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ABSTRACT 

Two interrelated areas--computer-based network 

analysis programs and the solution of the topological prob

lems involved in one of these programs—are presented in 

this paper. Historically the engineer has been forced to 

detour from the direct solution of practical electrical 

network problems due to the prohibitive amount of hand cal

culation required. During the past few years, however, a . 

number of general purpose network analysis programs, such 

as PREDICT, have been developed to take advantage of capa

bilities of the digital computer. These programs are lim

ited by inherent numerical problems and are difficult to 

adapt to a given installation. 

The topological approach to network analysis is a 

technique based on the Binet-Cauchy theorem that effectively 

bypasses matrix inversion and numerical integration problems 

by relating system functions to the corresponding trees of 

the network. Effective utilization of the technique re

quires a solution of two related areas—the tree generation 

and sign-determination problems. 

This paper reviews the basic theory of the topolog

ical approach and shows its application to active devices 

such as field effect transistors. The two-graph method used 
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to extend the topological approach to active devices also 

greatly increases the number of trees that must be found, 

and requires, in addition, the determination of the sign 

of a common tree product. A summary of limitations of the 

methods reported to date would be that the methods either 

are too slow, take up too much memory space, or would be ex

tremely difficult to implement on a digital computer. Al

gorithms are given herein that solve the tree-generation and 

sign-determination problems from a computational point of 

view. They provide increased speed and thus extend the 

range of the topological approach to larger networks. Pro

grammed in FORTRAN the above algorithms provide the basis 

for a new linear network analysis program, and several ex

amples are given to illustrate typical applications. The 

segmentation and small program size provide the technique 

with the required flexibility needed to operate under a 

time-sharing system. 

Simple procedures extend the topological approach 

to a generalized root-locus procedure and to sensitivity 

analysis. Variations allow the inclusion of non-linear or 

time-varying elements in a cyclic procedure. 



CHAPTER 1 

INTRODUCTION 

I. 1. The Need for a Computer-Based Network Analysis Pro
gram. 

Network analysis is one of the fundamental tools of 

the electrical engineer. It is also considered one of the 

basic parts of engineering education, and the typical under

graduate program in electrical engineering consists of three 

or four courses in network analysis. In these courses the 

students are given an introduction to classical mesh and 

node analysis, and a great number of two and three mesh net

work problems are solved. Network analysis is taught as 

part of an idealized design process. The analysis of the 

model of the physical network being designed provides infor

mation as to the suitability or need for modification of the 

design. However, in practice the electronic design engineer 

almost completely ignores the analysis approach. The reason 

for this is a practical one, for even a simple two-stage 

electronic amplifier circuit, with its associated bias and 

load circuitry, can have over 10 nodes and 10 meshes. This 

means that an analysis of such a circuit involves the eval

uation of at least a tenth order determinant and the factor

ization of up to a tenth order polynomial. As this would 

1 
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have to be done for each change of parameter, it is obvious 

that exact analysis by hand calculation is not practical. 

In general the necessity of prohibitive amounts of hand cal

culations has prevented the electronic design engineer from 

applying the tools and techniques of network analysis to 

practical electronic design problems. Thus the experienced 

design engineer uses alternate techniques to aid in the de

sign of networks. He makes an approximate analysis neglect

ing bias circuitry, or he uses previous knowledge of other 

networks to improve an existing design. As a result, de

sign procedure has become somewhat of an art, and the 

better networks are developed somewhat intuitively. 

The use of large digital computers has produced a 

change in emphasis in the above approach to network analy

sis. The tremendous calculating capability of such com

puters removes the restriction that analysis be limited to 

simple networks. As an example of one use of computers, a 

FORTRAN program can be written to set up and solve the 

equations corresponding to a lumped linear model of a multi

stage electronic amplifier. This technique, while providing 

a method of extending the analysis procedure, creates addi

tional complications. A new burden is placed on the 

designer, as he now must understand computer programming 

and have at least a rudimentary idea about numerical analy

sis in order to solve this program. In addition it may 
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take several weeks or months of programming time to set up 

and debug the program and solve a particular problem on the 

digital computer. 

In order to provide the designer with the capability 

of analysis of a multi-stage network without the burden of 

time involved in computer programming, an intermediate step 

has been developed. It has been implemented during the past 

few years in a number of elaborate network analysis pro

grams, including ECA.P, NET-1, CIRCUS, PREDICT [l5 ], and many 

others. Each of these programs represents many man-years of 

programming time. The general advantages and limitations of 

these programs aire discussed in the following section. 

1. 2. The Description and Limitations of Existing General 
Purpose Network Analysis Programs. 

The PREDICT program is used as a specific example 

of a general purpose network analysis program, but most of 

the discussion is also applicable to ECAP, NET-1, and 

CIRCUS. The term general purpose network analysis program 

is used to denote computer analysis programs designed to 

meet the following criteria. The first criterion is a 

simple and flexible input and output format. The aim here 

is, in effect, to provide the engineer with a new simple 

computer language which could be learned in a few hours. 

In the PREDICT program the required input consists of only 

a few control cards and a description of the network being 
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analyzed. The input format is very flexible; data is not 

restricted to a particular field. One of the basic con

cepts of these programs is that, as far as possible, the 

user is freed from the details of the internal operation 

of the program. The second criterion is that the general 

purpose program could formulate and solve the equations 

corresponding to a large class of linear, nonlinear, and 

time-varying networks. For this complete class of networks 

only a time-domain response has meaning. The PREDICT pro

gram can obtain output voltage and current variables with 

respect to arbitrarily defined input voltages and current. 

A transient response or an initial conditions option can 

be selected. Further details of the general purpose 

analysis programs are given by Magnuson ^17], Kuo ^153» 

and Dawson 4]. The PREDICT program meets the above 

criteria in most respects. 

However, there are still serious limitations to the 

use of computer analysis programs. Further details of the 

PREDICT system are included to illustrate each limitation. 

The selection of the model used to represent a physical 

device is a major concern with any analysis procedure. The 

use of computer analysis programs requires additional 

guidelines in the model selection process. The selection 

of a more complex model may lead to longer computer running 

time, which is now a factor to consider. A paradox is en

countered in that a more accurate model in terms of fitting 
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the description of the physical device may introduce more 

error in the final output results when used in a computer 

network analysis program. This point is discussed under 

the time constant problem mentioned later. 

The length of the analysis program itself creates 

additional difficulty. The amount of programming required 

to meet the joint criteria of a simple input language and 

the general capability of handling linear, nonlinear, and 

time-varying networks requires more memory space than the 

32k words available on the IBM 7094. A special technique 

is required that subdivides the program into eight links, 

and only one link is read from tape to the computer memory 

at one time. The new version of PREDICT requires over 

fourteen thousand cards to contain the FORTRAN program. A 

program of this size requires a rather large initial de

bugging at a given installation and continuous maintenance 

in order to keep the program working in a dynamic computer 

system. This tends to prevent the use of these programs on 

a rather casual basis at small companies and universities. 

Closely related to the above problem is the fact 

that many of these programs have been written in a computer 

language restricted to a particular machine. This prevents 

the use of the program at another installation unless the 

program is rewritten in another language. For example, the 

NET-2 program is being written in the MANIAC machine language 



and will not be available to other computer installations 

without a considerable reprogramming effort. Portions of 

PREDICT and NET-1 are written in FAP language restricting 

the use of these programs to an IBM 7090/7094 computer. 

Also, a somewhat related observation is that the designers 

of these programs have been closer to the program problems 

than to the network problems, with the result that some of 

the programs have been released as working, when, in fact, 

the programs would not always provide accurate solutions to 

engineering problems. In some cases test problems were 

used, and the numbers obtained were used as evidence that 

the program was working, without checking to see ilf the num

bers were realistic for the test circuit. 
j j 

The solution phase of the PREDICT program also has 

inherent limitations. An inclusive approach is used which 

does not meet all the objectives that one may have for a 
. 

particular subclass of problems. This approach first es

tablishes a set of first-order differential equations by a 

state-variable approach. The network initial conditions 

are solved at t-0. Matrix operations then produce state 

variable derivatives. The derivatives are then numerically 

integrated to produce new state variables for evaluation at 

the next time step. The integration routines such as 

Runge-Kutta or predidtor-corrector require that thb time 

step be less than the smallest natural time constaht of the 

network. Although the small time constants contribute least 
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to the solution, they force the numerical integration to 

proceed at a rate dependent on them and consistent with 

the allowable error in the solution. Thus the program will 

automatically scale down to the smallest time constant, 

whether desired or not. By doing this, a great amount of 

computer time is spent in the analysis of an insufficient 

portion of the circuit time. Unless one carefully ex

cludes the elements that produce these small time constants 

from the circuit under analysis, the program will not com

plete the problem in a practical amount of computer time. 

As previously noted, this relates to the model selected. A 

more accurate model with small time constants may scale the 

time-step down to the point of numerical instability and 

produce less accurate results. This point is developed in 

detail by MagnusonQl7] and Brayton, Gustavson, Liniger [ 1 ]• 

A general conclusion of the above discussion of the 

advantages and limitations of the general purpose analysis 

program is that if it is desirable to completely meet the 

dual criteria of a program that will provide a simple input 

language and the general capability of solving linear, time-

varying, and nonlinear problems, then the result will be a 

program that is large in terms of computer memory require

ments and difficult to maintain. Also there exists the fund

amental time constant problem that will lead to excessive 

errors or prohibitive computer running time unless preselec

tion of the network parameters is made to exclude the small 
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time constants. In addition, the results of such a program 

are completely in the time domain. That is, there are dis

crete values of output variables for a given input. The tie 

to a particular machine code is an anachronism as new ver

sions of FORTRAN (such as FORTRAN IV) compete in every 

respect with machine codes and provide the flexibility of 

being adapted to most computer installations. 

For many problems it would be better to dispense 

with some of the capabilities of the general purpose pro

grams in order to remove part of the above restrictions. 

If, as Hamming ClO] states, nThe purpose of computing is 

insight rather than numbers," then perhaps a program should 

provide more insight. This would be useful for two reasons-

one, to provide a user's check on any numerical errors that 

the program is producing; and, two, to provide the engineer 

with the type of information he has been taught to use. 

Thus, rather than a program just providing an output wave

form in response to some input pulses, perhaps pole-zero 

plots, bode plots, or root locus plots should be provided as 

well. Then a given time domain output could be correlated 

by a pole-zero plot. 

By requiring the user to be more familiar with the 

details of the program and with a more restrictive input for

mat, part of the size of the program can be reduced. By 

being restricted to the case of linear networks, both the 
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formulations and the solution phases can be altered to pro

vide additional insight into the circuit. At present there 

are two basic approaches to the computer solution of this 

special class of linear networks. 

Typical of the first approach is the computer analy

sis program written by Pottle £26]. The state-variable 

method is still used to formulate the set of first-order 

differential equations; then either the Souriam-Frame algor

ithm may be used to provide a transfer function in terms of 

the s-domain, or a Taylor-series approximation to the state 

transition matrix may be used to obtain a time response. 

The second approach is denoted as the topological 

approach. This technique formulates the equations in terms 

of the usual mesh or node methods, but bypasses the matrix 

inversion problems by a topological technique in the solution 

of these equations. Typical of this topological approach is 

a program written by Calahan £2 ]]• This program has evolved 

out of the general interest in topological analysis at the 

University of Illinois by Mayeda [l^], Van Valkenburg L2l]]> 

and others. This topological method circumvents many of 

the previously listed objections to network analysis pro

grams, but several new problems are introduced by the topo

logical approach. These new problems will be introduced in 

the brief description of the topological approach which 

follows. 



10 

1. 3. The Topological Approach to Network Analysis. 

This section is intended to introduce and define 

the topological approach to network analysis. The theoret

ical basis for this section is given in chapter 2. In this 

section and in the remainder of this paper the topological 

approach to network analysis is defined as the method based 

on the Binet-Cauchy theorem, which effectively evaluates 

determinants and cofactors of the node admittance matrix by 

finding the related n-tree products of the corresponding 

linear graph. 

The basic concepts of topological analysis are not 

new; they originated with Kirchhoff in 1847 and Maxwell in 

1892. However, topological analysis was originally re

stricted to passive networks. For small networks and hand 

calculations, topological techniques offered no real ad

vantage over the usual determinant solution of either loop 

or node equations. The topological technique does eliminate 

the terms in the evaluation of a determinant that ultimately 

cancel out, but this computational advantage is counter

balanced by the disadvantage of having to learn a different 

approach. However, the topological approach is conveniently 

programmed on a digital computer, and increasing use of dig

ital computers provided a new interest in topological 

techniques. Additional emphasis was given to the interest in 

topological analysis when Percival [2b~] introduced artificial 
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two-terminal elements, so-called "current and voltage ele

ments," extending topological analysis to active and mutually 

coupled networks. 

This topological technique bypasses the usual numer

ical matrix inversion problems encountered in the solution 

of node voltage equations. The basic analysis problem of 

solving the node voltage equations by either determinant or 

matrix methods is transformed by the Binet-Cauchy theorem 

to the topological and combinatorial problem of finding the 

trees and associated n-tree products of a linear graph. 

The tree-finding problem becomes more difficult in the case 

of the active network. Since in this case the tree-finding 

routine must select the trees common to both the voltage 

and current graph of the network, the correct sign for the 

n-tree products must also be determined by the tree-finding 

routine. The tree-finding problem is the basic limitation 

in the topological approach to network analysis. The limi

tation is primarily in the amount of computer time required 

to solve a particular problem. A practical network may have 

several hundred thousand trees, and a prohibitive amount 

of computer time is used in the present algorithms to find 

these trees. A further illustration of this problem is 

given with reference to CALAHAN Q2 3--a typical topological 

program. The CALAHAN program uses a simple combinatorial 

method for its tree-finding algorithm, A test network con

sisting of 18 branches and 11 nodes took approximately 10 
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minutes of CDC 3600 running time to find and assemble the 

common 10,000 trees. 

A number of authors [9 3> L 3 3» L33 3 have con

cerned themselves with this problem, but so far a completely 

satisfactory solution has not been found. As Mayeda ̂ 203 

states in a report, "At present there is no simple method 

of generating all possible complete trees without duplica

tions." A "satisfactory solution" is defined here 

(arbitrarily) as a technique that would assemble the associ

ated tree-products of a network with 100,000 trees in 10 

minutes or less of CDC 3600 computer running time. 

The following section defines the scope and nature 

of further work in this paper in terms of the above discus

sion. 

1. 4. The Scope and Objectives of This Paper. 

The theoretical basis for a new network analysis 

program based on the topological approach to active network 

analysis is given in chapter 2. An attempt is made to unify 

existing material on the subject and to extend this approach 

to additional elements such as ideal transformers. A 

computer-based algorithm is developed to produce the trees 

and n-tree products required by the topological approach. 

This algorithm is a modification of an approach by Mcllroy 

L233. The algorithm itself and a comparison with other 
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tree-finding procedures is given in chapter 3. Details of 

the programmed algorithm and factors involved in fast and 

efficient programming are given in chapter 4. Also in this 

chapter further details and examples of the use of a com

plete topological analysis program are given. 

Procedures are given in chapter 5 that easily extend 

the topological method to a generalized root-locus approach. 

The technique in effect calculates the sensitivity of the 

network to single element changes. The results are given 

either as changes in root location in the s-domain or as 

changes in either time or frequency responses. The same 

basic technique allows the inclusion of a single time-

varying or non-linear element. 



CHAPTER 2 

THE THEORETICAL BASIS FOR TOPOLOGICAL NETWORK ANALYSIS 

2. I. Introduction. 

This chapter presents the basic theory of topolog

ical network analysis. Some basic definitions of linear 

graph theory are given in section 2. 2. The node-voltage 

equations in terms of the incident matrix for passive net

works possessing a diagonal branch admittance matrix are 

developed in 2. 3. The various network functions can be ex

pressed in terms of the determinant and cofactors of the 

node-admittance matrix. The Binet-Cauchy theorem is used 

to evaluate the determinant in terms of the trees and tree 

products of the network. The evaluation of the cofactors 

requires the extension of the tree product concept to n-

tree products, and this is done in section 2. 4. Appli

cation of the topological method is extended to active 

elements and ideal devices such as a gyrator in section 

2. 5. Several examples are given in section 2. 6 to intro

duce the tree-finding and sign problems that will be con

sidered in detail in chapter 3. The theorems and definitions 

relating to the sign problem are given in section 2. 7. 

The basic theory given here is not new; some of the basic 

ideas of topological analysis originated with Maxwell and 

14 
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Kirchoff. The concepts are organized and presented here 

with respect to the active models of contemporary active 

devices such as bipolar and field-effect transistors in 

section 2. 8. In addition, the problems of extending the 

basic theory to the representation of ideal devices such as 

ideal transformers are considered. 

Many different extensions to the topological ap

proach have been made. Mayeda[l9] has extended and refined 

the two-graph approach of Percival [24] in many publications. 

Talbot £30], Hakimi £s ], Goates [3 ], and Kim £14] are but 

a few of the many authors who have presented variations of 

the topological approach. The notation of each author is 

usually different, and some particular advantages are pro

claimed by each. Conceptually, an individual notation may 

offer some advantage, but this is rather a subjective de

cision, and rationale for the use of a particular method 

would depend on the background of the user. From a compu

tational point of view the methods are quite similar. Both 

Hakimi Q 9 ] and Talbot [30] have stated and shown that cur

rent approaches to the topological analysis are but varia

tions of the basic approach considered in this chapter. 

Stripped of notation, all seem to have the same advantages 

and disadvantages. Historically, in order to give proper 

credit to the fundamental work done, one might coin the 

approach as the Maxwell-Percival-Mayeda Method. Proceeding 
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with further details of the topological method, a descrip

tion of the type of circuit under consideration is presented 

in the following paragraph. 

An electrical network can be characterized by a 

pictorial-schematic representation as shown in Fig. 1. 

xn 

rrm K Wv 

I W/ A/W 

Fig. 1. A schematic representation of a linear network. 

in 

Fig. 2. Linear graph representation of a linear'network. 
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Here the physical elements of the actual network are re

placed by a model consisting of passive and active elements. 

The passive elements are considered to be lumped, linear, 

and finite. The active elements are ideal, controlled or 

independent, sources. This paper assumes that this repre

sentation leads to a useful equivalence, and the term 

electrical network is used to refer to such a representation 

as shown in Fig. 1. The equations defining this model are 

defined from physical properties of the elements, and a 

knowledge of these equations, along with a knowledge of the 

Kirchoff voltage and current laws, is assumed in this paper. 

Particular attention can be directed to the.topo

logical properties of the model shown in Fig. 1 by replacing 

the schematic by a linear graph as shown in Fig. 2. The 

basic theory relating to such a linear graph is given in 

Sesu and Reed £29] and Kim and Chein [[143. To provide con

tinuity in this paper a few basic definitions of linear 

graph theory are given in the following section. 

2. 2. Basic Definitions of Linear Graph Theory. 

DEFINITION 1: An edree or element is a line segment 

with two end points. The end points are called nodes. A 

node and an edge are "incident" with each other if the node 

is an end point of the edge. The edge is called "self-

looped" if its nodes are identical. 
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DEFINITION 2: A linear graph is a collection of 

edges with no self-looped edges. An oriented graph is a 

graph in which the direction of each edge is specified. 

Otherwise, the graph is nonoriented. 

DEFINITION 3: The degree of a node is the number of 

edges incident at that node. 

DEFINITION 4: A path between nodes i and j in a 

graph is an ordered sequence of edges in the graph in which 

every node is of degree two, except nodes i and j, which are 

of degree one. 

DEFINITION 5. A connected graph has a path between 

every pair of nodes in the graph. It therefore cannot con

tain any isolated edges or nodes. 

DEFINITION 6: A circuit is a connected graph of 

nodes all of which are degree two. 

DEFINITION 7: A tree is a connected graph or sub

graph containing all nodes of the graph but no circuits. A 

tree branch is an edge of a tree, and a chord is an edge of 

the complement of a tree. 

DEFINITION 8: The incidence matrix denoted by 

Aa = Laij3> °f an oriented graph with n nodes and b edges, 

is a matrix with n rows and b columns. Each row corresponds 

to a node, and each column corresponds to an .edge, such that 

a^j = 1, if edge j is incident at node i and directed 

away from node i; 
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a^j = -1, if edge j is incident at node i and directed 

toward node i; 

a.= • = 0, if edge j is not incident at node i. -I* J 

The matrix obtained by deleting any row from Aa is 

denoted as the reduced incidence matrix A. Some important 

properties of Aa and A follow [28]: 

PROPERTY 1: The rank of the incidence matrix Aa of 

n rows and b columns is (n-l). The rank of A is also n-1. 

PROPERTY 2: A square submatrix of A of order n-l is 

nonsingular if, and only if, the columns of this submatrix 

correspond to the branches of a tree. In the original for

mulation of the A matrix each edge of the graph determines 

a column of the A matrix. 

PROPERTY 3: The determinant of a nonsingular sub-

matrix of A is equal to +1 or -1. 

2. 3. Topological Analysis of Passive Networks. 

This section provides an introduction to topological 

analysis. The concepts presented are based on the node-

voltage equations and the reduced incidence matrix A. A 

dual approach could be taken in terms of mesh-current equa

tions and the circuit matrix B. The latter technique is 

quite similar but introduces one additional complication, 

as the resulting topological process requires a determina

tion of the chords of a tree. This is an extra step beyond 
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the determination of the tree branches which is required 

for the node-voltage approach. For this reason the dual 

approach has not received much use. 

A passive RLC network such as previously shown in 

Fig. 1 can be represented as a linear graph as shown in 

Fig. 2. Each edge of the linear graph is weighted by an 

admittance of the network. In the network each admittance 

satisfies the following equation: 

^ab vab = ^ab 

where vat) is the edge voltage with the positive reference 

at a, and iâ  is the edge current which flows from a to b. 

Expressed in matrix form for the complete network and graph 

equation (1) becomes 

YbV = I (2) 

where is a b x b diagonal matrix, V is the b x 1 branch 

voltage column matrix, and I is the b x 1 branch current 

matrix. 

Kirchhoff's current law is expressed as 

AI = J (3) 

where J is the column matrix of current sources, I is the 

column matrix of edge currents, and A is the reduced in

cidence matrix. Substitution of (2) into (3) yields 

AYbV = J. (4) 

Also 

V = AtVn (5) 
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where Vn is the column matrix of node voltages with respect 

to the reference node. Next (5) is substituted into (4). 

and the basic node voltage equation is obtained: 

AYbAtVn = YmVn = J. (6) 

A complete solution for equation (6) involves the 

inversion of the matrix Ym. This is difficult to implement 

except for some special cases, for in general the individual 

members of the matrix Ym consist of polynomials in s, and 

must be carried in literal form until after the matrix in

version. The determination of a system function requires 

only a partial solution of the node voltage equation. The 

driving point impedance of a network requires only that a 

voltage across a pair of terminals be expressed in terms of 

a current source applied to the terminals. Other system 

functions, either driving point or transfer functions, re

quire only a partial solution of the node voltage equation. 

In an attempt to avoid the problems of matrix inversion, 

Cramer's rule is used to find the required variables in 

equation (6). The driving point function is defined 

as the ratio of Vij  to J.., where i is the reference node 

and is a current source connected between nodes i and j. 

In solving for V-^j by applying Cramer's rule to equation (6) 

and letting all other current sources except equal zero,, 

the following equation is obtained: 

Vij = Jjj Au (7) 

A 
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where A = Ym = AY^A1- and is the 1, 1, cofactor of 

Ym. A direct determination of and ̂ 11 by conventional 

determinant techniques leads to the same problem as matrix 

inversion. An alternate approach is taken to the problem of 

determinant evaluation by.using the Binet-Cauchy Theorem[28]. 

This theorem provides a method for evaluating the determinant 

of the product of two matrices. It can be stated as follows: 

Binet-Cauchy Theorem: Let P of order (m,n) and Q 

of order (n,m) be matrices of elements. Let m<n. Then the 

determinant of the product PQ is given by: 

det PQ = (Products of corresponding 
majors of P and Q) (8) 

where the summation is over all such majors. A major or a 

major determinant means the determinant of a largest square 

submatrix (in this case of order m). The phrase correspond

ing major implies that if columns i^, i£, . . . iffl of P are 

chosen for a major, rows ij_, i^, . * . im of Q should be 

chosen to form the corresponding major. 

The Binet-Cauchy theorem is used to calculate the 

determinant of AY^At. AY^ is related with the matrix P 

and A1- with the matrix Q. As Yb is a diagonal matrix, the 

product AY^ has the same structure as the matrix A except 

that column j is multiplied by Yj, j=l, 2, . . . b. There

fore the nonsingular submatrices of (AY^) still correspond 

to the trees of the network, but the value of the determinant 

of each nonsingular submatrix instead of being +1 is now 
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(+1) (YiL) (Yi2) . . . (Yik) (9) 

where k = n and i^, i2, . . . , are the branches of a 

tree. The corresponding submatrix of A*" is merely the trans

pose of the submatrix of A, and so it is also nonsingular, 

and has the same determinant (+1) as the submatrix of A. 

The product of the determinant of the two submatrices is 

(Yj_]_) . . CY-y^), which is defined as the tree ad

mittance product. For passive networks the tree admittance 

product is always prefixed by a positive sign. All the 

other majors, which do not correspond to trees, are zero 

and do not contribute to the solution of AYt>At. Therefore, 

by using the Binet-Cauchy theorem, the following expression 

for A is obtained: 

W(Y) = A = AY^A*- = ^ tree admittance products 
of the networks. (10) 

trees 

This result is known as Maxwell's rule or formula. 

To calculate the node admittance determinant, each tree of 

the network must be found, then the tree admittance product 

must be found for each tree, and finally all the tree admit

tance products must be summed. 

The use of Maxwell's rule in hand calculations pro

duces a computational advantage, since the partial calcula

tion of terms that occurs in determinant evaluation does not 

occur in the topological approach. For this reason equa

tion (10) is sometimes called a minimum effort formula. 
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In computer calculations there is a more significant 

advantage than in hand calculation. Literal matrix inver

sion can be achieved by simple computer orientated operations 

A, network function can be conveniently determined in several 

different forms. It can be expressed in terms of its poles 

and zeros in the s domain, an operation that would be very 

difficult to do if the attempt were made to invert the ma

trix Ym directly. A network function may also be obtained 

in terms of the individual admittances of the network; or, 
j 
another formulation can be made expressing the network func

tion as a linear function of a single element. 

By an extension of the approach shown in evaluating 

Zx, a cofactor ̂ ij can be evaluated, leading to expressions 
i 
for network functions and parameters in terms of tree prod

ucts and n-tree products. This extension is developed in 

the next section. 

i 

2. 4. Evaluation of Cofactors by Use of the N-Tree Concept. 

Symmetrical cofactors of the form ^ are considered 
I 
first. To obtain a cofactor .Aj j, both row j and column j 

of the node admittance matrix must be deleted. Since 

AY^A1- = Ym> the same result can be obtained by deleting row 
j 
j of the first matrix and column j of the last matrix. But 

column j of A is row j of A. If Aj is defined as the matrix 
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A with row j deleted the result is 

Ajj = det (AjYbA^). (11) 

The relationship of Aj to the original network N is 

now examined. First node j is shorted to the reference node. 

Then the incidence matrix of the new network N-j_ is rewritten. 

None of the other nodes are affected, so the reduced in

cidence matrix of Ki will be A.-. Therefore 
_ J 

Aii =2: tree admittance products (12) 
of NL .  

Aj j is also related to the original network N. 

Since has n-1 nodes, trees of cannot be trees of N. 

They are in two pieces (one"piece" may simply be an isolated 

node). The node j and the reference node are in the two 

different pieces (otherwise shorting them will produce a 

loop). Such a structure is called a 2-tree and in this 

case a 2-tree (j,r), where r stands for the reference node. 

Given a network N shown in Fig. 3a, the network 

N]_ corresponding to a cofactor A^]_ is shown in Fig. 3b. 

Node 5 is the reference node. In Fig. 4 each set shown is 

a 2-tree of N and a tree of with node 1 and node 5 in 

different parts. Each of these terms contributes to the 

evaluation of Ajj. Maxwell's formula for a symmetrical co-

factor becomes 

Aj j  =2 2-tree (j,r) admittance products 
all (13) 

2-trees 

where r is the reference node. 



Defined at this point is 

Wj. j = 2-tree(i,j) admittance products. 
all 

2-trees 
(14) 

The subscripts in j are separated by a comma. This in

dicates that the nodes corresponding to the subscripts are 

in different parts of the network. 

Next, the asymmetrical cofactors of the node admit

tance matrix are considered. If row i and column j are de

leted, the following equation is obtained. 

Aij = <Jet <Aj¥bAj) (15) 

Again tHe Binet-Cauchy theorem is applied to get 
! 

products of the corresponding 
majors of A^Yb and A^. (16) 

j J 

As before, the nonzero majors of A^Y^ correspond to 2-trees 
i 

(i, r) where r is the reference node. The nonzero majors 

of A1: correspond to 2-trees (j, r). The only terms that 
J 

contribute to ^j must be both 2-trees of (j,r) and (i,r), 

and therefore the intersection of Wj  „ and „. A 2-tree i •*- j1- J s1-
j 

has only two parts; since r must be in one part, both i and 

j must be in the other. Therefore 

• Aij " Wij,r " Wi.rAWj.r. (17) 

There are now 

node admittance matrix. Any transfer function or network 

parameter originally expressed in terms of the node admit

tance mdtrix can now be expressed in terms of tree or 

formulas for A, , Zijj, and /S. ̂ j of th 
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Fig. 4. Some 2-trees of N. 
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n-tree products of the network N. For example, an open-

circuit voltage transfer function is evaluated as 

H(S) = V2(S) = AL2(S) = Wl2 3 (S) 

V]_(s) ^n(S) Wis3 (s) 

for the three-terminal network N shown in Fig. 5. 

(18) 

1 ©-

V;L(S) 

O o 
A * 

v2(s) 

T 
-© 

Fig. 5. Three-terminal network. 

Some network functions require more than values of the deter

minant and the first cofactors of Ym. Second and higher 

cofactors lead to 3-tree and n-tree products which are an 

extension of the method used here [jL9]. 
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2. 5. Extension of the Topological Method to Active Networks. 

Most of the linear networks that the design engineer 

is required to evaluate have some active device involved; 

therefore, interest in the topological approach had been dor

mant until a strategy was developed to include the active 

elements. This was done by Percival He introduced 

artificial two-terminal elements, so-called "current and 

voltage elements," and made it possible for the theory of 

linear graphs to be extended to the analysis of active net

works. Percival's papers [24], |j25 U included most of the 

concepts and ideas that have generated the active topo

logical papers of the last decade. 

Percival's method can best be illustrated by the 

following example, Given a linear network as shown in 

Fig. 6 with node pairs (pq) and (mn) 

Ypqvpq + Ypqsnm ^mn _ -"-pq (19) 

where the Y's are proportional factors and I = ^(i(t)), 

V « X(v(t)) . 

V pq 

I. 

p 
© 

m 

V I pq 

•pq 

+ h 

v, mn 

© 
q 

© 
n 

Fig. 6. Linear Network 
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In equation (19) there is a self admittance term Ypq and a 

mutual admittance term Ypq>rnn. • lpq> which depends on both 

Vpq and Vmn, can be decomposed into two components: one due 

to vpqs denoted by I'pq» â d the other, due to Vmn, denoted 

by I"pq. Then 

Wpq " 11 pq <20> 

Ypq,mnvmn = ^"pq 

I,p q + inpq = 

Linear graph theory is extended to active devices by adding 

a "voltage element" between nodes m and n to sense a voltage 

difference in the node pair. The element introduced in node 

pair (pq), called a "current element," produces a current of 

magnitude flowing from node p to node q due to the volt-
IrH. 

age difference in node-pair mn. The voltage and current 

elements are related by the mutual admittance - The J pq,mn 

voltage and current elements will always occur in pairs, 

but will be between different node pairs. If they occur in 

the same node-pair, that is, p=m and q=n, the mutual admit

tance Ypq#mn is reduced to the self-admittance "^pq. The 

schematic representation of voltage and current elements 

for dependent node-pairs (pq) and (mn) is shown in Fig. 7. 

Since the current and voltage elements are two-terminal ele

ments, they can be represented by the edges of a linear 

graph as "current and voltage" edges respectively. The 

weight of the edges is the mutual admittance. The 
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orientation of a current edge is determined by the direction 

of the current-flow in the corresponding current element, 

the orientation of a voltage edge by the polarity of the 

corresponding voltage element. The graphical representa

tion for the network N of Fig. 7 is shown in Fig. 8. The 

current edge is indicated by double arrows, and the voltage 

edge by a triangular-shaped arrow. The single arrow repre

sents a passive element. 

Next, the node-voltage equations are developed in 

terms of the current and voltage graph of a network. Av 

and denote respectively the incidence matrices for the 

voltage and current graph of a network. The same refer

ence node is used in each graph. Kirchhoff's current law 

gives 

where I is the column matrix of edge currents and J is 

the column matrix of current sources. The node trans

formation for the voltage graph is 

where V is the column matrix of edge voltages and Vn is 

the column matrix of node voltage with respect to the refer

ence vertex. Equation (20) can be expressed in matrix form 

as 

where Yb is a diagonal matrix in which each diagonal entry 

A l1 = J (23) 

(24) 

YbV = X (25) 
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P 
© 

1 
m 
© 

•pq 17 Y pq,mn y / Y  pq,mn 

6 
q 

© 
n 

Fig. 7. Dependent node pair schematic representation. 

Fig. 8. Graphical representation of dependent node pairs 
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gives an admittance in the network. A combination of equa

tions (23), (24), and (25) yields 

Vn = J (26) 

where 

Yn = AivlAf • (27) 

As in the previous case of passive networks the 

Binet-Cauchy theorem is used to solve for the determinant 

and cofactors of Yn. 

A = A}YbAv = corresponding majors of 
AlY and A^. (28)  

A major of A^Y is non-singular if, and only if, the columns 

of A^ correspond to a tree of the current graph. A non-

singular major of A^Y has the value +(Y^]_) (Y^) . . • >(^ik^ 

where k = n-1 and i]_, ±2, . . . iic are the branches of the 

tree. 

The corresponding major of Aj-. has the value £1 if 

the columns of Av correspond to the branches of the voltage 

graph. The term common tree is used to denote a tree that 

is common to both the cuirrent and the voltage graph. is 

•now given in terms of the tree products of the common trees 

of a network: 

A = W(Y) = *(tree products of the com
mon trees of a network) (29) 

The addition of active elements to the graph ex

tends the usefulness of the procedure, but also complicates 

the tree-finding procedure. Determination of the common 

trees and the associated.sign are difficult topological 
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problems. These points are presented in detail in chapter 

3, along with the proposed solutions. 

Several examples will be given in the following sec

tion to iLlustrate the concept and use of current and volt

age elements in characterizing a network containing linear 

active devices as well as mutually coupled multiterminal 

passive elements. 

2. 6. Examples of the Topological Method Applied to Active 
Networks. 

EXAMPLE 1: A small signal linear model of a tran

sistor is shown in Fig. 9. The graphical representation of 

the same model is shown in Fig. 10. There the voltage con

trolled current source has been replaced by a current edge 

from node e to c and a voltage edge from node b to node e. 

c 
© 

(T)sm V 

w 

A 

s — c. TT 

© 
e 

Fig. 9. Small signal model of a transistor. 
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Fig. 10. Graphical representation of a transistor, 

EXAMPLE 2: The characteristics of the gyrator shown 

in Fig. 11 are given by the following equations: 

VL = a( -I2) 

II = bV2. 

(30) 

(31) 

M^ 

N 

0-

•e-

+ 
Vl 

+ 
V' 

•*p 

Fig. 11. Gyrator. 
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The gyrator fits very neatly into this current and voltage 

graphical representation. 

Equation (30) is rewritten 

I2 = (- i)VL. 

Now both equations 

(32) 

(30) and (31) fit into the general form 

of I" = Y V pq pq,mn mn 

is shown in Fig. 121 

, and the graph representation of Fig. 11 

1 
a 

Fig. 12. Graphic representation of a gyrator. 

EXAMPLE 3: ! A simple equivalent network for a two 

transistor cascade lamplifier is shown in Fig. 13. 

Fig. 13. Equivalent network of a two transistor 
cascade amplifier. 



The graph for the complete network, including both ordinary 

edges and the voltage and current edges, is shown in Fig. 

14. Arbitrary directions were assigned to the passive ele

ments, and a relative sign convention was assigned to relat 

the voltage and current edges of the graph. Each edge of 

the graph is associated with the corresponding element of 

the network. 

Fig. 14. Complete graph of the two transistor network. 

All the passive elements and the current edges are used to 

construct the current graph. The passive elements and the 

voltage edges form the voltage graph. The voltage and cur

rent graphs are shown in Fig. 15. 

1 
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G5 5 

(a) (b) 

Fig. 15. Current and voltage graphs of the 
two transistor network. 

A a n d  t h e  r e d u c e d  i n c i d e n t  m a t r i c e s  w i t h  r o w  1  d e 

leted, follow the graphs of Fig. 15. Yb, the branch admit-

tance, is also given below. 

'ii 

1 2 3 4 5 6 7 8 

2 1 0 0 0 0 0 0 0 

3 -1 1 1 0 0 0 0 0 

4 0 0 -1 1 I  
J .  0 1 0 

5 0 0 0 0 -1 -1 0 1 

(33) 
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A-V]_ ~ 

Yb = 

1 2 3 4 5 6 7 8 

2 1 0 0 0 0 0 0 0 

3 -1 1 1 0 0 0 1 0 

4 0 0 -1 1 1 0 0 1 

5 0 0 0 0 -1 -L 0 0 

1 2 3 4 5 6 7 8 

G2 

(34) 

(35) 

26 

8 

The node voltage equation for this network and its corres

ponding graph is 

J = V = (AuYtAvit:> v <-3&) 

or 

J21 

J31 

J41 

J51 

= (Ai^bAv^) 

V21 

V31 

V41 

V51 

(37) 
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At this point one of the network parameters will be 

selected to demonstrate the topological technique. The 

transfer impedance Z52 for this network is defined as the 

ratio of the response voltage with respect to the ex

citation current generator J2i« In terms of the determinant 

of Ym> if V5^ is found in terms of J2]_, with J3^ = J4.^ = 

J5]_ = 0, the result, by Cramer's rule, would be 

v5l = Ai 4 J21 (38) 

A 

where Z\= Ym and A14 is the cofactor of Ym . If AIl is 

first multiplied by Y^, the outcome is: 

AU£b = 

G1 0 0 0 0 0 0 0 

G1 G2 G3 0 0 0 0 0 

0 0 -G3 G4 G5 0 *7 0 

0 0 0 0 -G5 ~G6 0 Y 

The product of Ax]_Y^ and Av̂  is Y m< 

8 

(39) 

Ym = 
-G] 

0 

0 

-G- 0 

g1+g2+g5 ~g3 

•G3+Y7 G3+G4.+G5 

0 -G5+Y8 

0 

0 

•G« 

G5+ 

(40) 

The direct non-numerical solution of (36) as 

stated previously requires the inversion of Ym. In the 

topological approach (40) is never obtained. Instead, all 
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trees common to both the current graph of Fig. 15(a) and 

the voltage graph of Fig. 15(b) are obtained. Edges 1, 2, 

3, 5 form one of the common trees. The tree admittance 

product is given by the sum of the tree admittance prod

ucts associated with the intersection of the trees of 

and 

A = G1G2G3G5 + G1G2G3G^ + GlG2G4G5 + G1G2G4G6 + G^G^g 

+ GLG2G5YS + GLG3G4G5 + GLG3G4G6 + G1G3G5G6+ GLG3G5Y7 + 

g1g3g5y8 + g1g3g6y7* 

The 12 tree products listed above correspond to 

the 12 trees common to both Aj;^ and Av̂ . This intersection 

of trees left out the trees 1238, 1248, 1348 of the current 

graph, and 1268, 1368 of the voltage graph. The CALAHAN 

program tries all possible combinations of four of the 

eight topological elements to see if each of the four groups 

of elements constitutes a tree of the current graph. If a 

given combination is a tree of the current graph, then a 

check is made to see if it is also a tree of the voltage 

graph. If the tree is common to both, then the associated 

tree products become part of the being evaluated. 

The evaluation of ^]_4 involves an evaluation of 

2-tree-products for this network .giving 

Al 4  = GJG3G5  -  G]G3Y8  -  GJG5Y7  + G]Y8Y7 .  (42) 

This example was given for a dual purpose—one to 

illustrate the theory presented, and the second to supply 
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further background to the main problems considered in this 

paper. These problems are to find a method of generating 

the intersection of trees of Ax]_ and Av-^, and to find the 

sign of the tree product when active elements are involved. 

2. 7. The Sign Problem and the Properties of 2-Semi-
Isomorphic Graphs. 

When the Binet-Cauchy theorem is applied to the prob

lem of finding determinants and cofactors of (AY^A"1-), there 

is not a sign problem since A = (At)t, and if a major de

terminant of A carries a negative sign, so also does the 

corresponding major determinant of A1-. The resulting tree 

product always carries a net positive sign. However, as 

shown in the previous section, when active elements are in

troduced in the network by the artifice of voltage and cur

rent elements, a tree product may carry a negative sign. 

The following definitions and theorems, presented 

originally by Kim and Frisch [_1 ], are given here as a ba

sis for the determination of the correct sign of a given 

tree product. The sign generator algorithm used in chapter 

3 is based on the material presented here. 

DEFINITION 1: The principal node of an edge of a 

tree of a connected linear graph is the terminal node that 

is located farthest from a fixed reference node in a path of 

the tree containing the edge and the reference node. The 



43 

other node of the edge is called the minor node of the edge 

of the tree. 

Since for a given tree there exists a unique path 

from one node to every other node, the principal and minor 

nodes of an edge of a tree are always distinguishable. 

Also, the principal and minor nodes of an edge are deter

mined with respect to a chosen tree; a different tree may 

reverse the principal and minor nodes of this edge. It fol

lows from this definition that a reference node of a graph 

cannot be the principal node of any edge of the graph. 

LEMMA. 1: In a graph or subgraph of a graph which 

contains no circuits, no node can be the principal node of 

more than one edge of the graph or of the subgraph of a 

graph. 

EXAMPLE 1: In Fig. 16 node 1 is selected as the 

reference node for the graph G. Two of the possible trees 

for this graph are shown in Fig. 17. Looking at edge e^ 

it is evident that in tree t^ 5 is the principal node, 

while in the tree t2 4 is the principal node. 

A square submatrix of the incidence matrix cor

responding to a tree of the graph will be denoted by At. 

At̂ j is the matrix obtained by deleting row i and column j 

from A_ j A^l . . is the minor of the determinant of Af of ^ I t|ij ^ 

(ij) position. 
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3 

e2 

2 

1 

Fig. 16. Graph G. 

2 

1 ib 5 

t b 

Fig. 17. Two trees for Graph G 
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LEMMA 2: 

A"1" ij is Nonzero, if the ith node is the 
principal node of jth edge in t, 
and 

zero, if ith node is the minor 
node of jth edge in t. 

(43) 

At this point the relationship between the current 

graph and the voltage graph is needed. This relationship 

is defined as a 2-semi-isomorphic operation by Kim and 

Frisch Q 7The relationships between graphs and G£, 

in terms of three operations, are now set up in table 1. 

Table I. Relationships between G]_ and G£ for 
operations performed on G]_. 

Operations on G^ Relationships between G}. and G2 

No operation 
Operation 1 
Operation 1 and/or 2 
Operations 1 and/or 2 
and 1 or 3. 

isomorphic 
1 - isomorphic 
2 - isomorphic 
2 - semi-isomorphic 

The three listed operations are defined as follows: 

Operation 1: Break G^ at a single node into two disjoint 

connected pieces, or join two connected pieces at a node. 

Operation 2; Cut G]_ at two nodes into two connected pieces 

and turn one of the pieces around at the two nodes. 

Operation 3: Remove one or more edges in Gj_ and put them 

back between any two nodes in G-^. 



46 

Letting the graph resulting from any of the opera

tions defined, or combination of the three operations, be 

denoted by G2, then Table I gives the relationships be

tween G]_ and G2. 

In general, a graph corresponding to an electrical 

network is not separable, so operation 1 will not be used 

any further. Next to be dealt with are 2-semi-isomorphic 

graphs in which a graph G£ is obtained from Gj. by operations 

2 and/or 3. 

DEFINITION 2: In 2-semi-isomorphic graphs, G^_ and 

G2, edge e^ in G^ and the same edge in G2 together are 

called the "edge-pair e^" of G]_ and G2. 

DEFINITION 3: Let the terminal nodes of the edges 

in an edge pair of 2-semi-isomorphic graphs Gj_ and G2 be 

(i,j) and (p,q) respectively. If i=p and and the 

orientation of both edges in the edge pair is the same, 

then the edge pair is said to be ordinary; otherwise, it 

is active. Each edge of an ordinary and active edge pair is 

called the ordinary edge and active edge, respectively. 

DEFINITION 4: A pair of trees of 2-semi-isomorphic 

graphs G-j_ and G£ that contain the same edges are called a 

tree pair, and the product of weights of the edges consti

tuting a tree pair is a common tree product of Gj_ and G2. 

Next to be introduced is the orientation of edges 

in 2-semi-isomorphic graphs G]_ and G2 of (n+l) nodes and 
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e edges. The incidence matrix of a tree T of an oriented 

and connected graph, Ax = CaijDj ̂ as as an element of 

(i>j) position if edge j is incident at node i in T and the 

orientation of the edge is directed away from node i. If 

the orientation of edge j is directed toward node i, then 

a^j = -1. The trees of a tree pair of Gj_ and G2 are denoted 

by Tj_ and T£> respectively. Then, the sign of the common 

tree product of tree pair T]_ and T2 is given by 

(44) 

If Â  = A.-J2 > which is true for a graph correspond

ing to a passive network, the sign of the common tree prod

uct E is always positive. However, when A^ ̂  tlae ŝ Sn 

of the common tree product must be determined. 

LEMMA 3: The sign of the common tree product of a 

tree pair of 2-semi-isomorphic graphs is determined only 

by the active edge pairs in the tree pair. 

DEFINITION 5: The reduced tree pair of a tree 

pair of 2-semi-isomorphic graphs is a pair of subgraphs 

derived from the tree pair. This is done by removing all 

ordinary edge pairs and identifying their terminal nodes 

in the pair. 

DEFINITION 6: The sign of an active edge pair is 

defined as +1 if both edges in the pair are directed away 

from or toward their principal nodes, and -1 if otherwise. 
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THEOREM 1: The sign of the common tree product of 

a tree pair is given by: 

E- <-l>YTTv [sign of active edge pairs of the 
reduced tree pair of a tree pair] (45) 

where y is the number of interchanges of edges needed to 

give all active edge pairs in the reduced tree pair the 

same principal nodes, and k is the number of active edge 

pairs in the reduced tree pair. Theorem 1 is used as the 

basis of a sign-generating algorithm in chapter 3. 

2. 8. The Modeling of Ideal and Active Elements for 
Topological Analysis. 

The artifice of the current and voltage graph al

lows the inclusion of a voltage controlled source as the 

basic active element in the modeling process. The dual top

ological approach based on the mesh-currents equation uses 

a current-controlled voltage source as the basic active ele

ment. Therefore, any device that can be modeled in terms 

of either of the above controlled sources and passive lumped 

RLC elements can be easily modeled for analysis by the topo

logical approach. Most physical devices can be directly 

modeled either by such an approach or by a rearrangement of 

elements by Thevenin1s or Norton's theorem. 

The simplified Hybrid n model shown in Fig. 9 is a 

useful and accurate model for transistors such as the 2N325I. 

Hatch [n] used the topological approach for the computer 
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analysis of the circuit shown in Fig. 18. The transistors 

were modeled in both the common emitter and in the common 

base mode as shown in Fig. 19 a and b. The measured numer

ical values for the voltage parameters in the physical 

circuit varied by less than 2% from the values obtained by 

the CALAKAN topological analysis program. As mentioned in 

chapter 1, a more accurate model for the device itself may 

produce excessive error in the complete network due to the 

numerical instability that the spread in the values of the 

time constants may produce. The topological approach, by

passing usual matrix inversion techniques, avoids the 

problem with the time constants. The more complicated 

model with extra elements to provide the second-order ef-
! 

fects for the physical device is still to be avoided since 

the extra elements increase the number of trees for a given 

circuit and could require excessive computer running time. 

The field-effect transistor can be accurately mod

eled by a similar model. The small signal equivalent cir

cuit for a 2N3277 is show, in Fig. 20. Examination of the 

associated bias circuitry may show that several elements 

can be disregarded in a given application. Both Rqs and Rps 

can be omitted for most applications. 

While most physical devices can be directly modeled 

by a similar approach, there are several ideal devices, use

ful as intermediate stages in design procedures, that cannot 
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Fig, 20, Small Signal Equivalent Circuit for a 
Field Effect Transistor. 
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be directly modeled by the controlled sources of the two-

graph method. In order to be directly modeled by the 

two-graph method, a device must have either an impedance 

or an admittance matrix. Looking at the ideal transformer 

as a specific example of such a device, the two-part net

work representing an ideal transformer is defined by its 

terminal parameters as follows: 

V-, N 0 
0 -N 

V r  

-U 
(46) 

The ideal transformer does not have an admittance 

matrix. In attempting to find in terms of the follow

ing defining equation, 

Rpcnnnco 
(47) *11 " ii 

I-

VI 

= response 
V2 = 0 Excitation 

one finds that the defining equation (46) precludes the 

application of a voltage source and the setting of V2=0. 

Both Talbot [303 an<i Tolcud |j31 ] have presented ways 

for representing such devices, but neither proposal leads to 

an efficient computer-based application. The simplest and 

most useful way of representing the ideal transformer is to 

augment the device by a series admittance as shown in Fig. 

21. 
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Ideal 
transformer 

Fig. 21. Augmented ideal transformer. 

This is done by either adding a new element or using another 

part of the complete network. The augmented network now has 

the following Y matrix: 

*1 

-NY i_ 

-NYl 

N2Yi 
(48) 

Both the current and voltage graphs of the augmented net

work are shown in Fig. 22. 

Is 21 1» 2 

a. current graph. b. voltage graph. 

Fig. 22. Linear graph of an ideal transformer. 



It is necessary to connect node l1 and 21, since 

the topological approach requires a connected graph. The 

topological approach is used to assemble the required sys

tem function. If Y]_ is in the network, the procedure is 

completed. If Y]_ represents an element inserted only to 

augment the admittance matrix, then at the last step 

is allowed to approach zero in a limiting process and the 

system function is obtained. 

A similar approach can be used for other ideal ele 

ments. 



CHAPTER 3 

THE! TREE GENERATION PROBLEM 

3. 1. Introduction. 

As shown in chapter 2 the interjection of active 

elements into a network through the current and voltage edge 

concept produces two new problems in topological analysis, 

i.e., the common trees and their associated sign must now 
i 

be found. In section 3. 2, a survey is given of other at-
I i 

tempts at the solution of these problems. The basic 
! 

approach of this paper to the tree generation problem is 
: | 

given in section 3. 3. A new algorithm is given which is 

based in part on the Mcllroy algorithm 233 - The number 

and type of trees provide guidelines for the selection of 

an efficient algorithm. The sign-determination algorithm 

is given in section 3. 4. Two examples are given below to 
j 

illustrate the relative number of trees involved in the 

various graphs of a network. 
j 

The first network is shown in Fig. 23. It consists 

of 12 RLC elements, 8 nodes, and 2 voltage-controlled cur

rent sources. The term passive trees is used to indicate 

the trees of a given|network with all active edges deleted. 

The network of Fig. 23 has 208 passive trees. There are 

55 
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468 trees of the current graph associated with the network 

and 505 trees of the voltage graph. There are 252 common 

trees. 

The second network is shown in Fig. 24, and consists 

of 3 active elements, 10 nodes, and 15 RLG elements. It has 

777 passive trees, 1058 common trees, 2953 trees of the cur

rent graph, and 2851 trees of the voltage graph. 
i 
| The general conclusion that can be drawn from these 

two examples is that the addition of active elements pro

duces a large number of additional trees in the current and 

voltage graph. The actual number of common trees is very 

close to the number of passive trees. A sidelight is given 
| 

by further reference to the CALAHAN program. The combina

torial approach requires the consideration of 3432 groups of 

7 edges for the first example and 48620 groups of 9 edges 

in the second example. The addition of active trees has 

greatly! increased the number of combinations of n-1 edges 
i 

that the CALAHAN type solution must consider. The ideal so-

lution to this problem is an algorithm that directly gener-
i 

ates only common trees with the correct sign. Any success

ful approach to the problem must greatly reduce the number 
i 

of combinations considered. The procedure developed in 

section 3. 3 offers an attractive solution to the tree gen

eration! problem. 
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Test network 1. 

Y13v101 

Fig. 24. Test network 2. 
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3. 2. Previous Investigations of the Problem. 

A number of authors have investigated the problems 

of the common tree and the correct sign, and many papers 

have appeared as a result of these studies. Mayeda's [2l3 

original method of finding the common trees of an active 

network is a simple combinatorial technique. For an n node 

graph n-1 edges form a tree. All possible combinations of 

n-1 edges are tested to see if they are a tree for the 

graph. This is also the technique used for the CALAHAN 

program. This works fine for a small network, but for a 

large network an excessive amount of computer time is re

quired to find all the trees. All possible combinations of 

the total number of e ges taken in groups of n-1 branches 

at a time must be considered for a given network. 

Watanabe £33 3 introduced the idea of. a spread trans

formation to generate the trees for a passive graph. How

ever this required a large amount of computer memory space 

for even a small number of trees. In a later- paper [34 he 

attempted to decompose the original network into subgraphs 

and connecting cut sets. Later Roe [27 3 showed that Watan

abe's decomposition method was incorrect as it would pro

duce terms that were not actually trees of the original 

network. Mayeda [l8] also investigated the idea of net

work decomposition. This method was later programmed by 

Kim and others Cl3l, and was restricted to passive networks. 
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Hakimi L.8 ], and ].ater Deo [6 ], investigated the problem 

concept of distance inline. Using the 

troduced by Watanabe, Hakimi picked an arbitrary tree t Q ,  

and found all trees at a given distance from tQ. Then he 

investigated the methods of generating all trees in terms 

of tQ. His method proved useful for passive circuits where 

the corresponding matrix had "large" ranks and "small" 

nullities. In this method the choice of tQ is an impor

tant one, and if 1:Q is a "central tree," the iterations re-
| 

quired in this technique can be optimized. However, Deo 

and Hakimi have not found a way of I finding the central tree 
i 

except by inspection for very simple networks. 
S ! 

MayedaL20] investigated a method of elementary com-
I | . 

plete tree transformation in an effort to obtain the common 
i ' 

i 

trees with their sign. 
i 

Talbot L3G] took another line of attack to the 

problem. In an attempt to reduce the size of the graph, he 

did not use the current and voltagi tree concept, but car-
| : 

ried a more general matrix into the problem. The ele

ments of themselves could be matrices with both diagonal 
j j 

and off diagonal elements. This requires a great number of 
• | 

rules in order to correlate the trees and the Y^ matrix, as 

there is no longer the simple relationship as obtained in 

chapter 2. Talbot's method requires the generation and 

storage of all trees of the graph and then all possible 
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pairs of trees. Such a procedure makes a prohibitively 

large computer memory necessary. 

None of these approaches seems to offer a completely 

satisfactory solution to the basic problems proposed in this 

paper. A summary of limitations on the methods reported to' 

date would be that the methods either are too slow, take up 

too much memory space, or would be extremely difficult to 

implement on a digital computer. 

A new approach to the tree-generation problem is 

given in the following section. 

3. 3. The Common Tree Generation Algorithm. 

This section provides the algorithm for the genera

tion of the common trees of ah active network. 

The factor that provides the new algorithm with 

the required speed in the tree selection process is that 

relatively simple and fast procedures are used to eliminate 

quickly most of the combinations of branches that are not 

trees. Only a small portion of the possible combinations 

require the complete checking procedure. The algorithm gen

erates all trees of the current graph. Then an elimination 

procedure is used to determine the common trees. The steps 

of the algorithm are as follows: 

1. The tree-generation portion of the algorithm 

is used to generate all the trees of the current graph of 
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an active network. 

2. All passive trees are automatically selected as 

common trees. 

3. The active trees of the current graph are 

changed to possible trees of the voltage graph by an inter

change of the active edge pairs. In the interchange process, 

any active edge that appears in parallel with a passive ele

ment is automatically excluded. 

4. After all active edge pairs have been inter

changed, all active edges are checked to see if they 

parallel any other active edge. Any such combinations are 

excluded. Any combination of edges remaining is now a com

mon tree. The correct sign of all active trees is deter

mined by use of the algorithm of section 3. 4. 

Step 1 of the algorithm—the tree generation portion 

--is discussed first. Several definitions and new concepts 

are given for clarification. 

NOTATION: The use of the equality sign has a dif

ferent meaning when used in computer programming. There

fore, in place of k = k+1 the notation k<—k+1 indicates 

that the current value of k has been replaced by the value 

k+1 • 

DEFINITION 1: S is a subgraph of a graph G. T is 

a tree of the subgraph S; p is a node in G but not in S. 

The set of edges that directly connects p to T is called 
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the attachment set for p. The attachment set for a node 

is denoted by A (pj_). 

dicated by heavy lines. The attachment set for node 6 to 

the tree T of the subgraph S contains two edges-- the edge 

between node 4 and node 6, and the edge between node 7 and 

node 6. The attachment set for node 6 is symbolized by 

A(6) and consists of eg and e^Q. The inclusion of any one 

edge of an attachment set for node p to a tree produces a 

tree for the original subgraph plus node p. The attachment 

set for the starting node of the algorithm is defined as 1. 

In Fig. 25 the tree selected for subgraph S is in-

5 6 

a. complete graph G b. subgraph S 

Fig. 25. Graph and attachment set. 



DEFINITION 2: The definition of a family of trees 

requires several steps. In the degenerate case of a singl 

node the family for that node is defined as 1. For two 

nodes the family of trees consists of all members of the 

attachment set A(p2). In the general case of a subgraph 

of lc nodes and an attachment set to the k+1 node, the k-

node family of trees consists of all possible combinations 

of edges obtained by taking one member from each attachmen 

set. For a given subgraph, if A(l) = 1, A(2) = e]_ J.- e3, 

A(3) = (e2 + e4 + e$) t and A(4) = , then the resulting 

4-node family of trees is (l)(ej_ + e3)(e2 + + e5)(ey). 

The individual trees are ei©2e7 9 eIe4~e7> ele5e7> e3e2e7> 

e3e4e7, e3e5e7. 

If the tree shown in Fig. 25b constituted a fam

ily, the new family that would result from annexing node 6 

would contain the two trees as shown in Fig. 26 
1 e2 2 1 e2 2 

3 6 4 © 

10 

6 

Fig. 26. A family of two trees. 
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Every tree in a family constitutes a tree for the same sub

graph S; a node not in the subgraph S has the same attach

ment set to every tree in the family. The number of trees 

in a family is given by the product of the number of edges 

in each attachment set of the graph. 

DEFINITION 3: A graph is specified as a set of 

nodes Pj_s i = 1, . . . , n, and a set of edges , . . . , 

em. A neighborhood N(pj) is the set of all edges connected 

directly to a node p^. No self-loops are allowed in this 

graph, and the graph is not directed. The idea of a neigh

borhood is extended to a set of nodes IC by the following 

definition. 

DEFINITION 4: A neighborhood N(K) of a set K of 

nodes is all of the edges that directly connect nodes of 

the set K to nodes that are not in K. The attachment set 

A(p) for a node p to a set K is a subset of the neighbor

hood N (K). 

The algorithm is stated recursively. It consists 

in "growing" families of trees of k+1 nodes from families 

of k nodes until families covering the whole graph are con

structed. The algorithm is executed on the current graph 

and generates all trees of the current graph. The method 

assures that there is no overlap between families. 

The algorithm proceeds in stages counted from Ic=l 

to k=n. At any stage there is a k-node family K. At the 
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beginning k=l and K consist of a single node, say p]_. 

The algorithm ends when k=n, at which point a covering 

family has been developed. If A(p2), . . ., A(pn) are the 

attachment sets of the family, trees are obtained by select

ing one branch from each attachment set. The set of trees 

in the family is A(p2) x . . . x A(pn). 

The recursive step of the algorithm pushes forward 

from a k-node family K to descendant k+1 node families, of 

which the k-node family is a subset. After a complete fam

ily is produced,or if an attachment set cannot be found, a 

backup procedure is used in which returns are made to pre

vious stages until a new attachment set is found and the 

recursive step is started again. The complete process is 

outlined in the following steps: 

a. An arbitrary starting node p]_ of the graph is 

selected. At stage 1 there is a 1-node family. At a gen

eral stage k there is a k-node family K. A neighborhood 

N0(K) is found. 

b. The attachment set A(p^) is found linking node 

p^ to K. This attachment set is stored. 

c. The branches of the attachment set A(p^) are re

moved from the graph. 

d. Then p^ is annexed to K and a k+l node family 
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is obtained. For this next stage 

N0(K)<-N0(K)UN(Pi) - A(pi) (49) 

K<-K + Pi (50) 

k<—lc + 1. (51) 

e. At this point the algorithm is repeated re

cursively until the n-node family of trees is obtained. 

The trees of this family are printed out or assembled if 

the network is passive, or in the case of an active network 

steps 3 and 4 are used to determine if the tree is a common 

tree. 

f. After a family is completed, or if at any point 

in a lower stage an attachment set cannot be found, the 

backup procedure is used. All members of the last attach

ment set, or any members of the temporary store are returned 

to the graph. A return is then made to a lower stage. The 

node p^_ is returned to the graph. Then the previous at

tachment set of this stage is cleared and placed in a 

temporary store. 

N0(K)<—N0(K) - A(Pi+l) (52) 

K<—K - pL (53) 

k<—k - 1. (54) 

g. Step f is repeated until an NQ(K) is found that 

is not empty. At that point steps b through e are repeated, 

producing a new output family of trees. 
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h. Steps f and g are repeated until at every stage 

all nodes of each neighborhood are considered. At this point 

all the trees of the original graph have been generated. 

The tree generation portion of algorithm is 

proved by showing that the complete families generated by 

the algorithm are mutually exclusive, contain only trees, 

and contain all trees of the network l.23^ « 

First shown is the fact that the complete families 

are mutually exclusive. Step c in the algorithm removes all 

edges that are used in building a particular (k+1) node 

family from a given k-node family. Therefore, none of the 

descendants of any later k+1 node extension of the k-node 

family can contain a k+1 node tree in common with this k+1 

node family. Hence descendants of different k+1 node exten

sions of a k-node family are mutually exclusive. This would 

hold for k=l, 2, . . . n-1; therefore all n-node families 

are mutually exclusive. 

Next shown is that the families contain only trees. 

The recursive step connects a (k+l)st node to a k-node fam

ily. Since the k-node family is a family of trees, so is 

the k+1 node family. Therefore, by induction, all families 

are families of trees. 

Finally, the complete families contain all trees. 

At stage k all k+1 node extensions, and thus all k+1 node 

trees containing each k-node-tree, are constructed in turn. 

By induction, all trees are generated. 
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The tree generation algorithm is applied to the 

linear graph shown in Fig. 27 to illustrate its use. The 

algorithm produces 9 families containing a total of 15 

trees. Three of the families are shown along with the 

graph in Fig. 27. Node 1 is arbitrarily selected as a 

starting node, and edge a becomes the member of the attach

ment set A(2). A(3) contains the edge c, and A(4) contains 

edges b and d. A(5) contains edge e, and A(6) contains 

edges g and f. The product of the 5 attachment sets con

tains the trees acbef, acbeg, acdef, and acdeg. As the 

algorithm selects each attachment set, the edges of the 

attachment set are removed from the original graph. After 

the first family is obtained, edges f and g--members of 

the last attachment set—are returned to the graph, a re

turn is made to the previous level. Then the member of 

A(5), the edge e, is placed in a temporary store. The orig

inal attachment sets A(2), A(3), A(4) are retained, and a 

new A(5) and A(6) are found. The new family contains the 

trees acbfg and acdfg. The third family consists of a sin

gle tree acefg. 

At this point it has been shown that the tree-

generation portion of the algorithm generates all the trees 

of the. current graph. Next, step 2 selects all passive 

trees. Then, steps 3 and 4 are applied to each active tree 

produced by step 1. Any tree not eliminated by these steps 

is automatically a tree of the voltage graph since it 
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0—————^ edge in preceding 
attachment set 

edge in new attach
ment set 

ig. 27A. Sxa:^Ie of tree generation algorithm. 
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contains n-1 elements and no circuits. A subgraph Gs of a 

connected graph G is a tree of G if Gs contains n-1 ele-

3. 4. The Sign Generation Algorithm. 

The common tree products contain both active and 

passive tree-products. The passive tree-products all carry 

a positive sign. Theorem 1 of section 2. 7 can be used to 

determine the correct sign of each active tree product, but 

a relatively fast procedure must be used since a large cir

cuit may contain thousands of active trees. All nodes ex

cept the reference node are principal nodes. There is a 

one-to-one correspondence between a tree edge and its prin

cipal node. The following ̂ algorithm was designed to imple

ment theorem 1 in a graph containing n nodes. The steps 

are as follows: 

1. Form 

i=2 

relating the edges of a tree in the current graph to the 

principal nodes of each graph where 

if i is the principal node of ej8 and ej is an active ele 

merit. 

ments and no circuits [29]]. 

(55) 

(56) 

(57) 
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if i is the principal node of ej, and ej is a passive ele

ment. 

The plus sign is assigned fj_ if the current edge is 

directed toward the principal node. The negative sign is 

assigned fj_ if the current edge is directed away from the 

principal node. 

2. Form 

Fv=~>£v (58) V 
v=2 

relating the edges of the voltage graph to their principal 

nodes where 

fv = + ej (59) 

if i is the principal node of ej, and e^ is an active ele

ment. 

fv = ej ~{60) 

if i is the principal node of ej, and e^ is a passive ele

ment. 

The plus sign is assigned fv if the voltage edge 

is directed toward the principal node. The negative sign i 

assigned fv if the voltage edge is directed away from the 

principal node. 

3. Let 3 = of all negative terms in and Fv. 

4. Rearrange Fy such that fv = f^ for all n-1 

members of Fy. Count the number of interchanges required 

to complete the rearrangement and denote this number as V. 
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5. The correct sign of the tree product is 

(-l)Y+B. (61) 

Steps 1 and 2 determine the sign of each active edge 

pair as given in definition 6 of section 2. 7. Step 3 de

termines the total number of negative signs involved in all 

the active edge pairs. Step 4 determines the number of 

interchanges. Equation is an equivalent expression for 

(45) of section 2.7. It is not necessary to reduce the 

tree to only active edges since this would require excess 

computer programming and time. 

Mayeda Ql9] determines a sign-permutation table and 

a number of sj^ecial rules for different types of networks 

as a method- of determining the sign of a common tree prod

uct. The above algorithm implementing (61) has the advan

tage of simplicity and speed, when used in conjunction with 

the new tree-generation algorithm. 

3. 5. Results and Conclusions. 

Two algorithms have been designed to deal with the 

tree-generation and sign determination problems. These al

gorithms are designed to efficiently solve both problems 

quickly on a digital computer and have the advantage of 

simplicity and speed over previous solutions of the prob

lems. Additional programming details arc c.iven in the next 

chapter. The two algorithms, along with additional assembly 
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routines, have been tested both on an IBM 7094 and a CDC 

3600 computer. Depending on the topology of the circuit 

under test, the topological package is 10-25 times faster 

than the routine used in the CALAHAN program. The original 

design criterion of a program to generate 100,000 trees of 

a test network on the CDC 3600 computer has been met. This 

extends the application of the topological approach to 

larger networks and reduces considerably the running time 

on smaller networks since the tree-generation routine re

quires the predominant amount of time in the topological 

approach. 



CHAPTER 4 

PROGRAMMING DETAILS AND A NEW PROGRAM 

4. 1. Introduction. 

The tree-generation algorithm of the previous 

chapter reduces the computational time needed to assemble 

the tree and n-tree products of an electrical network. 

This extends the usefulness of the topological approach to 

larger networks. Depending somewhat on the topology of a 

given network, the tree generation algorithm assembles the 

required tree products for a transfer function in less than 

10 minutes on a CDC 3600 computer for a network of less 

than 15 nodes and 25 branches. In this count all branches 

in parallel are considered as one branch. At first glance 

this capability appears low compared to the claims made for 

other analysis programs such as PREDICT. Experience in run

ning PREDICT reveals that although a program may be 

dimensioned to handle hundreds of branches and nodes, it 

does not mean that the program can give meaningful answers 

in a finite amount of machine time to a network problem in

volving hundreds of branches and nodes. Network problems 

that exceed the tree-finding capability of the topological 

approach may have inherent numerical problems that show up 

in the matrix inversion portions of other programs. 

74 
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Some of the programming factors involved in the 

efficient utilization of the tree-generation algorithm of 

chapter 3 are given in section 4. 2. 

The tree-generation algorithm and sign-generation 

algorithm of chapter 3 form the basis for both a new topo

logical analysis program discussed in section 4. 3 and the 

variations of the topological, -.^"oach presented in chapter 

5. Typical examples of the use of this program are given 

in section 4, 4. 

4. 2. Programming Details of the Tree-Generation Algorithm. 

The efficiency of any algorithm depends in a large 

measure on the actual programming used. A large portion of 

the tree-generation algorithm consists of a searching pro

cedure to determine edges in the attachment sets. This is 

in the direct realm of the various list-processing lan

guages such as LISP [.22]. With these languages- it is easy 

to search lists, to insert items in lists, and to remove 

items from lists. However, the convenience of this list 

processing is offset in this application by the fact that 

the list-processing languages are much slower than FORTRAN. 

It was decided to use FORTRAN as the basic language be

cause of its convenience, speed, and wide usage. 

The tree-generation algorithm was broken down into 

5 basic operations as shown in Fig. 27B. Step 1 involves a 
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Fig. 273. Block diagram of tree generation algorithm. 
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search of all edges to determine whether a node is connected 

to any of the nodes within the subgraph. If a node is found, 

all edges in the attachment set are found by step 2 and 

stored. The edges are effectively removed from the main 

graph by setting the edge connection variable to a negative 

value. If the complete graph has been covered and the fam

ily of trees determined, then the output routine is called 

and the family of trees obtained. If the graph has not been 

covered, steps 1 and 2 are repeated. The step-back pro

cedure—step 4--is two-fold. First the previous attachment 

set must be cleared and returned to the main graph. Then 

the present attachment set must be stored in a temporary 

location. Step 5 requires the systematic replacement of 

each active branch of the current graph by its edge pair in 

the voltage graph. After each replacement a check is made 

to see if the edge pair is in parallel with a passive or 

active branch. If a combination of edges meets this test 

for all active edge pairs, then it is a common tree, and a 

jump is made to step 3 for storage or printout. If any 

edges are in parallel, this combination is rejected and a 

return is made to a lower stage. 

The FORTRAN language allows the use of subroutines 

for convenience in programming and subdividing a problem. 

This is excellent for many applications, but one must be 

careful in the use of subroutines in a repetitive process. 
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In order for a main program to call a subroutine, a list of 

transfer vectors must be set up for each variable in the 

argument list. This requires extra time and the total time 

required becomes excessive when the routine is called re

peatedly. This can be avoided either by not using a sub

routine or by deleting the argument list completely and 

furnishing all arguments thresh common storage. Since the 

searching part of the algorithm requires most of the com

puter time, an ordered preselection of node numbers reduces 

the computation time slightly, but this is not a major fac

tor in the algorithm. 

4. 3. A New Topological Analysis Program. 

In this section the techniques used in a topologi

cal analysis program [_ 5 are given. This program is an 

extension of the CALAHAN program, with several new options 

available. A block diagram of the program is shown in 

Fig. 28. 

Each of the operations shown is independent, and 

thus the program can be interrupted to obtain output or to 

change running options. This provides the flexibility for 

adaptation to time-sharing systems, a point which is dis

cussed in further detail in chapter 5. 

The topological description and element values of 

the network under test must be furnished to the analysis 
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Fig. 28. Linear topological program. 
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program, as well as the test options and Che range of time 

and frequency parameters. This information is supplied to 

the main program by the use of data cards added after the 

binary decks at the time the problem is run. The basic 

FORTRAN data input instructions require input data to be 

in an exact form and location on a data card. These re

strictions can be. eased by th-i use of an input data routine 

that reads in each card by use of an A format and then re

moves blanks and changes any variations in input format to 

the exact form required by the main program. This type of 

routine reduces the number of false runs caused by slight 

variations in formats of input data cards. 

There are a number of intermediate steps between 

the input data cards and the use of the tree-finding al

gorithm. Since the admittance of a number of branches in 

parallel is merely the sum of the individual admittance, 

all single parallel branches can be combined, thus reducing 

the number of trees required. The desired system function 

typically is the ratio of one n-tree product to a second 

n-tree product. Therefore, one application of the tree-

generation algorithm is needed for the numerator and one for 

the denominator.. To avoid special rules for the determin

ation of each n-tree product, it is simpler to merely change 

the original network to a sub-network where the trees of the 

sub-network correspond to the n-trees of the original 
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network as shown in section 2. 3. 

Several variations are allowed in the way that the 

tree products are assembled. If frequency and time respon

ses are required, the numerator and denominator polynomial 

is assembled as a polynomial in s as each tree is found and 

the weighted tree product determined. For small networks 

the transfer function can bo obtained as a literal combina

tion of the elements. In cases where it is desired to vary 

one element, the transfer function can be assembled as a 

linear combination of that element. The later technique 

forms the basics for the work, in_ chapter 5. If the selec

tion is made to assemble the transfer function as a ratio 

of polynomials in s, then the location of the roots of the 

numerator and denominator is determined by a root-finding 

routine. 

There are a number of standard root-finding rou

tines available in the SHARE library. Evaluation of these 

routines by Lawrence i_ 16H has shown that for most applica

tions the MULLER rootfinding routine is superior in speed 

and accuracy. 

The frequency-domain analysis routine used is simi

lar to the one used in the CALAHAN program. Since the trans

fer function is obtained as a ratio of polynomials in s, 

a frequency response is obtained by evaluating the poly

nomials at imaginary values of their argument. A different 
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approach is used in the time-domain analysis routine. Based 

on typical applications the user usually desires both numer

ical and analytical answers. Therefore two different 

procedures are used. First the inverse Laplace transform 

is obtained for a step input to the circuit. This gives in

formation about the transfer function itself, and a plot of 

the step response can be obt^ir.ed. Then the input source 

to the transfer function is selected and the desired output 

obtained by a numerical convolution process. Several ex

amples are given in the next section to illustrate the use 

of the topological program. 

4. 4. Examples of the Use of the Topological Program. 

Two examples are included in this section to show 

typical applications of a network analysis problem. They 

were run on an IBM 7094 computer under a batch-monitor sys

tem. A relatively small electrical network is selected for 

the first example in order that the answers might be 

quickly verified by hand calculation. Man}7 networks with 

up to 25 elements and 15 nodes have been successfully run 

on the program. For example 1 the element values and re

sponses of two low-pass filter networks [^35 3 are verified. 

The filters selected are named to correspond to the poly

nomial used in the synthesis procedure. The 3utterworth 

filter has the maximally flat pass band frequency response 
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property with a predicted fair time response characteristic. 

The Bessel filter is designed to have a linear phase fre

quency characteristic with a corresponding excellent time 

response. The filters selected are shown in Fig. 29. The 

program requires as input the cards shown in Fig. 30. As 

indicated in the figure, information is specified on the 

punched cards as to element value and location, along with 

program option and frequency and time parameters. The trans

fer function obtained for the Butterworth filter is: 
(62)  

V9(s) .7499 
Z9 (s) = — = * 

Il(s) .7500s3 + 1.500s2 * 1.499s * .7499 

The transfer function obtained for the Bessel filter is: 

, x (63) 
Vo(s) .7462 

Z2l (s) = — = : * 
Ii(s) 1.460s3 -i- 1.49s2 Jr 1.843s + .7462 

The response waveforms due to the application of 
1 Ij_(s) = ~ to each filter are shown in Fig. 31. Plots of the 

magnitude of the transfer impedance as a function of frequen

cy are shown in B'ig., 32. These two plots, along with the 

polynomials obtained, provide a quick check of the synthesis 

procedure. A few seconds of computer time provide infor

mation about the performance of a filter that would require 

many hours of hand calculation for a higher order filter. 

The second example is given for a dual purpose--to 

show that active elements can be included, and to provide 

a comparison with a different program. The active RC 
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^First data card gives number and ordering of 

nodes and running options.3 

04 00 03 02 01 03 01 03 04 

[_Next four cards provide a description of ele

ment value and location.] 

02 01 C 1. 50 

02 03 L 1. 34 

03 01 C 0. 50 

03 01 R 1. 0 

[^Next two cards give frequenc}?- response informa

tion: The type of plots, number of data points 

required, and the ranges of the frequency value 

02 100 

.0 1.0 

[^The last two cards list the time response in

formation. The description of the input wave-

form--for this example, a step function—is 

given.] 

01 

0 0  1 . 0  2 0 . 0  1 . 0  . 1  

Fig. 30. Listing of input data cards for filter example 
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network of Fig. 33 has previously been checked by the state-

space technique ox Pottle [26]. 

8 ^Tc9 

Fig. 33. Active RC network. 

The network is synthesized to have a transfer function with 

six poles, four zerosu less than 1% response in the stop 

band, and a step response with an overshoot of no more than 

1%. The input data- cards are prepared in the same fashion 

as for example 1„ The numerator and denominator coefficients 

obtained agree to 5 places with the answers obtained by 

Pottle [26]. Both the time and frequency response data 
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agreed to within .01% with the previously calculated values. 

re 'O 
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0 1 2  3  4  5  6  7  
Time 

Fig. 34. Time response of active RC network. . 
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4. 5. Conclusions. 

The algorithms of chapter 3 have been programmed in 

FORTRAN and successfully run on IBM 7094 and CDC 3600 com

puters. The topological problems of tree-generation and 

sign-determination have been solved to the extent that the 

new methods are approximately twenty times faster than pre

vious approaches to the problem. This improved technique 

gives the topological approach to network analysis the cap

ability of solving larger network problems. The tree-

generation problem will always be an upper limit on the 

range of the topological approach since even if a more ef

ficient method of generation could be found, each tree still 

requires a finite amount of time to'find and assemble. 

With networks exceeding 15 nodes and 25 branches it is pos

sible to have over several million trees, and this would 

require excessive running time regardless of the efficiency 

of the algorithm. 

Even with the upper limit, however, there are still 

compelling reasons for the use of the topological approach. 

One of the most important is that the time-constant problem 

inherent in the matrix inversion approach is avoided. The 

program is short, providing easy adaptability to small com

puters. This factor is also important in working with a 

time-sharing system. The approach is segmented, allowing 



interface between man and machine. A number of new varia 

tions of the topological approach are given in chapter 5. 



CHAPTER 5 

EXTENSION OF THE TOPOLOGICAL TECHNIQUE 

5. 1. Introduction. 

Engineering design is a blend of analysis and syn

thesis. Historically, as shown in chapter 1, the obstacle 

of extensive and tedious numerical calculations has forced 

the engineer to detour from a direct solution of many prob

lems. With the new computational capabilities of the 

digital computer, it is no longer necessary to take the de

tours, and it is now possible to directly attack many 

engineering problems by an extension of the topological ap

proach. It is shown in section 5. 2 that relatively simple 

procedures extend the topological technique to the areas of 

a generalized root-locus design. In addition changes in 

both frequency domain and time-domain responses can be ob

tained with respect to changes in element values--a 

variation response sensitivity. Also, the procedure is ex

tended to allow one non-linear or time-varying element to 

be included along with the constant valued RLC elements and 

controlled sources in section 5. 3. 

The simplicity and relatively small size of a pro

gram based on topological analysis are particularly 

92 
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advantageous in the new generation of time-sharing computer 

systems such as OCTOPUS [.363. Most present computer instal

lations use a batch monitor type procedure which in effect 

provides input and output queues of computer jobs. This 

means that even if the actual computer running time is only 

a few minutes for a problem, there is a built-in waiting per

iod of several hours before the results of the problem are 

available to the user. This procedure, coupled with the 

fact that a minor programming error will probably prevent 

the problem from running, can add days or even weeks to the 

time it may take for a successful computer run on a given 

problem. The OCTOPUS system provides fast input-output cap

ability through a time-sharing system where the user is 

allowed direct access to his problem through a teletype. 

This allows a user to correct quickly any minor errors and 

also to make part of the decisions as the problem is being 

run. In order to efficiently run on a time-sharing system 

a program must be relatively small and segmented so that 

only a portion of the program is needed at any one time. 

The topological program of chapter 4 and the new techniques 

presented in this chapter are designed to work in a time

sharing system. 
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. 2. A Generalized Root-Locus Approach to System and Net
work Problems. 

A large portion of the effort in system theory dur

ing the past decade has been in the analysis and design of 

linear feedback systems. One standard approach to the prob

lem has been to idealize and represent the system in block-

diagram form shown in Fig. 35. 

H(s) 

Fig. 35. System function in block diagram form. 

The root locus approach [32 ] to the solution is to attempt 

to relate the closed-loop performance of the system to the 

transfer functions G(s) and H(s). This is done by finding 

the locus of poles and zeros in the s-plane as a function of 

the gain K of the system or a time constimt of G(s) or H(s). 

From this information in many cases it is possible to pre

dict the overall system stability and performance. The 

first limitation to this approach is that it is often dif

ficult to match the block-diagram representation of Fig. 35 
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to the physical network under test. The second limitation 

is that locus has been obtained in terms of the gain K of 

the system, while, in fact, it may be desired to predict 

system performance in terms of other system element values. 

The topological- approach can be used to remove the 

second limitation and to relax the first limitation to the 

extent that if a model can be obtained in terms of the 

electrical network of chapter 1, then the generalized root-

locus can be obtained. 

After K(s) is obtained in the form shown in equation 

(64), a particular value of Y^(s) is selected; the root-

finding routine is used to find the zeros and poles of H(s). 

Then a plot routine is used to give a graphical presentation 

which is the generalized root-locus. The lengthy tree-

finding algorithm is used only once, the root-finding and 

plot routines are relatively fast, and the required plot is 

obtained as the various values of Yj. are selected. 

The outline of the generalized root-locus procedure 

is shown in Fig. 36. Both the numerator and the denomina

tor polynomial are linear in a given element which is 

denoted as Therefore, the assembly procedure of the 

tree generation algorithm is used to separate both the numer

ator and the denominator into terms that contain Y-^ or do 

not contain Y^„ This is shown in equation (64). The 
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i 
j Topological Analysis 
j routine used to 
j assemble H(s) 

H(s) = Y- A.(s)v3(s) 

YiC(s)+D(s) 

\i/ 

Ihe value of Yj_ is selected 

^ n ew 
value 
for Y^ 
is se
lected. Plot of the zeros and poles o 

Fig. 36. Generalized root-locus procedure. 

variables £2(3) and E-j_(s) are selected for examples; any 

two current or voltage variables could be used. 

E2(S) = output = H(s) = Yi(s)A1(s) + A2(s) 

Ej^Cs) input Yj_(s)B1(s) + B2(s) 
(64) 
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The sensitivity of the responses of the network to 

element variation can also be obtained by a similar pro

cedure. The extension here requires only that either the 

frequency domain or time-domain response be obtained as an 

additional step in the repetitive process. This procedure 

is shown in Fig. 37. Again the lengthy tree-assembly routine 

is used only once, and the remaining steps of the program are 

relatively fast. 

Frequency Domain 
Response 

value of 

lected 

A value of 
Y± is se
lected 

A new value 
of is se
lected 

Topological analysis 

Fig. 37. Response sensitivity procedure. 
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5. 3. Extension to Time-Varying and Kon-Linear Elements. 

The topological approach can be simply expanded to 

include one time-varying or non-linear element. This is 

done by using the same concepts th.it were used in the gen

eralized root-locus approach. Looking again at equation 

(64), it is seen that both the numerator and denominator of 

the system function can be assembled in terms of a linear 

combination of a single element. An elaboration of this ap

proach could be used to extend the idea to several elements, 

but two or three elements are probably the practical limit 

in this type of approach. Then in the case of a time-

varying element an update procedure is used to find the 

time response. This cyclic procedure is shown in Fig. 38. 

System function 
expressed as a 
function of s 
and Yt(s). 

fl 
[Find Yt(t^) and 
j then £ L^t^i^ 
K<s) 

i 
i 

Souths) - Slri(s 
^out ̂ u ' — ^in^ 

ti<-ti + t, 

) H(s) L 
> * H(t) 

A 
I 

Fig. 38. Cyclic analysis procedure. 
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YjXt) can be specified either by mathematical expression or 

by a table of values. 

The extension to a non-linear element involves a 

dual analysis procedure. Two system functions are now as

sembled. The first system function is as before the ratio 

of response to excitation. 

S2(s) = Kl(s) = ALYL A2_ (65) 

Ej_(s) B]_Yl + B2 

The second system function expresses 

SL(s) = H2(s) = A3YL + A4 

( 6 6 )  
S]_( s) j'" ^4 

where is a function of S^. Now a piece-wise linear ap

proximation is made for YL. A current value is selected for 

Yl, and the dual procedure solves for both E2(t) and S^Ct). 

The value of is used to find the new value of YL and the 

procedure is repeated. This assumes that the piece-wise ap

proximation for the non-linear element leads to a convergent 

solution [l2]. This dual procedure is shown in Fig. 39. 
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Hi(s) = ALYL + A2 

Fig. 39. Non-linear analysis procedure. 

5. 4. Conclusions. 

t 

By a number of simple operations the topological 

analysis methods developed in previous chapters can be ex

tended to cover other applications. The approaches used 

in this chapter to find the sensitivity of a network to 

element variation and to extend the topological approach to 

non-linear and time-varying networks meet the dual criter

ion of segmentation and small program size of a time

sharing computer system. It appears that the topological 

approach will be useful in the area of man and machine 

interaction. 



CHAPTER 6 

RETROSPECTION AND PERSPECTIVE 

6. 1. Review. 

This paper has been concerned with two interrelated 

areas--computer based network analysis and the topological 

problems inherent to one of the analysis approaches. In 

chapter 1. several advantages to the use of the topological 

approach to network analysis were presented. Further de

velopment and extension of the topological approach to 

active elements was given in chapter 2. The addition of 

active devices by the two-graph method of Percival intro

duced two new topological problems rhat must be solved in 

order for the topological approach to be practical from a 

computational point of view. Previous approaches to the 

common tree generation and sign-determination problems 

were not satisfactory when implemented on digital computers, 

and two new algorithms were developed as solutions to these 

problems in chapter 3. The algorithms were programmed and 

provided the basis for a new topological program presented 

in chapter 4. The topological approach was extended to 

time-varying and nonlinear elements in chapter 5. In addi

tion, a generalized root-locus and sensitivity analysis 

program was presented. 

101 
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6. 2. Important Results. 

The relationship between the various approaches to 

computer-based network analysis programs has been pointed 

out, ana it has been shown that the topological approach 

provides both time and frequency domain solutions to a class 

of linear non-time-varying active electrical networks. The 

bypassing of the usual matrix inversion and integration 

routine numerical problems by the topological approach al

lows tha solution of networks whose time constants would 

cause difficulty in other approaches. 

The tree-generation and sign-determination prob-

lems--previous limitations in\ this technique--have been 

solved from a computational point of view. The speed of 

the new algorithm provides the topological approach to net

work analysis capability in handling larger networks. This 

increase in speed, along with small program size and segmen

tation, makes feasible simple extensions of the topological 

approach to non-linear and time-varying problems. These 

extensions, along with the sensitivity work, provide new 

areas of application for the topological approach. This ap

proach;. while valuable on a batch monitor computer system, 

becomes even more attractive for use of the new time-sharing 

computer systems. 
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It has been the viewpoint of this paper that the 

chief value of the topological apx^roach is in the computa

tional area, and that the emphasis should be in the use and 

extensions of the technique rather than in the rediscovery 

of the work of Maxwell through the use of different nota

tions. 

S. 3. R.elated Topics and Areas for Future Work. 

The new approaches of chapter 5 have been shown to 

be feasible, but considerably more work is required, partic

ularly in the extension to non-linear and time-varying 

elements to demonstrate the range of this technique. It 

should be possible to extend this approach to involve more 

than one element in the cyclic approaches taken in chapter 

5. 

The models used in chapter 2 are useful for elec

trical networks that are characterized by a lumped linear 

representation of the passive elements and a simple first 

order approximation of the active device. The increasing 

use of integrated circuits requires a more elaborate model 

for the active devices} since it is now necessary to take 

into account second order effects. Computer based analysis 

itself is more of a necessity when integrated circuits are 

involved;, since the initial design of such devices requires 

expensive and extensive tooling. 
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Looking at the concejits presented in this paper from 

a different viewpoint, one might consider the development of 

a general network analysis program as the production of a 

new computer language. Formalized, this approach would, in 

effect, be a new simulation language in which the user would 

operate at a level removed from the FORTRAN language and 

could be concerned, for example, only with commands to input 

and analyze the network. A related area is the development 

of a graphical input capability for analysis programs. The 

above concepts are intermingled with the concept of time

sharing. 

The next logical step would be to go beyond the 

analysis stage to the realization and approximation prob

lems. Here again the related concepts of time-sharing and 

graphical input will allow man to make some of the decis

ions as a final design is realized. 
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