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ABSTRACT 

The technique of the calculus of variations is 

applied to the problem of Lagrange formulated in the modern 

notation using state and control variables. The necessary-

conditions for optimal control are developed for problems 

which include state and control variable constraints in 

addition to the usual dynamical equations of constraint. 

In this development, the variations of the state variables 

are related to the variations of the control variables 

through the dynamical equations of constraint and, where 

applicable, through the state and control variable equa

tions of constraint. 

The solution to the optimal control problem with 

state and control variable inequality constraints is shown 

to consist of a trajectory which includes several sub-arcs, 

"those where the inequality is satisfied, and those where 

the inequality becomes an equality. These sub-arcs satisfy 

the necessary conditions mentioned above. A generalized 

corner condition is developed which must be satisfied by 

the sub-arcs of an optimal trajectory at their junction 

points or corners. This corner condition reduces to the 

Weierstrass-Erdmann corner condition for unconstrained 

corners,'to the transversality condition at the end points, 

and to the jump condition at the entrance to a state 

x 



variable constraint. The generalized corner condition is 

used to develop necessary conditions for the case where 

several corners are interrelated, the case where a switch

ing function is introduced, and the case where the state 

variables are discontinuous. 

In addition, a necessary condition which must be 

satisfied in order for one or more control variables to be 

discontinuous across a corner is developed using a modifi

cation of the classical Weierstrass E function. 

Example problems which include state variable 

inequality constraints, interrelated corner points, and an 

illustration of control variable behavior across a corner 

are included. 



CHAPTER I 

INTRODUCTION 

The problem of selecting the path or trajectory 

which will maximize or minimize some quantity is known as 

an optimization problem. This kind of problem has been of 

interest to mathematicians and engineers ever since 1696 

when John Bernoulli suggested his famous brachistochrone 

problem. Bernoulli was concerned with finding the path 

between two fixed points such that a particle acting only 

under the influence of gravity would move between the two 

points in minimum time. 

Shortly after Bernoulli posed the brachistochrone 

problem, two variations of optimization problems were 

presented. In addition to selecting an optimum path, it 

was also necessary to satisfy specified constraints along 

the selected path. The problem of geodesies, for example, 

requires the finding of a line of minimal length constrained 

to lie on a given surface and joining two points on this 

surface. A slightly different constraint is illustrated by 

the isoperimetrical problem, concerned with finding a 

closed curve of given length, encircling the greatest 

amount of area (1,2).* 

^Numbers in parentheses refer to list of references. 

1 
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The above examples illustrate three levels of 

constraint imposed on the optimal (or non-optimal) path. 

The brachistochrone has no constraint at all except that 

the path pass through two fixed points. The isoperi-

metrical problem requires a path of given length but does 

not restrict its shape and is an example of an indirect 

constraint. The geodesic problem, on the other hand, 

actually constrains the path to a particular surface and is 

an illustration of a direct constraint, a constraint which 

reduces the degrees of freedom of a problem. 

The mathematical technique developed to treat 

optimization problems such as those mentioned above was 

pioneered by Euler and Lagrange in 1744 and 1766, respec

tively, and is called the calculus of variations. The 

application of the calculus of variations to flight 

mechanics was initiated by Robert Goddard when he suggested 

the problem of minimizing the take-off weight of a sounding 

rocket (3). 

In order to effectively apply this optimization 

technique to aircraft and rocket trajectories, several 

additions to the classical theory were required. These 

improvements were necessary in order to handle the new 

types of constraints encountered when dealing with realis

tic engineering problems. 

It is not unusual in engineering problems to have 

several variables with limited ranges. In flight 
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mechanics, lift, thrust, speed, and altitude are variables 

which may have upper and lower bounds. If the solution to 

a particular optimization problem yields a path which does 

not require these variables to exceed their limits, the 

solution is valid and is unconstrained. If an optimal 

solution yields a path which causes any one of these 

variables to exceed its limit, the trajectory is invalid 

and the solution must be reconsidered with the limits of. 

the variable included. Constraints which put limits on the 

variables are called inequality constraints. Valentine (4) 

investigated optimizing conditions for problems with 

inequality constraints in 1937. Earlier work on problems 

with boundaries was done by Weierstrass (2) in 1879. 

Often more than one condition must be satisfied at 

the initial and final points of a trajectory. For example, 

Goddard (3) wanted a particular attitude and payload at the 

final point of the trajectory. In another case an airplane 

might be required to move from one specified altitude and 

velocity to another. Constraints of this kind are called 

initial and final constraints or boundary conditions and 

are related to the isoperimetrical constraint mentioned 

previously. A general application of this type of con

straint is that specified conditions on the variables be 

satisfied at several intermediate points on the trajectory 

as well as at the endpoints. Denbow (5) modified the 

classical calculus of variations approach to allow the 
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treatment of problems with intermediate boundary condi

tions . 

Occasionally the mathematical model used to 

describe the system to be optimized requires trajectories 

with discontinuous slopes. Such is the case of the minimum 

time-to-climb problem investigated by Heerman and 

Kretsinger (6). Points at which the slope of the trajec

tory is discontinuous are called corner points, and solu

tions containing such points are called discontinuous 

solutions. These solutions have been treated extensively 

in the development of the calculus of variations. Graves 

(7) has reviewed work in this area up to 1930, including 

the initial work by Wierstrass and Erdmann in 1865 and 

1871, respectively. Recently work has been done to include 

trajectories with discontinuous variables into the realm of 

acceptable solutions. Lawden (8) discusses the problem in 

which the variable is allowed to be discontinuous. Mason 

et al. (9) extended Denbow's approach to include both dis

continuous variables and intermediate boundary conditions. 

Vincent and Mason (10) have introduced parameters into the 

treatment of problems with discontinuous variables. 

In recent years the philosophy of approach to 

optimization problems has changed. In the classical 

approach attention is focused on determining the path or 

trajectory which yields an extreme value of the quantity 

of interest. Such a path is called an optimal trajectory 
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or an extremal. The current approach to an optimal problem 

is to determine a control which will cause a system to 

follow an optimal trajectory. A control which satisfies 

this criterion is called an optimal control, and problems 

formulated in this manner are called optimal control 

problems. The link between the classical and current 

approaches is through the system equations of motion. Once 

the trajectory is determined, the proper control can be 

found using the equations of motion and vice versa. 

In order to illustrate the optimal control problem, 

consider the following system of equations of motion: 

y. = yn- (y^,u ,t) i = l,2,...,n 
1 1 J r r = 1,2,...,m (1.1) 

j - 1,2,... ,n 

The equations of motion are written as n first order dif

ferential equations without any loss of generality. The 

n variables y^ whose derivatives appear are called state 

variables and describe the "state" of the system. The m 

variables ur whose derivatives do not appear are called the 

control variables. The number of control variables in the 

system represents the number of mathematical degrees of 

freedom in the set of equations (l.l). As a result, the 

control variables may be selected in an optimal fashion. 

Once the optimal control is determined, it may be substi

tuted into the set of equations (l.l), and the optimal 

trajectory y^(t) may be determined. Note that here the 
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word trajectory refers to the change of any state variable 

with time. 

Using the modern approach to the problem, 

Pontryagin (11) developed the necessary conditions for 

determining the optimal control. These conditions led to 

the formulation of what is now called Pontryagin's Maximum 

Principle. This principle at first appeared to be superior 

to the calculus of variations because it provided necessary 

conditions for optimal control for both bounded and un

bounded control variables. However Berkovitz (12), using 

Valentine's extension applied the classical calculus of 

variations to the optimal control problem and obtained the 

same results as those of the maximum principle. 

In order to handle problems with bounded state 

variables, or state variable inequality constraints, both 

the maximum principle and the calculus of variations must 

be modified. Gamkrelidze (11) extended Pontryagin's 

Maximum Principle to include ̂ rioblems with state variable 

inequality constraints. Berkovitz (13) extended his 

previous work (12) to include bounded state variables and 

arrived at the same conditions as Gamkrelidze. Dreyfus 

(14) studied state variable constraints from the point of 

view of dynamic programing. At first his results appeared 

to be different from those of Berkovitz and Gamkrelidze, 

but recently they have been shown to be equivalent (15). 
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Bryson e_t al. (16) derived the same results using the 

methods of the calculus of variations. 

Many of the above references show that in general, 

the solution to an optimization problem subject to 

inequality constraints is a trajectory which consists of 

portions which satisfy the inequality, unconstrained sub-

arcs, and portions along which the inequality becomes an 

equality, constrained sub-arcs. Consequently considerable 

attention is given to the points where the unconstrained 

sub-arcs join the constrained sub-arc. If these points are 

treated as corners (even though they do hot necessarily 

satisfy the original definition of a corner given earlier, 

i.e., the slope of the curve is discontinuous), the neces

sary conditions for an optimal solution to problems with 

bounded variables may be obtained using the general approach 

presented in this paper. Hence the complete optimal 

trajectory will be assumed to consist of a finite number 

of continuous sub-arcs joined together at their corner 

points. The state and control variables evaluated along 

each sub-arc are assumed to be continuous through their 

second derivative. "" 

Throughout the paper the method of the calculus of 

variations i§ used exclusively. The reason for its use is 

to maintain a physical relationship to the original problem. 

In Chapter Two, the necessary conditions for an extremal 

are developed for the case 'of an unconstrained sub-arc. 
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The derivation of the necessary conditions is unique in 

that it retains the identity of state and control variables 

throughout. The equations of constraint are introduced 

directly into the problem and serve to relate the varia

tions of the control variables, which are arbitrary, to the 

variations of the state variables. First a single degree 

of freedom problem with one state variable and fixed end 

points is treated. Next a more general problem with many 

degrees of freedom and free end points is examined. The 

necessity of introducing a set of auxiliary variables 

called Lagrange multipliers becomes quite evident. 

In Chapter Three the conditions developed in 

Chapter Two are modified to apply to sub-arcs which are 

partially or totally constrained. Both control variable 

and state variable constraints are considered as well as 

combinations of the two. The equations developed are in 

terms of the original variables and multipliers. 

In Chapter Four the extremal is broken into several 

sub-arcs, each one satisfying the conditions developed 

previously. These sub-arcs are considered to be joined to 

each other at corner points. Necessary conditions for 

optimal trajectories which must be satisfied at these 

corners are developed in the form of a generalized corner' 

condition. This generalized condition is examined to yield 

results for specific types of corners including initial and 

final points, reflection points, and entrances and exits 



from bounded sub-arcs. The same corner condition is used 

to investigate the problem of discontinuous state variables. 

A unique constraint called a "free boundary" is introduced 

to illustrate the flexibility of the generalized corner 

condition. 

Chapter Five illustrates three applications of the 

methods developed in the previous chapters. An analytic 

solution is carried to completion in each case. In addi

tion, various methods of approach on a digital computer are 

outlined. 



CHAPTER II 

NECESSARY CONDITIONS 

The necessary conditions for an extremal, called 

the Euler-Lagrange equations, developed in the classical 

calculus of variations may be applied to modern problems 

formulated with state and control variables (17). However, 

in order to gain a better understanding of the different 

roles the state and control variables take in optimization 

theory it is necessary to apply the variational approach 

directly to the problem and derive the necessary conditions 

for an extremal. In using this approach, the variations of 

the state and control variables away from their optimum 

values are distinctly different in nature and must be 

treated accordingly. These variations are related through 

the dynamical equations of constraint which are in general 

introduced into the problem by means of Lagrange multi

pliers. These multipliers are an important part of the 

necessary conditions, as is shown below, for the case when 

several variables-are included. 

10 
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A Problem with Single State and Control Variables 

Statement of Problem 

For a problem containing single state and single 

control variables with specified initial and final values 

for the state variable, a typical optimal control require

ment can be stated as follows: Out of all possible control 

functions u(t), find the one which will transfer the state 

of the system from its initial state (y,t)^ to a final 

state (y,t)2> subject to the dynamical equation of con

straint 

y = y (y,u,t), (2.1) 

such that the integral 

t 2  
I = 

t 

f(y,u,t)dt (2.2) 

yields an extreme (maximum or minimum) value. 

A problem such as the one stated above, where an 

integral is to be maximized or minimized, is known in the 

classical calculus of variations as the problem of Lagrange 

(2). Although the above case is not the most general type 

of optimization problem, the majority of problems of 

interest can be reduced to this form, and consequently only 

this type will be treated here. 
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In the above problem y takes on the role of the 

state variable and u, whose derivative is absent, is the 

control variable. The function u = u(t), which optimizes 

the integral (2.2), is called the optimal control function, 

and the trajectory y = y(t), obtained by substituting this 

optimal control function into the equation of constraint 

(2.1) and integrating, is the corresponding optimal 

trajectory or extremal. 

Necessary Conditions 

Let u(t) be a continuous optimal control function 

and y(t) be the corresponding optimal trajectory. Then a 

neighboring non-optimal control can be represented by 

uno = u(t)+C£(t), (2.3) 

where £(t) is an arbitrary continuous function of time and 

€ is a small constant. The quantity £ £(t) is called the 

variation of the control. The trajectory corresponding to 

the non-optimal control of equation (2.3) is represented by 

y110 " y(t) + 6M(t), (2.4) 

where ri(t) is a function of time related to£(t) through 

the dynamical equations of constraint (2.1). In addition 

the function T\(t) must satisfy the condition 

^(t-j^) = ri (12) = 0 (2.5) 
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imposed by the requirement that the state variable is 

specified at the initial and final points. The quantity 

fr^t) is the variation of the trajectory corresponding to 

the control variation 

If equations (2.3) and (2.4) are substituted into 

the integral (2.2), the value of the integral becomes a 

function of the parameter £*, 

r 2  
1(C) = J f[y(t) + 6^(0, u(fc) + c£(t), t]dt. (2.6) 

fcl 

By applying regular max-min theory to 1(6") and observing 

that on an optimal trajectory £ = 0, the necessary condi

tions for an extreme of 1(C) are 

^ = 0, as C -* 0. (2.7) 

If the conditions of equation (2.7) are applied to equation 

(2.6), using Leibniz' rule for taking the derivative of a 

definite integral, the following necessary condition is 

obtained: 

r 2  

J [(^}un +(i)y£]dt = 0' (2'8) 

tl 

/5 *F 
where (—) is the partial derivative of the function 

ay u 

f(y,u,t) with respect to the variable y holding the control 

' "F 
variable u constant, and (~) is the partia-l derivative of 
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f(y,u,t) with respect to the variable u holding the state 

variable y constant. 

The condition required by equation (2.8) would be 

simplified if the functions of T)(t) and£"(t) were both 

arbitrary and independent of each other. If this were the 

case, equation (2.8) could be satisfied only if 

#  =  < t s >  •  ° -  < 2 - 9 )  

u y 

As indicated previously, however, £ (t) and r|(t) are related 

through the equation of constraint (2.1). This relation

ship can be obtained explicitly by taking the derivative of 

equation (2.4) and substituting it into equation (2.1): 

yno = y(t) + Cn(t) = yno(y-t£ri, u-+£"£, t). (2.10) 

If the right hand side of equation (2.10) is expanded in a 

Taylor series about the optimal trajectory and only terms 

to the first order of £* retained, equation (2.10) becomes 

* = (5yV + (2-n> 

where the partial derivatives are evaluated on the optimal 

path. Equation (2.11) is a linear perturbation equation 

relating the variation of the state variable to that of the 

control variable. 

It would be desirable to use equation (2.11) to 

obtain ri(t) in terms of£"(t) and thereby to eliminate "n(t) 
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from equation (2.8). Then the arbitrary nature of£*'(t) 

could be used to reduce the integral condition to a simpler 

form, in a manner similar to that used to obtain equation 

(2.9). Unfortunately, the presence of ii(t) in equation 

(2.11) prevents this straightforward procedure. However, 

the arbitrariness of£" (t) may be attached to *n (t) by 

obtaining £" (t) as a function of n and ii as shown, 

i - <ff> i 
r _ y u 

" (12) VdU' 

(2.12) 

Equation (2.12) can be substituted into equation (2.8) 

which becomes 

V 
dl 

€ - o 
- f  (2f) 

(—) 

1 (S±) 
dy' u 

(—) 

71 + 
(22) Kdu' 

I. ̂  ̂ dt = 0. 

(2.13) 

The last term can be integrated by parts, yielding the 

following result: 

V 

/ <n> 
(—) 

*yu (2ff - 3E 
y 

'(—) i W i 

|(SZ) 
d u  _ -

>ridt + 

(—) vau' 

vdu' 

Tl 

y  
- o. 

(2.14) 

Because the end points are fixed, the non-optimal trajec

tory is required to pass through the given end points, and 

equation (2.5) may be applied to eliminate the last term of 
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equation (2.14). Therefore in order for the integral to be 

zero for arbitrary "n(t), the expression in brackets must be 

equal to zero for all time. 

(—) 

( i l )  -  d x t  y  (£ i> _ 
ay u (II) u ^ 

vdu' 

(21) 
L. dU -J 

y y 

= 0. (2.15) 

Equation (2.15) represents the necessary condition 

which when solved in conjunction with the dynamical equa

tion of constraint (2.1) yields the optimal control and 

trajectory. Equations (2.15) and (2.1) are the two equa

tions necessary to solve for the two unknowns u(t) and 

y(t) . 

If u(t) is eliminated between equations (2.1) and 

(2.2) in the original statement of the problem, the 

integrand reduces to the classical form F = F(y,y,t) and 

equation (2.15) can be shown to reduce to the classical 

form of the Euler-Lagrange equation, 

<% -&$>-"• <2-16) 

Extension to Several State and Control Variables 

The arguments presented above may be extended to 

problems including several state and control variables. 

It will be shown, however, that under these circumstances, 

it becomes necessary to introduce an additional set of 
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variables called Lagrange multipliers. These multipliers 

are functions of time which are chosen in such a manner 

that state and control variable variations may be treated 

as if they were independent from one another. 

Statement of Problem 

The problem in the preceding section may be re

stated for the case of several variables in the following 

manner: Out of all sets of possible control functions, 

find the set which will transfer a system which obeys the 

dynamical constraint equations 

i - 1,2, ..., n 
y-i • y,-(yA»u .t), j = 1,2, ..., n (2.20) 
1 1 J r r = 1,2 m 

between two fixed points (y^>t)^ and (y^jt^ such a 

manner that the integral 

*"2 

I = / f (y-j^ ,ur,t)dt, (2.21) 

fcl 

takes on an extreme value. 

Necessary Conditions 

The method of approach is similar to that used in 

the preceding section. A neighboring set of non-optimal 

controls is introduced which can be represented by the 

equation 
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urno = ur(t) + (f£r(t), r = 1,2, m (2.22) 

where ur(t) is the optimal set of controls, £r(t) are 

arbitrary continuous functions of time, and £ is a small 

arbitrary constant. The corresponding non-optimal 

trajectory can be represented by 

yino = yj(t) + CTli(t), i = 1,2, n (2.23) 

where y^(t) are the optimal trajectories and C^^Ct) are the 

variations from these trajectories, due to the non-optimal 

control. 

If equations (2.22) and (2.23) are substituted into 

the integral (2.21), the integral becomes a function only 

of the parameter £, 

:  r 2  
1(C) = J f[(yi+£rii), (ur+$tr)> t]dt. (2.24) 

t l  

In order for equation (2.24) to attain its maximum or 

minimum, it is necessary that 

| = 0 as f 0. (2.25) 

By applying the condition of equation (2.25) to the 

integral (2.24) and noting that the limits are fixed, the 

necessary condition for an extremal is obtained. 
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*2 
dl 
C - O ' f  +  =  ° .  ( 2 . 2 6 )  

tl 

where the summation convention applies, i.e., repeated 

indices mean a sum over the entire range of the variable. 

The partial differentiation is performed holding all other 

state and control variables constant except for the ith 

state variable or the rth control variable. The expansion 

of the dynamical equations of constraint (2.20) about the 

optimal trajectory by means of a Taylor series, the 

procedure similar to that used to develop equation (2.11), 

leads to n equations relating the £r and 

BY- df • >. 
^ i = syT 11 j + au^ ir" i = 1,2, ...,n (2.27) 

It is important to distinguish between two cases, 

the case where m ( n and the case where ra 2 n. The usual 

case is one in which the number of control variables is 

less than the number of state variables and will be treated 

first. 

Equation (2.27) can be used to eliminate the m 

arbitrary £r(t) from equation (2.26). Since m { n> £*r can 

be determined as a function of the and i^. These rela

tions are obtained by selecting any set of m equations from 



20 

the set of n equations (2.27), providing that the determi

nant of the coefficients of £ is non zero, i.e., 

3ur 

s 1929 •••} m 
? 0. (2.28) 

ir 1)2} • • • ̂  m 

The arbitrariness of the m variations £"r is then attached 

to m of the variations "n . The remaining n-m equations 
O 

from the set (2.27) are used to determine the remaining 

(n-m) dependent ti (p = m+1, ..., n) in terms of the pre-
r 

viously selected m variations TJ which are now considered 

arbitrary. The remaining (n-m) TI also include their 
c 

derivatives, and hence a simple solution for these ti is 
r 

not, in general, possible. If in some cases it were 

possible to eliminate the dependent ti , the integral (2.26) 

could then be written in terms of the selected m arbitrary 

T| . Integration by parts along with the arbitrariness of 

these m variations tis_ could be used to arrive at the 

necessary conditions. These conditions, in general, would 

change in form depending on which it. were selected as 

arbitrary. A modification of this approach will be dis

cussed later. 

For the case where the number of state variables is 

less than or equal to the number of control variables 

(n ( m), no such problem exists. In this case the n equa

tions (2.27) are used to determine the first n of the £ in 

terms of the and 11^. The n variations tj^ can be 
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assigned the arbitrariness of the first n of the£*r. The 

remaining (m-n)£ are still arbitrary. The integral 

(2.26) can then be written in terms of the now arbitrary 

it. (and ii^) and the remaining arbitrary (m-n) £*r. Use of 

integration by parts along with the arbitrariness of all 

the remaining variations yield a set of necessary condi

tions which ensures that the integral (2.26) be zero for 

all time. 

A general method of approach will now be developed 

which will treat both cases outlined above. The method 

uses the concept of introducing an extra set of variables 

called Lagrange multipliers and illustrates the power of 

such a technique. 

An arbitrary function of time designated as/\^(t), 

i = 1,2, ..., n, is introduced into the problem ,by 

multiplying each of the n perturbation equations (2.27) by 

this function of time and adding them together. 

A,- = 0. (2.29) 

This equation can be added to the integral (2.26) without 

changing its value. Hence the solution for extremizing the 

original integral will extremize the augmented integral, 
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"i + + (—) - A • (—4 £ Vury A j ̂du ' ± )dt = 0. 

(2.30) 

Equation (2.30) can be integrated by parts and becomes 

/ \ 

{ (iy7) "Ai * i +  
(££_) - \ (ay i) 
3u Aj W„; £ ̂ dt 

+ Ajii 
= 0. (2.31) 

The requirement that the end points be specified implies 

that at the end points ri. =0, and hence the last term 

1 ^ 1 vanishes. The n multipliers/^ are selected so that each 

of the coefficients of the n variations is zero through

out the integral. Since only terms with the arbitrary £ 

remain, the integral (2.31) can be zero only if the coeffi

cients of the m variations £ vanish throughout the inte

gral . 

Under the circumstances above, equation (2.31) 

yields the following results: the necessary conditions 

that must be satisfied for the integral (2.21) to attain 

an extreme value are that a set of arbitrary functions of 

time /^(t) must satisfy the differential equations 

3f ay 
" ̂ j ay• ~ i ^^ »2, • • • , n (2.32) 
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and that the control function ur(t) must satisfy the 

conditions 

•i-p ay. 
au^ " Aj dur ® r ***' m (2.33) 

at each point on the trajectory. Equations (2.32) and 

(2.33) are the Euler-Lagrange equations which must be 

satisfied in order to achieve an optimum value of the 

integral (2.22). Note that these same results are obtained 

if the T[^ and £"r are both considered arbitrary in equation 

(2.31). Hence the effect of the multipliers is to allow 

the to be treated as arbitrary variations. Equations 

(2.32), (2.33), and (2.20) are 2n+m equations necessary to 

solve for 2n+m variables y^(t), ur(t), and^(t). 

The powerful technique of the Lagrange multipliers 

may be applied to the case where the state variables out

number the control variables considered earlier. In this 

case it was shown that it was necessary to solve for (n-m) 

dependent rip in terms of the m arbitrary ris. If the 

remaining (n-m) equations of the set (2.27) are multiplied 

by (n-m) arbitrary functions of time,,} the ri may be 
IT sr 

treated as arbitrary variations. Consequently, a set of 

necessary conditions can be developed with only (n-m) 

arbitrary multipliers instead of the n obtained in the 

general approach. This same observation can be made in the 

general case from equations (2.32) and (2.33). In 
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principle, the m algebraic equations (2.33) can be used to 

solve for m multipliers in terms of the remaining (n-m) 

multipliers^ . Occasionally it is advantageous to do this 
sr 

because the total number of variables in the problem is 

reduced (18). 

A first integral of the system of equations (2.32) 

and (2.33) can be obtained as shown below. If equations 

(2.32) and (2.33) are multiplied by dy^ and dur, respec

tively, and then summed, the result is 

—— dy- + du - X • (— dy. + v • ^ du ) - A•dy• — 0. 
dyi yi x J ayi 1 ur r 11 

(2.34) 

Sf i a^i 
If C-^-r -A,*-?r-)dt is added to both sides of equation » £ 1 o u 

(2.34), the left-hand side can be written as a total 

derivative 

at < f  -A^i> - <ff -A^). (2.35) 

It is convenient to define a function H, called the 

Hamiltonian (19), in the following manner: 

H(yi,ur,t ,Ai) s »ur,t) - f(y.,ur,t). (2.36) 

Then equation (2.35) can be written 

(2.37) 
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Equation (2.37) can be integrated to yield a first integral 

of the system of equations (2.32) and (2.33). If time does 

not appear explicitly in the integrand f or in the 

dynamical equations of constraint (2.20), equation (2.37) 

can be reduced to the simple form 

H(y^,ur,t ) = constant. (2.38) 

The introduction of the Hamiltonian allows the 

dynamical equations of constraint (2.20), along with the 

Euler-Lagrange equations (2.32) and (2.33), to be written 

in a compact form: 

3 H 
Equations of constraint: y. = r-5—. (2.39) 

1 <?A 

Multiplier equations: X. • (2.40) 
x o y^ 

Optimizing conditions: ^j|— = 0. (2.41) 
r 

The first integral expression can be used in conjunction 

with the set (2.39), (2.40), and (2.41), although it is not 

an independent equation. In order to solve the system of 

equations above, 2n boundary conditions must be specified 

at the initial and final times, The specified values of 

the state variables at initial and final times satisfy the 

requirements for the fixed end point problem. 
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Necessary Conditions Including Free End Points 

In the general optimal control problem, all of the 

state variables and time are not specified at the end 

points. Consequently, it is necessary to develop a method 

for determining the best values of these unspecified 

variables and time at the end points for the purpose of 

optimizing the integral. In addition some problems require 

a relationship among the state variables and time to be 

satisfied at the initial and final points. In any case the 

number of boundary conditions specified in the problem is 

generally less than the number required to solve the system 

of equations (2.39), (2.40), and (2.41). As a result it is 

necessary to establish an optimizing condition which must 

be satisfied at the end points and which will supply the 

missing boundary conditions. 

It is clear that once the optimal trajectory, 

including the end points, for the free end point problem is 

determined, a new..equivalent problem could now be stated 

which would require the optimal trajectory to go between 

the established set of end points, now considered fixed. 

Although the problem is stated differently, the trajectory 

between the two points will be the same. Consequently, the 

Euler-Lagrange equations are the same for each problem, and 

thus the fixed end point problem becomes a special case of 

the free end point problem. 
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The free end point problem considered below is 

stated in the same manner as the fixed end point problem in 

the preceding section except for the additional freedom 

that the initial and final points are not completely 

specified. 

In addition to variations in the control and state 

variables, the initial and final times can be varied. 

Furthermore, the variations of the state variables at the 

initial and final points are no longer required to be zero. 

These variations can be represented as follows: 

Urn0 - Ur(t) +e£r(0, <2.42) 

y^n0 = 3^(0 +CTli(t)> (2.43) 

t no _ = t-^ + 6T-L, (2.44) 

ty*10 = 12 (2.45) 

where and 7^ ar© arbitrary constants^ The free end 

point condition implies that in general 

Tli(ti) ? 0, Tii(t2) f 0. (2.46) 

Equations (2.42) through (2.45) can be introduced into the 

integral (2.21), which becomes a function of the parameter 
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t2" r̂2 

1(C) = J f[(yi+6li), (ur-hc£r), t]dt. (2.47) 

t^£ri 

The necessary condition for the integral (2.47) to 

take on an extreme value is that 

dl = 0 as £ 0. (2.48) 

The derivative of equation (2.47) can be evaluated by 

applying Leibniz' rule for differentiating an indefinite 

integral. Equation (2.48) becomes 

dl 
a? 

dt2no dtf0 

0 
= Hf" • f(yi.ur.t)1 3^ 

t n0 
.2 

+ I <§: 1i +H-Odt - 0- -
rf no yi r 
ti 

If the perturbed dynamical equations of constraint, (2.27), 

are introduced by means of Lagrange multipliers into the 

integral of equation (2.49) and the familiar integration.by 

parts performed, equation (2.49) reduces to 

f(t2)T2 - +Ai'rli 
fc2 

t 2  
+ I [ < -  H i  - 0, (2 . 5 0 )  
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where f(t2) and f(t^) refer to the integrand evaluated at 

the end points. 

Since the Euler-Lagrange equations must be satis

fied along optimal trajectories with either fixed or free 

end points, as discussed above, the integral in equation 

(2.50) vanishes along all possible optimal trajectories. 

All these trajectories which satisfy the Euler-Lagrange 

equations are called stationary trajectories. Equation 

(2.50) requires that for the free end point problem, it be 

necessary to find a particular stationary trajectory which 

satisfies the additional condition at the endpoints, 

dl 
t9 

= [f (t) T+A = o. .-(2.51) 
X e— o 

Equation (2.51) shows the effect of two types of 

end point variations on the value of the integral (2.21). 

The first term represents the change in the integral (2.21) 

due to perturbations in the initial and final values of the 

independent variable t, while the second term reflects 

changes in the integral because of perturbations in the 

state variables at the limits. 

In the case where several state variables and time 

are related at the end points, the variations and T are 

not independent of each other. Relations may exist between 

T]^ and 7 or even among the themselves. In most optimi

zation problems, the conditions which must be satisfied at 
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the end points are given in terms of relationships among 

the state variables and time and hence among the differ

entials of these variables. Therefore it is necessary to 

express and T in equation (2.51) in terms of the differ

entials dy^ and dt. These relationships can be established 

by examining equations (2.43), (2.44), and (2.45). The 

final value of y^ depends on the value of £ both explicitly 

through equation (2.44) and implicitly through equation 

(2.43). Therefore 

yi2n0 - yi(t2no) +Crii(t2no) (2.52) 

Then 

dyi,no dt,no d„. dt,no 
1 = 4- n (t" ^ •+• P (9 S3} no ^^ 2 ' Ht^ * • Uoj; 

Substituting equation (2.45) into equation (2.53), 

rearranging terms, and letting £ approach zero yields the 

desired result, 

dy± 

£ - y, . (2.54) - -7TZT " 7 i2 --a^ 2 

A similar expression is obtained for the initial point. 

If equation (2.54) is introduced into the end point 

condition (2.51), and the result is multiplied by d£, the 

condition which must be satisfied at the end points by the 

optimal trajectory is obtained. 
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2 
d£ S dl, 2 = [ (f-XiYi^C + AidyJ = °-

£ 5, 0 ' 1 

(2.55) 

This equation can be put into a more familiar form by 

noting the expansion 

dt^ p2 d^t9 
Xo " '2 + e ̂  + ̂  d?"+ " ' 

or 

dt0 c d2t9 
t2no = t2 +C [^- + jr -jjp- + • • •] • (2.56) 

Comparing equation (2.56) to equation (2.45), it is clear 

that to the first order of £ 

dt?no 

-af- = r (2.57) 

Substituting equation (2.57) into the end point condition 

(2.51), the necessary conditions which must be satisfied 

by an extremal at its end points become 

dIi,2 = +A1dyi]1 - ° 

or its equivalent 

2 
dIl,2 = ^"Hdt +Aidyi]i - 0. (2.58) 
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Equation (2.58) is the well-known transversality condition 

(2), and it is an additional condition to be satisfied in 

conjunction with the Euler-Lagrange equations, (2.40) and 

(2.41). 

If the initial and final end points are not related 

to each other explicitly, changes at one end point are 

independent of changes at the other. As a result of such a 

situation, equation (2.58) must be satisfied separately at 

each end point. 

[-Hdt+^.dy^ = [-Hdt+^dyj] = 0 (2.59) 

Transversality Condition with End Point Constraints 

If the state variables and time are specified at 

the initial and final points, the differential changes of 

these variables are zero, and equation (2.59) is identically 

satisfied. Furthermore, the 2n values of the specified 

state variables, as well as the initial and final times, 

yield 2n+2 constants necessary to solve the 2n differential 

equations, (2.39) and (2.40), between their respective 

limits. 

If some of the state variables and time are not 

specified at a particular end point, the differential 

changes of these variables are not zero. Since these 

changes are independent of each other, in order f^r equa

tion (2.59) to be satisfied for all possible changes, the 
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coefficients of the varying differentials must be zero. 

Hence, for each variable which is not specified at an end 

point, the corresponding coefficient in equation (2.59) 

must be zero at that end point. Consequently, the 2n+2 

boundary conditions are retained. 

In many problems it is desirable to satisfy certain 

relationships among the state variables and time at the end 

points. Such an end point condition at the final point is 

given by 

^/(y.,t)2 = 0, (2.60) 

which relates the state variables and time at the end 

points. The relationship among the differentials is 

obtained by differentiating equation (2.60). 

d^= ^Syfdyi + 5t^dt^ 2 = °* (2.61) 

Since the differentials must satisfy equation (2.61) at the 

end point, they are no longer independent of each other. 

Occasionally one of the differentials can be obtained as a 

function of another from equation (2.61). The result can 

then be substituted into equation (2.59) and the dependent 

differential eliminated. The coefficient of the remaining 

independent differentials are required to be zero, and the 

necessary condition is obtained. If several differentials 

are involved, it is more convenient to use the concept of 

Lagrange multipliers. In this case the constraint equation 
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(2.61) is multiplied by a constant multiplier^ and added 

to equation (2.59). The result becomes a modified 

transversality condition, 

j. n [ (-H+/Xg£)dt + = °* (2.62) 

The multiplier is selected so that the coefficient associ

ated with the dependent differential is equal to zero. The 

remaining coefficients of the independent differentials are 

required to be zero in order to satisfy equation (2.62). 

If more than one end point constraint is involved, more 

multipliers are used. The augmented transversality condi

tions for S end point constraints are 

[(-H+M, |^)dt + (X±ils |^)dy.]i = 0 

S = 1,2,3,..., P 

P < 2n-f2 (2.63) 

Since the dy^ and dt may be treated as if they were inde

pendent, equation (2.63) can be written as 

-H +(JL s £t 

+/U. dk 
^ s  by. 

= 0 (2.64) 
1,2 

= 0 (2.65) 

1,2 

Equations (2.64) and (2.65) permit 2n-!-2 constants to be 

determined from setting the 2n+2 equations equal to zero. 



The P multipliers are determined using P end point condi 

tions of the form of equation (2.60). 

The situation where the initial and final points 

are explicitly related will be treated in Chapter Four. 



CHAPTER III 

TRAJECTORIES WITH CONTROL AND STATE 
VARIABLE CONSTRAINTS 

When developing a solution to a problem with 

inequality constraints, it is convenient to initially 

obtain the solution to the same problem without restric

tions, using the necessary conditions for an extremal 

developed in the preceding chapter. If the solution 

obtained does not violate any constraints, it is a valid 

solution. On the other hand, if the trajectory obtained 

violates the inequalities imposed, a new trajectory con- • 

taining both unconstrained and constrained sub-arcs must 

be developed. Consequently, in order to study the problem 

of inequality constraints, it is necessary to investigate 

the limiting case where the trajectory coincides with, but 

does not violate, the constraint. The necessary conditions 

for an extremal which coincides with one or more constraints 

are investigated in this chapter. 

When dealing with trajectories subject to 

inequality constraints the variations of the control and 

state variables must be such that the non-optimal trajec

tory does not violate the inequality. Weierstrass (2) 

investigated problems with boundaries of this type by using 

36 
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one-sided variations. This approach does not lead to a 

useful result. 

An alternate approach is to pursue the observations 

made previously that either the trajectory is entirely 

unconstrained or it is coincident with the boundary. In 

the former case the standard Euler-Lagrange equations 

(2.39), (2.40), and (2.41) are applicable. In the latter 

case the additional equation of constraint must be 

included so that variations of the variables do not violate 

the constraint. In the general case, a problem may have, 

several inequality constraints but no more constraints than 

the total number of control variables may be involved at 

any one time. 

Control Variable Constraints 

The necessary conditions for an optimal trajectory 

which includes a set of control variable constraints will 

be developed first. A control variable constraint is one 

in which the equation of constraint contains the control 

variable explicitly. It should be noted that if the number 

of constraints equals the number of control variables or 

degrees of freedom, no optimization with respect to con

trol is possible. In this case the variation of the state 

and control variables is unique, and no arbitrariness is 

retained for optimization. Necessary conditions can be 

developed formally for this case in the same manner as for 



38 

the case which retains one or more degrees of freedom. 

Hence the fully constrained case will be included in the 

development below. 

The problem can be stated briefly as follows: Out 

of all possible sets of control functions ur(t) find the 

set which will cause the integral 

f i = 1,2 , . .. , n 
I = / f(y.,u ,t)dt, (3.1) 

Z r = 1,2 , . . . , m 

to take on an extreme value, subject to the dynamical dif

ferential equations of constraint, 

i = 1,2, . . . . , n • 

y-i - iMyj.ivt), j = 1,2, . . . . , n (3.2) y-i - iMyj.ivt), 

r = 1,2, , » • • y m 

and the additional set of control variable constraints, 

x 1,2, ..., xx 

0k(yj',ur,fc) *= 0. r ~ 1,2, m (3.3) 

k = 1,2, . .. , d £ m 

Note that in the case o£ d = m, the integral does not take 

on an extreme value with respect to the control, since the 

control is completely specified. 

The necessary conditions for this problem are 

developed in a manner identical to that of the uncon

strained problem. Arbitrary variations of the control 

variable are given by 
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U no = u (t) +c£ (t), (3.4) 

and the corresponding non-optimal trajectory is given by 

yi
no = yi(t) +€ni(t) (3.5) 

where the variations in the state variable are related to 

those of the control variable by 

1 " -
^yj 

^j + ̂ T^r- (3.6) 

In addition to these relationships among the variations, 

further relationships are required because of the addi

tional control variable constraints which must not be 

violated. If the constraint equation (3.3) is expanded in 

a Taylor series about the optimal trajectory, and only 

terms to the first, order of £ retained, the additional 

relations among the variations required by the constraint 

equation are determined. 

Syj "i + sn; <3-7> 

Equation (3.7) reduces the number of arbitrary by d. 

The two sets of constraints, (3.6) and (3.7), can 

be adjoined to the variation of the integral (2.26) by two 

sets of multipliers,/^. associated with equation (3.6) and 

(3^. associated with equation (3.7). The result, after 

integrating by parts is 
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dl 

€ •  o 

b 0 
+  Pk IvT "^i " Ai] k by± J &Ya 

+ r*±_ + p ^ 
L^ur k <bur 

<=>y.= ± 1 *"2 
- Aj su^l^r jdt + [fr + A^i] - 0 

(3.8) 

In order for equation (3.8) to be satisfied for all time, 

the multipliers ̂  must be selected to satisfy the differ

ential equations 

<*0i Sf 
+ Pi 

k^i 
Ai - 0, i - 1,2, ..., n (3.9) 

and the {3^. selected to satisfy the equations 

) til +  B  =  n  s = = 1 » 2 »  •  •  •  »  4  

^us j <5^s k ' k = 1,2, . .. , d 
(3.10) 

where the first d of the control variations are considered 

to be non-arbitrary. The coefficients of the (m-d) 

remaining arbitrary control variations are required to be 

zero and hence the control Up, p = d+1, ..., m must satisfy 

v> f  ay. ^k_ p = d+1, m 

<=Tu~ " Aj + ^k ciu ^ , _ , 0 o , 
p J  p p k - 1,2,3, ...,d 

(3.11) 

In addition, the first d controls u , s = 1,2,3, ..., d O 

must satisfy the equation 
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0v(y,,ufi,un,t) = o kvyi ' s' p 

p = d+1, 

k - 1,2, 

s - 1,2, 

i = 1,2, 

• • • > 

• • • 9 in 

... , n 

d (3.12) 
d 

The end point conditions in equation (3.8) are the same as 

those in equation (2.51) and lead to the requirement that 

the end point condition (2.59) must be satisfied at each 

end point. Details of the end point conditions will be 

discussed in Chapter Four. 

dynamical equations of constraint (3.2) provide a system of 

2n-hn+d equations necessary to solve for the 2n+m+d 

If the Hamiltonian defined in Chapter Two is intro

duced into equations (3.9), (3.10), and (3.11), they may be 

written as: 

Equations (3.9) through (3.12), along with the 

variables y. , , ur, and 

k = 1,2, . .. , d 

s = 1,2, ... , d 

k = 1,2, ... , d 
(3.14) 

p = d+1, ..., m 

k = 1,2, ... , d 
(3.15) 



42 

where 

and 

<^02 ^>0d 

ay L  «=>y^ *' ^y x  

±0! ^02 ^0d 

• 

<^y2 ' *• <±>y 2 
• 

G>0^ 
^2 

• 
• 

£0d 
<^yn * 

" 

S01 ^02 
<5u^ <&ux • - snj 

£01 ^02 ^0d 

5112 
• 

ss; • 

• 

•• ^u2 

• 

• 

«^0X 

• 

<Z02 

• 
• 

^0d 

^d aud ' •• iud 

(3.16) 

(3.17) 

r th 
LC^U. 

^01 ^0? 

aud+l ^ud+l 

-*]-
P 

^01 <^02 
-*]-
P ^ ud+2 ^ud+2 

<^0q 0 

c>U m 

2 

m 

£0, 
<£>u d+1 

±0^ 
Su d+2 

^ 0, 
>u. 
m 

(3.18) 
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The column matrices are 

l£H 

*yi 

• ) 

£ H 

^yn 

ciUi 

J . 
jm r \ 

H 

^d, 

e^U 
d+1 

-< 

bH_ 
<=> u_ 

V m J 

(3.19) 

(3.20) 

(3.21) 

\ • ' 

^ % > 

(3.22) 
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and 

r ao 
> .  

An> 

(3.23) 

Equation (3.14) can be solved for 

tuted into equations (3.13) and (3.15) yielding 

and substi-

<^0 ±0. -1 
(3.24) 

and 

^0k a>0k -1 
r—£ir 
L<5U J '-^U_ 

P s ' si - m • ° (3.25) 

Equations (3.24), (3.25), (3.12), and (3.2) are the neces

sary conditions which must be satisfied by a trajectory 

which coincides with control variable constraints of the 

form (3.3). They provide 2n+m equations to solve for the 

2n+m unknowns , y^ , and ur. Equations (3.24) and (3.25) 

reduce to those given by Bryson et al. for the case where 

only one control variable is present (16). 

The following observations can be made covering 

equations (3.24) and (3.25). If the constraint equation 

(3.3) does not contain any of the state variables, then 

equation (3.24) reduces to the same form as that of the 

unconstrained problem. If a particular control variable 
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is not contained in any of the control variable constraints, 

equation (3.25) reduces to the unconstrained optimizing 

equation for that variable. Finally, if the number of 

constraints equals the number of control variables, the 

range on p goes to zero and equation (3.25) does not 

appear. Hence, no optimization is possible with respect 

to control, all the controls being determined by the 

constraint equations, (3.3). 

State Variable Constraints 

In the case where one of the constraints does not 

contain any of the control variables, equation (3.17) 

becomes a singular matrix, and consequently, equations 

(3.24) and (3.25) are not valid. Constraints where all the 

control variables are absent are called state variable 

constraints and will be discussed in this section. 

The problem can be stated as follows: Out of all 

possible sets of control functions ur(t), find the set that 

will cause the integral (3.1) to take on an extreme value, 

subject to the dynamical equations of constraint (3.2) and 

the additional set of state variable constraints 

k = 1,2, .. .,' d < m 
0T.(y, ,t) = 0 (3.26) 
K 1 i = 1,2, .. . , n 

Each state variable constraint reduces the degrees 

of freedom of the system by one. Hence each constraint 

either determines a control variable uniquely or in the 
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general case serves to determine one control variable as a 

function of the remaining control variables. This rela

tionship may be established by taking the derivative of the 

constraint (3.26) with respect to time. Since the con

straint must be satisfied for all time, its time derivative 

must be zero. Therefore, in addition to the requirement 

that the constraint equation (3.26) be satisfied, its time 

derivative must equal zero. 

£0 ^0 
0k " 3y7 *1 + St" = " °" 

k — 1,2, ... , d m 
r = 1,2, ..., b ̂  d (3.27) 

Here it is assumed that at least one control variable 

appears in the first derivative of each of the constraint 

equations. Furthermore, at least d different control 

variables must appear in equation (3.27), since the d 

constraint equations imply at least d dependent control 

variables. If more-than d control variables appear in 

equation (3.27), d of the control variables can be deter

mined in terms of the remaining independent control 

variables, which are free to be chosen in an optimal 

fashion. If less than d different control variables appear 

in equation (3.27), the problem may be over-constrained and 

possible conflicts may occur among the constraints. 

In the general case it is possible that a control 

variable will not appear in the first derivative of a 
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constraint, equation (3.27). In such cases successive 

derivatives are taken until one of them contains one or 

more of the control variables. The order of the first 

derivative which contains a control variable is the order 

of the state variable constraint. For example, the control 

variable appears in the second derivative of a second 

order state variable constraint. In general for a qth order 

state variable constraint, the control variables along the 

constraint must satisfy the equation 

0(q)(yi5ur,t) = 0, (3.28) 

where 0^^ represents the qth time derivative of the con

straint equation. 

Equation (3.28) has the same form as the control 

variable constraint equation (3.3), and therefore a control 

variable constraint may be considered a zero order state 

variable constraint. Hence the results obtained for a 

control variable constraint can be applied here if the qth 

derivative of a qth order state variable constraint equation 

is used instead of the constraint equation itself. There

fore, equations (3.24) and (3.25) can be written for the 

general case of problems with qth order state variable 

constraints in the following manner (note for any con

straint 0^, q may take on different values): 
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n 

d 

d (3.29) 

d 

m • 

d (3.30) 

where ug are the first d control variables contained in the 

d qth order derivatives of 0, , and u are the (m-d) remaining 

control variables. Equation (3.30) determines the optimal 

control for the control variables u , while the remaining 
r 

control variables u are determined from equation (3.28). 

If the number of control variables u„ is less than d, the s 

problem may be over-constrained as mentioned earlier, and 
^0kU) 

the matrix [-t-t; ] is singular. 
& Ug 

Equations (3.28), (3.29), and (3.30) are the 

necessary conditions for an extreme value of the integral 

(3.1), subject to the dynamical equations of constraint 

(3.2) and control and state variable constraints, (3.3) and. 

(3.26), respectively. In addition to the above conditions, 

end point conditions must be satisfied. These conditions 

will be treated in the next chapter. 

L v „ JL ̂  U J / «=>U 
s 1 s ^ Y i  

+ - H X A - o  
i = 1,2, 

k = 1,2, 

s = 1,2, 

• > 

• 9 

• 9 

and 

^ 0i 
_(q) i«(q) -i 

3 u •][• £ u. 
•] 

fcbH_ 
l^u( • f s y - 0 

k = 1,2, . .. , 

p = d+1, ... , 

s 1,2, ..., 



CHAPTER IV 
/ 

GENERALIZED CORNER CONDITIONS AND THEIR APPLICATIONS 

In general the solution to the optimal control 

problem will be a trajectory composed of both constrained . 

and unconstrained sub-arcs. Each sub-arc is assumed to be 

continuous in both the state and control variables and 

their derivatives, any discontinuities occurring at the 

junctions of the sub-arcs or corners. In order for the 

entire trajectory to be optimal each sub-arc must be 

optimal between its end points. If such were not the case, 

a better sub-arc could be selected to go between the same 

end points. Consequently, the appropriate Euler-Lagrange 

equations must be satisfied along each sub-arc of the 

trajectory, i.e., sub-arcs on which no constraint is 

present must satisfy the necessary conditions (2.39), 

(2.40), and (2.41) developed in Chapter Two. Sub-arcs 

which are subject to control variable and/or state variable 

constraints must satisfy the necessary conditions (3.2), 

(3.28), (3.29), and (3.30) developed in Chapter Three. In 

addition to satisfying the above necessary conditions, each 

sub-arc contains two end points and consequently must also 

satisfy a set of end point conditions. These conditions 

are discussed below. 

49 
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Generalized Corner Conditions 

The entire trajectory is assumed to consist of 

several sub-arcs which are joined together at points which 

will be referred to as corner points. These sub-arcs are 

assumed to be continuous in both the state and control 

variables and their derivatives. The integral to be 

extremized, (3.1), can be reduced to the sum of several 

integrals over their respective sub-arcs, 

where 0 and f are the initial and final points of the 

entire trajectory, and 1,2,3, ..., f-1, are the corner 

points where the sub-arcs are joined together. The super

scripts - and + indicate that the limits of the integrals 

are evaluated by approaching the corner from the left or 

right-hand sides, respectively. In the general case the 

limits may not be the same and hence, the distinction must 

be made. 

In order for the integral (4.1) to achieve an 

extreme value, it is necessary that 

f-1 

fdt, 

(4.1) 

Q
d^ dI0,l +<5I0,1 + dIl,2 +^I1,2 + 

(4.2) 
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where, for the general sub-arc cd, 

d-
dIc d = ["Hdt+Aidyi] (4.3) 
' C"l" 

as shown in equation (2.58), and by definition 

<5iC)d - j"jT r<- ffr - Ai)^ + <• ae (4.4> 

for the unconstrained case, as shown in equation (2.31), or 

f d~ 30^ 
< 5 ^ -

+ d€ (4.5) 

for the constrained case, as determined from equation 

(3.8). Note that the form of equation (4.3) is unchanged 

for the constrained or unconstrained case. The quantity 

dlc j represents the variation of the integral (4.1) 

because of a change in the end point conditions at c and d, 

while(5lc ^ represents a variation of the integral because 

of a change in path between the end points c and d. 

If the entire trajectory is to be optimal, then it 

is necessary that each sub-arc be'an extremal. Hence the 

necessary conditions for an optimal trajectory, constrained 

or unconstrained, developed in Chapters Two and Three are 

satisfied along each sub-arc and the integral variations 
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(4.4) and (4.5) vanish. Hence, (4.2) is satisfied if all 

sub-arcs are extremals, and the end and corner points 

satisfy the equation 

dlQ ^ dlQ 2 + • • • ^"^"f If ( ̂* • 6 ) 

Equation (4.6) can be rewritten in terms of equation (4.3) 

in the form 

1- y 2-
dI0,f = [-Hdt-^dy^ + [ -Hdt+^dy^^] + ... 

+ [-Hdt+An.dy.]f = 0. (4.7) 
1 1 f-l+ 

Equation (4.7) is the generalized corner condition which 

must be satisfied by an optimal trajectory at its corners 

(junctions of its sub-arcs), and at its end points. Thus 

the end points may be considered as special cases of corner 

points. 

The role of equation'(4.7) is similar to that of 

the transversality conditions (2.58), as might be expected. 

It provides the necessary 2n+2 boundary conditions needed 

to solve the Euler-Lagrange equations for each sub-arc 

along the trajectory. If the corner points are completely 

specified for a trajectory, equation (4.7) is identically 

satisfied because all the differentials are zero. On the 

other hand, if a few variables were left unspecified at 

these points, equation (4.7) would serve to determine the 
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best values of the unspecified variables for an optimal 

trajectory. 

In most cases the values of the state variables at 

one corner point can be changed without affecting the 

values of the state variables at any of the other corner 

points. In such cases one corner point is not explicitly 

related to the variables of any other corner point and is 

said to be independent. Under these circumstances, the 

variables evaluated at any one point in equation (4.7) must 

be treated independently of those evaluated at all other 

corner points. In the case where all corner points are 

independent from each other, equation (4.7) reduces to the 

following: at the end points, 

[-HdtHjJ . dy. ] = [-Hdt+/).dy. ] =0, (4.8) 
x 0 f 

and at the corner point c, 

[-Hdt-^idyi] - [-Hdt-^idyi] = 0. (4.9) 
c- c+ 

Equation (4.8) is the transversality condition (2.58) 

developed in Chapter Two. Hence, the transversality condi

tion is a special case of the generalized corner condition. 

It is shown below that equation (4.9) leads to many 

classical results of the calculus of variations as well 

as to more modern results associated with the state and 

control variable formulation. 



54 

Free Corners 

From the dynamical equations of constraint (2.20), 

it is observed that an instantaneous change of a control 

variable will cause a discontinuity in the derivative of 

one or more of the state variables, although the state 

variables themselves will remain continuous. If the point 

at which such a discontinuity occurs is independent of all 

other corner points, and no other relations involving the 

corner point are imposed, the point is called a free 

comer. If the trajectory in which such a corner occurs 

is to be an extremal, the corner must be located in a 

manner which satisfies equation (4.9). Figure 4.1 shows 

the possible variations of a free corner. 

Figure 4.1. Free Corner 

The solid line represents a stationary trajectory 

between two fixed points o and f with a corner at point c. 

The dashed line represents an alternate choice of a 

stationary trajectory with a corner at c1. Note chat the 

movement of point c in no way affects the end points, and 



55 

that in addition, at the location of c, dy^, and dt are 

independent of each other. 

Since the free corner is independent of all other 

corners, equation (4.9) applies, 

[-Hdt-^.dy.] - [-HdtH^.dy.] = 0. (4.10) 
G- C"i" 

Also because the state variables and time are continuous, 

the following relations must hold: 

dt
c_ = dtc+ " dtc> dYi = dyi = dYi • (4.11) 

c- c+ c 

Substituting these relations into equation (4.10) yields 

[(H+-H~)dtc + <AI-At>dyt^ = °' (4*12) 

where H+ = H , , ̂ 7 =^. , etc. Since at a free corner dy^ 
1 1 c~ 

and dt are all independent of each other, the only way 

equation (4.12) can be satisfied for arbitrary changes of 

the corner point is for the coefficients of the differ

entials to equal zero. Hence, the necessary conditions for 

an extremal which must be satisfied across a free corner 

are 

H+ = H", (4.13) 

and 

At - A;. (4.14) 
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Equations (4.13) and (4.14) simply state that across a free 

corner the Hamiltonian function and the Lagrange multi

pliers must be continuous. This is a modern statement of 

the corner conditions developed by Weierstrass and Erdmann 

( 2 ) .  

Application of the mean value theorem for functions 

of several variables (20) to equation (4.13) leads to the 

following analysis: If equation (4.13) is satisfied at 

corner c, then 

H(y"i >Ai jt= H(y. ,uj,t) (4.15) 

where u" = u and ut = u._ , and the state variables, 
r r

c- r c+ 
multipliers, and time are continuous. The mean value 

3H theorem requires that )^ur = 0, for some value of ur 
4- r -j-

between ur and ur, where Aur is ur - ur« However, the 

optimizing condition for unconstrained trajectories (2.41) 

requires that ?— = 0 at all points on the trajectory, and 
ur + 

therefore, this condition is satisfied at the points ur 

and u;. Consequently, the mean value theorem can be 

reapplied to the following equation: 

The result is that the m equations 
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^2H 
,-Vn—sn Au — 0 > r — 1,2, .. ., m 
aU^Us S s = 1,2 » <4"17> 

+ 
for some value of u between u and u . Hence for any free b b M 

corner to exist in a trajectory, it must be possible for 

some value of ug to satisfy equation (4.17). If no ug will 

satisfy equation (4.17), only continuous trajectories are 

possible. For problems containing a single control 

variable, this requirement reduces to the form 

—4 = 0 (4.18) 

for some value of u between u and u . 

Reflection Corners 

If a trajectory is required to have one point coin

cide with a specified boundary, the point on the boundary 

is called a reflection corner. If the boundary at which 

the reflection takes place is given by the equation 

g(y"i >t) = °> (4.19) 

the reflection corner can be represented as shown in 

Figure 4.2. The solid and dashed curves which pass through 

the two end points o and f, and intersect the boundary at 

points c and c', respectively, are two candidates for the 

optimal trajectory which satisfy the Euler-Lagrange equa

tions. It is clear from Figure 4.2 that the reflection 
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y± 

g(yi}t) = o 

** dy 
* c 

~-dt -> c 

Figure 4.2. Reflection Corner 

corner c is independent of the end points and that the 

state variables and time are continuous. Since corner c is 

independent of all other corner points, equation (4.9) is 

valid. If the continuous nature of the state variables and 

time is introduced, using equation (4.11), then the neces

sary conditions for selecting an optimal reflection point 

are 

(H+-H_)dtc + (A--Ai)dyi = 0. (4.20) 
c 

The variations of the corner point c are not arbitrary 

because the corner is required to occur on the boundary. 

Consequently the differentials in equation (4.20) are not 

arbitrary, and hence, their coefficients are not neces

sarily zero. Relations among the state variable and time 

differentials can be obtained by differentiating the 
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equation of the boundary (4.19) and evaluating the result 

at point c. 

dg = dy± AS 
^t 

dt = 0, 
c 

(4.21) 

Equation (4.21) can be adjoined to equation (4.20) by a 

constant multiplier/^.. 

i " "\+ i 
(H+-H"+|Uj| )dtc + >dyi^ = 0 (4.22) 

1 c "c 

The differentials can now be treated as independent. 

Hence, in order for equation (4.22) to be satisfied, the 

coefficients of each differential must equal zero, and 

H+ = H- -fig (4.23) 

and 

At - Aj +i"Jf7 (4.24) 

Equations (4.23) and (4.24) represent the necessary condi

tions which must be satisfied by an extremal at a reflec

tion corner. In addition, the equation of the boundary 

(4.19) must be satisfied at the corner point. The 

necessary conditions (4.23) and (4.24) are often called 

jump conditions (11, 16). Equations (4.23) and (4.24) can 

be reduced to an extension of the classical form.of the 

necessary conditions for reflected corners, first developed 
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by Weierstrass (2), as shown below. The derivatives of the 

state variables may be discontinuous across the corner and 

hence must be designated as being evaluated on the plus or 

minus side of the corner as y^ and y^, respectively. The 

variables themselves need no designation since they are 

continuous. The derivative of the state variable evaluated 

on the boundary will be designated without any superscript 

as y^. If equation (4.24) is multiplied by y^ and the sum 

subtracted from equation (4.23), the result can be put into 

the form 

f(y"i!ur»t) - fCy^u^t) - A^Cyi-yp 

= f(y.,u^,t) - f(yi,ur,t) - AjCyi-yi)• (4.25) 

The function which appears on each side of equation 

(4.25) is called the Weierstrass E function and appears 

frequently in the classical theory of the calculus of 

variations. Equation (4.25) represents an extension of 

Weierstrass' result for reflected trajectories (2) to the 

case in which several variables are included. 

Although the E function relationship does not 

furnish any additional information to the jump conditions, 

it may be considered as a non-independent auxiliary equa

tion which may be used in conjunction with the jump condi

tions in a manner similar to the way the first integral is 

used in conjunction with the Euler-Lagrange equations. 
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Entry Corner (Control Variable Constraint) 

The point where an unconstrained sub-arc meets a 

constrained sub-arc is called the entry corner of that 

constraint. Here attention will be focused on the entry 

corner of a control variable constraint. The form of the 

control variable boundary is given by the constraint equa

tion 

0(yi,ur»t) = (4.26) 

Figure 4.3 represents such a corner in y^, , ur and t space. 

u. r 

r. 

Figure 4.3. Entry Corner (Control Variable Constraint) 

The control variable boundary is represented by the solid 

line 0(yi,ur,t) = 0. The solid and dashed curves meeting 

the boundary at c and c1 are assumed to be two candidates 

for the optimal trajectory. The entry point c is assumed 

to be independent of all other corner or end points. In 

addition, the state variables and time at point c are 
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continuous. Hence, the application of equation (4.9) and 

the continuity conditions (4.11) yield the conditions . 

T+ 
(H -H")dtc + (/IT-APdyj - 0. (4.27) 

The variations of the corner point c can not be made 

arbitrarily, but must be consistent with the constraint 

(4.26). The relationship among the differentials in equa

tion (4.27) may be obtained by differentiating the con

straint equation and evaluating the result at the corner 

c, 

d0 = M- dyA •^0 
<=>u_ 

, -r , £0 
r
c 
+ sf 

dtc = 0, (4.28) 

where the control variable must be evaluated in the plus 

side of the corner where the trajectory coincides with the 

constraint. Equation (4.28) can be adjoined to equation 

(4.27) by a constant Lagrange multiplier^, yielding 

( H + - H _ ) d t c  +  ) d y . ^  + / J .  
><Z0 
"<=>u„ 

duj = 0. 
c 

(4.29) 

+ 
The differentials dy.. , dur , and dtQ can now be treated as 

c c 
if they were independent from each other. Consequently, 

the coefficients of each differential must equal zero. In 

particular, this requires that 

= 0. (4.30) 
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Because of the nature of the constraint, equation (4.30) 

can only be satisfied if ^equals zero. With JJL equal to 

zero the remaining conditions reduce to those for a free 

corner, 

H+ = H" (4.31) 

and 

At -A• • (4-32) 

Application of the mean value theorem to equation 

(4.31) leads to the following analysis: In order for the 

control variable to be discontinuous at the entry corner, 

§|-^ur = 0, for ur = ur^ (4.33) 

-j. 
where u is between u„ and u„, and Au„ is u -u . But XV XT J- J. J- i 

— + 

since equation (4.33) is satisfied by ur (but not by ur, 

see equation (3.14)), the additional requirement 

<^H 
<^u r 

a -Au = t 
r <^u 

c- r b 

Aur = 0 (4.34) 

is implied. In order for equation (4.34) to be satisfied, 

the mean value theorem requires that 

2 

£u L Aur 6ns = 0 (4'35) 
r s 

for some value of u_ between u0 and u , where (5uc = u„ -u_. 
s . s "b Id 

Equation (4.35) reduces to a more useful form for the case 

of a problem which contains only a single control variable 
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or for the case where only one control variable is allowed 

to be discontinuous. 

Hence if only a single control variable is involved, and 

equation (4.36) can not be satisfied for any value of the 

control, only continuous control functions are allowed 

across the entry point of a control variable boundary. 

leaves a control variable boundary is called an exit 

corner. The exit corner has the same characteristics as 

the entrance corner in that it is independent of all other 

corners and that it must occur only on the boundary (4.26). 

Consequently, equation (4.29) applies at the exit corner 

as well as at the entrance corner, and the same conclusions 

can be made. 

(4.36) 

Exit Corners (Control Variable Constraint) 

The point at which an unconstrained trajectory 

(4.37) 

and 

A;-A: (4.38) 

Entry Corner (State Variable Constraint) 

The entry corner of a state variable constraint can 

be treated in a manner similar to that of the control 
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variable constraint. The results, however, are affected by 

the order of the state variable constraint. Initially a 

first order state variable constraint will be considered of 

the form 

0(y.,t) = 0. (4.39) 

The corner is assumed to be independent of all other 

corners and the state variables and time are continuous 

across the corner. Consequently, the generalized corner 

conditions (4.7) reduce to equation (4.9), 

(H+-H")dtc + (Ai'Apdy. = 0- (4.40) 
o 

Since the corner point is required to occur on the con

straint, the differentials in equation (4.40) are related 

to each other as shown in Figure 4.4. 

dy. 

dt 

t 

Figure 4.4. Entry Corner (State Variable Constraint) 
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The relationships among the differentials in equation 

(4.40) are obtained by differentiating the constraint 

equation (4.39) and then evaluating it at point c. 

d0 = A 4-^0 
d^i. 3t 

dt_ = 0, 
c 

(4.41) 

Equation (4.41) can be adjoined to equation (4.40) by a 

constant multiplier JJL. The differentials can now be 

treated as independent, requiring their coefficients to be 

zero. As a result it is necessary that 

and 

H+ = H" -/ijf (4.42) 

(4.43) 

across the entry point. Equations (4.42) and (4.43) are 

the jump conditions obtained by Pontryagin et al. (11), and 

Bryson _et al. (16). In addition, the equation of the 

boundary, (4.39) must be satisfied at the entry point c. 

The jump conditions of equations (4.42) and (4.43) 

can be reduced in terms of the Weierstrass E function 

developed in the section on reflected corners. If equation 

(4.43) is multiplied by y"t and subtracted from equation 

(4.42), the result can be put in the form 

= f(yQ,u",t) - f(yi,u"r,t) = °- (4.44) 
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Hence, at the entrance to a state variable constraint, the 

E function evaluated across the corner must be zero. 

Equation (4.44) represents an extension of Weierstrass' 

result (2) to the case where several variables appear in 

the problem. Again the E function does not furnish any 

additional information but can be used as an auxiliary 

equation to the jump conditions. 

The results obtained above must be extended to 

treat the case of a general qth order state variable con

straint, 

0^(yi>ur,t) = 0. (4.45) 

It is clear that a control which satisfies equation (4.45) 

may still generate a trajectory which does not satisfy the 

original equation 

0(yi,t) = 0, (4.46) 

although it must satisfy an equation of the form 

0(yi ,t) = k-^t^ + ... + kq, (4.47) 

where the k's are constants. A similar argument holds for 

all derivatives of the state variable constraint up to and 

including the (q-l)th. Hence, to ensure that the con

strained trajectory coincides with the constraint, it is 

necessary that all the derivatives up to the (q-l)th 

derivative equal zero at the entry corner, 
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0Cy.pt) = 0 

0(yi»t) = 0 

(4.48) 

0(q~1)(yi,t) = o. 

These conditions prevent the entry trajectory from over

shooting the constraint. For the general qth order con

straint, the entire set of equations (4.48) must be 

satisfied at the entry corner. This set of constraints 

provides additional relations among the differentials in 

equation (4.40) which may be obtained by differentiating 

equations (4.48). 

d0 
(s) _ 

(s) 
+ S0 

(s) 

^ t 
dt = 0. 
c (4.49) 

s 1,2, ..., q-1. 

Equation (4.49) can be adjoined to equation (4.40) by a set 

of constant multiplierswhich allow the differentials to 

be treated as independent. Consequently, equations (4.42) 

and (4.43) can be rewritten for the general case of a qth 

order constraint, 

(q-1) 
H+ - H" -A0II - ll r-l <*t 

U -^<q-l) SB 
(4.50) 
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arid 

50 a . / /  ^0 j l  jl /1 50 ( q _ 1 )  

A i - A i + A o a y T  ^ 1  a y 7  '  • "  ^ ( q - 1 )  ̂  
c c c 

(4.51) 

In addition to equations (4.50) and (4.51), the q equations 

(4.46) and (4.48) must be satisfied at the entry point. 

Equations (4.50) and (4.51) represent the generalized jump 

conditions discussed by Bryson et al. (16). 

The E function relationship at the entry corner is 

obtained by multiplying equation (4.51) by y* and sub

tracting it from equation (4.50). It remains unchanged by 

the additional terms in equations (4.50) and (4.51), and is 

given by equation (4.44). 

stances discontinuous control is possible at the entrance 

to a state variable boundary. In this case, the Hamiltonian 

and the Lagrange multipliers are not continuous. The E 

function, (4.44) can be rewritten in the form 

It is of interest to investigate under what circum-

(4.52) 

where f+ = f(y^,u*,t) and f" = f(y^,u~,t). Equation (4.52) 

in turn can be written as 

HClT.y^u^t) = H^Tjy.jU^jt), (4.53) 
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although the right hand side of the equation is not equal 

-J-
to H . Application of the mean value theorem to equation 

(4.53) leads to arguments similar to those presented for 

the case of a control variable constraint. Hence in order 

for the control variables to be discontinuous at the 

entrance to a state variable constraint, 

d 2H 
du su 

r s 
(/\_T,yi ,ur,t) A ur6ug = 0 (4.54) 

for some value of u between u0 and u„ , where Au and(5u 
S S y 

have the same meaning as in the previous case. For the 

case where only one control is involved, equation (4.54) 

reduces to the more useful form 

2 
—7 (Aw-i >y-i >u>^ = 0* (4.55) 
auz 1 x 

Exit Corner (State Variable Constraint) 

The point of exit from a state variable boundary is 

assumed to be independent from all other corner points. In 

addition, since the exit point is on the constraint, it 

must satisfy the constraint equation (4.46). Therefore the 

derivatives of the constraint, (4.48), are automatically 

satisfied and need not be imposed at the exit point. Using 

the derivative of equation (4.46) to relate the differen

tials dy^ and dt at the exit corner in the usual manner, 
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the corner conditions (4.9) can be reduced to the following 

form: 

rr+ _ IT- . . , 3 0 
- H - II at 

and 

, <50 

(4.56) 

AT -AI  +n> % (4.57) 

Equations (4.56) and (4.57) represent jump conditions which 

may occur in the Lagrange multipliers and in the Hamilton

ian at the exit point from a state variable constraint. 

The value of the multiplier^' at the exit point is 

not independent of the values of the multipliers at the 

entry corner of a state variable constraint. Consequently 

the multipliers at the entry point can be selected in a 

manner which makes the multiplier and the Hamiltonian at 

the exit corner continuous (16, 21). 

The fact that the E function is zero at the exit' 

corner of a state variable boundary can be established by 

multiplying equation (4.57) by yT and subtracting the 

result from equation (4.56), yielding 

E = f" - f+ - At(y--yi) " 0- (4.58) 

The results obtained for entry and exit points of 

a state variable constraint can be summarized as follows: 

For a qth order state variable constraint, the necessary 
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conditions which must be satisfied by an optimal trajectory 

at the entry point are 

a0 
«+ * H" - H M  u v-idt 

/I oy 
-^(q-l)at 

(4.59) 

and 

^•i Ai 
a0 
Odyi 

+ n &L 
+^iay, 

-//, (q"1) 
••• •^L(q-l)sy1 

and at the exit point, 

and 

H+ = H" 

4- kl 

(4.60) 

(4.61) 

(4.62) 

Also a single control variable may be discontinuous at the 

entry corner only if it is possible to satisfy the equation 

^ = 0 
au 

+ 
for some value of u between u and u . 

(4.63) 

Discontinuous State Variable Corner 

In all the cases discussed in the preceding 

section, the state variables were found to be continuous 

at the corners although their derivatives, in general, were 

not. The control variables, on the other hand, were allowed 

to be discontinuous in many cases. In several types of 



73 

problems, it is desirable to allow specified discontinu

ities in the state variables. Examples of such problems 

found in the literature are rocket problems with mass 

discontinuities (9), and velocity discontinuities because 

of impulsive thrusting (8). It will be assumed that the 

value of the integral over the discontinuity is equal to 

zero. Problems where this criterion is not satisfied are 

discussed by Lawden (8) and Vincent and Mason (10). 

In general, more than one state variable may be 

discontinuous at any given time. A relation is required 

for each variable that is discontinuous in order to allow 

the values of the variables after the discontinuity to be 

calculated. A typical set of relations representing the 

change of variables across a discontinuity at a given point 

in a trajectory can be written in the form 

a 1,2, • • • , p 

b = p+1, •••> ti (4.64) 

s = 1,2, ..., p { d ^ 2p 

where the ya are the discontinuous state variables, y^ are 

the continuous state variables, and c is the location of 

the discontinuity ji/s • The superscripts plus and minus 

refer to the variables before and after the jump, respec

tively. No superscript is used for the state variables 

which are continuous and are single valued at the dis

continuity. A representation of a state variable dis

continuity is shown in Figure 4.5. 
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t 

Figure 4.5. Discontinuous State Variable Corner 

The solid line from o to f represents a possible 

optimal trajectory while the dashed line represents a 

stationary neighboring trajectory. If no constraints other 

than equation (4.64) are involved at the discontinuity, the 

corner is independent of all other corners on the trajec

tory, and the corner conditions are given by equation 

(4.9). 

[-Hdt+/^.dy. ] - [-Hdt-^.dy. ] =0. (4.65) 
1 1 c- c+ 

The state variables y , a = 1,2, ..., p are discontinuous 

while the remaining state variables y^, b = p+1, ..., n and 

time are continuous across the corner. Making this dis

tinction in equation (4.65) yields the following result: 

db-^>dyb + (H+-H~)dtc +A2dya ~^idya . = °- <4-66> 
c C- CT 
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The differentials in equation (4.66) are not arbitrary 

because of the constraining equation (4.64). These rela

tionships can be obtained by differentiating equation 

(4.64) and evaluating the result at the corner c. 

ay. a 

dya + 

dtySs 
ay* 

dy 
.+ 

ayb 
d5\ +<®T 

d t = 0. 
C 

(4.67) 

If equation (4.67) is adjoined to equation (4.66) by a set 

of constant multipliers^/ , the differentials can be 

treated as independent and their coefficients must be equal 

to zero. Carrying out these operations results in the 

following conditions: 

»+ - H" -/CJr =1,2, ..•, P 1 d ̂  2p 

Ab Ab +^s3y^ 

Aa 

and 

a; 

dy. 

*Ys 
3ayZ 

- o, 

b = p+1, ..., n 

a 1,2, »•*, p 

(4.68) 

(4.69) 

(4.70) 

= 0. a j.,2, ..., p (4.71) 

Equations (4.68) through (4.71) represent the necessary 

conditions which must be satisfied by an optimal trajectory 
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at a discontinuous state variable corner. In addition, the 

constraint equation (4.64) must be satisfied at the corner. 

If all of the state variables are allowed to be 

discontinuous, equations (4.68) through (4.71) reduce to 

the same form as the necessary conditions given by Mason 

et al. (9). 

Interrelated Corner Points ("Free" Boundary Problem) 

All of the corners discussed previously were con

sidered to be independent corners.. That is, the values of 

the variables at the corner of interest were not explicitly 

related to the variables evaluated elsewhere. This type of 

corner was considered in order to show that the classic 

results as well as the more recent results could be 

obtained from the corner condition, (4.9). In this section 

the generalized corner conditions will be applied to situa

tions where more than one corner is involved. This case 

will occur if there are equations of constraint which • 

explicitly relate the variables at more than one corner 

point. 

An example of a problem with interrelated corners 

is one which involves a "free" boundary. The "free" 

boundary consists of a state variable constraint whose 

position in state variable and time space is a function of 

the location of the entry corner. An ordinary state 

variable constraint is fixed in state-time space, 



77 

regardless of where the entry corner occurs. In the case 

of the "free" boundary, the exit corner position is a 

function of the entry corner position and hence, they are 

interrelated. 

The equation for a "free" boundary can be written 

in the form 

0(yi »tc»y'i't^ = 0 (4.72) 

where y. and t are the values of the state variables and 
xc c 

time at the entry point c. The boundary 0=0 is an n+1 

parameter family of curves in state-time space, depending 

on the initial conditions y. and t . Since it is not 
c ° 

known beforehand where the intersection of the entry 

trajectory and the constraint 0=0 takes place, it is 

desirable to monitor the changes in 0 by introducing the 

current values of the state variables and time on the 

entering trajectory into the constraint equation for y. 
c 

and tc. As a result the constraint 0=0 changes its 

position in state-time space, according to the current 

state of the entering trajectory and hence the name "free" 

boundary. The intersection of the entry trajectory with 

the constraint 0=0 or entry corner is determined when 

equation (4.72) is satisfied at some point c. 

= 0. (4.73) 0 ( y ±  >tc,yi,t) 
c 
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A "free" boundary is represented in Figure 4.6. 

\
 

\
 X / / / 

0(yt , 
c 

y, ,t) = 0 f-" " 

os d 
dy. 

h 
4 

* 

\ X-

\ dtd 

h 

dtc <r-

Figure 4.6. "Free" Boundary 

The solid and dashed lines represent two possible sta

tionary trajectories which intersect the constraint 0=0 at 

c and c1 respectively. The location of 0=0 and hence of 

the exit points d and d' is dependent on the location of 

the entry point. In the following discussion 0 is assumed 

to be a first order state variable constraint. 

A procedure similar to that used for the previous 

corners is utilized to obtain the necessary optimizing 

conditions which must be satisfied at the corners c and d. 

If the two points c and d are considered independent of 

all other points on the trajectory, the generalized corner 

condition, (4.7), reduces to 
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[-Hdt+^dy.] - [-Hdt+^dy.] + [-Hdt-^dy.] 
c- C * d-

- [-Hdt-i^.dy.] = 0, 
1 1 d+ 

(4.74) 

Also since the state variables and time ar-e continuous at 

each point c and d, equation (4.74) reduces to 

(H+-H-)cdtc + ciJ-AP dyi + <H+-H">ddtd 
c c 

+ Cli-At)dyi = °' 
Ad 

(4.75) 

The differentials in equation (4.75) are not independent 

because of the constraint equation (4.72). The relation

ships among the differentials can be obtained by differ

entiating equation (4.72) and evaluating the result at each 

corner c and d. At point c, 

. <50 d0 = M. 
i 

A i 3 0 
yi + a!t-

C C 

dt +|1 
c ay. 

dy^ at 
c 

dtC = °» 

(4.76) 

and at point d, 

d0 A J- ̂ 0 dy • + 31„ c c 
dt ... 30. 

c ' ay. .«>< * a dt, = 0. 
! d 

(4.77) 

Equations (4.76) and (4.77) can be adjoined to equation 

(4.75) by introducing a pair of constant multipliersjJL^ 

andSince the differentials may now be considered 
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independent, the coefficients of each differential must be 

zero. The results are that at corner c, 

H+ = H" -u &-M c vat. 
+ ||) -U 3-0-at' •dai 

a 

(4.78) 

AT -AI 3 0 
ay . + M 

1r .  1 ~ C C 
dayi 

and at corner d, 

H+ " H" - U M  

and 

At-AI +Ud§r 

(4.79) 

(4.80) 

(4.81) 

Equations (4.78) through (4.81) are the necessary cpndi-

tions which must be satisfied by an optimal trajectory 

which enters and leaves a first order state variable "free" 

boundary. 

The results of the above analysis can be extended 

to include "free" boundaries of higher order state variable 

constraints. The modification of equations (4.78) through 

(4.81) for this case can be established by noting that once 

the entry point is determined by equation (4.73), the con

straint becomes an ordinary state variable constraint fixed 

in state-time space. To ensure that the entry trajectory 
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does riot overshoot the constraint, it is necessary that the 

first (q-l) time derivative of a qth order constraint be 

zero, providing the additional set of equations (4.48), 

which must be satisfied at the entry point. If these 

conditions are introduced into the corner conditions (4.75) 

in the usual manner, the following extension of equations 

(4.78) through (4.81) is obtained: At corner c, 

H+ - H" -Mo(|| + |f) -Aj 
c c ° 

U 50(q"1) // 50 
••• " (q-l) at c  "Md0t d' 

(4.82) 

and 

^ • Al +M$7 + sy?-> 
c c ° 

^// a0^q"1^ /1 a0 
+  ••• +^(q-l)-ay— +^d5y7 ' 

1 c 1 d 

(4.83) 

and at corner d, 

H+ -»- -Ajf . (4.84) 

and 

(4.85) 
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In addition the constraint equation (4.72) must be satis

fied at each end point. 

Specified Sub-Arcs ("Floating;" Boundary) 

A unique situation arises if equation (4.73) is 

satisfied for all points on the unconstrained trajectory. 

This situation arises if any point on the unconstrained 

trajectory could serve as the initial or entry point on the 

constrained trajectory. This situation is represented by 

Figure 4.7. 

Unconstrained 
Trajectory JZKyj = 0 

~ 0(yi »t2,yi,t) = 0 

^^yi1'tl,yi'fc) = 0 

Figure 4.7. "Floating" Boundary 

At time t-^, the boundary intersects the unconstrained 

trajectory at the point y^(t^). Similar conditions hold 

at t£> t^> etc. Hence the boundary "floats" along with the 

current point of the unconstrained trajectory. 
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Since the unconstrained trajectory does not violate 

the constraint, it is not necessary to enter onto the 

constraint and the optimal trajectory will not do so. If, 

however, the problem requires that the trajectory follow 

the "floating" boundary for some specified time or until 

some specified conditions are satisfied, corner conditions 

similar to those of the previous section must be satisfied. 

In such cases an additional relation must be specified to 

describe the length of "time" that the trajectory must 

coincide with the boundary. 

Equation (4.86) provides an additional relationship among 

the initial and final values of the state variables on the 

constrained portion of the trajectory. As a result, 

additional relations are imposed on the corner differen

tials, and the necessary conditions which must hold are 

changed from those of the preceding section. At the entry 

corner c, 

(4.86) 

and 

H+ = H" -/* <!! + §f-)( -Mjf- (4.87) 
C „ C' C J c c d 

= ̂ +^tf7 + ayf->| WT (4-88) 

c c c c c d 
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At the exit corner d, 

H+ = H" II ^ - li M H  H  Mdat , 
d |d 

(4.89) 

and 

Ai Ai +/^layT~ +/^dlyT 
1 j i d .d 

(4.90) 

In addition, the constraint equations (4.72) and (4.85) 

must be satisfied at each corner. 

Intermediate Switching Conditions 

In some optimization problems it is desirable to 

prescribe a certain change in control when a specified 

relation among the state variables and time is satisfied. 

In other cases the dynamical equations of constraint (3.2) 

may change form at some state-time space boundary. The 

prescribed conditions at which the above changes take place 

are called an intermediate switching condition. This 

condition can be represented by the equation 

and is shown in Figure 4.8. In Figure 4.8 the switching 

condition causes a change in either the dynamical .equations 

of constraint or in the control variable creating a corner 

at point c or c' in the trajectory from o to f. If this 

corner is assumed to be independent of all other corners, 

the corner conditions (4.9) and the equation of the 

g(yi,t) = 0 (4.91) 
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d 

g(yi}t) = 0 

— d t  
c 

t 

Figure 4.8. Intermediate Switching Condition 

switching boundary (4.91) lead to the same corner condi 

tions for the reflected corner developed previously and 

repeated here, 

It is possible to use the intermediate switching condition 

to initiate some of the sub-arcs discussed previously. For 

example, a discontinuity in the state variable may be 

required to occur when certain prescribed switching condi

tions are satisfied. Figure 4.9 represents a situation of 

this type. 

H+ " H" ~<U§t , 
c 

(4.92) 

and 

At ~ X l  +MfyT ' 
c 

(4.93) 
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o 

dt 

Figure 4.9. Discontinuous State Variable 
with Switching Condition 

Here a jump in the state variables given by equation (4.64) 

is required when the switching condition (4.91) is' satis

fied. The corner condition (4.9), along with these two 

constraints, lead to the following corner conditions for 

this case, 

H = H" -11 *Ys sat 

+V 

-yff (4.94) 

b = p+1, • ••» n (4.95) 

*Ys = Q, a = 1,2, ..., p (4.96) 

and 

a: -H& - 0, a = 1,2, ..., p (4.97) 
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where^s and \J are constant Lagrange multipliers associated 

with equations (4.64) and (4.91), respectively. 

In a similar manner, a switching condition could be 

used to require a trajectory to switch to a specified sub-

arc or "floating" boundary. In this case the specified 

sub-arc will be encountered when prescribed conditions are 

satisfied. Figure 4.10 represents this situation. 

dy. 
dy. 

dt 

t 

Figure 4.10. Specified Sub-Arc with 
Intermediate Switching Condition 

It is assumed that the specified sub-arc (4.72) satisfies 
/ 

the "floating" boundary condition that equation (4.73) is 

satisfied at all times on the unconstrained trajectory. 

Hence when the switching condition (4.91) is satisfied, the 

trajectory can enter onto the constraint (4.72) for the 

amount of time specified by (4.96). The generalized corner 
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conditions (4.7), along with equations (4.72), (4.91), and 

(4.96), yield the corner conditions for this situation. At 

corner c, 

H+ - H" -nM + §f> -u ^•lat 
c 

•m -11 
c M d a tc c 

and 

At -AI +Mc<§fr + ̂ -> 
+^|S-

C c c 

90 

and at corner d, 

H +  - H "  
-LI — t+ddi 

"^ddyT-

c 1c 

(4.99) 

(4.100) 

and 

At =A: +hM- +LL &L 
f*- day. 

(4.101) 



CHAPTER V 

EXAMPLE PROBLEMS 

In order to obtain an optimum trajectory for a 

particular problem, it is required that all the necessary-

conditions discussed in the preceding chapters, which are 

pertinent to the problem, be satisfied. These conditions 

include those required on constrained or unconstrained sub-

arcs as well as those required by the generalized corner 

conditions. The task of finding such a trajectory is 

indeed difficult. However, a general approach will be out

lined below for the purpose of illustrating the application 

of the necessary conditions to a typical optimization 

problem. 

A problem with fixed end points and no inequality 

constraints may be used to illustrate the basic difficulties 

associated with obtaining a solution to an optimization 

problem. The necessary conditions which must be satisfied 

by an optimum trajectory are that 

Ai - - . i - 1,2 (5.1) 

and 

§§- = 0, r = 1,2 m. (5.2) 

89 
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These equations must be solved in conjunction with the 

dynamical equations of constraint 

y^ ~ 3*^ » ^ — •••» n* (5.3) 

Equations (5.1) and (5.3) are 2n first order differential 

equations requiring 2n boundary conditions for solution. 

For the fixed end point problem, these conditions are 

provided by the specified values of the state variables y^ 

at each end point. Unfortunately, it is the initial values 

of the multipliers, > which must be known in order to 

integrate (5.1). Consequently, one procedure is to guess 

the initial values of the multipliers, numerically inte

grate the set of equations (5.1) through (5.3), and check 

the values of y^ at the end point. If they are not correct, 

the initial values of are adjusted and the integration 

repeated until all values of y^ at the final point 

correspond to the values specified. 

If the restriction of fixed end points is relaxed, 

the transversality condition is used to obtain the 2n 

boundary conditions required as well as the initial and 

final times. 

[-Hdt+^.dy.] = [-Hdt+^.dy.] =0. (5.4) 
1 1 0 1 -1 f 

For example, if the y^ and t are not explicitly 

related at the end point f, and the end point is free, then 

the transversality condition (5.4) requires that at the 
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final point, = 0 and ̂  = 0. These conditions in

directly determine the final time t^ and the final state 

y. . Equations (5.1) through (5.3) are numerically inte-
1f 

grated, using the guessed initial values of ̂ ., until the 

final conditions given by equation (5.4) are all satisfied. 

Again a trial and error procedure is required. 

The introduction of a state variable inequality 

constraint into the problem complicates this procedure. A 

trial solution without considering the constraint is 

obtained using the methods above. If this solution violates 

the boundary, the technique outlined below must be used. 

For the purposes' of discussion a fixed end point problem 

with a single degree of freedom will be considered. 

Initial values of the ̂  are assumed, and equations (5.1) 

through (5.3) are integrated until the constraint is met. 

At this point a constant multiplier jX is assumed, and the 

jump conditions (4.42) and (4.43) are applied (assuming a 

first order state variable constraint). It is important 

to note that equations (4.42) and (4.43) are not linearly 

independent and hence the multiplier JX is not uniquely 

determined at the corner. Consequently the corner condi

tions can not be satisfied unless the trajectory enters the 

constraint properly, regardless of the value of jX selected. 

Therefore new guesses must be made on the initial values of 

the multipliers ̂  until the entry conditions are satisfied. 

Once the trajectory has entered the constraint, the 
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equations developed in Chapter Three are used to calculate 

the control and state variables as well as the Lagrange 

multipliers along the constraint. The value of the 

multiplier jJi determines the exit corner. If exit is 

attempted at any point which is not the correct one, the 

exit conditions of continuous multipliers and Hamiltonian 

can not be satisfied. The final portion of the trajectory 

must pass through the final point. If this criterion is 

not met, adjustments on the value of jJL and possibly on the 

initial values of ̂  must be made. Note that the initial 

^ must be adjusted so that the trajectory still intersects 

the constraint in a manner which allows the entry condi

tions to be satisfied. The case where the end points are 

free is handled in the same manner except that the boundary 

conditions are given by the transversality condition (5.4). 

The "free" boundary problem is treated in a manner 

similar to that used for the state variable constraint, 

except that additional terms are included in the conditions 

at both entrance and exit corners. 

Example Problem—State Variable Constraint 

The problem to be examined may be stated as 

follows: Find the control which will cause a particle, 

moving in a plane at constant speed, to pass between two 

fixed points in minimum time. The trajectory, however, is 
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required to stay outside of a circular region which lies 

between the two points, as shown in Figure 5.1. 

y 

Figure 5.1. Example Problem--State Variable Constraint 

Initially, the solution will be obtained as if no 

constraint were present. The dynamical equations of 

constraint are 

x  =  V c o s ( 5 . 5 )  

y = VsirQf (5.6) 

where ̂  is the angle which the velocity vector makes with 

the x axis, x and y are the coordinates of the particle, 

and V is the constant speed. The integral to be-minimized 

is 

t 

I. =  J  dt. (5.7) 

0 
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The two state variables are x and y, while the control 

variable is . The Hamiltonian for this problem is 

H = Ax
Vc°s7 +AyVsinT " 1 .(5.8) 

and the Euler-Lagrange equations (5.1) through (5.3) are 

\ = - ̂  = o (5.9) 
^X <=>X 

\ = - £3 = 0 (5.10) 
Ay <^>y 

|S - - Ax
VsinT+ Ay

VcosT • <5-u> 

These equations can be integrated, yielding the result 

X = const. (5.12) 

A = const. (5.13) 

tan If ~ const« (5.14) 

The transversality conditions 

[ -Hdt+^dx+A dy]f = 0 (5.15) 

yields the end point condition 

Hf = 0. (5.16) 

Since H is not an explicit function of time, equation 

(5.16) holds throughout the trajectory and can be written 

H =AxVcos7+^yVsin7-l = 0. (5.17) 
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Equations (5.12), (5.13), (5.14), and (5.17) can be solved 

for Ax 
andAy* 

Ax = ££v^ <5-18) 

Ay " ̂  • <5"19> 

The dynamical equations of constraint can be integrated and 

the value of the control ̂  established. 

tany= xf_^° •. (5.20) 
xf xo 

The result, of course, is a straight line between the two 

end points. This unconstrained solution violates the 

constraint put on the problem and hence is not valid. 

A new solution which includes the inequality con

straint must be found. The initial and final portions of 

the new solution are unconstrained and must satisfy the 

original set of Euler-Lagrange equations (5.1) through 

(5.3). The intermediate portion must coincide with the 

boundary. While on this boundary, the additional con

straint must be satisfied, and the Euler-Lagrange equations 

developed in Chapter Three must be applied. 

The state variable constraint for this problem is 

0 = x2 + y2 - R2 = 0. (5.21) 

The first time derivative is given by 
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0 = 2xx + 2yy = 0 

or 

2xVcos^/'+ 2yVsin.y = 0. (5.22) 

Since the control variable appears in this derivative, 

equation (5.21) is a first order state variable constraint. 

The constrained Euler-Lagrange equations (3.29) become 

-A VsinT + A VcosT 

Ax • -*Vslny4vcos-y 

-A VsinT + /\ Vcos^ 

Ay = -xVsinJ+ yVcosJ Vsin/' (5.24) 

and equation (5.22) can be written as 

tariff= " y * (5.25) 

If the following relations on the circle are intro

duced into equations (5.23) and (5.24), these equations can 

be integrated: 

x = RcosQ = -F Rsin^ (5.26) 

y = Rsin© = + Rcos^, (5.27) 

9 = 7 ± "2 (5.28) 

where 9 is the angle that the position vector to the 

particle on the circle makes with the x axis. The upper 

and lower signs refer to motion about the circle in a 

clockwise or counter-clockwise direction. The independent 

/ 
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variable t can be replaced by the variable^ using the 

relation 

dt = ? ̂  dlf. (5.29) 

Substituting equations (5.26) through (5.29) into equations 

(5.23) and (5.24) yields 

Ax = (Axsin7" Aycos/) cos J (5.30) 

Ay = ^Axsin7" Aycos7> sin7 (5.31) 

where the prime indicates differentiation with respect to 

7". The results are the same for clockwise or counter

clockwise motion about the circle. 

The solutions to equations (5.30) and (5.31) are 

Ax = A^ [cos(?"?i) + (Y~Ti)cosTisinfl 

+ Ay^[-sin(7-7^) + Cf-Ji) sin^six^] , (5.32) 

and 

Ay =Ax1[sin(7~7i.) - (7-?i)cos7icos7J 

+ Ay [COS (7-^) - (y~Ti> sin^cos(5.33) 

where the subsc.ript 1 indicates conditions at the entry 

point on the circle. 
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The values forA.v and } required in equations 
1 "i 

(5.32) and (5.33) are determined from the jump conditions 

at the entry corner 

H+ = H- -/i|f 

and 
1 <=>0 Ai =A: 
^i 

(5.34) 

(5.35) 

These conditions become 

A^VCOS/" +AY1VSIL9T = 1(5-36) 

Ax -Ax +M(2x) =Axx ?/«2Ssii^ (5.37) 

Ay: -Ayx +yti(2y) =A;x (5.38) 

The values of the multipliers are known at the end of the 

entry trajectory from equations (5.18) and (5.19), and are 

Axx - ̂  - A;x - • (5-39) 

If these values are substituted into equation (5.36), along 

with the relationships (5.37) and (5.38), it reduces to 

cos(jjft 7) = 1 (5.40) 

or 

7+ =7; H J (5.4i) 
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Hence, the control is continuous, and the entry trajectory 

is tangent to the circle. This same result can be obtained 

by using the E function relationship (4.44). 

In order to establish the values of the multipliers 

during the time that the trajectory coincides with the 

circle, equations (5.37) and (5.38) are substituted into 

equations (5.32) and (5.33), leading to the result that on 

the circle, 

Ax = y[cos/ + Qf-Yi)sin/] **•//£2Rsin/, (5.42) 

and 

Ay = vtsin?/" (/"?i)cos/] j;/^2Rcos/. (5.43) 

If equations (5.42) and (5.43) are substituted into the 

Hamiltonian, the fact that it remains constant across the 

corner and all along the constrained trajectory is 

verified. 

At the exit corner the Lagrange multipliers and 

Hamiltonian are continuous. The Lagrange multipliers can 

be established on the exit trajectory in a manner similar 

to that used in the case, of the entry trajectory and are 

given by 
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Evaluating equations (5.42) and (5.43) at the exit corner 

and setting them equal to the appropriate terms in (5.44) 

yields: 

/yf 
OO S n 

^[cos/2 + (/2~^)sil?'2^ */^2Rsin?2 = —' (5.45) 

and 

* 

^[sin^ - (J2"?]_)c0s72] ±/^2Rcos^2 = —• (5.46) 

Equations (5.45) and (5.46) can be shown to require that 

cos = 1 (5.47) 

indicating that the exit control must be continuous as 

expected. Furthermore, 

/+<= ± - • ' (5.48) 

Hence, if JJ. is given, only one exit point is permissible, 
and only the correct JJL will allow the solution to pass 
through a specified end point. 

The solution of the problem is then established 

from the above results. A straight-line trajectory from 

the initial point must meet the circle tangentially. The 

trajectory then remains on the circle until it can leave 

tangentially in a straight line that intersects the final 

point. From a computational point of view, two initial 

values of the A's are guessed, along with a value of jj,. 
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These values are adjusted until the trajectory enters the 

constraint,, satisfying the jump conditions, and then leaves 

the constraint so that it passes through the end point. 

Example Problem--"Free" Boundary 

The problem discussed here is the same as the one 

in the preceding example except that the equation of the 

constraint is not fixed in state-time space. The size of 

the circle is determined by the point of intersection, and 

the corresponding equation of constraint is given by 

0 = x^ Jr y^ - (x-,4-a)^ = 0, (5.49) 

where a is constant and x-^ is the coordinate at the entry 

point. Once the point of intersection is determined, the 

constraint remains fixed in state-time space. 

The dynamical equations of constraint (5.5) and 

(5.6), the Euler-Lagrange equations for the unconstrained 

trajectory, (5.9), (5.10), and (5.11), and the Euler-

Lagrange equations for the constrained trajectory, (5.23), 

(5.24), and (5.25), as well as the circular relationships 

(5.26) through (5.29), established for the preceding 

example, are valid for the "free" boundary problem. How

ever, the radius of the circle R is determined from the 

entry point on the constraint. 
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The corner conditions, however, are different and 

are obtained from equations (4.78) through (4.81). For the 

entry corner these are 

H+ _ _ I I  ^2ht, 

and 

At = J. II (<^0 J. «=* ft \ J-m I I ^ 0 
i ^l^y . ' <^y^ ' ̂2&y. 

x X1 , 1 

(5.50) 

(5.51) 

For this problem these equations reduce to 

H* = K" 

Ax +/^i[2x " 2(a+xx)] - jl22(a+xj_) 

and 

Ay. = Ay. +/^l2y. 

(5.52) 

(5.53) 

(5.54) 

If equations (5.53) and (5.54) are substituted into equa

tion (5.52), introducing equation (5.8), the results can be 

shown to reduce to the requirement that 

cos ("?^-Tp - 1 

2RVcos/J 
(5.55) 

This value of (JJL-^+JJ^) also ensures that H is a const-?--

throughout the constrained trajectory. 

The values of the multipliers, Ax anc^Ay» on t"rie 

constraint are established by substituting equations (5.53) 
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and (5.54) into the integrated Euler-Lagrange equations 

(5.32) and (5.33). The results are 

Ax = v[c°s(Ti~7i+7) + (?"-7t)cos<7T-7Psir7J 

- (//1+/ 2̂)2R[cos(7-7p + (77pc-osj^sii^] 

+/U^2Rsin7 (5.56) 

and 

Ay = V ŝin̂ l"^l+̂  " (7-7i)cos(71-7-)cos7] 

- (JAj-rjLL^) 2R [ sin(7~7[) - (7-7[) cosjf^cosjf] 

j^/^^2Rcos7 (5.57) 

where (JJL-^rjJLy) given by equation (5.55). Note for the 

case where (jLLj-ijLl^) = 0, equations (5.55), (5.56), and 

(5.57) reduce to the corresponding equations (5.40), 

(5.42), and (5.43) for the ordinary state variable boundary. 

At the exit corner, the corner conditions are given 

by equations (4.80) and (4.81) and are repeated here. 

H+ - H" (5.58) 
2 "2at 

4  

and 

^ ' (5.59) At -AI 
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Along the exit trajectory the values of the 

Lagrange multipliers are established, as in the preceding 

example problem, to be 

s/J ^ + _ sirft 
•x2 V ' ^ 2 T 

COS/) -J. ,, 
a ;  - -4̂  .  A *  -  — •  < 5 - 6 ° >  

Equations (5.56) and (5.57) can be evaluated at the 

exit comer on the constraint, and along with equation 

(5.60), can be substituted into equations (5.58) and 

(5.59). After considerable reduction, the following con

clusions can be made: 

T2'7-2, (5.61) 

i.e., the trajectory leaves tangentially as expected, and 

sii^ - sii$^ + cos(7^_-7^) ± 1 + Of2lf j_)cos?' 1 = 
(5.62) 

Equation (5.62) determines the point at which the trajec

tory must leave the circle. 

Solutions to the "free" boundary problem can be 

generated as follows: An arbitrary initial' trajectory is 

selected, and the intersection with the boundary is deter

mined. The trajectory then remains on the constraint until 

the exit corner condition is satisfied. In this problem 

this condition is equivalent to satisfying equation (5.62). 

The final sub-arc is checked to see if it passes through 
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the desired end point. Adjustment of the initial trajec

tory is made until the end conditions are satisfied. 

Results of the "free" boundary problem discussed in 

this example are shown below in Figure 5.2. In this 

problem the constant in the constraint equation (5.49) is 

equal to five, and the starting point for all trajectories 

is at (-8,5). .As a particle on a trajectory moves in the 

positive x direction, the radius of the circle decreases 

and then increases. The locus of the points of intersec

tion of the entering trajectory with the expanding circle 

9 9 9 
is given by the parabola, x y - (a-i-x) = 0, designated 

i'h the figure. The two trajectories, (A,B) which inter

sect the circle tangentially leave the constraint 

immediately as required by equation (5.62) for the case 

where t1ae ot^er hand, trajectory (C) which 

intersects the circle at the x axis remains on the con

straint. Trajectories (D,E,F) follow the constraint 

through various angles depending on the values of the path 

angle, y, at the entry point. Equation (5.62) becomes the 

optimizing condition for this example once the uncon

strained trajectories are known to be straight lines. 

Example Problem--Constrained Flight Path 

The dynamical equations of constraint for an air

craft with unbounded lift moving through the atmosphere 

over a flat earth are given by 



(a-!-x) ~r 

Optimal Trajectories 

B/ 

—, "i—i 

Figure 5.2. "Free" Boundary Problem 
o 
cr> 
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«• - . gsinj, (5.63) 

x = vcosj (5.64) 

y  =  v s i h ( 5 . 6 5 )  

where x is the coordinate in the horizontal direction, 

y is the coordinate in the vertical direction, 

v is the speed of the aircraft, 

'Y is the flight path angle measured with respect to 

the horizontal, 

T is the thrust assumed parallel to the velocity, 

and 

D is the drag of the aircraft. 

The state variables for this problem are v, x, and y, and 

the control variable' is the flight path angle rJ. For a 

time optimal problem, the integral to be minimized is 

kf 

I = J dt. (5.66) 

Trajectories for an airplane moving between two 
i 

fixed points in minimum time have been generated by 

Vincent et al. (18), for the case where the state and 

control variables are not constrained anywhere along the 

trajectory. The results of the unconstrained problem can 

-be—used to generate optimal trajectories for a constrained 

problem provided the behavior of the control variable^ 
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across the constraint entry corner and exit corner is 

known. In particular if the control variable is continu

ous, the proper trajectory which includes a constraint is 

the one which enters and leaves the constrained sub-arc 

tangentially. 

The conditions which must be satisfied by a dis

continuous control across the entrance to a state or 

control variable constraint are the same for problems which 

include a single control variable, and can be written 

" 0 (5.67) 

for some value of 7 between ̂  and The Hamiltonian for 

the minimum time problem is 

H = " ssii7) + AxVcos7*AyVsin7" 1 = 0 (5-68> 

and hence equation (5.67) becomes 

Ay§sinT - AxVcos7 " AyVsin7 = °» (5.69) 

which in turn can be written as 

tanT = — . (5.70) 

Note that the right hand side of equation (5.70) is 

evaluated at the entrance corner. If equation (5.70) can 

not be satisfied by some value of 7 between^ and then 
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the control variable must be continuous across the entry 

corner. This conclusion is valid for all state and control 

variable constraints. 

The corner conditions at the entrance corner of a 

state variable constraint (or control variable constraint 

for the case where fl= 0) are given by 

H+ = H" -fi|| (5.71) 

(5.72) 

<5.73) 

A: -A; (5.74) 

In addition, on the constraint, 

0(y,x,v,90 = 0 (5.75) 

If equations (5.72) through (5.75) are substituted into 

equation (5.71), the following results are obtained: 

AxV _ sin?"*" - sin?"" /5 7&\ 

a;S-A;V cor - cor 

Equation (5.76) can be substituted into equation (5.70) to 

obtain 

tanJ - sln̂  - (5.77) 
COs/j ' - cos^ 
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Equation (5.77) is satisfied for a value of ̂  given by 

7= ± i (5.78) 

Hence in order for the flight path angle to be discontinu

ous at the entry point of a state or control variable 

minimum time aircraft trajectories the flight path angle is 

restricted to values in the first and fourth quadrants 

(18). Under these circumstances only continuous control is 

allowed. Hence the trajectory must always enter the con

straint tangentially. 

constraint, there must exist some 

which satisfies equation .(5.78). 

exists when^T' -rf" )n . However, in the general case of 



CHAPTER VI 

CONCLUSIONS 

The technique of the calculus of variations may be 

applied to optimal control problems formulated in 

terms of state and control variables. This 

approach affords a new insight into optimization 

problems by treating the variations in the state 

and control variables in a distinctly different 

manner, that is by relating them through the 

linearized dynamical equations of constraint. 

An optimal trajectory which contains several sub-

arcs must satisfy the necessary conditions 

developed in Chapter Two along its unconstrained 

sub-arcs, and the necessary conditions developed 

in Chapter Three along its constrained sub-arcs. 

In addition, the sub-arcs must be joined such that 

they satisfy the generalized corner conditions 

developed in Chapter Four. 

The generalized corner conditions of Chapter Four 

serve as a powerful tool in determining the neces

sary conditions which must be satisfied at any 

given corner or set of corners. This condition 

reduces to the well known results of Weierstrass 

111 
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and Erdmann for the case of free corners, the 

results of Bryson, Berkovitz, and Pontryagin for 

state and control variable constraint entry and 

exit corners, and to the transversality condition 

at the end points. 

4. The generalized corner conditions can be used to 

solve problems where conditions at several corners 

are interrelated or for the case where several 

conditions are given at one corner. 

5. The jump conditions associated with a corner in the 

state and control variable approach of the modern 

theory can be reduced to a form analogous to that 

of the Weierstrass E function of the classical 

theory. 

6. The above form can be used to investigate the 

behavior of the control variables across corner 

points. That is, it is possible to determine 

whether discontinuous control is allowed. In the 

case of problems containing only one control 

variable, a simple condition which tests for dis

continuous control is obtained which is valid for 

all types of corners. 

7. The methods developed in this paper may be applied 

to several types of practical"engineering problems. 

The concepts of switching boundaries, state variable 

discontinuities, and "floating" boundaries 
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represent typical situations which arise in 

optimization problems in the area of flight 

mechanics. 

An example of an application of the switching 

boundary is that of finding the thrust program of a rocket 

which will maximize the payload for the case where the 

rocket is required to stage when certain prescribed condi

tions relating the velocity and mass are satisfied. 

Another situation requiring a switching boundary is the 

time-optimal airplane performance problem where the effect 

of a supercharger must be considered above certain alti- \ 

tudes and speeds, that is, the equations of motion have a 

slightly different form above a specified altitude-speed 

relation. 

The rocket problem also illustrates the application 

of discontinuous state variables. In particular, the mass 

of the rocket is discontinuous at the staging point. The 

discontinuity may be expressed in terms of structural 

ratios, velocity, and altitude. 

Tfre "floating" boundary constraint can be used if 

a rocket or space vehicle must follow a specified sub-arc 

for some period of time. In particular, after staging, a 

rocket may be required to coast for five seconds before re-

igniting. 
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In many flight mechanics problems the mathematical 

model selected can only approximate the actual case. -How

ever, with the use of the methods developed in this paper, 

it is possible to select a model which better represents 

the true physical situation. 
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