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C*J. £. Ĉ Cryx-tnJ 



STATEMENT BY AUTHOR 

This dissertation has been submitted in partial 
fulfillment of requirements for an advanced degree at 
The University of Arizona and is deposited in the 
University Library to be made available to borrowers 
under rules of the Library. 

Brief quotations from this dissertation are allow
able without special permission, provided that accurate 
acknowledgment of source is made. Requests for permission 
for extended quotation from or reproduction of this manu
script in whole or in part may be granted by the head of 
the major department or the Dean of the Graduate College 
when in his judgment the proposed use of the material is in 
the interests of scholarship. In all other instances, 
however, permission must be obtained from the author. 

SIGNED: 



ACKNOWLEDGMENTS 

The author wishes to express his thanks to the 

entire faculty of the Systems Engineering Department for 

their continued encouragement and/or harassment during 

the preparation of this manuscript. In particular, the 

author is indebted to Dr. A. W. Wymore for presenting the 

opportunity to join the department and for reformulating 

the concepts of a philosophy of education, to Dr. L. 

Duckstein for his encouragement and guidance, and to 

Dr. R. Weldon for many enlightening, although often dis

heartening, discussions. Thanks also to Marion, whose 

encouragement (though seldom acknowledged) was everpresent 

and to Dianne Felker for her untiring assistance in the 

preparation of the manuscript. 

ni 



TABLE OF CONTENTS 

Page 

LIST OP ILLUSTRATIONS vi 

ABSTRACT viii 

CHAPTER 

1 THE PROBLEM 1 

Introduction 1 
State of the Art 2 
Purpose of this Dissertation 5 

2 THE MODEL 7 

The Concept of a Mathematical Model 7 
Theory of Modeling 9 
The Car-Following Model 15 

3 STABILITY ANALYSIS 24 

Introduction 24 
Definitions 24 
Stability Theory 30 
Stability of the Model 36 

4 .NUMERICAL CONSIDERATIONS 51 

Introduction 51 
Existence and Uniqueness 52 
Stability of the Problem 54 
Choice of Numerical Technique 56 

5 RESULTS 77 

Analytic Solutions 77 

Autonomous, No Time Delay, Linear 
Approximation 77 

Autonomous, No Time Delay, No Distance 
Stimulus 79 

Autonomous, No Time Delay, No Distance 
Stimulus, Taylor Approximation 79 

iv 



V 

TABLE OF CONTENTS (Continued) 

CHAPTER Page 

Autonomous, No Distance Stimulus 81 
Autonomous, No Distance Stimulus, 
Taylor Approximation 83 

Digital Computer Solutions ......86 

Autonomous, No Time Delay, No 
Acceleration Restrictions 86 

Autonomous, No Acceleration 
Restrictions 88 

Autonomous Only 88 
Lead Car Behavior, Non-Autonomous 
Model 90 

Analog Computer Solutions 95 

6 DISCUSSION AND CONCLUSIONS 98 

Discussion 98 
Conclusions 102 

REFERENCES 104 



LIST OF ILLUSTRATIONS 

Figures Page 

1.1 Fundamental Diagram for Traffic Flow 4 

2.1 Diagrammatic Representation of the Elements 
involved in the Modeling Process 12 

3.1 Phase Plane Representation of Autonomous Model, 
T-0, e>0, showing Asymptotic Stability.. 38 

3.2 Phase Plane Representation of Autonomous Model 
T»0, showing difference between Asymptotic 
Stability (c>0) and non-Asymptotic Stability 
(e-0) 40 

3.3 Phase Plane Diagrammatic Showing Approximate 
Acceleration and Deceleration Constraints and 
Region of Stability 42 

3.4 Phase Plane Representation of Autonomous Model, 
T»0, e>0, showing actual asymptotic stability 
relative to acceleration and deceleration 
constraints .46 

5.1 Phase Plane Representation for Autonomous Model 
with no time delay, no distance stimulus with 
Taylor Series approximation of denominator.....82 

5.2 Phase Plane Representation for Autonomous Model 
with no distance stimulus 84 

5.3 Phase Plane Representation for Autonomous Model, 
no distance stimulus with Taylor Approximation 
of denominator 85 

5.4 Phase Plane Representation for Autonomous Model, 
no time delay and no acceleration restrictions 
in a neighborhood of the origin 87 

5.5 Phase Plane Representation for Autonomous Model, 
no acceleration restrictions 89 

vi 



vii 

LIST OF ILLUSTRATIONS (Continued) 

Figures Page 

5.6 Phase Plane Representation for General 
Autonomous Model 91 

5.7 Phase Plane Representation for typical 
digital solution of proposed model and 
analog solution of delay-differential 
model 96 

L. 



ABSTRACT 

The car-following situation is defined to be 

the problem in which a following driver's behavior is 

constrained because of a vehicle in front and the inability 

to pass. Saturated traffic is the case in which a long 

sequence of car-following situations occur. The problem 

of modeling this phenomenon and the philosophy of modeling 

are discussed in detail. A model is proposed for which 

a detailed stability analysis is given and an efficient 

numerical method devised. Some analytic solutions are 

obtained for various special cases of the model. These 

and the numerical solutions for the general model are 

discussed with reference to possible sub-optimal control 

of traffic. 

* 
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CHAPTER 1 

THE PROBLEM 

Introduction. 

Once upon a time, when horseback riding was a 

widespread Cleans of transportation, much was said about 

the interaction or unity between the rider and horse. The 

animal was supposed to be able to understand his rider's 

intentions and conceivably was able to aid him in critical 

situations. Today the common, equivalent form of trans

portation is the automobile. Although there exists no 

"understanding" or "aiding" of the driver by the auto, 

there still exists a kind of unity between the two. It is 

impossible to consider one without the other in trying to 

describe traffic behavior. Similarly, when traffic flow 

is heavy, not only the interaction between driver and car 

must be considered, but also the interaction between driver, 

car and other drivers and cars. 

The driver and the car constitute a complex feed

back system. The behavior of the car causes certain 

reactions in the driver, and the behavior of the driver in 

turn causes certain responses by the car. Similarly the 

behavior of other.vehicles causes the driver to react and 

the behavior of other vehicles could cause violent reactions 

1 
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in the car under consideration if actual contact were allowed. 

This aspect of the interaction has been, and will continue 

to be, ignored, since it represents an undesirable state of 

the system. However, it is desirable to have a description 

of the behavior of the man-machine complex under given 

circumstances with prescribed input to the system. The 

attempted formulation of this description or mathematical 

model, constitutes the subject of car-following, the present 

state of which is summarized in the next section. 

State of the Art. 

From the first appearance of the automobile, man 

has been concerned with the efficient flow of traffic. 

"Efficiency" is usually intended to mean "minimizing time 

in transit while maintaining some measure of safety". 

However, it has only been recently that the tools and where

withal for serious effort have been available to study this 

problem in depth. The first step, as in all scientific 

studies, is to construct a model to describe the phenomenon. 

Many possible models have been proposed, but, for reasons 

discussed in Chapter 2, only those involving the interaction 

between man, machine and other man-machine components will 

be considered. 

One of the first papers on car-following (Chandler 

et al., 1958) considered a linear model with control propor

tional to relative velocity between adjacent cars. A 

stability analysis was given, and when the experimental 

data were evaluated in terms of this model, the conclusion 
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was reached that "driving is done on the verge of instability". 

A more realistic conclusion seems to be that this model was 

insufficient. These authors actually considered the 

possibility of control linearly proportional to relative 

velocity and relative distance (spacing) but concluded that 

spacing was not a significant factor and dropped it. This 

questionable conclusion seems to have delayed the subsequent 

construction of more relatistic models ever since. Other 

models have been studied (Kometani and Sasaki, 1961; Gazis 

et al., 19S9; Newell, 1961) but all of these still consider 

control proportionate to relative velocity only, with various 

choices for the proportionality factor. The "general car-

following model" (Gazis et al., 1961) has been extensively 

studied (May and Keller, 1966) to determine best choices (by 

regression analysis) for the parameters involved. None of 

the models yet proposed seems to be able to describe the 

car-following phenomena adequately. 

One of the most interesting relationships involving 

traffic flow is the so-called "fundamental diagram" which 

relates flow (vehicles per unit time) past a given point 

to density or concentration (vehicles per unit distance) 

in a neighborhood. Intuitively this relationship should be 

somewhat as shown in Fig. 1.1. This can be deduced by 

observing that at low density there is virtually no inter

action of vehicles. The speed will therefore be a function 
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•H 

Density (vehicles/mile) 

Figure 1.1. Fundamental Diagram for Traffic Flow. 

max 

of environmental conditions other than neighboring cars and 

will essentially be governed by the speed limit. Observe 

that the slope of the line from the origin to any point on 

the graph gives the speed related to that density. Thus 

for low density the function is approximately linear. Now 

only a finite number of cars can be contained in a given 

length of roadway so that there is some bounded maximum 

concentration, at which the flow actually stops. The 

relationship foT intermediate densities has been verified 

experimentally, although there has been much discussion 

about apparent discontinuities (Gazis et al.,1961). Of 

course any particular diagram is only valid for a particular 

road type, weather conditions, time of day, etc. Further

more, because of the inherent variability of the human 
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operator, the diagram must only be interpreted as a regression 

curve, not a deterministic relationship. 

The purpose of the digression here to discuss the 

fundamental diagram is.._£wo-fold: to show a possible quanti

tative relationship between density, flow and velocity based 

on experimental observation, and to observe that a good 

car-following model should produce results which are con

sistent with this fundamental diagram if the model is to be 

used to estimate the macroscopic behavior of the system. To 

date no model proposed gives unique results which agree 

with a fundamental diagram, despite some apparent claims 

to the contrary (Gazis et al., 1959). The question of con

sistency is probably best answered by accounting in the model 

for the phenomenon which produces the fundamental diagram. 

The fact that this may overly complicate the model will be 

discussed later. 

Purpose of this Dissertation. 

The "state of the art" of car-following theory has 

not changed very much in the past several years. Many 

papers have been written on various aspects of traffic flow 

but still no answer has been presented to the basic question: 

how does a driver behave when constrained to follow a lead 

car? This implicit approach to the theory of traffic flow 

involves many variables, and the significance of some of 

these variables is continually being evaluated. It is the 
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aim of this dissertation to postulate a model which may be 

reasonable, and to integrate various experimental results in 

order to develop a model which will be workable yet will 

exhibit behavior similar to that observed. The primary 

emphasis will be on the microscopic dynamic behavior of the 

system and model rather than the macroscopic steady-state 

behavior. Thus the stability of the model is analyzed in 

some detail. Since the complete analysis of non-linear 

systems is not possible in general, the results have been 

extensively verified and clarified by digital and analogue 

simulation. The analogue simulation needs no comment but 

some comment on the digital solution was deemed relevant 

since a numerical scheme was developed for this particular 

application. Results are discussed and the pros and cons 

of the model are discussed at length. Possible implementation 

of some sub-optimal control is also discussed. 



CHAPTER 2 

THE MODEL 

The Concept of a Mathematical Model, 

A mathematical model is an attempt to describe a 

physical phenomenon in precise mathematical terms. The need 

for modeling arises when a physical process is to be 

studied deductively as opposed to observationally. The 

value of the model depends on how well the solution of the 

model matches the actual solution. The two basic approaches 

to the modeling problem can be suggested by the words "causal" 

and "descriptive". The use of the causal approach would 

produce a causal model, one which attempts to simulate, within 

the present day scientific understanding, the relationships 

amongst the factors which appear to influence the phenomenon 

being studied. The descriptive approach leads to a 

descriptive model: one which provides an adequate description 

of the phenomena but does not attempt to account for the 

causative background. Because of the truly tremendous 

number of possible inputs and states and the lack of any 

reasonably complete knowledge of state transitions, any 

system which includes a human operator is a prime candidate 

for a descriptive, rather than causal, model. 

For a causal model to be successful, it must satisfy 

the following: 

7 
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1) influences which substantially affect the physical 
\ 

situation under study are incorporated into the 

model; 

2) the factors included in the model are actually 

analogous to their counterparts in the physical 

situation; 

3) the solution of the model does not exceed computing 

capabilities; 

4) the solution of the model provides a representative 

simulation of the observed phenomenon. 

Since satisfaction of the first two requirements is seldom 

possible, it should be observed that causal models are 

seldom perfect. However, this need not be considered as a 

deterrent in the construction of causal models, but only as 

a warning regarding their limitations. For example, Newton's 

Second Law, f« seemed to be perfectly appropriate 
dt 

as a model for problems until Brownian motion could not be 

explained. It remained for Einstein to postulate new physical 

"laws" and thus to develop a better causal model before this 

motion could be satisfactorily explained. Yet Newton's 

Second Law is still used as an appropriate model today for 

many problems. 

For a descriptive model to be successful, only 

requirements (3) and (4) stated above need be satisfied. 

Many descriptive models arise from inherent stochastic 
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situations, while others arise from situations in which the 

number of relevant factors is so large that a causal model 

becomes immediately unmanageable. Additional philosophical 

aspects of modeling are discussed in the following section. 

Theory of Modeling, 

To obtain a better grasp on the concepts of the 

modeling process, consider the following representations. 

Suppose P denotes a set whose elements are real, physical 

phenomena and suppose S denotes the set whose elements are 

actual physical observations of the real phenomena. Suppose, 

further, that M denotes the set whose elements are meaningful 

mathematical or symbolic expressions, and A denotes the set 

whose elements are solutions to the mathematical expressions. 

To fix ideas regarding each of these sets, the following 

examples are presented. If p denotes the class of physical 

phenomena in which a mass is suspended from a spring, initially 

displaced, and then allowed to vibrate with no external 

forces present, then p would be an element of P. If s is 

a set of measurements of the deflection of the mass from 

some reference point taken at equal increments of time until 

the motion has essentially stopped, then s is an element of 

S. Now, without referring to the physical situation of the 

spring and mass, denote by m the class of mathematical problems 

represented by 

y"*Cy*+ky-0, with y(0)-o, y'(0)-6. (2.1) 



Then m£M. Finally suppose y denotes the set of solutions of 

the problems denoted by m. That is, let y be any twice 

differentiable function (of time) which satisfies (2.1). 

Thus, in the case c jUk, 

A.t X-t 
y»Ae +Be 

whe re x c+/c2-4k 
1 2 

, _- c-/c^- 4k 
12 —i 1 

0-X-O 
A- — 

A1" A2 

B-X.a 
B»-r—r— , and 

2 1 

2 
y£A . If c «4k so that X^-X2» the solution is 

X * t 
y»(ODt)e , 

where C»a, 

D-6-Xja, 

and yiA. 

The interesting part of the modeling process is 

defining and attempting to evaluate correspondence between 

the sets P,S,M, and A. In general, let o(X,Y) denote the 

mapping from a set X to a set Y. Note that o(X,Y)iY^X. 

Then o(P,S) represents an actual physical correspondence 
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between the phenomena and the data of physical observations. 

For the example cited, this is the actual process of tabu

lating the position at the given times. Perhaps a more 

readily visualized model would be the case in which a solution 

was obtained by attaching a pen to the mass and then recording 

the data on a uniformly-moving paper strip. It should be 

observed that o(P,S) is only a process by which the problem 

is mapped into a solution. A mapping o(M,A) represents the 

solution of the model. This may sometimes be obtained by 

classical analytical techniques or by numerical methods. Note 

that o(M,A) may not exist, since many mathematical problems 

do not admit solutions, or o(M,A) may be multiple-valued, 

since the uniqueness of solution is not guaranteed for many 

problems anil different numerical techniques certainly lead to 

some differences in solution. For the example just cited, 

the mapping o(M,A) is the process of solving the differential 

equation. In this case the solution exists, is unique and is 

found by classical methods. Numerical methods could also be 

used. 

The correspondence a(P,M) represents the causality 

relations of the model. This mapping does not exist a priori 

in the descriptive model and it need not be single-valued 

in the causal model since several mathematical formulations 

may be possible for the same physical problem; not only 

through more or less refined approximate representations but 

also through actually differing hypotheses regarding the 
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physical process. The mapping o(P,M) in the example is 

the modeling process. In this case the bases for the model 

are Newton's Second Law, Hooke's Law, and the observation 

that there is a retarding force proportional to the velocity 

of the mass, although this "observation" of constant 

proportionality between damping force and velocity may only 

come after considerable effort has been expended in trying 
i 

to solve the problem based on other functional relations 

between damping and velocity. 

consider a diagrammatic representation of the sets and 

relationships involved (Fig. 2.1). 

Figure 2.1. Diagrammatic Representation of the Elements 
involved in the Modeling Process. 

It may be conceptually convenient at this point to 

o(P,M) 
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The actual modeling process involves the specification of 

o(P,H). In a causal model this arises through the physics 

(or psychology, physiology, or whatever discipline is 

appropriate) of the real problem. If a(M,A) is now unreal

istic it may be necessary to simplify the model. In the 

descriptive model, the specification of o(P,M) is not so 

straightforward. The usual process is to hypothesize a 

model with several unspecified parameters, solve the model, 

and then find what values the parameters should have to 

make the model realistic. This brings to bear the 

necessity of a mapping o(S,A) or a(A,S), so that the validity 

of the model can be verified. To complete the example 

cited, a(A,S) is the process of comparing the two sets of 

answers to verify the usefulness of the model. 

One other mapping may be interesting, namely a(M,P). 

This is the process of taking a mathematical model and 

asking from what class of physical problems might it have 

come. The question appears facetious until the possibility 

of analog simulation is considered. In the example, for 

instance, a(M,P) could be the observation that a class of 

electrical circuit problems also gives rise to the same 

differential equation. Thus the spring problem is modeled, 

the model is then related to a circuit problem, the circuit 

is wired on an analog computer and the physical solution to 

this analogous problem is obtained. 
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It has been implied that a physical solution involving 

observation and measurement is necessary if the usefulness 

of the model is to be determined. This is normally the case; 

however there have been many dramatic instances in which 

the model has been useful in extending the physical solution. 

One outstanding example was the prediction of the existence 

of a planet in 1846 based on the difference between 

observations of the orbit of Uranus and the model calculations. 

The inexplicable deviations led to the postulation of 

another planet. Sure enough, when telescopes were focused 

in the direction indicated, another planet (Neptune) was 

discovered. 

The modeling process is an evolutionary process. As 

has been indicated, models are proposed which appear to be 

suitable for a given discipline at a particular time. As 

the state of the discipline advances, previous models no 

longer are satisfactory, and new models must be postulated. 

However, the complexity of the resulting model is tempered 

by o(M,A), the ability to solve a given mathematical problem. 

Almost all previous car-following models have been overly 

simplified in order to allow easy solution and analysis; 

hence the actual physical situations which can be studied are 

severely constrained. It is the purpose of this dissertation 

to extend present theories (models) so that more physical 

phenomena are made amenable to study and then to analyze the 

model in some detail. 
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The Car-Following Model. 

The physical phenomenon called car*following is 

defined to be the situation in which at least one car follows 

another along a highway. No passing is allowed during the 

time considered and the separation is assumed to be small 

enough so that the lead car behavior actually causes the 

following car to move in a different manner than if the 

road were clear ahead. Any chain of cars constrained in 

this manner by one lead car will be referred to as a platoon. 

Platoons physically occur in situations where one driver 

has other motives than the usual transportation motive (the 

"Sunday driver"), after traffic lights, and in general, 

when the traffic density is high. Not all drivers will 

behave as modeled in this study and any given driver may be 

a follower one day and a leader the next, depending on his 

mental attitude. Only the behavior of following cars will 

be of concern here. The behavior of the lead car of a 

platoon is assumed to be representable as an input or 

control variable. 

Since the basic phenomenon considered is more a part 

of the behavioral than the physical sciences, the pertinent 

mathematics should be expected to reflect this point. In 

a causal model, the mapping o(P,M) must reflect the human 

characteristics of the system as well as the physical ones. 

Of course, a descriptive model is possible and, in fact, 

may be quite useful in studying the macroscopic behavior 
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of traffic flow. Some classic examples of descriptive models 

for car-following which have been based on we 11-developed 

theories of apparently unrelated physical phenomena are 

included among the following: 

1) traffic movement is considered to be analogous 

to the motion of molecules in a gas which is 

modeled by the kinetic theory of gases (Newell, 

1955; Prigogine et al, 1963); 

2) vehicles are considered to be elements in a queue 

(Haight, 1958); 

3) traffic flow is considered to be similar to the 

flow of a continuous fluid (Lighthill and Witham, 

1955; Greenberg, 1959). 

These theories give macroscopic results which will be of 

interest for reference purposes only. 

The causal model requires some formulation of the 

human operator's performance: pertinent inputs (stimuli) 

must be considered, the resulting human reaction (response) 

observed and the intervening trans formation(s) postulated. 

Once the operator's performance has been satisfactorily 

described, the vehicle action-reaction must be described. This 

task is a relatively straightforward procedure compared to 

the problem of modeling the human element. 

Since in car-following, passing is not allowed and 

the density of traffic is relatively high, the driver responds 

primarily to cues pertaining to other vehicles in the platoon 
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and his own velocity. Many pertinent factors such as 

weather, road condition, vertical and horizontal curvature, 

etc. will not be introduced explicitly in the model, not 

only to allow a simple model, but because it appears that 

the influence of such factors is best considered in terms 

of changing parameter values in the model. Since passing 

is not allowed, the driver need not be concerned with the 

cars behind him (tailgating causes some concern in many 

drivers but more in terms of mental set than immediate 

reaction), and experiments (Herman and Rothery, 1963) have 

shown that, in controlled conditions at least, only the car 

immediately preceding exerts significant direct influence on 

a driver's behavioT. 

As a basis for a(P,M), it will be assumed that the 

operator's response is proportional to the pertinent stimuli 

sensed, with the proportionality factor being called 

sensitivity. Thus the model will be based on the relation

ship: response-(sensitivity)x(stimulus). The major tasks 

of the driver then are the perceptual organization from 

moment to moment of a field of safe travel in which the 

vehicle may move unimpeded, a minimum stopping zone and the 

comparison of these fields. The operator's organization 

of this field-zone ratio is the stimulus by which he responds 

to control the vehicle (Schlesinger and Satren, 1965) . 
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The many cues available in spatial perception, 

including the terrain characteristics which orient the 

human in his spatial environment, have been widely discussed 

(Graham, 1951). Apparently, the primary inputs used by the 

driver are the visual angle, e, projected by the lead car 

and the rate of change, , of this visual angle. 
dt 

Experimental evidence indicates that drivers are more 

affected by relative velocity of vehicles than by relative 

distance (Chandler, Herman and Montroll, 1958), hence some 

behavioral description of the cognizance of velocity 

difference is needed. This has been provided by Brown (1960) 

who has sunnarized many experimental results to show that 

the ratio of the differential threshold of angular velocity 

to the actual angular velocity is approximately constant, at 

least over some range of angular velocity. Let u denote 

angular velocity and Aw denote a "just noticeable difference" 
v 

in angular velocity. Then the experimental evidence indicates: 

^ -0.10, 0.l<to<20, 

where w is measured in degrees per second. The just notice

able difference is the average increase (or decrease) in 

velocity required for detection fifty percent of the time. 
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Consider now the situation in which one car is 

following another* both traveling with the same velocity. 

If the lead car accelerates slightly for a short period, 

a small relative velocity will be created. The formulation 

of Brown is not applicable in this case since u is zero. 

Even if an interpretation were possible, if the change in 

velocity is small enough it will not be detected since it 

is below threshold. But obviously the following driver 

does detect some change sometime later. As with the detec

tion of the movement of clock hands, it seems reasonable to 

conclude that the detection is a recognition of change in 

position. The following driver realizes that the lead car 

is behaving differently because he eventually detects a 

change in following distance. A reasonable representation 

of this process is 

~ -K, (over some reasonable range) 

where e is the initial angle at the eye, A6 is a just 

noticeable difference in visual angle, and K is a constant 

to be determined experimentally. With this formulation 

there is no problem with e-0 since it is tacitly assumed 

that the lead car is visible at all times. Other stimuli, 

including hearing and proprioception (Byrnes, 1962), affect 

a following driver, but vision is by far the largest 

conponent and is essential to the task. Other visual cues 

are also provided, but because of the problem of assigning 
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some meaningful measure to their utility, they will not be 

considered here. Since it is inconvenient to model in terms 

of 6 and u, the related quantities, relative following 

distance and velocity, are used. Letting xn(t) denote the 

position at time t of the nth vehicle and *n(t) denote its 

velocity. 
stimulus"[*n.j(t)-xn(t))«•* t*n.1(t)-xn(t)], 

where c is a proportionality factor relating the relative 

usefulness of distance and velocity perception. 

In trying to determine the functional form of the 

sensitivity parameter in the model, many possible cues have 

been considered and their relative merit evaluated. However, 

only a condensed account of the iterative process of trade

off between a reasonable o(P,M) and feasible o(M,A) will 

be presented. The most obvious factor affecting sensitivity 

is relative distance: if this spacing is small, the resulting 

reaction will be more intense than if the spacing is large. 

Thus sensitivity would vary inversely as relative distance. 

Relative velocity could affect sensitivity, but mostly as a 

function of relative distance. Since relative distance is 

already accounted for, relative velocity need not be. 

Absolute velocity probably affects sensitivity since 

reactions will be more extreme at higher absolute velocity. 

Other stimuli, for reasons previously argued, will not be 

accounted for in the sensitivity. Thus the model will be 

restricted, for particular parameter values, to specific 



types of weather, road surfaces, mental attitudes, environ

ment, etc. The form of the sensitivity to be considered is 

•lx_(*51k 
Sensitivity- " 

[*n-l(t)"*n(t)1 
m 

where a is a constant and k and m are to be determined to 

make the model as realistic as possible. Theoretical 

considerations (Gazis, Herman and Potts, 1959), experimental 

evidence (May and Keller, 1966), and the desire to have as 

simple a model as possible, lead to the adoption of k»0, 

m-1 in the sensitivity formulation. 

The natural reaction in the stimulus-reaction form

ulation of the man-machine system is the behavior of the 

car. Specifically, since it is acceleration that the driver 

essentially controls through the gas and brake pedals, the 

following car acceleration will be taken as the reaction. 

However, the reaction does not take place simultaneously 

with the stimulus. There is some time delay associated 

with perception of the stimulus and reaction time for both 

man and machine. Denoting the delay time by T, the prelim

inary model is 

»([in.jttJ-XnCtJl+e } 
xn(fT). 

The parameter b is an "ideal following distance" and will be 

discussed later. 



Two further considerations are made in order to 

obtain a model for which o(M,A) is feasible and to allow a 

stability analysis based on existing theory. Since the 

efficient solution of differential equations with a time 

lag is foreboding, the time delay is approximated by a trun

cated Taylor series. Standard stability analysis requires 

that stability be discussed with respect to the origin in 

state space, so a change of variables is made. This 

necessitates the inclusion of the other parameter, b, an 

ideal following distance. The rationale for this is the 

observation that if a following driver follows a constant-

velocity lead car for a long time there is an average 

distance at which he follows. This distance should, intu

itively, remain constant for a given driver under given 

conditions. The changes introduced are 

zn(t)"xn-l(t)"xn(t)'b and zn*t~T)azn(t̂ "Tin(t)» 

where b is the ideal following distance, assumed for now to 

be a constant. 

The model proposed is then 

" *n(t)-Tzn(t)*b-aT 

with z(O)-0, i(0)«o. 

When only two cars are under consideration the subscripts n 

and n-1 will be dropped for convenience. 



Although there are still several shortcomings 

inherent in this model, it is felt that it represents a 

significant improvement over existing models, yet allows 

for fairly efficient solution and analysis. The short

comings and their ramifications will be discussed later. 



CHAPTER 3 

STABILITY ANALYSIS 

Introduction. 

Stability, for the physical car-following situation, 

means essentially that no collisions occur and that the 

behavior after some disturbance is damped to a steady state. 

However, since it is not possible to analyze the stability 

of the physical situation, this intuitive idea will be 

precisely defined and stability will be analyzed in terms 

of the mathematical model. The necessary definitions and 

theorems are given in this chapter for studying the stability 

of the model (M) and the results are then interpreted in 

terms of the stability of the physical process. The stability 

problems associated with o(M,A), the numerical technique 

for solution, are discussed in the following chapter. 

Definitions. 

Classical definitions (Halanay, 1966) related to 

stability are presented and then specialized for the model 

under consideration. Consider the system 

x(t)-f(t,x), 

where f is continuous in all variables and satisfies a Lipschitz 

condition with respect to x for all t. Let x(t) denote a 

24 
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solution of the system for t^to. Denote by *(t;to,x0) the 

solution with initial conditions 

*(V-v 

Definition 3.1. 

The solution x(t) is stable if for any e>0 

there exists i(e,t )>0 such that o 

| |x(t)-x(t;tQ,x0) I I <c for all t>_t0 whenever 

Thus a solution is stable if it stays "close" to another 

solution after some small change in the initial state. To 

facilitate stability discussion, consider the change of 

variable: 

z(t)-x(t)-x(t;t0,x0), 

then: z(t)«f(t,x)-f(t;t0,xQ) 

•f (t,z(t)*x(t;t0,x0))-f(t,x(t;t-0,x0)) 

-F(t,z(t)). 

Thus the new system: z(t)aF(t,z) admits the solution z(t)=0 

corresponding to the solution x(t)*x(t). Thus any stability 

discussion can be formulated in terms of stability of the 

zero (trivial) solution. This will be done throughout. 

Definition 3.1'. 

The (trivial) solution z(t)sO is stable if foT 

any c>0 there exists 6(c,to)>0 such that 

||z(t;t0,z0)||<c for all t>t0 whenever ||zo||<«. 
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This notion of stability has the disadvantage of depending 

on the initial time tQ, since the value 6 of the allowable 

initial deviations depends on both the deviation permissible 

in the solution, c, and the initial time, tQ. 

Definition 3.2. 

The trivial solution z(t)sO is uniformly stable 

if for any e>0 there exists 6(e)>0 such that 

I U(t; t„,z 11 I<e for all t>t whenever i» * Q' o o 

||zol|<«» regardless of the value tQ. 

If it is required that perturbations in initial conditions 

not only do not lead to large changes in the solution, but 

that the effect of these perturbations actually should 

disappear, another concept of stability is required. 

Definition 3.3. 

The solution z(t)=0 is asymptotically stable if 

it is stable and there exists 6^(t„)>Q such that o o 

lim 2(t;to,zo)-0 whenever I I*01 I0• 
t** 

Definition 3.4. 

The solution z(t)=0 is uniformly asymptotically stable 

if for any t>0 there exist: 

1) «(e)>0 such that ||*(t;t ,z )||<e whenever 

||z0||<« for all t>tQ, 

2) and N(c) such that ||z(t;tQ,zQ)||<e 

whenever ||z^||<$„ and t>t +N. o O — 0 
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Notice that uniform asymptotic stability means uniform 

stability and lim z(t;t , z )»0 uniformly with respect to 
t+~ 0 0 

both t and z . o o 

The stability considerations given so far can 

perhaps best be thought of as static stability, in that the 

only perturbations allowed have been in the initial conditions. 

Actually it is possible to consider input perturbations 

acting over finite durations by considering the state at 

the tine at which the perturbation stops as being the initial 

state. 

For the problem in which some bounded perturbations 

act throughout, consider the systems 

i(t)-F(t,z) (3.1) 

and z*(t)-F(t,z*)«-R(t,z*) (3.2) 

Definition 3.5. 

The trivial solution z(t)50 of system (3.1) is 

totally stable if for any t>0 there exist «1(c) 

and 62(c) such that I I**(t;t ,z *)11«« for t>tQ 

whenever 

I |R(t,z)| |<«2 for I I z 11 <.« 2 and t>tQ 

and l|zol|<<^, where z* is a solution of (3.2). 

Since stability has a definite physical connotation, 

it seems reasonable to define at this point what is meant 

by stability in the actual problem, not just the model. 



28 

This is done by requiring that the car-following model 

satisfy certain stability requirements as given in the 

previous definitions and by imposing some reasonable 

physical constraints." Let 

z(t)-F(z)+R(t,z) (3.3) 

be the car-following model, where z, F and R are two-dimen

sional vectors. The variable z(t) is the following distance 

relative to the ideal distance: 

z(t)"xn-l(t)"xn(t)"b* 

Let L be the (undefined) maximum spacing for "dense" flow. 

Let A be the maximum attainable acceleration of the following 

car and D be the maximum allowable magnitude of deceleration. 

Denote by zC"t;t:o,zo) the solution of (3.3) with initial 

conditions *(t0)"z0 and let z(t) be any solution of the 

model (3.3) for t>t . 

Definition 3.6. 

A following car is stable with respect to a lead 

car if and only if: 

1) for R(t,z)sO and for any e>0 there exists 

6(e,tQ)>0 such that if ||z(tQ)-zQ||<6, then 

||z(t)-z(t;t0,z0)||<e for t>tQ; 

2) the 6(e»tQ) above is, in fact, independent of tQ; 

3) if R(t,z)=0 foT t>t0, then 

lim ||i(t)-z(t;t ,z )||-0; 



4) if R(t,z)j»0, then for any «>0 there exist 

fij and <2 such that 

||z(t;t ,z0)||<c for all t>t0 

wh e never ||R(t,z)||<<2 *or 11z II 2 an<* *0 

and ||zo||<«j. 

5) xn(t)>0 for all t>tQ with xn(t)-0 only if 

Vi"),0i 

6) -b<z(t)£L for all t>tQ; 

7) -D«x(t)<A for all t>tQ. 

These requirements for stability are dictated by 

the rather obvious physical properties of stable following 

situations: 

1) some (probably small) perturbation in initial 

conditions only produces a small change through

out the solution for the unforced problem; 

2) this stability property (1) is unaffected by the 

considered starting time; 

3) when the lead car maintains a steady velocity 

the following car returns eventually to the 

ideal following distance; 

4) there exists a reasonable lead car behavior so 

that the model is, in fact, totally stable; 

5) the following car must not stop unless the lead 

car stops; 



6) the distance headway between cars is bounded: 

at one extreme by actual contact with the lead 

car, and at the other by transition from 

congested (dense) traffic to sparse flow, where 

car-following theory is not applicable; 

7) the absolute acceleration of the following car 

is bounded by its breaking capability and/or 

human tolerance and its acceleration character

istics. 

Stability of a platoon of cars is defined in terms 

of the stability of each individual following car, treating 

the preceding car in each case as the lead car. 

Definition 3.7. 

A platoon is stable if and only if each following 

car in the platoon is stable with respect to its 

lead car. 

Stability Theory. 

Some general theorems on stability are presented. 

Most of the results are well-known, but some modifications 

have been made to make the theorems more directly applicable 

to the problem at hand. In particular, the results are 

stressed for the autonomous problem only, since the model 

is, in fact, autonomous. Consider the system 

i(t)-f(z), (3.4) 



where f is assumed to be continuous. Assume also that the 

origin is an equilibrium point, f(0)-0, so that it is the 

stability of the trivial solution that is of concern. The 

variable z(t) is a vector, zCO-CzjCt) ,i2(t),... ̂(t)), 

where in the problem at hand, k»2. 

Definition 3.8. 

A scalar function V(z) of the vector z is definite 

in a neighborhood of the origin if it is continuous, 

has continuous first partial derivatives, has the 

same sign throughout the neighborhood, and vanishes 

only at the origin. 

Definition 3.9. 

A scalar function is semidefinite in a neighborhood 

of the origin if it is continuous, has continuous 

first partial derivatives, has the same sign 

throughout the neighborhood, and vanishes at the 

origin and other points in the neighborhood. 

The following theorems are reasonably well-known 

(Hahn, 1963; Halanay, 1966) but are given here for complete

ness and continuity. Some of the proofs have been modified 

to suit the present context. 

Theorem 3.1. 

If there exists a positive definite scalar 

function V(z) for which ~ is negative semidefinite, 
dt 
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then the trivial solution of (3.4) is stable. 

Proof: 

Let V be positive definite and ~ negative 

semidefinite in the region R»{(z^,z2): |zj|<h). 

Let 0<e<h. Let S»{(Zj,z2): »ax(|Zj|,|z2|)"«)• 

Let gag|b V(z). Then a exists since V is continuous 

and 0<a<V(z) for all zcS since V is positive definite. 

Let x(t;tQ,zo) be a solution of (3.4) whose initial 

value (tQ,z0) satisfies |2j(t0)|<8 for0<6«e. The 

choice of 6 is such that V(zQ)<a (this is possible 

dV 
since V is continuous and V(0)*0). Now ~«0 in R 

dt~ 

so V(z)<V(z0)<«. Thus for all t>tQ, |z^(t)|<c, 

for if |z^(t)|>c, then V>o, in contradiction to the 

choice of 6. Thus for all choices of initial 

conditions interior to S the corresponding solutions 

are within the region |z^|<c for t>to. Hence the 

solution is stable, which was to be proved. 

Theorem 3.2. 

Under the hypothesis of Theorem 3.1 the trivial 

solution of (3.4) is uniformly stable. 

Proof: 

Since the system under consideration is autonomous, 

there is no dependence in the choice of 6 on the 

starting time tQ. Thus, it follows directly from 



Theorem 3.1 that the stability shown is, in fact, 

uniform stability. 

Theorem 3.3. 

If there exists a positive definite scalar 

dV 
function V(z) for which is negative definite, 

at 

then the trivial solution of (3.4) is asymptotically 

stable. 

Proof: 

Stability follows from Theorem 3.1. All that 

dV 
must be shown is that lira z(t)"0. Since £-8 

t-*~ dt 

for some 8>0, V is monotone decreasing. But V is 

bounded from below, so that lim V(z(t)) exists, say 
t«**» 

a. If a«0 the proof is complete since V(z) is only 

zero at the origin so the solution must tend to 

the origin. Suppose a>0. Then, because of the 

continuity of V(z), the solution z(t) must be 

bounded away from the origin for all t>tQ. But 

for t>tQ, 

V(.(t))-V(.(t#))»J*# g dt 

<V(z(t0))-8Ct-t0). 

For large enough t, V must be negative, which 

contradicts the positive definiteness of V. Hence 

e"0 and the theorem is proved. 



Theorem 3*4. 

Under the hypotheses of Theorem 3.3, the trivial 

solution of (3.4) is uniformly asymptotically 

stable. 

Proof: 

The result follows directly from Theorem 3.3 

upon observation of the time independence of the 

system. 

All of the preceding theorems aTe relevant only to 

the model when the lead car velocity is constant, since 
i 

this is the case in which the model is autonomous. Consider 

now a perturbed model 

z(t)»f(z)*r(t,z). (3.5) 

One would like to know something about the stability charac

teristics of this system relative to the original (3.4). 

If the disturbing function r(t,z) has the property that 

r(t,0)»0, the problem is straightforward, since (3.5) now 

becomes z(t)«g(t,z) with g(t,0)«0. The stability of this 

system follows from arguments very much like Theorems 3.1, 

3.2, 3.3 and 3.4, except, of course, the system now being 

considered is not autonomous. However, if r(t,0)jf0 (as 

is the case in the model under consideration) the question 

of stability is slightly more obscure. The following 

theorem, presented without proof, gives the desired answer. 



The complete proof is known (Halanay, 1966) but because of 

its length and the necessity of another theorem on the 

existence of Liapounov functions, it is felt that an outline 

of the proof serves a more useful purpose here. 

Theorem 3.5. 

If the trivial solution of (3.4) is uniformly 

asymptotically stable, then it is totally stable. 

Outline of Proof: 

There exists a function V satisfying the con

ditions of Theorem 3.3 (Hahn, 1963). In an 

arbitrarily small neighborhood of the origin, V 

is such that 3— <-B<0. Now along solutions of (3.5) 
dt 

in a sufficiently small neighborhood of the origin 

— <.-a+K||r||, where K is a positive constant. If 
dt 

the norm of r is kept small enough, e.g. 11*!!*££» 

dV a dV 
then ̂  <.-y<0. Thus, since ̂  is negative definite 

in an arbitrarily small neighborhood of the origin, 

a solution trajectory for (3.5) may not digress from 

the trivial solution by more than a sufficiently 

small neighborhood. Thus, the solution of (3.5) is 

stable and (3.4) is totally stable. 
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Stability of the Model. 

Stability characteristics are shown by careful 

examination of particular cases of the model. Conclusions 

regarding the general model are then made. 

there is no time delay, the lead car maintains a constant 

velocity, and the physical acceleration constraints are 

neglected. The model is 

where a>0, b>0, c>0. 

Corollary 3.1. 

If Zj(tQ)>-b, then all solutions of (3.6) are 

uniformly asymptotically stable. 

Proof: 

The function 

Consider first the rather restricted case where 

-a[z(t)+ez(t)] 

z(t)*b 

or, in state variables 

(3.6) 
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is positive definite for all Zj>-b, and is monotone 

increasing as a function of ||z|| since it is 

monotone increasing as a function of both |zjJ and 

|%2!• Now 

dV . a**!*! 
~ "Z„Z-,+ =—=• , 
dt 22 Zj+b 

so along a solution trajectory 

jw aez, z-
~  

m-*Z2 [ ~  h* —  

dt z^+b Zj*b 

a z22 

-z][7F • 

Thus — is negative semidefinite along a solution 
dt 

trajectory and V satisfies the hypotheses of 

Theorem 3.1. Thus the solutions of (3.6) are 

stable. Since (3.6) is autonomous (no explicit 

dependence on the independent variable, t), uniform 

stability follows immediately. Asymptotic stability 

dV « 
can be concluded by observing that ~ "0 only when 

dt 

Z2*0. However the only equilibrium point is the 

origin. Hence no trajectory can terminate on the 

z^-axis away from the origin, but must, in fact, 

continue past the z^-axis where ~ is again negative 

(Fig. 3.1). Thus V continues to decrease 
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r-H 

U 

Figure 3.1. Phase Plane Representation of Autonomous Model, 
T=0, e>0, showing Asymptotic Stability 
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monotonically yet is bounded below by zero. Hence 

lim V(t,z)-0. 
t+-

But the origin is the only point where V«0, therefore 

the solution is asymptotically stable, which 

completes the proof. 

If e«0, the z^-axis is a continuum of equilibrium 

points since z**0 when z2"0. In this case, the system is 

uniformly stable, although obviously not asymptotically 

stable, since a trajectory can terminate on the z^-axis 

other than at the origin (Fig. 3.2). 

The physical interpretation of the stability for 

this restricted case indicates that collisions never 

occur and that a following car always reaches a steady-state 

relative position regardless of the initial conditions. 

Further, if e>0, the relative position is exactly the "ideal" 

following distance. A cursory investigation as to the 

reason for this gross disagreement with reality points out 

the fact that accelerations and particularly decelerations 

within the model are essentially unbounded. If the physical 

constraints are imposed on the magnitude of acceleration, 

the resulting model, even with zero time delay and constant 

lead car behavior, does indicate meaningful behavior. For 

convenience, let 
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£ = 0 

gure 3.2. Phase Plane Representation of Autonomous Model 
T=0, showing difference between Asymptotic 
Stability (e>0) and non-Asymptotic Stability 
U  =  0 ) .  
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a[z2(t)*cz,(t)] 
Q(t) 1 i . 

Zj(t)+b 

The nodel for this case is then 

ilCO-izCO 

z2(t)"Q(t) if -D<Q(t)«A (3.7) 

--D if Q(t)<-D 

-A if A<Q(t). 

The phase plane behavior of this nodel is indicated in 

Pig. 3.3. Denote by R the open region where Zj>-b between 

the lines 

-a[z2+ez.J 
L.: 1 "-D, 
1 Zj+b 

-afzj+cz,] 
I : £ L. -a. 
z Zj+b 

Then in R the solution trajectories are identical to those 

of the previous model sinde the systems are identical there. 

Asymptotic stability for this model is obvious since R 

includes an epsilon neighborhood of the origin and, from 

the previous result, there exists a delta neighborhood such 

that trajectories originating there do not leave the epsilon 

neighborhood. 
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celeration Constraint 

Region of Asymptotic 
Stability 

Deceleration Constraint 

gure 3.3. Phase Plane Diagrammatic Showing Approximate 
Acceleration and Deceleration Constraints and 
Region of Stability. 



Corollary 3.2. 

If e>0 and -D<0<A, then there exists a neighbor 

hood enclosing the origin within which (3.7) is 

asymptotically stable. 

Proof: 

The proof proceeds by showing that no solution 

trajectory can cross a constant-V contour except to 

decrease V. Since, in a neighborhood of the origin 

the constant-V contours are closed paths, the 

trajectory must tend to the origin. 

Consider the V-function defined previously 

v- T"* "Jo1 db dc 

*22 - - + ae[z--b ^n(z-+b)+b^nb]. 
2 1 1 

For a fixed value of V, this describes a closed 

path about the origin which is symmetric with 

respect to the z^-axis. Furthermore, the region 

enclosed by the path is convex, since there are no 

points of inflection on the real-valued function 

Z2" 2V-2ae[zj-b£n(z1*b)+b£nb] (3.8) 

which defines the positive half of the closed path 

for a constant V contour. 
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Consider now the particular choice for V, say 

VD, which causes (3.8) to intersect the line 

-afzj+ez,] 
£ — --D 

at a tangent point. Let be the value of V for 

which the negative of (3.8) intersects 

-a[z2«-ez.] 
£ -a 

lj>b 

at a tangent point. Let 

V«min{VA,VD) and 

let n be the open convex set interior to the closed 

curve defined by 

C: *2"- 2V-2ae [z1-b£n(Zj«,b)+bZnb]. 

Note that smaller values of V are inside a and larger 

values are outside n. Now ~ is negative semi-
dt 

definite along all solution curves in R. Hence no 

solution curve can cross C from inside ft. Thus any 

solution starting in q is asymptotically stable as 

was to be shown. 

This region n is not the maximum region of asymptotic 

stability since the choice of the V-function may not be the 

best and because even if a trajectory does leave R (in which 



case it follows a parabolic path) the trajectory may still 

eventually reach the origin (Fig. 3.4). The actual 

maximum .region depends on the values of A and D, and will 
»• 

not be belabored here. The important thing is that a 

region of asymptotic stability does exist. 

Consider now the case in which the lead car has a 

constant velocity but there is a non-zero time delay. The 

acceleration constraints will be neglected since, as shown, 

they only create quantitative changes, not qualitative, in 

a neighborhood of the origin. The model is now 

z1(t)»z2(t) 

-a{[l-eT]z2(t)+ez1Ct)) 
z2(t)- £ i . (3.9) 
1 z1(t)-Tz2(t)+b-aT 

It will be assumed in what follows, that eT<l. This is in 

agreement with realistic values of the parameters. 

Corollary 3.3. 

If e>0 and b-aT>l, then there exists a neighbor

hood enclosing the origin within which (3.9) is 

asymptotically stable. 

Proof: 

Consider the V-function 

v^fJ1 515 

2 J u c-Tz2*b-aT 
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Acceleration 
Constraint 

Solution without constraint 

Solution \ 
with constrai 

Deceleration Constraint 

Figure 3.4. Phase Plane Representation of Autonomous Model, 
T=0, e>0, showing actual asymptotic stability 
relative to acceleration and deceleration 
constraints. 
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m—2~ •»«[Xj-BZnCxj+BJ+BtoB], 

where B-b-aT-TZj. Then V is positive definite as 

long as Zj-Tz2*b-aT>0, and since b-aT>l there does 

exist a region (including the origin) in which 

this inequality is satisfied. Now 

dV • A 
dt 2 2 

acz^z^ 

ll"Tz2+b"aT 
* Hi? 

Tacc dc 

(C-Tz2+b-aT) 

-a(l-«T)z2 

*l"Tz2+b"aT 

azT«[(l-«T)z2+ez1) 

Zj-Tz2«-b-aT 
< 

z. -Tz.+b-aT 
£n (—= 1 )-

b-aT-Tz, Zj-Tz2*b-aT 

The first term is negative for z2J*0 in the region 

being considered and the second term can be made 

negligible by further restricting the region under 

consideration to small values of Zj so that the 

part of the last term in parentheses is almost zero 

It must also be observed that when 22"0 the last 

term becomes 

-a2Te2z3 

Zj+b-aT 

^•b-aT 

b-aT Zj+b-aT 
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so that on the z^-axis near the origin the term 

in parentheses takes on the sign of z^ since b-aT>l. 

Hence this total term is always negative. Thus 

there exists a region enclosing the origin in which V 

is positive definite and — is negative semi-definite 
dt 

and in which no trajectory can terminate on the z^-

axis except at the origin (applying the same argument 

as before), so that (3.9) exhibits asymptotic • 

stability, as was to be shown. 

Corollary 3.4. 

If e>0 and b-aT>l, then (3.9) is uniformly 

asymptotically stable. 

Proof: 

The result follows immediately from Corollary 

3.4 by observing that there is no explicit dependence 

on time. 

The final stability result concerns the general model 

(acceleration constraints will again be neglected since 

they do not materially affect the argument). The model 

under consideration is 

z1(t)-z2(t) 

-a[(l-eT)z2+ez1] xn_,(t)[z,-Tz2*b] 
z,(t)— 1 L_ • JLi 1 £ (3.10) 

Zj-Tz^b-aT z1+Tz2+b-aT 



Corollary 3.5. 

If e>0, b-aT>l and | xn̂ .^) I *s suitably bounded, 

then (3.10) is totally stable. 

Proof: 

The result follows directly from Theorem 3.5. 

Notice that suitably bounded refers to the fact 

that there exists a $2*® such that | x^^OO I <52 

for all tj>t0. 

Repeated application of Corollary 3.5 shows the existence 

of a stable situation for each element of the overall 

platoon model. However, here, and in most of the other 

stability results, no reasonable analytic approximation to 

the actual regions of stable solutions is available. 

This is not too serious, however, since once existence has 

been shown, meaningful approximations to the applicable 

bounds are obtainable by both digital and analog simulation. 

Finally, some conclusions can be drawn regarding 

the stability of a following car with respect to a lead car 

and platoon stability by relating the requirements for 

car stability to the model results obtained. The first 

three and the sixth requirement is obviously satisfied by 

the model since uniform asymptotic stability even with 

the acceleration constraints is shown. Requirement five is 

also satisfied since a region of stability which is a 

neighborhood of the origin is shown to exist so that 
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following distance is in fact bounded. Collision consider

ations are an explicit part of the calculations and hence 

the occurrence of a collision in any particular situation 

is known. However, maximum following distance is not an 

explicit part of the model so that a comparison of actual 

following distance with the rather arbitrary maximum 

allowed is necessary to show regions of validity of the 

model. Requirement four must also be handled in this 

manner (by checking that absolute velocity of the following 

car is positive) since this absolute velocity is not an 

explicit part of the model. Details of the method of 

solution and some of the problems related thereto are given 

in the next chapter. 



CHAPTER 4 

NUMERICAL CONSIDERATIONS 

Introduction 

Before attempting the numerical solution of an 

initial value problem, one should attempt to answer some 

related questions: 

1) Does the problem have a solution? 

2) Is the solution unique? 

3) Does a small change in initial conditions result 

in solutions which are markedly different? 

4) Is the numerical technique proposed stable and 

efficient? 

The first two questions can often be resolved by referring 

to well-known theorems regarding existence and uniqueness. 

Question three relates to the stability of the model and 

has been discussed at some length in Chapter Three. Question 

four can be answered by proposing a numerical scheme which 

has the desired properties. These questions (and their 

answers) are discussed in some detail in the following 

sections of this chapter. It should be re-emphasized at 

this point that while it is the mapping o(M,A) that is of 

explicit concern in this chapter, the transformation 

representing the modeling process, o(P,M), is implicitly 
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involved, since the model nay have to be reformulated if 

the numerical solution is unwieldy. 

Existence and Uniqueness. 

Consider the initial value problem 

& -fCt.y). y(t0)-y0, C4.1) 

where y and f are n-dimensional vectors. A solution of this 

problem will be any differentiable function y»y(t) which 

satisfies both parts of (4.1). Sufficient, but far from 

necessary, conditions for a solution of (4.1) to exist 

uniquely are given in the following two theorems. The 

theorems are so well-known (Pontryagin, 1962) that the 

proofs are not given here. 

Theorem 4.1. 

Let R denote a closed region 

R-{(t,y): It-tQ|<a, My-y0||<b), 

where a and b are positive real numbers. If f(t,y) 

is continuous in R, then there exists a solution of 

(4.1) in R. 

Theorem 4.2. 

Let R»{(t,y): |t-tQ|<a, ||y-yQ||«b} for a,b>0. 

I* 

1) f(t,y) is continuous in R, 
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2) there exists a real positive constant K such 

that I If(t,y1)-f(t,y2)||<K||y1-y2lI for all 

yj.yjeR, then there exists a unique solution 

of (4.1) on an interval about t : o 

|t0-t|<min{a,£). 

Note that Theorem 4.2 guarantees local uniqueness only. A 

similar theorem exists for the case that R is an infinite 

strip (b is non-finite) but the above theorem is the 
t 

appropriate one for the problem under consideration. 

With the aid of these two theorems, some light can 

be shed on the problem at hand 

( 4 > 2 )  

-at.i.CtJ + Cl-eTJz-ft)] X-.CtMi.CtJ-TijCO+b] 
i (t). i • -2-i i i , 

z1(t)-Tz2(t)*b-aT z1(t)-Tz2(t)+b-aT 

with z1(0)«B, s2(0)«o. 

Let R* be the semi-infinite cylinder 

R*-{(t,r): t>0, ||t-«0l|<P), 

. I8-oT+b-aTI where P< 1 . 

1+T2 

Let Qalub | | z | } and let t*"min{~- ,M), for some constant M. 
R* Q 
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The existence of t*>0 is guaranteed if 

P-aT+b-aTyO 

and is finite. Now let R be the finite cylinder 

R"{(t,z): ||t||<t*, l|*-x0||<P). 

Finally, if B-aT+b-aTj*0 and is continuous, then 

z(t) is continuous in R so that a solution exists in R. 

Thus, for the model, as long as the lead car acceleration 

is a continuous function and the initial conditions do not 

lie on the separatrix 

Zi-Tz2"fb-aT«0 

a solution exists over some positive time interval. Similarly, 

although the algebra is cumbersome, there exists a finite 

Lipschitz constant K so that 

I |z(t,z*)-z(t,z**)|| <K||z*-z**| | 

in R. Thus the solution is unique in some (perhaps small) 

time interval. 

Stability of the Problem. 

Although the classical notation differs considerably, 

the idea of the stability of the problem or plant is identical 

with the concept of total stability discussed in Chapter 3. 

For completeness, it is given here in slightly different 

terminology. 



Definition 4.1. 

Consider the differential equation (4.1) over 

the interval [(),•»). Assume that f(t,0)-0 for all 

t>0 (i.e. y«0 is the trivial solution, given yo"0). 

Let g*(t) be an arbitrary integrable function. The 

trivial solution is stable with respect to 

persistent disturbances if, given e>0 there exists 

«>0 such that for every solution of 

n-f(t,n)+g(t,n) 

where ||n(0)||<6, 

Il«(t»n)||<|g*(t)|< 6  for all t>0, 

then ||nCt)J|<e for all t>0. 

Two things should be observed regarding the relation 

of this definition to the problem: the definition assumes 

that the trivial solution is in fact a solution of the 

problem and the definition only defines stability for the 

trivial Solution. The assumption that ysO is a solution is 

not actually a restriction, but is made to simplify the 

statement. As is done in Chapter 3, any solution can be 

related to the trivial solution by a change of variables as 

long sis there is in fact a stable node. Notice that in the 

actual problem, the origin is a stable node already. Once 

it has been noted that stability of the trivial solution 

really relates to any solution, it is obvious that the 
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stability of the problem itself is now defined. For the 

equation that is under consideration here, the problem is 

obviously stable as was shown in Chapter 3. 

Choice of Numerical Technique. 

Given a mathematical problem, a digital computer, 

and a set of appropriate numerical methods, the problem is 

to select the "best" technique for solution. Obviously the 

basis for selection should be a well-defined objective. The 

objective function should account for speed of computation, 

accuracy of computation, stability of computation, and 

appropriateness of available information. For the particular 

problem and computing facility at hand, it was decided that 

a reasonable criterion for selecting a method would be to 

choose one in which the numerical stability is guaranteed 

yet the speed reasonable. The reason for demanding numerical 

stability is obvious: if instability occurs, it must be 

known that it is from the problem, not the method. 

In order to try to develop a better framework within 

which to discuss and evaluate the problem and techniques, 

some formal definitions are now presented. 

Definition 4.1. 

Let Xj, i»l,2,...,N be a sequence of normed 

linear spaces and A^, i-1,2,...,N-1 be a sequence 

of continuous operators such that is defined on 

Xj*X2*... *Xj. and maps elements from this Cartesian 
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product into the space X^^. The sequence of 

equations: 

( x ^ i X 2 » < • • *  x ^ c X ^ i  » 2 , t . i , N * 1  ( 4 < 3 )  

is a numerical process and the sequence of elements 

x^, i"l,2,...,N generated by (4.3) is the solution 

of the process. 

Obviously, in most practical computations, Xj 

is a finite dimensional vector of given initial information, 

X^, i>2 are simply real numbers, and is the appropriate 

operator of elementary arithmetic operations available in 

the given computer (with the possibility of division by 

zero formally removed to preserve the continuity of the 

operator). This interpretation will be used in following 

discussions. The sequence generated is finite with N being 

determined a priori in the case of so-called direct methods 

or as a function of some convergence criterion imposed on 

iterative computations. For the problems under consideration 

N will be large enough to treat the sequence as non-finite. 

In practice, during the evaluation of each equation 

in (4.3), errors will be committed and further calculations 

will be based on previous incorrect results. Denoting the 

actual computed elements by , the sequence of equations is 

roughly: 

*i*l"Ai(xl'*2'...,*i)+6i' i-1,2,...,N-1 (4.4) 
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where {ieXi+i *nd $£ is snail (or has a small norm). The 

idea of numerical stability requires that the difference 

Xj-Xj be small. This idea is formulated precisely in the 

following definition. 

Definition 4.2. 

Consider a given numerical process (4.3) and 

assume that the solution is trivial (i.e. all x^sO). 

If for e>0 there exists 6>0 such that 

||xj||<6, 16j | <6 for j*l,2»..., and the elements 

x^ satisfy (4.4) imply that |x-J<e i-2,3 N, 

then the trivial solution is numerically stable. 

Notice again that the concept of stability is 

defined for the solution and not for the numerical process. 

just as previous definitions of stability have been given 

in terms of solutions and not the actual problem. Depending 

on the structure of the operators A^, solutions for different 

initial states x^ may have completely different characteristics. 

Also, the definition is restricted to trivial solutions. But 

this is no real restriction, for, as before, consider a 

numerical process 

Xi4l"VXl'X2.- * • »Xi) 

with its solution corresponding to x^. Now consider an 

approximate process 

Xj+J*AJ(xi»x2»* * • ' 



where Let an<* consider the process with 

solution t^ 

"A^(x^,*2»•••»x^)"A^(Xj,X2»••.»^ 

-Ai(x1+t1,x2+t2,...,xi+ti)-A.(x1,x2 xi)+6i. 

If the exact solution, x^, is known, then 

ti"Bj[ (t ̂»12»• • •»t^) * 6 £ 

so that t^ is an approximate solution to 

t1"®ii* *2* *'*'i^ with tj"0. 

But the solution of this problem is the trivial solution. 

Hence, any solution to the problem can be discussed in terms 

of the trivial solution. 

Methods for obtaining numerical solutions of initial 

value problems for ordinary differential equations attempt 

to determine the numerical character of functions which 

represent the solutions of these problems. Since it is 

inherent problem stability (or instability) that is of 

interest here, the usual class of discrete methods seems to 

be an appropriate set from which to choose. That is, a 

sequence of values yn will be generated by repetition of 

an algorithm based on the knowledge of several previously 
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computed values yn_j> j"l,2,...,m and of f(t^,y^). The 

value of m will be called the order of the method. 

The choice of the algorithm to be used can be based 

on three primary considerations, the first of which is the 

one which is deemed to be most important for this applica

tion: 

1) Numerical stability of the algorithm as a numerical 

process; 

2) Local properties of the algorithm - the behavior 

of the error I|yn-y(tn)||, where y(tn) is the 

actual solution at tn, as the spacing 

h»|t .-t . .1 tends to zero; 1 n~j n-j-l1 

3) Global properties of the algorithm - the possible 

substantial accumulation of error over the interval 

of integration. 

Consider the general difference method of order k 

k 

i£0[<,iyn*i-h|,i£(tn*i''W> " 0 C4-5> 

n»0,l,... with a^O. 

For simplicity in notation the expression is written for 

the case of a single equation; appropriate superscripts on y 

and f are needed for the higher dimensional case. Assume 

for now that enough initial conditions are known to use (4.5). 



That is, y^ is known for j-0,1,... ,k-X. If Bk"0, (4.5) 

is said to be an explicit formula (predictor); if B^O, 

it is said to be an implicit formula (corrector). The 

existence of a solution for the explicit case of (4.5) is 

obvious and for the implicit case it follows (by successive 

approximations) if f(t,y) satisfies a Lipschitz condition 

and h is sufficiently small. 

Definition 4.3. 

A difference formula (4.5) which satisfies the 

p*l conditions 

v" a, »0 
L, i 

k 
v 
L 
i-0 

k 

L [ ]-0 s-1,2,.., ,p 
i-0 (s-l)l s 1 

is a difference formula of degree p (p>0) . 

The motivation for this definition follows from the fact 

that if (4.5) is of degree p and if y(t) is sufficiently 

smooth (enough derivatives exist for a reasonable Taylor 

expansion), then 

k 

E [a4y(t*ih)-h6,y(t+ih)]-Chp+1ylp+11(x)*0(hp*2). 
i-0 1 1 

Thus local properties of an algorithm using (4.4) are apparent 

if the degree is known. 



Definition 4.4. 

k * 

i»o i 
Let q(A)" . Assume that (4.5) is of 

X-l 

degree p»l. If all the roots of q(X) are inside 

the unit circle in the complex plane, the difference 

formula (4.5) is strongly stable. 

The usefulness of strongly stable difference formulae for 

solving differential equations whose solutions are stable 

with respect to persistent disturbances lies in the following 

theorem. The essential content of the theorem is known 

(Babuska et al, 1966) but the statement and proof have been 

considerably revised to meet the present needs. 

Theorem 4.3. 

Consider the given differential equation (4.1). 

Assume that f(t,y) is uniformly continuous in t 

(t>0), satisfies a Lipschitz condition with respect 

to y, f(t,0)«0 for all t>0, and this trivial 

solution is stable with respect to persistent 

disturbances. If a given kth order difference 

formula (4.5) of degree p^l is strongly stable, then 

there exists an Ji such that the trivial solution o 

of the numerical process (4.5) is numerically 

stable for all h<h . o 



63 

Proof 

Recall that numerical stability of the numerical 

process (4.5) means that for c>0 there exists hQ»0 

and 6>0 such that every solution yn of the difference 

equation 

£ ̂°i^n-»-i'h0if(tn*i^n4i^"4n' n-0,1,2,... 
i-0 

with h<h0 and |y^|<h«, j-0,1,2,...,k-l, 

and ||<h«, n-0,1,2,..., 

satisfies the inequality 

I Xjj I * *» >1»2,... • 

(Both positive values hQ and 6 need not be considered 

explicitly but the precise roll played by the 

parameter h is clearer this way.) The proof will 

proceed in three steps. 

First, let 

_ yn+l~yn A , , «n J , n-0,1,2 

and show that «. is bounded. Second, let n 

n-0,1,2, 

and show that vR can be made arbitrarily small. 

Third, let 

nCO-yn^lt-tJ, tn*t<tn*l' n-0,1,2,..., 
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and show that n(t)-f(t,n) can be made arbitrarily 

small. With this the proof is complete since the 

trivial solution of (5.1) is assumed to be stable 

with respect to persistent disturbances, so that 

yn can be made arbitrarily small. 

To this end, assume (without loss of generality) 

that Ofc"!. Since p>lf 

Now un satisfies a difference equation related to 

that for y„. To observe this note that ' n 

k-l 

Z 

>Vi"hV>V 

so 

Z ai/n+i"h Z "i Z "n+J+yn Z "i" 
k k i-1 . k 

Thus, 

i-0 i-0 j-0 i-0 

k 
But £ 

i-0 

so h Z *1*11*1' Z «i Z «n*j 
k k i-1 

i-0 i-0 j-0 

k-l i-1 k-l 

E °i £"n*j*5>n*j 
i-0 j-0 j-0 



6S 

* T. «l I. "n+1* E "n+i*»n+k-l 
i-0 j-0 j-0 

k-2 k-1 k-2 

" I "n+j £ V £ wn+j+wn+k-l 
3-0 i-j*i j-o 

k-2 k-1 

"E"n-j[1+ I °l'*Bn*k-l 
j-0 i-j*l 

Therefore, 

k • 2 k • 1 k i 

"n«-k-l" " L T. °iT. 
j-0 i-j+1 i-0 

The characteristic polynomial associated with «n is 

.k-1. k-2 k-1 
Z" T C1+ T 

j-0 i-j-1 

In order to see that the roots of this characteristic 

equation are all inside the unit circle (and hence 

wn is bounded), consider 

v , k-2 kAl , 
u-i) U*l* T. t t *  L 

j-0 i-j+1 1 

v k-2 j.< k-2 j vi k-2 k-1 i 

[ t,+1- [ Y I «iCj(c-D 
j.o j-0 j-0 1-j.l 
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k k"X i"1 

i-0 j-0 

k ^ 4 
C -1* Y, ajCc -1) 

i-0 

. k-1 . k>l 
C -!• T. ai« " L ai 

i-0 i-0 

^ i 
• z v • 
1-0 

Thus, the characteristic polynomial associated with 

"n is 

T, ajC1 
i-0 1 •"1 • 

C ~ 1 

But this is precisely the polynomial which has 

roots inside the unit circle if and only if the 

difference formula is strongly stable. Since this 

is true by hypothesis, »n is bounded. 

Now let 

vn-«n-f(tn,yn), n-0,1,2,... . 

The fact that vn can be made arbitrarily small will 
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now be demonstrated. Since p>.l, the second 

consistency relation holds 

k k 

F ioi" F "i-
i-0 i-0 

But F4-r fr F *i«l 
i-0 J " 

k 
z 
i-0 C-l 

±_ / 
dC • 

k-1 k-2 k'2 
(c-l) [c l+ }; [!• / O 

j-0 i-j*l c-1 

) 
V , k-2 k-1 J 

Je"-1+Z ,1+ J 0l,cJ^ 

j-0 i-j + 1 

• < 

c-l 

k_2 k"2 k-1 j 1 i 
Ct~l) [(k-1)C £ j[l+ £ ®iJC *]> 

j-0 i—J•1 • C"1 

k-2 k-1 
-i• £ [1* £ aj] • 0 

j-0 i-j^l 

k k-2 k-1 
Thus, £ 8i-l+ 7 [1+ £ aj], 

i-0 j-0 i-j+l 

Now based on the previous difference equation for 

and the definition of v_ n n 
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vn+k-l'^n^k-l"f̂ n*k-1'^n+k-1^ 

k * 2 k " l  k  i  

• z u* z «iK*j+ z r 
j-0 i-j*l i-0 

"^^n+k-l^n+k-l^ 

k* 2 k•1 
• Z t J .  i °illvn+j+f(tn+j,yn+j)] 
j»0 l-J+l 

* 4n -
•z r •f(Vit-i,Vk-i' 
i-0 

k-2 k-1 
' Z f1* Z ai'vn+j * rn» n-0,1,2,..., 
j-0 i-j-H 

where 

'n-^Zt1* ̂  ail£<Vj>W + £ 6i£(WW 
j-0 i-j+1 i-0 

+r- -^VHc-l'^n+k-l) 

•kf;2H+ Z •iHf(tntryn+j)-fCvryn+k.1)l 

j-0 i-j*l 
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E E "i^^^n+j *^n+k-l^"f ̂ n+k-l'^n+k-l^ 
j-0 i-j + l 

* E ®i ̂ ^Si+i '^n*i^ "^^n+i '^n+k-1^ 
i-0 

' Y. ^n+i'^n+k-l^^^n+k-l'^n-frk-l^* h 
i-0 

Investigating each of these terms and using the fact 

that f(t,y) satisfies a Lipschitz condition in y 

I|*(t,y*)-f(t,y**)||<M||y*-y**l|, 

a bound for ||rn|| is determined: 

k-2 k-1 k-2 
H'nlllhM T. l* Z -ll £ IK-!!' 

j-0 i-j*l m-j 

+ E Tj ai^^^n*j '^n+k-l^ "^^n+k-l'^n+k-l^ ̂  
j-0 i-j*l 

+hM»*Ell-n+ill+E l»il H«WWl> 
i-0 i-0 

"'^•k-l'^n+k-l* I !•—T5—» n-0,1,2,. 

where 0*-max|0{| 
i 



Now the Mn are bounded and f(t,y) is uniformly 

continuous in t so that given ej»0 there exist 

hj>0 and Aj>0 such that 

I ITJJ| |<c , n-0,1,2,..., 

whenever h<hj, 

I|yjIl<ch, j-0,1,..., k-1 for some c, 

a n d  l l * n l l < h A i  n - 0 , 1 , 2 , . . .  .  

The difference equation for vn4>jc_j is of the same 

form as the one for hence, by an analogous 

argument, the vn are bounded. Moreover, if the 

initial values of v„ are small then the r can be n n 

made arbitrarily small. More precisely, for ®2>0 

there exists h2>0 and A2>0 such that ||vn||<e2» 

n-0,1,2,... 

whenever h<h2, 

llXjl^ch, j-0, 1 , . . . ,  k-1, for some c 

a n d  l l * n l l < l l A
2 >  n - 0 , 1 , 2 , . . .  .  

Finally, 

n-f(t,n)"«»n-f (t,n), tnit<tn+i 

may be written 

n-f (t,T))-t#n-f(tn,yn)+f (tn,yn)-f (tn,n)*f (tn,n) 



so that 

1|n-f(t,n) | |<x»n*M(t-tn) | |»n| |*| |f(tn,n)-f (t,n) | | 

Thus, as before, for c^>0 there exists hj>0 and 

A3>0 such that ||n-f(t,n)||<«3 

whenever h<h3, 

||yj11<ch» j"0,l,...,k-l, for some c, 

and ||||<hij, n—0,1,2,..., 

and the proof is complete. 

Thus for a given problem (4.1) with solution yn 

and a given numerical process (4.S) with solution y(tn), 

both of which satisfy the hypotheses of Theorem 4.3, it 

now holds that, for arbitrary c>0 there exists a spacing 

h^ such that for h<h . o — o 

ll/n-yCtn) ll<« n-0,1,... . 

For the particular problem under consideration, f(t,y) is 

uniformly continuous with respect to t if the forcing 

function (lead car behavior) is uniformly continuous in t. 

It is obvious that f(t,y) satisfies a Lipschitz condition 

with respect to y where it is defined if the domain of the 

problem is restricted to a closed region away from the 

separatrix Zj-Tz2*b-aT»0. All that remains is to 

prescribe a strongly stable difference algorithm. The 

approach that is taken is to select a class of techniques 
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which appears to be reasonably efficient for computing and 

then calculate parameter values to make the method as 

stable as possible. 

The class considered is the multi-point predictor-

corrector with corrector of order five. Since the value of 

h should be such that stability is guaranteed yet the 

number of operations kept to a minimum, it is reasonable 

to try to devise a scheme for storing information in such a 

way that "re-starting" with a new value of h causes a 

minimum amount of effort. Such a technique has been 

formulated (Nordsieck, 1962) in which the coefficients of 

an approximating polynomial are evaluated and stored at the 

current value of time. The numerical process for a typical 

step is as follows: 

1) Predict a value for f(t^h^yCt+h)) 

fp-f(t)+2a(t)*3b(t)+4c(t)+5d(t); 

2) Predict a value for y(t*h) 

jr(l)„y.(t).*h[f(t,y(t))«'a(t)*b(t)+c(t)*d(t)]; 

3) Calculate an improved f(t+h,y(t+h)) 

f(1)-f(t*h,y(1)); 

4) Calculate an improved y(t+h) 

5) Calculate a corrected f(t+h,y(t+h)) 

f(2)-f(t*h,y(2)); 



6) Calculate a corrected y(t+h) 

y(3)_y(l)+Kih[f(2)_f̂ . 

7) Calculate coefficients at t+h 

a(t*h)-a(t)+3b(t)+6c(t)*10d(t}+K,[f(2)-f ] 
L P 

b(t*h)»b(t)+4c(t)+10d(t)+K-[f 2̂̂ -f] 
o P 

c(t»h)-c(t)»5d(t)+K4[f(2)-fp] 

d(t+h)-d(t)*K5[f(2)-fp]. 

The equivalent discrete difference algorithm can be 

ascertained by repeated application of the formulae in 

step 7 to the formula in step 6. 

The choice of the values for the coefficients 

is made by requiring the formula to be of highest possible 

degree. This consistency requirement leads (eventually) 

to a formula of degree six with the following values for 

V 
, 95 K--

1  288  

2 24 4 48 

K-« — Kr»—. 
3 72 5 120 

In the previous notation 

5 5 
£ "iW T. BifcWW n-0,1,2,... 
i-0 i-0 



where ao"Oj"O2"aj"0, 

°4-"1» 

aj"l, and 

the are non-linear combinations of the Kj. 

The Bj evaluate numerically as 

6n._5_ 
0 160 3 240 „ .mi 
1 1440 4 1̂ 40 

, -§si 
z 720 5 288 

The formula is strongly stable since 

i 5 - i 4  A  
q(X) • -—-— "X 

A -1 

and all roots of q(X) are (rather obviously) less than one 

in modulus. Furthermore, the formula thus turns out to be 

equivalent to the well-known Adams formula of degree 6, 

with the corrector applied twice, the optimal technique 

(Hull and Creemer, 1963). 

The method is made self-starting by a simple yet 

effective forward and backward iteration process to obtain 

starting values for a,b,c,d. Since this start procedure 

occurs only once, some extra effort can be expended to 

guarantee initial accuracy. As is obvious from Theorem 4.3 
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there is a maximum value for the step size in order to 

guarantee stability. For linear, time invariant problems 

this can be determined once for the whole domain of solution, 

assuming always that the problem is itself stable. However, 

for non-linear problems such as the one of interest here, 

a bound for h must be determined throughout. A suitable 

bound, based on the contractive mapping principle, is that 
afi 

the spectral radius of the matrix H«[h i] be less than 
>yj one. J 

For this problem: 

0 h 

H" ; "(cb-y2) h ' 

(y.+b)2 y,+b I 

so that the eigenvalues are the solutions of 

X2- -Jli b2(eb-y2) mq . 

yi*b Cyj»b)2 

At any step of the computation, it is easy to calculate the 

value of X with maximum modulus and reduce h if necessary. 

In practice this test was used to also increase h if the 

maximum modulus of X were quite small. 

In summary then, the model is known to have a unique 

solution provided the initial conditions are appropriate 

and the lead car behavior is realistic. Furthermore, 
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solutions of the model, at least in some neighborhood of 

the origin, are asymptotically stable. Finally a stable 

computational scheme has been devised, so that the problem 

can be simulated on a digital computer with some assurance 

in the reliability of the results. It should be stressed 

that the numerical scheme o(M,A) devised here follows only 

after considerable iteration regarding the trade-off 

between the complexity of the model o(P,M) and the computa

tional efficiency. 



CHAPTER 5 

RESULTS 

Analytic Solutions. 

Any attempt to solve non-linear initial value 

problems analytically is doomed to almost certain failure 

since the solution probably does not exist in teriqs of 

elementary functions. However, analytic results can be 

obtained for some special cases of the problem or approx

imations of the model. Since considerations of acceler

ation and deceleration restrictions would complicate the 

analytic solutions to the point of obscurity, no account 

is taken of these physical limitations in this section on 

analytic results. These restrictions are considered in 

some detail in the digital computer solutions however. 

Autonomous, No Time Delay, Linear Approximation. 

Consider the autonomous model, that is, the problem 

in which lead car velocity is fixed. The model is then: 

i. •«[«»•(l-«T)il (5 1} 

z-Tz+b-aT 

with z(O)-0, i(0)"a. 

As a first approximation consider that the time delay is 

negligible (T»0). The approximating model is now 
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z- -«(«»•») . 
z+b 

For z small, an approximate linear model is 

m A • • . 
* b 

for which the solution is 

X «t X j t 
z(t)"Ae 1 +Be 

whe re 

*2 " f("b 

and A and B are solutions of 

A • B •$ 

XjA •X2B -a. 

If c«0, then X^"0, so 

X,t 
z(t)-A+Be 1 . 

In this case the solution is stable but not asymptotically 

stable. If c>0, the solution is asymptotically stable. 

There are no oscillations when «<—, damped oscillations 
4b 

when and critical damping when Thus, with 

c>0, the origin in state space is either a stable focus or 

stable node for this linear problem. 
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The actual behavior of the non-linear model should be 

similar near the origin. 

Autonomous, No Time Delay, No Distance Stimulus. 

For the case c*0 and T»0 the model is 

z-—— t z(0)"B, z(0)"a. 
z+b 

The problem in the phase plane is then 

dZj *j*b 

for which the solution is 

^•-a-tnCZj+b^a+aZnCB+b) . 

The whole z^-axis is a continuum of stable critical points 

(of course, the restriction z^>_-b is still pertinent) so 

that the resulting behavior is stable, but not asymptotically 

stable. 

Autonomous, No Time Delay, No Distance Stimulus, Taylor 

Approximation. 

If c*0 with T*0 and the non-linear model resulting 

is approximated by expanding the denominator in a truncated 

Taylor series, the resulting non-linear model can be solved 

explicitly. The approximate model is 

z- 2(0)-6, z(0)-a, 
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and the analytic solution is 

c.t 
clf1"c2e * 

z(t)-b+ 
c3* l*c2e 3 

where c -b \/(^-)2- ̂  
1 v b • 

c.+b-B 
c2 Cj-b+B 

ac, 
c3" —? • 3 b2 

The behavior is perhaps best seen in the phase plane where 

^*2 a *1 —£ - -£[1 ±1 
dzx b bJ 

and 
z 2 

h- -ft'r 2r,c) 

-,2 

2b2 
[Zj-b] +c1. 

a 2 
Since z,"a when z,"B, c!"a-—(B-b) and the solution 

z 1 2b2 

trajectories in state space are parabolas. The z^-axis is 

a continuum of critical points: 
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stable when *j<b, 

unstable when z^>b. 

Of course, Zj"-b is collision and if the usual physical 

limitations on acceleration and deceleration are imposed 

then the actual stability (it is not asymptotic stability 

since e»0) is restricted to a region enclosing the origin 

(Fig. S.l) 

Autonomous, No Distance Stimulus. 

One further analytic result is known for the solution 

trajectories in the phase plane. This is the unforced case 

where e"0 and Tj*0. The model is 

, z(0)-B, z(0)»a, 
z-Tz*b-aT 

which admits the solution in the phase plane 

~z2 

where 

Zj«ce a •TZj-b 

c»(b*B-«T)ea. 

In this Case a separatrix appears in the phase plane; namely, 

the line 

Zi-Tz24,b-aT«0. 

Note that for T-0, this is the line 
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X 

u 

Figure 5.1. Phase Plane Representation for Autonomous Model 
with no time delay, no distance stimulus with 
Taylor Series approximation of denominator. 
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which was one original boundary of the problem. Now the 

separatrix becomes a boundary and the "solution" to the 

left of this line has no physical significance (Fig. 5.2). 

Autonomous, No Distance Stimulus, Taylor Approximation. 

If this model is now approximated by expanding the 

denominator in a truncated Taylor series 

zm- -£5-[i—5—» -I2-] z(0)-e, 2(0)-O, 
b - aT b - aT b - aT 

the trajectories in the phase plane satisfy 

dz« ft Zi *^2 
—- - --— [1 — * -], 
dzj b-aT b-aT b-aT 

so that -aTzx 

2 !l _»0>-aT) 
2 T aT2 

where aTB 

c. (a.£ • 
T 

The phase plane for this case is shown in Fig. 5.3. Although 

this behavior is globally different from the related 

problem before making the approximation, the solution 

trajectories are very similar in a neighborhood of the 

origin, where the approximation is reasonable. 



Figure 5.2. Phase Plane Representation for Autonomous Model 

with no distance stimulus. 
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u 

Figure 5.3. Phase Plane Representation for Autonomous Model, Mod fo Aut Rep 
no distance stimulus with Taylor Approximation 
Phase PI sentat onomous on r 1 re ane 

of denominator. 
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Digital Computer Solutions. 

All of the cases discussed in the previous section 

have also been solved on the digital computer and the 

results compared with the expected behavior. No gross 

discrepancies were found. 

Autonomous, No Time Delay, No Acceleration Restrictions, 

Consider now the autonomous model with no physical 

restrictions imposed on acceleration magnitudes (5.1). 

With T"0, this model is 

z-~a[tz*z] z(0)-e, z(0)»a 
z+b 

and the general form of the solution trajectories in the 

phase plane is shown in Fig. 3.1. The solutions are 

asymptotically stable as expected from the discussion in 

Chapter 3. The value of e influences the approach to the 

origin. In particular, if e<-£, then near the origin 
4b 

the behavior is as shown in Fig. 5.4. The values of 

and X2 are 

H ^ ) 

> •  

Notice that as e+0, Aj*0 and the solutions tend to terminate 

on the z^-axis. The value of e must be positive for 

asymptotic stability. 
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Figure 5.4. Phase Plane Representation for Autonomous Model, 
no time delay and no acceleration restrictions 
in a neighborhood of the origin. 
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Autonomous, No Acceleration Restrictions. 

For .the autonomous case with iyo and no acceleration 

restrictions, a separatrix appears again in the phase plane 

Zj-Tz2+b-aT-0. 

The general form of the solution trajectories is depicted 

in Fig. 5.5. Solutions to the left of the separatrix have 

no physical significance, and, in fact, the appearance of 

the separatrix is a weakness of the model arising from 

having made the truncated Taylor approximation for the time 

delay. However, it is not as serious as it may appear since 

typical values for a,b, and T do not bring the separatrix 

too close to the origin. Hence stability around the origin 

is not drastically affected. 

Autonomous Only. 

The general autonomous case, where there are 

physical limitations on acceleration (A) and decelerations, 

(D) can be expressed in the following manner. Define 

Q. -a[cz+(l-eT)z] 
z-Tz+b-aT 

Then 

z • Q if D<Q<A 

- A if Q>A 
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separatrix 

Figure 5.5. Phase Plane Representation for Autonomous Model 
with no acceleration restrictions. 
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The digital solution of this model was straightforward. All 

that was required was the determination of the value of Q 

and then application of the appropriate logic. In the 

regions of state space where Q is outside the allowable 

constraints, the solution trajectory follows a parabolic 

path until one of four things occurs: 

1) the value of Q at some point on the parabolic 

trajectory comes back within limits, in which 

case the "normal" trajectory is assumed again; 

2) the model leads to a collision; 

3) the trajectory attains a value for z+b, the 

following distance, which is no longer considered 

to be a:car-following situation (this distance is 

not well-defined so no account of this was taken 

in the numerical computations); 

4) the trajectory approached the separatrix, in which 

case the numerical process was terminated because 

of the excessively small values of the spacing, h, 

required. 

Typical phase plane trajectories for this general autonomous 

case are shown in Fig. 5,6. 

Lead Car Behavior, Non-Autonomous Model. 

Before attempting to solve the general forced (non-

autonomous) model, it is necessary to decide what class of 

behavior to allow the lead car. Instantaneous accelerations 
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scparatrix 

ry without 

/ Trajector 
' with const 

Figure 5.6. Phase Plane Representation for General 
Autonomous Model. 



give rise to step function discontinuities in the model. 

This eliminates the possibility of uniformly bounding the 

allowable error in the numerical solution and requires a 

more general theorem to guarantee existence. Since, in 

fact, instantaneous accelerations cannot be achieved any

way, yet can be closely approximated, it seems reasonable 

to model lead car behavior with a one-parameter family of 

functions which contains functions arbitrarily close to 

step functions. One such family is defined by the following 

a (t)-exp(-s^—) 
T ~ 1 

ft/6 
C(t)*J a (T) dx . 

J -1 

Then as an approximation to a unit step acceleration at time 

zero in lead car behavior x(t), let 

x*(t;6)»0 

. ilH 
C C « )  

-1 

Notice that lim x*(t;5)"U (0), the unit step function. 
«*0 0 

Obviously for steps at times other than zero, a simple shift 

suffices. Depending on the car and its absolute velocity, 

values of 6 between 0.05 and 0.5 seconds give reasonable 

t<_-« 

-6 «t<6 

t>fi . 



representations for attempted "instantaneous" accelerations 

and decelerations. The next "logical" step is to include 

the possibility of modeling almost instantaneous changes in 

velocity (the abrupt and unforeseen arrival of another 

vehicle). To this end consider 

x**(t;6)»0 t<-« 

mIHULI -«<t<i 
C(0 

•0 t>6. 

Notice here that 

lim x**(t;6)"U.(0), the unit impulse "function." 
5-*0 1 

Both of these representations of lead car behavior were 

studied. However, the next "logical" step was not. This 

would have involved the approximation of the unit doublet, 

which in itself is not much of a problem, but would have 

represented an almost instantaneous change in position. 

Although this may be often desirable, it is not (yet) 

possible. Of course one very important class of lead car 

behavior functions is the class which contains solution 

trajectories of following cars since a following car becomes 

a lead car to the car behind it. Since the overall stability 

of the platoon is of interest, one lead car behavior will 

be specified and the solution for the following car then is 
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the forcing function for the third car. This continues 

through the platoon. This class of functions is a subset 

of the set of continuous, twice-differentiable functions. 

The complete model now under consideration is 

x ,[z -Tz •b]-a[cz •(l-eT)zl 
m n-lhn n * * n nJ 

n z -Tz+b-aT n n 

with z
n̂

0)'en' M0)"an» 

where z -x., ,-x -b. n n -1 n 

Since there are four parameters in the model, none of which 

is known precisely, the number of possible combinations 

is large. For reasons discussed in Chapter 6, platoon 

stability was investigated primarily as a function of time 

delay T, the other parameters being assigned typical values. 

This was done by starting the platoon in equilibrium 

(z^-b, Zj-0 i»2,3,...,n) and then giving the lead car an 

approximate impulse deceleration. For the parameter values 

chosen and the platoon equally spaced, the whole platoon 

is found to be stable for small values of T. As T is 

increased the platoon behavior is such that a collision 

eventually occurs or the numerical process terminates 

because of the small spacing, h, required near the separatrix. 

The critical value of T for stability depends on the other 

three parameters as does the position in the platoon at 

which a collision occurs. 
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Analog Computer Solutions, 

The analog computer was used to solve the problem 

with two thoughts in mind: 

1) obtain quick pictorial solutions to "verify" 

digital solutions (this is somewhat of a misnomer 

since the digital results are much more accurate, 

but a comparison of the two was useful); 

2) obtain solutions for the actual differential-

difference equation rather than the model used. 

In all cases where the analog was used to solve the same 

problem as the digital the results were indistinguishable, 

except for occasional, explainable transients in the analog 

plotter. This was encouraging but not unexpected. The 

more interesting results from the analog were the results 

obtained by solving the original delay-differential problem 

z(t)-x ,(t) - [z(t-T)*ez(t-T)J 
n 1 z(t-T)+b 

and comparing these results with the results for the model 

used throughout (where the time delay is accounted for by a 

truncated Taylor series). For each of the cases tried it 

was difficult to distinguish between the two solutions 

(Fig. 5.7). This does not mean that the model used has 

the same solution for all choices of parameters and initial 

values, but apparently for the typical values tried the 

solutions are not significantly different. 
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Analog Solution 

Digital Solution 

Figure 5.7. Phase Plane Representation for typical 
digital solution of proposed model and analog 
solution of delay-differential model. 



One may question, at this point, the wisdom of 

modeling the problem by approximating the time delay with 

a truncated Tayllor expansion when the original delay 

differential model can apparently be handled readily, as 

is, on the analog. The reason for the apparent disregard 

for the analog is twofold: a model was sought which could 

be considered a general purpose model and since analog 

computers are still rather rare this was deemed to be too 

specialized; and, even with a powerful analog machine the 

overload problem severely restricts the region in which a 

solution can be found. 



CHAPTER 6 

DISCUSSION AND CONCLUSIONS 

Discussion. 

The purpose of this work has been to hypothesize 

a descriptive model for the physical phenomenon called 

car-following which would be amenable to computer solution 

and then to analyze the stability characteristics of the 

model. It is difficult to assign an effectiveness score 

to the model postulated as tQ how well it actually 

represents the physical problem, but it does exhibit gross 

characteristics which seem reasonable. The model, although 

badly non-linear, is readily solved by the digital method 

proposed, except near the separatrix in the phase plane. 

Thus the existence of this separatrix is a demerit against 

the model. However, the trade-off between this fault and 

the added complication of solving the retarded differential 

system seemed reasonable. The model behavior and stability 

characteristics seem to be, at least qualitatively, typical 

of the physical system. It should be emphasized that 

because of inter- and intra-variability of the human 

operator, the model proposed is necessarily based on some 

typical parameter values. If the characteristics of a 

population could be determined and the particular frame of 
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mind of each individual at a particular time known, a 

simulation of a typical platoon of cars could be performed. 

The existence of particular driver characteristics leading 

to instability could perhaps be detected. 

Each of the parameters in the model is a random 

variable and each parameter affects the system stability. 

Hence knowledge of how the stability depends on each para

meter would appear to be useful. Its usefulness would 

depend however on the intended use of the model. In 

particular if the model is to be used to predict behavior 

with an eye to controlling traffic flow safely, then the 

only parameters of interest as independent variables 

controlling stability would be those over which some control 

can be exerted. 

The parameter a is a random variable which depicts 

the sensitivity of the following driver; given that he 

"knows" a deceleration is required, the magnitude of the 

sensitivity coefficient a is a measure of his actual braking 

effort. Some training may allow partial control of this 

parameter although the effectiveness would be questionable. 

Over-sensitive drivers, while perhaps actually not involved 

in many accident situations, may essentially cause collisions 

to occur between following cars. The variability in the 

mechanical aspects of acceleration and deceleration (age 

of car, type of engine, brake mechanism, etc.) would offset 

any intensive driver training regarding control of sensitivity. 
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The "ideal following distance" parameter b is a 

random variable whose expected value is apparently a linear 

function of absolute velocity (Daou, 1966) . It has also 

been suggested by Daou that the distribution of following 

distance associated with Holland Tunnel users is log normal. 

If drivers could be trained to follow at some "safe" 

distance (for example, the one car length per 10 mph 

suggested in California) then the stability of the system 

could be improved somewhat. But personal experience and 

the literature (Wright and Sleight, 1962) indicate that a 

driver's mental attitude has a significant effect on his 

following distance. Thus any effort to control b would 

involve training of the driver to judge distance and to 

control his emotions. The prospects are not bright. 

It should be emphasized at this point that the 

assumption made throughout that b is constant is grossly 

inadequate if the model is to be used to determine macro

scopic properties of the flow, but is reasonable for the 

microscopic investigations pertinent to stability. The 

assumption of constant b leads to a fundamental flow-density 

relationship which allows flow to increase indefinitely. 

This is obviously ludicrous, but for any given reasonable 

range of speeds no gross inconsistencies arise. 

The inclusion of the parameter e into the model was 

justified on the basis of the steady-state hypothesis that 

"a given driver with a particular mental set and constrained 



101 

to travel at a particular velocity because of a lead car 

will follow at some constant-mean 'ideal' distance". Without 

feedback of the relative distance state variable this 

asymptotic stability property is not possible. Based on 

physical observations and numerical results a reasonable 

value of e can be determined but very little is known about 

its variability. Conceivably it could be a function of 

relative distance and absolute velocity, but treating it as 

a constant seems to be a reasonable first approximation. 

The parameter which affects the stability of the 

model drastically and appears to offer some hope of success 

as a source of control is the time delay parameter, T. 

As it is used in the model, T includes detection time, 

decision time, and reaction time. Detection time varies 

considerably depending on the exact lead-car behavior and 

the relative distance. Most studies regarding detection 

time have been based on the application of an acceleration 

(or deceleration) to the lead car and the measurement of 

the time taken to determine the fact that steady state 

conditions no longer held. This is somewhat of a simplifi

cation of the problem since typical lead-car behavior is 

not just restricted to constant acceleration/deceleration 

actions. Further experimental evidence (Boyd, 1967) 

indicates that the actual time delay depends on the state 

of the following car: for close following and/or large 
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relative velocities, the detection time delay is considerably 

smaller than average. Thus the results obtained by treating 

T as a constant are pessimistic in general, since it is the 

close behavior that is most relevant. Once a reasonable 

functional form for the time delay is assumed relative to 

the state variables, the implementation into the numerical 

solution of the model is straightforward by simply 

re-evaluating T at the present state. 

Conclusions. 

The model as proposed presents an increased ability 

to study the car-following problem. Various special cases 

of the model or approximations to the model have been studied 

and their utility observed. As proposed, the model appears 

to hit a reasonable trade-off between complexity and reality. 

When more is known about the distributions associated with 

the parameters as a function of the state variables, the 

model can be evaluated numerically to obtain more realistic 

results, particularly in the macroscopic sense. One very 

sweeping improvement in the model would be the inclusion 

of another (or several) state variables to account for the 

psychological (and perhaps physical) condition of the driver. 

The use of the model developed here for in some 

sense optimizing flow and safety considerations appears 

to reasonably straightforward technically, yet perhaps 

impossible sociologically. With a device to measure 
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following distances accurately, the driver could be aided 

(visually or aurally) to reduce the delay time. This in 

turn would decrease the headway deemed necessary (Michaels 

and Solomon, 1962) so that flow could be increased. This 

aspect of improvement could perhaps be implemented with a 

minimum of legal and political red tape, but the next 

step--actual control of velocity by means other than the 

driver--would pose many objections. However, it does 

appear that with the car-following phenomena reasonably 

well modeled, it should be possible to control (at least 

indirectly) the flow, allowing traffic to move more quickly 

and safely so that it will actually be possible to conclude 

that "they lived happily ever after." 



REFERENCES 

Babuska, I., M. Prager and E. Vitasek, Numerical Processes in 
Differential Equations. Interscience, Prague (1966) . 

Brown, R. H.,"Weber Ratio for Discrimination of Velocity" 
Science 131, 1809-10 (1960). 

Byrnes, V. A., "Visual Factors in Automobile Driving", 
Tr. Am. Ophth. Soc., 60, 60-79 (1962). 

Chandler, R. E., Herman, R., Montroll, E. W., "Traffic 
Dynamics: Studies in Car Following," Opns, Res. 
6, 165-184 (1958). 

Daou, A., "On Flow Within Platoons", Australian Road 
Research, Vol. 2, #7, 4-13 (1966). 

Gazis, D. G., R. Herman, R. B. Potts, "Car-Following Theory 
of Steady-State Traffic Flow," Opns. Res. 7, 499-
505 (1959). 

Gazis, D. G., R. Herman, R. W. Rothery, "Nonlinear Follow-
the-Leader Models of Traffic Flow," Opns. Res. 9, 
545-567 (1961). 

Graham, C. H., "Visual Perception," Handbook of Experimental 
Psychology, Chapter 23, John Wiley and Sons, 868-920 
(1951). M 

Greenberg, H., "An Analysis of Traffic Flow," Opns. Res. 7, 
79-85 (1959). 

Hahn, W.« Theory and Application of Liapunov's Direct Method, 
Prentice Hall, T1963). 

Haight, F. A., "Towards a Unified Theory of Road Traffic," 
Opns. Res. 6, 813-826 (1958). 

Halanay, A., Differential Equations, Academic Press, New 
York (1966). 

Herman, R., R. W. Rothery, R., "Car Following and Steady 
State Flow," presented at the Second International 
Symposium on the Theory of Traffic Flow, London, 
June 25-27 (1963). 

104 



105 

Hull, T. E. and A. L. Creeraer, "Efficiency of Predictor-
Corrector Procedures", J. Assoc. Comput. Mach. V 10, 
p. 291-301 (1963). ~ 

Koinetani, E., T. Sasaki, "Car Following Theory and Stability 
Limit of Traffic Volume," J. Opns. Res. Soc. Japan 
3, 176-190 (1961). ~ 

Lighthill, M. J., G. B. Whitham, "On Kinematic Waves, II. 
A Theory of Traffic Flow on Long Crowded Roads," 
Proc. Royal Soc. (London), A, 229, 317-345 (1955). 

May, A. D. and E. M. Keller,"Non-Integer Car-Following Models" 
High*. Res. Abst. Vol. 36 #12, 80-81 (1966). 

Michaels, R. M., D. Solomon, "The Effect of Speed Change 
Information on Spacing Between Vehicles," Public 
Roads 31, 229-235 (1962). 

Newell, G. F., "Mathematical Models for Freely-Flowing 
Highway Traffic," Opns. Res. 3, 176-186 (1955). 

Newell, G. F., "Nonlinear Effects in the Dynamics of Car 
Following," Opns. Res. 9, 209-229 (1961). 

Nordsieck, A. "On Numerical Integration of Ordinary 
Differential Equations," Math Comp. 16 22-49 
(1962). 

Pontryagin, L. S., Ordinary Differential Equations, Addison-
Wesley, Palo Alto (1962). 

Prigogine, I., R. Herman, R. Anderson, "Further Develop
ments in the Bolt2mann-like Theory of Traffic Flow," 
presented at the Second International Symposium 
on the Theory of Traffic Flow, London, June 25-27, 
1963. 

Schlesinger, L. E. and M. A. Safren, "Perceptual Analysis 
of the Driving Task," Highw. Res. Record 84, 54-
61, 1965. 

Wright, S., R. B. Sleight, "Personal Characteristics of 
Automobile Drivers Related to Following Distance," 
Eastern Psychological Association, Atlantic City, 
April, 1962. 


