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PREFACE 

In 1915 Henri Villat [7] presented a plan for a solution to 

the problem of finding the boundaries of an inviscid incompressible 

liquid flowing steadily and irrotationally under the force of gravity 

in a two dimensional region bounded partly by fixed walls and partly 

by free streamlines. The boundary is assumed to be such that if the 

region of flow is mapped conformally onto a circle, the image of the 

fixed walls forms a single arc of the circle and the image of the free 

streamline forms the complementary arc. 

Villat's method consisted of first defining two functions D 

and E, D describing the shape of the fixed walls and E describing 

the speed of the liquid on the free streamlines, and then deriving an 

integro-differential equation relating the two. This equation is 

usually more complicated in E than in D. His procedure was to 

choose E either arbitrarily or as suggested by a realizable flow, 

then to solve for D, and thereby to obtain the shape of the walls 

which produce the given streamline speed. 

Villat derived an equation describing the case which will be 

treated here, but he did not solve it. However, he did solve the case 

of liquid flowing on an infinite, uneven (but smooth), unknown 

"river bed", the entire upper boundary being a free streamline, and 

iii 



the speed there being -B + A tanh(X/4) where A and B are 

constant and X is a parameter which varies along the streamline. 

The function D was obtained and a rough plot of the lower boundary 

was given. Also the equation of the free streamline was determined 

up to a quadrature. 

A disadvantage of Villat's method is that usually the fixed 

boundaries are known, rather than unknown, while it is the shape and 

the velocity of the free streamline which is to be determined, 

rather than given. 

In the last decade Dr. L. M. Milne-Thomson has been interested 

in finding solutions to free boundary problems for flows of liquids 

under gravity with given fixed boundaries. His students have con

tributed several papers in this area ([2], [3], [5], and [6]). 

This dissertation is an addition to their efforts. 
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ABSTRACT 

An inviscid incompressible liquid, flowing steadily and 

irrotationally in two dimensions, discharges from between two 

horizontal, impermeable walls with gravity acting vertically downward. 

The lower wall is infinite in both directions, while the upper one 

extends infinitely only upstream. The remaining part of the upper 

boundary is a free streamline, that is, the pressure on it is con

stant. The far upstream and far downstream velocities are considered 

uniform. The problem under consideration is to find the free 

streamline. 

In order to describe the method of solution let an unknown 

function f conformally map the region of flow onto the interior 

of a half-disk in such a way that the solid walls map onto the 

straight portion of the boundary of the half-disk. Combining f 

with the complex potential of the flow induced by f in the half-

disk provides a complete description of the original flow. The 

pressure condition on the free streamline leads to a nonlinear 

integral equation in a function related to f. The solution of this 

equation enables the free streamline and the velocity on it to be 

computed. 
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X 

Some properties of the solutions to the integral equation 

are discussed. A short description of the digital computer program 

set up to solve the equation and pictures of the computed free 

streamline are included. A general approach to the problem pub

lished in French by 11., Villat in 1915 is summarized. 
I 

A surprising result of the investigation is that in addition 

to the solutions where the downstream height is less than the up

stream height, there also exist solutions where the downstream height 

is greater. 



1. INTRODUCTION 

Consider an inviscid incompressible liquid moving steadily 

and irrotationally in the complex z-plane (z = x + iy), generally 

to the right between two straight impermeable walls as shown in 

Figure 1, the lower wall being the entire real axis and the upper 

wall being the semi-infinite line x + ih where h is a positive 

constant and x is less than or equal to zero. The remainder of 

the upper boundary is a free streamline. This configuration will be 

called the unobstructed orifice. The flow is uniform at infinity 

Am upstream and at infinity C^ downstream with speeds U and U* 

respectively. Let the height of the flow at infinity downstream be 

h*. By the law of conservation of mass 

(1.1) Uh = U*h* . 

Let the pressure on the upper wall at infinity upstream be 

the pressure along the free streamline be p*, a constant. 

blem is to determine the shape of the free streamline. 

An approach to the problem published by H. Villat in 1915 

[7] is summarized in Chapter 2. Villat's method led to an integro-

differential equation whose form was too difficult to solve. The 

method of this dissertation is presented in Chapter 3. This new 

1 
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method leads to a nonlinear integral equation (in eigenvector form) 

\vrhose solutions can be obtained by a digital computer. In Chapter 4 

it is shovm that the present method is consistent with Villat1s. 

Some properties of the solutions to the new integral equation 

are discussed in Chapter 5. The flow parameters h, h*, U, U*, p 

and p* are not independent. The relations between them are 

discussed in Chapter 6. 

In Chapter 7, an iteration procedure for solving the integral 

equation due to II. Bueckner [1] is described. Also an outline of 

the computer program that was used is presented. The program is 

special in that the domain [0, ir] of the solution function is 

divided into unequal intervals. An advantage of the unequal interval 

program over an equal interval program with the same number of 

divisions is that points on the free streamline further from the 

orifice may be computed. 

The last chapter contains a summary of the results and a 

discussion of the investigation. 
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2. VILLAT'S APPROACH 

Villat's equation^" is derived from three physical 

characteristics of the flow: 

(1) The liquid is inviscid and the flow is steady and irrotational 

in a two-dimensional region and therefore can be described by 

holomorphic functions. 

(2) The solid boundaries are streamlines. 

(3) The pressure is constant along the free streamline. 

His procedure was to introduce a parameter Z = X + iY and map the 

region of flow conformally by an initially unknown function onto a 

horizontal strip of width u in the Z-plane in such a way that the 

free streamline maps onto the upper boundary and the fixed walls 

map onto the lower boundary of the strip. His problem was to find 

this unknown mapping function. In order to express the condition 

that the pressure on the free streamline is constant he had to obtain 

a function, holomorphic in the strip, such that its real part is 

given on one boundary and its imaginary part is given on the other. 

1. In order to compare the two approaches to the problem, 
Villat's notation has been modified. 
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The problem will now be described more precisely. Consider 

a liquid flow through an unobstructed orifice as described in the 

Introduction. Let the Cartesian components of velocity be 

\ 

and V and let u = V - iV . Under the assumed conditions there 
y x y 

exists a complex potential w = $ + ity which is holomorphic in the 

region of flow and such that = -u. 

If the streamline on the lower boundary of the region of flow 

is = 0 then on the upper boundary = -Uh. The equipotential 

<P - 0 was chosen to go through the tip B of the wall on the upper 

boundary. On the free streamline <j> is negative; on the upper wall 

$ is positive. Thus w(z) maps the region of flow onto an infinite 

strip of width Uh (as shown in Figure 2); x = 00 corresponds to 

<|> = - x = - 00 corresponds to <|> = 00, and the point B where 

z - ih maps onto the point w = - iUh. 

The parameter Z = X + iY is introduced by considering an 

unknown mapping which conformally maps the interior of the flow 

region onto the interior of an infinite strip of width n in the 

Z-plane (Figure 3). The lower wall is mapped onto the positive real 

axis of the Z-plane. The point at infinity upstream is mapped 

onto the origin of the Z-plane. The tip B of the upper wall is 

mapped onto X = - °°. The free streamline is mapped onto the line 

Y = ir. The point Ĉ  where x = 00 corresponds to X = °°. 
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The following constitutes Villat's plan of solution. The 

mapping w(Z) is easily found by the method of Schwarz and Christoffel 

to be 

irw 

/O IN Uh Z -(2.1) e .= e - 1. 

If could be found as a function of Z. then w could be 
dz ' 

d z 
eliminated from this relation and (2.1) yielding an equation in 

An integration would yield z(Z) and w(z) parametrically. 

In order to find ^w(Z) introduce the variables 
dz ' 

to = 8 + IT and fi = 0 + iT so that 

(2.2) u..5E. v - i V  = lie-1"00 - DeT(2)e"i6(z) 
x dz x y 

Ue"lriCZ> - OeT(Z)c-10(Z) 

Then if q represents the speed of the liquid, 

(2.3) q2 = V 2 + V 2, q = UeT = UeT and (V + iV )/q = e10 = e10. 
\ / M X y » i  N x y  
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For the moment assume that the solid walls are neither 

straight nor horizontal. Let D(X) = 0(X) which is the angle of 

inclination of the solid wall at a point corresponding to Z = X. 

Note that D has not yet been determined; in Villat's approach 

this function will be the unknown. Let 

It can be seen from equations (2.2) and (2.3) that E and G define 

the speed and direction of the velocity on the free streamline. 

Now the pressure condition can be written in terms of E(X) 

and G(X). By Bernoulli's principle, if the pressure is constant 

on a streamline, 

where g is the acceleration due to gravity. A differentiation with 

respect to X yields 

(2.4) E(X) = T(X + iir) and G(X) = 0(X + in) . 

constant 

(2.5) 
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The potential on the free streamline is 

. . . .  U h  i  ,  X + i T r  U h  ,  ,  X  . . .  . . . .  
(J) + ii|> = - — log(e - 1) = —— log(e + 1) - 1UI1, 

so that ^ = - 1^) gX = so that dx ^ . 
(1+e ) ir(l+e ) 

Also on the free streamline 

(2.6) q = UeT = UeE 

«.» •. da tt E dE t c- j dy . dw T-10 so that = Ue — . To find -rr , invert — = -Ue 
dX dX d<j) dz 

to get 

(2.7) -U — = e*"T+i0 
dw 

On the free streamline ip is constant so that dw = d(j>. Equate 

the imaginary parts of equation (2.7) to get 

iii = _ i. Egin G 
d<j) U 
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By substituting the expressions for q 

equation (2.5), the desired form of the pressure condition is 

obtained. 

If Re{fi(Z)} , the real part of ft(Z), is specified on the 

boundary of the strip, then the harmonic function Re{fi(Z)} is 

determined in the interior of the strip. The harmonic conjugate of 

Re{fi(Z)} is also determined up to a constant (see p. 131 of [4]). 

Thus specifying Re{ft(Z)} on the boundary determines ft(Z) in 

the interior up to an imaginary constant. Similarly, if Im{fi(Z)} 

is specified on the boundary of the strip then ft(Z) is determined 

in the interior up to a real constant. If the speed function T is 

specified on the boundaries, the constant is determined by the 

direction of flow at one point. If 0 is specified the constant 

can be determined from the speed at one point (U in the case of 

the unobstructed orifice). However in a free boundary flow under 

gravity neither the speed nor the direction of flow is known on 

the free streamline; instead, the pressure condition must be 

satisfied. It can also be shown (see the following lemma) that if 

D(X) = Re{ft(X)} and E(X) = Im{f2(X + iir)} are specified, f2(Z) 

can be found in terms of them. Villat assumed that there existed 

functions D(X) and E(X) satisfying the conditions of the problem 

(2 .8)  (1 + e )e 
-Xv 3E(X) dE(X) 

dX 
+ • sin G(X) = 0. 

irU 
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and found ft(Z). Then he found Re{S3(X + iff)} = G(X) which he 

substituted into the pressure condition to derive an integro-

differential equation with D(X) and E(X) as unknown functions: 

If another relation between D and E is specified, there 

is a possibility of solving for them. For the problem of the 

unobstructed orifice the angle of inclination D of the solid walls 

is zero. If E, satisfying 

and D = 0 are used to determine ft then ~ can be found and 

the problem can be considered as solved. 

Villat did not take this course. He noticed that equation 

(2.9) is more complicated in E than in D. He decided to choose 

the speed E(X) on the free streamline arbitrarily and solve for 

D(X). If E(X) is known, then S(X), defined such that 

00 *1 

[ D(q)dot I 

J cosh ̂  
CO 2 J 

E(g)de _i_ 
,._u 3-X ~ 2tt 

(2.10) (1 + e [_1_ 1 E(B)dg 1 

2"i ¥ J 
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(2.11) 2ttS(X) = 

00 

J . U O-X 
' sinh —r~ 

CO 2 

f E(a)dot 
- 2ir arc sin (1 + e )e 

-X. 3E(X) dE(X) 
}e dx 

is known and the problem can be solved provided the equation 

00 

can be inverted for D. 

Before proceeding with the inversion of this equation it 

will be useful to discuss the lemma mentioned previously. 

Lemma. Let f2(Z) be holomorphic in the strip {X + iY |O^Y<^n} . 

If D(X) = Re{ft(X)} and E(X) = Im{ft(X + in)} are given, then 

fi(Z) can be expressed in terms of D and E; that is, 

cosh 
00 Z+a 

(2.13) 

oo r oo 

j E(B)-^r| 
00 L -oo cosh 

B-Z * 
2 
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where the singular integral is taken to be the Cauchy Principal 

Value in the complex sense. 

Proof: Let 

(2.14) ft = ft* + ft** 

where ft* and ft** are holomorphic in the strip and where 

Re{ft*(X)} = D, Re{ft*(X + iir)} = 0, Re{ft**(X)} = 0 and 

Im{ft**(X + iir)} = E(X) - Im{ft*(X + iir) . The function ft* may be 

found by conformally mapping the strip onto the unit disk in the 

C-plane (by Z = —• + log » so image of the line 

is 
Y = 0 is the arc e where ir < s < 2TT and the image of Y = ir 

is 
is the arc e where 0 < s < ir. Since the real part of ft* on 

the boundary of the circle is known, ft*(£) can be found by Poisson's 

formula: 

2tt . 
-is 

0*(O - £ j DCs) ds 
J 1-Ce 

or, in terms of Z on making the substitutions 

t, = and a = In (- cot ̂  ) , 

ie -1 



cosh 
(2.15) D(a) 2 da 

14 

Z+a 

. , Z-a cosh a 
sinh —r— 

Evaluation of fi*(X + iir) gives 

«° . . X+a 
. r sinh —r— , 

(2.16) Im{fi*(X + iir)} = i D(a) —— 
' cosh —tr

io find fl**(Z), let H(X) = E(X) - Im{fi*(X + iir) and 

consider iQ**, whose imaginary part on the lower boundary is zero 

and whose real part on the upper boundary is -H(X). This function 

can be analytically continued into the strip {X + iY | -ir Y <_ 0} 

so that iC2**(Z) - ifi**(Z) . On the line X - iir, Re{in**(Z)} = -H(X). 

Thus the problem has been reduced to finding a function, 

holomorphic in the strip, whose real part is known on both boundaries:— 

a problem whose solutions is known. By Poisson's formula it is found 

that 

<2-17> a**<z> " & | JUf1Fz ' 
' COSh —r— 

Combining (2.14), (2.15), (2.16), (2.17) and the definition of H(X) 

yields (2.13). 
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The problem of inverting (2.12) will be considered now. 

From (2.17) it is seen that H(0) is the value on the upper 

boundary of the imaginary part of a function, holomorphic in the 

strip {X + iY | 0 <_ Y <_ IT}, whose real part is zero on the lower 

boundary. From (2.12) it is seen that the same is true for D(a) 

with respect to iS(Z) if iS(X) can be continued analytically 

into the strip. If E is chosen so that E(Z) is analytic in the 

strip, then from the definition of S in equation (2.11), S(Z) 

is analytic in the strip. Since Im{S(X)} = 0, S(Z) can be con

tinued analytically into the conjugate strip. The problem can be 

restated: find Re{S(X + iir)}, given S(X) which is real. The 

solution may be written 

D(X) = y {S(X + iir) + S(X - in)} 

and can be found from the Taylor series of S(X). 



3 . A NE~.J APPROACH 

A second method, the method of this thes is, will noh' be 

described Hhich gives a direct solution and consists of solving 

simul taneous ly two integra-differential equations . One equation is 

derived from the fact that the cond itions on the flow make the 

functions des cribing it holomorphic and that the solid walls are 

streamlines, and the other equat ion follmvs b ecause of the constan t 

pressure on the fr ee streamline . First, func tions \vill be con-

struct ed which characterize the flow, and then a system of differential 

equations in t erms of t hese functions ·VJill be found v7h ich describe 

the free streamline parametrically. 

The r egion of flow in the z-plane will be conformally mapped 

on to the upper unit ha lf - disk in the <;-plane . As .shovm in Figure 4 

t he upp er wall A B 
co 

is map ped onto the inter val [ -1, 0] of the r eal 

a x is in the <;-plane wi th t he point A 
00 

a t inf inity upstream il1 the 

z-plane mapp i ng i n to the origin of the <;-plane . The lower boundary 

in the z-plane is mapped onto the interva l [0, 1] of the r ea l axis 

of the <;-plane, \vi th t h.e point Coo at i nfinity dm·ms tr eam i n t he 

z- plane mapping i nto t he point r; = 1. The fr ee streamline is mapped 

on to t he upper arc of t he s emicirc l e . Since t he shape of t he free 

streamline i s unknm·..rn, this mapping z (<;) is a t present a l so unknm·m . 

16 
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If z(c) were known, the flow in the z-plane could be determined 

from z(?) and the flow induced in the 5-plane. 

The flow in the C-plane induced by z(c) can be considered 

as being due to a source of strength m at the origin of the 5~plane 

and a sink of strength 2m at the point 5 = 1. For by the circle 

theorem (see p. 157 of [4]) a sink of strength m outside the unit 

circle has for its image system a sink of str.ength m at its inverse 

point and a source of strength m at the center of the circle. If 

the sink outside of the circle is moved toward 5=1, then the image 

sink is moved toward t, = 1 and in the limit, the source at the 

center is unchanged, the sinks add to form a sink of strength 2m at 

5 «= 1, and the circle remains a streamline. Algebraically, 

(3.1) w(c) » lirai m{log(c-l+6) + log(5--j^r) - log £} 
6+o+ 

« m{2 log(C-l) - log 

Again let the velocity in the z-plane have horizontal and 

vertical components V and V . Then 
r x y 

v -iv =  =  _ mLktn. #  
x y dz d? dz c(t-l) dz 

The last equality is obtained by differentiating (3.1). Since the 

s p e e d  i n  t h e  z - p l a n e  i s  f i n i t e  a t  t h e  p o i n t s  c o r r e s p o n d i n g  t o  5 = 1  



and ? 

to £ 
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= 0 and the speed is not zero at point B corresponding 

= -1, it follows that 

(3.2) 
d£ = C(C-l) 
dz (c+l)hf(c) 

and 

(3.3) 

where f(?) is holomorphic and has no zeros inside the flow region 

or on its boundaries. The last equality holds since the flux nni 

due to the source in the C-plane equals the flux Uh through the 

unobstructed orifice. The function f(0 is seen to be real for 

real C such that |C| £ 1. All the complex derivatives of f(c) 

at the point £ = 0 will be real so that the Taylor expansion of 

f(C) at the origin will have real coefficients. Also V (-») = U > 0 

1 is 
implies f(0) = - — . Let £ = re where r and s are real with 

0 ̂  r 1 and 0 < s < n. Define ft as in (2.2) so that 

(3.4) V - iV = Ue 
x y 

-in(C) = UeT(?)e-i0(c) 

and 

(3.5) -IT F(?) = e = ei^(C) = fi-T(Oei0(O 
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For convenience» introduce the notation 

is 
fi(r, s) = fl(?) - fi(re ). Then on the free streamline 

r = 1, ? = e Ŝ, = ie*S = i£ and by (3.2) and (3.5) 

(3.6) 

As in (2.2) and (2.4), let 

(3.7) fi(l,s) = 0(1,s) + iT(l,s) = G(s) + iE(s). 

Equate the real parts and the imaginary parts of (3.6) to get the 

following t\-7o differential equations which (once E and G are known) 

can be integrated to provide a representation of the free streamline 

in parametric form: 

(3.8) 

and 

(3.9) 
dy h -E(s) . s . _, , 
TT = - IT e cot - sin G(s) . 
as tt Z 
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Now the pressure condition in E and G can be derived. 

On the free streamline the pressure is constant, so as in (2.5) from 

Bernoulli's equation 

(3.10) 

Substituting (3.9) into (3.10) and applying (2.6) to eliminate E(s) 

leads to 

(3.11) 2 d£L _ Ugh G(s) , 
ds ir 2 

which can be integrated to get 

3 ,  q (s) 
= 3Ugh 
^ [ cot -r si 
IT J 2 

sin G(t)dt + U*3 , 

where U* is the speed far downstream; that is, U* = q(0). Apply 

(2.6) to put this equation in terms of E(s): 

(3.12) e 
3E(s) _ 3gh 

2 3 
irU U'v 

U"^ cot -r- sin G(t)dt + 

U 

,-3 

U*l 3 

U I 
1 + 

3 Ugh 
,,,.3 

TTU" 
cot J sin G(t)dt 
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Let c = ^^1? . The pressure condition is obtained from (3.12) by 
TTU* 

logarithmic differentiation. Thus 

g 
. c cot — sin G(s) 

(3.13) dE 1 2 
ds 3 s 

1 + c cot | sin G(t)dt 

The second equation in E and G comes from the following 

lemma the conditions of which are satisfied by the mapping f. 

Lemma. Let f(c) be holomorphic and have no zeros inside or on the 

boundaries of the disk |c| <. 1, and let the Taylor expansion of 

f(C) about the origin have real coefficients. Also suppose 

f(0) = a = - — and put -Trf(e'J'S) = e + iĜ s\ Then the follow-
O TT 

ing relationship holds between E and G: 

(3.14) G(t) = | 

ir 
00 

Esin nt sin ns dE 
. n ds n=l 

ds, 

Proof: Since f(C) is holomorphic inside and on the boundary of 

CO 

the unit disk and f(0) = — , write —irf (C) = 1 + a ?n 
ir ' i n n=l 
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where the coefficients a are all real. Then 
n 

log{-nf(c)} = log{l + J] a £n} = V bn n̂ where 
n=l n=l 

bl = al» b2 = a2 ~ 2 al ' b3 = a3 ala2 + 3* al ' *" * 

Thus the b are all real and are known when the a are known, 
n n 

Then 

CO 

-E(s) + iG(s) = log{-Tff (eis)} = £ b e nS 

n=l 

Since the b are real, 
n 

E(s) - - Y. bn 
n=l 

00 

cos ns 

and G(s) = ]T b,,sin ns • 
n=l 

00 

Hence 4^= Y  nb sin ns and, from the orthogonality of the 
ds *-». n * n=l 

functions sin ns, 

2ir, 
sin nt sin ns 

n k=l 
k b^sin ks ds = irb sin nt, 

n 
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so that 

2tt 
sin nt sin ns dE 

n ds 
ds = IT b sin nt. 

n 

Thus 

(3.15) 7rG(t) - ir ) b sin nt 
i n n=l 

2ir 

- t  J '  n=l J 

sin nt sin ns dE 
n ds 

ds, 

from which (3.14) is obtained since sin ns and 

so that 

dE 
ds 

are odd functions 

2ir 

4 dE . sin ns -r— ds 
ds 

TT 

| sii 
dE 

2 | sin ns — ds, 

The desired integral equation results from solving (3.13) and 

(3.14) simultaneously: 

G(t) = 
3TT 

TT S 
c cot -r sin G(s) 

L(s,t) ds, 

1 + c cot — sin G(e)de 
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where L(s,t) = £ 
n=l 

sin ns sin nt 1 . =-ln 
n 2 

sin 
s+t 

. s-t 
sin —r— 

This last identity is verified on p. 411 of [4]. 

If u(t) = c sin G(t) then the integral equation can be 

written 

(3.16) u(s) = c sin < 
2_ 
3TT 

L(s,t) -
u(t) cot j 

dt 

I "  
1 + | u(e) cot ^ de 

The normalized free streamline can now be written 

parametrically in terms of u, the solution to the integral equation. 

From (3.12) 

E(s) _ U* 
U 

1 + 

s 

I "  (t) cot "2 dt 
1/3 

so that if v(s) = cot ̂  u(s) and R(s) = " i  
L o 

1 + v(t)dt 

-1/3 



25 

then 

(3.17) t
IW=fl«.)]4 

Now from (3.9) and the definitions of u and v 

d f = "  R ( s > v ( s )  •  

which can be integrated to give 

(3.18) y(s) = h 

S 

-  —  f  ircU* J 
R(t)v(t)dt 

since y(irr) = h. Setting s = 0 produces the coefficient of 

contraction h*/h. If y is a constant such that 

h* 
h 

= 1 + h*_ 
irch 

R(s)v(s)ds = 
. h* 
1  "  T M  

that is, if 

II 

y = ~ vc j R(s)v(s)ds> 

then 
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h* l U* 
(3.19) = and ^ = 1 + y 

n 1 + y U 

from the equation of continuity (1.1). Now from (3.8), (3.17) 
l 

and the definition of u 

dx hU ^ s _ / N  

d^ = ~ ̂ U* R(s) COt 2 COS G(s) 

from which 

s 

(3.20) x(s) = - | R(t){c2 - u2(t)}1/2 cot | dt 

i r  

since X(TT) = 0. Let y(s) *= y(s)/h and x(s) = x(g)/h. Then by 

using (3.19) to eliminate U*/U, equations (3.18) and (3.20) describing 

the free streamline can be written in normalized form 

IT 

(3.21) 7(s) = 1 + vcC l  + y) | R(t)v(t) dt 

s 

and 

TT 

(3.22) x(s) = •7rc"(11+' "yy j R(t){c2 - u2(t)}1̂ 2 cot dt. 

s 



4. THE CONSISTENCY OF THE TWO METHODS 

In order to establish the equivalence of Villat's equation 

(2.10) and equation (3.16), the following differences in the equations 

should be noticed: 

(1) The parameter in Villat's equation lies on the upper 

boundary of the strip in the Z-plane, while the. parameter 

in equation (3.16) lies on the curved boundary of the half-disk, 

(2) The dependent variable in Villat's equation is related to the 

speed on the free streamline while the dependent variable in 

equation (3.16) is related to the direction of flow. 

1+C 
The mapping Z = 2 log conformally maps the interior of 

the strip onto the interior of the half-disk in the £-plane. The image 

is 
of the semi-circle e where 0 < s < IT is the line X + iir where 

(4.1) X = 2 In |cot || . 

Write ff = ds dX ' observe from 2̂,6̂  that 

E(X) = E(2 In |cot || ) = In 

and differentiate (4.1) to get: 

27 
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d x  r S  .  s ,-l 
—  =  -  { c o s  r -  s m  — }  
d s  L I  

Equation (4.1) may be used to show that 

. . -X 2 s 
1 + e = sec ^ * 

With these substitutions, Villat's pressure condition (2.8) can be 

put in terms of q and s: 

tan f {^)3 -f <ln ^ G 
/ U ds U tt2 irU 

or 

q2(s) cot •§• sin G; 
ds ir 2 

but this is equation (3.11) from which (3.16) was derived. Thus the 

two equations describe the same flow. 



5. SOME PROPERTIES OF THE NEW SOLUTION 

While it is conceivable that after leaving the orifice the 

stream might form waves, it is reasonable to seek solutions where 

the streamline is monotonic with respect to x, that is, where the 

sign of G(s) or of u(s), the unknown function in the integral 

equation (3.16),is constant. If the solution is to represent a 

physically possible flow then: q(s) > 0, |G(s) | < TT/2 and, 

by the principle of conservation of energy, q(s) is bounded which 

together with (1.1) implies that h* > 0. The following properties 

of u and v can be established: 

(1) u(0) = U(TT) = 0, 

s 

(2) if G 0, then 

o 

(3) if G 0, then there exists a positive number b 

s 

such that 1 <_ 1 + v(t)dt b, 

o 

and 

(4) v(s) is summable. 

Since u(s) = c sin G(s) and the slope G(s) of the stream

line is zero both at the point where the stream leaves the orifice 

29 
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(s = n) and infinitely far downstream (s = 0), the first statement 

is seen to be true. 

The integration of equation (3.11) yields 

(5.1) q(s)/U* = 

s 

1 + | v(t)dt 

o 

1/3 

If G(s) _<_ 0, then y(s) >_ h* which, with the conservation of mass, 

implies U* q(s) ̂ .0 so that statement (2) follows. If G(s) 0, 

it is known that q is bounded; that is, there exists a constant 

1/3 
b > 0 such that U*b >_ q(s) U* from which statement (3) 

follows. Statement (4) follows directly from statements (2) and (3). 

It should be noticed that the integral equation does not 

define v(0). In terms of v(s), equation (3.16) becomes 

(5.2) v(s) = c cot 2 sin 
2_ 
3tt 

L(s,t) v(t) dt 
t 

o 1 + v(e)de 

which at s = 0 is indeterminate. 



6. THE FLOW PARAMETERS 

Although the six variables U, U*, h, h*, p and p* 

describe the flow, they are not all independent and fewer variables 

will suffice. The conditions that these variables must satisfy are; 

Bernoulli's equation 

2 
t>-n* 1 2 U* 
| IT + gh = + gh*, 

3 
the equation of continuity (1.1), and c = 3Ugh/(uU* ) where c is 

an eigenvalue of the integral equation. The first two conditions 

are readily managed; the third presents a problem since all that is 

known about c is that c is positive. Since p and p* enter 

the equations only in the combination (p-p*)/p> set £ = • 

2 
Also set n = "T- and F = —r~ . The equation of continuity (1.1) 

h gh 

can be used to eliminate U* from Bernoulli's equation. In terms of 

these new variables Bernoulli's equation becomes 

n2(? - n + 1 + F/2) = F/2. 

A graph of a few members of the family (with F as a parameter) 

is shown in Figure 5. With the assumption that the free streamline 

is monotonic the graph shows: 

31 
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(1) P~P* = 0 implies that given F there is at most one 

non-degenerate solution. 

(2) P~P* ̂  0 implies that given F there are at most two 

non-degenerate solutions. 

(3) P~P* < 0 implies that there are F for which no 

solution exists and that if there are two solutions they 

both rise or both fall. 

(4) P~P* > 0 implies that if there are two solutions for a 

given F, one rises and one falls. 

Care has been taken not to assert that solutions exist since 

there are solutions only for those c which are eigenvalues of the 

integral equation. Some of the eigenvalues are listed in Table 1. 
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2 F» F 
Figure 5. The Family n (5 - n + 1 + j) = -j" 



7. A DESCRIPTION OF TIIE METHOD OF SOLUTION 

Since the nonlinear integral equation (3.16) does not seem 

amenable to solution in closed form, an iteration scheme devised by 

H. Bueckner was tried. While Bueckner proved convergence of the 

sequence of functions generated by the scheme for a class of equa

tions which does not include (3.16), the sequences obtained from (3.16) 

seemed to converge. Bueckner's scheme applies to operator equations 

in eigenvector form; that is, u = cKu. He defined a functional a 

and an operator K* such that 

and 

(7.1) 

o(u) 
(u, Ku) 
(Ku.Ku) 

K*u = a(u) Ku 

where (u,v) = u(t) v(t) dt and then considered the sequence u 
n 

generated by choosing an initial function uq and defining u^ = ̂ *un ]_* 

To apply the scheme to equation (3.16) let 

Ku = sin < 
3ir 

In 
sin 

s+t 
sin 

2 

sin 
s-t 

sin 
2 

u(t)cot 
dt 

1 + u(e)cot 2* de 

34 
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If u is chosen so that 
o 

TI 

(7.2) 1 + | un(s) cot J ds > 0 

o 

for all n, then K is positive, implying that if the sequence 

converges for a negative (positive) choice of Uq, then the limit 

function will be negative (positive). If condition (7.2) is not 

satisfied, it was found that negative Uq might yield a positive 

limit function (recall that a negative limit function corresponds to 

h* < h). 

In order to set up a computer program to perform the iterations, 

the domain [0,u] was divided into M (fixed) intervals of length 

ir/M. Since v(0) is indeterminate in (5.2), the first interval was 

divided into N (fixed) subintervals of length TT/MN. Integer 

variables I and J with 1<^I,J <_ M + N were established to label 

the endpoints of the intervals and sub-intervals with s = 0 

corresponding to 1 = 1, s = ir corresponding to I = M + N and 

s = TT/M corresponding to I = N + 1. The functions that were used 

in the program were defined only at these points except when singu

larities occurred at points other than s = 0. 

The functions s(I) and cot[s(I)/2] are readily defined as 

is the initial function "Q(I) = Y sin s(I) where y is a constant 

(the value cot[s(l)/2] is not used and can be. left undefined). 
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By changing y, different solutions can be obtained. The function 

P(I) = UQ(I) cot[s(I)/2] is obtained by multiplying pointwise for 

I > 1 and by setting P(l) = 2P(2) - P(3). The notation 

s(I> 

P(J) will be used to denote the result obtained by using the 

o 

trapezoidal rule on the intervals between 0 and s(I) which as 

previously stated may vary in size. Define the function Q(I) so 

that 

Q(I) mi 
S(I) 

l + P(J) 

Since the kernel L(s,t) has a closed form expression, it can be 

evaluated for all s(I) and t(J) except where it is singular. 

In order to increase the accuracy of the evaluation of the integral 

TT 

| L(I,J)Q(I) with J fixed, the intervals adjacent to the singu-

o 

larity, I = J, are divided into subintervals. Consider the two cases 

J < 'N + 1 and J > N + 1 as shown in Figure 6 and Figure 7 respecr-

tively. If J > N + 1 divide the intervals adjacent to J into N 

subintervals. Since Q is defined at J - 1, J and J + 1, Q 

can be represented linearly on each interval. The kernel can be 

evaluated everywhere on the two intervals except at the point I = J 

where it was chosen as the larger of the two values at the endpoints 

of the adjacent subintervals. Since in the case J <_ N + 1 the first 
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interval has already been divided into subintervals on which Q is 

defined,it is necessary to divide into N subintervals, only the 

second interval, where Q is approximated linearly. The kernel is 

treated as before. The rest of the calculation of u^ is straight

forward. With u^ known, the subsequent u^ can be determined 

by iteration. The process was stopped when the uniform difference 

in two successive functions was less than some pre-set tolerance. 

Once the final u^ is known, the calculation of x(I) and y(I) 

by use of formulas (3.21) and (3.22) is direct. 
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L(I,J) 

Q(I) 

1 J N+1 N+M N+2 

Figure 6. The Evaluation of 

ir 

J L(I,J)Q(I) when J £ N + 1 

o 
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Q(I) 

L(I,J) 

1 N+1 J+1 N+M J-1 J 

IT 

Figure 7. The Evaluation of J L(I,J)Q(1) when J > N + 1 

o 



8. DISCUSSION AND RESULTS OF THE INVESTIGATION 

At the start of the investigation solutions were expected 

for which the height of the liquid would fall asymptotically to a 

constant level after leaving the orifice. Also, it was thought that, 

aside from the case of uniform flow, all solutions would have this 

shape. Surprisingly it was found that solutions could occur for which 

the stream rose asymptotically to a constant level. One argument for 

the existence of rising solutions is that if the free streamline 

pressure is small and if the pressure of the liquid upstream is large, 

then the stream might rise where there is no wall to hold it down. 

Another, more analytical, argument could be based on the fact that for 

small initial functions, the operator K* which is defined by (7.1) 

is positive, thereby allowing for the possibility of convergence to 

a positive function if the initial function is positive. 

The investigation could be extended by seeking a computational 

method for which could be obtained, either the solutions correspond

ing to specified values of U and n» or the tail end of the stream

line, in particular n. In addition the convergence of the sequence 

un to a solution remains to be proved. 

The computing program was carried out on the I.B.M. 7072 

at The Numerical Analysis Laboratory of The University of Arizona. 

40 
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The domain [0,tr] was divided into 71 intervals and the first 

interval was divided into 71 subintervals, making the length of the 

subintervals less than tt/5000. Some examples of the solutions that 

were obtained are graphed in Figure 8. The normalized coordinates 

of the free streamline and the corresponding relative Froude numbers 

F(s)/Fc (see below) for the solutions appear in Table 2 (pp. 45-46). 

The solutions are labeled 1, 2, 3 and 4 and correspond to amplitudes 

of the initial sinusoids of -.10, -.05, -.50 and .05 respectively. 

Let F. , F_, F(s) and F_, be the Froude numbers q /gh 
Ad I* 

at points far upstream, at the tip of the upper wall, on the free 

streamline and far downstream respectively. It can be shorn that the 

following formulas for the Froude numbers hold: 

_ _ U* 3U 
FC " gh = 

3n 
1TCU* TTC 

(where c = 
_ 3Ugh 

7TU*~ 
) , 

_ _ 3U3 3n3 

A " " TTCU*3 " uc 

w s )  =  - 3 — =  p  
*KS} gh £C 

1 + v(t) dt 
2/3 

and F = F 
B C 

1 + v(t) dt 
2/3 



42 

The formula for F(s) is derived from (5.1) and the formula for 

F„ results when s = TT. The values of F. , F , and F„ were 
B A D C 

computed by approximating n with y(l), the y coordinate of the 

point computed farthest from the orifice, and listed in Table 1. If 

the error in c is small, the relative error in F^ becomes 

proportional to X where X is the relative error in n: 

\ -  ?  w  - 1 .  
n 

The value of X might be large if y(l) is not sufficiently far from 

the orifice. The relative Froude numbers F(s)/F^, will be compara

tively error-free, while the error in F^ will be proportional to 

3 
X . The computed value F. will be larger than the true value in the 

i'j. 

falling cases and less than the true value in the rising cases. In 

particular, the true value of F^ may be less than F^ in the falling 

cases and greater than F^ in the rising cases; that is, the speed on 

the upper boundary may be monotonic with x. 



v~l 

y=0 

Figure 8. The Free Streamlines 

y(l) = .73 

C 
00 

J I I 

4 5 6 

•> 
10 
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Table 1. The Flow Parameters 

Solution 

FALLING CASES RISING CASES 

Solution 1 2 3 4 

x(l) 4.68 5.18 6.02 5.71 

y(l) .73 .83 1.06 1.33 

*i 
.72 1.10 2.87 3.92 

h  .92 .95 1.03 1.18 

F A*  .53 .66 .98 .85 

F B .46 .63 .99 1.13 

Fc 
.99 .98 .87 .48 

c .70 .80 1.16 2.61 

The symbols x(l) and y(l) represent the normalized 
coordinates of the point on the streamline computed 
farthest from the orifice. The symbols and y^ 

represent the normalized coordinates of the point of 
inflection. F^, Fg and F^, represent the Froude numbers 

at the points A^, B and C^. The letter c represents 

the eigenvalue corresponding to the solution of the integral 
equation. 

* The values for F^ may be in great error, possibly being smaller 

than Fg in the falling cases and larger than Fg in the rising 

cases. 



Table 2. The Normalized Coordinates of 

Corresponding Relative Froude Numbers 

the Free Streamline and the 

Solution 1 

X Y F/Fc 

0.00 1.000 .458 

.50 .945 .551 

.72 * .920 .613 

1.00 .882 .695 

1.58 .815 .830 

2.16 .775 .912 

2.50 .759 .944 

3.01 .744 .973 

3.53 .737 .989 

3.86 .734 .994 

4.68 .731 1.000 

Solution 2 

X y F/Fc 

0.00 1.000 .644 

.49 .984 .676 

1.03 .951 .744 

1.10 * .946 .754 

1.51 .918 .811 

1.92 .893 .862 

2.50 .865 .919 

3.00 .849 .952 

3.51 .838 .975 

4.04 .831 .988 

4.65 .828 .996 

5.18 .825 1.000 

* the point of inflection 
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Table 2, continued 

Solution 3 

X Y F/Fc 

0.000 1.000 1.137 

0.508 1.001 1.134 

1.027 1.005 1.127 

1.543 1.009 1.115 

1.997 1.015 1.102 

2.499 1.023 1.085 

2.870 * 1.029 1.071 

2.999 1.031 1.067 

3.496 1.038 1.049 

4.001 1.045 1.033 

4.570 1.051 1.019 

4.849 1.054 1.013 

5.353 1.056 1.007 

6.025 1.060 1.000 

Solution 4 

X y F/Fc 

0.000 1.000 2.340 

.495 1.002 2.331 

1.035 1.008 2.307 

1.510 1.017 2.269 

2.171 1.041 2.171 

2.502 1.057 2.104 

3.006 1.090 1.968 

3.468 1.130 1.804 

3.916 * 1.176 1.615 

4.402 1.225 1.413 

4.956 1.267 1.242 

5.712 1.326 1.000 

* the point of inflection 
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