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ABSTRACT 

The object of this study is to revise the classical control 

system stability criterion and to devise methods for determining the 

region of stability. The revision of the stability definition is 

motivated by the need for Increased physical relevance. Excursion 

stability is defined in such a way that the practical constraints on 

the system are incorporated into the stability measure. Computational 

algorithms are devised which are used to determine the region of ex

cursion stability. Two distinct algorithms evolve which are compared 

on the basis of computational efficiency. 

The stability criterion is based on satisfaction of certain 

state-space constraints. The constraints are selected by considering 

the practical limitations of the system and the region of validity of 

the system model. The region of excursion stability consists of all 

those disturbed system states for which the ensuing trajectory does not 

violate the constraints. 

The problem of representing the stability region is considered 

prior to the development of stability analysis techniques. The region 

of stability is approximated by an inscribed region of a prescribed 

shape. The prescribed shape is selected on the basis of the relative 

severity of the disturbances which are expected on each of the state 

variables. 

ix 
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The analysis problem is considered in the following context. 

Given a mathematical model of the control system in the form of state 

equations, and given also a set of state-space constraints, find the 

largest region of the given shape from which no emanating trajectories 

of the system violate the specified constraints. This analysis can 

only be performed on very simple systems unless a computational aid 

is used. Therefore, the analysis problem is reformulated into an 

optimization problem so that the computational methods already devised 

for the latter may be applied to the stability analysis problem. 

The reformulated problem consists of a search for the reverse 

trajectory of the system equations initiating on the constraint bound

ary which minimizes a positive definite state function called a shape 

function. The reverse trajectory is a solution of the original system 

equations with time running backwards. One computational algorithm is 

generated by attacking the optimization problem with a random seeking 

method. Another algorithm evolves from the application of variational 

calculus to the optimization problem. The resulting two point boundary 

value problem is solved numerically using quasilinearization. Controlled 

experiments with both algorithms indicate that the random search is the 

better of the two methods. 

Some suggestions are made for the development of synthesis pro

cedures based on excursion stability. 

There are essentially two contributions made in this work. 

First, the revision of the stability criterion ties stability analysis 

to the physical system and thereby makes stability analysis useful for 
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engineering purposes. Another contribution of the work is the develop

ment of computational algorithms for evaluating the stability of non

linear systems. A key feature of these algorithms is the fact that it 

is not necessary to select any state functions on any intuitive or 

semi-intuitive basis, as is the case with the second method of Liapunov. 

Therefore, the algorithms are not inherently limited to low-order 

systems. 



Chapter One 

introduction 

1.1' Introduction 

Adequate methods have not yet been developed for the design of 

large dynamic systems. If the desired system operates in such a way 

that the physical quantities involved do riot traverse a wide quantitative 

range, then some success can be enjoyed by linearizing the system under 

study and applying linear design techniques. Quite often the inherent 

nonlinearities of the system cannot be so ignored. Synthesis procedures 

applicable to systems which must be modeled by nonlinear describing 

equations are virtually nonexistent. The development of nonlinear design 

techniques must necessarily follow the establishment of meaiingful good

ness measures and system evaluation methods. The development of methods 

for the analysis of nonlinear systems based on a meaningful goodness 

criteria is the goal toward which the research described herein is 

directed. 

The minimum requirements for usefulness of a system are referred 

to collectively as stability. Two questions immediately arise. What is 

meant, precisely, by minimum useabllity? How does one determine whether 

a given system is stable or not? There are several proposed stability 

criteria which are based on pleasing mathematical properties but suffer 

from a lack of engineering relevance. The problem of ascertaining the 



existence of stability has been considered in detail by'many researchers 

with limited success. 

The most basic requirements for usefulness of a system are the 

satisfaction of simple state-space constraints. Certain physical vari

ables must be contained in some limited range if the system is to operate 

at all. Stability should be ascribed to those systems for which the 

excursion of the trajectories of the system from the possible disturbed 

states of the system satisfy the constraints. Excursion stability is 

difficult to establish by unaided computation. However, computer algor

ithms are discussed in a later chapter which allow the computation of 

regions of excursion stability on a computer. 

1.2 Historical Background 

* 

The stability of nonlinear systems was first studied by the Russian 

Liapunov in 1892. Liapunov defined stability for a set of coupled first 

order differential equations by considering the properties of various auton 

omous solutions of the set of equations. Although he did not present a 

discursive algorithm for the determination of stability, he showed that a 

sufficient condition for stability was the existence of a state function 

with particular properties relevant to the system of equations. 

In the early 1950's engineers became interested in Liapunov func

tions as a possible mechanism by which the stability of nonlinear control 

systems might be investigated. Ingwerson (1960), Schultz (1962) and others 

developed analytical techniques for generating Liapunov functions. ,The 

most recent technique was developed by Peczfcowski (1966). The failure 

of any investigators to analyze high-order systems has Inspired others 

to study the possibilities of using computational algorithms for 
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the generation of Liapunov functions# Most of these studies are based on 

an observation by Zubov (1962), and all are attempts to determine sta

bility by invoking the theorems based on Liapunovs method. Some well 

knownstudies of this type were conducted in this country-by Margolls 

(1962), Rodden (1964), and Weissenburger (1965). It now appears that 

these computational methods are also limited to low-order systems. 

The Rumanian mathematician,V. M.-Popov,disclosed a method for 

demonstrating stability for a particular class of systems which is not 

limited to low-order systems, as in Aizerman and Gantmacher "(1964). 

Higgins (1966) summarizes a number. of extensions of Popov's theorem which 

broaden its applicability to a wider class of systems including some 

time-varying systems. 

Popov techniques demonstrate asymptotic stability for a restricted 

class of globally stable systems. The power these methods have is evi

denced by the susceptibility of high order systems to analysis. The most 

important limitation they have is that many practical systems of interest, 

such as systems with product-type nohlinearities, are not globally stable. 

Much of the current work being conducted in stability analysis is 

concerned with extending the applicability of Popov-like methods. Very 

little attention has been directed at the evaluation of the engineering 

relevance of the existing stability criteria themselves. 

1.3 The Need for a' New Stability Criterion 

Up to this time the stability analysis of nonlinear systems has 

met with limited acceptance by practicing engineers. This situation is 

due in part to the fact that methods for determining system stability for 

high-order systems are not readily available. Another reason for the 



inhibited use of stability analysis is the lack of correspondence be

tween established stability and the satisfaction of minimum design 

requirements. In most applications the knowledge that a system is 

asymptotically stable does little to insure that the system will operate 

in an acceptable fashion. 

What is needed is a stability criteria which considers the 

practical operational limits of the system. If a very slight or very 

probable disturbance can cause a system to operate in 9uch a way that 

certain physical quantities!such as temperatures or velocities*will 

exceed their practical limits, then it is not comforting to know that 

the mathematical model representing the system will return to equilibrium 

from any disturbed condition. 

1.4 Organization 

Chapter Two contains a discussion of the classical stability 

criteria of importance and the analysis techniques based thereon. The 

motivation for this chapter is to briefly survey the most powerful methods 

available and to point out the difficulty associated with their applica

tion. 

Excursion stability is defined in Chapter Three. The incentive 

for redefining stability is discussed in some detail. The analysis of 

systems based on excursion stability Is shown to be related to an optimi

zation problem. A number of examples is discussed which are intended to 

illuminate the peculiarities of excursion stability. 

The methods by which the region of excursion stability are to be 

found are discussed in Chapter Four* These methods are in the form of 

computational algorithms, because the procedure requires the solution of 
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nonlinear differential equations. There are two distinct types of algor

ithms discussed. One type involves the use of a seeking method. The 

other algorithm solves a nonlinear boundary-value problem. 

Several examples are carried out in chapter Five. It is shown 

by example that the algorithm which uses the seeking method is superior 

to the alternate algorithm in the sense that the computational require

ments are greatly reduced. 

The areas of study which are uncovered in this work are discussed 

in the concluding chapter. The logical extensions of this work fall into 

three distinct categories. It would be very convenient to be able to 

increase the efficiency of the algorithms enough so that a digital computer 

could handle large problems in less computing time. The algorithms pre

sented require the availability of hybrid facilities to analyze complex 

systems-. Now that the stability analysis in terms of excursion stability 

has been studied the door is open for the development of synthesis pro

cedures based thereon. Some preliminary work relevant to both of these 

study areas is discussed in Chapter Six. Finally, it would be very 

' desirable to make an extensive study of a large physical system based on 

the concepts presented here to test the asserted physical relevance of 

excursion stability. 

1.5 Notation 

A concerted effort Is made to use the symbols most frequently 

associated with a particular variable in the existing literature. In 

some cases compromise is necessary to avoid symbolizing different var

iables redundantly. 
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Upper-case English characters are used to represent matrices 

and state functions. Column matrices or column vectors are denoted by 

underscores. Double character upper case letters are used to denote 

regions or sets of points in the state space. 



Chapter Two 

Asymptotic Stability 

2.1 Introduction 

Historically, the emphasis on asymptotic stability has been so 

overwhelming that the term is almost synonymous with stability. For 

this reason the propitious decision of some researchers to introduce 

the computer into stability investigations has not been accompanied by 

a concurrent reviewing of the classical stability criteria. In this 

chapter asymptotic stability is defined and the means of demonstrating 

its existence are summarized. The chapter considers asymptotic sta

bility in enough detail so that it may be compared and contrasted with 

excursion stability, which is introduced in the next ̂ chapter. 

The chapter is divided into three parts. The first part deals 

with the second method of Liapunov. The subsequent section contains a 

discussion of frequency-domain methods. Finally the numerical techniques 

for finding Liapunov functions are considered. The limiting disadvan

tages are noted in each case. 

2.2 The Second Method of Liapunov 

Suppose that a dynamic system is represented by 

~ x(t) = f(x(t)) (2-1) 

where x is an n by one matrix of time-dependent functions. The value of 



x at any particular time is called the state of the system at that time. 

The state of the system is often represented by a point in a Euclidian 

n-space known as the state space of the system. If x(t) Is a function 

which satisfies eq. (2-1) for all time, then the range of £ is called a 

trajectory of the system. Suppose the range of x(t) is denoted by X. 

The point x(t̂ ) is a member of X. Define the set of all points x(t2)» 

where t̂  is greater than t̂ , as the path from x(t̂ ). Similarly, define 

the collection of points x(t.j), where t̂  is less than t̂ , as the his

torical path from x(t̂ ). Define q as an equilibrium point if 

* 

W - r 

Finally define RL(a) as the set of points in the state space bounded by 

the hypersphere of radius a. 

Definition 2-1: The origin of the state spate is stable in the 
sense of Liapunov if.the origin is an equilibrium point of the 
system and if for any positive number, R, there exist another 
positive number, r, such that the paths from all points in KL(r) 
generate a subset of HL(R). 

Definition 2-2: Suppdse that the origin is stable in the sense 
of Liapunov. The origin is asymptotically stable if the Euclidian 
norm of all trajectories which initiate in RL(r) is bounded by an 
arbitrarily small positive number. 

If it is possible to let r increase without bound as R increases, 

then the stability is called globalv If the origin is asymptotically 

stable, but the stability is not global, then there are points about the 

origin from which the paths asymptotically approach the origin. The 

collection of all such points is called the region of asymptotic sta

bility. 

If the region of asymptotic stability has engineering relevance, 

then it is necessary to find some means of determining the region for a 



given, system. The most obvious approach would be to determine all the 

trajectories of the system and classify those which approached the ori

gin. However, solutions of nonlinear differential equations are rarely 

available in closed form. Liapunov suggests a second, or direct, method. 

If a state function can be found which exhibits certain properties rele

vant to the system under study, then it is possible to demonstrate 

stability without actually solving the system equations. There is a 

number of theorems available in the literature which state sufficient 

sets of conditions which Liapunov functions must satisfy. One of the 

most common of these theorems is reproduced here from Schultz, (1965) 

for convenience.. 

"Theorem 2-1: Suppose there exlst& a real scalar function V(x) 
defined, continuous with continuous first partials on 7,'such 
that V(x) is positive definite in a closed region U. One of 
the surfaces V • K bounds U. The gradient of V on x, VxV(x) is 
not zero anywhere in U except at the origin. The time deriva
tive of V along trajectories, Vxv(xJTf(x) is negative semi-
definite in U and is not identically "zero on a solution of the 
system other than the equilibrium point at the origin. Then 
the system is asymptotically stable in U. 

The problem of demonstrating stability is transformed into a 

search for a state function which will satisfy the theorem. Liapunov 

has demonstrated, (1892), that if the system is stable in some region, 

then there exists at least one V-function which will show stability. 

Several methods for finding V-functions appear in Gibson (1963), 

Schultz (1965), LaSalle and Lefschetz (1961), and Krassovskii (1963). A 

modification of the variable gradient method of Schultz has recently 

been published by Peczkowskl (1966). 

If a suitable V-function can be found, stability can be demon

strated for a whole class of systems. The effect of parameter variations 
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on stability can be studied by analyzing the V-function. Another fea

ture of the second method is that regions of stability may be found for 

systems which are not globally stable. The difficulties involved in 

finding regions of stability are profound, but the second method is at 

least theoretically applicable to systems which are not globally stable. 

The practical significance of asymptotic stability is not rever

ed by practitioners. Moreover, it is very difficult to find useful V-

functions. A great deal of energy has been devoted to the generation 

of Liapunov functions for autonomous systems, and yet selected third-

order systems are the most complex which are amenable to analysis. Time-

varying systems present even more frustrating problems. 

2.3 Absolute Stability 

Absolute stability is globally asymptotic stability for the parti

cular class of nonlinear systems described in the next paragraph. It 

was first studied by the Russian,Lure,who attacked the problem with the 

second method. The Lure procedure is discussed by Gibson, (1963), and 

the results of Lure are very difficult to apply. The most significant 

contribution to the study of absolute stability was made recently by the 
- -A — 

Rumanian, V. M. Popov. Popov used analysis to uncover a set of conditions 

in the frequency domain which demonstrate absolute stability as shown in 

Aizerman and Gantmacher (1964). Since Popov's work has been published, 

Kalman has unified the approach of Popov and Lure,as described by 

Higgins (1966). Others have extended the class of systems to which 

conditions similar to Popov's may be used. 
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A block diagram of the system studied by Popov Is shown In Fig. 

1. The block labeled G(s) represents a linear time-Invariant system 

whose Input-output transfer function Is G(s). The nonllnearlty 4>(a) Is 

said to be In the sector zero-to-K if it is memoryless and satisfies 

<J>(°) ® 0 

0 £ <p(a) < Ko 

The closed loop system is said to be absolutely stable in the sector 

zero to k if and only if the system is globally asymptotically stable 

for all nonllnearltles, <f>(cr) in that sector. 

V. M. Popov demonstrated that the existence of a real number q, 

such that 

Real Part {(1 + jajq)G(ju)} + ~ > 0 

is satisfied, is sufficient to demonstrate absolute stability. The j 

in the inequality above is the complex number (0,1), and the inequality 

must be satisfied for all real non-negative values of u>. Satisfaction 

of the inequality above can be demonstrated graphically. 

When the system tinder study falls into the class of systems 

which are amenable to analysis by the Popov method or its extensions, 

then stability can be shown rather easily even for high-order systems. 

If a given system is not absolutely stable it may still have a large 

region of asymptotic stability. For example, an adequate model of a 

nonlinear system often contains a product-type nonllnearlty. Product 

nonllnearltles may be represented by a set of four nonllnearltles like 



<t>(q) 

- a 

NONLINEARITY 

Figure 1. Block Diagram of System Studied by Popov 
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<|>a(o) «= j 0(0 + |a |) 

and 

<t>b(cr) = "I o(-a + |CT|) 

If and 02 are defined by 

0̂  ̂- + x2 and °2 " xi ~ *2 

Chen the product of and can be represented by 

xlx2 " *a(°l) " •b(0l) " 4,a(o2) + +b(o2) 

Now the product looks like a device with four memoryless nonllnearltles, 

each in the sector from zero to infinity. This configuration satisfies 

the requirements of one of the extended Popov methods described by 

Higglns, (1966). 

The extension of the Popov theorem which applies is described 

below. Consider the system described by 

where 

and 

~ x(t) • Ax(t) - B$(g) 

T a 0 c x 

0 £ <(»1(a1)/a1 < « 

}T<5) - MOj) t 2 ( o 2 )  •,(«„> 
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The system Is absolutely stable If there Is a diagonal real matrix D 

such that 

Her a He f(I + jajD)cx(ju>I-A)'"1B} 

Is a positive definite matrix, where He means Hermetian part. A second-

order system which is linear except for one product-nonlinearity is des

cribed by the equations above if 

b -b -b b 

0 0 0 0 

and 

1 1 1 1  

1 -1 1 -1 

The first and third element of r along the major diagonal are-

(1 + jwdĵ Kjw - a22 + a2î b 

alla22 " a12a21 ~ ̂ all + a22*u ~ w 

and 

-(1 + j«d33)(jw - a„ + a91)b 

Y33-
22 21 

alla22 " a12a21 " a99)ui — u >U t- -22> 

If these are evaluated at w • 0, then it is seen that 

'11 - Y 33 
io=0 u)«0 
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No choice of D will cause He T to be positive definite so the test 

falls. 

Either the test is weak, or else there* are no second-order 

linear-plus-product systems which are globally stable. The latter is 

true. There is another equilibrium point at 

alla22 " a12a21 , alla22 " a12a21 x, - —r and x« « —r 
1 21 2 22 

This system can never, therefore, be globally stable. 

The point is simply that there are whole classes of simple systems 

which are not globally stable and therefore are not subject tb analysis 

by the most powerful analytical methods available today for nonlinear 

systems. 

2.4 Numerical Techniques ~~ 

Since the task of determining the stability of a given control 

system Is a difficult one, there is some justification for calling on 

the computer for help. Ultimately, the use of the computer should Inspire 

a reformulation of the problem into a framework which would be more 

natural to a numerical method than to an analytical method. The first 

generation of algorithms for determining stability have been attempts 

to apply the second method directly by using the machine to generate 

Liapunov functions. Most of this work is based on the partial differ

ential equation of Zubov. 

Zubov, (1962). proposed a formal V-function which provides both 

necessary and sufficient conditions for stability. If two positive 

definite state functions, V and <f>, exist such that 



\MKx)T f(x) » -<Kx) (1 - v(x)) 

Chen the system is stable in the region bounded by the surface 

V(x) - 1 

and all the points outside of this region are unstable. Equation (2-2) 

is the relationship between V and the derivative of V along trajectories. 

It is known "as Zubov's partial differential equation. 

An algorithm for the solution of eq. (2-2) is discussed by 

Mragolis and Vogt (1963). Assume a polynomial form for <K?) and approx

imate f with a polynomial. Establish a formal expression for V consist

ing of homogeneous pplynomial forms with undetermined coefficients. Plug 

V, f, and $ into eq. (2-2) and retain all terms of order k + 1 or less, 

starting with k • 1. Equate coefficients of terms with like powers of 

x components. This yields exactly the number of algebraic equations 

needed to solve for the unknown coefficients associated with the k - 1 

in order terms in V. If the process converges, then it converges to a 

useful V-function for the system. 

Unfortunately, the Initial choice of <|> is critical. If V is 

transformed inside the stability region by 

u(x) - An(l - V(x)) 
«« A* 

then the derivative of the new Liapunov function, U, along trajectories 

is 

VxU(x)T f(x) « -<j)(x) 

Now it is clear that selection of $ is not unlike the selection of a 

16 

(2-2) 
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Llapunov function. Nevertheless, Hahn (1963), Margolis (1962), and 

Rodden (1964) have found V-functions for third-order systems using the 

Zubovian algorithm. However, if one hopes to apply the algorithm to 

higher order systems, then a basis for the selection of $ must be 

established. 

2.5 Conclusion 

At this time there is no generally applicable method for estab

lishing the stability of a nonlinear system. The Popov method can be 

used on high-order systems, but its applicability is limited to globally 

stable systems. Regions of stability can be found if a suitable V-

function can be generated. V-functions are hard to find, even with the 

help of a computer. . 

If the region of asymptotic stability is determined, it is still 

difficult to impart practical significance to the region. 

This is the position of stability theory generally. Much atten

tion is currently being directed at the broadening of the applicability 

of Popov methods. However, the lack of engineering significance suf

fered by asymptotic stability is receiving very little attention. 



Chapter Three 

EXCURSION STABILITY 

3.1 Introduction 

The shortcomings of asymptotic stability from a utilitarian view

point were mentioned in Chapters One and Two. In this chapter excursion 

stability is defined as an alternative to asymptotic stability, such 

that the satisfaction of a minimum design criterion Implies excursion 

stability. The problem of representing the stability region is also 

considered, and a technique for approximating the region of stability 

is suggested. Finally, the properties of excursion stability are dis

cussed prefatorily in anticipation of their use in Chapter Four. 

3.2 Definition of Excursion Stability 

There are so many definitions of stability for nonlinear systems 

that the definition of yet another requires some justification. Before 

the introduction of electronic computers, it was necessary to study non

linear systems with pen and paper. The definitions of stability empha

sized the ultimate behavior of the system trajectories in time because 

hand calculation is easier in the limit. The most undesirable character 

of the response of a given system to a disturbance,' from an engineering 

viewpoint, is often exhibited soon after the occurrence of the distur

bance. 

It is very common to study the global properties of a system 

model. Attention directed toward the extremities of the state space 

18 
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may be expedient, but it is never necessary. The generation of the model 

is always accompanied by simplifying assumptions which are valid in a 

restricted region of the state-space. There isalso a region in the 

state-space in which the physical system cannot operate without possible 

self-destruction, unreasonable expense, hazard or incompatibility with 

othdr systems. 

A realistic appraisal of the system should indicate those initial 

states of the system from which the emanating trajectories will at some 

tlime violate the practical limitations of the system. Such a stability 

concept has greater engineering significance.than any of the classical 

types of stability. 

The following discussion illustrates how the limitations of a 

system may be incorporated into the stability concept. Consider the 

missile in Fig. 2. The missile is Ideally traversing a vertical tra

jectory in a two-dimensional environment. Let denote the angular 

deflection of the missile axis from vertical. Let u denote the angle 

of the thrust vector relative to the missile axis. Suppose the missile 

dynamics are represented formally by a second order equation 

~ x(t) - f(x(t),u) 

Suppose, further, that a closed loop system Is designed by setting u 

equal to a linear combination of state variables so that 

x̂(t) - fCxCt),̂  + c2x2) 

There is a limit on the magnitude of the attitude error because the 
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Thrust 
vector 

Figure 2. Missile in Example of Section 3.2 
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operation of other systems depends upon adequate performance of the 

attitude control system. This limitation is considered by enforcing an 

inequality constraint on the magnitude of x̂  such as 

x- < x. 1 1 1 — 1 1 1 max 

The constraint on x̂  is indicated by the pair of vertical lines on either 

side of the X2 axis on the state-plane diagram shown In Fig. 3. There 

are also limits on u. It is not feasible to control the thrust vector 

over a range of more than a few degrees. If the limit on u is exceeded, 

the model no longer describes the system. Since u is a combination of 

state variables, the control law may be used to express the limitations 

of u in terms of a state space constraint 

I u I - I «!*1 + C2X2 I i I "max I 

The boundaries related to these limitations are shown in Fig. 3. When 

all the constraints are considered together, the region of the state plane 

in which the operation of the system must be confined is seen to be the 

set of all points bounded by the parallelogram in Fig. 3. Those trajec

tories which traverse this boundary indicate failure of the attitude con

trol system, regardless of whether or not these trajectories are ultimately 

approaching the desired equilibrium point. That is, failure is Indicated 

regardless of whether or not the describing equations are asymptotically 

stable. 

Definition 3-1; Suppose that the operation of a system described 
by 

x(t) - f(x(t),t) t > tQ (3-1) 
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'max 

Figure 3. Missile Phase-Plane for Example of Section 3.2 
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must be limited to a region of the state space designated by 
RC. Denote the region of excursion stability by RS. A point p 
in the state space is a member of RS if and only if there is 
no: point on the path from p which is not in RC. That is, if 
x(t) satisfies eq. (3-1), then x(t̂ ) is in RS if and only if 
t£ greater than t̂  implies that x(tj) is in RC. 

The following geometrical interpretation is possible for low -

order systems. The boundary of RC encloses the excursion of all trajec

tories which initiate in RS. Figure 4 shows some selected trajectory 

segments on the state-plane of a second-order system. The RC boundary 

for this example is given by the vertical line shown. The points p̂ , p2 

and are not in RS since the emanating paths violate the constraints. 

Point p̂  is not even a candidate for a member of RS because it is not in 

RC. The points p̂ » Pg, p7 and Pg are all in RS. The state plane is re

drawn in Fig. 5 with the entire region RS shaded. 

Theorem 3-1: No trajectories emanate from RS. 

Suppose p̂  is any point in RS and P2 is any point outside of RS. 

By definition it is possible to go from p2 to the complement of RC and 

it is not possible to go from p̂  to the complement of RC. Therefore, a 

contradiction arises if it is assumed possible to get from p̂  to p̂ . 

The behavior inside RS is not specified by definition 3-1. It 

is quite possible that the behavior of the system inside RS is not at all 

satisfactory. Consider a second-order system with two concentric limit 

cycles as shown in Fig. 6. The inner limit cycle is stable and the outer 

limit cycle is unstable. The region RC is bounded by some line in the 

state plane which is wholly outside of the outer limit cycle. The outer 

limit cycle bounds RS. Inside RS there is an unstable equilibrium point 
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RC 
Boundary 

Figure 4. A State-Plane Showing Excursion Stable Points 



RC 
Boundary 

Figure 5. A State-Plane Showing a Region of Excursion Stability 



Unstable Limit Cycle 

Stable Limit 
Cycle 

RC Boundary 

Figure 6. An Excursion Stable System which is Asymptotically Unstable 



27 

at the origin and the stable limit cycle. All trajectories initiating 

in RS are attracted to the limit cycle. 

For most engineering problems it is desired that the system 

operate in such a way that a designated equilibrium point attracts all 

trajectories which are likely to occur. Therefore, the definition of 

excursion stability is modified in section 3.10 to preclude the existence 

of limit cycles or attracting surfaces inside RS. 

3.3 The Representation Problem 

The problem of adequately representing the region of stability 

has received little attention in the literature. A good method of repre

senting the region of stability can be chosen only after one ascertains 

what information contained in knowledge of the stability region has 

relevance to the engineer. 

If the second method of Liapunov is used to demonstrate stability 

for a nonlinear system, then the V-function is used to specify the region 

of asymptotic stability. The region is composed of the set 

(x |V(x) < K} 

The region is interpreted geometrically for low order systems. George 

(1966) developed a method for finding the largest right rectangular..hyper-

parallelepiped which can be inscribed in the region described above when 

K is specified. Generally, however, there is not a great deal of incen

tive for studying the interpretation of regions bounded by V functions, 

since there is no way of finding V-functions for high-order systems. 

The region of excursion stability demonstrates the inadequacy of 

a regulator system if it shows that there are disturbed states "near" the 

desired equilibrium point from which the emanating trajectory violates 
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the system constraints. The meaning of nearness Is designated on-the 

basis of the physical situation. For example, if a problem has been 

scaled so that the system Is likely to suffer disturbances of any one 

state variable which are the same order of magnitude as the disturbances 

which are likely to be Imposed on any other state variable, then the 

Euclidian norm is a reasonable way to define nearness to the origin. In 

such a case the knowledge of the largest lnscrlbable hypersphere in RS 

may be as valuable as a detailed description of RS, for purposes of 

system evaluation. 

It is convenient to define a state function called a shape func

tion, so that a suitable approximation to RS can be found. The shape 

function is a positive definite state function defined on the state space 

and selected on the basis of what is considered a good measure of nearness. 

Designate the shape function by S. Define a region bounded by a locus of 

constant S as the closed region RA(S,N) as given by 

RA(S,N) - {x | S(x) < N> 

Now it is possible to define an approximate region of excursion 

stability designated RS(S). 

Definition 3-2: Suppose that a system has a region of excursion 
stability denoted by RS. Suppose, further, that a shape function 
S has been selected. Then RSfS) is defined as 

RS(S) - RA(S,N) 

where N is the least upper bound of all N for which 

RA(S,N) C RS (3-2) 

is satisfied. 
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Figure 7 shows several loci of constant S on a state plane. The 

region-RS is shown in the same figure. The region RS(S) is shaded. 

RS(S) is. simply the largest region, whose shape is designated by S, which 

may be inscribed in the region RS. 

3.A Reformulation of the Stability Problem 

The analysis problem is to find RS(S) for a given system, after 

RC and S have been chosen. The determination of RS(S) is not accomplished 

until Chapter Four. In this section the analysis problem Is transformed 

into a variational problem. 

Notice that in Fig. 7 there is a point on the boundary of both RS 

and RS(S). Such points are called critical points. There is always at 

least one critical point. If a region RA(S,N̂ ) has no boundary points In 

common with the boundary of RSf then RA(S.N̂ ) cannot be RS(S) because 

there must be a number greater than such that RACS.N̂ ) is still 

contained in RS, as in Fig. 8. 

Another very Important observation may be made from Fig. 7. If 

RS is an open region, then the minimum value of S in the complement of 

RS occurs at a critical point. If RS is a closed region, then the boundary 

of RS does not belong to the complement of RS, but the greatest lower 

bound of all evaluations of S in the RS complement still occurs at a 

critical point. This simple observation is the key to the techniques 

for the determination of RS(S). 

Theorem 3-2: The greatest lower bound for all values of the 
shape function in the complement of RS occurs at a critical 
point. 

A 

Let x be any point in the complement of RS. Since RS(S) is a 
A 

subset of RS, x must also be in the complement of RS(S). RS(S) is, by 
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Figure 7. Some Loci of Constant Shape Function 



RS boundary 

Figure 8. A Proper Subset of an Approximate Stability Region 



definition, the set of all points for which the shape function is less 

than or equal to N. Therefore, It follows that N Is less than S(x). 

Critical points fall on the boundary of RS(S). Therefore, S(x) is equal 

to N at a critical point. Consequently 

ĉritical' ' S(j' °"3) 

Suppose N is greater than N. Since N is an upper bound for all N which 

satisfy relation (3-2), there must be a point x, in the complement of RS 

at which the shape function has a value N. For any number larger than 

A 

the value of the shape function at x there is a point in RS complement 

at which S has such a value. The value of S at any point in':the RS com

plement is greater than the value of S at a critical point. The conclu

sion is that the value of S at a critical point is the greatest lower 

bound of all values of S in RS complement. 

Notice that the critical points occur In RC or else on the RC 

boundary. This must be true since RS is a subset of RC. Therefore, the 

greatest lower bound of S in the complement of RS must occur inside or 

on the boundary of RC. It is sufficient to determine the complement of 

RS in RC. Refer to Fig. A. Since it is possible to get from any point 

in the RS complement In RC to the boundary of RC along trajectories of 

the system, then by going backward in time along system trajectories, 

starting on the boundary of RC, it Is possible to get back to any point 

in the complement of RS in RC. That is, the complement of RS in RC is 

generated by the historical paths from the RC boundary. 

By combining the observation above with the theorem, the sta

bility analysis is transformed Into the following variational problem. 
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A critical point may be found by minimizing the shape function along 

reverse trajectories of the system which initiate on the RC boundary. 

The term minimize is used very loosely here. What is actually needed 

is a greatest lower bound. The problem of obtaining a greatest lower 

bound by use of techniques ordinarily Intended for seeking minima is 

discussed in.chapter four. 

3.5 Maximally Stable Systems 

If goodness Is inferred by asymptotic stability, then it is 

possible that the region of asymptotic stability will fill the state 

space. Analogously, if excursion stability is synonymous with goodness, 

then the best one can expect is that RS fills RC. Systems for which 

RS and RC are identical are called maximally stable systems. 

It is convenient, whenever possible, to Identify the boundary of 

RC by an algebraic equation of the form 

G(x) - 0_ 

It is also desirable to select the state function G so that the follow

ing is satisfied 

xeRC ̂ G(x) < 0 

The constraint region defined below is used In many of the following 

examples 

RC « {x | x̂  £ 1} (3-4) 

This is a simple region corresponding to an inequality constraint on one 

state variable. It Is also a form of RC which is very likely to evolve 

in a practical problem. The G function for such a region is given by 
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G(x) • x̂  - 1 

If x̂  is less than one, 6 is negative. Along x̂  equals one, G is zero. 

For x̂  greater than one, G is positive. 

If RS and RC are identical, then there is no point in the interior 

of RC from which the emanating path reaches the RC boundary. Therefore, 

any trajectories of the system which Intersect the boundary of RC must 

do so in such a way as to enter RC. The value of G along trajectories 

entering RC must be decreasing, because of the way that G was defined. 

Therefore, a sufficient condition for a system to be maximally stable is 

for the following Inequality to be satisfied 

The quantity in brackets is the time rate of change of G along trajec

tories. If the trajectories are entering RC at the RC boundary, then 

they are going from an area where G is positive to an area where G is 

negative. Therefore, G must be decreasing at all points on the RC 

boundary. 

The use of condition. (3-5) is illustrated by examples 3-1 and 3-2. 

Example 3-1: Consider the system described by 

<y.(x>Tf< s)} |  G(i )  _ Q 
< 0 

(3-5) 

4r x(t) - Ax(t) • 
1 0 

x(t) 

1 -2 

where RC Is defined by eq. (3-4). An evaluation of the left 
side of condition (3-5) yields 

-x, (t): - n 
1 1 Xj-1 • 0 

• -1 < 0 
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Condition (3-5) is satisfied. The state plane for the system 
is shown In Fig. 9. The trajectories which cross the line 
x̂  • 1 all cross from right to left into RC. No matter where 
the system starts in RC it cannot get outside of RC. 

Example 3-2; A nonlinear example of a maximally stable system 
is given by 

« 5(t> " 
-x̂ t) 0 

 ̂a(x) e(x)_ 

where RC is again defined by eq. (3-4). A possible state plane 
Is shown In Fig. 10. The test for maximal stability, condition 
(3-5), is evaluated below 

-x2(t)xx(t) | x  ̂0 - -x*(t) <0 

The absence of maximal stability may be demonstrated by the anti

thesis of condition (3-5) as given below 

{VG(x)*f(x)> I x . „ > 0 

where 3t is any point on the boundary of RC. It is possible that a given 

system does not satisfy either Che condition above or condition (3-5). 

The state plane of a system which fails both conditions is shown in 

Fig. 11. The situation described above Is surely a pathological case 

which one would not expect to encounter in practice. 

Since RS and RC are the same for a maximally stable system, the 

largest region of shape S which is inscrlbable In RS is also the largest 

such region Inscrlbable in RC. Designate the largest region of shape S 

which is inscrlbable in RC by RA(S,NRg). For maximally stable systems 

RS(S) - RA(S,NRC) 

regardless of what positive definite shape function is chosen. 



Figure 9. State-Plane for Example 3-1 
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Figure 10. State-Plane for Example 3-2 
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RC 
boundary 

Figure 11. A System which Fails both Maximal Stability Tests 
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3.6 Approximately Maximal Stable Systems 

The approximate region of stability, RS(S), cannot be any larger 

than RA(S,Nrc) . If N is taken any larger than N̂ , then RA(S,N) includes 

some points which are not in RC. Define an approximately maximal stable 

system as a system for which RS(S) equals RA(S,N̂ ). Approximate maximal 

stability is abbreviated AMS. All maximally stable systems are AMS. 

However, AMS does not imply maximal stability as shown by the counter 

example in Fig. 12. Clearly, a system may be AMS relative to one shape 

function and yet have a very small region RS(S) for another shape func

tion. 

There is no easy way to ascertain whether or not a given system 

is AMS. If all the trajectories which intersect the boundary of RA(S,N̂ ) 

do so in an inward manner, then it is possible to demonstrate AMS by a 

condition analogous to eq. (3-5) above. The condition on trajectories 

Intersecting a surface of constant S is 

< 0 
< ' ? < ? ) ' I  s ( ! ! )  . N r c  

This condition is sufficient to demonstrate AMS but it is not necessary. 

The system shown in Fig. 13 does not satisfy condition (3-6), but it is 

AMS. 

The following example shows how condition (3-6) can be used to 

demonstrate AMS. 

Example 3-3: Consider the system described by 

-1 1 
~ x(t) - Ax(t) « 

-1 -2 

x(t) 



RC boundary 

RS(S) \ 
boundary 

Figure 12. An AMS System which is not Maximally Stable 



RC boundary 

RS(S) 
boundary 

Figure 13. An AMS System which Fails Condition (3-6) 
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where RC Is given by eq. (3-4) and S is the Euclidian norm. 
The largest circle which may be inscribed about the origin 
inside the region where X]_ is less than one is the unit circle. 
Therefore, Nrq must be unity. The state plane Is shown in 
Fig. 14. Condition (3-6), as applied to this example, becomes 

2x̂ Ax I t « • -2 - 2x« < 0 - - 1 x1x » 1 2 

Notice, from Fig. 14, that trajectories always enter the unit 
circle, but that they cross the RC boundary in both directions. 
The system has been shown to be AMS, but it is clearly not 
maximally stable. This observation is supported by evaluating 
the expression in condition (3-5) for the example as shown 
below 

'It I xj-i - o" -1 +if-i *0 

For all X2 greater than one the condition is violated. 

3.7 Systems which are not AMS 

The analysis of systems which are not at least AMS generally 

requires the use of a computer. For selected simple systems an analysis 

can be made on paper. This analytical method applies only to a very 

narrow class of systems. However, the method is discussed in this sec-, 

tion to preface the problem reformulation in Chapter Four. 

Consider the system described by 

x(t) = Ax(t) 

RC is again given by eq. (3-4). A is a square matrix of constants. The 

reverse system is given by 

iL. y(t) » -Ay(t) 

where y(t) describes the historical trajectory. The initial condition 



RC 
boundary 

RS (S) 
boundary 

Figure 14. State-Plane of Example 3-3 
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imposed on the reverse system Is 

G ( £ (o))- y^o) - 1 -  0  

All the solutions to the reverse system equations subject to the initial 

condition above generate the complement of RS in RC, as discussed in sec

tion 3.4. The trajectories of the reverse system discussed above start 

pn the line ŷ  - 1. At least one of these trajectories traverses a 

critical point. Call the Initial condition of this particular reverse 

trajectory z. Suppose that the reverse trajectory from z reaches the 

critical point in time T. The situation being discussed is diagrammed 

for a second-order system in Fig. 15. The shaded area represents RS(S) 

and the trajectory shown is the one which intersects a critical point 

y(T). The critical point can be related to z by the transition matrix 

of the original system evaluated at -T as shown below 

y(T) - <J>(-T)z 

where the transition matrix is an n by n matrix of time functions which 

satisfies 

x(t2) • <J)(t2 - t̂ )x(tĵ ) 

The critical point is also the point at which S is minimized along a 

reverse trajectory from the RC boundary 

Min 

S(y(T)> - t > 0 (S(y(T))} 
ŷ o)-! 

Since the system is linear there is no possibility of a limit cycle. If 

the state variables have continuous time derivatives along trajectories, 
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Figure 15. State-Plane Showing a Critical Reverse Trajectory 
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then the following conditions are necessary at the critical point 

a/BZĵ SW-Dz)} - 0 K - 2,3 n 

3/3T (S(<K-T)z)} - 0 (3-7) 

These conditions represent a set of algebraic equations which have a 

critical point as a solution. Unfortunately, the equations are unbearably 

tedious to solve. 

It Is possible to devise a simpler method to solve second-order 

linear systems. Condition (3-7) can be put Into a more convenient form 

by noting that the left hand side Is merely the first time derivative of 

S along a system trajectory. This derivative of S may be expressed in 

terms of the system equations as 

{VxS(x)Af(x)} • {?xS(x) Ax} I . o (3-8) 

* " ? CRITICAL " I ? " * CRITICAL 

Condition (3-8) has an interesting geometrical interpretation. The tra

jectory through a critical point is tangent to the surface of constant 

S at that point. 

Consider only second-order problems with quadratic shape function 

given by 

T 
S(x) • j Bx 

where B Is a constant symmetric matrix. For this case condition (3-8) 

reduces to 

{2xTBAX> I . „ - 0 (3-9) 
* -CRITICAL 

This is a biquadratic equation in x̂  and *2 such as 
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C1X1 + C2X1X2 + C3X2 " 0 

where ĉ , and can be determined from A and B. The quadratic formula 

can be used to solve the equation above for x̂  in terms of ̂  

X1 • A&2 - cT̂ X2 - x2 
1 11 4,5 

This means that the critical points must lie along one of the two straight 

lines as given by 

y(T) -

L *.5J 
(3-10) 

where b is an unknown constant. The values of ẑ  which can be attained 

from any of these points along system trajectories are 

Z1 " + •i2*T*c4,5* 
(3-11) 

If ẑ  is considered to be free, then the maximum value of ẑ  attainable 

from any of these points occurs when 

b dT t*ll<T> + *12(T)c4,51 " 0 

or equivalently when 

dT *11(T) " ~c4,5 dT *12(T) (3-12) 

From the equation above a number of solutions for T can be obtained. These 

candidates for T can be inserted into eq. (11). The right-hand side of 

eq. (3-11) is set equal to one and solved for the candidates for b. These 
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b candidates can be Inserted into eq. (3-10) to get candidates for 

critical points. The actual critical points are selected from these 

candidates by evaluating S at each point and eliminating all candidates 

which do not infer minimum S. 

The procedure Is made clear by the examples in the following 

sections. 

3.8 Linear Examples 

Two examples of the determination of RS(S) for simple systems 

are given in this section. The region RC Is defined by eq. (3-4) and 

the shape function is the Euclidian norm for both examples. 

Example 3-4: The system equations are 

dT 
x(t) » Ax(t) 

-1 

-4 

x(t) 

Condition (3-9) for this example reduces to 

2yT(T)IAy(T) - yT(T) 
2 5 

5 -8 

y(T) - o 

The solution of the above equation by the quadratic formula yields 

/w,x —5 + /if 
yx(T) - —-5 y2(T) 

The transition matrix for the system is 

<Kt) - e 
-t 

3-2e 
-t 

e_t-l 

6-6e_t 3e-t-2 

Substitution of the transition matrix above into equation (3-12) 
gives 



- -T . . -2T - - -2T . -T», 2 -3e + 4e • -(-2e + e )( ) 
-5 + Al 

There are two values of T which satisfy this equation. These are 

. 24-4/aT , t • <r 24+4 Al" T » An and T = An 
17-3A1 17+3̂ 1 

The corresponding values of b which allow to be equal to one 
at these time values are 

b —0.151 b - 1.325 

The y(T) candidates are 

y(T) 
0.861 

-0.151 

y(T) 
0.928 

1.325 

The candidate for a critical point which has the smaller value 
of S is 

jr(T) - *CRITICAL 
0.861 

-0.151 

The state plane for this system is shown in Fig. 16. 

Example 3-5: The following system has complex eigenvalues 

— x(t) • Ax(t) » 
0 1 

-2 -2 

x(t) 

The transition matrix for the system is 

*(t) - e -t 
Cos t + Sin t 

-2 Sin t 

Sin t 

Cos t-Sin t 

Condition (3-9) reduces to 
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Figure 16. State Plane of Example 3-4 
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2yt(t)Ay(T) - yT(T) 
-1 

-1 -4 

y(T) - 0 

which is solved by 

y2(T) - 0,y(T) - b or y2(T) - ̂  ŷ T), y(T) -

1 
2 

Substitution into eq. (3-12) yields 

3 Sin T + Cos T » 0 

.for the second solution and 

Sin T 

for the first solution. These are jointly satisfied by 

T -
Kir 

P.V. tan"1̂  j) + Kir 

K * 0|1|2»*• 

The value of the square root of S for successive values of T, taken 
from the above solution, can be related by the transition matrix 

S1̂ 2(y(t + it)) - J | y(t + ir) 11 - e" | |y(t) 11 

From the above expression it is clear that S increases monotonlcally 
with K for the reverse system. Therefore the minimum S-value must 
occur at a value of T corresponding to K equal zero. There are two 
values of T when K is zero. The smallest value of S at a critical 
point candidate evolves when T Is zero. The corresponding value 
of y(T), the critical point, is 

y(T) - y(o) 

0 
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This example has two nther interesting properties. The 
one and only critical point and its associated z point are both 
the same point, because T is zero. The system has been shown 
above to be AMS, but the sufficient condition for AMS, eq. ( 6 ) ,  
is not satisfied. The evaluation of the left hand side of 
eq. (6) for this example appears below 

0 

-1 

-1 

-4 

2 2 
X1 + X2 

2 
C2 

-4xX - 2x0 A. - x̂  < 0 

The condition is violated at X2 " -0.1. The state-plane for this 
example is shown in Fig. 17. 

3.9 An Example with a Limit Cycle v 

The following example concerns a second-order system with an 

unstable limit cycle. Limit cycles in two-space divide the space into 

two complementary sets. The lifoit cycle In the example bounds a region 

of asymptotic stability about the origin. Some interesting modifications 

of the example occur if the RC boundary intersects the limit cycle or if 

the limit cycle is a stable one. 

Example 3-6: Suppose RC and S are given by the-, same region and 
function considered in the examples above. The system is de
scribed by 

where 

«?(t> 
1 

-2 

1/2 

1 

x(t) - x(t)g(x(t)) 

(4x* + 4 r 1 / 2  for 
2 2 

4x̂  + x2 >. 

(4x* + *2> for 
# 2 , 2 
4xĵ  + x2 < 

g(x) - < «* 

The origin is asymptotically stable insidê an origin-centered 
ellipse which intersects the x̂  axis at + y and Intersects 
the X2 axis at + 1. Since the RC boundary lies wholly outside 
of this region of stability, the region RS is the same as the 
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Figure 17. State-Plane of Example 3-5 



region of asymptotic stability as indicated on the state plane 
diagram shown in Fig. 18. The approximate stability region, 
RS(S), is the largest circle which fits inside this ellipse. 
RS(S) is bounded by the circle about the origin with radius 
one half. 

The reverse system associated with the example system Is 
described by 

-1 

2 

1 
" 2 

-1 

y(t) + y(t)g(y(t)) 

These equations have a closed form solution for trajectories 
which initiate outside of the limit cycle. The solution is 

y(t) - [e*® + 1-e 
-t 

•rq-

Cos t 

-2 Sin t 

j Sin t 

Cos t 

The example was devised so that a solution would exist. The 
solution can be verified by differentiation and substitution 
back into the reverse equations. The existence of the closed 
form solution makes it possible to analyze the system by a 
method similar to the method utilized in the previous linear 
examples. 

The solutions of the reverse System which initiate on the 
boundary of RC are obtained from the general solution above by 
setting Zj_ equal to one. The value of the shape function along 
reverse trajectories from the RC boundary can be expressed as a 
function of backward time and the initial value of the uncon
strained variable, Z2> by substituting the solution into a 
formal expression for S as below 

S(y) - yTy D < e-t + 1-e 
-t 

/zjj + 4 

where 

z2+* 3 
~1 + A*1 (z2 

2 2 2 
Mzgit) » 4 Sin t - 4z2Sin t Cos t + ẑ  Cos t 

The quantity in the left most brackets of the expression for S 
Is mono.tone decreasing in time. The quantity in the right hand 
brackets is periodic with a relative minimum indicated by 
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Figure 18. State-Plane of Example 3-6 
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2 2 
Z2 + 4 z2 * 4 3 . s 

4 — 4 4̂  2 

The inequality above may be verified by rewriting h as 

h(z2tt) • [2 Sin t - Cos t]̂  

Now It Is clear that 

h(z2,t) 0 

However, whenever t reaches a value of 

. -1 
T - tan (y) 

then h Is exactly zero as shown below 

-1 Z2 2 
h^ttan -j—) « [2 Sin t- (2 tan t)Cos t] » 0 

The shape function has a relative minimum at any of these periodic 
zeros of h, but these minima continue to decrease monotonically 
approaching 

S(y) > ( 1 )2 *2 ̂  | (3-13) 

as shown In Fig. 19. Clearly the shape function does not have an 
absolute minimum but it does have the greatest lower bound given 
above. 

A study of the state plane in Fig. 19 shows what is happen
ing. The reverse trajectories are attracted toward the limit 
cycle. At two points along each encirclement of the limit cycle, 
near the intersection of the trajectory with the minor axis of 
the ellipse, the distance between the trajectory and the origin 
reaches a relative minimum. As the trajectory continually 
approaches the limit cycle these relative minima approach the 
minimum distance of the limit cycle itself from the origin, 
which is realized at x̂  equal one half and X2 equal zero. 
Notice also that the same general behavior of reverse trajec
tories is exhibited regardless of where on the RC boundary 
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boundary 

Figure 19. State-Plane for Reverse System in Example 3-6 
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the trajectory initiates. This observation from the state 
plane is reinforced by the cancellation of from eq. (3-13) 
above. 

The following modifications of the example above are noteworthy. 

If the RC boundary Is changed to some other line which lies outside of 

the limit cycle, then RS and RS(S) remain exactly the same, as shown in 

Fig. 20. All reverse trajectories which start outside the limit cycle 

approach the limit cycle asymptotically. If the RC boundary Intersects 

the limit cycle, then RS and RS(S) are reduced accordingly, as in Fig. 

21. RS does not degenerate into the empty set unless RC does not Include 

the origin because the system is asymptotically stable inside the limit 

cycle. 

If the example system is replaced by a system described by the 

same equations with the right hand side multiplied by minus one, then the 

system looks like the reverse system associated with the original example. 

This new system has a stable elliptic limit cycle which attracts trajec

tories initiating anywhere in the state plane except the origin. The 

origin becomes an unstable equilibrium point. An RS is shown in Fig. 22. 

Trajectories which initiate inside the limit cycle are trapped by the 

limit cycle. Trajectories initiating outside the limit cycle diverge. 

In case the limit cycle is not wholly Inside RC, then there Is no region 

of excursion stability, as indicated in Fig. 23. All trajectories even

tually approach the limit cycle where they must necessarily traverse the 

RC boundary. 

3.10 Asymptotic Excursion Stability 

The behavior of a system inside RS is not specified in the 

definition of the region of excursion stability. A stable limit cycle 
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Figure 21. Example 3-6 with a Limiting RC 
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RC 
boundary 

Figure 22. A Stable Modification of Example 3-6 
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Figure 23. An Unstable Modification of Example 3-6 
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could exist in RS. There could be a surface contained in RS to which 

trajectories are attracted. There might be more than one stable equilib

rium point in RS. These conditions are objectionable for most systems. 

Definition 3-3: Suppose that RC and q are specified, where RC 
is a constrained region of operation and q Is a stable equilib
rium point. Define the region of asymptotic excursion stability 
as the set of all points which are excursion stable and in addi
tion require that for any positive number, e, there Is a time 
increment, T, in which the system recovers from any disturbed 
state in the region of stability in the sense that 

11 q - x(D 11 < e 

Define the approximate region of asymptotic excursion stability 
as the largest region of prescribed shape which can be inscribed 
in the region of asymptotic excursion stability. 

It is generally not possible to ascertain whether or not the region 

RS is also asymptotically stable. However, there are a number of steps 

which can be taken to discover the existence of undesirable behavior in 

RS. An excellent way to detect nonasymptotic behavior in RS very quickly 

is simply to test the equilibrium point for asymptotic stability in an 

arbitrarily small region and then to integrate a few trajectories of the 

system, numerically or by analog simulation, from arbitrarily selected 

points in RS. The stability of the equilibrium point can most often be 

determined by evaluating the eigenvalues of a linearization of the system 

about the desired equilibrium point,as demonstrated by LaSalle and 

Lefschetz (1961). If there is a limit cycle or an undesirable equilib

rium point condition, one or more of the test trajectories is likely to 

be attracted by it. 

Greater confidence in the lack of nonasymptotic behavior in RS 

can be enjoyed by recalculating RS(S) with special nonphysical constraints. 
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Let RC be replaced by a closed bounded region within which hunting can 

be tolerated. If the region RS(S) still exists, then there is little 

likelihood of a limit cycle existing in RS. If the region of stability 

disappears, then the equilibrium point enclosed is either asymptotically 

unstable or else there is a limit cycle in the original RS which can 

attract trajectories from points very near the equilibrium point. If 

desired, more information can be obtained by replacing RC again. 

3.11 Conclusion 

The special cases of maximal stability and easily demonstrated 

approximate maximal stability may be encountered in practice from time 

to time. Generally, however, a given system does not satisfy either of 

these special categories. Many of the properties of excursion stability 

have been observed In this chapter by studying simple systems analyti

cally. It is necessary to be able to analyze far more complex systems. 

The method of analysis used in sections 3.8 and 3.9 was very cumbersome 

even though the examples all involved only simple systems. Moreover, the 

method requires a closed loop solution of the system equations. Clearly 

a more powerful analysis tool is required. 

The stability analysis is reformulated into an optimization prob

lem in this chapter. By using this restated problem it is possible to 

exploit the vast background of optimal control theory, variational 

calculus and parameter optimization techniques to solve the stability 

problem. These techniques require the use of a computer so the methods 

of Chapter Four are presented in the form of computational algorithms. 



Chapter Four 

COMPUTATIONAL ALGORITHMS 

4.1 Introduction 

Most nonlinear systems are not susceptible to analysis by the 

analytical procedure outlined in chapter 3. It is very difficult to 

apply the method to high-order linear constant systems. The examples 

of Chapter Three and the method used for their solution are presented 

to illustrate the nature of the excursion stability analysis problem. 

Availability of the proper computational facilities makes the analysis 

of nonlinear systems practicable and the analysis of linear systems 

easy. Computational algorithms for the analysis of dynamic systems 

are generated in this chapter. 

A complete analysis should contain the following steps. First 

the system must be modelled and the constraint region and the shape 

function must be selected by someone who is familiar with the physical 

system. Equilibrium points in RC can be found by solving this following 

algebraic equations 

f(q,t) HO 

The conditions for exhibiting maximal stability and AMS should be applied 

to test for the existence of either of these two simple cases. Several 

simulations of the system should be made, preferably on an analog 

65 
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computer, to aid in the location of limit cycles and undisclosed equi

librium points. Finally, RS(S) must be found. The means by which RS(S) 

is found is the subject of this chapter. 

Excursion stability analysis is reformulated in Chapter Three. 

The reformulated problem is to find a solution of 

i- y(X) = _ f(y(x),x) (4-1) 

which minimizes, in a general sense, the shape function 

S(y(x)) - yT(x)B y(x) (4-2) 

subject to initial conditions on the RC boundary as given by 

G(y(o)) = 0 (4-3) 

The critical trajectory described above is selected by a seeking method 

or by a variational technique. 

The seeking method recommended is a random search. The random 

search is discussed in section 4.3. The random search may be applied 

after the problem is reformulated as a parameter optimization problem 

as discussed In section 4.2. The alternative variational formulation 

Is presented in terms of the maximum principle in section 4.4. The 

variational method may be carried out by solving a sequence of two-point 

boundary-value problems on a set of equations related to the system 

equations but with twice the order. Two numerical techniques for solv

ing the boundary-value problems are the recirculation algorithm and 
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quasilinearlzation. The recirculation algorithm is discussed in section 

4.5. It is poorly suited to the relevant problem. Quasilinearization 

which is discussed in section 4.6, worked satisfactorily but was too 

time consuming to be practical. 

4.2 Reformulation as a Parameter Optimization Problem 

The selection of the trajectory which satisfies eq.'s (4-1), 

(4-2) and (4-3) can be recast as a parameter optimization problem. This 

reformulation is appealing because the parameter selection problem is 

susceptible to seeking methods or organized search methods. Seeking 

methods make it possible to avoid the nonlinear boundary-value problems 

which must be solved to affect the variational methods. 

Suppose that the initial conditions of solutions of eq. (4-1) are 

considered as a vector parameter z as in 

y(o) =» z 

The optimum parameter is the vector z which implies a minimum of expres

sion (4-2) subject to 

G(z) » 0 

The cost function value associated with a particular selection of z is 

the minimum value of S along the historical trajectory from that point, 

as given by 
Min 

COST(z) - T >0 {S(y(t))} 
y(o) «= z 

If the system is explicitly time dependent, such as 



x(t) - f(x(t),t) 
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then the reverse system Is given by 

y(x) - - f(y(r), tQ-x) 

The optimum S is 

Min Min Min 

SOPT- „ ,V» z t y(o) » z 

The initial time, tQ is simply adjoined to the vector parameter z, and 

the optimum shape function becomes 

Min 
SOPT " ' COST(z) 

z U t . ~ o 

The minimization referred to above is not a search for a literal minimum 

as pointed out in Chapter Three. The search is actually conducted for a 

greatest lower bound. A reverse trajectory from the RC boundary may inter

sect the critical point, in which case the minimum of S and the greatest 

lower bound of S are the same. However, it is possible that no reverse 

trajectory actually Intersects the critical point, such as when a limit 

cycle exists. If the critical point is not intersected, then it is at 

least possible to find trajectories which experience S minima as close to 

the critical value of S as desired. 

The search is conducted for a minimum of S on reverse trajectories 

until one of two stopping conditions is satisfied. The reverse trajectory 
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Is observed until the shape function reaches some very large upper limit 

or until some time limit, Tg is reached. The optimum S becomes 

Min Min 
S, 
OPT z 

0<t<T [S(y(x))] 
G(z) = 0 

S(y(t5) < 

The minimum literally exists for this closed interval. After the minimum 

over T is found, T is replaced by a slightly longer interval. If the 
8 S 

minimum S over this longer interval is improved, then T is again replaced 
9 

by a longer interval. Eventually either the difference between successive 

minima falls within the quantization limits of the machine or else the 

minimum occurs near the end of the interval and approaches zero. In the 

latter case, RS(S) is the empty set. In the former case, the S minimum 

limit as Tg increases is taken as a greatest lower bound for the reverse 

trajectory under observation. If there are no limit cycles or attracting 

surfaces in RS, then it is usually not necessary to replace Tg more than 

once. 

4.3 Random Search 

search. A random search is an organized trial-and-error process for 

selecting the optimum value of a set of parameters. Another type of 

organized search is composed of hill climbing,or gradient,methods, as 

discussed by Korn (1965). 

there are steep cliffs in the cost function. It is necessary to compute 

the cost function for a trial parameter set only once per trial when 

Hie most successful way of minimizing S is to conduct a random 

Random searches are often superior to gradient methods when 
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random searches are conducted. A random search can easily be modified to 

search large areas of the parameter space for a global minimum. The pro

cedure outlined below was studied by Mitchel (1964). It was later improved 

by Bekey (1964) and discussed in some detail by Sabroff et al. (1965). 

A random search is conducted by starting with some guessed value 

for the parameters to be optimized. The cost associated with this guess 

is computed. A random variation is made in the parameters and the cost 

function is again computed. If the cost function is increased, then a 

different random variation is made. If the cost function is reduced, then 

the Initial guess is replaced by the trial parameters and the process is 

continued. 

The random variations are obtained from a source of random num

bers which are distributed according to some bell-shaped density function. 

These random numbers are biased in such a way that variations are more 

likely to occur in the direction, in parameter space, in which recent 

success has been enjoyed. The variance of the random numbers is decreased 

as a local minimum is approached. 

The search is conducted in two modes called the local and global 

modes. The search starts in local mode. After a local minimum has been 

Isolated the search switches to global mode. The global search consists 

of random trials about the last local minimum in ever increasing variance. 

The global search continues until an improvement in the cost function is 

observed. If no improvement is exhibited after a specified number of 

trials the search is terminated. 

The procedure is most clearly discussed by describing the pro

gram flow chart in Fig. 24(a) and Fig. 24(b). The symbology used in this 
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B(k) - DP(k) + 

PRT(B(k)-DP(k); 
DP(k)«STEP«SG(k).R.N.+B(k)- .. 

10,11 
START 

NT - NT + 1 

PP(k)-P(k)+DP(k) 

EVALUATE COST 
MSS NSS' 

-1 
PRINT PP, COST, STEP 

PIP - PI 
(Fail) 

STEP-
STMN (sue.) 

PIP-PI 
P(k)-P(k)+DP(k) 

NSF=0 
NFSC-0 

STEP-FK*STEP 

—0 
STOP NT-NTMX 

=0 

MD 

(Loc.) 

MD-0 

B(k)-0 

Figure 24(a). Flow Diagram for Random Search Program 
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Figure 24(b). Flow Diagram for Pandom Search Program 



section does not follow the conventions established In Chapter One. The 

symbols used below are the same symbols that are used In the Fortran 

version of the program. NT represents the number of trials. NT Is 

initially set to zero and Incremented by one at the beginning of each 

trial. P(k) is the k1*1 parameter and DP(k) is the trial variation in 

the k'*1 parameter. The trial parameter is PP(k). The cost function 

associated with the trial parameters is PI. After PI is evaluated,NT, 

PI, PP(k), and the Step size, STEP, are printed out on a line printer. 

The trial cost is compared to the previous best cost, PIP. .The program 

is now directed down two possible subroutines depending upon whether or 

not the trial parameters caused an improvement in the cost. 

In case of an improvement, designated by success, the best cost 

and parameter combination is brought up to date. The number of succes

sive failures, NST, is set to zero. The number of successive failures 

since a change of variance, NFSC, is also set equal to zero. If there 

have not already been too many trials, the mode index MD is tested. MD 

is set equal to zero in the local mode and it is set equal to one in the 

global mode. If the recent success was achieved in the global mode, then 

the mode is changed̂ to local and the bias, B(k), is removed. A unit 

variance and zero mean random number, RN, is read in for each parameter. 

A new trial parameter set is selected and the cost evaluated. If, alter

natively, the success was achieved in the local mode, then the noise bias 

Is brought up to date. The number of successive successes since a change 

in step size, NSS, is tested. If NSS is zero, it is set equal to one and 

a new trial is generated. If NSS is one, it is set equal to zero and the 



step size is reduced by the factor, FK, unless it has already been 

reduced past the minimum step size. 

In case the trial cost function fails to improve, then NSS is 

zeroed and the mode index is tested. If the failure occurred in the local 

made, then the subsequent steps depend on whether or not the maximum num

ber of successive failures (NSFMX) necessary to switch to global search 

have been achieved. If there have been enough failures, the mode is 

changed to global and the step size is increased. If there have not been 

too many failures, then NSF is incremented and the number of failures 

since changing the step size is tested. If NFSC is zero, then it is set 

equal to one and the negative of the old trial variation is tried. If 

NFSC is one, then the step size Is reduced and a new trial step generated. 

Alternatively, if the failure occurred in the global mode, then NFSC is 

tested. If NFSC is zero a new trial is generated. If NFSC is one, the 

step size is increased, up to a maximum, before generating a new trial. 

If the step size is maximum, then the program is terminated. 

The cost function is evaluated by integrating the reverse equa

tions from the initial state chosen by the random number generator. These 

numbers are generated and selected so that the initial states lie on the 

RC boundary. The shape function is evaluated at each step of the reverse 

equation Integration and the minimum value is retained until the shape 

function gets very large or else until the equations have been integrated 

for time Tg. The minimum value of S over this interval is assigned to 

the cost function. 

Consider an n̂ -order problem with an Inequality constraint on 

x̂ . The variable ŷ (0) is set equal to the extreme value of x̂ . All of 



the remaining initial conditions on y are considered to be parameters. 

There are n-1 parameters. If the system is explicitly time dependent, 

then the initial time constitutes another parameter. The. entire random 

search procedure outlined above may be carried out solely on a digital 

computer. The computer spends most of its time Integrating the reverse 

equations as necessary to evaluate the cost function. If the system 

order is greater than three, then the run time becomes prohibitively 

large for a digital simulation. This limitation can be circumvented if 

a hybrid digital-analog computer is available. A hybrid computer consists 

of both an analog and digital computer operating concurrently and each 

capable of communicating with the other. The reverse equations may be 

integrated quite rapidly on the analog portion and the shape function 

may be computed on the analog computer and monitored on the digital 

portion. The remainder of the program can be carried out on the digital 

portion. The analog computer usually has a source of random noise. The 

random noise source makes it unnecessary to precompute the random para

meter perturbations and store them as is necessary in a totally digital 

operation. 

If the cost function is much more sensitive to one group of 

parameters than another, then the search should be conducted alternately 

on each group of parameters with the other group held constant at the 

most recently obtained value. The problem of widely varying sensitivity 

is not unique to the parameter search. However, the problem is less 

troublesome with seeking methods than it is with other methods. 
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A.4 Maximum Principle 

The transformed problem of excursion analysis as discussed in 

section 4.1 may alternatively be reformulated as a variational problem. 

The variational methods suggest some interesting modifications of the 

analysis. Unfortunately, the variational formulation leads to a sequence 

of boundary-value problems which cannot be solved efficiently on the 

computer. 

The variational formulation is discussed in terms of the maximum 

principle because this is the formulation which leads to the modified -

analysis. Dynamic programming is not considered because it is basically 

an exhaustive search and the memory requirements Increase very rapidly 

with the order of the system under study. 

The variational problem is to select a solution of eq. (4-1) 

subject to eq. (4-3) which minimizes expression (4-2) at the terminal 

time T. The Pontryagin state function is given by 

H(y(x), p ( t ) , t) « - pt ( i)f(y(r),t) 

The reverse equations may be expressed in terms of this state function 

as 

The adjoint variables p are defined by solutions of the following ordinary 

differential equation 

~ p( x )  - - - j ^  H(y( t ) ,  p ( t ) , t )  
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According to the maximum principle as discussed In Schultz and Melsa, 

(1967), the optimum trajectory Is a solution of a two-point boundary-

value problem involving the reverse system equations (A—1), and the 

adjoint equations which are presented below in accordance with the 

definition above. 

~ p(t) » JfT(y,t)p(T) 

The boundary values are determined from the given boundary specifications, 

eq. (4-3), and the satisfaction of the transversality conditions 

[?yG(y(o)-p(o)]TSy + H(y(o), p(o), o) - 0 and 

t=»0 

[VyS(y(T)) - p(T)] Sy + H(y(T), p(T), T) = 0 

t-T 

The time interval is fixed in the problem of interest here so that the 

transversality conditions reduce to 

VyG(y(T)) p(o) 

T"0 

at the initial time and 

VyS(y(T)) P(T) 

T«T 

at the terminal time. 
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The solution of the two-point boundary-value problem described 

above yields the trajectory which minimizes the shape function at the 

terminal time. This selection is in contrast to the cost function used 

with the seeking method. The cost function values the minimum of S over 

an entire interval from aero to Tg. The variational performance index is 

not necessarily a monotonically decreasing function of T. The best 

performance index for any T within the interval from zero to Tg is the 

cost at Tg. The relationships between the variational performance index 

denoted S and the optimum cost function denoted by S . is indicated 
var K 3 cost 

by Fig. 25. S is the quantity which is ultimately of interest. S 
COSL cost 

can be obtained from variational solutions by dividing the interval Tg 

into M increments Indexed by k and expressed as 

T 
T - K rf K - 1, 2 M 

M 

The sequence of variational problems discussed above presents a 

sequence of two point boundary value problems. The solutions of the 

boundary value problem are not necessarily unique and they represent 

necessary but not sufficient conditions for a minimum. A global optimum 

can be selected with confidence only if all the solutions of the boundary 

value problem are Isolated. Since the boundary value problems'involve 

the reverse equations and the adjoint equations the order of the boundary 

value problem Is two times n. These accumulated difficulties make the 

computational task associated with the variational methods prohibitively 

severe. 

The maximum principle formulation is usually associated with 

the selection of an optimum open loop forcing function. The analog of 
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Figure 25. Typical Variational Performance Index and Cost Function 
versus Duration 
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the forcing function does not appear in the analogous variational problem 

discussed above. If the analog of the forcing function is inserted into 

the formulation above, then it plays the part of a disturbing influence 

which reduces the extent of the stability region'. This modification of 

the variational problem suggests possibility of analyzing the stability 

of a system when it is under the influence of some constrained forcing 

function which Is not described even in a stochastic sense. This possi

bility is considered further in Chapter Six. 

4.5 Recirculation Algorithm 

There are two well-known techniques for obtaining numerical 

solutions to nonlinear boundary-value problems. Any hope of solving the 

stability problem in terms of the variational formulation rests on the 

success of one of these algorithms. The algorithm discussed in the 

following section is usable but impractically inefficient. The recircu

lation algorithm discussed in this section does not converge at all when 

the time increment gets at all large, even if a very good initial guess 

is "planted" into the initialization of the algorithm. 

The recirculation algorithm is conducted by integrating the 

differential equations involved back arid forth In time between the initial 

and terminal times. At the end of each cycle of this process enough state 

variable values are discarded to make it possible to satisfy the relevant 

terminal condition. The discarded values are replaced by values which 

satisfy the terminal condition and the process is continued. 

The error analysis below indicates that the algorithm can be 

expected to diverge on long interval problems even if the initial guess 
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is a very good one and the integration subroutine is assumed errorless. 

The analysis is conducted on a linear system, but the implications are 

clear, and they agree In nature with the lack of success experienced 

when the algorithm was applied to nonlinear problems. 

Consider the boundary value problem involving 

 ̂x(t) - A(t)x(t) 

where the boundary values are specified as 

x (o) - a x (T) - b x(t) 
~a ~b ~ 

xa(t) 

x'?t) 
D 

and xfl and x̂  are partitions of x whose dimensions are p by one and q 

by one respectively. Define the transition matrix as the solution of 

subject to 

 ̂<Kt) - A(t)f(t) 

4>(o) • identity 

If the transition matrix is evaluated at the terminal time and partitioned 

according to the partitions in x, then the initial and terminal -values of 

x are related by 

x(T) - <KT)x(o) « 
•i ! *3" 

X (o) 
a 

h | *2 X (0) 
D 
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where <J>̂  is p by p, ̂  is q by q, ̂  Is p by q, and <f>̂  is q by p. The 

aspired value of the unspecified initial conditions are 

5̂ (0) - c - [b - ((t̂ ] 

Let H denote the inverse of <|>(T) • Partition H similar to <f> as below 

H1 | H3 •-1(T) 0 H(T) 

LH4 j «2 

After one half cycle of the recirculation algorithm with the unspecified 

initial conditions estimated as ĉ , the resulting system state is 

•1«+̂ 39k" -Sa(tt-

V+Mk~_ 
cs 

jJtT 

Now the lower part of x is discarded, according to the algorithm, and 

replaced by the correct terminal condition so that 

'xa(T) " 
_ 

:i&r _ b 

After performing the backward integration of the last half of one cycle 

of the algorithm, the resulting system state is 

?a
(o) 

Jb(o)_ Vi?+V3Sk+H2~ 
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At this point of the procedure the upper part of the state vector is 

raplacedjbŷ a so that the next guess at g is 

Sk+1 " ViS + VsSk + H2~ 

If the error is defined as 

$k " Sk " s - - V1 

then the k+1 st error is 

5krt " -k+J - 5 

This error can be expressed in terms of the transition matrix by using 

the relationship between and ĉ . The expression is 

-k+1 " + + H44>3<,)21̂ +H4,,,3-k 

By the definition of H 

"H1 ! H3~ -©
-

OJ
 

1 £
 

M
 

1 

\ 1 h
2~ 

l 
-e
- 

1 

»
"
 

1 

_o 11_ 

The lower left and lower right hand parts of the product can be transposed 

to show that the coefficients of a and b in the error expression are both 
« • 

identically zero. The error is therefore 

Sfcfi-Vj5k-B<"5k 
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Convergence of the error sequence to the origin indicates convergence 

of the algorithm for the given boundary value problem. 

There are some interesting consequences of the error recursion 

relation above. Since the vectors a and b cancelled out of the expres

sion, the specified boundary values do not influence convergence. The 

recursion formula above is a linear finite difference equation, so that 

the convergence of the error sequence does not depend on where the 

sequence initiates. In other words, it does not matter what the boundary 

values are or how bad the initial guess is, convergence of the recircu

lation algorithm depends only on the interval specified. 

The recirculation algorithm diverges for some simple problems. 

Example 4-1 is a boundary value problem involving a simple linear time-

invariant second-order system with real eigenvalues. The boundary con

ditions are of the simplest possible type and the solution exists for 

all time increments. However, the recirculation algorithm can be expec

ted to converge only when the time interval is less than about seven-

tenths of a second. 

Example 4-1: The system of equations 

has the transition matrix 

0 1 

-2 -3 
x(t) 

*(t) 

2-e 
-t 

1-e 
-t 

2e-t-2 2e~t-l 

-t 
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The one-by-one matrix B(T) is 

B(T) » 2eT - 4 + 2e~T 

The error recursion formula is 

6k+1 - [2eT - 4 + 2e~T]§k 

Convergence is Indicated if and only if 

I B(T) | <1 > T <'£n 2 

The time interval for susceptible problems is 

0 £ T < :fcn 2 SS0.694 

B(T) is the ratio., of successive errors in the estimate of XjCO) when 
the time Increment is T. B. is plotted in as a function of T in 
Fig. 26. Figure 26 also contains a plot of the minimum.number of 
iterations necessary to reduce the error by a factor of ten as a 
function of time. 

4.6 Quas ilinear1zation 

Quasllinearizatlon is another method for the numerical solutions 

of boundary value problems. It is attributed to Kalaba (1959), and it 

is the subject of a book by Bellman and Kalaba (1965). It has been used 

by Cox (1964) in the derivation of a sequential least-square filter and 

also by O'Hapand Stubberund (1965) in the development of a nonlinear 

stochastic filter. It Is basically a linearization about a whole solu-

. tion of the nonlinear equations involved in the boundary value problem. 

Therefore, it is limited more by the quality of the initial estimate than 

it is by the duration of the problem. Hence, it is more suitable, for 

the problem of interest in this work, than the recirculation algorithm. 
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Figure 26. Successive Error Ratio and Number of Iterations for 90% 
Error Reduction 
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The method requires the repeated numerical integration of a set 

of differential equations on known initial conditions. Unfortunately, 

these related equations are of much higher order than the system under 

study. Consequently, the algorithm taxes the speed capability of a 

digital computer. The solution of the third order example in Chapter 

Five Illustrates the inferiority of quasilinearization to the random 

search with regard to computational efficiency. However, linear systems 

may be analyzed quite readily by the quasilinearization program. 

Let 

~ x(t) - f(x, t) (4-4) 

represent a system of equations involving an n-vector x, upon WfiTch nonoon-

k th 
current boundary values are imposed. Suppose x (t) is the k estimate of 

the desired solution. Let the estimates corresponding to odd k be solu

tions to the nonlinear equations (4-4). Let the even numbered estimates 

be solutions of the quasllinear equations defined by 

xk+1(t) - Jf(x\t)[xk+1(t)-xk(t)] + f(x\t) V '(4-5); 
where" J is the Jacoblan of f. Equation (4-5) is a linear time-varying 

k+1 
equation in x with a solution given by 

x (t) - $ (t)x (o) + w (t) 

where $(t) is the transition matrix -and solves 

 ̂*k(t) - Jf(xk,tHk(t) 
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subject to 

lr 
$ (o) • Identity Matrix 

and w (t) is the particular solution of eq. (4-5) subject to 

wk(o) • 0 

Suppose boundary conditions are specified at t « 0 and t = T. 

The final and initial states of the quasilinear variables are related by 

the solution of the quasilinear equations as given by 

xk+1(T) = $k(T)xk+1(o) + w(t) (4-6) 

Equation (4-6) may be solved for the unknown boundary conditions once 

and w are determined. 

The procedure is to alternately generate solutions of the non

linear equations and solutions of the quasilinear equations which satisfy 

the boundary conditions. The former approach the desired solution to the 

boundary value problem. 

If the system is linear eq. (4-4) reduces to 

xk(t) - A(t)xk(t) 

and eq. (4-5) becomes 

.̂xk+1(T) - A(T)[xk+1(t)-xk(t)] + A(t)xk(t) - A(t)xk+1(t) 

Since the linear and quasilinear equations are identical, both have the 

same solution. Therefore, linear systems are susceptible to the method 
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in exactly one iteration. Convergence is not guaranteed for nonlinear 

problems. However, the algorithm typically converges or diverges in a 

few iterations. 

Consider a system described by 

x(t) - f(x(t),t) 

where RC is given by 

RC - { x | x1 £ M } 

and the shape function is given by. 

S(x) - xtBx 

where B is a constant symmetric matrix. The relevant Euler-Lagrange 

equations as presented in section 4.4 can be represented by a partitioned 

equation 

d_ 
dt 

where y is the reverse system state and p is the related adjoint vector. 

The quasillnear equations are ' 

yk(t) , 

r > "l 
f(yk(t),t) 

Pk(t) 0 pk(t) 

d_ 
dt 

k+1,... y (t) 

k+l, » 
LP (t). 

- f(yk»pk»t) 

k+l k y -v 
~k+f V 
LP -P JT(ŷ t) 

L_ f ~ _ 

where F is defined by 
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F(y,p,t) 
-Jf(y,t) j 

| 

0 

JfT (y,tt) 

It is convenient to partition the equations further as given by 

y(t) 
y,(t) 

T(o" 
. p J 

?(t) 
Pĵ Ct) 

p (t) 
_ ~p _ 

where the y and p̂  are the parts of y and p which remain when ŷ  and p̂  

are deleted. The solution of the quaslllnear equations in terms of this 

finer partitioning become 

k+1 y. (T) 

k+l/N,V yp (T) 

Pl+1(T) 
M ^ 

k+1 
Pn (T) 
j*-P 

The final states of y and p can be algebraically eliminated from the 

solution by use of the terminal conditions 

*1 *2 
0 0 M wi 

*3 *4 
0 0 k+1, . 

y_ (o) 
-p_ _ _ %2 

*5 +7 *8 
k+1. . 
Px (o) 

+ 
w3 

*9 *10 : >11 *12 
n w4 

k+1 /f_N Px (T) 

k+1 /rnX pp m 

. k+1 ' By (T) » 
bl j b2 

k+1 
yx (T) 

_b
3 | b4_ 

k+1,_N 
_yp _ 

to obtain 
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-<f>-

-<J> 10 

bl*2+b2*4~*6 
k+1, » 
Pn (o) 

k+1, * 
dp (o)_ 

Mb i <() i+b î ŵ b 2 <J> jM+b 2-<f> 5M-W 3 

b 3 î M+b 3w1+b4 <|> 3M+b4w2-(|)gM-w4 

Substitution of the computed transition matrix and particular solution 

into the equation above yields a set of linear algebraic equations with 

constant coefficients involving the unknown initial conditions. The 

solution of these algebraic equations produces the initial conditions for 

the following nonlinear trajectory. These initial conditions are 

unchanged between successive iterations when the algorithm converges. 

If more complicated RC boundaries are specified, then it may not 

be possible to enforce the boundary conditions on the quaslllnear equa

tions by simply solving linear algebraic equations. For example, if the 

RC boundary is a hyperconical surface, then it is necessary to solve a 

generalized eigenvalue problem at each iteration of the ouasilinearization 

in order to enforce the boundary conditions. 

4.7 Conclusions 

Two algorithms are presented above for solving the excursion 

stability analysis problem. One of these methods, the random search, is 

based on a reformulation to a parameter optimization problem. Alterna

tively, the stability problem may be reformulated as a variational prob

lem, and the evolving boundary value problem may be solved by quasi-

linearlzation. The random search program is discussed in section 4.3. 

The parameter usually has a dimension of n - 1 for an ntb order system. 
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The use of quasilinearization to solve the Euler Lagrange eciua-

tions is discussed in section 4.6. The algorithm requires the repeated 

2 
initial value integration of a (4n +,4n>-order set of differential 

equations. It is necessary to solve the Euler-Lagrange equations repeat

edly for varying durations to solve the stability problem. 

The Euler-Lagrange equations cannot be solved by use of the 

recirculation algorithm. The algorithm is not likely to converge when 

the duration of the boundary value problem is at all long. This tendencv 

was observed experimentally aid also verified, for linear problems, by an 

error analysis which appears in section 4.5. 

A number of simple examples are discussed in the following chapter. 

These are solved by the random search, and also by quasilinearization. 

It is anticipated that the random search is more efficient than quasi

linearization with regard to computer run time since the order of the 

equations in the quasilinearization program is so high. The program is 

also more complicated. It requires about two hundred Fortran statements 

compared to approximately one hundred for the random search. Neither 

program requires more,than a few thousand words of memory for both pro

gram and number storage. 



Chapter Five 

Examples 
/ 

5.1 Introduction 

The computational algorithms developed in Chapter Four are tested 

and compared in this chapter by discussing actual computer solutions of 

several examples using both the random search and the quasilinearization. 

The programs were carried out on an IBM* 7072 digital computer. 

Solutions of several simple second order examples are summarized 

in section 5.2. These examples are taken from Chapter Three. The approx-
« 

imate regions of excursion-stability for the examples are obtained in 

Chapter Threfe without the use of the computer so that the computer results 

may be verified. The solution of the same examples using both algorithms 

« 

produces data for comparing the algorithms on a quantitative basis. 

A complete analysis of a third-order system is discussed in-sec

tion 5.3. The control system under study involves a singly-excited 

electromechanical transducer. The transducer is highly nonlinear and the 

describing equations are not amenable to analysis using the extended 

methods of Popov. Attempts to find a suitable Liapunov function have 

also been unsuccessful. The analysis begins with a physical description 

of the system and the manner in which the constraint region and shape 

function are selected is discussed. 

93 
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5.2 Simple Examples 

Examples 3-3, 3-4 and 3-5 involve linear time-invariant systems. 

Example 3-3 is analyzed in Chapter Three where it is presented as an 

example of an approximately maximal system which is not maximally stable. 

The equations are 

 ̂x(t) - Ax(t) » 
-1 

-1 -2 

x(t) 

Example 3-4 is a linear system with real eigenvalues which is not approx

imately maximally stable. The equations for example 3-4 are 

1 -1 

6 -4 
x(t) 

Example 3-5 is a linear system with complex eigenvalues which is not 

approximately maximally stable. The equations are 

0 1 

-2 -2 

x(t) 

The constraint region is the same for all three problems, namely 

RC - {x | x1 < 1} 

The shape function is 

S(x) - x x 

The random search is conducted by integrating the reverse equations 



y(t) = -Ay(t) 
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starting at ŷ  • 1 and ŷ  equal to the trial parameter. The quasillnear 

equations for the variational method are 

d_ 
dt 

k+1, . y (t) 

p (t) 

-A 
k+1/^ y (t)  

p (t) 

Both the random search and quasilinearizatlon are applied to all 

of these examples. Both methods yield stability regions which agree well 

with the stability regions calculated analytically in Chapter Three. The 

essential results are summarized in Table 1. In each case the run time 

for the random search is about half that required for solution of the 

boundary-value problem. The order of the computational task Increases 

approximately according to the square of the system order for quasillnear 

2 
ization, because (4n + 4n) equations are involved. The random search in

volves only one more parameter for each new state variable, so that the 

order of the computational t̂ ask increases approximately linearly with 

the system order. Table 1 shows that the random search is superior to 

< 

quasilinearizatlon for second-order systems. The use of variational 

techniques is, therefore, not recommended until more efficient algorithms 

'are developed, for the solution of boundary value problems. 

Several other interesting observations ar6 apparent from the 

table. The quasilinearizatlon converged in one Iteration for the time 

invariant linear problems as predicted In Chapter Four. The random 
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TABLE 1 

COMPARISON OF QUASILINEARIZATION AND RANDOM SEARCH 
METHODS AS APPLIED TO THE EXAMPLES OF SECTION 5-2 

Example Number 3-3 3-4 3-5 3-6 

Run Time for Random Search on 
IBM 7072 

1 1/2 
minutes 

1 1/2 1 1/2 6 

Run Time for Quasilineariza-
tion on IBM 7072 

3 
minutes 

3 3 11 

Average Number of Quasillnear 
Iterati6ns 

1 1 1 3 

Number of Random Trials 
Attempted throughout Program 

188 135 244 116 

Number of Trials before last 
Success Occurred 

63 36 85 32 
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search program obtained the critical point in approximately thirty-five 

trials, but it continued for a hundred or more trials before it reached 

a program stop. Therefore, the random search spent most of its time 

verifying rather than seeking the global minimum. 

The run times are approximate and include compilation time. The 

compiler is in Fortran II and is conducted on an IBM 1401. The program 

is rim on an IBM 7072. The duration increment separating members of the 

sequence of boundary value problems is 0.1 seconds. The random search 

limited evaluations of the reverse trajectories to a maximum of 6 seconds 

and the quasilinearization was limited to 2 seconds. Some program con

stants relevant to the random search, as defined in Chapter Fotir, are 

listed below as they are used in the random search program. 

Initial Noise Variance 0.01 

Maximum Number of Trials 300 

Variance Reduction Factor 0.8 

Minimum Step Size 0.005 

Maximum Number of Successive Failures 
in Local Mode 10 

Portion of Bias Retained at each Success 75% 

Maximum Shape Function 10 

These selections are made largely on the basis of the experience of 

G. A. Bekey (1964). 

Table 1 also summarizes the results of application of both methods 

to example 3-6, which is nonlinear and contains an unstable limit cycle. 

The reverse equations for the random search are taken directly from 

Chapter Three. The quasilinear equations are obtained from these 
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reverse equations by application of eqn.(4-5). The reverse equations 

are 

-1 
1 
2 

-1 

y(t)+[4ŷ (t)+y2(t)]~ 2 y(t) 

where the superscript k has been deleted. The Jacobian matrix is 

1 2 

-2  

+ ̂ ŷ CO+yjjCt)]- 2 

ŷ1(t)y2(t) 

y1(t)y2(t) -4v*(t) 

The adjoint equations are 

fj: pCt) = Jf(y)p(t) 

The elements of the matrix F in the quaslllnear equations are listed below, 

after deleting time arguments 

RAD V4yJ + 
2 

*2 

Fu - -1 + y\ RAD3 

F12 " " 2 " 4"l"2 m3 

Fu - 0 - Fu 

F21 " 2 - EAD" 

F22 - -1 + 4y* RAD3 

p • 0 * F 
23 u *24 
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F32 ** ~̂2̂ iy2iyip2̂  RAI>3 "12yl̂ yly2pl"4ylp2'' RAI)5 

F33 - i-y* sab3 

*34 - -2 + yny, RAD r 2 

F41 " ̂ 4ply2~ 8p2yl̂  RAI)3 ~ 3y2̂ yly2p2~y2pl̂  RAI>5 

F42 " 4plyl 3y2̂ 4yly2pl"4ylp2) RA1)5 

F43 ° 2 + 4yly2 ̂  

F44 " 1 " 4yl ̂  

The linear terms in the quasilinear equations are 

[F] 
k+1/*v y (t) 

k+ly . N JL <t>. 

The equivalent forcing functions in the quasilinear equations are 

ul(t) 

u2(t) 

u3(t) 

u4(t) 

-3yxy2 RAD3 + y]L RAD 

-3ŷ y2 RAD3 + y2 'RAD 

*"2yly2p2~2y2pl̂  RAI}3~ 36yi tyiy2p2~y2pl̂  RAI)5 

-4p1(P1y2+P2yi> RAD3+ ̂ 2?! fyiy2p2~y2pl-' RAI>5 

The equations above illustrate the fact that the quasilinear 

equations become very cumbersome when the system equations are nonlinear. 

5.3 Analysis of a Control System 

The system analyzed in this section involves a singly-excited 

electro-magnetic transducer, a third-order system with several product-
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type nonllnearitles. It makes an excellent example for the demonstration 

of excursion stability analysis for a number of reasons. The constraints 

which must be satisfied are visible, as the mechanical shaft of the trans-

ducer has a limited range of translation. The nonllnearitles are severe 

enough so that they.cannot be ignored. Since there are product-type 

nonllnearitles, the Popov methods are not applicable. The equations are 

rather cumbersome so that it is very difficult to find a Liapunov func

tion for the system equations, if it is possible to find such a function 

at all, even though the system is only third-order. 

The closed loop system consists of the transducer itself, a 

mechanical load composed of a linear spring and linear friction, and a 

controller which selects the e.m.f. applied to the transducer coil on the 

basis of measurements of the coil current and the shaft position. The 

control law is selected on the following basis. First of all, a nonlinear 

term with a large coefficient Is cancelled from the equation by way of the 

control function. The remainder of the control law involves a linear 

combination of the measurable states with the coefficients selected by 

synthesis of the linearized system. The analysis is also repeated with 

the nonlinear feedback term removed for comparison. The transducer itself 

is cylindrical in shape. A section of the transducer is shown in Fig. 27. 

The system is being analyzed for its quality as a regulator. The 

desired shaft position is halfway between the mechanical stops. The stops 

are placed to prevent the shaft from slamming into the pole piece and to 

prevent the. inside end of the shaft from moving past the Inside edge of 

the shaft bearing. These limits on the shaft position define the con

straint region. 



CAST STEEL 

brass' 
stop» 

Figure 27. Singly-Excited Transducer 
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The describing equations for the transducer are obtained by White 

and Woodson (1959) using Lagrangefe equations. The system is also dis

cussed by Schultz and Melsa (1967). The equations are 

j2 J 
M —j + a dt ~ fe " 0 C5-1) 
dt 

.(t) - Ri(t) + ~ i(t) + 3X̂ 'X?  ̂x(t) (5-2) 

f „ f1 3X(Y.'X-) 
"e j 9x : <5-3> 

o 

where x and i are the length of the variable portion of the air gap and 

the current in the coil respectively. M is the mass of the shaft. Kg 

and alpha are the proportionality constants for the linear load. The 

fixed portion of the air gap is denoted by d. D is the projected value 

of x for which the load spring is relaxed. The e.m.f. Imposed on the 

coll is e- and the coil resistance is R. Lambda represents the flux link

ages in the coil. If the iron has a high permeability and saturation 

level, then the flux linkages in the coil are given in MKS units by 

„ 0.081N2i(t) . 
A 2+100x(t) . C5 

Suppose M is one kilogram, Kg is one newton per meter, alpha 

is one newton per meter per second and D and d are both two centimeters. 

The state equations for the open loop system are then obtained by sub

stituting eqn. (5-4) into eqn. (5-3) to obtain 
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df *l(t) " *2(t) 

0.0405N2x?(t) 
-r- x»(t) » -x.(t) - x_(t)+2 — 
dt 2 1 2 (2-tê t))2 

 ̂x3(t) - (x1(t)+2)/C0.08lN2)[100e-Rx3(t)]+x2(t)x3Ct)/2-H{1(t) 

where x̂  Is equal to x in centimeters, x2 is the first time derivative 

of x in centimeters per second and x̂  is the coil current in ten-milliamp 

units. The turn count N is expressed in thousand-turn units. 

If the maximum allowable variable portion of the air gap is two 

centimeters, then the median position is when x̂  equals one. At equili

brium all time derivatives must be zero so that 

0 " x2 

0.0405N2x2 

0 - -1 - x„ + 2 - — 2 2 
L (2+1)' 

o -
0 = (100E - Rx„) + 

0.081N J J 

where E is the equilibrium value of e. These equations show that the 

equilibrium values of the state variables are 
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x! = 1 x2 = 0 x3 = N~ 

and also that the equilibrium value of e must be 

E = 0.15 § 
N 

The following transformation shifts the equilibrium point to the origin 

1 
x2 * x2 

1 15 
x3 " X3 " N 

u «= e - E 

If this transformation is performed, and the primes are dropped for con

venience, the equations become 

• 0 10 
• 

" o  0 

lfx(t) " 
- i -1 -0.133N x(t) + R2 + 0 

n 5 37R 
0  N  "  2 

_  N 
g3 u 
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where 
-3x2 + 0.8NXJX,J - 0.04N2x2 ~ "3 xj* 

+ 3)2 

X2X3 " N X1X3 n, R 
"3 xx + 3 - 12-34 N? 13 

The closed loop system is formed by feeding x̂  and x̂  back to u 

according to the control law 

u(x) • 7.15x1 + 374x, + 12.34 -̂ r x.x. 
N 

The linear feedback coefficients have been selected so that the linearized 

system for R » 10 and N = 1 has two critically damped poles and one real 

pole well into the left half plane. The characteristic equation for the 

linearized system is 

S3 + (1 + 37R)S2 + (1 + 37R)S + (12.3R - 0.951) - 0 

The nonlinear term In the control law is inserted to diminish the effect 

of the nonlinearity in the x̂  equation by cancelling the analogous term 

in ĝ . The analysis is repeated without this nonlinear feedback to 

demonstrate its effectiveness. 

The shape function is determined by assuming the following 

relationship between the probable disturbances in all three states. The 

disturbances in are likely to be approximately 50% larger than those 

in x̂ . Moreover, it is likely that disturbances in the first two state 

variables accompany one another and that they occur with the same 
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polarity. If something pushes momentarily on the shaft, then It causes 

a translation of the shaft from equilibrium and also causes the shaft 

to acquire velocity In the same sense from equilibrium. The disturbances 

in the electrical circuit are expected to be, on the average, only about 

one-third of the probable -x.̂  disturbances. These weightings are con

sidered in the establishment of the following shape function 

S(x) • 2x̂  + (x1~x2)2 + 10xj 

3 -1 0 

-1 1 0 

0 0 10 

The constraint region is 

RC =» {x I I 1} 

so two separate runs are made on the problem. First the constraint in 

xx < 1 

is Imposed and then the problem la rerun with the constraint 

X1 >_ -1 

The smaller approximate region of the two solutions obtained above is a 

region from which neither constraint is violated. 

The results are obtained with two minutes of running time on each 

constraint. The limiting constraint is 
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which is the prevention of hitting the pole piece. The value of the 

shape function on the boundary of the approximate stability region is 

0.640. The critical point Is at 

x̂  » -0.565 x2 • -0.551 x̂  • 0.001 

The critical point for reaching the other constraint is 

x̂  • 0.971 X2 = 1.003 x̂  • 0.002 

at which the shape function value is 1.886. 

If the nonlinear term In the control law is removed, then the 

same constraint limits the stability region and the critical point is at 

x̂  = -0.382 X2 0 -0.570 x̂  • 0.001 

which has a shape function value of 0.474. The desirable effect of the 

nonlinear feedback is now evident from the significant decrease in the 

excursion stability region in its absence. The evaluation of the region 

in the modified case again took two minutes on each constraint. 

The solution of this example by quasilinearization is not 

reported. The reverse equations are 

dt *1 " "*2 

d 1 , i n . . .  1  
li H " 3 V72+0'133y3 ——5 

(yj + 3) 
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d y2y3 " 5yly3 
dt y3 - 7*15yl + 5y2 + 3y3 " y' + 3 

and the Jacoblan matrix has the following elements 

J11 • J13 " 0 J12 " 1 

J„ - - i - (0.8y,y- - O.OAy? - y? - 3y?) 2 
21 3 3 3 _,7l, ̂  

0.8y3-2yJ-6y1 

(y-i + 3)2 

J22 " -1 

0.8ŷ  - 0.08y3 
J., = -0.133 + 9 

(yx + 3)2 

5y3 ^3 
J„, - -7.15 + - -
31 ' (yx + 3) (Yl + 3)2 

y3 J00 = -5 + J 

32 - T (y;L + 3) 

y2 " 5yx 
- -3 + z . - x 

33 y1 + 3 

The quaslllnear equations are grotesquely elaborate. There Is little hope 

that the method would converge for long. For example, the fourth row 

first column element of the F matrix Is 
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3 3 
F41 ' P2 3yx J21 + P3 ay.,̂  J31 

This situation emphasizes another advantage of the random search. 

The random search requires only that the system equations be programmed 

for solution. In contrast, quasilinearization requires the preparation 

of very cumbersome equations if the nonlinearities are nontrivial and 

the order is anything past two. 

5.4 Conclusion 

The examples discussed in this chapter illustrate that the random 

serach is easy to use and reasonably efficient. The quasilinearization 

is considerably less efficient and more difficult to use. The random 

search is a more powerful tool. The computation time definitely increases 

with the system order, but a more dramatic cause of high computation time 

is the presence of an unstable limit cycle. The reason for this effect 

is that the reverse of an asymptotically stable trajectory quickly diverges 

from the origin so that the shape function increases rapidly and the min

imum shape function value along the trajectory is quickly evaluated. 

However, an unstable limit cycle becomes a stable limit cycle for the 

reverse equations so that many reverse trajectories linger in the vicinity 

of the origin for a long time before the program is confident that the 

trajectory won't approach the origin. 

The availability of fast digital computers would make it possible 

to consider far larger examples on a digital program. However,.to con

sider very high-order examples, it is necessary to reduce the time re

quired for integration of the reverse equations. A hybrid digital analog 

facility is ideal for this purpose. 



Chapter Six 

Summary and Conclusion 

6.1 Introduction 

This chapter contains a summary of the entire work and lists some 

first thoughts related to possible extensions of this research. The 

summary is contained in section 6.2. The extensions of the work fall 

into three categories. The analysis might be broadened to consider a 

more general environtent or a more general class of systems. For example, 

distributed parameter systems have not been studied. The analysis of a 

system under the influence of continuous disturbing forces is suggested 

by the variational formulation of the excursion stability problem. This 

possibility is considered further in section 6.3. Another category of 

extensions arise from interest In the related synthesis problem. A num

ber of approaches are possible. One suggestion relating to synthesis 

procedures is discussed in section 6.4. Finally, the variational algorithm 

might be made more efficient so that the analysis can be executed on a 

totally digital program. The possibility of directly determining the 

locus of terminal points of the optimal trajectories is considered in 

section 6.5. 

6.2 Summary 

The basic objective of the study is to revise stability analy

sis techniques so that they are more useful and more easily conducted. 
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Stability analysis is broken down into two questions in Chapter One. 

How should stability be defined? How can a given system be tested for 

stability? In Chapters Two and Three it is suggested that a system 

should be considered stable if it satisfies the most rudimentary opera

tional requirements. These qualifications are adequately expressed in 

terms of state-space constraints for regulator systems. The system is 

considered stable if the disturbances which are likely to occur leave 

the system in such a state that the constraints are not violated. 

The analysis problem requires finding the states from which the 

free system does not violate the specified constraints. This problem is 

solved by reformulation to a previously studied problem and Invoking 

existing techniques. Simplifications or methods which Inherently or 

effectively limit the order of the systems which are amenable to analysis 

are avoided. It is suggested that the problem be reformulated as a 

parameter optimization problem. The parameter optimization may be per

formed by a random search. Third-order problems may be studied on a 

digital computer. Higher-order problems are most easily handled if a 

coupled analog computer is available to integrate the differential equa

tions. Another possibility is to reformulate as a variational problem. 

The problem is well defined and leads to a set of two-point boundary 

value problems which must be solved to find the stability region. The 

solutions to the boundary value problems are not easy to obtain. The 

variational formulation is, however, an interesting one and it suggests 

a modified analysis. 

The boundary value problems referred to above are attacked with 

the recirculation algorithm and quasilinearizatlon. The former is 
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shown to be unsuitable for the problem of Interest. Quaslllnearlzatlon 

yields results at high computational expense. There are many factors 

contributing to this high cost. The order of the boundary value problem 

is twice that of the system under study and a whole sequence of boundary 

value problems must be solved. Quasilinearization requires the repeated 

initial value integration of differential equations many times the order 

of the system studied. This order magnification rate increases rapidly 

as the system order increases. 

The emphatic Increase in computational efficiency which the ran

dom search enjoys over quasilinearization, as applied to the stability 

problem, Is' demonstrated by several examples presented in Chapter Five. 

However, before either program can be initiated a great deal of informa

tion about the system under study must be accumulated. The selection of 

RC requires a careful study of the basic limitations of the system being 

controlled. The selection of the shape function requires some knowledge 

of the disturbances to which the system is likely to be subjected. How

ever, if the system limitations are to be meaningfully considered in the 

analysis, then there is no alternative to obtaining a detailed descrip

tion of the system. 

If the system limitations are important enough for consideration 

in analysis, then they are certainly no less important in system synthe

sis. System design techniques based on excursion stability would be 

valuable to the engineer. Expanded applicability and Improved efficiency 

of the methods developed in this work are also interesting problems for 

f̂uture study. These extensions are considered briefly In the remainder 

of the chapter. 
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6.3 Stability In the Presence of Amplitude Bounded Disturbances 

The variational problem associated with excursion stability analy

sis Is solved in terms of a boundary value problem by application of the 

maximum principle in Chapter Four. The equations are 

jfc y(t) = - f(y(t),t) 

 ̂p(t) = Jf(y(t),t)p(t) 

and the boundary values are 

G(y(o)) - 0 

VyG(y(o)) - p(o) 

VyS(y(T)) - p(T) 

There are states from which unstable trajectories may emanate when a 

certain disturbance Is present even if those states are stable in the 

absence of continuous disturbances. The disturbances, therefore, reduce 

the size of the approximate stability region. Let u be the vector dis

turbance which reduces the stability region the most. Suppose the dis

turbance vector must satisfy the following amplitude constraint 

I I 
< 

- The worst case trajectory solves 

~ y(t) - -f(y(t),t) + u(t) 
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 ̂p(t) = Jf(x(t),t)p(t) 

subject to the same boundary conditions stated above. The disturbance, 

u, is some function of the adjoint variables In the absence of sin

gular solutions 

ui • uimax Slgn ("V 

The constraint on the forcing function usually causes the worst 

case disturbance to be an on-off function. 

The amplitude constraint seems to be a natural one, but other 

constraints on the disturbance function might be of interest. Some possi

bilities are constraints on the time derivative of the disturbance or 

constraints on its frequency content. 

6.4 Terminal Point Loci 

There is a possibility that the sequence of boundary value prob

lems evolving from the variational approach to the stability problem 

might succumb to more efficient algorithms than those which are available 

for solving each problem in the sequence individually. The useful infor

mation in the solution of any one of the problems is exhibited in the 

terminal value of the reverse variables. If the terminal points of the 

solutions of. the boundary value problems were known, then the whole 

problem of finding RS(S) would effectively be solved. It is possible 

to obtain a set- of differential equations which contain the locus of 

terminal points as a part of their solution. Unfortunately, the 
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equations also involve several other variables for which the initial con

ditions are not apparent. If someone should uncover a method of estima

ting the initial value of these related variables, then it would be 

possible to obtain the whole locus of terminal points from a single 

initial value problem. 

The locus equations are heuristically obtained by applying the 

technique of invariant imbedding to the sequence of boundary value prob

lems. The development presented below follows the plausibility argument 

for nonlinear estimation filter equations by Detchmendy and Sridhar (1965). 

The boundary value problems involve the reverse variables y(t) 

and the adjoint variables p(t). The adjoint variables are replaced by a 

variable, given the symbol z(t), as indicated below 

z(t) - p(t) - By(t) 

where B is a symmetric nxn matrix which occurs in the definition of the 

quadratic shape function 

T 
S(x) • x Bx 

The restated boundary value problem Involves y(t) and z(t) in the equa

tions 

y(t) = -f(y(t),t) 

z(t) » Jf(y(t),t)[z(t)+By(t)] + Bf(y(t),t)»g(y»z,t) 

The boundary conditions become G(y(o)) =» 0 
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VyG(y(°)) » z(o) + By(o) 

z(T) 

Let r(w,T) represent the terminal value of y when the final condition 

above is replaced by the more general condition given by 

z(T) - w 

If the relevant differential equations are integrated past the indicated 

terminal condition for a very short time interval AT, then the resulting 

states of y and z are given to within a first order approximation by 

Ay(T) » Ar(w,T) - - f(r(w,T),T)AT (6-1) 

Az « g(r(w,T),w(T),T)AT (6-2) 

A Taylor Series expansion of the function r(w,T) truncated after the 

first-order terras gives 

Ar(w,T) - 3ĝ T') Aw + AT (6-3) 

Substituting eqn. (6-2) into eqn. (6-3) and equating to eqn. (6-1) gives 

< 

-f(r(w,T),T)AT = g(r(w,T),w,T)AT + AT 

Divide both sides of the above equation by AT and let AT go to zero. The 

higher-order terms which were ignored above vanish, and the following 

partial differential equation remains 
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-f(r(v,T),T) " 3r<y §(?<y»T)>?»T> + 9g3T>T) (6"4> 

The r(w,T), f(r(w,T),T) and g(r(w,T) ,w,T) are expanded about w equal 

zero, the result is 

r(w,T) - r(o,T) + w » R(T) + Q(T)w 

w=0 

f(r(w,T) ,T) - f(R(T),T) + Q(T)w g(r(w,T),v,T) 

g(R(T),0,T) + Q(T)w 

These expansions may be substituted into the partial differential equation 

to obtain 

-f(B(T),T) - 3̂ S(T),T) q(t)̂  - q(T)g(R(T),0,T) 

3g(R(T),0,T) dR(T) , . 
+ Q(T) 3r Q<?>S + "It + dT * 

Equating like powers of w yields 

dR(T) 
-f(R(T),T) - Q(T)y(R(T),0,T) (6-5) 

-3f(R(T),T) 3g(R(T),0,T) 
 ̂ Q(T) - Q(T) ~ ~ 3R Q(T) +22111 (6_6) 

In terms of the,original equations, eqn. (6-5) and eqn. (6-6) reduce to 



» -f(R(T),T)-Q(T){j-(R(T),T)BR(T)+Bf(R(T),T)} 
dT ~ ~ r ~ 
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(6-7) 

where 

dqill « _ q(T) _ Q(T)h(R(T),T)Q(T) (6-8) 

h(R(T),T) - {Jf(R(T),T)[w+BR(T)] + Bf(R(T),T)} 

w"»0 

The square matrix Q(T) satisfies eqn. (6-8). The simultaneous solution 

of eqn. (6-7) produces the desired terminal point locus. The initial 

conditions on R(T) are the solutions of a zero-interval boundary value 

problem. That is, R(0) is available from the solution of an algebraic 

equation. However, Q(0) is not readily available. If a number of solu

tions of the original sequence of problems are. available, then Q(0) may 

be computed by solving an(n + !0-point boundary value problem involving 

eqn. (6-7) and eqn. (6-8). This multipoint boundary value problem involv

ing such a high-order system is more of a computational task then the 

solution of the original sequence of two-point problems. 

There may be an easier way to obtain the initial value of Q(T). 

If such an evaluation can be made, then the technique outlined above can 

be used to solve the stability problem quite efficiently as well as 

solving many other problems which can be reformulated as a sequence of 

boundary value problems.' 

i 
6.5 Synthesis 

The ultimate objective of control engineering is to select a 

control policy for a given system on the basis of a meaningful goodness 



119 

criterion. If the extent of the region of excursion stability is suitable 

for system evaluation, then it should also be a useful criterion for 

system design. 

An obvious extension of the stability analysis techniques to the 

synthesis problem would be to optimize the selection of design parameters 

on the basis of the size of the approximate region of excursion stability. 

A straightforward way of making such a selection is to use the random 

search technique outlined in Chapter Four. The extent of RS(Sj is graded 

in terms of design parameters, v by evaluating the shape function at the 

critical plont associated with a particular v such as 

The choice of v which maximizes the function above is an optimum design. 

A more general design problem requires the selection of the 

structure of the controller. It would be interesting to determine when 

and how a system could be made maximally stable. It is sometimes neces

sary to- compromise in the selection of RC if maximal stability is to be _ 

achievable. For example, consider a second-order system described in 

phase variables with an inequality constraint on x̂ . If the control 

policy affects the time derivative-of X2 only, then it is not possible 

to prevent trajectories from escaping from RC in the upper half of the 

phase plane where x̂  Is always increasing. 

The chances of forcing maximal stability appear to be enhanced 

if the constraint region is 'hyperconical. Suppose a system is described 

by 

~ x(t) » f(x(t),t) + bu(x) 
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where the constraint region is given by 

T 
x (t)Ex(t) <_ 1 (E symmetric) 

and the control law u(x) is under the discretion of the designer. The 

direction of penetration of the RC boundary by system trajectories is 

given by the sign of the state function D(x) defined below 

D(x) = xT(t)E f(x(t),t) 

The control law desired can be selected as follows. At points along the 

RC boundary where D is negative, let u be zero. At points where D is 

zero on the RC boundary but 

xT(t)E WO 

then let u be given by 

M . _ (la) /(t)E{(;;(t) , t )  

x (t)Eb 

If there are points on the RC boundary where 

xT(t)Ef (x(t) ,t) ̂  0 and xT(t)Eb «= 0 

then there is no choice of bounded u which will force maximal stability. 

The selection of the control law for points inside RC can be made so that 

the behavior in RC is acceptable. 
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The discussion above does not detail a procedure for establishing 

a control law, but it does outline some of the possible methods which 

might be studied. The selection of u on the boundary is not unique. 

Perhaps in some cases it is possible to devise a control law which is 

independent of some of the state variables thus allowing some transducers 

or estimation schemes to be eliminated. 

It would be beneficial to study a simple design problem on the 

basis of excursion stability and to correlate the size of RS(S) with 

other characteristics of the design such as the eccentricity of the tra

jectories or the settling time to the origin from certain disturbed states. 
I 

6.6 Conclusion 

The novelty of this study among other works in stability analysis 

is a consequence of the awareness of two premises. One premise is simply 

that the differential equations are not adequate to. describe a control 

system for engineering purposes. The physical limitations of the system 

and the nature of the disturbing influences should also be represented 

in some quantitative fashion. The other premise is that problems which 

are complex enough to justify use of the computer should be formulated 

at the outset in terms of representations and methods which are natural 

•to the computer. Analytical methods for finding V-functions are difficult 

to modify for numerical computation. 

The degree to which these premises have ultimately guided this 

work cannot be immediately determined, but each premise Is believed to 

restate sound engineering principles which are worthy of consideration 

by other students of stability analysis. 
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