magnification is done by the objective and Intermediate 

lenses. 



2. ELECTRON PATHS 

Electron Ray Equations 

We shall consider only electron rays in an axially 

symmetric electrostatic field, in particular those rays, 

called meridional rays, which remain in a meridional plane 

through the z-axis. If we choose the z coordinate of a 

cylindrical coordinate system as the independent variable, 

the exact differential equation of the meridional rays is 

given by (Zworykin et al. 19^5 P. ̂ 01) 

2§(z,r)r" = (1+r'2) f" _ r(1) 
L 3r 9z J 

Here, r is the perpendicular distance from the z-axis, 

r' = dr/dz, and §(z,r) is the electrostatic potential 

normalized so that the cathode is at § = 0. That is, the 

energy equation in the non-relativistic approximation has 

the form 

^ mv2 = e $(z,r) (2) 

The angular coordinate is missing from equation (1) 

because of the assumption of rotational symmetry. A non-

relativistic calculation is sufficient since the acceleration 

15 
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potential is not too high 

In all the region accessible to electrons the poten

tial must satisify Laplace's equation, which, when written 

in cylindrical coordinates (z,r) takes the form 

z-axis is sufficient to determine the potential everywhere, 

and since we are interested only in electron rays near the 

axis of symmetry, it will be sufficient to write equation (1) 

in a series expansion in terms of the small distance r and 

the potential along the axis. The expansion of the potential 

near the axis in powers of r can be written (Zworykin et al. 

(3) 

Since knowledge of the potential all along the 

19^5 P. 377) 

0(z) - £20"(z) + |^0'V(z) 

(*0 

where 0(z) = <£(z,0) is the potential along the z-axis. 



That the expression for $ (z,r) above is a solution to 

Laplace's equation can be seen by direct substitution of 

equation (4) into equation (3). 

If we now replace $(z,r) in equation (1) by its 

expansion (4) and keep only terms up to order r^f the 

result is the third-order ray equation 

n • • vil - rV'j^ • JjC • rVjC" 
20 40 40 320 80 

- rr'2iL" - r'3̂ ' (5) 
40 2$ 

Even power terms in r and its derivatives are 

missing from the ray equation due to the axial symmetry. 

If we neglect the third-order terms of the right hand side 

of equation (5)» we get the paraxial ray equation, a linear 

differential equation of the form 

r" + r/0' + r . 0 (6) 
20 40 

The general solution to the paraxial ray equation 

can be written as 

r(z) = rQr1(z) + s^U) (7) 
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where r^(z) and s^(z) are two Independent solutions to 

equation (6) with the boundary conditions 

r1(- oo) = 1 

r^ 1 ( - oo) = o 
s^z^ = 0 

S<l'(-oo) s l 
( 8 )  

Typical forms of these solutions are Illustrated 

in Figure 6a. In the case of an electron filter lens the 

potential at plus and minus infinity will be a constant; 

hence, the paraxial solutions r1(z) and s-^(z) will be linear 

in these regions. The first zero point of r^(z) is denoted 

by zQ, although there may be more than one zero depending 

on the form of 0(z). The intersection zy of the asymptote 

of s^(z) with the axis determines the position of the inter

mediate image plane. Finally, z^ is the position of the 

final image plane. For a given image plane z^ the solution 

s^(z) can be found by integrating equation (6) backward 

from z = z^ with an arbitrary slope s^'(zj). This 

solution is then multiplied by a constant factor which is 

determined so that ' (- oo) = l. 

parameters which generate all solutions to the paraxial 

ray equation. If rQ is kept constant, and sQ varied, 

equation (7) represents a family of paraxial rays with the 

family parameter sQ. A bundle of these rays is illustrated 

In equation (7)» r0 and s0 are two independent 
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slope 

so s  0  

sQ >° 

to real object 
and objective 
lens 

r(z1)=Mr( 

virtual 
Intermediate 
Image plane 
z = z„ 

(b) 

final 
image 
plane 
z = Zh 

Fig. 6. Formation of Gaussian image from 
paraxial ray solutions. (a) Typical form of 
independent paraxial ray solutions ri(z) and 
si(z). (b) Bundle of paraxial rays r(z) = 
r0rj(z) + s0si(z) corresponding to the 
family parameter sQ. 



in Figure 6b. They intersect the image plane z = 

a common image point 

20 

zi in 

r(z1) = m Mr0 (9) 

where M is the magnification of the lens. 

In the field-free space between objective and 

filter lenses the rays given by equation (7) can be re

placed by their asymptotes 

r(z) = rQ + sQ (z - zv) (10) 

All of these ray asymptotes are directed to a 

common point in the virtual intermediate image plane z = zv 

as shown in Figure 6b. In order to obtain a real focussed 

image in the image plane z = z^, we must therefore choose 

the real object position and the objective lens strength 

so that a virtual intermediate image is produced in the 

plane z = zv. Only in this case will a bundle of paraxial 

rays coming from the same object point be focussed in the 

image plane z = z^. 

As a consequence of the linearity of equation (6), 

the paraxial rays produce a sharp, geometrically faithful 
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image provided all of the electrons start out with the same 

energy. This is the first approximation, often referred to 

as the Gaussian image. The third-order terms of equation 

(5) produce geometrical aberrations in the image. 

Chromatic Aberration and Distortion 

There are two principal effects which we must take 

into account in order to produce a good filter lens. The 

first is chromatic aberration. The incoming electrons will 

have an energy distribution of the type shown in Figure 2b. 

Equation (5) as it stands is correct to the third-order in 

r for electrons of equal energy e0max entering from the 

left. A "chromatic" ray, on the other hand, will see a 

potential distribution which Is everywhere changed by a 

constant amount ^0, e A0 representing the energy differ

ence between the chromatic ray and the principal ray. 

For a chromatic ray the potential will be 

0c(z) = 0(z) + 60 (11) 

The ray equation for a chromatic ray which sees the 

potential 0c(z) will then be found by replacing 0 by 0C 

everywhere in equation (5). For the determination of the 

first-order chromatic aberration coefficients it is suffi

cient to keep only first-order terms in &0 and neglect 
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higher-order terms in A0 and mixed terms of the order r^L0. 

This substitution will produce a third-order ray equation 

for a chromatic ray r(z) having an energy eA0 greater 

than the energy e0max of a principal ray. When this sub

stitution is carried out the ray equation becomes 

r" ̂  i 0 '  0 "  A 0 / » 0 '  0 " \  2  f t  0 "  + r ~, + r f— = tiilfr + r £— ) + r r z— 
20 40 0 V 20 40/ 40 

H. I* * 
+  r^ +  r 2 r '  320 80 

- r r'2 L - r'3 (12) 
40 20 

This equation can be solved by a perturbation method 

to get a set of linear differential equations corresponding 

to the paraxial, distortion, and chromatic solutions. 

There are three small parameters, namely, r0, sQ, and A0, 

the increased potential of a chromatic ray. The meaning of 

the two parameters rQ and sQ is clear from equation (10). 

At the Intermediate image plane z = zy we have r(zv) = rQ, 

hence rQ represents the position of a virtual object point 

in this plane. Also, it follows from equation (10) that 

r'(-oo) s= sQ, therefore, s0 represents the initial slope 

or angular aperture. The order of magnitude of the maximum 

values of the parameters are rQ c/ 0.2, sQ - 0.0001, and 

A 0/0o * 0.3/8 = 0.375. 
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We assume the general solution to equation (12) 

to have the form 

r(z) = r^U) + r03r2(z) + rQ( A0/0o)r3(z) 

+ SqSj^CZ) + Sq(A0/0o)S3(Z) 

+ third-order terms in r„V, r_s_2, s 3 o o o o * o 

+ higher-order terms (13) 

where 0Q is the minimum potential as shown in Figure AH 

of the other third-order and higher terms of equation (13) 

have "been neglected because they are smaller than the 

terms retained. 

Then the substitution of equation (13) into equation 

(12) together with neglecting higher-order terms consistent 

with the approximation and separating the equations by 

considering rQ, sQ, and A0/0Q independent parameters gives 

the following set of linear differential equations for the 

paraxial, distortion, and chromatic solutions: 

(l^a) 
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ft ' 0' + To + 
2 20 

r? i! 
2 ̂ 0 

= r« 
,iv 
X'. Itlf 
320 I 

+ p V 
1 1 

+ r^ 

40/ J 

£!'_ /£l] /£L'\ 
80 120/ \40/ 

' 3 r 0" 
40 

+ r; 21 
20 

(14b) 

_» * 0' + _ 0" 
3 + r3 20 + r3 40 

$0 

0 
/ 0 0 

rl ̂  + r1 7^ 
1 20 1 40 

(14c) 

tl t 0 
S1 + S1 — + Si , . 
1 1 20 1 40 

0" •—T + Si — = 0 (l4d) 

ft 
tt . / 0' 0 

s3 + s3 §0 + s3 k 
0o 

0 
' 0 . 0 
S1 £w + S1 fw 1 20 1 40 

(l4e) 

Table 1 gives the boundary conditions for the 

differential equations (14). These are designed to preserve 

the asymptotic form of the rays given by equation (10). 

Table 1. Boundary conditions for ray solutions. 

Function Boundary conditions 

r^z) r1(- 00) = 1 V 
- 00) = 0 

r2(Z) r2<-~) = 0 
r2' 

- 00) = 0 

Tj( Z) r^(-oo) = 0 
r3' 

- 00) = 0 

s1(z) s.^ zx ) = 0 sl' 
- 00) = 1 

Sj(z) s j(-OO) = 0 
V 

_ 00) = 0 
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It can be seen from equation (13) that the inclusion 

of r2(z), r^(z), and s^(z) produces distortion, chromatic 

field aberration, and axial chromatic aberration in the 

following manner: The ray enters from the left, headed 

toward the point rQ of the intermediate image plane, with 

a slope sQ as given by the asymptotic form (10). Figure 7 

illustrates a general electron ray and its aberration at 

the image plane. 

intermediate final 
image plane image plane 

z = zv z = z1 

aberration 

slope s 

Pig. 7. General electron ray and 
aberration at image plane. 

Suppose the image plane is located at z = z^ 

somewhere to the right in field-free space. In the image 

plane z = z^ where s^(z^) as 0, equation (13) for the 

ray becomes 
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r(zx) = rQr1(z1) + rc3r2(z1) + rQ( &0/0Q)rj(z1) 

• Sq( A0/0o)S3(Z1) (15) 

Prom equation (15) it is evident that r^(z^) is the 

magnification, r2(z^)/r^(z1) the coefficient of third-order 

distortion, r^(z^)the cofficient of chromatic field 

aberration, and s^(z^)/ the coefficient of axial 

chromatic aberration. Other third-order aberrations such 

as astigmatism, coma, and spherical aberration have not 

been calculated. They would be the coefficients of the 

? 2 "3 
third-order terms in r„ s . r , and a^J, If the coef-o o o o o 

ficlent of third-order distortion is positive we have 

pincushion distortion, and if it is negative we have barrel 

distortion. 

For an ideal filter lens we must choose a potential 

0(z) having the properties of Figure ^ such that at some 

point z^ in field-free space the aberrations either vanish 

or are very small. 

It was first shown by Scherzer (Scherzer 1936) that 

the axial chromatic aberration term, s^(z), never vanishes 

or changes sign. But this term, and also the distortion, 

is small due to the coefficients sQ and The dominant 

aberration is chromatic field aberration. If we can make 
} 

r^(z) vanish at some point z = z^ in field-free space. 
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this value of z will determine the position of the image 

plane, and we will have a good filter lens provided distor

tion and axial chromatic aberration remain small. To do 

this we first assume all rays enter the lens parallel to 

the axis. For a determination of chromatic field aberration 

and distortion, the restriction to such rays is Justified. 



3. COMPUTER SOLUTIONS 

Optimum Potential Along the Axla 

The functional form of the potential finally 

adopted because it gave the best results was 

0(z) = 0O + 0itanh(A11z2 + A21z^ + A^z^ + A^z8) 

• 02tanh(A12z2 + A22ẑ  + A32ẑ  + Â 2Ẑ  

where the 0J[ (1 = 0,1,2) and (1 = 1,2,3.^ ; J = 1.2) 

are parameters. 

The differential equations (1*0 together with the 

potential of equation (16) were programmed on an IBM 7072 

computer at the Numerical Analysis Laboratory of the 

University of Arizona. Programming was done in Fortran 

Language. The method of integration was a Runge-Kutta type 

modified for a linear differential equation to improve 

speed. An error criterion was set up to insure at least 

three significant figure accuracy at the end of all calcu

lations. A variable step size method of integration was 

used so that where the rays curve the most the step size 

is small and where the rays are nearly straight lines the 

step size is large; In all, about ten computer programs 

28 
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were written to perform various tasks to complete the 

problem which took approximately 40 hours total computer 

time. 

It soon beoame evident, and verified by computer 

solutions, that a necessary condition to make the first-

order chromatic field aberration and distortion small was 

to place the zero of r^(z) as close as possible to the 

potential minimum, that is, z = 0 in this case. The 

reason for this is that the electron path is subject to a 

great deal of curvature near the potential minimum because 

the electrons are moving very slowly in the vicinity of 

the potential minimum. The point z = 0, r = 0 is a 

saddle point of the field, hence the electric field is 

zero at this point, and therefore the low velocity electrons 

will not receive too great a curvature if they are made to 

pass through this point. 

The problem of finding the optimum potential along 

the axis was then divided into two parts: First, find the 

potential distribution for negative z which places the 

crossover of the paraxial solution r^(z) at z = 0. 

Second, using the results of the ray paths of the first 

part for new initial conditions, find the potential for 

positive z which eliminates or minimizes first-order 

chromatic field aberration and distortion at some image 

plane z^ far to the right in field-free space. At the 
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origin the two potential functions for the right hand side 

and left hand side must be matched up to the fourth deriv

ative in z to insure that the coefficients of the differ

ential equations (14) do not beoome discontinuous. 

Different analytical expressions for the potential 

function on the axis with many parameters and functional 

forms were tried in an attempt to get the zero of t^{z) to 

the potential minimum. All equations are invarient to a 

scale change in the axial coordinate z so that the unit of 

length can be chosen arbitrarily. After about 50 computer 

runs the following potential distribution from z = - «« 

to z = 0 finally gave the zero of r^z) at z = 0. 

matched to the potential of the left hand side up to the 

fourth derivative and then the parameters were varied 

until both the chromatic field aberration and distortion 

were small at some point in field-free space. Actually, 

the chromatic field aberration could be made to vanish. 

This optimum potential required about 100 computer runs 

0(z) = 8+175 tanh(z ) + 6217 tanh 

for - c*j> < z < 0 (17) 

Next, the potential of the right hand side was 
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and was found to be 

0(z) ss 8 + 100 tanh(z^) 

+ 6292 tanh( .0218007 z2 + .0001 z8) 

for 0 £ z < (18)  

Figures 8 and 9 show the potential distribution 

along the axis of the filter lens given by equations (17) 

and (18), with an enlarged view in the vicinity of z = 0. 

It was very difficult to find a left side potential 

distribution for which the crossover point occured at the 

origin or for positive z values. The potential given by 

equation (17) is one of the few found to have the property 

that the crossover point can be varied around z = 0 by 

changing the potential function slightly. If we let zQ 

denote the first zero of the paraxial ray r1(z), that is, 

r.(z ) = 0 
1 o 

and if we write the potential in terms of a parameter 0^ 

in the following way: 

0(z) = 8 + 01 tanh(z ) + (6392-0!) tanh 

(19) 



Pig. 8. Potential distribution along the axis 
of the filter lens. 

The potential is given by equations 
(17) and (18). 
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then, varying the parameter 0^ gives the crossover values 

zQ shown in Figure 10. This can he interpreted by saying 

that a small change in an electrode potential near the 

origin z ss 0 can be used to adjust the lens so that the 

crossover will be at the origin, even if the properties of 

an actual lens differ slightly from the properties of the 

lens calculated theoretically. 

01. volts 

-200 > 

-190 

-180^^ 

-170 

i l 1 

-160 

i i 
- .03  - .02  - .01  0  .01  .02  .03  

Fig. 10. Paraxial ray crossover point zQ 
for different values of the parameter 0^. 

In the same manner it should be possible to adjust 

the potentials of the electrodes on the right hand side of 

an actual lens to give zero chromatic field aberration based 

on the results of computer runs made. 
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Ray Solutions rj(z), rg(z), and Tr^{z) 

Figures 11 and 12 show a plot of the three computer 

solutions r^(z), ̂ (z), and r^(z) for the paraxial, distor

tion, and chromatic field rays for the potential given in 

equations (17) and (18). The value of z for which the r^(z) 

solution vanishes is the position along the axis where 

there is no first-order chromatic field aberration. The 

solution r^(z) was found to vanish at z values as low as 

z = 5» giving a screen distance just outside the electric 

field, if needed. The r^(z) solution finally adopted van

ishes at z = 35«6^, hence we take the real image plane at 

this position where there is no first-order chromatic field 

aberration. The distortion is small in this plane because 

it is of the order of r^rg^^) compared to the principal 

term rQr^(z^) but we must postpone the discussion of dis

tortion until we find the aperture (maximum rQ) allowed by 

the electrode configuration. 

Various attempts were made in an effort to elimi

nate the dip in the potential curve near the origin since 

this dip introduces two inflections of the field on each 

side of the origin. As a rule, although not strictly true 

in every case, each pair of inflections in the potential 

along the axis requires an extra pair of electrodes to 

produce the field. If the dip is removed, the field could, 

in principal, be produced with two less electrodes. Poten

tial distributions, all very close to the one shown in 
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Figure 8, were tried in an effort to remove the dip and 

still get the crossover of r^(z) at the potential minimum. 

None of these results came close to giving the ray paths 

needed. It is felt that this dip in the potential at the 

minimum is a significant part of the potential. Later we 

will see that the central electrode of zero volts is In 

effect shielded by two adjacent electrodes of the order 

of 300 volts. 

Ray Solutions Sj(z) and S3(z) 

With the image plane defined at z^ = 35.6^, where 

the chromatic field aberration r^(z) vanishes, we can now 

determine the solutions s^{z) and s^(z)» and from them 

find the position of the conjugate intermediate image 

plane and the coefficient of axial chromatic aberration. 

An examination of Table 1 shows that the solution s1(z) 

must vanish at z = z1 = 35* 6^ and have slope +1 as 

z -»• -00. This is accomplished by first running the solution 

s^(z) "backwards" from the image plane, 1. e. starting from 

z = 35*6^ with Si(35-6*0 = 0 and s^1 (35*64) arbitrary, 

we run the solution backwards to z = -00. The slope at 

z = - 00 is then adjusted so that s^'(-cx?) = +1 by 

multiplying by a suitable constant. This can be done 

because s^(z) obeys a linear differential equation. 

Second, by using the new set of initial conditions for 
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s^(z), both the s^(z) and s^(z) solutions given by equations 

(l4d) and (l4e) were generated from z = - o© to the image 

plane z^ = 35,6k, 

Figure 13 shows the numerical solutions s^z) and 

s^z). As required, s^(z) has slope +1 as z -> - oo and 

vanishes at the image plane z^ = 35.64. Also, from the 

asymptotic form of s^z) we find the intermediate image 

plane located at zv = 6.366, a position outside of the 

lens field. The axial chromatic aberration is proportional 

to the s^(z) solution. The geometrical and chromatic aber

rations at the image plane for a specific filter lens will 

be calculated in Chapter 5. 

Table 2 gives the asymptotic behavior of the ray 

solutions in object and image space. 

Table 2. Asymptotic behavior of ray 
solutions in object and image space. 

for z -» - for z -? + 

r^z) 1 7.675 + .2^766(z - 35.64) 

r2(z) 0 2.863 - .01896(Z - 35.64) 

r^(z) 0 .009539(z - 35.64) 

s1(z) z - 6.366 .13037(z - 35.67) 

s^(z) 0 -52.22 - 1.685(z - 35.64) 
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To give a brief summary, the equation for electron 

ray paths near the axis of symmetry could be written 

approximately in terms of the potential and its derivatives 

on the axis alone. This is possible because the potential 

$(z,r) everywhere must obey Laplace's equation and is 

unique for a given set of boundary conditions. The poten

tial 0(z) along the axis is a sufficient boundary condition 

for Laplace's equation, hence 0(z) completely specifies 

$(z,r) everywhere. This allowed us to determine a poten

tial function 0(z) of a single variable that acts as an 

energy barrier for electrons that have lost more than 

eight electron volts, and at the same time acts as a lens 

having no first-order chromatic field aberration and very 

little distortion at the image plane. 

The remaining problem is to determine a set of 

electrodes that are physically realizable; that is, they 

may not block the beam in any way, nor should they be too 

numerous. Of course, the electrodes must also produce the 

given potential 0(z) along the axis. To do this it is 

necessary to generate the complete potential, §(z,r), 

from the potential along the axis, by means of Laplace's 

equation. 



4. DETERMINATION OP EQUIPOTENTIAL SURFACES 

Fourth-order Approximation 

Given the potential all along the axis it is 

possible to determine the potential everywhere off the 

axis. For points close to the axis the series formula (4) 

is sufficient to find the potential provided there are no 

singularities of the field near the point (z,r) considered, 

i.e. provided that the series converges. If only the first 

three terms of equation (*0 are retained, the equation 

becomes bi-quadratic in r and can be solved explicitly for 

r in terms of the potential on the axis 0(z) and its 

derivatives. 

Here r^ and rg are two possible distances to the 

equipotential surface g = constant at the axial coordi

nate z, and 0(z) is the potential along the axis. In this 

fourth-order approximation there may be none, one, or two 

real positive values for r depending on the value of 0(z), 

its derivatives, and §>. This method of finding equi-

potentials does not tell us the size and location of any 

UrZ 

( 2 0 )  
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singularities (line charges encircling the axis). Equation 

(20) was programmed on the computer to generate the equl-

potentials for the potential distribution given by equa

tions (17) and (18). 

Figure 14 shows the results of this fourth-order 

approximation. Three saddle points off the axis at 

(-5»^»6.?), (-1.4,0.9)* and (1.8,1.1) can be seen. There 

is also a saddle point on the axis at (0,0), the potential 

minimum. These are points at which the electric field 

vanishes, that is, 

?i?(z»r) = 0 and 3g(z,r) = 0 

2r 

The saddle points are interesting because if the 

equipotentlal surface corresponding to the saddle potential 

is made into an electrode it will reduce the number of 

electrodes from two to one as shown in Figure 15 for the 

302 volt saddle potential near (-1.4,0.9). 

It can be shown (Zworykln et al. 1954, P. 378) that 

the equipotentlal surfaces of a saddle point cross at a 

right angle for the saddle points off the axis and make 

an angle of © = arctan./2" = 54°44' with the axis for 

saddle points on the axis. 

A check can be made on the accuracy of the fourth-

order approximation by observing that for saddle points 
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Fig. 14. Squipotential surfaces of fourth-order approximation. 
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(a) 

•(b) 

(c) 

Fig* 15. Electrodes in the vicinity of a saddle point. 

(a) Equipotentials near the 302 volt saddle point of 
Figure l4. (b) Two electrodes will produce the field, 
but (c) if the equipotential of the saddle point is 
chosen, only one electrode is needed to produce the field. 
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(-1.4,0.9) and (1.8,1.1) of Figure 14 the equipotentials 

do indeed cross approximately at a right angle; whereas at 

the saddle point (-5.^,6.7) they do not cross at a right 

angle because this point is too far from the axis for the 

approximation equation (18) to be good. Also, the 8 volt 

equipotentials through the origin cross at the correct 

angle of '. 

Even though the approximate formula for equi-

potential surfaces off the axis may not give good results 

far from the axis, it is still very useful because it gives 

directly the value r(z) for a given equipotential § 

and thus an entire equipotential may be computed. Also, 

the equipotentials near the axis are still very accurate so 

the shape of the entrance electrode and exit electrode may 

be determined with good accuracy. This fact was used to 

good advantage when finding the optimum potential along the 

axis because the principal ray r^(z), in order to exit from 

the system without hitting an electrode, must have a cross

over at the point where the exit electrode comes closest 

to the axis. 

We next tried a sixth-order approximation by 

including the term in r^ of the expansion (4). The coef-

Vi 
ficient 0 (z) was calculated numerically on the computer 

IV 
from five values of 0 (z) for equidistant neighboring z 

because its analytic form contains too many terms for a 

convenient calculation. The resulting third-degree equation 

2 in r was solved on the computer by the method of Newton's 



approximation (Abramowitz and Stegun 1965 p. 18). The 

results of the new equipotential surfaces differed signif

icantly enough from the fourth-order approximation that 

we decided to use an exact formula even though it does not 

give the equlpotentials directly but rather the potential 

at some given point in space. 

to be due to the existance of many singularities in the 

z-r plane around which the series expansion (M does not 

converge and an approximate formula.-llke equation (20)f 

becomes inaccurate. 

Exact Formula 

An exact formula exists (Scherzer 1933. Zworykin 

et al. 19^5 P. 376) for the potential everywhere given only 

the potential along the axis of symmetry. The integral 

is a solution to Laplace's equation in cylindrical coor

dinates independent of © such that on the axis 

The reason the results differed so much was found 

TT J0 
( 2 1 )  

$ (z#0) 5 0(z )  



Both of the equations (17) and (18) for the 

potential along the axis can be put into the form 

0(z) 0o + 0^ tanh(z2) + 02 tanh(a1z2 + a2z®) (22) 

where 0Q, 0^, 02, and a^, a2 are parameters that take on 

different values corresponding to the right and left hand 

side potentials given by equations (17) and (18). 

We can write the complex potential in the form 

0(z + ir cos ot) = 0Q + 0^tanh(Uj + iv^) + 02tanh(u2+ivo) 

where u^ + lv^ = (z + ir cosoO 
2 

(23) 

(2*0 

U2 + *V2 = al ẑ + *r c°sc*) + a2 ẑ + cos 

(25) 

and use the identity 

tanh(u + iv) 
tanh u 

+ i 
tan v 

( 2 6 )  

(sin v \^ /sinh u\^ 

cosh u/ \cos v / 

to obtain the real part of 0(z + ir cos <x) 

Re0(z + ir cosoO = 0Q + 0^ 
tanh u^ 

2 
1 - (sin v^/cosh u^) 

tanh U£ 
(27) 

2 
1 - (sin Vg/cosh Ug) 
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After carrying out the expansions on the right hand 

sides of equations (2*0 and (25)» and replacing the inte

grand of equation (21) by equation (27), the integral 

formula for the off-axis potential becomes 

$(z,r) *= | 
tanh ui 

1 dc< 
0 1 - (sin Vj^/cosh 

2 
2 

tanh Uo 
d*. (28) 

2 
0 1 - (sin V /cosh u ) 

where 

u^ = - r^cos^cx 

v-^ = 2zr cos <x 

U2 = 

V2 " 

a^(z2 - r^cos^o<) + &g(z® - 28z^r^cos^^C 

+ ?Oz^r^cos^tf< - 28z2r^cos^«x + r^cos^c*. ) 

zr cos oc {^2a^ + ag(8z^ - 56z^r2cos^oc 

+ 56z2r^cos^oC - 8r^cos^o< ) J 

The parameters have the values: 0Q = 8, 0^ = 175» 

— ft 
02 = 6217. a^ = .01, a2 - for -  00  <  z  < 0; and 

0Q =8, 0X = 100, 02 = 6292, a^ = .0218007, &2 - .0001 

for 0 < z < oo in the case of the optimum design for 

the lens. 

Equation (28) was programmed on the computer to 

perform the necessary numerical integrations. During the 
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integration, z and r are held fixed. The step size in 0< 

from o to 1T/2 was made variable from 2 to 512 steps 

until at least three significant figure accuracy was 

obtained for the integral._ Near the axis two steps of 

integration were sometimes sufficient but for points far 

from the axis or near to singularities of the field more 

than 512 steps were required for the Integral. 

Based on the equipotentials of the fourth order 

approximation shown in Figure lb, the relevant parts of the 

z-r plane were divided up into a mesh of .1 X .1 units of 

length and the potentials of thousands of points were 

calculated and plotted on the grid. Next, the equipoten

tials were sketched throughout the grid, the results of 

which are shown in Figure 16. 

As suspected, many singularities (places where the 

potential goes to infinity) appeared in the exact analysis 

of the field. Some of the major singular points are 

located at the points A, B, C, D, E, and F of Figure 16. 

The equipotentials shown around these singular points are 

typical of a line charge. There are also saddle points 

located at a, b, c, d, and e. As mentioned before, if we 

make an electrode from the equipotential going through 

the saddle point, it will reduce the number of electrodes 

required near the saddle from,two to one. Unfortunately, 

the singular points present a different problem. In order 

to produce the correct field it would be necessary to 
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Fig. 16. Equipotential surfaces of exact formula. 
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enclose all singular points with electrodes and due to the 

large number of singular points this would be impractical 

in an actual lens. 

We decided to enclose the singularities A, C, D, 

E, and P with electrodes because these are so close to the 

axis. The entrance electrode and exit electrode surrounding 

A and P were taken at the anode potential of 6400 volts. 

The electrodes surrounding C, D, and E were taken at the 

potential corresponding to the saddle points c, df and e 

respectively for the reason given previously. At least two 

more electrodes are needed to produce the field. One 

electrode is at the potential of the saddle point a, whose 

singularity is not shown in Figure 16, and the other 

electrode is the central electrode taken arbitrarily at 

the zero volt potential. 

The singularity at B is farther from the axis than 

the others. We would like to eliminate an electrode around 

this singularity and many others farther from the axis but 

not shown in Figure 16; however, it is difficult to estimate 

the effect on the potential by just ignoring this singu

larity unless a calculation of the field is made by using 

a given set of electrodes. This is the problem of solving 

Laplace's equation everywhere inside the lens, given the 

boundary conditions of certain equipotential surfaces 

surrounding the axis. Since It will be advantageous to 



eliminate certain electrodes provided the new field is a 

sufficient approximation to the exact field, we will now 

investigate a numerical solution to Laplace's equation. 

Numerical Solution to Laplace's Equation 

If the z-r plane is divided into a square mesh of 

h units to a side as shown in Figure 17 for the off-axis 

and on-axls points, then a first order numerical approxi

mation to Laplace^ equation in cylindrical coordinates 

with axial symmetry is 

for points on the axis. 

Here N stands for the point N(z,r+h) North of the 

point P(z,r) considered: North being defined as the point 

in a direction away from the axis. South (S), East (E), 

and West (W) are similarly defined in Figure 17. 

The procedure is an iterative one, that is, each 

point of the mesh is taken in some sequential order and a 

(29) 

for off-axis points, and 

(30) 
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new approximation to the potential, using the values at 

the surrounding points, is made until all potentials are 

changed to new values. Then the process is repeated until 

the potential of all points converges to within some 

specified error criterion. Of course, the boundary points 

corresponding to some given set of electrodes remain fixed 

in potential. 

«—h — N 
f 
h 
• , W P (z,r) E 

S 

1 

— h- N 
~T 
h 
1, W I (z,0 E 

(a) (b) 

Fig. 17. Definition of mesh points for the numerical 
solution to Laplace's equation, (a) Off-axis points, 
(b) Points on the axis. 

Equations (29) and (30) and the iterative procedure 

for solving the mesh were programmed on the computer. The 

error criterion was chosen to give three significant figure 

accuracy for the potential of every point of the mesh. 

Figure 18 shows four electrodes that were chosen 

from the equipotentials found in Figure 16. They closely 



follow the equipotentials corresponding to the saddle 

points a of 2500 volts and c of 280 volts, plus the 

entrance electrode of 6*1-00 volts and another fixed poten

tial of 203 volts looated on the axis at z • -1. 

The purpose of this calculation is to see if we 

can safely neglect the singularity B by slightly varying 

the potential of electrodes 2 and 3» and still get a good 

approximation to the potential along the axis. Since 

Laplace's equation is linear, a superposition of solutions 

is still a solution, and we need, therefore, only to cal

culate three independent potential distributions. Prom 

these distributions the approximate potential along the 

axis is then determined so that the mean square error with 

respect to the exact potential along the axis is a minimum 

Table 3 shows the potentials taken on the four 

electrodes in order to produce the three independent 

solutions *1- §2' and §jf and also the electrode 

potentials resulting from the approximate solution cl 

given by 

<ga(z,r) = ^(z.r) + ex. §2(z,r) + /3 §^{z,r) (31) 

where o< and are two parameters which can be varied to 

give a good fit of §a to The parameters <x and yS 

are varied so that the mean square error of the potential 
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Table 3. Potentials applied to the four 
electrodes of Figure 18 to give the three 
Independent potentials 5^, ^2» and 
the approximate potential g>a. 

Potential 
function 

Potential 
1 

in volts on 
2 

electrode 
3 

number 
4 

ll(z.r) 6^00 2500 280 203 

<j>2(z,r) 0 1 0 0 

^(z.r) 0 0 1 0 

la = $1 + «3>2 + ,a<[>3 6k 00 2500 + <x 280 + /3 203 

8 

6 

t 
oc 4 

2 

ELECTRODE 2 

ELECTRODE 3 

ELECTRODE 1 

-10 -4 
ELECTRODE 4 

Fig. 18. Electrode surfaces chosen for the 
approximation to potential along the axis. 
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along the axis is a minimum. Along the axis equation (31) 

becomes 

0a ( z )  =  ^ ( z )  +  c*02(z) + AtfAz) (32) 

where 0&(z) = <3?a(z,0). 

We require the mean square error to be minimum, 

hence, 

S(o<t/Q) = [0a(i) - 0(i)J 2 

c 

= pi(1)" ̂(i) +(x̂
2
(1) +/&̂ 3(i)J2 

—*• minimum (33) 

where 0(1) is short for 0(z^) and the sum ranges over all 

mesh points on the axis. 

If 3(«,/6) is a minimum, then 

3S(°'"3) = o am = o W 
2<* 3/3 

These two equations can be solved explicitly for 

0< and ft giving 

^ £.(01 ~ 0)02 £03^ ~ E(0l ~ 0)03E.0203 (35) 

[Zf 3̂]2 - z 2̂ £<*32 



1(0! -  0)03r«f2
2  - Z^I - 0)02Z0203  

^ [l 3̂] 2 - I022 I032 

For the electrode shapes of Figure 18 the numerical 

approximation to the three potentials <£2, and 

required 91. 95# and 113 iterations respectively for all 

potentials to converge to three significant figure accuracy. 

Next, using the potentials along the axis, the values of 

and /3 given by equations (35) and (36) were found to be 

o< = 606 and /3 = 22. This means the" optimum potentials 

of electrodes 2 and 3 should be 3106 and 302 volts respec

tively in this approximation. 

Figure 19 gives the deviation of the numerical 

potential 0a(z) to the analytical potential 0(z) along 

the axis. 
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(36) 

o 

CVJ 

o 

-12 -10 -8 -6 -2 0 

Pig* 19. Deviation between numerical potential 
0 (z) and the analytical potential 0(z) along 
tfte axis. 
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Considering the rough approximation to the 

electrodes and the resulting small percentage deviation 

between the numerical and analytical potential along the 

axis, it seems safe to neglect the singularity at B 

(Figure 16) and the many other singularities farther from 

the axis. They must represent a very small amount of 

charge which cannot have too much effect on the potential 

along the axis. Therefore, in forming the electrodes we 

will use the more exact equipotential plot of Figure 16, 

but neglect the effect of any singularities far from the 

axis. Otherwise, a more detailed analysis (finer mesh of 

points) would be needed in order to more accurately shape 

the electrodes. 



5. RESULTS 

Electrodes 

The equlpotentials of the exact formula, shown in 

Figure 16, provide us with a starting point for forming the 

electrodes. Prom the results of the approximate potential 

of the preceedlng chapter we can safely neglect the singu

larity at B and all others farther from the axis. Also, 

in order to combine two electrodes into one, as explained 

in Figure 15» the equipotentlal passing through a saddle 

point will be taken as an electrode whenever possible. The 

final set of electrodes chosen are shown drawn to scale in 

Figure 20. The electrodes follow the equipotentlal surfaces 

of Figure 16 in the following manner: an entrance electrode 

A of 64-00 volts; a 2500 volt electrode B following the 

equipotentlal through saddle point a; a 281 volt electrode 

C following the equipotentlal through saddle point c; 

a zero volt electrode D near the potential minimum; a 

258 volt electrode E following the equipotentlal throiigh 

saddle point d; a 4-03 volt electrode F following the equi

potentlal through saddle point e; and finally, an exit 

electrode G of 64-00 volts. 

An electrode need only follow the equipotentlal 

close to the axis and may deviate from the equipotentlal 
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Fig. 20. True-proportioned drawing of electrodes. 

The shape of electrodes near the axis must 
be maintained but the shape farther from the axis 
may be changed if necessary for purposes of con
struction. Electrons enter the lens through 
electrode A, nearly parallel to the axis, and 
leave through electrode G at a maximum angle of 
3.7 degrees. The nominal value of potential 
applied to each electrode is: = 64-00 V, 
VB = 2500 V, Vc = 281 V, Vd = 0 V, VE = 258 V, 
Vp = 403 V, and VG = 64-00 V. 
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farther from the axis where Its effect is diminished. 

The shape of the 64-00 volt electrodes in the field free 

region outside the lens may also be changed without alter

ing the lens properties. That is why the electrodes of 

Figure 20 do not exactly follow each equipotential surface 

of Figure 16 but they do follow these surfaces near the 

axis. 

Aperture Plots 

It will be useful to know the range of parameters 

rQ and &0 for which the rays can get through the lens and 

reach the screen. It will be sufficient to consider only 

incoming rays which are parallel (sQ = 0) to the axis. 

For some values of initial incoming distance rQ and energy 

difference A0 the ray will hit an electrode and thus an 

electron ray with these parameters will be removed from the 

beam. Suppose an electrode at z = a is at a distance A 

from the axis as shown in Figure 21. 

energy 
e(0+A0) r(z) 

r° 
1 1 x 
a A -»z 

Fig. 21. Path of an electron between two electrodes. 
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An electron will just hit the electrode tip when 

its path r(z) is equal to +A at z = a. Thus, using 

equation (13)» the critical values of the parameters rQ 

and A 0 satisify 

It is more convenient to consider rQ as the inde

pendent parameter in which case we can solve for A0 as a 

function of r . 
o 

A0(ro) = ——> [±A - r^fa) - rQ3r2(a)] (38) 
ror3 â' 

There are three electrodes which are close to the 

axis and can intercept the rays (Figure 20): The entrance 

electrode for which a = -12.7, A = .26; the central 

electrode for which a = 0, A = .26; and the exit electrode 

for which a =s ^.1, A = .06. 

Since the dependence of r(z) on A0 is linear only 

for |A0| 0O» equations (37) and (38) cannot be used for 

|A0| as 0Q. In order to find the range A0(ro) for which 

rays can pass a given aperture-limiting electrode, equations 

(l^a), (14b), and (l^c) were solved numerically for a 

potential distribution 0(z) + A0O where 0(z) is the 

optimized potential distribution along the axis given by 

r 
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equation (16), and A0Q was varied in steps of 0.5 volts 

from +8.0 to -7.5 volts. This is equivalent to shifting 

the potential minimum from 0O to 0O+A0O; for example, the 

potential minimum was varied from +16.0 to -0.5 volts. 

The solutions 

r(z) a r o r 1 ( z ; jUA0 o )  +  r03r2(z ;0+A0o) 

+ r3 (z i0+^ )  <39)  

which for A0Q - r  0 are identical with equation (13)» 

were used to determine the range A0( r Q )  for which the rays 

are not intercepted, using the following equation instead 

of equation (38): 

±A-ror1(a;04-A0o)-ro3(a;^A0o) 
A0(ro) ss A0O + (0O+A0O) 

rQr3(a;0+A0o) 

(40) 

In this case, the linearization with respect to 

&0 - A0O is less objectionable because A0 - A0O can 

always be made smaller than half a step width, i.e. 0.25 v. 

Figure 22 shows the aperture plots. For each 

electrode (entrance, central, and exit) the plot divides 

the plane into two regions for which the ray paths intersect 

or do not intersect each electrode. As can be seen from 

Figure 22, no electron can get through the lens if it has 
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I 1 I U 1 

-.5 -.4 -.3 -.2 -.1 .2 .3 .4 .5 

Pig. 22. Aperture Plots. 

The plot divides the rQ, L0 plane into two regions: 
(1), a shaded region for which the ray paths do 
not intersect any electrode; and (2), a clear 
region for which ray paths intersect some electrode. 
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lost eight or more volts. Also, the maximum aperture for 

principal rays (A0 = 0) is limited by the entrance elec

trode to rQ = .26. The filtering action is "better for 

off-axis electrons. For example, electrons coming in with 

rQ = .2 will be filtered out if they have lost more than 

four electron volts. 

Geometric and Chromatic Aberrations 

From equation (15) for the position of an image 

point in the image plane z = z f̂ and from the asymptotic 

values of ray solutions given in Table 2, we find, for the 

position of an image point, 

r(zx) = 7.675r0 + 2.863rQ3 - 52.22sQ(40/0o) 

= 7.675 [rc + .373r03 - 6.8O4so(40/0o)] (4l) 

We see from equation (4-1) that the magnification 

is 7«675t the coefficient of third-order distortion is 

-2  
0.373 (length units) , the coefficient of axial chromatic 

aberration is 6.804 length units, and the coefficient of 

chromatic field aberration is zero (r^(35*64) = 0). 

For an incoming parallel ray with maximum aperture 

rQ = .26, the image position is 

r(z^) = 1.984 + .0463 units of length (42) 

and since the ratio of the small distortion term to the 
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principal term is .0463/1.984 = .0234, the distortion for 

the lens is +2.34$, giving a small amount of barrel 

distortion. 

The exit angle O (half angle of the beam emerging 

from the lens) is the outgoing angle of the ray correspond

ing to maximum aperture. From equation (7) for paraxial 

rays with sQ = 0, and values from Table 2, we have 

tan 9 = r'(+oo) = rQr^'(+<=>«) 

= .26 X .24766 = .0644 

or © = 3.7 degrees (43) 

In some cases this angle would be too small for 

electron microscopy, but the recent development of grainless 

screens as small as one square millimeter (Wilska 1965) 

permits the use of a small final image. If larger screen 

images are desired, the screen can be moved farther from 

the lens without introducing too much chromatic field 

aberration because the chromatic field solution r^(z) is 

essentially parallel to the axis. 

So far, the scale factor for the filter lens has 

been arbitrary. A convenient scale factor is 0.5 cm = 1 

unit of length. This makes the total length of the lens 

equal to 8.6 cm, the position of the image screen behind 

the lens 15.7 cm, and the position of the intermediate 

image plane 2.1 cm behind the lens. 
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Prom equation (4-2) the radius of the image becomes 

r(zx) = 2.030 X 0.5 cm = 1.015 cm (W 

or, a diameter of 2.03 cm. 

Since the main beam has a total spread in thermal 

energy of 0.55 ev, let us choose a value of jA0| = 0.3 ev 

for the maximum deviation in energy due to thermal effects. 

As shown in Figure 2, this is the dominant cause of chro

matic aberration in the filter lens because there are 

very few electrons having energies between 0 and 8 electron 

volts loss. 

Prom equation (4l) with A0/0O = 0.3/8 and 

sQ = 10 , the radius of the disk of confusion at the image 

plane due to axial chromatic aberration becomes 

52.22 X 10"^X 0.3/8 = 1.958 X 10~4 length units 

= 0.00098 mm 

Thus, the diameter of the disk of confusion is approx

imately 0.002 mm. 

Properties of the Filter Lens 

A list of the important properties of a filter lens 

having a scale factor of 0.5 cm = 1 unit of length is 

given in Table 
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Table 4. Properties of a filter lens having 
a scale factor of 0.5 cm = 1 unit of length. 

Accelerating potential 6400 volts 

Potential minimum 8 volts 

Length of lens 8.6 cm 

Position of image screen behind lens 15»7 cm 

Position of virtual intermediate image 
plane behind lens 2.1 cm 

Magnification 7.675 

Exit angle of beam 3.7 degrees 

Diameter of image 2.03 cm 

Diameter of entrance aperture 2.6 mm 

-4 
Assumed aperture angle of a bundle of rays, , 10 radians 

Chromatic field aberration of a principal 
ray of an off-axis object point none 

Maximum distortion at edge of image +2.3^% 

Diameter of disk of confusion due to axial 
chromatic aberration of a bundle of rays 
belonging to the same object point . . . 0.002 mm 
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