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ABSTRACT

The thesis is concerned with obtainihg a suboptimal
solution to the stochastic control problem. Simply stated
this problem is: how to control a plant with unknown
inputs on the basis of only imperfect information of the
system state to minimize a performance index. A common
approach is to separate the estimation problem from the
control problem and to solve each separately. The result
of this separation procedure is, in general, suboptimal.

In this thesis a different suboptimal method is
offered where the estimation and control is performed in
one operation. There are two advantages of this method
over the previous one. First, the resulting control is
specified by the integration of only half as many differen-
tial equations. Second, since control and estimation are
performed in one operation the control is dependent on
estimation; this means that the control tends to drive the
state of the plant towards its goal along a path where
estimation is good and avoids regions where estimation is
poor. This is in contrast to the approach above where the
control is independent of estimation and may drive the
state into regions which are poor for estimation purposes.

In the final chapter these two approaches are

applied to the noisy differential game problem; i.e., where

xiii



xiv
the states of the players are imperfectly known. It is
shown that the solution to an n person differential game
with imperfect information is equivalent to solving n
different stochastic control problems--each player is
concerned with the solution to one of the problems. The
two methods are illustrated by numerous examples which were

simulated on the digital computer.



CHAPTER 1

INTRODUCTION

1.1 Introduction

A common assumption in the development of control
theory is that the state variables of the system may be
.measured exactly and that all inputs to the system are
known (2, 20). On the basis of this exact knowledge, the
control engineer feeds back a control signal which mini-
mizes or maximizes some chosen criterion. Unfortunately
the measurements of the system state variables are

generally not noiseless and may even be corrupted beyond

recognition. Also there may be inputs to the system which
are unknown. In these cases the previous theory yields
suboptimal results. If, however, the noise affecting the

system and measurements is taken into account, then the
problem becomes a stochastic estimation and control
problem, the subject of this thesis.

The definition of the stochastic estimation and
control problem is identical to that of the combined
optimal control and estimation problem considered by
Meier (16). A flow chart of the problem is given in Fig.
1-1. The vectors v and u are noise. In this problem a

plant is given and noisy measurements, y, of the state x

1



| |

¥ PLANT X MEASURING X
p— , >  PROCESS
ESTIMATOR
AND =
CONTROLLER .

Fig. 1-1.--Block Diagram of the Stochastic Control Problem



are available. It is desired to determine a control w to
the plant such that the performance of the system is
optimized. In this thesis the system performance is judged
by an integral performance index.

The solution to the stochastic estimation and
control problem has been formulated mathematically in the
form of recursion equations (16). Unfortunately these
results are unusable in the practical situation unless the
feedback control is discrete and of low dimension or if the
system and the measurements are linear and the performance
index is a quadratic form. In the latter case the recuf-
sion equations become equivalent to Kalman's results (9,
10, 12, 13, 21). Kalman has shown in his famous separation
theorem that the stochastic problem or the combined estima-
tion and control problem can be solved optimally by
separating the control portion of the problem from the
estimation. In effect two problems are solved; first the
optimal controller is found under the assumption that all
states of the system are exactly known, then the optimal
on-line estimator is developed with the assumption that the
noise is white and gaussian (14, 21). This estimator,
either the discrete form or the continuous form, is often
referred to as the Kalman filter. The optimal feedback
contrél is found by using the Kalman filter to estimate the
state and then by operating on these estimates with the

controller as if they were the actual state. The



separation of the control from the estimation is optimum
when the system and measurements are linear, the perform-
ance indices quadratic, and when the noise is white and
gaussian.,

The separation scheme is often used when the
previous conditions do not hold. 1In this case the pro-
cedure is almost always suboptimal. When the measurements
are nonlinear or the noise is not white and gaussian, then
the estimation may be performed by the invariant imbedding
estimator (1, 3, 4, 5, 18). The invariant imbedding
estimator is suboptimal because it uses only knowledge of
the variance and mean of the noise. Any additional
information about the noise is ignored. 1In addition the
estimator is suboptimal in the nonlinear case because it
is really a linear approximation to the solution of the
invariant imbedding equations.

When the system and measurements become linear then
the invariant imbedding estimator which is developed in
this thesis takes a form identical to the Kalman filter.
Notice that this is not true for the estimator derived by
Detchmendy (4) because no knowledge of the noise is assumed
in his derivation. If, however, the variance and mean is
assumed known, then the above statement is true. In this
thesis the invariant imbedding estimator is derived with

the variance and mean given.
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For linear systems it is possible to find a closed-
loop optimum control for perfect information. However the
closed-loop solution for nonlinear systems is difficult if
not impossible to obtain and may be impractical to use. A
suboptimél closed~-loop controller for nonlinear systems is
developed in this thesis ;n Chapter 3. Thus the separated
procedure consists in general of an invariant imbedding
estimator and a closed loop controller. The process is
suboptimal except under the conditions noted.

The main contribution of this thesis which is
contained in Chapter 4 is the development of a new sub-
optimal procedure to solve the stochastic estimation and
control problem. In this procedure the estimation and
control is performed in one operation. As a result the
procedure is much easier to implement, in terms of computa-
tional requirements. The new procedure (referred to in the
thesis as the combined stochastic controller) is described
by approximately half as many differential equations as
the separated procedure (referred to as the separated
stochastic controller). In addition, the control which is
developed depends on the estimation process; i.e., the
control attempts to improve estimation as well as to
achieve the basic objective of minimizing (or maximizing)
the performance index.

In the fifth chapter the combined stochastic

controller and the separated stochastic controller are used



to solve the differential game problem with imperfect
information. Rufus Isaacs in his book, "Differential
Games," has covered the problem for perfect information in
depth (8). To the author's knowledge however, this thesis
is the first to consider the game with noise. As shall be
seen, the solution to an n person differential game with
imperfect noise is equivalent to solving n combined
estimatidn and control problems; each player is concerned
with the solution to one of these problems. The applica-
tion of the combined and separated stochastic controllers

to problems of this nature is investigated.

1.2 Organization of the Thesis

The thesis is composed of six chapters. The first
chapter is the introduction. In the next two chapters,
Chapters 2 and 3, the necessary tools for the separated
stochastic controller are developed. Chapter 2 is con-
cerned with on-~line estimation. Here the invariant
imbedding estimator is developed using Pontryagin's maximum
principle (17) and the principle of invariant imbedding
(1). Most discussions of the invariant imbedding estimator
end once the equations are obtained. However, to gain some
insight into the estimator, a spatial explanation of its
operation is offered. Finally the invariant imbedding
estimator is applied to a plant identification problem (6)

and an adaptive control problem (11).
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Chapter 3 is concerned with developing the closed-
loop controller for the separated stochastic controller.
Here the system is treated as being completely determinis-
tic (noiseless). The objective is to find a closed-loop
controller which minimizes an integral performance index.
The problem is solved using Pontryagin's maximum (minimum)
principle, the result being a two-point boundary value
problem. When the system isvlinear and the performance
index is the integral of a quadratic form then the solution
is readily found and the control is closed-loop. Otherwise
the solution is very difficult to find and then it may be
open loop. Therefore a suboptimal closed-loop control is
developed which may be used for nonlinear systems. The
control is found by using the principle of invariant
imbedding. A spatial argument is again used to give a
geometric interpretation of the controller. The chapter is
concluded with some examples which compare the optimal and
suboptimal controls for linear systems.

Chapter 4 is concerned with the combined estimation
and control problem or the stochastic estimation and control
'problem. Here the combined stochastic controller is -
developed from Pontryagin's maximum principle and the
principle of invariant imbedding. The operation of the
stochastic controller is then investigated from a geometric
point of view. Finally the separated and combined stochas-

tic controllers are compared for numerous examples.
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In Chapter 5 the combined and separated stochastic
controllers are applied to the differential game with
imperfect information. The combined stochastic controller
is shown to be applicable only to games where the players
are cooperative. Some interesting examples illustrate the
two stochastic controllers.

Chaptef 6 is a summary of the important results of
the thesis. Also some suggestions for future work are
offered. The thesis is concluded with the appendices which
contain the Fortran listing and flow chart gf the program
used to solve the rendezvous problem with the combined

stochastic controller.

1.3 Notation

In this thesis vectors are indicated by a lower
case letter with a wavy underscore, such as c. Matrices
are given by an upper case letter with a wavey underscore,
such as A. The transpose of A is ﬁT. Upper and lower case
letters which are not underscored represent scalar quanti-
ties.

Exceptions to the above occur for derivatives with
respect to a vector. For instance, Cx is row vector while

e

c 1s a scalar.

€, = [cx Cyx **° C, ]
~ 1 2 n



The derivative of a column vector is a matrix.

the transpose of c

of this column vector is

(c’)

%
%

Usually (c:)

X
stood.

is

is cT
x

o~ L

X. X cx X
1%1 1%2
cx X cx X
2*1 22

cx X cx X
1 2

written as cT

Y

x? a column vector.

9

Notice that

The derivative

% with the parentheses under-



CHAPTER 2

ON-LINE ESTIMATION

2.1 Introduction

This chapter is concerned with the estimation of
the state of some given plant. In this problem the differ-
ential equations describing the plant arelgiven and noisy
measurements on the state are available. On the basis of
this information it is desired to find an estimate of the
system state.

A variety of methods has been developed to solve
this problem; quasilinearization, auto-correlation and
crosscorrelation techniques, Kalman filters, invariant
imbedding filters. These methods can be separated into two
general categories, on-line estimation and off-line estima-
tion. On-line estimation techniques give a continuous up-
dating of the estimate of the system state as the plgnt is
running, while off-line methods can be applied only after
the plant has finished its run and all the information has
been collected. In this case the estimate gives a picture
of the state variation during the entire run. Obviously if
one wishes to control the plant during its operation, then

off-line techniques are unsuitable.

10
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Since the rest of the thesis is concerned with
combined estimation and control, the discussion in this
chapter is limited to an on-line procedure, the invariant
imbedding estimator (1, 3, 4, 5, 18). The ihvariant
imbedding estimator is similar to the Kalman filter except
that it is also applicable for nonlinear systems and
measurements. The invariant imbedding estimator is, in
general, a suboptimal procedure because it depends only on
the variance and mean of the corrupting noise--it does not
utilize any additional information that might be available.
It is also suboptimal in the case of a nonlinear system or
nonlinear measurements because the estimator is actually a
linear approximation to the solution of the invariant
imbedding equations. In the case of linear measurements on
a linear system the invariant imbedding estimator may be
made identical to the Kalman filter. Then the invariant
imbedding estimator is optimal if the noise is gaussian and
white.

The entire chapter is a detailed investigation of
the invariant imbedding estimator. First, the estimator is
developed using the maximum principle of Pontryagin and
invariant imbedding. Since the resulting equations give
little insight into the estimation process, an intuitive
discussion explaining the estimator operation follows.

Next the invariant imbedding estimator is compared to the

Kalman filter and conditions for agreement are discussed
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(9, 10, 21). The chapter concludes with some estimation
examples--a plant identification problem and an adaptive

control’system--which are simulated on a digital computer.

2.2 Development of the Invariant Imbedding Estimator

In this section a nonlinear filter is developed
which estimates the state of a system in real time. 1It is
assumed that noisy measurements on the state variables are
available. On the basis of these measurements the objec-
tive is to determine, in some manner, the actual state of
the system.

The method of attack used here is to minimize the
unknowns (noise) via the maximum principle (17). This
procedure results in a two-point boundary value problem.
Because of the sequential nature of the problem the
particular problem is imbedded into a general class of
problems. After a series expansion the invariant imbedding
estimator is obtained.

Before beginning the development, it is necessary
to make some assumptions about the plant and the noise.
First it is assumed that a mathematical model of the system
(linear or nonlinear) is available in the form of ordinary
differential equations and that all parameters are known.
The latter condition is met by defining all unknown
parameters as additional state variables. Second it is

necessary that some knowledge of the noise corrupting the
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measurements and driving the system be available. Notice
that it is possible to derive an invariant imbedding
estimator with no assumptions about the statistical
properties of the noise (4). However if some assumptions
about the noise are made, then the invariant imbedding
which results, is more readily compared with the Kalman
filter; i.e., they have the same form under certain condi-
tions. Specifically it is assumed that the variance of the
noise and its mean is known. Notice that this requirement
is less strict than the conditions used in developing the
Kalman filter for linear systems. In the latter case the
noise is also specified to be gaussian and white. The
conditions of gaussian noise canﬁot always be justified,
particularly when the noise considered contains some
intelligent waveform driving the system of which the
observer is totally unaware (notice that the definition of
noise here is any signal which is unknown except as to
variance and mean).

The state of system is described by n first order

differential equations

(2-2-1)

x = a(x,t) + u (noise)

where x is the n by 1 state vector of the system and
a(ﬁ,t) is some known function of x and time, and u is the

noise driving the system. The information about uis
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e {uy"] -F?

e f{a] -0

Here the mean is assumed zero. Non-zero means are treated
by considering the input to the system as consisting of
zero mean noise plus a constant driving term equal to the
mean of the actual noise.

The measurements on the state variables of the

system are given by
y = ¢(x) + v (noise)

Here the dimension of‘z is m by 1 where m may be equal or

less than n, the dimension of x. The vector c(x) is a

known function of x. Further, it is known that
e {xy"] -5
and E {.5 } - o
Non-zero mean noise is treated as above. Given this

information, the problem is to find a means of estimating
the actual state of the system.

Suppose that‘z has been observed for T seconds,
from t = 0 to t = T. On the basis of this information,
what is the best estimate of x(T)? The estimate of x(T) is

found by a least squares criterion (4, 5). First the

residual error terms,_gl and.g2 are defined by
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g = K- a®t)

2, =y - &
where X is a guess of x from O to T. If X(t) is equal to
the actual state x(t) then e, is zero for 0 = t = T,
providing the measurement noise is zero. Also 2 is zero
for O « t « T if the input noise is zero. When the noise

is not zero then the estimate of_é(T) is found by minimizing

the functional I with respect to X(t), 0 < t < T.

T
I = l/2[eTK e. + e
0

In other words the best estimate of‘E(T) is found by
minimizing an integral of the weighted squares of the
residual error, over the observation time, O to T. The
trajectory of X(t) which minimizes I is designated as R(t).
The value of 2(t) at t = T is then the best estimate of
x(T) in a least squares sense.

The weighting terms 51 and 52 are chosen to
correspond to the inverses of the variances of the input
and measurement noises. When the input noise is large and

E-l is large, then little weighting should be placed on

minimizing £ But when the input noise is small and E—l

is small, then much effort should be put into making the

residual error ey small. Thus 51 is made equal to E'to

give the correct weighting on Ly Likewise §2 is chosen
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equal to S, the inverse of the variance of the measurement

1 and E-l be non-

noise. Notice that this requires that S~
singular.
The function I may be rewritten, by substituting

for the actual expressions of e¢, and e,, as

1

~ o

T
I - .[1/2[6&:_-2(55',1:))Tﬁ(g—g(z,t))+(z—£(2))T§(y—c(3_§))] at
6]

oxr T

I = jr1/2[3T§g+(z-2(3))?§Qvﬁg(g))]dt
)
In the latter formulation the best estimate of x(T) may be
found by minimizing I with respect to u, subject to the

constraint that
X=al@e) +u

This problem is readily solved by defining a
Pontryagin state function, H, and using Pontryagin's

principle (17). The state function is defined as

H=1/2 ET

Bu + 1/2(y-c@N T8 (y-c (X)) + \T(a(®,t)+y)
The problem now is to find the E;which minimizes H. The

optimum value of u, 20, is found by taking the derivative

of H with respect to u and setting the result equal to

zero.
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H
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u® = K\
The optimal value of H is now H® with 50 replacing u.

HO =1/2)TE" 1) + 1/2(y-c 3 T8 (y-c (%)) + ) Ta(k,t)

where g is now the optimal estimate of x. The differential

equations for R and ) are

; oT =1
£=H = a(g,t) - B)
T
’ o T T
A ="Hg = gaS(y-c(@)) - 234

The solutions for g and‘i.must satisfy the boundary condi-
tions A(O) = 0 and A_(T) = 0. The above equations can now
be solved after much work for the estimate of 5}T), if a
record or y(t) has been kept for the observation period of
O to T.

If another estimate of X is desired, say at
t =T + AT, then a similar two-point boundary problem must
be solved again. In fact an on-line estimation of x(t)
requires the solving eof an infinite number of such two-
point boundary value problems. The similarity of these
problems and their sequential nature suggests the use of
the principle of invariant imbedding.

The problem which is gimilar to all the two-point

boundary value problems is the general problem
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T
]

HS () ,x,t) (2-2-2)
) A -'

S~

T
-H§ (A,g,t) (2-2-3)

A
with the boundary conditions A(O) = 0 and /\.(T) = e, where
T and e are unspecified. Solving this problem results in a
value for x(T). The interest is in how x(T) changes as the
end conditions on A:change. Once this is known and an
initial value 5(0) is given, then T is allowed to change as
t, resulting in an on-line estimation procedure. There is
no need to solve any two-point boundary value problem at
all.

The solution to this general problem, and therefore

;:E(T), is assumed to be known. The value of g(T) depends on

both ¢ and T and thus is defined as

When e = O then gCT) becomes S(T); i.e.,
£(T) 2 0,1

It is now mecessary to determine how g(T) changes for a
change in T and e.
For a small change in terminal time by AT and a

change in the end condition by Ae then

x(T+aT) = r(e+ne,T+al)
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The right hand side is expanded about e and T and higher

order terms are dropped since Ae and AT are small.

£(2+AQ,T+AT) ~£(3’T)+£T(3’T)AT+59(3 lae

or

rletne ,T+al)-r(e,T) = _gT(g,T)AT-o-_ge(,g T oe

From (2-2-3), Ae is replaced by

T

~

and from (2-2-2) the left hand side is replaced by

T
£<3+A§,T+AT) - ,E(,Q,T)“'Ho (eyr(e,T),TaT

A

~

Substituting for these expressions, the following relation-

ship is obtained

T
o

T
HA (esxle,T),T) = gT(g,T) +£g(g,T)(-H§ (e,xr(e,T),T))

A

g

The main interest is in two-point boundary problems which
have the end condition ¢ = Q. Thus r(e,T) is expanded

about e = 0 in a Taylor series expansion to give
(e, T)~x(0,7) + BMle = 2(T) + p(Me

where P(T) is an n by n matrix. Notice that the higher
order terms have been dropped so that the result is a
linear approximation to the nonlinear expression. The

above expression then becomes upon the substitution for

r(e, D),
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T , ) T
HY (e,2(T+B(Te,T) = £(M+EMe-R(MH] (e,2(M+2(MeT)

A

~

T
This becomes, upon expanding %i and H; about‘s(T) and

L

dropping higher order terms

~

. ] 'r
$T)+E Mo M) {u 2. 2(T) )43, (2,2(T) , TIR (M |

o
Ha
p.J

T T
= HZ (g,g(T)T)mig(g,g(T) TIEMe (2-2-4)

The next step is to substitute in the actual expressions
for the derivatives of Ho(s,s(Tj,TW. As seen previously

these are

T
® (e,2(M, ) = alx(M),T) - B1e

H

A
T

H;: (e,2(T),T) =

!
t
e
w3
n
o
<
I
lo
>
2
et
+
bo ]
2%)
2
“i
e

HZ 0 (2,%(T),T) = a0 (x(T),T)

~ ~

:T e, 2(T),T) T (R[N T. MDD
Hasle X -|cg8(y-c(x M7 ¥ 3= ALRELRK

If these expressions are substituted into (2-2-4) and terms
with like powers of ¢ are separated (higher order terms of

e are dropped), then the following equations result.

2T = a3 T -B(Megs (y-g R(T))

238 (y-c( gm))] Qg(T)-E'l

”~~

B(T) = B(Maitaap(T)-p(T)

l

,—.—1
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These two matrix equations determine the change in
2(T) as the terminal time changes (as it increases). Since
the terminal time T changes as t (real time) it is replaced

by t and the above equations are rewritten as

£ = a®,t) - .Es?,s.é(,,-s(,@))
(2-2-5)
B =Pag + agP - ,e[sf§<z-,e<gc:>>] £-E

These two equations determine the invariant imbedding
estimator as a function of the measurements y and a
continually increasing terminal time t. For an initial
choice of 2(0) and P(0) these differential equations are
integrated forward in time to obtain the estimate %(t) of
z(t). The equations for the invariant imbedding estimator
are similar to the ones derived by Detchmendy (4). The
only difference is that Eq. (2-2-5) contains the terms §
and Efl which depend on the noise. Detchmendy's derivation
makes no assumptions about the noise and therefore his
equations lack these terms.

Although (2-2-5) was derived in a logical manner,
any feeling for what is actually being accomplished has

been lost in the mathematics. Section 2.3 attempts to

place these equations on a more intuitive basis.
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2.3 Intuitive Discussion of the Invariant Imbedding
Estimator

The estimator equations as they stand now in matrix
form lend little to one's intuitive understanding.
Although estimation is performed in some manner, it is not
at all clear how this is done. In this section the opera-
tion of the invariant imbedding estimator is discussed from
a geometric point of view. The discussion is not intended
to be rigorous and is included solely to give the reader a
more intuitive understanding.

The overall objective as formulated in the previous
section was to minimize the performance index I, where I

was given as
te [ /2" + (o@D TE (e @) ar
o .

by an optimal choice of u, the unknown input to the system.
Here‘z is the measurement of the system and‘g is the
estimate of x, the state of the system. Stated another

way, the objective is to find a u which minimizes
T
f 1/2(;-5(5))%(5_)(Z-g(g))dt
o

subject to the variance restrictions on u. This integrand
expresses the weighted integral square error of the

estimated measurement c(x), from the actual measurement y.
o~
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The weighting depends on the variance‘§-1 of the noise
which is corrupting the measurement. When this noise is
very small, then § is large and the error {zngg)) is
weighted heavily. Conversely, when the noise is large,
then S is small and little emphasis is placed on the error;
expressing the lack of confidence in y- The estimating
filter then attempts to minimize the integrand
1/2(;-;,(5))%(;-3(5)) subject to the variance restriction
on u.

Notice that the integrand depends on n + m variables
{z is an m by 1 vector and‘% is n by 1). Therefore it can
be regarded as representing a hypersurface inn + m + 1
space. For convenience this surface is written as BQ%ZZ)

where

B(%,y) = 1/2(y-c (XN $(y-¢ (X))

The height of the surface above the S!Z hyperplane at some
point say 51’ Y, expresses the error associated with that
point, that estimate and measurement. This surface,
although smooth, consists of hills and valleys--local
maxima and minima. When a measurement Ay is made and an
initial estimate 51 is given, then a particular point
B(gl,zl) is specified on the surface, and at this point a

gradient exists. The object of the estimator is to move

this point to a minimum of B(g,z)..
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The measurement‘z is external information over
which the estimator has no control. However the estimator
does control g, the estimate. To accomplish the objective
of minimizing B(x,y), the estimator drives x in the direc-
tion of a local minimum along which Y is constant; i.e.,
since the estimator can not change Yy then the trajectory of
x must be contained in the hyperplane K =y (K is the
hyperplane). In other words the estimator is only con-
cerned with the intersection of the hyperplane K = Y with
the hypersurface B(g,z). The estimator operating on this
intersection (also a hypersurface) then drives the esti-
mate g toward a local minimum. As new measurements are
made y changes and the estimator operates along a new

~

intersection.

To clarify the remarks above consider the following

first-order example. The plant is described by
x = a(x,t) + u (noise)

Any known inputs have been included in a(x,t); u contains
anything unknown. The measurements on x are nonlinear and

are given by
y = c{x) + v (noise)

The surface defined by the measurement process is

B(x,y) = 1/2(y-c(i)?s
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in exactly the same manner as above. 1/s is the variance
of the corrupting noise v.

The shape of this three-dimensional surface is
shown in Fig. 2-1. When y = c(x) then the surface is
tangent to the x,y plane where it contains the line

y = ¢c(x). For a‘'constant value of x, say x,, or equiva-

1,
lently when the surface is intersected by a plane which is
perpendicular to the x axis at il’ then the surface appears

as a parabola which is described mathematically by

P(y) = 1/2(y-c(x)%s

The centering of this parabola depends on the constant
c(il). Quite simply then, B(x,y) is described as being
made up of many such parabolas centered on the line
y = c(x).

As mentioned previously, the estimator is really
only concerned with the surface for a constant value of
Yy, say ¥, which is defined by a measurement. This portion
of the surface is simply the intersection of B(x,y) and a
Plane perpendicular to the y axis at ¥y- In this first
order case the intersection is a curve. Once this curve is
defined, then the estimator drives X in a direction along
the intersection toward a local minimum of B(x,y).

In the general case it is very difficult to obtain
an analytical expression for this intersection. In general

it is some smooth curve containing a number of local maxima
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B(%Y) = (y - c(F)Fs

Fig. 2-1.--Surface of Estimation
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and minima and an absolute minimum at Yy = c(x). In the
case of linear measurements, c(x) = cx, the curve is simply

a parabola described by

P(x) = l/2(y-c§)zs

The shape of this parabola is independent of yl—-only the
centering of the parabola (the position of the minimum)
depends on A In contrast for nonlinear measurements the
shape as well as the position of the minimum depends on ¥ye
- In the above discussion it has been stated a number
of times that the estimator drives the estimate x towards a
local minimum of B(i,yl). This is not obvious without
examining the estimator equations in detail. Replacing
1/2(y-c(§))2s by B(x,y) in Eq. (2-2-5), for the first order

case these equations become

&

a(f,t) + Bi(ﬂ,y)p
(2-3-1)

T
1]

2pa=(X,t) + pr——(ﬁ y) - 1/r
x ? xx

Here ® is a particular point of the X axis--in this case it
is termed the optimal choice of x. Evidently the estimator
is concerned with only first and second derivatives of the
curve of intersection at the point 2 (or alternatively,
with the derivatives of_B(i,y) holding y constant) rather
than with the exact shape of this curve. This may be due
to the fact tﬁat in the derivation of the filter equations

a Taylor series expansion was made in which only the first
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two terms were kept. Any information about the curve some
distance away was consequently lost when the higher
derivatives were discarded.

Suppose now that B(i,yl) has the shape of Fig. 2-2.
At the point ® the slope is positive. To minimize B(i,yl)
then ® must be made smaller--the driving term Bi(i,y)p must
be negative. If p(0) is negative, then p(t) is always
negative (since p = d1/r if p ever becomes zero thus keeping
p negative) and the driving term has the correct sign. If,
on the other hand, Bi(ﬁ,y) was negative, indicating that %
should be made larger to deqrease B(x,y), the driving term
becomes positive, forcing £ in the correct direction.

The magnitude of this driving term depends on a
number of factors. First of all it depends on the value of
the slope of B(i,yl) at ®. If Bi(ﬁ,yl).is large, B(ﬁ,yl)
is far from its local minimum, and the driving term tends'
to increase. Conversely if Bx(i,yl) is small, B(ﬁ,yl) is
near its local minimum or maximum, and the driving term
tends to decrease.

The value of p also determines the magnitude of the
driving term, and p in turn depends on a number of factors.
First of all p is influenced by Bii(ﬁ,y). If this term is
large and positive, indicating that a minimum is nearby
(sometimes falsely, see Fig. 2-2 condition C), then Ipl
becomes smaller. If however Bii(ﬁ,y) is large and nega-

tive, indicating that a maximum is nearby, then Ipl becomes



B(X, y1)

C (no minimum but
Byxx changes sign)

B (local minimum)

\A — 3( P X
(absolute minimums)

Fig. 2-2.~-Curve of Estimation
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larger (p is negative and it goes more negative). The
latter occurrence tends to cancel out the decreasing of
Bi(ﬁ,y) near a local maximum.

The variance of the noise driving the actual plant
also has a great influence on the estimation procedure.
When the noise is small, 1/r small, then the need for
estimation decreases since the known plant dynamics
dominate. This is reflected in |p| which becomes smaller
as 1/r decreases. When the noise is large, 1/r large, then
the need for estimation increases. In this case the dfiving
term increases as |pl is larger.

Finally the dynamics of the system play a role in
the estimation process. First of all the total driving
term on the estimate & is biased by the term a(%,t). 1In
addition the term 2pa§(§,t) appears in the p equation,
affecting the magnitude of p. Since p is always negative
this term tends to increase IpI as ai(ﬁ,t) becomes increas-
ingly positive. If the system is linearized about this
value then it appears to be unstable. As ai(ﬁ,t) goes
increasingly negative (the system is more and more stable)
then lpl tends to decrease. The effect is to place more
emphasis on estimation as the system becomes unstable and
less as it becomes stable.

Summarizing'the above paragraphs, the estimator
equations act to drive the estimate % towards the nearést

local minimum. The strength of this driving term depends
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on the amount of error present (how high B(ﬁ,yl) is above
the local minimum), the need for estimation (the level of
the input noise to the system), and finally on the charac-
teristics of the system itself.

The real advantage of looking at things from the
surface point of view is that it is very easy to picture
the operation of the invariant imbedding estimator. Things
which previously were lest in the tangle of complex equa-
tions now become more clear. For instance, it is now
obvious when and why the invariant imbedding estimator
sometimes gives wrong answers. This is due to the fact
that B(i,yl) is in general a complex curve with more than
one local minimum or maximum. Only one minimum corresponds
to the correct estimate, where ® = x. However the estimator
is only concerned with driving £ towards the nearest local
minimum, which may not be the correct one. Of course as
new measurements y are received, then the curve may change
in shape so that the incorrect minimum moves nearer the
correct minimum and finally merges with it. Also if the
known input to % is greater than the driving term forcing
% towards the local minimum of B(i,yl), then % may be
driven out of the false minimum. Of course it is also
possible that the estimator may never reach the correct
minimum. These troubles in estimation arise when the
initial estimate is so far off from the correct state of

the system that the estimator is operating in a false
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minimum. However once the estimate has reached the correct
value of x, then the estimator stays in the correct minimum
and the estimate continues to follow the actual state.

The different minimums of B(i,yl) are due to a
number of different reasons. The presence of local
minimums which are not absolute minimums (B in Fig. 2-2)
can be caused only by state dependent measurement noise
such that s is s(x). This case is considered in Section
4.7. There is always an absolute minimum, and this
corresponds to the correct estimate of the state. Unfor-
tunately there can also be more than one absolute minimum
if, for instance, c(il) = c(iz) and il # iz; i.e., if c(x)
does not possess a unique inverse, then multiple absolute
minimums exist.

By using a c¢(x) with a unique inverse, then only
one absolute minimum is possible. However there may be
additional local minimums. To insure that only one minimum
occurs it is sufficient that Bii(i’yl) be positive for all
x and any choice of VAR for if there are two or more
minimums, then Bii(i’yl) must change sign. This is the
situation when c(x) is a linear function of x, B(i,yl) is a
parabola and Bii(i,yl) is always positive. In general how-
ever this condition is too strong and is not always
necessary to insure one minimum. For example the curve may
possess a region su;h as C in Fig. 2-2 where Bi; changes

sign but does not have a local minimum.
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The behavior of the invariant imbedding estimator
for a first order system should be clear. It is not so
easy to handle higher order systems in this discussion
since BQS%X) is not a surface which is possible to
visualize. It is hoped however that enough insight has
been gained from the first order case that these ideas
carry over to the general case.

In addition one further note should be made. 1In
the discussion above, the stability of p was assumed--
indeed p is stable in the first order case for p(0) « O.
However such statements cannot be made with any assurance
about P in the n® order case (n is the order of the
system). In fact‘g'may go unstable in some situations. At
present there have been no successful attempts in the
literature to prove conditions for the stability of ;b
This is probably due to the relative newness of the
invariant imbedding estimator and the rarity of its conse-
quently practical application. Furthermore for an nt-order
system there are (n2 + 3n)/2 coupled first order nonlinear
differential equations relatinglg'and‘g. For a low order
system, say second-order, this results in five differential
equations, and the complexity grows geometrically with
higher order systems. With present methods it is difficult
to prove stability with only three coupled nonlinear dif-
ferential equations, let alone five. It therefore appears

that this stability factor may limit the usefulness of the
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invariant imbedding filter until further work is done in

the stability area.

2.4 Ihe Invariant Imbeddins_Estimator and the Kalman
Filter

For a linear system with linear measurements of the

form

X = AX + u
~ ~r o~ ~

n
2
e

+ Vv
~

L= RX
the invariant imbedding estimator and the Kalman filter

become identical in form. They are both described by

£ =% - p¢’s(y-c)

(2-3-1)
p = PAT + AP + PCTscp - RL
~~ ~ - ~rv Y ey N a4

There is a subtle difference between the two methods
however that goes back to the initial assumptions made in
the derivation of the methods.

The invariant imbedding estimator was developed
using only knowledge of the variance and mean of the
corrupting noise. Since more information is usually needed
to fully specify a particular type of noise this procedure
is suboptimal in general. For example, if the noise is
uniformly distributed, then in addition to the variance and
mean, the range of the noise is needed to completely
specify the noise. This additional information is not used

by the invariant imbedding estimator. However the
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invariant imbedding estimator is a very practical method
because the particular type of noise is usually unknown
anyway. The only known quantities may be the variance and
mean which generally are measurable.

On the other hand the Kalman filter is derived for
a particular type of noise--white gaussian noise. There-
fore it is optimum and valid for only this type of noise.
It is very interesting that the Kalman filter and the
invariant imbedding estimator have the same form.
Apparently the invariant imbedding estimator which is
applicable for any kind of noise (as long as its variance
and mean is available) is also optimal when the noise is
white gaussian.

In the next two sections the theory of the
invariant imbedding estimator is applied in estimating the
states of some systems simulated on the digital computer.
The first example (Section 2.5) is a plant identification
problem where a parameter of the system is unknown and time
varying. The problem is to identify the parameter by
observing the measurable states of the systems. Two
variations on the same system are considered. In the first
the parameter is driven by uniformly distributed noise and
in the second by a sine wave added into the noise.

In Section 2.6 the plant identification scheme is
used in an effort to fix the closed-loop poles of a time-

varying, open=-loop system. This is done by varying the



36
feedback coefficients according to the estimate of the
varying pafameter. In effect the control is trying to
adapt to a changing environment--hence the name adaptive

control system.

2.5 Plant Identification

In this section the invariant imbedding estimator
is applied to a particular plant identification problem.
Specifically, the problem is to estimate an unknown
- parameter of a system on the basis of noisy measurements of
the state variables. To treat this type of problem the
unknown parameter is considered as an additional state
variable. The application of the invariant imbedding
estimator is then straightforward.

The system considered here is a second order linear

system with one unknown parameter.

X, = -x; - .5%, + fl(t) + noise

n
I

o ax1 - .lx2 + fz(t) + noise

Here fl(t) and fz(t) are known inputs to the system. All
of the parameters are assumed to be known except for "a."
In fact it is not known whether "a" is constant or time
varying. It is impossible to directly observe "a'" but the
following noisy measurements on the state variables are

available.
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Y, =X + noise

Yo = Xy + noise ’

Some knowledge of the relative noise variances is also
available; the means are assumed to be zero. From all this
information it is desired to find the value of the
parameter "“a."

To utilize the invariant imbedding estimator it i=
hecessary to define a new state variable x3 = a. Since it
is uncertain whether '"a" 4is constant or time varying, it is
impossible to say anything definite about the forcing term
on *3' Therefore this forcing term is assumed to be noise
of some arbitrary variance (actually it turns out that the
choice of the level of this assumed variance has little

effect on the actual estimation of "aM). Replacing "a" by

x3 the system equations become

"
I

1 -x, - .5x2 + fl(t) + noise

»
U

5 Xqxy = .lxz + fz(t) + noise

We
]

noise
3

and the measurements are the same as before. Notice that
the system has become nonlinear--thus the Kalman filter is
not applicable. To put this problem into a form compatible

with Eq. (2-2-5), the following definitions are made.
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B T
-xl - .5x2 + fl(t)
*1
alx,t) = Xa%) - 1x, + fz(t) i c(x) =
x
2
0
L o
and
1/R1 0 8]
s1 0 .
S = ; R = 0 1/R2 0
0 52
(o] (o] 1/R3

1/S1 and 1/S2 are the variances of the noise corrupting the

measurements and 1/Rl, 1/R2, and 1/R3 are the variances of

the input noise.

Substituting these values of S, g1

~

» c(x), and
glz,t) into the invariant imbedding estimator equations

(2-2-5), they eventually become

A - 2 _ A _ _A. _ A
ﬁl = %, 5%, + £,(¢t) P;,51(y,-¥,) - p,,S2(y,-%,)
Xy = Xa%) 1%, 4+ fz(t) plzsl(yl xl) p2252(y2 x2)
: - - - -A
QB = p1351(y1 ﬁl) p2382(y2 x,)
p.. = 2(=p..-.5p..) + S1p2. + S2p2. - 1/R1l
11 11 ° 12 11 12
ﬁ = p..%. +p,.(-1-.1) - .5p + p..%. + S1lp..p
12 1173 12 22 1371 11712
* 52p, Py,
5 = 2(p, 2. -.1p..+P..%.) + Slp2 + 82p2 - 1/R2
22 1273 22 " 2371 12 22
. _ A A '
. 2 2
= S + S - R
933 1P13 2P23 1/R3
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As expected, there are nine coupled nonlinear
first-order differential equations. It is very difficult
to say anything about stability, and under certain condi-
tions the estimator equations may go unstable.

The plant identification procedure is illustrated
by the results of two examples which were programmed on a
digital computer. The examples are identical except for
the noise driving the unknown parameter. In the first
example the noise is just uniformly distributed noise,
while in the second example the noise consists of uniformly
distributed noise plus a sinusoid. The results of these
examples are shown in Figs. 2-3 through 2-8.

The first three figures pertain to the first
example. Each figure is a record of the behavior of a
Qtate variable and its estimate. Figure 2-3 refers to Xg 9
2-4 to x, and 2-5 to x3 or "a" the unknown parameter. The
inputs to the first two state variables consisted of noise

with a variance of 0.25, which corresponds to noise

distributed uniformly between #0.866. For A& the noise was
uniformly distributed between +0.433. 1In addition il was

driven by an input of sin2t, which_was also known to the
observer. The state variables Xy and x, were directly

available to the observer with the addition of some noise
uniformly distributed between +0.866. As seen from Figs.

2-3 and 2-4, the estimate locks on to the actual trajectory

very soon and follows it with little deviation. Notice
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also that the estimate becomes better and better as the
signal strengths of xq and X, increase. From the estimates
of x, and x, ("a" is not directly observable) the observer
attempts to determine the value of "a." Notice that the
estimate of "a," Fig. 2-5, takes somewhat longer to reach
the true value of "a." However, once the estimate reaches
the correct value it follows "a'" quite well. Again the
estimate becomes better as the signal strengths of Xy and.
X, increase. The example was chosen as unstable to
demonstrate this.

The next three figures correspond to the second
example. The noise levels in this example are the same as
in Ex. 1 with the addition of a sinusoidal input, 0.5sint,
to "a'" of which the observer is unaware. This example
tests the estimator's ability to follow time varying

parameters. Also the input to x, is changed to sinO.5t.

1
From Figs. 2-6 and 2-7 it is seen again that the estimates
lock on to the actual trajectories in a short time and

follow them quite well except for a small time lag. This

-time lag is more pronounced in Fig. 2-8 where the estimate

lags considerably behind the actual parameter variation.

This figure also gives a good illustration of the depend-

ence of the estimate of "a" on the signal levels of X, and

X, Notice that while X, is‘generally increasing in
magnitude, Xy decreases quite suddenly at around t = 10

seconds before increasing again. Simultaneously with this
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depression in Xq the estimate of "a" worsens. After Xy
increases the estimate becomes much better except for some
time lag.

From the results of these examples it is clear that
the estimation process is dependent on the signal to noise
ratio of the observed variable. As the signal strength
decreases, then the observation becomes more conservative
and vice versa--hardly a surprising result. Although the
estimator gives best results when the unknown parameter is
a constant or at most slowly varying, it can follow a time
varying parameter with some time delay if the signal to
noise ratio is large enough, greater than 4 at the minimum.
The delay decreases as this ratio increases. If some
additional information about the true variation of "a" is
known then this can be incorporated into the determination
of "a." For instance if "a" is known to vary in a
sinusoidal fashion but with unknown applitude and fre-
quency, then the input to a can be expressed as a
sinusoid whose frequency and amplitude are the unknowns.
These unknowns are defined as new state variables which are
driven by noise. In the problem just considered this would
raise the number of state variables to five but should give

a better estimate of "a."
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2.6 An Adaptive Control System

A natural application of the plant identification
scheme is to an adaptive control system. In an adaptive
system one would like to adjust the control law as the
system dynamics change so that the closed-loop behavior of
the system remains the same. For example, even if the
open-loop poles are changing, the closed-loop poles can be
kept constant by varying the feedback network. This is
easily done if the varying parameters are readily measur-
able; the control law is simply a function of these measur-

able parameters. But often variations in these parameters

are only observable by the effect they have on the o&%puts
of the system. To obtain an estimate of the value of these
unknown or changing parameters,'it is necessary to use a
plant identification process as in Section 2.5. These
estimates then are treated as the actual values of the
parameters in determining the feedback coefficients to the
Pplant. Once these feedback coefficients are determined
they operate on the estimates of the state variables, treat-

ing them as if they actually were x, and x

1 2°

As an 1i1ustration of a simple adaptive control
system consider the following example. Suppose that the
system has the open-loop block diagram of Fig. 2-9. Here
X, and x, are the measurable quantities of the plant and Xy

is the desired output. The parameter "a" is unknown and

may be time varying. The desire of the control engineer is
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to compensate the system with feedback so that the output
response due to some input meets some specification. In
this case the specification is that the transfer function

between R(s) and xl(s) be

Xl(s)

= 10
R(s) ‘52+2s+2

This is accomplished by feeding back the state variables X

and X, in the correct proportion as in Fig. 2-10. The

problem is to determine the feedback coefficients Kl and

Kz. After some algebra the transfer function for the block

in Fig. 2-10 turns out to be

xl(s) _

10
Ris) o248 (a+10K, ) +10(K 4K, a)

To realize the desired transfer function, the coefficients

K1 and K2 are to be adjusted so that

_ 2-a
K1 - 10
K ‘_ a2-2a+2
2 - 10

If "a" is directly observable, then the compensation is
readily performed.

In this‘examble it is assumed that "a" is not
directly measurable. It is only possible to estimate the

value of "a" on the basis of measurements of xy and X, e
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Notice that this is exactly the same type of plant identi-
fication problem discussed in the previous section. Once
the current estimate of "a'" is made, then it is treated as
the actual value of "a'" in determining the feedback coeffi-

cients K, and K_,. These feedback coefficients then operate

1 2

on the estimates of Xy and X, to compensate the system.
How closely the compensated system matches the desired
system depends of course on the accuracy of the estimation
procedure.

To illustrate the theory above the adaptive control

system was simulated on a digital computer. The measure-

ments on x1 and x2 were taken as

Yy 10x1 + noise

Yo 10x2 + noise

where the noise was uniformly distributed between 19.433.
The input, r, to the system was sin t and in addition Xy
and X, were driven by noise uniformly distributed between
#0.5555, The parameter "a" was driven by uniformly dis-
tributed noise, from +0.555 to -0.555, plus a sinusoid,
0.5 sin 2t. The observer was aware of only r and the
variances of the disturbances. The initial conditions on
the plant were set arbitrarily to xl(O) = 10, xz(O) = 10,
a(0) = 1. The results of this example are shown in Figs.

2-11 through 2-14. Figure 2-11 is a plot of the actual

trajectory of "a" and its estimate and shows that the plant
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identification portion of the system is working well.
After some initial confusion the estimate is seen to follow
the actual trajectory fairly well. Notice that there is
also some time delay in the estimate as there was in the
previous section. The next three figures show the result
of the system compensation. The desired system has its
poles at -1 # jl while the actual system has its poles at
-J% jw. Figure 2-12 shows the deviation of (J from 1 as a
function of timé and Fig. 2-13 the deviation of «/ from 1.
As seen from these plots and the corresponding root locus
in Fig. 2-14, the variation from the correct value is so
slight that the poles of the compensated system are
essentially at -1 + jl after the estimate locks on to the
correct value, after 0.2 seconds.

One would like to conclude from the above example
that the adaptive control system works well in all
instances. Unfortunately this is not always so because the
plant identification process is very dependent on the
signal to noise ratios of 3 and X, as was seen in the
previous example. When these signals are small then the
estimate of "a" becomes very conservative, i.e., the
estimate remains at a constant value, and the compensated
system can be quite different from the deéired one. Also
if the unknown parameter is varying quite rapidly then
results can be poor, although this is the exception for

most natural phenomenon. It is interesting that since the
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estimation becomes much better with an increase in signal
strength, the adaptive control system tends to insure the
stability of the plant regardless of how the unknown
parameter behaves; i.e., as the system goes unstable due to
poor estimaticn, the state variables increase in magnitude,
thus improving estimation and finally causing the feedback

coefficients to adjust so the system is stable again.



CHAPTER 3

OPTIMAL CONTROL

3.1 Introduction

The purpose of this chapter is to find the control
portion of the separated stochastic controller which was
introduced in Chapter 1. As stated there, the control used
in the separated stochastic controller is the solution to
the deterministic optimal control problem; i.e., the
control law is found by solving the optimal control problem
under the assumption that the states are perfectly known.
This chapter is concerned with the solution to this
problem.

The problem is approached using Pontryagin's maxi-
mum principle. As is well known, the results are the
Canonic equations, the solution to which involves a two-
point boundary value problem.(20). Under conditions of
linearity and gquadratic performance index, the problem
reduces to the solution of a matrix Riccati equation. The
resulting control law is closed-loop.

In the general case however, the two-point boundary
value problem is difficult to solve and then the solution
yields an open loop procedure; i.e., u ='3(t) rather than
3(5). Since this control law is to be used as the

58
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controller for the separated stochastic controller, it
should be closed-loop. Thus part of the chapter is
devoted to finding a suboptimal closed-loop control law for
the general nonlinear case. This control law is found by
applying the principle of invariant imbedding to the two-
point boundary wvalue problem. It should be emphasigzed,
however, that the procedure offered here may not be the

best one for closed-loop suboptimal control.

3.2 Definition of the Optimal Control Problem

The optimal control problem.is, given a plant and
access to its state variables and no unknown inputs, what
is the control input to the system that optimizes the
system performance? The plant is given in the form of n
first order differential equations which describe the

behavior of the state of the plant.
X = 3(§’t) + W (3-2-1)

Here x is the state, an n by 1 vector, and w is the control
input, also an n by 1 vector, which must be determined.
Notice that a restriction is made that there be as many
control inputs as there are state variables. The more
general case is for the control input to be Bw where B is
an n by m matrix and w an m by 1 vector with m =< n. This
latter case is no complication to the solution of the

optimal control problem. However the development of the
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combined stochastic controller is complicated by control
inputs of lower dimension than the state. For this reason
the solution to the optimal control problem is limited to
systems of the type in Eq. (3-2-1).

The system performance is measured by an integral

performance index
T
I = Jr(L(5)+l/ZH?§E)dt
(o)

where L(x) is in general some nonlinear function of the
state and T is the terminal time. The reason for separatiﬁg
the control w from the state x is a very practical one from
a mathematical viewpoint as seen shortly. The constraint.
on w indicates that the average power of w is to be
restricted as a function of‘fﬂ As‘f'increases, the power
of w decreases.

The system performance is optimum when I is

minimized. Thus the problem is to find the value of w

which minimizes I.

3.3 Two Point Boundary Value Problem

This problem may be solved using Pontryagin's
maximum (of mirimum) principle. Stated simply the problem
is to find the w which minimizes the Pontryagin-state

function, H, which is defined as



61

H = L(x) + 1/2w Py + )" (alx,t)+w)

~

The w which minimizes H is

o _ =-1
Eopt = E = B A
The reason for separating w from X in I is now obvious--it
enables one to solve for zo explicitly in terms of)~.
Another choice of I would not have resulted in such a
The minimum value of H results with

simple form for Eo-

the substitution for w°.

minH = H® = L(x) - 1/2)'P1)} + ) Talx,t) (3-3-1)

The Canonic equations are

T =1
2 =80 =alxt) -F )
T
. T T
A= By =Ly ec)

The boundary conditions are

x(0) = x_ (specified initially)

A('r) =0
Thus the original problem of finding the optimal control

reduces to solving this two-point boundary value problem.

Once ) (t) is found then the optimal control is known in an

open-loop fashion since xo = {:-%l.
Unfortunately two point boundary problems are very

difficult to solve except in the simplest cases. One such



case is when the plant is a linear system and L

quadratic form, as discussed in the next sectio

3.4 Matrix Riccati Equation for Optimal Contro
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gf) is a

n.

1

For a linear system the plant equations

%= A(t)x + w

~

The performance index for L(x) a quadratic form
(L(x) = 1/2x'Qx) is
T

I = jf l/ZLg?SffE?EE dt
0

With these changes the Canonic equations become

% =ax-F )

X=-9x - AT

~

Now assume that A_is a linear function

~

A.= B x

where Bl is some time varying n by n symmetric
independent of x. If this expression for A_is
~

into (3~4-1), then

%= Alt)x + ER)x
= -R.x - R.( x+P" 1R x) = -Qx + ATR x

become

(3-4-1)

of

G

matrix

substituted
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In the second equation the coefficients of x are gathered

together and set to zero giving

(3-4-2)

To insure the boundary conditions of x(0) = x_ and

~0
A(T) = 0, then B (T) = 0. Thus the problem is still a two
point boundary value problem. However, now the problem is

solvable because B

is independent of x; R, can be solved

1 1

ahead of time when the terminal time T is known. This

solution is found by integrating 51 backwards in time from
BI(T) = 0. The optimal control is now in closed-loop form
since Bl does not depend on the state of the system. When

T becomes infinite then‘Bl(t) becomes a constant matrix for

finite time.

3.5 Invariant Imbedding

As seen from the previous section, it is possible
to find a closed-loop control law for a linear system with
a quadratic performance index. However the optimal control
problem for a nonlinear plant still remains, as its two-
point boundary value problem is very difficult to solve.
Even if a solution were obtained it is an open-loop solu-

tion. What is desired is a closed-loop control law.
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In this section the principle of invariant
imbedding is applied to the two-point boundary problem to
give a suboptimal control. For the optimal control problem
one is concerned with developing a control based on the
present value of the state and the desired behavior of the
state in the future.. Thus the starting condition should
be imbedded for the optimal control problem (19). Unfor-
tunately this does not lead to a convenient form as far as
finding the control law is concerned. As an alternative
procedure, the end condition is imbedded; As is shown,
this yields a closed-loop controller which is suboptimal.
This is the closed-loop control law which is used when the
conditions of the previous section do not apply.

When the end point is imbedded then the previous
optimal control problem with a specified terminal time is
changed to one where the terminal time is unknown. It isg
desired that the solution to this new problem be optimal
no matter when the problem is stopped. Thus the solution
involves solving a sequence of terminal time problems.

Each of these problems may be imbedded into the

general two-point boundary value problem

oT
%= n

T
= =H

-~

{
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where the boundary conditions are x(0) = x_ and A(T) = e.
Here T'and e are unspecified. The solution of this yields
a value for 5(7). The interest is in hOW‘E(T) changes as

the end conditions on A_change; i.e., as the terminal time

increases. The value of E(Tj which drives ECT) in this
manner is the desired control. If the equations describing

this change of E(TU in response to changes in‘A_can be
found, then the solution to the problem is complete. The
initial value of x(0) is already given by X so‘by making
7 change as t, thén the trajectory of x(t) and thus w(t) is
specified.

The equations determining the behavior oflg(Tj are
found in the same manner as ﬁ(T3 is found in the estimation
problem of the previous chapter. First the solution for
5(7) is assumed to be known. The value of 5(73 depends on

both e and T and thus is defined as
x(T) & (e, T

Now the change in‘s(s,Tj is found for a small change in the

end point by Ae and AT, to give

£(g+Ag,T+AT) ~£(3,T) +3T(_g,T)AT+5 (g_,T)Ag

—~

If the expressions for ag and Qg(g+A£;r+ATjifgg;r)) are

substituted into the above equations, then

T
HS (e,r(e,T),T) = £.(e,T) + r (e, T)(-HS (e,r(e),T))

—~

>0
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Next‘s(g(r) is expanded about e = O since this is the
condition of interest for all of the two-point boundary

value problems

z(e[) ~x(g,t) + B, (TMe = x(T) + B, (Te
Here 32(T3 is an n by n matrix. This is substituted into
the above expression to give

T .
Hi (e,x(M+R,(T)e,T) = %(T) + R, (T)

[
~

~

T
- 52(?’)!{2 (e,x(T)+R,(T)e,T)

T T
This becomes, upon expanding Hi_ and H; about‘5(73 and

o~

dropping higher order terms,

o]
X

. T T
(M) +R, (M) e-R, (T) { HY (e,x(T) ,T)+H~£(g,5(7') TR, (Me

o~

T T
= Hi (e,x(T) ,T)+Hi§(g,£(T) TR, (e

e

If the expressions for the derivatives of Ho(3,5(73,73 are
substituted in and terms with like powers of e are

separated out, then one obtains

. T

x(T) = a(x,T) + Boly

. T —_1
B, (M) = Roa, + BBy + BolyyRy - P
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These two equations determine the change in.5(73 as the
terminal time changes. If the terminal time is made to

change as t then the equations can be rewritten as

. T
x(t) = alx,t) + BZPE

(3-5-1)
R (t) = R aT + aR +RL R -p1t

These equations define a suboptimal on-line (closed-loop)

2

Given initial conditions on x and‘gz, the equations are

control law, with R q; as the control applied to the plant.

integrated forward in time. The equation for’lé2 is a

forward time equationAand does not have to satisfy any
final end condition. The initial condition on x is informa-
tion which is known since this is the pure control problem
with no noise. In the development of the controller there
is no specific information which fixes the initial condi-
tion °f.52' This condition is picked according to the
desired transient response of the control. Suppose for
instance, that the system is linear and L(x) is a quadratic
form, then the equation for Bz is independent of X as seen
from Eq. 3-5-1.  Thus Bz reaches some constant value after
an initial transient due to BZ(O). This transient can be
eliminated by'sefting 52(0) equal to the final value of R

o

i.e., 52(0) is the value of R, which makes‘g2 = 0, since

2

this defines the steady state value of R Extending this

2.

reasoning to the nonlinear case (althoughB2 never reaches
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a steady value, since it depends on x(t)),,Bz(O) is set
equal to the value which makes‘Bz(O) = 0.

This procedure is the suboptimal closed-loop
control that will be used in the separated stochastic
controller when the optimal solution is not closed-~loop.
The procedure is suboptimal because the terminal time is
treated as an unknown, even though it may have been speci-
fied in the original optimal control problem as T. As T
approaches infinify then the solution to Eq. (3-5-1) may
approach the optimal solution becaﬁse the exact terminal
time becomes unimportant in the latter case. However there
is no assurance that thi; is so. Section 3.7 investigates
this possibility for linear systems with quadratic per-
formance indices.

The next section presents a nonrigorous discussion
of the suboptimal on-line controller to give the reader an

intuitive understanding of the controller.

3.6 Intuitive Discussion of the On-Line Controller

Evidently the on-line procedure controls the system
in some suboptimal manner, but it is not at all clear how
thié is done. Notice that the form of the controlling
equations is very similar to that of the sequential
estimator. Of course this might have been expected since
they were derived using the same approach. In fact,

substituting L(x) for B(x,y) in Eq. (2-3-1) results in
A~ ~ S
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exactly the same filter equations. Apparently the opera-
tion of the controller on L(x) is identical to the opera-
tion of the estimator on Bgftz)'

As with the estimator, this operation can be viewed
from a geometric point of view, i.e., L£§) can be regarded
as describing a surface in n + 1 space (n is the order of
the system). The ﬁeight of this surface above the x hyper-

plane at any particular point say x. indicates the penalty

1

associated with being at that point. In order to reduce

this penalty one wishes to apply a control so that the

state of the system X, moves in a direction of decreasing

L(z). This control is formulated by the control equations.
This is most easily demonstrated by the first-

order case. Assume that the equation for the first order

system is nonlinear and given by
x = a(x,t) + w

The desire is to control the system with w such that the

performance index

T
I = Jf[L(x) + l/szf]dt
0
T
is minimized; i.e., it is desired to minimize j’L(x)dt with
: ' T O
a control w whose power is constrained by j— l/ZWBth.

4]
The integrand L(x) describes a curve in two space

(Fig. 3-1). The distance of this curve above the x axis at
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Fig. 3-1.--Control Curve
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any point say Xy is the penalty on the system when its
state is an Xy . In order to reduce this penalty the system

generates a control which drives x, in a direction to

1
reduce L(x). The magnitude of the control depends on the
power constraint on it.

The equations which determine this control for the

first order case are

x = a(x,t) + Lx(x)r
L2 2
r = 2rax(x,t) + r Lxx(x) - 1/p

Again the filter is concerned with only the first and
second derivatives of L(x) at x and not with the exact
shape of the curve. This information was lost when the
Taylor series was truncated; higher derivatives of L(x)
were discarded in the development of the filter. However
when L(x) is in the form al(x-az)2 (L(x) is a quadratic
form), then no information is lost. Notice that unlike
the estimating filter, which depends on a measurement y to
fix an operating curve on the B(x,y) surface, the operating
curve (surface for higher order systems) is always the same
in the control equations and is just L(x).

Suppose now that L(x) has the shape of Fig. 3-1 and

the state of the system is x At this point Lx(xl) is

1.
positive. Therefore to minimize L(x) x, must be made

smaller--the driving term Lx(xl)r must be negative. If
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r(0) is negative then r(t) is always negative (since
£ = -1/p if r ever becomes zero, thus keeping r(t) nega-
tive) and the driving term has the correct sign. If on the
other hand Lx(xl) were negative, indicating that xl-should
be made larger to decrease L(x), then the driving term is
positive, forcing X, in the correct direction.

The magnitude of this driving term depends on a
number of factors. First of all it depends on the magni-
tude of the slope of L(x) at x,. If Lx(xl) is large,
indicating that L(xl) is far from its minimum value, then
the driving term increases in magnitude. Conversely when
Lx(xl) is small, indicating that x, is near a minimum or
or maximum of L(x), then the driving term decreases.

The value of r also determines the magnitude of the
driving term, and it in turn depends on a number of factors.
First r is influenced by the second derivative Lxx(xl)'
If this term is large and positive, indicating that a
minimum is nearby, then |r| decreases. However if Lxx(xl)
is large and negative, indicating that X is near a maximum
of L(xl), then ‘rl increases, driving x; away from this
maximum and compensating for the fact that Lx(xl) is small
near the maximum.

The power constraint on w also affects the magni-

tude of r by the term -1/p. When the power of w is to be

heavily constrained, then 1/p is small and the term has
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little effect. However when w is less constrained, then
1/5 is larger and tends to make r more negative, thus
increasing w.

Finally the dynamics of the plant play a fole in
determining the control law through the term 2rax(x,t).
Since r is always negative, this term tends to increase lrl '
as a_ becomes increasingly positive or as the system behaves
in an unstable manner. As a, goes increasingly negative
(the system is more and more stable), then Irl tends to
decrease. The effect is to increase the control as the
system becomes unstable.

Summarizing the above paragraphs, the control
equations act to drive x towards the local minimum. The
strength of this driving term depends on the amount of
penalty associated with *1 (how high L(xl) is above the
local minimum), the constraint on the control w, and
finally the stability of the system itself.

Notice that if the system is linear and if L(x) is
a parabola in x, then r becomes a constant; i.e., the
control law begcomes constant and can be found before the
plant is operated. However if L(x) is a curve whose
derivatives above dz/dx2 are not zero, then r cannot be
calculated ahead because Lxx is a function of x. The value
of r must be calculated continuously as x changes. Essen-
tially the controller equations approximate the curve L(x)

by a parabola at Xy whose first and second derivatives are
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equal to Lx(xl) and Lxx(x ). If the curve actually is a

1
parabola, then the resulting control law is valid for all
x. If L(x) is not a parabola, then the control law holds

only in a small neighborhood of Xy -

3.7 Comparison of the Suboptimal and Optimal Controls

It is difficult to make a general comparison of the
suboptimal and optimal procedures when the system is non-
linear, because the optimal control is difficult to find;
the determination of the optimal control involves a trial
and error process. However the optimal control is readily
available when the system is linear and the performance
index is a quadratic form. In this case the two different
types of control are easily compared.

When the system is linear and L(x) = 1/25TQ§, then

the equations describing the on-line control law are

R

= A

L]

+ By9x
(3-7-1)
T =1
A" + AR, + R.QR, - P

~

By = By

By comparing (3-7-1) with (3-4-2) derived previously, some
interesting observations can be made. The equations both
have the same general form, but there are some important

differences. Most notable is the fact that B is a forward

2

time equation while Bl is a reverse time equation; i.e., Bl

is integrated backwards in time from Bl(T) = 0 to find

Bl(t). When the system is nonlinear, then it is only
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possible to integrate 52 forward in time. It is impossible
to integrate backwards in time if the differential equation
depends on x, since‘ﬁ is an unknown quantity. However if
the system is linear, then there is no particular advantage
of integrating forward over integrating backwards in time
if the terminal time T is precisely known, since Bl and 52
are independent of x. If T is not precisely known, then
the former method could drive the system in an unstable
manner, since 51 is unstable for t = T.

The comparison of the optimal and suboptimal
controllers depends ultimately on the feedback ‘laws
developed. From (3-7-1) and (3-4-2) the feedback controls
are Emlgli and 5225 for the optimal and suboptimal proce-
dures respectively. If T the terminal time is allowed to
approach infinity, then Bl is a constant matrix for finite
values of time. The matrix R, is also a constant if BZ(O)
is chosen correctly to eliminate any initial transient. If
Emlgl and‘gzg are the same constant matrix, then the
imbedded procedure is also optimum. With the present form
of the equations this comparison is hard to make. It is
possible however to change (3-4-2) by the substitution
Bl =‘§Big'so that the control to the system is in the same
form as in (3-7-1); so that the feedback control is Bigz.

Then to compare the two methods, it is only necessary to
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l' L4
look at the equations for,l}l and Bz.

tion, the optimal control law is described by

With this substitu-

X = 8x + Bi3x

: -1 =1, K T= =]
- = t ] ] ! -
By = B48AQ © + P "A'PR; + RiQR; - P
It is apparent that '31 and 32 are the same only if
AT = 9aQ7! and A = FIA'E (or AT = PAF1); i.e., if these

conditions hold, then Bl and‘g2 have the same constant
vaiue for finite time and the imbedded on-line procedure
gives the optimum control for linear systems. Notice that
if Q and P are diagonal matrices of the form cl where‘g is
the identity matrix, then the condition for optimality is
'éT = A. This specifies that the nt# order system is
actually composed of n independent first order systems.
Of course these conditions always hold in the first order
case, but almost never for higher order systems. Thus in
general the imbedded procedure is suboptimal. How closely
it compares to the optimal procedure can only be seen with
the help of some gpecific examples, such as the ones to
follow.

The examples in this section are the results of
several second-order problems which were simulated on a
digital computer with the help of a program similar to the

one in the Appendix. Table I gives the pertinent informa-

tion oflﬁ,‘f} and‘g for the different examples. The



Table I.--List of Examples

Example -
# A P ‘S Optimal Control Suboptimal Control
[_1.0 -4.0-‘ —.01 0 ] 10 0-1 (-30.8x1+3.6x2) (—30.8x1+3.6x2)
3-1
L-&.o -5.0_ 0 .014 | 0 10] ‘b(3.6xl—27.2x2) | _(3.6x1-27.2x2) )
- [~ ™ [~ o -
-10.0 -1.0T .01 0 ] 10 oT (—34.lx1+23.4x2) (-22.1x1+9.2x2)-|
3-2
__-20.0 -.5 1L 0 .1 | L 0 10| -(2.3x1—6'.0x2) _J (9.2x1-18.0x2)
[_1.0 -.5 ] .01 o | [10 o1 (-31.1xl+5.0x2)1 (-30.5x1+2.9x2ﬂ
3-3
L-lt.O -5.0_ _0 .1 i 0 1od L(.5x1-5.4x2) (2.9x1—6.0x2) |
1.0 -0.5] l.o1 o 1 o [(-8.0x +2.7x,) (-7.3x,+6.6x,)
3-4
L-l;.o -5.0| | O 01| | 0 10] (2.?x1-27.0x2) (.66::1-27.6x2)d
8 ] 8 1 r 7 _' B ]
-1.0 -0.5 .1 0] 1 0 (—l.lx1+.31x2) (-.95x1+1.2x2)
3-5
_-4.0 -5.0_ | o 01| | 0 10] (3.1x1—27.0x2) (.12x1-27.1x'2)

e

Ll
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control for each example was found first by the optimal
procedure and then by the suboptimal procedure. The
control law for each procedure is also given in the table.
As a further comparison the optimal and suboptimal
trajectories are shown in the accompanying figures along
with the value of the performance index at the termination
of each trajectory. From these figures and the table it
appears that the suboptimal control is very close to
optimal. ;n Example 1 the two procedures are optimal since

A =‘£T and‘g andlg are of the form ql. Only in Example 3-2

does it differ significantly from the optimal value. This
could have been predicted in advance since for this

example

-10  -200
AT -

-.1 - -.5

This is a significant difference fromaé, the value needed
to insure an optimal answer, and so the resulting control
is considerably suboptimal. It can be stated as a general
rule that the suboptimal control is near optimum if the
cross coupling terms of the system (the off-diagonal terms
of‘é) do not dominate the system behavior (as in Example

3-2), although it is possible that the effects of these

terms could cancel in some cases.
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Fig. 3-2.--Trajectories for Linear System, Example 3-1
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Fig. 3-3.--Trajectories for Linear System, Example 3-2
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X
A
suboptimal
criterion =1.25
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1.04 —._Ooptimal
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0 0 X

Fig. 3-4.--Trajectories for Linear System, Example 3-3
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Fig. 3-5.--Trajectories for Linear System, Example 3-4
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Fig. 3-6.--Trajectories for Linear System, Example 3-5
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3.8 Conclusions

In this chapter the pure optimal control problem
was considered. The solution to this problem entails
solving of a two-point boundary value problem, which is in
general a tedious trial and error process. However in the
special case of a linear system with a quadratic performance
index, a change of variables enables one to obtain a
control which depends on a linear combination of the state
variables. Therefore even if the control must be found in
an off-line manner (before the problem is run) it still
gives a closed-loop control. In contrast the optimal
control for the nonlinear case is open-loop.

In an attempt to obtain a closed-loop on-line
procedure as well as a general method of solving the non-
linear control problem, the process of invariant imbedding
was investigated. The problem was considered as a varying
end condition. The resulting control law is suboptimal
because the future behavior of the system is ignored. The
advantage of this suboptimai method is that it gives an on-
line control law for nonlinear as well as iinear systems.

Since an optimal closed-loop procedure is already
available for linear systems with a quadratic performance
index, the suboptimal method is of dubious value for such
problems. However since in this both types of controls are
readily available, they are also easily compared. As seen

in the examples, the suboptimal procedure generally gives
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a control which is very close to the optimum. It is not so
easy to make a general comparison of the suboptimal control
with the optimum in the nonlinear case since it is very
difficult to find the optimal control. It is in this
region that the suboptimal procedure would seem to have the

greatest valuef



CHAPTER 4

THE ESTIMATION AND CONTROL PROBLEM

4.1 Introduction

The optimal control problem discussed in the
previous chapter implies that all states of the system are
known to the controller. In the practical situation how-
ever these states are known only by some linear or non-
linear measuring process which is subject to noise error.
The process of developing an optimal control for the plant
on the 5asis of these imperfect measurements is known as a
stochastic control problem or the combined control and
estimation problem (15, 16)--the subject of this chapter.

In general, research on an optimal combined
estimation and control procedure has been disappointing.
The results are in the form of recursion equations (16)
which are impractical except for finite discrete control
or linear systems with linear measurements, where the
results are the same as Kalman's (9, 10, 21). Kalman has
shown thaf for linear systems and measurements, and
quadratic performance indices, that the optimal procedure
is to separate the problem into an optimal control problem
and an optimal estimation problem. First the control law

is found under the assumption of perfect information as in

86
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Chapter 3. Thep a Kalman filter is used to find the
estimates of the system state variables. These estimates
are then treated by the controller in formulating the feed-
back control as if they were the actual state variables.

Since no practical solution to the optimal estima-
tion and control problem is known when the plant ork
measurements are nonlinear, a common procedure is to use a
suboptimal scheme. The usual method is to use the separated
procedure above; thisvprocedure is hereafter referred to as
the separated stochastic controller. First a control law
is devised assuming perfect information and then it is
applied to the output of an estimation filter (4). In this
case the estimation process is performed by the invariant
imbedding estimator of Chapter 2. As seen in Chapter 3 it
is sometimes difficult to solve the optimal control problem
even for perfect information and then the solution may be
open-loop. Because the future behavior of the system is
difficult to predict, an on-line or closed-loop procedure
is preferable. For these reasons the on-line suboptimal
procedure developed in Chapter 3 is a desirable way to
generate the control law.

The contribution of this thesis is the development
of a different suboptimal stochastic controller. The
advantage of this procedure is that it performs both
estimation and control in one operatioﬂ--it is therefore

referred to as the combined stochastic controller.
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Roughly half as many differential equations are needed to
define the combined stochastic controller as the separated
stochastic controller. As an added benefit the control is
dependent on the estimation and attempts to aid in the
estimation procedure.

Various examples are included at the end of this
chapter to compare the various procedures. The examples
are all second-order since the resuits are easily plotted
and understood. Before any results are given, the basic

problem considered here is defined.

4.2 Definition of the Problem

The objective is to find a control vector !;which

minimizes the performance index
T .
P
I = [[L(gg) + 1/2Efg]dt
o

where x is the state of a plant whose behavior is given by
x =alx,t) + g

The goal is to find w which makes x behave in a manner to
minimize I.

The problem is complicated by the fact that the
actual state of the plant is not known--only noisy measure-
ments are available. These measurements pE which may be

nonlinear, are of the form
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Y =clx) + ¥ (noise)

~

where y is an m by 1 vector while x is n by 1 with n > m.

o~

The corrupting noise v has a zero mean and a variance

given by

E {xxT} =5

As an additional complication there may be an unknown input

to the plant so that the plant equations are actually
£=2(xt) +u+y

The input nofse u is assumed to have zero mean and a

variance given by

T =1
E{s}e, } =R

The problem now is to formulate w on the basis of a

received y so that I is minimized. ¢

~

4.3 Separated Estimation and Control

As mentioned above the normal method used to solve
this problem is to split the problem into two parts;
estimation is separated from control. When the plant and
measurements are linear and the performance index is a
quadratic form, the procedure is optimal; otherwise it is
suboptimal.

In the general case the invariant imbedding
estimator is used for the estimation portion. The esti-

mator equations are
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(4-3-1)

t

When the system and measurements are linear then the equa-

tions take the form of the Kalman filter.

£ = ax - BCTS(y-GR) + v
(4-3-2)
B =pa’ + ap + pclsce - B

When the noise is whife gaussian then the Kalman filter is
optimal.

Notice that w the control is assumed to be a known
function of time. It is found in the control portion of
the procedure. The estimate of x in these equations is 2.
To determine g it is necessary to solve fqr_g, an n by n
symmetric matrix which is time varying in general. 1In
Eq. (4-3-2) P becomes constant (if it is stable) after some
initial transient due to P(0). The initial value of § is
chosen on the basis of some prior information about the
most likely position of x(0). The value of P(0) reflects
the faith placed in‘g(OJ as the initial guess of x(0); the
elements of‘g(O) become more negative as the reliability
of 2(0) decreases. When the input noise to the plant is
zero then the choice of P(0) becomes critical;_g-l is zero
and therefore P eventually becomes zero after an initial

transient due to B(0). If the magnitude of P(0) is too
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small then the estimator stops estimating before_g has
reached x.

The control law is developed under the assumption
of perfect information about the state. Once the control
law is formulated then the estimates from the invariant
imbedding estimator are treated as if they are the actual
state of the system. If the plant is linear and L(g) is
a quadratic form (L(x) = 1/35?35), then the optimal control
law is in closed-loop form. As shown in Chapter 3 the
control law is determined by the solution of a matrix

Riccati equation

R=RA+AR+RR-Q | (4-3-3)

P~

where R is an n by n symmetric matrix. Tﬁis equation is
integrated backwards in time from R(T) = O to find R(t) for
all t « T. This can be done because R is independent of x.
As T becomes infinite, R(t) becomes constant for finite
time. The control w to the plant is formed by the opera-
tion of‘B(t) on X, W = E_ygz. When the state is not known,
as here, the control law operates on the estimate of X

x = PTBR.

If the plant is nonlinear or L(x) is not a
quadratic form, then the éptimal control is difficult to
find and is usually open-léop. An open-loop control is
very undesirable because the future behafior of the system

is not as predictable as it is for perfect knowledge of the
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inputs and states. Since the separated procedure is sub-
optimal anyway, it is not practical to insist on an optimal
control--a suboptimal control which is closed-loop and
relatively easy to find is preferable. The on-line proce-
dure developed in Chapter 3 gives such a control law. In
this case the control law is determined by a differential
equation which is in the form of a matrix Riccati equation.

This equation is

2 =

w3

Ba, + g,R + BL R - B (4-3-4)

t

Lt d

Obviously E is dependent on x, but (4-3-4) is a forward
time equation sp this integration can be performed simul-
taneously with changes in x to yield the new R(t). This is
the procedure'when X is known exactly. When only an

estimate 2 of x is available, then 2 is treated exactly as

if it were x. In this case Eq. (4-3-4) becomes

R = Ra -t

)

(4-3-5)

>3

+ asR + RLAaaR -
=X= = XX~

i

The control to the plant is y = RLy. The initial value of
B(t) may bé chosen as suggested iﬁ~Chapter 3;18(0) may be
chosen to satisfy R(0) = Q0. This is probably the preferred
way when x is exactly known. However, because %(0) is only
a guess of x(0) it may be desirable to make the control

conservative until the estimate actually reaches x. This

is accomplished by making R(0) = O when £(0) is thought to



93
be poor. As the confidence in‘g(o) rises then R(O)
approaches the previous choice.

Since P and R are both symmetric n by n matrices,
then in general to perform both estimation and control it
is necessary to integrate n(n + 2) simultaneous differen-
tial equations. Thus the work and equipment needed
increases geometrically as the order of the system

increases.

4.4 Combined Estimation and Control

In this section a different method is offered where
estimation and control are performed in the same operation.
The problem is approached from the viewpoint of an estima-
tion problem; i.e., the control is treated as an unknown.

In the development of the estimator in the separated case
above, the controlling input w to the system was assumed to
be known. The estimation problem is solved again, except
that now w is considered an unknown quantity with a variance

given by
E{HT} -5l

The total unknown input to the system is now z where
Z=x¥+y

If w and u are assumed to be statistically independent,

then.g has a total variance of



94
Since w is dependent on u, then this expression for the
variance of z is an approximation to the actual value
which is unknown. The estimation problem thus becomes:

given the plant

x = alx,t) + z

—~~

and the measurements

y(t) = c(x) + v (noise) for 0= t < T,

o~

find the best estimate of E(To)'

Notice that the problem is exactly the same as the

estimation problem faced in Chapter 2, except that 2z

replaces y. The estimation problem here isbapproached in
the same manner as before. The estimate of 5(T0) is found
in a least squares sense. Eventually this comes down to

minimizing the integral

T

0]
I = f 1/2[ET§5 + (z—g(g))Té(y—c(;))] dt

~ T~ o~

with respect to 2, subject to the constraint that

yt) + 2

R D
el

- 2(

The trajectory of g(t) which results from the optimum choice
of z is designated as 2(t). The value of g(TO) is the
optimal estimate of‘s(To).

So far the estimation procedure is no different

than before, except that z has replaced u. Suppose however
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that in addition to the above information it is known that
Zz is acting in such a manner as to minimize the performance

index

subject of course to the previous restriction on the
variance of z. Actually this is not quite correct. Only
"a part of‘g, ¥, is trying to minimize I' while the other
part, u, is just pure noise. But, since u and w are both
unknowns and both appear at the same place, in the same
form, it is impossible to separate them. Therefore as an
approximation, it is assumed that all of z tries to
minimize I'. The accuracy of this approximation depends
on the relative magnitudes of w and u. For w substantially
larger than u the approximation is good.

Furthermorelz tries to minimize I' over the range
[O,T] and not jusf [O,To]. The time To,is the time of the
present observation while T is the stopping time for the
problem in the future. The control which minimizes I' over
[O’To] may bg quite different from the one which minimizes
over [O,T]. It turns out that this approximation results
in a control similar to the suboptimal on-line controller
in Chapter 3.

Let us assume that all of z is trying to minimize

I' over [O’To]' Therefore in determining the estimate of



96
‘E(To),‘g must be biased in the direction which minimizes I'
as well as I. This is accomplished by considering a new
performance index

T
o

J = [ (L@ + 1722732 + 1/2(3-¢ @) s (y-c(E))] at
o
The optimal value of_g is that value which minimizes J
subject to the constrain£ of the plant equation.
As in the previous manner this problem is solved
by Pontryagin's minimum {(or maximum) principle. The

Pontryagin state function is

H = L(X) + 1/2~zT§g + 1/2(y-3(§§))T§(y—,9(

—~

))

1R

+ 1T (a(E, t)+2)

The problem now is to find the value of Z which minimizes
H. This is done by taking the derivative of H with respect
to z and setting the result equal to zero to give
O -
z =)
The minimum value of H is now H® with E? the optimum value

replacing_g,

HO = -1/2 Tg“/l + 1/2(~—£(3))T§(~-3(3)) + L(%)

Ead

+ VTa(g, )

-

where‘g is the value of‘g when z is optimum. The differen-

M 0
. . A , .
tial equations for X and.A_are the Canonic equations,

~
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t>m

The boundary conditions are A(O) = 0 and A(To) = 0.

The solution to this two-point boundary value
problem gives a value for S(To) which is the optimum
‘estimate of 5(To) in a least squares sense. The estimate
of 5}ToﬁaTo) involves another two-point boundary value
problem similar to the one above. In fact an estimate of
the complete trajectory of z(t) for 0 <« t « T requires the
solution to a sequence of two-point boﬁndary value
problems.

Obviously the problem is very similar to the
estimation problem in Chapter 2. There an on-line proce-
dure was obtained by imbedding the end condition of
A(To) = 0 into the general condition of &(T) = e where e
and T are variable. Essentially T is made to vary as real
time t increases. The result is an on-line estimation
procedure.

The same approach is used here to find an on-line
estimator-controller. Since the invariant imbedding of the
end condition in Section 2.2 is done for a general Ho, the
results are applicable in this case. Substituting for the
derivatives of H® into Eq. (2-2-4) and gathering terms with

like powers of e, the following equations result.
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A A T A T
2= a4t) + B[-cis(y-e@N] + Ly
(4-4-1)
P = Pas + asP + P{Las + | ~cos(y-c(®))| dp- gt
S TLRg e toOTag R I PR

These equations are very similar to the estimation equa-
tions for the separated case, Eq. (4-3-1). The estimate £
is now biased by the term PLy while P contains the addi-

=l instead of g-l.

tional term;gysgg and §

Now if one wishes to control the system on the
basis of this estimate of X, in such a way to minimize I1',
then it seems reasonable that the control fed back is
Just the biasing term on the estimate; i.e.,‘ng. Thus the
estimation and control is done with only one s;: of equa-~
tions, (4-4-1).

Notice that the feedback control input‘ng has a
form similar to the suboptimal on-line controlle£~of
Chapter 3. However, here P is specified by a different
differential equation.

When the input to x is Bw, where B is an n by m
matrix and w is m by 1, then the choice of what terms to
feed back to g is not obvious. For example, suppose that
the system is third order and‘g and w are

1 o

B = 1

s
1

)
0 0 Yo
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This specifies that there is no control input to x But,

3.
the term‘gL; generates inputs for all components of $. It
turns out that this is always true unless u, the input

. . T
noise, has no input to x_,. In this latter case,gLﬁ

3

generates no input for i3. In the general case however
this is not true and the choice of the feedback control is
not obvious.

Comparing the two different methods of generating
an optimal control on the basis of noisy measurements, it
is readily apparent that the combined procedure is simpler--
the controlling term is found directly in the estimation
process and there is no need for any additional work. This
feature results in approximately one-half of the computer
time and equipment needed for the separated stochastic
controller.

One disadvantage in the combined stochastic
controller results directly from its combined nature--the
fact that estimation and control both depend on the choice
of’E(O). In the separated stochastic controller, it was
seen that R(0) and P(0) behave oppositely; i.e., when the
initial estimate 2(0) is good P(0) is small and R(0) is
large, and vice versa when £(0) is poor. Thus in the
combined filter, since P must handle the chores of both R
and P, the initial choice of P(0) conflicts with either

estimation or control. Because it is impossible to satisfy
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both conditions P(0) is chosen somewhere between R(0) and
P(0) of the separated stochastic controller.

Since the optimal control in the combined stochastic
controller minimizes J as well as I' then this control
should behave in a manner to improve estimation. In an
attempt to give an intuitive feeling to the combined
stochastic controller the next section investigates (4-4-1)

in a nonrigorous manner along the lines of Section 2-3.

4.5  Discussion of the Combined Stochastic Controller

Evidently the differential equations for the
combined stochastic controller describe some process which
performs both estimation and control. Unfortunately the
procedure by which these equations were obtained does not
lend much in the way of an intuitive understanding of the
combined stochastic controller. It is helpful to recon-
sider the entire problem along the lines of Section 2.3
where the geometric interpretation of estimation was first
introduced.

First of all it is necessary to consider the
primary objective of the combined stochastic controller.
The primary objective as formulated in (4-4-1) is to find

the value of z which minimizes J.

J = ﬁl/Zngg + L(x) + B(s,x)] dt
0
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where for convenience the substitution

B(X,y) = 1/2(y-¢(%)) 5 (y-¢ (X))

has been made. Remember that‘g is the sum of w the control
to the plant and u the unknown input. The relationship

between g and z is given by the plant equation

TS

= alx,t) + 2

Here‘z is the measurement made on x the actual stafe of the
system. Stated another way, the objective is to minimize
jIIL(g) + B(gtz)]dt subject to the variance restrictions on
g and the constraint of the plant dynamics.

Notice that the integrand L(x) + B(_g,z) can be

viewed as representing a surface, V(gtz), in space.

Vix,y) = L(x) + B(x,y)

~ o~
Since x is an n by 1 vector and y is m by 1, then V(x,y)

~

)

is a surface inn + m + 1 space. At any point say Vﬁélz¥1
the height of this surface above the_ghz hyperplane
expresses the penalty associated with this point. The
object of the combined stochastic controller is to move._gl
in a direction to reduce the penalty, subject to the
restrictions on z.

So far the action of the combined stochastic
controller seems much the same as the invariant imbedding

estimator. Indeed the combined stochastic controller

operates on the surface V(x,y) in exactly the same way that
~ o~
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the invariant imbedding estimator operates on the surface
ngtz)- Once a measurement‘z1 is made then a subsurface of
V(Szz) is defined along which‘z is constant and equal to
Y1 Using information about the shape of this subsurface,
V(gle), the stochastic controller creates a driving term
which forces‘s:1 (the present position of g) towards a local
minimum of V(5111)° The strength of this driving term
depends on the amount of penalty associated with the point
X,»y, relative to that of the local minimum (how high
V(31321) is above the local minimum), the constraint on the
variance of the driving term z, and finally on the relative
stability or response of the plant.

In the invariant imbedding estimator the estimation
process is entirely separate from the plant. Hence any
action of the estimator has no influence on y. In contrast
the combined stochastic controller is coupled to the plant
by the portion of the driving term which is fed to the
plant. This portion depends on the slope of L(x) at‘_)‘c-_‘1 and
the P term derived for VQ%LZI). In other words the control
to the plant depénds on the estimation process. It turns
out that when the observer thinks that estimation possi-
bilities are good in some region then the control becomes
small in an.effort to keep the state in that region. When
21 is in a region judged poor for estimation then the
control becomes larger, approaching the value given by the

on-line suboptimal controller.
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The remarks above are best clarified by considering
the first order case. The plant is described by a single

differential equation
x = a(x,t) + w + u

where w is the control to the system and u is some unknown

input, or noise. Also, w tries to minimize ‘/OL(x)dt over
0]

the observation time O to To' Lumping w and u together

into z the equation becomes
x = a(x,t) + 2z

The measurements on x are nonlinear and are given by
y = c(x) + v (noise)

As mentioned previously the estimation process

defines a surface which in the first order case is
Vix,y) = L(x) + B(x,y)

Once a measurement Yy is made then this value and the
current estimate Xy define a point on the surface where a
gradient may exist. The height of V(il,yl) above the x,y

plane is the penalty associated with this point. The

purpose of the stochastic controller is to drive Xy90Yy
towards the minimum of V(x,y). Notice that this is quite
a different objective than that of the invariant imbedding
estimator. The invariant imbedding estimator, since it

has no control over Yy attempts to drive il in a direction

along which y is constant, toward a minimum of B(i,yl);
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i.e., the invariant imbedding estimator is concerned with
only the curve B(i,yl) on B(x,y) which is defined by the
measurement Y and not the entire surface. The combined
stochastic controller on the other hand is concerned with
the entire surface V(i,y) since it has control over both
x and y.

An understanding of how the combined stochastic
controller actually drives il’yl towards the minimum is
better understood by considering a particular example.
Suppose for this egample that the measurements are linear

and the noise of constant variance
y = x + v (noise)

and the performance index is quadratic

L(x) = 1/2x2q

Then the surface v(x,y) becomes ’

V(X,y) = L(X) + B(X,y) = 1/2%2 q + 1/2(y-i)2s

The shape of V(x,y) is fairly complicated and is
best understood by considering it as the sum of the surfaces
L(x) and B(x,y). The shape of B(x,y) was considered in some
detail in Chapter 2. In general the surface appears as a
parabolic trough whose bottom follows the curve y = c(x),
see Fig. 4-1. Whereas B(x,y) is obviously dependent on x

and y, L(X) depends only on x. When the performance index
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Xl

2—Y = ¢c(X)

Fig. k-1.--Surface Corresponding to Estimation
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is quadratic then L(x) describes a parabolic trough whose
bottom is parallel to the y axis (Fig. 4-2).

Notice that the minimums of both L(x) and B(x,y)
occur along specific curves in the X,y plane rather than at
single points. However when L(x)and B(x,y) are added to
form V(x,y), the minimum of V(X,y) occurs at one particular
point--the point where both L(x) and B(x,y) have minimums.
Therefore V(x,y) appéars as a cone or cup in three space
(Fig. 4-3). The objective of the combined filter is to
drive il and y, (the current estimate and measurement)
towards the minimum of V(x,y). This is done with appro-
priate forces applied to the equations for é and x. The
minimum of V(x,y) corresponds to satisfying both the
estimation problem, B(X,y) = O, and the control problem,
L(X) = 0. Thus when the minimum of V(X,y) is reached, then
both problems are solved.

In light of what has been said before it seems that
the combined stochastic controller should operate on the
entire surface V(x,y) in defermining the forcing terms on

£ and x, with the term driving x parallel to the y axis

1°71
applied to x and the term parallel to the X axis applied to
4. This would require finding the gradient of V(x,y) with
respect to both x and y. However this is -not how the
stochastic controller operates at all. Instead the
stochastic controller accomplishes the objective of moving

il and y, to the minimum of V(x,y) in another way. The



L(X)
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Fig. 4-3.--Surface for Combined Estimation and Control
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combined stochastic controller uses V(x,y) in exactly the
same way that the invariant imbedding estimator uses
B(x,y). Once a measurement y, is received then the curve
V(i,yl) is determined. The stochastic controller operates

on this curve and attempts to drive x.,, the current

1°
estimate, to the minimum of V(i,yl). The minimum of V(i,yl)
is obviously quite different from the minimum of V(x,y).
The saving grace is that a portion of the term driving X is
also fed to:i,pL& is fed to x. Thus the stochastic con-
troller changes ¥y in an indirect manner. Each time Yy
changes then a new curve of V(i,yl) is defined with a new
minimum which lies closer to the minimum of V(x,y). The
process repeats itself until the curve passes through the
minimum of the surface. The net effect is that the
stochastic controller drives il’yl towards the minimum of
V(x,y).

As an illustration suppose that for our first-order
case that y, results in the curves shown in Fig. L-4
(remember that these curves are the result of the intersec-
tion of the plane y = y, with the surfaces B(x,y) and
L(x)). Adding B(i,yl) and L(x) gives V(i,yl). Notice that
the minimum of‘V(i,yl) lies between the minimums of the
other two curves. The stochastic controller operates on
V(i,yl), using Vi(i’yl) and Vii(igyl), to drive il towards
this minimum. In addition a portion of this driving term,

pLi(il)’ is fed to the actual plant--p of course is
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Fig. 4-4.--Curves of Estimation and Control Defined
by a Particular Measurement, Y,
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calculated using V(i,yl), and not L(x). In this case
pLi(il) is negative so x decreases, and sincé the measure-
ments are linear then Y1 tends to decrease. The new Y1 in
turn defines new operating curves (Fig. 4-5). L(x) does
not change since it is independent of y. However B(i,yl)
has shifted slightly to the left although its shape has
not changed. The net result is that V(i,yl) is also
shifted to the left and its minimum is lower. As the
process is repeated, B(i,yl) gradually shifts over until
its minimum lies on top of the minimum of L(x). The
resulting V(i,yl) contains the minimum of V(x,y) and the
forcing term on é drives il toward the true minimum. Thus

although the stochastic controller operates in an indirect

manner on y,, the net result is to force x towards the

1'%
minimum of V(x,y), which is the desired solution to the
estimation and control problem.

As mentioned previously the feedback centrol to the
plant, pLi(il)’ depends on the estimation because p is
calculated on the basis of V(i,yl) and not L(x). The
actual equation for p in the combined stochastic controller
is

. - 2 - -
P = 2pa§(x1,t) + p vii(xl’yl) - 1/q

where il is a particular value of %. Suppose now that the
estimation possibilities are poor; either the noise is

large or y is relatively insensitive to changes in x. In
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Fig. 4-5.,--Curves of Estimation and Control
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this case the curve B(i,yl) is relatively flat—-Bii(il,yl)
is small. Then Vii(i,yl) is approximately the same as
Lii(i) and the feedback control behaves similarly to the
on-line suboptimal controller of Chapter 3. If on the
other hand estimation is very good then B(i,yl) changes
rapidly--Bii(i,yl) is large and positive. Thus Vii(i’yl)
is larger than Lii(il) and lp| is made smaller--the control
from the combined stochastic controller is smaller than
that of the.on-line controller. The overall effect is that
the control tends to help the estimation. When the possi-
bilities for estimation are good then the control is

conservative, keeping x. and thus y in the region for good

1
estimation. This is good when the measurements are non-
linear since there are regions where estimation is better
than elsewhere, but it is not when the measurements are
linear and all regions are equally good for estimation. As
shall be shown (Example #4-6) the controller drives the
state towards its goal along a path where estimation is
good. When estimation is poor then the control becomes
larger, perhaps forcing 3 to a better region.

In the discussion of the invariant imbedding
estimator, Section 2-3, it was pointed out that because of
its complex nature, B(i,yl) has in general more than one
local minimum--~the estimate can sometimes diverge to a

wrong answer. Notice however that when L(x) is added to

B(i,yl) that the resulting curve V(i,yl) is considerably
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smoother, see Fig. 4-6. Thus the problem of the estimate
diverging from the actual state is decreased.

In the first-order case which has been considered
in some detail, thg geometric viewpoint lends insight into
the operation and behavior of the combined stochastic
controller. Unfortunately for higher-order cases it is
impossible to picture such surfaces and all intuition
fails. It is hoped however that enough feeling for the
stochastic controller carries over from the first-order
case.

Now that a procedure for the estimation and control
problem has been developed and its operation explained, the
next step is to examine its performance in handling some
actual problems. In the next section, several examples are

offered which compare the methods discussed so far.

4.6 Examples and Conclusions

This section contains many examples of various
types of estimation and control problems. The examples
were programmed on a digital computer and the results are
shown in the numerous figures. In most of the examples the
particular problem is solved using both the separated
stochastic controller and the combined stochastic con-
troller. Thus the examples illustrate the essential
differences and similarities between the two methods. The

corresponding figures give a visual comparison of the two
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Fig. 4-6.--Smoothing Effect of Combined Estimation
and Control
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methods. The examples are all second-order systems so that
the results are easily displayed. Each figure shows two
curves; one curve is the actual variation of the state or
the trajectory of the system and the other curve is the
estimate of the trajectory. Points on the curves indicate
equal periods of time. The crosses mark the start of the
curves and the asterisk, the objective of the state
trajectory. Each figure is accompanied by a brief descrip-
tion of the particular problem and a discussion of the
results. The section is concluded with a summary of the
significant results and observations.

Example 4-1: This example is concerned with a

linear system and linear measurements. The system is given

by
X = X + W
—~ o~ P

where w is the feedback‘control to the system which is
generated by the controller. The performance index to be
minimized is
x
I = Jr 1/2[5?Qx + g?gy]dt
0



117
where
10 0 0.01 0

3: H E:

(=]

10 o 0.01

Notice that the system is unstable without control and thus
control is needed to drive it to the origin. The optimal
solution to this problem when the state is perfectly known,
results in a closed-loop control law. The optimum trajec-
tory of the state, Xx, ip Fig. 4-7 is the result of applying
this control law to the problem at hand. The value of the
performance index at a distance of 0.1 from the origin is
0.81.

When only imperfect measurements are available then
the combined and the separated procedures are used to
generate the control. The separated procedure uses the
same control law as above but applies it to the estimates
of an invariant imbedding estimator. In this example the

imperfect measurements are linear and given by

+ v (noise)

e
(]

)

The components of the noise, Vv, are statistically inde-
pendent of each other and uniformly distributed. The
variance of each component is 1/16 and thus the distribu-

tion is between +0.433. On the basis of these noisy
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Fig. 4-7.--Optimal Trajectory for Linear System
of Example 4-1
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observations, the desire is to control the system so that I
is minimized. The control is generated by two different
procedures. The result of applying the control of the
separated stochastic controller is shown in Fig. 4-8 and
that of the combined stochastic controller in Fig. 4-9. 1In
this particular example the initial guess of x(0) is poor.
The curves of both figures seem to follow much the same
pattern. However from the dots on the curves, it is
apparent that the trajectory resulting from application of
the combined stochastic controller travels more slowly than
the trajectory resulting from the separated stochastic
controller. This sluggishness is the result of the estima-
tion process. Throughout the problem, estimation remains
equally good, since the measurements are linear. As was
stated previously and is demonstrated here, when this
condition occurs then the control decreases. From the
figures this results in an improvement in estimation but
the corresponding sluggishness makes the value of I equal
to 1.81 compared to 1.55 for the separated stochastic
controller.

In applying these two different procedures, the

initial value of_g was set each time to
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xszO
estimate
dist =01 !
critn =1.55

-1.0 -

actual trajectory

-2.0¢4

Fig. 4-8.--Ex. 4-1, Trajectory and Estimate for Linear
System and Linear Measurements, Using
Separated Stochastic Controller
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XoK1.0
estimate
-1.0 0] 1.0
. —>X,
dist =01
critn=1.81

-1.04

actual trajectory

-2.04

Fig. 4-9.--Ex. 4-1, Trajectory and Estimate for Linear
System and Linear Measurements, Using
Combined Stochastic Controller
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In both cases the estimate did not lock on until quite
late, resulting in some initial error--the trajectories
started in the wrong direction. Note: even though there is
no input noise, some noise is assumed in using the separated
stochastic controller so that the estimate locks on
eventually even though the initial value of P(0) is not
negative enough to force the estimate to lock on in the
transient period. This is good practice in general because
one can never be sure of the correct choice of P(0). The
error should decrease if the initial magnitude of the p
terms is increased. Fig. 4-10 shows the change in the
performance indices, Is for the separated procedure and Ic
for the combined procedure, as a function of the initial
value of P(0) (the diagonal elements are made equal). In
this figure both criterion values Is and Ic drop as the
initial value of P becomes more negative. Is however is
always smaller than Ic for any initial value of_B(O).
Remember that the control developed by the combined
stochastic controller is also a function of P. Therefore
even though the estimate locks on sooner, than for smaller
values of‘g(o), the initial control also becomes larger and
forces the trajectory more strongly in the wrong direction.
The value of Ic begins to rise once the error due to the
initial control takes effect. In fact when the value of
the diagonal terms of P(0) is -50 (not shown on the figure)

then Ic is 2.51. The minimum value of Ic is about 1.27,
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Fig. 4-10.--Ex. 4-1, Value of Performance Indices as a Function of the
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near -l15. The separated stochastic controller is under no
such handicap since its control is independent of estima-
tion. The value of Is continues to decrease towards Io as
P(0) becomes more negativé; at -50, I_ is .86. If P(0)
becomes too negative however, Is rises because the estimate
then tries to follow the observation noise.

Example 4-2: This example is identical to the first

example with the exception that £(0), the initial guess of
5(0), is much better than before. The results are shown in
Figs. 4-11 and 4-12 respectively. For each stochastic
controller the diagonal elements of‘B(O) were set at -5.
From the figures this value is apparently too small since
the estimates do not approach the actual states very
rapidly.

It is interesting that the results of the two dif-
ferent stochastié controllers should agree so well. The
trajectories are nearly identical although the trajectory
for the combined stochastic controller is slower (notice
the dots) than that of the separated stochastic controller.
The values of the performance indices are near to the |
theoretical minimum. The separated stochastic controller
gives a value of 0.81 which for two significant digits is
equal to the minimum. The performance index for the
combined stochastic controller is 0.86, the slightly high

value arising from the slower trajectory. This example
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Xo Fo
-1.0 O 1.0
— L‘,P-Xﬂ
dist =01
crithn=081
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-1.0 ¢

actual
trajectory

Fig. 4-11.--Ex. 4-2, Trajectory and Estimate for Linear
System with Linear Measurements, Using the Separated
Stochastic Controller
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<, k1O
dist = 01
critn=0.86
estimate
-1.04
actual
trajectory

-2.0¢

Fig. 4-12.--Ex. 4-2, Trajectory and Estimate for Linear
System with Linear Measurements, Using the
Combined Stochastic Controller
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shows that when the initial guess of x is fairly good, the
results are excellent.

Example 4-3: This example is also identical to the

first example except that the measurements are now non-

linear. The measurements are given by
—2(x§+x§—1)
Yy e
y = = +x
Ya *2
e -

The measurement Yy tells the observer that the state is on
a particular circle and Yo gives the value of Xg e However
this information does not uniquely determine the actual
state. In this problem these are two points which satisfy
any particular value of P A they are symmetric with respect
to the X, axis. Thus it is impossible to determine on
which side of the Xp axis is the actual state. It is
possible that the estimate may follow the wrong point.
This is exactly the case in Fig. 4-~13, which is the result
of applying the combined stochastic controller to the
system. Here the estimate and the stafe both start on the
same side of the x, axis (the initial guess of x(0) is the
same as in example 1) but before the estimate can satisfy
¥y and Yoo the trajectory has crossed over to the other

side. Consequently when the estimate does lock on, it

follows the wrong point. The numbers on the circles give
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ac tual
trajectory

1-2.0

Fig. 4-13.--Ex. 4-3, Trajectory and Estimate for Linear
System and Nonlinear Measurements, Using the
Combined Stochastic Controller
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the value of 01(5) (the value of y, before noise is added)
there; for instance when the state is on the outermost
circle shown, then the value of 01(5) is 0.368. With the
level of noise in this problem, little value is placed on
any value of Ya less than 0.6; the noise drowns out lesser
values. Consequently no attempt is made to reach the
correct circle until the trajectory reaches a circle with
a higher valﬁe. In the meantime the estimate shows little
reluctance to leave its present circle; i.e., the estimate
of clg§), which is cl(g), stays fairly constant until clﬁz)
overcomes the noise. Thus in Fig. 4-13 the estimate
follows a circlg in locking on to Xg.

Figﬁre 4-14 shows the result of the application of
the separated stochastic controller to the problem. The
estimate again travels around on a circle in adjusting ﬁz.
Now however, the estimate is faster in responding to yy 8o
that when the state reaches the 1.0 circle the estimate is
close enough so that it follows the correct point. The
failure of the combined stochastic controller in Fig. 4-13
to lock on to the correct point can be placed on the slow-
ness of the estimate in forcing &2 to Xy Thus in this
particular example the separated stochastic controller
forces a successful conclusion to the problem while the
combined stochastic controller fails.

The reader should not conclude from this example

that the separated stochastic controller always follows the
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ual
trajectory

Fig. 4-14.--Ex. 4-3, Trajectory and Estimate for Linear
System and Nonlinear Measurements, Using the
Separated Stochastic Controller
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correct trajectory and the combined stochastic controller
always follows its image. A different choice of initial
conditions can change the situation. For instance, an
initial choice of %(0) which more closely represents x(0)
may cause both stochastic controllers to follow the correct
trajectory. On the other hand a worse choice of £(0) may
cause the estimates of both stochastic controllers to
diverge from the correct trajectory.

Example 4-4: Here the system is decidedly non-

linear while the measurements are linear. -The system is

described by

The performance index and measurements are the same as in
Example 4-1. There is no additional complication in the
calculation of the combined stochastic controller and its
results afe shown in Fig..4-15, for initial conditions
identical to those in the first example. Remember however
that the separated stochastic controller uses a control law
which is derived for the case of perfect information. When
the system is linear then this control law is closed-loop
optimal. However when the system is nonlinear the optimal
control is very difficult to find. Even then it may be an

open-loop procedure which is very undesirable for the
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Fig. 4-15.--Ex. 4-4, Trajectory and Estimate for Nomlinear
System with Linear Meagurements, Using the
Combined Stochastic Controller
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stochastic control problem. Therefore a suboptimal closed-
loop control such as the one developed in Chapter 3 is used
as the controller in the separated stochastic controller.
The resulting trajectories are shown in Fig. 4-16. The
initial value of R is set to zero so that the initial
control is also zero. This keeps the trajectory from
heading in the wrong direction until the estimate is in the
correct quadrant. The value of the criterion at 0.1 units
from the origin is 1.22 compared to 1.41 for the combined
procedure.

Example 4-5: 1In the previous examples the objective

has always been the minimization of the integral of a
quadratic form. The discussion in the chapter has also been
limited to this particular case. This example shows that
the combined stochastic controller is also applicable to

the maximization problem. The previous minimization

problem is readily transferred to the maximization problem
by changing the sign of 3. The performance index then

becomes

~

T
I = [ 1/2(-35T_g§ + ETEw)dt
0

where R and Q are defined as before. The system is also
the same linear system of Example 4-1 with identical initial
values of 2(0) and x(0). 1In other words, the objective is

to force x away from the origin. Figure k.17 is the result
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Fig. 4-16.--Ex. 4-4, Trajectory and Estimate for Nonlinear
System with Linear Measurements, Using the
Separated Stochastic Controller
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Fig. 4-17.--Ex. 4-5, Trajectory and Estimate for Linear
System and Linear Measurements, Using the Combined
Stochastic Controller in a Maximization Problem
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of the combined stochastic controller on the system. The
only change in the stochastic controller equations is the

sign of’g.

The previous examples have done little to show the
essential differences between the separated and combined
stochastic controllers. Theoretically the combined
stochastic controller gives a control which depends on
estimation; the control attempts to improve estimation.
Outside the fact that the trajectory of the combined
stochastic controller is slower than that of the separated
stochastic controller for linear measuremenfs, this has yet
to be demonstrated. The following example has been
designed to illustrate these differences.

Example 4-6: The plant in this example is the

linear system of Example 4-1. The measurement of the state

is a scalar function of x1 and x2.

-(xf+x2-l)/2
y = cQg) + v = 10e + v

The noise is uniformly distributed between +0.866.
Geometrically 0(5) appears in the phase plane as a large
bell centered over the origin. The measurement that is
made of X is given by the height of this bell at that point
on the phase plane. Unfortunately the measurement does not
correspond to a unique point. In fact the only information

given about X from this measurement is that it lies
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somewhere on a particular circle which is centered at the
origin. There is no way of telling where the state is on
this circle.

The objective of the controller is to drive the
plant to the point (1,1) on the phase plane. The plant is
initially at (-1.5,-2) and the initial guess 3(0) of x(0)
is exact. Figures 4-18 and 4-19 show the results for the
separated and combined stochastic controllers respectively.
Obviously there is a great deal of difference between the
two figures. The trajectory of the separated stochastic
controller heads directly for the goal, independently of
how c(s) behaves. The estimate meanwhile stays locked on
to the actual state. However the behavior of the trajec-
tory for the combined stochastic controller depends
drastically on cQg). When the trajectory approaches a
region where the gradient is large then the trajectory
follows a circular path towards the goal rather than a
straight line. This circular path comes from the reluc-
tance of the stochastic controller to leave a region where
estimation is good; i.e., estimation is the best when the
gradient of 0(5) is at its maximum. To show this consider
a side view of the bell described by c(x) (Fig. 4-20). For
eqﬁgl error distances of gl from‘g} and 32 from 5?, the

error signal of the former is much larger simply because

c(x) changes rapidly in the region near‘gl, as evidenced by
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Fig. 4-18.--Ex. 4-6, Trajectory and Estimate of Linear
System with Scalar Nonlinear Measurement, Using the
Separated Stochastic Controller
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Fig. 4-19.--Ex. 4-6, Trajectory and Estimate of Linear
System with Scalar Nonlinear Measurement, Using the
Combined Stochastic Controller
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Fig. 4-20.--Surface Described by Measuring Process
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the gradient. Therefore the best regions for estimation
are where the gradient is largest.

From Fig. 4-19 it is seen that the control tries
to keep the trajectory in the region of good estimation,
where the gradient is large, once it has been reached. The
operation of the control for the combined stochastic
controller is best explained with the help of Fig. &4-21.
Here x is trying to reach point A. The gradient of cgg)
points in a direction not necessarily toward A. The normal
control vector developed by the separated stochastic
controller drives the point‘g (and thus x if'g is a good
estimate) directly toward A. The component of w along the
x

1 axis is the portion of the control driving x The

1’
operation of the combined stochastic controller is to take
this control vector and emphasize the component perpen-
dicular to the gradient vector while reducing the

component which is parallel to the gradient vector. This
operation is performed by the P matrix and depends on the
actual magnitude of the gradient. The adjustment of the
control vector is directly proportional to the magnitude of
the gradient. The resulting control vector does not point
directly toward A but drives the state in an indirect path
where estimation is good, where the gradient of c(%)
remains large.

In this example it certainly appears that the

combined estimation and control scheme should help to
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improve estimation with some increase in the value of the
performance index (approximately 50% in this example).
However the separated stochastic controller appears to
estimate as well as the combined stochastic controller.
This is because the input noise is rapidly varying as well
as uniformly distributed. The effect of the input noise is
thus small.

This example shows that the combined stochastic
controller does indeed control the system in an effort to
improve estimation. However the combined stochastic
controller is successful in this attempt only if the esti-
mate is already close to the state. Estimation is not
improved if X is significantly far from x. In other words
the combined stochastic controller does not improve the
locking on capabilities of the estimate although it does
act to keep the estimate locked on once it has found the
state. Consider for example the same problem with an
initial estimate‘S(O) which is not exact. The choice of
5(0) is also different. If the combined stochastic con-
troller attempts to drive the state to the (1,1) point, the
result is Fig. 4-22, It appears from the abrupt bend in
the x trajectory that the stochastic controller is again
trying to keep x in a region of good estimation. However
since this control is based on the position of 8 and not x,
the result is to drive X into a region where estimation is

even worse. Thus for this particular example the combined
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Fig. 4-22.--Ex. 4-6, Trajectory and Estimate for Linear
System and Scalar Nonlinear Measurement, Using the
Combined Stochastic Controller and a Poor Guess
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stochastic controller inadvertently acts to worsen estima-
tion. The conclusion is that estimation is not improved

unless the estimate is already following the state.

The conclusions to be drawn from the previous
examples are summarized as follows. The combined
stochastic controller controls the plant in an effort to
keep the state in regions for good estimation while driving
the plant to its ultimate goal which is the minimization
of the performance index. Thus the control generated by
the combined stochastic controller depends on estimatiog
and is in fact a compromise between estimation and the
minimization of the performance index. On the other hand
the separated stochastic controller generates a control
which is independent of the estimation process, although
it depends of course on the estimate which is generated.

The combined stochastic controller is successful in
its attempt to improve estimation only if the estiﬁate is
already near to the state and if there are regions where
estimation is better than elsewhere. The latter condition
occurs only with nonlinear measurements, since only then
does cx(z) change with x. The regions where chﬁ) is
1arge;: are the regions of the best estimatiogf When the
measurements are linear, then cx(z) is the same everywhere.

Thus the separated stochastic controller is not penalized

by ignoring the estimation process. However the action of
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the combined stochastic controller is to slow the trajec-
tory under thé assumption that the state is in a region for
good estimation. Thus the combined stochastic controller
is generally inferior to the separated filter when linear
measurements are available. Although the trajectories may
follow similar paths, the sluggishness of the combined
stochastic controller results in an increased value for the
performance index. In this case the only advantage of
using a combined stochastic controller is its simplicity
over the separated stochastic controller; it is determined
by only half as many differential equations.

The néxt section considers the problem of noise

which is state dependent.

4.7 State Dependent Noise

This section is cohcerned with state dependent
noise, sﬁecifically noise whose variance is a known
function of the system state. New equations for the
invariant imbedding estimator and the combined stochastic
controller are developed which take this dependence into
account. However these new equations do not téke intd
consideration driving terms originating from the expecta-
tion of the square of the noise (which is not zero) and
hence they cannot estimate correctly. It is therefore

necessary to compensate for these terms in the equations.
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The resulting equations are illustrated by an example at
the end of the section.

The extension of the existing equations for the
invariant imbedding estimator and the combined stochastic
controller to the case of state dependent noise seems to be
a relatively straightforward procedure. During the
development of the equations,’é is treated as E(ﬁ), a
function of z'instead of a constant. This results in some
additional terms containing‘the derivatives of‘§Q§) in the
equations. Notice that this process assumes that‘é(ﬁ) is a
known function of x.

The state dependent noise term affects the form of
the equations for the invariant imbedding estimator, Eq.
(2-2-5), and the combined stochastic ;ontroller, Eq. ~
(4-4-1). The old form of each is repeated for convenience
along with the new form. For the invariant imbedding

estimator, the old form with noise of constant variance is

R = a(R,t) - Pc?S(y-c(ﬁ))
~r ~ e ~~x~ —~ ~
(4-7-1)
. T T A o]
P = Pag + 84k - .13[,93%(2-2(35) )] £ K

For noise with state dependent variance the equations

become
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X = a(X,t) + 2[-g£§(g,t)Qvﬁg(g))
AysT A
+ 1/2(y-c(X)) §§(z-2(5))]
(4-7-2)
P = Pas P+ Pl-cas($,t)(y-c(f))
~ ME)A; + na—:}s»v * ~ -3A(~ ;5’ ~-£a ?5
AT A =]
-+ 1/2(y-2 (%)) 82(y-c(x) )]&B - R

The term Sa is an m by m matrix whose elements are in turn
~

1 by n vectors. For example the element in the it row and

j® column, sﬁij is

Sij =[s.. 9 - J 9 v o e S...]

2 138, TigRy T }Jﬁm
s, . is the ij% element of the matrix S(%®,t) and S, @ is
]_J o~ ey 1J1

its derivative with respect to 2 etc.

1,

For the combined stochastic controller, the old

form with noise of constant variance is

A T A T
x = a(X,t) + E[—ggs(z-g(g))] +’§F£

(4-7-3)
P = Pai + aaP + P[LA —[cIS(y-c(ﬁ))ﬂ p -g1t

When the variance of the noise is state dependent then the

combined stochastic controller becomes
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+ 1/2(1-3(2) )T~£(z-3(£))] + '_IBL}\(‘
(4-7-4)
E - Eefg ¥ agB ¢ Eqlag + [u%i@) (y-g(£)

+ 1/2(y-c(8N)7s

Notice that the only change in the equations is the
addition of some terms containing the derivatives of §(3).
The affect of these additional terms is best seen in the
first-order case. Consider the scalar form of the

invariant imbedding estimator.

2 = a(f) « p {1/25ﬁ[y-c(£)]2 - s(ﬁ)cg[y-c(ﬁﬁ”
c 2 ay] 2 A (4-7-5)
P = 2pap + P 1/2s%§[y—c(x)] - 25£c£[y-c(x)]
+ s(R)ed - S(Q)CAA[Y-C(Q)]'} - 1/p
x XX

The dependence of s(X) on ¥ has resulted in an additional
term in the é equation. This term is 1/2ps§[y-c(ﬁ)]2.
Suppose for illustration that sa is always positive; i.e.,
that the level of the noise decreases as x increases. Then
since p is‘negative this new term adds a negative driving
term to é if c(X) is not equal to y. However, the objective

of the estimator is not to follow y exactly with c(%)
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because y is corrupted with noise. The objective is to
follow c(x). When % is following x exactly, then

-

E [y-c(ﬁ)]z}

-

E {v2+2v[c(x)—c(ﬁ)] + [c(x)-c(ﬁ)]z}

[

Suppose at the moment that £ = x. The expected value of

or

-

E [y-c(fc)]z}

1/s(x)

the correction term on § should be zero. The only term
driving £ should be a(®%,t). The expected value of
ps(ﬁ)ca[y-c(ﬁ)] is zero. But the expected value of
1/2p5£[y-c(£)]2 is 1/2p5£/s(x). Thus ® is driven away from
x. The conclusion is that the estimator cannot follow x
with this new term. The same is also true of the combined
stochastic controller.

This result is surprising as well as disappoiﬁting.
Theoretically these equations should give an £ which
follows x. Remember however that the estimator was derived
by essentially ignoring all noise effects. Only the
weighting matrix on the quadratic form reflected the
variance of the noise. From the initial perf&rmance index
to the final form the problem was treated in a deterministic
manner. The resulting estimator works for noise of constant
variance because only terms of (y-c(®)) appear in the
estimator equations. The expected value of this term is

(c(x)-c(R)) and the effect of the noise does not appear.
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However when state dependent noise is used then terms of

(y-—c(ﬁ))2 appear. The expected value is then

E {[y-c(ﬁ)]z} = [etx)-c(2)]% + & {vz}
v 28 {v[etr-e@)] |

The expected value of v2 is not zero but 1/s8(x). Thus the
noise introduces a "phantom" term into the estimator
equations which accounts for the deviation of & from x.

The effect of this "phantom'" term may bé eliminated
by subtracting the appropriate value from the estimator
equations whenever (y-c(fc),)2 appears; i.e., by replacing
-(y—c(ﬁ))z with (y-c(ﬁ))z-l/s(x) wherever this term appears.
The observer however does not know the exact value of s(x)
and so must approximate it by s(%). The replacement for
(y—c(?c))2 thus becomes (y-c(ﬁ))z-l/s(g). This correction
term still does not account for any coupling which may
exist between v and (c(x)-c(%)); notice that % depends
somewhat on v and x depends on & through the feedback
control. However this term should be small if ® = x. In
the case when £ is a poor estimate of x then s(%X) is like-
wise a poor estimate of s(x) and the correction term is
poor anyway.

Thus the corrected invariant imbedding estimator in

the scalar case becomes
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wy-
n

a(X) + p {1/25§[y-c(§)]2 - sﬁ/s(ﬁ)

- s(ﬁ)cﬁ[y—c(ﬁ)]}
(4-7-6)

p 2pay + p2 {I/ZSi&[y-c(ﬁ)]z - l/ZSi&/s(ﬁ)
- 2sge4ly-c(®)] + s(R)e - s(ﬁ)cﬁﬁ[y-c(ﬁ)]} - 1/p

In the vector case the equations for the invariant

imbedding estimator are

Ux>
1]
o
559
d.
N
+
o
1
(o]
R
—
>
ﬂ-
S
]
Q
s
L =g

Likewise the correction for the combined stochastic

controller with state dependent noise is

2= a(g,t) + p[-ng(ﬁ)(z-(g))
AT . A ~1T A T
+ 1/2(y-c(x)) ég(z-g(gg)) - 1/2§2§, (X) +3Lg
B Bag+ agk + ¥ L3~[-3ES(£) (y-¢(£)) (4-7-8)

~ ~/

T N -lT o =-1
+ 1/2(y-c(R)) Saly-c(R)) - 1/28,87" (%) A2 -9
2
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The following example serves to illustrate the
preceding remarks. This example is concerned with an

estimation and control problem similar to the ones pre-

ceding this section. The plant is a second order linear
system
-0.5 -002 xl
i_: +u+w
-4 -1 X,

where w is the control to be found and u is input noise of

constant variance

E {uuT} =
o~ ot

The goal is to control the plant with w such that the

1/16 0

(o} 1/16

performance index I is minimized. I is given by
I = ‘/90 1/2[2;T35 + W' e |at
o
where
10 0 0.01 o
g - B -
o 10 0o 0.01

The observer takes linear measurements on the state

variables of the plant,
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le
]
+
U

)

where‘g is the measurement noise. The variance of this

noise is state dependent,

£(x) o)

E {XL’T} = = 57 (x)

where

2o[xf+(x2-1)2—1]2
fgg) = .0le

1

From a geometrical viewpoint the variance depends on the
square of the distance of the system state from a unit
circle which is centered at (0,1) in the state space. When
the plant is on the unit circle the variance has a minimum
value of 0.01. As the plant leaves the unit circle, the
variance grows exponentially.

On the basis of these noisy measurements the
observer must formulate a control vector w such that I is
minimized. The problem is solved by two suboptimal
procedures, the combined stochastic controller and the
separated stochastic controller. Actually the problem is
solved three times by each stochastic controller, corre-
sponding to three different forms of each. First the

problem is submitted to the uncorrected version of the
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stochastic controller. Next the corrected version is
applied. Finally the variance is treated as a time varying
function which is independent of the state, where S(t) is
found by S(t) = S(R). Since §(t) is treated as independent
of x (or‘g) then there are no terms involving the deriva-
tives of S in the stochastic controller. Thus the
stochastic controller is the same as in the original case
when S was constant except that S(t) is substituted for S.

This latter form should show any advantage of considering

S as being state dependent..

The results are shown in Figs. 4-23 to 4-28.
Figures 4-23 to 4-25 pertain to the separated stochastic
controller and Figs. 4-26 to 4-28 to the combined
stochastic controller. Within each of the two subgroups
the figures are arranged in the following manner; the first
figure is associated with the uncorrected version; the
second figure gives the results for the corrected version;
and the third figure corresponds to the conventional
stochastic controller where 5 is considered to be only time
varying.

Figures 4-23 and 4-26 show, as predicted, that the
uncorrected stochastic controllers given by Eq. (4-7-2) and
Eq. (4-7-4) cannot follow the actual state even when the
initial estimate is perfect. 1In each case the estimate
diverges and finally heads towards the (0,1) point. Since

the control operates on this estimate the actual state
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Fig. 4-23.--State Dependent Noise, Result of the -
Uncorrected Separated Stochastic Controller
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Fig. 4-24.--State Dependent Noise, Result of the
Corrected Separated Stochastic Controller
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Fig. 4-25.--Result of Treating Noise as Time Varying

and Using Separated Stochastic Controller
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Fig. 4-26.--State Dependent Noise, Result of Using

Uncorrected Combined Stochastic Controller
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Fig. 4-27.--State Dependent Noise, Result of Using
Corrected Combined Stochastic Controller



1.01

O-5¢

161

actual
trajectory

estimate

0.5 10,

criterion = 0.41

Fig. 4-28.--Result of Treating Noise as Time Varying
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behaves erratically also. It is interesting that both
procedures give such similar, although wrong, results.

When the same stochastic controllers with the
correction terms given by Eq. (4-~7-7) and Eq. (4-7-8) are
applied to the problem, Figs. 4-24 and 4-27 are the result.
From these figures it is apparent that the corrected
versions for state dependent noise perform estimation very
well. With good estimation the goal, the origin of the
phase plane, is also reached in short order.

Finally, the stochastic controllers which were
derived for noise whose variance is independent of the
state, are used for estimation and control. The results
are given in Figs. 4-25 and 4-28 for the separated and
combined stochastic controllers respectively. In this
case the variance of the measurement noise is treated as
time varying in the filter equations although it is
actually found by §(t) = 5(R). This latter test should
show the merit which exists in considering § as being state
dependent; i.e., if it is advantageous to consider S as
being state dependent rather than merely time varying, then
the results in Figs. 4-25 and 4-28 should be inferior to
those in Figs. 4-24 and 4-27 respectively. From a visual
inspection no such inferiority is apparent. 1In fact the
differences between Figs. 4-24 and 4-25 and between 4-27
and 4-28 are practically nil. This might be expected in

the case of the separated stochastic controllers since the
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initial guess is exact and the control law is the same for
both types of separated filters. However for the combined
stochastic controllers the control laws are different and
the results of both types of combined stochastic controllers
cannot be expected to agree so well with each example as
they do here.

The above paragraphs are summarized as follows.
The equations for the invariant imbedding estimator and the
combined stochastic controller, in the case of state
dependent noise, Eq. (4-7-2) and Eq. (4-7-4), cannot esti-
mate becausevof driving terms arising from the variance of
the measurement noise. This is supported by Figs. 4-23 and
4-26. Once these terms are compensated then they behave
satisfactorily. Unfortunately such compensation is
accurate only if the estimate is close to the actual state
so that‘§(%):z S(x). In the example presented here there
is little difference in the results between devqlopments
which treat S as a function of state and those treating it
as a function of time. This result cannot be expected in
general for the combined stochastic controller.

The above paragraphs have been concerned with
measurement noise which is dependent on the state of the
system. It is also possible to’have input noise y which is

a function of the state, such that

E {B.‘&T} = B (x)
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However the equations derived by treating E-l as a function

of'g have exactly the same form as the previous derivations

with ﬁ—l(g) replacing E-l.

~

4.8 Summary

The chapter is concerned with the combined estima-
tion and control problem. Actually it investigates two
suboptimal solutions to the problem which arise from the
application of two different stochastic controllers, the
separated stochastic controller and the combined stochastic
controller.

The separated stochastic controller is a common
suboptimal procedure for treating the combined éstimation
and control problem. The separated procedure treats the
problem by splitting it into two different problems; the
estimation problem is solved separately from the control
problem. The estimation is performed with an invariant
imbedding estimator. The controller is found by solving
the optimal control problem with the assumption of no
noise and perfect state information. The control input to
the actual plant is the result of the controller operating
on the output of the estimator; the estimates are treated
as the actual states. The separated procedure is optimum
when the system and measurements are linear, the noise is

white and gaussian, and the performance index is quadratic.
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The control law is independent of the estimation
process in the separated stochastic controller. This is no
limitation in the case of linear measurements since all
regions of the state space are equally as good for estima-
tion purposes. However, if the measurements are nonlinear
then there may be some regions where estimation is better
than others; i.e., there may be a path for the state
trajectory, along which estimation is better than other
paths. In this case the separated procedure is suboptimal
because the control ignores these .regions.

The main contribution of the thesis is the develop-
ment of a new suboptimal stochastic controller, the
combined stochastic controller. The combined stochastic
controller is derived by solving the estimation and control
problems together. The resulting procedure is specified by
approximately half as many differential equations as the
separated stochastic controller. In addition the control
law is dependent on the estimation process; i.e., the
controller tries to drive the trajectory towards its goal
along a path which is good for estimation. The controller
is successful in this attempt only when the estimate is
near the actual state. This is because the controller
operates on ¢(&) in determining the control. When c(R) is
not a good representation of 2(5), then the controller may

drive the state into a poorer region. Thus the combined
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stochastic controller acts to keep the estimate locked on
to the state but does not improve the locking on capa-
bilities.

The chapter concludes by considering noise which is
state dependent. Specifically, the variance of the noise
is assumed to be a known function of the state. Input
noise which is state dependent is no complication, but
state depehdent measurement noise changes the stochastic
controller equations with the addition of more terms. It
is found that the new versions of the separated and com-
bined stochastic controllers cannot estimate properly due
to driving terms arising from the variance of the noise.
However with the addition of compensating terms, estima-

tion is performed correctly.

Although the examples in this chapter are concerned

1 1

with noise whose components are uncorrelated (S™~ and R™
o~

are diagonal), the theory is also applicable to problems
where the noise components may be correlated. The only

restriction is that é-l .a\nd_‘lf{-l be nonsingular.



CHAPTER 5

DIFFERENTIAL GAMES WITH IMPERFECT INFORMATION

5.1 Introduction

In this chapter the techniques of estimation and
control which were developed in the earlier chapters are
applied to differential games (7, 8). A differential game
is similar to any other game in that the object is to
minimize or maximize some payoff. In additidn, however, a
player's move is dictated by A differential equation. The
most interesting and intriguing types of games which come
to mind are rendezvous games and pursuit and evasion games,
referred to from now on as vehicle games. Although there
are some other interesting kinds of differential games, the
chapter is only concerned with the previous kinds. Further,
the discussion is limited to two person games, although the
theory is applicable to games with many players.

Vehicle games consist of two vehicles or players
whose motion in space is described by differential equa-
tions. As in any game each player tries to maximize or
minimize some quantity termed the payoff, which determines
the value of the game to the players. The payoff in
vehicle games is some function of the distance between the

two vehicles. By adjusting the amount and direction of the

167
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control applied to his vehicle (fuel, thrust, etc.) a
player changes the distance between his own vehicle and his
opponent's and thus affects the payoff. In rendezvous both
players are cooperating to minimize the payoff while in
pursuit and evasion the players are uncooperative; one
attempts to minimize the payoff while the other tries to
maximize. To accomplish these goals, the optimal control
for each player must be found. As shall be seen, the
methods of the previous chapters can be used to solve the
differential games.

The theory for differential games has been well
formulated by Rufus Isaacs (8). Although developed
independently, the theory is essentially a slight complica-
tion of Pontryagin's method. The results (extremal solu-
tions) are in the form of two-point boundary value problems
which are difficult to solve in the general case.

Unfortunately the theory requires that each player
have precise information about his own and his opponent's
state. In the much more interesting and practical situa-
tion, only imperfect observations (linear or nonlinear
measurements) of the states are available and the noise
corrupting the measurements is dependent on the state of
the vehicles. How does the obtimal cantrol differ in this
case? 1t seems evident that the new control should be one
which attempts to improve estimation as well as achieve the

goal of minimizing (maximizing) the payoff.
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The purpose of this chapter is to apply the
results of the previous chapters in an attempt to solve
the problem of vehicle games with perfect and imperfect
information. The chapter is arranged in the following
manner. First the problem is formulated for the
rendezvous game and then solved assuming perfect informa-
tion. Next the rendezvous game with imperfect information
is considered. Two different methods of attack are
presented, both suboptimal. The first is the separated
method in which estimation and control are performed.
separately. The second is the combined prbcedure which
performs estimation and control at the same time. These
different methods are then compared by some interesting
examples simulated on a digital computer. Finally the
bursuit and evasion problem is investigated for perfect and
imperfect information using the same methods as above.
Now, however, the conflicts between estimation and control
cause the combined procedure to fail. An example of a

pursuit and evasion game concludes the chapter.

5.2 Formulation of the Problem

The control problems in the previous chapters can
be considered as one person differential games where the
player tries to minimize some performance index. The two .
person differential game is similar to the one person game

with the obvious distinction of two players instead of one.
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The objective in this case is one in which both players
participate. The goals of the two players may or may not
be the same. One player may try to maximize the objective
while the other minimizes, or both may try to minimize.
The types of differential games considered here are vehicle
games in which two wvehicles or players are trying to
rendezvous, or one is pursuing and the other evading. The
rendezvous problem is treated first.

As stated above the motion of the vehicles is
determined by differential equations. The two players are
distinguished as player 1 and player 2. The differential

equations describing player 1l's vehicle are

1

el = alxl,t) + w

X
A~

where‘_)_c’1 is an n, by 1 vector expressing the state of the
vehicle. If the dimension of the medium is n then n of the
n, states must be coordinates of the position of the
vehicle. The control,.Bl, is an n, by 1 vector that player
1l applies to his vehicle to achieve his goal.

In the same manner differential equations describing
player 2's vehicle are

x2

= az(xz,t) + w2
~ o~ o~/

whereic2 is an n, by 1 vector, n dimensions of which

express the physical location of the vehicle in the same
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manner as above, andx2 is an n, by 1 vector which is the
control applied by player 2 to achieve his goal.

To avoid end condition payoffs the objective is
expressed as the integral of a function of the distance
between the two players. This places a continuing value on
the game and is easily handled by the imbedding procedure.
No way in which end condition payoffs can be treated has
yet been found. The control or “uel which each player is
using to achieve his goal is also limited in power via a
quadratic form constraint as in-the previous chapter. The
performance index for the rendezvous problem is thus written

as
T
1 2. T., 1 2 1T.11 . 2Ta 2
I = 1/2[%— )3(5')"'“75,‘3 + w R'w]dt
10)

Here S is a diagonal matrix with n non-zero elements. The

2)TQQ5175F) is related to the distance between

~

term (x'-x
~ S

players 1 and 2. If all of the diagonal elements of‘g’are

equal, then the quadratic form is linearly related to the

square of the distance between player 1 and player 2. The

matrix E} is n, by n, and g? is an n, by n, matrix. Both

players try to minimize I and the problem is to find ﬂ} and

‘32 to accomplish this goal.

1
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5.3 Solution for Perfect Information

As defined above this problem is a special differ-
ential game problem with perfect information. The general
problem has been investigated in great detail by Isaacs.

His solution for regions free of singular surfaces (extremal
solution) is all that the thesis shall be concerned with.

The key to solving the differential game problem is
to consider the two different systems (player 1 and player
2) as one system which alone is trying to minimize the

performance index. The new system is

%X = a(x,t) + w (5-2-1)

a
~

where the following substitutions have been made.

- - . " 2]
251 ,‘31(251’*') .31
x = i alx,t) = Py =
2 2, .2 2
| 2] (277 t) | %]
The new state vector is an (n1+n2) by 1 vector. Isaacs has

shown that the problem can be reduced in order by a more
appropriate choice of variables. Later on in the case of
imperfect information this is not possible, and therefore
no further simplification is attempted now. In terms of

these new variables the performance index is rewritten as

T
I = Jr 1/2L5?905 + gﬁgy]dt (5-2-2)
0
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Notice that to the new variables, the performance index
appears as the integral of two quadratic forms. The
problem now is simply to find w which minimizes I subject
to the constraints of the system. This is exactly the same
problem which was solved in Chapter 3, and thus the same
techniques developed there are applicable here. Since the
performance index is a quadratic form the closed-loop
optimal method is applicable if the system is linear. If
the system is nonlinear then the suboptimal on-line proce-
dure is used. Thus the two person differential game has

been brought down to the familiar optimal control problem.

5.4 Imperfect Information

In the above problem it was assumed that the
states of both players were known exactly by both sides.
In real life this is often a gross assumption. Usually a
player has only an approximate estimate of his own state
and his opponent's, and he is in the process of taking
noisy measurements to improve this estimate. On the basis
of this estimate he generates a control vector for his

vehicle. The other player has a similar problem.
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The entire problem may be regarded from a single

system point of view as above. The dynamics of the two
vehicles describe the system as before. In addition there

are two sets of measurements y1 andz2 available.
~

y1 = 21(25) + xl (noise)
y2 = gzgg) +‘32 (noise)

Using the first set of measurements yl, player 1 estimates
the state of the system. On the basis of these estimates
he generates the control_!r’1 which is fed to the system.

Player 2 uses the other set of measurements 2 to estimate

y
o~
W
-~

the state of the system, and then generates 2 which is fed

back to the system. The total control to the system then
consists of_u'r1 and‘__v:"2 which were obtained by two different
processes. |

Notice that this problem can be regarded as two
combined estimation and control problems of the type
discussed in Chapter 3. The interesting connection between
the two is that they are both concerned with estimating the
same system while controlling different parts of it. To
either player his opponent's control is some disturbance
to the system which must be estimated. Thus from any
player's point of view, the differential game problem with
imperfect information is simply a combined estimation and

control problem.
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There are two different ways to treat the estima-
tion and control problem and both are suboptimal in the
general case. These methods, discussed in Chapter 3, are
the combined procedure and the separated procedure. In the
separated procedure estimation is performed separately from
control, while the combined method estimates and controls
in one operation. All that remains is to actually apply
these methods in solving the differential game with

" imperfect information.

5.5 Separated Procedure

As stated previously the differential gaﬁe may be
treated as two different estimation and control problems
which are connected via the same system. Essentially each
player must solve an estimation and control problem.

First look at the problem from player l's point of
view. Player 1 observes a plant described by (5-2-1). The
observations are noisy and possibly nonlinear and are given

by

_Zl =‘glgv) +‘31 (noise)
With these measurements the pPlayer estimates the actual
state of the plant. 1In the separated procedure of estima-

tion and control, the estimation isg performed via the

invariant imbedding estimator of Chapter 2.
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In addition, player 1 controls part of the system |
in order to minimize some desired performance index Il.

This performance index is

T T
it = f 1/2[x°Q x + ¥* alyt]at
0
where‘g1 is the control that player 1 feeds to the plant.
Notice, however, that the total input to the system is w,
which includes‘g1 and some unknown input‘gz. To player 1,
EZ is noise which must be estimated, and this can be done
if the average variance of‘g2 is known. The controlz1 can
be found using the methods of Chapter 3 and the performance
index Il. This control then feeds back some linear combina-
tion of the estimates, treating them as if they were the
true state of the system.
Actually.}i2 is not noise but some control signal
which is constructed by another player or observer of the

system. The control__v.;2 as found by this player, minimizes

a different performance index I2

T T
12 = [ 1/2[x'8.x + ¥° 2% ar
0

If player 1 is aware that player 2 is trying to minimize
Iz, then he can use this additional knowledge in estimating

2
E .
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Specifically player 1 treats__\_w;2 as a known signal
and, in fact, constructs it so that 12 is minimized; i.e.,
a controllﬁ2 is constructed by player 1 as if he were
actually using it to control the system. This pseudo‘y’2
(designated as 52) is not the actual control that is fed to
the system (player 2 controls that). However‘_v},2 does
serve as an estimate of‘y,2 and biases the estimate‘g of
X accordingly.

The problem of finding‘g1 and‘__w’2 to minimize I1 and

12 respectively, is similar to finding w to minimize

T
I = J[ 1/2[5T3c§ + y?:g]dt
(8]

where

U

s W and__Q_,c are defined as before. Notice that this
performance index is identical to the one for perfect
information, (5-2-2). Thus the process of finding the
control for player 1 is identical to the procedure of
finding the optimal control for perfect information. In
this case however the control treats the estimates of
player 1 as if they were the true state and only a portion
of the control is fed back to the system.

From player 2's viewpoint the differential game is
also an estimation and control problem. Player 2 observes
the performance of the same system but with a different set

2
of measurements y .
-~
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yz =‘52(§) + xz (noise)

In the rendezvous game the solution to player 2's problem
is exactly the same as player 1l's. The estimate X of the
system state x is determined with the invariant imbedding
estimator. Then treating 2 as the true state, the control
w, is found such that 1, the performance index for the no
noise case, is minimized. This control in turn is used to
bias the estimate g,while the portion E? is fed back to
control the actual system. d

Notice that the above procedure can also be used to
solve an n-person rendezvous game with imperfect informa-
tion; each player uses the sequential estimator to find an
estimate of the state and, by treating the estimate as the
true state, finds a control w which minimizes I, the
performance index for the case of perfect information. He
then feeds back the portion of w to the system which player
n is supposed to determine, xn, and uses the rest to bias
the estimate‘g. In the single person game there is only
one player and he detefmines all of the control to the
system; all of w is fed to the system. Thus the single
person differential game is exactly the estimation and
control problem of Chapter 4 and vice versa.

In the above development it was assumed that‘EQ the
actual control to the plant, was composed of known signals

from n different players. It is possible that some noise
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may also be added to this control, in which case the input

to the system becomes
z =w+u (noise)

If the variance is known, then this noise is estimated by
the sequential estimator in the manner of Chapter 2.

Since in general w (the actual input) and ¥ (a
player's estimate of the control) differ by some amount,
then to fhis pPlayer there does appear to be some noise
driving the system (the noise is w - ®¥). Therefore to
coﬁpensate for this error, some noise is always assumed to
be present in the input to the system and the sequential

estimator adjusted accordingly.

5.6 Combined Procedure

An alternate method of treating the rendezvous game
with imperfect information utilizes the combined stochastic
controller. Again the total game is broken up into two
estimation and control problems--each player is concerned
with one of them.

First consider the problem from player 1l's point of

view. As before, on the basis of some observations yl

~

y he
must construct a control signal to minimize some performance

index J, where

T
J = Jr l/gg?gcgdt
0
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subject to constraints on the control; i.e., power
requirements. This is accomplished with the combined
stochastic controller derived in the previous chapter.
Remember from Chapter 4 that the combined stochastic
controller is essentially an estimation technique where
the control is treated as an unknown input of a known
variance (in the separated stochastic controller the
control is assumed known during estimation). The estima-
tion process involves finding the estimate of the unknown
inputs, the noise énd the unknown control, thus determining
an estimate of the state. The estimated control is then
fed back to the plant and becomes the actual control.

When the combined stochastic controller is applied
1 2

to the problem at hand, both w° and w , the controls of'

player 1 and player 2 respectively, are treated as unknowns

-1 -1
with variances of (gl) and (32) respectively. These
unknown inputs are then added to the noise inputs 2} and
-1 -1

and 22, with variances of QEl) and QEz) . The total

unknown input to the plant (actually plants) is_g where

T r i
’-.z,l x' o+ gt

N
"
(

52 Ez +22
S L i

The optimal estimate of z is that value of z which

minimizes
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T
I o= j’°1/2[§chcz-s + 28z + (~-(3))T§(5)(~-5(§))]dt
0

where

i T

@& e eh ': o
L it .
0 ! (52)'1 . @2)'1

The combined stochastic controller equations are the result
of this minimization and subsequent imbedding. In the
conventional usage of the combined method, the control fed
back to the plant is‘ggcg. Now however player 1 may
determine only gl. Thus only the first n, components of
-Rscg are fed back as El.

The other portion of the control,‘zz, is determined
by player 2 in much the same manner. The only difference
is that his observations are given by‘zz.

It is apparently much simpler to treat differential
game problems with the combined filter than with the
separated stochastic controller. The procedure is also

applicable to n-person rendezvous games as before.

5.7 Examples of Rendezvous Games

Now that some approaches for handling differential
games have been formulated, an obvious next step is to
solve some problems. These problems give an indication of

the types of problems that can be handled as well as how



182
good the methods are. In addition this is an excellent way
to compare the different approaches. Since the stochastic
controller equations are in the continuous form (differen-
tial equations) it is tempting to use the analog computer
in working examples. However for any non-trivial problems
the order of the system must be at least fourth order--each
player is moving in a plane. Also there are two estimation
problems (twovplayers) making eight estimates and eight
more variables, plus the gain terms (the p's) for twenty
more. Therefore using the combined stochastic controller
results in 32 simultaneous differential equations to be
solved (52 for the separated stochastic controller). In
other words the problem is simply too large to be solved
with the available analog computers. The only practical
way to simulate problems is on the digital computer. The
author has written several programs to handle a general
type of differential game ﬁroblem and has programmed many
different kinds of problems. The Fortran program listed in
the Appendix is one such program. This particular program
simulates a two person rendezvous problem utilizing the
combined stochastic controller and illustrates the essen-
tial features of the other types of programs--those using
the separated stochastic controller, or the case of perfect
information.

It is now possible to consider some particular

examples. Each example is arranged in the following
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manner. First the particular system (the combination of
systems of both players) is defined and the initial state
conditions picked. Next the measurement process for each
player and the corrupting noise is defined. The problem is
first solved as if the actual states were available to both
players. Since the performance index is quadratic, for
linear systems the solution is optimal. For nonlinear
systems one is forced to use an on-line suboptimal
technique as in Chapter 3. Next the rendezvous game with
noise is solved using the separated stochastic controller.
Again since the performance index is quadratic, then the
separated procedure is optimal for linear measurements and
white gaussian noise. 1In an& case the control used follows
the same control law as in the noiseless case. Final;y the
problem is solved using the combined stochastic controller
which is always suboptimal. The numerous two dimensional
trajectory plots resulting from each example give visual
comparisons of the relative merit of each approach.

The results of three rendezvous examples are shown
in Figs. 5-1 to 5-19. In all examples the noise levels,
the initial conditions, and the player's systems are
identical. The only difference between the examples is the
measuring process. In Example 5-1 the measurements are all
linear. In Example 5-2 the only information that player 1

receives about his partner is which circle player 2 is on;



all other measurements are linear.
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Example 5-3 is

identical to Example 5-2 except that initial éuesses of

the states are better.

The systems for both .players are linear.

Player

l's motion in a plane is described by

r -

-1.0 -.5 Xi
.1
25 =
4.0 -5.0 xé
L
and player 2's motion by
-1 ~1.0 xf
.2
5 =
-2-0 -.5 x2
[ 2]

Combining both systems into one,

[-1.0 -.5 0
—4.0 "5-0 0
i =
0 0 "'1
0 (4] -2.0
L
where x., = xl X, = x1 X, = x2
1 1? 2 2°? 3 1’

index is

the new system is

0 T "xl-1
0 x
2 ‘W
1.0 x
3
—.5-‘ Lxl*-
2
Xy = X, The performance






