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ABSTRACT
The unijunction transistor is a three terminal semiconductor
device possessing only a single p-n Junction. Its electrical charac
teristics are quite different from those of a conventional two-junction
transistor. The full potential value of the unijunction transistor is
yet to be realized, mainly due to an insufficiently generalized theory.
However, advances in the understanding of semiconductor physics, together
with modern mathematical techniques for analyzing nonlinear elements em
bedded in linear networks, make possible a more general treatment of the
unijunction transistor.
The purpose of this work was to investigate general treatments
of the unijunction transistor. It consists of extensions of the
Scharfetter-Jordan theory for the effects of conductivity modulation on
the static emitter characteristics, some generalized characterizations
of unijunction transistors, and studies of the large signal behavior of
a particular unijunction transistor multivibrator.
The theory of Scharfetter and Jordan for unijunction transistors
is considered and a more general treatment of a near intrinsic filament
is developed. The theory is also extended to an ideal cylindrical
geometry. Static emitter characteristics, including the effects of drift,
diffusion, and recombination on carrier transport, are predicted. These
static emitter characteristics involve component parts which are explicit
functions of the physical construction of the device and which exhibit
viii
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a one-to-one correspondence with physical processes. Thus, the extended
theory could serve as a tool for the analysis and design of unijunction
transistors.
The generalized characterization of unijunction transistor net
works is considered. The general formulation is considered from the
viewpoint of a unijunction transistor embedded in a network of linear
elements and concerns itself with, among other things, the determination
of a minimum set of device characteristics needed for an exact analysis.
The performance of a unijunction transistor is seen to be characterized
by a nonlinear relationship among four variables.
The large signal behavior of a particular unijunction transistor
multivibrator is considered.

General stability conditions for astable,

monostable and bistable operation are formulated as well as analytical
predictions of turn-on and turn-off transients and cycle durations.

Chapter 1
INTRODUCTION
The unijunction transistor, UJT, or double base diode is a three
terminal semiconductor device with only a single p-n junction, and its
electrical characteristics are quite different from those of a conven
tional two-junction transistor. Unijunction transistors are constructed
in three basic geometrical structures (Clark 1965), but the theory of
their operation is essentially the same.
I. A. Leak (1953), then with the General Electric Company, de
veloped the first coanerclal UJT which is of the bar structure geometry
shown in Fig. 1.1. The bar structure has an alloy emitter and two ohmic
base contacts.

Although Lesk invented the UJT, its feasibility was

demonstrated by J. R. Haynes and William Shockley (1949). They describ
ed the principles governing unijunction transistor action.
The early line of commercial units used germanium-alloy con
struction and were known as double-base diodes. The General Electric
Company changed the name of the device from double-base diode to uni
junction transistor in 1956, while at the same time switching from
germanium to silicon, which resulted in the elimination of certain tech
nical deficiencies.
T. P. Sylvan, also with the General Electric Company, developed
the unijunction transistor cube structure, shown in Fig. 1.2, in 1960.
The cube structure also has an alloy emitter, but in addition the alloy
1
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process Is used to form base-one. Sylvan and Bluhm (1964) compared the
cube structure with the bar structure.
In the Fall of 1964 both Texas Instruments Incorporated and
Motorola, Inc. announced planar unijunction devices as shown in Pig. 1.3.
This device has base-one diffused into the silicon substrate and can be
used in monolithic integrated circuits.
Figure 1.4 shows schematic representations of a unijunction
transistor having a p-type emitter and an n-type base region, together
with pertinent voltage and current Identifications. A simplified equiv
alent circuit for the unijunction transistor is shown in Fig. 1.5 and a
typical static emitter characteristic curve is shown in Fig. 1.6.
In Fig. 1.5 the solid lines represent a simplified equivalent
circuit for the UJT in the OFF condition.

The solid lines together with

the dotted lines represent a simplified equivalent circuit for the ON
condition. The diode Dj represents the junction between the p-type
emitter and the n-type base region. The conductance Gjji represents the
conductance of the base region between the p-n junction and the base-one,
Bl, ohmic contact, and the conductance 0g2 represents the conductance of
the base region between the p-n junction and the base-two, B2, ohmic
contact. The parameter

T) , termed the intrinsic stand-off ratio, repre

sents the fraction of the applied interbase voltage Vgg that appears
across Ggi , with no emitter current flowing. The conductances Gp and
represent the conductances associated with respectively the excess
holes and electrons between the emitter and base-one due to hole injec
tion by the emitter.

With hole injection at the emitter, electrons are
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EMITTER
BASE-ONE (BL)

Fig. 1.3
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drawn into the base through B1 to maintain charge neutrality. The effi
ciency with which holes move from the emitter to the base-one contact
is represented by the parameter

7 . For the equivalent circuit of

Fig. 1.5 recombination is neglected.
A normal mode of operation for a UJT consists of grounding the
base-one terminal and applying a positive bias Vqq at base-two as indi
cated in Fig. 1.5. If the emitter to base-one voltage VE is less than

T)Vbb > the p-n junction will be reverse biased and only leakage current
IgQ will flow. This type of operation is indicated by point A on the
static emitter characteristics of Fig. 1.6. If Vg is increased until
it is greater than qVgg by an amount equal to the forward voltage drop
of the emitter diode Dj , the p-n junction becomes forward biased, holes
are injected into the base region and emitter current Ig begins to flow.
At point B, the emitter voltage reaches the peak point voltage Vp and
the unijunction transistor turns on.
Because of the electric field within the base region, the ma
jority of the holes injected by the p-type emitter will travel toward
base-one, and their resultant increased concentration in the emitter to
base-one segment of the UJT leads to an increase in the conductivity of
the emitter to base-one region. This Increased conductivity is even
sufficient

to cause a decrease in the emitter voltage as the emitter

current increases and the device exhibits a negative resistance charac
teristic (Region B-D or the region between the peak point and the
valley point). It Is in this region of the static characteristics that
the conductivity modulation of the base region between the emitter and
base-one contact Is important.

10

As the emitter current increases, the emitter voltage continues
to decrease until it reaches the valley point voltage Vv. The region to
the right of the valley point is called the saturation region. In the
saturation region conduction between the emitter and base-one is limited
by the surface and bulk recombination of holes and electrons (Sylvan,
1965).
The valley-point voltage depends on the resistances in series
with base-one and base-two. It is demonstrated in Chapter 3 that the
valley point voltage Vv decreases as resistance in series with base-two
is increased, and that Vv increases with resistance in series with baseone.
The unijunction transistor has found its way into a host of in
dustrial and military applications.

Suran (1955a), Eimbinder (1965),

Jones (1965), and Sylvan (1965b) describe many of these applications.
One of the principal applications of the UJT has been in circuits of a
large-signal, nonlinear nature. Such circuits include square-wave os
cillators, saw-tooth oscillators and bistable as well as monostable
multivibrators. Studies of the analysis and design of these nonlinear
circuits have been treated by, among others, Suran (1955a), Suran and
Keonjian (1955, 1957), Crawford and Dean (1964), and Sylvan (1965a).
These studies produced useful but restricted results. It is believed
that a more exacting approach to UJT multivibrators is needed, particu
larly with regards to the analytical prediction of switching times.
Three interesting but limited theoretical studies of unijunction
transistors have been published. Suran (1955b) approximated the uni
junction transistor in each of its operating regions with small signal

11

low-frequency equivalent circuits. Based upon these approximations, he
developed equations for voltage and current amplifications, input and
output resistance and power gain.

Later Suran (1957) developed fre

quency and transient response equations for the current transfer ratios
of the UJT. Scharfetter and Jordan (1962) considered the effects of
conductivity modulation on the emitter characteristics of unijunction
transistors. In this study, considerable attention was paid to the
accompanying reactive effects. It is concluded in this paper that a
decrease in electric field with increasing emitter current as well as
conductivity modulation is necessary for negative resistance.
The above theoretical studies suffer from their lack of gen
erality, limited ranges of application as well as not readily lending
themselves to the qualitative understanding of the cylindrical planar
geometries of modern unijunction transistors.
The use of unijunction transistors for realizations of neuron
like structures has been proposed by Mattson (1964) and Ambroziok (1963).
Mattson has demonstrated the feasibility of semi-distributed neurlstor
lines utilizing planar structure unijunction transistors coupled in a
monolithic integrated circuit.
Other unijunction transistor circuit applications, particular
ly bistable circuits, are enhanced by the Improved characteristics of
the planar geometry UJT (Eimbinder 1965). Thus, theoretical studies of
unijunction transistors as well as UJT circuit analysis and design pro
cedures should be compatible with the modem planar structures.

The purpose of this work Is to Investigate more general treat
ments of the unijunction transistor. It consists of extensions of the
Scharfetter-Jordan theory for the internal minority carrier behavior,
some generalized characterizations of unijunction transistor networks,
studies of the transient

behavior of a particular unijunction transis

tor multivibrator with particular attention to the turn-on and turn-off
transients, plus a summary and conclusions.

Chapter 2
EXTENSIONS OF THE SCHARFETTER-JORDAN THEORY

This chapter is concerned with the extension of the theory of
the effects of conductivity modulation on the emitter characteristics
of a unijunction transistor.

Scharfetter-Jordan Theory
The Scharfetter-Jordan theory, expressed in terms of the simpli
fied terminology listed in Table 2.1, arises from the following set of
basic equations for doped semiconductor materials.

Jp

50

qHpPE " qDp V p

(2.1)

Jn

"

+ qDn V n

(2.2)

J

«Jp+Jn

dt

a - —

dn

^=

q

1

(2.3)

V • J - """ • -P°
P
Tp
-

n

-

(2
4)
i2'U)

" no
(2"5)

q

—
—
q
v • E - - (p - P0 - n + nQ)

(2.6)

The diffusivities Dp and Dn are related to the corresponding mobilities
by the Einstein relations
_

_
kT
p ~ ^p q

>
13

, .
(2.7)
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Table 2.1 Semiconductor Symbols
Symbol

Identification

Dimension
-2

Jp

hole current density

amperes m

Jn

electron current density

amperes m- 2

J

total current density

amperes m

E

electric field

volts nf*

|4p

mobility of holes

m volts-1 sec-1

Hn

mobility of electrons

m volts

Dp

Dlffusivlty (Diffusion coefficient)
of holes

m sec

Dlffusivlty (Diffusion coefficient)
of electrons

m sec

p

concentration of holes

-3
m

n

concentration of electrons

-3
m

pQ

hole concentration in equilibrium

-3
m

no

electron concentration in equilibrium

m-3

q

magnitude of electronic charge

coulombs

€

permittivity of material

-1
farads m

Tp

lifetime of holes

sec.

Tn

lifetime of electrons

sec.

k

Boltzmann's constant

joule °K *

T

temperature

'K

t

time

sec.

x

distance variable

m

Dn

-2

2

2

-1

2

-I

2

-1

-1

sec
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and
Dn

- *n^

•

(2.8)

The ratio
b » —

(2.9)

is of the order of b • 3 for typical semiconductor material such as
silicon.
For the filamentary unijunction transistor structure, reproduced
here in Fig. 2.1, under the assumptions of (a) simple recombination,
(b) solenoidal total current, and (c) quasi-charge neutrality, the un
known variables E, J, and p are found to be governed by the following
three equations.

i.
J - qDP(b-l) VP
E
qnplp(b+l) + b(nQ -

Po)J

Jp * qnpPB - q Dp vp

<2*10>

(2.ii)

Under the special assumptions of highly extrinsic material and
that the externally applied electric field is so large that recombination
and diffusion currents are small compared to drift currents, the above
three equations may be expressed as follows.

E

" qnp[p(b+l) + b(nQ - p0)]

(2«13)

16
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Fig. 2.1

Filamentary Unijunction Transistor Structure
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Jp " qUpPE

dp
"ST " -

(2.14)

1 b(no - po)

5 • VP ,

(2.15)

q[p(b+l) +b(n0-p0)J
from which It 1s shown that the input impedance (between points E and G
in Fig. 2.1) la that of the inductive circuit shown in Fig. 2.2, in
which
(b+l)d*
"'•5S1

(2-l6>

bdi
< 2

~

^

( 2

.

-

w

l 8 )

XB2 A

Under the special assumption of sparse doping, Eqs. (2.10)
through (2.12) reduce to

-

J - q(b-l)DDVp
<2-w>

" b+1 "

D V p

qD

(2'20)

. P_l2ii
r—
Tp

,

(2.21)

in which

D -b«

"p

•

(2 - 22 >
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Equation (2.21) Is seen to be a standard diffusion equation having a
concentration dependent source. Solution of this equation with its
appropriate boundary condition gives the hole concentration p as a func;

tion of time and position, after which Eq. (2.20) may be solved for the
hole current density Jp, if the total current density J is prescribed.
The two solutions for p and Jp thus obtained can then be used in Eq.
(2.19) to obtain the solution for the electric field E .
Under what appeared to be somewhat excessive restrictions, the
solution of Bqs. (2.19) through (2.22) for the static input volt ampere
characteristic Vg(lB) is shown to be

b+11 ,.2l
1

T

LE

b+1 + i

, (2.23)

in which
2q DpPj
to"

dl(i -

%

(2.24)

and
(2.25)

which quite fortuitously agrees with experimentally obtained curves such
as those illustrated In Fig. 2.3.
Extension of the Scharfetter-Jordan Theory
The modified filamentary unijunction transistor structure of
Fig. 2.4 will be considered. Such a structure results in a significant

20

Fig. 2.3

Static Emitter Characteristics of the Unijunction Transistor
(Type 2N489A; Vert: Vg • 0.5 v/div.; Horz:
IE - 0.5 raa/div.; IB2 " 0.2 ma/step)
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reduction in the mathematical complexity of this study by allowing unidimenstonal analysis, while maintaining sufficient correspondence to the
bar structure unijunction transistor.
The UJT of Fig. 2.4 is assumed to consist of a homogeneous n-type
silicon filament for the base region with a p-type emitter. The base
contacts at x• dj and x • -d£ are assumed to be ohmlc. The injection
from the emitter at x • 0 is assumed to be entirely a hole current.
Figure 2.5 shows a UJT biased in such a way that the potential of
the n-type base region changes along the length of the filament relative
to the p-type emitter region. The emitter-base diode is an alloy Junction
with the emitter being a metallic conductor. Therefore, the potential is
uniform over the entire p region relative to ground.

With switch S open

the potential distribution along the filament varies linearly from aero
at B1 to Vgg at B2. With switch S closed and V • 0, the emitter-base
diode is reverse biased. However, the junction depletion Is not uniform,
as the potential of the base filament with respect to the emitter is
larger at point 1 than it is at point 2. It is now assumed that V is In
creased until the junction is biased such that it just starts to emit
holes into the filament. Because of the previous discussion, It Is seen
that this injection takes place at point 2 and the rest of the junction
is reverse biased and is characterized by a wedge-shaped depletion layer
as shown in Fig. 2.5.
The situation described above and illustrated in Fig. 2.5 is not
a stable condition due to the conductivity modulation of the emitter to
base-one region. However, this argument is used to justify the assumption

23

V,BB
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Fig. 2.5 Junction Depletion of Filamentary Unijunction Transistor
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that, because of the potential gradient established by the current
most of the hole injection takes place at x = 0, the point of maximum
forward bias of the emitter.
The following six electrodynamic equations due to W. Van Roosbroeck (1950), describe the processes of transport of carriers and space
charge effects in homogeneous semiconductor material, in the absence of
trapping effects.

J » Jp + Jn + e

(2.26)
/

Jp

® q^pPE - qDp Vp

Jn a

^n"15

+

1Dn

Vn

V . E «» ^ (p - p0 - n + no)

(2.27)

(2.28)

(2.29)

(2-30)

dt

- V • Jn
n q

—
Tn

(2.31)

The above six equations are based on the tacit assumptions that
I

the mobility and diffusion coefficients are independent of the electric
field intensity, the carrier concentrations, and the spatial variables.
A simple recombination mechanism has also been assumed.

That is, it is

assumed that carrier recombination is linearly related to the excess
carrier concentration.
R(An) «

An
Tn

n

"

ncv

Tn

-

(2.32)
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R(Ap),

a

p

TP

" Po
TP

(2.33)

The notation Ap has been introduced to represent p - p0 and similarly

x

An for n - ciq .
It is seen from Eq. (2.26) that the current density J is not
solenoidal. On the other hand, it is seen from Maxwell's equations or
from Eq. (2.26) that the following is true.
_
v

—,
'

(J + €

At?
"St )" 0

Thus, the total current J + e

BE

(2,34)

*~

is solenoidal but not J itself.

How

ever, it is a good approximation in most cases of practical interest to
neglect the displacement current in the bulk of the filament. The justl*
fication of this approximation is demonstrated by Jonscher (1960), among
others. It depends on the fact that the dielectric relaxation time e/cr
is quite small (on the order of 10*^ sec.) In extrinsic semiconductor
material. For near intrinsic silicon at frequencies in the megacycle
range, exceptions to this assumption may arise. Under this assumption
it is true that the current density J is the sum of the electron and hole
current densities and is solenoidal.
Because the set of differential equations, Eqs. (2.26) through
(2.31), are generally nonlinear, even under the above assumptions, an
exaet solution of them is usually impossible. To solve this set of
equations, one usually resorts to various approximation methods. In
this study, the assumption of quasi-charge neutrality is made. Adler,
Smith, and Longini (1964) demonstrate that quasl-charge neutrality la

26

the assumption that the density of excess carriers of either,type vary
similarly with position and that their difference Is small compared with
either one.
ftp Ap

~ I AP - An
« 1
An

(2.35)

Stated differently, It Is assumed that a reasonable estimate of
all current densities and the electric field may be made by assuming
Ap • An

(2.36)

P - Po ® n - no ,

(2.37)

V(Ap) -^(An)

(2.38)

or

and

or
^(P - P0>

- n,,) .

(2.39)

It Is not assumed that these relations hold in conjunction with Poisson**
equation for the purpose of determining the electric field E. The reason
for this restriction is that it takes only a very small difference be
tween Ap and An to produce a significant change in the electric field.
Under the above assumptions of quasi*charge neutrality and negli
gible displacement currents, Eqs. (2.26) through (2.31) may be reduced
to the following set of equations.
J-Jp+Jn
- qnppK " qDp Vp

(2.40)
(2.41)
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Jn - qnnnE + qDn Vp

(2.42)

P - Po " n - no

(2.43)

"

<

2

- " >

<a.«)

It la noted that due to the special condition of quasi-charge neutrality,
Poisson's equation, Eq. (2.29), has been replaced by Eq. (2.43).
Assuming that the total current density J is prescribed and
utilising Einstein relations, Eqs. (2.7) and (2.8), as well as Eq.(2.9),
the above set of equations is reduced to a set of three equations vith
unknowns Jp, E, and p .
Equations (2.41) and (2.42) are substituted into Eq. (2.40).
J - q(npp + nnn)E + q(Dn - Dp)Vp

(2.46)

Utilizing Eqs. (2.7) through (2.9), Eq. (2.46) reduces to the following.
J " qHp(p + bn)E + qDp(b-l) Vp

(2.47)

Since the total current density is assumed to be known, Eq. (2.47) may
be solved for E •

E

J - qD (b-1) Vp
5—.
.—
qn (p
+ .bn).
p

(2.48)
v
'
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Equation (2.43) 1B solved for n and this solution is substituted into
Eq. (2.48).
J - qDp(b-l)V p
E

™ qtApl(b+l) p + b(no - pQ)]

(2.49)

Equations (2.41), (2.44), and (2.49) constitute a mathematical model for
the transport of holes in the filament of Fig. 2.4.
In order to represent a unijunction transistor, the filament of
Pig. 2.4 must be a lightly doped (near intrinsic) semiconductor. Further
it is assumed that the conductivity of the filament is sufficiently large
so that the assumption of quasi-charge neutrality still applies. For
this device, a general solution for its static volt-ampere emitter charac
teristic is sought. That is, a theory is sought which will lead to the
prediction of the static negative resistance emitter characteristic of
unijunction transistors.
Under the restriction of a near intrinsic filament, Eqs. (2.41),
(2.44), and (2.49) may be further reduced.

Since no and pQ are approxi

mately equal for near intrinsic material Eq. (2.49) reduces to
J - qDp(b-l) Vp
qUp(b+l)p

(2.50)

Equation (2.50) is substituted into Eq. (2.41)

(2.51)
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The following notation is introduced.
D =

2bD,

£

(2.52)

b+1

Thus, Eq. (2.51) reduces to

3p

(2.53)

-£TT " «D ?e

Equation (2.53) is used to reduce Eq. (2.44) to the following form.
(2.54)
In obtaining Eq. (2.54) the facta that J is solenoidal (v • J •0) and
that the filament is near intrinsic (pQ

A#
m

pj_) have been utilized.

Equations (2.50), (2.53), and (2.54) together with the auxiliary
relationship of Eq. (2.52) constitute a mathematical model for the
transport of carriers in a near intrinsic filament like that of Fig.
2.4. It is noted that this model includes the effects of drift, diffu
sion, and recombination.
Derivation of the Static Emitter Characteristics
The mathematical model for the unijunction transistor of Fig.
2.4 will be treated In only one dimension, because of the assumed fila
mentary structure. Thus, Eqs. (2.50), (2.53), and (2.54) reduce to

J - qDp(b-l)
E

"

Jp • bfe

q|ip(b+l)p
"

qD

(2.55)
(2.56)
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and

•

<2-57)

To obtain the static characteristics, the d-c steady state
solution of Eq. (2.57) will first be sought. This solution together
with Eq. (2.55) will then be used to obtain the static characteristics.
In the d-c steady state the time derivative of p is zero and Eq.
(2.57) reduces to

>

( 2

-58)

where
L W Dip

.

(2.59)

The notation Ap has been introduced to represent p - p^ and it has been
recognized that

•

<*•«>

The solution of Eq. (2.58) for the base-one region of the filament
(0 < x < d^) Is desired. However, to specify a sufficient number of
boundary conditions, the solution for both the base-one and base-two
region of the filament must be treated. Thus, four boundary conditions
are required. Two of these boundary conditions are furnished by the
assumption of ohmic contacts at the ends of the filament. This means
that p is p£ at both ends.
Api(dl) " 0

(2.61)
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Ap2(-d2)•0

(2.62)

The subscript notation 1 and 2 has been introduced to indicate the solu
tions in the base-one and base-two regions respectively.
It has previously been assumed that the emitter current is en
tirely a hole current. This leads to the following boundary condition
£or the continuity of hole current at x •0 .
J„(0+) - Jp(0") + jE

(2.63)

The notation jE represents the emitter current density in the base fila
ment. Using Eq. (2.56), the boundary condition of Eq. (2.63) reduces to
d(Ap2)
dx

H

d(Api)
dx
x»0

(2.64)

qD
x«0

The remaining boundary condition is obtained by requiring that the hole
concentration be continuous at x » 0 .
Ap^O )» Ap2(° )

(2.65)

As L is larger than zero, the solutions of Eq. (2.58) for the
emitter to base-one region and the emitter to base-two region respective*
ly are
Apj « R einh (^) + S cosh (•£)

»

oS

Ap- •T sinh (r) + U cosh (r)

* -d? < * < 0 . (2.67)

x

S

(2.66)

where R, S# T, and U are constants to be determined by the boundary
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conditions*

Since it is only the solution for the base-one region

of the filament that is desired, the constant T and U need not be eval
uated.
The application of the boundary conditions, given by Bqs.
(2.61), (2.62), (2.64), and (2.65), leads to the following determination
of R and S.
Lj

cosh (r^) sinh (~)

*•"^
4

Lj
s

-

W

<2'68>

dt + d2
sinh ( L )

d*
do
sinh (r^) sinh (r^)

"sinh\ i*\
*T

<2-69)

)

Equations (2.68) and (2.69) are substituted into Eq. (2.66) to obtain

cosh (£> slnh (£)
M + d2
»lnh<I>
sinh ( L )

LJe

• Lj
qD

sinh (r^) sinh (~)
di f do
sinh (-^ -)

C°8h

<2'70>

<L> '

which may be written as
d<Ap,

4r
55

^
r
d, + do L8inh (l"}
sinh (—=~—-)

.y

d,

"1

coah (~} + cosh (l"} slnb

(2.71)
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The following addition formula for hyperbolic functions may be used to
reduce Eq. (2.71).
sinh (z^ + Z2) • sinh Zj cosh Z2 + cosh z^ sinh

(2.72)

Thus, the d-c steady state solution for the carrier densities in the
base-one region of the filament is

Lj sinh(—)
Pl < x ) "Pl + ^D
di +d 2
sinh(
)

dj - x
8lnh(
L~" )

'

<2 ' 73)

Similarly, the d-c steady state solution for the carrier densities in
the base-two region of the filament can be shown to be

p2<*> -

dl
Lj sinh(7-)
+ ^5
d, + <1,
slnh( 1 L

d2 + x
slnh<——>

•

<2-74)

It is noted that the solutions for carrier densities in the base fila
ment, which are represented by Eqs. (2.73) and (2.74) include the
effects of drift, diffusion and recombination on the transport of car
riers. It is seen from Eqs. (2.73) and (2.74) that the excess carrier
densities Ap have solutions which are symmetric about x

0. This sym

metry results from the fact that the excess carrier densities satisfy
the diffusion Eq. (2.57). That is, the excess carrier transport in the
d-c steady state is by diffusion.
The derivation of the static emitter characteristics for the
UJT of Fig. 2.4 consists of determining the voltage of the emitter with
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respect to the base-one ohmlc contact as a function of the emitter cur
rent IE and the base-two bias current Ig2•

The emitter voltage Vg

consists of two terms. One of these terms is the voltage developed
across the diode of the emitter-base filament junction, and the other
term represents the voltage drop across fhat portion of the base fila
ment which extends from the emitter-base diode depletion region to the
base-one ohmlc contact. Therefore, due to the filamentary nature of the
base region and assuming the Law of the Junction, the emitter voltage is

B

kT
Pi(O)
- — in -i
q

p£

ro
/
E(x) dx

J

.

(2.75)

dl

Equation (2.55) is substituted into Eq. (2.75) to obtain the
following expression:

(0)
kT - Pl
„
1
V„
°
—
An
+ _j
E
q
p
Pi
<vp(i>+i)

D(b-1)

TISTI)

rpl(dl>

J

, l^ ,
Ir i.
— dx
J

,

P

-

(2 " 76)

Pl(0)

where p^(d^) is known to be p^ . It is noted that the second and third
terms in Eq. (2.76) result from the existence of an electric field In
the filament and represent the effects of drift and diffusion respec
tively. The first term represents the voltage across the diode of the
emitter-base filament Junction. Equation (2.73) is substituted for p^
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in the second term of Eq. (2.76) and the last term is integrated to
yield
lr
ve

kT .
t

pl(0>

[*

—

a

kl (b-1) . pl(0)
T W n ir~

<n~

J

l

Pi

+

dj-x
rjEainhC'T—>

dx

.

(2.77)

Einstein's relation was used in obtaining Eq. (2.77) and the following
parameters were introduced for convenience.
a m

qtip(b+l)

(2.78)

sinh (~)
'** qD . wdl + d2.
n
sinh( l )
L

(2.79)

Upon evaluation of the integral term in Eq. (2.77), and using
Eq. (2.73) to determine p^(0) and p^(d^), the following equation results
for the static emitter characteristic of the unijunction transistor:

V

I
LB2_IIS.
qup(b+l)^2 + p2
E

E

^

(71^ + ^721| + P2)(7 sinh(^) Ig + P)
+ P2)(l+sinh2(^i)) - P sinh(~)j

P^Ig

+

£n

[

1 +

p

8inh

H

]

(2.80)
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where
P - PiA

,

(2.81)

*E ~ JEA

>

(2.82)

and It is recalled that A is the cross-sectional area of the filament.
Equation (2.80) together with Eqs. (2.78) and (2.79) forms a
mathematical model for the static emitter characteristics of the uni
junction transistor. This model includes the effects of drift, diffu
sion and recombination on the transport of carriers. It is noted that
the last term of Eq. (2.80) arises from the diffusion transport of
carriers as well as the voltage across the emitter-base filament junc
tion. The first term is due entirely to the existence of an electric
field in the filament. It results from the drift transport of carriers.
It is this term which is responsible for the negative dynamic resistance
region of the static emitter characteristics.
Typical static emitter characteristics of a unijunction transis
tor as given by Eq. (2.80) are plotted in Fig. 2.6. These characteristics
compare with experimentally obtained curves such as those illustrated in
Fig. 2.3. Also, Eq. (2.80) predicts VE for negative values of Ie •

Al

though not shown in Fig. 2.6 due to its small value, an Ijjq of .48 na is
predicted by Eq. (2.80) for the'device situation considered in Fig. 2.6.
It is also noted that if it is assumed in the derivation of Eq.
(2*73) that the ratio d2/L is large compared to unity and if simple
series representations of transcendental functions are employed together
with the assumption that higher order recombination effects are negli
gible, (an assumption predicated on the ratio d]/L being small compared
to unity), then the results of the above derivation would agree with the
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50

Fig. 2.6 Theoretical Static Emitter Characteristics as Predicted by
Eq. (2.80)
(d x - .28L, d 2 - 1.82L, P - 1.5 x 108, T p » 10"6)

J8
static characteristics for the unijunction transistor as derived by
Scharfetter and Jordan (1962).
This mathematical model for the static emitter characteristics
of the UJT could be employed in further improvements of device design
criteria for UJT's of bar structure. The model is an explicit function
of the physical construction of bar structure UJT's and it exhibits a
one-to-one correspondence with the applicable physical processes.

Thus,

the model can serve as a tool for the analysis and design of both cir
cuits and devices.
Unijunction Transistor of Cylindrical Symmetry
The previously derived mathematical model of Eqs. (2.50), (2.53)
and (2.54) for the filamentary UJT structure of Fig. 2.4 did not depend
upon its geometry. This same model could just as well have been derived
for the UJT with the cylindrical geometry shown in Fig. 2.7. For con
venience, this set of equations is repeated below.
_
E

J - qDp(b-l) Vp
TTT7\
qH (b+l)p

(2.50)

p

jp - hfi - q" VP

|E.D V2P -

P

*pPl

(2.53)

(2.54)

Using arguments analogous to those used in the filamentary case,
it is assumed that most of the emitter hole injection takes place at
r » rjj . The mathematical complexity of the problem is greatly reduced
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Fig. 2.7 Cylindrical Unijunction Transistor Structure
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if it is assumed that there is na. z nor • dependence of carrier trans
port. It is also desirable to assume that the hole injection is uniform
throughout the base directly underneath r^ . Thus, the problem which
will be solved is that of the Infinite cylindrical configuration shown
in Fig. 2.8. It is hoped that the consideration of this problem will
add qualitative understanding to the total knowledge of UJT's having the
practical geometry of Fig. 2.7.
The mathematical model for the unijunction transistor of Fig.
2.8 will be treated in only one dimension, because of the assumed in
finite cylindrical structure. Thus, Bqs. (2.50), (2.53), and (2.54)
reduce to
J - q(b-l)Dp
(2.83)

qnp(b+l)p

JP

" bfe • «D I?

(2-M)

-

and

+

<2-85)

*

To obtain the static characteristics, the d-c steady state solu
tion of Eq. (2.85) will first be sought. This solution together with
Eq. (2.83) will then be used to obtain the static characteristics.
Since the time derivative of p is zero in the d-c steady state,
Eq. (2.85) reduces to
+1igel. I_

dr

ap.o

.

(2.86)

Fig. 2.8 Ideal Infinite Cylindrical Unijunction Transistor
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Once again, Che notation Ap has been introduced to represent p - p^ .
The solution of Eq. (2.86) for the emitter to base-one region
(rfl < r < r^) is desired. However, It Is necessary to treat the solu
tions of both the base-one and base-two regions in order to specify a
sufficient number of boundary conditions for the solution of either
region. Four boundary conditions are required.
It is assumed that both ra and rc represent the radius of sur
faces of ohmic contacts. Thus, p at both rfl and rQ is p^ . Therefore,
( 2 . 87)

Api(r#) - 0
and
Ap2<rc) " 0

(2.88)

The subscript notation 1 and 2 has been Introduced to represent tltie
region to which the solution applies. Thus, the subscript 1 refers to
the emitter to base-one region and the subscript 2 refers to the emitter
to baae-two region.
Another boundary condition is obtained from the continuity of
hole current at the emitter in the base region.
(2.89)

Jp(rJ) - Jp(rb) + jE

Equation (2.84) is used to reduce the boundary condition of Eq. (2.89)
to
dCApj)
dr

d(Ap2>
dr
r«r.

qD
r«r.

(2.90)
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It will also be required that the hole concentratloa be continuous at
the emitter (r » r^).
(2.91)

^Pl(r^) - Ap2(r^)

Equation (2.86) can be shown to belong to the family of modified
Bessel equations. Relton (1946) gives the following general standard
form for comparison of modified Bessel equations.

is. + X
dx2

- 2a is , L
L

c-y

x

n2c2 - a2 1 y » 0
x2 " J

(2.92)

The complete solution of Eq. (2.92) is
y » Rx® IQ(bxC) + SxaKn(bxC)

,

(2.93)

where In and Kn are the modified Bessel functions of order n of the
first and second kind, respectively, and R and S arc constants to be
determined by boundary conditions.
Equation (2.86) is of the form of Eq. (2.92] if
1 - 2a - 1

,

2(c - 1) - 0
be »

(2.94)
,

,

(2.95)
(2.96)

and
n^c^ • 8^ o o

.

(2.97)

Equations (2.94) through (2.97) are solved simultaneously and it is
found that a » 0, b • 1/L, c «* 1, and n • 0. Thus, the solutions of
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Eq. (2.86) for the emitter to base-one region and the emitter to basetwo region respectively are

Apl "

RIo^ + SKo^i?

»

ra

< r < rb

(2.98)

,

rt < r < rc

(2.99)

and
Ap2 - TI0(J) + UKqCjP)

where R, S, T, and U are constants to be determined by the boundary
conditions.
The application of the boundary conditions, given by Eqs. (2.87)
and (2.88) and Eqs. (2.90) and (2.91), leads to the following determinai

i

tion of R and S.

+ Mr>Ki<lr>]

[i.cfo*o£> -

M^VrXCT2)+ io<r)Ko(lf>]

-1
11^L

+

^K1^L *

(2.100)

( 2 .101)

Thus, the d-c steady state solution for the carrier detraities in the
emitter to base-one region is
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Pl(r)

=

Pi

+ RI0(f) + SK0(£)

,

(2.102)

where R and S are defined by Eqs. (2.100) and (2.101).
As before, the emitter voltage Vg consists of two terms.

(2.103)

The first term is the voltage developed across the diode of the emitterbase junction, and the second term represents the voltage drop between
the emitter and the base-one ohmic contact.
Equation (2.83) is substituted into Eq. (2.103) to obtain the
following expression.

Hp(b+1)
Pl(ra)
(2.104)

It is at this time that the problem will be restricted in such a manner
as to be applicable to practical geometries.

Ih particular, it is

assumed that Eq. (2.104) applies for the solution of a UJT like that of
Fig. 2.8 but with a finite length zQ .

Since J is the total current

density in the emitter to base-one region, it is related to the total
base-one current I by the relation

(2.105)
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Equation (2.105) is substituted into Eq. (2.104) and also the last term
of this equation is integrated to yield
rb
I
P
1
.
E ™ 2TTz0qnp(b+l)
rpL(r) r
ra

v

J

(b-l)
(j+1) np

n

Pi(ra)

kT . pl(rb)
q
"
pt
(2.106)

Equation (2.102), appropriately evaluated, is substituted into Eq.
(2.106); and since the total base-one current I represents the sum of
the bias current Ig-j and the emitter current IE , Eq. (2.106) reduces to

=

Ifl2

*

R

Ie

2Trz0q^(b+l)

2b kT +

bTiT

i n

b

-

r[R(iE)Io(£)

dr

+ S(IE)K0(^) +

Pi]

T R^IE >io <l ) + ^(IeJKoCl )

[

71

+ 1

(2.107)

Equation (2.107) together with Eqs. (2.100), (2.101), and (2.105) form
a mathematical model for the static emitter characteristics for the UJT
of Fig. 2.8 under the restriction that the height or z dimension is fi
nite and of value zD . The first term of Eq. (2.107) may be integrated
numerically.

In order to display Eq. (2.107) graphically, new solutions

must be determined for each change in Ig, Ig2> ra ai"1

•
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It isnoted that the first and second terms of Eq. (2.107) are
due to the existence of an electric field in the emitter to base-one
region*

The first term results from the drift transport of carriers

whereas the second term arises from the diffusion transport of carriers.
The last term of Eq. (2.107) represents the voltage across the diode of
the emitter-base junction.
It is also noted that this mathematical model for the static
emitter characteristics of the UJT could be employed in further improve
ments of device design criteria for UJT's possessing the cylindrical
symmetry illustrated in Fig. 2.7. The model is an explicit function of
the physical construction of the cylindrical structure UJT's and it ex
hibits a one-to-one correspondence with applicable physical processes.

Chapter 3
GENERALIZED CHARACTERIZATION OF UNIJUNCTION TRANSISTOR NETWORKS
This chapter is concerned with the graphical characterization
of unijunction transistors and the employment of such characteristics
in an analysis or design problem of an arbitrarily complex linear network which utilizes a unijunction transistor.
Unijunction Transistor Characteristics
Typical static characteristics for a bar structure unijunction
transistor are shown in Figs. 3.1 through 3.3. It is seen that the
static characteristics of UJT's

are described in terms of the four

variables Vg, Ig, V33, and I32 which are coupled in a nonlinear manner.
Each of the sets of characteristics of Figs. 3.1 through 3.3
may be represented by a surface in three spaces. However, only two of
these three dimensional surfaces are necessary for a complete static
characterization of a UJT. Figure 3.4 depicts the three dimensional
surface in the space (Vg, Ig, VfiB) which describes the static emitter
characteristics of Fig. 3.1, and Fig. 3.5 shows the three dimensional
surface in the space (Vga, Iq2# *e) which describes the static interbase
characteristics of Fig. 3.2. It is noted that the static characteristic
surface in the space (Vg, Ig, *32^

COBIPletely

specified by the two

surfaces of Figs. 3.4 and 3.5. This nonlinear four variable interdepen
dence of unijunction transistor static characteristics is a direct result
48
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BB

Fig. 3.1 Typical Static Emitter Characteristics
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Cfc*1

51

Fig. 3.3 Typical Static Emitter Characteristics with Constant IB2

IE

Pig. 3.5 Static Interbase Characteristics
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of the so-called base conductivity modulation inherent in the operation
of this device.
An important point here is that the performance of a unijunction
transistor is characterized by a nonlinear relationship among four vari
ables.
When a UJT is immersed in a network of passive components and
sources in order to perform a particular circuit task (such as that of
a multivibrator), the description of its performance becomes even more
complex. In addition to the internal coupling which is described only
by the three space characteristics of the device by Itself, the four
describing variables of the UJT become coupled through external circuitry.
It is thus apparent that design and analysis procedures based on graphs
of two dimensional UJT characteristics could well lead to conclusions
that are not correct even if small signal linear approximations are just
ified. For example, the prediction that a certain multivibrator will be
astable may prove to be wrong If based on a two dimensional UJT charac
teristic, unless certain restrictions are met. These restrictions are
frequently derived empirically and incompletely from the results of ex
perimental observations, and are often discussed by speaking of a "crit
ical value" of a parameter necessary for oscillation, even though it
appears from an analysis point of view that any value of this parameter
should lead to oscillation. Crawford and Dean (1964) apparently encoun
tered such a situation and were forced to require the existence of a
"critical capacitance" in order to insure sustained oscillations in a
UJT circuit. Although it was assumed that this critical capacitance
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was related to the UJT frequency response, It had to be determined by
experiment.
The Interbase resistance, Rgg, of a UJT is defined as the ratio
of interbase voltage to interbase current with the emitter open circuit
ed. The Interbase resistance Is a nearly linear function of temperature
over a wide range of temperature, and for values of interbase voltage
typically below 30 volts the voltage dependence of Rgg may be tssumed to
be negligible (Sylvan, 1965).
For purposes of biasing, peak point stabilisation, valley point
stabilization, and other reasons, resistances are often inserted in
series with base-one or base-two of the UJT. Typical emitter character
istics for different values of base-one series resistance are shown in
Fig. 3.6, and Fig. 3.7 shows typical emitter characteristics for differ
ent value8 of base-two series resistance.
It is interesting to contrast the emitter characteristic curves
of Figs. 3.6 and 3.7 with those of Fig. 3.1. It is seen that the shape
of the negative resistance characteristics is circuit dependent. By in
creasing the resistance in series with base-one or by decreasing the
resistance in series with base-two the valley voltage, Vy , is increased.
Similarly, by decreasing the resistance in series with base-one or by
decreasing the resistance in series with base-two the valley current,
Iy ( is increased*
In recording the data for characteristics like those of Figs..
3.6 and 3.7, the bias voltage

Is adjusted to give the same peak

point voltage, labeled as Vgi in Figs. 3.6 and 3.7, for each value of

Ris3.3K

.=iooa

R

Fig. 3.6 Typical Emitter Characteristics
vith Base-One Series Resistance
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I

Fig. 3.7 Typical Emitter Characteristics
with Base-Two Series Resistance
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R1 or

*

** t^ie

curves of F1-8»

3.1 are used for an approximate con

struction of the characteristics of Figs. 3.6 and 3.7, then curves
similar in shape result.
Characteristic curves similar to the type illustrated by Fig.
3.7 will be used in the analysis of Chapter 4. It may be noted that
the curves for all possible values of the base-two series resistance lay
between the curve for constant interbase current and the curve for con
stant interbase voltage.
General Analysis and Design with Unijunction Translators
The UJT provides an opportunity to examine in detail a general
formulation of the problem of analysis and design with a device that is
characterised by a nonlinear relationship among four variables. The
UJT in a grounded base-one configuration as illustrated in Fig. 3.8 will
be used for this description.
Functionally, the terminal voltages of the UJT of Fig. 3.8 can
be represented as
"B - fB^B' 1E> VE>

(3.1)

Vj - fE«i, Ig, Vg)

(3.2)

where fg represents a real valued function of the three space (1^, Ig,
t
Vg) of real numbers, fg has a similar definition for the three space
(Ig, Ig, Vg), and Ig is used to denote Ig£

for

brevity.

It will be assumed that the UJT is mated with an arbitrary two
port network as sketched in Fig. 3.9. The arbitrary two port network
will be assumed

to consist of voltage sources and their internal
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U J T

Fig* 3.8 Grounded Base-One Unijunction Transistor Configuration
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n+lnode
NETWORK

Fig. 3.9

Unijunction Transistor Network to be Analyzed
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resistance, together with linear passive eleme nts interconnected at n+1
nodes. One of these nodes is taken to be the ground reference illustrated. The biasing of the UJT is included ir. this external network,
In the most general case, all voltages and cu:rrents are assumed to vary
with time t in ways which can be described and interrelated by means of
appropriate (nonlinear) differential equations
Under the restrictions of the problem as formulated above, n node
equations can be written for the external net1work. Each of these n equations are of the following form, if each of tt>e voltage sources together
with their internal resistance are first tran^formed into their Norton
equivalent circuits.

v.)

I

*41,(8)
V,(s) + i,(s)
lJk
Y + 1\r, ( b )

(3.3)

k-1
where

V 8 > - Gjk

(3.4)

+ sC jk

Jk

and

-H >

J "

1

Ij - < -is *

J -

2

0

V
V k"

,

B

VE '

(3.5)

3 <j<n

k =• 1
k » 2
3<k <n

(3.6)
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For convenience these relationships are treated in a Laplace transform
domain. The functions 1^(s) and V^(s) are the Laplace transformations
of I,(t) and V.(t), respectively. The function i.(s) is the algebraic
J
K
J
sum of all the current sources common to node j. For this summation,
current flowing away from the node is considered to be positive.

The

m

function lj(s) represents the initial conditions for the jth node equa
tion, and s is the complex angular frequency associated with the Laplace
transform. The functions G^, C^, and L^ represent, respectively,
the conductance, capacitance, and inductance mutual to nodes j and k.
The signs of the mutual terms are determined in the usual manner.

The

functions Gjj, C,and Ljj represent respectively the self conductance,
self capacitance, and self Inductance of node j .
The set of n equations of the form of Bq. (3.3) can in principle
be solved for

and Vg by using Cramer's rule.

v -A
B A

f

L

(Ij

- 1J • VAJ1

(3-7)

j«l
u

V i X <V V VAJ2

<3-8)

j-1
The symbol A represents the admittance determinant of the set of n
equations of the form of Eq.(3.3) and A^ represents the jq cofactor
of A . In general, Eqs. (3.7) and (3.8) may be represented as follows:
VB - alfi + blj. + c

(3.9)
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V E"«B

eIE + f

(3.10)

The coefficients a, b, c, d; e, and f are ratios of polynomials in s .
Equations (3.9) and (3.10) for the network external to the UJT are useful
in that they represent in simple form the linear operator relationships
among the four UJT variables, while preserving generality in the network.
The preceding development could also have been treated in a
general fashion through the use of matrix equations (Huelsman, 1963).
Equations (3.7) and (3.8) can be expressed in matrix form as follows:

/

/ vB\

A11

^1

\

'xA

/

S

At, <i4 +14)\
J'

jo

I
A

w

\ ^12 *22 ] \}E/

Z

(ii +

\°

j-1
(3.11)

A similar representation of Eqs. (3.9) and (3.10) is also possible.
a

b\ / I

3

e / \ I,
(3.12)

Equations (3.12) is in the form of an operator equation where V_ and V.
o
£
are operated on by the unity operator and Ig and Ig are operated on by
the operators a, d, and b, e respectively.
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When the arbitrary network of n+1 nodes, and the UJT of Pig. 3.9,
are mated, the following relationships hold.
VB - v;

(3.13)

VE - vj

(3.14)

Ig " -Ig

(3.15)

H ' 'H

<3-16>

Thus, Eqs. (3.1) and (3.2) and Eqs. (3.9) and (3.10), together with the
auxiliary relationships of Eqs. (3.13) through (3.16) define a mathe
matical model for a grounded base-one UJT immersed in an arbitrary net
work of passive elements and sources. It is the solution of the
resultant nonlinear mathematical model which characterizes such a
unijunction transistor network. Thus, it is clearly seen from the
mathematical model that the general analysis of the UJT, intercoupled
through passive elements with the necessary voltage-current sources,
must consider the interrelationship among the four variables
and I .
o

I£, VR,

Chapter 4
ANALYSIS OF A UNIJUNCTION TRANSISTOR MULTIVIBRATOR

As previously noted, studies of unijunction transistor multivi
brators, which produced useful but restricted results, were performed
by, among others, Suran (1955a), Suran and Keonjian (1955, 1957),
Crawford and Dean (1964), and Sylvan (1965a).

This chapter will be

based on the consideration of the unijunction transistor multivibrator
of Fig. 4.1.

Astable Operation
During astable operation, the capacitor C is charged by the
voltage source

through conductance G2 and diode D . During the ca

pacitor charging part of the cycle, D is conducting

but the UJT is

operating in cut-off (its emitter current is very small).
potential across

When the

the capacitor becomes equal to or greater than the

peak point potential

of the UJT characteristic, the UJT switches

into its conducting state.
reverse biasing diode D.

As a result, the potential at E falls, thus

For the purpose

of this analysis, the(for

ward voltage drop across the emitter junction is neglected.
A typical UJT static emitter characteristic with base-two series
conductance G3 is shown in Fig. 4.2.

The graph is divided into the

three regions of cut-off, active, and saturation.

The illustrated curve

of Vg versus Ip pertains to a particular pair of values for
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and G^.
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I

D
-H-

'+

'OUT

Fig. 4.1

Unijunction Transistor Multivibrator
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•> I

CUT ,
ACTIVE
|SATURATION->|
or
OFF
NEGATIVE
CONDUCTANCE
Fig, 4.2 Typical Static Emitter Characteristics
with Series Base-Two Conductance G3
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With D reverse biased, C discharges through conductance
the potential

until

at A begins to fall below the existing potential Ve at

E. At this time, D once again begins to conduct, and the emitter current
(thus also base-one current) decreases, and the UJT, interacting with the
capacitor, is driven regeneratively into cut-off.

The capacitor

C again

begins to charge and the cycle, just described, will be repeated.
Figure 4.3 Illustrates the d-c equivalent circuit for the case
when D is conducting (forward biased). The voltage drop of the forward
biased diode is neglected.

vl

"

V!"

The loop equations for this circuit are

+

Gj> *1 - Gl **

H •

Gl

'

<4-l>

<4-2>

which can be solved simultaneously for Vg as a function of Ig .

VE -

G, + G_ V1 " GTTGT

(4*3)

Figure 4.4 Illustrates the steady state equivalent circuit for
the case when D is not conducting (reverse biased). For this situation
a single loop equation relates V_ to I_ . The diode leakage current is
A
li
neglected.

< 4 " 4)

From the discussion of Chapter 3 it is known that, for the UJT, Vg is a
nonlinear function of Ig , IR2

and

^*
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t

vl

"I"

•I

IE

I
Fig. 4.3

d-c Equivalent Circuit (D Forward Biased)

4.4 Steady State Equivalent Circuit (D Reversed Biased)
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VE

(4.5)

" fl^IE' *B2' Vl*

It: was also seen in Chapter 3 that for constant conductance

and bias

voltage V^, Vg could be expressed as follows:
(4.6)

The simultaneous solution of Eqs. (4.3) and (4.6), as well as
Eqs. (4.4) and (4*6), is determined graphically in Fig. 4.5. An approx»
imation to the solution of the astable operating path is represented in
this figure by the closed dotted line, abe . As considered by Farley
(1952), Cosgriff (1958), and Cunningham (1958), this closed curve is the
limit cycle for the system having the nonlinear negative resistance.
In order to investigate the astable operation of the circuit of
Fig. 4.1, it is assumed that initially the capacitor C is charged to the
voltage Va shown in Fig. 4.5.
Thus, the diode D conducts and the capacitor charges toward the
voltage „ •
UJ^ T

vt along trie operating patn at>.

uurmg this time the

load line of Eq. (4.3) applies since D is conducting. It may be noted
that if the load line (4.3) Intersected the static characteristic in the
cut-off region, the intersection would define a stable operating point,
and astable operation would not be possible.

Thus, for astable opera

tion, the following circuit restrictions must be satisfied.
Go
GT+5ivi

>V

P

(4.7)

SLOPE-jfejD reverse biased)
G, +GI 1

(D forward biased)

OPERATING PATH

V°VP

Fig. 4.5

Graphical Analysis of Unijunction Transistor
Astable Multivibrator
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(V L - V p > G 2 - C^Vp > Ip

(4.8)

These conditions insure that the load line formed by G^, G2 and

inter

sect the emitter characteristic curve to the right of the peak point.
When the capacitor voltage reaches Vp , the UJT is turned on and
the diode D stops conducting. Thus, the load line of Eq. (4.4) now ap
plies and the circuit operation progresses regeneratively to the quasistable operating point e . If the load line (4.4) intersected the static
characteristic in the saturation region, this intersection would define
a potentially stable operating point, which would not allow astable oper
ation. Thus, for astable operation, the following additional restriction
should be satisfied.
Ip < Ie <

<*•»

This inequality requires that the intersection of the load line (4.4)
and the static characteristic be in the active or negative conductance
region of the unijunction transistor static characteristic.
The circuit conditions required by Suran and Keonjian (1955,
1957) appear to be too stringent and lack the generality of inequality
(4.9). In place of inequality (4.9) they require that G2Vj. —

• Tta"1

is, they require the current axis intercept of the load line to fall to
the left of the valley current point

. While it is true that this

requirement, coupled with that of inequalities (4.7) and (4.8) would lead
to the proper conditions for astable operation, there is no apparent rea
son for restricting G2 and

to such a narrow range of allowed values.
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However, as will be demonstrated presently, there is yet a third require
ment which must be met to insure astable operation.
At the quasi-stable operating point e the diode D is not conduct
ing and the capacitor C discharges through Gj toward zero potential.
When

decays to Ve } the diode D again conducts and the load line of

Eq. (4.3) is applicable. Ideally, one may consider that at the instant
the diode D turns on,

demands a current VeGj which is provided (in

finite time as there is some inductance associated with any circuit) by
starving the UJT of part of its current. Thus, Ig starts to decrease and
regeneration drives the UJT into cut-off along the operating path ea .
Once again C charges toward the voltage

G2
_
1

Vi

and the cycle is

repeated. It is noted that, in the absence of capacitance, a detailed
analysis of the departure of the operating point from the quasi-stable
point e becomes necessary due to the existence of the possible stable
operating point d.
Regeneration
Regenerative circuits are circuits which are unstable over a part
of their operating range. This chapter is concerned with primarily those
classified aa astable, monostable or bistable. The astable circuits al
ternate between two conditions in which they are temporarily stable,
Monostable circuits have a single stable state that they can maintain
indefinitely, and ordinarily a second state in which the circuit is only
temporarily stable. Bistable circuits can remain in one or the other of
two stable states indefinitely, and if left in an Intermediate condition,
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they regeneratively tend toward one of the two stable states.
According to Llnvlll and Gibbons (1961), the three essential re
quirements for regenerative circuits are:
1. Amplification, or presentation of negative resistance
at a terminal pair.
2, Change of characteristics at the boundaries of regions
of operation,or nonlinearity.
3*

A means of storing energy.

Practically, these three functions need not necessarily be performed by
distinct circuit elements. For the circuit of Fig. 4.1, the first and
second of the above requirements are satisfied by the unijunction tran
sistor, and the capacitor C satisfies the third requirement. Alterna
tively, in some situations the third requirement might be sufficiently
satisfied by residual internal reactances of the UJT.
There are two modes of regeneration in the operating cycle for
the circuit of Fig. 4.1 operating as an astable multivibrator. The firat
is the regneratlve transition from cut-off to the quasi-stable operating
point e in Fig. 4.5 and the second is the regenerative transition from
the operating point e to cut-off.
The second of these two regenerative processes will be consider
ed first.

At the quasi-stable operating point e the circuit of Fig. 4.6

is used to represent the circuit of Fig. 4.1. The position of the
switch S depends on the state of the diode D of Fig. 4.1. The switch S
is open when the diode is not conducting and closed when the diode is
forward biased. Thus, S Is open until VA decays down to Ve . At this
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v
Ql1

°2

O

Fig. 4.6

Equivalent Circuit for Operation at Point e
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time S Is closed (diode Is conducting) and

the circuit becomes unstable

and regeneration occurs.
The stability of operation at the time that the dlbde begins to
conduct can be examined by considering the effects of a small distur
bance at e of Fig. 4.5. Consider a positive voltage disturbance AV„ In
At time at point e . This incremental change of emitter voltage results
in a decrease in current from
the current to
AVE
*At )°

to

^ow

by the amount Gj AV|j, an increase in

by the amount Gj AV^, and also causes a current
C > resulting in a decrease of emitter current of

AVE
(Gj + G2) AVg + (^p-)C . This decrease in emitter current leads to a
further change in the emitter voltage and the process is seen to be re
generative.
There is also a small inductive effect associated with the UJT
as well as the inductance of the leads. This inductance results in a
curvature of the path of operation from the quasi-stable operating
point e to the operating point a in the cut-off region. This Inductance
is assumed to be negligible for the purpose of analytical analysis of
the circuit response.
It is noted that prior to the diode D becoming forward biased
the operating point seeks to move toward d resulting in the small dls*
turbance which triggers the regeneration process.
In order to determine mathematically the stability of the operat*

ing point e , currents are summed at node E of Fig. 4.6 with the switch
S closed.
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dVE
C -jjj- + GjVg + G2(Vg - vx) + Ig • 0

(4.10)

dVg

In the steady state,

« 0 , and Eq. (4.10) reduces to Eq. (4.3) which,

together with Eq. (4.6), determine the operating point e shown in Fig*
4.5
For the regenerative transition from the quasi-stable operating
point e to cut-off, the simultaneous solution of Eqs. (4.6) and (4.10)
is sought. The function f(Ig) is determined graphically as discussed
in Chapter 3. The static representation of f(lp) Is assumed to hold over
frequencies of Interest in this analysis. An analytical approximation to
the nonlinear graphical representation of the function f(Ig) i® sought.
Three approximations will be treated.
For a sufficiently small neighborhood of the operating point e ,
f(Ig) nay be approximated by a linear negative resistance characteristic,
the slope of which Is the same as the dynamic resistance of f(Ig) at e .
It is assumed that R is the absolute value of the dynamic resistance of
f(Ig) at e . The linear approximation to f(Ig) is
f(IE> - VE - -

Ie + -5 le + Ve

(4.11)

where
(4.12)
Equation (4.11) can be solved for Ig in terms of Vg .
IE - G(Ve - Vg) + Ie
Substitution of Eq. (4.13) into Bq. (4.10) gives

(4.13)
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dVg
C

dT + (GX

+ c2

- g>VE - G2V! - GVe - Ie

(4.14)

Equation (4.14) represents the differential equation for the response of
a regenerative circuit if the coefficient of

Is negative. Therefore,

a necessary condition for regeneration is
G>

G1 +

G2 .

(4.15)

For regeneration it is required that when D is conducting, the magnitude
of the slope of f(Ig) at e be leas than the magnitude of the slope of
the d*c load line (4*3).
The approximation of Eq. (4.11) to f(Ig) becomes exact at the
operating point e, from which regeneration to cut-off cemnancea. Thus,
inequality (4.15) mat be satisfied at e in order for the regeneration
process to begin. Otherwise e will represent a stable operating point.
An Inspection of typical UJT characteristics reveals that the
inequality (4.15) is always satisfied for astable biasing, except possi
bly for the case where the quasi-stable operating point is located much
closer to the peak than to the valley of the characterlatlc. In prac
tice it would appear difficult to actually violate this requirement for
a8table operation. However, for monostable operation, this requirement
is critically essential, aa will become evident in a later detailed
analysis.
Since the transition from the operating point e to cut-off
(point a) is a regenerative process, the time of this transition la
quite short. In many instances, such as in eatlmatlng cycle duratlona,
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this time interval is neglected in comparison with the time it takes to
charge the capacitor from Vfi to Vj, .
A nonzero lower limit of the regenerative transition time tQ££
can be approximated by utilizing the linear approximation of f(Ig)«

It

is assumed that the approximating Eq. (4.11) is sufficiently accurate
for the entire regenerative operation from point e to point a.
It is assumed that the regenerative transient is terminated at
time t^ • At this time the growing exponential is of the form exp(tj/T),
where T is the circuit time constant. At a certain time the growing ex
ponential i s 0 . 1 o f i t s f i n a l v a l u e . I t i s assumed t h a t t h i s o c c u r s T F
seconds before t^ •
t< • t'
( ft ,
)a o.l exp(tj/T)

(4.16)

Equation (4.16) may be reduced to an algebraic equation by taking the
natural logarithm of both sides.

•

ti - T'
- in 1/10 + tL/T

(4.17)

Equation (4.17) can be solved for T * .
T* » 2.3T

(4.18)

The time T 1 for the growing exponential to multiply itself by ten times
to its final value is assumed

to be a reasonable measure of the rise

time. Thus, T' represents an approximation to the regeneration transi
tion time. Using Eq. (4.18), the transition time tQ££ for the turn»off
regeneration is approximated by the following relationship.

81

fco£f

2.3 C
" G.(Gj + Gj)

(4.19)

That this approximation to t0ff establishes a lower limit to tQff nay
be seen from Fig. 4.5 by noticing that the value of G used in Eq. (4.19)
is the largest value of instantaneous conductance for f(I„) in the re*
a
gion between the operating point e and cut-off except for the immediate
neighborhood of the peak point of the characteristic f(Ig). It la the
conductance at the operating point e . Thus Eq. (4.19) nay be expressed
as a weak inequality.

fc 0ff

- G - (Gj + Gj)

(4.20)

Mechanism of Turn-off Regeneration
At point e in the operating cycle of the aatable multivibrator,
it has been assumed that when the capacitor C has discharged to Vs , thus
allowing the diode D to conduct, a rapid decrease in the current I_ will
A
result in order to satisfy the current demand of the conductances G^ and
Gj as well as the capacitor C . The validity of this assumption will
now be examined by seeking approximate analytical solutions for I„ as a
A
function of time during the regenerative transition.

Such solutions will

furnish the two other previously mentioned approximations to the transi
tion time t
.
off
Figure 4.6 with the switch S closed applies for the turn*off
regeneration and Eq, (4.10) is the differential equation which describes
the response of the circuit during regeneration.
(4.10) are repeated below for convenience.

Equations (4.6) and

dVg
C

dt

+ (G1 + G2) VE

+ IE " g2v1

<4.W>

VE'f<V

<*.6)

Note that the time derivative of

may be written as follows:

dV„
dVp dl
£
u
JtS
dT ^ 3T

/1

\

<4-21)

Substitution of Eq. (4.6) and (4.21) into Eq. (4.10) and solving for
gives
- £e
<^1 - (Gt + Gz) f(IE) - IE
dt *
df(IE)
C
dig
As a tecond approximation, it will be assumed that f(lg) can be repre
sented between the peak and valley points by an exponential function.
VE - f(IE)• Vv + (Vp - Vv) exp(-4 W

(4.23)

Differentiation of Eq. (4.23) with respect to I£ gives
dV_E

4
dl " " l3
CE
»

(VP

" Vv}

expC~4

•

(4.24)

Substitution of Eqs. (4.23) and (4.24) into Eq. (4.22) then givea
dIB

G2V1 - (GI + G2) [VV + (VP - VY) exp(-4

dt

- IB

- ~ (VP - VY) exp(-4 W
(4.25)

For convenience, the following notation is introduced.
H

»^(vp-vv)

(4.26)
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N - (GI + G2)(VP - VV)

(4.27)

Q - (GX + G2) VV - G2VI

(4.28)

a • 4/1v

(4.29)

Substitution of Eqs. (4.26) through (4.29) into Eq. (4.25) permits t to
be expressed as a function of I£ . That la,
(4.30)

+ Q) exp(al^) + N
•e
in which Ig Is the variable of Integration.

Equations (4.26) through

(4.30) form a mathematical model for the relationship between emitter
current Ig and time t for the case of turn-cff regeneration. For par*
tlcular circuit elements, Eq. (4.30) may be integrated numerically and
the resulting time dependence of the emitter current 1_ could be dis£

played graphically. The transition time t0££ could be determined by
inspection from such a graphical representation. A new solution sust be
found for each change in the passive circuit elements and for each
change in the unijunction transistor characteristic.
A more accurate approximation would consist of using several
different exponentials to approximate f(I^).

That is, a plecewlse

linear approximation to a semilog plot of f(Ig) could be formulated.
A third approximation of f(Ig) yields a more tractable expres
sion for the elapsed time during turn-off regeneration. The negative
resistance region of the static characteristic f(Ig) is approximated
by the function
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VE - f(IE) -

K1

+ K2

.

(4.31)

E
The constants

and Kg are chosen such that the approximation is exact

at the peak point and the quasi-stable operating point of the charac
teristic.
VP

" ve

K1 a

h1*

(4-32)

K2 «

VeIe - Vplp
-E-E
Ae ~ *-P

(4.33)

Equation (4.31) is differentiated with respect to 1^ .
dV
1
K
— - - i —j

(4.34)

Equations (4.31) and (4.34) are substituted into Eq. (4.22).
dig
_

K1
- (Gi + G2)(~ + K2) - IE
_
J

GZV1
=

c

<4.35)

*E
For convenience the following notation is introduced.
A =» G2V

~ C G^ + G2)K2

F » (GX + G2) KL

(4.36)
(4.37)

Equations (4.36) and (4.37) are substituted into Eq. (4.35) to develop
the following integral:
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t «*

i

(4.38)

e

where Ig Is the variable of integration. Upon evaluation of the integral
in Eq. (4.38), time t is expressed as a function of the emitter current
*E *

(21£ - A - ^A2 - 4F)(2le - A +^A2 - 4F)
(21 - A +VA2 - 4F)(2Ie - A - ^A2 - 4F)
(4.39)
Equation (4.39) together with Eqs. (4.32) through (4.33) and Eqs. (4.36)
through (4.37) constitute a mathematical model which describes the UJT
emitter current response during the transition from the quasi-stable
operating point e to cut-off.

The transition time

be approxi

mated by substituting Ip for Ig in Eq. (4.39).
The earlier linear approximation of f(Ig) may also be used to
develop a corresponding approximation for Ig(t). Equation (4.11) is
repeated below for convenience.
f(IE) - VE - - i IE +1 Ie +»e

(4.11)

If Eq. (4.11) is differentiated with respect to Ig the following relationship is obtained.
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dVp
1
«;--c

<4-40>

Equations (4.11) and (4.40) are substituted into Eq. (4.22).
dIE

G2Vi - (Gi + G2)(Ve + ^ Ie - ^ IE) - IE

dt

(4.41)

- C/G

Equation (4.41) may be written as follows:
C dIE
G 7t

G - (Gi + Go)
0
** "

<G1 + °2)<Ve

,
+ 0^ " °2V1
(4.42)

Because of the previously established necessary condition for regenera
tion given by the inequality (4.15), Eq. (4.42) is recognized to be a
differential equation describing an exponentially decaying current. The
solution of Eq. (3.42) is

!
(t) _ 0 02y1 - <Gt + G2)(G Ve + le) _ G G2Vt - Gt(G1 + 0^ * I.)
E

"

G - (Gj + G2)

0 - (Gj^ + G2)

G " (G^ + G£)
exp

t

(4.43)

Equation (4.43) is graphically sketched in Fig. 4.7.
It was previously noted that, at the quasi-stable operating
point e of Fig. 4.5, it has been assumed that when the capacitor C has
discharged to the voltage Ve , thus allowing D to conduct, a rapid de
crease in the emitter current Ig results in order to satisfy the current

V

Fig. 4.7 Graphical Representation of Eq. (4.43)

88

demand of conductance

*

Such a rapid change in Ig leads to the gene*

ral form of the operating path ea of Fig. 4.5. Equation (4.43) as veil
as Fig. 4.7 demonstrates the validity of this assumption.
A judiciously selected value for G in Eq. (4.43) should permit
a reasonably accurate curve for Ig(t) over the complete turn-off transi
tion interval. One might also attempt to Improve the approximation of
Eq. (4.43) by treating G in a piecewise linear manner. For more accu
rate representations of the time response of Ig during the turn-off
transition Eq. (4.30) or the transcendental relationship of Eq. (4.39)
could be used. Even though the linear approximation used in the
derivation of Eq. (4.43) is of the first order, this equation may still
be expected to yield accurate information concerning the changes in Ig
in a sufficiently small neighborhood

of the quasi-stable operating

point e .
To approximate

> Eq. (4.43) is solved for the time when Ig

will be zero.

^ff " G - (G. + G~) in

1+

G

(G - (Gi + Gj)]Ie
- GKGJ + G2)Ve + IeJ
(4.44)

This result compares with that of Eq. (4.19). Both of these approxi
mations to

depend upon the slope of the nonlinear characteristic

f(Ig) at the quasi-stable operating point e .
Equation (4.15) represents a necessary condition for regenera
tion from the quasi-stable operating point e to cut-off. If it is
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assumed that G »

+ G2 , Eqa. (4.43) and (4.44) reduce to Eqs. (4.45)

and (4.46) respectively.
IE(t) -

- (GX + G2)Ve -

(Gi +
G

Go)

Ie

- [g2V1 - (GX + G2)Ve - Iej exp(| t)

fcoff

" Gin

1+

(4.45)

(4.46)

GGVJ - (GX + G2) VE - IE

where
G » Gi + G2

(4.47)

Under the conditions of Eq. (4.47), Eqs. (4.45) and (4.46) Indicate that:
both the UJT emitter current and the UJT turn-off time are simply related
to the negative conductance G with

being inversely proportional to

G.
If it is assumed that G approaches G^ + G2 in such a manner that
the necessary condition for astable operation, expressed in Eq. (4.15),
is not violated, Eqs. (4.43) and (4.44) reduce to simple relationships.

(Gi + G2)r
lim
IE(t) - —•*
~[le + Ve(G, + G,)
G-#.(G]+G2)
C

G2Vt ]t + I(
(4.48)

CIe

G1°<G1^2)t°f£

" <°1

+ g2)Ig2v1

- «h + 02)Ve - Ie]

(4.49)

Equation (4.46) demonstrates that the cut-off time t^^ decreases as the
net negative conductance increases.

Equation (4.48) is the result of
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considering the lower limit of 6.

Such operation 1s actually in viola

tion of Eq. (4.15) as Eq. (4.48) is exact only in the limit when
G •» Gj + G2 •

Since tQff increases with decreasing G ^ Eq. (4.49) is

used to estimate the upper limit to tQff .
Cle
'"off(max) " (GL + Ga)^! - (Gj + G2)Ve - Ie]

(4.50)

By use of Eqs. (4.46) and (4.50) it is possible to express the cut-off
time under the condition that G » Gj + G2 in terms of the upper limit
or maximum cut-off time t
off(max)
?rrimaxj
'off "f *> f1 + (Gl c

J

C2) eof«(»«)J

<4-5l>

where
G » G1 + G2
*

.

(4.47)

If the results of Eq. (4.20) and (4.49) are combined, the fol

lowing relationship establishes the range of probable cut-off'times.
2.3C
<
G -(Gr + G2)- off - (G 1

CIe

+

G2) IG2V1 - (Gx + G2)Ve- IeJ
(4.52)

Mechanism of Turn-on Regeneration
The regenerative transition from cut-off to the quasi-stable
operating point e will now be considered.

This is the transition repre

sented by the dashed operating path be in Fig. 4.5.

91

In the very ideal case, where there is no reactance associated
with the UJT circuit of Fig. 4.4, there would be an abrupt transition
from the operating point b to the quasi-stable operating point e . A
less ideal case would consist of considering a capacitance shunting
the emitter with the diode D open and neglecting any series inductance
associated with the UJT or circuit leads. For this situation, there
would be an abrupt transition at constant voltage Vp from the operating
point b to the operating point w . Thereafter, the operating point
would move along the characteristic toward the quasi-stable operating
point e . However, because the UJT does have a shunt emitter capacitance
and an apparent aaall series device and lead inductance, the transition

is not instantaneous. The capacitance discharges during the transition
resulting in the quasi-stable operating point being approached along
some shorter path be. The small size of the capacitance results in a
path of operation much nearer to the active region of the characteristic
than to the saturation region.
Much of the analysis for this transition is similar to that
previously considered.

Applicable formulas previously developed will

be used whenever possible.
For purposes of discussion, it is assumed that the emitter of
the UJT is p-type while the base region is n-type. On switching from
cut-off, holes are injected into the n material by the emitter while
electrons enter at baae»one from the external circuit to maintain charge
neutrality. The build-up of carrier concentrations proceeds relatively
slowly in accord with the tendency of the n material to maintain charge
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neutrality. Thus, there is a delay from initial Injection of minority
carriers into the base-one region and the achievement of the increased
base-one conductance which is associated with the quasi-stable operating
point e . For simplicity, an emitter capacitance Cg is assumed to be
adequate to account for this effect as well as any emitter capacitance
effect with the diode open. Since 0 is reverse biased at turn-on, the
circuit of Fig. 4.8 is used for the analysis of the turn-on transition.
If currents are summed at node E, the following equation results.
CE

dVp
T"6 + G2<VE - Vj) + Is - 0
at

(4.53)

For the regenerative transition from the operating point b to
the quasi-stable operating point e , the simultaneous solution of Eqs.
(4.6) and (4.53) is sought. It is assumed that between the points b
and e of the operating path of Fig. 4.5 the static characteristic of the
UJT may be approximated by Eqs. (4.31) through (4.33). If Eq. (4.21) is
utilized, then Eq. (4.53) can be solved for dlg/dt .
aiE
dt

- &, f(iE) - xE
df(i^

<4-54>

°E-«r

Equations {4.31) and (4.34) are substituted into Eq. (4.54).
dL
dt

Wl "

+

^-T
- <¥4 -4

" TE
(4.55)
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Fig. 4.8 Turn-on Equivalent Circuit
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For convenience, the following notation is introduced.
Ai - G2<V! - K2)

(4.56)

F1

(4.57)

" ®2k1

Equations (4.56) and (4.57) are substituted into Eq. (4.55) to develop
the following integral:
IK
t• F
J

where

I*

££i
- Alrs + Fl>

dl.
E

(4.58)
'

is the variable of integration. Upon evaluation of the Integral

in Eq. (4.58) time t is expressed as a function of the emitter current
IE

*

1^(1^
A E V A P - A LL P + F,)
I2(IFI - HH + P1>
_ p E

VAJ - 4FX

VAT™-"
/ A TT
(2Ie - Ax - NN/AJ
- 4F1)(2Ip - A± WAj
- 4F^
£n

(2Ie - Ax + -Jk* - 4Fp(2l - ^

- 4F^

(4.59)

Equation (4.59) together with Eqs. (4.32) through (4.33) and Eqs. (4.56)
through (4.57) constitute a mathematical model which describes the UJT
emitter current response during its transition from cut-off at operating
point b to the quasi-stable operating point e .
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The transition

time ton from point b to point e of the dashed

operating path of Fig. 4.5 is approximated by substituting

Ie for Ig

into Eq. (4.59).

• *tIp + ?!>'
-on
'Me + "l>

A1

-

4F,)(2IB - A1
in <2Ie - Ai •/Af (2Ie • A^
- 4F^)(2Ip - A1

4P1

+ VA?

- 4Ft)

-

-

4Fi) J

(4.60)

Astable Operation Voltage Waveforms
If one neglects the relatively short regeneration time ton and
toff , the voltage waveforms for the astable circuit of Fig. 4.1 will
be as Illustrated in Fig. 4.9.
In determining the voltage waveforms of Fig. 4.9, it is assumed
that the UJT is initially at point a of the operating cycle shown in
Fig. 4.5. At this time the diode D is conducting and the capacitor C
charges through conductance

G2

(*2
toward the voltage ^ + Gg ^

unt^

time t^ , at which time the UJT turns on and D becomes reverse biased.
The capacitor C then discharges toward zero voltage through conductance
Gj until time t£
repeats Itself.

t

at which time the UJT turns off. The cycle then

OUT

Fig. 4.9 Approximate Voltage Waveforms for Astable
Unijunction Transistor Multivibrator
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During the Initial charging of the capacitor, (0 < t < t^), the
UJT emitter voltage Vg (and also the capacitor voltage

, since the

voltage drop through the diode is neglected) is described by the following equation.

VC> • Ve> " 'a +

- V«)[l - exp(- ^t)],

„<

t

<

V

(4.61)
At time t| , Vg is equal to Vp . Equation (4.61) can be solved for tj
by substituting Vp for Vg and solving for

t.

G2
V, - V.
G1 t G2 "1
t, ®
1

+ G2

in
Gx + G2

V,
- V
1
P

(4.62)

Also during this time the current through G3 is constant (and small),
resulting in a constant output voltage

Vout

•

For the time t^ < t < t2 the UJT is turned on and the circuit is
at the quasi-stable operating point e . Thus, VE is equal to Ve during
this time interval. The discharge of the capacitor during this time
interval is described by the following equation.

VA(t) " Vp exp["

At time t2,

(t'
'l>]

'

^ < t < t2

(4.63)

is equal to Ve . Thus, Eq. (4.63) can be solved for t2

by substituting Ve for

and solving for t .
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(4.64)

The time tj, is expressed by Eq. (4.62). During the time t^ < t < t£ ,
when the UJT is on, the base conductance is much larger than it was for
the previous time period, 0 < t < t^ , resulting in an increased current
through G3 . Thus, the output voltage is constant and much less than
that for the previous time period.
If Eq. (4.62) is substituted into Bq. (4.64) the total period T
of the square wave output la given by Bq. (4.65).

It is Interesting to note that t^ is the duration of the positive
portion of the output square wave and t2 - t^ is the duration of the
negative portion. For a symmetrical square wave t^ and t2 ~ tj must be
equal.
The preceding study concerning the voltage waveforms for the
multivibrator circuit of Fig. 4.1 when operating astably has neglected
the regeneration times ton and t0ff . Figure 4.10 indicates the effects
of these regeneration times on the voltage waveshapes, where ton and
tQff are exaggerated.
Figure 4.10 reveals the interesting fact that the total period
T of the output waveshape does not depend on the turn-on regeneration

fl

V"\>n*2 Vlrff

t| *i+-tont2 t2+t0ff
Fig. 4.10

t2H*of¥

t2^t|

Voltage Waveforms for Astable Unijunction Transistor
Multivibrator
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time. The reason for this is that when the UJT begins to turn on, the
diode D becomes reversed biased and essentially isolates Gj and C from
the remainder of the circuit. It is the discharging of C through
which influences the total period T for tj < t < t£ and this discharge
is independent of the UJT. Thus, this portion of the total period is
independent of ton . It will be assumed that ton is sufficiently short
that the change in

from t^ to t^ + t

may be neglected.

However, the total period does depend on the turn-off regenera
tion time t0£f . If Eq. (4.39) is used to approximate t0ff , then the
total period T of the output waveshape is given by the following equation.

g2

T - C<

in

- v,

v^Vl

1
+

lGl + G2

+ G2

(2Ip -

G7 in vT

+

4^1 -

2? in I2(I2
ev*p

VI - V.

(2Ip - A - fa

*^1

AIe + P)
Alp + F>

- 4F)(2Ie - A +*/?

7WT 4F)(2I_

- A-

-

(4.66)
The coefficient

is defined by Eq. (4.32) and the coefficients A and F

%

are defined by Eqs. (4.36) and (4.37) respectively.
At this time it is easy to see one of the major advantages of
circuits like that of Fig. 4.1. This type of circuit allows separate
control of the duration of both the high and low portions of the square
wave output illustrated in Fig. 4.9. Separate control is possible

ioi

because the diode D essentially decouples the capacitor C from the UJT
when the UJT turns on. This separate control feature has led to an
extensive employment of this type of UJT multivibrator, and it Is for
this reason that its analysis is considered important.
Monostable Operation
The unijunction transistor multivibrator of Fig. 4.1 may be made
monostable in two distinct ways: (1) establishment of a single stable
operating point of the UJT In the cut-off region, and (2) establishment
of a single stable operating point of the UJT In the saturation region.
The necessary d-c load line for each of these two possible ways of pro
ducing monostable operation is shown in Fig. 4.11.
The operating path for the first of the two ways of obtaining
monostable operation is also shown in Fig. 4.11. The stable operating
point g is in the cut-off region of operation. Monostable operation
proceeds as follows.
Initially the circuit is stable at operating point g. A posi
tive trigger pulse is applied at point A or E of the circuit. It Is
assumed here that the trigger pulse is applied at A. The trigger pulse
reverse biases the diode D, causing it to assume a nonconducting state.
Prior to the nonconducting state of the diode^ the d-c load line of Eq.
(4.3) was applicable. With D open the load line of Eq. (4.4) applies
and the circuit operation progresses regeneratively to the quasi-stable
operating point e.
creased toward

When D became reverse biased, the voltage at E in

until it reached Vp at which time the UJT turned oil.

VE
SLOPE 4 ( 0 REVERSED BIASED)

OPERATING PATH

Gi+G

f(Ipr)

LOPE

Fig. A*11 Graphical Analysis of Unijunction Transistor
Monostable Multivibrator
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With D not conducting, C discharges through
voltage. When

toward zero

decays to Ve , the diode D again conducts and the load

line of Eq. (4.3) applies. Turn-off regeneration takes place and the
operating point moves to a . The capacitor C then charges to the stable
operating point g . Since it is stable at the operating point g , the
multivibrator circuit remains stable until the next positive trigger is
applied.
The mathematical description for this monostable operation of
the UJT multivibrator is essentially the same as that for the astable
operation which was previously considered. The same equations describe
the regenerative processes.
For this type of monostable operation it is necessary that there
exists only one stable operating point and that it occurs at the inter
section of the d-c load line with the cut-off region of the UJT static
emitter characteristics. Thus, for monostable operation, the following
two relationships must be satisfied.

SPH;

zp

vi

< vP

< xe < *v

<4-67>

<*'68>

It will be recalled that an additional condition for turn'off
regeneration was established by the inequality (4.15) which is repeated
below for convenience.
G > Gx + G2

(4.15)
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thus, It la required for turn-off regeneration that the magnitude of the
slope of f(Ig) at the quasi-stable operating point e be less than the
magnitude of the slope of the d-c load line (1) of Eq. (4.3). It is
seen that this restriction is easily violated, even with the conditions
of the Inequalities (4.67) and (4.68) being satisfied. Thus, the lnequal
lty (4*15) represents a necessary condition for monostable operation of
this type. It states that the operating point e in the active region Is
only quasi-stable. That is, the operating point e becomes unstable when
the diode D becomes forward biased.
From the analysis of the previous section it is seen that the
duration tn, of the output waveform Is as follows.

-

T

*

fcl

-

c

(21 - A - n/A2 - 4F)(2I - A +JA2 - 4F)
(2Ip - A +a/A2 - 4F)(2Ie - A - VA2 - 4F)
(4.69)
If the turn-off regeneration time

is neglected, Eq. (4.69) reduces

to the following simple relationship, in agreement with Suran and
Keonjlan (1957).
<4.70)
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The second way of obtaining monostable operation with the UJT
multivibrator of Pig. 4.1 requires the establishment of a single stable
operating point in the saturation region of the UJT static characteris
tics. Thus, for this type of monostable operation the following two
relationships must be satisfied.

T i > vP

_

<4-n>

and
Iy < IJ

(A.72)

Negative trigger pulses must be used to trigger this type of monostable
circuit into its regenerative cycle.
Biatable Operation
The unijunction transistor multivibrator of Fig. 4.1 may be em
ployed as a bistable multivibrator. The necessary d-c load lines
with the static emitter characteristic for bistable operation are shown
in Fig. 4.12.
The two stable operating points of this bistable circuit are
indicated by points q and s on the emitter characteristics of Fig. 4.12.
The operating paths for turn-on and turn-off switching are also indicated
in Fig. 4.12. ON and OFF as used in this section refers to the state of
the UJT. Thus, the bistable multivibrator is considered to be ON when
the UJT is on (operating point s) and OFF when the UJT Is operating In
cut-off (operating point q).

Bistable operation proceeds as follows.
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V,E
/1

SLOPE 7t
62

turn-on operating path
lurn-oft operoting poth

I

Is l r

Fig.

4.12 Graphical Analysis of Unijunction Transistor
Bistable Multivibrator
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It Is assumed that Initially the circuit Is stable at operating
point q . Thus, it is OFF.

To switch to the ON state a positive trig

ger is assumed to be applied at A . The trigger reverse biases the
diode D causing it to open. Prior to D opening the d-c load line of
Eq. (4.3) applied for circuit operation.

With D reverse biased the

load line of Eq. (4.4) applies and the circuit operation progresses
regeneratively to the quasi-stable operating point r *
With D reverse biased C discharges through Gj, toward zero volt
age. When VA decays to Vr , the diode D again conducts' and the load
line of Eq. (4.3) is applicable. The circuit relaxes to the stable
operating point s . Since the circuit is stable at the operating point
s , the bistable circuit renalns at this operating point until it is
triggered to the OFF Btate of operation.
To turn off the bistable circuit a negative trigger may be
applied at point A . At this time turn-off regeneration takes place
and the operating point moves to u . The capacitor C then charges to
Vq which is the stable operating point q of the OFF state.

Since tha

circuit is stable at the operating point q , the bistable circuit re
mains at this operating point until the next positive trigger.
For this type of bistable operation of the multivibrator it is
necessary that there exist two stable operating points, and that one
occurs at the intersection of the d-c load line with the cut-off region
of the UJT static emitter characteristics, and that the other occurs at
the intersection of the d-c load line with the saturation region. Thus,
for bistable operation the following relationships must be satisfied.
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ofTc; vi < vp

<*•">

I8 > Iv

(4.74)

It is advantageous from the viewpoint of power dissipation and
switching time to bias the bistable multivibrator such that the stable
operating point s lies close to the valley point. Under this condition
it will be assumed that the analytical approximations to f(Xg), previous
ly made for the negative resistance region of the static emitter charac
teristics provides a good approximation to f(IE) over the turn-on and
turn-off operating paths.
For the UJT bistable multivibrator, restricted as discussed
above, its mathematical description is similar to that for the astable
multivibrator operation which was previously considered.

Similar equa

tions describe the regenerative processes.
K3
VE - f(IE) -

+ K4

(4.75)

where
V - V
K3 - IpIv ^ ^

(4.76)

Vyiy - V P

K/

*v " *p

(4.77)

The turn-off operation of the bistable UJT multivibrator is
considered first.

Equation (4.75) is differentiated with respect to IE.
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dVE

1

^- - K3 —

(4.78)

Equations (4.75) and (4.78) are substituted into Eq. (4.22).
d

G2VX - <GX + G2)<^ + K4) - IE
J-5
* <*3 l/IB

^
"

(4.79)

Equation (4.79) is used to develop the following integral for expressing
time t as a function of the emitter current I_ for the turn-off opera£»

tion between the operating points s and u :
*E
e -J
Is

-^frdl»
—dt

E

,

where 1^ is the variable of integration.

(4.80)

Equation (4.80) may be written

in the following form.
nIE

CK3

4OP

"

- vi•v

d1^

8

In Eq. (4.81) the following notation has been introduced for convenience.
^

- (Gx + G2)K4

F2 - (G^ + G2) K3

(4.82)
(4.83)

Upon evaluation of the integral in Eq. (4.81) the following equation
results.
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t

CK,
" 2F2 ^

" V.+ P2>

42

- 4F2

A2*E + F2^

m

*

in

1

<2IE - A2 "^" W2><21. * *2

- 4F2)

+^*| - «2)(21. " *2

- «F2)

(2Ie -

m

(4.84)
Equation (4.84) together with Eqs. (4.76) through (4*77) and
Bqs. (4.82) through (4.83) constitute a mathematical model which
describes the UJT emitter current response during the turn-off transi
tion from the stable operating point s to cut-off (approximately
operating point u ).
The turn-off regeneration time

1B determined by setting

Ig equal to Ip in Eq. (4.84) and solving for t . The time t<$ that it
takes for the operating point to move from u to q can be determined by
using Eq. (4.62) after substituting t3 for t^ , Vu for Va and Vq for Vp
The total turn-off time tQpp is then Just the sum of tQff and t3 .

t

OFF

a t

off

+t

(4.85)

3

where
CK3
' in
2Fo

1
MC
.cf
+

"off

m

-v.
-Vp

,

+ F2)

I

A

2,

^4 -

<*2

Ill

(2Ip - A2 -

- 4P2)(2Is - A2 + *>/A2 - 4*2>

+

1

*<

W

MC

in

4F2)(2Ia -

t

A 2-^2 -

W2)

(4.86)

and
G2

c
L3

" 0l

+

G2 in

Gl + G2
G2

V, - V
1
u
(4.87)
Vl - vq

G1 + G 2

m

The turn-on operation of the bistable UJT multivibrator is con
sidered next. Equations (4.75) and (4.78) are substituted into Eq.
(4.54).

Vl - g2<T? + V dt

1

E

- CK<» —r;
3 *7

(4.88)

Equation (4.88) is used to develop the following equation for expressing
time t as a function of the emitter current Ig for the turn-on operation
between the operating points q and r .

CEK3

t

I

IE^XE2

~ ^E

+ F3^

dll
E
(4.89)

where 1^ is the variable of integration and where the following notation
has been introduced for convenience.
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a
3

- 63^ - K4)

(4.90)

P3 » G2K3

(4.91)

Upon evaluation of the integral in Eq. (4.89) the following equation
results:

r2 2
*E<Ip * A3IP + F3)' ,
2 2
5(1«* A3*E + P3^

Zxx

*3
" <*3

2
<21E " S - n/A3 - 4F3)(2Ip - A3 +
(2Ie - A, + "V/A^ - 4F3)(2Ip - A3 .Va|. 3

«>
(4.92)

Equation (4.92) together with Eqs. (4.76) through (4.77) and Eqs.
(4.82) through (4.83) forms a mathematical model for the description of
the UJT emitter current response during the turn-on transition from the
stable operating point q to the quasi-stable operating point r .
The turn-on regeneration time ton is determined by setting 1^
equal to Ir in Eq. (4.92) and solving for t .
I?<I§ - A3Ip + F3)
•on

2F0

in
ft

-

A3Ir + P3)

A3

^- 4,3
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,(2Ig -

- -JA| - AF3)(2Ip - A3 +/A% - 4F3)

(2Ir - A3 +/A§ - 4F3)(2I - A3 - nTA§ - 4F3)

(4.93)

It is assumed that tOR 1s sufficiently short for the change In
the capacitor voltage VA during t

to be neglected. Thus, the time

that it takes the capacitor G to discharge to Vr is determined from
Eq. (4.63).
(4.94)

The time t^ that it takes for the operating point to move from
r to 8 Is approximated by a simple RC decay.

The static emitter charac

teristic is assumed to be linear with slope 1/G' in the saturation region
between the operating points r and s . This linear approximation la
- V. -

I. + £7 IE

(4.95)

Figure 4.13 illustrates two simple models for Eq. (4.95). Since the
static emitter characteristic becomes a single valued function of Ig
for specified values of

and G3 , the relaxation of the bistable

multivibrator between operating points r and s can be described by the
analysis of the network of Fig. 4.14, where f(Ig) in the saturation
region between operating point r and s has been approximated by a
linear function with slope 1/G' . The time it takes for the capacitor
to discharge from an initial value of Vr volts to Vs volts is the time
t^ that is sought.
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+
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G'

©
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Fig. 4.13 Linear Models for Unijunction Transistor Saturation Region
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Fig. 4.14 Bistable Multivibrator Equivalent Circuit
for Operating Path r-s
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T5 " G' + G, +

GN

tn

Vr(G' + Gx + G2) + Is - GjVJ^ - G'Vj"
VS(G« + GX + G2) + Is - G^ - G'Va
(A.96)

The total turn-on time t^ is then just the sum of ton , t^ and t5 .

t0N

" fcon

+ '4 + fc5

(4.97)

where ton , t^ , and tj are given by Eqs. (4.93), (4.94) and (4.96)
respectively.
In the preceding analysis of the bistable operation of a UJT
multivibrator it has been assumed that the time for transition between
the operating point q and the peak point is negligible. This is a good
approximation due to the very small values of typical peak emitter cur
rents.
Application of the Extended Theory
In this chapter, the unijunction transistor multivibrator of
Fig. 4.1 has been studied. Particular emphasis has been placed on tech
niques for determining the regenerative transition times ton and t0fj .
To obtain mathematically tractable solutions for these transition times
various approximations to the static characteristics f(Ijj) have been
made.
For these calculations, one might also employ the static repre
sentation of f(Ig) predicted by the extended theory of Chapter 2. Thus,
Eq. (2.80) together with Bqa* (2.78) Md (2.79) could be used to repre
sent f(Ig) in the determination of tb» r*§MM*ation CfftMltion tines ton
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and tQ££ . It would be necessary to solve expressions of the form of
Eq. (4.22) for a given set of passive circuit elements, together with
a UJT having an experimentally confirmed specific characteristic. Numer
ical techniques could be employed to determine the time dependence of
the emitter current Ig during the turn-on and turn-off transitions.,
The transition times could then be determined by inspection of graphical
displays of these numerical solutions. It would be necessary in such an
approach to obtain new solutions for each change in the passive circuit
elements as well as for each change in the unijunction transistor charac
teristic.

I

Chapter 5
SUMMARY AND CONCLUSIONS
In the area of semiconductor electronics and integrated
micro-circuits, the full potential value of the double baae diode or
unijunction transistor is yet to be realized, mainly due to an in
sufficiently generalized theory. Modern mathematical techniques for
analyzing nonlinear elements embedded in linear networks, together
with advances in the understanding of semiconductor physics, makes
feasible a more general treatment of the unijunction transistor.
The purpose of this work was to investigate more general
treatments of the unijunction transistor. It consists of extensions
of the Scharfetter-Jordan theory for the internal carrier behavior
and the resulting effects of conductivity modulation on the static
emitter characteristics, some generalized characterizations of uni
junction transistor networks, and studies of the transient behavior
of a particular unijunction transistor multivibrator with particular
attention to the turn-on and turn-off transients.
The theory of Scharfetter and Jordan (1962), which appears to
be the most significant theory for unijunction transistors, was con
sidered. A more general treatment of a near intrinsic filament was
developed. This development predicted the following static emitter
characteristic.

1119
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in which Ig is the emitter current, VE is the emitter voltage, I^ i-S
the base-two current and the other symbols are defined in Chapter 2.
The theory was also extended to an ideal cylindrical geometry
and resulted in the following static emitter characteristic
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(5.2)

The static emitter characteristics of Eq. (5.1) and (5.2) arose
from general solutions for carrier concentration including the effects
of drift, diffusion and recombination on carrier transport.

Each of
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these mechanisms of carrier transport are identifiable with terms of
the static emitter characteristics.
It is also observed that the extended theory of Eqs. (5.1) and
(5.2) involve component parts which are explicit functions of the phys
ical construction of the devices and which exhibit a one-to-one corre
spondence with physical processes.

The extended theory thus could serve

as a tool for the analysis and design of unijunction transistors.
The generalized characterization of unijunction transistor net
works was considered.

The performance of a unijunction transistor was

seen to be characterized by a nonlinear relationship among four variables.
The unijunction transistor provided an opportunity to examine
a general formulation of the problem of analysis and design with a device
that is characterized by a nonlinear relationship among four variables.
The general formulation was considered from the viewpoint of a nonlinear
active device embedded in a network of linear elements and concerned
itself with, among other things, the determination of a minimum set of
device characteristics needed for an exact analysis.

It was seen that

I

the general analysis of a unijunction transistor, intercoupled through
passive elements with the necessary voltage-current sources, must con
sider the interrelationship among the four variables Vg, Ig, Vg, and Ig.
The large signal behavior of a particular unijunction transistor
multivibrator was considered.

It was considered during astable and

monostable as well as bistable operation.

General stability conditions

for each of these types of operation were formulated as well as analyti
cal predictions of turn-on and turn-off transients and cycle durations.
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It is hoped that the work of this dissertation will offer some
support and assistance to future research in unijunction transistors
and their application, particularly in broader programs utilising
unijunction transistor

principles, such as the Heuristor studies

currently in progress at the Solid State Engineering Laboratory of The
University of Arizona.
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