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ABSTRACT 

Present industrial methods used for fabricating planar devices 

and integrated circuits by diffusion techniques invariably produce 

impurity distributions which are approximately either gaussian or 

complementary error functions. The objective of this study is to examine 

the feasibility of obtaining a general impurity distribution within 

intrinsic semiconductor material by using solid-state diffusion tech

niques . 

It is shown that unconventional impurity profiles can be 

obtained by controlling the impurity concentration of the carrier gas in 

the diffusion tube; however, it is not possible to realize an arbitrarily 

specified profile because of the physical constraints imposed on the 

impurity concentration at the surface of the solid. Furthermore, by 

treating the problem as an optimum control problem of a distributed-

parameter system, it is shown that one can obtain the best-fit approxi

mation to a given profile by controlling the gas stream impurity concen

tration. 

A critical examination of diffusion theory, based on the 

Boltzmann transport equation, is first given. The assumptions necessary 

in order to derive a first-order transport model describing the behavior 

of mobile particles in extrinsic semiconductor material are established. 

The explicit conditions under which Fick's first law and the simple dif

fusion equation remain valid are then derived. 

viii 
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A first-order model is next developed to characterize the 

surface interactions between the gas ambient and the solid; the model 

relates the impurity concentration in the gas to the surface concen

tration of the solid. 

The general boundary value problem for diffusion thus character

ized is solved and the impurity concentration in the solid is determined 

as a function of the impurity concentration i.i the gas. The transient 

response of the surface concentration is also examined. It is then 

shown that the problem of synthesizing an approximation to a given 

impurity profile can be solved by determining the proper control function 

which minimizes the deviation of the actual impurity profile from the 

desired profile over the spatial range of interest at a given time. 

Through the use of variational methods , a necessary condition 

for optimum control is derived and is expressed by a Fredholm integral 

equation of the first kind. Because of the difficulty in solving this 

equation, an approximation is made by replacing the minimization of a 

functional by the minimization of a function of many variables. A 

computational routine using linear programming techniques is developed 

which, for a given diffusion time, determines the necessary control 

function producing the best possible approximation to the desired 

impurity profile over the spatial range of interest. 

The optimum control functions governing the diffusion of boron 

in silicon for three given impurity profiles are synthesized: a constant 

profile, an exponential profile, and the minimum transit time profile. 

These examples serve to demonstrate the utility of the optimization 
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routine developed. The numerical results clearly establish the feasi

bility of obtaining an approximation to a given impurity profile. 

The constraints imposed in the synthesis of optimum control 

functions are commensurate with restrictions imposed by contemporary 

laboratory diffusion methods. A technique for laboratory implementation 

is suggested. 



CHAPTER 1 

INTRODUCTION 

The optimization of electronic circuits has always been a major 

design endeavor. There are two basic approaches to this problem. One 

method is to design a more sophisticated circuit for the particular 

application. This method has an upper limit of effectiveness since as 

a result of added components the loss of reliability may exceed the 

gain in performance. The other method is to try to optimize each class 

of components used within the system. This method is particularly per

tinent to semiconductor device engineering. 

A major approach to this problem of optimization is directed at 

developing a method which can be used to optimize the various parameters 

of semiconductor devices with respect to their over-all performance in 

specific applications. The problem of optimization viewed in a general 

way is very difficult to characterize, no less to solve, because of the 

complex interrelationships of many device parameters. It is generally 

not possible to optimize a given parameter without some degradation in 

other parameters. The optimization techniques employed must include 

constraints which will reflect the necessary compromises needed among 

the various device parameters. 

The characterization and optimization of certain devices using 

the major process parameters as control variables has been studied by 

Ghosh [in 1]. He showed that if the specified control parameters are met 

1 
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during the fabrication of the device, certain characteristics can be re

alized. However, that study has limitations since it assumed a particu

lar impurity profile within the semiconductor material. 

The problem of optimizing the performance of semiconductor de

vices and integrated circuits by controlling the impurity distribution 

within a specified region of the device is also a promising approach. 

The feasibility of this approach has been demonstrated for one particu

lar case by Marshak [2]. He showed that a particular impurity distri

bution will minimize the minority carrier transit time. The use of this 

optimum profile affords a means of improving the over-all high-frequency 

performance of diodes and transistors. The use of other optimization 

criteria would lead in general to requirements for still different 

impurity distributions. However, generally little or no attempt is made 

to control the impurity concentration in semiconductor devices because 

of present fabrication methods; although in principle, such control is 

possible. 

There are three basic methods for controlling the net impurity 

concentration within semiconductor material: epitaxial growth, solid-

state diffusion and ion implantation. Of the three, the physical 

implementation of impurity doping by solid-state diffusion methods 

appears initially to be the most fruitful since it is amenable to selec

tive impurity deposition, a condition necessary for the fabrication of 

integrated circuits. However, present industrial methods for fabricat

ing planar devices and integrated circuits by diffusion techniques in

variably lead to one of two impurity profiles. The so-called two-step 
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diffusion process used almost universally in the semiconductor industry 

provides little lattitude for variation of the resulting impurity pro-

fi le. 

In the two-step process, the first step is the predeposition in 

which a constant impurity concentration is maintained at the surface by 

passing an impurity-bearing gas over the silicon wafer. The profile re

sulting from this step is approximately a complementary error function. 

The second, or drive-in, step involves redistributing the predeposited 

impurities, with the constraint that no further impurity atoms are added 

to the wafer. The result of this step is an impurity distribution which 

is approximately gaussian. The utilization of only these two impurity 

profiles automatically restricts the realization of desirable charac

teristics of integrated circuits and semiconductor devices. 

Since the feasibility of obtaining optimum performance through 

use of the proper impurity distribution has already been established, 

one approach to the problem of optimization of semiconductor device 

parameters is the control of the net impurity profile in selected regions 

of the device. The design and implementation of a method which allows 

the systematic synthesis of an arbitrary impurity profile compatible 

with the constraints imposed by physics and laboratory processing makes 

further study of the optimization of device parameters through selective 

impurity distributions worthwhile. Given the physical capability of 

obtaining general impurity distributions and given the knowledge of 

which distributions are necessary, one can design optimum semiconductor 

devices by using the specified impurity profile necessary for opti

mizing the proper parameter. This goal of optimization of performance 
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by using specified impurity distributions provides the motivation for 

this research. 

The objective of this study is to establish the feasibility of 

obtaining a general impurity distribution in bulk semiconductor mate

rial using solid-state diffusion techniques. This problem has engineer

ing significance because in order to optimize device performance by 

controlling the impurity profile, it is necessary to know what profiles 

can be physically achieved. 

The study logically separates into two major parts. The first 

phase encompasses the problem of developing analytical models necessary 

to describe the complete diffusion process and the surface interactions 

of the semiconductor wafer with its environment. The results of this 

phase of the study are the requisite conditions imposed by physics and 

processing. The second phase is concerned with an analysis for obtain

ing general impurity profiles which are compatible with the constraints 

imposed by phase one. It is shown that an arbitrary impurity distri

bution cannot in general be realized. However, a method is presented 

which allows a best-fit approximation to a given profile to be syn

thesized. The development proceeds as follows. 

1. A tutorial review of diffusion theory is presented. The 

flux and continuity equations governing the behavior of 

impurity atoms in extrinsic material are derived from the 

Boltzmann transport equation. 

2. A first-order model is developed to characterize the sur

face interaction between the gas stream and the bulk 

silicon. The model relates the impurity concentration 
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in the gas to the surface concentration of the solid. 

3. The general boundary value problem is solved and the 

impurity distribution in the solid is determined as a 

function of the impurity concentration in the gas. The 

behavior of the surface concentration is examined. 

A mathematical scheme is developed using optimal control 

theory and a computer solution obtained using linear pro

gramming techniques which allows a specified impurity pro

file to be approximated. Numerical examples are given and 

a method for laboratory implementation discussed. 



CHAPTER 2 

DIFFUSION THEORY 

The term diffusion, when applied in semiconductor device fabri

cation, is used loosely to describe the motion of impurity atoms at 

elevated temperatures within a semiconductor medium. Most discourses 

on diffusion begin by postulating Fick's laws and end by examining 

solutions to special cases of interest. But since we are seeking non-

conventional results, we first consider the conditions under which Fick's 

laws are valid. In this chapter we derive the transport properties which 

govern the motion of atoms in extrinsic semiconductor material and examine 

the assumptions necessary for a tractable solution. 

The particles under consideration can interact with one another 

or with their environment by collisions and can also be influenced by 

external forces. The term collision is used in a general sense to rep

resent the mechanism for bulk interaction between the added impurity 

atoms and the host medium. This may include interstitial, vacancy, or 

substitutional processes. Two simplifying assumptions are made: the 

single-crystal nature of semiconductor solids allows the effects of 

grain boundaries to be ignored, and any bulk dimensional changes during 

the diffusion process are neglected. 

2.1 The Flux Equation 

As is shown in Appendix A, the flux or particle current density 

can be derived from the Boltzmann transport equation. If we make the 

6 
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following assumptions: 

1. tne particles under consideration obey classical 

mechanics, 

2. thi; relaxation time model is a valid phenomenological 

approximation for collisions, 

3. collisions are elastic and isotropic and the relaxation 

time T is independent of spatial coordinates, 

4. the perturbed distribution function differs only slightly 

from the unperturbed or equilibrium value, 

the transport characteristics of a system of identical, ionized particles 

can be described by a flux equation of the form, 

f(r,t) = -V(Dc) + ucE - • • • • (2.1) 

where the diffusion coefficient D and the mobility y are defined in 

section A. 2, and c(r,t) represents the concentration of the arbitrary 

carrier species under consideration. The first term in (2.1) is the 

flux due to the diffusion process and represents the transport of 

particles due to thermal motion, independent of any applied force. 

Diffusion coefficients reported in the literature are evaluated exper

imentally by postualting D=-f/Vc as -a model. In this way it has been, 

shown that th* diffusion coefficient is a strong function of temper

ature and may be represented by an expression of the form [3,4-] 

D(T) = D e_U/kT (2.2) 
o 

Here k is Boltzmann's constant, T is the absolute temperature, and U 

is called the activation energy. Dq and U are basic diffusion para

meters and are determined by experimental measurements. The diffusion 
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coefficient is usually found to depend on the concentration of the dif

fusing particles. Note the difference between the diffusion coefficient 

in (2.1) and (2.2). In (2.1), the diffusion coefficient represents a 

defined variable and in (2.2), the diffusion coefficient is given the 

value required in order to make the experimental results agree with the 

postulated model. 

The second term in (2.1) is the flux due to the drift process 

and represents the transport of particles due to the net applied force. 

In the derivation of (2.1) the net force was assumed to be due only to 

an electric field, so that F=qmE, where represents the charge of the 

m^ ionized carrier species under consideration. For Qni>0 (such as a 

donor type impurity), y>0 and for q <0 (for an acceptor type impurity), 

p <0. 

The electric current density is defined by 

J = q f (2.3) 
m Tn m 

Sometimes it is convenient to define an average particle velocity v as 

the sum of the average drift velocity due to the net electric 

field and the average diffusion velocity v^= -D Vln c-VD due to thermal 

motion. The flux given by (2.1) may now be written as 

f(r,t) = c(v tv.) = cv 
u d 

and hence the electric current density may be rewritten^as, 

J = q cv = p v (2.4) 
c Hc Kc 

where p^ represents the charge density. 
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The net electric field is due to any applied external field and 

to the internal electric field which is produced by the ionization of all 

particles present in the crystal. For concreteness, assume an acceptor 

type impurity is present. For example, if boron diffuses in silicon 

most of the boron atoms dissociate into a negative ion and a hole. Both 

of these particles diffuse through the crystal, but because they have 

different mobilities, this coupled motion of a boron ion and hole pro

duces an internal electric field. The field will always increase the 

motion of the slower of the two species. 

Since (2.1) is only valid for a system of identical particles, 

one must distinguish between charged and uncharged particles even though 

they both belong to the same carrier species. For example, consider the 

motion of boron atoms. Let c* represent the boron concentration, while 

c and c° denote the portions of c* which are ionized and neutral, 

respectively. Then 

f° = -VD°c° 

f = -VDc - ycE 

If the simple relation c(r,t) = a(T) c*(r,t) is assumed to hold, where 

0<asl, the total flux of boron is given by, 

f* = f + f° = -VD*c - ycE 

where 

D* = D + (1/a - 1)D° 

When all the impurities are ionized, a=l; thus c=ci,e and f*=f. 



Equation (2.1) describes the behavior of the particle current 

density under the influence of concentration and thermal gradients and 

an electric field. In Appendix A, the diffusion coefficient is shown 

to be given by 

D(r,t) = 
Tp\(r,p) 3  

—2—= d P 
3m c(r,t) 

all p 

We now wish to determine under what conditions D(r,t) can be treated as 

being constant in space. Now VD(F,t)=0 when V(^Q/c) = 0. It is easy to 

show that under the following three additional assumptions: 

5. the system of particles is nondegenerate so that the 

particles obey Maxwell-Boltzmann statistics, 

6. isothermal conditions exist so that VT(r)=0, 

7. the concentration c(r,t) has the same spatial variations 

as the equilibrium case so that V(c/co)=0, 

the gradient of the diffusion coefficient vanishes. Under these con

ditions, the flux equation reduces to the form, 

f(r,t) = -D(t)Vc + pcE (2.5) 

and is usually called Fick's first law. 

Under assumption (5) it is easy to show that the Einstein 

relation, 

D /M = kT/q (2.6) 
mm ^m 

« 

is valid for conditions near equilibrium. Note that from 
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whenever VD = 0, Vy =0 also. 
m m 

2.2 The Continuity Equation 

As is shown in Appendix A, the particles must satisfy a con

tinuity equation of the form, 

where G is the net generation and represents the net number of particles 

generated per unit volum - per unit time. Equation (2.7) expresses the 

behavior of mobile particles. The net rate of increase of particles 

within a volume equals the net flow of particles into the volume across 

the bounding surface of the volume, plus the net generation (creation 

minus annihilation) of particles within the volume due to all causes. 

2.3 Transport Model for Extrinsic Material 

Let us now examine a piece of extrinsic semiconductor material 

at temperature T containing one type of impurity atom; either N-type 

(or donor) impurities or P-type (or acceptor) impurities are present. 

Let c(r,t) represent the concentration of either impurity atoms which 

are ionized and D and y denote the diffusion coefficient and mobility 

of either impurity present. Now, donor impurity atoms ionize positive

ly and thus while acceptor impurity atoms ionize negatively so 

that M=-y. • From (2.5) we have 
A s. 

If- t V'f = G(r,t) (2.7) 

f = -DVc + pcE 
c 

( 2 . 8 )  
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for either donor or acceptor impurity atoms. Using (2.7) we obtain, 
I 

— + V.?c = G(?,t) (2.9) 

where G(r,t) represents the net source for the ionized iippurity atoms. 

Substitution of (2.8) into (2.9) yields the transport equation which 

determines the ionized impurity distribution within the crystal; thus 

— - DV2C + pcV'E + pE-Vc = G (2.10) 

This transport equation can be reformulated so that knowledge of G is 

not necessary. Let c* represent the impurity concentration and assume 

c=ac". Then 

T' = -D*Vc + ycE (2.11) 
c 

and 

|£5' + Vf" = o (2.12) 
dt C 

since there is no point source of impurity atoms within the crystal. 

Substitution of (2.11) into (2.12) yields 

•— - otD*V^c + uacV'E + paE'Vc = 0 (2.13) 
d"C 

Note that when all the impurities are ionized so that a=l, c=c" and 

G(r,t)=0, both (2.10) and (2.13) reduce to 

DV2c - pcVE - uE-Vc (2.14) 
dt 

If the electric field, mobility and diffusion coefficient are known and 

if the initial value and boundary conditions are specified, (2.14) can 
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in principle be solved for the impurity concentration as a function of 

the spatial coordinates and time. 

Because the impurity atoms ionize and because there is thermal 

generation and recombination in the semiconductor material, we must also 

consider the motion of the net mobile holes and electrons. Thus, 

f = -D Vp + p pE (2.15) 
P P P 

f = -D Vn - vi nE (2.16) 
n n n 

and, 

+ V-f = G (2.17) 
3t p p 

+ V-F = G (2.18) 
dt n n 

where G^(r,t) and Gn(r,t) represent the net source of holes and electrons, 

respectively. 

The net free charge density is given by 

p(r,t) = q p + q n + q c 
p n ^ 

-19 
Let e = 1.6x10 coulombs represent the basic electronic charge, then 

p(r,t) = e(p - n + Zc) (2.19) 

where Z = 1 if c represents a donor impurity and Z = -1 if c represents 

an acceptor impurity. 

Since electric charge is conserved, the total current density, 

J = J +J +J , is * 
p n c 

J(F,t) = q f + q f + q f„ (2.20) 
Hp p Hn n ^c c 



and satisfies 

(2.21) 

and it follows that 

G - G + ZG = 0 (2.22) 
P n 

Note that in the absence of impurities, or when a = 1, G^ = G^. 

The electric field can be written as E^_ = Eg + E where Eg repre

sents the given external field and E represents the field due to all 

free charge density. E" can be calculated using Gauss' law 

Substitution of (2.15) into (2.17) and (2.16) into (2.18) yields trans

port equations for holes and electrons similar to (2.10). Substitution 

of (2.19) into (2.23) yields the field in terms of the particle con

centrations. The four unknowns p, n, c and E can, in principle, be 

determined by solving this system of four coupled, nonlinear, partial 

differential equations. Although the transport of carriers within semi

conductor material is based on the model defined by the flux equations, 

the continuity equations, the net charge density equation and Gauss' 

law, an exact analytic solution has not been determined because of the 

complexities inherent in the model. 

In the fabrication of devices, plane parallel structures are of 

primary importance because planar technology has become the principal 

method of fabricating semiconductor devices and integrated circuits. 

Thus we restrict the analysis of transport to one-dimensional flow. 

V-eE = p(r,t) (2.23) 



Furthermore, in the interest of simplicity, we assume all impurities to 

be completely ionized. The transport equation which governs the behavior 

of the impurity atoms reduces to 

I f  = D  f t  -  " c  I I  - * E  I f  < 2 - 2 , , )  
3x 

where c(x,t) represents the concentration of the impurity atoms and 

E(x,t) is understood to mean the x-component of electric field. 

2.4 Field-Aided Diffusion 

If complete ionization of impurities and one-dimensional flow 

are assumed, the transport equations which govern the behavior of holes, 

electrons and impurities may be written as 

|E = G T BP ^ !_ PE (2.25) 

( 2 - 2 6 >  

9x 

|£= DI!|. Y |_CE (2>27) 

dX 

Using (2.21) and. (2.23) assuming the permittivity of the material to 

be constant, we may write the electric field in terms of the particle 

concentration as, 

2 2 2 
(n 3 P n 3 n a. -7F, 3 C 1 3P / 
e(D £ _ Dn + ZD ) _ _ _ op/e 

„ 3x dX 3x 
E (2.28) 

3a 
3x 

where the charge density p(x,t) is defined in (2.19) and the con

ductivity is defined by 
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a(x,t) = e^p + Mnn + Zyc) (2.29) 

The use of (2.28) to eliminate the electric field in the transport equa

tions yields a system of three nonlinear, coupled, partial differential 

equations in three unknowns. However, the system has no tractable solu

tion. In order to ascertain the behavior of the impurities under the 

influence of the electric field, the system of equations must be solved. 

For example, the equations could be approximated by finite differences 

and a computer used to obtain the solution. This has not yet been done 

and the question of the veal influence of the field in the diffusion pro

cess remains unanswered. 

In order to gain some insight of the influence of the electric 

field on the motion of impurities, a first-order analysis can be made 

under three assumptions. Assume the charge density is constant so that 

p(x,t)=pQ. Then the total current density must be zero; thus 

Using (2.8), (2.15) and (2.16), we can write the electric field as 

follows 

f - f + Zf = 0 
p n c 

(2.30) 

E(x,t)= (2.31) 
y p + y n + Zyc 
P n 

2 
If it is assumed that the mass-action law n (x)p (x)=n.(T) is valid 

o o 1 

out of equilibrium, and that c(x,t) >>|pQ/e| for all values of x and 

t, the hole and electron concentrations can be written as, 

p(c) = -Zc/2 + K/2 (2.32) 

n(C) = Zc/2 + K/2 (2.33) 
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where 

2 2 1/2 
K = (c +4n. ) 

Using (2.32) and (2.33) in (2.31) we obtain 

c(D -D )-ZK(D +D -2D) 
p n p n 

E(x,t) •-- ~ (2.34) 
2 

ZKC(M -p +2p)+K (p +p ) 
n p p n 

For usual conditions of temperature where diffusion occurs, we can assume 

D^,Dn>>D. With this approximation, together with Einstein's relation, 

(2.34) reduces to 

. ZkT , 2 ^ „ 2.-1/2 3c E(x,t; = (c + 4n. ) *r (2.35) 
e l ax 

A similar equation for electric field wa^ derived by Kurtz and Yee [5] 

assuming p(x,t) = 0 and = Jc-

From (2.8) the flux of impurities is given by 

V*'0 = "D If + ycE 

It is instructive to rewrite this flux equation as, 

f (x,t) = -D (2.36) 
c e 9x 

where Dg represents an effective diffusion coefficient which includes 

the effects of the electric field and is defined by 

De(c) = D( 1 - ucE/D —• ) (2.37) 

Inserting (2.35) in (2.37) yields 
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9 9 -1/2 
D (c) = D[1 + (1 + 4n. /c ) ] (2.38) 
e x 

There are two special cases of interest: 

(a) For strongly extrinsic material where c>> 2n^, 

D ^ 2D, and 
e — 

(b) For extrinsic material where c<< 2n. , D *v< D. 
l e — 

(2.38) shows that the electric field does not strongly effect the trans

port of impurities unless the impurity concentration greatly exceeds the 

intrinsic carrier concentration at the temperature of interest. Under 

this condition, field-enhanced diffusion occurs and there is doubling 

of the diffusivity. 

The assumptions under which these results were derived are open 

to question. It can be shown that even in the absence of external 

excitation, inhomogeneous material is never in thermal equilibrium; 

thus the utilization of the mass-action law is invalid to begin with. 

The error in assuming the mass-action law valid out of equilibrium can

not be determined. The assumption of constant space charge is also 

open to question. Physically, the internal electric field arises from 

the space charge produced by the difference between the diffusion co

efficients of the ionized impurity atoms and the electrons or holes 

associated with them. It is reasonable to assume that the flow of 

particles could adjust itself so as to maintain a relatively constant 

gross space charge density. But the assumption of charge neutrality 

is immoderate since it constrains the electric field to be constant 

everywhere. The error introduced by assuming constant net charge 

density to calculate the electric field is unknown. However, a con

sistency relation can be derived to check the credibility of 
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the assumption. Use of (2.35) in Gauss' law to calculate the charge 

density yields 

, ZkTe r / 3cv 2 V 2  32c . . .  
p(x,t) = —J" Lc(g^-) -K —^ J (2.39) 

eK 8x 

Once the impurity concentration is determined by solving the transport 

equation, (2.39) may be used to check that the assumption c(x,t)>>|p/e| 

does not cause a contradiction. For example, if an impurity profile 

at time t=x can be approximated by the exponential, 

t \ « -ax c(x,x) = A e 

then using (2.39) we obtain, 

|p/e|=^|— (2.40) 
e2 [1+C ] X 

ere c=2n^/c(x,x). For a typical profile where the surface concen-wh 

20 -3 17 -3 
tration is 10 cm and decreases to 10 cm four microns from the 

20 -3 -1 
surface, A=10 cm and a=1.725 p At a typical diffusion temper

ature of T=1000°C, n^'VlO"'"9 cm ^ and c(x,x)=0.2 exp(1.725 x). Thus over 

the range x=0 to x=4 microns, £ ranges from 0.2 to 198 and |p/e| ranges 

12 12 -3 
from 8.7x10 to 1.1x10 cm . Thus, for the special case of an 

exponential profile, the assumption c(x,x)>>|p/e| is consistent, since 

the concentration remains four magnitudes greater than |p/e| for all 

values of x in the range of interest. 

2.5 The Simple Diffusion Equation 

In section 2.4 we derived an expression for the internal electric 

field under rather dubious assumptions. For the purposes of analysis, 

one may as well assume charge neutrality with the same degree of confidence, 



20 

If charge neutrality is assumed, the transport equation governing the 

behavior of the impurity atoms reduces to, 

|f = D - uE p. (2.41) 
3x ° 3x 

where EQ(t) represents the constant electric field. One could use (2.35) 

to approximate this electric field. For example, the simplest approxi

mation would be to use the spatial average value for the electric field. 

Thus 

E (t) - E 
o ave L 

L 

1 
E(x ,t) dx (2.42) 

where x=0 and x=L define the boundary points. Using (2.35) in (2.42) 

and integrating we obtain 

E (t, = - ln[c t (02 + i C<L,t) 
o eL- l / . v 

c(o,t) 

Another method for solving (2.41) is to treat E^ as an unknown parameter 

subject to experimental verification. 

For a first order analysis, we assume that the drift velocity 

can be treated as constant and define v = v = pE . Thus the trans-
o p o 

port equation, 

3c _ 9^c _ 3jc 
9t " . 2 Vo 9x (2.44) 

dX 

is assumed to adequately describe the motion of the impurity atoms. By 

a change of variable, (2.44) may be simplified by eliminating the drift 

term. If we change the independent variable x to one defined by a mov

ing coordinate system so that, 
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y = x - v t (2.45) 
o 

then (2.44) reduces to 

9c(y,t) _ 92c(y ,t) (2.46) 
3t „ 2 

3y 

Sometimes it is more convenient to change the dependent variable. If 

we define a new variable f(x,t) so that, 

2 
v v 

c(x,t) = f(x,t) exp(-^j x - — t) (2.47) 

then it is easy to show that the new dependent variable satisfies the 

equation 

s p 32f(x t) (21(8) 

ot I 
3x 

Thus, by either transformation method, the analysis of field-aided dif

fusion described by (2.44) is reduced to the solution of a simple dif

fusion equation when the drift velocity can be treated as constant. 

Equations (2.46) and (2.48) show that the general problem may be ana

lyzed by studying the field-free simple diffusion equation and then the 

effects of the electric field found by applying either transformation 

defined by (2.45) or (2.47). For notational simplicity, we define the 

simple diffusion equation by 

3c(x,t) _ 8^c(x,t) (2.49) 
3t _ 2 

3x 

Note that variations in the electric field will not alter the spatial 

variation in c(x,t) except by a fixed known term. If we use either 



transformation method, or if we neglect the drift of impurities, the 

charge Ze associated with c(x,t) is of no consequence and thus c(x,t) 

defined by (2.49) can represent either donor or acceptor concentrations. 

One further comment concerning transformation of variables is in 

order. If the diffusion temperature is changed during the process so 

that T=T(t), the diffusion coefficient will be time dependent. This 

complication is easy to handle if we assume the simple diffusion equation 

is valid. Define a now independent variable so that, 

rt 

T(t) DU) d£ (2.50) 

then (2.49) may be rewritten as 

9C(X,T ) _ 32C(X,T) (N . 
' 37" " ~2 (2,51) 

3x 

Observe that the solution of (2.49) for problems with constant diffusion 

coefficient, if known, immediately yields c(x,t). The transformation de

fined by (2.50) is then used to obtain c(x,t). Note that t=Dt, where 

D represents the time average of the diffusion coefficient. 

In this studv, we assume the simple diffusion equation defined 

by (2.49) is the valid transport equation governing the behavior of the 

impurity atoms in semiconductor materials. Valid in this sense means 

that the solutions satisfying (2.49) are adequate to explain the results 

obtained from experimental studies. Furthermore, we also assume that 

the diffusion coefficient is known and is independent of the impurity 

concentration; thus the results based on the Boltzmann equation remain 
I 

valid. These two assumptions appear valid in the physical investigation 

of problems encountered in semiconductor device technology. We consider 



(2.43) to represent the mathematical model for the diffusion process. 

The equation specifies the rate of accumulation of the diffusing par

ticles at all points in the material as a function of time. Note that 

once the impurity concentration is determined, the flux across an arbi

trarily chosen surface can be found using Fick's first law. 

2.6 Parabolic Equations and Boundary Conditions 

As a prelude to Chapter 4, where the boundary value problem de

scribing impurity diffusion is solved, we review briefly some important 

concepts concerning the diffusion equation. Consider a partial dif

ferential equation, linear in the second-order derivatives, defined by 

2 2 2 
M \ 3 U . on/- \ 9 u . \ 3 u w 9u 9u , 

I? ^ ^ = f(u' 37' F' X' y) 

2 
When AC=B , the differential equation is called a parabolic type. 

Examination of the general transport equation (2.27) shows that the 

equation governing the motion of impurities (as well as holes and elec

trons) is parabolic. Since coordinate transformations cannot change the 

classification of an equation, the simple diffusion equation defined by 

(2.49) is also parabolic. 

Parabolic equations have unique stable solutions for either 

Dirichlet (where the value of the solution is given over the boundary) or 

Neumann (where the normal derivative of the solution is given over the 

boundary) boundary conditions of an open type. An open boundary is one 

where the region of interest extends indefinitely in one or more direc

tions. The term boundary condition includes the concept of initial 

value as a special case. 
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Parabolic equations with Dirichlet or Neumann boundary conditions 

specified on a closed boundary or with Cauchy boundary conditions (where 

both the value and normal derivative of the solution are given) specified 

on either an open or closed boundary have in "general no solution since 

there is over-specification. 

Note that the diffusion equation 

;u(x't} = D i)2u(*'t) ; t 5 0 (2.52) 
3t 8x2 

is asymmetric with respect to the time variable. This implies that 

irregularities in the solution at a given time become smoother as time 

32U 
increases. Near a relative maximum, the curvature —^ <0, and thus 

3x 

u(x,t) decreases with time there. Only when all curvature of u(x,t) is 

zero can u(x,t) be independent of time. The asymmetry property also 

implies that the equation distinguishes between past and future. If 

u(x,t) is a solution to (2.52), then the function u(x,-t) is not; it is 

a solution to 

3u(x,-t) _ 32u(x,-t) . 
at - u ' 

dX 

and is unstable, or hypersensitive. Although we can predict what a 

given u(x,t) will become at a time later, we cannot be sure what the 

same u(x,t) was a time earlier. 

Parabolic equations also satisfy a maximum principle; if 

u(x,t)<:M on the boundary, then u$M throughout the interior. Thus the 

function u(x,t) attains its maximum value either on the spatial 



boundaries or at the initial time t=0. 

u>M inside the domain. 

It is not possible to produce a 

2.7 Conventional Impurity Profiles 

The diffusion process is very temperature dependent. At room 

temperature, the diffusion coefficient for the elements used as impu

rities in doping semiconductor materials is so small that we usually re

gard impurities as being practically immobile. At much higher temper

atures, the impurities become more mobile in the host crystal. They move 

and distribute themselves according to the describing transport equation 

and the specified initial value and boundary conditions. If the material 

is then returned to room temperature, the impurity profile essentially 

freezes and will not alter appreciably for years. If the wafer has an 

initial doping of an impurity type opposite to the impurity being dif

fused, a PN junction is formed in the material wherever the two impurity 

concentrations are equal. As mentioned in Chapter 1, two basic types of 

impurity profiles result from present industrial (and research labora

tories) methods used for fabricating planar devices. Because of their 

significance in physical applications, we briefly examine both methods. 

For simplicity, we assume that the diffusion will be shallow compared 

to the depth of the wafer, which is therefore treated as being semi-

infinite. Thus the wafer is bounded in one direction by the plane . 

x=0 and extends to infinity in the other direction. This assumption 

is not a basic limitation; the solution for a finite slice has been 

calculated by Kennedy and Murley [6]. 
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First consider a gaseous diffusion method where a constant impur

ity concentration is maintained at the surface of the wafer. It is 

assumed that the physical process makes available diffusing particles 

to the surface at a sufficient rate to maintain the specified concen

tration just within the boundary. The boundary conditions and initial 

value which specify this problem are as follows: 

c(o,t) = C , t 5 0 (2.53) 

lim c(x,t) < °° (2.54) 
x-**> 

c(x,0) = 0, x > 0 (2.55) 

As is shown in Appendix B, solving (2.49) subject to the above boundary 

conditions leads to an impurity profile given by 

c(x,t) = C erfc X ^ > ; x > 0 (2.56) 
° (4Dt) 

1/2 
Note that the diffusion length L^(t) = 2(Dt) increases with time. 

The total number of particles per unit area within the solid as a 

function of time can be found by evaluating 

Q(t) = c(x,t)dx = TT C Ln(t) (2.57) 
o D 

If the material were initially homogeneously doped with the same 

type impurity, the boundary conditions would be given by 

c(o,t) = Cq; t 5 0 (2.58) 

lim c(x,t) = CD (2.59) 
x-*» 
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c(x,o) = C ; x > 0 (2.60) 
D 

and it is easy to show that the impurity profile would be given by 

c(x,t) = (C —CD) erfc x/Ln + CD (2.61) 
O D U D 

The second method is called a limited source diffusion. This 

occurs when the surface of the solid is made impermeable to the flux 

and the only physical process possible is redistribution of the particles 

initially present. Since particles cannot enter or leave the material, 

the total number of impurities Qq in the interior of the material re

mains constant. The initial value and boundary conditions which specify 

this problem are as follows: 

c(x,o) = f(x) ; x $ 0 (2.62) 

3Cg°,1:) = 0 ; t * 0 (2:63) 

lim c(x,t) < 00 (2.64) 
x-*® 

In semiconductor device fabrication, the initial distribution is usually 

very shallow. As is shown in Appendix B, solving (2.49) when the ini

tial distribution is assumed to be an infinitesimally thin layer just 

inside the surface of the solid, defined by, 

f(x) = Qq6(X) (2.65) 

leads to the gaussian impurity profile given by 

Q -x2/4Dt 
c(x,t) = ° /Q e ; x Z 0, t > 0 (2.66) 

( TT Dt ) 



Note that in this case, the surface concentration decreases for increas

ing time, since 

c(o , t) = Q (nDt)~1/2 (2.67) 
o 

As diffusion occurs from the infinitesimal layer containing an irre-

plenishable source of diffusant into the interior of the solid, the 

amount of impurities within the layer is depleted while the amount in 

the interior of the solid increases. 

2.8 Summary 

In this chapter we introduced the theory of diffusion and dis

cussed the assumptions necessary in order to derive a first-order trans

port model for extrinsic semiconductor material. We also examined the 

two conventional impurity profiles produced by using present fabrication 

methods. When either a gaseous or limited source diffusion procedure 

is used, the resulting impurity profile is a complementary error or 

gaussian function, respectively. Now we briefly review, in sequence, 

the major results. 

1. Under suitable assumptions, the flux equation for 

ionized particles, derived from the Boltzmann transport 

equation, can be considered to be composed of a diffusion 

and drift component and is expressed by 

f (X ,t ) r - 5- Dc + VICE 
oX 

2. When the system of particles is nondegenerate and 

isothermal conditions exist, and if the spatial variations 

in the particle concentration deviate only slightly from 



its equilibrium value, the flux equation reduces to 

3 c 
f(x,t) = -D + ycE 

Using the continuity equation and assuming complete 

ionization of impurities, we obtained the transport 

equation governing the behavior of the impurity atoms 

as 

9c 32c 3E „ 3c _ _ D _ - yc _ _ yE _ 

When the drift velocity v=pE can be considered constant, 

which implies the condition of charge neutrality, the 

transport equation reduces to 

2 
3c _ 3 c 3c 
3t _ 2 " Vo 3x 

3x 

Utilizing a change of variable, we showed that the 

transport equation can be written in the form 

3c _ 32c 
3t . 2 

9x 

In this study, .we assume that solutions satisfying the 

simple diffusion equation, which is used to represent 

the mathematical model for the diffusion process, are 

adequate to explain experimental results. 



CHAPTER 3 

SURFACE REACTION MODEL 

Before we can examine the general problem of impurity transport 

in semiconductor material, the boundary condition c(o,t) must be spec

ified. This condition depends on the type of physical apparatus used 

for the diffusion process. Since we desire ultimately to control the 

impurity distribution in the interior of a solid, the type of diffusion 

process used must be able to exercise control in varying the injection 

of impurities into the material. Implementation by deposition of impuri

ties from a gas stream lends itself well to this requirement since the 

impurity content of the gas and its flow rate can easily be controlled. 

Once a model is developed for the surface interaction between the gas 

stream and the bulk silicon, c(o,t) can be related to the impurity con

centration in the gas. 

3.1 Theory 

We assume a vapor phase deposition where an inert carrier gas 

containing the proper impurity species flows over a semiconductor wafer 

maintained at an elevated temperature, say in the range 800 to 1200°C. 

Precisely how the impurity atoms are introduced into the carrier gas 

is unimportant. What is needed is a model which describes how an 

impurity atom enters the solid crystal, and the complementary process 

in which the impurity atom diffuses outward from the solid and escapes 

into the gaseous ambient. 

30 
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For diffusion into a surface, we have already considered two 

ideal cases: that for which a constant surface concentration was main

tained and no rate limitation existed at the surface, and that for which 

the surface was completely impermeable and only redistribution occurred. 

It seems obvious from the outset that in the nonideal case there will be 

finite rate limitations imposed at the surface, since physically the 

surface concentration cannot change instantaneously from zero to a finite 

value. The proper boundary condition is determined by the transport of 

impurities from the bulk of the carrier gas to the surface of the solid, 

and by diffusion from the surface into the interior of the material. 

For a first-order model, we assume that there is no resistance 

to the transport of the impurity from the carrier gas to the solid sur

face; thus our model will be valid only when the surface has no oxide 

or when the effects of the oxide can be neglected. If the carrier gas 

contains an oxidizing species, some of the silicon is consumed in the 

growth of an oxide film [7], Oxidation of silicon proceeds by the in

ward diffusion of the oxidizing species through the oxide layer already 

present where it reacts at the oxide-silicon interface. This process 

contributes three complications to the simple theory [8,9]: (1) when 

any two phases (solid, liquid, gas) are brought into physical contact, 

the impurity contained in one of the two phases will be redistributed 

between the two phases until equilibrium is reached so that the ratio 

of the concentrations in each of the two phases is constant; (2) the 

impurities can diffuse through the oxide layer; and (3). since the sil

icon oxide layer is growing, the boundary separating the oxide and 

silicon is moving as a function of time. 
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Let x=0 represent the boundary plane between the gas ambient and 

the silicon wafer, c(r,t) represent the impurity concentration, f(r,t) 

the flux of impurities and p(r,t) denote the partial pressure of the 

impurity in the carrier gas. The carrier gas is assumed to exhibit 

laminar flow in the y-direction with a constant flow rate V . Further-
g 

more, we assume that the gas phase can be divided into two regions. In 

the first region, X<-Xq, the gas is well mixed and the impurity concen

tration is independent of space so that c(r,t) = c (t). Here the silicon 

wafer does not influence the concentration in the gas as it flows over 

the wafer. In the second region, the surface of the solid affects the 

impurity concentration in the gas. In this transition region, defined 

by -XQ<X<0, we assume c(r,t) = c(x,t) and the transport of impurities 

toward the surface proceeds by diffusion alone. The plane X=-Xq is 

treated as a boundary; thus c(-xo,t) = Cg^'t) an^ represents a given 

boundary condition. 

Since there is no net point source of impurities in the gas 

stream near the surface, we have, for -x sx<0, 
o ' 

|f=-V-f (3.1) 

and, 

f = -D Vc (3.2) 
g 

where D is the diffusivity of impurity atonr in the gas stream. The 
g 

boundary conditions are 

c(o ,t) = c (t) 
s 

c(-x ,t) = c (t) 
° g 
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c(x,o) =0 ; x < 0 

Combining (3.1) and (3.2) we obtain 

If = D„ (3-3) 
9t g 2 ° 3x 

The steady-state solution of (3.3) is given by 

C(x) = (C -C ) x/x + C (3.4) 
S  g  O S  

Using (3.4) in (3.2), we find the steady-state flux to be 

F = h (C -C ) 
x g g s 

F = F = 0 
y z 

(3.5) 

where h = D /x and is usually called the gas-phase mass-transfer 
g g o J . 

coefficient. This coefficient is a function of the gas composition and 

its flow rate. The impurity diffusion coefficient D depends on both 

the type of carrier gas and impurity species used and the transition 

distance Xq depends on the flow rate. 

For x>0, we assume the continuity and flux equations, 

<3.6) 
3t 3x 

f = f = - D ~ ; x > 0  ( 3 . 7 )  
x 3x 

to be valid, as discussed in section 2.5, for the transport of impurities 

within the solid. 

Now, in equilibrium, the flux to the surface via mass-transfer 
M 

in the gas must equal the flux from the surface via solid-state diffusion 
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in the solid; thus 

h (C -C ) = -D dC^° ) (3.8) 
g g s dx 

The steady-state flux and impurity concentration for each medium are 

shown in Figure 1. 

DIRECTION OF GAS FLOW 
IS NORMAL TO PLANE OF 
PAPER IN THE y-DIRECTION 

0 X -X 

GAS AMBIENT SOLID 

Figure 1 Coordinate System and Steady-State Quantities 
of Interest for Surface Model 

If we assume Henry's law to hold, a relation between Cg and 

.J. 
C(o ) can be derived. Henry's law states that in equilibrium the con

centration of a species just within a solid is proportional to the par

tial pressure of that species in the gas at the surface [10]. However, 

there is a maximum concentration, denoted by CQ, of any impurity that 



35 

can be accommodated in a solid at a given temperature. This maximum con

centration is called the solid solubility of the impurity. Thus Henry's 

law only holds up to the limit of solid solubility for the particular 

impurity species considered at the temperature of diffusion. Hence we 

write, 

C(o+) = H p(o~) <c C (T) (3.9) 

whero H represents Henry's constant. Using the ideal gas law, 

C = p/kT, molecules/cm^ (3.10) 

we have 

C(o+) = HkT C(o ) = HkT C $ C (3.11) 
s o 

> 

The steady-state boundary condition given by (3.8) may be rewritten as 

h [C -C(o+)/HkT] = -D dCj,° ) (3.12) 
g g ax 

Now we postulate that out of equilibrium the proper boundary condition 

can be obtained by the following extrapolation of (3.12) 

h [c (t)-c(o,t)/HkT] = -D >"*•) (3.13) 
g g 3x 

This type of extrapolation from equilibrium to the general case is 

similar to the third guideline, proposed by Lindholm and Hamilton, used 

in modeling theory [11]. Our postulate is essentially equivalent to 

assuming that the surface concentration is in instantaneous equilibrium 

with the gas phase. Equation (3.13) describes the external limitation 

of the rate of impurity transport across the surface at x=0. Note that 



hg governs the rate limitation at the surface as follows: 

1. hg->- 0 means that f(o,t) = 0, or an impermeable surface; 

2. h -* <*> means that c(o,t) = HkT c (t) and there is no limita-
g g 

tion at the surface since c (t)=c (t); 
g s 

3. if h is finite and c (t)> c (t), then out-diffusion 
g s g 

occurs from the solid into the gas. 

Note that the discontinuity at the surface, 

c(o+,t) = HkT c(o",t) (3.14) 

due to Henry's law, is similar to the law of the junction for an ideal 

p-n junction. For the ideal junction, the current is continuous across 

the junction but the minority carrier concentration undergoes an exponen

tial change at the depletion boundaries. Here the impurity flux is 

continuous but the concentration undergoes a linear change at the 

surface. 

3.2 Symbolic Model 

Sometimes it is convenient to have a symbolic model to repre

sent the diffusion process. The equation governing the transport of 

impurities in the solid has the same form as the simple heat equation, 

or the equation describing voltage or current in a distributed RC 

transmission line. For this reason, the symbol for the RC distributed 

structure is used to represent the transport process within the solid. 

The constraint c(o,t)$CQ(T) is represented by a back-biased diode. 

Figure 2 shows an electrical analog for the diffusion process and 

summarizes the general boundary conditions derived in the preceding 
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section. Note that both the surface temperature T and the impurity con

centration in the bulk gas c (t) can be controlled. Since we have al-
g 

ready assumed isothermal conditions, the interior temperature of the 

solid must be equal to the surface temperature. 

Cn(T) 

1/hg fy 

-vW •" 

O c« ( t )  

c 8 ( t )  c ( o , t )  

V\AA-

_f^0 

Figure 2 Symbolic Model for the Complete Diffusion Process 

The control of the impurity concentration in the bulk gas will 

usually be downstream from- the wafer. If the actual control point is 

a distance L from the wafer, the time delay in c (t) is t =L/V . 
g a g  

Sometimes h will be different for flux into and out of the solid be-
g 

cause different gas ambients or flow rates will be used. The model can-

be modified to include these effects, as shown in Figure 3. 
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W—vA/V1— 

TIME 
DELAY c 8 ( t - t d )  

Figure 3 Input Diagram to Include Time Delay and 
Different Gas Ambients 

Using Henry's law, in conjunction with the principle of solid 

solubility, we obtained a relation between c(o ,t)=cg(t) and c(o+,t)= 

c(o,t). The model shown in Figure 2 depicts two general cases. When 

cg$Co/HkT, which implies that c(o,t)$CQ, the flux to the surface 

f^=f(o ,t) via mass-transfer in the gas equals the flux from the sur

face f =f(o+,t) via diffusion and c(o,t)=HkT c (t). When c (t) exceeds 
JI S S 

CQ/HkT, then f^ i f^ and c(o,t)=CQ. In this case, the flux from the 

surface is independent of c (t). 



CHAPTER 4 

THEORETICAL SOLUTION OF THE IDEALIZED PROBLEM 

In Chapter 2 we established the conditions under which the trans

port of impurities within a solid could be described by the simple dif

fusion equation given by (2.49). In Chapter 3 we developed a first-order 

model to account for the interaction between the impurities in the bulk 

gas and the surface of the solid. The proper boundary condition for de

position of impurities from a gas stream which governs the behavior of 

the impurities at the surface is given by (3.13). The surface concen

tration was shown to be subject to the constraint c(o,t)$CQ(T), where 

Cq represents the solid solubility of the impurity. 

In this chapter, we solve the simple diffusion equation subject 

to the external limitation boundary condition and examine the feasibility 

of obtaining a given impurity profile in bulk material. 

4.1 General Solution 

and the solid is treated as being semi-infinite with x$0 and t^O. The 

boundary conditions which specify the problem are as follows: 

The equation governing the impurity concentration is given by, 

(4.1) 

h [c (t)- c(o,t)/HkT] = -D ^(o,t) ; t^O 
S S 

(4.2) 
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lim c(x,t) < 00 (4.3) 
x-*» 

c(x,o) = 0 ; x^O (4.4) 

Since the initial value of zero is given, the separation of variable 

technique fails to give a solution to (4.1). We thus use the Laplace 

transformation method to solve the problem. Taking the single-sided 

Laplace transform of (4.1) we obtain 

^2 , , 
/ \ / + \ „dc(x,s) 

sc(x,s)-c(x,o ) = D —2— 
dx 

and by using (4.4), we find 

d2c(x,s) s , s — = — c(x,s) (4.5) 
dx 

By inspection, the general solution of (4.5) is 

, , . x(s/D)1/2 , -x(s/D)1/2 (4.6) 
c(x,s) = A(s)e + B(s)e 

Now since c(x,s) must be bounded for large x, A(s)=0; thus 

>1/2 
c( x,s) = B(s)e X^s/D^ . x5o (4.7) 

Note that in general the temperature could be varied so that T=T(t). 

However, for analytic simplicity, we treat T as constant. Taking the 

transform of (4.2) under the condition that T remains constant yields 

h [c (s)-c(o,s)/HkTj = -D dc<0's) (4.8) 
g g dx 

By using (4.7) to evaluate the derivative in (4.8), the coefficient B(s) 

is determined as, 



B(s) = f(s) 
1/2 
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(4.9) 
a + s 

where, for simplicity, we define 

f(s) = HkTa c (s) 
E 

a = h /HkTD 1/2 

The use of (4.9) in (4.7) yields 

, Z^1/2 
f (s) -x(s/D) 

c(x,s) = 1/2 e = f(s) g(x,s) (4.10) 
a + s 

The inverse Laplace transform is obtained by using the convolution 

theorem defined by either 

ft 

L [f(s)g(x,s)] f(t-a) g(x,a) da (4.11) 

or 
ft 

c(x,t) = f(a) g(x,t-rt) da (4.12) 

Thus if g(x,a) is known, the concentration can be determined as a 

function of c (t). Now 

g(x,s) = 1/2 6 

a + s 

-x(s/D) 
1/2 

The inverse transform of this function is easily found from a mathemati

cal handbook [12] and is given by, 

2 2 
-y /t 2ay+a t 

g(y,t) = TT? 
( TT t ) 

1/2 

-a e erfc( + at1^2) ; y*0 (4.13) 

where y = x(4D) 
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Using (4.13) in (4.12) yields the general solution to the simple diffu

sion equation for the rate limitation boundary condition derived from 

the first-order surface reaction model; thus 

rt 

c(x,t) = 

D 
1/2 

Cg(a) g(x,t-a) da (4.14) 

' o 

Equation (4.14) gives the impurity concentration, valid for X50 and t50, 

in terms of the arbitrary control function c (t). Once the impurity con-
s 

centration in the bulk gas is specified, the concentration in the solid 

is, in principle, known. For convenience, we define 

G(x,t) = -A- g(x,t) 
D 

so that (4.14) may be rewritten as 

ft 

(4.15) 

c(x,t) = c (a) G(x,t-a) da (4.16) 

We recall from the surface model that (4.2) is only valid when 

c (t)sC /HkT, for all t. Under this condition, the flux to the surface 
so 

via mass-transfer in the gas equals the flux from the surface via dif

fusion and is a function of c (t). Thus the validity of (4.16) is 
g 

restricted to cases where the surface concentration satisfies the physi

cal constraint, 

0 £ c(o ,t) s C (4.17) 

where 

c(o,t) c (a) G(o,t-a) da 
g 

(4.18) 
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The condition given by (4.17) imposes restrictions on the control func

tion, c (t). 
g 

If c (t)>C /HkT, for t>t , the surface concentration c(o,t) 
s o s  

is maintained at Cq and the flux from the surface is then independent of 

c (t). The boundary conditions which now specify the problem are given 
s 

by: 

c(o,t) = C ; t>t (4.19) 
o s 

c(x,ts) = <|>(x) (4.20) 

lim c(x,t)< (4.21) 
X-Ko 

where the initial value is determined from 

ft 

<Kx) c (a) G(x,ts-a) da (4.22) 

Because of the complicated nature of <j>(x), the analytic solution of this 

problem is unobtainable. We thus constrain the control function c (t) 
g 

so that (4.17) is satisfied for all time. The analysis is easily ex

tended to include the effects of a constant electric field and diffu

sion into a finite region. 

4.2 Surface Concentration 

With the general solution -now known, the rate limitation at the 

surface of the solid can be examined. Let the control function be given 

by a pulse characterized by 

c (t) = C[u(t)- u(t-t )] (4.23) 
o 
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where u(t) is the unit step function. We need to determine how c(o,t) 

follows the control function. Substitution of (4.23) into (4.16) yields, 

for 0£t£t^, 

c(x,t) = C G(x,t-a) da 

and for tjt^, 

c(x,t) = C G(x,t-a) da -C G(x,t-a) da 

(4.24) 

(4.25) 

For convenience, we define a new function 

rt 

F(X,t-T) G(x,t-a) da ; t5T (4.26) 

By using (4.15) and (4.13), we can evaluate the integral in (4.26). It 

can be shown that, 

2 
h 2ay+a w ^ . 

F(y,w) = —[erfc -e erfc( X /o + aw )] (4.27) 
aD 

1/2 M2 

where w = t-r. Using (4.26), the surface concentration can be written 

as. 

c(o,t) = 

where 

F(o,t--r) 

C F(o,t) ; o$ts:t 

C[F(o,t)-F(o,t-t1)] ; t*^ 

h a (t-x) 1/2 

[1-e erfc a(t-t) ] 
aD 

1/2 

,1/2. 

(4.28) 

(4.29) 

Note that h /aD =HkT and is dimensionless. The surface,concentration 
g 

given by (4.28) is shown in Figure 4 as a function of the dimensionless 



variable Z=a t. The pulse duration is completely arbitrary and is 

2 
so that = a t^ = 12 for plotting convenience. 
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chosen 

c (o,Z)  /  HkTC 

0.8 

0.6 

0.4 

0.2 

Figure 4 Surface Concentration for Rate Limited Diffusion 

In order to understand the behavior of c(o,Z) in real time, an 

example is necessary. Consider boron diffusing in silicon at 1100°C. 

The constants of interest are: 

T = 1373°K 

— 00 r\ 
k = 1.37x10 cm atm/molecule K 

25 3 
H = 2x10 molecules/cm atm 

h =5 cm/sec 
g 

D = 1.61x10 cm^/sec 

90 - s 
C = 5.1x10 cm 
o 
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where the values of H and h are taken from Grove [10]. Use of the above 
g 

values yields 

HkT = 3.76xl06 = b 

2 2 2 -1 
a = h /b D = 10.98 sec 

Numerical computation show that the normalized surface concentration has 

a 90 per cent rise time when Z=31. This value corresponds to t^=2.8 

seconds. Thus for situations where the minimum pulse duration T is 
^ m 

much greater than the rise time, say T 2l00t or T 54.7 minutes, the 
° J m r m 

values of c(o,t) nearly follow the control function c (t). Under this 
R 

condition, c(o,tH b c (t) and, as shown in Appendix B, the concentration 
S 

is given by 

/ . \ bx c(x,t) = 
2(ttD)1/2 

^ -x2/4D(t-a) 

c (a) — ^77T da ; x>0 (4.30) 
O g (t-a) o 

Equation (4.30) yields the same result as (4.14) in the limit as h^ 

approaches infinity. 

The restrictions imposed on c (t) by the physical constraints 
£ 

on c(o,t) given by (4.17) are easily established. It is easy to show 

that G(o,t-a)50, for all t. Since physically c (t)^0, the integrand 

in (4.18) is always positive and it follows that c(o,t)50, all t. In

spection of Figure 4 shows that c(o,t)/bC has a maximum value of 

unity as t approaches infinity. Thus if C<:Co/b, then c(o,t)$CQ, for 

14 - 3 
all t. For our example, this condition requires that Csl.36x10 cm 



47 

4.3 Problem Statement 

The objective of this study is to establish the feasibility of 

obtaining a general impurity distribution in bulk semiconductor material 

using solid-state diffusion techniques. The problem of obtaining an 

arbitrary profile reduces simply to the following. We have an intrin

sic semiconductor wafer, say silicon, of thickness x=L, and wish to 

diffuse a given impurity species into it. Is it possible for some para

meter to be so specified that at some time, t=T, the net impurity con

centration will have a distribution c(x ,T) = c*(x), where c:';(x) is the 

desired spatial distribution? 

Note that by independently varying the process temperature as a 

function of time, we could make D=D(t). It is also possible to subject 

the wafer to an external electric field. However, as shown in section 

2.5, it is not possible to alter the spatial variations in c(x,t) sub

ject to control by varying either D(t) or E(t). The initial value of 

the impurity concentration is not open to control since it is only a 

function of the history of the wafer. The boundary conditions which 

specify the solution to the diffusion equation remain the only variables 

subject to control. By assuming the validity of the surface model de

veloped in Chapter 3 to adequately describe the gas-solid interaction, 

the number of variables subject to control reduces to one; namely, the 

concentration in the carrier gas, c (t). Can c (t) be specified so 
£ S 

that c(x ,T) = c""( x)? In most practical cases of interest L will be very 

large with respect to the diffusion depth and the wafer can be treated 

as being mathematically semi-infinite in extent. In the following 

section, we examine the above question. 
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4.4 Method of Solution 

In this section, we examine the feasibility of obtaining a given 

impurity profile, denoted by c5';(x) , in bulk semiconductor material. The 

concentration in the solid can be written as , 

ft 

c(x,t) = c (a) G(x,t-a) da 
o 

(1.31) 

where G(x,t-a) is defined by (4.13) and (4.15). Now from an experimental 

point of view, the simplest function that can be physically implemented 

in the laboratory is a series of pulses with constant magnitudes. We 

thus assume a particular form for with these properties. 

Divide the time interval O^t^T into N subregions of length x 

seconds; thus t^=nx , where n=0,1,2,... ,N and T=xN. Now we apply a 

sequential control function defined by, 

N-l 
c (t) = Y a [u(t-t )-u(t-t )]; t =0 
g ^_0 n n n+1 o 

where the N constants, an, are as yet unknown. 

Substituting (4.32) into (4.31) yields 

c(x,t) - a G da + a. G da + a„ G da + 

(4.32) 

- a G da - a. G da - ... ; t*t (4.33) 

Using (4.26) we have 

F(x,t-t ) = 
n 

G(x,t-a) da ; tit (4.34) 



49 

These integrals have already been calculated and are given by (4.27). 

Thus (4.33) may be rewritten as 

M_i 
c(x,t) = Y a [F(x,t-t )-F(x,t-t .,)] (4.35) 

n n n+i 
o 

For notational convenience, we define 

F (x,t) = F(x,t-t )-F(x,t-t ) (4.36) 
n n n+1 

so that (4.35) may be written as 

N-l 
c(x,t) = Y a F (x,t) (4.37) 

L n n 
o 

There are various ways to approximate the desired impurity pro

file c5'!(x) subject to a performance criterion. The simplest method is 

to match c*(x) at a finite number of discrete points. Thus at any point 

x=x. , at t=T, we have 
k 

c(VT) = c*(xk) = I anFn(xk,T) (4.38) 
n=0 

If we now select N points to evaluate ctx^jT), we would have N equations 

in N unknowns, since 

N-l 
c»(x, ) = T a F (x, ,T) ; k=0 ,1,. . . ,N-1 (4.39) 

k L. n n k 
n=0 

and each value of the N constants, a^, may be found explicitly. Note 

that the selection of the N points x^ is arbitrary. Thus we now have 

a method for determining the necessary control function c (t) which 
S 

yields a profile equal to the desired profile at N distinct points with

in the semiconductor wafer. 



The above analysis outlines a method for obtaining an approxi

mation to the formal solution of the idealized problem, the problem with 

all the physical constraints relaxed. By matching c(x ,T) to c*(x ) 
k k 

at N points, the necessary c (t) can be synthesized by solving a set of 
( g 

N simultaneous, linear, inhomogeneous equations. However, this method 

has a major failing. In solving the system defined by (4.39), the a^ 

values may in general be positive or negative; this is in contradiction 

with the physical constraint given by (4.17). Thus the an's must be 

constrained to satisfy the relation 0$a $C /b, for all values of n. It 
J no 

is clear that the matching method cannot be used to obtain an arbitrary 

cs*(x^), since the constraints imposed on a^ will automatically restrict 

certain values of c(x, ,T) in the solution of (4.38).. 
K 

Since T can be made arbitrarily small by increasing N, we con

clude that, in general, an arbitrarily specified impurity profile acmnot 

be realized. However, it is clear that by using this method of syn

thesis, a great number of impurity profiles accn be realized. For 

example, suppose the values are chosen to be either CQ/b or zero; 

N 
then for a given T, there are 2 distinct c (t) functions possible. 

§ 
N 

Thus, 2 distinct impurity profiles can be obtained using this bang-

bang system. When the a^ values are allowed to have any value satisfy

ing Osa^sC^/b, an infinity of distinct profiles can be realized. 

4.5 Discussion 

Although arbitrary impurity profiles cannot in general be 

obtained because of the physical constraints imposed on the impurity 

concentration in the gas, it is clear that unconventional impurity 

profiles can certainly be realized. Thus it is reasonable to expect 
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that with a proper choice of the a^ values, subject to the side condition 

0<:ani:Co/b, one could approach the desired values of c"(x^_). 

Solutions to differential equations are dictated by the initial 

values and boundary conditions imposed. We note, parenthetically, that 

since (4.1) has only a first derivative with respect to time, the initial 

value, in conjunction with the given boundary conditions, is sufficient 

to specify the final value at t=T, given by 

c(x,T) c (a) G(x,T-a) da (4.40) 
6 

Because of the complexity of the G(x,T-a) function, the limitations 

imposed on c(x,T), due to the constraints imposed on c (t), cannot be 
§ 

analytically determined. However, the maximum value of c(x,T), for a 

given T, is easily established. From the maximum principle discussed 

in section 2.6, we know that c(x,T) attains its maximum value when 

c^(t) = CQ/b. Thus, using (4.40) and (4.26), we obtain 

C 
C (X,T) = R™~ 
m b 

o 

T C 
G(x,T-a) dct = j^F(x,T) (4.41) 

Using (4.27) in (4.41), we observe that 

c <c = C erfc x/2(DT)1/2 (4.42) 
mm o 

It thus follows that regardless of the particular c^/t) used, the impu

rity concentration in the solid satisfies 0sc(x,T)<C , for all x. 
m 

Equation (4.42) is plotted in Figure 5 and is useful in establishing 

the minimum value of T once a particular c:':(x) is specified. 
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Figure 5 Maximum Impurity Concentration for Various Diffusion Times 
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In Chapter 5, we propose a systematic method which allows a best-

fit approximation to a given impurity profile to be realized. The method 

is amenable to laboratory diffusion techniques. 



CHAPTER 5 

OPTIMAL CONTROL APPROACH 

The feasibility of obtaining an unconventional impurity distribu

tion in bulk material was established in Chapter 4; however, because of the 

physical constraints on c (t), there is no guarantee that an arbitrarily 

specified impurity profile can be realized. The analysis has assumed 

that the impurity distribution in the solid is controllable only by means 

of the impurity concentration in the carrier gas far removed from the sur

face of the solid. We now regard c (t) as the control function for the 
6 

system and seek an approximate solution. We treat the problem as an 

optimal control problem in a distributed parameter system. 

The situation outlined in section 4.3 is now restated as follows. 

We seek the necessary control function c^(t), for O^t^T, which minimizes 

the deviation of the impurity distribution c(x,t) from the desired impu

rity profile, specified by c*(x), at the given time t=T. Two methods 

are shown for solving this optimal control problem. One is the varia

tional approach and the other consists of reducing the proposal to a 

linear programming problem. 

5.1 Variational Method 

The deviation of c(x,T) from the assigned profile c5'c(x) is here

with defined to be minimal in the sense that the functional, defined by 

e(c ) 
g 

|c*(x)-c(x,T)| dx (5.1) 

o 
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or by, 

e = [c*(x)-c(x,T)]2 dx (5.2) 

is minimum. Thus we seek the proper function c (t) so that e, which is 
g 

a measure of the deviation, attains a minimum value. Here, the period 

T is treated as a free parameter. The performance criterion defined by 

(5.2) will be used, and the control function is assumed to be continuous 

on the interval OstsT. Thus, we seek the control function c (t) so that 
g 

the functional defined by, 

e[cg(t)] = [c"(x)-c(x,T)]2 dx (5.3) 

o 

is minimum, where c(x,T) is given by (4.41) as 

f T  

c(x,T) = c (',) G(x,T-5)-d? (5.4) 
S 

o 

In order to determine the necessary conditions that must satisfy 

so that the resulting c(x,T) gives the functional e a minimum value, we 

examine how e varies for variations in c (t). 
g 

One can label all possible curves ^(t) under examination with 

different values of a parameter a such that for some particular value of 

a, say a=0, the curve corresponding to this a would coincide with the 

proper curve giving e an extremum. To simplify the investigation so as 

to be able to neglect higher order infinitesimals, we compare the proper 

function, c (t) = c (t.o), with functions near to it rather than with 
g g 

any function. Expand the control function in a Taylor series about 

a = 0, treating t as fixed; thus 
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c (t,a) = c (t,o) + a — 
g g 3a 

3c (t,o) 2 3c (t,o) 
£L_ g_ + . • . 

9ot 

Let w = 3cg(t,a) /3a. When w is a weak function of a, we have 

c (t,a) 2; c (t,o) + a w(t) (5.5) 

If Cg^ = Cg(0»a) and c = Cg(T,ot), then all curves satisfying w(o) = 

w(T) = 0 are permitted. For an arbitrary value a, (5.3) may be written 

as 

e(a) [c3':(x)-c(x,T ,a)] dx (5.6) 

As a-*0, the minimum value of the functional is achieved by c (t) = c (t,o) 

by assumption so that the necessary condition for obtaining an extremum 

is given by de(o)/da=0. The derivative of the functional is, 

de 
da 

=  - 2  
r •*'/ \ t rp \"i 3c(x,T ,a)- , 
[c"(x)-c(x,T,a)] 5 dx 

d CI 
(5.7) 

where 

3c(x,T,a) 
3a 

w(C) G(x,T-c) d£ (5.8) 

When (5.8) is substituted into (5.7), the order of integration can be 

interchanged, since the integrand is continuous, and we obtain 

rT 

7T= "2 da 
w(c) d;; [c"(x)-c(x,T,a)] G(x,T-c) dx (5.9) 

Evaluating (5.9) for a=0 yields 



57 

w(?)d? [c*(x)-c(x,T)] G(x,T-c) dx = 0 (5.10) 

Note that 6c = ctw(t), and represents an arbitrary variation of c obtain-

ed by varying the parameter a about its zero value. Thus, by the funda

mental lemma of the calculus of variations, 

[c:V(x)-c(x,T)] G(x,T-c) dx = 0 (5.11) 

Using (5.4), we obtain 

o 

c*(x) G(x,T-c) dx = G(x,T~c) dx c (x) G(X,T-T) dx (5.12) 

Since the integrand is continuous, changing the order of integration 

yields 

cA(x) G(X,T-£;) dx = c (x) G(x,T-C) G(X,T-X) dx dx (5.13) 

For reasons of convenience, we define the functions 

f(c) = c*(x) G(x,T-c) dx 

HU,T) = G(x,T-C) G(x ,T-x ) dx 

so that (5.13) may be rewritten as 

f T  

c (x) H(?,x) dx = f(O; 
g 

(5. m) 
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Thus, in order for the deviation to be minimum, the control function 

c (t) must satisfy (5.14). Equation (5.14) is a Fredholm integral equa-
S 

tion of the first kind. Here c (T) is the unknown and both f(r) and the 
g 

kernel H(^,T) are known functions. 

Recall that c (t) is bounded. If a solution of (5.14) exists 
g 

and satisfies the physical constraints k <c (t)<:k„, for O^tsT, the 
1 g 2' 

optimum control function c (t) is a continuous function. For the case 
g 

where the solution to (5.14) does not satisfy the constraints, Butkovskii 

[13, 14] has shown that the control function satisfies 

kl+k2 k2 kl c (T) = —=— + —=— sgn [cs';(x)-c(x,T)] G(x,T-x) dx (5.15) 

o 

Note that in this case the control function must be of a bang-bang type. 

Also note that (5.11) corresponds to the singular solution of (5.15). 

Thus, if (5.11) holds, (5.15) is not valid and c (t) is not bang-bang 
S 

but of a continuous type. 

Because of the mathematical difficulty in solving either (5.14) 

or (5.15), we will not pursue the variational approach further. 

5.2 Approximation Technique 

In this section an approximation technique is used to obtain the 

approximate solution to the given impurity profile. This method is suit

able to linear programming which deals with optimizing (maximizing or 

minimizing) a function when the variational method is inapplicable. The 

approximate solution obtained is amenable to laboratory techniques. 
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The approximation scheme proceeds as follows. Apply a numerical 

integration formula to (5.2) and minimize the resulting approximate per

formance index, denoted by c(c ). Thus we now minimize the sum of the 
£ 

deviations measured at discrete values of x. For simplicity, we use 

Simpson's integration formula. The desired impurity profile c";:(x) is 

given and the region of interest specified. Divide the space interval, 

xa^x?:xb' ^ even subregions of length h cm; thus = nh+x^, where 

n=0,l,...,N with xQ=xa and x^x^. Using Simpson's integration rule for 

the integral in (5.2), we obtain 

N 9 
e(c ) ̂ £(c ) = J b [c*(x )-c(x ,T)] (5.16) 
8 - E n=0 n n n 

where the b^'s are the weights assigned to the values of the integrand 

at the points x^ . For Simpson's rule, these constants are given by 

b = bM = h/3 
o N 

b1 = b3 = ... = b^ = 4h/3 (5.17) 

b2 = b^ = ... = bN_2 = 2h/3 

Using (5.U), the impurity concentration at t=T and x=xn is given by 

c(xn,T) = c (a) G(x ,T-a) da (5.18) 
g n 

Now divide the time interval, 0<:ts:T, into M even subintervals of length 

T seconds; thus tn=nx, where n=0 ,1,2 ,... ,M and T=TM. Recall that T is 

a free parameter; thus when T changes, either X or M must change. For 

computational simplicity we let M=N. This means that when the total 

diffusion time T is changed, the length of each subinterval is changed 
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while the number of subintervals remains constant. Applying Simpson's 

rule to (5.18), the approximate impurity distribution is expressed as, 

N 
c(x ,T) ̂  c(x ,T) = y d c (ct ) G(x ,T-ct ) (5.19) 

n — n L . m g m n m m=0 & 

where 

D = D = T/3 
o N 

D1 = d3 = ... = UT/3 (5.20) 

d2 = d^ = ... = 2x/3 

Note that T = hT/(X^-XA); thus (5.19) may be rewritten as 

T Nr 
c(x ,T) = J b c (a ) G(x ,T-ct ) (5.21) 

n' L 
n m g m n' m d a m=0 & 

For convenience, let 

c* (x ) = c* 
m m 

be (a )/C = 4 
g n o n 

C Tbn 
7-7 7 G(x ,T-a ) = g 
b(x^-xa) m n mn 

and substituting (5.21) into (5.16) yields 

" N , N 
e = T b

m (c" - Y <j, g )2 (5.22) 
4=o m m ^0n mn 

The new control function must satisfy the physical constraints given by 

0 s: 4> S 1; n = 0,1,...,N (5.23) 
n 
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Consequently, the problem of minimizing the functional (5.2) is reduced 

to the problem of minimizing the function (5.22) of N+l variables <f> 

subject to the 2(N+1) constraints (5.23). Because of the particular 

performance index used, (5.22) is a quadratic function of the unknown 

variables <J> while the constraints (5.23) are linear. This type of prob

lem can be solved using quadratic programming techniques [15]. 

Note that the approximation scheme described above is general in 

that it may be applied to any system of the form, 

rb 

e(f3) = 

f2(x,y) = 

[f1(x)-f2(x,y)J2 dx 

ry 

f_(o) f (x,y-a) da 

to obtain an approximate solution. 

Since (5.18) can be integrated directly whenever c (t) is con-
§ 

stant, a greater degree of accuracy can be obtained if we reformulate 

the problem utilizing this fact. Also, although the original problem 

can be solved using quadratic programming techniques, the algorithm is 

more complicated than that of. the simplex method used for linear pro

gramming problems. For this reason, we now assume (5.1) as the per

formance criteria instead of (5.2). 

WB again divide the space interval into N even subregions of 

length h. Using Simpson's rule for the integral in (5.1) yields, 

N 
£ = J b |ciV(x )-c(x ,T) I (5.24) 

u _ m1 m m m=0 
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where c(x^,T) is given by (5.18). Now divide the time interval into N+1 

subintervals of duration x. As in section 4.4, we apply a sequential 

control function defined by, 

N 
c^t^> ~ 1 a

n* [u(t-t ) - u(t-t t =0 (5.25) 
S £_0 n n n+i o 

and treat the N+1 constants a* as the control variables. Substituting 

(5.25) into (5.18) yields, 

N A 
c(x ,T) = y a [F(x ,T-t ) - F(x ,T-t )] (5.26) 

n L _ m n m n m+1 m=0 

where F(xn,T-tm) is defined by (4.26) and (4.27). For notational con

venience, we normalize the control variables to unity and let 

a = ba /C 
m mo 

C 
F = [F(x ,T-t ) - F(x ,T-t ^.)] (5.27) 
nm b n m n' m+1 

C = C (x ) 
m m 

Thus, (5.26) may be rewritten as, 

N 
c(x ,T) = y a F ; n = 0,1,....N (5.28) 

n' L . m nm' ' ' ' m=0 

and substitution into (5.24) yields 

N .-{ N 
e = y  b  |  c '  —  y  a F  |  ( 5 . 2 9 )  

L  
n  m ' m  L  n  m n 1  

m=0 n=0 

The 2(N+1) constraints are rewritten as 

0 £ a £ 1; m = 0,1,. . . ,N (5.30) m  > 5 5  



Therefore, the problem of minimizing the functional (5.1) is now reduced 

to the problem of minimizing the function (5.29) of N+l variables a^ 

subject to the 2(N+1) constraints (5.30). An exact solution for this 

problem may be obtained numerically using linear programming in a finite 

number of iterations of computation. After the proper values of a^ are 

determined, the resulting discrete values for the impurity concentration 

can be determined from (5.28) and then compared to the desired values, 

c-(x ). 
m 

5.3 Solution by Linear Programming 

Mathematically, linear programming deals with non-negative 

solutions to undetermined systems of linear equations. Systems in which 

there are more variables than equations are called undetermined. The 

complete mathematical statement of a linear programming problem includes 

a set of simultaneous linear equations which represents the conditions 

of the problem and a linear function which expresses the objective of 

the problem. With the added condition of optimizing the objective func

tion, we can select a determined subset whose solution satisfies all the 

conditions specified in the problem. The simplex method is a computa

tional scheme that selects, in a systematic fashion, a subset of the 

possible solutions which converges to a minimum solution [16]. 

To illustrate these ideas, we consider the following example. 

Suppose we wish to minimize the objective function defined by, 

y(x. ,xc) = 6050 + 50x., + 70x_ J 4 6 4 6 

subject to the constraints 
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x •> 0 ; in = 1,2 ..... 6 
m ' ' 9 

x + X. = 25 
3 6 

xx + x^ = 10 

x. + x_ + x~ = 20 
4 5 6 

x2 - x4 - x6 = -5 

Note that there are six unknowns and four equations, thus an undetermin

ed system. Begin by setting any two variables equal to zero, say x^ and 

x,.. The variables set equal to zero are called the nonbasic variables. 

Next, rewrite all equations in terms of the nonbasic variables. Thus 

*i = x5 = 0 

x2 = 15 - x5 

x
3 

= 15 " Xi + *5 

x^ = 10 - xx 

x_ = 10 + x - X 
6 15 

y = 7250 + 20X]L - 70x5 

This new set of equations is called the basic feasible solution. Note 

that y decreases when x_ increases. Since x ^0, the amount that x can 
5 m o 

increase is limited. Inspection of the basic feasible solution shows 

that x,_s:10. Set x1=xg=0 and repeat the process and obtain a new basic 

feasible solution. Thus, 
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X3 = 25 X6 

X4 = 10 ~ X1 

x
5 = 10 + X1 - x6 

y = 6550 - 50xn + 70x~ 
16 

Note that y decreases when increases. Inspection shows that x^s5. 

Set Xg=X2=0 and repeat the process. Thus, 

x
2 = x6 = ° 

Xi = 5 - x2 + x6 

x3 = 25 - x6 

% = 5 + *2 " X6 

x
5 = 15 - x2 

y = 6300 + 50x„ + 20x_ 
J 2 6 

Note that, since both the coefficient of x^ and Xg are positive, y can

not be decreased further. Thus, after the third iteration, the optimum 

solution is determined by 

x2 = x6 = 0 

X1 = 5 

x3 = 25 
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x5 = 15 

y = 6300 = minimum value 

The simplex algorithm enables us to start with a basic feasible solution 

and generate a set of new basic feasible solutions that converge to the 

minimum solution, or determine that a finite solution does not exist, in 

a finite number of iterations. 

The problem of minimizing (5.29) under the constraints (5.30) 

can readily be put into a linear programming form. Following Sakawa [17] 

and Zadeh [18], we let 

N ... 

Dm " ̂  an Fmn Cm (5.31) n=0 

so that (5.29) becomes 

N 
e =  £  b  |  D |  

u 
n m1 m1 

m=0 

ft 
Note that b , F and c are known quantities. Now introduce 2(N+1) non-

m mn m 

negative auxiliary variables y^ and z, m=0,l,...,N, defined so that 

D = y - z  ( 5 . 3 2 )  
m Jm m 

Define a new objective function so that 

N 
e 1 = y b ( y + z )  ( 5 . 3 3 )  
1 L . m m m=0 

Here, for any an satisfying the constraints, the minimum value of (5.33) 

is attained by setting z =0 if D %0 and y =0 if D <0. Then, clearly, 
J & m m m J ' 

min e = min e^,. Consequently, the minimization of (5.29) under the 

constraints (5.30) is equivalent to the minimization of (5.33) under 

the constraints given by (5.30) and (5.32). 
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Before this problem can be .solved using linear programming, the 

inequality constraints, corresponding to (5.30), must be replaced by 

equality constraints; this may be accomplished by introducing additional 

variables, called slack variables. For example, suppose This in

equality could be replaced by the equality x-y^k^, where y?:0. If 

we could write x+y=k . Thus we introduce N+l slack variables v so that J o n 

(5.30) may be written as a fv =1. 
n n 

Therefore, the problem of minimizing (5.29) under the constraints 

(5.30) is equivalent to minimizing the objective function, 

N 
e = y b (y + z ) (5.34) 
1 L 

n m Jm m m=0 

subject to the following constraints: 

a + v = 1; m = 0,1,2,...,N (5.35) 
m m 

N ... 
J  a F  - y + z = c  ( 5 . 3 6 )  
„ n mn Jm m m n=0 

y , z , a , v £ 0 (5.37) 
m m m m 

Note that this linear programming problem, as formulated, has 4(N+l) 

variables and 2(N+l) equations. This particular formulation is not 

unique. Another way of attaining the reduction to the linear programming 

problem is to introduce N+l auxiliary variables i/; which satisfy the 

2(N+1) inequalities, "I* 5° and which together imply that 

^|D |• The performance index in this case is chosen as, 

e2 = l_Q 
bn ̂ n (5-38) 
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and clearly min = min e when <J/ = | | . However, this formulation 

has 5(N+1) variables and the problem with the performance index (5.34) 

is simpler than the problem using (5.38). 

The system described by (5.34)-(5.37) can be optimized using the 

simplex algorithm after an initial basic feasible solution is determined. 

Here, 2(N+1) variables must be chosen as nonbasic variables. Since 

c^ 5 0 from physical considerations, an initial basic feasible solu

tion of the linear program can be taken as , 

a = y = 0; n = 0, 1, . . . , N n  J n  5 5 5  

so that 

:'c 
c = z and v = 1 
n n n 

Expressing the basic variables z^ and vn in terms of the nonbasic vari

ables a and y yields 
n Jn J 

v = 1 - a ; m = 0, 1, . . . , N ' (5.39) 
m m 

ft N 
z = c + y - J " a F  ( 5 . 4 0 )  
m m Jm L _ n mn n=0 

The performance index is expressed, in terms of the nonbasic variables, 

as 

N N ft N N 

P  =  2 y  b v + y  b c - y  y  b a F  ( 5 . 4 1 )  
1 '• m m ^_n m m £_n m n mn m=0 m-0 ni-U n-U 

One could also treat the z 's and v 's as the nonbasic variables with 
n n 

equal ease. 
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By using the simplex algorithm and starting with the initial 

basic feasible solution (5.39)-(5.41), the optimum solution for a given 

T can be determined in a finite number of iterations. 

5.4 Computational Considerations 

In the following section we obtain the numerical solutions for 

several examples chosen to demonstrate the general feasibility of obtain

ing" an approximation to a given impurity profile. First, however, we 

discuss two aspects of the problem. 

In order to use existing routines for solving linear program

ming problems incorporating the simplex algorithm on digital computers, 

it is first necessary to put our optimizing routine into standard form. 

Define a new set of variables X of dimension K which include the con-
n 

trol variables, the auxiliary variables and the slack variables. We 

partition the array so that 

X2> V =  ( ao' AN'  yo' YN' Zo' ZN' 

V V 

Here K is equal to the total number of variables and is given by 

K = 4(N+1). Now let M represent the number of equations of constraint. 

For our problem, M = 2(N+1). By doing this, our optimizing routine 

can be rewritten as, 

K 
e = J C, X, -»• minimum value (5.42) 
X — 1 

subject to 

f , Amk Xk = Bm ; •••• H (5-,3) 
k=l 
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X k * 0 ; k = l , 2 ,  . . . , K  ( 5 . 4 4 )  

The arrays and are easily calculated from the defining equa

tions (5.34)-(5.36). With the problem now in standard form, standard 

computational routines using the simplex method can be used [19]. 

The second question deals with numerical analysis. When Fmn 

in (5.36) is evaluated using (4.27) and (5.27), a serious problem is 

encountered due to the extremely large arguments possible in the exp 

and erfc functions. For the CDC 6400 machine, the range of a nonzero 

-294 322 
number is approximately 10 to 10 ; in evaluating (4.27), these 

limits are easily exceeded. Thus, (4.27) must be approximated at the 

outset. By defining 

-1/9 
a = x(4Dy) ; a % 0 

1/2 $ = a + a Y ; $ > a 

Y = T - t ; Y I 0 

we may rewrite (4.27) as, 

F(CI,Y) = b [1 - f(A,Y)3 erfc a (5.45) 

where 

R2- 2 
f(a,Y) = e a (erfc 6)/(erfc a) (5.46) 

Note that since 3>oc,0<f<l. We now examine the conditions under 

which f << 1, say f < 0.1, so that (5.45) can be approximated by 

F(OI,Y) ^ b erfc a (5.47) 
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Numerical computation shows that if 

35 7a +5.5; 0 £ a ( 2 

then f(a,Y) < 0.1. Using the asymptotic expansion for the erfc function, 

2 
-a 

erfc a \/2 ' a 5 2 

. IT a 

(5.46) reduces to 

f(a,y) a/B ; a 5 2 

Thus , if 

6 i 10a ; a i 2 

then f(a,y) < 0.1. Hence by choosing an appropriate value of B, we can 

guarantee that f(a,y) < 0.1, for all values of a. For example, for boron 

diffusing in silicon at 1100°C, we have 

1/2 
a + ay % 10a 

or 

Y 5 = 340x, sec/n 
aD 

The minimum value of y can be chosen once the maximum value of x is 

specified. If x = lu, then y . =5.7 minutes. Thus if Y i y . , 
^ max min mm' 

then (5.47) is a good approximation when 0 $ x $ ly. For x = 0, ̂ min = 

2.8 seconds; this value, as we have seen in section 4.2, corresponds to 

the rise time. Therefore, when evaluating Fmn for a computer solution, 

we use 
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x 

F(x ,T-t ) = b erfc • 2 (5.48) 
m n 2[D(T-t )]1/2 

n 

m, n = 0, 1, 2, N 

where, 

x = x + mh 
m a 

t =2L. 

N+l 

instead of (4.27). Note that y . occurs when n=N so that 
mm 

T 
v . = T-t.. = = minimum pulse length 

» Ntl 

One further comment is necessary. Note that 

b2 
F(0,y) = b(l - e erfc 3) < b 

F(a,0) =0 ; a > 0 

in general; however, when (5.47) is used, the following relations must 

be used: 

F(0,Y) 2i b ; Y > 2.8 seconds 

F(a,0) =0 ; a > 0 

F(0 ,0) = 0 

5.5 Numerical Examples 

We now examine the numerical solutions for three specific examples. 

In each case, for convenience, we assume boron to be diffusing into intrin

sic silicon at 1100°C. The values used for the physical constants are those 

listed in section 4.2. The performance criterion (5.42) is minimized 



73 

subject to the constraints (5.43) and (5.44-) by using the simplex algor

ithm. Equation (5.48) is used in (5.27) for calculating the values of 

F . For a given diffusion time T, the optimum control function c (t) 
mn - g 

is determined using (5.25) and the corresponding impurity profile c(x,T) 

is calculated by evaluating (5.26). The number of subregions is assumed 

as N=20. The numerical computation was executed on the CDC 6400 digital 

computer. In each example, an initial diffusion time is assumed and the 

optimum solution obtained; a set of optimum solutions is then obtained 

by iteration. The first and third examples require approximately 3 

seconds of CPU time per iteration. The second example requires approxi

mately 11 seconds. 

Example 1. We consider the case of synthesizing a constant 

impurity profile. A design problem is stated as follows. Given 

16 _ 3 
C*(x) = 1.0x10 cm , determine the necessary control function c (t) 

6 

required to produce the best approximation to c*(x) in the region 

0. l£xj:l. 6)j when the maximum allowed diffusion time is 270 minutes. 

Inspection of Figure 5 indicates that the best approximation 

will occur for T>90 minutes. This is necessary in order that the dif

fusion process be allowed sufficient time to build up the concentration 

2_0 — 3 
to 10 cm deep in the material. 

i: 
Using the computer routine, the optimum control variables a^ 

were determined and the resulting impurity concentration c(xn,T) 

calculated for increments of Ax=h, where h=(x^-xa)/N=0.075p. The pro

gram was iterated for T=60 ,90 ,120 ,... ,270 minutes. Figure 6 shows 

the numerical results for T=60 and T= 270 minutes. 
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Figure 6 Calculated Impurity Concentration for Example 1 



The minimum value of the performance index, denoted by min = 

£Q(T), decreases with increasing diffusion time. Within the specified 

design limits, the best approximation to c;':(x) occurs for T=270 minutes. 

For comparison value, the nonzero control variables for various diffusion 

times are tabulated in Table 1. The optimum control function correspond

ing to the best approximation c(x,270) is shown in Figure 7. Each pulse 

duration represents x = T/(N+1) = 12.86 minutes. 

Table 1 Optimum Control Variables for Example 1 

n T=60 T=120 T=180 T=270 

0 2.62X1011 

19 3.64xl09 

20 3.46xl09 

2.U6X1011 

5.51xl09 

2.33xl09 

2.48X1011 

5.15xl09 

2.50xl09 

2.44X1011 

5.65xl09 

2.23xl09 

From Figure 6 we observe that the calculated values of c(x,T) 

initially oscillate about the desired impurity profile and then sharply 

decrease. The larger the diffusion time, the smaller the rate of de

crease and the better the approximation. Note that for 0<x<ly the best 

approximation deviates only +10 per cent from the assigned profile. It 

is thus reasonable to expect that for T>270 minutes, a still better 

approximation over a larger range can be obtained. From Table 1 we 

observe that for all iterations the resulting optimum control functions 

have the same temporal form, only their magnitudes change. 
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c , ( t )  

2.4 X 10' 

10'° 

I09 

I I .1 I I I I I I I L. 

Figure 7 The Optimum Control Function Producing the Best 
Approximation to c*(x) in Example 1 
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Example 2. We now consider the exponential impurity profile. 

This distribution produces a constant electric field at thermal equili-

16 
brium. A design problem is proposed as follows. Given c*(x)=10 exp( 

- 3 
-i+. 6x) cm , determine the proper control function required to obtain 

the best approximation to c*(x) for 0.05<: x j:1.05]j when T^210 minutes. 

Using the optimization routine, the optimum control variables 

were determined and the resulting impurity concentration calculated 

for increments of h=0.05p; the routine was iterated for T=60,90,..., 210 

minutes. Figure 8 shows the numerical results for T=60 and T=120 min

utes . 

For this example, as T increases £Q(T) initially decreases and 

then begins to slowly increase. Surprisingly, the best over-all approx

imation does not occur when e (T) attains its minimum value at T=90 
o 

minutes. Instead, it occurs on the third iteration when T=120 minutes. 

The nonzero control variables for various diffusion times are given in 

Table 2. The optimum control function corresponding to the best approx

imation c(x,120) is shown in Figure 9; each pulse represents x=5.71 

minutes. 

From Figure 8 we observe that the calculated values of C(X,T) 

rapidly converge to the assigned values for increasing T. The best 

approximation c(x,120) is almost identical to the specified impurity 

profile for all values of x in the range of interest. Note that in 

this case, the control function for different diffusion times have 

distinct temporal forms. 
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c(x ,T)  

c*(x)  

T = 120 MIN. 
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Figure 8 Calculated Impurity Concentration for Example 2 
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Table 2 Optimum Control Variables for Example 2 

a 
n 

T=60 T=90 T=120 T=150 

2.22x10 
10 

1.'01x10 
10 

7.81x10" 

5.99x10' 1.97x10' 

6.38x10' 

2.29x10' 

3.43x10" 3.03x10' 

2.22x10" 1.92x10' 

2.62x10' 2.62x10' 

3.99x10' 

3.05x10' 

1.41x10' 

2.43x10' 

2.07x10' 

1.80x10' 

6.25x10" 4.22x10' 

3.30x10' 3.17x10" 

1.92x10' 1.77x10' 

2.55x10' 2.54x10' 
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Figxire 9 The Optimum Control Function Producing the Best 
Approximation to c*(x) in Example 2 
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Example 3. The analysis problem of determining the proper impu

rity distribution function which minimizes the minority carrier transit 

time has already been considered [2], What is now needed is the pro

cessing technology for fabricating this profile in semiconductor devices. 

By utilizing the optimum transit time profile in the design of diodes and 

transistors, it is possible to improve their over-all high-frequency per

formance. It is interesting to note that the optimum transit time pro

file produces a monotonically decreasing function for the equilibrium 

electric field while both gaussian and erfc impurity profiles produce 

monotonically increasing functions. 

For our third example, we synthesize the optimum transit time 

profile. A design problem is stated as follows. Determine the neces

sary control function c (t) required to produce the best approximation 
§ 

to the minimum transit time impurity profile in the region 0.1j:xs2.1p 

when the maximum allowed diffusion time is 270 minutes. From the re

sults derived in [2], c*(x) is calculated and shown in Figure 10 for 

c*(o) = 5xl0̂  and c:';(2\i ) = 5xl0"'"l+cm 

Using the computer routine, the optimum control variables a^ 

were determined and the resulting impurity profile c(xn,T) calculated 

for increments of h=0.1u; the routine was iterated for T=60 ,90,... ,270 

minutes. Figure 10 shows the numerical results for diffusion times of 

60, 150 and 270 minutes. 

For this example, e0(T) decreases monotonically for increasing 

diffusion time. The nonzero control variables for various iterations 

are given in Table 3. The optimum control function producing the best 
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c ( x , T )  

T = 60 MIN.^\ 

0.5 2.0 pL 1.0 

Figure 10 Calculated Impurity Concentration for Example 3 
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approximation c(x,270) is shown in Figure 11. Each pulse represents 

12.86 minutes. 

Table 3 Optimum Control Variables for Example 3 

a 
n 

n T=60 T=150 T=210 T=270 

0 3.U9X1011 1.53X1011 1.02X1011 7.22xl010 

14 l.llxlO10 

15 5.82xl09 U.37xl010 2.95xl010 

10 9 
16 5.02x10 1.87x10 

17 4.89xl010 

18 1.38xl010 1.04xl09 1.36xl010 1.52xl010 

19 1.53xl010 1.06xl010 9.10xl09 

20 1.88xl010 1.26xl010 1.28xl010 1.28xl010 

Inspection of Figure 10 shows that the calculated values of c(x,T) 

converge to the assigned values as the diffusion time is increased. 

Within the specified design limit, the best approximation to the minimum 

transit time profile occurs for T=270 minutes. Note the excellent agree

ment between c(x,270) and cs':(x) for 0<x<1.5p; the range can easily be 

extended by increasing the diffusing time. Observe from Table 3 that 

the optimum control function for different diffusion times have in gen

eral distinct temporal forms. 



84 

C g ( t )  
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Figure 11 The Optimum Control Function Producing the Best 
Approximation to cA(x) in Example 3 
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5.6 Discussion 

The examples examined in section 5.5 serve to demonstrate the 

utility of the optimization method developed in section 5.2. The numer

ical results clearly indicate that a best-fit approximation to a given 

impurity profile can be realized by controlling the impurity concentra

tion in the gas. For a given diffusion time T, the optimization routine 

determines the necessary control function c (t) so that the resulting 

impurity profile c(x,T) is the best approximation to the given impurity 

profile C"(x). 

In developing the approximation scheme discussed in section 5.2, 

Simpson's rule was used as the numerical integration formula in approxi

mating (5.1). The region of interest, x^xjrx^, was divided into N equal 

subregions with h=(Xjj-xa)/N = x^+^-x^. Other techniques can also be used 

which do not have as stringent requirements. For example, Gauss' formula 

can be used for arbitrary intervals, or the region can be partitioned 

into contiguous subregions and a numerical integration formula used for 

each subregion. This approach may be advantageous when c*(x) is a 

rapidly changing function and it is desirable to weight some portions 

of the curve more than others. 

In synthesizing the control function, the time interval, Oj:tf:T, 

was divided into M subintervals with T = T/M. For computational sim

plicity, we assumed M=N+1. Thus when the diffusion time is changed, the 

duration of each subinterval is changed while the number of subintervals 

remains constant. Another approach is to maintain T constant and allow 

M to change when T is changed. Using this method, the number of control 



variables a^ would be a function of the diffusion time. Although more 

complicated, this approach may offer greater flexibility. 

When the maximum diffusion time is specified the best approx

imation is easily determined by iteration. However, when T is a free 

parameter, a problem remains in how to choose T so that the best approxi

mation is obtained. We note that, contrary to intuition, does not 

in general decrease monotonically with increasing T. However, one can 

iterate the conroutation for increasing values of T and plot E =E (T). ° o o 

One can then choose that T for which either e attains a minimum value 
o 

or is not greater than a given positive number. 

The optimization routine selects the proper control variables by 

minimizing the sum of the deviations measured at discrete values of x. 

For some given profile, selecting T by testing may be unsuitable. If 

a tolerable deviation between c*(x) and c(x,T) is acceptable., then one 

can select that T for which |c*(x )-c(x ,T)|s:A,for all n. Using this 
1 n n 1 

test, the impurity profile would coincide with the assigned profile to 

within + A for all values of x within the region of interest. 

It is also worth mentioning that small perturbations in c (t) 

produce smaller deviations in the resulting profile c(x,T). A detailed 

sensitivity analysis shows that perturbations in the initial values of 

c (t) produce significant changes in the values of c(x,T) only for large 
& 
values of x; likewise, it is found that perturbations in the final values 

of c (t) produce deviations in c(x,T) only for small values of x. In 

order to illustrate these results, we examine an example. 
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We consider a bang-bang approximation to the optimum control 

function which produced the best approximation to c-(x) in Example 2. 

s'c 9 
We alter the control function producing c(x,120) by assuming a^ = 3.0x10 ; 

the temporal form is unchanged. The values of n for the nonzero elements 

are given in Table 2. Using (5.26), the values of c(x,T) are calculated. 

The impurity profile resulting from the bang-bang approximation is shown 

in Figure 12. 

We observe from Figure 12 that the impurity profile resulting 

from the bang-bang approximation does not deviate significantly from the 

best approximation to c*(x) obtained in Example 2. Note that although 

the control function was perturbed more than 100 per cent, the resulting 

profile deviates less than +_ 18 per cent over the entire range cf x. 
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Figure 12 The Impurity Profile Produced by a Bang-Bang Control 
Function Approximation for Example 2 



CHAPTER 6 

CONCLUSIONS 

The objective of this study has been to establish the feasi

bility of obtaining a general impurity distribution in intrinsic semi

conductor material using solid-state diffusion techniques. It was shown 

that while it is not possible to obtain exactly an arbitrarily specified 

impurity profile because of the physical constraints imposed on the 

concentration at the surface of the solid, it is possible to obtain a 

best-fit approximation to a given impurity profile. 

The flow of impurities into a solid was assumed to occur by the 

deposition of the impurities from a gas stream; the surface concentration 

is thus a function of the impurity concentration in the gas. Numerical 

results clearly indicate that a best-fit approximation to a given 

impurity profile can be realized by controlling the impurity concen

tration in the gas. For a given diffusion time, the optimization routine 

developed in section 5.2 determines the necessary impurity concentration 

function in the gas so that the resulting impurity profile in the solid 

is the best possible approximation to the desired profile over the 

spatial range of interest. 

Note that as long as the state of a system can be described in 

terms of a control variable, the approximation scheme used to solve the 

diffusion problem has wider application. For example, the problem of 

obtaining a particular solution to some system equation by varying the 

89 
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boundary conditions can be reformulated as an optimum control problem. 

The technique of replacing the minimization of a functional by the mini

mization of a function of many variables may be used with numerous prob

lems. The computational aspect of solving the resulting problem can 

usually be accomplished by using linear programming techniques. 

The optimization routine developed is amenable to diffusion 

techniques. In the physical implementation of impurity profiles, it is 

essential that the diffusion process be governed by the control variable 

only. Consequently, one must be able to exercise strict control over 

the injection of impurities into the solid. The standard existing dif

fusion furnace cannot be used since the glass walls become saturated 

with impurities and thus act as a source which is relatively independent 

of the gas stream composition. A possible method for implementation is 

suggested later. 

The major original contributions to knowledge established in 

this study are summarized as follows. 

1. A critical examina;ion.of the transport model governing the 

behavior of particles in extrinsic semiconductor material, 

based on the Boltzmann transport equation, was given. The 

explicit assumptions necessary'in order to treat the diffusion 

coefficient in the flux equation as a constant were deduced. 

2. An analysis of field-aided diffusion was given and an equation 

for the electric field, due to the charge density produced by 

holes, electrons and impurity atoms, was derived. A con

sistency relation, useful in checking the credibility of the 
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assumptions made in deriving the equation for the electric 

field, was also established. 

3. A first-order model was developed to characterize the surface 

interaction between the gas ambient and the semiconductor solid; 

the model relates the impurity concentration in the gas to the 

surface concentration of the solid. The transient response of 

the surface concentration was examined and the conditions for 

which the rate limitation at the surface is negligible were 

derived. 

4. It was shown that in general it is not possible to obtain an 

arbitrarily specified impurity profile because of the physical 

constraints imposed on the surface concentration. However, it 

was shown that unconventional profiles can certainly be realized; 

this fact stimulated an investigation for a method which would 

allow an approximation to the given profile to be obtained. 

5. It was shown that it is indeed possible to obtain a best-fit 

approximation to a given impurity profile. Using optimum 

control theory, one can synthesize the necessary control function 

which minimizes the deviation between the resulting profile and 

the desired profile. -A computational routine utilizing linear 

programming techniques was developed which selects the proper 

control function producing the best possible approximation to 

the desired impurity profile over the spatial range of interest. 



This study established the feasibility of obtaining an approxi

mation to a given impurity profile and disclosed areas that require 

additional investigation. Recommendations for further research to be 

pursued are as follows. 

1. The design and construction of an experimental method for 

controlling the impurity concentration in a gas stream is of 

paramount importance. A reactor similar to that used for 

epitaxial growth can be constructed, in which the wafer is 

heated by induction with an RF generator. The walls of the 

reactor remain sufficiently cool so that negligible impurities 

are contributed by them, and it is therefore possible to control 

the impurity deposition by controlling the gas concentration. 

Furthermore, the process temperature may easily be varied by 

changing the RF power applied to the reactor. This cold-tube 

diffusion process appears feasible and should be pursued. 

2. The implementation of a method which permits the synthesis of 

a general impurity profile in selected regions of a device to 

be realized makes further study of the optimization of device 

parameters through using proper profiles worthwhile. Given the 

physical capability of obtaining general impurity profiles and 

given the knowledge of which impurity profiles are necessary 

for optimizing selected parameters, one can then design optimum 

semiconductor devices by utilizing the specified profile in the 

fabrication of the device. 
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3. Before the real influence of the electric field on the transport 

process can be firmly established, the numerical solution to the 

problem posed in section 2.4 must be obtained. 

4. It appears, from the results of the sensitivity analysis dis

cussed in section 5.6, that an approximation to a given profile 

can be obtained using a bang-bang approach. The optimum control 

problem should be reformulated so that the control function is 

constrained to represent a bang-bang function. 

5. The first-order surface model developed in Chapter 3 should be 

extended to include the deposition of impurities from a gas 

stream during a dynamic procedure. The problems of a moving 

boundary and redistribution of impurities during thermal 

oxidation should be treated. 

6. The optimization routine should be extended to include the 

effects of a two-step diffusion process where the impurities 

present in the material subsequently undergo a second heat cycle. 

In this case, one seeks the necessary control function that 

produces the best approximation to the desired impurity profi-le 

at the end of the second diffusion cycle. 



APPENDIX A 

TRANSPORT THEORY 

The purpose here is to describe mathematically the behavior of 

a system containing a large number of identical particles. We assume 

that the particles can interact with one another or with their environ

ment by collisions and also that they can be influenced by external 

forces. We adopt a statistical approach. Particle density and flux 

transport can be derived by considering conservation of flux of the 

carriers and expressing the influence of the material upon the flux 

through transmission and absorption coefficients [20,21]. However, we 

approach the problem by deriving Fick's first law from the Boltzmann 

transport equation [22]. 

A.l Boltzmann Transport Equation 

From a classical viewpoint, a complete specification of the 

state of a system necessitates knowledge of the position and momentum 

of each of the particles composing the system. The six quantities 

x, y, z, p , p , p must be specified for each particle. -These six 
x y z 

dependent variables are assumed to be independent of each other. It is 

.convenient to define a six-dimensional state space with coordinates 

(x,y, z,p,p,p). Each particle in the system under consideration 
x y z 

can be represented by a single point in state space and there are 

exactly as many representative points in state space as there are 

94-
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particles in the system. The behavior of the system is described in 

terms of its coordinates in this six-dimensional space. 

We assume that within a small volume in state space there are a 

large number of representative points so that the number of points in 

state space per unit volume can be treated as a continuous function. 

Now consider a differential volume in state space given by 

3 3 
dV = dxdydzdpxdpydpz = d r d p 

If the number of points within this volume at time t is dC, then the 

density of representative points in state space is defined by, 

,— x , dC(x>y>z>px>pv,p„,t) 
y(r,p,t) = vCx.y.z.p^.p ,pz,t) = i^ (A. 1) 

where ¥ is usually called the state space distribution function. Note 

that dC gives the number of particles in the system at time t whose 

position coordinates are between x and x + dx, etc. and whose momentum 

coordinates are between p and p + dp , etc. 
X XX 

The Boltzmann equation specifies the state space distribution 

function for a particular system of particles. The transport properties 

of the system are known in principle once the behavior of the 

distribution function is uniquely determined. As a particle moves 

within some medium and undergoes changes in its momentum due to external 

forces and collisions, its representative point in state space will 

change with time. Assume that we can separate the change in f into two 

parts so that, 
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where the nc term represents the explicit change in ¥ with time assuming 

no collisions and the c term is an added term due to collisions only. 

Let 

R = (x,y ,z,px,py,pz) 

be a vector representing the position of a representative point in state 

space. If we consider a fixed volume in state space, the number of 

points in this volume, neglecting collisions, must satisfy a continuity 

equation. Thus we can write 

= - V -VV (A. 3) 
91 nc g 

where 7 = generalized del operator in our six-dimensional cartesian 

dR 
space and V = dt* Note that = p^_ and represents the total net force, 

v = (x,y,z) = p7m and represents the instantaneous velocity of an 

individual particle, and if we define 

V = ( 3 9 -JL_) 
p v9p ' 3p ' 3D 

x y • z 

in ordinary three space, (A.3) may be expanded to yield 

_ (|2) = YV -F + V-7Y + F-7 4- (A.4) 
8t nc p p 

Using (A.2) we obtain the general form of the Boltzmann transport 

equation 

~ = - YV -F - v-VY - F-7 f + (|!•) (A.5) 
3t p p 3t c 
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If we can assume that is independent of , the Boltzmann equation 

reduces to 

IJ = - v-VY - F-V V + (|1) (A.6) 
3t p 3t c 

Now the collision term is very complex, consisting of integrals over 

products of distribution functions; thus the Boltzmann equation is a 

nonlinear integrodifferential equation and difficult to solve in general. 

In order to solve the Boltzmann equation, we use the relaxation time 

model for the collision term. If ̂ (rjp) denotes an equilibrium 

distribution function and f(p) is defined as the relaxation time of the 

system of particles, we assume that 

(FJ) =  -  ( V - V  )/T (A.7) 
9t c o 

is a valid phenomenological approximation for the collision term [22,23]. 

Note that we are assuming to be a function of position and speed or 

energy and thus it will be an even function with respect to the momentum 

coordinates. This assumption is satisfied by the major equilibrium 

distribution functions (Maxwell-Boltzmann, Fermi-Dirac and Bose-Einstein). 

Thus (A.6) is written as 

aw 
- v.VY - F-V V - ( V - V ) / T (A.8) 

dt p O 

An approximate solution to (A.8) can be obtained using a perturbation 

method. Define 

¥(r,p,t) = Vo(r,p) + ^(rjp.t) 
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If we assume that ? >> 4\ , it follows that 
o 1 

34> 

9t~ 
+ 4^/x = T(r,p,t) (A.9) 

where 

T = - v-VY - F-V V 
o p o 

We can solve (A.9) directly and obtain 

-t/x -t/x 
4'1(r,p,t) = ^(r^oje + e 

£/T 
Te dc 

(A.10) 

(A.11) 

where V^(r,p,o) represents the initial value. The approximate solution 

for the state space distribution function is written as 

-t/x -t/x 
y(r,p,t) = Y + [f(r,p,o) - I1 ]e + e 

' S/T 
Te d£ (A.12) 

Although we obtained the general solution for the distribution function, 

we do not use it in the following treatment because the manipulations 

become too complicated. Instead, we use the steady-state value. By 

inspection of (A.9), the steady-state value is 

Y^p) = ^(r,p) + x(p) T(r,p) (A.13) 

Before continuing, we check the consequence of using the steady-

state value by calculating the concentration, or number of particles per 

unit volume in real space, defined by 

c(r,t) = 4<(r,p,t)dpx dpy dpz = 4,(r,p,t)d p (A.14) 



Using (A.13) we obtain 
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c(r) 4* d p + 
o 

t(p) r(r,p) d3p (A.15) 

Using 

2 2 2 2 
p = p + p + p f i'jj fy fZ (A.16) 

it follows that 

3 p, 
o _ • o 

3Pk P 3P 
(A.17) 

and (A.10) may be rewritten as 

_ 3¥ 
T = - p'CVY^ + m F/p)/m (A.18) 

Now if we assume the net force on each particle is given by, 

F = q(E + v x B) 

then is independent of p^. Since V is assumed to be symmetrical in 

all momentum components and thus a function of speed, inspection of (A.18) 

shows that r is an odd function of the components of momentum p^. Since 

we have assumed T = T(p), an even function of p^, the integrand of the 

second integral in (A.15) is an odd function of p ; thus the integral 
K 

over all values of momenta must vanish. Therefore, 

c(r) V (r,p) d p 
o 

(A.19) 

or 

c(r) 4ir p 4'o(r,p) dp 
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As a consequence of our approximation for Y, the concentration is 

independent of the applied force. 

A greater degree of accuracy aan be obtained by using an 

iteration, or successive approximation, method to determine 41. From 

(A.8) we may write in the steady-state 

¥ = Y - TCV-VY + F-V Y) 
o p 

We approximate T on the left side by successive approximations to 4* in 

the right hand side. Thus 

Y °  = 0  

Y1 = V 
o 

yn+1 = 4' - T(v*V4,n + F-v vn) 
o p 

for n = 0,1, ..., N. The results obtained by the perturbation method are 

equivalent to those obtained by using a second-order approximation in the 

iteration method. 

In the treatment to follow, the results are based on the 

following assumptions implicit in (A.13). 

1. The particles under consideration obey classical mechanics. 

This assumption is not a basic limitation. For particles obeying 

quantum statistics, the distribution function can be expressed in 

terms of r and wave vector k and a corresponding transport 

equation derived [24,25]. 



2. The collision term is dependent on position coordinates. How

ever, if the particles collide primarily with other particles of 

uniform spatial density, we can treat the relaxation time as 

being independent of space. Thus our results will not be 

applicable to a system of high particle concentration where 

particle-to-particle interaction cannot be neglected. 

3. Collisions are elastic and isotropic so that the deflection 

angle of the particle's motion is independent of the direction 

in which the particle is initially moving; thus T = t(p), a 

function of speed only. 

4. The perturbed distribution function differs only slightly from 

the unperturbed or equilibrium value. 

5. The distribution function can be adequately represented by its 

steady-state value. 

A.2 Derivation of the Flux Equation: Fick's First Law 

The transport characteristics of the system of particles can be 

obtained by using (A.13). The flux, or particle current density, is 

defined by 

f(r,t) = c(r,t) u(r,t) (A.20) 

where u represents the average velocity of the system of particles 

defined by 

vY(r,p»t) d3p 

u<r,t) = —siKtl <A'21) 
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Note that in general is an even function of the components of 

momentum. Thus when the system is in equilibrium, V = and Uq = 0. 

This means that motion into and out of a given momentum range are equal. 

Combining (A.20) with (A.21) we obtain 

f(r,t) = vV(r,p,t) d% (A.22) 

Substitution of (A.13) into (A.22) yields 

f = I vT d^p - I vtCvVV + F*V ¥ ) d^p 
J O J o p o ^ 

The first integral vanishes since Y is an even function of p^_ and v is 

an odd function of p^; thus 

f(r,t) = - 1/m xp(p/m* V4* + F'V 4* ) d3p (A.23) 
o p o 

It is very convenient to separate the flux into two terms , one due to 

diffusion of particles and the other due to drift, so that f = f^ + f^. 

First we examine the diffusion term defined as the first integral 

in (A.23); thus 

fD =  -1/m2 j  T p ( V V Q ' p )  d3p (A.24) 

W BY 
Expanding the integrand of (A.24), noting that the terms x r—, x ^— 

3¥o X y3Yo 
and x -— are all even functions of p. , the cross terms like p.p. x ^ 

3z k' F:^k 3y 

will vanish so that (A.24) reduces to 
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Let 

I, = 2 3 
Px T IT d P 

I„ = 
3^ 

2 o 3 
P T ~— d p 
y 3y F 

r „ 3̂  
•2 o ,3 

^ = I pz T ai" d p 

If we change to spherical coordinates in momentum space, where 

p = p sin 6 cos <J> 
rx r 

p = p sin 6 sin <|> 

P„ = P cos ® 

d^p = p^ sin 0 dp d0 d<j> 

it is easy to show that• 

2 3vo ,3 
Px T d P = 

2 84,0 R\3 

Py T 3^r d P = 
2 ^ ̂i3 

Pz T aTT d p 
(A.26) 

*+TT r 4 3yo , 
P T a7"dp 

The equal terms in (A.26) can be summed and,'using (A.16), it follows 

that 

o Q 2 o _ 3 _ 
p T -— d p = 3 

9x ^ 
2. - o ,3-

P T * d P x 3x K 

Thus, 

E!I "O ,3 
3 3^" P 

(A.27) 



Likewise, it follows that 
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I2 

2 , 
2—1 —- dp 
3 3y F 

(A.28) 

13 = 
2 8* , 
E-I— d3p 
3 3z F 

(A.29) 

Substitution of (A.27) - (A.29) into (A.25) yields 

fD(r't} = ~ 
E_L 

3r. 
- VVQ d P 

Now since the components of r and p are independent, and since T is 

assumed independent of r, we obtain 

fD 

2 
v T ui j 3 
-3- To d p 

(A.30) 

The diffusion coefficient D is defined as 

D = T V  >,/ A 
o— v d P 3c o ^ 

(A.31) 

so that (A.30) can be rewritten as 

fD(r,t) = - V(D c) (A.32) 

Note that the average value in momentum space of TV /3 is found from 

2 

TV2 f ^(R.P.T) dc 
< ... > = 1 7-;; 

3 c(r ,t) 

Using (A.13), we obtain 
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Since TV is an even function and R an odd function of p^, the second 

integral over all momenta vanishes and we obtain 

2 
r> TV D = < — > (A.33) 

The diffusion coefficient is in general a function of position coordinates 

and time. 

Now we examine the drift term defined as the second integral in 

(A.23); thus 

f = 
V 

) d3p 
p o m 

(A.34) 

Using (A.17), we can rewrite (A.34) as 

f = -
V 

3V 0 
T ° ~t~ J 3 — r— p(p*F) d p 
mp 3p - r ^ 

(A.35) 

3Y 
Expanding the integrand of (A.35), noting that x/p is an even 

3P 

function of p, , the odd functions like p p F will integrate to zero. 
rk ' * y y 

Thus (A.35) reduces to 

f = -
P 

d V 
— -r— (p "F u + p u + p ^F u ) d3p 
mp 3p rx x x y y y z z z r 

(A.36) 

If we change to spherical coordinates, it is easy to show, since t/p 

is only a function of p, that 

o 2 p ,3 
Tpx /P d P = 

o 2 . j 3 
3iT Tpy /p d P 

9 q 
xp /p d p (A. 37) 

3p r ^ 

Again we sum the equal terms in (A.37) and using (A.16), it follows that 

3 y 
2/ H3 

iT Tpk /p d p = ap 
° xp/3 d3p; k = x,y,z (A.38) 
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If we assume the net force is due only to an electric field so that 

= qE^, we can substitute (A.38) into (A.36) and obtain 

f (r,t) = - E 
U 3p 

° qtv/3 d3p (A.39) 

We define the mobility as, 

U = 
3* 

9p 
° qiv/3c d^p (A.40) 

so that (A.39) can be rewritten as 

f = pcE (A.41) 

3y 

Note that since Tp is an even function of p^, the mobility can be 

written as 

a & 
U = - o < Tpr— In 4* > 

3m *op o 
(A.42) 

or (A.40) can be integrated by parts to yield, 

_ a_ 411 

3m c 
tp 

3 u/ 
3 _2 dp = 01 
3p 3m c 

H1 d(xp ) 
o 

since the equilibrium distribution function decreases exponentially in 

3 
general, ¥ goes to zero faster than p goes to infinity as p approaches 

infinity. Thus 

Q q di 
» i - < T >  +  3 5 r < p d ^ >  m 

Combining (A.32) and (A.41), the total flux is written as 

f(r,t) = - V(Dc) + ycE (A.43) 
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This equation describes the behavior of the particle current density 

under the influence of concentration and thermal gradients and an 

electric field. We call (A.43) the modified Fick's first law to discern 

it from the usual equation where the diffusion coefficient appears out

side the gradient operator [26]. 

It is of interest to examine our results for a particular 

equilibrium distribution. We assume a nondegenerate system so that the 

particles are essentially noninteracting and can be described by the 

Maxwell-Boltzmann distribution, defined by 

2 
4"o(r,p) = .c (r) (to) 3/'2 e-^ ̂ a (A.44) 

where 

a(r) = 2mk T(r) 

Now, note that 

00 

< p2 > = J P2/C * d3p = I p4 dp = 3a/2 (A.45) 
o 

o 
o 

so that the average in momentum space of the kinetic energy of each 

particle is 

< KE > = j kT 

Using (A.44) in (A.42), we obtain 

M = It < Tp2 > (A*46) 
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Sometimes the mobility is written as 

vi = a. < TP^ > 
M m 2 

< p > 

Using (A.33) and (A.46) the ratio of the diffusion coefficient to the 

mobility is obtained 

^ = a/2mq = kT/q (A.47) 

(A.47) is called the Einstein relation. Note that it is valid only for a 

nondegenerate system of particles near equilibrium and is independent of 

the relaxation time T. 

Since both D and y require knowledge of x before they can be 

evaluated, it is now necessary to assume an explicit form for x. For 

simplicity, we assume that x is constant; hence x = T . 

Using (A.33) and (A.45) we obtain 

x a 
D = -2- = T kT/m (A.48) 

2m2 ° 

and it follows that 

y = X q/m = m (A.49) 
o ^ o 

Expanding (A.43) and using the above results, we obtain 

f = D Vc - D cVln T + p cE (A.50) 
o 

Note that if isothermal conditions exist, then the diffusion coefficient 

is constant and the flux equation reduces to the usual form 



109 

f = - D Vc + p cE 
o o 

(A.51) 

Although D and y are usually assumed to be constant for analysis 

purposes, experimentally they are both found to be functions of 

temperature and concentration. 

A.3 Derivation of the Continuity Equation 

The continuity equation can be derived from a macroscopic 

approach which considers the net rate of increase of particles within a 

fixed volume and the net flow of particles through the bounding surface 

of the volume. However, we derive the continuity equation from the 

Boltzmann transport equation [22], 

If each term in (A.6) is integrated over all values of momenta, 

we obtain 

3Y ,3 
at d P + 

v VV d p + F*V Yd p 
P 

= f <f£>e d3p (A.52) 

Now we examine each integral individually. 

?1 
3Y ,3 3 
at d P = 3t 

Y d^p 
3c 
3t 

J2 = 
v-Vfd p = V- v4" d^p 

The integral and derivative operations can be interchanged since velocity 

is independent of space coordinates and V*v = 0. ~ Thus 

= V*cu = V*f 
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The third integral, 

F • V f dp 
P 

vanishes. Expanding I and integrating over p , we obtain, for the first 
X 

term, 

F dp dp 
x y z 

34< 
dP„ = 

• OO 

F Y 
X 

dp dp 
y 2 

CO — OO 

Since we have assumed that F is independent of p, , and since physical 
k K 

distribution functions go to zero at infinity, the integral vanishes. 

It follows that the other three terms °f 1^ also vanish. Now 

= (at)c d p 

This integral represents the sum of the representative points over all 

values of momenta in state space which have the same space coordinates 

per unit time per unit real-space volume due to collisions. Now 

collisions are assumed not to change the position coordinates of the 

particles; thus in the absence of generation and loss of particles, 

equal numbers of representative points must be scattered into some 

momentum volumes as are scattered out of other momentum volumes since 

the total number of representative points is constant. If there is 

generation or loss of particles, I must represent the net number of 

particles generated per unit volume per unit time. Thus we write 

^ = (||)c d3p = G(r,t) 



Ill 

Using these four integrals, (A.52) may be rewritten as 

||- + V-f = G(r,t) (A.53) 

(A.53) is called the continuity equation. If the net generation G, the 

electric field E, the mobility \i and diffusion coefficient D are known, 

and if the initial value and boundary conditions are specified, (A.53) 

can in principle be solved for the particle concentration as a function 

of the spatial coordinates and time. The electric field can be written 

as E = Eq + E^, where Eq represents a given applied field and 

V'eE^ = p 

Here p represents the net charge density. For a single species system, 

p = qc. 



APPENDIX B 

BASIC SOLUTIONS TO THE DIFFUSION EQUATION 

We now examine the basic solutions to the simple diffusion 

equation which result from the particular boundary conditions presently 

used by industrial methods for fabricating planar devices. We assume 

that the equation governing the particle motion is given by, 

3c(x,t) _ a2c(x,t) . . 
D (B. x) 

3x 

and the medium is semi-infinite with x £ 0 and t 5 0. 

B.l Gaseous Diffusion 

In this method, a particular impurity concentration is main

tained at the surface of a silicon wafer. The boundary conditions and 

initial value which specify the problem are as follows: 

c(o,t) = f(t); t Z 0 (B.2) 

«.3) 

lim c(x,t) < 00 

x-v*> 
(B.«0 

Since the initial value is given, we use the Laplace transformation 

method to solve the problem. Taking the single-sided Laplace transform^ 

of (B.l) yields 

2 
/ \ t +-v r, d c(x,s) sc(x,s) - c(x,o } = D — 

dx 

112 
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and by using (B.3) we obtain 

(B.5) 

dx 

By inspection, the general solution to (B.5) is 

, \ A/ \ x(s/D)1/2 , -x(s/D)1/2 ,D c(x,s) = A(s)e + B(s)e (B.6) 

Since c(x,t) must be bounded for large x, A(s) = 0. Using (B.2) with 

(B.6) we obtain 

c(o,s) = f(s) = B(s) 

Thus 

-x(s/D)"*"^2 
c(x,s) = f(s)e = f(s) g(x,s) (B.7) 

We obtain the inverse transform using the convolution theorem defined by 

where, 

L 1 [f(s) g(x,s)] = 

, . -x(s/D)1/2 
g(x,s) = e 

t 
f(t - a) g(x,a) da = c(x,t) (B.8) 

The inverse transform of this function is easily found from a mathematical 

handbook [12] and is given by 

g(x,t) = * 1 /r> e X /"+Dt; x > 0 (B. 9 > 
2(irDtV/ 

Using (B.9) in (B.8) we obtain the general solution to the simple 

diffusion equation for an arbitrary initial value; thus 
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c(x,t) = X , /9 f(t - a)e X /'l+Da -S77 ; x > 0 (B.10) 
2(ttD) O a. /l 

In doping semiconductor material by the gaseous diffusion method, the 

surface concentration is usually maintained constant. Thus f(t) = Cq u(t), 

and the general solution reduces to 

.(x.t> = - " c° 

2(7rD) 1 / 2  O 

t 2 
-3/2 -x /4Da , en n -i a e da (B.ll; 

(B.ll) can be evaluated by making a change of variable. Let 

A2 = x2/4Da and y = x(UDt) "*"^2 = x/Lp (B.12) 

then the particular solution (B.ll) reduces to 

c(x,t) = C 2 

o 1/2 
7T y 

"X d\ (B.13) 

Now, the error function is defined by, 

„ 2 
erf y ~ 

1/2 
n o 

y 2 
e ^ dA 

and the complementary error function is defined by 

2 
erfc y = 1 - erf y 

372 TT y 
e dA 

Using these definitions, we rewrite (B.13) as 

c(x,t) = C erfc y ; x > 0 (B.14 
o 

(B.14) represents the impurity profile in the crystal, which was initially 

intrinsic, when a constant surface concentration C is maintained. Note 
o 
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1/2 
that the diffusion length L^(t) = 2(Dt) increases with time. The 

total number of particles per unit area within the material as a function 

of time can be found by evaluating 

roo 

Q(t) = c(x,t) dx (B.15) 
o-1 

Substitution of (B.14) in (B.15) yields 

Q(t) = 2 C (Dt/ T r ) 1 / 2  = C Ln/ir1/2 (B.16) 
o o D 

Another case of interest is diffusion into material initially 

homogeneously doped with the same type impurity. The boundary conditions 

are. 

c(o,t) = C u(t) 
o 

c(x,o) = C 
D 

lim c(x,t) = Cn 
D X-V» 

and it is easy to show that the resulting profile is given by 

c(x,t) = (C - CD) erfc y + CD (B.17) 
O D D 

B.2 Limited-Source Diffusion 

Another important diffusion process occurs when the surface of 

the material is impermeable. This is accomplished by masking the surface 

of the wafer in some manner so that impurities cannot cross the surface. 

Since particles cannot enter or leave the crystal, the total number of 

impurities within the crystal remains constant. Under this condition, 
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the only physical process possible is redistribution of the particles 

initially present. Since the initial distribution of particles is 

usually due to a prior diffusion cycle, this process is called a 

sequential diffusion or two-step diffusion process. The initial value 

and boundary conditions which specify this problem are as follows: 

c (x, o) = f(x) ; x 5 0 (B.18) 

9c(^t:> = 0 ; t 5 0 (B. 19 ) 

it 

lim c(x,t)<co (B.20) 
x->-°° 

This problem can be solved by again using Laplace transform techniques 

but since the resulting transformed equation is now inhomogeneous, it 

must be solved using the Green function method. However, considerable 

algebra is circumvented when the problem is solved using the separation 

of variable technique. Let c(x,t) = n(x) <#>(t) and substitution into 

(B.l) yields 

dx 

c(x,t) will not in general be bounded unless n and <)> themselves are 

2 
bounded; thus the separation constant k must be negative. Let k = -a ; 

thus 

= - a2D4> 

2 
d n 2 
—5* = - a n 
dx 



117 

and it follows by inspection that 

2 
<f>(t) = A e"a Dt (B. 22) 

and 

n(x) = B sin ax + C cos ax (B.23) 

In order to satisfy (B.19), dn(o)/dx = 0 and thus B = 0. Combining (B.22) 

and (B.23) we obtain 

2 
c(x,t,a) = a e a cos ax (B.24) 

Note that the eigenvalue a represents the continuous spectrum of all 

positive numbers since a 5 o. Since (B.l) is a linear equation, a 

linear combination of these particular solutions can be used to form the 

most general solution. Thus we can write, 

c(x,t) = 

o 
c(x,t,a) da 

and hence 

c(x,t) = 
o 

2 
a(a)e cos ax da (B.25) 

(B.25) satisfies all conditions of the boundary value problem if the 

function a(a) can be determined so as to satisfy (B.18). Evaluating 

(B.25) at t = 0 and using (B.18), we obtain 

c(x,o) = f(x) = a(a) cos ax da (B.26) 

Multiplying both sides of (B.26) by cos 6x and integrating over x yields 



f(x) cos Bx dx = a(a) da 
o' 

cos ax cos Bx dx 
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(B.27) 
o-' 

Now, using the identity from Fourier transform theory, 

2TT 6(a) = lax , 
e dx 

it is easy to show that the delta function can be written as 

o' 
cos ax cos Bx dx = ^ 5(a - 3) ; a 2 o, 3 >o (B.28) 

Using (B.28) in (B.27) we obtain the unknown function a(a) in terms of 

the initial value; thus 

a(B) = — f(x) cos 3x dx (B.29) 
IT 

oJ 

Substituting this expression into (B.25) we obtain the general solution 

c(x,t) = 
2 

-a Dt 
e cos ax 

o' 
f(c,) cos aC dc da (B.30) 

This equation can be simplified by interchanging the order of integration 

and using the following two identities: 

2 cos ax cos a£ = cos a(x -?) + cos a(x +£) 

e a B cos Pa da = (TT/4B)1/2 e P ; B > 0 
o' 

Integrating over a, we obtain 

c(x,t) = (4TiDt) 
-1/2 f(c) [e-<*-5>2/«Dt t d5 . 

o' 

t > 0 (B.31) 
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Thus, once the initial value is specified, the profile can in principle 

be determined by evaluating (B.31). 

In semiconductor device fabrication, a two-step diffusion process 

is usually employed. First, a pre-deposition of impurities is made where 

the surface concentration is held constant. Then, with its surface made 

impermeable, the wafer undergoes a drive-in diffusion cycle and re

distribution of impurities occurs. For the second step, the initial 

value is 

f(x) = C erfc x/L^ (B.32) 
D1 

Unfortunately, when (B.32) is used as the initial value in (B.31), the 

resulting equation cannot be integratedhowever, a numerical solution 

has been obtained [27]. We can obtain an approximate solution by using a 

gross approximation for the erfc function. Let 

c(x,o) = Cq [u(x) - u(x - h) ] (B.33) 

represent the initial value. The parameter h is given by specifying the 

total numt-^r of particles present in the maxerial just prior to drive-in. 

Tims using (B.16) we obtain 

h = Ld /fr1/2 (B.34) 

since Q(o) = Q = C h. When (B.33) is substituted into (B.31), the 
o o 

integrations are readily performed with the result that 

C h 
c(x,t) = [erf —X * /0 - erf —-—^-pr ] (B.35) 

* 2(Dt) 2(Dt) 
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When the initial distribution is shallow, a further simplifying 

assumption can be made. If we let h go to zero, but maintain Qq = C^h, 

(B.35) reduces to 

Q0 -x^/'+Dt 
c(x,t) = -T-J- e ; x 5 0, t > 0 (B.36) 

(irDt) 

Note that in this case, the surface concentration decreases for 

increasing time since 

c(o ,t) = Qq (irDt)~1/2 (B. 37) 

Since we let h approach zero, diffusion into the semi-infinite medium 

occurs from an infinitesimally thin layer just inside the surface of the 

wafer. This thin layer is characterized by the total number of impurity 

atoms per unit area initially present, Qq. Since no impurity atoms can 

cross the surface, Q must remain constant with time. Thus as diffusion 
o 

occurs from this thin layer, containing an irreplenished source of 

diffusant, into the interior of the solid, the amount of impurities 

within the layer is depleted while the amount in the interior of the 

solid increases. 

The gaussian distribution described by (B.36) can also be 

derived by using the following boundary conditions: 

c(x,o) = Qq 6(x) 

W f j S i . o . t . o  

lim c(x,t) < 00 

X-J-OO 



121 

Another way of examining the same problem is to use the following 

boundary conditions: 

c(x,o) = 0, x i 0 

Q„ 3c(o ,t) 
3x D 

5(t) 

Thus f(o,t) = Qq 6(t), which means 

lim c(x,t) < <*> 
X->-OO 

Recall that f(x,t) = - D 

- 2  
that all atoms, Q cm , flow across the surface x = 0 in zero time. For 

o ' 

t > 0, no diffusion occurs across the x = 0 boundary since the flux is 

zero. Note that from (B.15) the rate of increase in the number of 

particles per unit area within the solid is 

dQ 
dt 

oJ 

3c 
3t 

dx 
3F J v— dx 
3x 

dt 
= f(o,t) - f(«>,t) (B.38) 

If Q = Q and f(o,t) = 0, the flux at infinity is zero. Thus the 

boundary condition, 

lim c(x,t) < °° 
X-VOO 

could be replaced by the boundary condition, 

c(x,t) dx = Q 

which insures that c(°°,t) is a bounded function. 
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