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ABSTRACT 

The subject of this dissertation is a preliminary investigation 

of a coherent demodulation scheme in which the information signal to 

be conveyed is passed through a general linear filter prior to trans

mission. Conventional schemes for demodulating phase and frequency 

modulated signals are special cases of the general system investigated 

here. 

To establish the feasibility of this approach, it is necessary 

to consider a particular version of the general case. The scheme 

which suggested itself, and which is investigated, is one in which in

formation about the message signal and its derivative is conveyed. 

This is a combination of conventional PM and FM schemes and corresponds 

to combination of the information signal and its derivative prior to 

tr an smi s s ion. 

An additional scheme is also examined in which the combination 

of the information signal and its derivative takes place after trans

mission, but this is only a variation of the basic scheme of combina

tion before transmission. However, this approach does lead to a 

slightly different situation since separately transmitted carriers are 

required in this case. 

In short, this dissertation postulates a general coherent de

modulation scheme of which conventional PM and FM demodulation methods 

using phase-lock loops are a special case. Further this dissertation 

ix 
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considers a combination of PM and FM schemes as a generalization of 

past work in this area, and as a special case of the general approach 

advocated here. However, the results obtained from considering the 

behavior of the system for one particular information signal power 

spectral density are somewhat inconclusive. Thus, beyond some elemen

tary considerations, further conclusions as to how the systems using 

this approach compare with conventional PM and FM systems and with 

each other, must be determined by their application for specific pur

poses. 



CHAPTER I 

INTRODUCTION AND ORGANIZATION OF THESIS 

Phase-lock loop receivers have been used, and are presently 

being used, on many of the spacecraft involved with the deep space mis

sions undertaken by the National Aeronautics and Space Administration. 

This communication receiver makes it possible to combine the provision 

of information for determining the radial range, velocity and accelera

tion of a spacecraft in relation to the earth with the transmission of 

both scientific and engineering telemetry data. However, even though 

the phase-lock loop receiver is one of the most successful and widely 

used of all communication receivers for space vehicles, it is designed 

to perform optimally only for a given set of operating conditions. 

These conditions are subject to appreciable variation and the effective

ness of the receiver undergoes a degree of degradation proportional to 

the amount of this variation. 

Thus for optimum performance over a range of operating condi

tions, the phase-lock loop receiver should be adaptive in nature. This 

means that it should first have the ability to sense changes in the 

values of the operating parameters which affect its performance. Then, 

depending on what these changes are, the receiver should be able to 

respond correspondingly by changing its system parameter values to 

maintain optimum behavior. However, the implementation of such a sys

tem is difficult. 

1 
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The subject of this thesis is a preliminary investigation of a 

coherent demodulation scheme in which the information signal which is 

to be conveyed is passed through a general linear filter prior to 

transmission. The simplified information signal model of the system 

for doing this is shown in Fig. 1.1. The signal m(t) is the informa

tion signal to be conveyed, n(t) is the noise added in the channel, 

and4h(t) is the estimate of m(t) which is produced by the receiver. 

It is seen from Fig. 1.2 that the conventional schemes for de

modulating phase and frequency modulated signals are special cases of 

the general system advocated here. Several investigators have con

sidered these conventional schemes and their modifications to varying 

degrees of detail. Some of the earlier efforts along these lines were 

made by Jaffe and Rechtin (1955). Using Wiener filter theory to mini

mize the RMS transient phase-lock error, their investigation consisted 

chiefly of analyzing the effect of different signal and noise levels 

on several receiver configurations. These configurations consisted of 

(a) A phase-lock loop using a fixed filter preceded by an automa-

tic-gain-control (AGC) system that held the signal level constant. 

(b) A fixed-filter phase-lock loop preceded by a bandpass limiter. 

(c) A variable-filter phase-lock loop continually adjusted to be 

optimum. The conclusions were that a fixed-component loop preceded by 

a bandpass limiter gave better results than the AGC system and yielded 

near-optimum performance over a wide range of input signal and noise 

levels. 
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Viterbi (1962) examined the optimum coherent demodulation be

havior for PM and FM continuous modulation systems. This was done by 

using Wiener filter theory and an assumed power spectral density for 

the information signal. No suboptimum results were presented in 

Viterbi's work. 

Lindsey (1964) combined the approaches of Viterbi and Jaffe 

and Rechtin to consider the coherent demodulation behavior for an FM 

continuous modulation system. Specifically investigated were 

(a) A phase-lock loop using a filter preceded by an AGC system. 

(b) A fixed-filter phase-lock loop preceded by a bandpass limiter. 

(c) A variable-filter phase-lock loop continually adjusted to be 

optimum. The same information signal power spectral density as con

sidered by Viterbi was used in this analysis. It was concluded that 

the system using the AGC amplifier performed better than the bandpass 

limiter system. This was just the opposite from the conclusion 

reached by Jaffe and Rechtin when using the transient error criteria. 

In spite of these detailed analyses, it seems that two impor

tant sets of data are missing. The first is the data corresponding to 

the behavior of the fixed-filter loop for the FM case when the loop is 

preceded by neither an AGC amplifier nor a bandpass limiter. The second 

is the same data for the PM case. The need for these sets of data 

comes about naturally as a by-product of the development of the intro

ductory material in Chapter III. The first conclusion from this data 

is that in the FM case little or no improvement is observed when the 

loop is preceded by an AGC amplifier or bandpass limiter. The second 
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conclusion is that the adaptive behavior of the EM system is much 

better than that of the FM system. 

To establish the feasibility of the general approach described 

here, it was necessary to consider a particular version of the general 

case. The scheme which suggested itself, and which is subsequently 

investigated here, is one in which information about the message sig

nal and its derivative is co:nveyed. The system corresponding to this 

scheme is shown in Fig. 1.3. This is a combination of the conventional 

EM and FM modulation schemes. The boxed portions of the block diagram 

correspond to the general linear filter whose transfer function is 

D(s) . 

The set-up of Fig. 1.3 corresponds to combination of the in

formation signal and its derivative prior to transmission. An addi

tional scheme is also examined in which the combination of this in

formation takes place after transmission. However, this is only a 

variation of the basic scheme of combination before transmission, and 

is described in detail as indicated below. 

Following the introductory material of the present chapter an 

introduction to coherent demodulation is presented in Chapter II. This 

serves to introduce the basic concept of the phase-lock loop. In 

Chapter III the derivation of the equivalent receiver model for the 

conventional EM and FM systems is presented as well as the application 

of Wiener filter theory to the optimal design of coherent demodulation 

schemes in general. Specific examples are included for both FM and FM 

systems, although it is shown that these are just special cases of the 

general system. 
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In Chapter IV the_techniques necessary for the required analy

sis are developed and applied to the two systems which combine informa

tion about the information signal and its derivative. The basic ap

proach used in Chapter III serves as the starting point. 

Chapter V presents the results of the work of Chapter IV and 

analyzes the differences in the systems and the resulting consequences. 

A brief summary is presented in Chapter VI along with recommendations 

for further study. 

The contribution of this thesis is that it postulates a gen

eral coherent demodulation scheme.of which conventional PM and FM 

demodulation methods using phase-lock loops are a special case. Further, 

it considers a combination of EM and FM schemes as a generalization of 

past work in this area, and as a special case of the general approach 

advocated here. 



CHAPTER II 

COHERENT DEMODULATION 

2.1 Introduction and Organization of the Chapter 

Communication via the use of the phase-locked loop in continu

ous modulation systems is an application of the technique referred to 

as coherent demodulation. The modulation of some parameter of a 

sinusoidal carrier signal by an information signal which is a randomly 

varying function of time is referred to as continuous modulation. The 

parameter of the carrier which is modulated may be either amplitude or 

angle, and the latter includes the cases of phase and frequency modu

lation. The definition of coherent demodulation is an important one 

and is taken here to be the following (Viterbi 1962): Coherent de

modulation refers to the recovery of the information signal by operat

ing upon the noise-corrupted received signal with a replica"'" of the 

carrier signal. 

In this chapter an attempt is made to introduce, within the 

framework of the definition of coherent demodulation just given, the 

fundamental concept of the phase-lock loop. This is done by first 

considering a simple, though impractical, approach to the coherent 

demodulation of an amplitude modulated signal. Next, the obvious ex

tension of this idea to demodulation of an angle modulated signal 

1. A replica of some signal x(t) is defined here to be <Kx(t), 
where (X is a constant. 
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produces a system which is workable, but also impractical. In addi

tion, it does not achieve coherent demodulation in the sense defined 

here. An attempt to overcome the apparent disadvantages of this sys

tem then leads logically to the basic configuration of the phase-

locked loop coherent demodulation receiver. 

Before proceeding, however, since some of the more important 

assumptions that are needed in the development of the material of the 

dissertation are unchanging throughout, they are_mentioned here. The 

first assumption is that the noise in all of the systems which are 

considered is additive, white, Gaussian noise, and is independent of 

all information signals. The second is that the phase comparator 

error in all systems is always small, thus allowing the approximation 

that the sine of the error is approximately-equal to the error. That 

is, a sinusoidal non-linearity is approximated by a linear subtraction 

process. 

The third important assumption is that the mean-squared error 

is used as the criteria for a measure of accuracy of estimation, thus 

allowing Wiener filter theory to be used to determine the optimum 

linear filters needed throughout the development. The fourth is that 

the amplitudes of the VCO outputs are variable, but once they are set, 

they remain constant and don't affect the problem solutions. 

Also the following notation is used throughout: 

a information signal bandwidth 

5 
e (t) mean-squared demodulation error 

2 ec(t) mean-squared phase-lock error 
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2.2 Coherent Amplitude Demodulation 

The principle of coherent demodulation applies simply to the 

demodulation of a signal which has been amplitude modulated by multi

plying the information signal by the carrier signal. This is referred 

to as double-sideband suppressed-carrier modulation. The scheme for 

this system is shown in Fig. 2.1. The modulating information signal 

is a stationary random process denoted by m(t), the received RMS power 

is P watts, and the noise n(t) is stationary, white, Gaussian noise of 

one-sided power spectral density NQ watts/Hz. The following equations 

describe the operation of this system. 

where cp is an arbitrary constant phase angle. 

Because of the low-pass filter (LPF) and the fact that the 

autocorrelation function of a product of independent variables is equal 

to the product of the autocorrelation functions of each of the vari

ables taken separately, 

(X. m(t) = ̂ P~m(t) + n1 (t) 

where n'(t) is white noise with one-sided power spectral density NQ. 

w(t) = ̂ 2P sin (6L>Qt + <p) 

x(t) = m(t) ̂ 2P sin (COQt + <Q) + n(t) 

y (t) 

z(t) 

y (t) 



n(t) 

m(t) 

W>^x)-

w(t) 

LPF 
rtra(t) 

yCt) 

w(t) = {2p* sin [»0t + <p]' 

y(t) = îT sin [w t + <p] 

Fig. 2.1 Amplitude Demodulation Scheme 



The notation m(t) indicates the estimate of m(t), while OCft(t) indi

cates the estimate of the replica of m(t). 

The disadvantage of this type of system is that further ef

forts are required in order to be able to maintain proper phase rela

tions, that is, to achieve and maintain synchronization. 

2.3 Basic Phase-Lock Loop Operation 

If consideration is now given to methods of coherent demodula

tion of noise-free angle modulated signals, one scheme suggests itself 

immediately from what has been considered in the case of AM demodula

tion. This scheme is shown in Fig. 2..2(a), and the equations which 

describe its operation are 

x (t) = \f2P* sin JoJot + Kmm(t) + <P 

y (t) = cos (6J0t + <p) 

z(t) = j/2P sin [cjot + Kmm(t) + 

= /PA |sin [Kmm(t)J + sin + + 2 *P]J 

If the assumption is made that Kmm(t) is small, thus allowing 

the approximation that sin fKmm(t)J = Kmm(t), and the behavior of the 

low-pass filter is taken into account, the result may be written that 

o<m(t) == \/pa K m(t) 
' m 

The phase modulation process in this system is performed by 

the voltage-controlled oscillator (VCO) and the differentiator which 

precedes it. The VCO is basically a frequency modulator wherein the 

frequency of the output is varied by the fluctuations about zero of 
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(a) Actual System 

m(t) 
8 

m(t) 
Km 

8 
s 

r 
e(t rn 

ik -
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\PA" 
1 

F(s) \PA" 1 ** 
1 

F(s) 
olft<t) 
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(b) Information Signal Model 

Fig. 2.2 Angle Demodulation Scheme 
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the modulating voltage at its input. If the input voltage is zero, 

the VCO output remains at its center frequency, C0Q. If the modulation 

index of the VCO is Km, and the input is r(t), the output signal is 

t 
w(t) = A sin |̂ l)0t r(f) d̂  + <pj (2.1) 

—oo 

where A is an arbitrary, constant, adjustable amplitude. In the pre

sent system, since r(„t) is equivalent (because of the differentiator) 

o 
to m(t), the output is as given in (2.1) and the result is the per

formance of the desired phase modulation process. Again cp is an 

arbitrary constant phase. 

Thus the configuration shown in Fig. 2.2(b) may be used for 

the information signal model for the present system. The quantity 

F(s) is the transfer function of the low-pass filter, and the boxed 

portion of the system corresponds to the approximation of the multipli

cation process with a pure subtraction process. Also it should be 

noted that the square root of the product of the powers of the multi

plying signals shows up as a gain following this subtraction process 

in the model. 

This system corresponds to demodulation of a phase modulated 

signal, but it is not a truly coherent demodulation scheme since the 

received signal has been operated upon not by a replica of the modu

lated carrier signal, but by a replica of the pure unmodulated carrier 

itself. This is not to say that this is an invalid method of demodu

lation; on the contrary, as long as the modulating signal is such that 

the assumption sin K̂mm(t)J - Kmm(t) is met, this system is as valid as 
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the AM system previously discussed. However, this system suffers 

from the same disadvantage that the AM system did, that is, further 

efforts are required to maintain the necessary.relation between the 

multiplied signals. 

But better results than the preceding ones can be obtained. 

A truly coherent demodulation scheme is considered now which, even 

though impractical, lays the groundwork for the understanding of the 

principle of operation of the phase-lock loop receiver. 

The system to be considered is shown in Fig. 2.3(a), and the 

describing equations are 

x(t) = sin j6J0t + Kmm(t)̂  

y(t) = ̂ 2A cos [H,t + ̂ (t)] 

z(t) =£/2P sin |00t + Kmm<t)ĵ ĵ y(t)̂  

= \fPA jsin |m(t) - r(t)J + 

sin [2 60Qt + Km [m(t) + r(t)]]̂  

Upon making the assumption that ̂ [mCt) - r(t)J is small, and by tak

ing the behavior of the low-pass filter into account, the result is 

obtained that 

v(t) = ]/M~ [m(t) - r(t)J 

The corresponding information model is shown in Fig. 2.3(b). 

Even though this system is impractical, it is worthwhile to 

o 
examine, hypothetically, how it might operate. If a signal r(t) were 

put into the system as shown, and a non-zero signal were obtained at 
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r(t) 

dt 
VCO 
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VCO 

x(t) = fSp1 sin [i»>0t + Kmmft)] 

y(t) = \ZR COS [c^t + K^t)] 

(a) Actual System 

m(t) 0(t) m(t) v(t) 

r(t) 

F(s) 

0(t) = K m(t) 
m 

T(t) = K r(t) 
n 

(b) Information Signal Model 

Fig»2.3 Coherent Angle Demodulation Scheme 
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the output, it would be known that r(t) and m(t) were different. If, 

on the other hand, a zero-value output signal were obtained, it could 

be safely assumed that r(t) and m(t) were the same, and therefore 

successful demodulation would have been achieved. What's more, it 

could be said that successful coherent demodulation would have been 

achieved, since, as was stated earlier, coherent demodulation refers 

to the recovery of an information signal by operating upon the noise 

corrupted received signal by a replica of the carrier signal. How

ever, the paradox of this scheme is that to obtain any information, 

one has to already have the information being transmitted. Thus about 

all that can be done with this system is verify that m(t) was known. 

Since no worth is achieved by this approach, further steps for improve

ment must be considered. 

Upon looking back at the system in Fig. 2.3 one more time, it 

is seen that no corrective use was made of the output signal, v(t). 

No use was made of the error between m(t) and r(t) in deciding what 

r(t), and therefore r(t), should be in order to reduce the error. Also 

it is seen that the process of using this error correctively is the 

same as creating a signal r(t) which is equal to m(t). This is equiva

lent to creating a signal r(t) which is equal to m(t) and is, after 

all, the ultimate demodulation goal. Thus it appears that it might be 

desirable, if possible, to take advantage of this fact. 

If the present line of reasoning is interrupted for a moment, 

and attention is now given, without apparent jusitification, to the 

configuration shown in Fig. 2.4(a), it is seen that the appropriate 
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equations are 

x(t) = ̂ 2P~ sin [wot + lytt)] 

y (t) = ]f2A cos 
Km 

d̂ J 
w CO 

z(t) = 2 ̂ EA ̂ sin jcjjt + K̂ m(t)j"jlcos |wot + ̂  Kmv(̂ r) d/tjl 

^ — CD ^ 

After making the same familiar assumptions as used previously 

v(t) = ̂ EA Km jm(t) vffc) df 

— 00 ~ 

Thus the corresponding information signal model is as shown in Fig. 

2.4(b), and 

<S(t) = Kmm(t) 

>t 
T"(t) = \ K Vt'b) dOr 

ZZCO -i 

>̂(t) =1̂  jm(t) v(t) d'fj 

— oo 

where F(s) is low-pass. As has been mentioned before, since F(s) does 

have this low-pass characteristic, it may be thought of as removing 

the uninteresting double-frequency terms resulting from the multiplica

tion process without affecting the low-frequency, baseband, information 

signals. Thus the final form of the information signal model may be 

drawn as shown in Fig. 2.4(c). 

The transfer function of the boxed portion of the model is 

v(s) „ , /jr 5 
•V4̂ ' l+/Ŝ m ' s + Km \jpA 
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That is, 

V(s) 
Km , for low frequencies 

Km H(s) /PA, for high frequencies 

Because of the restriction to low frequencies, 

V(s) _ s_ 

 ̂M(s) Km 

But this implies 

V(s) = s M(s) 

or 

v(t) = m(t) 

Thus exactly what was wanted has been achieved; the error signal, or 

rather the reduction of the error signal, has been used in combination 

with the creation of the derivative of the input signal, to realize 

coherent demodulation. This is the fundamental concept of the phase-

lock loop. 

Since some approximations have been made along the way, the 

m(t), or the Î mft), signal which is fed back to the comparator, is 

A. 
not exact. Thus it should be referred to as K[nm(t) indicating that 

it is an estimate of l̂ mCt). 

Also, since this estimate, K̂ mCt), of the replica of m(t), 

appears in the system only as the phase of the RF signal fed back to 
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the comparator, the output signal, v(t), must be integrated in order 

to obtain the estimate m(t) at baseband. 

Hence the result of the foregoing is the implementation and 

model shown in Fig. 2.5, (a) and (b), which is required for complete 

noise-free, coherent phase demodulation. The term phase demodulation 

is used because the phase of the input signal is a replica of the in

formation signal. 

In this chapter an introduction to the fundamental concept of 

the phase-lock loop has been presented. Along with this the imple

mentation for the actual system and the corresponding information 

signal model have been developed. In spite of the fact that a phase 

modulated signal was assumed in the course of this development, the 

approach applies equally well to an FM system. In fact, it applies 

to any general type system such as the one postulated here in which 

the information signal, prior to transmission, is passed through a 

general linear filter, D(s). 
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CHAPTER III 

OPTIMUM COHERENT DEMODULATION 

3.1 Introduction and Organization of the Chapter 

Thus far the operation of the phase-lock loop has been con

sidered only in the absence of noise. Therefore, in this chapter, 

attention is given to further considerations which are necessary when 

noise is taken into account. These considerations make it possible 

to investigate the behavior of either the PM system, the FM system, 

or the system in which the information signal is passed through the 

general linear filter whose transfer function is D(s). 

First, however, the term optimum demodulation must be intro

duced and defined. Optimum demodulation may be described (Viterbi, 

1962) as the generation of the best possible estimate, or replica, of. 

the transmitted modulating information signal. If the mean-squared 

error between the signal, and the estimate of the signal, that is 

jx(t) - 3(t)J , is used as the measure of accuracy of the estimate, the 

optimum linear operation which produces x(t) from the noise-corrupted 

received signal can be determined by means of Wiener filter theory. 

Thus, in the next section, a brief review of conventional 

Wiener filter theory notation is presented. Following this, the 

equivalent receiver model which is applicable to use in the design of 

the PM system, the FM system, and the system with the general D(s) 

filter, is derived. This is necessary in order to provide the basic 

26 
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for the modification in the selected design approach which is neces

sary to apply the familiar Wiener techniques to the solution of the 

problem at hand. 

The chapter concludes by using this modified design approach 

to obtain the expressions for a EM and FM system which characterize an 

optimum demodulation scheme for both the general and the specific case. 

3.2 Review of Conventional Wiener Filter Theory Notation 

The usual Wiener procedure is to determine, from a variational 

calculus approach, the functional of the complex variable s which will 

minimize the mean-squared value of the error between the output of the 

system and some function of the input signal. The resulting functional 

is the optimum filter transfer function. The way that this error is 

formed is shown in Fig. 3.1. The signal m(t) is the information sig

nal, n(t) is the noise signal, I(s) is the ideal transfer function 

between the information signal and the desired output, and H(s) is 

the transfer function to be optimized (Newton, Gould, and Kaiser, 1957). 

Without going into the details as to how they are obtained, 

the expressions for the optimum realizable Wiener filter and the cor

responding mean-square error are 

I (s) ̂ mm ̂S ̂ v> =?J5ZEZf̂ 5L 
P>mm(s) +<%n"s)] 

iRRHP 
T~ 

and 

1 2 ,  -
e (t) 27Tj 

-j w 

I(s) - H(s) 2*ra.<s» + H (s) <3? (s) > ds 
nn ' 



n(t) 

r(t) »(t) 
H(8 )  C(t) 

>• e(t) 

1(a)  

Fig. 3.1 Wiener Hinimlzatlon Configuration 
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where ^̂ (s) and <Pnn (s) are the autocorrelation functions of the 

information signal and noise signal respectively, and where RRHP indi

cates "regular in right-half plane." The notation + and [J ~ im

plies that the expressions within the brackets contain poles and zeros 

only in the left-half and right-half planes respectively. 

3.3 Equivalent Receiver Model 

In order to be able to apply the usual Wiener techniques to 

the problem at hand, the desired design approach much be modified 

slightly for two reasons. The first is that the design philosophy is 

based on the assumption that the form of the Wiener filter, or optimum 

transfer function, is known beforehand. The second is that the in

formation signal is the phase or frequency of a sine-wave carrier 

rather than a baseband voltage waveform. 

Also,the physical device, in this case the phase-lock loop 

demodulator, must be modeled such that the pertinent quantity which is 

to be controlled is put into evidence, and such that the simultaneous 

equations involved in the operation are displayed graphically (Viterbi 

1963). This is often the case in feedback control systems, and is the 

case in the earlier noise-free systems which have been considered. 

To see how to do this, the following loop operation is con

sidered in the presence of noise, but without signal modulation. The 

noise, n(t), is assumed to be independent, white, Gaussian, additive 

NQ 
noise with two-sided power spectral density j—. By referring to Fig. 

3.2(a), it is seen that 
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w(t) = |/2P sin OJQt + n(t) 

y(t) = y*2A cos ̂ Jk)qt +"i>(t)J 

z( t) 2P sin 60ot + n(t 

where -y(t) is the VCO output phase jitter due to the additive noise. 

An assumption is now made which is vital to the rest of the derivation. 

It is assumed that iMt) is at all times small compared with one 

radian, that is, 

l>(t)«l radian 

and therefore 

cos V(t) = 1 

and 

sin V(t) = -}>(t) 

Thus, 

LJ t - l) (t) sin 
o 

Therefore, 
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:(t) = sin COQt + n(t)|̂ \/2A [cos 0̂t-"V (t) sin Gî tjj 

= 2 ]JPA cos sin̂  bd0t̂  + 

ŷ 2A n(t) |cos iOQt-V (t) sin d0ot̂ j-

= \jPA ŝin 2 -*V (t) £l - cos 2 C0otj^ + 

/̂2A" n(t) ̂  cos Q̂t -V (t) sin 

Since the low-pass filter does not pass the double-frequency terms, 

and because of the assumption that "V(t)«l radian, the double-

frequency terms may be discarded. Also ~)> (t) sin 6J>Qt may be con

sidered as negligible compared with cos Ct)Qt. Hence, 

z (t) == - ]/l?A -)) (t) + \jH n (t) cos COQt 

or 

z(t) ̂  \fpA jn( t) cos 60Qt - V (t)J (3.1) 

The second term of(3.1)is just the low-frequency VCO phase noise and 

fits into the equivalent model just as would be expected. But how 

should the first term be interpreted? 

To answer this question the following must be considered. Let 

—(t) be the product of two independent, random, stationary signals 

OC(t) and that is, 

T(t) = CX (t) yd (t) 

The autocorrelation function R̂ . ('V) may be written as 



Rrr̂  .(t) = E ̂ T(t) T-(t+t )J = E joCtt̂ U)** (t+tr)/3(t+t)̂  

<30 

-j® «1 A *2 02 ?<«!, A,'<*2, /V ̂  **2 ̂ 2 
— QO 

where = 0C(t̂ )f/ld̂  = y6(t̂ ), and so forth. 

Since C<(t) and j&{ t) are independent, 

cp( f r v /3 i r  C* 2 ,  /S 2 )  = <p(^r (X2) «p(/?L, /^2) 

Therefore, 

OO 

ViO =5®«lo<2/S1/(J2(?)(«1, oyT^j'at* a»5 ifi2 
— OD 
CO CO 

• 5K <*2 4»aAa^2 
— OO 

<*l<*2j Epl 2̂] 

— OO 

= E ; 

or 

If the associations are made that 

(X(t) = n (t) 

<̂t> y§~ cos 6U t o 

it is therefore known that 

N 

V(/t) = -r${/t) 

and it can be shown that 
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Eflg (t) = i cos COQt 

Thus, 

Rrr<̂  = [ -T S w] [ | cos WQt] = 2?  ̂(/t) 

This means that the first term in (3.1) may be considered to be white 

N 
noise of two-sided power spectral density _. This is an important 

result since, as might be intuitively expected, the effective noise 

power spectral density is inversely proportional to the power of the 

received RF carrier. 

Hence, if this effective noise is denoted by n'(t), (3.1) may 

be rewritten as 

Therefore the linear model shown in Fig. 3.2(b) is a valid representa

tion of the loop performance in the vicinity of phase lock with a 

noisy input signal. 

angle modulation scheme that is used, the equivalent receiver model 

of the basic phase-lock loop is always the same. Thus this model may 

be used with the PM system, the FM system, or the system with the 

general D(s) filter. 

Now that the appropriate modifications in the design approach 

have been made, the next step is to find out how to use these 

2p 

It should be pointed out here that regardless of the type of 

3.4 Phase Modulation Case 



techniques in the design (Viterbi 1962) of an optimum demodulator for 

a phase modulated signal. The system, its model, and the describing 

equations, are shown in Fig. 3.3. The amplitude of the signal at the 

output of the loop VCO can be made to be whatever value is desired, 

and once it is set it remains constant and does not affect the solu

tion to the problem. Thus this amplitude is selected as ̂ 2 rather 

than the value /ST which was, used previously. 

Thus the design procedure is as follows: Use the standard 

Wiener design technique and find the optimum transfer function between 

the input r(t) and that signal which is an estimate of some desired 

function of the information signal. Then, depending upon where in the 

system it is desired for this estimate to appear, solve for the trans

fer function, F(s), which satisfies the overall optimum transfer func

tion. 

One important point should be noticed here. Since the phase 

of the transmitted signal is the information signal that is to ulti

mately be retrieved, and since the phase of the received signal is 

also what the loop is to be locked onto with minimum error, minimizing 

this error is equivalent to minimizing the error between the phase of 

the transmitted signal and the estimate of this phase, that is, the 

error between m(t) and friXt). Thus, the minimization set-up may be 

drawn within the framework of the standard Wiener configuration in two 

different ways as shown in Fig. 3.4, (a) and (b). 

In Fig. 3.4 (a), the configuration which corresponds to mini

mization of the phase-lock error has been drawn. In this case it is 
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desired that the signal, ~r(t), that is fed back to the comparator be 

as good an estimate as possible of the signal Q(t) . Thus the output 

for this case is 7"(t), and the input is r(t). The general transfer 

function between r(t) arid "Ht) is designated as Ĥ s), and the corre

sponding optimum transfer function is designated as (s). 

The configuration shown in Fig. 3.4(b) corresponds to the mini

mization of the error between the estimate of the information signal 

and , that is, between m(t) and m(t). The output of the optimum 

transfer function for this case is m(t), while the input, as for the 

previous case, is r(t). If the general transfer function between r(t) 

and m(t) is designated as H(s), then the corresponding optimum transfer 

function is HQ(s). 

Since T"(t) and m(t) are replicas of each other, both of the 

above minimization procedures are equivalent. This may be verified 

by applying both procedures and solving for F(s). However, as may be 

verified by examination of the expressions for each of the errors in 

Fig. 3.4, the resulting mean-square errors which are minimized in each 

of the two approaches differ in value by a factor of K2m. This is 

important in the design of the system since one error is a measure of 

how well the system demodulates the information signal, and the other 

is a measure of how well the loop is locked. 

The reason that the difference in the two minimization ap

proaches has been emphasized is that when optimum demodulation of a 

frequency modulated signal is considered, the minimization of the 

error between the true phase and the estimate of this phase, and the 



39 

minimization of the error between the information signal and the esti

mate of this signal, are not compatible in general. This is true with 

any system in which the phase of the transmitted signal is not a rep

lica of the information signal. Therefore this is also the case with 

the system employing the general D(s) filter. But because of the as

sumption that has been made concerning linearity of operation, it is 

required (Viterbi 1962, 1963) that the phase-lock error, or comparator 

error, be minimized to preserve the validity of this assumption. But 

more importantly, since the ultimate goal is to retrieve the informa

tion signal, it is also desired to minimize the error between this 

signal and its estimate. 

A specific example (Viterbi 1962) now considered where the 

techniques which have been described thus far are employed to obtain 

an optimally designed phase-lock loop receiver for a phase-modulated 

carrier signal. 

A power spectral density for the information signal m(t) is 

selected which corresponds to white noise which has been passed 

through a low-pass filter of bandwidth "a". Also it is assumed that 

the average power of the information signal is unity, that is, 

2̂̂  = 1. Such a power spectral density is 

<$> (s) = 2a 

_ 2  2  a -s 

If the first minimization approach is followed and the Wiener tech

niques outlined previously are applied, this gives 
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Ho> (s) = a(0(,-l) 
° s+aOi. 

where 

<X = \/l + 4 K2 _L 
V m aN, 

By doing the same for the second minimization approach, the result is 

obtained that 

H_(s) = a (tX"1} 
° % (s+aiX) 

As was mentioned earlier, these approaches are equivalent. Therefore, 

to satisfy these expressions for ̂ o (s) and HQ(s), in both cases FQ(s) 

must be 

F (s) = 
(s+a) 

where FQ(s) is the expression for F(s) corresponding to the optimum 

values of Ĥ (s) and H(s). 

If the preceding expression for H<p (s) is used in the appropri-
' o 

ate formula for the mean-square error, this gives the following result 

for the mean-square value of the phase-lock error. 

_ 2 K 2 

Similarly for HQ(s) the mean-square value of the demodulation error is 
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2t^s = 2 
e (t) <X+1 

2 
As noted earlier, these errors differ by a factor of K. 

' J m 

At this point it is necessary to make the following defini

tions (Viterbi 1962, Lindsey 1964) which apply to the present scheme 

for demodulating phase modulated signals, as well as to the scheme for 

demodulating frequency modulated signals which is described in the next 

section. 

The input signal-to-noise ratio, SNR̂ , is defined as the ratio 

of the total transmitted power normalized by the bandwidth of the in

formation signal, to the power level per hertz of the channel noise. 

Thus 

SNRI = P 

aNo 

The output signal-to-noise ratio, SNRq, is defined as the 

ratio of the average power of the information signal to the mean-

square value of the demodulation error. Since the average power of 

the information signal was chosen to equal unity, the SNRq becomes 

SNR = M2(IYI_ 

|m(t) - m( t)J 2 e2(t) 

For the present system therefore, 

0< + 1 SNR 
o 



42 

The threshold value of SNR̂ , that is, the value below which 

the linearity assumptions are no longer considered to be valid, is 

defined as that value of SNR̂  corresponding to a mean-square value of 

phase-lock error equal to unity, that is, corresponding to 2 t+\ = 1 

radian. For the present system, then, threshold occurs when 

2K2 m = 1 
oCTT 

These results were first obtained by Viterbi (1962), and are used here 

to verify the correctness of the computer solutions employed in the 

problems described in later sections. 

Now consideration must be given to the question of what happens 

to the performance of the system which has been designed and imple

mented to be optimum for a given set of input signal and noise para

meters, when one of these parameters changes. It is assumed that this 

parameter is the received signal power since, from practical consid

erations, it is the most likely candidate to change. 

To account for the fixed system and varying received signal 

power level, P, the transfer functions F(s), H<p(s), and H(s) must be 

written slightly differently from before since everything except the 

gain function in the forward path of the receiver implementation is 

fixed. This can be done by letting 

F(s) = FQ(S) 
design 
values 

that is, by letting F(s) be equal to the transfer function which was 



optimum for the designed-for parameter values. Thus 

H,p(s) = 
VP ̂  F(s) 

s + Kjn F(s) 

and 

H{S) =_VE£(£) 
s + /PKj, F(s) 

For the present system these expressions become 

f(S) = »«•-» r_5j 

Km VP"' Ls+aJ 

where the primes denote fixed, designed-for values of P, and there

fore 

=\/L + 4 K2 £L 
r m aN, 

ysj = avp' 

s + a 
0 ̂  

H (s) = 
l iV P1 IX'-l) (s+» ]> ̂  «*' 4 

The corresponding errors are 

e2c(t) 

(OC'-l)' 

K + 4 aN„ _ m o 

1 "M/fr «*'-!> 
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e2 (t) 

(00-1)' 

1 + 
4K m aN0 

(ft'-U 

and therefore 

SNR 
(X« -1) 

O r 

1 + 
(O0-l)2 

4K 2 P' 
m aN„ 

Since Nq is assumed constant, 

P_ = P/aN0 
P' P1 / aNr 

and SNRq may be plotted versus SNR̂ . These results are shown in Fig. 

3% 5 for several different values of 

Thus in the PM case it is seen that when operation of the 

phase-lock loop in the presence of noise is investigated, there are 

two main considerations which are necessary beyond those associated 

with the operation of the loop in the absence of noise. The first is 

the development of the equivalent receiver model, and the second is 

the use of this model in the application of the standard Wiener tech

niques to obtain an optimum design. 

Upon examining the SNRQ versus SNR̂  curves of Fig. 3.5, little 

variation is observed between the optimum and suboptimum values of 

SNR0 for larger values of SNR̂ . This is, of course, a desirable prop

erty since a truly optimum, adaptive system would ifollow the optimum 

curve exactly. 
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The threshold locus, that is, the locus determined by the 

maximum value of the modulation index which may be used for a given 

value of SNR̂  without exceeding the threshold value of phase-lock 

error of one radian, is much as would be expected. As the modulation 

level is increased by raising the modulation index, the value of SNR̂  

corresponding to the threshold condition increases, and vice versa. 

Also as expected, it is noticed that as the modulation level is in

creased, the SNR0 increases. 

The development of the optimum design of a EM system has been 

considered in thig section because it forms the basis for the approach 

used in the optimum design of the FM system and the system employing 

the general D(s) filter. This then serves as a starting point to 

introduce the material on FM systems in the next section. 

3.5 Frequency Modulation Case 

The development of the optimum design of an FM system is con

sidered in this section for two reasons. First, the techniques which 

are employed in the optimum design of an FM system are based on a 

conventional approach (Viterbi 1962). Second, this same approach is 

used in the optimum design of the general system treated in Chapter IV. 

To examine the procedure that is followed in the application 

of the Wiener techniques to the frequency modulation case, considera

tion must first be given to the system and its model shown in Fig. 

3.6. While the procedure is similar to the one that was used in the 

phase modulation case, it is not exactly the same and the difference 

is important. Here the standard Wiener design technique must be used 



47 

n(t) 

, r  +  
M(t) m(t) 

y(t) 

LPF 
VCO 

VCO 

Output 
Filter 

x(t) = aln [>0t + ^ m(r)dt] 
- oo 

y(t) = iiTcos [u^t + K, ̂»*('c)d't] 
- Q» 

(a) Actual System 

n'(t) 

0(t) r(t) m(t) m(t) 

2P 

0(t) - Km ̂  m(r)dr 
— 00 

.r* * 
r(t) a Km ^ m(t)d'c 

— oo 

(b) Information Signal Model 

Fig. 3*6 Demodulator for Frequenoy Modulation Case 



48 

twice. The phase-lock and demodulation errors are minimized inde

pendently (Viterbi 1962, Lindsey 1964) by finding the optimum transfer 

functions between the input r(t) and each of the signals T"(t) and m(t) 

which are estimates of the two different ideal functions of the in

formation signal. Then depending on where it is desired for the esti

mates to appear in the system,F-̂ Cs) and F2(s) are solved for to obtain 

the desired optimum transfer functions H(PO(3) and HQ(S). The possible 

simultaneous minimization of both the phase-lock and demodulation 

errors is a consequence of the assumed linearity of the system. 

Thus the difference in the design philosophies for the phase 

and frequency modulation cases becomes clear. In the PM case, mini

mizing the phase-lock and demodulation errors were equivalent. There 

were two possible design approaches to simultaneously minimize these 

errors, but as was shown, they were equivalent and the entire problem 

reduced to finding only one transfer function, F(s). In the FM case, 

however, because the information signal is the derivative of the sig

nal to which the loop is to be locked, that is, the phase of the 

transmitted carrier, both of these errors cannot be minimized simul

taneously by minimizing one or the other of them. Hence the estimate, 

m*(t), which is derived to minimize the phase-lock error, is not the 

same as the estimate, m(t), which is derived to minimize the demodula

tion error. This is true because of the restriction of realizability 

that is placed on the optimum Wiener filter. If it were not for this 

restriction, that is, if the optimum unrealizable, instead of the 

realizable, Wiener filter were desired, then minimizing one of the 
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errors would be equivalent to minimizing both, and m*(t) and ft(t) 

would be the same. 

The next step illustrates how the optimum design procedure is 

carried out. Starting with the configuration shown in Fig. 3.7(a), 

which corresponds to the minimization of the phase-lock error, first 

Hjp̂ (s) is obtained, and from this the corresponding expression for 

Fn (s) is determined. Since this in turn determines the transfer 
° 

function from r(t) to the input of F~(s ) ,  t ha t  i s ,  Ha, (s) £L_ , the 
° m̂ 

expression for F~ (s) can now be determined by using the configuration 
zo 

corresponding to the minimization of the demodulation error to obtain 

HQ(s). This configuration is shown in Fig. 3.7(b). Of course once 

Fj(s) and F2(s) are obtained, the actual mean-square values of the 

errors that have been minimized may be computed. As was true in the 

phase modulation case, the phase-lock error determines threshold 

values of SNRj_, and the demodulation error determines values of SNRQ. 

The techniques which have just been described are now used to 

obtain an optimally designed phase-lock loop demodulation receiver for 

a frequency modulated carrier signal. 

If an information signal power spectral density of 

$>m (s) = 
"*• mm 2  ̂

a -s 

is selected as before, the expression for F̂ (s) is obtained by mini

mizing the phase-lock error. Then by using the Wiener expression 

corresponding to the minimization of this error, (s) is found to be 
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Errors for Frequency Modulation 
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(s) _ aX(r-l)s + a§J 
s2 + ra s + Sa2 

where 

<5= 2 JEU/-L 
a VaN, 

and 

= yr T = \/l + 2<S 

This implies that 

? (s) = 1 (a(T-l)s + a§Q 
1 Tf i / TD t o-l- a \ Km P̂" (s+a) 

When the above expression for 1̂ , (s) is used in the appropriate 

square error formula, this gives 

mean-

e2c(t) 

K 2 
8 m 

_ a . 

(T+l)2 (T-l) 

Since the threshold value of SNR. is defined as that value of SNR • for. l i 

which g2 =1 radian, this is when 

m 
. a . = 1 

(T+L)2 (T--1) 

Next, the expression for Ê Cs) is obtained by minimizing the 

demodulation error. Use of the appropriate Wiener expression gives 
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H0(s) 
a2 (r-1) s 

2 [s2 +ra s + §â J 

which in turn yields 

F„ (s) = a ) 
2o 2£(T"-1)S + â ] 

From the expression for HQ(S), the mean-square error is 

e ( t )  =  4T  

(T+l) 

which implies 

SNR = (T+1 )' 
° 4T 

Next, as was done in the PM case, it is necessary to describe 

what happens to the performance of the optimally designed and imple

mented system as the input signal power level, P, changes. When the 

same procedure as in the PM case is followed this gives 

F,(s) = F, (s) 
-1- o design 

values 

and 

F2(s) = F2 (S) 
design 
values 
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Thus 

H«p(s) = 
F1 <s> 

s + Fn (S) m 

and 

,, \fp s F-I (s) F~(s) 
H(s) = HjpCs) ®_ F (s) = L 1 2 

9 Km 2 s + F1 <s> 

For the present system these expressions become 

[(-r'-l) s + a§ '] F, (s) = 
1 Km ̂  P' (s + a) 

F (s) = a (T'-l) 
2 2 Q-r-' _1) s + a£'J 

Hcp(s) = 

s2 + a 

P' La (T'-l) s + a « • ]  

1 ̂ 7 (T'-l)] s +\Ĵ  a2 S-

and 

H(s) = P' a2 (T'-l)2 s 

{• 2 K 1s" + a m 
1 +\/J- ("f'"1) s + § ,2 s-

where the primes denote fixed, designed-for values of P, and therefore 

S' = 2 
K m \ /P 
a U aN 

and 
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T • =]J 1+2 5' 

Note that the factor — plays a role here similar to the one 

played by the modulation index in the PM case. Thus, ̂ 52. is re

ferred to as the deviation ratio and the results for the PM case will 

be displayed as a function of the deviation ratio. 

The errors corresponding to the preceding suboptimum expres

sions for H<p(s) and H(s) are 

e2n(t) 

K 2 
m 

.a /QCT'-l)' 

S '  

and 

"2 = A + P 2  (T' -L)4 

5 (t) A 4<S 

where 

and 

 ̂= [i +pcr,-i>] 

yo5» Ŵ +i)+yo [(r'-i)2-̂ ] + p 2  

A = [ft+ [#( + J -
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Once a value of e2(̂  has been obtained, the corresponding value of 

SNRq may be determined by remembering that 

SNR0 = 1 

e2(t) 

Also, since NQ is again assumed constant, 

P_ = P/aN0 
P1 P'aN o 

and SNRq may be plotted versus SNR^. These results were first ob

tained by Viterbi (1962) and Lindsey (1964) and are used to verify 

the correctness of the computer solutions used here. These results 

are shown in Fig. 3.8 for several different values of deviation ratio, 

m̂. 
a 

The development of the optimum design of an FM system has 

been considered in this section because the optimum design of the 

general system with the D(s) filter is identical. Thus this develop

ment serves to introduce the material of Chapter IV 

From an examination of the system performance characteristics 

shown in Fig. 3.8, it is seen that there is a greater divergence be

tween optimum and suboptimum values of SNR0 toward larger values of 

SNR̂  than there was in the PM case. Thus, in this respect, the per

formance of the FM system is not as desirable as that of the PM system. 

Also, it is seen that the threshold locus of the PM system lies 
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farther to the left than does that of the FM system. This, of course, 

is another point in favor of the EM system and means that for a given 

value of SNR̂ , the PM system can operate at threshold at a higher 

value of SNR0. 

However, it must be pointed out that these results are true 

only for the specific information signal power spectral density used 

in the example;. 

3.6 Summary and Conclusions 

This chapter has described the development of the techniques 

used in the design of optimum coherent demodulation schemes for phase 

modulated and frequency modulated signals. The EM case is considered 

because it forms the basis for the approach used in the optimum design 

of the FM system and the system employing the general D(s) filter. The' 

FM case is considered for two reasons. First, the techniques which 

are employed in the optimum design of an FM system, as well as of a 

PM system, are based on a conventional approach. Thus this serves as 

a basis from which further investigations may proceed. Second, this 

same approach is used in the optimum design of the general system 

treated in Chapter IV, and therefore serves as an introduction to that 

material. 



CHAPTER IV 

GENERAL METHOD OF COHERENT DEMODULATION 

4.1 Introduction and Organization of Chapter 

This chapter is concerned with the general coherent demodula

tion scheme for which conventional PM and FM demodulation methods 

using phase-lock loops are a special case. A specific combination 

of conventional PM and FM schemes is considered here as an example of 

an application of this general approach. This consideration serves as 

a generalization of past work in this area, and as a special case of 

the general scheme advocated in this thesis. 

In section 4.2 the derivations of the equivalent receiver 

models and optimum Wiener filters which minimize the phase-lock and 

demodulation errors are carried out for the general system. Then an 

indication is given in section 4.3 as to how the general D(s) filter 

through which the information signal is passed prior to transmission 

may be realized. The development then leads into the example which 

considers the specific case of the combination of conventional PM and 

FM schemes. In section 4.4 a slightly different system is considered 

which is an extension of the ideas associated with the general system. 

4.2 General System 

The general system which is considered in this section is 

shown in Fig. 4.1. As with earlier systems, m(t) is the information 

signal to be conveyed, n(t) is the noise added in the channel, and 
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fit(t) is the estimate of m(t) produced by the receiver. Also, as in 

the case of conventional FM demodulation, a two-step minimization pro

cedure is.required, and thus a filter is needed on the output. 

4.2.1 Equivalent Receiver Model 

The same procedure is used here as that used previously in 

Chapter III to obtain the equivalent receiver model when considering 

FM demodulation. Because the procedure has been used previously, it 

is only outlined here. Basically, this procedure consists of con

sidering the operation of the system in the presence of noise without 

signal modulation. As can be seen by referring to Fig. 4.2, the 

equations for this scheme are 

w(t) = ̂ 2P sin COQt + n(t) 

y (t) = ̂ r cos jcoot + "V(t)J 

and therefore 

r^{ t) = jyiF sin COQt + n(t)J ̂ /2~ cos jdî t + V(t)j| 

Here it is•assumed that n(t) is independent, white, Gaussian, 

N 
additive noise with "Ewo-sided power spectral density of -̂ 2. watts/hps, 

and V(t) is the VCO output phase jitter due to this additive noise. 

If the assumption is made that "V(t) is at all times small compared to 

one radian, the result is obtained that 

2 (t) = yT jn' (t) - V (t)J 

where n'(t) represents the effective noise. Therefore the linear 

model shown in Fig. 4.3 is a valid representation of loop performance 

in the vicinity of phase lock with a noisy input signal. The result

ing information signal model is shown in Fig. 4.4. 
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4.2.2 System Optimization 

As with the procedure used to obtain the equivalent receiver 

model, the system optimization used here is almost identical to that 

used in the FM case in Chapter III. Therefore, this procedure is also 

only outlined in this section. 

By referring to Fig. 4.5, which is the configuration corre-
<3 

sponding to minimization of the phase-lock error ec(t), the following 

expression in terms of frequency-domain factors is obtained. 

Ec(s) = ©(s) I-̂ s) - R(s)H<p(s) 

If it is remembered that 

ec2(t) = 1 C <i>ecec(s) d s 
i w-ic 2TTj w-jco 

the result is obtained that 

e_2(t) 
(s) I]_ ( s ) 2 -3ys)v~s)li(s) 

ŝ) v-s)vs) +3VS> fWs) d s 

By using the familiar Wiener variational calculus technique the follow

ing expression for H (s) is obtained. 
TO 

H (s) = 
To 

[ I1(S) ̂ ZG(S) 

L s) RRHP 

•JUL. 



•<t) • (t) 

•(t) 0(t) 
DCs) DCs) F,(s) 

r(t) 

I,(s) 

Fig. 4.5 Minimization of Phase-tock Error, ec(t) 

<T> 
in 
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If it is assumed that noise and signal are independent, the final ex

pressions for H (s) and „ 2,+.\ become 
To e

c 

r 
) 
1 

Ws) 

Î s) 
K 
— D(s) 
s 

2 
A (s) 
~mm ] K 

JH. D( s )  
,s 

2 
L(s) + § , ,<s> 
mm n n J RRHP 

' K I 
JE  D( s )  
s 

2 _ 
( s )  

mm 
+& , ,(s) 
*n'n' 

+ (4.1) 

and 

ec2(t) 2TTj J 
-D<= 

/ 
K 2 
JEL D(S; 
s 

V 

Hcp(s) 

Xi(s) - Ĥ s) 

<5> , , (s) V d s 
T n n 1 

<$> (s) + 
Imra 

(4.2) 

The following expression is next obtained by referring to Fig. 4.6. 

E(s) = M(s) I2(s) - R(s)H(s) 

Then by going through the same procedure as the one just used to ob

tain H (s) and 2,.M , the following final expressions for H (s) and 
I o c > 1 ° 

2 b e c o m e  ec (t) 

H0(s) 

I2(B) 

K. 
JEL D(-s) 
-s ' 

& (S) 
*mm 

RRHP (4.3) 
K 
m D(s) 
s 

GB (s) + c£> . .(s)1 
m̂m m̂'m1 J RRHP (4.3) 

 ̂D(s) 
s 

2 + ̂  1 l (S) Tntm m̂'m' 

+ 
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Fig. 4.6 Minimization of Demodulation Error, e(t) 

o* 



68 

and 

2, = _±_ 
e (t) 27Tj 

-jo. 

I,(s) - Km D(s)H(s) 2 & (s) + Z — J* rnm mm 

H(s) 2 , ,(s)> d s 
* n n' ( 

(4.4) 

Thus these equations, (4.1) through, (4.4), may now be used as 

the basis for the required system optimization. 

A method of realizing the general D(s) filter and an example 

which uses this method are presented in this section. 

By making a partial fraction expansion, the quantity D(s) may 

be written as the sum of the partial fractions D-̂ (s), D2(s), . . ., 

Dn(s) as follows: 

Thus D(s) may be realized as shown in Fig. 4.7. 

Because of the complexity involved in higher order D(s) fil

ters, only the configuration which corresponds to the combination of 

conventional PM and FM schemes is considered as an example of the ap

plication of the general system described here. This example is 

illustrated in Fig. 4.8 where 

4.3 Combination of Conventional PM and FM Schemes 

D(s) = D1(s) + D2(S) + . . . + Dn(s) 

D(s> - + V, 

This implies that 
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D, (s) =' K s 
1 m̂  

D (s) = K 
 ̂ m. 

If Km is set equal to unity in order to allow the level of modulation 

to be controlled only by the magnitude of Km and K_ , substitution 
m. 

of the above expression for D(s) into (4.1) and (4.2) gives 

I (s) 
1 

K 2 
K + m2 
mi — 

<i> (s) 
mm 

H™ (s) = 
ô 

K m 
K 2 
m, + 
1 s_ 

K 
K + m2 
ml ~s~ 

(s) + <h . • (s) 
mm Tn'n' J / RRHP 

<s) $ (s) 
mm *n'n' (4.5) 

and 

e 
c
(t) 2TTj 

K 
K + m2 
m. 
1 s 

I (s) - H9(s) $ (s) + 
mm 

Hjp( s) (s)> ds 
n'n' \ 

(4.6) 

Similarly, the substitution of the above expression for D(s) into 

(4.3) and (4.4) gives 
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and 

I (s) <£, (s) 
m̂m 

<£> (s) + ,n,(s) j-mm •rn'n' _ H (s = RRHP (4.7) 

<£>mra(s) +;|i„l„1(s) ^mrn "nn 

e (t) 2Tjj 

.3® 

'-JCO 

H(s) 

I 2 ( e )  -

K , 
K , m2 
mi + ~ H(s) -# (s) 

mm 

(4.8) 

(s) ( ds 
n'n' ' 

4.3.1 Specific Example 

To carry the analysis further, a specific information signal 

power spectral density must be specified. This is the same as the 

one used in Chapter III in the analyses of the conventional PM and FM 

systems, and the same as the one considered by the previous investi

gators mentioned in Chapter I, namely 

2a 
( S ) — 9 9 

* mm  ̂  ̂a -s 

The first step in evaluating ̂ (̂s) and HQ(s) is to factor 

K 
K + 

m2 
1 s 

<§> (s) + 3p (s) 
mm n'n' 

into its left-and right-half plane factors. For convenience 
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K 
K + m2 
m 
1 s 

<£ (s) +$, (s) 
mm * n n 

will be referred to as|>̂ (s). Substitution for î[uii(s) and 

in this expression gives 

-rr -1™ n n-

<2? (s) = 
rr 

K 
K + m2 
"l "i" 

<& (s) + a> (s) 
*mm *n'n1 

K 
ml 

C
M

 +
 

2 
2a 

o
 

2
 

1 
+
 K 

ml s 2 2 
.a -s _ 

P 

No 

2 P 
+2aK — ni N 

1 o_ 
s2 + 2aK2 N I 

m2 °i 
[(s) (-s) (a+s) (a-s)̂  

There are two alternatives for factoring the numerator of the 

final expression for <$> (s). The first is an analytical approach and 
rr 

p 
consists of substituting z for s and then using the quadratic formula 

to obtain the two values of z which are roots of the modified numera

tor expression. Then ŝ  is substituted for z and the quadratic formula 

is used again to obtain an analytical expression for the final roots. 

The second alternative is a numerical solution approach in which a 

digital computer is used. Since it was felt that it would be desir

able to develop a computer technique, this approach was selected. 

The actual techniques used in obtaining the roots are not 

important, but the way the calculations are carried out for obtaining 

the rest of the solution is important. This is done by assuming that 
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the roots have already been obtained and that the right-half plane 

roots have been designated as s-̂ , s2, . . ., sn, where n is the order 

2 

of the (s) numerator polynomial. Then the rest of the calculations 
rr 

are carried out in terms of these symbols. 

In accordance with this, for the system presently being con

sidered, the factored version of c£> (s) becomes 
rr 

,|iT (si-s)(s2-s) 

\jp (-s) (a-s) 

where the fact that the roots of the ?̂rr(s) numerator polynomial are 

symmetrical about the origin has been taken into account, and the 

left-half plane roots have been designated as -ŝ , ~S2' . . -sn . 

2 

Therefore, 

/N"~ (S, + s) (s + s) 
x,+ (s) =\/_£_± 2 

& rr Y p (S)(a + s) 

and 

$>-rrLs) (si "̂ )(S2"s) 
V P (-s)(a - s) 

To obtain the remaining quantity for evaluation of H (s), the 
TO 

expression for the specific power spectral density being used here is 

substituted as follows: 

<£> (s) = 
rr § No (ŝ sHŝ s) 

(s) (a+s) 
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K 
K + m2 <S> (s) = 

îtun 

K 
K + m2 
m 
1 s 

2a 
2 2 

a - s 

2 .,2 .2] [K" _ K" S 
= 2a m2 ml 

ITiTTiTuTiTû TJ" 

If these terms are substituted into (4.5), the numerator is expanded 

by partial fractions, and the terms which keep the numerator . from 

being regular in the right-half plane are discarded, the following 

result is obtained. 

O 
H
Cpo(s) =lIzr- (A+B) 

£ (s+s1)(s+s2)J 

where 

2K 
m„ 

ISL s s 
° 12 

and 

P  
v-2 2 v 2 K a K m2 2] 

/ NQ ^̂ sJ+TTŝ +sp+â jj 

This implies that 

F  < S >  

o 

^(A+B) , aA s+ 
L A+B. M 

K "I 
K + m2 
.TO1 sj s 

" /NT 
\F ° 2 
V P~ s + 

' Fo 
lip— (ŝ +ŝ )-(A+B) s+ 

r /®° i 
.1/ R 8I82-̂  
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The expression for H (s) can now be substituted into (4.6) to obtain 

the optimum value of ê  (t). 
c 

The easiest way to obtain this mean-square value of the phase-

lock error is to evaluate the integral in (4.6) by using Parseval's 

formula and considering each of the two terms of the integrand separ

ately. Thus the first term is 

1 
2irj 

joo 

<_jeo 

K 
m„ 

K 
+ m2 

2 (A+B) (s+aA ) 
•A+B 

2 
2a 

s 
. To 

(s+si)(s+ŝ ) 2 2 
_a -s_ 

, ds 

and the second term is 

2rri 

.j® 

s-yx> 

(a+B)u +25_) 

[N (s+s )(s+s ) 
o 1 2 

2 
•— — 

N 
o 
P~ 

ds 

Next, the integrand terms of these two integrals are separated into 

positive and negative s-terms in preparation for the digital computer 

evaluation of the integral. The positive s-term for the first inte

grand term is 

K _2 )K 1C 
m, s + ) m2+ m 

i ['vv-/"o(A+B] 

s3 + 
[(W+a] ̂ + [S1S2 + a(sl+S2>] 

s + as,s„ 
1 2 

and for tĥ  second integrand term the positive s-term is 

(A+B) s + aA. 

S + <SL+S2> B + SLS2 
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Since threshold is defined as that value of SNR. for which 
1  

e (t) = 1, radian, this value is obtained by using an iterative com-
c 

puter technique which started with a SNR̂  value below threshold and 

increased it in small increments until the threshold value was reached. 

The input signal-to-noise ratio, SNR̂ , is defined here just as 

in the EM and FM cases, that is, 

SNR- = _L 
1 alSL. 

Now to find H (s), the following expression is evaluated by 
o 

substitution for Thus 

K 
K 

Ki

rn.. 
<£> (s] 
mm 

K 
K_ m„ 
m 2a 

2 2 a -s 

[K K 
m s - ni 

2d. L. 1 2 
psj (a+s) (a-s)J 

By using this expression and the previously determined results for 

(s) and cEf" (s), H (s) is found to be 
rr Trr o 

H (s) /P C s 
NQ (s+s-̂ fs+s ) 

where 

C =''P 
2a a. m + m 

2 

No [•s1s2 + a(s1+s2)+â  

This implies that 
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F 2  < s )  

K . K 
C *1S< "21 

(A+b) r, + 

The expression for Hn(s) can now be substituted into (4.8) to 

obtain the optimum value of 2, „ . It should be noted that 2 , . 
e (t) e c(t) 

and e2(t) now exist only as numerical values rather than as analytical 

expressions as in the PM and FM cases. 

Since the definition of the output signal-to-noise ratio, 

SNRq/ is the same as in the conventional PM and FM cases, the SNRQ 

here again is just the reciprocal of g2 , that is, 

SNR = L 

e2(t) 

Thus the optimum system performance may be obtained. 

4.3.2 Suboptimum Performance 

Now the question arises as to what happens to the performance 

of the system which has been designed and implemented to be optimum 

for a given set of input signal and noise parameters when one of these 

parameters changes. The parameter which will be assumed as changing 

is the input signal power level, P. Since everything except the gain 

function in the forward path of the receiver implementation is fixed, 

this requires that the appropriate transfer functions be written dif

ferently to account for the fixed system and varying input signal 
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power level. These transfer functions are F̂ (s), F2(s), Ĥ (s), and 

H(s), and are now suboptimum, as indicated by omitting the optimum 

subscript, except when the input signal power is at the design level, 

This can be done as in the conventional FM case by letting 

P1(s) = Fx (s) 
b design 

values 

and 

F2(s) = F2 (S) 
design 
values 

that is, by letting F̂ (s) and F2(s) be equal to the corresponding 

transfer functions which were optimum for the designed-for parameter 

values. Thus, 

and 

H«p(s) 
_ Vfv= s) G(s) 
¥ Fx(s) G(s) 

H (s) 
(s) F2(s) 

1 + 
W fi 

(s) G(s) 

where 

K 

G (s) — 
m K s + K 

mi m2 
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But Km has been assumed to be equal to unity. Thus for the present 

system the previous expressions become 

F,(s) = 
j(A' + B1) fs + ^ 
C L A+B J 

/,/P7" K . m2 
/VF" LMI — ] 

1^2. S2 + j^o (s^ + Ŝ ) _(A'+B' )J S + 
PSiS2 - i 

F (s) = —21?— 
2 (A'+B1) [••Sir] 

H<p(s) =i 
(A'+B' ) s + ...aA' 

L A'+B'. 

js2 + 
r /p vfr'+B'T 
(ŝ +s±)+(y P'-î /p/ s+ fP~ .. aA' "1 

SiS9+ (1/P' " 5 / L1 2 * |/No/P'_ 

and 

H (S) = rr c '-f 
VNb ̂ s2 + rfe'+s')+(i/ii-i)(A'+̂ '>ns+ |s'S'+ (./p -1) 
' -J L i 2 / p' i/N0/P'_ 12 yp' 

aA' 

where the primes denote fixed, designed-for values of P. Note that 

when the received signal power level is equal to its designed-for 

value, the transfer functions all reduce to their optimum expressions. 

The suboptimum phase-lock and demodulation errors correspond

ing to HjpCs) and H(s) may now be found by substitution of these ex

pressions into (4.6) and (4.8). The SNR̂  versus SNRq curves and the 

resulting comparisons between systems corresponding to this data are 

presented in Chapter V. 
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4.4 Separate Transmission Channels 

An outgrowth of the consideration given to theJ system in the 

preceding section is the system shown in Fig. 4.9. It is seen that 

the main difference between this system and that of the previous sec

tion is that here two separate transmitted carriers are used. In this 

case one carrier is phase modulated and the other is frequency modu

lated. Also,the gain terms and Km are introduced in the VCO's 

as in the case of conventional PM and FM systems rather than in the 

D(s) filter. 

It is assumed that both carriers are subjected to white, addi

tive, Gaussian noise signals which may be either the same in both 

channels or which may be completely independent. Both cases are con

sidered and the only difference is in the optimization of the system 

and the resulting suboptimum performance. The equivalent receiver 

model is the same in both cases, although it is different from the 

equivalent receiver model of the system with the general D(s) filter. 

Another feature which is different is the multiplication of " 

more than two signals to form the phase-lock, or comparator error. 

This is important in deriving the correct equivalent receiver model 

which is considered in the next section. 

Also, the carrier frequency of the transmitted signals is 260̂  

instead of and the center frequency of the RF signals which are 

returned to the comparator -are 0jq and 3<ij>o. This combination of fre

quencies is necessary to produce the proper phase differencing opera

tion of the multiplier. However, there is no restriction as to which 
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Fig.. 4.9 Actual System Using Separate Transmission Channels 
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frequency is to be associated with which signal. - Therefore, it is 

possible for the two transmitted signals to have different carrier 

frequencies, thus leading to the situation where it is conceivable 

that the additive noise signals in each channel are completely inde

pendent. Regardless of which combination is chosen, the information 

signal model is the same. The combination shown in Fig. 4.9 corre

sponds to the case of the same noise signals in both channels because 

the carrier frequencies are equal. 

4.4.1 Equivalent Receiver Model 

As in the case of the system using only one transmitted 

carrier, the same procedure as that used previously with the PM and FM 

systems is used here to obtain the equivalent receiver model. This 

procedure is to consider the operation of "the system in the presence 

of noise without signal modulation. By referring to Fig. 4.10 this 

means that 

sin 3 CO t 
o 

z(t) 
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where it has been .assumed that n̂ (t) an̂  ̂(t) are white, Gaussian, 

. . .  N 1  additive noise signals with two-sided power spectral densities of _ 

Np 
and _£ respectively. In addition.it is assumed that they are inde-

2 -

pendent of each other. Also V(t) and /7̂  (t) are the VCO output phase 

jitters due to this additive noise. 

From the assumption that *V(t) and /*|(t) are at all times 

small compared with one radian, the subsequent approximations that 

this assumption allows, and the recognition of the action of the low-

pass filter, z(t) is found to be 

/ * \  ̂i ,/OT z(t) = -y i 2 
nL(t) + n2(t) - "V (t) -flj(t) 

1 |/2P2 
(4.9) 

By interpreting this expression as before in Chapter III and section 

4.2.1, the conclusion is reached that the linear model shown in Fig. 

4.11 is a valid.representation of the loop performance in the vicinity 

of phase lock with noisy input signals. -The signals n̂ (t) and n̂ (t) 

are considered to be white noise signals of two-sided power spectral 

1 N1 1 N? densities of ± _ and ±. _ respectively. 
4 Pi 4 P2 

An important point that should be noticed here is that in this 

linear model the two transmitted signals with noise are added together, 

and the two signals which are returned to the comparator are added 

together, just before they reach the comparator. Since the multipli

cation process has been replaced with addition and subtraction, this 

is equivalent to inserting these signals individually at the comparator, 

as is done in the actual system. The reason for doing this is 

that when optimization of the system is considered in the next section, 



No Signal 

Input 

ê t) 

n[(t) 

Kmi 
s 

3 Kmi 
s 

1 —• Kn2 
s 

e 

PjCt) 

*(^}->iVlP2 

= ± Kl 
Dlnl 4 pi 

_ 1 N2 

n2n2 4 P, 

r.(t> 

r„(t> 
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this configuration lends itself better to defining the important trans

fer functions. 

4.4.2 System Optimization 

As with the system employing the general D(s) filter, the 

technique which was used in Chapter III to obtain the familiar standard 

expression for the transfer function of the optimum Wiener filter is 

now used to obtain the optimum transfer function expression correspond

ing to the system using separate transmission channels. As before, the 

first step is to write the expression for the phase-lock error, ec(t), 

in terms of frequency-domain factors. By referring to Fig. 4.12, which 

is the information signal model resulting from the analysis of the 

previous section, the following expression is obtained. 

Ec(s) = <9(s) I-,_(s) - R(s) Ĥ s) 

This result is similar to that obtained for the system using the gen

eral D(s) filter and means that the expression for 2" , and there-

Thus 2 

2 
I. (s) - <5 (s) IU(-S) I (s) 
1 Tre ™ 1 

and 
I (s) <§> (s) 
1 Trs :—: 

RRHP 
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®c<t) = ^KmjiaCt) + Km2 ^ m(-e)d-c] - [Kmim*(t) + 
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Fig. 4.12 Information Signal Model for Minimization of phase-Lock Error 

In System Using Separate Transmission Channels 
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Actually, in terms of the .notation used so far, the preceding expres

sions seem to be the same as before. However, as shall be seen pre

sently, because of the R(s) term, a significant difference appears. 

Next, assuming noise signals are independent of information 

signals, (s) is written as 
rs 

<3?rs(s) =R(-s)©(s) = Q̂ C-s) + R2(-S)][© 1(S) + © 2 (s) J 

'=̂ [<̂ (-8) + N'1(-s)J+ £©2(-s) + N'2(-s)]j|©1(s) + ©2(ŝ  

= 01 (—s) ©̂ s) + ©̂ (̂-s) ©2(s) + ©2(-s) ©1(s)+©2(-s)©2(s) 

and<̂ r(s) is written similarly. 

Now even though this result is the same as with the system 

using the general D(s) filter, obtaining it involved the difference in 

the R(s) term which was just mentioned. This difference comes in writ

ing R(s) as 

R(s) = Ri(s) + R2(s) = + N'1(s)J+[©2(s) + N'2(s)] 

rather than 

R(s) = ©x(s) + ©2(s) + N' (s) 

as before. The effect of this difference becomes apparent in deriving 

the following expression for $>rr(s) • Thus, 

<5>rr(s) =R(-S) R(s> =pR1(-s) + R2(-s)|jR1(s) + R2(s)J 
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^|ei(-s)+Nl1(-s)j|+|©2(-s)+N,2(-s) jj ĈsHN'̂ s)j + 

^©2(s)+N'2(S)J^ 

: ©1(-s)©1(s)+©1(-s)©2(s)+N,1(-s)Nl1(s)+N'1(-s)N'2(s) + 

But 

and 

©2(-s)©l(s)+©2(-s)e2(s)+N,2(-s)N,l(s)+N'2(-s)N12(s) 

© (s) = K M(s) 
1 m

x 

K 
m9 © (s) = —- M(s) 

2 s 

and therefore, 

#>rsu> = 

and 

K 
K + m2 m 
1 s 

<£ (s) 

a, (S) = 
-arrr 

K 
K + m2 

rri 
1 s 

A (s) + $> (s) 
Tmm *nn 

(4.10) 

(4.11) 

where 

n̂n(s) =$n'1n' (s) +<§>nI1n'2(s) +̂ nl"2nIi(s) +<$>n' 2ri' 2 (s) 
(4.12) 

Thus. 
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V(S) = 

# <s) + <£WS> 

(4.13) 

and 

®2c(t) 

k 
= ̂  J ( l mi eo 

K 
+ 2 I1(s) -  H^(s) #U(S) + 

H<p( S  )  <$> (sU ds 
*nn \ 

(4.14) 

Next, the expression for Hq(s) must be derived. The approach 

for doing this is almost the same as that used above in deriving -

Ĥ q(S). The only difference, as can be seen from Fig. 4.13, is in the 

way the error term is written. The demodulation error, rather than 

the phase-lock error, is now what is to be minimized. It can be ex

pressed in frequency-domain terms as 

E(s) =©1(s) I2(S) - R(s) H(s) 

This is again a result which is similar to that obtained for the system 

using the general D(s) filter, and means that the expressions for e2(t) 

and Hq(S) are also similar. In fact, as with the phaseTlock error, in 

terms of the current notation, they appear to be the same. Namely, 
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eV, " 
I2< = > -̂ (̂s) H(-s) I„(s) -

<£> (s) I„(-s) H(s) + <§> (s) 
2 rr 

H(s) ds 

and 

V8) = 

"I2(s) êi
(S>" 

1 f
 

1"!
 

1 
CO RRHP 

•rr 

If noise signals and information signals are assumed independ

ent, & (s) is written as 
r®l 

<£» (s) = R(-s) © 
3rr®1 

s) + r2(-s) 1<S) = [Rx(-

-S) + NL(-.J] +£< 

= 61(-S)© (s) +©2(-s)̂ 1(s) 

©•̂ s) 

©2(-S)+N2(-S) (̂s). 

and$> (s) is written similarly. Since (s) = K M(s) and 6„(s) = 
©̂ r 1 m̂  2 

K m 
2 M(s), 

<p (s) 
K "1 

K2  - K m2 
"l ™1 — 

(s) (4.15) 

The expressions for ̂ ?rr.(s) anĉ  ̂  r 31:0 same as th°se used in 

evaluating H (s). Therefore / 
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H (s) 
o 

I2(S) 

•J K 

K 2  - K  M 2  
. ml ml sj 

# (S) ( 
TMM > 

K 
K + 2 
1 s 

2 

3>nn(s) + JRRHP 
K 

K + M2 
mi s 

2 <£nn(s> + §nnls>~ r 
(4.16) 

and 

e 2 < t )  "  m 
K™ Ms> -2 

K 
K + m2 
ml — 

H(s) (s) + 

H (s) (s) > ds 
n̂n v 

(4.17) 

As was true in the case of the system employing the general 

D(s) filter,a specific signal power spectral density is specified in 

order to carry the analysis further. Again this is 

<£> (s) = 2a 

a2 - s2 

As before, the first step in evaluating H_, (s) is to factor 

<#>rr(s), as expressed in (4.11), into its left- and right-half plane 

factors. However, this brings up the question that was mentioned 

earlier, that is, what expression should be used for the noise term 

<$> (s), which appears in <$> (s). Of course the answer is that this 
Tin rr 

depends on whether the noise signals in the two channels are assumed 

to be identical or independent. This problem is considered next. 
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4.4.2.1 Identical Noise Signals 

By referring back to (4.12) it is seen that#>nn(s) is written 

as the sum of four terms, that is, 

<£> = <3?„, , (s) + <3> , , (s) + <f> (s) + <$> (s) 
nn n ln'l n ln 2 2 1 2n 2 

(4.18) 

The expressions for the first and last terms were determined in gen

eral in the derivation of the equivalent receiver model and are re

written here for convenience. 

1 Ni <3b , (s) = ± 
n i i 4 ̂  

1 NP , , (S) = ± _± 
n 2 2 4 P

2 

Thus the expressions for the two middle terms of the right side of 

(4.18), (s) and<̂ > (s), are "What have yet to be determined. 
n'in'2 n'2n'1 

This can be done by referring back to (4.9), and from the approxima

tions associated with its derivation, and from the resulting final 

form of the equation, making the assumption that n'̂ (t) and n'2(t) are 

linearly derived from n-̂ (t) and n2(t). Thus (4.9) implies that n'̂ (t) 

and n' (t) differ from n̂ (t) and n̂ (t), respectively, by only a multi

plicative constant. Hence the;following relations may be written. 



and 

N- (s) 
*• < 8 )  =  2  

Therefore, 

N (-s) N (S) 
n̂- n' (S) = N' (-s) N' (s) = 1 -1== 

. 2 pi 
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Since the case for identical noise signals is being considered, 

Nl(s) = N2(s) 

and therefore, 

n̂' n' (s) 
1 2 

N1(-s) N2(s) <̂ n1n1̂ Ŝ  

f 2 ',P1P2 2,/Pip2 

or 

?'",ln'2 

<s) _ N, 

4./P„ P 4 l/p~p 
V 12 y 12 

Also it is seen that 

Therefore, 

N1 N1 
N N 

<£ (s) = ~ + 4. 1 = 1 
nn 4 p 21/ P, P„ 4 P„ 

f 12 

+ _JL 
i*r- f 
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Hence, by starting with (4.11), ̂ (̂s) may be written out and simpli

fied with the result that 

# (s) = 
rr 

K 
K + m2 
mi 

2 (s) + JS, (s) 
*mm Tnn 

Km 
K + 2 
m 
1 s 

mm — 

N 
2a + 1 
2 2 4 
a -s 

-1 2 
1 + 1 

pI vp2j 

>-rA 2a 1 2 
2a K m 

2 

N1 1 + 1 
2 N i 1 + 1  r> 1 + 1  

4 FT I 
4 

— 

X * X 

Tfr 7*2. 4 y^T \/p1. t (s)(-s)(a+s)(a -s>] 

The same technique that was applied to factor <̂ rr(s) into its left-

and right-half plane factors in the case of the general D(s) system is 

applied here. Also, the technique for handling the calculations for 

obtaining the rest of the solution is the same. Without going through 

the details again, the following result is obtained for <§?rr(s). 

(S) 
rr (2 

1 + 1 
(s +s)(s2+s) 

(s)(a+s) 

JL. 
(p, 

_1_: 

fv. 

'(s -s) (s -s. 
1 . 2  

(-s)(a-s) 

which implies that 

$>+ (s) 
rr 2 

1 + 1 

p! 

and 

#;r(s) 

1 VP  2 

1 + 1 

(si+s)(ŝ +s) 

(s)(a+s) 

(s1-s)(s2-s 

(-s)(a-s) 
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Here -ŝ  and are the left-half plane roots of the numerator 

polynomial. 

From (4.10), 

<£re(s) = 
K m 

K + 2 
mi 1 s 

2 r 
2a 

a2 2 a -s 
2a 

[ K2 - K2 -2| 
m2 ml S 

£(s) (-s) (a+s) (a-s7 

Substituting these expressions—into (4.13) gives 

G (s) = (A+B) 
aA 
A+B. 

1 + 1 

fl W2 

[(s+s!) (s+s2lj 

where 

A = 

K1 1 2 
l + ' l  sls2 

2 
fT 

and 

K2 2 K2 
ml a " m2 

B = 

2 
1 + _1_ 

fh fit 
IS s + a(s, + s ) + a* 

2 1 2 

This -implies that 

) (A+B) s + aA \ L A+B. 
/ty 

K 
K + m2 L 1 s J 

Vs1 "1 + 1 
f l f~2_ 

~ 1 + 1 
fl fc 

(s-^s^ -(A+B)j S+ 

1 + 1 

*1 l/P2 
S1S2 " | 
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The expression for H«p0(s) can now be substituted into (4.14) to obtain 

the optimum value of e2 Again a computer solution is used to do 

this, aŝ well as to determine, by iterative techniques, the threshold 

value of input signal-to-noise ratio. 

Next, from (4.15), 

#r®x(s) 
V K - K 2 

m, 1 s ri 
2 a 
2 2 a -s 

= 2a K - K K 
mi ml m2 

'(s) (a+s) (a-s)J 

By substituting this expression and the same expressions for rr̂  

and cb~ (s) that were used.in evaluating H® (s) into (4.16), H_(s) is * VY1 * O O rr 

found to be 

H (8) = ~j= 

1 + 1 

pi 1PT 

Cs 

(S+S-L) (s+s2) 

where 

2a [\ a + 
K»J 

fix 
1 + 1 

fl 

s,+a)(s„+a '] 

This implies that 

F (S)  =  
2
0 (A+B) 

K , K m s + m 
1 2 

fs + _̂ _1 
L A+B J 

The expression for H (s) can now be substituted into (4.17) to obtain 

the optimum value o,f e2̂ t̂ . The definition of the output signal-to-
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noise ratio, SNRq, is, as in all the previous systems, the reciprocal 

of the demodulation error, However, because of the two separ

ate transmission channels, the input signal-to-noise ratio, SNR̂ , must 

be defined a little differently to be comparable to the SNR̂  defini

tions given earlier. Thus, 

SNRI = 

[a (N-L + N2)J 
P< P 
1 + 2  

2a N, 

since = Hence the optimum system performance may now be ob

tained for the system employing separately transmitted carriers with 

identical noise signals assumed. 

4.4.2.2. Independent Noise Signals • • ' " 1 
) 

In this "case, since the noise signals in the two channels are 

assumed to be independent, the two middle terms on the right side of 

(4.17), that is, <̂ >
n, , (s) and , , (s), are both zero. Thus, 
12 n 2ni 

<£nr ̂(s) becomes 

<$> (s) = i 
• nn 

N N 
1 + 2  

Hence, from (4.11), c£> (s) may be written out as follows: 
xrr 
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as (s) 
*rr 

Km 
K + 2 
m, 1 s 

<3> i s )  +  &  (s) 
mm *nn 

Km 
K m  + _ 2  
1 s 

2a 
2 2 a -s 

+ 1 
4 pi p

2 

K" K 

/ -  4  
m.  

2  2a  1  2 2a  m 2  N  

1 N1 +  N 2  

f s  - a  + -
1 ix N ~] 1 +  2  

t> + 
1 [N1 + 'N2 

= 4 
LPi P 2J  c, 

4 _P1 P 2 .  
4 P! P2J J 

[js) (-s) (a+s) (a-s)J 

By using the familiar factorization technique again now. 

1 - „ _ _ 1 

<£rr(s) =? 2 
1̂ + ̂ 2 

P1 P2 

(sl+s)(s2+s) 

(s)(a+s) 
;i 

N, N 
1 + 2  

P1 P2 

(S - I  —S)  (  SO-S  )  

(-s)(a-s) 

Thus, 

<3̂  (s) 
~ rr 

1 
2 

+ !i 

P1 p
2 

(s1+s)(s2+s) 

(s)(a+s) _ 

and 

3?"" (s) rr 
1 
2 P1 P2 

1 
2 
(s1-s)(s2~s) 

(-s)(a-s) 

and indeed, because of the similarity in the <̂ >
rr(s) term, and since 

the expressions for ^̂ (s) and <3?̂  (s) are the same, the results 
1̂ 

here are the same as those for identical noise signals with the 

s 
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exception of the<f> (s) term. Thus the expression for H<_ (s) becomes 
nn 

H_ (s) = 
«Po 

(A+B) [s + ffi] 
1 
2 

N, N-
1 + 2 
P P 
1 2 

1 
7 |( s+s1 )(s+s. 

where 

A = 

1 
2 
*1 + ^ 2  
P1 P2 

2K 
m 

sls2 

and 

B = 

1 
2 
!i + !i 
p p 

rK 
L-i 

2 2 Km 2 9. "• 

[• s_ s„ + a(s +s ) + a' 12 12 

This implies that 

Fx (s) = 
[• Is + 

(A+B) L A+BJ 

!i+!i 
p p 
1 2 

s +JI 
Ni+N2 

(ŝ ŝ J-tA+Bjl s+J— s-ĵ -aA 

Also the expression for HQ(S) becomes 

H (s) 
o 

p p 

C s 
(s+s.̂  (s+ŝ ) 

where 
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c = - 1 
1 . N1 + N2 2 
2 1 2 

This implies that 

(Sj+a)(s2+a) 

C s 
F (s) = -
o (A+B) 

K 
K  + m 2  
L'lTj 

The expressions for IL (s) and H (s) may be substituted in (4.14) and 
Tn O 

(4.17), respectively, to obtain 2 ... and and thus the thresh-
e c(t) e (t) 

old values of SNR., and the values of SNR . However, the SNR. for this 
l o i 

case is 

SNR. = 
i 

IS • 
[a + N2)] 

Thus the optimum system performance may now be obtained for the system 

employing separately transmitted carriers with independent noise sig

nals assumed. 

4.4.3. Suboptimum Performance 

Consideration is now given to the question of what happens to 

the performance of the system which has been designed and implemented 

to be optimum for a given set of input signal and noise parameters 

when one or both of the signal power levels change. Since everything 

except the gain "function in the forward path of the receiver implemen

tation is fixed, this requires that the appropriate transfer functions 
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be written a little differently to account for £he fixed system and 
j 

varying input signal power levels, and P2. These transfer func

tions are F-̂ (s), F2(s), Ĥ s), and H(s), which are now suboptimum, 

except when the input signal powers are at their design levels. This 

can be done as in the conventional FM case, and as done in the case 

of the system using only one transmitted carrierj by letting 

transfer functions which were optimum for the designed-for input sig

nal and noise parameter values. Thus, 

F1(s) = F̂  ̂(s) 
o design 

values 

and 

F2(s) = F2 (S) 
o design 

lvalues 

that is, by letting F (s) and F (s) be equal to the corresponding 
± C, . 

1 

1 

and 

1 

H(s) 1 

where 

K 
m, 
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For the present system and identical noise signals, these expressions 

become 

(A'+B') 

F. (s = 

/Jp' P'  K  

K + m2 m_ + r \ 2 

K 

K + m2 m_ + 
/ 2 L 1 • s _ 

1 + 1 

IPT F? ) V 

1 + 1 

FTFTI 

s' s'2aA'; 

F 2 ( B )  =  

k 

1 s 

(A'+B1) r aft' i 
[_s + A'+B'J 

'p1p2 
p. p. (A'+B') 
1 2 

[s + aA' 1 L A'+B'J 
hcp(s) fo 1 + 1 \s +|Cs'1+s,2) s + 

s' 1s' 2 + 
P P 
12 - ii 

V 
P'lP,2 
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ft 
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ft? ilv 
H(s) = 

P P 
1 2 

P'  P '  
1 2 

h 
2 

1 + 1 ,s2+ 

C' s 
\ (a'+b-) 16 1 + _1_ 

Fi 

s + 

[•'*••= i m - "  
aA '  

r i + i " 
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For the present system and independent noise signals, these expres

sions become the same as those just listed with the exception that 

wherever the term 

the term ̂  

p1 p2 

FT FT. 
appeared in these expressions, 

now appears. This is also true in the case of 

the constants A1, B', C', s'̂  and s'2. The primes denote fixed, 

designed-for values of P̂  and P2. Note that when the received signal 

power levels are equal to their designed-for values, thesê transfer 

functions all reduce to their optimum values, as they should. The sub-

optimum errors, corresponding to Ĥ (s) and H(s) may now be found for 

both cases, that is, identical and independent noise signals, by sub

stitution of these expressions into (4.14) and (4.17). 

Therefore, the suboptimum system performance may be obtained 

for the system using separately transmitted carriers both for the case 

of identical noise signals and that for independent noise signals. 

4.5 Summary 

This chapter has considered the general coherent demodulation 

scheme for which conventional pm and fm demodulation methods using 

phase-lock loops are a special case. A specific combination of con

ventional pm and fm schemes is considered here as an example of an ap

plication of this general approach. Also investigated is a slightly 

different system which uses two separately transmitted carriers and 

which is an extension of the ideas associated with the general system. 

Optimum and suboptimum system performance results are obtained 

for all systems. The presentation of these results and a comparison 
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of all the systems considered in -this thesis are given in the next 

chapter. - j 



chapter v 

RESULTS AND COMPARISON OF SYSTEMS 

J 

5.1 Introduction and Organization of the Chapter 

In this chapter the results associated with the calculations 
j 

performed in Chapter IV are presented in much the same way as that 

used in Chapter III to present the results for the conventional PM and 

FM systems. The significant difference is that with the PM and FM 

systems only one parameter in each system could be.varied to change 

the threshold and output signal-to-noise ratio value for a given value 

of input signal-to-noise ratio. This parameter was the modulation 

index in the PM system and the deviation ratio in the FM system. With 

the systems combining PM and FM the expressions for the threshold con-

dition and output signal-to-noise ratio are functions of two parameters 

which play roles similar to those played by the modulation index and 

deviation ratio in the PM and FM systems. Specifically, these two 

km 
parameters are Km and 2' , and are referred to here also by the 

1 a 

same names, that is, modulation index and deviation ratio, respectively, 

as those used previously in the PM and FM systems. 

Thus in section 5.2 the data curves corresponding to the system , 

employing the combination of PM and' FM using only one transmitted 

carrier are displayed in Figs. 5.1 through 5.3. The particular values 

of the parameters that are used in the figures were selected so as to 

illustrate the behavior of the system as clearly as possible. The 

108 
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selection of the particular values of the parameters used to display 

the data for the system employing the combination of EM and FM using 

two transmitted carriers was also made so as to illustrate the behav-

ior of the system as clearly as possible. The data for this system is 

presented in section 5.3 in Figs. 5.4 through 5.9. 

All of the results associated with the calculations performed 

in Chapter IV are presented in this chapter in order to facilitate 

their analysis and "comparison. 

Following the presentation of the data in sections 5.2 and "5.3 

corresponding to the performance of the systems combining conventional 

PM and FM demodulation schemes, a comparison which investigates the 

significant differences between systems is made in section 5.4 of all 

the systems considered. 

5.2 Systems Employing Combination of PM and FM Using Only One Trans 
mitted Carrier y 

The approach that is used to present the results for the system 

employing combination of PM and FM using only one transmitted carrier 

is the following. * The modulation index K and the-deviation ratio 
mi 

k 
m2/ are each varied over a range of values which presents the signifi-
a 

cant characteristics of the behavior of the system as appropriately as 

possible. The standard values of the modulation index used in the 

results are 1, 2, 3, 4, and 5, and for the deviation ratio the values 

used are 1, 5, 10, 50, and 100. 
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However, since it is difficult to effectively display the results of 

varying two parameters in one figure, several figures are used to pre

sent the data for each system. In each figure, data curves correspond

ing to the five different values of the deviation ratio, and only one 

value of the modulation index are shown. Then in the figure which 

follows this, the same curves are shown for a new value of modulation 

index, and 50 forth. However, in the interest of keeping the number 

of figures within reason, whenever there is no significant change in 

the characteristics of the data as the value of the modulation index 

changes, fewer values, and therefore fewer figures are considered. 

To draw any significant conclusions-from the curves in Figs. 

5.1 through 5.3, it must first be understood that the signal modulation 

level may be changed by varying either the modulation index or the 

derivation ratio or both. If either or both of these is increased, 

the modulation level increases, and similarly if either or both de

creases, the modulation level decreases. 

Thus it is noticed that as the modulation level is increased 

by increasing the modulation index from a value of 1 in Fig. 5.1 to a 

value of 5 in Fig. 5.3, the threshold locus moves to the right. This 

means that the lower limit of the value of SNR̂  for which the system 

will operate satisfactorily increases as the modulation index increases. 

However, at the same time, the value of SNR increases. This is a de-
o 

sirable result and offsets the undesirable result of raising the thresh

old value of SNR̂ . 
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J 

Another characteristic that is noticed by comparing Figs. 5.1 

through 5.3 is that the effects resulting from varying the deviation 

ratio are reduced as the modulation index is increased. This is evi

dent from the way the difference in the least and greatest threshold 

values of SNR̂  decreases as the modulation index increases. This 

-reduction is also evident in the decreasing difference in the least 

and greatest values of SNRQ for a given value of SNR̂ , as the modula

tion index increases. 

One further characteristic of this data is that in Figs. 5.2 
J 

and 5.3, the suboptimum curves actually intersect. However, it is 

more appropriate to delay a discussion of this point until section 5.4 

5.3 System Employing Combination of PM and FM Using Two Separate 
Transmitted Carriers 

The results for the system using two separate transmitted 

carriers are displayed in -exactly the same manner as that used in the 

case of the system which uses only one transmitted carrier. Here 
J 

though, there is a further breakdown of data with- the consideration of 

identical and independent noise signals. Hence Figs. 5.4 through 5.6 

are the results obtained when identical noise signals are assumed, and 

Figs. 5.7 through 5.9 are the results obtained when independent noise 

signals are assumed. 

With the exception of the intersection of the suboptimum curve 

the characteristics of the data which are observed by comparing the 

figures for the identical noise signal case are basically the same as 

those of the data for the system which uses only one transmitted J 
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J 

carrier. By comparing the figures for the independent noise signal 

1 
case, the conclusion is reached that the characteristics of this data 

are also basically the same as those of the data for the system which 

uses only one transmitted carrier. For both of these sets of data the 

suboptimum curves have the characteristic of flattening out at higher 

values of SNR̂ . This characteristic is the same as the FM data in 

Chapter III and is the feature that prevents an intersection of the 

suboptimum curves. 

J 

5.4 Comparison of Systems 

There are several important points to ybe considered in compar

ing any of the systems that have been discussed here, and all of these 

points must be taken into account in making an evaluation of the good 

and bad points of any one system. A judgement in favor of one system 

over another cannot be made on the basis of the fact that, with respect 
) 

to only one feature, better performance is achieved by one system than 
) 

by another. Furthermore, to the potential user of one of these systems, 

it is vital that the relative merits of the different systems be con-
} 

sidered in terms of how they relate to the application for which they 

are intended. Thus, because of the large number of situations in which 

these systems could be employed, it is almost impossible to make a 

definite decision as to the general desirability of one system over 

another. , , 

However, there are some obvious points of comparison which may 

be considered in making a preliminary investigation of the advantages 

or disadvantages associated with each system. Probably the most 
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J ' 

obvious is the threshold characteristic associated with a particular 

system. This is the location and shape of the locus of the points 

where the threshold occurs for given values of rtodulation index and/or 

deviation ratio. This locus relates a given value of SNR̂  to the , 

corresponding maximum value of SNRq that can be obtained without ex

ceeding the phase-lock error. As might be expected, all of the systems 

considered here possess the property that the lower the value of the 

modulation index and/or deviation ratio, the lower the threshold value 

of SNR̂ . The reason that this might be expected is that, as the modu-
i 

lation index or deviation ratio is decreased, the phase of the RF 

carrier is less and less heavily modulated, thus making it easier for 

the loop to track the phase of the transmitted carrier, or carriers. 

In other words, the phase-lock error decreases, and the threshold level 

is therefore lowered. Correspondingly, however, this lowering of the 

modulation level, since it amounts to a reduction in the amplitude of 

the information signal which is being conveyed, results in reducing 
( 

the SNRq. Of course the reverse effect is observed if the modulation 

level is increased by raising the modulation index and/or deviation 
I 

ratio. This then, leads to a trade-off between how low the threshold 

can be made without making the SNRQ too low, or vice versa. Thus, 

since the threshold level determines the lowest value of SNR̂  for 

which it can be assumed that the system will perform properly, it ap

pears, at least in terms of only this one performance criterion, that 

it would be desirable for the threshold characteristic to lie as far 

J 

to the left as possible. 
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Upon comparing the systems considered here in the light of 
) 

the preceding discussion, it is seen that the threshold characteristic 

of the PM system, Fig. 3.5, and that of the system which employs sepa

rate transmitted carriers with independent noise signals and a modula

tion-index equal to 1.0, Fig. 5.7, are about the same, even though the 
i 

combination after transmission system appears to be slightly better at 

lower values of SNR̂ . Furthermore, both of these threshold character

istics are better than those of the other systems. 
I 

J 

It should be pointed out here that within a given set of data, 

the best threshold characteristic always appears in the leading figure 

since it is the one with the lowest deviation ratio and therefore the 

combination of lowest modulation levels in the set of data. This 
J 

behavior is as expected from the preceding discussion on modulation 

levels and threshold characteristics. 

A second ppint to be used in observing the performance of a 

system is the relationship involved between the threshold level of the 

SNR̂ , and not just the corresponding value of the SNRQ, but the shape 

and location of the entire suboptimum SNRq curve. In the conventional 
J 

PM and FM systems there- is only one parameter to be varied in each 

system, that is, either the modulation index or the deviation ratio. 
i 

And the effect of varying this one parameter is obvious from an inspec

tion of the family of curves generated by varying the parameter. With 

either of the systems which combine PM and FM, both the modulation 

index and deviation ratio are involved together. In addition, in the 

case of the system using separately transmitted carriers, a third 
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parameter which determines the allocation of power between the two 

channels is also involved. Furthermore, in the case of separate car

riers, the presence of identical or independent noise signals also 
i 

makes a contribution to the*resulting performance of the system. 

Thus the problem of investigating the relationship between 

threshold and SNRq curves with the systems employing combination of 

PM and FM is more complicated than with the single parameter systems, 
i i 

and the data display technique described in the preceding sections 

must be used. Also, because of the nature of this relationship, it 

is difficult to reach a conclusion as to the desirability of one system 

over another. 

By looking at Figs. 5.4 to 5.6 and Figs. 5.7 to 5.9, it is seen 

that the relationship between threshold and the suboptimum SNRQ curves 

for the system using separate1transmitted carriers, for both identical 

and independent noise signals, is of the same form as that of the FM 

I 
system whose results are shown in Fig. 3.8. That is, as the modulation 

level increases with increasing modulation index and/or deviation 

ratio, the threshold le;vel rises as does the entire corresponding sub-
i 

optimum SNRQ curve. Also the shape of all of these curves is such that, 

the SNR0 increases slightly from threshold with increasing SNR̂ , and 

then levels off toward higher values of SNR_̂ . 

From the PM system results shown in Fig. 3.5, it is seen that 

this same behavior is evident in so far as the suboptimum SNRQ curve 

rises as the threshold: rises. However, the suboptimum SNRQ curve fol-
i 

lows the optimum curve very closely and does not level off or flatten 

out. Thus there is little difference in optimum and suboptimum values 
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of SNRq at all values of SNR̂ . 'For the system employing only one 

transmitted carrier, whose results are shown in Figs. 5.1 through 5.3, 

a different kind of behavior is observed. As with all the systems," 

the value of SNRq corresponding to the threshold value of SNR̂  in

creases, for all modulation levels, as this threshold value increases. 
. ' i 

But for lower modulation levels, the,suboptimum SNRQ follows the opti

mum SNR0 curve fairly closely, while for higher modulation levels, 

because of the leveling off of the suboptimum curve, the optimum and 

I 
suboptimum SNRQ curves tend to diverge at higher values of SNR̂ . The 

result of this, as can be seen, is that the suboptimum SNRQ curves 

actually intersect each other, a characteristic not encountered with 

any other system. Thus an interesting situation develops. As the 

modulation level is decreased, the threshold value of SNR̂  decreases, 

1 
while the suboptimum SNRQ curve approaches the optimum curve more 

closely than for higher modulation levels. This causes the SNRQ to 

increase with decreasing modulation level at higher SNR̂  values rather 

than to decrease as in all other systems. However, as with the other 

systems, the values of SNRQ decrease with decreasing modulation levels 

in the intermediate range of SNRJ_ values. - ! 

At this point it is enlightening to stop and examine some of 

the basic differences between the systems considered here, ̂ nd try to 

determine how and why they do or do not affect the behavior of the 

systems in the way that might be expected. The first question that 

J , 

might appropriately be asked is that in the systems that combine PM 

and FM, what effect results from weighting the characteristics of the 
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system in favor of a pure PM or FM system. To answer this question, 

the first step is to examine how this weighting is achieved. 

In the case of the system using only one transmitted carrier 

the transmitted signal is 
i 

t 

x(t) = 2̂P sin + + d̂ \ 

 ̂ — co "j 
i j 

Thus as KJJJ  ̂or is made large while the other is made small, the 

signal looks more and more like a pure PM or FM signal. Also, if the 

design steps are followed carefully, it is seen that the optimum re

ceiver resembles the pure PM or FM receiver as the values of and 

K alternately approach opposite extremes. Even though the configura m2 

tion with which the receiver transfer function is to be realized is 

i 
different from the one in the pure PM or FM case, this resemblance oc

curs because as either the modulation index or deviation ratio is made 

small relative to the other, the corresponding signal path back to the 

i 
comparator becomes insignificant, and effectively there is only one 

path as in the PM and FM cases. 

This characteristic then explains the behavior whi<bh was ob

served in the data in Figs. 5.1 through 5.3. In Fig. 5.1, where the 

modulation index is small, the curves for all deviation ratio values i 

have the characteristics of FM data. In the following figure, Fig. 5. 

the modulation index is higher, and the deviation ratio ranges, in sig 

i 
nificance rather than in magnitude, from lower than to higher than the 

modulation index. Thus the lower curve has the characteristic of PM 
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data while the upper curves look like FM data. This situation is what 

creates the crossover effect. This trend continues as the modulation 

index increases. 

1 
Because of the dissimilarity of the results associated with a 

I 
particular magnitude, or of the effects of a change in the magnitude, 

of the modulation index or deviation ratio, the effects of varying 

these parameters over the ranges considered appear to be unbalanced. 

Thus it is necessary to use the term significance in place of magni

tude when referring to relative values of modulation index and devia-

i tion ratio. ' 

In the case of separately transmitted carriers, information is 

conveyed -by transmitting two separate signals, one frequency modulated, 

and the other phase modulated, and the weighting in favor of PM or FM 

characteristics may be accomplished in one or both of two ways. The 
i 

first way is to vary the modulation index or deviation ratio just as 

with the system using only one transmitted carrier. Now however, in 
i 

spite of the fact that intuition would suggest otherwise, the system 

cannot be made to behave as a PM system by increasing the modulation 

index and decreasing the deviation ratio. The reason for this is that 

even though the corresponding signal flow paths in the information 

signal model become negligible as the deviation ratio becomes insigni-

ficant, the frequency modulated transmitted carrier contributes little 

in the way of conveying information. This is because of the low devia

tion ratio. However, this power, is still charged against the perform

ance of the system. This charge is made by using the definition of 



128 

the SNR̂  that was given in Chapter IV. Thus the suboptimum curves 
I 

increase slightly with increasing values of SNR̂  from threshold, and 

then flatten out. This is also true in the case of high deviation 

I 
ratio" and low modulation index, thus making the system resemble a pure 

FM system in all circumstances. 

The other way that weighting in favor of phase or frequency 
1 • f 

information may be accomplished is by varying the power of the individ-

I 
ually transmitted signals. Again, intuitively, it is felt that this 

action would result in somewhat the same effeict as that observed in 

the case of the system using only one transmitted carrier. That is, 

the system would begin to resemble a PM system as the power of the 

phase modulated signal was increased. But such is not the case, and 

surprisingly, it turns out that the power allocation between transmitted 

signals affects the system behavior only to a small1 degree. The reason 

for this may be seen by examining the design equations and realizing 

that the only place where the powers of the transmitted signals enters 

is in the expression for <3?rr(s). 

If identical noise signals are assumed, is 

n1 eg, (s) = Cp (s) + (s) = # (s) + -j— 
rr ss nn ss 4 

i 
Since white noise is assumed in both channels, the <3?nn(s) term is a 

constant. Also the value of the (s) term is a measure of how 
*nn 

i 
strongly the transmitted signal is interfered with, that is, the 

larger the value, the more the interference, and vice versa. Therefore 

ft ft 
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I ' 
it is also a measure of how well demodulation can be accomplished. 

Since the quantity 

1 + 1 

is minimized for a given value of the total power P by making P̂  equal 

to P2, where 

P = P. + P 
1 2 , 

the optimum power allocation for minimizing the P̂nn(s) term is for the 

power of each of the transmitted signals to be equal. Of course, the 

magnitude of the ̂ nn(s) term could be increased by unbalancing the 

power allocation, and indeed this was done with the result, as men

tioned, that the SNR0 was affected verŷ little for a reasonable amount 

of unbalance. It is felt that the most,interesting results were those 
i 

corresponding to the situation in which the system was operated in the 

most optimum manner, and these are the results presented in Pigs. 5.4 

through 5.6. 

If independent noise signals are assumed, i 

c£> (s) = (s) + <|p (s) = <£> (s) + ± 
*rr ss xnn •* ss 4 

n1 + n2 

Again the *i3?nn(s) term is a constant, and the reasoning here regarding 

its magnitude is therefore the same as in the identical noise signal 

case. The situation here is slightly different however, in that the 

noise power in the two channels may be different, and therefore the 
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I 
I 

power allocation between transmitted signals may have to be correspond

ingly unbalanced to minimize -the magnitude of the <|>in (s) term. Indeed 
) 

this is the case encountered in general, and as with identical noise 

signals, as long as the power allocation between the transmitted sig

nals is correspondingly adjusted to minimize the magnitude of the 

£nn(s) term, the SNRQ is affected.almost negligibly as the noise power 

in the two channels is varied. In Figs. 5.7 through 5.9 then, a repre-
i 

sentative value of three-tenths of the total noise power in one channel 

and seven-tenths in the other is selected foir displaying the results 

'corresponding to independent noise signals. 

5.5 Summary 

In this chapter the results associated with the calculations 

performed in Chapter IV are presented as functions of the modulation 

index and deviation ratio. These r'esults are presented in this chap

ter rather than in Chapter VI in order to facilitate their analysis 

and comparison. 

Following the presentation of the data in section 5.2 and 5.3 

corresponding to the performance of the systems combining conventional 

PM and FM demodulation schemes, a comparison which investigates the 

significant differences between systems is made in section 5.4 of all 

the systems considered. 

! 



CHAPTER VI 

SUMMARY AND CONCLUSIONS 
I 

6.1 Summary 

The subject of this thesis is a preliminary investigation of a 

coherent demodulation scheme in which the information signal to be 

conveyed is passed through a general linear filter prior to trans-
i 

mission. Conventional schemes for demodulating phase and frequency 

modulated signals are special cases of the general system advocated 

here. 
i 

To establish the feasibility of the approach described here, 

it was necessary to consider a particular version of the general case. 

The scheme which suggested iipself, ahd which is investigated here, is 

one in which information about the message signal and its derivative 

is conveyed. This is a combination of the conventional PM and FM modu- . 

lation schemes and corresponds to combination of the information signal 

and its derivative prior to transmission. 

An additional scheme is also examined in which the combination 

of the information signal and its derivative takes place after trans

mission, but this is only a variation of the basic scheme of combina

tion before transmission. However, this approach does lead to a 

slightly different situation since separately transmitted carriers are 

required in this case. Because the frequencies of these carriers may 

or may not be the same, two alternatives exist for considering the 
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effects of noise on the behavior of the system. The first is to as

sume that the noise signals in each channel are the same, and the 

second is to assume that they are completely independent. Both alter

natives are examined. 

Following the introductory material of the first chapter, an 

introduction to coherent demodulation is presented in Chapter II. 

This serves to introduce the basic concept of the phase-lock loop. In 

Chapter III the derivation of the equivalent receiver model for the 

conventional PM and FM systems is presented, as well as the applica-
i 

tion of Wiener filter theory to the optimal design of general coherent 

demodulation schemes. Specific examples are included for both classi

cal PM and FM systems although it is shown that these afe just special 

cases of the general system. Also two important sets of data which 

seem to be missing in spite of the detailed analyses of previous in

vestigators are presented in Chapter III. The first set of data is 

that corresponding to the behavior of the fixed-filter loop for the 

FM case when the loop is preceded by neither an AGC amplifier nor a 

bandpass limiter. The second is the same data for the EM case. 

In Chapter IV the techniques necessary for the required analy-
i 

ses are developed and applied to the two systems which combine infor

mation about the message signal and its derivative. The basic approach 

used in Chapter III serves as the starting point. 

Chapter V presents the results of the work of Chapter IV and 

analyzes the differences in the systems and the resulting consequences. 

In summary, this thesis postulates a general coherent demodula

tion scheme, of which conventional PM and FM demodulation methods using 
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phase-lock loops are a special case. Further this thesis considers a 
i 

combination of PM and FM schemes as a generalization of past work in ' 

this area, and as a special case of the general approach advocated 

here. However, the results obtained from considering the behavior of 
i 

the system for one particular information signal power spectral density 
i 

are somewhat inconclusive. Thus, beyond some elementary considera

tions, further conclusions as to how the systems using this approach 

compare with conventional PM and FM systems and with each other, must 

be determined by their application for specific purposes. 

6.2 Recommendations for Further Study 

At the outset of the investigation described here, it was 

hoped that results could be obtained that would decisively indicate 

the advantage of being able to vary a larger number of parameters than 

in conventional PM and FM systems. However, there appeared to be two 

alternatives for doing this. The first was to seek information signal 

power spectral densities that would reflect strongly this advantage of 

being able to vary more parameters. But this meant that a broad ap

proach to the problem would be required. 

The second alternative was to consider the system performance 

of a specific example for the same information signal power spectral 

density that had been used by previous investigators iri their studies 

of various aspects of conventional PM- and FM system behavior. Since 

following this approach seemed more consistent and meant that this 

previous work would provide a basis of comparison for the forthcoming 

results, this alternative was chosen. 
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Because the system behavior has been obtained in this thesis 

for the specific, information signal power spectral density which has 

been considered in earlier works, it seems that the first alternative 

would now be worth investigating. This also seems true because the 

results that were obtained here were not as conclusive as it was hoped 

that they would be. This first alternative investigation could take 

two forms. The first would be an analytical approach in which a 

suitable performance index is selected as a guide for the evaluation 

of the desirability of possible information signal power spectral 

densities. The second would be the same idea using a numerical 

computer-type approach. This indeed seems as though it would be a 

fruitful area for further research. 

I 
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