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ABSTRACT 

The primary objective of this dissertation is to present a com

prehensive accumulation of data in a manner which can more clearly define 

the fracture process and fracture mechanism of concrete. While strength 

theories describe alternate conditions for failure itself, fracture theories 

attempt to construct reasons for the beginning of failure and under what 

conditions fracture will progress. Fracture mechanics is then a knowledge 

of the influence of stressing conditions on the fracture behavior of a 

material. 

The approach used in this study of the basic concrete fracture para

meters includes tests and observations at the phenomenological and the struc

tural levels, i.e., in the macro-microscopic range, with other references 

drawn upon for data at the molecular-atomic level. 

A rather broad program of experimentation was undertaken in the be

lief that the complexity of the problem of concrete fracture warranted a 

comprehensive evaluation. The program included the following concrete mix 

variablesi water-cement ratio, maximum size of aggregate, and the relative, 

dispersion of aggregate within the paste. Other variables included were . 

specimen volume, and the effect of randomly distributed small wire fibers. 

At the phenomenological level, tests included compression, tensile 

splitting of cylinders and tensioning of briquets, triaxial compression and 

repeated axial loading of concrete specimens. Tests were conducted at the 

structural level using the principles of photoelasticity on cut concrete 

sections. 

xv i 



xvii 

The experimental results are used to support the concept that frac

ture in concrete is the result of primarily three things, namely, flawy, in

clusions, and tensile stress concentrations. The mechanism of fracture js 

demonstrated as being the same under tension, compression, fatigue, and com

plex stress states, and that the phenomenological properties are, in fact, 

manifestations of a fracture process governed by flaws, inclusions, and ten

sile stresses. 

Attention is called to the A. A. Griffith theory which appears to 

contain the essential features necessary to describe concrete fracture as 

conceived in this study. It is therefore recommended that his general approach, 
* % 

on a conceptual rather than a literal basis, be used as a foundation on which 

to build an inclusive fracture and deformation theory. 



CHAPTER 1 

INTRODUCTION 

The identification and correlation of the forces acting on and 

within a material under various conditions and the resulting deformational 

responses of a material constitute the subject of "physiomechanical pro

perties of materials." It is the purpose of this dissertation to treat 

this subject with respect to the physical and mechanical fracture charac

teristics of plain concrete systems. 

Concrete as a Research Field 

The widespread use of concrete over a period of several centuries 

has been predicated on rudimentary knowledge gained through empirical 

tests conceived in response to design requirements in order to evaluate 

specific properties. As the uses for concrete have become more widespread 

so have the limitations of this purely empirical, engineering approach 

become more apparent. In the last fifteen years research in concrete has 

turned to the investigation of internal structure and response of concrete. 

Ironically, it has become increasingly clear through these later studies 

that one of man's oldest and most widely used multiphase materials is also 

the most variable and complex. 

The itemization of variables which are inherent in any concrete 

system continue almost ad infinitum. Somewhat facetiously, it can be 

said that the manufacture of concrete is a process in which minerals of 

1 
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diverse origin, varying composition, and of certain impurity are combined 

with undetermined quantities of water, subjected to questionable tempera

ture and curing conditions long enough to carry unknown reactions to 

partial completion, thereby forming the heterogenous, discontinuous, non-

stoichiometric mass known as concrete. 

It should also be noted that concrete is a material in perpetual 

evolution. It is sensitive to external conditions, physical and mechani

cal, but its reactions are slow and any change in the status quo leaves 

a permanent influence. The "visco-elastic" paste which binds the mass to

gether undergoes a chemical hydration which continues indefinitely with 

time. With access to moisture, concrete exhibits autogenous healing of 

its small fractures, thereby displaying both congenital and evolutionary 

characteristics. The structure and properties of concrete have yet to be 

completely established. Not only is the particle size of hydrating paste 

of sub-microscopic or colloidal dimensions, but thermodynamic equilibrium 

between separate components takes years to establish and, in fact, may 

never exist. 

Portland cement may be defined as the product of calcined nodules 

of agrillaceous and calcareous materials, which are generally silica and 

alumina in the form of clay or shale, and lime in the form of chalk or 

limestone. In its anhydrous prepared form, Portland cement is a fine, 

grayish powder of about ten micron grain size. The important steps in 

converting the powder into a cementing compound take place when it is 

brought in contact with water. It is then that the most important pro

cesses of hydration, setting, and hardening begin. The chemical reactions 

are complex and to date not completely determined. Supersaturated and 
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unstable solutions are formed temporarily, but these gradually deposit 

their excess solids vhich form a gel-like mass of crystals. Many of the 

cement grains are surrounded by hydration products through which water 

must diffuse to reach the unhydrated core, a process which becomes slower 

with time. 

While still in a plastic state the cement paste shrinks slightly 

as water is taken up in hydrating the cement and lost in evaporation. Once 

the paste becomes rigid there is a small expansion due to gel depositing 

around the cement grains causing them to swell and thereby exert an expan

sive pressure. The initial set occurs when the gel-like crystals growing 

from individual cement grains meet and form a more rigid lattice structure. 

The cement gel formed is in an unstable state and has a tendency 

to shrink and give off water so as to reduce to a more stable form. If 

the paste is allowed to dry out prematurely, considerable shrinkage occurs 

causing shrinkage cracks. Although a small part of the initial drying 

shrinkage is slow to recover, the entire mass will swell again on being 

wetted and thereafter shrink upon drying. 

Together with cracking within the crystalline structure due to 

the hydration process there is inherent breakage of the less stable bond 

formed between the cement paste and the aggregate inclusions. The aggre

gate surfaces also tend to entrap air and water which upon absorption or 

evaporation results in further bond cracking. 

Levels of Material Properties 

The approach to the study of physiomechanical properties of plain 

concrete has followed two paths to date, namely: large scale or 
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phenomenological effects in which the material is considered continuous 

and homogeneous, and the structural level effects in which the material 

is still considered to be continuous, but non-homogeneous being formed of 

elements of different properties of finite size (macroscopic or micro

scopically observable). The third sequential step, the atomic and mole

cular level at which the material is considered to be composed of discon

tinuous discrete particles of submicroscopic size, has been, to date, a 

minor part of concrete research with the efforts of Powers, Brunauer, and 

Copeland providing the major items of'significance. The latter level of 

effects extends over a range from atomic and molecular dimensions of less 

than 10"^ inches up to dimensions of 10"^ inches thereby encompassing 

the gel structure of the cement. Theoretical analysis within this range 

is based on statistical mechanics and on the analysis of suitable atomic 

models of the basic structure. It is the atomic and molecular level of 

aggregation of elements at which all phenomena originate and is responsible 

for the structurally sensitive properties of materials. 

The structural level extends from the upper limit of the molecular 

level up to the phenomenological level. Therein the material is considered 

to be built up continuously of non-homogeneous elements of dimensions vary

ing in size from 10~^ inches to more than 1 inch. These elements are 

therefore in the optically visible range and can be studied either directly 

or by their effect on mechanical properties. Research in concrete has 

progressed at an accelerating rate during the past decade on the struc

tural level. The initiatory work of Griffith (111) on crack propagation 
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and failure in ideal brittle materials has been modified by Irwin (132 

through 138 ) and Orowan (206, 209) making it applicable to a wide 

range of materials and Kaplan (1.56) . and Glucklich and Kesler (103) have 

investigated the potential applicability of the Griffith concepts to con

crete fracture. Leading toward an integrated plan of crack origin, ex

tension, and effect, Hsu, et al. (129) published the results of research 

which thoroughly demonstrated the existence of microcracks in concrete and 

their most probable location at varying load levels. 

The foregoing studies are indicative of the two aspects of the 

analysis of mechanical properties at the structural level: the deduction 

of phenomenological behavior of structurally complex materials from obser

vation of behavior of individual structural elements, and the more ana

lytical approach of obtaining a concept of the material structure from 

observed relations in large-scale tests. In the latter approach a theo

retical concept of the structure of the material is used to predict these 

relations, which is then subjected to comparison with test results. 

The large-scale level of effects in which the material is con

sidered as a solid, continuous, homogeneous mass has received the bulk of 

the effort in the past. It must be remembered, however, that for engin

eering purposes the results of criteria based on these assumptions have 

permitted the use of concrete in structural, load carrying systems. The 

empirical data and resultant design conditions have therefore served a 

very useful purpose and will continue to be needed even after the struc

tural and atomic levels of research have yielded the more fundamental 

parameters. The discovery of the "water-cement ratio law" by Abrams (l) 

together with the hypothesized internal concrete fracture mechanism of 



Brandtzaeg, (241,242), based on observations of Poisson's Ratio, provide 

outstanding examples of the power of the phenomenological process. 

6 

Objectives 

The need for realization of basic strength and fracture para

meters can best be seen by observing present-day reinforced concrete de

sign procedures. While providing relatively high resistance to compres

sive loads concrete has such poor tensile properties that continuous 

reinforcement must be provided in those areas in which tensile stresses 

are anticipated. The identification of tension zones is very important as 

is the proper placement of steel in that zone, witnessed by the many beams 

which have failed in diagonal tension due to lack of adequate stirrups. Of 

concern, also, are the tension cracks which occur in concrete not because 

of external loads but rather due to setting and shrinkage stresses com

bined with temperature and humidity effects. 

In view of the difficulties and inconsistencies met in plain and 

reinforced concrete, it is evident that any effort which provides insight 

to basic fracture mechanisms and the means of improving tensile properties 

through either, quality improvement or knowledge of paste-aggregate charac

teristics will be of great utility. In spite of the multitudinous varia

tions, there are some characteristics common to the structure of all 

concretes, from which it is possible to construct realistic ideas on which 

theories of physical and mechanical behavior can be based. A significant 

contribution to the field of concrete will be realized if it can be shown 

that experimental data, as taken in the past by many means and seemingly 

demonstrating either unrelated or contradictory concepts, are in truth the 



7 

outer manifestation of an inner phenomenon which is both consistent, logical, 

and subject to analytical scrutiny. 

It is the objective of this dissertation to: 

1. correlate some of the physiomechanical properties of con

cretes under varying load conditions, 

2. relate a comprehensive accumulation of data to the practical 

aspects of concrete usage, 

3. demonstrate the inter- and intra-particle behavior in aggre

gate-mortar systems and their relationship to strength, 

4. show, as an overriding concept, the fracture mechanics, and 

imparticularly a conceptual level of Griffith's theory, can be 

used as a foundation for the development of a comprehensive de

formation and fracture theory for concrete. 



CHAPTER 2 

REVIEW OF SELECTED LITERATURE 

Introduction 

The realization of the objectives stated in Chapter One will entail 

gleaning information from nearly every area of plain concrete. It, there

fore, demands a more thorough and far reaching literature review than might 

otherwise be permitted. This review will then be concerned with the micro-

structure and chemical aspects of concrete as well as the hydration process. 

It will include the phenomenological and rheological properties, together 

with the appropriate aspects of multiphase material theory and cracking; 

and finally it will discuss pertinent strength theories and fracture me

chanics concepts. 

Historical Background 

The known history of hydrating cements began during the period of. 

Egyptian splendor with the development of a crudely burned lime and gypsum. 

An analysis of mortar taken from the Great Pyramid by W. Wallace (298) 

showed that it contained 81.5 per cent calcium sulfate and 9.5 per cent 

carbonate. 

The Greeks and the Romans used calcined limestone and later found 

that the addition of sand and crushed stone or brick and broken tile to 

lime and water made a usuable structural material. Historically, this was 

8 
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the first concrete. 

A lime mortar will not harden under water; however, both the Greeks 

and Romans were aware that certain volcanic ashes, if finely ground and 

mixed with lime and sand, yielded a mortar which not only possessed su

perior strength, but was also capable of resisting the action of water. 

The active silica and alumina in the ash and the tiles combined with the 

lime to produce what became known as pozzolanic cement, after the name of 

the village of Pozzuoli, near Mount Vesuvius, where the volcanic ash was 

first found. 

If volcanic earth did not happen to be available, the Romans made 

use of powdered tiles or pottery, which produced a similar effect. 

Vitruvius (293) said of the latter, "If to river or sea sand, potsherds, 

ground and passed through a sieve, in the proportion of one-third part, be 

added, the mortar will be the better for use." 

The remnants of some Roman structures which survive to this day, 

in which masonry was bonded by mortar, e.g., the Coliseum in Rome and the 

Pont de Grad near Nimes, attest to the success of their works. Probably 

the most famous of Roman buildings erected in concrete was the Pantheon, 

the walls of which are tuff and pozzolona concrete 20 feet thick and thinly 

faced with brick, while the span of the dome (142 feet, 6 inches) is cast 

solid in a pumice-pozzolona concrete. 

The following quotation from the Water Supply Records of the city 

Rome (in reference 26) written by Sextus Juilius Frontinus, water commis

sioner in the year 97 A. D., further demonstrates their understanding of 

"concreting" problems: 
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Repairs that can be carried on without cutting off the water of 
the aqueducts consist primarily of masonry work which should be 
executed at the right time and conscientiously. The proper time 
for masonry work is from the first of April to the first of 
November; but with this restriction: That the work be interrupted 
during the hottest part of the summer, because moderate weather is 
necessary for the masonry properly to absorb the mortar, and to 
solidify into one compact mass; for the heat of the sun is no less 
destructive to masonry than is too violent frost. Nor is greater 
care required upon any works than upon such as are to withstand the 
action of water; for this reason, all the parts of the work need 
to be done exactly according to the rules of the art, which all 
workmen know, but few observe. 

A gradual decline in the quality of the mortar used in buildings 

set in after Roman times and continued throughout the Middle Ages in the 

Eurasian region. However, recent archaeological discoveries in Central and 

South America show that the peoples of these areas possessed an understan

ding of cement and concrete which apparently reached a climax about the 

third century, A.D. A good example is the discovery of a highway nearly 

70 miles in length, along which are several sections of concrete pavement, 

with thicknesses up to nearly 2 feet, and reportedly still solid in many 

places (114). 

It was not until the 18th century that a significant advance in 

the knowledge of cements was made. John Smeaton (266) commissioned in 1756 

to rebuild the Eddystone Lighthouse off the Cornish coast, after the des

truction of the previous structure by fire, found that the best mortar was 

produced when pozzolana was mixed with limestone containing a high propor

tion of clayey matter. His recognition of the role of clay was a significant 

step in understanding the chemical properties of hydraulic lime. 

The discovery of Portland cement is usually accredited to Joseph 

Aspdin, a Leads builder or bricklayer, whose first patent was dated 21 

October 1824. To crushed and calcined limestone he added lime and clay 



and ground it to a fine slurry with water. "Then I break the said mixture 

into suitable lumps and calcine them in a furnace similar to a kilne till 

the carbonic acid is expelled. The mixture so calcined is to be ground, 

beat, or rolled to a fine powder, and is then in a fit state for making 

concrete or artificial stone." (Quoted in reference 164, page 7, from an 

1859 pamphlet by Aspdin, Ord and Co. of Gateshead, England). 

It was not until after 1850 that the use of Portland cement, rather 

than the natural cements, lime, and pozzolana or hydraulic cements, gained 

prominence in the concrete industry. The following quote from Scientific 

American, April, 1848, provides an indication of the common practice at 

that time, as well as a basis for observing the progress made during the 

last century: 

Concrete -- this is a name of a mass of sand and small 6tones ce
mented together by lime, or some other cement. It would be well if 
the foundations of all buildings, when there is not solid rock, 
rested upon a strata of cement concrete. 70 parts of fine stone, 
20 parts of sharp river sand, and 10 parts of good lime mixed with 
water and grouted in. A good plan is to mix the lime dry with the 
other material and then throw water over them to make a perfect mix 
by turning over. There is about 1/5 contraction of the concrete in 
reference to the bulk of its ingredients before mixture. This would 
be a fine substrata for plank roads as well as block pavements. 

The discovery that high temperatures of firing produced a better ce

ment by both Aspdin and Johnson (164), together with the invention of the 

rotary kiln in 1885 greatly advanced the use and potential of Portland ce

ment concrete. The establishment of several associations and bureaus in the 

late 1800's and early 1900's, together with the scientific approach to under

standing cement and concrete taken by these groups, has brought about most 

significant developments. The literature dealing with cement and concrete 

is now so voluminous that it may rightly be considered a primary field of 

interest and endeavor in the world. 
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The Chemistry and Microstructure of Cement 

Henri Le Chatelier (49) published his doctoral thesis on Portland 

cement in 1887, approximately the same time that the development of the ro

tary kiln was made possible and, therefore, the initiation of large scale 

cement production. This also marked the beginning of scientific cement 

research, which has continued to gain momentum since that time. In cement 

research terminology, fresh paste is considered to be a recent mixture of 

water and cement. Hydration of fresh paste results in hardened paste, which 

is a complex mixture of hydration 'products, unhydrated cement, and pore sys

tems. The principal hydration product is a mass of fine, colloidal size 

particles which is often referred to as cement gel. 

COMPOUND COMPOSITION OF ANHYDROUS CEMENT 

The anhydrous compounds that form Portland cement are the result of 

a partial solid state.reaction involving, mainly, lime, silica, alumina and 

ferric oxide. In principle, 75% limestone or chalk and 25% clay or shale 

are blended into an intimate finely divided mixture, which is heated gradu

ally in a rotary kiln to about 2700°F at which heat a series of reactions 

take place and partial melting finally occurs. Upon cooling, the compounds 

clinker together. Portland cement is produced when this clinker, together 

with a small percentage of gypsum (CaS04 • 2H20), is ground into a fine 

powder with a particle size of about 1 to 100 microns. 

The four principle products of the high temperature fusion of lime 

and clay are the compounds tricalcium silicate (3 CaO • Si02), dicalcium 

silicate (2 CaO * Si02), tricalcium aluminate (3 CaO * AI2O3), and tetra-

calcium aluminoferrite (4 CaO * AI2O3 * Fe203). For convenience, these 



compounds are generally abbreviated as C3S, C2S, C3A, and C4AF, respectively. 

The presence of an excess of uncombined or free lime must be avoided 

in cement clinker since it undergoes an excessive increase in volume during 

hydration, thereby weakening the hardened paste. Other minor components to 

be found in cement clinker are small quantities of magnesium oxide, and the 

alkaline oxides, K2O and Na20. These oxides affect the idealized compound 

structure and the hydraulic properties of the cement to an extent which is, 

as yet, undetermined. 

HYDRATION OF PORTLAND CEMENT 

The anhydrous cement compounds, when mixed with water to form paste, 

produce unstable saturated lime solutions from which the hydration products 

are gradually deposited by an exothermic reaction. When they are hydrated 

separately, the four major compounds produce their own major reaction pro

ducts and gain strength at different rates as illustrated in Figure 1 from 

Bogue and Lerch (29). 

At the present time, it is hypothesized (with considerable experi

mental support) that the hydration process is divided into four distinct 

stages (223). The first stage begins immediately upon the mixing of cement 

and water and lasts approximately five minutes. During this period, the ce

ment particle acquires a coating of gel on most of its outer surface. The 

second stage lasts about an hour, and is also referred to as the dormant 

period. During this time it is assumed there is a minor filling-out of the 

gel shell and a condition ensues resembling pressure, built-up by the unhy-

drated cement inside the shell. The third stage lasts approximately five 

hours, and is characterized by the repeated rupturing and resealing of the 



gel shell. This process acts to expand the shell until the space between the 

individual cement particles (or cement and aggregate) is solidly bridged. 

The bridging then acts as a three dimensional lattice structure which inhi

bits further rupturing of the shells. Completion of this process marks the 

end of the third stage and is physically evidenced by the final set of the 

paste mass. The fourth stage continues as long as water and unhydrated ce

ment are available, but at a constantly decreasing rate. Since the shells 

are assumed to remain intact in this phase, it is further assumed that water 

must slowly penetrate through the gel pores to the surface of the cement where 

it ionizes a small amount. The ions then are forced by the same pressure, 

which previously ruptured the shells, through the labrynth of gel particles 

to a capillary pore or opening in the bridge where there is sufficient room 

for the growth of gel particles. As this process proceeds the distance of 

water penetration and ion return continues to grow larger and more devious. 

Consequently, the rate of gel particle formation decreases. Since strength 

and hardening are directly related to the number of gel particles per unit 

volume, these properties continue to improve at a decreasing rate. 

Tricalcium silicate, C3S, has all the attributes of Portland cement. 

When finely ground and mixed with water it hydrates quickly and crystals of 

calcium hydroxide, Ca(0H)2, are rapidly precipitated. Hydrated C3S sets or 

stiffens within a few hours and gains strength very rapidly, obtaining the 

greater part of its strength within one month. Beta dicalcium silicate, 

C2S, the only stable form of C2S, exhibits no definite setting time but 

does stiffen slowly over a period of some days. It produces little strength 

until after about 14 days, but after one year its strength is equal to that 

of C3S. The greater reactivity of C3S can be attributed to its more open 



crystal lattice structure compared to the packing of the ions in ^ C2S, (23). 

Tricalcium aluminate, C3A, reacts very rapidly with water and the paste sets 

almost instantly with the evolution of so much heat that it may dry out. The 

addition of 3 to 4% gypsum to cement clinker, which corresponds to 25 to 50% 

of the C3A content, produces a normal setting time. Hydrated C3A produces 

little strength and has low resistance to sulfate attack. Tetracalcium 

aluminoferrite, C4AF, reacts quickly with water but less rapidly than does 

C3A and develops little strength. 

When the four major compounds of Portland cement are mixed together, 

the presence of gypsum appears to have little affect on the rates of hydra

tion and the reaction products of the two calcium silicate compounds, C3S 

and ^ C2S, whereas it affects C3A and C4AF considerably. In the presence of 

a lime and gypsum solution, C3A produces not only a calcium aluminate hydrate 

but also calcium sulphoaluminate compounds, the high sulfate form of which 

is called ettringite in the case of C4AF, and analogous sulphoferrite is 

formed, but both of these sulfates have little or no cementitious value. 

The retardation of the hydration of C3A may be due either to the formation 

of a protective coating of sulphoaluminate around the cement particles (110), 

or to the impermeable nature of the coating on the hydrated calcium silicate 

(223). Whatever the reason, there is a marked slowing down of the hydration 

process to give a dormant period (223), which may last an hour or so after 

initial mixing. The end of the dormant period is marked by an increase in 

the rate of hydration, and, as more calcium silicate hydrate is formed, the 

cement paste gradually stiffens and hardens. Subsequent strength development 

depends on the continued hydration of C3S and 8C2S. 
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Chemical Composition of the Hydration Products 

The calcium silicate compounds C3S and ^C£S constitute 70 to 757. of 

Portland cement. Attention has, therefore, been focused on the chemical and 

physical nature of these compounds since they are also the main cementing 

materials. Under the microscope the hydration products of Portland cement 

paste appear to be mainly an amorphous gel-like mass, incorporating a few 

Ca(0H)2 crystals and small amounts of aluminate and sulphoaluminate material. 

X-ray defraction powder patterns show that the amorphous gel is very finely 

crystalline, but the large unit cells of low symmetry and the presence of 

other phases make identification difficult. As a result, most investigations 

have been carried out on less complex calcium silicate hydrates having a few 

compounds obtained, (1) as naturally occuring minerals, (2) from lime-silica-

water mixtures, and, (3) from the hydration of pure and impure C3S and 

^ C2S pastes. Of all the naturally occuring calcium silicate hydrates, it 

has been found that hardened Portland cement paste most resembles tobermorlte, 

5CaO * 6Si02 * 5H20,(40,41). 

Since the action of water on Portland cement produces a saturated 

lime solution within a matter of minutes, studies have been made of the cal

cium silicate hydrates that exist in equilibrium with such solutions (269). 

As the lime concentration of the aqueous solution is increased, hydrates are 

produced with gradually increasing Ca0/Si02 molar ratios up to about 1.5 

(close to lime saturation). Taylor (275) found that the hydrates of Ca0/Si02 

ratios from about 0.8 to 1.5, although poorly crystalline, gave the most 

intense x-ray powder pattern reflections and spacings of about 3.05, 2.81 

o 
and 1.82 A, which are characteristic of tobermorite. Taylor calls this 
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hydrate, calcium silicate one or CSH (I). At lime saturation, hydrates 

with Ca0/Si02 molar ratios of 1.5 to 2.0 are produced. The x-ray powder 

pattern produced for this material, although again related to tobermorite, 

was found by Taylor to differ slightly from that of CSH (I) and he called 

this calcium silicate hydrate two or CSH (II). 

A suitable combination of C3S and C2S produces anhydrous products, 

which upon hydration set and harden in the manner of Portland cement. Bernal, 

et al. (23) showed that hydrated C3S, although having a very low degree of 

crystallinity, gave defraction patterns similar to CSH (I) and CSH (II). More 

recently, Brunauer (40,41) and his colleagues have confirmed that the hy

drates produced from both C3S and ^ C2S pastes are structurally related to 

tobermorite and have named the hydrates tobermorite gel. 

If one mixes tricalcium silicate with a limited amount, e.g., about 

0.7 of its own weight, of water at room temperature and allows the mixture 

to stand, it will go to completion in about a year. Examination of the har

dened paste (40,41) leads to the following stoichiometry of the reaction 

2(3CaO • Si02) + 6H2O *-3CaO • 2Si02 * 3H20 + 3Ca(0H)2- (1) 

When dicalcium silicate is mixed with 0.7 of its own weight of water 

at room temperature and the mixture is allowed to stand the reaction does 

not go to completion, not even in several years. Examination of a more than 

4-year old hardened paste, which still contained about 15% unhydrated C2S, 

has indicated the following stoichiometry of the reaction 

2(2CaO • Si02) + 4H20 >-3.3CaO 2Si02 * 3.3H20 + .7Ca(OH)2. (2) 

Tobermorite gel is not a single compound, nor is it merely the two 

compounds shown in the above Equations (1) and (2). It is a series of hy

drates of continuously varying composition. The lowest Ca0/Si02 ratio 



observed by Brunauer for a stable tobermorite gel was 1.39; the highest was 

1.75 (224). The molar CaO/SiC>2 ratio in the natural mineral tobermorite is 

0.83 (182,274), which probably the lowest limit for any tobermorite. The 

upper limit found has been about 1.75 with others referring to some slightly 

higher values (40,41). The word "stable" does not intend to imply thermo

dynamic stability. It is probable that the only member of this series which 

is stable thermodynamically is that with the highest Ca0/Si02 ratio. In prac

tice, the Ca0/Si02 molar ratio of the hydrates will depend on the degree of 

saturation and the temperature of the lime solution in which they are formed 

(40). It would seem reasonable to assume that hydrated cement paste is a 

heterogeneous material in which certain compounds appear as impurity groups 

bonded within the poorly crystallized or nearly amorphous calcium silicate 

hydrate, tobermorite gel, which has the idealized chemical composition 

3CaO • 2Si02 • 3H20. 

PHYSICAL NATURE OF HARDENED CEMENT PASTE 

Morphology of Hardened Paste 

The submicroscopic particle of hardened cement paste, which under 

the microscope appears to be an amorphous semitransparent mass, has been 

observed only recently. Electron micrographs (40,41,54,112,113), some of 

which are reproduced in Figure 2, show that the CSH (I) hydrates consist of 

extremely thin crumpled sheets or crinkled foils only one or two molecular 

units thick. As the Ca0/Si02 ratio increases the particles gradually change 

until, at lime saturation, CSH (II) hydrates are composed of fine, fibrous 

or needle-like crystals up to about one micron in length and 500 £ wide. As 

the lime solution concentration increases, the crumpled sheets twist and roll 



up into long tubes or fibres. In a similar manner the particle nature of 

tobermorite gel from the C3S and C2S pastes depends on the lime concentration. 

The low lime tobermorite consists of large (one micron) flocks of foil-like 

material, whereas at lime saturation some of the foils have rolled up into 

thick fibres. In supersaturated solutions large dense flocks are formed but 

at the edges of these flocks a felt-like texture of interlocking fibrous par

ticles is observed (See sketch in Figure 3), a structure which has also been -

noted when the amorphous flocks are broken up. 

Although the morphology of hydrated Portland cement paste is related 

to that of tobermorite gel, the presence of the aluminate and sulphoaluminate 

compounds and the alkaline oxides affect the cement particle in ways which 

are still not understood. Grudemo (112) concludes that hardened Portland 

cement consists of exceeding ill-formed colloidal products, in which it is 

sometimes difficult to detect any definite morphology. The particle form in 

the interior of the amorphous aggregations is probably a mixture of fibrous 

and needle shaped elements and flaky material having a finer or more dis

torted texture than a pure silicate paste. 

Specific Surface, Porosity and Types of Water in Hardened Cement Paste 

Using evaporable water vapor adsorption isotherms, Powers and 

Brownyard (230) estimated the internal specific surface of hardened paste by 

means of the BET theory of multimolecular adsorption (43). They considered 

it to be valid for completely hydrated cement pastes in the relative vapor 

pressure range, 0.05 - 0.45. They obtained values for the specific surface 

r\ 

on the order of 210 nrVgm which varied little with the chemical composition 

of the cement. Although the structure of hardened paste has since proved to 



be fibrous or sheet-like, Powers and Brownyard, by assuming that the particles 

were spherical, showed that their diameter would be of the order of 100 X. 

They concluded, therefore, that the particles must be of colloidal dimensions, 

L 0 10 to lO4, A, in which state of subdivision the energy within the surface be

comes significant. As these colloidal particles form a rigid interconnected 

structure, interpenetrated by water, the hydration products can be truly classi

fied as a gel, and are referred to as cement gel. Calculations, based on the 

lattice unit cell of tobermorite gel, having the idealized chemical compostion, 

suggested that the sheets or fibers of cement gel are 2 to 3 molecular layers 

thick (153). The interstices between the fibrous or sheet-like particles are 

called gel pores and the average width of these is about 20 £, or about 5 

times the diameter of a water molecule. Cement gel has a characteristic 

minimum porosity of about 28% of its total volume (224). 

Water is held in the structure of saturated cement paste in at least 

three ways (230), (1) as water of hydration of the tobermorite or cement gel, 

which is approximately equivalent to the non-evaporable water, (2) as gel 

pore water absorbed into the pores of the cement gel, and, (3) as capillary 

pore water outside the cement gels in larger continuous channels or cavities, 

probably not less than 1,000 & wide (See Figure 3). 

As previously mentioned, dried cement gel has a chemical composition 

of 3CaO • 2Si02 * 2^0 and in saturated gel an extra mole of water is present, 

probably as zeolitic or intracrystalline water. This is removed only at re

lative water vapor pressures of less than 0.10. The gel pore water is held 

on the surface of the fibrous particles by strong adsorption forces and is 

the major part of the evaporable water at relative vapor pressures of 0.1 

to 0.5. At higher relative vapor pressures, i.e., 0.5 to 0.8, evaporable 
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vater is present in the smaller capillaries but the larger capillaries do not 

begin to fill until relative vapor pressure exceeds 0.8. 

Structure of Hardened Cement Paste 

The actual mechanism of hydration and the formation of cement gel is 

still not completely understood. Specific volume data indicates that the 

process of hydration results in an increase in the bulk volume of solid ma

terial, 1 cc of anhydrous cement producing about 2.2 cc of cement gel (221, 

224). Although there is a doubling of the solid volume during hydration, the 

overall volume of cement paste increases by only minute amounts on the order 

of 0.6%. It must be concluded, therefore, that hydration occurs in the fol

lowing manner: Immediately after mixing, the unhydrated cement particles 

in a fresh paste with a water/cement ratio (hereafter w/c ratio) of about 

0.5 are dispersed in an aqueous solution as shown in Figure 3a. The effect 

of bleeding is ignored here. Actually cement gel forms a coating around the 

cement grains (Figure 3b). As hydration proceeds, some hydration products 

and crystals of calcium hydroxide are precipitated from the saturated solu

tion in the capillary pores or spaces. Since 1 cc of cement will produce 

about 2.2 cc of cement gel, about 45% of the gel forms inside the original 

boundary of the cement grain and 55% is deposited on the surrounding capil

lary spaces. Thus, the cement gel forms around, grows out from and replaces 

some of the original cement. ' Once bridging has occured between particles, 

the paste stiffens into its final shape, 4 to 6 hours after mixing. Further 

hydration must involve some complex form of diffusion process in which water 

from the capillary spaces diffuses inward to the gel pores while the calcium 

silicate components move in the other direction (223). Since more cement 
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gel is not deposited in existing gel pores, these must be too small to allow 

the nucleation of a new solid phase (221,223). In the latter stages, hydra

tion continues at avery slow;.xateand even under ideal conditions may not 

be completed for over 25 year or more. 

At the early stages of hydration, free or uncombined water is pre

sent in the form of large continuous capillary pores or channels (Refer to 

Figure 3c). Hydration involves deposition of the cement gel in the capil

lary space and a stage may be reached when sufficient gel is formed to block 

the originally continuous capillary channels. Any capillary water remaining 

is present in isolated capillary cavities (Figure 3d). Once these cavities 

are filled, hydration will cease because there is no further room for new 

gel formation. Since 1 cc of cement produces 2.2 cc of gel, there must be at 

least 1.2 cc of water filled spaces initially if complete hydration of the 

cement is to occur. This corresponds to an initial w/c ratio of 0.38 by 

weight. Only those cement pastes with w/c ratios greater than 0.38 have 

sufficient water filled space for all the unhydrated cement particles to be 

converted into gel. The formation of gel also depends on the presence of 

water in the capillary channels or cavities. The larger capillary pores be

come empty at relative water vapor pressure of less than 0.8 and if the cement 

paste dries out below this level, hydration virtually ceases (226). 

Although the structure of cement gel has a porosity of about 23%, the 

pores are extremely small (20&) and cement gel has an extremely low coeffi

cient of permeability of water under pressures in the order of 4x10"^ in/sec 

(228). In principle, a water tight concrete can be obtained by insuring 

that sufficient cement gel is produced to block the continuous capillaries. 

This can be achieved by using a sufficiently low w/c ratio and efficient 

curing, as shown in Table I. 
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',able I 

Curing Time Required to Seal Of : Continuous Capillary 
Pores with Cerent Gel (f7. :.u Powers, 229) 

w/c ratio by 
weight curing time 

0.40 3 days 

0.45 7 days 

0.50 14 days 

0.60 6 months 

0.70 1 year 

over 0.70 infinite 

The water of hydration or non-evaporable water content of completely 

hydrated cement is equivalent of a w/c ratio of about 0.23 (221,224). Since 

a w/c ratio of 0.38 is required if complete hydration is to occur in the ce

ment paste, all concretes with cement ratio greater than 0.38 would appear, 

therefore, to have sufficient water initially available to complete the hydra

tion of the cement. However, sealing the surface of concrete with an imper

meable membrane is not sufficient to insure this. Although there is an in

crease in the bulk volume of the solid phase during hydration, the water 

that becomes chemically bound into the gel structure undergoes "compression". 

Thus, when cement and water react there is an diminution in the sum of their 

absolute volumes which is equal to about 1/4 of the water of hydration. If 

a specimen is to remain saturated it must be able to absorb an equivalent 

amount of water. Sealed specimens cannot absorb this water and as hydration 

proceeds the relative water vapor pressure within the specimen decreases and 

if it falls below 0.8, hydration ceases (226). Unless the initial w/c ratio 



is greater than about 0.5 this drying out or self-desxcation (54) effect will 

occur. This condition obtains within large volumes of concrete where the 

w/c ratio is less than 0.50. 

Mechanical Properties 

THE EFFECT OF WATER AND CEMENT 

The decade of 1915 to 1925 saw significant advances in basic research, 

primarily., on the subjects of mix design and strength development in concrete. 

It was in 1918 that Duff Abrams (1) published the results of data taken over 

a period of several years, culminating in the presentation of the now highly 

respected water-cement ratio (hereafter w/c ratio) law. The status achieved 

by the discovery that strength is directly related to the amount of water 

used with a given quantity of cement is evidenced by its usual designation 

as a "law". Figure 4 is a reproduction from Abram (1) which summarizes the 

results of over 100,000 specimens. The equation of the descriptive curve 

he finds as 

g = ± m 14,000 m 
s gx 7W/C 

where, S = strength, 

A and B = constants, dependent on the cement quality, the age of the 
concrete, the curing conditions, etc., and 

x = w/c = ratio of water to cement by volume. 

Abrams concluded from his study, "...that size and grading of the 

aggregate and the quantity of cement are no longer of any importance except 

insofar as these factors influence the quantity of water required to produce 

a workable mix." He then states what has become known as the "water-cement 
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ratio law" (1, page 3): "With given concrete material and conditions of tests, 

the quantity of mixing water used determines the strength of the concrete, so 

long as the mix is of a workable plasticity." 

The use of volume comparison of water to cement has since been re

placed by a weight to weight ratio, but the ratio itself continues to be re

cognized as the outstanding concrete strength and quality factor. 

In light of the significant arguments and data presented by Abrams, 

not only was the "law" itself accepted but also several implications along 

with it, which can be summarized as follows: 

1. The disregard of bond as a vital factor in strength. 

2. Aggregate thought of simply as a diluent, i.e., an inert filler 

to decrease the amount of cement required; to provide a mass of particles 

suitable to resist load, abrasion, and moisture; to reduce volume changes 

from the setting and hardening process. 

3. Failure to recognize the stress concentration effects of the 

heterogenous mass on the transmission of stresses throughout the concrete. 

THE EFFECT OF AGGREGATE, GENERAL 

A quote from A. H. Heath, 1893, in a 1918 paper of Edwards (73) on 

"surface area method of mix design" will introduce the topic and outline 

that we now recognize as being, in part, true: 

Sufficient cement should be used to furnish a coating to the sur
face of each particle of the matrix, and the extent of surface of 
particles as compared with their bulk is much greater with fine sand 
than coarse sand. For instance, a 3-inch sphere has one-eighth the 
bulk of a 6-inch sphere, but its surface area is one-fourth that of 
the 6-inch. 

To ensure the perfect coating of each particle, a larger portion 
of cement must be taken with fine than with coarse sand. If the pro
portion of cement taken for fine sand be that sufficient only for 
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coarse sand, the cement film enveloping the particles will probably 
be imperfect, and the concrete will be deficient in strength. 

The implied assumptions made in the surface area method of design are: 

1. Strength is dependent on bond, the quantity of cementing material, 

and the area available for bond. 

2. The amount of water for uniform consistency is solely a function 

of surface area and cement. 

The foregoing, together with a report of Richart (240), in which he 

shows that strength is directly proportional to the surface moduli of the mix 

aggregate, formed a good basis for further research into the field of paste-

mortar -a ggre gate combinatorial influences on concrete strength. Under ordinary 

circumstances research would have likely proceeded along the lines of aggre

gate influence but in the wake of the tide toward acceptance of the w/c ratio 

concept, such research seemed futile. The result was a near void of effort 

along this line for a period of nearly forty years. 

There were those who contended that the w/c ratio was not the entire 

answer to strength of concrete. Foremost among these has been Herbert L. 

Gilkey. In his article (93), "Coarse Aggregate in Concrete as a Field for 

Needed Research," he stated that the influence of coarse aggregate on con

crete strength is dependent upon the following points: 

1. Quantity: The greater the aggregate-paste ratio the more is re

quired of the cement and the strength falls off; therefore, as the quantity 

of aggregate is increased the strength decreases since additional aggregate 

makes the concrete more heterogeneous, and more likely to be non-uniform and 

unfavorable to stress effects. 

2. Size: Less strength for larger aggregate, but greater economy. 

3. Shape of the particle: If flat or elongated then shear and 



bending break the particle because of its anchorage, and if rounded then frac

ture likely occurs along the aggregate surface. 

4. Surface characteristics. 

5. Strength of the particle: In general, aggregate is stronger than 

the paste. 

6. Durability of the particles. 

1. Expansibility: The swelling and shrinking ability of the aggre

gate. 

8. The arrangement of the particles within the concrete mix. 

Kaplan (158) was the first to produce a significant effort toward 

substantiating Gilkey's ideas. In a study which included 13 different coarse 

aggregates, Kaplan used multiple regression analysis to determine the effect 

of aggregate shape, surface texture, strength, elastic properties, and water-

absorption on concrete strength made from three different mixes. The project 

conclusions were: 

1. Shape, surface texture, and aggregate modulus of elasticity, E, 

are the main causes of variation in concrete strength. 

2. The greater the strength of the concrete, the more important these 

effects become. 

3. The elastic modulus of the aggregate is, in general, the most im

portant single factor affecting flexural strength, although for concrete with 

the greatest strength, surface texture is predominate. 

4. Surface texture is the most important aggregate property influ

encing concrete strength. 

The above conclusions have since been reiterated in part by Bloem 

(28) and Hsu (128). 
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The Role of Maximum Size Aggregate 

An alternating train of thought has accompanied the consideration of 

strength versus the maximum size aggregate (hereafter MSA) in concrete. The 

study of MSA began with Fuller and Thompson (88) in 1907, wherein they conclu

ded that larger size stone made the strongest and most dense concrete, that 

rounded aggregate produced a more compact concrete than did broken stone, but 

that angular coarse aggregate made the stronger concrete. 

Blanks and McNamara (27) concluded, in 1936, that no consistent rela

tionship existed between MSA and compressive strength. 

On the opposing side of the problem Gilkey (91,93) claimed that his 

research indicated a possible decrease in strength as MSA increased. Powers 

(227) supported the same view based on strength tests of successively wet 

screened fresh concrete, thereby reducing the MSA. I. L. Collier (52) added 

his support by noting that substitution of sand for coarse aggregate resulted 

in an increase in strength. 

However, the favorable acceptance of the "w/c ratio law" brought about 

a general ignoring of the efforts of Gilkey, Powers, Collier, et al., and as 

late as 1950 Price (231) added one more voice in support of increasing MSA: 

"...compressive strength of concrete is increased as the maximum size aggre

gate is increased where cement content per cubic year of concrete is main

tained constant." 

With the publication of the convincing research data of Walker and 

Bloem (268) in 1961, and the independent verification by Gillespie in 1962 

(56,96), there was presented a substantiated argument which has afforded 

...convincing evidence that a higher level of water-ratio strength 
relationship exists for well graded aggregates of smaller sizes than 
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for larger maximum sizes. They (the data) demonstrate, so far as we 
know for the first time, that well graded aggregates may show higher, 
strength for smaller sizes than for larger ones, when the cement fac
tor and slump are the same (296). 

Gillespie (56,96) also showed that for any desired strength level, 

there is a particular maximum size which will yield the most economical mix. 

During the last three years further evidence has been accumulated 

(6,69,276) which, in each case, has verified the above postulations. Figure 

5 presents the data curves of the typical results. 

SPECIMEN SIZE AND STRENGTH 

Strength determinations for varying sizes of specimens in materials 

such as stone, brick, and mortar are recorded in the literature as early as 

1833 (290). The report of the ACI committee on specifications and methods 

of tests which appeared in 1914 gave the results of both prisms and cylinders 

of varying size and noted the respective differences in strengths. However, 

no attempt was made to recommend a specific test specimen. This report did, 

however, recommend that the MSA in a test specimen be not more than 1/4 the 

diameter of the cylinder. 

Gonnerman (10 8), 1925, concluded that for a given concrete mix the 

apparent strength decreased as the specimen size increased. His results were 

based on 1,755 specimens with a wide range of cylinder height to diameter 

ratios, but by 1935 this had been standardized as a ratio of 2 to 1. 

The work of Blanks and McNamara (27) resulted in the data reproduced 

here as Figure 6 and has come to be considered a standard reference work. 

However, in Gilkey's discussion of Figure 6 he notes that it does not apply 

to the problem of cylinder size and aggregate size since the variables have 

been blended rather than separated. Gilkey (27-rDiscussion) separates the 
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data of the original paper and shows that for any MSA from 3/3 inch through 

9 inch there is no magic ratio of aggregate size to cylinder size. In fact, 

the aggregate size could be one-half that of the cylinder and not produce 

results of any less uniformity of strength. This is consistent with the re

search previously reported by Gonnerman (108). 

The conclusions of Blanks and MacNamara have since been verified by 

others, the latest being a report by Terrell (276) in which cylinders in 

diameters from 6 inches through 48 inches were utilized. While concurring 

with Figure 6 above, he also notes that richer mixes produce a greater 

strength difference when compared to 6 x 12 cylinders than do lean mixes, 

the ratio changing from about 857» for a 5 sack mix to about 937o for a 3 sack 

mix. 

COMPRESSION TESTING OF CONCRETE 

The ability of concrete to withstand high compressive stresses, to

gether with its relatively low in-place cost, continues to make concrete a 

structurally desirable material. Because it can withstand very little or 

no tension, it is mainly designed for and placed in areas to resist compressive 

loading. It is, therefore, primarily the compressive strength which has 

been studied in the past. 

The use of 6 x 12 inch cylinders for the determination of compressive 

strength of concrete has become standard in the United States. However, most 

European countries use a standard 20 centimeter cube or prism for the same 

compressive strength determination. This naturally causes concern when 

attempting correlation of the two as to what basic differences exist and how 

numerical results can be correlated. 
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Waltz (299) found that the compressive strength determined on a 6 x 12 

inch cylinder was about 80% of the compressive strength of 20 centimeter cubes 

for the usual range of structural concretes. Therefore, he recommends the 

following formula: 

fcu = 0.09 fc" (4) 

where fcu = compressive strength of concrete determined on 20 cm cubes, in 
kg/cm2} and 

fc' = compressive strength of concrete determined on 6 x 12 inch 
cylinders, in psi. 

Related results of previous experiments are in fair accordance with the above 

equation (108). Kesler (162) also found that the standard cylinder strength 

was about 80% of the modified cube strength for low strength concretes, but 

about the same as the modified cube strength for high strength concrete. 

The apparent mechanism of compressive fracture obtained in typical 

6 x 12 inch cylinder compression tests has led to several different hypothe

sized modes of fracture. This problem has always baffled researchers, due to 

the lack of a single clearcut type of fracture in the compression tests. In 

most cases it has the familiar cone shape, while in others the typical dia

gonal shear fracture. This "obvious" mode of failure has led naturally to the 

application of the Mohr strength theory. 

The^usual compression test is intended to obtain the strength of the 

material in a uniaxial compressive state stress. Of course, the word 

"uniaxial" implies that there is only one stress acting on the body and that, 

in this case, is the compressive stress which is to have constant magnitude 

and constant direction throughout the body. As the stress state must be uni

formly compressive throughout, an attempt is made to distribute the load 

uniformly over the base surfaces by applying the load through flush fitting 
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plates. Because of the tendency of concrete to expand laterally under a longi

tudinal load, frictional forces set up between the specimen and the end 

plates destroy the uniformity of the stresses in the region of the end of the 

specimen. Hence, the fracture strengths obtained from such stressed speci

mens must be treated with some reservation. 

Seibel (264) proposed the use of a conically shaped compression plate 

in an effort to obtain a more uniform stress distribution in the body of a 

cylindrical specimen. He proposed that the generatrices of the cone be 

machined with an angle equal to the angle of friction. The problem, of course, 

is to determine this angle, Some question of the constancy of the angle of 

friction during the tests was also raised. 

It is significant that at the present time there is still no known 

test from which the fracture strength of a uniformly stressed compression 

specimen can be obtained. With the methods and techniques presently avail

able it is impossible to determine the true fracture strength of the pris

matic specimen, yet, to date, no other satisfactory specimen design has been 

advanced. 

TENSILE STRENGTH DETERMINATION 

A review of the literature indicates that several methods have been 

used for the determination of the tensile strength of concrete. Although 

several test procedures have been standardized, controversy, which is not 

unfounded, continues over the merits of each. 

The best known methods for determining tensile strength of concrete 

involve the pulling of long specimens of either rectangular or circular cross 

section until failure occurs. The average stress over the failure area is 
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then reported as the tensile strength. Of the direct tension specimens the 

most common for mortars and pastes is the figure-eight briquet. 

A typical method of determining the tensile properties of concrete 

up until about 1940 was to simply grip the ends of a cylinder with a strap-

turnbuckle arrangement and pull the specimen apart. Schuman. and Tucker (257) 

in 1945 ran a series of tension tests in which cylinders of 4 inch diameter 

and 16 inch length were pulled in direct tension, the tension being applied 

through four bolts cast into the ends of the cylinders to a depth of 4 

inches. Another test which has been used is the bobbin, or circular flared-

end section test (See Figure 7). 

Each of the above specimens have suffered from local stress concen

trations and eccentricity problems together with some complicated processes 

of testing and casting, requiring both skill and care. In an effort to 

utilize the advantages of direct tension testing, O'Clery (204) developed 

a lazy thongs gripping device in which a rectangular specimen, cast with a 

thinned section through the middle, could be gripped without any inserts or 

other special holding devices and pulled in direct tension. 

Another proposed method was that of Todd (280), called the "modified 

direct tension test". This method consists of molding a concrete cylinder 

with an installed steel tube or reinforcing bar through its center upon 

which strain gages are mounted. The composite specimen is then placed in a 

test machine and the steel tube or bar pulled in uniaxial tension until 

concrete tensile failure occurs. The load carried by the concrete is con

sidered as the difference between the total load and the load carried by 

the steel calculated from the strain gage reading. This method is also 

described by Pincus and Gesund (217) and a similar test method by L'Hermit 
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(169). One of the interesting results of Todd's work is that the initial 

modulus of elasticity is identical in tension and compression for low stress 

values, and that the tensile stress-strain curve has the same general shape 

as the compressive curve of concrete. 

The use of flexural tests with rectangular specimens has continued 

to be referred to for flexural tension stress determination since the earli

est records of tension testing. The fact that this is such a relatively 

simple test to conduct continues to make it very popular. However, the 

stress distribution developed is nonuniform, varying from zero at the neu

tral axis to a maximum at the outer surface, which, of course, accentuates 

the effects of surface conditions on major strength. The usual process is 

to determine the modulus of rupture from the tested beam in flexure and then 

establish a factor that relates tension to modulus of rupture. This factor 

is disputed because most studies have been designed to determine a constant 

conversion factor. The factor seems to be a variable that decreases as the 

tensile strength increases. 

Use of the figure-eight briquet, which is the standardized tension 

test for mortars and paste, is unsuitable for concrete. The existence of 

stress concentrations and nonlinear stress distribution have also been the 

subject of dispute. The maximum stress at the central cross-section is 

about 1.75 times the average stress, and photoelastic studies show that 

large stress concentrations occur at the loading grips. In actual tests 

with conglomerates, fracture usually occurs at the weakest point between 

the grips and the central cross section. Strength calculations neglect 

these stress concentrations. 

Using octahedral stress theory Bresler and Pister (39) computed a 



value for pure tension from a series of compression-torsion tests on hollow 

cylinders. For the compressive strength range of concrete involved, their 

computed tensile strength was within the scope of values that has been de

termined by experimental tests in indirect tension. 

(45,46) of Brazil, in which a compressive load is applied to a cylinder 

along two opposite generators (See Figure 8 b,c). This condition sets up 

a uniform tensile stress over the diametral plane containing the applied 

load. The test is carried out in a compression testing machine, strips of 

packing material normally being placed between the specimen and the platens 

of the machine. The simplicity of performing the test together with the 

use of specimens which are ordinarily used in compression testing have been 

paramount in the rapid acceptance of this test. 

assumption of a plane stress state and consider a circular disk as shown in 

Figure 8a with concentrated loads on each side. Three general equations can 

be used to express the stress conditions at all points within the disk as 

shown in Equations (5) to (7), (184,262). 

One of the most recent test innovations is that by Fernando Careiro 

The theoretical aspects of the indirect tension test begin in the 

(6)  

(7) 

Considering points between OC on the horizontal x axis: y = 0 and 

Both stresses vanish at the circumference and reach 

maximum values at the center. The stresses at the center are: 



36 

(3) 

Therefore, the compressive strength need be only three times the tensile 

strength in order to ensure a tensile failure. Wright (307) and Rudnick 

(252) have obtained the stress distribution for both the theoretical case 

(Figure 8a) and the practical case (Figure 8b), and have obtained the re

sults shown in Figure 9 .• 

Whereas the theory assumes a point load on a thin plate, the load 

is actually distributed over a band of finite width. If the width of the 

loading strip is a, and the load is assumed to be uniformly distributed over 

this width, it can be shown that if a < d/10, (See Figure 8b) the stresses on 

the vertical diameter are approximately: 

where oc is the angle subtended by the loaded areas at the point considered, 

and 0£ and correspond to JJ, and respectively. 

sile strengths calculated by the various methods of loading. Comparison of 

the unmodified results shows that for any one concrete, the order of magni

tude of apparent tensile strength in each of the usual tests is as listed 

below in the order of descending magnitude: 

Vertically ffr = fl_(oc + since)+ —fL- - 1 (9) 

Horizontally dk = 1 - iL_(ot - sinoc) 
9 rrtd 2a 

(10) 

Numerous experiments have been performed for the comparison of ten-
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Table II 

Comparison of Tensile Strengths as Determined by Several Methods 
(Data summarized from 38,39,94,184,217,252,307) 

Test 
Calculated 
stress 

Approximate ratio 
to modified direct 

1-Bending (flexure) 

2-Torsion 

3-Indirect (splitting) 

4-Modified direct 

5-Direct 

highest 

Y 
lowest 

.7 

.9 

.9 

1 . 0  

1 . 2  

It must be remembered in reference to this summary that the strength level 

has a^marked effect on the comparison of strengths by the various methods. 

FATIGUE IN CONCRETE 

Fatigue is that phenomenon by which a material is caused to fail by 

the repeated application of a load which is not large enough to cause failure 

in a single application. This phenomenon has been observed in concrete under 

repeated compressive and repeated flexural loading, and some experimental 

work has studied its effect under reversed flexural loading and repeated 

tensile loading. 

In 1870 Woller published the results of the first experiments on 

fatigue of materials in which strict attention was paid to the actual magni

tude of the applied stresses. Although "Wollers' data applied only to metals, 

his plot showing the relationship between alternating stress amplitude and 

the number of cycles to failure as embodied in the S-N (Stress-Number Cycles) 

curve has become one of the basic descriptions for engineering materials. 
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The first investigations, of which we have record, in which the fati

gue properties of cement, paste, or concrete were determined, are those of 

DeJolly in 1898, reported by Mills and Dawson (183). Very little is known 

about these tests except that they were under repeated tensile testing and 

produce a fatigue limit of about 50% of the static strength. Also, some in

dication of recovery due to a rest period was noted. 

In 1903 Professor Van Ornum (288) conducted compression fatigue tests 

on neat, 2-inch cement cubes. His tests showed a fatigue strength of approxi

mately 55% of the static ultimate strength at 7,000 cycles of load and hence, 

firmly established the existence of a fatigue phenomenon in concrete. 
i 

In 1907 (287) he presented the results of even more refined work which 

was conducted under carefully controlled conditions. Van Ornuia's research 

not only produced valuable fatigue relationships but it also established the 

nature of concrete fatigue failure as being progressive. Kis results for 

changing stress-strain relationships are shown in Figure 10. 

It is of particular interest that Van Ornum observed the stress-strain 

curve in compression to be originally convex upward but it became linear after 

a few repetitions of load. When the maximum load was sufficiently large he 

observed that the curve became progressively concave upward and finally, near 

failure, it became S-shaped. At lesser loads, the stress-strain curve simply 

became linear and remained so although the- modulus of elasticity was reduced 

to about 70% of its initial value. 

Certainly one of the most thorough investigations into the behavior 

of concrete under axial fatigue was that conducted by Probst and summarized by 

Nordby (201). These studies were concerned with deformations in concrete 

subjected to repeated compressive loading and examined these deformations in 
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great detail. Another investigation by Graff and Brenner (Reported in 191) 

is significant because it introduced the modified Goodman diagram for the 

first time into concrete technology. 

The study of flexural fatigue in concrete has been reported by 

several. Nordby (201) prepared a very thorough and detailed review of fati

gue literature in 1958, published in the Journal of American Concrete Insti

tute, in which further discussion of flexural fatigue may be found. 

In the 30 years which followed Van Ornum's investigations, there were 

several studies which, in essence, continued his work. Probst, Heim, Trieber, 

Yoshida, Ban, Graf, and Brenner (201) carried out investigations which aug

mented and detailed in varying degrees the behavior of plane concrete sub

jected to repeated axial compressive deformation exhibited by the material 

under fatigue loadings. Although they were more detailed and more meticulous 

than Van Ornum's studies, they did little more than substantiate his results. 

However, they did provide a firm basis for continued work which may provide 

an explanation of the mechanism of fatigue failure. 

CONCRETE IN MULTIAXIAL STRESS STATES 

Work in this field was initiated by Richart, Brandtzaeg and 3rown 

in 1928. Their work dealt with both triaxial and biaxial stress states and, 

for purposes of this review, the following will be divided into these two 

sub-divisions. 

Triaxial Stress * 

The very complete investigations of Richart, Brandtzaeg, and Brown 

(242,241) entailed a series of 4 tests which will be summarized herein as 



40 

items I through IV. 

I. 64 cylinders 4x8 inches, which were subjected to a predeter

mined hydrostatic pressure and then broken by increasing the axial stress. 

These were protected against pressure oil penetration by rubber tubes. 

II. 48 cylinders 4 x 22 inches, which were covered with brass, 

soldered tightly, and loaded axially to a predetermined value. The lateral 

oil pressure was applied simultaneously with the axial loading, but in such 

a manner that lateral stress produced the failure. 

III. 23 short concrete columns with steel spiral cables, which were 

loaded axially, thereby producing a triaxial stress state with the advantage 

of not having an hydraulic pressure as the lateral stressing media. 

IV. 48 cylinders 4 x 22 inches in size which were loaded biaxially 

by oil pressure acting on the circumference of the cylinders, while the ends 

were left unrestrained. 

The strength of concrete in triaxial compression was found to increase 

greatly with the magnitude of the smallest principal stress. The tests 

showed that the presence of lateral pressure added to the strength of the 

specimen an amount equal to 4.1 times the magnitude of the lateral pressure, 

i.e., = f£ + 4.1 C7"3. High stresses in the triaxial compression series 

were always accompanied by large deformation?, up to 7.57. of the specimen 

length. Series I specimens showed, generally, inclined surface cracks along 

with lateral bulging and longitudinal shorten, while series II fractures 

formed normal to the axis of the cylinders. The increase in the maximum 

principal stress at failure was from 15 to 20% less in II than in I. 

Series III specimens were loaded axially until the load dropped off 

or, in the case of high strength steel cable, until the spirals broke through 
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gauge points. 

Several means of estimating steel stresses were used, which stress was 

then converted to a lateral pressure by the hoop-tension formula. When this 

pressure was plotted against maximum axial stress, a straight lime described 

by the equation = f^ + 4„1 0~3 fit the results rather well. This is of 

course the same equation which resulted from the triaxial series I and II. 

Tests of mortars and concretes covering the usual range of mixtures 

showed that, in general, the strength of the material in biaxial compression 

was as great as in simple compression and that, in many cases, it was greater. 

Several conclusions arrived at by Richart, et al. (242) are pertinent to 

this review. The first has to do with conclusions drawn from the failure of 

the control cylinders cast for each of the four series. 

The tests of concrete in simple compression shoved characteristic 
differences in behavior throughout three distinct stages of loading. 
In the first stage the action was nearly elastic. In the second stage 
an appreciable part of the deformation was inelastic and the action 
was marked by an increase in the rate of deformation, and in the ratio 
of the lateral to longitudinal deformation. In the third stage there 
was a very great increase in the lateral deformation which produced 
an increase in the volume under continued loading, indicating by this 
lateral bulging that a splitting failure was taking place throughout 
the material on surfaces parallel to the direction of the applied com
pressive stress. 

The tests in the biaxial and the triaxial stress states indicated 

that a process of splitting similar to that found in simple compression was 

prominent in the failure of the materials under these combined loads. Their 

analysis indicated the existence of dangerously high lateral tensile stresses 

after extensive plastic action had developed. The tests further hinted that 

failure started with the breaking of the continuity of the small parts of 

the material through a lateral bulging, and a splitting across surfaces 

parallel to the main compressive stress. 
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Balmer (15) wrote an "in house" research report on the results of 

triaxial loading of 6 x 12 inch cylinders in which the hydrostatic pressure 

was applied to a desired level and then axial load increased till failure. 

His specimens were 28 days and 90 days moist cured and oven-dried for 7 days 

at 210°F prior to testing; all specimens were cast from one mix, and were 

rubber jacketed to protect them from the oil. Lateral pressures up to 25,000 

psi were developed in these tests, the largest up to that time (1949). 

The following conclusions are quoted from the report: 

Figure 4 (of their report) shows photographs of some of the speci
mens after failure. The specimens were broken down further by simple 
compression to observe the types and angles of failure. Diagonal 
shear failures, double, and single cone failures, and general disin
tegration were observed. Occasionally, splitting was observed. In 
a number of cases it was noted that cracking took place through the 
ends of the specimen. 

...If Mohr's envelope is a curve, as the data imply, theoretically, 
the angle of failure should increase as the pressures increase. The 
measurements of this angle were not refined enough to approve or re
ject this hypothesis. No correlation could be associated between the 
load failure and the size of the angle at failure. 

Figure 11 is a reproduction of a typical Mohr diagram plot from 

Balmer's (15) data. 
4 

The results of concrete under triaxial stress states have been re

ported by several others, including Smith and Brown (268) 1941, Fabrey (81) 

1954, Akroyd (2) 1961, Cordon and Gillespie (56) 1963, and Chinn (50) 1965. 

From these have come verification of the curvilinear nature of Mohr's enve

lope, and the extreme strain associated with large multiaxial loads. 

Akroyd (2) was the first to report on the effect of pore water pres

sure, which in many previous instances had existed due to the contact of 

loading fluid with the specimen, but had either been neglected or omitted 

from consideration. Some previous tests were performed using "dry" specimens; 

those of Richart (242) were dried for one day, those of Smith (26S) were 
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dried at 70-100°F for "several hours" and those of Balmer (15) for ..one week 

at 210°F. However, none of these drew attention to the possible effects of 

pore-water pressure or considered what the difference in rupture might be. 

Using epoxy coatings on some specimens and nothing on others Akroyd 

(2) tested 3x6 inch concrete cylinders with a varying degree of moisture 

content. His results are shown as Figure 12. 

Chinn (5) tested three different strengths of concrete under four 

different loading conditions. In all loading conditions an axial and an 

all-around lateral fluid stress were involved, but in each instance, the spe

cimens were jacketed: However, in some instances the jacketing was pene

trated under exceedingly high lateral fluid pressures, which, he observed, 

lowered the strength from companion cylinders. Those cylinders which were 

loaded by applying a hydrostatic pressure and then increasing the axial 

load deformed the two inch machine limit without failure. On a 6 x 12 inch 

cylinder this represents a 16.7% axial strain. 

The results of a second series of tests (5), in which a hydrostatic 

load was applied and then lateral stress increased till failure, produced 

results different from those of the above paragraph. This would indicate 

an effect of the intermediate principal stress. 

Application of hydrostatic pressure up to the machine capacity, 

100,000 psi, showed no visible damage to the specimens. Measurements showed, 

however, that permanent decreases in all dimensions had occurred. The speci

mens were later tested in unconfined compression and were found to have de

creased slightly in ultimate strength, in contrast to ductile metals which 

are not damaged by such hydrostatic pressure. 

It appeared that the axial stress under type I loading decreased 



with an increase of cement content of the concrete. To investigate this 

phenomenon, a few cylinders containing no cement paste, and a few cylinders 

containing nothing but paste were made and tested. Those with no paste 

tested higher than concrete and those with only paste tested lower (See 

Figure 13). At the two extremes, then, there was some effect of cement con

tent. 

Chinn also reports a popping noise occurring afuar the axial load 

had been applied for a period of time. The noise sounded like the popping 

of popcorn and the frequency and magnitude of the pops increased as the 

axial stress was increased. In the instance where a drop in load occurred 

on a dry specimen, an extremely loud pop occurred. In other cases popping 

could be associated with fluctuations in the axial pressure indicating some 

relieving of stress within the specimens. 

Biaxial Stress 

Several methods of developing biaxial stress states have been re

ported to date. The following will give a brief description of sor:»e of the 

characteristics of each, and Figure 14 is then presented as a means of sum

marizing the respective reports. 

1.Bresler and Pister (39,37), 1957, obtained a biaxial stress condi

tion by axially compressing hollow cylinders while griping the ends with 

a frictional device to produce torsion. 

2.McHenry (178), 1958, obtained axial compression and tangential 

tension by compressing hollow cylinders subjected to internal hydraulic 

pressure. 

3. Bellamy (21), 1961, produced stresses by testing hollow cylinders 
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to failure under axial load with an axterior confining pressure and no 

internal pressure. 

4. Reeves (233), 1962, obtained shearing stresses with direct stress 

by prestressing 4.5 foot cylinders, 13.5 inches in diameter, to varying 

amounts and then applying a torque through square ends. 

5 :  Smith (267), 1963, produced biaxial stress by laterally compressing 

a beam subjected to bending. 

6. Iyengar (143), 1965, produced biaxial compression by compressing 

mortar cubes between two sets of rigid plates arranged with their planes 

normal to each other. 

The continuity of results from the above investigations is at once use

ful and informative. The fact that several different biaxial stress states, 

produced by as many mechanical means, yield similar results, indicates a com

mon strength controlling characteristic operating in all concretes. 

Rheology of Hardened Concrete 

The mechanical properties of a material, whether at the atomic and 

molecular level, the micro- and macroscopic, cr phenomenological dimensional 

levels, are expressed in terms of relations between the forces acting on it 

and the deformations that result, and their variation with time. It has only 

been in the last decade that attempts have been made to define the rules 

governing the mechanical behavior of hardened pastes, mortars, and concretes 

in terms of the volume fraction and properties of the constituent phases. 

This approach is complicated by the strong dependence of experimental results 

on the method of test and the instability of concrete systems with respect 

to time and their environment. In the following discussion, a brief summary 
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of this, together with some of the factors which influence both test results 

and the inherent volume changes which any concrete system undergoes, will be 

presented. 

The subject of rheology in concrete may well be introduced by a dis

cussion of the typical stress-strain diagram. Figure 15 shows such a diagram 

for a typical concrete specimen loaded to failure in uniaxial compression 

over a 20 to 30 minute period. 

The longitudinal and lateral strains were measured as average values 

over eight-inch and six-inch gage lengths respectively at the center of the 

specimen. The stresses were then computed as the average values in terms of 

loads per cross-sectional area. Although the first part of the curve is rea

sonably straight up to about 50-607o of ultimate strength, it is not strictly 

linear and mortars and concretes have no readily definable elastic limit. 

This has led to the definition of such "elastic" constants as (1) the tan

gent modulus of elasticity, given at zero load by the slope of OB, and at the 

stress £Ta by the slope of the tangent at that point; and (2) the secant 

modulus of elasticity, given at the stress Cf& by the slope of OA. 

Although similar stress-strain curves are obtained for all tests for 

a given concrete, their shape and the value of the ultimate strength are 

strongly dependent on the following factors (200); 

I- The state of stress or strain induced in the test specimen, 

2. The size of the specimen, 

3. The moisture condition and temperature of the specimen, 

4. The method of applying the load to the specimen. 

The standard control tests (HE') require concrete specimens to be 

cured in water and tested in a completely saturated moisture condition at a 



specific temperature. Concrete specimens gently air-dried before testing can 

exhibit ultimate compressive strengths 20 to 307« greater than those obtained 

from saturated specimens (92). It would appear that as water is removed 

from within the cement gel structure during drying, the van der Waal forces 

increase, drawing the gel particles together and thereby produce a stronger, 

more rigid, structure. In rapidly or fully dried specimens, shrinkage can 

result in internal cracking at the paste-aggregate interface and a consider

able decrease in the flexural strengths and modulus of elasticity values 

therefore result (218,297). 

The effect of temperature is not so well established, although some 

evidence (283) suggests that the ultimate strength of concrete compression 

specimens decrease by 1% for each two degrees Fahrenheit increase in tempera

ture in the range of 20 to 130°F. 

Previous review has shown the ultimate strength of concrete speci

mens to be dependent on the method of loading. Figure 16 shows that, as with 

most materials, the ultimate strength of cubes and cylinders increase with 

the rate of loading (179). 

Standard control tests carried out at medium loading rates of approxi

mately 33 psi/sec., (309), are usually considered as static loading tests 

in which the specimen is in a state of transient equilibrium with the applied 

forces. However, when the rate of loading or straining is no longer small 

compared with the velocity of stress waves through the concrete or the na

tural frequency of the structural unit under load, effects due to inertia 

become important. At very rapid rates of loading, including impact, increases 

of 30 to 807o in the ultimate strength and modulus of elasticity have been 

achieved (179,79). Figure 17 indicates that, at very slow loading rates, the 
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effect of creep and the slow propagation of small cracks under load can 

cause decreases of 20 to 25% in the ultimate strength of specimens (253). 

Although there can be no sharp distinction between the modes of be

havior of different loading rates, the following general limits have been 

proposed to define various types of concrete specimen loadings (200).; 

1. Long-term static or creep loading for tests carried out at rates 

of loading slower than about 1 psi/sec., 

2. Short-term static or normal loading for tests carried out at 

loading rates in the range 10 to 103 psi/sec., where creep and inertia ap

pear to have little effect, 

3. Dynamic loading for tests carried out at rates of loading faster 

than about 10^ psi/sec. 

The modulus of elasticity and Poisson's ratio for concrete in uni

axial compression . are obtained usually from short term static loading 

tests and must be defined as secant values for a certain stress and rate of 

loading. In recent years, stress wave velocity and resonant frequency mea

surements have been used to give values of the dynamic modulus of elasticity 

and Poisson's ratio (198,307). The. forces induced by these methods are 

extremely small and the dynamic modulus can be considered as equivalent to 

the tangent static modulus of elasticity at zero stress (See Figure 15). 

VOLUME CHANGES IN CONCRETE 

Due to the hydration process, the nature of the hydration products, 

and the frequent lack of equilibrium of moisture content and temperature with 

the surrounding atmosphere, hardened cement pastes, mortars, and concretes 

undergo considerable changes in volume during their life. 
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Shrinkage of Cement Pastes 

When cement and water are mixed toother, there is an initial re

duction in volume of the fresh paste due to absorption of water by the ce

ment particles and to evaporation of water from the surface. This "plastic 

shrinkage", (166), although only about 17«, occurs before the initial stif

fening and has little effect on the properties of hardened cement paste. 

The most important volume changes in hardened paste are the shrinkage and 

swelling mechanisms that occur due to variations in moisture content (See 

Figure 18) and the autogeneous volume changes resulting from the hydration 

process itself. 

The reduction in absolute volume of the solid products of hydration 

will cause small volume changes depending on the method of curing and the 

size of specimen. In sealed specimens or the interior of large masses of 

concrete, autogeneous shrinkage will occur as the capillary and large gel 

pores become emptied by the self-desiccation process. The amount of this 

shrinkage is small, being of the order 50 to 100 microstrain (x 10"^, mea

sured as linear shrinkage) for a concrete, (66), and perhaps 5 times this 

value for a cement paste. It is not usually differentiated from ordinary 

drying shrinkage values. If the cement paste is kept saturated by curing it 

in water, the water absorbed to overcome self-desiccation and the internal 

pressure produced by the formation of gel both cause an increase in volume 

or autogeneous swelling, (Figure 18). This expansion can be of the order of 

1000 to 2000 microstrain for hardened pastes (167), although the inclusion 

of aggregate particles reduces this to about 50 to 100 microstrain. 

At normal temperatures, saturated cement paste will not be in a con

dition of hygrometric equilibrium with the ambient atmosphere, which may 



have a relative humidity of 50 to 60%. As water evaporates from within the 

gel and capillary pores, there is an increase both in the hydrostatic tension 

and the van der Waal forces, which draw the paste structure together causing 

it to shrink. The structure of the gel is evidently very rigid, since re

moval of all the gel pore water causes a shrinkage of only about 370 (225), 

although its porosity is 28%. The water in the very large capillary pores 

(See Figure 3d) is beyond the range of the attractive forces of the cement 

gel. Its removal by evaporation has little effect, and significant volume 

changes do not occur until the relative vapor pressure has been reduced to 

0.80 or less (230). Then, as water begins to evaporate from the small capil

laries and gel pores, there is considerable drying shrinkage, the value of 

which is proportional to the gel water loss. The magnitude of the initial 

drying-shrinkage value for cement paste with w/c ratio 0.30 after one-year 

drying in air at relative humidity of 50%, can be of the order of 2000 to 

3000 microstrain (44). The mechanism of shrinkage has been explained by 

Freyssinet (87), Pickett (216), and Powers (289) in terms of the hydrostatic 

tension developed in the small capillary and gel pores due to the reduction 

in the water vapor pressure. 

When a fully dried cement paste is resaturated, water spreads over 

the gel surfaces into the interstices producing internal pressures, which 

force the particles apart and swelling occurs. Not all the initial drying 

shrinkage is recoverable however. It appears that when the gel particles 

are brought into closer contact during initial drying that additional chemi

cal bounds are formed which resist, to a great extent, the internal pressures 

that occur during re-wetting (224). The irrecoverable component, which is 

about 1/3 of the initial drying shrinkage, remains even though pastes and 
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concrete exhibit fully reversible moisture movement on subsequent cycles of 

vetting and drying (See Figure 18). 

In the presence of carbon dioxide and moisture in the air, the large 

crystals of Ca(0H)2 hardened cement paste convert slowly to calcium carbon

ate. This reaction is accompanied by an irreversible carbonation shrinkage 

which can be as much as much as 50% of the initial drying shrinkage. The 

carbonation process, which is limited to the external surfaces of pastes and 

concretes, does not occur at relative vapor pressures of 0.25 or 1.0, and is 

greatest at 0.50 (289). Powers (222) has suggested that carbonation shrink

age is caused by the dissolution of Ca(0H)2 when it is under triaxial com

pression due to drying shrinkage, and the deposition of CaC03 in places where 

it is not under stress. The consequent reduction in restraint causes the 

irreversible shrinkage. 

Shrinkage of Mortars and Concretes 

The introduction of sand and aggregate into cement paste reduces the 

initial drying shrinkage values by much greater amounts than those theoreti

cally expected from the volume fractions of paste and aggregates. It appears 
tx 

that the role of aggregate is (1) to reduce the amount of dimensionally un

stable component, (2) to produce a restraint effect which prevents the volume 

changes from occuring in the expected amount. Pickett (216) has suggested 

that the following relation exists between the shrinkage strain of concrete 

€sc, the shrinkage strain of the constituent cement paste £sp, and the 

volume concentration of total aggregate Va, 

esc - £sp (1 - Va)n (11) 

where n is a constant related to the elastic properties of the paste and 
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aggregate. Pickett quotes a value of 1.7 for n for silica sand mortar mixes 

(See Figure 19) and L'Hermite (167) has obtained values of n from 1.2 to 1.7 

depending on the type of aggregate. 

Alexander and Wardlaw (5) found that for the same volume fraction of 

a basalt aggregate, the drying shrinkage value decreased as the particle 

size was increased from cement size up to medium sand size (See Figure 20). 

The corresponding values of n increased from 1.0 to 2.4 and therefore n is 

a measure of a degree of restraint exerted by the aggregate particles on 

shrinkage. The restraint effect will depend also on the stiffness of the 

aggregate, generally increasing with the elastic modulus (225). Although 

the introduction of stiff aggregate particles tends to restrain shrinkage, 

their presence produces tensile and shear stresses at the aggregate paste 

interface. If the stresses, which increase with particle size, exceed the 

aggregate bond strength, the formation of small cracks and fissures can cause 

a considerable reduction in the overall shrinkage measurement. Figure 21 

shows that for a given volume fraction of aggregate there is a large reduc

tion in shrinkage when the particle size is greater than about 5 mm (44). 

Similar effects are noticed with neat cement paste, where the restraint of 

unhydrated clinker particles can cause considerable local cracking. 

Differential Shrinkage 

In addition to internal restraint some restraint arises also from 

nonuniform shrinkage within the concrete itself. Moisture loss takes place 

at the surface so that a moisture gradient is established in the concrete 

specimen, which thus becomes subject to differential shrinkage. This shrink

age is compensated by strains due to internal stresses, tensile near the 
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surface and compressive near the core. When drying takes place in an unsym-

metrical manner, warping can result. 

The progress of shrinkage extends gradually from the drying surface 

into the interior of the concrete but does so very slowly. Desiccation has 

been observed to reach a depth of 3 inches in one month, but only two feet 

after 10 years (167). Ross (248) found the difference between shrinkage in a 

£ 

mortar slab at the surface and at depths 6 inches, to be 470 x 10 after 200 

days. If the modulus of elasticity of the mortar were 3 x 10^ psi, the dif

ferential shrinkage would induce a stress of 1400 psi; since the stresses 

arise gradually, they are relieved by creep, but, even so, surface cracking 

results. Increasing the volume of aggregate would considerably restrain the 

shrinkage so that the technical advantage of using concrete rather than neat 

cement or mortar is therefore clear. 

Because drying, takes place at the surface of concrete, the magnitude of 

shrinkage varies considerably with the size and shape of specimen, being a 

function of the surface per volume ratio (248). Thus, for practical pur

poses, shrinkage must also be considered with reference to the size of the 

concrete specimen or member. 

INELASTIC OR CREEP CHARACTERISTICS OF CONCRETE 

Hardened cement pastes, mortars, and concretes exhibit inelastic behavior due 

to load, even at low stress levels. Figure 22 shows the longitudinal defor

mation of a typical concrete specimen, loaded in uniaxial compression to a 

constant stress for a considerable time before unloading. Upon loading, 

there is an instantaneous elastic strain, £e, followed by a gradually in

creasing strain, which reaches a limiting value. This is usually called the 
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inelastic or creep strain, €-[. Upon unloading there is an instantaneous or 

elastic recovery, €eri followed by a delayed elastic recovery, £a, but, 

eventually, residual or irrecoverable deformational component, remains. 

Such creep behavior has long been recognized, but, despite the vast amount of 

literature available (167,168), the actual mechanism of creep is still the sub

ject of much controversy. 

The process of creep is complicated by the fact that the properties 

of concretes are changing during any one test. Hydration of cement continues 

and, under normal humidity conditions, drying shrinkage occurs, which produces 

creep characteristics different from saturated or sealed specimens. 

As long as the stress level is below that at which cracking and frac

ture mechanisms are initiated, the creep strain is proportional to the ap

plied stress (67,99,167,168). This has led to the definition of specific 

creep, i.e., creep strain per unit stress. Good quality concretes have an 

ultimate specific creep value of about 0.40 to 0.80 x 10"^ per psi (167). 

Under a constant stress, the rate of creep due to loading is very rapid at 

early ages, but decreases until after 20 to 30 years the creep strain of con

tinually drying concrete tends toward a limiting value (284). During the 

secondary creep stage, the rate of creep is approximately proportional to the 

applied stress, suggesting that creep is the result of some form of viscous 

flow type mechanism (10). The greater the age or maturity of the concrete at 

loading, the lower the rate and total amount of creep (247). Creep strain in

creases also with the w/c ratio of the hardened paste (295). Since the 

strength of concrete is dependent on maturity and w/c ratio, creep is general

ly considered to vary inversely with strength. 

One of the most important factors affecting creep is the moisture 
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condition of the specimen during loading. Unsealed specimens, which were sa

turated at time of loading, undergo drying shrinkage during creep tests under 

normal humidity conditions. This has led to the definition of the "true" 

creep strain, £c, as the difference between the total inelastic strain, £±, 

and the drying shrinkage of non-loaded companion specimen, £s, (See Figure 22). 

The total creep strain, €±, increases as the relative humidity of the 

ambient atmosphere is decreased (284), indicating that there is a certain in

terrelation between drying shrinkage and creep. The affect of drying shrink

age on the creep strain has been expressed by L'Hermite (167) as 

£i = €w(l + Q£s) (12) 

where €w is the creep value of the saturated concrete, and Q is a constant 

depending on the concrete. Such behavior has led Hansen (119), and Ali and 

Kesler (7) to separate creep into two components; (1) basic creep, i.e., £w 

occuring under conditions of no moisture interchanged with the ambient atmos

phere, and (2) drying creep, which is that in addition to the basic creep 

resulting from a loss of moisture. 

The greater part of creep takes place in the paste matrix, but, as 

with shrinkage, the presence of aggregate both reduces the volume of creep 

component and restrains the paste from creeping in the anticipated amounts. 

Neville (194) considers that the following relation exists between the creep 

of concrete, €cc> that of neat cement paste, £Cp> an^ volume fraction of 

total aggregate Va, 

^•cc = ^cp(l " Va)n (13) 

where n increases from 1.7 to 2.1 with time under load. The above equation 

may be compared with Equation (1) of (87). The amount of creep is dependent 

also on the type of aggregate, generally increasing as the elastic modulus of 



the aggregate decreases (284). It has been observed also that the true creep 

strain increases if specimens, previously loaded under dry conditions, are 

immersed in water (167). It appears that any change in moisture condition 

causes an increase in creep (119,215). Moreover, it has been shown that the 

creep value €c is related to the evaporable water content ̂ , becoming more 

or less zero when all the evaporable water has been removed (105). However, 

measurements on loaded and unloaded specimens indicate that the mechanism of 

creep involves no moisture interchange with the ambient atmosphere (181). 

Creep strain also increases with the temperature of the specimen, reaching a 

maximum at about 212°F. 

Creep values tend to decrease as the size of the specimen increases 

(284), although this occurs only for specimens being loaded under drying con

ditions. The size effect is due to drying shrinkage which is greater at the 

surface of the specimen than within the mass. Thus small specimens with a 

large surface area per volume ratio will undergo more shrinkage and exhibit 

larger creep values. 

Theories of Creep 

Various theories of the mechanism of creep have been proposed to ex

plain this behavior (196) . The most widely supported are the seepage and 

viscous theories. The seepage theory (175) assumes that both shrinkage and 

creep are due to the expulsion of gel water from within the gel pores, shrink 

age resulting from evaporation, and the creep from water migration and diffu

sion under the action of external pressure. Such seepage mechanisms occur in 

many rigid gel or colloidal systems ai>d in the consolidation of clays. As 

pointed out by Hansen (119), seepage should cause an increase in the 



evaporation of moisture from loaded specimens compared with unloaded, whereas 

this is unsupported by the available evidence (181). Some seepage or diffu

sion of both capillary and gel pore water undoubtedly occurs when the hardened 

cement pastes are loaded, but such movements are more likely to be part or 

the cause of the delayed elastic deformations and recovery strains (104,106, 

224). The considerable creep of saturated specimens indicates that the seep

age theory alone cannot account for the mechanism of creep. 

Since hardened pastes and concretes exhibit some elastic behavior, 

and the rate of creep is approximately proportional to the applied stress, 

several investigators have defined concrete systems as visco-elastic materials 

(84,236,237,238), The elastic behavior is considered to be the result of 

viscous flow of the cement gel which acts as a highly viscous fluid. The 

viscous flow theory has led to the description of the deformational behavior 

of mortars and concretes in terms of various rheological equations and models 

(85,104,105,106,119,281). The most widely used rheological model is that of 

Burger's body, a variation of which was first suggested by Ross (249) and is 

reviewed under the appropriate section herein. 

Arnatein and Reiner (10), from bending testa on paste and mortar beams, 

found that after a very rapid initial stage the secondary creep stage was 

truly viscous in nature. Furthermore, on comparing the creep viscosity of 

mortars, with that of hardened pastes, ^p, they found that the creep 

viscosity of mortars increased with the volume fraction of sand, Vs, in accor

dance with Einstein's (310) relation for dilute suspensions. 

^ mo = V1 + 2-5vs> <14> 

The above equation was valid up to and including Vs values of 0.60. Reiner 

(236) explained this surprising result by pointing out that due to their high 
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viscosity, which is of the order 10^ poises, the flow in mortars is so small 

that interaction between the sand particles has little or no effect on the 

flow mechanism. More recent work by Glucklich and Ishai (104,105,106) has 

shown that the phenomenological nature of the creep components is entirely 

dependent on the moisture condition of the specimen. In specimens allowed to 

dry out during testing, as in the experiments of Arnstein and Reiner, the 

ratio of delayed recoverable to irrecoverable creep is low, the secondary 

creep stage is truly viscous in nature and can continue for many years. In 

sealed specimens, the ratio of delayed recoverable to irrecoverable creep is 

high and the secondary creep stage is non-Newtonian, reaching a maximum value 

within a year or so. 

The viscous and seepage, or gel water movement, theories of creep 

have limited application and a complete understanding of the elastic and in

elastic behavior of concrete systems will be achieved only when the deforma-

tional processes can be described by thermodynamic equations of state (84) . 

These would be expressed in terms of equilibrium between the external forces 

and displacements and the total internal energy of the concrete system inclu

ding mechanical, heat, and surface energy components. However, as yet, in

sufficient data on the nature, properties, and interaction of the solid 

material and evaporable water is available to enable the equations of state 

to be established. 

Until such data is obtained, it appears that any theory of creep must 

recognize several components of deformation under load, several of which are 

listed below: 

1. Elastic strain or instantaneously recoverable deformation, 

2. Delayed elastic strain or recoverable creep, 
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'3'. Inelastic or creep strains in saturated hardened cement pastes 

and between pastes and aggregate, 

4. Inelastic strains in partially saturated hardened pastes and 

concretes, 

5. Discontinuous deformations due to cracking. 

Structural and Interparticle Analogous Models 

It has been demonstrated that in specimens loaded in uniaxial com

pression, microcracks at failure often interconnect to form major fissures 

parallel to the direction of loading (See Figure 23). Several investigators 

have devised structural models to explain this cracking mechanism. Most of the 

work in this field is based on the original concepts of Brandtzaeg (36) who, 

in 1927, made the first attempt to explain the mode of failure of concrete in 

terms of its internal structure. Brandtzaeg's model was based on a material 

composed of identical structural elements which failed in shear or sliding 

in one direction only (See Figure 24). The shear strength of these randomly 

oriented elements was considered to be governed by Coulomb's internal fric

tion law. The other limit applied to the model by Brandtzaeg was that an 

abrupt splitting or cleavage failure would occur when the lateral tensile 

stress or strain reached a limiting value across the plane normal to the 

direction of maximum tension. 

Brandtzaeg explained, that upon loading his model, the initial stress 

would be uniform throughout, and the elements would all deform elastically. 

When a few randomly scattered elements failed by sliding in their direction 

of weakness, they could continue to resist load only if a lateral restraint 

were provided by surrounding elements. This restraint produces lateral 



tensile forces and when these exceed the critical tensile stress or strain, 

breakdown of the structure begins as a splitting failure of certain elements. 

These small fractures then combine into cracks running parallel to the di

rection of the principal compressive stress and the volume increases as in

ternal fracture progresses. 

Brandtzaeg derived rather complex general relations for the average 

stresses and deformations of concrete under uniaxial, biaxial and triaxial 

compression. Assuming certain values for the numerical constants in these 

relations, he obtained good correlation with the experimental results up to 

the disruption point. Brandtzaeg*s material predicts a higher strength in 

biaxial and triaxial compression than in uniaxial compression, and, even 

under triaxial compression, it provides failure by tensile or vertical split

ting parallel to the direction of the maximum compressive stress. These 

conclusions have been supported by the results of subsequent tests in com

bined stress states carried out by various investigators (97,242,291,304). 

Reinius (235), in 1955, was the first to propose a model based on the 

actual structure of concrete. This was composed of rigid spherical aggregate 

particles in a body-centered cubic type packing connected by a pin-jointed 

lattice system representing the needle shaped fibres of hardened cement gel. 

A series of diagrams illustrating the conceptual process followed by Reinius 

in arriving at his theoretical model is presented in Figure 25. 

All transmissions of stress take place through the pin-jointed lattice 

which has vertical, horizontal and diagonal members. The strengths of the 

rods, or the bond between the rods and aggregate particles, were considered 

to be smaller in tension than in compression. Reinius analysed the stresses 

in the model structure under external loads and chose suitable sizes and 
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stiffnesses of the rods to give a value of Poisson's ratio of 0.144. In 
ft 

uniaxial compression, a tensile stress is set up in the model normal to the 

compression direction. Failure initiates when a rod, or the rod-aggregate 

particle bond, fails in tension, thereby causing a tensile crack to form 

parallel to the direction of load. This increases the load carried by other 

tension and compression rods, which fail in turn. Reinius allowed for these 

failures by reducing the effective area of the rods and so was able to simu

late the characteristic curvilinear stress-strain curve up to failure, as 

shown in Figure*? •26a and 26b. His model predicts that the biaxial compres

sive strength at initial cracking will be less than that in uniaxial com

pression, whereas experimental evidence points to the contrary. 

The complete stress-strain curve for uniaxial compression specimens 

tested at constant rates of strain in stiff testing machines (17), or for the 

concrete compression zone of a reinforced concrete beam tested in flexure 

(125) is shown in Figure 27. Roy and Sozen (251) have recently developed, 

from Reinius' model, a more simple cubic lattice system model to simulate 

this behavior, in which they recognized both tension and compression failures 

of the interconnecting rods and related the ultimate load in uniaxial compres

sion to the failure of all the tension rods. Thereafter, the gradually de

creasing applied load is supported by compression rods which all eventually 

fail at large strains. 

Baker (13) explained the existence of lateral tensile stresses in a 

material subjected to compression by means of the model shown in Figure 28. 

The two dimensional representative volume element consists of four 

uniform size coarse aggregate particles surrounding a pocket of the mortar 

matrix. Assuming a uniform strain distribution under load, the compressive 



stresses around the outside of the element will be greater than across the 

vertical section due to the higher elastic modulus of the aggregate particles. 

This results in a "thrust-ring" action and a lateral compressive force com

ponent which must be counter-balanced by a lateral tensile stress in the 

mortar. Baker represented the thrust-ring action by a pin-jointed lattice 

system consisting of diagonal, vertical, and horizontal members. By making 

certain assumptions concerning the size and stiffnesses of the rods, the 

Poisson's ratio of the model was made equal to 0.15. Baker demonstrated 

that the mechanism of failure in uniaxial compression would be vertical 

splitting parallel to the direction of loading if the criterion of failure 

was a limiting tensile stress in the mortar or across the aggregate-mortar 

interface. This model also predicts a lower strength in biaxial compression 

than uniaxial compression. 

Anson (9) has since extended the two-dimensional lattice of Baker to 

the three dimensional model shown in Figure 29', and Robinson (243) has ex

pressed the relations for the lattice parameters in terms of the concrete 

mix proportions. From strain measurements on concrete made of iron balls 

and cement paste, and on two-dimensional rubber models, Anson confirmed the 

existence of the thrust ring effect. These tests indicate that the restrain

ing effect of hard aggregate particles can induce triaxial compressive 

stresses in the paste or mortar matrix and so account for the reduction in 

Poisson's ratio with increased aggregate content. Dougill (71) has used the 

lattice model of Baker to show how excessive drying shrinkage can increase 

the lateral tensile stresses and so decrease the uniaxial compressive strength 

of concrete. He concludes that an expansive cement would result in higher 

available tensile stresses and therefore stronger concrete. 
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The deformation of concrete has been represented by a mechanical 

model proposed by Burgers (reference 4 of 63) and here reproduced in Figure 

30. . Elastic deformation is represented by a spring; viscous deformation is 

represented by a dash-pot consisting of a perforated piston moving in a cy

linder containing a viscous liquid. The instantaneous elastic and the irre

coverable viscous deformation are then represented by the spring and the dash-

pot in series, while the delayed elasticity or recoverable creep is repre

sented by the spring and the dash-pot in parallel. At low loads the deforma

tion is mainly elastic, but with increase in time and load the inelastic 

deformation becomes more and more important. When the load is removed, the 

spring in series contracts without hindrance, corresponding to instantaneous 

elastic recovery, while the other spring compresses the dash-pot, corresponding 

to the creep recovery with time. 

portional to the load P, x = ai P, For the dash-pot series, the displace

ment x is directly proportional to the load P, and the displacement y in a 

time t, 

Similar relations hold for the spring and the dash-pot in parallel. 

Since the force of the spring, Ps, and the force on the dash-pot, Pd, must 

equal the total load P, 

The displacement x of the spring element in series is directly pro-

rO 
(15) 

(16) 

Substituting 

(17) 

he obtained, (z - a2P) dt = -cdz. 



If the deformation increases by z during a time interval t, 

V/^ 
and the solution of this equation is 

e-t/c = z-a?P (19) 
-a2i) 

The total deformation of the system then becomes 

x + y + z = P £ai + bi t + a2(l-e_t/c)j| (20) 

The first part of this expression represents the elastic deformation, the 

second part the permanent creep, and the third part the recoverable creep as 

shown in the Figure 31. 

Burger's model represents the deformation of concrete in the visco-

elastic range, i.e., the range corresponding to what is ordinarily referred 

to as the porportional range below the yield point in truly elastic materials. 

Above the visco-elastic limit the stress-strain curve departs radically from 

the relation of the last equation, and shows a more rapid rate of increase 

in deformation. This is of course due to the breakdown of the adhesion be

tween the aggregate and the cement paste and the formation of minute cracks. 

As the internal destruction in the concrete proceeds, it resembles more and 

more a granular mass relying on internal friction for its strength. In an 

entirely incoherent granular material, the stress at which deformation occurs 

and proceeds remains constant, as in a plastic material. 

More recently Hsu (127), 1963, proposed a mathematical model based on 

a face-centered cubic lattice structure in which spheres of equal size are 

arranged at an arbitrary spacing, referred to as the degree of compactness. 

(See Figure 32). An elastic analysis of the shrinkage stresses in this 



three-dimensional model was of prohibitive complexity and, therefore, the 

model was further simplified to a two dimensional array of equal sized discs 

arranged in a square pattern. The discs representing the aggregate particles 

were assumed infinitely rigid for simplicity with the material between the 

discs, representing the mortar, assumed to be elastic with a known value 

of unit shrinkage and Poisson's ratio of 0.2. Hsu presented an elastic stress 

analysis of this model and showed the magnitude and distribution of tensile 

and/or shear stresses which exist at the aggregate interface and which are 

caused by the volume change of mortar. 

It was recognized that precise stress values could not be expected 

from the simplified model, but he proposed rather that the model would rea

listically reveal the correct nature of the stresses, tension, or compres

sion, and would give the right order of magnitude of their values. Figure 33 

reproduces the results Hsu obtained for the case of d = O.lOr, where 2d is 

the minimum distance between aggregates whose radius is r. Note the exis

tence of large magnitude tensile stresses on the line A2 at the minimum 

spacing distance. The magnitude of the tensile stresses varies with spacing 

but are excessively large for d i£ 0.20r. 

Structural and interparticle analytical models have certain limita

tions and can provide only "a posteriori" reasons for the mechanisms of 

fracture and failure of mortars and concretes. Their use requires the intro

duction of structural elements whose properties and proportions bear little 

relation to those of concrete and its constituents. Furthermore, the model 

parameters cannot be defined without prior knowledge of the behavior of con

crete under various states of stress. The predicted failure mechanisms of 

the models all depend on a limiting tensile stress or strain as the criterion 



of failure. Although such a criterion is suitable for uniaxial compression, 

the pin-jointed models wrongly predict lower strengths in multiaxial compres

sion than in uniaxial compression. 

Multiphase Materials 

The theories of elastic behavior of complex materials, which have 

been reviewed by Hashin (121), are concerned primarily with synthetic methods. 

(84) of predicting the average elastic constants from the volume fractions 

and elastic properties of the constituents. The random distribution of the 

constituent phases in concrete systems demands a statistical approach but 

this requires a knowledge of the averages and the distribution functions of 

the elastic constants which is not available. Consequently, the problem has 

been simplified to the two-phase model in which average stresses and strains 

are considered to exist in each of the phases and the average behavior of the 

concrete is defined in terms of a representative volume element. The two-

phase model in which average stresses and strains are considered to exist in 

each of the phases and the average behavior of the concrete is defined in 

terms of a representative volume element. The two-phase models which have 

been used include total aggregate, (subscript a), i.e., sand plus coarse 

aggregate, in a cement paste (subscript p) matrix and coarse aggregate (sub

script ca) in a mortar (subscript mo) matrix. These have been used arbi

trarily and so far there is insufficient evidence to indicate which is to be 

preferred. The average elastic constants of concrete, Cc, can be expressed 

in terms of the elastic properties, C, and volume fraction, V, of the consti

tuent phases in the general form, 

Cc • f(Cp,Vp,Ca»Va) = f(Cmo>Vmo>Cca>Vca) (21) 
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THEORIES OF TWO-PHASE SUSPENSIONS 

The material constant C of a dilute two-phase suspension can be ex

pressed by the Einstein (73E) equation in its most general form as 

C = Cm(l + kVf) <22> 

where Cm is the matrix constant, Vf is the volume fraction of the coarse 

particles, and k is a nondemensional constant depending on the elastic con

stants of the matrix and the inclusions and their particle size and shape. 

Relations of the form of the above equation have been established for various 

systems including rigid spheres in a viscous matrix by Einstein (73E), where 

k = 2.5, rigid ellipsoidal inclusions in a viscous matrix by Jeffery (144), 

elastic spheres in a viscous matrix by Frohlich and Sack (87S), rigid spheres 

in an elastic matrix by Hashin (123), elastic spheres in an elastic matrix by 

Dewey (68), Eshelby (78) and Hashin (122), and spherical voids in an elastic 

matrix by Mackenzie (180). 

These solutions do not apply when the volume fraction exceeds 2 to 

3%. As the volume fraction increases, interaction of the flow or strain 

fields around particles makes invalid the simplifying assumptions of the di

lute suspension theory. The difficulty of defining these interaction effects 

has led to the use of empirical relations of the form, 

C - Cm(HkVfHciVf2fk2Vf3...) (23) 

the higher order terms of Vf being introduced to allow for the interaction 

effects. It should be noted for each of the various systems mentioned above, 

that the expressions obtained for values of the bulk modulus K and the shear 

modulus G have a much simpler form than those for the elastic modulus, E, and 

Foisson's ratio, u * This is because K, change of volume, and G, change of 



shape, are the basic elastic constants, whereas the values of E andJJL involve 
both volume change and distortion components of deformation. However, the 

uniaxial compression test is the simplest test for concrete, and so all the 

available information on the elastic properties of concrete are in terms of E 

andjx . Data on the elastic moduli of various mortars and concrete mixes and 

their constituent paste and aggregate have been given by LaRue (163), Dantu 

(65), Kaplan (157), Ishai (140), Hirsch (124E), and Counto (61). 

Ishai (139,140) was the first to point out that the elastic moduli 

of mortars and concretes, Ec, could be: predicted from the elastic moduli of 

the paste, Ep, and the volume fraction of the total aggregate, Va, by an equa

tion of the form, 

Ec - Ep(l + kVa) (2Z0 

Figure 34 gives some results of Hirsch replotted by Ishai (139) indicating 

that Equation (24) applies generally up to volume fractions Va of about 0.60. 

The value of k used in the above equation, however, depends on the type of 

aggregate or the modular ratio, m, of the elastic moduli of the aggregate and 

the paste matrix, Ea/Ep. Figure 35, which is based on the available data, 

shows that k increases with increasing difference between the elastic moduli 

of the constituent phases up to an upper limit of about four. There is also 

some evidence to suggest that for any modular ratio, m, the value of k in

creases slightly with the maximum particle size of the aggregate and dif

ferent values apply for volume fractions Va above 0.60. 

When the modular ratio, m, is less than one, k has a negative value. 

Ishai extrapolated the curve back to Ea/Ep = 0 to give a relation such as 

Ec = Ep(l - 1.9lVv) (25) 

which applies to an elastic material containing uniformly dispersed air voids, 



69 

where Vv now represents the void ratio. When Vv is 0.524, i.e., the volume 

of fraction of equal spherical holes in a close cubical packing, the voids 

may interconnect to become completely continuous, and then Ec is zero. In 

practice, this is not the lower limit as aerated paste structures can have a 

higher void ratio. 

The variation of static Poisson's ratio with volume fraction of ag

gregate for various mortars and concrete mixed obtained by Anson (9) is shown 

in Figure 36. The sand and gravel aggregates used in these mixes have an 

elastic modulus of 10.8 x 10^ psi and a Poisson's ratio of about 0.22. It 

appears that as the stiff aggregate particles are added to cement paste they 

restrain lateral expansion and the overall Poisson's ratio is decreased con

siderably to values which are smaller than either of the constituents. The 

relation between the static Poisson's ratio of concrete^uc, and cement paste, 

/Hp, and the volume fraction of total aggregate, Va, can be given by an equa

tion of the form 

y/c -yV1 - va)n (26) 

where^Up is 0.25 and n is 0.42 for the data given for the Figure 36. 

THEORIES OF MULTIPHASE MATERIALS AND LAWS OF MIXTURES 

The work in this field has been aimed at establishing the upper and 

lower bounds for the effective elastic constant of heterophase materials. 

Such bounds can be derived from rigorous solutions based on the variational 

principles of minimum potential energy and minimum complementary energy (212), 

or more improved methods (124). The bounds are established from acceptable 

displacements, or stress fields, within multiphase materials when these are 

interpreted more simply as either 1: the phases are subject to uniform strains 



or 2: the phases are subject to uniform stresses. The upper and lower bounds 

respectively are given by, 

1. upper bound-uniform strains, 

C -  [ c x V i  +  C 2v2 + C3V3. . 7 ]  ( 2 7 )  

2. lower bound-uniform strains, 

1 = 
C 

vi + Z2. + va. .. 
CI C2 C3 

(23) 

where the subscripts 1, 2, 3 refer to the various component phases, V is the 

volume fraction, and C is the elastic parameter. As with the suspension the

ory, the relations obtained for K and G are much simpler than those of E and 

/ •  

Dantu (65) was the first to make a study of concrete as a multiphase 

material, and he established general relations for the average stresses at 

any point in terms of the elastic parameters including Poisson's ratio and 

the constituent volume fractions. By assuming that Poisson's ratio for the 

aggregate and paste matrix are both zero, Dantu's expressions reduced to the 

following upper and lower bound relations for the elastic moduli of concrete; 

for uniform strains, 

Ec 
B EpVp + EaVa, (29) 

and for uniform stresses, 

i_ = Vjl + la. (30) 
Ec Ep Eg 

The upper and lower bound solutions were interpreted by Hansen (117, 

119) in terms of two simplified model structures shown in Figure 37a and 

37b. Hansen considered that in concretes made with natural aggregates, i.e., 

hard particles in a soft matrix, the elastic moduli conformed more closely 



with the lower bound solution where the stresses are uniform throughout the 

phases. On the other hand, he suggested that in concretes made with light 

weight aggregates, i.e., soft particles in a hard matrix, the elastic moduli 

conformed more closely with the upper bound solution where the strains are 

uniform throughout the phases. Hansen (117) has extended this concept to 

the elastic modulus of hardened cement paste. This can be considered as a 

complex material containing hard grains of unhydrated cement clinker (sub

script uc), in a soft matrix of hydrated cement (subscript he), which in turn 

is made up of capillary pores (subscript cp) and a hard matrix of cement gel 

(subscript g). By appropriate substitution in Equations (29) and (30) the 

elastic modulus of hardened paste is given by 

JL = + vtK (31) 
Ep Euc VgEg 

where Euc is of the order of 7.5 x 10^, and Eg is of the order of 2 x 10^ psi . 

(See Figure 38). In fact, for concretes made with natural aggregates, the 

lower bound solution under estimates the actual values of the static elastic 

modulus, Ec> by up to 10%, whereas the upper bound solution over estimates 

the actual valuee by a greater amount. Kaplan (157) found the same trend for 

values of dynamic modulus. Thus, neither the assumptions of uniform strains 

nor uniform stresses can be correct. Measurements made by Dantu, using 

several methods on compression specimens, indicate just how complex the 

stress and strain distributions are in the paste and aggregate phases. Fi

gure [39a. shows his strain distribution along a vertical plane of a concrete 

specimen. In general, the strains of the fine mortar phase are higher than 

in the more rigid aggregate particles and the maximum strain at the aggregate-

paste interface is 4.6 times the average strain. The corresponding stress 
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distribution calculated from the elastic moduli of the mortar and aggregate 

is given in Figure 39b. The maximum stress of the aggregate is about 2.8 

times the mean, whereas the maximum stress in the mortar is about 1.9 times 

the mean. 

Hirsch (124E) proposed a relation for Ec which allowed for the type 

of stress distribution in the constituent aggregate and paste phases obtained 

by Dantu. Dougill (70) later showed that Hirsch's equation is a summation 

of Equations (29) and (30), which can be expressed as, 

i- = x 1 + 1-x VE + Va 
Ec VpEp+VaEa _Ep Ea 

where x and 1-x are the relative proportions of the materials conforming 

with the upper and lower bound solutions. The value of x given by the data 

of Hirsch is 0.5 and the corresponding simplified model is shown in Figure 

37c. 

One limitation of Equations(30) and (32) is that for the case of 

Ea = 0 they predict Ec = 0, whereas porous material has a definite elastic 

modulus which decreases with increasing void ratio (See Equation 25). To 

obviate this, Countu (61) proposed the simplified model shown"in Figure 37d 

which gives, the following relation for Ec> 

The great similarity between the two preceding equations for 1/EC, when 

x = 0.5, and their relationship with the upper and lower bounds, are indicated 

in the Figure 40. 



THE ELASTIC PROPERTIES OF MORTARS AND CONCRETES 
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The elastic moduli of mortars and concretes can be predicted with 

tolerable accuracy from the elastic moduli of volume fractions of the consti

tuents using relations which are based on either the suspension or multiphase 

theories of behavior. The relationship between these two approaches becomes 

apparent when Equations (29) and (30) are expressed in the form of Equation 

(23). Since Vp + Va = 1 and the modular ratio m = Ea/Ep, Equations (29) and 

(30) become, 

upper and lower bound solutions, respectively. 

The values of ku and ki are plotted against m for different volume 

fractions of aggregate Va in Figure 41 together with the curves from Figure 35. 

The experimental curves, which are based on the actual value of Ec and Ep, for 

concretes with values of Ea in the range of 0.2 to 0.80 lie between those 

for the upper and lower bound solutions. From this is would appear that the 

lower bound solution or condition for uniform stresses is more nearly es

tablished as the modular ratio of the constituents increase and the paste 

matrix supports a higher proportion of the load. Conversely, the upper bound 

solution or condition of uniform strains becomes more probable as the elastic 

moduli of the constituents become more compatible and as the volume fraction 

of aggregate is increased. The use of Equation (24) together with the values 

of k from Figure 35, Ep from Figure 38, and known values of Ea and Va give a 

and 

Ec = Ep(l+kuVa) 

Ec = Ep(l+kiVa) (35) 

(34) 

are the nondimensional constants for the 
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simple and reasonable estimate of a static elastic modulus of saturated con

crete, Ec. The static Poisson's ratio of mortars and concretes, which gener

ally decreases with the volume fraction Va, and maximum particle size. D of 

the aggregate, is given by Equation (26). Until actual data is available it 

must be assumed that the values of the bulk modulus K and the shear modulus 

G, can be calculated from the usual elastic relation, i.e., 

K = —r- (36) 
3(1-2^) 

G = 5 (37) 
2(1 ,yu) K J 

Cracking and Crack Determination 

It has only been within the last 15 years that the concern and study 

of cracking within concrete has received its equal share of attention in the 

literature. Up until this time many researchers have theorized that the 

shape of the stress-strain curve was related to irreversible cracking, have 

stated opinions, and have formed several concepts of the internal cracking 

process. However, none of these investigators^ had more than phenomenological 

information on which to base their conclusions. In spite of this disadvan

tage it must be admitted that their deductions were quite accurate. 

For example, Richart, Brandtzaeg and Brown (242), 1928, on the basis 

of their extensive series of tests on concrete under combined ana uniaxial 

compressive stresses, noted that the failure of concrete showed three dis

tinct loading characteristic stages. In the first stage the action was nearly 

elastic. In the second stage an appreciable portion of the deformation was 

inelastic and action was marked by an increase in the rate of deformation and 



in the ratio of lateral to longitudinal deformation. In the third stage, 

which began at loads of 75 to 85% of the maximum load, a general breakdown 

in the internal continuity of the material developed. They concluded that in 

this final stage there was a great increase in the lateral deformation which 

finally produced an increase in volume under continuous loading, indicating 

by this lateral bulging that a splitting failure was taking place throughout 

the material on surfaces parallel to the direction of the applied compressive 

stress. 

On the basis of his research work, Brandtzaeg (36) makes the following 

observations and deductions. Departure from elastic action began as a plastic 

sliding failure along small inclined surfaces scattered throughout the material. 

This sliding could be due to bond between cement or mortar and a portion of 

the surface of a grain of aggregate so that the plane of weakness could be in

clined in any arbitrary direction. 

It seemed reasonable to him that resistance to bond, slip, or plastic 

sliding could be partly of the nature of adhesion and partly of the nature 

of internal friction. Spreading of this plastic sliding with increased loads 

developed tensile stresses, according to Brandtzaeg, in those parts of the 

material still deforming elastically, and two distinct phenomena might follow. 

They were: 1. that when the tensile stress in some part of the material 

became too great, lateral splitting of the material would begin; presumably 

this process of failure in very strong concretes would account for sudden 

explosive failures with the very small fractures accumulating almost instan

taneously into continuous cracks throughout the material, and 2. that as the 

plastic action continued to spread to an increasing number of points, a stage 

would be reached at which the material as a whole approached plasticity. 



Btandtzaeg summarizes the failure process as a disorganization of the 

material. As the material became more and more of a plastic nature, one 

direction of sliding motion became more predominant than the other directions 

and the external conditions of deformation were thereby determined. He then 

(36,242) formulated a theory which dealt with the internal splitting of con

crete. 

DETERMINATION OF INTERNAL CRACKING 

Microscopic Examination 

The earliest work on the detection of microcracks in concrete was 

carried out by searching exposed faces of test specimens with a microscope 

during intervals between the application of incremental loads (22,80,150,151). 

Evans (80) used the technique on concrete briquets in tension and on beams in 

flexure, while Berg (22) studied beams in flexure and cylinders in compression. 

The technique is very time-consuming and has the further disadvantage that the 

smallest crack which can be detected depends on the magnification of the 

microscope (80). Berg's results indicated that cracks 4 or 5 microns wide 

and a few millimeters long occurred on the tension face of beams in flexure 

at about 70% of the failing load and at a strain of lO"^. The first cracks 

on the face of cylinders tested in compression also appeared at a lateral 

strain of about 10"^. 

Hsu, et al. (129), 1963, carried out an extensive research investi

gation on microcracking utilizing two direct observation methods for their 

determination. The first method was to cut a specimen, fill the cracks with 

a red dye,and examine the cross section under a microscope. The second 
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method consisted of cutting a thin slice from a strained cross section anc! 

taking an x-ray photograph of it. 

Slices for microscopic observation were carefully washed and dried 

and red ink was poured or brushed evenly over the dried surface and allowed 

to dry. The specimens were then ground slightly to remove the excess ink. 

With few exception, the cracks had become red lines from the staining, upon 

termination of the grinding. The aggregates were usually harder than the 

mortar and,therefore, grinding often caused the coarse aggregate to project 

slightly above the mortar and protect a small region of mortar around the 

aggregate, which occasionally obliterated small cracks. However, in the main, 

the cracking pattern became apparent by the deeper, red, thin lines. 

Hsu (129) compressed the 4x8 inch concrete cylinders to varying 

strain limits, then removed the specimen from the load machine and took a 

slice in.the manner previously described. By plotting the results of several 

tests on a single concrete mix, strained to various increasing magnitudes, 

and comparing the stress-strain diagram, a relationship between the phenomen-

ological effects of load and the internal effect of load was obtained (See 

Figure 42). 

Hsu (74) concluded: 

1. Microcracks can be divided into three types, viz., cracks 
at the interface between the aggregate and mortar (bond cracks), 
cracks through the mortar, and cracks through the aggregate. 

2. A surprisingly small amount of cracking was observed through 
the aggregate particles, even at high strains just prior to disrup
tive failure. This was true even though the same concrete showed 
large amounts of failure through the aggregate when a failed cylinder 
was observed by eye after conventional testing which gave an hour
glass type of failure. The compression loading with restrained ends 
may force a final shear failure through some of the coarse aggre
gates, after extensive network of other cracks had been formed prior 
to the final disruptive failure. 

3. Bond cracks exist even before the concrete is subject to any 
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load, while the mortar cracks remain negligible until a later loading 
stage... 

4. Bond cracks increase in length, width and number with in
creasing strain in both the ascending and descending branches of the 
stress-strain curve. The increase is negligible in loads lower than 
30% of ultimate (strains up to 6 x 10"^). This corresponds to the 
nearly linear portion of the stress-strain curve... 

5. In general, bond cracks occur first around the large aggre
gates. This is consistant with the observations of Alexander and 
Wardlaw (4,6) that the larger the aggregate the weaker the bond 
strength. 

6. Mortar cracks begin to increase noticeably, and form continu
ous crack patterns, at strains of 12 x 10-4 to 18 x 10-4, or in terms 
of load, at about 70 to 90% of the ultimate load... 

7. Mortar cracks always bridge between nearby bond cracks and 
usually where distances between coarse aggregates are relatively 
small. In addition the mortar cracks tend to bridge between bond 
cracks on large aggregates in preference to those on small aggregates. 
Thus, a continuous crack has a minimum proportion of its total length 
through the mortar. 

8. The total extent of mortar cracking is considerably less than 
that of bond cracking at all stages of straining. Thus, the size and 
proportion of coarse aggregate should have an effect on the strength 
of concrete... 

9. The descending branch of a stress-strain curve of concrete is 
extensively cracked. The amount of cracking is greater when the slope 
of the stress-strain curve is steeper.... 

Observation by X-rays 

The method of x-ray examination has been reported by Slate and 

Olaefski (265), 1963, with the following observations: 

1. The arrangement of aggregate particles with special reference 
to spacing and the thickness of paste film separating aggregate par
ticles can be directly observed. Of course this can be done by di
rect surface observation or photography of any internal slice but the 
x-ray technique gives a partial three-dimensional view that cannot be 
obtained otherwise. 

2. Enclosed air voids both from entrained and entrapped air can 
be observed directly with some three-dimensional effect... 

3. Cracks, originating from any cause, can be observed directly 
as black lines on the x-ray plate. 

The use of x-rays has been successful with certain limitations. It 

has provided a new method of direct observation of cracks and, while inferior 



in many respects to the microscope, is a good means to supplement such data. 

The primary advantage of radiography over microscopy lies in the fact that 

the former shows structure at depth and through depth while the latter is 

confined simply to the surface. For example, a paste crack shown by the 

microscope might be extremely shallow in the paste and actually associated 

with a major bond crack under the surface. This bond crack would be shown 

by the x-ray but not by the microscope. In many cases when the microscope 

shows a paste crack the x-ray shows a crack at about the same location on the 

slide but shows a bond crack, presumably below the surface. 

Cracking as Determined by Gages 

Evans (80) appears to have been the first to deduce the presence of 

microcracks from the change produced in the strain distribution before and 

after the occurrence of the crack. In these experiments the strain distribu

tion was first observed at about half the nominal failure load by making 

successive measurements of the strain at adjacent positions along the tension 

face of the beam using an extensometer with a one inch gage length. This 

established the strain distribution at a "safe" load before the appearance 

of a crack. The load was substantially increased over the "safe" load until 

a change in the rate of strain was observed on an extensometer with an eight 

inch gage length, which indicated that cracking had occurred. The load was 

removed from the beam and the strain distribution was again measured at the 

same load as had been used earlier. The presence of the crack was immedi

ately obvious from the abnormally high strain recorded over the one inch 

length containing the crack. The crack was then accurately located and its 

dimensions measured by a microscope at the same value of the load used in 



the measurement of the strain distribution. Evans observed that the repeated 

loadings required to obtain the strain distribution, coupled with the sus

tained loading during the search for the crack with a microscope, usually 

weakened the specimen so much that the load at fracture was seldom higher 

than that load at which initial cracking was observed. 

The advent of the electrical wire resistance strain gage has consi

derably simplified the experimental technique of measuring changes in the 

strain distribution and has enabled these measurements to be made during a 

single loading of the specimen. The gages are fixed at adjacent positions 

along the face of the specimen using a suitable adhesive, and the strain at 

each gage is inferred from the change in the resistance which is measured 

continuously during the application of the load. Blakey and Beresford (25) 

have used this technique and they inferred from their results that initial 

cracks occur at about 60 to 70% of the final load and at a strain of about 

10"^. They also observed that the stress-strain relations were essentially 

linear up to a strain to 10"^ but curvature occurred at higher strains. 

Todd (280) also obtained a linear stress-strain curve up to a strain up to 

about 10"^ on the tension face of a beam, where the tension stress-strain 

relationship on the compression face remained linear up to failure. 

The Ultrasonic Pulse Method 

The passage of an ultrasonic pulse through a solid is interrupted 

when an air crack is encountered such that the component in the plane of 

the crack is at right angles to the direction of propagation of the pulse. 

Part of the pulse defracts around the edges of the crack and, thus, takes 

longer to reach points immediately behind the crack than it would have done 

in the absence of the crack. Therefore, the crack produces an apparent 



decrease in the pulse velocity measured across it. The more extensive the 

cracking the greater will be the apparent decrease in velocity. When the 

plane of the crack lies along the direction of propagation of the pulse, the 

pulse can pass on either side of the crack and the velocity of propagation is 

not affected by its presence. 

Jones (149,150,151), 1960, has used the ultrasonic pulse method to 

indicate the development and orientation of microcracks in different types 

of specimens as they were loaded to failure in uniaxial compression. Re

sults on one particular type of concrete containing coarse gravel aggregate 

indicated that the cracks were orientated parallel to the direction of load

ing and were formed at 30 to 607. of the final load depending upon the shape 

of the specimen. The average stress at which initial cracking occurred was 

rather less dependent upon the changes in shape of specimen and conditions 

of end restraint than was the final stress, and assuming that the stress-

strain curve had remained linear up to the formation of cracks, the lateral 

strain in the initial crack was approximately 1.5 x 10"^. Further, experi

ments have shown that the average stress at which cracks first form depended 

on the type of coarse aggregate. 

Tension cracks in a beam in flexure cannot be detected by the ultra

sonic pulsfi~method. Jones surmises that this is probably because the cracks 

are located near to the tension face and within the midspan of the beam. 

There is, therefore, little or no defraction of a pulse propagated along 

the beam, i.e. at right angles to the plane of the cracks, so that transit 

time of the pulse is not increased. Tension cracks of a more general nature, 

such as are produced in cylinders subjected to direct tension, are easily 

detected by the ultrasonic pulse method and have been found to occur at 
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60 to 707® of the failing load for concrete made with a river gravel aggre

gate (152) . 

In his paper of 1965, Jones (147) indicates that though the ultra

sonic pulse method is less direct than the visual observence of cracks, still 

it is more versatile and enables conclusions to be drawn concerning varia

tions in elastic properties within specimens, the preferred orientation of 

initial flaws, and the subsequent spread and orientation of microcracks dur

ing stressing. 

MICROCRACKING AND LOAD 

Microcracking and Failure in Compression 

Jones' (151) first series of experiments to study the development of 

concrete microcracks in compression, using the ultrasonic pulse technique, 

was made on cubes, cylinders, and bobbin-shaped specimens. The concrete con

tained irregular gravel aggregate and, in some of the experiments, plywood or 

rubber was interposed between the end spaces of the specimen and the platens 

of the testing machine to modify the end restraint conditions. The main con

clusions from his experiments are as follows: 

1. Failure in all specimens was preceded by cracks parallel to the 
direction of loading. 

2. Under'the'usual test conditions, with the specimens in contact 
with the steel platens, the onset of cracking was detected at different 
proportions of the ultimate load for the different shapes of specimens, 
i.e. about 35% for cubes, 50% for cylinders and 65% for the bobbin-
shaped specimens.... 

In further experiments on test cubes of concretes made with different 

mix proportions and containing 13 different coarse aggregates (152) the 

following was concluded: 
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6. Concretes containing smooth gravels began to crack at lower 
average compressive stresses than did concrete containing coarse tex
tured aggregates. The ultimate compressive strength did not show such 
appreciable differences. It was concluded that the onset of cracking 
arises mainly from the spread of microcracks along the boundaries of 
coarse aggregate and depends on those properties of the aggregate which 
influenced the aggregate's cement bond. 

7. The average ultimate compressive strength of concrete with 
aggregate/cement ratios of 7.53 and 10.25 was respectively 26 and 377a 
greater than that of the comparable mortar. The average ultimate 
compressive strength of the richer mix (aggregate/cement ratio 3.08) 
was approximately equal to that of the comparable mortar. It was 
concluded that especially in the leaner mixes, a contribution to the 
ultimate strength is provided by the mechanical interlocking of the 
coarse aggregate. 

Microcracking and Failure in Direct Tension 

In direct tension tests Jones (147) observed the following: 

1. Microcracks propagate before failure and are perpendicular to the 

direction of loading. 

2. The onset of cracking occurs at 85 to 90% of the ultimate tensile 

load and at an estimated strain of 0.60 x 10"^ in the bobbin-shaped specimens. 

The onset of cracking occurs at about 65% of the ultimate tensile load and at 

an estimated strain of about 0.50 x 10"^ in cylinders 4 x 18 inches. The 

ultimate failure load of the cylinders was particularly dependent upon the 

rate of loading and the failure often occurred when the load was held sta

tionary, i.e., after the onset of cracking has already been detected. 

The work of Kaplan (155), using a strain gage technique, has shown 

that the onset of cracking in concrete cylinders (4 x 16 inches) in direct 

tension occurs at strains between 0.8 and 0.4 x 10"^ in concretes containing 

increasing percentages of gravel and limestone coarse aggregate, at w/c 

ratios of 0.5 and 0.6. 
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Nicrocracking and Failure in Flexure 

Research into the microcracking and failure of concrete in flexure 

has yielded the following results: 

1. Microcracks have been detected within the span of the beam sub

jected to maximum tensile stress before failure. Only a few cracks, often 

only one, formed before a propagating crack led to failure (147). 

2. The intial microcracks, deduced from the limit of proportionality 

in the stress-strain curve, first occurred at a tensile strain of about 10"^. 

Kaplan (155) found that this strain varied between 1.60 and 0.85 x 10~4- as 

the percentage of gravel and limestone aggregate was increased. 

Review of Strength Theories and Fracture Mechanics Concepts 

Historically, the strength properties of solids have been studied 

along two lines. The oldest, the phenomenological, attempts to describe the 

reactions of a solid when acted upon by an external load system. The failure 

criteria are then postulated with the assumption that the solid is isotropic, 

homogeneous, and continuous. The effects of multiaxial stresses can be pre

dicted by various methods of stress combination. However, no single theory 

has been found applicable to more than a very limited number of materials, 

which is not surprising in light of the many failure mechanisms found in 

materials. The phenomenological approach is very important, however, in that 

it permits design calculations to be made using a given material. 

The second approach is mechanistic in nature. Herein, the properties 

of strength are analyzed on the basis of inherent material failure charac

teristics. These theories are relatively new and are primarily concerned 
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with why a material may fracture at stresses from 100 to 10,000 times below 

its theoretical strength. The presence of cracks, flaws and defects are 

assumed and the methods of analysis proceed from that point. Although this 

approach is the more fundamental cf the two, a thorough understanding of the 

former is necessary for an intelligent use of the mechanistic theories. 

STRENGTH THEORIES 

Each of the phenomenological theories is based upon some assumed 

criterion for failure. In general, these theories place no restriction on the 

nature of the material to which they are applicable. They have been, there

fore, used to predict failure in both brittle and ductile materials. 

As a guide to the phenomenological approach, a. review of the methods 

of analysis applicable to uniaxial and combined stresses is in order. In 

the general case of two-dimensional or biaxial stress, the free-body diagram 

shown in Figure .43" is appropriate. The forces on the tz plane are unknown, 

but vary as the angle 0. There is one position for which the normal force 

Fn is maximum. To find this, the relationship between Fn and G must be found, 

which can be done by summation of forces in the n direction, as: 

Fn = Fx sin© + Fyx cosQ + Fy cosG + Fxy sinG (38) 

To convert the forces to stresses, it is necessary to divide by the area 

over which they act. Equation (38) then becomes, for the stress relationship 

^n = ^x sin^G + 0~y cos^Q + TXy sin20 (39) 

assuming T*Xy = To determine the angle 0 for which C~n becomes a maxi

mum or minimum, it is necessary only to differentiate Equation (39) with 

respect to G; thus: 

- 2 0"x sinG cosG - 2 CTy sinG cosG + 2 "E" Xycos 20 = 0. 



Noting that 2 sinO cosQ = sin20, the direction of maximum or minimum normal 

stress is giyen by: 

tan 20 = "2 rXY. (40) 
0" X-0y 

In order to calculate the magnitude of the normal stress from Equation (39), 

sin 20 and cos 20 must be determined which can be done by examining Equation 

(40) and applying Pythagoras' theorem; this yields: 

sin 20 = -2rxy ^— (41) 
± jT <TX- ̂ y) + 4 t"Xy.2j '/-2 

and 
cos 29 = (0*x*" CTy) (42) 

* £( <rx- CTy)̂  + 4Txy2j 

Using sin20 = (l-cos20^ an(j cos2q _ (l+cos2Q) and substituting into Equation 

(40), the expression for maximum and minimum normal stresses become: 

0*n = ± (<7x2(ry)2 + ̂ ŷ j'72 (43) 

i 

The stresses <Tn(max) an<* G~n(min) are generally referred to as the principal 

stresses, herein identified as CT^ and (T3. This of course circumvents 0"2 

which will be called the intermediate principal stress. 

We can now derive an expression for the maximum and minimum shearing 

stress in a manner similar to the preceeding as: 

Ta = * [2%-S!)2 + t-xy 2] V* (44) 

The criteria of maximum normal and maximum shearing stresses have 

been used extensively in the development of theories and the free-body dia

gram of Figure 43. will be referred in the following review to maintain 

continuity. 
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Maximum-Stress Theory 

The maximum-stress theory of Rankine assumes that fracture in brittle 

materials starts in an element subjected to combined stresses when the maxi

mum principal stress becomes equal to the fracture stress of the material in 

tension. Stated analytically for the three-dimensional case: 

where <Tult = fracture strength in simple tension, where the principal 

stresses (T^, 0^, and 0"^ are such that: 

In this form, the theory assumes equal strengths in compression and tension. 

Expressed in terms of the stress components, the fracture stress is given as: 

which is identical to Equation (43) for the maximum normal stress. 

A modified form of this theory assumes that, if one of the three 

principal stresses is positive (tension), the limiting value is less than 

if all the stresses are negative (compression). Although this is closer to 

the truth for materials exhibiting brittle behavior (including concrete), it 

is extremely artificial and cannot be considered an important relationship. 

exhibiting brittle behavior are used. Two of the more common criteria for 

brittle behavior are that. th'e. fracture surface is normal to the specimen 

axis in a tension test and at an angle of 45° in a torsion test. Such be

havior is assumed for materials classed as brittle. 

0"uit-± 0*1 (45) 

Q~ 2 ^ 0" 3 

(46) 

The maximum-stress theory is used commonly in design when materials 
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Maximum-Strain Theory of St. Venant 

( 4 7 )  

This theory assumes that failure occurs when the positive elastic 

strain in the direction of one of the principal stresses becomes equal to 

the value at failure in tension. The principal elastic strains are given by 

the relationships: 

^1 = - E" [fr JU ^ 2+ ' 

€ 2 = + — \~G~2- J* (0\+ ̂3̂  

and 63=+f [/3"/ ( °~1+ 

w'nerejj. = Poisson's ratio, and E = Young's modulus. 

If, then, the limiting strain in tension is given as failure will 

occur when or becomes equal to This can be stated in 

terms of stress: if 0", . = £ ,^E, then 
' ult ult ' 

<rult"°l-/«T2+<r3> <48) 

In terms of stress components and considering only planar stress, Equation 

(48) becomes 

"".It -(!;*> (. 

q~x. ty n  ̂
+ T 2 

xy 
h ( 4 9 )  

If the stress system is uniaxial compression, the lateral strains art 

0~c 
positive and equal to —— . Then the material is expected to fail when the 

lateral strain equals the longitudinal strain at failure in a tension test. 

<Tuit 
The compression stress at failure is then 

r-
, which is three to eight 

times the tension failure stress, depending on Poisson's ratio. It can be 

seen that, if a hydrostatic pressure were superposed on the compression 

stress, the material could not fracture and brittle materials could be made 

to flow. 
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Maximum-Shear-Stress Theory 

This theory assumes that failure of materials occurs when the shear 

stress reaches a maximum. It should be stated that this theory has been used 

widely when failure is defined as a yielding, rather than a fracturing. Thus 

its applicability to materials exhibiting no flow is not immediately apparent 

The theory was used first because it was noticed that yielding occured on 

planes making an angle of 45° with the principal stress direction. In terms 

of principal stresses, the maximum shear stress is given by: 

"̂l- ̂ ~3 
T ' (50> 
m 2 

For the limiting case of tension or compression, 

_ °~1 _ 3̂ 
^m ~ 2 2 ; 

therefore: 

or,  = it = <v c* • (si) 
ult m 13 

The presence of an intermediate stress in a triaxial stress system is not 

considered to affect the value of the critical shear stress. In terms of 

stress components, Equations (50) and (51) yield: 

CT , . = 2 
ult 

0~ <Ty 2 
x y + n- 1 

2 xy 
h  ( 5 2 )  

which is identical in form to Equation (44). 

It may be noted that this theory, as well as the maximum-normal-stres 

theory, does not assume strain to be proportional to stress, as does the max! 

mum-strain theory. However, it has the disadvantage that intermediate stress 

are not considered operative. 

Maximum-Strain-Energy Theory 

The quantity of strain energy stored per unit volume also has been 



used as a criterion for failure. Failure is expected, according to this law, 

when the strain energy stored equals the strain energy at failure in tension. 

The total strain energy stored per unit volume in a multiaxial stress system 

is given as: 

W = l/2( 0"i £1+ 0*2 £2+ °3 £3) . (53) 

This can be restated in terms of stresses by substituting Equation (47) for 

the strains, resulting in the expression: 

W = l/2E(<ri2+<r2^<r32) -^/"/E( 0*1(7*2+ fl~2 <3-3+ ̂ "3 ̂ l) • (54) 

The strain energy at fracture in tension is given by: 

Wult, - (55) 

By combining Equations (54) and (55), the expression for the fracture stress 

becomes: 

G"ult 85 QTl2* CP}2- 2/t( (Ti 0-2+ <r2 0-3+ 0"i <T3)̂ j 1/2 (56) 

or, expressed in terms of stress components: 

G~ult ® QTx2+ 0y2+ 0~z2 - 2^ ( Q~x 0~y+ 0*y 0^+ 0"x CTZ) 

+2(lt̂ ) ( rxy2+ ry2A rxz2)]] ̂  (57) 

This theory assumes strain to be proportional to stress, and the 

tension and compression strengths to be equal. The theory has been largely 

superseded by the distortion-energy theory, so little will be said of it 

here. 

Distortion-Energy Theory 

This theory assumes that failure begins when the shear energy of any 

stress system reaches the energy at failure in simple tension. It has been 

extremely successful in describing the flow of ductile materials, and is felt 
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by some to have potential utility in the field of brittle behavior. The 

distortion-energy theory assumes strain to be proportional to stress and con

siders that the total energy stored in a material is composed of two parts, 

distortion and dilation. The strain energy due to the dilatation then is 

given as: 

Uv = 3 = 3 £v( G~i+ 02+ CT3) . (58) 

Also, since: €v = v̂' 

then: Uv =( (Ti+0"2+(7*3) . (59) 

To obtain the distortion energy, V, Equation (59) is subtracted from the total 

strain energy, as given by Equation (54), with the result: 

V = L( *1" °2)2 + (C2- V3)2 + < 0"3- <Ti)2 J (60) 

The distortion energy at failure in tension ( 0"i= ^ij-) is given then as: 

v - (T#) tit2 <61> 

Therefore, failure occurs when the energy in a combined stress system equals 

that in uniaxial tension at failure. The distortion-energy relation becomes: 

iTuit- -7f[Wi- <r2)2 + <a-2- ct3)2 + <oy ̂ i)2] l'2 (62) 

or, in terms of stress components: 

<Tult = 2̂" Q 0"x" 0"y)2 + ( 0"y" + ( <V <TX>2 

+ 6 ( TXyV TTy2̂  Tzx2>3 1/2 (63) 

The distortion-energy theory assumes equal strengths in compression 

and tension, and it has been successful mainly in describing the yielding or 

flow of materials. 
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Internal-Friction Theory 

This modification of the maximum-shear-stress theory was proposed to 

account for the fact that failure in tension did not occur on a 45° plane. 

It is formulated by assuming that there is a resistance to sliding on the 

plane of shear (dzdt in Figure 43), which is composed of the shearing stress 

plus a frictional component. The general statement of this theory is: 

Tm = 2cosoc. D ̂  °"3) * °"3̂  sin°^] ' 

where oc = tan"^ f, 

and f a coefficient of friction 

For simple tension: 

Tm = ^*1 (1+sinoc-) (65) 
m 2 cosoC 

and the failure under combined stresses relative to the tension-failure 

stress is given as: 

r«it - «i- (««) 

It is seen that, if cC. = 0, Equation (66) reduces to that of the maximum-

shear-stress law, Equation (51). 

If sincC = 0, the compression strength should be 1.5 times the ten

sion strength. Thus, by choosing the correct value of sinoC the experimental 

evidence of the compression strength being higher than the tension strength 

in brittle materials can be supported analytically. 

Mohr Theory 

Another variation in the maximum-shear theory was introduced by Mohr. 

It assumes that some plane other than the plane dzft in Figure 43 is the plane 

of maximum shear stress. Mohr's theory was developed graphically, and only 
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the final equations will be stated in this brief review. The maximum princi

pal shear stress is given by: 

sin 20, (67) 

and the maximum normal stress is given by: 

<rn - (£i±0j) + (CLiO) cos 28. (68) 

Since the maximum shearing stress is the criterion for failure, the failure 

stress is given as: 

, (69) 

and ^lt B 2 = ®~1» 

where 9 = 45°. 

This theory also can be expressed in a more useful form, given by 

Timoshenko (278), which relates the failure strengths in shear, TTus> tension, 

G"ut» an<* compression, 0"ucJ 

•" Sfe <70> 
(Tut = ~ 0~uc» then TUs = ût- Since, in brittle materials, the strengths 

in compression and tension are different, Equation (69) enables adjustment 

for this fact. If the compression strength is eight times the tension 

strength, the shear strength sould be 0.89 of the tension strength. 

Mohr's theory is very general and, because of its flexibility, has 

been modified by many investigators to fit their data. Therefore, it loses 

importance and becomes little more than an empirical observation, the form of 

which varies with the material. 

A modification of Mohr's theory has been proposed by Marin (181E) which 

recognizes the difference between compression and tension strengths. It can 
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be stated analytically as: 

(y/x)2(x-y)2(-4k-4k2) + (2y/x)(x2-y2+x-y) + (x+y)2 

+2(x+y) + (l+2k)2(x-y)2 - 4(k+k2) = 0, (71) 

where x = 0*1/ 0"c 

y = 0*2/ c 

c = compressive strength 

k = constant 

The constant k can be evaluated if the ratio of the tension to the compres

sion strength is known, and Equation (71) solved for the case of pure tension. 

The modification permits the effects of any raultidiraensional stress systepi 

to be evaluated without assuming the tension and compression strengths to be 

equal. 

Stress-Invariant Theory 

In a solid with normal stresses acting on the three mutually perpen

dicular faces, the equilibrium of the stresses on any plane through the solid 

can be written as: 

Ox' = Gxl + Tyx™*" Tzxn» 

0"y' = 7Txyl+ G"ynrt- "Czyn> (72) 

(Tz* — tyz1®̂  0"zn, 

where Q"x'> 0 ~ y ' t  0 ~ z '  -  components of the resultant stress 0*1 on any 

plane, 

1, m, n, = direction cosines of this plane. 

Now, if this plane carries only a normal stress, <T , and no shearing stress, 

the components become: 

0"x' = d» 
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CTy' = CTm, 

OV = <Tn, 

If a principal plane of stress is considered, Equation (72) can be expressed 

in determinant form as: 

-C~ Tyx 'Exy 

»xy rz = o (73) <Ty - cr 

*Cxz Tyz (7z - CT 

Evaluating this determinant, the term I3 and the coefficient Ii and 12 of 

the (J"2 and 0" terms are found to be: 

II = @~x "f" Cy + z (74) 

12 = Q"x ̂ "y + ~̂y <Tz+ 0"̂  (Tx - ( TXy2 + Tyz2 + tzx2) > (75) 

*3 = 0"x <Ty crz + 2 TyZ "t'xz txy " ̂ x̂ yz2 ~ "̂y'k'xz2 " ̂ "ẑ "xy?, (76) 

where Ii, I2, and I3 are commonly called the stress invariants. 

Octahedral-Stress Theory 

Using the stress invariant principal, Nadai (189) subtracted the 

hydrostatic component from Equation (75), and derived a criterion for the 

flow of solids known as the octahedral shearing stress. He assumed that the 

oblique plane cutting through the solid, which was used for the derivation 

of Equation (72), makes an angle of 54 degrees and 45 minutes with the princi

pal axis. His relationship can be expressed then as: 

°oct = 3- ( 0"i + o"2 + cr3) 

^oct = "J [[(°* 1" °*2)2 + ( °*2" ̂ 3)2 + ( ̂3" 1̂ 2 

or, in terms of stress components: 

(77) 



r0ct - 3 [<<V <V2 + C <ry- <rs>2 + <<V rx)2 

+ 6(Txy2 + fyz2 + tzx2)J 1/2 (78) 

(f = 0~x+ 0*v+ 0"z 
u oct — *• 

Although its form is rather different, the octahedral stress can be consi

dered to be the equivalent of 12 multiplied by a constant. Since this form 

has the hydrostatic component subtracted from it, and realizing that frac

ture of solids differs from flow in that fracture is dependent upon the hydro

static pressure, it is reasonable to add the invariant Ii to Equation (78). 

This could be accomplished by combining it directly in Toct; however, it Was 

found that better agreement was obtained by adding Ii to Equation (78), so 

that: 

<Tuit -1 £<<v <ry>2 + «ry- «y2 + «v <rx)2 

+6(TX)?+ Yy/+ W)] 1/2 + 0*8 (79) 

Then, for tension: 

<Tult * S2̂ ~ <TX + - 0.805 (Tx, (80) 

and the fracture criterion for compression, G"xc> *-s given as: 

3"ult -• °"xc + -- O.IMO-JC, (81) 

and the relationship between tension and compression strengths: 

G~xc ~ -5.84 CTx. (82) 

The octahedral stress theory may be used to show the effect of pore 

pressure in combined stress states by considering it to be some function of 

say the axial stress 0"yC. Referring to the nomenclature of Equation (79), 

this can be expressed as 

0*yc = k Q~xc ~ kCTgc. (83) 
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Substituting Equation (83) into Equation (79), the general expression for the 

compression strength is given as: 

^ult - \j # (1-k> +  ̂J r" <84) 
The effect of these stresses can be seen by letting k in Equation (84) equal, 

say, 0.05, then CTû t is considerably increased and the ratio between compres

sion and tension strengths, referring to Equations (80) and (81) increases to 

12.7. 

Mean-Stress Theory 

Novozhilov (202) has shown that the invariant relating to the shear

ing stress, generally taken to be the foregoing octahedral stress, does not 

have substantial meaning if preference is given to one plane over another. 

He then shows that the shearing stress on a plane defined by a normal whose 

direction cosines are as given previously, is: 

T2 - Ô 2!̂  CT22n2+ CT3n2-( 0"il2+ 0"2n2+ 0"3n2)2 (85) 

He defines the mean shearing stress as the limit of the following expression 

ra = lim fi f rs2 ds 
a s->-o Is , 

<s 

1/2 , (86) 

which is the expression for all possible orientations on an elemental sphere 

with t"s and C~s as the stresses at any point on the surface. 

By taking the center of the sphere as coincident with the particular 

point in the body and using spherical coordinates to define l,m,n,dS and S, 

and carrying out the integration of Equation (86) he obtained 

ra2 - i Q ay ay2 + (ay <r3)2+ < ay a-!)2 J <87> 

The mean normal stress is similarly found as: 
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of unit area perpendicular to the tension, varies with the mean interatomic 

distance, x, in the direction of tension in the manner indicated schematically 

in Figure 44. The extension should be stable until the maximum of the curve, 

CT » is reached; thereafter, fracture will occur. In the figure, a is the 
u o 

equilibrium separation between two atoms and tyl is the effective range of 

the interatomic forces. The initial part of the curve can be represented 

approximately by 

cr = a sin -S77. (91) 
u A/2 

For small increases in the atomic distance we can define 

E = stress . -f , (92) 
strain x/a 

o 

so that - —. (93) 
dx a 

o 

From Equation (91) we can find, for this same portion of the curve, 

dcr 

dx A 

which then allows us to solve for (J~ from Equations (93) and (94), 

<Tu - -M- <95> 
O 

An energy balance can then be obtained (129) between the energy 2S of the 

two new surfaces produced by the separation and the work done per unit 

area during fracture, 
V2 

(7 sin 2frx dx = —^— = 2S. (96) 
u A rr 

o 

From Equation (95) we have that A= 2 77"0""uao/E, so by substitution into 

Equation (96) one obtains 

<r» * \(97) 
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vhich is then the theoretical strength of a material. Actual fracture 

strengths when compared to their theoretical are, of course, found to be 

several orders of magnitude smaller. The cause of this discrepancy has been 

elucidated by Griffith whose work will now be considered. 

Griffith Crack Theory 

Griffith (111) assumed that the discrepancy between the theoretical 

estimate of strength and the observed values of the material tensile strength 

was due to the presence of very small cracks, or flaws, around which high 

stress concentrations would occur when the material came under load. Accord

ing to his theory, the theoretical strength is the true microscopic fracture 

stress which is actually reached in very small volumes of the specimen, even 

though the average stress is very low. The calculations of Ingilis (131) for 

obtaining the stress concentrations at the tip of a crack of given length in 

a stressed plate, were used by Griffith who, regarded the crack as a very 

flat elliptical hole. Griffith then found the maximum stress at the tip of 

the crack, oriented at right angles to the direction of applied tension, as, 

where (J" = the macroscopic stress perpendicular to the major axis of the 

crack, 

= the radius of curvature at the ends of the major axis, 

and c = the half length of the major axis of an elliptical hole. 

However, in this equation (Tm tends to infinity as js decreases to zero, 

and therefore, without further physical assumptions, no definite value for 

0" m can be obtained. Griffith circumvented the difficulty by assuming 
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the crack would lengthen and, thus, lead to fracture if, for a small increase 

in its length 2c, the work of the external forces was sufficient to cover the 

increase of the elastic energy around the crack and of its surface energy. 

Surface cracks of depth c produce approximately the same stress concentration 

as internal cracks of length 2c. From the stress distribution around an ellip

tical hole, the increase of elastic strain energy, Wg, of a plate by the in

troduction of a crack is: 
2 2 

W = ffc J7 (99) 
e E 

per unit thickness, if the plate is thin (thickness < 2c). If the case of 

plane strain holds (thickness > 2c), the increase is: 
2 _2 

we - I 1 -
C1 ilV2- (ioo> 

where.jx - Poisson's ratio. 

The work done on the system when the crack is introduced is twice 

the increase in elastic energy, and the surface energy of the crack is 

W = 4Sc (101) 
s 

per unit thickness of plate. Griffith assumed that, when the potential 

energy of the external distorting forces is enough to cover the increase of 

elastic energy and surface energy of a crack increment, the crack will spread. 

If the crack propagates, the total diminution of the potential energy of the 

system is: 
2 2 

W - W = 4Sc (102) 
e s E 

Since the potential energy of the system is being diminshed, the system has not 

yet reached its equilibrium, the loss of potential energy of the system must 

be a maximum, or: 
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A 

f^CWe-Ws) = 27ŷ a" - 4S = 0. (103) 

Solving for the stress: 

tr- \/PF • (104) 

for a thin plate, and for a thick plate: 

G" = ,/2SE J" . (105) 
V TT c(l-/w.2) 

Thus, the value of applied stress needed to achieve equilibrium 

(fracture) of a body is predicted. Further calculations have shown (75) that 

assumption of a cleavage-type crack, or an ellipsoidal (penny-shaped) crack, 

gives values only slightly different from those obtained assuming Griffith's 

elliptical crack. 

The importance of Griffith's work is two-fold. In the first place he 

showed that the tensile strength of an elastic material depends" on physical 

parameters such as the length of cracks, the modulus of elasticity and the 

surface energy. Secondly, he showed that a consideration of the exchange of 

energies, when flaws or cracks propagate, could explain the mechanics of frac

ture of a brittle materials. 

Extensions of Griffith's Theory 

A good deal of effort, since Griffith's work, has gone toward resolu

tion of the problem of surface energy determination in those materials for 

which it was felt the theory could be applied "as is", and toward the replace

ment of S for those materials which are not truly elastic and brittle. Irwin 

(136) and Orowan (208) first recognized that, for materials in which plastic 

flow preceded failure, unstable crack extension could occur if the plastic 

strains tended to localize near the boundaries of a crack. They pointed out 
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that the Griffith theory must be modified so as to take into account the dis

sipation of strain energy in plastic flow, and suggested that the surface 

energy term in Griffith's formula be augmented by the work of plastic defor

mation. The view is now held that, provided the surface energy term can be 

replaced by the total work involved, or energy absorbed in the fracture pro

cess, that Griffith's theory in modified form may be applicable to a wide 

range of materials. 

The strain energy release rate, which Irwin designated as 

G = 7KT2C/E, i.e., dWe/dc, and which he uses to replace S in the Griffith 

formula, may be less than that required to cause unstable crack propagation. 

This is because both the energy-release rate and the energy-absorption rate, 

during crack extension, may depend on many factors. The strain-energy-release 

rate at onset of unstable cracking is referred to as the critical strain-

energy release rate, Gc« 

Irwin (132,134,135,138) has futher shown that, for crack dislocations, 

there is a close relationship between the strain-energy-release rate and the 

intensity of the stress components in close vicinity to the edge of the crack, 

and he introduces the concept of stress-intensity factor, which he designated 

as K. Irwin has regarded the strain-energy release rate, G, not only as a 

measure of the elevation of the stresses surrounding the crack extension but 

also as the driving force motivating crack extension. He has also suggested 

that, if two different load systems produce the same stress environment near 

the leading edge of a crack, then the influence on crack extension should be 

similar. 
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Fracture Mechanics and Concrete 

It has been shown, herein, under the heading of "Cracking and Crack 

Determination", that small cracks and other flaws exist in concrete long 

before any load is applied. With this as a starting point, several investi

gators (101,103,156,246) have made an attempt to apply the Griffith theory 

to concrete. Of course the nature of concrete obviated the use of the ori

ginal formulation of strength (Equation 106 or 107), and the problem has 

resolved into one of whether or not the energy concept of fracture mechanics 

is even applicable to concrete. 

Kaplan (156) and Glucklich (101) have recently (1961-1962) made an 

attempt to apply the fracture mechanics concepts to concrete through a method 

for the determination of Gc which was developed by Irwin (135). The method 

consisted in observing a tensile crack propagating in a beam subjected to 

flexure. Romualdi, and Batson (246) used a more common method for finding Gc 

by casting an elongated hole in a thin mortar specimen and subjecting it to 

uniaxial tension perpendicular to the major axis of the hole. And finally, 

Glucklich (101,103) derived an equation for Gc in a compression field which 

is only slightly different than the equation formulated by Irwin. 

Past work in the field of concrete fracture has demonstrated several 

things which are pertinent to this dissertation: 

1 - The critical strain-energy-release rate, while apparently deter

minable and useful for. many metals and other materials, which exhibit 

truely plastic behavior, has dubious applicability in its present state to 

hetrophase materials such as concrete. 

2 - There is a clearly demonstrated need for verification of the basic 

mechanisms of concrete fracture. 
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3 - Fracture mechanics offers an avenue of research and means for 

defining failure in terms of basic material parameters which demands 

consideration. 

4 - The Griffith concept, while requiring modification is, nonethe

less, one of the few extant theories which holds promise in solving the 

problem, "Why does concrete fail?" 
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Figure 23. A 6 x 12 inch concrete 
cylinder showing a vertical failure 
pattern due to uniaxial compression 

Figure 24. Brandtzaeg's assumed 
structural model for plain concrete 
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(b), and the simplified connection of equal spheres by 'rods' of gel 
needles (c). (235) 
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Figure 39. The strain and stress distributions in the mortar and 
aggregate phases of a concrete specimen under uniaxial compression. 
(Dantu 65) 
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CHAPTER 3 

EXPERIMENTAL PROGRAM AND RESULTS 

This chapter will include a description of the several test pro

grams undertaken and the peculiarities of each, along with a presentation of 

experimental procedures and techniques and the data acquired.: A discussion 

of the results and their significance as they pertain to each test program 

will be included in the individual sections. The comprehensive application 

of these results in the completion of the dissertation objectives will then 

be performed in /the final chapter. 

Scope of Experiments 

INTRODUCTION 

A rather broad program of experimentation was undertaken in the be

lief that the complexity of the problem of concrete fracture warranted such 

a comprehensive evaluation. Many testing methods are extant in the concrete 

industry for the purpose of demonstrating the several properties of the ma

terial and the relative effect of its various constituents. Many of these 

tests are worthy of repetition while at the same time there are presently 

other testing procedures which should be considered. 

Tests were designed to determine the overall phenomenological as

pects of concrete fracture, which could then be studied for the structural 

effects at the crack and stress concentration level, and with additional 

130 
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extrapolation, at the microscopic level. A comprehensive correlation of 

all aspects would then reflect the fracture mechanics of plain concrete. 

The selected tests included the following: 

1. Uniaxial compression tests on plain concrete specimens 

2. Tensile splitting tests on cylindrical specimens loaded dia

metrically 

3. The performance of concrete specimens subjected to repeated 

axial loadings 

4. An investigation of the behavior of concrete under various con

ditions of triaxial compression 

5. The effect of small wire fibers on the failure mechanism of 

plain concrete 

6. The application of the principles of photoelasticity for the 

evaluation of the stress distribution, stress concentration, and aggre

gate-paste interaction characteristics in concrete fracture. 

A statistical evaluation of the data obtained in each category is 

recorded in brief as Appendix B, hereafter. 

Mix Characteristics 

On the basis of past work reported in Chapter 2, the selection of 

primary parameters was undertaken. It was immediately apparent that at least 

three parameters should be included. These were the well known strength 

factor called the water-cement ratio, w/c, the amount of paste available 

termed the workability factor, WF, and the maximum size of the aggregate, 

MSA. 

Initially, a rather comprehensive set of 6 x 12 inch cylinders was 

cast (648 total) in which w/c ratio was held at 0.40, 0.55, and 0.74; the 
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WF was held at 1.1, 1.3, and 1.5; and the MSA was 3/4 inch, 3/8 inch, and 

No. 4 (3/16 inch). Each batch, in which each of the three preceding vari

ables was held at a particular level, produced 24 companion cylinders, 

which could then be used to provide the necessary replication of each point. 

These are referred to as Group I in Appendix A. 

In order to broaden the overall coverage of the research, it was 

necessary to provide additional specimens which, while utilizing the above 

three primary parameters, either introduced additional items or held all but 

one variable constant in order to observe a particular phenomena. For ex

ample, the specimens of Group II introduce a volume change as noted in 

Appendix A, varying cylinder size from 3x6 inch to 8 x 16 inch thereby 

allowing the study of strength versus specimen size effect. Similarly, 

other special mix characteristics were included in the study of paste-aggre-

gate interrelationships from increasing aggregate size, and through use of 

"gap graded" aggregate mixes. 

Specimen Characteristics 

With the exception of a special study on the effects of aggregate in 

a mortar matrix, all specimens were cast cylinders of concrete. The standard 

cylinder size is a 6 x 12 inch specimen but acceptable deviations are recog

nized by ASTM in so far as the height-diameter ratio is approximately 2:1. 

The initial Group I specimens provided standard 6 x 12 inch cylinders 

for the following experiments: Uniaxial compression, tensile splitting, 

multiaxial stress states, and control on the internal stress condition tests. 

Both the repeated axial loading and random wire fibre tests were made on 

nominal 3x6 inch specimens, vfaile thin rectangular slices from cylinders 

were used in the internal stress studies. 
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Crack Propagation Phenomena 

The direct observation and definition of critical crack propagation 

in concrete is not within our present capacity. Thus, as an alternative, 

the phenomenological properties together with macroscopic measurements are 

used. 

Many of the standard phenomenological tests have been used in this 

study but with the objective of determining more than merely the observable 

strength characteristics. Each of the tests and their results have been 

scrutinized for information, or demonstration, of the existence of a frac

ture mechanics type failure mechanism. 

Repeated application of stress is one of controlled crack growth, 

which can actually be observed on the exterior of specimens. This fact can 

be used to provide a strong argument for Griffith's hypothesis, even though 

circumstantial in nature, if a tensile crack inhibitor can show positive 

results. The incorporation of small wire fragments in a special group of 

specimens (No. Ill) was undertaken for the purpose of demonstrating the ten

sile nature of the cracking mechanism in concrete. Tests performed on these 

specimens covered a wide range and their correlated results form a Consistent 

argument. 

Complex Stresses 

The controlling tensile strength prediction of Griffith was couched 

in terms of crack length, elastic constants, and surface energy. While 

Irwin (133, 138) did supplant the latter two items by a strain-energy-

release rate term, the theory cannot be readily tested because of the physi

cal difficulties involved with direct determination of these constants and 
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formula parameters. However, the theory may be tested by comparing failure 

strengths and patterns from tests at different conditions of loading, as for 

example in multiaxial stress states. A series of specimens from the mix of 

Group No. I, Table (I), Appendix A, were subjected to triaxial compression in 

order to obtain supplementary data to that of the tests previously mentioned, 

and for the purpose of discovering any consistent fracture mechanisms or 

failure dependent parameters. 

Stress Concentrations 

The phenomenological aspects of concrete failure have merit in their 

capacity to demonstrate basic fracture mechanisms, even though masking them 

at times with extraneous effects. The foregoing sections have shown that 

physical tests, while not conclusive proofs in and of themselves, do none

theless, provide the necessary guides which direct research into the under

lying basic mechanisms and concepts. 

A study of interparticle action under load on the structural level, 

i.e., micro- to macroscopic, was then initiated for the express purpose of 

clarifying the previously observed phenomenological results. The applica

tion of the principles of photoelasticity was selected as having the best 

probable potential. This principle is useful for the visual demonstration 

of principal strains and principal strain differences and, therefore, princi

pal stresses, on a surface subjected to load. Over fifty specimens were 

prepared with photoplastic coatings, representing three levels of w/c ratio, 

A levels of WF, and 5 levels of MSA. 
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MIX DESIGN, CASTING, AND CURING 

Properties of Constituents 

Crushed coarse aggregates were used, petrographically described 

below in Table III,and could be classified on a texture scale of, 

Smooth-rounded = 1 

to 
V 

Rough-angular = 5, 

as about a 3 level. Aggregate particles were generally compact in form 

(tending to spherical), with few elongated particles, and washed clean of 

foreign matter (clays and silts). The fineness modulus of the sand was 

3.27 which is high, indicating a coarse sand, but the sieve analysis showed 

it to be acceptable. The gravels, 3/4 inch MSA and 3/8 inch MSA, were like 

wise within ASTM suggested limits (See ASTM C33-64). 

The cement used throughout had a chemical composition, which quali

fied it as either Type I or Type II by ASTM C150-65 standards. 



TABLE III 

Petrographic examination of aggregate from Rincon 
alluvium and Rillito River Drainage area, Tucson; Arizona 

No. Designation Percent of Total 
(3/4 inch MSA) 

1 limestone 58 

2 siltstone 21 

3 rhyolite 11 

4 basalt 7 

5 andesite 3 
100 

(3/8 inch MSA) 

1 quartz 35 

2 gniess 25 

3 feldspar 13 

4 rhyolite 7 

5 ii-me stone o 

6 sandstone 5 

7 siltstone 5 

3 SChiLSZ 

9 caliche 1 
100 

Method of Xix Design 

The method used for the design of the mixes was one based on a maxi

mum aggregate density concept. This method vas developed as a more logical 

approach in the teaching of concrete mix design than the trial mix proce

dure. While requiring an accumulation of primarily rheologic data in the 
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fresh state in order to provide, a priori, concrete of predetermined work

ability, it, nevertheless, is excellent for use in experimental work. 

The procedure is based on the idea that the available aggregates 

should be combined in optimum proportions to provide a maximum density mix

ture. This aggregate mixture is then combined with sufficient paste to both 

fill the voids and also provide enough excess to impart mobility or flow to 

the mix. The ratio of the volume of paste to the volume of aggregate voids 

at maximum density has been arbitrarily designated as the workability factor, 

hereafter WF, which is chosen either on the basis of past results for a 

required slump, or, as was the case here, on the basis of the relative aggre

gate dispersion which it insures. The paste-aggregate relationship is then 

a design parameter rather than a mix result. 

An illustration of the mix design procedure together with adjustments 

is presented below to further illustrate the use and applicability of the 

procedure. 

For a given strength level and aggregate, the first step is to select 

the appropriate w/c ratio for desired strength. Next, various proportions 

of sand and coarse aggregate are combined to determine the ratio which pro

duces the maximum density (materials all at saturated-surface-dry condition). 

A ratio of coarse to fine aggregate is then chosen, usually on the coarse 

side of the maximum density peak, and the volume of voids calculated or mea

sured for the maximum density condition. Next, on the basis of past designs 

or desired aggregate dispersion, a workability factor is selected. To exem

plify the procedure, the following is presented: 

Let w/c = 0.55, WF = 1.3, MSA:= 3/4", and the 

maximum aggregate density - 118 lbs/cu.ft. 
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at 45% sand and 55% gravel, and let the specific gravities be; 

sand = 2.46, gravel = 2.57, cement = 3.15, which are required 

to obtain the relative volumes. 

Then, 
Maximum aggregate density, lbs/cu.ft. 

Volume of aggregate, Va, = (Specific gravity of aggregate)(Unit 
in one cubic foot | weight of water, Tw) (106) 

118 
(.45 x 2.46 + .55 x 2.57)(62.4) 

= 0.75 cu. ft. 

Volume of voids, Vv, in _ n . 
one cubic foot " (1 Va) <107> 

= (1-.75) = 0.25 cu. ft. 

If the volume of paste were sufficient only to fill the voids be

tween aggregates, then the concrete would have no workability or mobility 

and would have to be tamped into place and heavily vibrated. In order to 

provide a degree of workability the amount of paste, Vp, will be increased 

by multiplying the volume of voids, Vv, by the workability factor, WF. 

The amount of cement and water which will be required can then be found, 

which, together with the aggregate quantities, will provide the mix consti

tuent values as follows: 

Vp = Vv x WF = VCement + Vwater (108) 

_ Weight of Cement,Wq 
(Specific gravity cement) Tw 

+ Weight of water,Ww (108a) 
'(Specific gravity water)Tw 

and substition yields, 

0.25(1.3) - Hs + «55WC 
3.15(62.4) 1(62.4) 



since w/c = 0.55. 

Therefore, 
W = 23.4 lbs/1.074 cu. ft. 
c 

where the increase in volume can be found as 

V = V + (V x WF) 
total a v 

(109) 
= 0.75 + (.25 x 1.3) = 1.074 cu. ft. 

The remaining constituent weights per 1.074 cu. ft. are, 

W = 0.55 x W = 12.9 lbs. 
w c 

W , = 0.45 x 118 = 53 lbs. 
sand 

W . = 0.55 x 118 = 65 lbs. 
gravel ======= 

Total weight = 154.3 lbs/1.074 cu. ft., 

which yields 144 lbs/ cu. ft. 

The entrapment and/or entrainment of air has been omitted in the 

above calculation which will of course increase the volume of the given 

quantities directly as the percent, air. For example if we assume 2% en-

3 
trapped air, then the weight per cubic foot becomes 144/1.02 = 141 lb/ft . 

The design process has been based on the use of saturated surface 

dry materials and the appropriate adjustment for either free moisture or 

absorption must be made in the usual manner. 

Table (I) of Appendix A contains a summary of the mix designs and 

quantities used in each of the several Groups of specimens which were cast. 

The values shown are for saturated surface dry aggregate, which, of course, 

was not the natural state of the aggregate. Adjustments for the moisture and 

adsorption were made on a daily basis and are not shown. 
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Fresh Mix Tests, Casting and Curing 

A one-sack rotary mixer was used, into which the predetermined mix 

quantities were added and allowed to thoroughly mix (about 3 minutes). As 

specimens were cast, a separate quantity of concrete was used to determine 

the slump and unit weight, also recorded in Table (I), Appendix A. Mixes 

with slump in excess of about 3 inches were rodded into the molds while 

those mixes which were stiffer were vibrated using a "stinger" vibrator of 

1 inch diameter (See ASTM C192-65). Vibration varied according to the 

fluidity of the mix but was terminated as quickly as practical to avoid 

segregation. 

Specimen molds consisted of the following: 

1. 6 x 12 inch cylinders were cast using steel molds with machined 

base plates, 

2. all other sizes were cast in cardboard molds. 

Freshly cast specimens were allowed to remain in the molds for about 

18 hours at room conditions and thence were removed from the molds, identified, 

and placed in curing. With the exception of Group I specimens which were 

immersed in water, all specimens were moist cured in 100% humidity for 27 

days, with ambient temperatures varying from about 65 to 80°F. Specimens 

were then removed from curing and air dried until test. In those cases where 

effects of pore water were to be eliminated, and insufficient time was avail

able to attain such a low moisture condition by air drying, specimens were 

oven dried, (Group III). 
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UNIAXIAL COMPRESSION 

The performance of compression tests on concrete specimens has 

formed the core of both research and construction practice in the past. As 

interest in the material grew, and as the need for more information about 

basic concrete properties increased, other tests were employed to supple

ment the basic compression test, but at this time the latter stands as the 

most common and least questioned of any standard strength determining proce

dure in the concrete industry. 

The first series of tests, using compressive strengths, utilized 

Group 1 specimens and was intended to demonstrate the relative effect of w/c 

ratio, which is well established per se, WF, and MSA. The latter has only 

recently been recognized as contributing significantly to strength change, 

(See Chapter 2) , while the use of VTF as an active contributor to strength 

of concrete is almost without precedent. 

The second series of tests, using specimens from Group II, TableCO, 

Appendix A, was designed to demonstrate the size effects, and variables were 

limited to w/c ratio and cylinder size. 

Test Specimens 

All of the test cylinders of part 1 in this series were 6 inches in 

diameter and 12 inches in length and were 'capped' prior to testing (as per 

ASTM C 192-65) to allow a more uniform distribution of the load. Although 

control cylinders were compression tested in each experiment reported herein, 

only the results of the specimens . from Group I, Table®, Appendix A, are 
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reported in this section. 

The variables represented include, 

w/c ratio at 0.4, 0.55, and 0.74 

WF at 1.1, 1.3, and 1.5 

MSA at No. 4, 3/8 inch, and 3/4 inch. 

Three cylinders were tested at each combination of levels of the above var

iables, with a total of 27 specimens in each w/c ratio level. 

Part 2 comprised a group of specimens in which the w/c ratio was 

allowed to vary, and the specimen size also changed, with cylinders of 

3x6 inch, 4x8 inch, 6 x 12 inch and 8 x 16 inch nominal dimensions used. 

Three w/c ratio levels, which has previously been shown to be a most influ

ential parameter in concrete, were set at 0.5, 0.6, and 0.7. The mix pro

perties and strength values are listed as Group II of Table (I), Appendix A. 

Experimental Procedure 

A Forney, 350 kip hydraulic compression machine was used for the 

performance of most compression tests, except for the smaller cylinders 

(less than 6 x 12) for which a Tinius-Olsen 200 kip Universal mechanical 

machine was used. Each of these machines was calibrated to insure uniformity 

of results and each was fitted with a swivel compression head. 

Load-deflection curves were obtained for each of the specimens in 

Group I using a Mosley, model 2D, XY recorder with the vertical input ob

tained from a 400 kip load cell, and the horizontal input obtained using a 

strain gaged thin metal beam, clamped to the cylinder as shown in Figure 45. 

Space limitations necessitated the construction of a load cell with 
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at least a 400 kip capacity and a height of not more than 4 1/2 inches. The 

commercially available cells of this magnitude are several times larger, 

physically, and so it became necessary to construct a cell. This was done 

using a 4 1/4 inch length of 4 inch diameter mild steel stock. After milling 

the ends, the piece was pre-loaded to 400 kips to remove the yield portion of 

its (T - e curve, thereby giving a linear load-deflection curve up to that 

point for any future loading. The stock was then strain gaged with 4-BLR 

A7 gages (two vertical and two horizontal) connected to form a complete 

Wheatstone bridge circuit. Calibration of the cell was accomplished using 

the Forney compression machine which had itself been calibrated. 

The large number of specimens which were to be tested necessitated 

a quick, reliable, yet economical means of determining the compressive strain 

of the specimens under load. With the possibility of using a common device 

in both the unconfined tests as well as the more difficult triaxial test 

series, a small cantilevered spring steel beam was attached to the cylinder 

using typical sheet metal screw type hose clamps. The beam was strain gaged 

and held at the start of each test in a deflected position by a link chain, 

itself attached to a hose clamp at the other end of the cylinder. As the 

specimen was loaded the compressive strain resulted in a straightening of 

the beam,thereby producing a gage reading. Calibration was accomplished by 

simultaneous readings taken with a Tinius-Olsen Compressometer. 

Cylinders which were to be tested for size effect were strain gaged 

with BLH electrical resistance wire gages of 6 inch length from which 

values of compressive strain were obtained using a single channel Portable 

Strain Indicator. Also, dynamic tests were made on Group II specimens to 

determine modulus of elasticity and Poisson's ratio. 
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Test Results 

The results of unconfined compression tests on the plain 6 x 12 inch 

concrete specimens are summarized in Figures 46 to 48, Table (I) of Appendix 

A and Tables (II) and (III) of Appendix B. 

Effects of mix variables. The data shows a significant decrease in 

strength with increasing w/c ratio, Figure 46 and Table (III), which verifies 

past results (see Figure 4). The main effect of MSA (Figure 47b) parallels 

that shown in Figure 5, although the linear regression coefficient is not 

significant, Table (III). Similarly, an ANOVA shows the main effect of WF 

is significant but the linear regression tests not significant (Figure 48b). 

The highly significant interactions, Table (II), clearly support 

the increased sensitivity on strength by WF and MSA at richer w/c. The 

dependence of MSA and WF response to other factors is also shown by the 

magnitude of the regression coefficients. 

It is interesting that increases in WF correspond to increases in 

strength. Spacing between aggregate particles necessarily becomes larger. 

Carefully controlled neat cement paste specimens, i.e., the upper limit of 

WF, have been tested as high as 20,000 psi. Extrapolation of results herein 

would predict this high strength at large values of aggregate dispersion. 

Increases in strength with decreasing MSA is, in fact, a substantia

tion of the WF effect. Decreasing inclusion size in a mortar matrix 

results in a greater relative dispersion of the aggregate particles, i.e., 

aggregate mixtures with larger MSA have fewer voids than those mixtures 

with smaller MSA where maximum density is obtained in each case with similar 

materials. 



145 

End condition effects. It has been previously noted in Chapter 2 

that end conditions play a very important role in the final failure of a com

pression specimen. While it was not the intent of any experiment performed 

herein to study this specific aspect, nevertheless, mention should be made of 

the visual appearance of specimen failures. With an increase in strength, 

regardless of the variables represented, the "failure plane" of the specimens 

tended toward the vertical. With few exceptions, concrete over 7000 psi 

produced essentially a vertical split, (See Figure 49). 

Under an increasing compressive load a specimen expands, but in the 

vicinity of the loading platens an increasing normal force results in an 

increasing frictional drag or resistance to lateral expansion. This resis

tance causes a deviation not only in the applied load as seen by the specimen, 

but in the eventual failure initiated in the concrete. 

The largest magnitude of shear stress occurs at the outer edge, while 

approximately zero shear is induced at the center of the specimen. A plot of 

the combined stresses on an element Op as shown in Figure 50 (on which maxi

mum shear stresses act) can be analyzed for the determination of principal 

stresses by analytical or graphical means. Mohr's stress circle is plotted 

and for illustrative purposes the "origin of planes" approach has been applied, 

which more vividly shows the plane in its true perspective. Note that the 

apparent orientation of the cc plane is coincident with the principle tensile 

stress plane. The angle, oc , can now be found using the geometric relationship 

between the central angle of an arc to the peripheral angle of the same arc, 

which is two to one. Therefore, from the Figure 50, 

Tan 2oc = , (110) 
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which indicates that as the ultimate applied stress, (Tx, increases with a 

constant frictional shear stress, TXy, that the angle oc—>-0, which would 

produce vertical splitting. 

Higher strength concretes not only have larger moduli of elasticity 

but they sustain less total strain to failure than do weaker concretes (See 

Figure 51). When this fact is coupled with the very small change in Poisson's 

ratio in concretes of two different strength levels, it shows that the induced 

shear force at the platen is relatively constant for a wide range of cylinder 

strengths. Therefore, a failure surface tending to the vertical can logically 

be anticipated. Likewise, a tensile failure can be expected to produce fail

ure at an angle in weaker concrete specimens due to the combined stress situ

ation resulting from the end restraint. 

Specimen size effect. According to the flaw genesis concept,a mere 

change in size of a physical test specimen will alter the apparent strength. 

This concept was shown operative in concrete by testing specimens from Group 

II, in which cylinders of several sizes were cast as companion specimens. 

Thus, in any one set of cylinders the only variable was the cylinder size. 

Figure 52 shows that both dynamic and static modulus of elasticity, 

Ed and Es, are independent of specimen size and volume, which is to say that 

the same strength mechanism controls in each case regardless of size. 

The fact that the data of strength versus volume plots as a straight 

line on log-log coordinates (Figure 53) immediately suggests the application 

of Weibull's (302,303) statistical theory strength-volume relationship as, 

Ultimate Stress (1) 
Ultimate Stress (2) = 

where m is a material constant (sometimes called Weibull's constant) and is 

Volume (2) 
Volume (1) 

i/m 
(111) 
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the slope of the line in Figure 53. The theory considers, first, that failure 

in brittle materials, and even in materials commonly felt to be ductile, is 

initiated by imperfections of either macro- or microscopic size, and, second, 

that these imperfections occur according to the laws of probability. The 

mathematical interpretation of this theory is based on the assumption that 

brittle fracture takes place, not due to the average stress but, rather, due 

to the excessively high stress concentrations at which.points the ultimate 

strength is prematurely reached and failure intiated throughout the specimen. 

Weibull suggested a model which can be represented as a set of volu

metric elements of various strengths, connected in series, the strength 

levels being distributed among them according to the laws of probability. 

Therefore, the larger the composite piece, the lower the probable strength of 

its weakest element*, therefore, the lower the strength of the piece itself. 

In terms of flaws, the greater the volume the greater the probability of flaw 

existence and the more critical the orientation and location of the fracture 

producing flaw. 

Although concrete is often thought of as a material per se, with no 

concern over the almost unlimited variation that can exist in its makeup or 

formation, it is evident from Figure 53, with all properties held constant 

excepting w/c and volume, that a change in strength level reciprocates with 

a slight change in Weibull's constant. Such a change in the constant is 

precisely what one would expect,should a comparison of the concretes be made, 

noting the obvious differences in the physical constituents and their dis

persion. 

The average value of Weibull's coefficient, 1/m, from the curves of 

Figure 53, is 1/10 or 0.10. This corresponds to the w/c ratio curve of 0.60, 
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while the respective values of m for w/c ratios of 0.50 and 0.70 are 13 and 

9 Table (IV), Appendix B. Expressing the relationship in standard form gives, 

1/10 
ult.1 ^2 (112) 

ult.l V1 

Another very useful relationship, one providing some insight into 

the brittle or ductile character of the material, can be obtained using the 

ratio of the strain at one stress (say 2500 psi) to the strain at a higher 

stress (say 5000 psi). This ratio depicts the amount of curvilinearity in 

the stress-strain diagram. For a truly elastic material the ratio is 1/2 

and as the material exhibits increasing inelasticity, the ratio becomes 

smaller, approaching zero. This has been graphically depicted in Figure 54. 

The effect of specimen volume on the brittleness ratio, 

(113) 

is plotted in Figure 55, which shows an increased inelasticity, or a decrease 

in brittleness ratio, resulting from increased specimen volumes. Note also 

the elevation of brittleness ratio caused by a strength increase due to w/c 

ratio enrichment. The influence of w/c ratio on brittleness explains the 

increased effect of volume size on the fracture strength of concrete. 

Observations and conclusions. Several important deductions and obser

vations can be made from the literature and the results of compression testing 

here: 

1. An increase in w/c ratio increases the relative amount of water, 

which in turn increases the shrinkage, the shrinkages stresses, and the flaws 

and cracks in the paste. It likewise results in a weaker bond with the aggre

gate and increased numbers of "water engulfed" aggregates which have little or 

no bond. 
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2. An increase in aggregate size increases the probability of cracks 

and excessive shrinkage stresses. The dependence of the stress-strain 

curve on cracking has been demonstrated and may be further applied to 

show the increase in cracking resulting from a change in aggregate size. 

Figure 56 gives a comparison of stress-strain curves in which all variables 

are constant with the exception of the MSA. It shows that initially there 

is a difference in modulus, but that as loading progresses specimens with 

smaller MSA strain less under load. Although the G~-£ diagrams them

selves tell nothing of internal material behavior, the measure of crack

ing which it reflects for concrete is very useful. The fact that the 

brittleness factor shows a dependence on MSA demonstrates that this para

meter has a direct influence on the amount of cracking in the concrete. 

The depressed modulus would likewise be indicative of a more severely 

cracked specimen due to larger MSA before external load was ever applied. 

3. The dependence of strength.on test specimen size has shown, cir

cumstantially, the relationship of cracks and flaws to the fracture me

chanism operating in concrete. . Since the modulus of elasticity has been 

demonstrated to be independent of specimen size, a common mechanism is 

further evidenced. 

4. An interesting observation which was very generally true pertains 

to the fracture surface of the test cylinders. With increasing strength 

there was a noticeable decrease in the number of cracks and the amount 

of disruption on a failure surface. The logical explanation is that frac

ture tends to be caused by one critical crack in high strength concrete? 

rather than several cracks vying for that dubious distinction simil-

taneously. 



150 

5. All variables have a reduced effect on the strength of concrete 

at the lower levels. 

TENSILE SPLITTING 

Test Specimens 

The cylinders used for the determination of tensile splitting strength 

vere from the specimens of Group I, Table (1^ Appendix A. No special specimen 

preparation or capping is required for this test. 

The variables represented are a repeat of those in the foregoing 

section on uniaxial compression, with all tests performed on 6 x 12 inch 

cylinders. 

Experimental Procedure 

Specimens were compressed between two diametrally opposite hardened, 

steel bars within the platens of a Tinius-Olsen 200 kip Universal Machine. 

The bars were machined to the radius of the 6 x 12'inch cylinders and a con

tact width a = 3/4 inch (See Figure 8).was permitted. 

Load-deflection diagrams were obtained with a Sanborn Plotter by 

plotting the strain output from a Tinius-Olsen Deflectometer, which rested 

against the Universal Machine loading head, against time and marking the load 

magnitudes at 5,000 lb. increments. 

A good deal of care was exercised to obtain"the correct splitting 

load, since even the small contact area of the bars prevented the specimen 

from actually falling apart after splitting vertically. A considerable load 

increase could be obtained simply by allowing the machine to continue loading 
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the separate halves in what was then crushing, rather than tension. The 

tensile splitting loads were determined using one or more of three methods: 

sound, visual observation or machine dial fluctuation. Each of these 

methods at times announced failure and often all three did so simultaneously. 

Test Results 

The results of the splitting strengths are less pronounced than 

the compressive strengths, but the same general tendencies appear to be 

manifest. Figure 57 shows the average effect on strength due to changes 

in W/C, MSA and WF, which is apparently definite in each case. Table (V) , 

however, shows MSA effects to be statistically vague. The similarity of 

results in compression and tension strongly implies that the strength 

governing mechanism is affected in the same manner irrespective of the ex

ternal load. 

Figure 58 is a typical load-deflection diagram drawn for a concrete 

cylinder subject to diametral loads. After the anticipated tensile split 

occurs, yet with the entire cylinder still in load position and held nearly 

intact by end friction, the unloading portion of the curve shows an obvious 

decrease in slope compared to the load cycle, i.e., E n̂£t̂ a2 ^final" This 

instantaneous change in the modulus E can be the result of but one thing, 

cracking, and consequently, provides additional evidence that concrete 

responds to load more as a brittle material than as a plastic substance. 

In summary, both compression and tension appear to respond similarly 

to the same changes in the selected basic parameters. The size of the maxi

mum aggregate particles in a specimen, together with the distance between 
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particles, whether large or small, is directly related to the expected 

strength. The paste, as influenced by w/c ratio, demonstrates the same 

physical tendencies in that the overage of water used beyond the 28% re-

quired for hydration reduces the capacity for load resistance. Most 

probably this is the result of wider cement particle dispersion and the 

inability of the gel to bridge the distances through hydration. The inter

locking effect of the gel crystals is then reduced, and the van der Waal 

forces between them are but small compensation. 

The data also show another aspect which is closely related to get 

structure. As the strength is decreased, the tendency of all variables to 

demonstrate less and less influence is indicative that the paste itself is 

becoming the governing criteria of strength. Although, to this point, the 

discussion has concerned itself with what might be called macroscopic effects 

of failure, the microscopic effects are similar in many ways. 

Compression— Tension Ratio 

As with all other brittle materials, a great deal of concern exists 

•over the high compression-tension ratio. In this study the ratio varies 

from 8.0 to 12.8 with the more favorable ratios found in the lower strengths. 

Figure 59 summarizes the compression-tensile strength ratios for the speci

mens of Group I. 

The fact that such a ratio of compressive to tensile strength exists, 

however unfavorable, is in very close agreement with the Griffith theory pre

diction, that the ratio should be eight. If one considers the assumption of 

isotropy which Griffith imposed on his brittle material, together with the non

uniform stress state in a typical compression test, the results are within 



153 

reason fand the compression-tension ratio is in better agreement with the 

theory than might justifiably be expected. 

REPEATED AXIAL LOADING 

The process of repeated application of a less than ultimate load is 

a means of sustaining controlled cracking in concrete. The pertinence of the 

cracking process to the realization of a fracture mechanics understanding 

of concrete failure is clear. This series of tests was designed to provide 

additional evidence of the failure mechanism and process. 

Test Specimens 

Table(JX Appendix A, shows the mix design used for the specimens of 

this experiment as Group IV. The selection of a low strength concrete (w/c 

ratio • 0.7) was made in anticipation of the time which would be required 

to bring about failure and for other practical considerations. All cylinders 

were nominal 3x6 inches and were sulfur capped before testing if axial 

compres-sive loads were to be applied. 

Experimental Procedure 

A Riehle-Los Universal Hydraulic Fatigue Testing Machine was used for 

the application of the repeated loads. This equipment is non-resonant and 

its operation permits a wide flexibility in the selection of cycling fre

quencies. Two types of tests_were conducted in this Study; direct compression 

and the indirect tension or tensile splitting tests. Spherical bearings were 

used below the test specimen to eliminate errors that would otherwise result 

from slight lack of parallelism of the two surfaces. The cyclical loading 
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was applied at a rate of approximately 550 cycles per minute for all specimens. 

A minimum load of 20 to 30 psi was applied to the axial loaded cylinders to 

prevent them from falling out of the testing machine as they rested on the 

spherical bearing. 

The specimens were fitted with SR-4 strain gauges and loaded axially 

in compression in the Riehle-Los machine. The load and strain were recorded 

directly by the use of Brush strain recorders. The loading conditions were 

programmed into the testing machine, and a direct reading of the maximum and 

minimum loads was indicated by the Riehle-Los machine. However, in order to 

determine the instantaneous load at any time, a calibrated load cell was used. 

The test cylinder and the load cell were placed in the Riehle-Los machine 

together, with the strain gauges and load cell both connected to a dynamic 

strain recorder. The load cell output provided the instantaneous load and 

the corresponding strain was determined from the'bonded strain gauges. The 

machine loaded and unloaded the test cylinder between the maximum and minimum 

stress level, until failure, with the load and the strain being periodically 

recorded. 

Test Results 

The results of»the repeated load tests on concrete will be condensed 

under three general topics: age, tension and compression, and elastic pro

perties. 

Strength versus age. An effort was made to determine the relationship 

between age of concrete and its fatigue strength. Tests were conducted such 

that all specimens received the same moist cure and were continuously air 

dried thereafter,and tested at varying ages. The number of cycles of .repeated 
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loads necessary for failure was recorded for each maximum load as a ratio to 

static ultimate strength. These results were then plotted in the form of 

S-N curves (Figure 60), with statistical analysis in Table (VI), and N is the 

number of cycles at failure. The strength dependence upon age gives a 

family of curves and shows, as may be suspected, that age effect is larger 

at an early age and dimishes rapidly with time. 

The size of the test cylinders, 3x6 inches, permitted comparatively 

rapid dehydration, but the period of lapsed time involved here permits the 

questioning of whether internal moisture was paramount in the strength dif

ferences. However, the results do confirm the work of Van Ornum. 

Tension versus compression under repeated loads. A study of the 

mechanism of fracture under repeated loadings was undertaken in an attempt 

to further demonstrate the applicability of the Griffith theory of stress 

concentration, crack growth, and the resulting fracture, for concrete. The 

applicability of the theory to static fracture processes has been referred 

to in the previous sections and appears to be reasonable. Following is the 

report of a study undertaken in which tension and compression fatigue life 

are to be compared to further clarify its potentiality in concrete. 

The failure crack in tensile splitting always started at the center 

of the cylinder and progressed to the edges along the vertical plane. An 

evaluation of the tensile splitting fatigue strength with respect to the 

static tensile splitting strength yielded a relationship similar to that 

found for compression fatigue strength to static compression strength. A 

comparison of fatigue results for tensile splitting and compression is shown 

in Figure 61, with appropriate statistics given in Table (VI), average age 
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is 84 days. A close agreement was: found between the tensile splitting re

sults and the compression results which would seem to indicate that the frac

ture of the compression specimens and the tensile splitting specimens are 

both controlled by the same material constant. Moreover, since the Griffith 

theory indicates a constant ratio of ultimate stresses for various stress 

conditions, the ratio of fatigue strength to static strength for these several 

conditions should be constant, and is, as shown in Figure 61. 

In order to better utilize these results, Goodman and modified Goodman 

diagrams have been drawn for the data obtained (Figure 62 and 63). The stress, 

(T max ih these diagrams, represents maximum strength of specimens under 

compression and tension respectively. In Figure 63, the maximum stress for 

the tension and compression tests is taken as a ratio of the ultimate static 

stress in tension, f'sp> and compression, f'c> respectively. The diagrams 

'indicate the stress conditions at failure for a million repetitions of load 

(by definition, the endurance limit). The Goodman diagram gives the actual 

stress values while the modified Goodman diagram gives, the value as a frac

tion of ultimate strength. No data was obtained for stress conditions cy

cling from tension to compression. However, it is felt that the line which 

connects the fatigue failure stress for zero to maximum compression with the 

fatigue failure stress for zero to maximum tension, shown in Figure 62, clearly 

represents the susceptibility of concrete to fatigue when tension stresses 

are involved--even though they are quite small. More important however, the 

symmetry of the modified Goodman diagram shows that a constant ratio of 

fatigue strength to static strength exists for the tension and'compression 

stress conditions. This constant ratio indicates the applicability of a 

theory o£ failure in which the type of failure is the same in tension and 
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and compression for both static and fatigue loadings. Such a criteria would 

have to relate the tension and compression failure criteria to the same ma

terial constant. This is difficult in as much as a static failure related 

to maximum shearing stress and a fatigue failure usually governed by tensile 

stress conditions are incompatible. However, the fracture mechanics approach, 

in terms of tensile cracking energy and purporting tensile fracture even in 

compression, provides the necessary compatibility for correlation. 

Elastic properties. The results of the repeated loading tests were 

used to arrive at a comparison between the number of cycles of loading and 

the modulus of elasticity. The procedure necessitates a brief explanation of 

the terms used. These terms are: 

The working tangent modulus for the range of stress of the repeated 

load 

„ _ Stressmax - Stressmin 
Ew " btrainmax - strain^n * (114) 

The secant modulus at maximum stress, 

Stressmax 
Es • Strainmax " (H5) 

The secant modulus at minimum stress, 

. Stressmin • 
Es " Strainmin C11̂ ) 

Figure 64 shows a diagramatic explanation of these moduli after four 

cycles of stress repetition. 

Figure 65 shows the Es moduli plotted against the number of cycles 

where both values are in terms of percentage, since it is the change in 

moduli which is important rather than the actual value. The Es curves are 

for several test cylinders grouped together. It is significant to note that 
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all but one of the tests had a modulus of elasticity of approximately sixty-

five percent of its maximum at fatigue failure. 

Figure 66 shows the relationship between the secant modulus and number 

of cycles for the same group of test specimens. It should" be noted that, 

except for the same previously inconsistent specimen, the reduction in moduli 

show a definite pattern. 

The relationship between the working tangent moduli and the number 

of cycles is presented in Figure 67. A more consistent relationship is avail

able from these data for all the test specimens. The reduction in moduli 

occurred almost uniformly as the fatigue process progressed. The reduction 

in working tangent modulus was considerably less than the other moduli since 

this modulus does not include creep as do the secant moduli. 

It may be concluded from the elastic modulus results of this series 

that the values of Es and E's show a definite pattern for the reduction 

of the modulus of elasticity when plotted against the percent of cycles to 

failure. All of the curves show the same three phases in the reduction of 

the moduli during the fatigue life of the specimen. The first phase is a 

rapid reduction in the modulus which is relatively short in duration. The 

rapid reduction of the first stage usually takes place within 15% of the 

total number of cycles to failure. This first phase, or primary stage, is 

followed by a leveling off or decrease in the reduction of the modulus. The 

secondary stage of small ratio, of reduction extends from 15 to 80% or 85%. 

The third phase, or tertiary stage, from 80% to failure is a stage of rapid 

reduction in the modulus. 
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COMPLEX STRESS CONDITIONS 

Test Specimens 

Specimens used in this phase were those classified as Group I, in 

Table(ft Appendix A, All cylinders were 6 x 12 inches and had been 27 days 

immersed in water, and thence air dried until test, about 50 days from 

casting. Capping of the cylinders was performed in the usual manner (ASTM 

C 192-65) before testing. 

Experimental Procedure 

A triaxial test chamber of 10,000 psi capacity, by Soil Test, was 

used to produce a condition of triaxial compression. The lateral pressure 

was obtained using oil. After specimen placement within the triaxial chamber 

and the axial loading head and seal put in place, the oil pressure was ob

tained with a hand pump and held at any desired level by using a release 

valve and a pressure gauge. 

An enlarged Forney Compression Machine load table contained the entire 

triaxial chamber, with allowance for the four inch load cell which is des

cribed under UNIAXIAL COMPRESSION. The capacity of the hydraulic Forney 

machine was also extended to about 425 kips by proper adjustments, thereby 

increasing the axial load potential by about 20%. 

Load-deflection diagrams were obtained in the same manner as des

cribed under UNIAXIAL COMPRESSION; a reuseable strain-gauged cantilever beam 

was attached to the cylinder with screw type hose clamps, and the inputs from 

the beam and from the load cell were fed into a Mosley, 2D, X-Y recorder. 

Wiring the strain beam to the recorder required permanent installation of leads 
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through existing portals in the triaxial chamber, which leads were then con

nected on the interior of the chamber to an electrical four post plug. The 

other half of the electrical plug was permanently attached to the strain 

beam device. 

Loading an inplace test specimen proceeded as follows: a predeter

mined oil pressure was applied, bringing the specimen to a hydrostatic load 

condition; axial load was then applied through the 0-ringed piston of the 

triaxial chamber. As the axial load increased the lateral oil pressure was 

maintained constant by hand adjustment of a bleed off valve. 

Specimens were protected initially from direct oil contact with a 

thin plastic bag, the primary purpose of the bag being to prevent the too 

rapid accumulation of concrete fragments in the oil subsequent to failure. 

Thus, for practical purposes, the oil had direct access to the specimen sur

face, even at low pressures. 

Test Results 

It is known from the combined stress tests that the effect of la

teral pressure is to increase the axial stress at failure. The compressive 

strength does not increase linearly with lateral pressure, but at low pres

sures there is a large increase, up to seven or eight times the lateral pres

sure, while at high pressures, increased load capacity is only about three to 

four times the lateral pressure. 

Presentation of the data graphically has been made in Figure 68 

using an octahedral stress plot where the values of tr and G~0 were ob

tained using Equation (77). The Figure 68, in and of itself, tells little 

more than that the data do not appear to vary linearly. The greater 
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significance of this data is not manifest until it is compared with simi

lar plots of combined stress data reported by others (2, 15, 16, 21, 38, 

39, 96, 178, 233, 242, 267, 268). After obtaining an octahedral stress plot 

for the data of each of the above reports a common figure was prepared, 

which is Figure 69. It is interesting that there were as many different 

physical methods of producing complex stress states as there were reports. 

Table IV is a compilation of the data origin which appears in Figure 69, 

with such additional information as type of multiaxial test performed, the 

specimen size, cure and moisture condition at test time; and whether or 

not the specimens were protected from the hydraulic pressure fluid (if flu

ids were used to produce direct specimen stress) or whether they were load

ed mechanically. 

The data between f = 0 and (Tq = 0.471, (the uniaxial compression 

point) wereclearly grouped about a common line and very adequately describes 

failure in the region of the biaxial principal stress states where CT  ̂ and 

(T are of opposite sign. The dispersion of the curves beyond the uniaxial 

compression point logically causes concern, both for such a wide variation 

of data and also for the usefulness of the octahedral theory. The octahedral 

stresses as plotted are, however, merely a phenomenological criteria which 

rely on the apparent principal stresses at failure for their determination. 

Examination of the procedures used in each triaxial stress experiment 

provides the key to understanding the discrepancies and wide scatter of 

data. The difference in the triaxial test data lies in the omission of the 

effect of pore pressure in the specimens. In each instance, those speci

mens which were dry at the outset of testing and were effectively jacketed 

against the lateral loading fluid, produced a failure point on a common 
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TABLE IV 

Sources of data for varying complex stress conditions 

Source 
and 

Reference 
No. 

Complex Stress 
Condition 

Specimen 
Size 

Measure of Specimen 
Moisture at Test 

Loading Fluid 
Protection 

Akroyd (2) triaxial 
compression 

3 x 6  varied epoxy coated 

Balmer (15) 11 6 x 12 7 days at 212°F rubber jacket 

Balmer (16) II 2 x 4  
and 
6 x 12 

1 day at 230°F 
and also 

fog room moisture 

with and with
out rubber 
jacket 

Bellamy (20) biaxial 
compression 

6 x 12 
hollow 

direct from 80% 
humidity 

jacketed 

Bresler (38) 
and (39) 

compression 
and torsion 

9 x 30 
hollow 

direct from 
fog room 

mechanically 
loaded 

Gillespie (96) triaxial 
compression 

6 x 12 6 wks. air dried 
out of immersion 

none 

McHenry (178) tension and 
compression 

14 x 24 
hollow 

direct from fog 
room 

jacketed 

Reeves (233) compression 
and shear 

12 x 24 
hollow 

air dried 1 yr. mechanically 
loaded 

Richart (242) triaxial com
pression and 
biaxial compr. 

4 x 8  varied from fog 
room condition to 
several days dry 

wrapped with 
brass and tined 

Smith (267) tension and 
compression 

3 x 4x16 
prisms 

2 day air dried 
from fog room 

mechanically 
loaded 

Smith (268) triaxial 
compression 

4 x 8  direct frbm-
fog room 

none 
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octahedral failure curve, which has been labeled the "parent curve." 

Obviously, the degree of specimen saturation has a varying influence on 

strength, as well as the porosity of a dry specimen acted on directly by 

a fluid pressure. It is not intended to here discuss the details of pore 

pressure per se, but instead to note that in each case, deviations from 

the probable primary curve are caused by failure to obtain the true value 

of principal stresses at failure. 

An example in point will clarify the idea. Akroyd (2), in an 

attempt to study pore water pressure, tested several series of specimens, 

of varying moisture content. Each cylinder was coated with epoxy before 

being tested. The lower curve (See Akroyd in Figure 69) represents those 

•cylinders which were saturated, or very nearly so at test time, while the 

upper curve shows the results of the same concrete mix but for specimens 

which had been oven dried for 5 days at 100°C. 

The "parent curve" of Figure 69 was obtained using specimens which 

were effectively protected from fluid used to produce a loading pressure, 

which were fog cured and, thence, oven dried for 7 days at 210° F. Be

tween the two extremes (thoroughly dry to completly saturated) lie an 

innumerable number of curves. Bellamy's (21) data was obtained on jack

eted cylinders cured up to test time in about 80% humidity, while Gillespie's 

data, which produced a coincident curve, was obtained using specimens which 

had been air dried (relative humidity about 20%) for 3 weeks before test, 

but had no pressure fluid protection. 

Neither Richart nor Balmer stated reasons for drying their speci

mens, but Smith and Brown noted that concrete, saturated with moisture, 

either burst or crumbled when tested triaxially. They went on to state, 
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however, that in order to obtain the necessary "angle of shearing resis

tance", for use in engineering calculations, it was necessary to test dry 

specimens! 

The preceding, while possibly somewhat general, does provide a 

significant substantiation to the Griffith crack theory. The application 

of triaxial compression undoubtedly increases the energy required to pro

pagate a given crack, as well as tending to cause existing flaws and cracks 

to actually decrease in size, thereby possibly introducing another crack 

extension inhibitor, namely, crack friction caused by movement on opposite 

faces of a fissure (186, 187). This would lead one to expect a large in

crease in the observed axial stress, (Ti, at failure for small confining 

pressures but the rate of increase of the vertical stress would be less for 

large values of lateral pressure, (T ĵ which is the case for dry concrete. 

Griffith's theory recognizes that the increase of (with 0"^ *-s curvilin

ear and not, as is usually assumed, a straight line. 

Griffith (111) derived a condition of fracture under biaxial stress 

directly from Inglis' (131) calculations. The assumption was made that the 

isotropic material contains cracks of equal length and of equal radii of 

curvature at their ends, which are randomly oriented. The Inglis solution 

then gives the maximum stress at the end of the crack having the most 

dangerous orientation, zero degrees in a tension field and equal to 

cps 20 = -1/2 ^"l - ̂ ~3 in a compression field. 
CTl + 0 3 

The combinations of stress at which fracture takes place can be 

expressed by equations in which the only physical constant is the tensile 

strength, f't, for uniaxial stressing. The equations then represent the 
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fracture criteria for biaxial stressing. If tensile stresses are regarded 

as positive and 0~ ̂ 0~3* the fracture criterion is: 

if 3 fracture occurs when: 

= f't (117) 

if 3 (T^ + 0~2 < fracture occurs when: 

( 0"x - <T3)2 + 8 f' (C1 +0"3) = 0 (118) 

If (T-^ and are plotted on rectangular coordinates (See Figure 

70) Equation (118) is that of a parabola which has its concave side in 

the direction of the disector of the negative axes. Equation (117) is 

that of a vertical tangent to this parabola. If all combinations of 0~^ 

and are considered, and not just those for which > (J"^> the fracture 

conditions must be completed by (T^ = f't for 3 ̂"3 + > 0 when • 

This is the horizontal tangent to the same parabola. 

An interesting feature is that, by this criterion, a brittle ma

terial can withstand any shear stress provided that a sufficiently high 

hydrostatic stress is superposed, i. e., the parabola never closes. This 

also explains why concrete in compression becomes almost "ductile" if a 

sufficiently high hydrostatic pressure is present. Attention is called to 

the results of Chinn (50) in which 2 inch compressive deflection was im

parted to 6 x 12 cylinders under high lateral pressure and thence, tested 

in uniaxial compression to within 60% of f'c. Equation (118) shows that 

the hydrostatic pressure needed to prevent fracture at a shear stress 



For uniaxial compression ( 0"^ = 0, G~^ > 0) equation (118) gives the pre

dicted strength in Brittle fracture as eight times the tensile strength. The 

Griffith biaxial criterion can be applied to triaxial states, since, in the 

approximations used, normal or shear stress in the plane perpendicular to 

the edge of the crack cannot exert an appreciable influence. 

In order to make a meaningful comparison of the Griffith criteria as 

plotted in Figure 70 with experimental data it is necessary to express the 

principal stresses in dimensionless form, best achieved by using their res

pective unconfined compressive strength, fq. Selecting the data points from 

the parent curve of Figure 69, the dimensionless principal stress plot of 

Figure 71 is obtained. The equivalent plot given by the fracture mechanics 

criteria of Griffith gives the same general curve by reducing the coordin

ates of Figure 70 by ££- This represents one of the strongest arguments in 

favor of the theory. 

RANDOMLY ORIENTED WIRE FIBERS 

The effects of small wires, distributed randomly throughout a con

crete mix produces a significant change in the properties of concrete. The 

purpose of this experiment was to determine to what extent the mechanical 

properties could be varied and whether these changes could be used in evalu

ating the applicability of fracture mechanics concepts in plain concrete fail

ure . 

The standard physical tests, which have previously been reported 

separately, were each applied in this series and appropriate comparisons can 
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now be made with those results. 

Test Specimens 

A rather weak mortar (Shown as Group III, Table (I), Appendix A) 

was selected for this experiment so that any effects due to the addition 

of the wire fibers would have to be relatively large in order to show 

significant changes in the physical properties of the concrete. A mortar 

was selected for the series, thereby allowing a more uniform and random 

distribution and orientation of the wire fragments. 

Mortar for nominal 3x6 inch cylinders was mixed in two batches 

of w/c ratio = 0.75 and 0.80; the first batch produced control cylinders 

plus specimens containing a 0.017„, 0.02%, 0.04%,, and 0.1% wires; the second 

batch, w/c ratio = 0.80, produced control cylinders plus concrete with 0.257», 

0.5%, 1% and 2% wires. 

Mortar was initially mixed in a one sack rotary mixer. After thorough 

blending of the sand and paste, an amount of mortar sufficient to cast three 

cylinders was removed from the mixer. The wires were then blended into the 

mortar by shaking them through a screen and hand mixing the mortar until the 

wires were adequately intermixed. 

Rather than casting the cylinders in the typical ASTM manner, which 

would have tended to both orient the wires vertically and force them to the 

bottom of the mold, the cylinders were placed on a vibrating table for about 

five minutes to accomplish the intended consolidation. 

The wires were copper coated steel, 0.006 inches in diameter and 0.5 

inches long. The number required to p: oduce a specific percent content 

can be found by determining the volume of one wire and dividing this volume into 
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a unit volume, say one cubic inch, times the percent desired: 

2 3 
Volume of one wire = (Q«0Q6) (.5) = 14.14 x 10"^ in 

4 

Number of wires/in3 for 17° density, 

H _  , 7 0 7  

14.14 x 10~6 in3 

The wires can then be either counted accordingly, or a unit number weighed 

and the count continued by weight. Table V contains the approximate number 

added for each change in percent content. 

The specimens were moist cured (100% humidity, 75°F) for 14 days 

and, thereafter, dried in an oven at 120°F for seven days to minimize the 

effect of pore pressure under load. 

A separate batch of mortar, w/c ratio = 0.75, was mixed from which 

a series of standard figure-eight briquets were cast with varying percent

ages of wire. The same curing procedure was followed, using 14 day moist 

curing and 7 day oven drying. 

Experimental Procedure 

Compression tests were performed on a 200 kip Tinius-Olsen Mechanical 

Universal Machine. The briquets were tensioned in a 60 kip Tinius-Olsen 

Hydraulic Universal Machine with standard briquet clamps, and using a 

machine sensitivity of two pounds per smallest dial division. 

Repeated axial load tests were made in the Riehle-Los Universal 

Fatigue Machine. Compression fatigue specimens were sulfur capped and mounted 

in the Riehle-Los on a swivel head (located under the specimen). Minimum 

loads were then determined as that required to just keep the heads of the 

machine from "hammering" on the cylinder (about 1000 lbs). Load repetitions 
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where at 500 rpm. An automatic counter recorded the cycles to failure at 

which time the machine automatically shut off. 

Test Results 

A summary of all test results under this section is given in Table V 

and analyzed in Table (VII), Appendix B. The discussion follows according 

to the physical properties determined. 

Compression properties. A general increase in compressive strength 

was found for the specimens containing the wire fragments over that of the 

plain concrete control cylinders. This increase, although anticipated, does 

not in itself adequately demonstrate that an improvement in tensile strength 

caused the increased strength in compression. It does, however, add circum

stantially to the existence of a fracture mechanism compatible with the 

Griffith theory. 

Specimens containing just 1% by volume of the 0.006 inch diameter by 

1/2 inch long wire fiber showed an average increase of 72% over the compres

sive strength of specimens from the same batch but without the wire fragments. 

Specimens containing 27. by volume of the wire showed an increase in compres

sive strength of 847« over their plain counterparts. Since the wires used in 

this experiment were all of the same size, this means that the 27„ mix has 2 

times as many wires per unit volume as the 17» mix yet showed an increase in 

strength of only 1.2 times that of the 1% mix. 

Figure 72 provides a plot of dimensionless compressive strength with 

wire fibers, f' , as a function of the number of wires per cubic inch 



Table V 

Results of physical tests on concrete specimens containing wire fibers where 
Strength values recorded are average of three determinations 

_ w/c 0.75 0.80 

7o Steel wire 0 0.01 0.02 0.04 0.1 0 0. 25 0.50 1. 0 2. 0 
3 

No. wires/in 0 7 14 28 71 0 117 353 707 1414 
Compressive 
strength, psi 2380 2630 2920 3040 3360 1900 2829 3000 3180 3400 

7o Increase 0 10.5 18.6 28.0 41.0 0 52. 5 62 72 84 
Briquet tensile 
strength, psi 240 260 280 300 330 m 350 380 400 410 

% Increase 0 8.3 16.7 25.0 37.5 - 46 58 67 71 
E.j Modulus of 
elasticity, 
psi x 10 2. 45 2.47 2.47 2.80 3.05 1. 82 2. 70 2.70 2. 70 2. 80 

% Increase 0 1.0 1.0 14.1 24.1 0 48 48 48 54 
Secant Modulus , 
E , psi x 10 
s r 1. 63 1.75 1.75 1.88 2.30 1. 37 1. 98 1.98 1. 82 2. 07 

% Increase 0 7.8 7.8 15.5 41.5 0 45 45 33 51 
Fracture tough
ness, in-lb 

in ̂ 3. 06 3.19 2.98 3.48 3.34 1. 78 2. 80 4.20 4. 45 4. 30 

7o Increase 0 4.2 13.7 9.2 0 57 136 150 142 
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in the mix. The data indicates that the two variables are related by the 

value N^'*. It would seem from the curve a continual increase in the quantity 

of wires would produce an increasing strength, although at an exponential 

rate, which would soon become impractical. 

In a previous study (98) it was found that specimens containing 1% 

by volume of 0.01 inch diameter wire., one inch long, showed compressive 

strength increase of 14.57., while those containing 1% by volume of 0.02 inch 

diameter wires, one inch long, showed a compressive strength increase of only 

7%. This leads to the conclusion that the effective spacing of the wire is 

the determining factor in the strength increase of the concrete and not the 

size nor stiffening effect. The greatest strength increases occur with the 

smaller wires, for a given percentage of steel, evidently due to the increased 

number of wires per unit volume and the resulting closer spacing. This veri

fies the conclusion of Romualdi, Batson, and Gordon (244,245,246). 

The length of the wires does not seem to matter so long as it is suf

ficient to develop a good bond with the concrete. A very compact distribu

tion of strengths was found for the control cylinders with the maximum devi

ation from the average of less than 1%. Specimens containing the random 

wires .sTiowed a greater deviation in Strength? .which could be expected due to 

the statistical impossibility of the wires having similar orientations. 

Variations in this case were as high at 1% from the average. 

Tensile properties. Table V and Figure 73 summarize the findings of 

this series with respect to the effect of wire fibers on the tensile charac

teristics of mortar. 

Preliminary tests indicated the necessity of using a means other than 

load capacity, as read on the Universal machine, to specify the load at which 
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tensile failure occurred. Random orientation of the wires allows the speci

men to resist load beyond the point at which obvious separation of the two 

halves of the figure--eight briquet takes place, the specimen being held 

together by bonding of the individual wires. To more logically compare the 

results of tension and compression, the load at initial cracking, as both 

seen, heard, and shown by a noticeable hesitation of the Universal machine 

dial, was taken as the failure load. 

The results of the briquet tests are most interesting in relation to 

the effect of wire on both the compressive strength. The identical slopes 

produced by a log-log plot, as well as the same relative vertical positioning, 

when the strength ratio with and without wire is considered as a function of 

the count per cubic inch, is significant. The additional support to the 

"single failure mechanism" concept is readily apparent. 

Elastic properties. The moduli of elasticity of the concretes was 

obtained using a modified compressometer and are recorded in Table V. The 

difference in the slope of the stress-strain curve between specimens with 

and without wire varied directly as the compressive strength. Figure 74 

shows that the increase in the initial tangent modulus, E^, and the secant 

modulus Egec, with increasing number of wires, was identical to the increase 

in compressive strength. Both the curves of Figures 72 and 74 have slopes of 

about 1/10. This fact then lends weight to the argument that the wire fibers 

are improving the load-carrying capacity of the concrete by inhibiting crack

ing and propagation of the cracks in the concrete. It also substantiates the 

argument that the wires would not affect the strength in pure compression 

tests made without inclusion, which cause tensile stress, but rather that 

their function seems to be to intercept propagating cracks and the 
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prevention of their extension. 

Further study of the stress-strain curves showed that the effect of 

the wire becomes very noticeable by the additional increase in load-carrying 

capacity of the concrete at approximately 60% of the plain concrete failure 

load. This, of course, the beginning of the region in which stress supported 

microcracks begin to extend into the paste. Hsu (129) found the preceding 

to be true while working with concrete which contained 3/4 inch aggregate, 

while specimens tested in this experiment were made from a mortar. According 

to Hoope's (126) findings, this would lessen the occurrence of initial bond 

cracks. 

The modulus of toughness, (total area under the stress-strain diagram) 

was increased by 150% at the 1% wire content point, but due to excessive 

variations, no regular trend could be established. Specimens could continue 

to carry load beyond the ultimate stress but because of the separation of the 

specimen resulting from excessive cracking it was felt that loading up to 

ultimate would include the practical range of the modulus of toughness value. 

In the region beyond 60% of ultimate the plain concrete specimens 

began to deteriorate rapidly while wire specimens suffered fewer cracks and 

thus experienced higher ultimate loads and much larger strains before failure. 

This agrees with the idea that the wires were instrumental in stopping crack 

growth initially, and as the specimen approached failure, bond between ce

ment paste and the wires was instrumental in holding the specimens together. 

Properties under repeated loads. Figure 75 shows the data resulting 

from fatigue stressing of both plain and wire fibered companion specimens of 

concrete. A semilogrithmic plot gave the best consolidation of data points 

but, due to the scatter, a least squares curve was found using only those 
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specimens which withstood at least one thousand cycles of load. 

The repeated application of a less than ultimate load has previously 

been shown to be a process of controlled crack growth. The fact that the 

addition of wire fibers results in an increase in fatigue strength is proof 

of the crack inhibiting effect of the wires. 

Observations and deductions. The inclusion of wire fragments has 

proven to have a real and positive effect on the mechanical properties of 

concrete. However, the most significant point to be noted is the nearly 

identical influence produced on the tensile, compression, and elastic proper

ties as shown in Figures 72, 73, and 74. Obviously, the basic fracture me

chanism has been influenced by the wire and the fact that each property has 

been influenced to the same extent demonstrates a common failure process. 

The tensile crack inhibition by the wires is the logical explanation. 

INTERNAL STRESS STATE 

The investigation of the interparticle action of a material under load 

is, at best, difficult. Application of the principles of photoelasticity 

proved meritorious in the study of macroscopic interactions in concrete, and 

is discussed in detail in the following. 

Photoelasticity 

Under normal incidence, a material that will split a single plane-

polarized light ray into two separate beams, polarized at right angles to 

each other and passing at different speeds through the material is said to 

possess the phenomena of double refraction. The speed of the rays is re

tarded with respect to one another; th:s relative retardation divided by 



the thickness of the material is called birefringence. The directions of 

polarization of the two rays correspond to the directions of the principal 

strains in the birefringent material. 

The photoelastic method of stress analysis uses a special transparent 

plastic (epoxy in this study) which becomes doubly refractive when strained. 

It is bonded to the material to be studied with a reflective epoxy cement. 

A good bond between the plastic and the material, combined with the inherent 

low-modulus characteristics of the plastic, justifies the assumption that the 

strains in the plastic are identical to the strains in the material. Fur

ther details of photoelasticity principals are well known and shall not be 

reviewed here. 

Test Specimens 

Concrete specimens for this experiment were selected on the basis 

of the primary variables represented in them, with special emphasis on the 

aggregate size and dispersion. Specimens were obtained from Groups I, V,, 

and Va of Table (I), Appendix A. The variables in Group I specimens were, 

two w/c retios, two MSA's, and two WF's. The mixes of Groups V and Va were 

designed to emphasize the effect of coarse aggregate and provide specimens with 

fewer large inclusion interactions. 

The concretes were each cast into 6 x 12 inch cylinders. Of the 

several specimen sizes which could be used, in applying the principals of 

photoelasticity, a rather thin (about % inch) rectangular piece was selected. 

Such specimens would respond to loading in a more nearly plane stress fashion 

and thereby yield more meaningful data where only a two-dimensional surface 

could be studied. 
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The preparation of specimens consisted in cutting half-inch slices 

from the various cylinders. A Target, 5 HP, masonry saw with a 14 inch dia

mond blade and a special jig to control the cutting precision was used to cut 

the 6 x 12 inch cylinders (cutting perpendicular to the longitudinal axis). 

Water was used as the coolant and lubricant, which, therefore permitted a 

slight increase in strength over the uncut control specimens. However, the 

actual increase was small due both to the age of the concrete (2 years) and 

to the thinness of the specimens, which allowed rapid dehydration. 

Each 1/2-inch disk, prepared as per the foregoing paragraph, was then 

c u t  i n t o  t w o  p i e c e s ,  o n e  p i e c e  a b o u t  2 x 3  i n c h e s  a n d  t h e  o t h e r  a b o u t  3 x 3  

inches. These cuts were made on a 1 1/2 HP Specimen Cutting Machine using 

considerable caution to avoid breaking the specimen corners. 

The rectangular shaped specimens were then lapped with several sises of 

carborundum to remove both non-parallelism of the sides and to provide a 

smooth surface for bonding of the photoplastic. The thickness of each speci

men was obtained with a micrometer and recorded, using at least six different 

points over the surface. 

After the specimens were thoroughly dried, one side was coated with a 

thin layer of epoxy Type RCT - S & A, Photostress Adhesive (Budd). A very 

smooth reflective surface was obtained by screeding the still viscous ad

hesive with a 1/4 inch diameter glass rod. This operation produced a surface 

which required no touch up or grinding before application of the clear epoxy 

plastic. Budd Liquid Plastic - Type A was then applied over the reflective 

adhesive after the latter had hardened. Preliminary tests indicated that 

the photoplastic should not extend to the loading edges. Arbitrarily, a 

distance of about \ inch was selected as minimal. 
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To insure uniform plastic thickness, specimens were machined 

in a Van Norman variable speed milling machine to within + 0.001 inch 

tolerance. A 1500 rpm mill head speed was used with a sharp tool, and a 

bed speed of not more than 1 inch per minute. A drop of mineral oil 

spread over the plastic returned the coating transparancy lost in the 

milling process. A schematic diagram of the final product is shown in 

Figure 76. A final check and recording of specimen thickness allowed 

the determination of plastic thickness before compression tests were 

begun. 

Experimental Procedure 

Strain measurements from the photelastic coatings were made with a 

reflective polariscope (Model LF/Z - U by Budd) consisting of a white 

light source, a plane polarizer, a polaroid analyzer and quarter wave 

plates. The polarizer and analyzer were set at right angles to each 

other (crossed polaroids). Thus as the white light passes through the 

plane-polarizer, the rays are polarized into one ray in a single plane. Up

on reaching the strained plastic, the plane-polarized ray is doubly refract

ed into two rays, taking two paths at right angles to each other and tra

veling at different speeds, the directions corresponding to the two 

principal strains, ^2 an(* ^2* now two rays are reflected by 

the under adhesive coating to the analyzer, the movable portion of which 

is graduated to enable quantitative determinations of the angles of in

clination of the light rays. 

The light rays reflected to the analyzer indicate black fringes 

at all points on the plastic where the directions of the principal strains 
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coincide with the angle setting of the analyzer. A line of these black 

points is called an isoclinic and represents a locus of points along which 

the inclinations of the principal strains are constant. 

At all points on the plastic other than those in the isoclinics, 

the light rays reflected to the analyzer are in colored patterns (reds, blues, 

greens, and yellows predominately.) These colored patterns are ialied iso

chromatics and indicate the differences between the principal strains 

( € y ~ £ 2magnitude at a given point is indicated by the particular 

color at the point and by the location of the point with respect to a tint-

of-passage (or fringe order) between red and blue or red and green. 

The isochromatics are easier to distinguish if the black isoclinic 

fringes are removed from the field. To accomplish this, quarter-wave (45 

degree) retardation plates were placed between the polarizer and the plas

tic and between the plastic and the analyzer. This combination results in 

circularly polarized light which is then utilized in the analyzer in making 

measurements. 

Observation of the isochromatics as described above enables deter-
i/T* 

mination of the difference between the principal strains ( € ^ q) ' 

Individual values of £ ̂ and £ 2 can determined under normal incidence 

only for points that lie along free edges or boundaries (where one of the 

principal stresses is zero). 

Photoplastic Calibration 

The relative retardation, cTn, which exists between the two light 

waves as they emerge from the plastic is proportional to: 

1. the difference between principal strains ( €. ̂  - €. , 
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2. the distance the light travels through the plastic, 2tp, 

3. the strain-optical constant or sensitivity, k, and 

4. the correction factor that accounts for reinforcement effects 

of the photoplastic, C. 

These effects can then be. expressed jointly by 

cfn = 2tp k(£1 - e 2 )  c  (120) 

where 2tp is used since the light passes through the plastic twice. This 

retardation appears as colored isochromatics as load is applied. Each 

color corresponds to a given magnitude of principal strain, or stress, 

difference (6 ̂ - £ 2) or (" ̂*2^ an(* '*'8 ^dependent setting 

of the polarizer-analyzer assembly, i.e., if the assembly is rotated the 

color pattern remains the same. 

The order in which colors appear,as load is gradually applied to the 

specimen is as follows: 
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The "borderline" between one color sequence and the next is a sharply 

defined line dividing the red and green (or blue). This line is called 

the "tint-of-passage" and is the point of the color cycle that is used for 

quantitative readings. 

From Equation (120) and the above diagram showing the color, 

fringe order, and loading relations, the necessary relationship between 

strain on the surface of a beam in bending to the principal strain given 

by a photoplastic coating can be obtained as, 

f - ^ a + c 
NE (121) 

where: f = fringe strain value in/*in/in, 

0"1= beam stress, 

N = fringe order number, 

E = beam modulus of elasticity and, 

C = correction factor obtained from Bulletin PS-3034 (Budd), 

Figure 12A. 

The values obtained for f and k, using a standard beam calibration 

system by Budd were, 

f = 1000yJU in/in 

and k = 0.041 

To illustrate the potential use of the foregoing value of f, suppose 

that a concrete specimen were coated with the above photoplastic and that 

Ec = 4 x 106 psi and= 0.15. Then the principal stress difference repre

sented by each fringe or tint-of-passage would be 

,rr rr v (£l-€2)E NfE <0i-cr2) = ^ ™ ^ 

[<4*1°6> = 3480(N) psi, 
•L *« • J 
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which is to say that the first fringe represents a stress of about 3500 

psi, the second, 7000 psi, and so forth. 

A tabulation of specimen information, photoplastic thickness, 

and other necessary data for the computation of the fringe value, f, and 

the principal stress difference represented by each fringe order is 

given in Table VI. 

Testing Procedure 

The thin rectangular specimens were compressed in an Instron 

Universal Testing Machine with a 10,000 lb. load cell (15,000 lb. safe 

load range). Figure 76 shows the loading arrangement. A steel ball was 

used as the load transfer mechanism from the machine head to the distri

bution bar, thereby allowing for any lack of parallelism between the two 

loaded edges of the specimen. A 1/16 inch pad of gasket material was 

placed at each end of the specimen to distribute the load and minimize 

stress concentrations due to the load bearing plates. 

To allow a more thorough examination of color patterns and to 

minimize creep within the concrete, 35 mm color slides, using an Exacta 

single lens reflex camera, J 1.8, were taken of each specimen as it was 

loaded to failure. A minimum of 15 photographs was obtained for each 

specimen. The typical picture sequence was to take the isochromatic 

fringes at each 1000 lb. load increment and several pictures of iso-

clinic patterns, each at a different angular rotation of the analyzer, at 

three or four different load levels. Loading and photography continued 

until failure occurred. 

As the fringe order progressed beyond the 5th fringe the tint-

of-passage became increasingly difficult to discern. However, the 



Table VI 

Summary of data for tests involving the use of photoplastics on concrete 

Specimen Photoplastic Fringe Value Modulus of Poisson's f' I 
Number ave. thick, f = X Elasticity Ratio C K = I0*i — (T2 ' 

tp" 2 tpk X 10~6 psi (psi) G~ave 

.4 1.3 3/8 #1 0.140 964 4.34 .166 8,900 0.7 

.4 1.3 3/8 #2 0.164 823 ft 11 II 1.7 

.55 1.3 3/8 #1 0.148 912 4.00 .181 6,530 0.8 

.55 1.3 3/8 #2 0.156 865 it ti 11 2.0 

.55 1.5 3/8 #2 0.125 1080 11 11 ti 1.5 

.4 1.3 3/4 #1 0.157 860 4.67 .181 8,350 3.6 

.4 1.3 3/4 #2 0.170 793 »i 11 II 1.1 

.4 1.5 3/4 #1 0.174 776 4.21 .177 3,280 1.5 

.55 1.3 3/4 #1 0.157 860 4.10 .162 6,150 1.1 

.55 1.3 3/4 #2 0.139 971 II TI M 1.2 

.55 1.5 3/4 #2 0.136 992 11 11 11 1.7 
II 1 1/2 #7 0.160 843 3.78 .164 4,140 2.9 
II 1 1/2 #8 0.139 972 u 11 11 3.3 
III 1 1/2 #7 0.120 1125 11 11 11 1.9 
III 1 1/2 #8 0.137 985 HIT 11 11 4.0 
III 1 1/2 #9 0.148 912 II 11 11 1.2 
III 1 1/2 #10 0.127 1063 II 11 11 1.8 
III 1 1/2 #11 0.135 1000 11 11 11 2.1 
III 1 1/2 #12 0.128 1055 II 11 11 3.6 
A .4 1 1/2 0.127 1063 4.12 .160 7,800 3.8 
B .4 1/2 0.154 876 II 11 II 7.7 
C .4 1 1/2 0.132 1022 II Mil II 6.1 
D .4 1/2 0.125 1080 r» II 11 3.7 



Table VI (Continued) 

Specimen Photoplastic Fringe Value Modulus of Poisson's f' , 
Number ^ve. thick, f = X Elasticity Ratio K = ' ̂ 1 - 2' 

tp^ 2 tpk X 10~6 psi (psi) <Tave 

E .4 3/4 0.141 958 4.12 .160 7,800 2.2 
F .4 3/4 0.143 943 " " " 2.6 
G .4 3/4 0.171 789 " " " 2.0 
H .4 3/4 0.146 927 " " " 5.6 
J .4 1 0.148 912 " " " 2.1 
K .4 1 0.144 938 " " " 3.8 
L .4 2 @ 1 1/2 0.140 964 11 " " 2.8 
M .4 2 @ 1 1/2 0.126 1071 " M " 5.1 
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sequential photographic record permitted their interpretation and defining 

up to the 8th order. 

Test Results 

Figures 7 7 and 78 are copies of typic.al isochromatic and isoclinic 

fringed patterns, specimens No. Ill 1-^ #11, and #10, from Group V. The 

isochromatic fringes are those which existed at a concrete stress of 7000 

psi, where the ultimate load was 7200 psi. The isoclinics have been 

drawn to represent the actual picture as seen through the analyzer but 

superposed for several analyzer rotations. The aggregate, as it appeared 

on the cut face, is also shown for each specimen (sizes less than 1/8 

inch omitted). 

The results shown in Figures 77 and 78 were deliberately chosen 

for display since the gap graded aggregate allows the gross effect of 

the aggregate to be more predominante. The isochromatic and isoclinic 

patterns for concretes with typical aggregate gradations are less demon

strative of the individual aggregate-paste interrelations. As the 

aggregate sizes decreased, the highest observable fringe order decreased 

in magnitude. The photoelastic method is recognized as being impotent 

to microscopic effects and, therefore, becomes increasingly insensitive 

as inclusion effects tend to a lower level. 

The isoclinics, lines along which the principal stresses have a 

constant inclination, give the principal stress directions in a form 

which is generally not directly usable. As a consequence, it is normal 

procedure to present the principal stress directions in the form of an 

isostatics, or stress trajectory diagrams, where the principal stresses 

are normal and tangent to the isostatic lines at each point. The 
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isostatic diagram is obtained directly from the composite isocLinic pat

tern by simply connecting points, oriented to the respective principal 

stresses (or strains), in the several regions to form a continuous line. 

The foregoing procedure has been applied to the isoclinics of 

two specimens from Group Va and is present in Figures 79 and 81 and the 

resultant diagram showing the stress trajectories or isostatics. 

Obviously the trajectories have been considerably distorted from those of 

a uniform compression field, which would be vertical and perpendicular to 

the loaded edges. 

The isolated pieces of large aggregate in a fine mortar matrix 

present a more obvious picture of the aggregate-paste interaction. A 

sample of typical isochromatic fringes, at loads about 757„ of ultimate, 

are given for the same specimens for which isostatics were drasn in 

Figures 80 and 82. 

Several observations should be noted at this point. First, both 

the isochromatics and the isostatics show stress concentrations at the 

aggregate-paste interface indicating that the bond point between the two 

materials is straining excessively. Second, it appears that the differ

ence in the moduli of elasticity of the mortar and the coarse aggregates 

is sufficient to warrant more consideration in mix designs. Third, while 

the photoelastic process is incapable of demonstrating the entire picture 

of stress effects in a material, it nevertheless has shown the existence 

of regions in which the microscopic stresses are undoubtedly increased 

due to the imposition of macro-level stresses. Fourth, the stress trajec

tories have demonstrated the fact that even in relatively small pieces 

of concrete, subject to uniaxial force, there exist many regions in 
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complex stress conditions. This, in turn, demonstrates the need for defin

ing a failure concept which can account for fracture under every possible 

load condition because, in truth, each condition exists in concrete. 

In order to relate the photoelastic effects of one concrete to an

other concrete, a common parameter is required. The fringe order magnitude 

is the most useful for this purpose, but must be stated in terms of rela

tive imposed loads. The stress concentration factor, K, may be used to 

accomplish this comparison and is defined as: 

K = ~̂1 - 0~2 I (122) 

ave 

where (Tav& is the applied load divided by the cross sectional area of the 

specimen. The principal stress difference, (T^ - 0~, is obtained direct

ly by noting the fringe order at the point in question and multiplying it 

by the fringe value (in terms of stress) from Table VI. An average value 

of the stress concentration factor was calculated for each specimen and 

is included in Table VI. 

A comparison of aggregate size and KQve yields a most interesting 

result. When the values of K are averaged for the various maximum sized 
ave ® 

aggregates in the specimens of Groups I and V the following is obtained: 

K /N 
MSA ave 

2 .60  

3 A 1.70 

3/8 1.34 

A similar comparison of K values for those specimens in which only one or 

two pieces of aggregate were cast produced comparable results: 
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MSA Kavp/N 

1 1/2" - 1" 4.50 

3/4" - 3/8" 3.25 

These values are plotted in Figure 83, and clearly demonstrates the 

elevated stress concentrations due to an increase in the maximum size of 

the aggregate in the concrete. The results of previous sections have demon

strated the lower strengths caused by increased MSA, and now, the photo-

plastic results have provided a qualitative reason for that strength 

reduction. 

Observations and deductions. General observations made from viewing of 

all specimens tested photoelasticity is summarized as follows: 

1. The highest fringe orders occur in the paste and most often 

are located along the edges of aggregates. 

2. The central portion of the larger aggregates often have less 

than one fringe at specimen failure. 

3. The isochromatic fringes, while tending to be a gradually in

creasing order of the same basic pattern, show that the maximum value 

of CT1 - (T2 changes from location to location as loading progresses. 

For example, the color pattern may indicate during the first part of 

loading that failure will occur at point 1, yet during the succeeding 

load interval the highest order will suddenly show at point 2, yet 

final failure occurs at point 3 which may not become obvious from the 

fringes until the last few hundred pounds of load. 

4. Fracture of the thin specimens most often occurs in vertical 

planes both parallel and perpendicular to the coated face. 
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5. The progress of some few cracks could be followed by eye 

but pictures of them were difficult to obtain and fringe orders were 

so faded in their vicinity that values could not be obtained. 

6. The inclusion of large aggregates in concrete increases 

local stresses and accelerates the fracture process. 
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Figure 45. Schematic diagram of physical apparatus for 
testing Group I specimens and obtaining (J*—£ diagrams. 
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0 to 3000 psi 3000 to 6000 psi 6000 psi up 

Figure 49. Diagram of the failure tendencies of typical 
concrete compression cylinders. 
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Figure 50. A Mohr stress diagram showing the tensile 
nature of induced stresses due to friction in typical 
compression test. 
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Strain 
Figure 64. Stress-strain relationships during cyclic loading 
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Figure 70. Principal stress diagram showing the Griffith 
criteria for failure, in biaxial compression. 
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Figure 71. A principal stress plot of t:riaxi.al compression data 
which is the same as plotted in Figure 69 as the "parent curve". 
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Figure 77. Isochrcmatic fringe pattern at about 95% 
of ultimate load on specimen III 1 1/2 #11 from 
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Figure 80. Isochromatic fringes at about 70% of 
ultimate load on specimen number A 0.4 1 1/2 from 
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CHAPTER 4 

CORRELATION OF RESULTS AND CONCLUSIONS 

The large discrepancies between actual fracture strengths and po

tential strengths predicted by the theoretical formulas are a result of the 

fact that most materials are not perfect; instead, as with concrete, they 

contain several types of defects, flaws, and inclusions. In a material un

der stress these imperfections produce points of large stress concentration, 

which then serve as nucleation sites for eventual fracture. This strong 

sensitivity of fracture strength to non-homogeneous defects is responsible 

for the statistical nature of fracture in concrete. 

It has been the object of this dissertation to present a comprehen

sive accumulation of data in a manner which would more clearly define the 

fracture process and fracture mechanism of concrete. At the outset, note 

that failure, per se, can be couched in terms of ultimate strength or 

principal stress at the phenomenological level, but at the structural level 

it must consider the underlying fracture process and the means by which the 

mechanism of fracture can occur under each possible state of stress. 

Conceptual evidence, as well as experimental verification, has been 

used in support of a fracture mechanics theory of failure proposed by A.A. 

Griffith. His theory, although originally encumbered with material limit

ations and parameters not readily definable in multi-phase materials, can 

be simplified and stated very concisely. The basic criteria for this theory 
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is that fracture in a brittle material is the result of two things, namely, 

flaws, and the tension stress concentrations which develop because of the 

flaws. 

Griffith (111) has adequately shown that excessive tensile stresses 

initiated by flaws in a relatively homogenous material (glass) result in 

the untimely fracture of tensioned specimens. While concrete is quite dif

ferent than glass, still the criteria of fracture by tension due to flaws, 

even when the load is compressive, has been shown to be very much within 

the realm of possibility. A comprehensive correlation of material reviewed 

in Chapter 2, and the fracture mechanics oriented research reported in 

Chapter 3, can now be used to support the application of the Griffith theory 

as the basic fracture concept for concrete. 

Concrete - A Brittle Material 

Griffith's theory was originally conceived in response to the prob

lem of low tensile capacity in brittle materials. Although work since 1950 

has extended its probable application to more ductile materials, still the 

concept is most readily adapted in its pure form when fracture of brittle 

materials is considered. There has been some discussion as to whether 

concrete can be classified as a brittle material due to its "plastic" action 

under load. The choice of the word is unfortunate because of the more exact 

application to metals and plastics. These latter materials characteristically 

deform beyond their elastic range by a "rearranging" process of their mole

cular chains or crystals. Some writers have implied the same sense of the 

word in reference to concrete deformation, which is incorrect. Inelasticity 

in concrete is a result of two occurrences; first, it is the external 
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manifestation of internal micro- and macroscopic cracking, and second, it is 

a result of hydrate gel crystal deformation. The degree of gel distortion 

preceding fracture is as yet undetermined, however, the chemical and 

structural interlocking bonds of the gel are considerably larger than the 

bonding forces across the aggregate-paste interface which are primarily 

van der Waal type. Failure of the weaker bonds therefore results in ex

tensive cracking, before gel distortion becomes consequential. 

A brittle material under load is idealized by a linear stress-

strain relationship continuing until fracture. This is, of course, not 

typical of concrete. However, it has been shown that the inelasticity in 

concrete is due not to plasticity, but rather to cracking and the accom

panying distortion which cracking permits. Three separate studies may be 

summarized in substantiation of this point; namely, the slope change in the 

load-deflection diagram resulting from a tensile splitting crack in a dia-

metrally loaded cylinder; second, the correlation made by Hsu between 

microcracking and the elastic modulus E, and third, the relative values of 

the Brittleness Factor, which show, circumstantially, that as the statistical 

probability of the number of inclusions decreases, i.e., as the volumn de

creases, the Brittleness Factor (BF) approaches %. This is, of course, 

because of the loss in the "plastic" nature of the specimens by becoming 

more elastic up to fracture. 

Thus, notwithstanding the phenomenological appearance of concrete 

under load, it may be classified as a multiphase, brittle material. The 

complexity of the material system introduces several additional considera

tions, but in general the application of Griffith's theory to the fracture 

mechanism is straight forward. 
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Tension in a CompressionField 

The existence of tension due to tensile loading is unquestioned. 

However, the fact that tension regions exist and control the fracture which 

results from a compressive loading requires elucidation. 

Experimental stress techniques, e.g. photoelasticity and analytical 

analyses have been used to investigate the effect of inclusions'in a statis

tically homogeneous matrix. The inclusions studied have included holes, 

elastic inserts of differing modulus E, arid rigid inclusions. While studies 

are still lacking on the effect of closely spaced inclusions and the result

ing interaction modes, the work to date has proven that several regions of 

tension occur around each inclusion under compressive loading. The number 

of regions and the magnitude of the tensile stresses are of course greatly 

dependent on its shape and bond characteristics., but the fact that under 

one, two or three dimensional compression a material like concrete will have 

induced zones of tension has been verified by the photoelastic studies re

ported herein. 

The existence of tensile forces can further be studied at the struc

tural level of the constituent materials. Of particular interest is the 

hydrated cement gel structure and the shrinkage and expansive properties of 

hydrating cement at this level. The loose crystalline structure of tober-

morite and calcium silicate hydrates (I) and (II) allow existence of tension 

resulting from the inherent flaws and defects in hydrated cement, and the 

resulting-use of Inglis' (131) equations, as reworked by Griffith, allows 

fracture prediction. The second item has been adequately reviewed and, 

essentially, provides assurance that with or without aggregate, hydrating 

cement will develop internal shrinkage stresses which are tensile in many 
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regions. The inclusion of inert rocks in the cement paste merely aggra

vates the problem. Figures 79 and 80 show a shrinkage crack, the result 

of excessive tension before the specimen was ever loaded externally. 

Clearly, the superposition of the possible tensile stresses caused 

by the above three items leaves little doubt as to their existence and the 

relatively large magnitude of these stresses. 

Flaws and the Physical Properties of Concrete 

The next step in the application of Griffith's concept to concrete 

fracture is the satisfactory demonstration that flaws exist in concrete and 

that they have an observable effect on the properties. 

Hsu (129) and Slate (265) have both reported the existence of macro

scopic cracks in concrete prior to loading. This was verified by the 

author in an independent study using a microscope with several power ranges 

(5X to 200X). The initial cracks and flaws are found mainly along the 

interface of the aggregate-paste, and some few occur in the mortar, generally 

bridging between two aggregate particles. The size and number varies with 

the concrete mix but, in general, increases as the amount of free water, or 

w/c ratio, increases. 

Another important aspect of past research (129) is that the stress-

strain diagram, and therefore the modulus of elasticity, is directly related 

to the number and size of cracks within concrete. This has been amply re

viewed in Chapter 2 under "Cracking and Crack Determination". Therefore, 

the two requisite considerations of the general Griffith criteria are ful

filled. 

However, it remains to be shown that the phenomenological properties 
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of concrete are, in fact, manifestations of a fracture process governed 

by flaws and excessive tensile stresses. In order to accomplish this 

the variation in concrete properties with the primary parameters of 

strength, namely: 1. w/c ratio, 2. MSA, 3. WF, 4. volume, 5. modulus of 

, elasticity, 6. stress states, and shrinkage (not discussed separately). 

1. The amount of water used with a given quantity of cement is 

probably the most influencial parameter of concrete strength. In this 

criteria, which is the classical Abrams w/c ratio law, the smaller the 

quantity of water used, the larger will be the expected strength. Water 

is required for hydration of the cement particles but for practical 

purposes must be increased beyond that required by the cement. As more 

and more water is used the cement grains are forced further apart and 

their resultant gel structure is less and less compact, with cavities, 

water pockets and unbounded flocks of hydra ting cement occuring in 

increasing numbers. The fact that strength is so dependent on the paste 

structure shows that the flaws which are so abundant in paste, are a most 

likely cause of initial microcracking. 

2. The maximum size of the aggregate has been shown to influence 

the strength of concrete inversely as the MSA increases. There are at 

least three reasons for this: 

a) Single large aggregates have proportionately longer 

paste-aggregate interface lengths, which have been shown to be the 

"weak link" in concrete. The longer interface is indicative of 

potentially longer cracks located at the interface, which yield larg

er tensile stresses since the stress concentration is a function of 

crack length (See Equations 104 and 105) in the Griffith theory. 
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b) Shrinkage stresses due to the hydrating cement are in

creased because of the restraining effect of larger aggregates, 

similar to the effect of excessive reinforcement, and cause addi

tional pre-load tensile cracks. 

c) In a stress field, the larger the inclusion the larger 

the stress concentrations produced at the interface and in the 

surrounding matrix, in both tension and compression. 

3. Increased spacing, WF, of the aggregate particles has been 

shown to be related to strength. This characteristic is also related to 

the existence of cracks, inasmuch as Hsu (128) has shown analytically that 

tensile stresses due to shrinkage increase as the aggregate spacing de

creases. And, finally, increased particle dispersion reduces the inter

action due to load. 

4. A well established statistical theory of flaw distribution by 

Wiebull (303) has demonstrated that with volume increase an ultimate 

strength decrease can be expected as a result of the greater probability 

of flaws and critical flaw orientation in a brittle material failing in 

tension. Moreover, it has been shown that concrete volume tests have 

produced results in conformity with this statistical concept. 

5. The previous work of Hsu (129) as discussed in Chapter 2 has 

demonstrated the dependence of the modulus of elasticity on cracking. 

Therefore, the cracking can not only be correlated with fracture but with 

the apparent inelasticity which concrete exhibits when subject toan over

all phenomenological evaluation test. Moreoever, a study of random wire 

fragments in concrete clearly shows that failure in concrete is caused by 

tensile cracking since the direct increase in the modulus of elasticity 

with the percent of wire fragments can be achieved only by inhibiting 
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tension cracks. The fact that the wire increases the modulus of 

elasticity, the compressive strength, and the tensile strength by the 

same percent shows, that the fracture mechanisms is the same in each 

case, as it would be if tensile cracking were the governing fracture 

criteria. 

6. The action of concrete under combined states of stress has been 

demonstrated and the correlation of data from several sources has been 

performed through the octahedral failure criteria. The omission of pore 

water pressure effects has also been shown to be the cause for the irregu

larities in the seemingly unrelated research results of the past. When 

the effect of induced pore stresses are considered, the phenomenological 

properties of concrete under combined loads can be plotted as a single 

failure curve (Figure 69). Hence, the fact that Griffith's fracture 

criteria also predicts the failure of concrete under combined stresses is 

further evidence that the theory is applicable to concrete, and that the 

tensile fracture mechanism at an inclusion can occur under any complex 

load condition. 

Griffith versus Mohr 

Of the many proposed failure theories for concrete, none has received 

more favorable attention in the past than the Mohr theory. His theory is 

strictly phenomenological in nature and considers only the "appearance" of 

failure rather than the basic cause. 

Mohr's theory is a versatile failure criterion for a homogeneous, iso

tropic material. However, the basic assumption is that shear failure governs. 

The visual failure pattern of concrete compression tests indicate a shear 



224 

type failure, and further stimulus is given by the correlation with combined 

stress results which can be made with the Mohr criteria. However, this does 

not mean that concrete fracture is, in truth, a shear failure nor that the 

basic Mohr theory is applicable; it only indicates that the overall appar

ent effects can be explained by his theory. 

On the other hand, the Griffith theory has been shown to predict the 

correct failure patterns as well as the failure envelope of the principal 

stresses. In addition, it applies to a multi-phase material which, in fact, 

concrete is. Therefore, although the use of the Mohr theory may predict the 

phenomenological effects, it is apparent that the basic fracture mechanism 

is not the one assumed by Mohr but rather the mechanism assumed by Griffith. 

Conclusions 

The existence of the necessary conditions for fracture to occur in 

concrete, as conceptually described by Griffith, have been demonstrated by 

microscopic, wire fragment, photoelastic, and macrotesting of concrete speci

mens. It has also been shown that Griffith's criteria explains the various 

phenomenological effects which have been held inviolate since the first 

basic research on concrete mechanical properties, i.e., the w/c ratio "law" 

of Abrams. The theory adequately explains the fracture mechanism of concrete 

at the structural level and has been tested under a wide range of material 

variables as well as physical testing procedures. It is, therefore, recom

mended that the concept be accepted as a basis on which to build an inclusive 

fracture and deformation theory. 
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Table I 

Concrete mix design parameters and quantities, with resultant strength values, 
for the concretes used in each experiment discussed in the dissertation 

Specimen Max. Cylinder 
Group v/c WF MSA % Density Weight Ingredients, lb/ft Slump, size f'c f'sp 
No. Sand lb/cu ft Cement Water Sand Gravel inches inches psi psi 

0.4 1 5 3/4 45 118 29.3 11.6 47.1 57.8 1 6 X 12 7,530 628 
6.4 1 3 u n •i 26.3 10.5 49.3 60.5 1/4 II 7,580 646 
0.4 1 1 H i i  it 23.4 9.4 51.8 63.4 0 »l 7,500 593 
0.4 1 5 3/8 50 110 34.1 13.7 47.8 47.8 1 II 9,250 717 
0.4 1 3 ii i i  ti 31.1 12.4 50.5 50.5 1/2 f! 8,080 630 
0.4 1 1 n i i  •i 28.0 11.2 53.6 53.6 0 II 6,840 622 
0.4 1 5 No.4 100 101 38.4 15.4 86.2 - 1 1/2 rt 9,750 814 
0.4 1 3 i i  I I  11 35.3 14.1 91.5 - 1 1/8 ti 8,080 637 
0.4 1 1 it I I  I I  32.0 12.8 98.5 - 1/2 i i  7,620 625 

0.55 1 5 3/4 45 118 24.0 13.2 47.1 57.8 1 3/4 It 6,720 637 
0.55 1 3 it ti i i  21.8 12.0 49.3 60.5 1 ii 5,920 593 
0.55 1 1 ii ii i i  19.4 10.6 51.8 63.4 0 tt 6,740 611 
0.55 1 5 3/8 50 110 28.2 15.5 47.8 47.8 1 3/4 i i  7,230 725 
0.55 1 3 i i  i i  i i  25.9 14.2 50.5 50.5 1 1/8 i i  6,280 646 
0.55 1 1 i i  n i i  23.0 12.7 53.6 53.6 1/4 ti 6,180 690 
0.55 1 5 No.4 100 101 32.0 17.6 36.2 - 3 1/2 i i  7,200 655 
0.55 1 3 II 11 11 29.1 16.0 91.5 - 1 1/8 it 7,130 620 
0.55 1 1 II I I  11 26.4 14.5 98.5 - 1/8 i i  6,530 637 

0.74 1 5 3/4 45 118 20.4 14.3 47.1 57.8 4 3/4 it 3,940 450 
0.74 1 3 11 i i  i i  18.5 13.0 49.3 60.5 3 ii 4,395 487 
0.74 1 1 I t  it i i  16.5 11.5 51.8 63.4 1 1/2 n 3,940 440 
0.74 1 5 3/8 50 110 24.0 16.9 47.8 47.8 5 i i  4,260 407 
0.74 1 3 n i i  i i  22.0 15.4 50.5 50.5 2 1/2 i i  4,430 398 
0.73 1 1 i i  ti i i  20.1 14.1 53.6 53.6 1/4 11 3,870 381 



Table I (Continued) 

Specimen 
Group 
No. 

w/c WF MSA % 
Sand 

Max. 
Density 
lb/cu ft 

Weight Ingredients, 
Cement Water Sand 

lb/ft3 

Gravel 
Slump, 
inches 

Cylinder 
size 
inches 

*'c 
psi 

f '?P psi 

I 0.75 
0.77 
0.72 

1.5 
1.3 
1.1 

No.4 
I I  

I t  

100 
I I  

I I  

101 
I I  

I I  

26.9 
24.8 
22.4 

18.7 
17.4 
15.7 

36.2 
91.5 
98.5 

- 9 1/2 
8 1/2 
1 1/4 

6 X 12 
I t  

n 

4,260 
4,050 
3,940 

531 
425 
381 

II 0.5 1.5 1 45 120 26.3 13.2 48.0 58.2 3 
I I  

I I  

f l  

2  3 / 4 X 6  
3  3 / 4 X 8  

6.X 12 
8 X 16 

8,990 
8,720 
6,870 
5,870 

0.6 1.5 1 45 120 23.5 14.1 48.0 58.2 3 
it  
i i  

i i  

2  3 / 4 X 6  
3  3 / 4 X 8  

6 X 12 
8 X 16 

7,470 
6,860 
6,080 
5,320 

0.7 1.5 1 45 120 21.3 14.9 48.0 58.2 4 
i i  

i i  

i i  

2  3 / 4 X 6  
3  3 / 4 X 8  

6 X 12 
8 X 16 

6,400 
6,020 
5,390 
4,880 

III 0.75 
0.80 

1.3 
1.3 

No.4 
I I  

100 
•i  

105 
ii  

22.5 
20.5 

17.0 
16.5 

91 
91 

3  3 / 8 X 6  
fl  

2 ,380 
2,000 

IV 0.70 1.3 3/4 45 118 18.5 13.1 49.2 60.7 4 1/2 n 3,360 

V 0.70 
0.61 

1.5 
1.5 

1 1/2 
1 1/2 

45 
45 

115 
115 

22.0 
24.2 

15.4 
14.9 

47.0 
47.3 

57.5 
57.8 

3 1/2 
3 

6 X 12 
I t  

4,140 
4,940 

Va 0.40 1 1/2 _ - 55.7 22.2 55.7 6.0 - • -

Note: Specific Gravities of Aggregates were: MSA Specific Gravity 
3/4 2.58 
3/8 2.55 
No. 4 2.46 
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Introduction 

A complete statistical analysis of the data comprising appropriate 

figures of Chapter 3, Experimental Program and Results, is presented in 

summary form on the following pages. The methods employed were typical 

statistical procedures which require no elaboration here. 

Presentation of experimental data requires additional clarification 

in order to become meaningful. Information such as the number of samples and 

spread of data points can be in itself as informative as the original data 

leading the reviewer to possibilities of interaction, correlation, inde

pendence, and significance. It is the purpose of the following to pre

sent a sufficiently complete analysis of data to show cause for the authors 

deductions. 

Statistical Analysis of Data, by Topic 

COMPRESSIVE STRENGTH (Figures 46, 47, 48) 

Table (II) summarizes the analysis of variance, ANOVA, of the aver

aged data pictured in Figures 46, 47, and 48. Note that the curves shown 

in these figures are drawn through averaged points representing from 9 to 

27 individual values. 

Several things become obvious in reviewing Table (II), first, the 

main effects are each significant at the 95% confidence level, and next, 

the 2nd. order interactions are also significant, indicating that the fac

tors do not respond independently at the varying levels of the several main 

factors. Whether this response can be adequately shown by straight line 

229 
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rather than curvilinear estimates is questionable, due to the limited range 

of the variables, having only three levels of each. The linear regression 

lines have, therefore, not been shown in these figures. However, such lines 

have been calculated together with the ANOVA (F-ratios) of the data about a 

least squares straight line and are presented in Table (III). In most instances 

Table (II) 

ANOVA of compressive strength data 

No. Source df SS MS F-ratio 

1 w/c 2 2.07E + 8 1.04E + 8 520. ** 
2 MSA 2 3.15E + 6 1.58E + 6 7.9 ** 
3 WF 2 9.53E + 6 4.76E + 6 24. 
4 w/c x MSA 4 2.99E + 6 7.48E + 5 3.7 ** 
5 w/c x WF 4 4.80E + 6 1.20E + 6 6. 0** 
6 MSA x WF 4 4.28E + 6 1.07E + 6 5.3 ** 
7 w/c x MSA x WF 8 4.70E + 6 5.87E + 5 2.9 * 

8 Error (pooled) 56 1.12E + 7 2.00E + 5 

picturing a straight line fit to the points given in the respective figures 

is not difficult and gives a ready idea of the interaction effects at various 

factor levels.' In general, a summary of the two factor interactions is that 

changes in MSA and WF have more pronounced effects on strength at richer 

values of w/c. 

Specimen Size Effects (Figures 52,53,55) 

A test of the hypothesis "slope is zero" is tho primary statistical 

information required to justify the curve shown in Figure 52. 
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Table (ITI) 

Linear regression equations for compressive strength data with ANOVA 
giving F-ratios for Figures 46,47, and 48 

_ 

Figure No. and Linear Regression Equation F-ratio 
Identification 2 

46(a),WF = 1.5 f' 
c 

= 14,360 - 13,520 w/c 
25F 

= 193 

1.3 f' 
c 

= 12,030 - 10,270 w/c A' 
= 307 

1.1 f • 
c 

= 11,670 • - 10,310 w/c 
25F 

= 116 

46(b) f' c 
= 12,680 • - 11,350 w/c 

79F 
= 375 

46(c),MSA = • No. 4 f' 
c 

= 13,770 • - 12,820 w/c 
2 F̂ 

= 144 

3/8" f' 
c 

= 12,600 • - 11,220 w/c "'"F 
25 

= 98 

3/4" f • c 
= 11,650 • - 9,970 w/c 

25 
= 260 

47(a), w/c « .4 f* 
c 

= 8,800 - 1,750 MSA 
25F 

= 5.6 

.55 f' 
c 

= 7,010 - 860 MSA 
iF 

= 2.7 

.74 f' 
c 

= 4,150 - 58 MSA 
25P 

= 0.03 

47(b) f • 
c 

= 6,650 - 850 MSA 
79F 

= 1.04 

47(c), WF = • 1.5 V  
c 

= 7,590 - 1,970 MSA V 
25 

= 1.37 

1.3 f • 
c 

= 6,500 - 660 MSA ^F 
25 

= 0.26 

1.1 f' 
c 

= 6,930 - 1,660 MSA 
25F 

= 0.004 

48(a), w/c = .4 f' 
c 

= 2,890 + 3,960 WF 
2^ 

- 21 

.55 f' 
c 

= 4,684 + 1,500 WF 
25F 

= 4.4 

.74 f» 
c 

= 3,160 + 780 WF 
25F 

= 2.4 

48(b) f' 
c 

= 3,580 + 2,080 WF 
. 79F 

= 3.1 

48(c), MSA = No. 4 f • 
c 

= 2,930 + 2,770 WF 
25F 

= 1.4 

3/8" f» 
c 

= 2,020 + 3,290 W F  
25F 

= 2.7 

3/4" f» 
c 

= 5,790 + 180 WF 
25F 

= 0.01 
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The appropriate calculation is shown below; 

Hq : b = 0 in the equation E = a + b(Volume) 

Hx : b = 0 

0 - ft 

^i; 1̂80'00̂  t.o5 

where b is found by least squares linear regression techniques for the 

actual data. A comparison of calculated t, t . , with the tabulated 
Ccl 1 | 

value at the .05 level and 10 degrees of freedom, df, shows that we are 

not justified in using a slope different from zero. 

The same test, that of zero slope, is the single most important 

statistical item which can be provided for the curves of Figures 53 and 55. 

This test result, together with regression information and correlation, 

is presented in Table (IV). 

Table (IV) 

Regression, F-ratio, and slope test for the data on 
specimen size effects shown in Figures 53 and 55. 

Figure and Regression Equation F-ratio , 
Identifica- t = "ft 
tion sb 

53 @ w/c = .5 f' = 1, 560(Volume) -J-
C X (J  

@ w/c - .6 f< = 1,100(Volume)"0,10 
C J. U 

@ w/c = .7 f» = 880(Volume)"0,09 * 
c 10 

,F - 86 8.2 VdV 

F --
\ 

48 7.3 

F = 58 7.6 Vc* 

55 @ w/c = .5 
€ 2500 

6 5000 
0.72(Vol.)*0,08 XF = 

2 
273 16.5 VfVf 

@ w/c = .6 
£ 2500 

£ 5000 
0.69(Vol.)"0,10 XF = 

2 
99 9.7 itic 

@ w/c = .7 
£ 2500 

€ 5000 
0.65(Vol.)*0,08 *F = 

2 
137 11.5 irk 
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TENSILE SPLITTING STRENGTH (Figure 57) 

Table (V) shows the results of an ANOVA performed on the tensile 

splitting strength data. 

Table (V) 

ANOVA of tensile splitting strength data 

No. Source df SS MS F-ratio 

1 w/c 2 8.87E + 5 4.43E + 5 71. *>v 
2 MSA 2 4.75E + 3 2.37E + 3 0.4 
3 WF 2 6.67E + 4 3.33E + 4 5.3 ** 
4 w/c x MSA 4 1.08E + 5 2.71E + 4 4.3 ** 
5 w/c x WF 4 5.85E + 4 1.46E + 4 2.3 * 
6 MSA x WF 4 2.29E + 4 5.74E + 3 0.9 
7 w/c x MSA x WF 8 1.12E + 5 1.41E + 4 2.3 * 

8 Error (pooled) 56 3.50E + 5 6.26E + 3 

The overall analysis shows that the effect of w/c and WF are the only 

main factors which significantly effect the tensile splitting strength at 

the 57<> level. It is not possible, on the basis of the F-ratios shown in 

Table (V) to dogmatically proclaim the same results as reported for the com

pressive tests. However, the same tendencies appear to exist and if a linear 

curve is fitted to the data shown in Figures 57(b) and (c), a check on the 

slope of these lines shows (c) is significantly different from zero, while 

(b) is not. 

FATIGUE LOADING (Figures 60,61) 

The analysis presented in Table (VI) is based on a relatively small 

sample; however, there is a significant difference in the strengths at each 

age as we would suspect, which is very consistant at any number of cycles of 

repeated loading till failure. The similarity in slopes shown in Figure 60 
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is justified by testing the hypothesis that all slopes are equal. This is 

done by computing the appropriate "t" value using any two curves until all 

have been compared to a common one. 

Table (VI) 

Regression, ANOVA (F-ratios), and correlation for repeated 
axial load data, shown in Figures 60 and 61 

Figure and Regression Equation F-ratio Correlation 
Identifica- coefficient 
tion 

60 @ 84 days 
afatigue 
f' 
c 

• = 1. 18 - 0.022 In Cycles 
7 F -

n .78 

@ 66 days 
^fatigue 

f» 
c 

• =» 1.  12 - 0.027 In Cycles iF = 645 . 99 

@ 52 days 
^fatigue 

f' 
c 

= 0. 95 - 0.019 In Cycles 
2 F -

33 .98 

@ 40 days 
^fatigue 

f' 
c 

= 0.  84 - 0.012 ln Cycles 17 .86 

61 °"fatigue _ uog _ 0>01? ln Cycles 1F = 12 m62 

c 

The following summarizes these results where subscripts indicate 

ag6! b - b 0.022 - 0.027 

t = ~s7 ~ = 0.000126 = 0,45 < fc.05 
84 " 66 

0.022 - 0.019 

^ t = 0.000088 = 0,32 < t.05 

0 . 0 2 2  -  0 . 0 1 2  

<3) 1 = 0.0000535 = 1,37 fc.05 

In each case the value calculated is not significant and we are justified in 

stating that thie slope of all the lines could be shown as 0.022. 
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WIRE FIBER INCLUSIONS (Figures 72,73, 74, 75) 

The analysis of data presented in the figures under this topic is 

summarized in Table (VII). 

Table (VII) 

Regression, ANOVA (F-ratios) ,and correlation for data taken on effects 
of wire fiber inclusions shown in Figures 72,73,74, and 75 

Figure Regression Equation F-ratio Correlation 
No. Coefficient 

72 ff'/f' ) = 0.96(No. wires)0,09 Jf  = 461 0.99 
^ w wc) c 6 

73 15 °-93<No- *F=430 0.99 

74 (E /E \ . = 0.91(No. wires)0,08 .= 57 0.90 
^ w woJ i 14 

75-A °"max/f^. = 1.21 - 0.033(ln cycles) lJf  = 21 0.80 

75-B <J*max/fc = 1.03 - 0.027(ln cycles) ^F = 31 0.82 

The similarity of the equations for the results of wire fibers in 

concrete on compressive, tensile, and elastic properties is obvious. The sig

nificance which can be attached to these results is also noteworthy, as 

pointed out in the text, page 174. 

Cyclic loading to failure, Figure 75, of plain and 1% wire specimens 

gave nearly equal slopes (test of the hypothesis b. = b shows no signifi-
A D 

cant difference at the 5% level) and shows a very real strength difference 

at all magnitudes of cyclic load. 
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