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ABSTRACT 

A basic problem in logic design is minimization 

subject to constraints. In combinatorial circuits, such 

constraints are limits on the number of inputs, outputs 

and levels. In particular, constraints on the number of 

inputs and levels are considered, and under these con

straints, a solution does not always exist. 

Although any one of several multilevel design 

procedures could have been chosen, the generalized prime 

implicant approach of Lawler provides the basis for ex

tension to the constrained case. The concept of a-prime 

pN-implicant, similar to Lawler's prime pN-implicant, is 

introduced. One basic difference is that an a-prime pN-

implicant can have parentheses inserted into the form 

in order to meet the input constraint. 

The insertion of parentheses into the form con

sistent with the laws of Boolean addition and multipli

cation is called an associative modification of the form. 

The question of thfe existence of the associative modifi

cation subject to input and level constraints is answered 

first. Then the theorems and lemmas introduced by Lawler 

for the free case are modified for the constrained case. 

Two new lemmas concerning existence are presented. 

x 



xi 

A form which has the least cost regardless of 

the number of levels is an absolutely minimal form. 

Ways of determining absolutely minimal forms for a cost 

based on the number of gates, as opposed to literal cost 

used by Lawler, is given. 

A series of three examples are presented. The 

second is used to illustrate a general description of 

the method. The method is basically one of successive 

approximations to the solution. If an approximation 

does not satisfy the given specification, a new minterm 

is chosen and a closer approximation to the solution is 

obtained. At some point in the process, it may be pos

sible to form a solution to the problem even though the 

approximation does not satisfy it. If the cost of the 

solution is close enough to the theoretical limit placed 

on it by the approximate solution, the form is called a 

quasi-minimal form. Quasi-minimal solutions require 

less work to obtain than minimal solutions. The last 

example illustrates the concept of a quasi-minimal form. 

A flow diagram is developed for the method. The 
t 

diagram is partitioned into ten parts, and each part is 

explained in some detail. The intention of the flow 

table is to provide the basis for a computer program for 

the method. 

The last chapter provides some estimates of the 



complexity of the pr.oblems which can be solved on a 

modern digital computer. It .also suggests some ideas 

for future work in the area. 



CHAPTER I 

INTRODUCTION 

Constraints are present in any practical problem. 

They are due to the non-ideal character of the physical 

components. Many methods used in design do not consider 

these practical aspects, and the design is in terms of 

ideal components. In logic design, the subject of this 

dissertation, the true problem is to minimize the circuit 

subject to the constraints. The constraints are limits 

on the number of logic levels, the number of inputs per 

gate, the number of outputs per gate, and perhaps others 

peculiar to a given component or system. Constraints on 

the number of inputs per gate generally require that more 

than two levels of gating be used. Therefore, a discus

sion of various types of multilevel design procedures is 

in order. 

1.0 Cascading of Gates 

Perhaps the simplest way of handling the matter of 

input constraints is to design a minimum two-level circuit, 

by any standard procedure, and to cascade like gates where 

some contain too many inputs. The corresponding operation 

on the Boolean expression (form) will be called an associa

tive modification. The procedure generally leads to an 

1 
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increase in the number of logic levels. For example, 

consider the form 

abc + de, 

and let the constraint m, the maximum number of Inputs 

per gate, be two. Then inserting parentheses to produce 

the form 

(ab)c + de 

increases the number of levels to three but allows the 

constraint to be met in a circuit realization based on 

this form. 

Although the constraint is met, the most econom

ical circuit is not necessarily obtained by using the 

procedure but instead may require a basic change in the 

form of the expression. 

1.1 Factoring 

Such a change in the form of the expression may be 

obtained by factoring the expression, i.e., applying the 

distributive law to all or a part of the expression. For 

example, the following two expressions are equivalent: 

abc + ade = a(bc + de). 

If the constraint m=2 is imposed, the second (factored) 

expression meets the constraint; whereas the first does 

not. The circuit corresponding to the associatively 

modified form 

(ab)c + (ad)e 
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requires one more gate and one more input than the circuit 

for the factored form. This simple example illustrates 

how factoring may be used to produce a more economical 

circuit than cascading of gates. 

Hazeltine [l] has developed a method for performing 

factorization on a form by means of the distributive law. 

The method determines irredundant Boolean expressions 

equivalent to some given expression. However, he specif

ically makes no claim that it produces all irredundant 

forms. 

The type of expression which is obtained consists 

of literals and the operations AND and OR. Hazeltine does 

not indicate whether it is a Boolean tree circuit or the 

more general Boolean graph; however, from all appearances 

it is a Boolean tree. The method does not admit internal 

complementation, nor does it incorporate a means of 

limiting the number of inputs. On the other hand, finding 

some way to limit the number of levels does not appear to 

be difficult. 

One of the biggest problems with procedures of 

this type is that of bookkeeping, which Hazeltine does not 

describe. But the most impressive argument against using 

the method, outside of there being no guarantee that a 

minimal solution is among the forms obtained, is the lack 

of any convenient way of handling don't-care terms. 
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1.2 Ashenhurst-Curtis Decomposition 

The first major work In the area of decomposition 

of switching functions was done by Ashenhurst [2] and 

covered disjoint decomposition. Ashenhurst's work was 

extended by Curtis [3, 4, 5j to include nondisjoint de

composition. Others who took this general approach are 

Karp fb] and recently Prather [1, 8], 

Very basically, decomposition amounts to writing 

the given function in terms of several subfunctions, each 

of which is dependent upon only a. subset of the input 

variables. For example, if a, b, c,..., d are subsets of 

the set of all input variables, it might be possible to 

express a given function f as 

f = F /0(a), y<b), 7|(c),...,0(d)7. 
The subsets might be joint or disjoint (in which case the 

solution is much easier to obtain); but the union of the 

subsets must be the set of all input variables. 

One method of determining the existence of a de

composition involves entering the function onto a Karnaugh-

type map with the ordering of the variables dependent upon 

the partitioning to be investigated. Then existence is 

determined by the number of types of row or column pat

terns consisting of ordered zeros and ones. Since the 

number of types of patterns is of interest, automatic 

methods can easily be used to determine the existence of 

the decomposition. 
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Once the subfunctions are obtained, they may be 

treated in the same way as the original function in order 

to simplify them. Strictly speaking, these subfunctions 

specify a multiple-output minimization problem /Karp, 6, 

p. 313.7, at least where overlapping variables are present. 

If the multiple-output nature of the problem is ignored, 

extension of the form to higher levels becomes easier 

than the initial problem because each of the subfunctions 

is a function of fewer variables. However, the solution 

obtained under these circumstances can no longer be 

guaranteed to be minimal. If the multiple-output nature 

of the problem is considered, the amount of work required 

to obtain a solution is greatly increased. 

Karp [6j also discusses the problem of how to 

specify don't-care terms which Curtis and Ashenhurst omit. 

The existence of a decomposition becomes much more dif

ficult to determine when don't-care terms are present. 

Recall that the number of types of patterns is important. 

Since don't-care terms allow the acceptance of one of 

several possible patterns, the determination of the minimum 

number of patterns is no longer a simple task. Also, the 

choice of one of several decompositions, which fixes the 

value of certain of the don't-care terms, may prevent the 

existence of another decomposition later on; whereas 

another may not. 
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Certainly the theory of decomposition is an 

elegant one. However, the multiple-output problem, hand

ling of don't-care terms, and the amount of work involved 

in examining all the possible decompositions discourage 

the extension of this method to the constrained case. 

1.3 Roth Synthesis 

Roth and his associates [9, 10, 117 have developed 

a multilevel synthesis technique which was originally 

based on algebraic topological principles but more recently 

has been based on functional decomposition. More and more 

complex types of circuits were treated as the series of 

papers progressed. First, non-singular Boolean trees, 

then Boolean trees, and finally Boolean graphs were 

treated. Of these design procedures, the one involving 

Boolean graphs is certainly the most important. 

Roth and Karp [11] discuss the theory involved in 

the synthesis of Boolean graphs; and Karp, McFarlin, Roth 

and Wilts [12] present a computer program for implementing 

the algorithm. The method has many admirable qualities 

such as: 

1) It produces the more general Boolean graph. 

2) A set of cost-rated gates having a specified 
number of inputs are used to construct the 
circuit. 

3) The cost of the circuit is the sum of the 
costs of the individual gates. 
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4) Cost bounds determine which sequences of 
decompositions are likely to produce a 
lower-cost circuit than that produced up to 
that point. 

5) The method treats incompletely specified 
functions. 

The Boolean graph is built one gate at a time. 

The gate implements a function having a decomposition of 

the form 

f = F/o*(a),b/, 

where a and b can be either disjoint or non-disjoint sets 

of the input variables and subfunction variables such as 

oc. In determining the existence of a decomposition, 

Roth starts with the two subsets of variables, a and b, 

and looks for a function oc among the set of given prim

itive gates which will allow a decomposition to exist. 

Note that generally there are a large number of ways of 

partitioning the variables as well as a large number of 

possible sequences of decompositions to investigate. How

ever, the cost bounds mentioned earlier can reduce this 

number. Presently, the method is oriented toward rapidly 

finding a circuit of near-minimum cost. For example, the 

authors cite the case of a circuit which was obtained in 

0.14 minute and was not improved in over five hours of 

continued search. 

Roth and Karp fllj state that the algorithm which 

they use will yield a circuit of strictly minimal cost if 

carried to completion. The algorithm is basically a tree 



8 

search through all possible valid sequences of decom

positions satisfying certain cost bounds. That the 

algorithm produces a circuit of strictly minimal cost is 

in question since it is not clear that they considered 

the multiple-output nature of the problem as discussed in 

the previous section. 

1.4 The Prime Implicant Approach 

An approach taken by some authors is to general

ize two-level minimization procedures to higher levels. 

Abhyankar [12, \k] considers finding minimum sum-of-

products-of-sums expressions (henceforth abbreviated as 

sps expressions) for a very limited class of problems 

consisting of at most three isolated vertices of the n-

cube. The range of problems he is able to solve is much 

too restrictive. 

Meo L\b] also considers minimizing sps expressions 

by obtaining a set of generalized prime implicants for a 

given completely specified problem and then obtaining a 

minimal expression by solving a covering problem. These 

prime implicants are either product terms or product-of-

sums terms. 

The given function is complemented and expressed 

as a sum of products. All product terms which include 

any one of the product terms of this function are obtained 

and added to the function in all possible combinations. 
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Note that each new sum-of-products expression which is 

formed in this fashion includes the complemented function. 

Therefore, the complement of the expression is included 

in the given function. A minimal sum-of-products expres

sion is obtained for each of the expressions presumably 

by iterative consensus and a covering problem. Yet other 

functions, which Meo calls second stage functions, must 

be considered in order to get all the generalized prime 

implicants which are the complements of the sum-of-

products expressions. A covering problem is then solved 

using the generalized prime implicants and the ordinary 

prime implicants to obtain the sps expression. 

Surprisingly, Meo does not show how don't-care 

terms can be incorporated into the procedure. However, 

they can be handled in a manner very similar to that for 

two-level minimization problems, in which the don't-care 

terms are treated as ones but no attempt is made to cover 

them in the covering problem. Also, he does not attempt 

to generalize the method to more than three levels. But 

if the method can be used to obtain sps expressions, it 

can be used to obtain psp expressions which can become 

generalized prime implicants for a four-level minimization 

problem, and so on. Meo speculates, through experience, 

that the second stage functions are not needed if only 

one minimal solution is desired. He calls solutions 



obtained by omitting second stage functions quasi-minimal 

forms since he was unable to prove that they are minimal. 

Any choice between the various methods must take 

into consideration not only their merits but also an 

estimate of the time it would take to extend the method 

to the constrained case. Roth and associates already 

have a solution to the input constraint problem for their 

decomposition approach. However, it does not consider 

level constraints. Reasons have already been given for 

not using Hazeltine's method. The Ashenhurst-Curtis 

approach to decomposition is not sufficiently developed, 

e.g., the handling of don't-care terms. Although ex

tensions of Meo's method have been indicated for general

izing it and handling don't-care terms, in the final 

analysis it would be so similar to a method given by 

Lawler [lb], to be discussed next, that direct use of his 

method is preferable and is the one chosen. 

Before discussing Lawler's method, the advantages 

which influenced the choice of the method as the basis 

for extension to the constrained case will be indicated. 

These assets are: 

1) Minimization can be taken to any number of 
levels. 

2) Don't-care terms can be easily handled. 

3) Not all prime implicants are generally required. 

4) The theory is complete and well-developed. 



5) The method obtains expressions known to be 
minimal within the restrictions and can be 
extended to produce nearly minimal solutions 
with less work than that required for a 
minimal one. 

6) The method can be extended to the constrained 
case when coupled with the work of Hicks and 
Bernstein. 

That is not to say that Lawler's method does not 

have any shortcomings. Indeed, although theoretically 

the number of levels to which minimization can be carried 

is arbitrary, practically speaking the number is limited. 

Other restrictions which should be noted are: 

1) No internal complementation is allowed. 

2) Only AND and OR operations are allowed. 

3) Cost is determined by the number of literals 
in the Boolean form. 

4) The type of circuit obtained is a tree circuit, 
i.e., one which satisfies the following 
properties [11 J: 

a) No feedback is present. 

b) The circuit has exactly one output. 

c) The output of a decision element can 
be attached to only one input of one 
decision element. 

Since the procedure presented here is based on his 

method, it has these restrictions also, with the exception 

that cost is determined by the number of gates and not 

literals. A discussion of Lawler's method should be help

ful to those not familiar with it. 
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1.5 The Lawler Method 

The Lawler method fl6j of multilevel circuit 

design is basically a generalization of two-level minimi

zation procedures using a prime implicant approach, and""-' 

so it is assumed that the reader is familiar with these. 

In fact, the ordinary prime implicants are part of the 

set of generalized prime implicants for an N-level minimi

zation problem where N>2. What the remainder of these 

generalized prime implicants might be is most easily 

seen by restricting N to three, at least for the present. 

Therefore, assume that an sps expression is to be obtained. 

If all product expressions that 1) imply the 

function, 2) have two or less levels, and 3) are in some 

sense minimal can be obtained, a covering problem can be 

solved in order to find the minimal sps expressions. Con

sider the first of these requirements. A function h 

implies f, written h~*-f, iff. f is 1 when h is 1. Another 

way of stating it is to say f includes h, written f-h, 

where f-h iff. hf=h flSj. Certainly f must be 1 when h 

is 1 for hf to be equal to h. Therefore, the definitions 

are equivalent. The definition of imply suggests that 

product terms be obtained for all functions h-f, and by 

the second requirement, these must have no more than two 

levels. The third requirement, that they in some sense 

be minimal, does not create problems since many known 



methods exist for obtaining minimal two-level circuits. 

In fact, the term minimal suggests something about the 

problem, involving h, which should be solved for a mini

mal form. 

If a product term for some function h-f is to be 

added to other product terms to form the function f, then 

certainly any minterms in f but not in h can be used to 

reduce the number of literals. That is, any minterms in 

f but not in h should be considered as don't-care terms, 

along with any specified in the given problem. Thus, 

even if the original problem did not specify don't-care 

terms, they arise in the solution for a minimal sps form. 

Some convenient way of specifying such a problem is 

advantageous because of the frequency with which it 

appears. 

An incompletely specified function, one contain

ing don't-care terms, can be specified by an interval of 

functions (fQ,f1), where fQ is obtained by setting all 

the don't-care terms to 0 and f^ is obtained by setting 

all the don't-care terms to 1. Then a form is said to 

satisfy such a specification if the function corresponding 

to the form lies within that interval. The form must 

contain all the minterms of fQ and none which are not in 

f^. The problem referred to in the previous paragraph 

may be given by the specification (hjf^). Where the 



function h must be indicated more definitely, the min-

terms i, of the function will be given as 

i i lc 
superscripts, e.g., h *•**"'* . 

This new notation can be used to summarize the 

procedure as it has been presented so far. First, take 

all functions h consisting of a single minterm, and solve 

the specification (hL,f^) for a minimal product expres

sion. Normal prime implicants are obtained, though 

generally not all of them. The second step is to con

sider all functions consisting of two minterms and 

obtain minimal forms for each specification of the form 

(h1,-',f^). Such specifications will generally result in 

some two-level product expressions. For an incompletely 

specified function (fQ,f^), Lawler has shown that only 

functions h=fg need be considered. Therefore, the pro

cess is continued until forms have been obtained foi^ all 

specifications (h,f^) with h-fQ. If one form has been 

obtained for each such specification, a covering problem 

can be solved, and at least one minimal form obtained. 

If this were the only way to obtain the minimal form, the 

contribution made by Lawler would indeed be small. How

ever, he does specify ways in which the amount of labor 

may be reduced by eliminating some of the specifications 

from consideration. 
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1.6 Compiling a Necessary Set of Prime Implicants 

Assume that one, not all, of the minimal sum-of-

products-of-sums forms is desired. Then only one form 

for each specification (h,f^) with h-fQ need be obtained. 

Lawler calls this set of forms a necessary set and 

proves that at least one minimal sps form is a sum of 

forms in the necessary set. One of the two lemmas pre

sented by Lawler is intended to simplify the work of 

obtaining forms for the necessary set by reducing the 

number of specifications to be considered. This re

duction is accomplished in two ways: first by showing 

that one prime implicant may serve for several specifi

cations, and second by allowing a successive approxi

mation to the solution. These two principles, which are 

very closely related, may be presented most easily by 

considering an example. 

A simple example, given by Lawler, is shown in 

the following Karnaugh map and is used again in Chapter 

V to illustrate the problem subject to constraints. 

yz 
00011110 
1 1 0 i 
0 0 1 0 

The first step is to obtain forms for specifications 

(h,f), where h consists of a single minterm. The speci

fications, their associated forms and the minterms 

covered by these forms are: 



(h°,f) 

(h1,f) 

(h2,f) 

(h7,f) 

xz (0,2) 

xy (0,1) 

xz (0,2) 

xyz (7). 

The next step is to consider specifications of 

the form (h*'^,f). Some of these need not be considered 

since Lawler shows that if G is a minimal form for (h,f), 
ifc 

then G is a minimal form for each and every (h ,f), 

where h-h -g and g is the function corresponding to the 

0 2 form G. Therefore, the specification (h ' ,f) need not 

be considered since xz is a minimal form for both 

(h^,f) and (h^'2,f). One pair of minterms which is not 

covered by a form in the above set is (0,7). The speci

fication for which a form is to be obtained is (h ,̂7,f), 

and the Karnaugh map for this specification appears below. 

yz 
00011110 

A two-level product term which satisfies this specifi

cation is seen to be (x+y)(x+y)(y+z) which covers 

(0,1,7). The set of two-minterm specifications for which 

forms have not already been obtained is: 

(h0,7,f) 

(h1,2,f) 

(h1,7,f) 

(h2,7,f) 

(x+y)(x+y)(y+z) (0,1,7) 

x(y+z) (0,1,2) 

z(x+y)(x+y) (1,7) 

y(x+z)(x+z) (2,7). 



Now three-minterm functions for which forms have 

not already been obtained must be considered. These are 

(h^'2,7,f) and (h1,2,7,f), and the forms and associated 

minterms are listed below. 

(h0,2,7,f): (x+y)(x+z)(x+z) (0,2,7) 

(h1,2,7,f): (x+y)(x+z)(x+y+z) (0,1,2,7) 

The latter is also a minimal form for (h®'*' *7,f), so a 

form need not be sought for it. Since a form has been 

obtained for each possible specification, a covering 

problem may be solved to determine a minimal sps expres

sion. The minimal form is 

xyz+x(y+z). 

1.7 Forms by Successive Approximation 

The fact that if a form G is a minimal form for 

(h,f), then G is a minimal form for each and every 
-j. 

(h ,f), where h-h -g and g is the function corresponding 

to the form G, suggests a method of successive approxi

mations to the solution. If a form G can be found for 

some specification (h,f) with h<fQ and it also satisfies 

the original problem (fg,^), it is a minimal form for 

the original problem. Since the specification (h,f) 

does not require all the prime implicants of (fQ,f^), 

the amount of work required to obtain a solution is 

reduced. 

The following procedure is suggested: Consider 
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a sequence of specifications (h ,f), (h ,-',f),..., 

(h*"' ̂ *''' f) t where each h-f. Determine a minimal sps 

form for each specification until a form for some speci

fication also satisfies the original problem. Decide 

upon the next specification in the sequence by determin

ing what minterms of fQ are not covered by any single 

form. Since each new specification in the sequence must 

cover one more minterm not covered by a previous speci

fication, the form for that specification will be closer 

to the desired form. 

The example of the previous section will now be 

worked by this method of successive approximations. The 

order in which minterms are chosen does have an effect on 

the length of the problem, but since this aspect of the 

problem will be discussed later, allow the process to be 

started with the minterm 1. Table I shows the prime 

implicants and the solutions obtained after solving a 

covering problem using these prime implicants. Note 

specifically that the prime implicants for previous 

covering problems are also prime implicants for the pre

sent covering problem. The third approximation satisfies 

the given function, and so the process may be stopped. 
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TABLE I 

Prime Implicants and Successive Approximations 

P.I. (h\f) xy (0,1) 

(h1,f) xy (0,1) first approx. 

P.I. (h2,f) xz (0,2) 

P.I. (h1,2,f) x(y+z) (0,1,2) 

(h1*2,f) x(y+z) (0,1,2) second approx. 

P.I. (h7,f) xyz (7) 

P.I. (h1'7, f ) z(x+y)(x+y) (1,7) 

P.I. (h2,7,f) y(x+z)(x+z) (2,7) 

P.I. (h1,2,7,f) (x+y)(x+z)(x+y+z) (0,1,2,7) 

(h1'2'7 , f ) xyz + x(y+z) (0,1,2,7) third approx 

The minterm 2 is chosen at the second step since 

it is one of the minterms of fQ that does not appear in 

either a prime implicant or the first approximation. The 

minterm 7 is chosen for essentially the same reason. The 

process of choosing minterms could be called a feedback 

approach since the information at one step of the problem 

is used to determine the next minterm to use. The error 

consists of those minterms of f^ which are not covered by 

any forms. Laxcler does not attempt to answer the question: 
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Which minterm of fQ, not covered by any form, should be 

chosen first? One possible method is presented in 

Section 5.1. 

1.8 The Absolutely Minimal Form 

A form can be imagined which costs less than any 

other form regardless of the number of levels of sums and 

products it may contain. Lawler defines such a form as 

an absolutely minimal form. The absolutely minimal form 

for a general problem is likely to have more levels than 

the number to which minimization can practically be 

carried. However, an absolutely minimal form may occur 

as an answer to a subproblem; and being able to recognize 

it as an absolutely minimal form is important. 

Lawler presents two sets of conditions for deter

mining if a form is absolutely minimal. The first set 

involves the number of literals, and the second set in

volves the number of minterms. Since the primary cost 

figure to be used here is the number of gates, neither 

of these sets of conditions is particularly appropriate. 

Therefore, a new set of conditions was required for the 

determination of an absolutely minimal form for this study. 

Presentation of Lawler's sets of conditions here would 

serve no purpose. Because literal cost is the secondary 

cost figure, it may be used to determine that a form is 

an absolutely minimal form in a special case. This 



special case and the general conditions for the deter

mination of an absolutely minimal form are presented in 

Chapter IV. 

1.9 Associative Modification of Forms 

One method of meeting the constraints, cascading 

of gates, was mentioned earlier. In some cases, cas

cading of gates is the most economical way of meeting 

the constraints; and in others, changing the basic form 

is. The operation on forms corresponding to cascading 

of gates in circuits is the insertion of parentheses, and 

in Section 1.0, this was called an associative modifi

cation of the form since the associative law is being 

used. The objective will be to associatively modify the 

form such that the least number of gates will be used in 

the circuit implementation of the form. 

Hicks and Bernstein [19J consider the minimum-

stage realization of switching functions under input 

constraints. Their work is easily translated from cir

cuit terminology to form terminology used in this report. 

They do not consider specifically the closely related 

topic of existence of a cascaded-gate realization where 

both the maximum number of inputs per gate, m, and the 

number of levels, N, are given. 

Existence of a form is important to this study 

for several reasons. First, the method to be presented 
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is based on finding a minimal form subject not only to 

a maximum number of inputs per gate but also a maximum 

number of allowable levels. The latter restriction is 

appropriate since each level introduces delay, and a 

practical limit on the maximum amount of delay generally 

exists in any computer circuit. With both constraints, 

a form or even an associative modification of a form may 

not exist. A second reason is that non-existence of a 

form for a prime implicant specification (h,f) may be 

used to show non-existence of a form for a prime implicant 

specification (g,f), where g>h, thereby reducing the 

total number of prime implicant specifications to con

sider. More will be said concerning this matter of non

existence in Section 1.10. 

Chapter II, which concerns the associative modi

fication of forms, makes several additions to the theory 

first presented by Hicks and Bernstein, among which is 

the existence idea described above. First, the theorems 

which they present are translated into theorems on forms. 

Then an algorithm is presented for associatively modify

ing forms by inserting parentheses so that the most 

economical modification is obtained. The existence of an 

associative modification of the form would be ascertained 

before applying the algorithm. For a sum form, existence 

of an associative modification Is determined by the 

number of product terms of each of a given number of 
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levels up to (N-l), and should not be confused with non

existence of forms which was mentioned in the previous 

paragraph. 

1.10 Non-existence of Forms 

That a form exists for a specification (h,f) 

under input constraints does not guarantee that one will 

exist for a specification (g,f) with g>h. However, that 

a form does not exist for a specification (h,f) under 

input constraints does guarantee that none will exist 

for a specification (g,f) with g>h. The maximum allow

able number of levels is assumed to be the same. 

A simple example involving prime implicant speci

fications of the function of Section 1.6 illustrates the 

principle of non-existence based on specifications. The 

minterms for that function are 0,1,2 and 7. Among others, 

product forms having at most two levels are required for 

specifications (h,f) with h equal to h*, h*'7, and h*'2'7. 

As more minterms are included in the function h, the cor

responding forms become more complex as may be seen by 

the forms for the indicated specifications which are: 

(h1,f) : xy (0,1) 

(h1*7̂ ) : z(x+y)(x+y) (1,7) 

(h1,2,7,f) : (x+y)(x+z)(x+y+z) (0,1,2,7). 

Now impose the constraint m=2 in addition to the 
i 

constraint N=2. The minimal form for (h ,f) meets the 



constraints, but the form for (h ,̂̂ ,f) does not and can

not be modified associatively within the constraints. 

Therefore, a form need not be obtained for the specifi-

12 7 cation (h ' ' ,f). Since a form which meets the 

constraints does not exist for (h^'^,f), none will exist 

12 7 for (h * * ,f) which must include the minterm 2, also. 

A formal proof is given in Section 3.3 but it is ob

viously true for this example. 

Care must be taken to consider all possibilities 

before deciding that no form exists for a specification. 

The next section will show that the minimal solution 

to a problem free of constraints may not always be 

associatively modifiable, yet a solution may exist. 

1.11 Irredundant Aspect of the Constrained Case 

If any form is expected to meet the constraints, 

it is the minimal form for the problem free of con

straints. However, sometimes the minimal solution 

cannot be associatively modified to meet the constraints 

but a non-minimal form may meet the constraints. That 

this statement is true may be easily shown by the 

function whose Karnaugh map follows. 
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The minimal two-level forms are: 

vxy + uvxz and vxy + uxyz. 

Now impose the constraints m=3 and N=2. Neither of these 

forms meets the constraints, nor can either be associa-

tively modified to meet them. However, another irredun-

dant form which does meet the constraints is 

vxy + uwy + wxz. 

The occurrence of such a situation may be rare; however, 

incompletely specified functions, those containing don't-

care terms, occur almost exclusively in the solution of 

problems by Lawler's method. The conclusion is that the 

solution subject to constraints is an irredundant form 

but not necessarily the minimal form or even an associa

tive modification of such a form for the problem free of 

constraints. 

1.12 Basic Procedure for the Constrained Case 

Enough information has been given to outline the 
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basic procedure for the constrained case. In doing so, 

the knowledge gained of the free case will be used in 

the constrained case. 

The first step, as in the free case, is to ob

tain prime implicants for some function (h,f) with h<f 

starting with h a single minterm and adding minterms not 

in h. However, the prime implicants may now be associa-

tively modified forms. Given a prime implicant 

specification, check first to determine whether a form 

can exist for that specification, and if it can exist, 

whether a form has already been obtained which satisfies 

that specification. If a form can possibly exist but 

none previously obtained covers the specification, a 

minimal solution, subject to the constraints, is sought. 

For simplicity, assume that the forms being sought may 

have no more than two levels. Then all the irredundant 

forms are obtained, and each form is checked to determine 

if it can be associatively modified, if necessary, to 

meet the constraints. If only one solution is desired, 

one of the minimal forms meeting the constraints, if 

any, is chosen. The process is continued until all the 

prime implicants of the function (h,f) are obtained. 

After the prime implicants have been obtained, 

a covering problem is solved in order to obtain all the 

irredundant forms. As with the prime implicants, a 



minimal form is chosen from among those meeting the 

constraints. In determining a minimal form, include any 

gates added in associatively modifying forms to meet the 

constraints. If no forms meet the constraints and none 

can be associatively modified to do so, the process may 

be stopped. The fact that no form exists can be used to 

show that none exists for the original problem. If at 

least one form exists, the forms are checked to see if 

any minimal form satisfies the original problem since 

such a form is a solution to the problem. Otherwise, a 

new minterm of f not in any form is added to h to form 

a new specification which is treated in the same way. 

1.13 Preview of the Dissertation 

The associative modification of forms is dis

cussed in Chapter II starting with the theory developed 

by Hicks and Bernstein but presented in terms of forms. 

This theory is then extended to specifically include 

existence of forms subject to constraints m and N. Once 

existence of the modification is established, an al

gorithm is presented for the insertion of parentheses 

into the form; and a theorem and corollary establish 

that the algorithm produces the least-cost associative 

modification. 

In Chapter III, the theorems and lemmas presented 

by Lawler are modified for the constrained case. 



Because of basic differences, the concept of the a-prime 

implicant is introduced rather than retain the concept 

of prime implicant. Theorem 3.4 does not appear in 

Lawler's work but is adapted from an idea presented by 

Meo in order to handle the special case in which a 

covering problem results in the opposite type of form 

from that sought, e.g., a sum form instead of a product 

form. The first two lemmas are more inclusive than 

those of Lawler since they also allow the upper limit of 

the function interval to be lowered. Lemmas 3.3 and 

3.4, which deal with the existence of forms, are new and 

arise only in the constrained case. 

The criteria for determining if a form is ab

solutely minimal in Lawler's presentation are not 

appropriate for this study; so Chapter IV presents con

ditions based on a primary gate-cost figure and a 

secondary literal-cost figure. The latter figure is 

used only in special cases. 

Chapter V presents the minimization procedure 

which uses the theory of Chapters II, III and IV. Two 

new concepts, the specification list and the ranked 

minterm list, are introduced. The first gives the prime 

implicant specifications for which forms must be obtained. 

The second list specifies the order in which minterms are 

to be taken in forming the next specification list. The 



choice is also based on the forms obtained in the 

previous covering problems, and conditions are specified 

to aid in this choice. A simple three-level minimi

zation problem is presented. Then a four-level minimi

zation problem is presented and used as an illustration 

for the discussion of a general four-level minimization 

problem. This four-level minimization problem is a .. 

special case since the number of inputs per gate is 

limited to two. Finally, a comprehensive four-level 

minimization problem is presented which shows how the 

amount of work can be reduced if a nearly minimal sol

ution is acceptable. 

The presentation in Chapter V is based on hand 

computation, and the presentation in Chapter VI is 

based on computer computation. First, a basic flow 

table of ten parts is presented, and each of the ten 

parts is then discussed in detail. 

The last chapter deals with some unanswered 

questions. These relate to the accomplishments, the 

practicality of the method, and the possibility for 

future work. 



CHAPTER II 

ASSOCIATIVE MODIFICATION OF FORMS 

In Chapter I, the type of circuit realized by the 

method of Lawler was indicated to be a tree circuit. Since 
« 

every output of a gate is attached to only one input of one 

gate for a tree circuit, constraints on the number of out

puts need not be considered. However, both the allowable 

number of inputs and the allowable number of levels could 

be exceeded by an expression. By associatively modifying 

a form, the input constraints could possibly be met with

out exceeding the maximum number of levels. Since in some 

cases associatively modifying an expression is the best 

way to meet the constraints, it must be considered. This 

chapter is concerned with the conditions under which an 

associative modification exists subject to input and level 

constraints and the most economical way of inserting 

parentheses into the form if it does exist. Before dis

cussing associative modifications, a clear and precise 

definition of forms is needed. 

2.0 Definition of Forms 

Forms in which only individual variables are com

plemented will be considered. 

30 
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Definitions 2.1 1) Expressions consisting of 

single literals, e.g., x and y, and the values 0 and 1 are 

the only zero-level forms. 2) An expression + G£ + ...+ 

Gp (p-2) which is the sum of two or more terms, at least 

one of which is a P(N-l)-form and all of which are PX-forms 

(X-(N-l)), is an SN-form. 3) An expression 

(p-2) which is the product of two or more forms, at least 

one of which is an S(N-l)-form and all of which are SX-forms 

(X-(N-l)), is a PN-form. 4) SN-forms and PN-forms comprise 

the set of N-level forms, or simply N-forms. A zero-level 

form may be either an SO-form or a PO-form. 

Some examples of forms follow: 

P0- and SO-forms: x, y, 0, 1 

PI-forms: xy, xyz 

51-forms: x+y, x+y+z 

P2-forms: (w+x)(y+z), wx(y+z) 

52-forms: wx+yz, w+x+yz 

P3-forms: v(wx+yz), (u+v)(wx+yz) 

Generally, a maximum number of levels, N, is 

specified by the designer; and he will accept forms with at 

most N levels. Therefore, a notation to indicate a form 

with at most N levels is desirable. The following defin

ition specifies such a notation. 

Definitions 2.2 1) A pN-form is any PX-form with 

X^N. 2) An sN-form is any SX-forra with X^N. 
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This definition of a pN-form is similar, but not 

identical, to Lawler's definition of a pN-form; and so the 

differences should be Indicated. According to Lawler's 

definition, a pN-form has at most N+l levels; whereas the 

definition given here allows it to have at most N levels. 

Also, Lawler's definition would allow a pN-form to consist 

not only of PX-forms (X-N), but also SY-forms (YSN-1); 

whereas the definition given here allows only PX-forms 

(X^N). The reader can be sure that when a pN-form is 

referred to, it is actually a product form and not possibly 

a sum form. Where a definite number of levels must be 

indicated, the PN-form notation will be used. 

2.1 Associatlvely Modified Forms 

The next concept to be introduced is that of an 

associatively modified form. 

Definition 2.3 A form G into which parentheses 

have been inserted consistent with the associative laws of 

Boolean addition and multiplication is an associatively 

modified form. 

The large number of different associative modifi

cations of the same Boolean form generally precludes 

obtaining them all, and so dividing the various alter

native associative modifications into equivalence classes 

appears appropriate. These equivalence classes must be 

consistent with the fact that the circuit implementation 



of the form will have constraints on the maximum number 

of inputs per gate. 

Definition 2.4 Two associative modifications of 

the same Boolean form will be considered equivalent iff. 

the corresponding circuit implementations 

1) contain the same number of gates, 

2) have the same number of levels, and 

3) satisfy the constraints on the maximum number 
of inputs per gate, m. 

Thus, no difference will be attributed to such 

alternate forms as 

(a + b + c) + (d + e) + f(g + h) (m=3) 

and 

(a + d + e) + (b + c) + f(g + h). 

However, there is a difference between 

(a + b) + (c + d) + e(f + g) (m=3) 

and 

(a + b + c) + d + e(f + g) 

since the latter requires one less gate. Likewise, a 

difference will be recognized between the forms 

(ab)(cd) + (e + f)(g + h) (m=2) 

and 

a [b(cd>] + (e + f)(g + h). 

Although the number of gates is the same, the second form 

is an S4-form; whereas the first is only an S3-form. 

Now that the associatively modified form and the 
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equivalence between associatively modified forms have been 

defined, a problem involving associatively modified forms 

may be specified. Given a form G, a maximum number of 

inputs per gate m, and a maximum number of levels N, does 

an associative modification of the form exist; and if so, 

what is one of the most economical realizations of the 

form? Thus, an associative modification problem will be 

specified by giving G, m and N. 

Consider the problem of a prime implicate which 

is to be associatively modified with constraints m and N. 

(McCluskey [20] uses the term prime implicate to denote a 

sum factor in a minimal product expression). This situ

ation is exemplified by the circuit of Fig. 2.1 in which 

m=3 and N=2. The maximum number of inputs is seen to be 

2 N 3 =9. In general, the implicate may have at most m 

literals. This case is obvious. What is desired is a 

method for determining the existence of an associative 

modification of a general form under constraints m and N 

and a method of obtaining a representative form. Hicks 

and Bernstein have laid the foundation for such a deter

mination. They arrive at two theorems which deal with 

the minimum-stage realization of a Boolean form (incor

rectly called function). From these theorems, one 

additional theorem must be developed concerning existence. 
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Fig. 2.1 -- Circuit Realization of Associatively 
Modified Prime Implicate 

2.2 The Work of Hicks and Bernstein 

Hicks and Bernstein [19] consider the minimum-stage 

realization of switching functions using logic gates with 

limited fan-in. In their presentation, each gate is assumed 

to constitute a delay of one unit; and so an i-level circuit 

will constitute a delay of at most i units to any input 

signal to the circuit. Let kj^ stand for the number of cir

cuits of delay i having an output AND gate. Then k^ may 

equally well stand for the number of Pi-forms in a sum 

expression 

G = GJ+ G2+...+ Gp (p-2). 

Let the Pi-form with the highest number of levels be a 

P(Y-l)-form and the form with the least number of levels 

be a PX-form so that the range of i is XSiS(Y-l). Then the 

minimum number of levels in which G can be expected to be 
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realized is Y, since for p^2 an additional level is needed 

to sum the terms together. The definition which follows 

is Definition 1 in Hicks and Bernstein, but it is re

written in the terminology used here which is based on 

forms rather than circuits. 

Definition 2.5 An SY-form which can be associa-

tively modified, subject to the constraint m, to have at 

most Y levels is said to be realizable optimally. 

The following two theorems, which are proven in 

Hicks and Bernstein, also use form terminology. 

Theorem 2.1 Sufficient conditions for an SY-form 

G to be realizable optimally are k^^m and k^=(m-l) for 

X<i=(Y-l). 

The simplest possible example is an S2-form G = wx 

+ y + z which can be realized optimally for m=2 since 

kg=2 and k^=l. The optimum realization is G' » wx + (y + z) 

which is also an S2-form, as required, but satisfies the 

constraint m=2. 

Theorem 2.2 Given an SY-form G with some kj>(m-l), 

where X^i-(Y-l), a minimum-level, associative modification 

of G exists in which m Pi-forms summed together are in

cluded in parentheses. 

For example, the S2-form G = tu + v + w+ x + y + z 

can be rewritten for m=3 as G' « tu + (v + w + x) + y + z 

and still allow G to be realized in a minimum number of 

levels subject to the constraint. In the example, Gf is 
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also an S2-form; but in general, this will not be the case. 

Theorem 2.2 only states that summing m Pi-forms (k^>(m-l)) 

together does not prevent obtaining the minimum number of 

levels, although this minimum number may not constitute an 

optimum realization of the given function. Theorem 2.3 

which follows gives the conditions for an sN-form G to be 

realizable within the constraints m and N. If G is an 

SN-form, it gives the conditions for G to be realizable 

optimally. 

Theorem 2.3 An associative modification of an 

sN-form G exists, subject to the constraints m and N, if 

c N D=m , where 
N-l ± 

D - y k^m . 
i=0 1 

Proof If the additional restriction of a maximum 

number of levels, N, is placed on circuit and form, it is 

clear that all G^ must be p(N-l)-forms, i.e., (Y-l) - (N-l). 

Thus, Theorem 2.1 may be stated for this situation as, 

"Sufficient conditions for an SY-form G to be realizable 

optimally, subject to the constraint N, are anc* 

k^-(m-l) for X< i^(Y-l)^(N-l)." Theorem 2.2 allows the in

clusion, within parentheses, of m Pi-forms summed together 

when k^< (m-1). Obviously, the form becomes an (i+l)-form. 

The m Pi-forms are equivalent to one S(i+l)-form, or in 

general, m i-forms are equivalent to one (i+l)-form in this 

procedure. That is, m i-forms should be weighted as one 
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(i+1)-form. Such a weighting may be exhibited by a number 

N-1 , 
D =» y k^rn 

i=0 

where the upper limit N-1 is used since an sN-form will not 

exist unless all forms in G are p(N-l)-forms. Some of the 

may be zero. 

Therefore, consider the following procedure: 

1) Order the product terms with (N-1)-forms on the 
left down to O-forms on the right. 

2) For the O-forms, count by m's, placing each 
group of m within parentheses. Relabel these 
groups as 1-forms. Any remaining O-forms less 
than m in number are left as is. 

3) Return to step 2 and repeat for (i+1)-forms, if 
the previous pass was for i-forms, until either 
(N-l)-forms have been considered or the ex
pression consists of exactly m i-forms summed 
together. 

The formation of an (i+1)-form from i-forms in this 

manner amounts to increasing by one and decreasing 

k^ by m. The entire process produces a representation 

Df = kN-;[mN"1 + +•••+ kx+imX+1 + » 

where either kiT=(m-l) or k^'^ and kj!=0 for i#j. Also, 

Df=D since the process did not change the value of D. 

Theorem 2.1 as restated above requires that 

D' — (m-l)m^ ̂  + (m-l)m^ 2 +...+ (m-l)m^"'"^' + mmi^ = m^ 

< N 
if G is to be realized optimally. Therefore, D «= D1 s m 

if G is to be realized optimally subject to the constraints 

m and N. Note that D^m1* independent of X. Q.G.D. 
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Consider again the example for Theorem 2.2 which 

was G = tu + v+ w + x + y + z. G can be associatively 

modified for constraints m=3 and N=2 since D = 1x3 + 5 » 
o 

8  <3 =9. Not only i s i t realizable ( t h e associative 

modification exists), it is realizable optimally since G is 

an S2-form and N=2 was used in the computation of D. G was 

rewritten as G1 » tu + (v + w + x) + y + z. Now G' can be 

modified to G" = tu + (v + w + x) + (y + z), which speci

fies the optimal realization. 

2.3 An Algorithm for Inserting Parentheses 

Theorem 2.3 presents part, but not all, of the pro

cedure for inserting parentheses to obtain associatively 

modified forms. In general, the expression for the form 

G at this point will have k^' i-forms for various values 

of i with k^'-(m-l). Step 4 will be presented, and then 

the procedure will be shown to produce a form having the 

minimum number of levels. 

4) A left parenthesis is inserted after the first 
(m-1) terms, 2(m-l) terms, etc., until there 
are m terms, or less, left. Then insert as 
many right- parentheses at the end as there 
were left parentheses inserted. 

Assume that after step 3 the forms in G are still 

ordered with (N-l)-forms on the left down to 0-forms on the 

right. There are (m-1), or less, of each of these. The 

insertion of the first parenthesis ensures that all (N-l)-

forms will appear as inputs to the output gate. The second 

insertion of a parenthesis ensures that all (N-2)-forms will 
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be inputs to gates which are no further back than one level 

from the output gate, and so on. Thus, if the form at 

step 3 is a Y-form, the modification performed at step 4 

will ensure that it remains a Y-form. 

In addition to requiring that the associative 

modification meet the constraints m and N, an additional 

requirement will be added, that it require the least 

number of gates to accomplish the modification. 

Theorem 2.4 The minimum number of gates, Cgm» 

which are needed to realize the associative modification 

of a form G, subject to the constraints m and N, is obtain

able from 

N-l 

= Q + R R<(m-1) 
m-1 m-1 

and is Q if R=0; and it is Q+l if R+0. 

Proof The minimum number of gates may be deter

mined in the following way. For every m or less inputs 

into a gate, one new input is formed, the output from that 

gate. Thus, the maximum net reduction of inputs is (m-1) 

for each new gate; and with a constraint of m, no better 

can be done. Recognize, however, that the output from the 

output gate must not be counted, and so one gate will have 

a net reduction of m inputs. The total number of inputs 

N-l 
is k^. Since one gate has a net reduction of m, 
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subtract one from this figure. Then divide by (m-1) since 

all other gates reduce the number of inputs by (m-1). 

There results 
* 

m-1 

where R<(m-1). If R=0, there are Q-l gates with a re

duction of m-lt and one gate with a reduction of m Inputs 

for a total of Q gates. If R#0, there are Q-l gates with 

a reduction of m-1 inputs, one gate with a reduction of m 

inputs, and one gate with a reduction of R inputs. This 

last gate would have R+l inputs and one output with a net 

reduction of R Inputs. Thus, the number of gates in this 

case is Q+l. Q.E.D. 

Theorem 2.4 gives the minimum number of gates 

needed to realize the associative modification of a form G. 

Note that Cgm includes the output gate. Therefore, an 

unmodified form will have a C„ =1. Now to be shown is that gm 

the procedure, presented below as Algorithm 1, actually 

inserts only the minimum number specified by the theorem. 

Algorithm 1 

1) Order the product terms with (N-l)-forms on 
the left down to O-forms on the right. 

2) For the O-forms, count by m's, placing each 
group of m within parentheses. Relabel these 
groups as 1-forms. Any remaining O-forms less 
than m in number are left as is. 
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3) Return to step 2 and repeat for (i+1)-forms, 
if the previous pass was for i-forms, until 
either (N-l)-forms have been considered or the 
expression consists of exactly m i-forms 
summed together. 

4) A left parenthesis is inserted after the first 
(m-1) terms, 2(m-l) terms, etc., until there 
are m terms, or less, left. Then insert as 
many right parentheses at the end as there 
were left parentheses inserted. 

Corollary 2.1 The procedure of Algorithm 1 pro

duces a form which is realizable with the minimum number 

of gates, Cgm. 

Proof The Algorithm will be shown to produce a 

form which is realizable with the minimum number of gates 

by comparing the form it produces with a "standard" form 

known to use a minimum number of gates. The standard form 

will be 

G - Gx + G2 +...+ Gnml + {Gm + Gm+1 +...+ G2(mm±) 

+ Gp)7} 

where, although each G^ may be assumed to be a p(N-l)-form, 

the form is not restricted to N levels. The corresponding 

circuit is shown in Fig. 2.2 in which the inputs are from 

the forms G^. The left-most gate may have from 2 to m in

puts, but all the rest will have exactly m inputs. The 

reader should be able to use Theorem 2.4 to verify that the 

standard circuit, which was obtained by applying step 4 to 

a sum form, requires the minimum number of gates* 



Fig. 2.2 -- Standax-d Circuit 

Fig. 2.3 -- Example of a General Circuit 

For a general circuit, some of the will actually 

be sum terms. One such circuit is exemplified by that in 
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Fig. 2.3 where in genera1, an input may be from m^ PX-forms 

summed together. Fig. 2.3 will be used to illustrate the 

procedure for converting a general circuit to the standard 

one of Fig. 2.2. Let input a have 9 PX-forms summed to

gether as shown and input b have a PY-form. Interchange 

the forms on these inputs. The number of gates has not 

been changed. Now interchange forms on inputs c and d. 

Again no new gates are added, nor can any be removed. Con

tinue this process of exchanging forms until a circuit 

such as that of Fig. 2.2 is obtained with all inputs being 

from product forms. No new gates could have been added 

and none removed. Since the standard circuit uses the 

minimum number of gates, the form obtained from Algorithm 1 

can be realized by a circuit using the minimum number of 

gates. Q.G.D. 

Example 2.1 below will illustrate how Algorithm 1 

is used. 

Example 2.1 For form H below, let the constraints 

be m=3 and N=3. H can be associatively modified subject to 

2 10 
these constraints since D «= 1x3 + 4x3 + 2x3 =9 + 12 + 2 

N 3 = 23 < m =3 • 27. A2 means form A has two levels. 

H - A2 + B1 + CI + D1 + E'l + F0 + GO 

=» A2 + (B1 + CI + Dl) + El + FO + GO 

=• A2 + J2 + El + FO + GO 

- A2 + J2 + (El + FO + GO) 

* - A2 + J2 + K2 
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This example illustrates that the procedure of inserting 

a left parenthesis after some multiple of (m-1) terms is 

terminated when there are m terms, or less, left. In this 

case, exactly three terms were left after the insertion 

of the first parenthesis. 

The number of gates, Cgm, needed to sum together 

the forms in H can be obtained from 

N-1 

¥ 1 - Q + R R<(m-1) 
—— srr 

ki -1 

- (1 + 4 + 2) - 1 6 o , 0. ^  •  =  7 = 3 + 2  

Since Q=3 and R«=0, three gates are required. One gate 

sums terms B, C and D; another sums E, F and G; and a 

third sums A, J and K for a total of three gates. 



CHAPTER III 

EXTENSION OF LAWLER'S THEOREMS AND LEMMAS 

Lawler has presented a method of multilevel Boolean 

minimization subject to a constraint on the number of 

levels but not on the number of inputs. This method was 

chosen as the basis for extension to the constrained case. 

In this chapter, the theory for the constrained case will 

be presented. In some cases, Lawler's theorems and lemmas 

are extended; and in others, new theorems and lemmas are 

required for the constrained case that were not required 

for the free case. 

3.0 Notation and Definitions 

A clear distinction must be made between function 

and form. According to Harrison [2l], a function is a 

mapping from n-space into one-space in the single-output 

case. A Boolean form is an expression consisting of 

variables related by the operations +, *, and ". Rather 

than use the notation 101 to indicate the function as

sociated with the form 0, a different notation will be 

adopted here. Upper case letters, such as F, G, and H, 

will be used to designate forms; and lower case letters, 

such as f, g, and h, corresponding to the upper case letters, 

will be used to designate the corresponding function. If 

46 
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the function must be characterized more specifically, the 

decimal equivalents of the minterms i, k will be 

i 1 k given as superscripts, e. g . ,  h »«•"•••» . Also contrary to 

Lawler, the minterm w x y z will be assigned the number 1. 

Generally a problem includes don't-care terms, 

i.e., minterms which can appear in the function but need 

not appear. The function is then said to be Incompletely 

specified. It is represented by an interval of functions 

(fQ,^) in the free case and ŵ ere m 

maximum number of inputs per gate, in the constrained case. 

The function fQ is obtained by setting all don't-care terms 

of the incompletely specified function equal to 0 and f^^ 

by setting all the don't-care terms to 1. In particular, 

a completely specified function can be represented by 

(f,f). Then a Boolean minimization problem can be given 

for the constrained case by giving the interval of functions 

(fQ,f^)m and the desired form, sN-form or pN-form. 

Two important points are the ideas of a form satis

fying a specification and a minimal form since these will 

be used to define a-prime pN-implicant (and sN-implicant). 

Definition 3.1 A form G satisfies the specifi

cation (fo»^l^m anc* the circuit implementation 

of G meets the restriction that the maximum number of in

puts per gate is m. 

Definition 3.2 An sN-form (pN-form) satisfying 
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(f„.f<)_ is said to be a minimal sN-form (pN-form) if 
U l m 1 

there is no other sN-form (pN-form) satisfying (^o'^l^m 

and having less gates in the circuit implementation; and 

of those having the same number of gates, there is none 

having less literals. Rather than continually repeat the 

above, it will be stated, "... if there is no other sN-form 

(pN-form) satisfying costs less." 

From the definition of minimal, it is apparent that 

the primary cost figure, C , is the total number of gates 
O 

in the circuit implementation of the form. The secondary 

cost figure, C^, the total number of literals in the form, 

is applied only when there are several forms having the 

same number of gates in the associated circuit. For ex

ample, for a sum form the objective is to find a form 

G = G1 + G2 +...+Gt +...+ Gp (p-2), 

where the individual terms, G^, satisfy the constraint m, 

and to associatively modify it to satisfy the constraints 

m and N such that it is minimal in the sense just defined. 

Then the primary cost figure is made up of two parts, the 

sum of the costs of the individual terms, •= > C„. , gc gi' 

and the cost to modify the form, C -1. Thus, the primary 

cost figure C = C + C. 
g gc gm 

The secondary cost figure is seen to consist of 

only one part. The literal cost of both an associatively 

modified and unmodified form is the same since no literals 
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are added in the process of modification. Therefore, the 

literal cost figure the sum of the literal 

i=0 
costs of the individual terms. 

Lawler defines a prime pN-implicant, but the defin

ition is not satisfactory for the constrained case. Since 

a new definition is required, a new term will be used. 

Therefore, an a-prime pN-implicant will be defined, the a 

to remind us that, among other things, it may be an as

sociatively modified form. 

Definition 3.3 A form G which is a PX-form (X-N) 

is an a-prime pN-implicant of f iff. G is a minimal pX-form 

for (g»fV 

3.1 Theorems on Minimal sN-forms 

For a two-level minimization problem the solution 

is a sum of prime implicants. For an N-level minimization 

problem, the solution is generalized to a sum of a-prime 

p(N-l)-implicants for the constrained case. However, a 

solution may not exist; and if it does, it may need to be 

associatively modified as the next theorem shows. 

Theorem 3.1 Every minimal sN-form for (fQ,f^)m, if 

one exists, is a sum of a-prime p(N-l)-implicants of f^, 

associatively modified if necessary. 

Proof Every minimal sN-form for (f()>fi)m is of 

the form 

. G = Gx + G2 +...+ Gp (p-2) 1) 
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or at least-cost associative modification of such a form 

N 
with D%i , where each is a p(N-l)-form. To be shown is 

that if there is a form G^ which is a PX-form, it must be 

a minimal pX-foi-m for and, therefore, be an 

a-prime p(N-1)-implicant of f^ by definition. 

Suppose there is a G^ which is a PX-form that is 

not a minimal pX-form for Then there is a pX-

form for (g.,fi) that costs less than G.. Call the form °i 1 m l 

H. Then 

G = G^ +...+ G^_^ + H + G +̂̂  +...+ Gp (p-2) 2) 

or a least-cost associative modification of G is a 

valid sN-form for (fn,f1) , since g.-h if H satisfies U l m °i 

(gi»fl)m* Note that D associated with G is such that 

D*-D since H is a PY-form with Y=X; but Cgm is unchanged 

since the number of terms is the same. Then G is a new 

form which costs less than G and is a valid sN-form. But 

this conclusion leads to a contradiction since G was 

assumed to be minimal. Hence, each G^ must be an a-prime 

p(N-l)-implicant of f^. Q.E.D. 

Before proceeding, the reader should be convinced 

that the theorem cannot be strengthened by redefining 

a-prime pN-implicant to read, "...iff. G is a minimal pN-

form for (g.f) " in a manner similar to Lawler's definition. ° m 

That the definition cannot be changed may be seen by showing 

that a minimal PX-form may not always be replaced by a 
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minimal PY-form X<Y=(N-1). The PX-form has associated 

with it a weight of m^; and the PY-form, call it H, has 

Y 
associated with it a weight of m . Since X<Y, then 

X Y m <m . Therefore, replacing G^ by H as in Equation 2 
'Jc 'ft 

causes D associated with G to be such that D >D. In 
* Y X v 

fact, D = D + (m -m ). Since G is minimal, D=m . How-

ever, it cannot be guaranteed that D ^m . If D >m , G 

cannot be associatively modified into an sN-form and still 

meet the constraint m. Because there is no a priori in-

formation on D , both the PX-form and the PY-form must be 

present even though the PX-form may cost more than the 

PY-form. 

Sometimes the designer wishes to obtain all minimal 

solutions. For example, he may already have some existing 

equipment of which he wishes the present solution to con

stitute a part. Then some of the required gates may al

ready exist and could be used in the present design. 

Therefore, one minimal solution may be better than another. 

A sufficient set of a-prime implicants, i.e., sufficient 

to obtain all minimal solutions, is required. Many times 

the designer is interested in having only one minimal 

solution. A necessary set of a-prime implicants, i.e., 

necessary to obtain at least one minimal solution, is re

quired. Before necessary and sufficient sets are rigor

ously defined, advantage should be taken of the idea of 

equivalent forms as defined in the previous chapter. 
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Recall that too many associative modifications of 

a given form generally exist, and this precludes obtaining 

them all. Therefore, only one associative modification of 

a form for each possible number of levels, a representative 

of each equivalence class, will be obtained. Such an 

assumption appears appropriate when only single-output 

functions are being considered as is the case here. How

ever, if multiple-output functions are being considered, 

such an assumption would not be appropriate. 

Definition 3.4 Let P be a set of a-prime p(N-l)-

implicants of f^. Then P is a sufficient set of a-prime 

p(N-l)-implicants of f^ iff. for every h-fQ, one rep

resentative of every minimal pX-form for (h,f1)m is 

contained in P, for each and every X-(N-l). 

Definition 3.5 Let P be a set of a-prime p(N-l)-

implicants of f^. Then P is a necessary set of a-prime 

p(N-l)-implicants of f^ iff. for every h-fQ, at least one 

minimal pX-form for if such a form exists, is 

contained in P, for each and every X-(N-l). However, 

where two or more minimal forms exist and have the same 

cost but a different number of levels, only the one with 

the least number of levels need be retained. 

That the exception mentioned in the definition is 

valid will be proven in Theorem 3.3 to follow. For the 

moment, recognize that if the forms have the same cost, 

they must all be minimal pX-forms, where X is the number 



of levels in the form having the most levels. Thus, the 

minimal pZ-form, where Z is the number of levels in the 

form having the least number of levels, may also serve as 

the minimal pY-forms (X-Y-Z) which are required. 

Two theorems will now be presented. Theorem 3.2 

will state what is required to obtain one representative 

of every minimal sN-form, and Theorem 3.3 will state the 

requirements to obtain at least one minimal sN-form. 

Theorem 3.2 Let P be a sufficient set of a-prime 

p(N-l)-implicants for (fQ'^l^m* Then one representative 

of every minimal sN-form for (fQ^i^m* ̂  one exists, is a 

sum of forms in P, associatively modified if necessary. 

Proof It has been established that the require

ment that minimal pX-forms for all X-(N-l) be present 

cannot be relieved by requiring only minimal p(N-l)-forms. 

To be established is that only specifications with 

h-fQ need be considered. 

By Theorem 2.1, every minimal sN-form for 

(fQ,f^)m is of the form 

G = G^ + G2 +.•.+ Gp (p—2) 

or a least-cost associative modification of such a form 

with D%iN, where each G^ which is a PX-form (X-(N-l)) must 

be a minimal pX-form for Suppose there is a PX-

form G^ that is a minimal pX-form (X-N-l) for (g^f^m an<* 

is not also a minimal pX-form for C^o^i'^l^m* T̂ en there 

is a pX-form for (fo®i'^l^m t-^at costs less than G^. 
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Call this form H. Then 

G = + G2 + ...+ + H + +...+ Gp (p—2) 
St 

or a least-cost associative modification of G is a valid 

sN-form for (fQ»^i)m anc* costs less. It is valid because 

the terms in but not in f^jg^ are don!t-care terms, 

Cgm is unchanged, and D associated with G is such that 

D ^D. But the assumption that G is minimal is contra

dicted. Hence, each Gj^ which is a PX-form is a minimal 

pX-form (X—N-l) for (£o8i»fl^m* Because fo8i~fO' only 

those h-fQ need be considered to obtain all minimal pX-

forms (X-N-l). 

Now suppose P does not contain G^. Then there is 

a representative of the equivalence class Gj containing 

G^ which is in P. Since the number of levels and the 

cost of all forms in Gj are the same, G^ can be replaced 

by the representative of Gj which is in P. Any and all 

other forms not in P can be so replaced by ones in P. The 

only difference in the forms is in the way they are as-

sociatively modified. Thus, one representative of every 

minimal sN-form can be obtained from a sufficient set. 

Q.G.D. 

Theorem 3.3 Let P be a necessary set of a-prime 

p(N-l)-implicants for (fq, fi)m» Then if there exist 

one or more minimal sN-forms for (fQ'^l^m' at least one 

of these minimal sN-forms is a sum of forms contained in P. 

Proof By Theorem 3.2 every minimal sN-form for 
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(f^.f,.) is of the form U' 1 m 

G = G^ + G2 +•••+ Gp (p-2) 

or a least-cost associative modification with , where 

each G. is a minimal pX-foi-m (X-N-l) for (fng- f<) • x u x y x m 

Suppose some is not contained in P. Let it be a PX-

form. Then there is a minimal pX-form for (fr.^.-f.,) r 0-i' I'm 

that is contained in P. In particular, note that where 

there are several forms all having the same cost and 

satisfying the same function, only the one having the 

least number of levels is retained. Call this minimal 

pX-form H. Then 

G = G^ + G2 +...+ + H + +...+ Gp (p—2) 

or a least-cost associative modification of G is a 

minimal sN-form for (^o'^l^m* cost *-s unchanged 

since C ^ is the same and the costs of G. and H are the gm i 
•k * *-

same. Also, D associated with G is such that D £=D. 

Each G^ that is not contained in P can be replaced in this 

way to obtain a minimal sN-form for (^o'^l^m t̂ iat *s a 

sum of forms in P. Q.E.D. 

The following theorem may in part be attributed 

to Meo, who recognized the validity of the theorem for the 

case N=3 and no constraints on the maximum number of in

puts per gate. Occasionally, the solution of a problem 

requiring a pZ-form for a specification reveals the exis

tence of an SX-form which costs less than any PY-form 

(X<Y-Z) which might exist. The following theorem shows 
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that the PY-form cannot appear in any minimal sN-form for 

the problem. 

Theorem 3.4 Let H, an SX-form, be a minimal 

sX-form for (h,f.,V with C =A and C-,«=B. Also, let G. , a lm g ± 1 

PY-form, be an a-prime p(N-l)-implicant which is a minimal 

pY-form (X-Y<N) for with g^-h and either I) C^>A 

or II) C =A and C >B. Then G. cannot appear in any minimal 
o * 

sN-form for a specification 

Proof According to Theorem 3.1, every minimal 

sN-form for (^o^l^m' one exists» is ^e form 

G = G1 + G2 +...+ Gp (p£2) 

or a least-cost associative modification of such a form, 

where D%,N and each G^ is an a-prime p(N-l)-implicant of 

(fQ,f1)m. Suppose the conditions of the theorem are 

satisfied, and let H be considered to be enclosed in paren

theses. Replace G^ by H. Then 

G* = G± + G2 + ...+ G1-;l + H + Gi+1 +...+ Gp (p-2) 

or a least-cost associative modification of G is a valid 

sN-form for (fQ»^l^m an<* costs ̂ ess» ® associated with 

G is such that D since H is the same level form as G^ 

or is a lower level form. Also, H is known to satisfy 

(gi,fl>m since f^-h-g^J and so G satisfies ® 

does. Since H was considered to be enclosed in parentheses, 

G contains the same number of terms as does Gj and so the 

cost to associatively modify G is the same as that of G. 

(With the parentheses removed, the total cost may be less). 



57 

Since the gate cost figure of H is less than that of G^ for 

case I, the gate cost figure of G must be less than that 

for G. Therefore, G could not have been minimal. For case 

II, similar reasoning leads us to conclude that the gate 
it 

cost figure for G is the same as, or possibly less than, 
• 

that of G. But now the literal cost of G is less than that 

of G, since the literal cost of H for case II is less than 

that of G^. Therefore, G could not have been minimal. 

Since both cases I and II lead to a contradiction that G is 

minimal, the theorem is proven. Q.E.D. 

Although the theorem holds for SX-forms (X-Y), the 

particular interest is in s(Y-l)-forms. Meo has used the 

term eliminable in connection with the PY-form. Rather than 

incorporate this new term, simply recognize that such forms 

need not be included in the necessary or sufficient sets. 

3.2 Theorems on Minimal pN-forms 

Theorems have been stated only for minimal sN-forms. 

They will now be stated for minimal pN-forms. However, be

cause of the duality between sN- and pN-forms, they will 

not be proven. Some definitions analogous to those given 

in the previous section are needed first. 

Definition 3.6 A form G which is an SX-form (X-N) 

is an a-prime sN-implicant of f iff. G is a minimal sX-form 

for (f,g)m-

Theorem 3.5 Every minimal pN-form for if 

one exists, is a product of a-prime s(N-l)-implicants of 

fg, associatively modified if necessary. 
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Definition 3.7 Let P be a set of a-prime s(N-l)-

implicants of fg. Then P is a sufficient set of a-prime 

s(N-l)-implicants of fg iff. for every h-f^, one represen

tative of every minimal sX-form for (fQ,h)m is contained 

in P, for each and every X^(N-l). 

Definition 3.8 Let P be a set of a-prime s(N-l)-

implicants of fQ. Then P is a necessary set of a-prime 

s(N-l)-implicants of fQ iff. for every h-f^, at least one 

minimal sX-form for (fg,h)m, if such a form exists, is con

tained in P, for each and every X-(N-l). However, where 

two or more minimal forms exist and have the same cost but 

a different number of levels, only the one with the least 

number of levels need be retained. 

Theorem 3.6 Let P be a sufficient set of a-prime 

s(N-l)-implicants for (fQ'^l^m* Then one representative of 

every minimal pN-form for (^o'^l^m' ̂  one ex*-sts> *-s a Pro~ 

duct of forms in P, associatively modified if necessary. 

Theorem 3.7 Let P be a necessary set of a-prime 

s(N-l)-implicants for Then if there exist one 

or more minimal pN-forms for at least one of these 

minimal pN-forms is a product of forms in P. 

Theorem 3.8 Let H, a PX-form, be a minimal pX-form 

for (fn,h) with C =A and C,=B. Also, let G., an SY-form, 
U m g l I 

be an a-prime s(N-l)-implicant which is a minimal sY-form 

(X-Y<N) for (fQ'Si^m with g^-h and either I) C^>A or II) 

Cg=A and Cj>B. Then G^ cannot appear In any minimal pN-

form for a specification (^o^Pm* 
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3.3 Lemmas on Minimal sN- and pN-forms 

If it were necessary to carry out minimization 

for each and every specification (h,f^)m *n or<*er 

to get the required a-prime p(N-l)-implicants of f^, the 

method would undoubtedly be impractical. However, the 

following lemmas reduce the number of specifications to 

consider. 

In these lemmas, all possible sN-forms must be 

considered, even those trivially formed by adding p(N-l)-

forms, which satisfy (h,f)m, to 0. Obviously, the gate 

cost of such a form is that of the p(N-l)-form plus one. 

The literal cost is assumed to be the same. Similarly, 

all possible pN-forms must be considered, even those 

trivially formed by multiplying s(N-l)-forms, which satis

fy by 1. Again the gate cost is one more than the 

gate cost of the s(N-l)-form, but the literal cost is 

assumed to be the same. The basic reason for these as

sumptions is that some methods of synthesis use an AND-OR 

circuit design and convert it to, say, a NAND or NOR 

circuit. For example, Maley and Earle [22] present such 

a method which requires that the circuit have a particular 

type of output gate. If the output gate is not of that 

type, the procedure of adding 0 or multiplying by 1 can be 

used to get the proper type. In the NAND or NOR circuit, 

such a gate becomes an inverter. Since the inverter has 

one input, the assumption that the gate cost figure be 
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increased by one and the literal cost figure remain un

changed is appropriate. 

Lemma 3.1 If G is a minimal sN-form (pN-form) for 

(h,f)m, then G is a minimal sN-form (pN-form) for each and 

every (h*,h')m, where h-h*-g-h'-f. 

Proof The proof will be given in terms of sN-

forms. Let G be a minimal sN-form for (h,f)m, and let the 

inequality h-h*-g-h'-f be satisfied as stated in the lemma. 

Suppose G is not also a minimal sN-form for (h*,h')m» Note 

that G satisfies (h*,h!) . Then there exists an sN-form 

K for (h*,h')m which costs less than G. Since h-h*-k-h'-£, 

K also satisfies (h,f)m and costs less than G. By the 

definition of minimal and the fact that G is minimal, there 

exists no other sN-form which satisfies (h,f)m and costs 

less. The assumption has led to a contradiction. Q.E.D. 

For example, consider the specification (h ,h ' * )^ 

for a four-variable problem. A minimal p2-form for this 

specification is w(xz) which covers minterms 4 and 6. 

Therefore, w(xz) is a minimal p2-form for (h4,̂ ,h"*,4,̂ )2 

and (h4,6,h4,6)2. 

Lemma 3.2 • Let 2) = ^G^,G2»... be set °f 

all minimal sN-forms (pN-forms) for (h,f)m. Then & con

tains all minimal sN-forms (pN-forms) for each and every 

(h*,*!1)^ where h-h*-g^-hf-f for any g^ in -e7. 

Proof The proof will be given in terms of sN-forms. 

Let G^ be a minimal sN-form (i=l,2,...,p) for (h,f)m, and 
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let the inequality h-h*-g^-h'-f be satisfied for any 

in According to Lemma 3.1, each is a minimal sN-

form for (h*,h')m since the inequality must be satisfied 

for any G^ in Suppose there is a minimal sN-form K for 

(h*,h')m that is not in i). Then ^G^,G2»... ,Gp,Kj is 

a set of minimal sN-forms for (h*,h')m. Since h-h*-k-h'= 

f, K also satisfies (h,f)m; and therefore X is also a set 

of minimal sN-forms for (h,f)m. But was assumed to con

tain all the minimal forms for (h,f) . Since there is a * m 

contradiction, the lemma is proven. Q.E.D. 

Take as an example the specification (h7, 

*5,6,7,13,14,15)^ for a four-variable problem. Minimal 

pl-forms for this specification are xz and xy which cover 

(5,7,13,15) and (6,7,14,15), respectively. Since both 

cover minterms 7 and 15, the set 4?= £xz,xy^ is the set 

7 15 
of all minimal pl-forms for the specifications (h ' , 

h0,5,6,7,13,14,15^ (h7»15,h0,7,15)2, (h7,h0'7»15)2 and 

many others. 

Lemma 3.3 If no sN-form (pN-form) exists for 

(h,f)m then none can exist for any (h*,h')m with h-h*-h'-f. 

Proof The proof will be given in terms of sN-forms. 

Assume that there does exist an sN-form for (h*,h')m. Call 

it K. If K satisfies then it also satisfies 

(h,f)m since h^h*^k=h'=f. But K satisfying (h,f)m contra

dicts the assumption that there was no sN-form for (h,f)m. 

Q.E.D. 
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A very simple example of this lemma is the three-

variable problem in which a pl-form is sought for a 

specification ^^2' Examination shows that no 

pl-form exists for the specification (h^h^'**^^ so none 

can exist for (h^'^h^*1'^^. 

Cost may also be used to determine existence of 

forms. Recall that the maximum number of literals that 

a form may possess under the constraints m and N is D=m . 

The number of gates needed to associatively modify that 

number of literals is 

mN-l _ N-l , N-2 , , m . 1 _ ̂  i on * m + m +••• + m + l = \ m. i) 
m-1 

The gate cost figure is really unimportant except possibly 
N-i . N 

to the extent that unless C = \ m , Ci cannot equal m . 
g W) 

In general, the form may consist of both AND and OR 

operations; and the maximum number of literals and associ

ated gate cost is the same as specified above. 

Lemma 3.4 Let all the minimal sN-forms (pN-forms) 

for some specification (h,f)m be £) = fGi»G2» • • • »Gpj » and 

let one (and therefore all) such form have a literal cost 

figure C^=m^. Then there can exist no minimal sN-forms 
f f 

(pN-forms) for any specification (h ,h ) with h-h sh -f 

not already in 

Proof The proof will be given in terms of sN-forms. 



The parenthetical expression may be explained by stating 

that if one minimal sN-form has a cost figure C^=m , then 

they must all have it. If a form existed with less gates 

or literals, the others would not be minimal. None can 

exist with less gates and more literals. Suppose a mini

mal sN-form K does exist such that h-h*-k=h'-f. K must 

also satisfy the condition that Since h^h*^k 

-h'-f, K also satisfies anc* with K must 

be a minimal form for (h,f)m. C^^-j^m^, or the forms in 

& would not be minimal. Therefore, But & was 

assumed to constitute all the minimal forms for (h,f) . * m 

and so there is a contradiction. Therefore, K must be in 

the set £) . Q.E.D. 

Lemma 3.1 is aimed at the compilation of a neces

sary set of a-prime p(N-l)-implicants, and Lemmas 3.2 

and 3.4 are aimed at the compilation of a sufficient set. 

The reader should be able to see that Lemmas 3.2 and 3.4 

hold just as well when & contains one representative of 

every minimal sN- or pN-form. Then in Lemma 3.4, there 

can exist no minimal sN-forms (pN-forms) whose represent

ative is not in •&. 

0 12 
The minimal s2-form for the specification (h ' ' , 

ig G _ -- + COvers (0,1,2). The 

2 literal cost is C^=4 = 2 . According to Lemma 3.4, no 

minimal s2-form can exist for except 

G which does not satisfy it. 



CHAPTER IV 

ABSOLUTELY MINIMAL FORMS 

The real purpose behind considering absolutely 

minimal forms, i.e., forms having the least cost regard

less of the number of levels, is so that when such a form 

is obtained, it may be recognized as such and no attempt 

be made to extend the number of levels in order to get a 

lower-cost form. Because of the seeming impracticality of 

extending the method to five or more levels, only rarely 

would an absolutely minimal form be obtained for the given 

problem. However, it is^ likely that some subproblem would 

have an absolutely minimal form, and recognizing it would 

be desirable. 

4.0 Definitions 

The discussion should start with a formal defin

ition of absolutely minimal form. 

Definition 4.1 An sN-form (pN-form) is an 

absolutely minimal sN-form (pN-form) if no other sY-form 

(pY-form) exists which costs less regardless of the number 

of levels, Y. 

One form "costs less" than another form if it has 

less gates than the other or if it has the same number 

of gates and less literals. The gate cost figure will be 
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used as the first basis for determining absolute minimal

ity, and the literal cost figure will be used as a 

second basis. However, the form must meet one restriction. 

Previously, the values 1 and 0 were allowed in the form. 

When the literal cost figure is used, the values 0 and 1 

are not allowed since the values 0 and 1 are not counted 

as literals. (See Section 3.3) Theorem 4.2 restricts 

forms to being valid. 

Definition 4.2 A valid form is one which does not 

contain the values 0 and 1. 

4.1 Absolute Minimality Based on Gate Cost 

The circuit implementation of an N-form is an 

N-level circuit, and an N-level circuit must have at 

least N gates. Therefore, the gate cost figure for an N-

form must be such that C -N. This fact forms the basis g 

for the following theorem. 

Theorem 4.1 If an sN-form (pN-form) G is a 

minimal sN-form (pN-form) for (h,f)m and has a gate cost 

figure C -N, then it is an absolutely minimal sN-form 
© 

(pN-form) for (h,f)m. 

Proof The proof will be given in terms of sN-forms. 

By Definition 3.2, an sN-form G is a minimal sN-form if 

there is no other sN-form satisfying (h,f)m and having 

less gates in the circuit implementation; and of those 

having the same number of gates, there is none having less 
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literals. Thus, there is no other SX-form (X^N) which 

costs less. No other SY-form (Y>N) costs less since the 

gate cost of such a form is such that Cg^Y>N. But the 

gate cost of G is C -N. Thus, there is no other sY-form 
o 

regardless of the number of levels which costs less; and 

therefore G must be an absolutely minimal form. Q.E.D. 

Theorem 4.1 provides one way of proving that a 

given form G is an absolutely minimal form. Suppose that 

for some minimization problem, an SX-form G is obtained 

which has a C =N, where X<N. To be determined is whether 
g 

G is an absolutely minimal form. According to the theorem, 

an absolutely minimal sN-form G is a minimal sN-form for 

(h,f)m with a gate cost Cg-N. The PX-form G is assumed 

to have a gate cost figure C =N; then all that needs to g 

be determined is that G is a minimal sN-form for (h,f)m. 

If the purpose were to find an absolutely minimal 

form, rather than prove minimality, a different procedure 

could be adopted. Carry out 2-level, then 3-level, then 

4-level minimization, etc., to N-level minimization, where 

N is such that C^=N. The minimal forms for the N-level g 

minimization problem are then absolutely minimal forms. 

The solution to each new, higher-level minimization 

problem would provide a better estimate as to the number 

of levels to which the minimization need be carried. 
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4.2 Absolutely Minimal Forms Based on Literal Cost 

Suppose only one absolutely minimal form is 

desired. Then it may be possible to use the secondary 

cost figure, C^, to determine whether to continue on to 

a higher-level minimization problem. Suppose a solution 

to an N-level minimization problem has a C =(N+1). Then 
© 

if there existed a minimal (N+l)-form, it would have a 

C =(N+1). The best that could be hoped for in this case 
O 
is a reduction in the number of literals. Thus, it is 

desirable to know the minimum number of literals for an 

N-form. 

Lemma 4.1 The literal cost figure, C^, for a 

valid N-form G is such that C^-(N+1). 

Proof Consider a one-gate-per-level circuit real

ization. Each gate has an input from the gate at the 

previous level except the one furthest from the output for 

which there is no previous level. Each gate must have 

two inputs at least, or it would not be a gate. Thus, 

each of the N gates must have one additional input, which 

corresponds to a literal in a valid form, except the one 

furthest from the output which must have two. Thus, there 

must be (N+l) additional inputs corresponding to (N+l) 

literals in a valid N-form. Q.E.D. 

This lemma can now be used to prove the following 

theorem on absolute minimality based on the literal cost 

figure. 
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Theorem 4.2 If forms are restricted to being 

valid and a valid sN-form (pN-form) G is a minimal sN-form 

(pN-form) for has a Cg=(N+l), and a C^=(N+2), it 

is an absolutely minimal sN-form (pN-form) for (h,f)m. 

Proof The proof will be in terms of sN-forms. 

From the definition of a minimal sN-form, there does not 

exist an SX-form (X=N) which costs less than G. To be 

shown is that there cannot exist a valid SY-form (Y^(N+1)) 

which costs less than G. An SY-form with Y^(N+1) would 

have a gate cost C -(N+l). According to Lemma 4.1, the 
© 

same SY-form would have a literal cost C^-(N+2). But G 

has these same values. Since a valid form does not exist 

for (h,f)m that costs less than G regardless of the number 

of levels, G must be an absolutely minimal form if G is 

restricted to being valid. Q.E.D. 

4.3 Estimating N for an Absolutely Minimal Form 

Although it would undoubtedly be possible to deter

mine bounds on the number of levels to which minimization 

would have to be carried to determine an absolutely minimal 

form in terms of the nxamber of minterms and maxterros, as 

does Lawler, generally, the estimate would be much too 

conservative. The best approach for estimating N is to 

perform a 2-level minimization not subject to constraints 

on the maximum number of inputs. Since this form will 

very likely not meet the constraints on m and N=2, 



associatively modify both implicants and form, if neces

sary. This time disregard the contraint of two levels. 

Since this procedure provides a form which meets the con

straint on the number of inputs, the gate cost figure, 

C , should provide a good first estimate of the number of 

levels in the absolutely minimal form. The absolutely 

minimal form can have at most C gates; therefore, it can 
O 

have at most Cg levels. 

The example problem of the first chapter, 

will illustrate how N can be estimated. The minimum two-

level form not subject to constraints is H = xyz + xz + xy. 

If the form and terms are associatively modified for m=2, 

H becomes H' = (xy)z + (xz + xy) with a C =6. Therefore, 
O 

the absolutely minimal sum form for the function is an 

s6-form. In Section 5.3 the minimal s3-form for this 

function is shown to be H" = (xy)z + x(y + z) which has a 

gate cost figure of 5. This figure provides a new estimate 

of N, and the absolutely minimal form must be an s5-form. 



CHAPTER V 

APPLICATION OF THE THEORY 

TO THE SOLUTION OF MINIMIZATION PROBLEMS 

Chapters II, III and IV developed the theory 

necessary for the solution of sN- and pN-form minimi

zation problems. The present chapter will apply this 

theory specifically to the solution of an s4-form minimi

zation problem. Basically, the solution of an N-form 

minimization problem is recursive in that it requires the 

ability to perform (N-l)-form minimization. In particular, 

3-form minimization requires the ability to perform 2-

form minimization for which many methods have been 

developed, at least for the non-constrained case. Thus, 

elements of s4-form minimization are p3-, p2- and s2-form 

minimization. Some or all of these forms may need to be 

associatively modified if a modification exists. The 

method of successive approximations will be used in the 

constrained case, but with certain additions intended to 

speed the solution. 

5.0 Lawler's Feedback Approach 

The method of successive approximations was dis

cussed in Section 1.7, and the reader may wish to review 
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that section and Lemma 3.1 upon which it is based before 

proceeding. The method was called a feedback approach 

in which the error consists of those minterms of fQ not 

covered by a single form. If more information is used, 

the solution can be expected to be obtained sooner. 

Therefore, instead of just using one of the minimal forms, 

all of the forms obtained up to that point will be con

sidered. These forms are of two types, a-prime implicants 

and minimal solutions to the covering problem. There are 

two reasons for making this distinction. 

2) When each minterm of fq is included in at 
least one a-prime implicant but no minimal 
solution to the covering problem satisfies 
the given problem, a near-minimal solution 
can be sought. 

These two reasons suggest that as long as it is possible, 

a minterm should be chosen which is not included in any 

a-prime implicant obtained up to that point. If such a 

choice was made, Condition A is said to prevail. 

Condition A can be defined mathematically. Let 

= ĝi»g2»•••»Gn} be the set a"Prime p(N-l)-

implicants for (h ,̂̂ > * *" ,̂ c,f^)ra and g^ = > g^. If the 

next minterm chosen is 1, then Condition A prevails if 

1) No solution to a covering problem can pos
sibly satisfy the given problem unless each 

f -t e -f.ticluded in at least one 

hl~gkf0* 



When g^fQ=0, a minterm cannot be chosen such 

that Condition A will prevail. It may be possible to 

choose a minterm which is not included in any of the 

minimal forms. If such a choice was made, Condition B 

is said to prevail. 

Condition B can also be defined mathematically. 

Let ̂  be the set of all minimal sN-

forms, including any trivially formed by adding 0 to a 

i 1 k product form, which are minimal sN-forms for (h »->»•••» t 

m 
f-.) , and let h, = J h.. If the next minterm chosen 
l m tc i=j. i 

is 1, then Condition B prevails if anc* ̂ -K^fQ. 

Finally, when K^fQ=0, a minterm cannot be chosen 

such that Condition B will prevail. If no minimal sN-

form for the last specification satisfies the given 

function, another minterm must be chosen. The best that 

can be done is to choose a minterm not included in any 

single form as Lawler suggests, and the condition will 

be Condition C. Thus, if the next minterm chosen is 1, 

Condition C prevails if g^fQ=0, H^fQ=0 and h^-K^fQ, where 

h^ is one of the minimal sN-forms in Where there 

are several h^, it is preferable to choose one of the 

larger. A function g is larger than h if g> h but h^g. 

For example, suppose that there are two minimal forms G 

0 1 2 12 13 and H for some specification, where g = g ' ' ' ' and 

h = Then choosing G is preferable since it 
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will eliminate the possibility of choosing minterm 12 

which would result in the determination of the form G 

again. 

5.1 Ranked Minterm List 

The procedure of choosing minterms presented so 

far can still leave a rather large number of minterms 

from which to choose. A wise choice at each step can 

greatly reduce the amount of work required to obtain a 

solution or, if no solution exists, to determine non

existence of a solution. Therefore, this section will 

present some guidelines to use in choosing from among 

the set of minterms as specified by the functions of the 

previous section. 

The selection process is based on an ordering of 

the minterms of fQ according to information available 

from a set of ordinary prime implicants of (fg,^). The 

set of ordered minterms is called a ranked minterm list. 

Formation of the ranked minterm list depends upon two 

ideas: 1) First cover the minterms which are difficult 

to cover, and 2) take those first whose covering impli

cants may not be associatively modifiable under the 

constraints m and (N-l). The first idea tends to speed 

the solution of the problem since the easier-to-cover 

minterms tend to take care of themselves in the process. 

The second idea tends to determine non-existence of a 
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solution when no solution exists. If, for example, no 

s4-form exists for a single-minterm specification 

(h1,f^)m, no s4-form can exist for any specification 

(h »f^)m with h ^h by Lemma 3.1; and so none can exist 

for the given problem (^o^l^m* Existence of an s4-form 

for (h1,f^)m implies the existence of a p3-form for 

<hi.£iV 

Fortunately, these two ideas do not appreciably 

conflict. In fact, the concept of n-cover will show 

their close relationship. Let P be a sufficient set of 

ordinary prime implicants of (fQ,f^). Then minterm j of 

fQ is said to have an n-cover if n is the number of forms 

in P which include j and satisfy the constraint m. 

Some minterm j of fQ may have no form in P which 

includes j and satisfies the constraint m. By the defin

ition, j has a 0-cover. However, j must have at least 

one ordinary prime implicant in P which includes j but 

does not meet the constraint m. This prime implicant 

might not be associatively modifiable, which suggests 

that minterms with a 0-cover should be considered first. 

These minterms are likely to be ones which are more 

difficult to cover, also. Two ways of judging the dif

ficulty of covering minterms are suggested, by the n-

cover of the minterms and by the number of literals of 

the covering prime implicants. An ordering which 
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utilizes both of these concepts of difficulty will be 

explained. 

First, order the minterms according to cover 

starting with those having a 0-cover. Then within these 

groups of minterms all having the same cover, order 

according to the number of literals in the following 

manner. Out of the set of n prime implicants which 

cover the minterm, choose one with the least number of 

literals. For the minterms having a 0-cover, choose 

from the prime implicants that include the minterm but 

do not satisfy the constraint. Now order the minterms 

by the chosen prime implicant having the most literals 

since it is likely to be the most difficult to cover. 

The above procedure produces the ranked minterm 

list and is the best a priori information of the order 

in which to choose minterms. Thus, the process will 

start with the first minterm on the list; and when the 

procedure of the previous section allows a choice of 

several minterms, choose the first one of that group on 

the ranked minterm list. After the choice is made, 

a-prime implicants must be obtained for a set of speci

fications ; and this set of specifications must be 

determined. 

5.2 The Specification List 

In the successive approximation method, minimal 
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forms must be obtained for each specification in the 

sequence (h1»j,f 1)m>..., (h1'j»*' * 'k,f 1)m; and 

a set of a-prime p(N-l)-implicants must be determined 

for each. However, all of the a-prime p(N-l)-implicants 

for the present specification, ' * *'^f^) are 

a-prime p(N-l)-implicants for the next specification. 

Consider the a-prime p(N-l)-implicants for the next speci

fication in the sequence, (h*»^* '' *,k,̂ ,f^)m« These are 

obtained by determining all minimal pX-forms (X-N-l) for 

specifications (h,f^)m with h=h^'^'* * *»k»l. Certainly 

this set includes all specifications (h',f^)mwith h'-h*"' 

where (h^'^'""*'k,f^)m is in the described sequence. 

The need to describe all those specifications for 

which minimal forms have not been obtained leads to the 

following definition. 

Definition 5.1 A specification list 1^ for an N-

level problem is characterized by a minterm i and is de

fined recursively in terms of previous specification lists 

for the N-level problem. For a given minterm i, the speci

fication (h^,f^)m heads the list. To obtain the remaining 

specifications on the list, add the minterm i to each of 

i k the functions hJ,***> on each of the previous lists to 

get new specifications (h^'^'*"*,k,f^)m. 

The set of lists contains all specifications for 

which minimal pX-forms must be obtained, and the last 

specification on the list is also the specification for 



which a minimal sN-form is required. Since all the 

specifications on the list are the same except for the 

minterms of the function h, only the minterms of h will 

be given in the following example. 

List 1 i List L 1 
il 

List J j jl 
ij ijl 

kl 
List K k ikl 

ik jkl 
jk ijkl 
ijk 

5.3 Solution of an s3-form Minimization Problem 

An example of Lawler's method was presented in 

Section 1.7. That same problem will now be solved for 

a constraint of m=2. 

Example 5.1 Determine a minimal s3-form for 

(f,f)2> where f-h0*1'2'7. 

Solution First, determine the prime implicants 

so that a ranked minterm list may be compiled. 

yz 
00C 

0 
X1 

00013 LI] L0 
1 1 0 1 
0 0 1 0 xy:(0,1); xz:(0,2); xyz:(7) 

Ranked minterm list: 

0-cover 7 
1-cover 1,2 
2-cover 0 

For the special case of a 3-level minimization 

problem, some simplification can be obtained. If the 
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minimal solution to a specification (h,f)m is a P0- or 

Pl-form, it has a gate cost figure C =N. By Theorem 4.1, 
O 

it is an absolutely minimal form. Therefore, minimal 

pi- and p2-forms need not be sought if a PO-form exists; 

and a minimal p2-form need not be sought if a Pl-form 

exists as is suggested by Theorem 3.3 and the definition 

of a necessary set of a-prime p(N-l)-implicants. The 

minimal form, whether it be a P0-, PI- or P2-form, can be 

classified as a minimal p2-form as is done in Table 11. 

The process starts with the first minterm, 7, on 

the ranked minterm list. Minterm 7 resulted in the form 

xyz which did not meet the constraints and had to be 

associatively modified to (xy)z. This form satisfies the 

covering problem for the first approximation; however, 0 

had to be added to this form to make it a sum form. Min

term 1 is the next one on the ranked minterm list not 

included in an a-prime p2-implicant for (h^,f)2> so it was 

chosen to form the second specification list. Specifi-

7 1 cation (h ' ,f>2 on this list does not have a minimal form 

which meets the constraints. Therefore, the word None was 

entered next to the specification. A covering problem was 

solved to obtain the second approximation. In the third 

specification list, Lemma 3.3 was used to show that no 

7 12 
form can exist for (h ' * ,f)2 since none exists for 

(h ,̂1,f)2« Since the third approximation satisfies the 

original function, it is a minimal form for it. 



79 

TABLE II 

A-prime p2-implicants for Example 5.1 

p2 (h7,f)2 : (xy)z (7) 

s3 (h7,f)2 : (xy)z + 0 (7) first approx. 

P2 (h1,f)2 : xy (0,1) 

p2 (h7,1,f)2 : None 

s3 (h7,1,f)2 : xy + (xy)z (0,1,7) second approx. 

P2 (h2,f)2 : xz (0,2) 

p2 (h7»2,f)2 : None 

p2 (h1,2,f)2 : x(y + z) (0,1,2) 

P2 (h7'1'2,f)2 : None - Lemma 3.3 

s3 (h ,̂2,f)2 : (xy)z + x(y+z) (0,1,2,7) third approx. 

5.4 Solution of an s4-form Minimization Problem 

Example 5.1 of Section 5.3 was not comprehensive 

enough to show all the facets of minimization subject to 

constraints. In this section, an s4-form minimization prob

lem will be solved; and the example will be used to discuss 

s4-form minimization in general. 



Example 5.2 Determine a minimal s4-form for 

(f,f)2, where f=h°'3'5»6>7. 

Solution Again determine the prime implicants 

and compile a ranked minterm list. 

4 
yz 

00011110 
xy z:(0); yz:(3,7); xz:(5,7); xy(6,7) 1 0 1 0 

0 i i 1 

Ranked minterm list: 

0-cover 0 
1-cover 3,5,6 
3-cover 7 

The a-prime p3-implicants and successive approximations 

are shown in Table III. Because m=2, some simplifications 

can again be made in the solution of the minimization 

problem for this s4-form. 

In Example 5.1, Theorem 4.1 was used to show that 

if a P0- or Pl-form exists, it is an absolutely minimal 

form. For the case m=2, Theorem 4.2 shows that if forms 

are restricted to being valid forms, a P2-form which is a 

minimal p2-form is an absolutely minimal form. There

fore, when a necessary set of a-prime p3-implicants is 

being compiled, the procedure of the previous problem can 

be used in which forms are sought in the order P0-, P1-, 

P2- and P3-form. The higher order form is not sought 

unless the lower form does not exist. 

In Table III, the four types of forms are clas

sified simply as p3-forms. 
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TABLE III 

A-prime p3-implicants for Example 5.2 

p3 (h^,f>2 : (xy)z (0) 

s4 (h°,f)2 : (xy)z +0 (0) approx. 

P3 (h3,f)2 : yz (3,7) 

P3 (h°'3,f)2 (y+z)(z+xy) (0,3,7) 

s4 (h°'3,f)2 yz + (xy)z (0,3,7) approx. 

p3 (h5,f>2 xz (5,7) 

P3 (h°»5,f)2 (x+z)(x+yz) (0,5,7) 

P3 (h3»5,f)2 z(x+y) (3,5,7) 

P3 (h°'3»5,f)2 ((x+y) +z ) (z+xy) (0,3,5,7) 

s4 (h°'3»5,f)2 (xy)z + z(x+y) (0,3,5,7) approx. 

p3 (h6,f)2 xy (6,7) 

P3 (h°'6,f)2 (x+y)(y+xz) (0,6,7) 

P3 (h3»6,f)2 y(x+z) (3,6,7) 

P3 (h°'3»6,f)2 ((x+y)+z)(y+xz) (0,3,6,7) 

P3 (h5'6,f)2 x(y+z) (5,6,7) 

P3 (h°'5>6,f)2 ((x+y)+z(x+yz) (0,5,6,7) 

P3 (h3'5'6,f)2 (y+z)(x+yz) (3,5,6,7) 

p3 (h°»3'5»6,f)2 None 

s4 (h°»3»5»6,f)2 x(y+z) + (y+z)(z+xy)(0,3,5,6,7) approx 
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5.5 The First Approximation 

The following discussion is simplified if the 

prime implicants are considered to be divided into two 

groups, those satisfying the constraint m in set S and 

those not satisfying constraint m in set Q. Such a 

division also aids in the determination of the cover of 

the minterms and, therefore, in the formation of the 

ranked minterm list. 

Choose the first minterm, 0, on the ranked min

term list to start the process. Then the first specifi

cation to be considered is (h^f^. In general, a minimal 

p2- and p3-form is required; however, only a minimal p3-

form is required for Example 5.2 because m=2. Since the 

form for (h^,f)2 need cover only a single minterm, the 

form must be a prime implicant; and because minterm 0 

has a 0-cover, it must be in set Q. Prime implicants in 

set Q do not meet the constraints, and therefore the 

required form xyz must be associatively modified if such 

a modification exists within the constraints m=2 and N=3. 

A representative form which does meet the constraints is 

(xy)z. If no prime implicant could be modified within 

the constraints, no solution to the problem would exist. 

Since (h^,f)2 is the only specification on the 

first list, a covering problem is solved over minterm 0 

using the form found for the first list. As long as a 

p3-form exists, an s4-form does also since 0 can be added 



to the p3-form to make it an s4-form. In the example, 0 

was added to (xy)z to obtain the first approximation 

(xy)z + 0. 

5.6 The Second Approximation 

Minterms 3, 5, 6 and 7 are yet to be covered by 

an a-prime p3-implicant. Since minterm 3 is the next 

one on the list, it is the one chosen. The second speci-

3 
fication list is formed and includes (h ,f)£ and 

0 3 3 
(h * ,f)2« Specification (h ,f)2 can be treated the same 

as was (h®,f)2» For specification (h®'^,f)2» a search 

can also be made over the set of prime implicants. How

ever, it is likely that none will be found, and a minimal 

p2-form must be sought. This situation is true for the 

example. 

The p2-form can be obtained by complementing the 

given specification, obtaining a minimal s2-form and 

using De Morgan's Theorem on the s2-form. (If (h,f)m is 

the given specification, then (£»E)m is the complement.) 

In general, the lemmas should first be used to determine 

if it is possible for a p2-form to exist. In this case, 

it merely requires the existence of p2-forms for (h®,f)2 

and (h ,f)2« However, a p2-form does not exist which is 

associatively modifiable within the constraints, i.e., 

D> 22. 
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Since no p2-form exists, a p3-form is sought. In 

general, a p3-form would always be sought unless the p2-

form was absolutely minimal. The p3-form is obtained by 

— —0 3 
first complementing the specification to get (f,h ' 

and then seeking an s3-form. The s3-form problem is 

solved in exactly the same way as Example 5.1. The 

a-prime p2-implicants are shown in the first column of 

Table IV, along with the minterms covered by the forms. 

The successive approximations are not shown. However, 

one solution to the covering problem is yz + z(x+y) which, 

when complemented, becomes the p3-form (y+z)(z+xy). This 

p3-form is the one shown opposite the specification 

(h0,3,f)2 in Table III. 

Since forms have been obtained for all the speci

fications on the first two specification lists, a covering 

problem can be solved to obtain the second approximation. 

The solution is shown in Table III and covers minterms 

0, 3 and 7. 

5.7 Successive Approximations 

If the present approximation does not satisfy the 

given function but does satisfy the constraints, a new 

approximation is sought. The minimal form for the second 

approximation does satisfy the constraints but does not 

cover minterms 5 and 6. Therefore a third approximation 

is sought. First, a new minterm must be chosen such 



85 

Table IV. A-prime p2-implicants for Subproblems of Example 5.2 

(h0|3,f)2 

K0,3 

(h°'5,f)2 

R0'5 

(b0,3,5,f)2 

50,3,5 

(h0,fif): 
50,6 

, <ti0,3,6»£)2 

lj0,3,6 

(h0,5'6j 

Jj0,5,6 

,f)2 (h3,5'6,f)2 
jj3>5,6 

(h0,3,5,6 

jj0,3,5,6 
,f>2 

h1 yz 
(1,5) 

K 
(1,3) 

(xj)z z yz L3.1 
(1,3,5,7) (1,5) 

xz 
(1,3) 

L3.1 xy 
(0,1) 

L3.1 

h2 yz 
(2,6) ?2,3,6,7) 

yz L3.1 
(2,6) 

xy 
(2,3) 

(|)i xy 
(2,3) 

xz 
(0,2) 

L3.1 

h1'2 (y+z)(y+z) x(y+z) 
(1,2,5,6) (1,2,3) 

None x(y+z) 
(1,2,3) 

None x(y+z) 
(1,2,3) L3.1 

x(y+z) 
(0,1,2) 

None L3.3 

h4 
(4,5,6,7) 

xz 
(4,6) 

XZ 
(4,6) L3.1 

xy 
(4,5) 

xy L3.1 
(4,5) 

(xj)z yz 
(0,4) if L3.1 

h1'4 y(x+z) 
W) 

(x+z)(x+z) None 
(1,3,4,6) 

v(x+z) 
(1,4,5) 

y(x+z)L3.1 
(1,4,5) 

None y(x+z) 
(0,1,4) 

None L3.3 

h2'4 z(x+y) 
(2,4,6) 

z(x+y) 
(2,4,6) 

z(x+y) 
(2,4,6)1.3.1 

(x+y)(x+j 
(2,3,4,5] 

f) None None z(x+y) 
(0,2,4) 

None L3.3 

h1'2'4 None None None L3.3 None None L3.3 None 13.3 None L3.3 None L3.3 

Absolutely minimal p2-forms: 

(h3,5,f)2 z(x+y) 

(h3'6,f)2 y(x+z) 

(h5,6,f)2 x(y+z) 
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el amor humano, en alianza dulcfsima de vidas y sensaciones, 

por ley includible de la Naturaleza. Bien lo sabes trt; 

pero te lo dislmulas a ti mismo, te enganas con artificios 

de inteligencia • . ."86 Throughout the novel Arfstides 

acts as a foil to Guerra, thereby bringing Guerra's subcon

scious thoughts to the surface. 

Several critics have concluded that the apparent 

spiritual kinship between Guerra and LerS is a sublimation 

of their true feelings. Joaqufn Casalduero, for example, 

"ve en el misticismo una iSltima transf ormaci<5n de lo 

sexual."^7 

Angel Guerra is a character in search of his 

personal identity whose aspirations and illusions have 

become intermixed in his love for Ler£. The bifurcation of 

his personality into two dissimilar halves, at war with each 

other, increases his problems, and in a moment of crisis, 

anger and pride negate reason and humility, and lead to 

death. The tragic aspects of Angel Guerra are basic to his 

intrinsic personality; what he is invalidates what he 

attempts to do. 

It is possible to indicate the seemingly close 

connection these characters bear to the theories pertaining 

86. Ibid., 1524. 

87.  Vlda y obra . . . . p. 121. 



that Condition A holds, if possible. If it is not 

possible, then it is chosen such that B holds; and if 

that is not possible, then it is chosen such that C holds. 

Where several possibilities exist, the choice is always 

the first one on the ranked minterm list. A new speci

fication list is formed using this minterm, and the 

minimal forms associated with the specifications on the 

list are obtained. 

A covering problem is then solved over the min-

terms chosen up to that point using the forms for the 

specification lists. For example, the specification 

0 3 5 
for the third approximation is (h ' * »f)2> therefore, 

the covering problem is over minterms 0, 3 and 5. The 

covering problem produces all the irredundant forms 

covering the minterms, and these are checked to see if 

D^m^. Those satisfying D are associatively modified, if 

necessary; and the minimal ones are chosen from this 

group. If any of the minimal ones also satisfy the 

given problem (^o^l^m' t'ien they are solutions to that 

problem. 

The covering problem can result in certain 

anomalous behavior. Rather than finding, say, a minimal 

p2-form, an sl-form might be found which satisfies the 

specification and costs less than any p2-form. Those 

p2-forms which satisfy Theorem 3.4 cannot appear in any 

minimal sA-form for (fn,f.,) . Those that do not satisfy u i m 
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the theorem can appear in a minimal s4-fopn; however, 

no form is included for the specification. More will 

be said concerning this later. A similar situation can 

occur in which an s2-form for a specification (h,f)m 

exists which costs less than the p3-form sought. Neither 

of these situations occurred in the example. 

The example does illustrate several other points. 

One of these is the occurrence of an absolutely minimal 

3 5 
p2-form for the specification (h * , f^ as shown in 

Table IV. Since the p2-form is absolutely minimal, a 

p3-form need not be sought. The second point, also 

shown by Table IV, is the similarity of the p3-form prob

lems in their complementary form. 

The s3-form problems which must be solved are of 

the form where the funtion f^ is the same for 

all but h is different. Thus, the minterms that must be 

covered are the same for all such problems. Obviously, 

they all require a ranked minterm list. Two possibilities 

are suggested: 1) Each problem could have a separate 

ranking of minterms, or 2) each problem could use the 

same ranking of minterms based on a ranking for 

The likelihood of being able to use the lemmas would be 

increased with the latter, but the efficiency of each 

individual problem would be in question. Which of these 

two alternatives is the best can only be determined by 

experience with the two methods. The rest of the 



procedure Is the same no matter which ranked minterm list 

is used. 

5.8 The Lemmas 

Before solving for a form for any specification, 

the lemmas should be used to determine if a form has al

ready been found for it, and if notf if a form can 

possibly exist for the specification. This statement also 

applies to any subproblems. In particular, consider two 

specifications, (h0,5,f)2 and (h°» ,̂6,f)2» for which mini

mal p3-forms must be obtained. Minimal s3-forms are 

obtained for the complements, (F,R^*^)2 and (7,K®'^'**)2» 

respectively. The a-prlme p2-implicants are shown in 

Table IV. The row label gives the "fg" of the specifi

cation, and the column label gives the "f^" of the 

specification. 

Two of the a-prime p2-implicant specifications are 

(h1,̂ ,K®'"*)2 and (h*,̂ ,E^* ,̂̂ )2. The minimal form for the 

first is G = x(y+z), which covers minterms (1,2,3) as is 

shown in Table IV. According to Lemma 3.1, G is a mini

mal p2-form for each and every specification (h*,*!1̂  

satisfying the inequality h*' ŝh*sh*'^*^h''"*•» 

h1'2,3'4'6'7. Since the specification (h1,2,hl,2,3'A,7)2 

is one such specification, G is a minimal 

p2-form for it also. 

Lemmas 3.3 and 3.4 can be illustrated by 
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considering oCher subproblems of the above specifications; 

namely, those given by and (h*'4,K®,̂ '^)2. 

The one and only minimal p2-form for (h*",4,K®'^)2 is G -

(x+z)(x+z) which covers minterms (1,3,4,6) and has a liter

al cost of 4. Thus, Lemma 3.4 is seen to apply; and no p2-

form can exist for any specification (h*,h')2» where h1'4̂  

h*=hf̂ H®*^, except G. The specification (h*,4,K®,"''*')2 is 

one such specification. Therefore, either G satisfies the 

specification or no p2-form does. In fact, G does not 

satisfy the specification; so no p2-form exists for it. 

Note that the form y(x+z)(x+z) does not meet the constraints 

m=2 and N=2, nor can it be associatively modified to meet 

these constraints. 

14 Once it is known that no p2-form exists for (h ' , 

Lemma 3.3 can be used to show that none exists 

for either (h1*4,!*0'3*5*6̂  or <h1,2'4,K0»3'5»6)2 for which 

p2-forms would normally be required. 

The use of the lemmas involves a search through 

previously obtained forms and therminterms they cover. 

Since search is a time consuming process, reducing the 

area of search is desirable. 

5.9 Reducing the Search Area 

The search area can be reduced by setting up a 

table, e.g., Tables II-IV, in which there are spaces for 

forms for each specification. Into each space will be 

placed a form and the minterms it covers, merely the 



minterms covered by the form, or some identifying mark 

indicating that no form exists for that specification. 

The reason will become clear. Use of the lemmas requires 

a knowledge of the minterms covered by the form, and so 

these must appear except in the case where no form exists. 

Where a form is minimal for both, say, an<* 

(h1-*J'k,fi> it need appear only once, the first time it 

is determined. If at least the minterms of the form 

appear, the search may be limited. To show this situ

ation, assume that a form is required for a specification 

(hi,̂ ' ĉ,̂ ,f1)m. If it had been found that the form for 

(hi'^,f^)m also satisfied (hi' ,̂̂ C,f1)m and nothing was 

entered in the space for it, the search would have to 

include the space for also. However, if at 
# * 

least the minterms covered by the forro for (h *^»fi)m 

are entered into the space for the search 

need not cover the space for (h Only the min

terms are needed to be able to use the lemmas. 

The search procedure for a single column table can 

then be explained as follows: Take the specification 

under consideration and eliminate, in turn, one of the 

minterms. Then search over the resulting specifications* 

0 3 5 
For example, consider the specification (h* ' *^1)2 in 

Table III. Elimination of one minterm, in turn, results 

in the specifications (h®'^,f^)2» (h^'^.f^^ and 



3 5 
(h » ,f1>2. At the corresponding locations will be 

either a form and the covering minterms (as in the 

example), the covering minterms for a form obtained for 

a previous specification, or a mark indicating no form 

exists. If the conditions of Lemma 3.1 are satisfied as 

determined from the minterms, merely transfer the 

covering minterms to the location for the specification 

under consideration. However, if Lemma 3.3 or 3.4 can 

be used to show that no form exists, insert a mark to 

indicate this. Finally, if none of the lemmas can be 

used, determine a minimal form for the specification. 

Now consider the determination of a p3-form by 

complementing the specification and looking for an s3-

form. The a-prime p2-iraplicants for the example problem 

of Section 5.4 are shown for various s3-form problems in 

Table IV. Some positions of such a table can be blank, 

indicating that no form was determined for the specifi

cation. In some cases, the p2-form was absolutely mini

mal so that a p3-form need not be sought. In other cases, 

the ranked minterm list might be different for one than 

for another, or one problem might require the choice of 

less minterms than another. The basic point to be noted 

is that forms can be found in a row as well as a column. 
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A search procedure will be shown for the multiple 

column case which is similar to the single column case. 

Search within a column is the same as for any single column 

case. Search through a row can be exemplified by taking 

the specification of the previous section 

and showing how the minimal form is found. Eliminate, 

in turn, each of the maxterms of and search' the 

resulting specification locations. For this example, 

the specifications (h*'^,K®,"*)2» and 

(h1,̂ ,K5,̂ >2 indicate the locations to be searched. The 

only requirement is that the eliminated maxterm not 

appear in the form for the new specification. The form 

for the specification is x(y+z) and covers 

the minterms (1,2,3). Since this does not include 6, 

the eliminated term, the form x(y+z) also satisfies the 

specification (h1,̂ ,R0,̂ ,6)2« Note that both the form 

and minterms were transferred to the location for this 

specification. The reason for doing this is so that all 

the a-prime p2-implicants may then be found in the 

column without having to look through the row. 

The number of locations which must be searched 

for a specification (h1»J»• • • ' »s)2 with u 

terms in the set (i,j k,l) and v terms in the set 

(q,r,...,s) is u+v. If Condition A prevails, the number 

is u+v-1. The location for (h1'^'* * *»k,Kq'r»*•#,s)2 need 

not be searched since the form for it could not contain 
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I and yet Condition A prevail. This exception hardly 

seems worth writing into a computer program. 

5.10 The Quasi-minimal Form 

Before the example of the next section is dis

cussed , the concept of the quasi-minimal form will be 

introduced. Suppose that one of the successive approxi

mations has just been obtained. The next step is 

normally to choose a new minterm and continue. However, 

if either Condition B or C holds, every minterm is 

covered by at least one a-prime p(N-l)-implicant. There

fore, a cover can be found for fg. All the irredundant 

forms which cover fg can be obtained and checked to see 

< N 
if D^m . If any satisfy D, they are associatively 

modified, if necessary; and their cost is computed for 

comparison with the approximate solution. 

The purpose of the comparison is to determine 

how close the forms are to the theoretical limit as 

specified by the cost figure of the approximate solutions. 

For example, if a form which covers fg has 7 gates and 

II literals and the approximate solutions have 6 gates 

and 10 literals, then 6 gates and 10 literals is the 

best that can possibly be done; and the solution up to 

this point is within 1 gate and 1 literal. Such a form 

may be considered close enough to be acceptable, and if 

it is, it is called a quasi-minimal form. 
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5.11 A Comprehensive Example of s4-form Minimization 

Because of the constraint m-2, some simplifi

cation was allowed in Example 5.2 This section contains 

an example of s4-form minimization which does not allow 

that simplification because m=3. The example will also 

be used to illustrate the idea of a quasi-minimal form. 

Example 5.3 Determine a quasi-minimal s4-form 

for (f0,f1)3, where f^h1'4*5'6'9'10'15 and 

^1,2,4,5,6,8,9,10,15# 

Solution Determine the prime implicants and 

compile a ranked minterm list. 

yz 

00011110 v/xyziClS); wxy:(4,5); wxz:(4,6); 

wxz:(8,10); wyz:(l,5); xyz:(l,9); 

wyz:(2,6); xyz:(2,10); wxy:(8,9); 
wx 

00 0 1 0 Qt 
01 1 1 0 1 
11 0 0 1 0 
10 Sf 1 0 1 

Ranked minterm list: 

0-cover 15 
2-cover 1,4,5,6,9,10 

As in Example 5.1, if there exists a P0- or Pi-

form for a specification (h,f)^» it is an absolutely 

minimal form. Thus, for each specification for which 

a-prime p3-implicants are required, a minimal p2- and 

p3-form must be obtained. The minimal p3-form need be 

obtained only when the p2-form is not absolutely minimal 

if a necessary set is being compiled. Table V shows the 

minimal p2- and p3-forms and the solutions to the 



major covering problems. 

TABLE V 

A-prime p3-implicants for Example 5.3 

P2 (h15,f1)3 • 
• (wxy)z # (15) A 

s4 (h15,f1)3 • 
• (wxy)z + 0 (15) 

P2 (h1,f1>3 • 
• xyz # (1,9) B 

p2 (h1̂ ,1»fx)3 • 
• None 

p3 (h15'1,f1)3 • 
• z(wy+wxy) (1,5,15) C 

s4 (h15»1,f1)3 • 
• (wxy)z + xyz (1,9,15) 

P2 (h^,f1)3 • 
• wxz # (4,6) D 

p2 (h15'4,f1)3 • 
• None 

p3 (h15'4,f1)3 • 
• x(wy+wyz) (4,5,15) E 

p2 (h ' *^1^3 
• 
• wy(x+z) # (1,4,5) F 

p2 (hl5,1,4>fi) 
3* None - Lemma 3.3 

p3 (h15'1»4,f1) • 3* 
(x+z)(w+y)(w+xyz) (1,4,5,15) G 

s4 (h15'1*4,f1) • 3* (wxy)z + wy(x+z) (1,4,5,15) 

P2 (h10,f1)3 • 
• xyz # (2,10) H 

P2 (h15'10,f1)3 • • (wy)(x+z)(x+z) (10,15) 1 
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Table V--Continued 

p3 (h15'10,f1)3 : Same cost as p2-form 

p2 (h1'10,f1)3 : x(y+z)(y+z) (1,2,9,10) 

p3 (h1»10,f1)3 : Same cost as p2-form 

P2 (h15'1'10,f1)3 : None - Lemma 3.3 

P3 (h15'1»10,f1)3 : (x+y+z)(y+z)(x+wyz) (1,2,9,10, 
15) 

p2 (h4'10,f1)3 : z(w+x)(w+x) (4,6,8,10) 

p3 (h4'10,f1)3 : Same cost as p2-form 

p2 (h15>4'10,fl)3 : None - Lemma 3.3 

p3 (h15'4'10,^), : (w+x+z)(w+x)(z+wxy) (4.6,8,10, 
15) 

p2 (h1'4'10,f1)3 : (w+x)(y+z)(x+y+z) (1,2.4,5,6, 
9,10) 

p3 (h1»4'10,f1)3 : Same cost as p2-form 

p2 (h15,1,4,10,f1)3: None - Lemma 3.3 

p3 (hl5,l,4,10>fi)3: (x+y+z)(y+z+wx)(w+x+yz)(1,2,4,5,6, 
9,10,15) 

s4 (h15'l'
4»10,fl)3: (wxy)z + xyz + wy(x+z) (1,2,4,5, 

10,15) 

# Denotes that the form Is absolutely minimal. Therefore, 
a minimal p3-form is not sought. 
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Condition A is seen to prevail throughout the 

problem. In particular, g^fQ=h*' ,̂"'' ,̂̂ '^,g^fQ= 

^4,6,10 ancj If, however, the problem were to 

be continued, then Condition B would prevail since 

gl0f0=0. Therefore, it is possible to obtain some form, 

or forms, that cover the function f^; and some of these 

may satisfy (^Q'^l^m* point, a measure of the 

closeness of such forms to the theoretical limit may be 

obtained. The a-prime p3-implicant chart of Table VI 

will be of value in illustrating this principle. 

The vertical line in Table VI separating minterms 

1, 4, 10 and 15 from the rest of the minterms of fQ 

indicates that the covering problem which produces the 

fourth approximation is over these minterms, whereas the 

present covering problem is over all the minterms. The 

fourth approximation 

(wxy)z + xyz + wy(x+z) 

has 6 gates and 11 literals but does not cover the min

terms 6 and 9. Since it: is Possî e to cover 

fQ with a sum of forms. These forms will satisfy 

(fQjf^)^ if they satisfy the constraints. The covering 

problem produces two such forms, and they are 

«= (wxy)z + (w+x)(y+z)(x+y+z) and 

H2 83 (x+y+z)(y+z+wx)(x+w+yz) + 0, 
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each being 7-gate, 11-literal forms. Each also satisfies 

(fQtf^)^> To determine if these forms are minimal forms 

for (f0*^1^3 would require solving for a minimal s4-

form for (h1»^'^»1®»1̂ ,f^>3, and there is no guarantee 

that it would be determined even then. Solving for an 

s4-form for (^0*^1^3 necessary before it is 

definitely known. However, something can be said about 

the bounds of the minimal solution at this point. 

TABLE VI 

A-prime p3-implicant Chart for Example 5.3 

1 4 10 15 5 6 9 cg °] 

A X 2 4 
B X X 1 3 
C X X X 4 6 
D X X 1 3 
E X X X 4 6 
F X X X 2 4 
G X X X X 5 8 
H X 1 3 
I X X 4 6 
J X X X 3 5 
K X X X X 5 9 
L , X X X 3 5 
M X X X X 5 9 
N X X X X X X 4 7 
0 X X X X X X X 6 11 

The minimal solution must have at least 6 gates 

and 11 literals since the s4-form for (h1"*»1,̂ »1®,f1)g 

had that many, and it may have at most 7 gates and 11 
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literals since and ̂  satisfy (fg,^^ and have these 

cost figures. Thus it is possible for a minimal solution 

to exist with 6 gates and from 11 to 13 literals. Note 

that gate cost is the primary cost figure and that 6 

gates may have up to 13 literals and no more. It may 

be felt that and are close enough to the best that 

can be done. At a minimum, about as much work as has 

already been done on the problem would have to be done 

either to prove and H2 are indeed minimal or to find 

one having less cost. Whether this is worth-while is 

questionable, and so and H2 will be taken as accept

able answers. Therefore, they are quasi-minimal forms. 

The method, as it is explained in this chapter, 

is aimed at hand computation. Hand computation is im

practical for the method, and therefore it should be 

programmed for a computer. The next chapter takes a 

flow table approach to the description of the method. 

Unless the reader is interested in programming the 

method for a computer or feels that he has insufficient 

understanding of the method, he may wish to proceed to 

Chapter VII. 



CHAPTER VI 

FLOW DIAGRAM 

Before proceeding, some reasons for including this 

chapter should be given. The previous chapter attempted 

to give a general description of the method for deter

mining an s4-form. A more detailed description is needed. 

This detailed description could take the form of an 

algorithm or a flow table. Because of the complex nature 

of the procedure, a flow table is the more appropriate 

method. 

The strategy of using an s4-form minimization 

problem as a vehicle for demonstrating the procedure is 

continued. Although it would be possible to present a 

general method applicable to any number of levels, such 

a procedure would tend to cloud the method, rather than 

clarify it. Using an s4-form minimization is general 

enough to exhibit characteristics of the procedure which 

would not be seen in an s3-form minimization, allow the 

reader to generalize, and present a concrete example upon 

which the reader can grasp the essentials. 

6.0 Basic Flow Table 

The basic flow table, presented in Fig. 6.0, shows 

10 parts into which the procedure is divided. The circled 
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Fig. 6.0 -- Basic Flow Table 
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entries refer, to entry and exit points in the program. 

In what is to follow, each of the boxes will be discussed 

in detail to point out features of the program which would 

not—be obvious to the reader. An attempt was made to 

separate the steps into parts which seemed to perform 

some basic task in the overall picture. This separation 

is not an easy task in itself because of the large number 

of interconnections and loops in the procedure. There

fore, one section cannot be discussed without, to some 

extent, discussing the others. For example, after per

forming a given task, some kind of decision must be made 

on what task to perform next; and so the decision box 

would be expected to be discussed quite often as it re

lates to the other boxes. 

Two subscripts are used throughout the flow table, 

and a thorough understanding of their meaning is necessary 

before the flow table is described. Recall that the pro

cess is a recursive one in the sense that an N-level 

minimization is based on (N-l)-level minimizations. Thus, 

it is important to keep track of the particular minimi

zation problem which is being solved. The subscript £ is 

Intended to perform this task. Also, for each minimi

zation, not only pN-forms but p(N-l)-forms, p(N-2)-forms, 

and so on, are needed. The subscript 7t is intended to 

indicate at all times the maximum allowable number of 

levels for the form for a particular specification. 
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Table Vll will be of use In establishing what various 

combinations of the subscripts mean at a given stage in 

the problem. 

TABLE VII 

Combinations of Pand7\and Their Interpretation 

p= 5 » 4 Original problem or covering problem for 
it. 

3 Determining if a 3-level form satisfies 
original problem. 

2 Determining if a 2-level form satisfies 
original problem. 

P « 4 7) ™ 4 Set-up or covering problem for an s4-form. 
3 Solving for a p3-form for the s4-form. 
2 Solving for a p2-form for the s4-form. 

- 3 T\ - 3 Set-up or covering problem for a p3-form. 
2 Solving for an s2-form for the p3-form. 

0 =» 2 T\= 2 Set-up or covering problem for an s2-form. 

Because p3-forms are obtained by complementing and 

obtaining an s3-form, the table should be interpreted in 

that light. When the table indicates, for example, that 

a set-up or covering problem for a p3-form is underway, 

actually an s3-form is being obtained for the complement. 

Whereas the emphasis of the previous chapter was 

on hand computation, the present flow table is aimed at a 

computer program for the method. The computer program 

must be able to keep track of exactly where it is in the 
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program. For example, the computer might be working on 

an s2-form for a p3-form for an s4-form and must have 

available to it the specification for each of the problems, 

the prime implicants, the ranked minterm lists, and so on. 

As the change takes place from one form to another or one 

level to another, many parameters must be changed; and 

the subscripts P and 7\ reflect these changes. For 

example, there must be separate specification lists for 

both the s4-form problem and the p3-form problems inherent 

in that s4-form problem. 1^ represents a specification 

list for an s4-form problem, and represents a specifi

cation list for a p3-form problem. In general, I p, can be 

used to indicate which of the respective lists is desired. 

The flow diagram cannot be called a computer pro

gram, although it does use some of the terminology used in 

writing computer programs and is oriented toward easy 

adaption to any computer. In particular, such phrases as 

"store the forms in T" will be seen. Such terminology 

provides a convenient shorthand notation. However, no 

provisions are made for "clearing" these "storage" areas. 

Obviously, anyone writing an actual computer program would 

have to consider such an operation. The assumption was 

made that the reader would not be confused by the omission 

of this Information. Many details had, of necessity, to 

be eliminated. Such statements as "form ranked minterm 

list" and "search for forms covering the specification" 
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imply a considerable number of steps but should have been 

adequately explained previously, or be a common operation. 

In what is to follow, the emphasis will be on the less 

obvious. 

6.1 Set-up of the Problem 

The detailed diagram corresponding to box 1 in the 

Basic Flow Diagram may be found in Fig. 6.1. The Set-up 

of Problem Diagram shows the steps in the initial phases 

of the problem solution. The subscript is set equal to 

the number of levels allowed in the form. In this case 

an s4-form is desired, so Y\ is set to 4. The subscript P 

is made one larger than T\. The first step is to obtain 

the prime implicants of These are divided into 

two groups, Sp containing those that satisfy the con

straints and Qp containing those that do not satisfy the 

constraints. A distinction must be made between obtaining 

a p2-form for an s4-form and obtaining an s2-form for a 

p3-form. Asking the question 71 =*(^-2)? allows the two 

types to be treated differently, even though they are both 

two-level forms. In order to enter the set-up phase for 

the s4-form, p> is reduced by one. The ranked minterm list 

is formed, and the first minterm chosen so that the first 

specification list may be formed. 

The minterms are numbered in the order of their use. 

Thus, when Ip is set to 1, the implication is that this 
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Fig. 6.1 -- Set-up of Problem 
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is the list for the first minterm, and not that minterm 1 is 

to be taken. Similarly, the specifications within a speci

fication list are numbered; so that in the process of set

ting Jp to 0 and augmenting by 1, the first specification 

on the list is taken. There are two reentry points here, 

© and (C). Entry at (g) is to form a new list, and entry 

at (C) is to take the next specification on the list. By 

setting T|=»2, the process starts by looking for a 2-level 

form first. If p> =4, a p2-form is sought for the specifi

cation. The purpose of starting with the p2-form is that 

if it is absolutely minimal, a p3-form need not be sought. 

The search for a p3-form would require considerably more 

work than for the p2-form. The particular specification is 

labelled by a p subscript, and, in general, there will be a 

different specification for each value of p from 2 to 5. 

There is one more entry point, (s), to discuss. 

Eventually, a p3-form, p2-form or s2-form problem must be 

solved; and a set of prime implicants will be needed for 

it. In the case of a p3-form, the prime implicants will 

be used to form a ranked minterm list. In the case of a 

p2-form or s2-form, no ranked minterm list will be formed. 

The method assumes that some method for solving 2-level 

circuits is available to the programmer, at least for 

obtaining irredundant forms. The method of solving the 

covering problem might have to be changed due to the mini

mization criteria used. 
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One other aspect of the 2-level minimization 

problem must be considered. Most minimization procedures 

produce what might be called a complete set of prime im-

plicants, as opposed to a sufficient set as defined here. 

A complete set could be used, but the reader should be 

aware of the difference. This difference may easily be 

shown by an example. Consider the following Karnaugh map. 

yz 
00011110 

00 0 0 0 0 
01 0 1 1 0 
11 0 1 1 0 
10 0 0 0 0 

Both the prime implicants xz and wxy would appear in a 

complete set of prime implicants, but wxy would not appear 

in a sufficient set. The implicant wxy is not a minimal 

form for any specification (h,f1) with h^fQ as is required 

by the definition of a sufficient set. However, wxy 

would be produced by the Quine method, for example. The 

reader will see that the difference involves the don't-

care term; for if the don't-care term were a 1, both 

implicants would appear in both sets. 

The reader may have questioned why the prime 

implicants were divided into two groups. In order to an

swer that question, the next section must be discussed. 

6.2 Use of the Lemmas 

There are two entry points from box 1 to box 2, 
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and these are clearly shown on the basic flow diagram of 

the procedure. First the entry point (j) of Fig. 6.2 will 

be considered. 

A function g^» as explained in Section 5.0, is 

formed, where ̂ =S2* The reason for forming this function 

is to determine if the s2-form can possibly exist. If 

®k^0p^0p' then the forms in S£ cannot possibly cover, let 

alone satisfy, the specification. However, the forms must 

come from S2 since every s2-form is a sum of a-prime pl-

implicants. The forms in Q2 are not a-prime pl-implicants 

since they do not satisfy the constraint m; and if they 

were associatively modified, they would not be pl-forms. 

The exit point (z) is to a covering problem. If g^fQ^ffg^, 

the specification cannot be satisfied by the forms in $2* 

and so no form exists. "None" is then stored in the ap

propriate place. The intervening steps are to ensure that 

the information is stored in the appropriate place. Recall 

that a difference was expected in the treatment of the case 

Tl=2 for p>=2 and fJ=4. The exit through (m) to the decision 

box is to determine the next subproblem to solve, and (v) 

is to establish that an s4-form does not exist, when a p3-

forra does not exist for a single-minterm specification 

Now consider the entry point (T) . If entry is at 

this point, must be either 3 or 4. If p =4, only a column 

of forms must be considered, but if £=3, forms from both a 
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row and a column must be considered In using the lemmas. 

This fact is reflected by the question, "p=3?" First, the 

non-existence of a form for the specification is considered. 

A search is performed as indicated in Section 5.9 in the 

column, or column and row in the case of p=3. If it is 

found that a form does not exist for any of the indicated 

specifications, none will exist for the present speci

fication, according to Lemma 3.3; and "None" is stored in 

the appropriate location. The exit, in this case, is 

through either (m) or (v) to the decision box as discussed, 

in the previous paragraph. If the search fails to turn up 

a condition satisfying Lemma 3.3, a condition satisfying 

Lemma 3.1 is sought. If such a condition is found, the 

form and covering minterms, or merely the minterms as the 

case may be, are transferred to the appropriate location. 

An exit is made through (L) to the decision box to deter

mine the next specification. If, however, the lemmas 

could not be used, an exit through (o) is taken for the 

purpose of searching for a pT\- or s7\-form for the 

specification. 

6.3 Search for a pl-form in the Sufficient Set 

The only entry point into box 3 is through (o). 

Actually this box determines not only if there is a pl-form, 

but also, where necessary, associative modifications of 

such forms. The first step is to determine if a single-
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minterm specification of the form (h*,^) is being con

sidered. When this single minterm has a 0-cover, there is 

no need to search Sp, for a form. One of two possible ap

proaches is taken in the situation in which a single-

minterm specification is not being considered. It is 

likely that there will not exist a pi-form or associative 

modification of such a form in this case. Thus, it would 

be possible to complement the specification and go to (§) 

to immediately look for an s2-form or s3-form for the com

plement. If there did exist a pl-form, solution of the 

s2- or s3-form problem would probably be long due to the 

large number of minterms and don't-cares generally present, 

at least if Quine's method were used. For this reason, 

and for clarity, the search method was chosen. If there 

are no forms covering the specification in or if the 

single minterm has a O-cover, is searched for forms 

covering the specification. At this time, satisfying the 

constraint m is not required. If no form can be found in 

either set Sp or Qp , which together make up a sufficient 

set for (fQ,f^), then there can exist no pl-form or 

associative modification of it. Therefore, a p2-form is 

sought by complementing the specification and, through (s), 

solving for an s2-form. 

Forms may exist in Q p, in which case existence 

of an associative modification is determined. Suppose 7\ is 

2 and forms are found in Qp that cannot be associatively 
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modified. Then it is known that no p2-form exists, and 

"None" may be stored in the appropriate location, which is 

accomplished through the exit point (?). Certain decision 

procedures might allow a return directly to (x) so that an 

associative modification for T\=3 could be sought. Since sim

plicity of the flow table, rather than economy, was general

ly sought, these decision procedures were not included. A 

more indirect path through (p),(M)and (0) leads back to this 

point with T\ being raised from 2 to 3 in the decision box. 

Of the several forms in T which satisfy the speci

fication (foP'^lP^m* m̂ n̂ -inal ones must be determined. 

For a necessary set of a-prime implicants, only one of these 

is needed. If p=4, a p2- or p3-form is being sought for the 

original problem; and so a desirable characteristic of it is 

that it contain the most minterms of the original speci

fication, i.e., of f0̂ . If p>=3, a p2-form is being sought 

for an s3-form. The specification for the form is 

the complement of a specification (h, £14>m for which a p3-

form is desired. The most desirable characteristic for the 

form is that it contain the most minterms of 3^4* It is 

not possible for p> to equal 2 at this point in the program. 

As before, once a form is found, it is stored; and a 

decision is made on the next subproblem by exiting through 

(L) to the decision box. Since the decision box will be 

discussed in Section 6.8 when all the parts can be discussed, 

the covering problem seems to be the logical one to 
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discuss next. 

6.4 Covering Problems 

The diagram for this part, Fig. 6.4, may appear 

rather deceptive. Certainly the job is not as simple as 

might be suggested by the four indicated steps. The task 

is basically to obtain, from some set of forms, all the 

irredundant sum expressions which cover the function fQ^ . 

Such forms will automatically satisfy êcause 

of the method of obtaining the implicants. The reason M, 

the number of variables, is used is that the constraint m 

will be considered shortly. First the irredundant forms 

covering the specification must be obtained. Some method 

such as Petrick's method could be used. 

An entry at (z) means that 7\=2 and that the a-

prime pl-implicants are in S2» Also, it is known that it 

is possible to cover the function from the forms in S2 

because of the discussion in Section 6.2. However, it 

still is not known whether a form exists subject to the 

constraint m. The exit to (i) is intended to determine 

that fact. 

An entry at (e) means that £=7l?*3 or 4. The a-

prime pO\"l)-implicants are now found as the forms for 

specifications through specification list Ip,. Again it is 

known that it is possible to cover the function from the 

forms in this set. There is at least a pi-form or an 
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associative modification of it for every minterrn in the 

function f^^ to be covered. The steps leading to (v) 

in Fig. 6.2 determine if there is such a form, and if not, 

the associated subproblem is discontinued. 

The remaining entry point (r) deals with the 
possible existence of a quasi-minimal form. If entry is 

at (R), p -5 and 7|=4. Table VII of Section 6.0 shows that 

this combination of subscripts caxi denote a covering 

problem for the given problem. Since there is no speci

fication list I^, the forms must be for specifications 

through list 1^. 

The natural thing to consider next is the exit 

through (T) to the associative modification box. 

6.5 Existence of an Associative Modification 

Entry at (T), Fig. 6.5, can be from only one 

point, immediately after a covering problem. Each of the 

forms in the set of irredundant expressions which cover 

the specification must be examined to see if it meets the 

constraints. Obviously, if it consists of only one terra, 

one a-prime p(7\-l)-implicant, it does satisfy the con

straints. However, Theorem 3.4 may now possibly be used. 

The exit through (A) is to determine if Theorem 3.4 can 

possibly be used, and if not, to add 0 to the term. The 

concern is for the case in which the number of terms is 

greater than one. A determination is made as to whether 
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the constraints are met through the question, "D^rn^?". if 

the constraint is met, the cost is determined as the cost 

of~th"e terms plus the cost to modify, as discussed earlier. 

The form is stored, and the next form is taken until all 

of the forms in the irredundant set of forms have been 

considered. 

All entry and exit points, except (T) , are to the 

box marked, "Use of Theorem 3.4," so it is the logical one 

to consider next. 

6.6 Use of Theorem 3.4 

The box marked "Use of Theorem 3.4," Fig. 6.6, is 

divided into two parts. These are a) Decision on whether 

to add 0 and b) Implementation of Theorem 3.4. Actually, 

a) is closely related to box 5 in Fig. 6.0, as the figure 

clearly shows. The purpose of a) is to determine those 

single-term forms which can possibly satisfy the con

ditions of Theorem 3.4. 

First, the form must not be an a-prime p(7\-l)-

implicant because it is to these forms that the single-

term form is to be compared, according to the theorem. If 

is 4, then the particular form in question would have 

to be an a-prime p3-implicant of the original function. To 

such a form would be added 0 to make it a sum form. Another 

requirement is that the form at least satisfy the particular 

specification for which an a-prime p (T\-l)-implicant is 
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being sought. If 7\=2, the specification will auto

matically be satisfied because the entire sufficient set 

of a-prime pl-implicants is available. If T\=3, the speci

fication is »^o(p+l) ;̂ and it: wil1 not necessarily 

be satisfied. The origin of this specification can be 

explained as follows. 

Consider the caser)=p>=33 which prevails after the 

covering problem. An a-prime p3-implicant is being sought 

which is a minimal form for a specification (fg^ 

This is done by complementing the expression and obtaining 

an s3-form for This s3-form problem requires 

obtaining a-prime p2-implicants and solving covering 

problems for specifications such as (h,!^)^ with h^f^. 

Forms satisfying will not necessarily satisfy 

<*14'Wm • <W).?0(^1)V Therefore' if lC ls 

determined that the form does indeed satisfy the speci

fication, it is stored for future comparison. 

The comparison takes place in the b) block of 

Fig. 6.6. The case £=5. implies the search for a quasi-

minimal form and will be discussed later at a more appor-

priate time. A path from (B)to (v) indicates that no forms 

have been found. Therefore, the exit through (v) to the 

decision box is to determine the next course of action. 

If forms are stored in T, the minimal ones must 

be determined. No comparison can be made if U does not 

contain a form, and so reaching (u) indicates that 
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Theorem 3.4 could not be used. If there are forms in 

both T and U, a comparison can be made. One of the re

quirements is that the single-term form cost less than 

the minimal forms all of which obviously have the same 

cost. If the single-term form does not cost less, 

Theorem 3.4 cannot be used to eliminate a-prime impli-

cants. However, if it does cost less, no form need be 

included for the specification under consideration. The 

minterms of the single-term form are retained so that 

Lemma 3.1 may be used. 

In order to see how Lemma 3.1 may be used, con

sider that a p3-form is being sought for a specification 

(k,fi)_. An s2-form H is obtained which costs less than l m 

any minimal p3-form for Now, H is a minimal 

s2-form for every specification (h »f^)m with k-h -h, 

according to Lemma 3.1. Theorem 3.4 states that any a-

prime p3-implicant with g^-h which does exist and 

costs more than H cannot appear in any minimal sN-form 

for (fQ^l^m* Therefore, there is no need to include 

any forms for or any specification (h »f^)m with 

k^h*=h. 

The same effect would have been produced had no 

forms been stored in T initially, but one had been stored 

in U. The form is complemented so that it is in the 

proper form, and the minterms are stored. Except for 

the case p=4, 7\=2, £ is augmented by one so that the 
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minterms are stored in the correct location. The next 

step is to consider the next specification on the list or, 

if it is the end of the list, to perform a covering 

problem. The exception is the case ̂ =4, T|=2. Here the 

expected procedure is to progress to p=4, T\=3 in order to 

obtain a p3-form. However, the indication is that an 

si-form had been obtained which costs less than any p2-

form; and certainly no p3-form could cost less than the 

absolutely minimal sl-form. 

The path from (B)to (u) contains a box indicating 

the formation of certain functions. All of the inform

ation necessary for the formation of these functions, 

required for box 9, is available at this time. The func

tion h^ is derived from the minimal forms in T. 

At point (u), the minimal forms in T have been 

determined. What is to be determined is the disposition 

of these forms. 

6.7 Final Disposition of Forms 

The continuation of (U) may be found in Fig. 6.7. 

The case "T\=2 may be disposed of readily. Any 2-level 

forms which reach this point are known to satisfy the 

specification because a sufficient set of a-prime pl-

implicants was available. The forms are recomplemented 

at this time. A minimal form in T which has the most min

terms of the function to be covered by the implicant, as 
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shown in the box, is chosen and stored. The program then 

proceeds to the decision box via (L). 

Three basic ideas predominate in the remaining 

steps. These ideas are the use of Lemma 3.1, the defin

ition of a necessary set, and the possible existence of a 

quasi-minimal form; and they will now be considered. 

Emphasis has been placed on the fact that in 

seeking a particular form for a particular specification, 

e.g., an s4-form for specifications 

with h-fQ are first considered. Then if a minimal form 

for satisfies  ̂*"s a rn̂ -nimâ - f°rm £°r 

(fQ,f^)m according to Lemma 3.1. At this point in the 

program, i.e., (U), the situation might be P> = T).=4. In T 

are stored minimal forms for a specification (^04*^14^* 

where fQ^-fg^. Whether any of these forms also satisfy 

^05'^15^m' t̂ ie 8i-ven problem, is to be determined. Hence, 

p> is augmented by one, and any forms which do satisfy 

(f0p.»fip>)m=(f05,f15^m are Placed in V. If any forms are 

in V andTi=4, all the forms in V are minimal forms for 

the original function; and any one of them may be chosen. 

The situation may be essentially that of the pre

ceding paragraph, but T{=3 at the start. Although the 

original problem is not being satisfied, one of the sub-

problems is. A form is chosen which does the most toward 

reaching the goal. Since has been augmented by one, 

the situation is p> =4, 71=3. The goal is satisfying 
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(fQ5»f15)m* ôrm does the most toward satisfying 

the goal is the one having the most minterms of the function 

to be covered, ̂ 05* 

In the case 7\=3, the definition of necessary set 

may be used in order to discard a p3-form when it has the 

same cost figure as the p2-form for the same specification. 

(The p3-form cannot cost more and still be minimal.) Ex

cept for this case, the form is stored; and an exit through 

© is made to the decision box. If the cost is the same, 

the minterms of the p2-form are stored so that Lemma 3.1 

may be used. 

Suppose no forms are in V. Then, a quasi-minimal 

form may yet exist. In order to determine if it is at 

least possible, an exit through (h) is made. Before doing 

so, some functions are formed which may be used in box 9. 

6.8 Decision Boxes 

Since the previous discussion led to point (h), 
the continuation of (H), block c) of Fig. 6.8, will be con

sidered first. A quasi-minimal form will be sought only 

when 71=4 because, at this level, an extension of the prob

lem requires considerably more work than at level 3. A 

quasi-minimal form cannot be found unless the a-prime p3-

implicants obtained up to this point together include all 

the minterms of fQ5. A yes answer to "£^^=0?" will allow 

a quasi-minimal form to be sought. The minimal forms in T 
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need to be compared cost-wise to the forms to be ob

tained later, and so the cost of the minimal forms is 

retained and stored in W. The quasi-minimal form is 

sought by exiting to (R) to a covering problem over the 

same list of a-prime p3-implicants, but the function to 

be covered is fQ^* If must answered "no" or 

is decremented by one. The exit through (?) recog

nizes that the form which had been found did not satisfy 

the specification for the form sought and that a new 

specification list will have to be formed. The exit is, 

therefore, to choose a new minterm to form that list. 

Now consider block a) with an entry at (v). Recall 

that point (v) is reached when no form can be found in 

either T or U. When no form exists and T\=4, the process 

need not be continued since it is known that no form will 

exist for the given function by Lemma 3.3. Otherwise, 

the subscript is augmented by one, except if p =4 and 

T\ =2, in order to store "None" in the correct place after 

exiting through (p). 

Finally, decision block b) dealing with the de

cisions involved when a form is found to exist will be 

considered. Point (L) may be reached from several boxes, 

2, 3 and 7. A knowledge of the combinations of fiand 7\ at 

this point is instructive. The possibilities are|J=4, 

T\ =2 or 3 and p> =3, 71=2. Only when"l\^ (p-1), i.e., P =4 

and 7^=2, is 7( increased by 1 in order to look for a p3-form. 
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The p3-form need not be sought if the p2-form is abso

lutely minimal, and so the first question asked involves 

the absoluteness of the form. The symbol # is stored 

with any absolutely minimal form so that when Lemma 3.1 

is used later on, a p3-form will not be sought. An exit 

to (T) will take place if the p2-form is not absolutely 

minimal. 

If point (k) is reached, only two possible com
binations of p> and Tf\ exist; and these are =*4, ̂  =3 and £=3, 

\ =2. Either an a-prime p3-implicant or the complement of 

an a-prime s2-implicant has been found. Ordinarily the 

next specification on the list is taken. However, if the 

end of the list has been reached,is increased by one; 

and an exit through (E) takes place to a covering problem. 

The specification remains the same, i.e., the last one on 

the list for which an implicant was obtained. Before 

exiting to (E), a function is obtained which may be used 

in box 9 since all the information necessary to form it 

is available. If the end of the list has not been reached, 

the exit is to (c) to take the next specification. 

When a covering problem has been solved but the 

approximation does not meet the requirements of the form 

being sought, a new specification list must be formed; 

and the exit is to (f) . 
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6.9 Choice of Minterm 

The point (F) may be followed starting in 

Fig. 6.9. Besides box 8, other boxes which lead to (F) 

are 6 and 10. The method of choosing minterms has been 

discussed rather thoroughly already. The functions such 

as i^^oCp+l) ̂ ave t>een formed in a previous box, and their 

use here noted at that time. The exit through (G) is for 

the purpose of forming the list and determining more im-

plicants. Specific mention was made of the fact that one 

input to this box is from box 10 which will be discussed 

next. 

6.10 Quasi-minimal Form 

The input to box 10, as shown in Fig. 6.10, is (Q) 

which is from box 6. There, p>=5 signified that forms 

stored in T satisfied the original function (fQ^l^m* To 

be determined is whether the cost of these forms is suf

ficiently close to the theoretical limit placed on the 

forms by those previously found for a specification 

(h,f^)m with h<fQ. The cost of those forms was stored in 

W for use at this time. If the cost is not close enough 

to the theoretical limit, the exit through (?) is to form 

a new specification list. However, if the cost is close 

enough, any one may be chosen as a form which may be 

minimal but cannot be proven to be. 
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6.11 Summary 

An attempt has been made to present in some detail 

a method of obtaining minimal s4-forms which is easily 

adapted to computer programming. The programming problem 

has been broken down into ten separate parts, each of 

which could be programmed and tested separately. Actually., 

programming the method would be an interesting and re

warding challenge, and this chapter shows that it can 

be done. 



CHAPTER VII 

CONCLUSION 

Some questions remain. What has been accom

plished? Is the method practical? What are some 

possibilities for future work? This chapter will con

sider these questions. 

7.0 The Accomplishments 

The objective of this dissertation was to develop 

a method of designing minimal multilevel switching cir

cuits subject to both input and level constraints. 

Although some have considered input constraints and others 

level constraints, none have considered both. The objec

tive was accomplished within the framework of tree circuits, 

and subject to these constraints, a solution did not al

ways exist. 

Basically, the task involved combining and ex

panding upon the work of Lawler and that of Hicks and 

Bernstein. First, clear and precise definitions of forms 

and associatively modified forms were required. Since 

a large number of associative modifications of a given 

form generally exist, equivalence between these modified 

forms was introduced to avoid calling two modifications 

134 
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of the same form different if they differed only in a 

rearrangement of terms. The first two theorems on asso

ciative modifications were those of Hicks and Bernstein 

translated into the terminology of forms. Theorem 2.3 

stated the conditions for existence of an associatively 

modified form, and Theorem 2.4 stated the minimum number 

of gates required to perform the associative modification 

if one existed. An algorithm gave the steps required to 

insert the parentheses, and a corollary showed that it 

produced a circuit using the minimum number of gates 

specified by the theorem. 

Next, the theorems of Lawler were modified for 

the constrained case using the newly introduced idea of 

a-prime pN-implicant. These may be associatively modified 

forms, so the idea of equivalence was used in the defin

ition of necessary set of a-prime p(N-l)-implicants which 

requires only a representative of each equivalence class. 

Theorem 3.4 does not appear in Lawler's work but is an 

adaptation of an idea in Meo's work. The two lemmas found 

in Lawler were strengthened to allow the upper limit of 

the function interval to be lowered, and these appear as 

Lemmas 3.1 and 3.2. Lemmas 3.3 and 3.4 deal with non

existence of forms and are therefore new. 

Material in Lawler on the absolutely minimal form 

was found to be inappropriate for a procedure based on 
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gate cost, so a new definition and set of conditions had 

to be developed for the new cost figure. In certain 

special cases, the secondary literal cost figure could 

be used to determine absolute minimality. 

Although Lawler uses the idea of successive 

approximations, he uses only the last of the three con

ditions introduced to speed the solution by aiding in 

the choice of the next minterm. The conditions were 

stated in general terms and then in a shorthand math

ematical notation. The idea of a ranked minterm list 

was also introduced to aid in the selection of the next 

minterm; Lawler merely uses numerical order. The speci

fication list described those specifications of the 

next approximation for which minimal forms had not been 

obtained. Several examples were given to illustrate the 

method. In particular, Example 5.2 illustrated how the 

strengthened form of the lemmas could be used. Since 

the use of the lemmas involves a search, means of 

limiting the search were discussed. Meo had introduced 

the idea of a quasi-minimal form; but in the presentation 

given here, the definition of quasi-minimal form requires 

that the cost be within a certain specified number of 

gates and literals of the theoretical minimum at that 

point. 

The procedure was also diagrammed in a flow table 
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for easy conversion to a computer program. The flow 

table serves as an algorithm of the method, and it shows 

precisely how the bookkeeping is performed. 

7.1 Practicality of the Method 

Hand computation is not practical with this 

method. Therefore, if the method is to be used, it must 

be programmed for a computer. That the method is prac

tical for even a computer to perform remains to be shown. 

Adding to the body of theory on minimization of logic 

circuits is certainly justification for this dissertation, 

but a potential user of the method will want to know, be

fore he starts, whether a problem of reasonable size can 

be handled by present computers. 

The problem will be approached by making certain 

assumptions concerning present-day digital computers and 

obtaining an estimate of the number of input variables 

which can be handled. Two factors which must be con

sidered are computing time and memory space. A computing 

time of 10 minutes and a random-access memory capacity 

of 256k words of 36 bits each appears reasonable. Ob

viously an almost unlimited amount of memory space can 

be obtained if the restriction to random access is removed, 

but more time would then be required to complete the 

problem. 

First consider the computing time of 10 minutes. 
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One way of specifying the complexity of the problem is 

by the number of minterms that are chosen in~obtaining 

the successive approximations. Thus, an estimate of the 

number of minterms which can be chosen in the 10 minutes 

of computing time will be obtained. The s4-form mini

mization problem of Example 5.3 will be used in obtain

ing this estimate. The problem took about 50 hours of 

hand computation, roughly 2x10^ seconds. Golden and 

Leichus [2Z] state that present-day computers and those 

of the immediate future are able to do arithmetic from 
6 Q 

10 to 10 times faster than a human being. Since the 

operations involved in the method are mostly logical 

operations, the 10^ figure should provide a conservative 

estimate. Then a computer could do Example 5.3 in 0.2 

second. In the process of solving the problem, four 

minterms were chosen. Each new choice of minterm can 

be expected to double the solution time since about as 

many new forms are required as had already been obtained. 

A table of powers of two shows that 13 minterms could be 

chosen in 10 minutes if 4 are chosen in 0.2 second. If 

the assumption is made that by the time one-half of the 

minterms of fQ are chosen the problem is solved, a problem 

containing 26 minterms can be handled in the 10 minutes. 

About the worst problem that could be expected 

is one in which there are about an equal number of 
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minterms and maxterms which are randomly distributed. 

With another 12 terms which are don't-care terms, the 

total number of terms is 64 which indicates a six-

variable problem. That is not to say that a problem 

having more variables cannot be handled but that it 

could not be a very complex problem. 

The choice of 10^ as a factor between human and 

computer speed may seem quite arbitrary. However, in

creasing or decreasing it by a factor of ten will not 

change the complexity of the problem which can be handled 

by very much. The reason is that the time required to 

reach a solution goes up as two to the number of minterms. 

Thus, increasing or decreasing the speed of the computer 

by a factor of ten would increase or decrease the number 

of minterms which are chosen by only three. 

The next thing to determine is whether the memory 

space of 256k words is sufficient. An estimate of the 

memory space required for an s4-form problem in which 13 

minterms are chosen, will be used. First, the following 

items will have to be stored: 

1) a program for solving two-level minimization 
problems, 

2) implicants obtained in the solution of the 
two-level minimization problem which generally 
outnumber the prime implicants, 

3) a program for solving s4-form minimization 
problems, and 
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4) a-prime p2- and p3-implicants for the s4-
form and a-prime s2-implicants for the 
p3-forms. 

Consider the latter of these for which estimates 

of space are the easiest. Let a typical form consist of 

20 characters including letters, complement signs and 

parentheses. Each form is assumed to cover an average 

of 9 minterms. Also, a sign denoting absolute minimal

ity may be necessary. The total is 30 characters. The 

36 bit word can accommodate 6 characters at 6 bits per 

character, so 5 words are required to store the average 

form and associated information. 

The number of forms which must be stored can be 

found by determining the number of specifications for 

the problem in which n minterms are chosen. The number is 

1 + 2 + 4 +...+ 2n~1 = 2n-l = 2n 

specifications, and for 13 minterms, that is approximately 

8k specifications. Since p2- and p3-forms are required 

for these specifications, about 16k forms are required. 

The s2-forms for the p3-forms are assumed to add another 

8k forms for a total of 24k forms. At an average 5 words 

per form, roughly 125k words are required to store the 

forms. Each program can be expected to require 10k words 

of memory. Thus, about 110k words would be left for the 

implicants, which seems to be a reasonable number. The 

conclusion is that a modern digital computer can handle 
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a six-variable problem. 

Note that only 8k forms were alotted for the s2-

forms for the p3-forms. This figure corresponds to only 

one column of a table such as Table IV. Thus, if the 

fullest use is to be made of the lemmas, the equivalent 

of Table IV would have to be stored on tape or disk. 

7.2 Extensions of the Theory - NAND and NOR Circuits 

More appropriate components than AND and OR gates 

in multilevel design, are NAND and NOR gates. Whereas 

circuits consisting of AND and OR gates require internal 

amplifiers in multilevel designs, NAND and NOR gates con

tain their own amplifiers. Therefore, an extension of 

the theory to include design using NAND and NOR circuits 

is an appropriate next step. 

A basic approach to the extensions of the theory 

and some associated problems will be given at this point. 

In some cases, the determination of a minimal NAND or NOR 

tree circuit is simple. Maley and Earle [22] provide 

rules for converting from an AND-OR design to a NAND or 

NOR design. If the output gate is an OR gate, a circuit 

in which AND and OR gates alternate may be replaced by 

one with all NAND gates in which variables on odd levels 

are complemented. If the output gate is an AND gate, 

the same may be done using NOR gates. 
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For example, the solution to Example 5.2, 

x(y+z) + (y+z)(z+xy), 

may be written in a form for use with NAND gates as 

£/"(yz)'*7' /~(yz)' A*y) - -

The circuit realization of the above form uses only/NAND 

gates, and variables on odd levels have been complemented. 

The problem arises in the statement that the AND-

OR circuit have AND and OR gates alternating. Where the 

associative law has been used to meet the constraints, 

AND and OR gates no longer alternate; so the procedure 

must be modified. In order to see what is involved, con

sider the solution to the problem of Example 5.1, which is 

(xy)z + x(y+z). 

The expression can be converted to a NAND form by the 

following manipulations: 

/"(xy)z + x(y+z)_7M 

^/"(xy)^7,/x(y+z)7^ ' 

^/TXxyWzJ'/xCyz) '7 

Note that in order to get the (xy) into a NAND form, it 

was necessary to use double inversion, one actually 

associated with a NAND gate and the other interpreted as 

an inverter. Thus, what started out as a three-level 

form in AND-OR is now a four-level form in NAND because 

of the extra inverter. One way of taking this possibil

ity into consideration is to alter the formula for 
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D (p. 37 )• Actually, two formulas appear necessary, 

one for an even number of levels and one for an odd 

number. Since I expect to pursue this extension of the 

theory in the immediate future, no more will be said of 

it here. 

7.3 Other Possible Extensions of the Theory 

Why stop at NAND and NOR implementations? The 

possibility exists of using other types of components 

in various combinations. For example, the use of AND 

with NAND would have helped in the last example of NAND 

implementation. Had AND been allowed, the form could 

have remained as it was in the next to the last line. 

Carrying this argument further, one can conceive of cir

cuit modules which consist of, say, three, three-input 

AND gates followed by a three-input OR gate; and the 

problem is to minimize the number of these modules. The 

modules may even be allowed to perform several functions 

depending upon an applied control signal. 

Another type of extension of the theory would be 

to consider the multiple-output case. To my knowledge, 

no one has even extended the method of Lawler to the 

multiple-output case. 

7.4 Conclusion 

A final suggestion is that the method be 
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programmed. Many of the details have been presented in 

Chapter VI for an s4-form. The results of Chapter VI 

could be generalized to any number of levels. However, 

programming the method for an s4-form using NAND or NOR 

gates would seem more profitable. I hope that someone 

will find programming the method an interesting and 

rewarding project. 
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personal attitudes manifested by the personages.20 Nazarfn, 

for example, Is not interested in the more abstract ideas 

of Jesus Christ, but rather in living according to Christ*s 

doctrines. The personages of this last group of novels are 

trying to live by their own ethical and religious codes, or 

by their personal interpretation of Christ*s mandates, 

rather than by a system of ethics imposed from outside, one 

by which society lives (that of the Church, for example). 

Therefore these rebels (Nazarfn, Benina, Angel Guerra), are 

attempting to seek personal solutions to life's most 

profound problems. 

In conclusion, the elements associated with the 

first group of novels of Gald6s are these: the romantic use 

of chance, the tight plot structure, the emphasis on action, 

the separation of lovers by society or by abstract values, 

the clash of values, the outright symbolism, the thesis; 

all these aspects, demonstrating that Gald6s was still 

influenced by romantic concepts, make up romantic tragedy. 

The tragic import In these early novels, then, serves to 

20. c£sar Barja makes a similar distinction in dis
cussing Gald6s* religious thesis novels: "En las seis 
novelas se aborda el problema religioso, en dos direcclones: 
como problema de hecho, como actualidad de la vida naclonal, 
como cuestf6n social, clerical: Dona Perfecta. Gloria (en 
parte) y La famllla de Le6n Boch. y como problema, diremos, 
ideol6glco, psycol6glcamente planteado: Angel Guerra. 
Nazarfn y Halma." Llbros y autores modernos (New York. 
1964),pp. 242-243. 
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reinforce the thesis. On the other hand, the elements dis

cussed with reference to the novels written after 1880 are 

the following: little use of chance, loose structure, 

emphasis on character revelation, unrequited love, little 

rebellion, no thesis, slice of life portrayal; all these 

elements are associated with realistic concepts, and make 

up a realistic personal tragedy. 

The tragic import tnao appears in the former group 

of novels, therefore, emphasizes abstract systems having a 

social or religious base, whereas in the latter category of 

narratives the stress is laid on personal, individual 

solutions to problems. The personal defects that so 

strongly contribute to the tragic happenings, therefore, 

underline the tragic human condition, the mistakes and the 

illusions that are part of the tragic framework of 

humanity. 



CHAPTER V 

THE CENTRAL TRAGIC THEMES 

Certain themes that are essential to the full 

understanding of Gald6s* narratives reappear constantly. 

These themes are intimately linked with the tragic essence 

that we have "been discussing; hence a full examination of 

them should unveil the concepts they embody, providing us 

with a fuller knowledge of the tragic experience. 

Indubitably, one of the themes that frequently 

preoccupies Gald6s is closely related to the illusions and 

delusions he exemplifies in many of his fictional creations 

thus even a cursory examination reveals that the conflict 

between fantasy and reality occupies a large part of his 

stories. Other significant tragic themes that will be 

examined are the following: alienation, the quest for 

money and material possessions, unrequited love, the 

religious themes (intolerance, fanaticism, charity, the 

mystical experience), the conflict between duty and desire, 

the struggle between law and personal predisposition. 

158 
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Fantasy Versus Beallty 

Anything that contributes to keeping a character 

in a world of imagination contributes to his inability to 

confront reality. These evasions of reality take many forms 

in Gald6s* fiction, from grandiose self-delusion to the 

belief that good fortune is imminent. Dreams, daydreams, 

fantasies, all play a prominent part in maintaining the 

unreal world of the character. 

Essentially the same as illusions are the personal 

fictions of many of Gald6s* characters that grant them ego 

satisfaction. This embellishment of reality is the vital 

fiction that buttresses their personalities and makes their 

mediocre lives bearable. The phrase "vital fiction," 

ficcl6n vital, was first coined by Don Pfo Baroja, the 

Spanish novelist, who followed many of the novelistic con

cepts of Gald6s.1 He laid out the major tenets of this idea 

in El £rbol de la clencla. According to Baroja*s ideas, 

vital fiction can be summarized in this manner: Vital 

fiction is an element of self-delusion in which man, con

fronted with objective reality and scientific fact, indulges 

in order to survive. It is fiction because it is not based 

1. Pfo Baroja believed in the diffuse novel, or 
saco roto. as he called it, in which anything was worth 
writing about. This concept parallels Gald6s* conception in 
novels such as Fortunata y Jaclnta and Angel Guerra. 
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upon reality; it is vital because man seems to need it to 

2 survive in an unfriendly world. 

In two novels of the contemporary series, La 

desheredada and El amlgo Manso. vital fiction or illusions 

in conflict with reality are the main themes. Both novels 

exemplify this conflict through their protagonists, who 

struggle throughout the narrative to impose their self-

deceits upon reality, but who fail, and cease to exist 

meaningfully because of this failure. In other works, such 

as Realidad, Misericordla and Fortunata y Jacinta. vital 

fictions are important themes in the stories. 

As suggested previously, there are positive as well 

as negative aspects to this facet. When self-delusions 

sustain faith in goals and aspirations, they provide the 

character with a life-giving source of inspiration. Such 

is the case of Isidora Rufete, who maintains her pride as 

long as she maintains her faith in her nobility.3 Besides 

faith, illusions act also to build up the character's ego, 

2. The essence of this summary is taken from the 
discussion which occurs between Andres Hurtado, who believes 
in science, and Iturrioz, who believes in creating a vital 
lie by which to live. Pio Baroja, Obras completas. Vol. II 
(Madrid, 19^7), PP. 510-51^. 

3. Even after she has been in jail for a few months, 
Isidora still has faith in her nobility, and vehemently 
shouts to an indifferent audiences M—Y, sin embargo, soy 
noble. |Jueces, notarios, abuela, gente toda que me tenuis 
aquf, yo soy nobleIH Gald6s, O.G., IV, 11^1. 
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to give him a more prestigious image of himself. Thus 

Pederlco Viera considers himself to be much superior to his 

sister's boyfriend, and stubbornly opposes the marriage.^ 

These vital lies are buttresses against harsh truth, and in 

this capacity they act as buffers between the character and 

the outside grim world. Maximo Manso is a good example of 

a personage who has isolated himself in his own private 

ivory tower, believing that education will solve the inti

mate human problems of love and communication.5 Finally, 

these illusions serve the purpose of lifting the personage 

out of his humdrum, commonplace and mediocre world onto a 

much higher plane. In this fashion, a character like Jos£ 

de Relimpio can maintain the fiction that he is proficient 

at bookkeeping, while in reality he is useless at any trade. 

Or Izquierdo, Portunata y Jaclnta. can keep his self-respect 

and look upon himself as quite above the ordinary since he 

is an artist*s model. 

On the negative side, these lies prevent persons 

from taking alternate actions that might prove to be much 

more practical. Isidora rejects several offers of marriage 

Gald6s, O.C.. V, 816. 

5. GaldSs, O.C.. IV, 1206. 
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while pursuing her fixed idea.^ Viera refuses monetary 

assistance which might have saved him.? 

Another negative aspect is the constant disappoint

ments that confront the personages in the Galdosian novels, 

acting often as pebbles, which one by one weigh down the 

characters.® It seems that the most important aspect of 

this theme is that, constantly opposed to reality, the 

characters ultimately break down, collapsing under the 

weight of harsh facts. When the fantasy is shattered, their 

personality meets the same fate. Their self-respect gone, 

all hope for the future severed, doubt and disillusionment 

set in. Under these conditions life is not worth living. 

This means suicide, either physical or spiritual. "These 

illusions, which man evolves in an effort to transcend the 

meagerness of life, are therefore false in perspective, so 

out of keeping with reality that they cannot be realized."9 

The previous statement uttered with regard to characters of 

modern fiction could equally be said about Galddjs* 

personalities. 

6. Juan Bou, a Lithographer, is one who wants to 
marry her. Ibid.. 110?. 

7. Gald&J, O.C.. V, 827. 

8. The disappointments of Vlllaamil are a good 
illustration of the cumulative effects that vital fictions 
engender, which eventually drive him to suicide. 

9. Bay B. West, Jr., The Art of Modern Fiction (New 
York, 1949), P. 571. 
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The author himself meant to single out this theme 

in La desheredada« inasmuch as he refers to it in the last 

chapter under the title of "moralejart; 

Si sentis anhelo de llegar a una diftcil y esca-
brosa altura, no os fi6is de las alas postlzas. 
Procurad echarlas naturales, y en caso de que no lo 
consigns, pues hay infinitos ejemplos que con-
firman la negativa, lo mejor, creedme, lo; mejor 
ser& que tom<&iis una escalera.10 

Setting aside the wit and humor in the above statement, it 

is evident that Galdos means to point out the obvious 

theme, which we have been discussing, to those who have not 

fully grasped it. The fact that Gald6s felt it necessary 

to editorialize at the end Indicates that he had not 

completely broken away from some aspects of the thesis 

novel (in this sense this is a transitional work), and that 

he meant this novel to have, to a certain extent at least, 

a didactic purpose. 

Alienation 

In many novels of Gald6s the theme of alienation 

strongly asserts itself, becoming a leitmotif around which 

the plot and characterization are woven. In some novels the 

setting provides the background from which the theme of 

isolation emanates; e.g., in Dona Perfecta the town of 

Orbajosa is pictured as isolated from all the progressive 

10. Gald<$s, O.C.. IV, 1161. 
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currents of science, arts, letters, politics or economics.11 

This ever-present theme depicts man separated from 

society, from his fellow man, from himself, and from his 

God.1̂  There are many sources of alienation to "be found, 

among which are those caused "by a physical disorder, blind

ness or epilepsy, or a persistent internal malady. Or the 

alienation may be brought about by mental abnormalities: 

insanity, partial Insanity or neuroticism, or some other 

form of mental derangement. Sometimes the estrangement is 

due to a personality trait, shyness, excessive timidity, or 

abulia. Other instances of alienation occur because of the 

separation, in time and space, of people from their native 

ambient with the concomitant loss of identity and roots. 

Maximiliano Rubfn is isolated from society by both 

his physical and mental states. Mauricia la Dura exhibits 

rebellious traits, and goes even further than Rubfn by 

abandoning her illegitimate children, becoming the victim 

11. Sainz de Robles has the following to say con
cerning Orbajosa's apartness: "El agro paup^rrimo. La urbe 
secular, sin industries, alejada de las principales rutas de 
comunicaci6n, como adormilada en un sopor invencible. La 
mon^tona procesi6n de los dfas Inflnitamente largos, siempre 
arrastrando id^nticos motivos archiconocidos. La sospecha 
espantosa de que nunca surglr£ lo Imprevisto.H Ibid., 407. 

12. Mlau concerns man separated from society; 
Realldad deals with personal lack of communication; Fortu-
nata y Jaclnta suggests man's inability to know himself; 
Nazarln posesthe distance which divides man from God. 
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of an insatiable craving for alcohol, and terminating her 

tragic life in a drunken stupor. Ido del Sagrario is a 

schizophrenic who believes that his wife is unfaithful to 

him and goes into an "electric" state upon eating meat. 

Moreno Isla is a spiritual hermit who dies a lonely death. 

In La desheredada practically all the characters 

are isolated from the mainstream of society in some foim. 

Tomdts Rufete suffers from an advanced case of paranoia, 

while his daughter is subject to delusions of grandeur. In 

the same asylum with Tom£s is Canencia who, while usually 

mild and calm in appearance, occasionally is violent. His 

distinctive quality is that he suffers from a persecution 

complex.^ 

Rafael del Aguila of the Torquemada series is set 

apart by blindness, as are Almudena, Pablo Pen£guilas, and 

Francisco Bringas. Ram6n Villaamil is estranged from the 

bureaucracy to which he gave so many years of his life, from 

the younger generation because of age, from his wife and 

family who dominate him, from life itself because he never 

has taken the time to notice the wonders of nature. The 

last day of his existence brings to Villaamil a realization 

of the elements of nature that he has missed: 

13. Pages 105-110, and 124-129» of this study dealt 
in detail with these personages. 

14. Gald6s, O.C.. IV, 975. 
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Observ6 Villaamil la diferencia de tiempo con que 
las especles arb<5reas despiertan de la somnolencia 
invernal, y respir6 con gusto el aire tibio que del 

- valle del Manzanares subfa. Dej6se ir . • . camino 
de la Montafia, atravesando el jardinillo reci£n 
plantado en el relleno, y dl6 la vuelta al cuartel, 
hasta divisar la sierra, de nftido azul con claros 
de nieve, como mancha de acuarela extendida sobre 
el papel por la difusi6n natural de la gota. 
" jQu£ hermoso es estol—se dljo—-Par^ceme que lo 
veo por primera vez en mi vida, o que en este 
momento se acaban de crear esta sierra, estos 
£rboles y este cielo.M̂ -5 

Whatever the reason for man's isolation the results 

are uniformly tragic. The personages are engulfed by lone

liness, tormented by disease, overwhelmed by suffering and 

anguish. Furthermore, the waste of human excellence, the 

spiritual death, the futility of these lives—all these 

elements are the results of alienation in Gald6s* fictional 

empire. 

The Quest for Money and its Conflicts 

The quest for money, what it will buy, and the 

conflicts that ensue between It and a spiritual or moral 

value is a major topic of interest in several Galdosian 

novels• 

15. Gald6s, O.C.« V, 675. Ricardo Gull6n is aware 
that Villaamil has become completely isolated from society: 
"Villaamil est£ ya fuera de la sociedad; £sta le ha eliml-
nado y su muerte es la constataci6n de ese extraSamiento. 
El suicidio es un final l6gico, en este caso." Gald6s. 
novellsta . . . . p. 288. 
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In Its crass materialistic aspects, money is 

depicted in La de Brlngas as an all-motivating force which 

will bring to those that acquire It luxury, social status, 

and an escape from the life of routine. A moral question 

of utmost importance also appears in the novel, when the 

conflict between money and personal honor is posed. Rosalfa 

Bringas is put in this position, and forced to choose 

between them. Her choice and the unfortunate consequences 

of it reveal the tragic dilemma that is an integral part of 

the novel; she is left without money and without honor. Her 

tragedy is in a sense a prototype of many such tragedies in 

the society of flux which Gald<5s brings, so vividly, to his 

novels. Their collective tragedy is the one of ultimate 

frustration, the "quiero y no puedo."-^ 

Money as a primary force, as a prime Instigator of 

personality, becomes a major subject in the Torquemada 

series. Francisco Torquemada, the avaricious moneylender, 

devotes all his life to the pursuit of money, and acquires, 

in return, material goods and a title. Significantly, 

Gald6s does not allow this rapacious hoarder to go 

unscathed, but places him, time and time again, in a posi

tion where he must make a moral choice. The collision 

between conscience and money, and between salvation and 

16. Gald6s, O.C.. IV, 1572. 
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money, becomes an overriding issue in these novels. The 

protagonist is made to endure the pangs of tonaent over the 

death of a genius son, two beloved wives, and the birth of 

an idiot son. His pursuit of money has not brought him 

happiness but on the contrary, only urihappiness and the 

monumental question of his salvation left precariously 

unsolved in his own mind. 

Lo prohlbldo has been called by Robert Ricard, 

Hle roman de L*argent."I? Certainly for the chief charac

ter, Jos£ Marfa Bueno de Guzman, money is the motivating 

force (along with his sexual drive) in his life, and enables 

him to participate in his favorite pastime of seduction. 

Moderately wealthy at the beginning of the novel, at the end 

he has squandered most of his wealth on women and the 

pursuit of Hlo prohibido." 

Toward the end of the narrative a struggle of 

conscience appears in Guzman's attitude toward his cousin 

Camila. Partly brought about by his precarious state of 

health following a stroke, and partly because he wishes to 

do one unselfish thing in his life, Guzman decides to leave 

the remnants of his fortune to Camila and her husband. As 

he states its 

17» Gald6s et ses . . . . p. 85. 
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Reunf, amas£, y consolid£ estos m£seros restos de 
ml fortuna, y con ellos y la casa qued6me un 
capital limplo y sano de tres mlllones de reales, de 
los cuales ... serfan tinico herederos Camlla y 
Constantino . . . , y me qued£ tranquilo, dlclendo: 
"Graclas a Dlos que he hecho una cosa buena en mi 
vlda. 

Guzman's pursuit of money and sex to the detriment of any 

other values underlines the complete subservience of his 

nature to money, to materialistic and hedonistic values. 

Therefore, his realization at the end, too late, of what 

values he has missed in life, merely serves to accentuate 

this tragic theme. 

In some novels money is the difference between 

life and death; it is survival. Thus in Miau, and Mlserl-

cordia, the daily food supply depends upon being able to 

beg or borrow enough money to purchase a meager ration. 

Far from being concerned with superfluous or conspicuous 

consumption, as in Lo prohlbldo. the characters of these 

novels are merely concerned with day-by-day subsistence. 

Nonetheless, even under these grim conditions, conflicts 

involving pride and self-respect are brought to light. 

In Mlserlcordla the protagonist begs so that her 

ex-employer may live, while in the first-mentioned work, 

the leading character borrows in order that his family may 

exist. Both cases demonstrate a spiritual value 

18. Gald6s, O.C.. IV, 1889. 
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relinquished (pride, honor) so that survival may be assured. 

In El doctor Centeno. one of the leading charac

ters, Alejandro Miquls, like Guzman, squanders money on an 

obsession, his desire to become a successful dramatist. He 

has romanticized this fixed idea to the point where he no 

longer can be objective about it. It is not surprising, 

therefore, that he is constantly duped out of large sums of 

money by women and friends, dying convinced of his failure, 

frustrated, lonely, and finally aware of his misspent 

fortune, talent, and youth. This tragic end reinforces the 

theme that money and spiritual or artistic values often 

collide, inasmuch as man finds it repeatedly impossible to 

synthesize opposing values. 

Unrequited Love 

Toda su obra es ilustracl6n de las fonnas que el 
amor puede adoptar en el mundo; sus trlunfos, sus 
fracasos, disfraces y transformaciones, su 
insensata frivolidad y sus goces fugaces y pro-
fundos. Lejos de nuestro autor dar una versl6n 
sonrosada de la vida y del amor. Muchas de sus 
novelas, quizi. la mayorfa, teiminan en desengaSo, 
desesperaci6n, muerte.20 

If one were to pinpoint a tragic theme that is 

most surely indicative of frustration, anguish, terrible 

19. Miquls1 tragic awareness of his failure is 
underscored by his last words: "Quiero ... quemar El 
grande Osuna." which was his last, unproduced play. 
Ibid.. 1W. 

20. Madarlaga, Semblanzas . . . . p. 89. 
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self-doubts and anxieties, and that is even responsible for 

psychosomatic disorders, it would be unrequited love. 

Fascinated by this tragic aspect of life, Gald6s devoted 

many pages of his narratives to exploring its intricate 

manifestations. 

In those pages people yearn for love, seeking it 

desperately. Nevertheless, when they find it (cruelly and 

ironically) it is not reciprocated. Love, then, presents 

more problems than it solves. Far from being the panacea 

that many personages think it will be, love when unrecipro

cated becomes a source of constant disillusionment. 

Unrequited love has a special quality in Marlanela. 

inasmuch as the reader is presented with two facets of love 

because of the speoial circumstances surrounding it in the 

book. During the first half of the novel an apparently 

Idyllic love exists between the blind, handsome Pablo 

Pen^guilas and the ugly waif with a beautiful soul, 

Marlanela. Pablo believes Nela to be beautiful because to 

him her soul is lovely: HTu alma est£ llena de preciosos 

tesoros. Tlenes bondad sin lgual y fantasfa seductora. 

£C<5mo podrfa suceder que tu bondad, tu inocencia, tu candor, 

tu gracia, tu imaginaci6n, tu alma celestial y carinosa 

... no estuviese representada en la misma hermosura?"^ 

21. Gald6s, O.G.« IV, 70^-706. 
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At the end of the narrative, however, upon regaining his 

sight, Pablo rejects the grotesque dwarf and loves, instead, 

his physically beautiful cousin, Florentina. Her fantasies 

and hopes destroyed, Nela wastes away and dies. 

Illustrated graphically in the novel is man's 

dilemma, his inability to synthesize vital realities. To 

choose often means to negate one value for another. Pablo 

did not want consciously to hurt Nela, but he found he had 

to choose, and therein lay the tragedy. For Nela physical 

love was not a necessity, yet spiritual love most certainly 

was; denied both, she could not live. 

La desheredada reveals, to a large extent, how a 

woman can be duped because of the overpowering love she 

feels toward a man who is not worthy of that sentiment. 

Disillusioned upon discovering the shallowness of her 

lover*s true feelings toward her and toward their 

illegitimate child, she pretends Indifference, yet Inwardly 

deeply hurt, she attempts to calm her distress by having 

illicit relations with other men. 

Isidorafs love has brought her a few moments of 

happiness but in return demanded sacrifices, anxiety and 

frustration. Abandoned by her lover, and crushed by other 

overwhelming events, her life is finished. What might have 

been a rewarding love, which if reciprocated, might have 
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given her moral and financial support, ended instead in 

despair and agony. 

Love is not guided "by reason, is not subject to 

scientific laws, often does not make sense. To underscore 

the illogical qualities inherent in love, Gald6s has created 

a pattern of unrequited loves in Fortunata y Jaclnta. 

Madariaga has summarized these tangled loves in the 

following manner: 

Como para probar su convenclmiento de que el amor 
es una pasi6n sin sentido, Gald6s ha trazado en 
Fortunata y Jaclnta tan tri£ngulo de amores no 
correspondidos: a cada lado un hombre enamorado 
de una mujer, y estas dos mujeres ambas enamorados 
de un tercero, el cual, v£rtice al que convergen 
esta ifneas ae ainor, es un ser vacuo, lncapaz ae 
amar a naaie.^ 

Another aspect of this theme is announced in 

F.l ami po Manso. where the plot revolves around the love that 

an older, timid man has for a much younger woman. The 

impotence of the man is denoted in his name, Manso. As a 

result of this, when a virile young man steals away his 

loved one, the older man can only look on sadly, then face 

loneliness and death. 

Galdos first turned to multiple thwarted loves in 

Tomento « in which he presented to the reader two inter

locking amorous triangles. Such thwarted and unsatisfied 

loves seem to echo the well known pastoral lament: MYo por 

22. Madariaga, Semblanzas . . . , p. 89. 
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vos y vos por otro.M Complicating this tangled situation 

are a priest and a married woman who defy their religion by 

breaking the celibate rules and committing adultery.^3 Many 

other examples of unrequited love could be cited, but since 

the pattern seems to be essentially the same, no point would 

be gained in endless repetition. What is of utmost 

importance to the present study is that the results of 

unrequited love are the suffering, the loss of self-esteem, 

the waste of human potential that is the common lot of 

thwarted lovers. 

Recapitulating, love in the Galdoslan fiction 

becomes an end in itself, a driving force which excludes all 

other feelings. It blinds people; it deceives people. 

Many times unequal persons fall in love—unequal in tem

perament, in appearance, in age, in social status—making a 

meaningful relationship impossible. Thus in Gald6s' novels, 

a mutually-reciprocated love is a rare thing; an 

unsatisfactory relationship is commonplace. 

23. Salnz de Robles notes that Gald6s, in dealing 
with the temptations of the flesh which a priest endures 
and often succumbs to, was in a popular tradition of the 
nineteenth century: ''Hix x;ema de xa pas ion sacrixega na 
tentado a casi todos los grandes novel!stas del siglo 
XIX. A Victor Hugo, a Stendhal, a Zola, a E$a de Queiroz. 
Y entre los espanoles, a Clarfn, a Palacio Vald£s, a 
Gald6s•H Gald6s, O.C.. IV, 14-53. 
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The Religious Themes 

Tracing the themes associated with religion through 

the entire works of our novelist leads to the observation 

that they fall into two distinct periods; first, an early-

era which includes the so-called "thesis" novels: Dona 

Perfecta, Gloria, and La famllla de Le<Sn Roch. published 

between 18?6 and 18?8, and those of a later period, without 

obvious thesis, which include: Angel Guerra. Nazarfn, 

Halma, and Mlserlcordla, published between 1890 and 1897* 

Those pertaining to the first series are charac

terized by the author's tendentious and didactic purposes, 

the fact that he was participating in the political debate 

over religion between the republicans and the monarchists, a 

question of supreme importance at that time. As Casalduero 

has indicated, Gald6s' propagandistic position on behalf 

of the republican cause was undertaken in response to other 

novelists who supported the monarchical side: 

Gald6s tambl£n tom6 parte en esta lucha polftica 
contra la Iglesia—instituci6n polftica—y los 
religiosos—ciudadanos del Estado—; y es claro que 
entr6 en la 11 za armado de sus ideales y 
principios polfticos, como lo hicieron Alarc6n, 
Valera y Pereda.2̂ " 

On the other hand, the religious themes of the 

later era are not connected with political-religious 

24. Casalduero, VIda y obra . . . « p. 32. 
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controversy, but stem Instead from a "basic desire on the 

part of the novelist to probe fully those spheres of reli

gion that deal with spiritual and theological questions as 

they influence and relate to individuals.^5 

Two themes stand out in the novels of the first 

era, religious intolerance and religious fanaticism. In 

Dona Perfecta both sides of the religious controversy are 

personified by the protagonists, Pepe Rey representing the 

intelligent, progressive man of science, while Dona 

Perfecta is described as symbolizing "el fanatismo de la 

mujer educada en el seno de una sociedad lntolerante y 

supersticiosa* During the course of the novel these 

characters attack each other (as republicans and monarchists 

fought each other in real life), the dispute becoming more 

and more acrimonious, leading finally to the tragic end. 

It would seem an implicit suggestion in this novel 

that intolerance and fanaticism destroy whatever comes into 

Gald6s" emphasis does not linger on abstract 
questions of theology; his interest always returns to the 
individual: HPero no se espere que las criaturas de Gald6s 
mediten o contemplen el cielo, que vivan girando alrededor 
de la llama viva, ajenos a la realidad. Los personajes de 
Galdos no tratar^n tanto de admirar a Dios como de servirle. 
Imitar^n de Jestis—tomando el Evangelio al pie de la letra— 
en lo mas comprensible y aparente, en lo que atrae a las 
masas, en lo que electriza los entusiasmos: en la pobreza, 
en la humildad, en la mortif icaci<5n." Sainz de Eobles, 
Gald6s, O.C.. V, 1677-1678. 

26. Stephen Scatori, La idea religlosa en la obra 
de Benito Perez Galdos (Paris, 192?;, p. 52. 
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contact with them, in this case a love affair and two young, 

promising lives. The author himself felt it necessary 

es^jlicitly to eajjound the nucleus of the thesis in these 

words s 

Tal es el resultado producido en un car£cter duro 
y sin bondad nativa por la exaltaci6n religiosa, 
cuando £sta, en vez de nutrirse de la conciencia 
y de la verdad revelada en principios tan sencillos 
como heimosos, busca su savia en f6rmulas estrechas 
que s6lo obedecen a intereses eclesi&sticos.27 

The next novel in this series, Gloria, has as its 

main argument the intolerance of members of one religion 

to those of another. As in Dona Perfecta. the geography is 

symbolic, as are the types. Fictfbriga represents a typical 

northern fishing village, patriarchal and Incarnating great 

virtues. As in the previous novel, the reader soon becomes 

aware of the diametrically opposed types, Catholics and 

Jews, and their fixed, unbending attitudes toward each 

other. The vehicle for highlighting this display of 

intolerance is the love affair between Daniel Morton, the 

Jew, and Gloria de Lantigua, the fanatical Catholic, Both 

sides are arrayed against each other, none disposed to give 

any quarter in the struggle. Gloria attempts, during most 

of the novel, to convert Daniel to Catholicism, while 

Daniel*s mother, Esther, tries to dissuade her son from any 

27. Gald6s, O.C.. IV, 496. 
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entanglements, and finally succeeds in stopping the proposed 

marriage. 

The tragic outcome again underscores the terrible 

price that people pay for their prejudices. Now the theme 

can "be related directly to the tragic import; religions with 

their concrete ideas of good and evil, right and wrong, 

often interpose problems which may prove insurmountable. 

More often than not the arrogant attitudes engendered by 

excessively narrow interpretations of religious dogma lead 

their believers to feel righteous instead of humble, atti

tudes which may lead to tragic consequences. 

La fami 11a de Le6n Eoch is the last of the "thesis1* 

novels. It depicts the strife that occurs between a 

religious, mystical fanatic, Marfa Egipcfaca, and her 

atheistic husband, Le6n Boch. This opposition of types 

serves, again, to personify the two dissimilar worlds which 

the novel focusses upon: the traditional one, which the 

writer sees as standing for contemplation and mysticism, 

counterposed against the progressive world of science and 

action. 

28. "No es necesario ahondar en el an£lisis para 
ver que en esta novela se presentan igualmente dos mundos 
contrapuestos. Misticlsmo, contemplaci6n, tradici6n, con
tra ciencia, acci6n, presente." Casalduero, Vlda y 

, p. 7^* 
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Similarly to the other thesis novels, the outcome 

here is tragic, Marfa dying while realizing that her 

inflexible attitude contributed to driving her husband from 

her home and into an affair with his childhood sweetheart, 

Pepa FiScar. Unable to marry Pepa after Marfa*s death, Le6n 

sadly accepts his fate and contemplates the consequences of 

his own rigid position: MHabfa visto cara a cara lo; m£s 

pavoroso del mundo moral, y los combates que estas terribles 

perspectivas habfan provocado en su espfritu dej£ronle 

rodeado de grandes y tristfsimas ruinas."29 

When Gald6s probes the ramifications of religious 

mysticism he often finds, hidden behind its darkened laby

rinths, a sexual motivation. An examination of this aspect 

reveals many instances where the mystical person was unaware 

of the sexual nature of his mystical fervor. In the very 

first novel he published, La Fontana de Pro (1870), the 

author dealt with this topic forcefully in the figure of 

Dona Paulita Porreno^ who mistakenly believes herself 

spiritually oriented only to discover, too late, that she 

had all the Instincts of a noimal woman.30 

Marfa Egipcfaca observes all the religious rituals 

during the daytime but at night her many dreams are filled 

29. Gald6s, O.C.. IV, 959. 

30. Ibid., 187. 
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with symbolic references to sex. One dream, coming as it 

does after her husband has left her to reside with his 

mistress, is especially revealing: 

Ahora, con la partida de su esposo, de su compafiero, 
de su hombre, desaparecerla la confianza. Atormen-
tada fue durante no pocos dfas por una sensaci6n 
muy singular. Enorme y fea vfbora se acercaba a 
ella, la miraba, la rozaba, se escurrfa resbaladiza 
y glacial por entre los pliegues de su ropa, ponfa 
el expresivo hocico de ojos negros en su seno, 
oprimfa un poco, entraba primero la cabeza, despu£s 
el largo cuerpo hasta el postrer cabo de la cola 
delgada y flexible. Entrando, entrando, la horrible 
alimafia se aposentaba en el pecho, se enroscaba des-
pidiendo un calor extraordinario, y se estaba quieta 
como muerta en la abrigada concavidad de su nido.31 

Sigmund Freud would later describe and explain the 

hidden, sexual meanings in dreams very similar to this one, 

as Schraibman points out; "A Freudian interpretation of 

this dream, which symbolizes the sex act, supports the 

picture of Marfa presented by the author."32 

Angel Guerra gives up his relationship with Dulce 

to pursue Ler£, convinced that his vocation is the priest

hood, and that besides he too has strong mystical inclina

tions. When he is dying he discovers, tragically, that 

what he really wanted was to marry Ler£. His error was 

inevitable, as were those of the others discussed, for the 

31. Ibid.. 873. 

32. Dreams . . . , p. 85. 
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reason that tied to their homespun fantasy, these errors 

masked their possessors* true natures. 

In Tormento. Gald6s "brings to light the lack of 

calling for the priesthood from which a-character suffers, 

as well as the incompatabillty between vows of celibacy and 

strong sexual urges. The title of the work exemplifies the 

constant turmoil In which Pedro Polo finds himself. It is 

the principal motif around'which the other themes play their 

variations. A typical lament of Polo will suffice to give 

his general feeling of hopelessness, the sensation of being 

trapped in a situation from which he cannot extricate 

himself: 

Pero su alma no tenfa fortaleza para arrancar de 
ralz la causa de trastorno tan grave y profundo. 
Las grandes energfas que su alma atestoraba y que 
le habrfan valido para ganar £picos laureles en 
otros dfas, lugares y circunstancias, no le valieron 
nada contra su desvarfo. Todas las armas se embotaban 
en la dureza de aquella sangre y vida petrificadas, 
que protegfan su pas£3n como una coraza inmortal a 
prueba de razones morales y sociales.33 

These themes have illustrated the conflict that 

comes into play when arbitrary value systems rule peopled 

lives, bringing inflexible attitudes and a complete 

inability to compromise. This destructive attitude is 

illustrated by Luis Gonzaga's statements to his sister, 

Marfa Egipcfacas "—No hay t&rmino medio entre lo temporal 

33. Gald6s, O.C.. IV, 1^96. 
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y lo eterno. Huye de los arreglos, no cedas ni tin £pice de 

tu flxme y glorioso terreno. No se puede ser religioso a 

medias.h3^ 

Ethical Themes 

Such themes as the conflict between duty and 

desire, or "between social or religious mores and personal 

prerogatives, reflect the tragic tension which ensues when 

characters have to choose "between two positive values. In 

choosing one value, an equally-esteemed value will be 

denied, bringing into play guilt feelings, doubt, with the 

concomitant anguish and suffering. 

These themes are well illustrated in Fortunata y 

Jacinta. Fortunata and Juanito both break the conjugal 

laws, violating the tenets of a social system, marriage 

(sanctified by the Church), to follow their personal dic

tates. Fortunata justifies her conduct by asserting the 

power of her great love: WE1 amor lo hace todo regular, 

rectifica las leyes, derogando las que se le oponen."35 

When forced to face the fact of having dishonored her hus

band, she replies: "Los curas y los abogados dir£n que esto 

3*1-. Ibid., 821. 

35. GaldSs, O.C.. V, 323. 
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no vale . . . yo dlgo que sf vale; es mi idea."36 Her auty 

is to her husband, but her overwhelming desire is to have 

children, and to this end she seeks to be recognized by 

Juanito's family as the ipso facto wife, because she has 

provided them with an heir. Thus her last action, which she 

deems worthy, occurs when she gives her child to Jacinta 

at her death. 

Other personages in the novel--Jacinta, Moreno 

Isla, Maximiliano,--undergo similar tests, forcing them to 

choose between what they value and what is legal or morally 

acceptable; the choice they must make then underlines this 

tragic dilemma. A similar test of conjugal fidelity is 

spotlighted in La de Brlngas, in the situation where the 

protagonist after much soul-searching decides to commit 

adultery in order to pay off her debts. Earlier she had 

undergone a test of her honesty in coping with her desire 

for luxurious clothing, and failed. Another aspect of the 

same question is shown in Realldad where Augusta's duty as 

a wife is undermined by her passion for her lover, to the 

extent that she has lost all her sense of pride, and 

willingly degrades herself, obtaining money in order that 

he may liquidate his gambling debts, overlooking in the 

process his liaison with a prostitute. 

36. Ibid., 505. 
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Lo prohlbldo brings to the open several topics 

related to these themes; for example, the struggle between 

fidelity and incestuous passion Is explored. The main 

character of this narrative is tenaciously attracted to all 

that is prohibited by law or social mores. The fact that 

certain relationships are expressly forbidden makes them 

all the more attractive to him. Portrayed as a psycho

neurotic, from primarily hereditary causes, Guzm£n in his 

erotic relationship to his three married cousins is revealed 

in detail. While his ethical conflict is weak in the begin

ning, as economic disaster threatens, and under the added 

threat of imminent death, his moral sense increases, forcing 

him to the renunciation of what remains of his wealth. 

As a summary and a well-thought-out synthesis of 

the points outlined with regard to the tragic consequences 

involved in choices, the following statements by a current 

critic and scholar are presented: 

Now, the tragic themes can be stated explicitly: 
people live in a world of many goods (values). When 
man selects one, however, he usually excludes 
another, because the benefit and values of the goods 
are often contradictory. They are not so much 
inconsistent with each other In terms of reason 
and common sense, but rather because they are 
enacted by humans whose inner world is unpredictable 
and not always subject to reason. This situation 
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leads to various tragedies "because men disintegrate— 
physically, morally or psychologically—and 
suffer.37 

The above is a succinct summation of the moral and ethical 

choices which, begging answers, confront people, and which 

bring into the open and thereby into strife values which 

people profess to count worthy (usually imposed from the 

outside), and those values which they actually deem of 

worth (usually stemming from their desires, goals, and 

passions). The tragedy, as Zahareas points out, is that 

people are, in effect, shattered because of having to make 

these decisions and of having to live with the doubt and 

consternation which these decisions inevitably involve. 

37. Zahareas, "The Tragic Sense . . . ,M 4-6. 



CHAPTER VI 

TRAGIC VISION 

Up to this point several elements have been 

explored that have a direct bearing on the tragic vision of 

Gald6s—character portrayal, plot and action, themes, among 

others—and the present chapter will deal with an aspect 

that has a close association with these, namely, the point 

of view.* As Gald6s matured, developing and perfecting his 

narrative skills, his point of view evolved from third 

person omniscience (Dona Perfecta. 1876)« to first person, 

narrator-protagonist (El amlgo Manso. 1882), to direct 

dramatic presentation (Realidad, 1889). At the same time 

another factor related to point of view, the distance from 

which the author views the action of his work, changed from 

being quite remote from the actions of the characters 

1. "A texm used to describe the way in which the 
reader is presented with the materials of the story, or, 
viewed from another angle, the vantage point from which the 
author presents the actions of the story." Thrall and 
Hibbard, A Handbook . . . , p. 371. 

2. No published account exists of Gald6s* use of 
point of view, and certainly a detailed study of this facet 
would be a welcome addition to Galdosian scholarship. 
Theodore Sackett did a study of this aspect in his unpub
lished dissertation, "The Crisis . . . ," pp. 37-56. 

186 
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(omniscience) to being very close to them (direct dialogue). 

The final evolvement of these technical aspects is to be 

seen in his Novelas Dialogadas (Realidad, La loca de la 

casa, El abuelo, Casandra, La razon de la slnrazdn), where 

the distance of the author, as in a play, is very close to 

the characters. 

This interiorization process of the author in rela

tion to his novels facilitates the formation of a tight, 

intimate triangle of author, character, and reader. Not 

only is the reader placed in a position where he must judge 

or interpret the vague or ambiguous events,3 but Gald6s 

makes him a participant in the story or situation, eliciting 

his empathy, fear, or anxiety. 

This "triangle" is a special situation quite 

different from the usual relationship between the author, 

his characters, and the reader. It is unique because it is 

more intimate than the conventional author-character-reader 

relationship, which tends to be a sharing by author and 

reader of a viewpoint toward the character, consisting 

3. Robert Ricard suggests that Gald6s is purposely 
vague and ambiguous so that only the alert reader will be 
aware of all that occurs. He cites Rosalfa, of La de 
Bringas, and her adultery which is handled quite delicately. 
Another instance to which he refers is Rafael del Agulla 
and his affection for his sister. Incestuous or not? He 
also comments upon Almudena's ambiguity—Arab, Jew, 
Sephardi? Gald3s et ses . . . , p. 52. 
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mainly of an empathizing with, rather than a sharing of, his 

immediate moral problems. The conventional author-reader 

stance might be summed up ass "There but for the grace of 

God go I." Gald6s by-passes this stance and pulls the 

reader directly into a sharing of his character's moral 

dilemmas, a stance of: "There is something I have done, or 

am capable of doing." 

Point of view enters the picture because a closer 

state can exist when the author utilizes first-person or 

dramatic technique. Examples of how point of view relates 

to the "triangle" can be seen in Dona Perfecta. The 

omniscient technique used in this novel forces a moral 

distance between character and reader. The reader finds it 

difficult to relate the problems of Pepe Hey, Rosario, and 

Dona Perfecta to his own. On the other hand, the first-

person narrative posture of El amigo Manso forces the reader 

to spend more time within the mind of this character, and to 

acknowledge that the problems of shyness, ingratitude, and 

unrequited love may well be comparable to problems he him

self has wrestled with.^ 

4. Leo L. Barrow has pointed out a similar type of 
triangle in the work of Machado de Assis: "In every one of 
these episodes the reader should find a bit of his own 
heart, a parallel episode, a confession which reads, *1 have 
or would have done the same thing.• The reader should 
become a member of a very intimate triangle composed of him
self, the character, and the author." Leo L. Barrow, 
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It Is not the intention of this study to suggest 

that the first-person narrator represents the author, but 

only to indicate that a closer relationship exists in 

these novels, that a tighter "triangle" is imposed. 

Another factor which allows the reader to identify, 

more surely, with the tragic characters In the novels after 

1880, is the looseness of the style which permits him 

sufficient time to know them intimately. As he discovers 

them at this leisurely pace he has the opportunity to 

Identify more fully with their tragic plight. In the pure

ly dramatic novels (dialogue novels), such as Realldad, the 

characters are presented as if they were In a play and the 

identification between reader and character can take place 

without the intervention of the author. 

To what extent Gald6s himself appears in his no

vels is of course debatable; certain observers have seen 

his own qualities in his protagonists. For instance, 

Unamuno believed that Manso represented Gald6s.^ Amado 

Alonso is quite certain that Benlna, the protagonist of 

Mlserlcordia. is merely a disguise for Don Benito.^ Alonso 

"Ingratitude in the Works of Machado de Assis," Hispanla« 
XLIX (1966), 216-21?. 

5. Quoted by Gull6n, "La invenci6n del personaje 
en El amlgo Manso." Insula. No. 148 (marzo, 1959), 1-2. 

6. Amado Alonso, Materia y forma en poesfa 
(Madrid, 1955), P. 2^3. 
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also disagrees with the impersonal role which some scholars 

have attributed to Gald6s, suggesting instead another kind 

of subjectivity, as the following comments indicate: 

A la maxima y como desollada subjetividad de 
B^cquer parece oponerse en Gald^s la impersona-
lidad que el tiempo predicaba, por boca de 
Flaubert, como principio artfstico y como ideal 
de la literatura narrativa. Pero mirando en el 
fondo de esa objetividad realista iqu£ encontramos 
otra vez sino la maxima subjetividad lograda por 
otro camino? Por eso se sale de sf mlsmo y convoca 
a las agitadas gentes de sus novelas y a las cosas 
materiales que las gentes hacen y usan, y nunca 
con la •objetividad1 o prescindencia programada por 
el naturalismo, sino con adhesion cordial, con 
creadora endopatfa, haciendo de los hombres y de 
las cosas espejos innumerables donde se retrataba 
su propia alma proteica. Buscaba a los dem£s para 
encontrarse a si mismo con m£s certeza. Las 
motivaciones radicales de su propio coraz6n y sus 
propios problemas fundamentales de espafiol y de 
hombre, son los que va encarnando y personificando 
en sus inntfmeros personajes.7 

There seems to be little doubt, in the opinion of Alonso, 

that Gald6s was merely personifying hl3 own ideas, his own 

soul, in his personages in order better to discover himself; 

in doing this he deviated from the teachings of Flaubert 

and from those of the Naturalists. 

While the extent to which he appears in his work 

may be questionable, that he, or for that matter any 

novelist, does appear in his work is a commonly accepted 

opinion. Some novelists, like Unamuno, make no pretense 

7. Ibid., 232 
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about it but openly admit and glorlng in the fact.® Gald6s 

himself stated, in the prologue to El abuelo. that it was 

Impossible for an author not to appear in his works: 

El que compone un asunto y le da vida poStica, 
asf en la novela como en el teatro, est£ presente 
siempre: presente en los arrebatos de la lfrica; 
presente en el relato de pasi6n o de an£lisis. 
Su espfritu es el fundente indispensable para que 
puedan entrar en el molde artfstico los seres 
imaginados que remedan el palpitar de la vida.9 

The above assertion of the writer is substantiated by the 

opinion of most modern critics, attested to by the following 

observation: "All writing is communication; creative 

writing is communication through revelation—it is the Self 

escaping into the open. No writer long remains 

incognito. 

A careful reading of La de Brlngas shows that 

Gald6s seems to appear in this work as the humble narrator, 

the minor character. His part is indicated in the begiftnifig 

of the novel: "La primera vez que don Manuel Pez y yo 

fulmos a vlsitar a Bringas en su nuevo domicllio, nos 

8. In the prologue of his first novel, Paz en la 
guerra (1897)» Unamuno stated: "Apenas hay en ella detalle 
que haya inventado yo. Podrfa documentar sus m£s menudos 
episodios." Quoted by Hichard E. Chandler, and Kessel 
Schwartz, A New History of Spanish Literature (Baton Rouge, 
1961), p. 231. 

9. Gald6s, O.G.. VI, 11. 

10. William Strunk, Jr. and E. B. White, The 
Elements of Style (New York, 1962), p. 53» 



192 

perdlmos en aquel d£dalo donde ni 51 nl yo nabfamos encraao 

nunca.<il;i 

One of the myths that have been associated witn 

Gald5s* creative endeavors Is that he was a very objective 

note-taker, and that his observation counted more in his 

writing than imagination; Berkowitz, his most definitive 

biographer, dispels this mistaken notion: MGald6s did not, 

as has occasionally been asserted, always carry a notebook 

and pencil to jot down what he heard and saw. • . . The 

almost total lack of such documents certainly deprives the 

student of valuable if not indispensable sources." 2̂ 

In order to understand Gald6s* standpoint and his 

relationship to his work and to the tragic essence, it is 

necessary to examine certain biographical elements. Up to 

this point this study has indicated that GaldSs does not 

attribute his characters* tragedies to outside circum

stances, but Insists on showing that basically the charac

ters carried the tragedy within themselves. Neither does 

he himself ascribe his tragic outlook to any outside source 

or philosophy. 

Thus it seems logical to assume that he could not 

have learned about tragedy entirely by observation, that he 

11. GaldSs, O.C.. IV, 1577. 

12. Berkowitz, PSrez GaldSs . . . , p. 112. 
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would have had to feel it in his own breast, be attuned to 

it; and that this sensitivity to tragedy may have come from 

certain elements in his personal life. His tragic sensi

bility may well have been attuned to certain tragic themes 

that are a part of his biography and are reiterated 

insistently in his novels. It seems Justifiable, therefore, 

to examine those elements in order to determine their extent 

and importance relative to his work. 

Not too much Is known about the private life of 

Gald6s, except for rather ambiguous fragments. It has been 

ascertained that he knew many women, and that he would 

absent himself daily during the afternoon hours.*3 The 

relationship between Gald6s and his domineering mother has 

also been commented upon by Berkowltz; many critics have 

conjectured that she served as the prototype for Dona 

Perfecta. That she was a religiously devout and thoroughly 

headstrong matriarch of a woman Is generally accepted as a 

true representation of fact.^ 

Gald6s* later years were filled with financial 

difficulties, with increasingly poor health, with deteriora

ting eyesight, and with artistic neglect. Certainly the 

13. Ibid., 111. 

1^. A typical observation In this regard Is the 
following: "In 1876 Benito P3rez Gald6s had written the 
novel Dona Perfecta. whose protagonist immortalizes his 
mother?15 Berkowltz, Perez Gald6s . . . . p. 19. 
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last decade of his life could not have brought him much 

happiness or artistic satisfaction. Instead, he was forced 

to contemplate bitterly that his nomination for the Nobel 

Prize was thwarted mainly because of partisan politics. His 

suggested nomination for this most coveted of awards, both 

in 1912 and 1913» led to political and religious disputes, 

with the conservatives opposing him and the liberals 

supporting him. "Conservative Spain was resolved to make 

him expiate his sin of revolutionary politics and philo

sophic liberalism,11 is the way one observer has summed up 

this distasteful episode.In addition, the subscription 

campaign which was to alleviate his financial troubles also 

bogged down and failed to achieve its goals.The overall 

picture of his last years was a grim one; and to complete 

this bleak picture, the last few months of his existence 

were complicated by the unexpected arrival of his illegiti

mate daughter. Berkowitz gives the following account of 

this dramatic and traumatic events 

At this time, after a severe attack of uremia he 
had a devastating emotional experience. One after
noon a shy, pleasant young woman called and timidly 
introduced herself as Marfa Gald6s. She asked 

15. Ibid.. 420. 

16. Berkowitz points out that instead of the forty 
thousand duros, which was the announced goal of the cam
paign, only about twenty thousand were subscribed, and even 
this was not readily available In cash. Ibid., ̂ 26. 
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permission to be with her father, Don Benito, whom 
she had not seen since he was last out in August. 
She had hesitated to call for fear of an unpleasant 
reception. Don Josi graciously ushered Marfa Gald6s 
into her father's room. 

At first Gald6s received the news of his 
daughter*s presence with a stony expression. There 
was a moment of agonizing silence. Don Jos£ felt 
as if a sharp knife were cutting downward inside him. 
He stared into space. Marfa "broke the silence. With 
tears in her voice she reproached her father: why 
had he never pennitted her to enter his home? An 
expression of ill-concealed guilt spread over Gald<5s* 
face. For the first time one of his most intimate 
secrets was shamefully bared before a member of his 
family.17 

It can be deduced from the above scene, as well as other 

statements regarding Gald^s' life, that many of the tragic 

themes which crop up in his novels were also present in his 

actual life. It is quite probable that his mother served as 

the model for Dona Perfecta. and that her devoutness and 

her intolerance were instrumental in instigating young 

Don Benito's novel. Other themes such as love or money, 

which are so prominent in La de Brlngas and Lo prohlbldo. 

could possibly have emanated from experience. Illegitimate 

children are to be found in many of his novels, and they 

are usually not acknowledged by their fathers.*® Another 

theme which appears quite often is blindness, which might 

17. Ibid., pp. 450-^51. 

18. Illegitimate offspring are a prime factor in 
novels such as: La desheredada. Fortunata y Jaclnta. Lo 
prohlbldo. Gloria and El abuelo. 
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have been related to misgivings about his own eyesight.*9 

In the latter part of his life, when he was forced to dic

tate his writing because of his blindness, Gald6s made a 

very significant statement which throws more light on this 

subject: "The pen is nothing more than the prolongation of 

the spirit of the writer, who leaves a part of his being 

on the pages of his manuscript."̂ O 

It is not the aim of this study to present this 

biographical material, relevant to the themes of Gald<5s, 

with the hope of conclusively demonstrating that these 

themes emanated from within the breast of the novelist. 

Enough evidence has been presented, nonetheless, to suggest 

strongly that some of these themes could have had their 

source in Gald6s* personal eaperlence. Furthermore, these 

esperlences may well have been one meaningful source of 

his tragic vision, may have contributed greatly to his 

tragic Weltanschauung. 

Just as some themes recur with Insistent regular

ity, the reappearance of a certain type of protagonist also 

takes place consistently. This protagonist Is the little 

man, the antlheroic, often abnoimal person, whom Unamuno so 

19. Blind characters appear in Marlanela. 
Mlsericordla. La de Brlngas. and the Torquemada series. 

20. Berkowitz, Perez Gald6s . . . , p. 105. 
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disliked. As we have seen, one of the outstanding and most 

persistent qualities of this nonhero is his failure and 

defeat. In his insistence on defeating his fictional crea

tions Gald6s underscores an element of the tragic situation 

of men in general. Sidney Hook in commenting upon this 

aspect has observed: "The tragic is a moral phenomenon 

. . . the element of the tragic enters in the defeat of 

plans or hopes, in the realization that in much grief there 

is not much wisdom, and that we cannot count merely upon the 

passage of time alone to diminish our stupidities and 

cruelties."21 

Although Gald6s* characters are often defeated, 

they are shown to be culpable to some degree for their 

defeat. It is precisely on this ground of the existence of 

free will that Gald6s parts company with the naturalistic 

writers. 

Being essentially a moral phenomenon, the tragic 

essence cannot exist in a completely good or evil man; it 

would border on the melodramatic rather than on the tragic. 

Upon reviewing the Galdosian Little Man, diminished in 

stature, yet seeking to fulfill his aspirations, we see in 

him tendencies toward good and toward evil. Federico Viera 

and Fortunata, for example, vacillate between doing what 

21. Sidney Hook, "Pragmatism and the Tragic Sense 
of Life," from Tragedy; Vision and Foxm. p. 61. 
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they know is morally wrong and that which is morally right. 

In his insistence in giving his characters both good and 

bad qualities, Gald6s is revealing yet another facet of his 

tragic vision. For this tragic choice is so often the 

choice of representative man, as Alonso Myers so succinctly 

states it: "The tragic hero—the representative man—is 

neither eminently virtuous nor totally depraved. He has 

equal capacities for good and for evil; he is free to choose 

between a good deed and wrongdoing, and is responsible for 

his choice."22 

Another aspect of Gald6s* tragic vision which is 

clearly shown in the presentation of his characters is his 

persistence in placing them in a crisis, in a situation of 

tension or stress. A recent commentator has underlined 

this aspect of tragedy with respect to modern literature: 

The tragic vision, a product of crisis and of 
shock, is an expression of man only in an extreme 
situation, never in a normal or routine one. Litera
ture dealing with it frequently dwells on the 
exceptional man; and when it does choose a noimal 
man it does so only to convert him, by way of the 
extremity he lives through, into the exceptional 
man. The tragic vision is, by my definition, a 
vision of extreme cases, a distillate of the 
rebellion, the godlessness which, once induced by 
crisis, purifies itself by rejecting all pallia
tives. *3 

22. Myers, Tragedy . . . , p. 157. 

23. Krieger, The Tragic . . . , p. 20. 
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It is apparent that the above statements hold for many of 

Gald6s* characters: Federico Viera is presented in a situa

tion of crisis, subjected as he is to financial and moral 

pressures. Exceptional and abnoimal persons likewise 

abound—Maxi Rubfn and Ido del Sagrario, to mention two— 

and a noimal man converted into an exceptional one by crisis 

would apply in the case of Bam6n Villaamil. Of course, 

rebellious cases abound too: Mauricia la Dura and Angel 

Guerra are two outstanding examples. All in all, it would 

seem as if the above statements had been made with Gald6s 

in mind. 

We have reached a point now where we can approach 

the exact nature of Gald6s* tragic vision. It is, in a 

sense, a synthesis of the aspects which we have singled out 

beforehand: the tragic endings, the defeats of the 

characters, their sufferings, their dissolution and their 

deaths. It encompasses more than these elements, however; 

it is related to Gald6s* lack of belief in systems of 

thought, historical, metaphysical, or aesthetic. Whereas 

at different periods of his life he might have subscribed 

temporarily to Naturalism, Krausism, Positivism, and other 

"isms," he never adhered to any of them permanently. It is 

this facet of non-belief in the established systems of his 

day and age that marks Gald6s as an independent thinker, 

awed and Intrigued always by the mystery of life. Robert 
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Rlcard has addressed himself to this tragic vision of 

Gald6s, as the following statements testify: 

Gald6s a "beau avoir subl 1*influence de Comte 
et de Taine come celle de Zola, 11 n'est le 
disciple aveugle ni de celui-ci ni de ceux-l&. 
Tous trois d'ailleurs sont rationalistes, et 
Gald6s ne 1' est aucunement. II a abondonnS 
toute croyance religieuse, mais il a le goiit 
de la fantasie et il garde le sens et le 
sentiment du myst&re.Z^ 

Disbelief in systems demands a high price in mental 

tranquility, leading as it does to doubt and insecurity. 

During his Academy speech of acceptance Gald<5s significantly 

revealed the price he had to pay for his independence of 

thought, when he compared himself to Peredas 

Ved aquf la dlferencia capital entre nuestros 
caracteres considerados literariamente: Pereda 
no duda; yo sf. Siempre he visto mis convicciones 
obscurecidas en alguna parte por sombras que 
venfan no s£ de d6nde. ill es un espfritu sereno, 
yo un espfritu turbado, inquieto.25 

Does Gald6s* tragic vision have a positive side, 

a side of revelation? Does it reflect in any way the 

credences and crises of an epoch? I believe it does, simply 

because a writer does not work in a vacuum but in a fixed 

time and place. His novels dealing with bureaucracy per 

force reflect the conditions of his era; therefore novels 

2*1-. Robert Ricard, Gald6s et . . . « p. 88 

25. Gald6s, Piscursos . . . , p. 15^. 
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such as Mlau and La de Brlngas reflect the collective tragic 

circumstances of the rapidly changing governments, as well 

as the precarious employment patterns then prevailing. 

Sainz de Robles casts a revealing light on this chaotic 

situation in the following observations: 

Hasta fines del siglo pasado la burocracia 
espanola ... tenfa semejanza con el mar, cada una 
de cuyas olas es distinta de la anterior, y borra 
y suele llevarse la siguiente lo que la precedente 
pint6 o trajo. Borr6n y cuenta nueva. Un hacer y 
deshacer continuado sin por qu£, sin para qu£. 
Un misterlo. Pero si en la Naturaleza los mis-
terios logran urn aureola po£tica perfectamente 
estimable, en la burocracia los misterios suelen 
inalograr todo practicismo titil. El misterio, 
aqul, es un engendro. Allf era un ensueno. En 
la burocracia espanola • . • cada ola era un cambio 
de rumbo en la polftica. Pero un cambio radical, 
que afectaba hasta a los m£s pequenos intereses. 
£Qu5 subian los conservadores al poder? Se que-
daban cesantes todos los liberales: mlnistros, 
directores generales, jefes de Admlnistraci6n, 
jefes de negociado, oficiales, escriblentes, 
conserves, ordenanzas, porteros. ... jTodost 
iQue recobraban el Poder los liberales? Pues a 
comer todos los suyos, desde el portero hasta el 
ministro. Y a dejar de comer a los eliminados. 
Y estas tragicomedias, repetidas cada cinco o 
seis meses.^" 

It is possible, therefore, for tragic happenings 

to reflect the cultural climate of an age, as Raymond 

Williams asserts: "Yet tragic experience, because of its 

central importance, commonly attracts the fundamental 

beliefs and tensions of a period ... that through it the 

26. Gald6s, O.C.. V, 5^9. 
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shape and set of a particular culture is often deeply-

realized. "27 

In summation, Gald6s* tragic vision is in fact a 

Weltanschauung. or worldview, in which the tragic essence 

of life is heightened, stressed, and underscored. All the 

evidence that we have examined in the previous chapters and 

in this one points to the irrevocable conclusion that 

Galdtfs1 vision was particularly focused toward ensuring that 

the tragic substance of life would emerge, dominating the 

scenes and triumphing at the conclusion. In this worldview 

the tragic vision incorporates attitude, viewpoint, and 

outlook toward life. A fine summary of the tragic view

point is to be found in the observation that follows: 

The authentic tragic vision is committed to no 
program of social optimism; it demonstrates the 
ineffectuality of all temporal and historical 
remedies. It recognizes that man is responsible to 
himself alone, but it also reveals the terrible 
burden of suffering he must bear that no secular 
reforms will remove. Life remains inexplicable and 
calamitous today as in the past, though for 
different reasons.28 

These statements sum up the tragic vision of Gald6s, 

emphasizing all the important elements which constitute it, 

which give it vigor, and universality, differentiating his 

vision from that of his fellow novelists and placing him 

among the elite of world literature. 

27. Williams, Modern Tragedy, p. *J-5. 

28. Glicksberg, The Tragic . . . , p. xiv. 



CHAPTER VII 

CONCLUSIONS 

This study has concerned Itself with the quest for, 

the analysis of, and the interpretation of an extremely 

important aspect of Gald6s* novels, the tragic import. This 

investigation began by examining the tragic endings of many 

of Gald^s* novels, written at various periods of his life, 

comparing them with the non-tragic finales of the narra

tives of Juan Valera and Jos5 Marfa de Pereda, thereby 

pointing up a fundamental truths Galdos was thoroughly and 

continually absorbed in the tragic, an interest which the 

other two novelists lacked. Continuing analysis provided a 

comparative study of the aesthetic and literary theories 

maintained by Gald6s and his contemporaries; this contrast 

further revealed the wide differences of opinion which 

separated them. Generally speaking, Valera and Pereda 

followed the traditional values, while Galdfcs, on the 

contrary, often negated them; Valera believed in the 

aesthetic theory of "art for art's sake," while just the 

opposite contention was upheld by Gald6s, who believed in 

portraying eternal passions and transcendental problems. 
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Both Valera and Pereda were regionalists, whereas Gald^s was 

an urbanist. The result of these divergent views leads to 

the conclusion that Gald6s* desire was to deal directly with 

the tragic essence, whereas his contemporaries were more 

interested in depicting other areas of life. 

Much the same results occurred in the comparison 

of Gald6s and Charles Dickens. Despite certain critical 

opinions that Gald6s was overly influenced by Dickens, the 

present investigation suggests that the actual influence was 

small, being mainly observable in superficial character

istics such as the employment of speech tags and of 

eccentric personages. Yet in their approach towards the 

tragic the differences are extreme. Dickens terminates his 

novels on a happy or hopeful note, whereas Gald6s, as has 

been mentioned heretofore, favors the tragic endings. On 

the other hand, the comparison of Gald^s with Joaquim Marfa 

Machado de Assis and with Leopoldo Alas brought to light 

similarities in endings, and in aesthetic concepts, indi

cating the affinities which bound them together, and 

explaining the reasons why they wrote novels dealing with 

many of the same problems, portraying many of the same 

abnormal, tortured, and alienated personalities. 

In our study of primary characters we discovered 

the large part that illusions and personal fictions play in 

the lives of these persons. The tragic essence therein was 
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clearly evident in the extreme gap existing between delusion 

and reality in the minds of these persons, between the 

incompatability of their unbending natures and the flexi

bility demanded by constantly changing conditions and 

situations. Our study uncovered the important part that 

irony, humor, and paradox play in the tragic make-up of 

these fictional personalities. Almost without exception, 

their tragic outcome is their ceasing to exist as dynamic 

entitles; often this means mental or physical extinction. 

This investigation has indicated the similarities 

and parallelisms between the tragic elements in Gald6s' 

writings, and the classical and traditional theories of the 

tragic. Thus, similarities were shown with such well-known 

theories as Aristotle's hamartia, Hegel's "reconciliation," 

Schopenhauer's "misery and culpability," Nietzsche's 

"resignation and transcendence," and Kierkegaard's "anguish, 

situation and character." I also indicated that these 

similarities are not Intended to prove the conscious influ

ence of these philosophers upon Gald6s, but rather his 

awareness of their theories and his application of them to 

his work from time to time. 

Secondary characters were shown to exhibit many of 

the same traits as the major ones, having the same chimeras 

and frustrations. Often these characters, trapped by life 

and situations, play a tragicomic role; nevertheless, they 



206 

would be as tragic as the main characters provided that 

their roles were developed to the same extent. Ido del 

Sagrarlo is an excellent example of a minor character whose 

situation Is at times funny and bitterly ironic, but whose 

future holds little hope, and whose complete defeat is 

predictable. The emphasis of the author, as always, is on 

character revelation through the actions of the character 

himself, or through the pointing out of a particular vice 

to which the character is addicted and which completely 

rules his nature—Mauricla la Dura's alcoholism—and makes 

the tragic outcome certain. 

When a comparison was made of the novels written 

before 1880 and those written afterwards, significant dif

ferences came to light. Before 1880 Gald6s still persisted 

in utilizing fortuitous elements, such as chance, in a way 

which reminded us of the technique of the romantic authors. 

Other romantic parallelisms were shown in his utilization 

of-tlght plot structures, especially the tripartite struc

ture consisting of exposition, development, and resolution. 

In his era influenced by romantic techniques Gald6s 

emphasized action as well as development of a thesis. The 

use Gald6s made of these elements all were shown to point to 

the fact that he was writing romantic tragedies. In oppo

sition to the use of elements that were Influenced by 
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romanticism, Gald6s after 1880 found a new direction. He 

utilized, instead, more of the elements associated with 

realism: more objective attitude, little use of chance, a 

plausible utilization of causality, a loose plot structure, 

more emphasis on character revelation, and an imperceptible 

thesis. 

As might be expected, certain tragic themes 

reappeared throughout Gald6s* novelistic career. His con

tinuing interest in these themes over a long period of time 

strongly suggested his overwhelming concentration on the 

tragic substance of life. Novel after novel has been shown 

to deal with the chasm existing between delusion and 

reality; alienation, the quest for money and love, are 

subjects which also received a large share of the novelist*s 

attention. The strife between duty and desire, in addition 

to other moral and ethical struggles of conscience, equally 

fascinated him. This investigation pointed out that 

Fortunata y Jacinta. being his masterpiece, contained in 

itself many of the major themes dealing with tragedy which 

Gald6s used before and after its publication. In addition 

to those mentioned heretofore, other Important tragic themes 

had to do with ingratitude, misguided religious zeal, 

adultery, and moral hypocrisy. 

Point of view is closely linked to Gald6s* tragic 

vision, in that it narrows the triangle formed by writer, 
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character and reader, thereby eliciting emotions such as 

sympathy, empathy, fear, and pity while making the reader a 

true participant in the novelistic scheme. It was further 

singled out in this study that Don Benito might have 

appeared in his work, and might have made use of certain 

themes or persons related to experiences in his own life and 

those of his family. 

The tragic worldview of the writer of Fortunata y 

Jaclnta was suggested to be a synthesis of many components 

previously disclosed; however, his world-vision was shown 

to encompass more than this synthesis, incorporating as it 

did his attitude toward human existence. This tragic vision 

was conditioned by two realities: the responsibility of man 

to himself alone; the impossibility of outside patterns of 

thought motivating and guiding man where intimate passions 

are in conflict with reason. Man must tragically suffer, 

Gald6s tells us, because that is an essential part of the 

human condition. Thus, his worldview expresses his uni

versality and the tragic emphasis of his writings reveal the 

eternal qualities which make his novels as applicable today 

as when they were written. 

In our study we touched lightly upon certain areas 

of Gald6s* novels that merit a full and detailed investiga

tion. We therefore recommend three areas for future 
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scholarly investigation: (1) a study of the influence of 

classical and traditional tragic theories upon the novels of 

Gald<5s. Enough evidence has been uncovered in this study 

to suggest strongly that a detailed investigation would 

discover many other points of contact between the tragic 

theories espoused by these philosophers of the tragic and 

the narratives of Gald6s. Such a study would make a worth

while contribution to the continuing investigation of 

Gald6s' tragic essence. (2) a comparative study of the 

novels of Joaquim Maria Machado de Assls and those of 

Gald<5s, This could be a very fruitful inquiry into the many 

similarities and parallelisms that exist in ideology, 

themes, and technique, between the great Brazilian and 

Spanish novelists. (3) a study of the tragic elements in 

the plays of PSrez Gald6s. Again, the Influence of classi

cal tragedies upon these plays could be pursued, or the 

influence of other nineteenth century playwrights, such as 

Ibsen, Chekhov, and Strindberg could be investigated. At 

any rate, there is no question in the mind of this investi

gator that these areas warrant a thoughtful as well as 

thorough scholarly endeavor. 

In summation, there are several singular qualities 

of the tragic import that I wish to point out. First, the 

tragic import contributes to a fuller understanding of 
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Gald6s •-novels. This happens through the appreciation of 

the cognitive components present in tragedy. Tragedy asks 

the great questions- regarding life and its meaning. Thus 

we can appreciate the fact that the tragic vision projected 

by Gald6s' narratives is not necessarily a negative one; on 

the contrary it has certain positive qualities. The tragic 

experience portrayed in his novels can in itself be a force 

for understanding when interpreted by the discerning reader. 

This reader may thus agree with Karl Jaspers1 interpretation 

of one function of the tragic experience; "What we 

essentially learn from the tragic knowledge, therefore, is 

what makes man suffer and what makes him fail, what he takes 

upon himself in the face of which realities, and in what 

manner or form he sacrifices his existence.111 The perceptive 

reader may also add that what we learn from the tragic 

experience is usually precious little, and he may be right. 

But if tragic portrayal is an attempt to seek out "truth," 

however minute it may be, it is indeed a gain. As Richard B. 

Sewall interprets the question, there is something concrete 

to be had: "It is •tragic* truth—that is fragmentary, 

tentative, and precarious. But truth nonetheless—a gain 

1. Karl Jaspers, "Basic Characteristics of the 
Tragic," Tragedy: Vision and Form, p. 51 • 
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and a promise, as at the end of all true tragedy, for the 

human spirit."2 

Secondly, as tragedian, Galdos is intrigued by the 

mystery of human suffering. How to explain it? Instinct

ively, he realizes that tragedy cannot explain this 

mystery; nonetheless, there it is, and he finds himself 

fascinated with it, unable to resist using it in novel after 

novel. Did he succeed in explaining the mysterious role 

that tragic suffering plays in life? The answer to this 

question is discussed by Anthony Zahareas in his critique 

of Fortunata y Jaclnta; 

It would seem that tragedy . • . despite its unifying 
effect ... lacks ability to provide an answer to 
this mystery. Gald6s knows that; his answer would 
be that tragedy is no more capable of providing such 
an answer than the other solutions. But tragedy 
seeks for answer relentlessly, and its function as 
a cognitive instrument gives to it a centrality in 
the novel.3 

What Gald6s asserts then, according to Zahareas, is that the 

tragic components present in life defy understanding in 

their relation with the whole of human experience. However, 

another interpretation of what Galdos is attempting to 

elucidate might be put in this fashion: man above all is 

an individual and cannot be reduced to systems, to foimulas; 

2. Richard B. Sewall, "The Tragic World of the 
Karamasovs," Tragic Themes in Western Literature. Edited 
by Cleanth Brooks (New Haven, 1955)» P. 127. 

3. Zahareas, "The Tragic . . . ," 46. 
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therefore, man should Mhave self-integrity, that is, be able 

to understand and act within the realizations and limits of 

his inner world. 

Like human suffering and sacrifice, the apparent 

disorder of much of life is another mystery which the tragic 

experience intends to explain. In probing the chaos of 

human existence the tragic action may discover some element 

of knowledge. This is the opinion of a current critic, who 

has stated: "The tragic action, in its deepest sense, is 

not the confirmation of disorder, but its experience, its 

comprehension, and its resolution."5 

Thirdly, there is a didactic element in Gald&s' use 

of tragedy, especially in his early works, that would 

justify Joaqufn Casalduero's contention that Gald6s was not 

trying to reform society, but rather Spanish man himself: 

HNo cree en la revoluci<5n, porque lo que hay que transformar 

es el car£cter.H6 Concurring in this opinion is William E. 

Bull, who upon comparing the naturalism of Gald6s and 

Leopoldo Alas with that of fimile Zola, pointed out that 

4. Ibid. 

5. Williams, Modern . . . , p. 83. 

6. Casalduero, Vlda . . . , p. 88. 
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whereas Zola sought to Influence social change through 

political and social institutions, the others sought to 

refoim man.? 

Fourthly, the tragic import is a unifying factor 

in GaldSs* works. It acts as the catalyst binding together 

the diverse themes which appear in his novels, at the same 

time providing an integrating force, a centrality, about 

which the narrative revolves. This central theme of the 

tragic provides, In addition to its unifying force, the 

release or "purge" of pity and fear at the end, in much the 

manner prescribed by Aristotle. 

Fifthly, in the evaluation of the worth and sig

nificance of the tragic, its relation to crisis must not 

be overlooked. In this respect the political, social, and 

religious background against which Gald6s framed his novels 

becomes of paramount importance. In a sense the Spain of 

the last century was a mlcrocosmos of twentieth century 

Spain. Viewed historically, the crises and civil wars of 

the nineteenth century were a preview of the large-scale 

confrontations which were to take place in the twentieth, 

culminating in the bloody and disastrous Civil War of 

1936-1939. Therefore, in retrospect, Gald6s in his era 

had the vision and capacity to see the tragic results 

7. William E. Bull, "The Naturalistic Theories 
of Leopoldo Alas," PMIA* LVII (19^2), 5^3. 
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emanating from the crises of his day and to depict them in 

his narratives. Murray Krieger has commented upon the role 

of the tragic and its relation to crises: "Now of course 

the tragic is not the only vision projected by our serious 

literature and philosophy, nor is it necessarily the pro-

foundest vision. But it is surely the most spectacular, 

and the most expressive of the crisis-mentality of our 

time. 

While all the possibilities listed beforehand 

certainly are visible in the many-faceted glimpses of the 

Galdoslan tragic essence, the prime motivation for its use 

(and for the use of all the creative devices in his novels) 

is to reveal man stark naked and vulnerable to the world. 

Gald6s, hlmsexf, in his Academy speech of acceptance, 

reveals the cognitive role that tragedy plays in his novels 

when he states: 

Perdemos los tipos, pero el hombre se nos revela 
mejor, y el Arte se avalora s6lo con dar a los 
seres imaginarlos vlda m&s humana que social. 
Y nadie desconoce que, trabajando con materlales 
puramente humanos, el esfuerzo del lngenio para 
expresar la vlda ha de ser m£s grande, y su labor 
m£s honda y difXcil, como es de mayor empeno la 
representaci^n pl£stica del desnudo que la de 
una figura cargada de ropajes.9 

8. Krieger, The Tragic . . . , p. 1. 

9. Gald6s, Piscursos . . . , pp. 24-25 
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Gald6s made no secret of his purpose In using the tragic In 

his novels, just as he never concealed the Intent of any of 

his novelistic endeavors—he was trying to expose the 

essence of man, Hla desnudez humana," in all its aspects: 

moral, metaphysical, and societal. Nevertheless, he had a 

special place reserved for tragedy, just as he had for 

religion, the other great Interest of his life. This omni

present, all-pervasive factor of the tragic is evident not 

only in the novels discussed in this investigation, but in 

many others not touched upon.10 

Undoubtedly the most important significance of the 

tragic import in his novels Is its contribution towards 

making them universal and eternal in scope. The stressing 

of these aspects places Gald6s in the long tradition which 

in Western Culture begins with the tragedies of Euripides 

and Sophocles, and continues with representative figures 

in every age. Shakespeare, Cervantes, Goethe, Balzac, 

Flaubert, Dostoievsky, Tolstoy, Thomas Mann, Hemingway, 

Faulkner, Pasternak—all these and many other outstanding 

writers of their time have cultivated the tragic ĝ nero. 

10. Tragic elements enter into these novels: 
La sombra (1870), El doctor Centeno (I883), la Incognita 
(1889). Trlstana (1892). La loca. de la casa (1892), 
El abuelo (1897)« and Casandra (1905)~ 
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Gald6s, therefore, joins an exalted company of literary men, 

and may rightfully take his place among the outstanding and 

significant writers of modern times. 
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