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ABSTRACT 

A mathematical model for the analysis of inelastic arbitrary 

three-dimensional solid structural systems is presented. The general 

equations of the finite element method have been formulated from a 

differential point of view, and result in a set of simultaneous non

linear first order ordinary differential equations. The fourth order 

Runge-Kutta integration scheme is used to solve these equations, and 

two solution methods are studied for the algebraic equations needed 

to implement the nonlinear solution. These two solution methods are 

the direct Gaussian elimination scheme and the iterative-conjugate 

gradient scheme. The latter has a distinct advantage over the former 

in that the stiffness matrix for the system is not required to be 

formed explicitly. In the case of arbitrary solids, the two methods 

are comparable in computer solution time, provided that the system of 

equations can not be banded. 

Two finite elements, the constant strain and linear strain • 

tetrahedrons, are extended to include nonlinear stress-strain rela

tionships. A differential concept in conjunction with the von Mises 

yield criterion and associated flow rule is used to develop the 

equations relating the stresses and strains in the nonlinear range. 

The differential stiffness coefficients of the linear strain tetra-

hedral element are calculated by using a numerical integration scheme 

viii 



IX 

for multiple integrals. This scheme requires the function being, 

integrated to be evaluated at five points within the tetrahedron. 

Several numerical studies are analyzed which demonstrate the 

feasibility of the model. These examples are idealized by using 

rectangular bricks as the basic unit, where each brick is subdivided 

into five tetrahedra. The entire analysis is carried out on a CDC 

6400 digital computer, and magnetic discs are used as the external 

storage units when required. 



CHAPTER 1 

INTRODUCTION 

The determination of stresses, strains, and displacements in a 

solid structural system in which the stresses exceed the proportional 

limit of the material presents a difficult problem to the analyst 

who desires to take advantage of the ductility of the material. This 

problem is quite prevalent in the aerospace industry because of the 

many nonlinear materials currently in use, or being developed, in an 

attempt to increase the structural efficiency of aerospace systems. 

However, the advantages of these new materials are not limited to 

aerospace systems, and other engineering disciplines are beginning to 

study the feasibility that these recently developed materials may be 

better suited for their specific applications than certain of the 

materials presently being used. Thus the structural analyst must 

have available to him mathematical models and methods which allow 

him to analyze his specific system with a high degree of accuracy. 

With the use of the model and method presented herein, inelastic 

solid structural elements, such as thick plates and shells, pins, 

lugs, and attachments, may be analyzed within a reasonable period of 

data generation and computer solution time. 

Previous approaches to the stress analysis of solids employed 

the development of an analytical model in which the continuum of the 

1 
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physical system was represented by a highly idealized system of simple 

structural elements. The first such approach was presented by 

Hrennikoff (1941) and consisted of replacing the actual continuum with 

a three-dimensional cubic cell framework model. Since Levy (1953) 

introduced the basic ideas of the direct stiffness method, this 

approach has been used extensively in the aerospace industry and in 

civil engineering structural research studies. Gallagher, Padlog, 

and Bijlaard (1962) presented the derivation of the element stiffness 

matrix for a constant strain tetrahedron, and Melosh (1963) gave an 

explicit derivation for both the constant strain tetrahedron and the 

constant strain rectangular right prism. A technique for analyzing 

linear axisymmetric solids using axisymmetric finite elements loaded 

either axisymmetrically or arbitrarily was introduced by Wilson (1965). 

An improved finite element, the linear strain tetrahedron, was 

suggested by Argyris (1965), and since that time there have been 

other elaborate elements developed, a few of which are given by 

Zienkiewicz (1967). The analysis of arbitrary solid elasto-plastic 

systems has been made (Argyris 1965) by combining the direct stiff

ness method with a step-by-step incremental linear analysis which 

treats the plasticity effects as initial loads. Later publications 

on solids include the use of an incremental approach to incorporate 

creep strains in the analysis of axisymmetric solids (Greenbaum and 

Rubinstein 1968), and a step-by-step computational algorithm which 

was applied to two-dimensional problems but can be extended to 

solids (Akyuz and Merwin 1968). 
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Three-dimensional problems, due to their complexity, generally 

require large computing facilities and automation in the generation 

of data. As an example, Rashid (1966) stated that Gulf General Atomic, 

Inc. had solved ten thousand equations which were obtained through the 

stress analysis of a solids problem. Not only is a large system of 

equations generated by the very nature of the shape of an arbitrary 

solid, but the band width of the system stiffness matrix is also quite 

wide. Because of the band width and the large number of equations in

volved, external storage is required; therefore, the generation and 

the solution time of the equations for certain iteration schemes often 

compare to the generation and solution time for elimination schemes. 

The method presented in this dissertation is a generalization 

of the direct stiffness method for one- and two-dimensional nonlinear 

systems subjected to proportional loading (Richard 1961, Goldberg and 

Richard 1963, Richard and Blacklock 1969). A differential point of 

view is taken and results in a system of differential equations which 

are numerically integrated to obtain the stresses, strains, and dis

placements of the system. Two discrete elements, the constant strain 

tetrahedron and the linearly varying strain tetrahedron, are used to 

generate the system stiffness matrix. The element stiffnesses are 

obtained by integrating a function of the element coordinates over the 

volume of the element, and because this function is a constant for the 

constant strain tetrahedron, the integration is performed explicitly. 

In order to calculate the element stiffness of the linearly varying 

strain tetrahedron, a Gaussian quadrature integration formula for 
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multiple integrals is used. Plastic strains are obtained by utilizing 

the concept of isotropic hardening in conjunction with the von Mises 

yield criterion and the associated flow rule. A three parameter contin 

uous function is used to approximate the uniaxial nonlinear stress-

strain relationship, and consequently the slope of the plastic strain 

versus effective stress curve is also a continuous function. Elastic 

unloading is allowed so that the residual stresses, strains, and dis

placements can be determined. Internal to the fourth order Runge-

Kutta integration algorithm, four linear approximations to the system 

of equations are required. Two methods are compared for finding 

these linear approximations. These are the Gauss elimination method 

and the scaled conjugate gradient method. Use of the latter method 

has a distinct advantage over an elimination scheme in that the 

system stiffness matrix does not have to be stored explicitly. 



CHAPTER 2 

DEVELOPMENT OF THE MODEL 

The basic matrix structural analysis methods, the force and 

displacement methods, have led to the development of the present finite 

element method for elastic continua. In the finite element method the 

continuum is assumed to be separated by imaginary lines or surfaces 

into a number of finite elements. It is further assumed that these 

finite elements are interconnected at a discrete number of nodal points. 

The displacements of these nodal points are the unknown parameters of 

the problem, just as in the matrix displacement method. By assuming a 

displacement function to define uniquely the displacement state at any 

point within the finite element, the state of strain within the element 

is also uniquely determined once the nodal displacements are known. 

The state of stress throughout the element and also on its boundaries 

can be found by combining the elastic properties of the material and 

the known state of strain. After the stresses within the finite element 

are known, a stiffness relationship for the finite element can be 

determined in th6 following form 

{F}e = Ke {6}e (2.1) 

where 

{F}e e element nodal forces 

I<e = element stiffness 

{6}e s element nodal displacements 
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Once the element stiffnesses for the particular system have been 

formulated, the solution procedure follows the well-known matrix 

displacement method. A distinct advantage of the finite element 

method is the ease with which it can be used for the analysis of 

elastic continua after a displacement function has been assumed for 

each finite element used to model the real problem. 

Analysis of nonlinear problems where the nonlinearity is due 

to nonlinear material properties is much more complicated than the 

linear analysis, because the governing set of simultaneous linear 

algebraic equations becomes nonlinear. Presently, the most widely 

used method for solving these nonlinear equations is to divide the 

total load into increments and solve a set of quasi-linear subproblems 

where the effect of nonlinear material properties is taken into account 

after each increment. The total solution is then a summation of all 

these linear solutions. This procedure will give a good approxima

tion to the actual problem if enough increments are taken, but the 

solution time required to obtain an accurate solution is quite long. 

Since the governing equations for nonlinear problems are a 

function of the applied load, a method based on a differential point 

of view will be developed for arbitrary inelastic solids. This dif

ferential technique has been used for one-dimensional problems 

(Richard 1961, Goldberg and Richard 1963, Richard and Goldberg 1965) 

and has been extended to two-dimensional plane stress systems (Richard 

and Callabresi 1967). Successful applications of this method have 

recently been made to large structural systems (Richard and Black!ock 
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1969). In applying this differential technique to the finite element 

method which assumes elastic material properties, a set of simultaneous 

linear ordinary differential equations is obtained. Upon integration, 

these equations yield the same results as the algebraic equations. 

When the material properties are not linear, however, a set of 

simultaneous nonlinear ordinary differential equations result, and 

solutions to these equations are generally obtained through a 

numerical integration technique. 

General Equations 

The basic algebraic equations of the matrix displacement 

method are used in developing the governing equations based on the 

differential concept. Both the linear and differential systems of 

equations are presented here for completeness and convenience, and 

matrix notation is used when convenient. 

As a starting point it is assumed that by separate calcula

tion or by experimentation, the element stiffnesses of each element in 

the system are precisely known. It is further assumed that the element 

is free of distributed loads and that initial strains are not present. 

These last two assumptions are used only to simplify the governing 

equations, and if these effects are present they can easily be included. 

For a typical element, the forces acting at the nodes are therefore 

uniquely defined by the displacement of these nodes. 

The forces acting at the nodes of an element (assuming three 

degrees of freedom at each node) can be written in matrix form as 
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{F} < 
Fi 

F2 

Ui 
Vi 
Wi 

( 2 . 2 )  

= < 

Fn 
V J 

u 

w 

where n equals the total number of node points for the element. 

The corresponding nodal displacements are as follows 

{fi}1 

<Si 

62 

L 

U i  

V i  

Wi 

= < 

(2.3) 

,n 

n 
s. 
w 

Thus for elastic behavior the characteristic relationship for the 

element can be written in the form 

>e {F} Ke {«}e (2.4) 

with the terms on the right hand side representing the forces intro

duced by nodal displacements. The matrix K e is known as the element 

stiffness matrix, and will always be a square matrix. 

Assume now that the structural system is composed of several 
* 

finite elements. Since Equation (2.4) insures that equilibrium is 

satisfied within each element, all that is necessary to obtain a solu

tion for the structure is to establish equilibrium conditions at the 

node points. In order to do this, consider the structure to be 

loaded by external forces applied at the nodes. Now, if equilibrium 
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conditions of a typical node, i , are to be established, each com-
i 

ponent of the nodal load must be equated to the sum of the element 

forces meeting at the node. Therefore 

m=n 
{F.} = 2 2 K.J5 {6 } (2.5) 
l _ . —im m m-1 

where K.jm
e equals a square (3X3) submatrix and the inside summation 

is taken over all the elements. If a particular element does not 

include the node, i , its contribution to the stiffness at that node 

will be zero. 

When all of the node points of the structure are included, the 

set of simultaneous equations to be solved is usually written in the 

form 

{F} = K {6} . (2.6) 

Note that K is formed by summing all of the element stiffness matrices 

in the proper manner, and they must all be transformed to the global 

coordinate system before they are added to the system stiffness matrix. 

In developing the differential system of equations character

istic of nonlinear structures, the linear equations are differentiated 

with respect to an applied load parameter, P . The element relation

ship then becomes 

,dF,e ' _ dK e r„e ,d6,e (2.7) 
{HF " _d£_ {6} + - {dF 

However for nonlinear materials the element stiffness matrix is a 

function of the nodal displacements, and Equation (2.7) can be 
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simplified to 

rdFie _ F e ,d5,e (2.8) 
{ d P J  "  -  i d P i  

where K e is defined as the differential element stiffness matrix. 

j< e will be developed in the next section. 

The set of differential equations for the entire structural 

system is obtained by summing the proper element stiffnesses. Assuming 

proportional loading, the nodal loads can be written as {F} - {AP} 

where A is a proportionality vector. Therefore the set of simultan

eous equations to be solved is 

. (<!$) . x . E{g.} (2-9) 

noting that K is the differential system stiffness matrix. Equation 

(2.9) is a set of first order nonlinear ordinary differential equations 

which, when integrated, yields the nodal displacements of the system 

for any given proportional loading and initial condition. 

Many numerical integration schemes are available for solving 

simultaneous differential equations. One of the most widely used is 

the fourth order Runge-Kutta integration scheme which was applied 

here. This method is based on the Taylor series solution, and the 

approximation to the function being integrated is established through 

several evaluations of the expression for the first derivatives. 

Distinct advantages of the Runge-Kutta scheme are that it is self-

starting, that is, does not require a past history of function values, 

a n d  t h e  i n t e g r a t i o n  i n t e r v a l  m a y  e a s i l y  b e  c h a n g e d .  T h i s  m e t h o d  i s '  



11 

presented in detail in several publications (Ince 1926, f4cCracken 

1962) and will not be included here. 

Differential Element Stiffness 

The differential element stiffness matrix for two three-dimen

sional finite elements, the constant strain tetrahedron, Tet 4, and 

the linearly varying strain tetrahedron, Tet 10, were incorporated 

into the computer program. There are several methods available for 

formulating the element characteristics; however, a direct approach 

will be used herein which utilizes the principle of virtual work. 

The first step in developing the stiffness properties of a 

finite element using a direct approach, is to assume a displacement 

function which will give the displacements of any point within the 

element as a function of the node displacements. If the displacement 

function is assumed to be a polynomial in the coordinates X , Y , and 

Z , then the order of this polynomial is determined by the number of 

element node points. For the particular elements chosen, the Tet 4 

has four node points, resulting in a complete first order polynomial 

as the displacement function. The Tet 10 has ten node points and for 

this element a complete second order polynomial is used as the dis- ' 

placement function. The coefficients of the polynomials can be 

solved in terms of the nodal displacements; therefore, once the node 

point coordinates of the finite element are known, the displacement 

function will be completely defined. With the displacements known at 

all points within the element, the strains at any point can be deter

mined by using the well-known equations of infinitesimal elasticity. 
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Hence in matrix notation the following relationship exists 

{er B  { 5 V  (2 .10)  

If the displacement function is a first order polynomial, then the 

strains will be constant and the 13 matrix will consist only of 

constant values. For the complete second order polynomial, the 

strains will be linear throughout the element, and the B. matrix will 

be a function of the coordinates. 

When the material properties of the finite element are linear 

and isotropic, the constitutive equations can be written in the fol

lowing form 

' l-y u y 0 0 

> = 

xy 

yz 

zx 

(l+y)(l-2y) 

y 

v 

"o 

0 

0 

l-y v 

y l-y 

o o 

o o 

o o 

o o 

ifi 0 

o 

0 

0 

0 

0 

0 

1=£L 

(2.11) 

'xy 

'yz 

zx 

or 

{CT> D  { £ }  (2 .12)  

Once the strains are known within the element, the stresses at any 

point can thus be found by using the above relationships. The con

stitutive equations cannot be written in the form of Equation (2.12) 

for the case of nonlinear material properties, since the strains are a 

function of the load path. At this stage however, it is not essential 
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that the relationship between stress and strain be known, so it will 
v 

not be discussed until later. 

Consider now the virtual work principle 

AWe = AUe (2.13) 

where the external element virtual work, AWe , is equal to the work 

done by the nodal forces in moving through a virtual displacement; 

i.e., in matrix notation 

AWe = ({A6}e)^ {F}e (2.14) 

Similarly, the internal element strain energy, AUe , is 

AUe = /y {Ae}t {a} dv (2.15) 

Now if the external virtual work is differentiated with respect to an 

applied load parameter, P , the following expression for the differ-
HAW® 

ential external element virtual work, -gp— » is obtained. 

^ • ({46}®)' {|£)e (2.16) 

J i||6 

The differential virtual element strain energy, • dp , is derived in 

the same manner yielding 

^ = /vUe}t {gf> dv (2.17) 

Equating the differential energies gives 

({AS}6)* {gp)e = jv
{Ae}t {^} dv (2.18) 
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and by using Equation (2.10) the relationship between the virtual 

nodal displacements and the internal virtual strains can be written as 

{AE> = B {M}e (2.19) 

Substituting Equation (2.19) into Equation (2.18) yields 

({AS}®)4 {gf}2 - /v (US}6)1 B* {jjf} dv (2.20) 

and because this relationship is valid for any virtual displacement, 

the following relationship must also be true 

<3F>0 = /„ £* fgp}  ̂ (2.21) 

Since the strains are a function of the load path for nonlinear 

materials, no total stress-strain relationships exist; however, at 

the differential level a relationship between the rate of change of 

strain and the rate of change of stress can be used. These constitu

tive equations are developed in Chapter 3, and define the strain rates 

as a function of the stress rates, i.e., 

{gf} • £$> <2"22> 

All of the assumptions required for their derivation will also apply 

to the finite element method being presented here. 

In the development of the differential element stiffness 

matrix, the stress rates are required to be a function of the strain 

rates. The desired form for the differential constitutive equations 

is obtained if Equation (2.22) is premultiplied by F , and is 

shown as 
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{gf-) - D{gf-> (2.23) 

where £ is equal to E • It should be noted at this point that 

the above equation is nonlinear because D is a function of the 

instantaneous stresses, and that the inverse of £ was found numer

ically in this dissertation. The numerical solution was necessary 

since the elements of F were so complicated that deriving an explicit 

inverse of F was impractical. 

Now by substituting Equation (2.23) into Equation (2.21) 

{p - /v D {gf} dv (2.24) 

and if Equation (2.10) is differentiated with respect to an applied 

load parameter the following results 

{gf-J - Mjjjj-}6 (2.25) 

Note that because geometric linearity..is assumed, the matrix E[ is 

not a function of the applied load. Substituting Equation (2.25) into 

Equation (2.24) and rearranging terms gives 

(gf)6 = Jv I* IB dv {£j£}e (2.26) 

since the nodal displacements are not a function of the element volume. 

Thus the differential element stiffness j< e is equal to the above 

f u n c t i o n  i n t e g r a t e d  o v e r  t h e  e l e m e n t  v o l u m e ,  i . e . ,  
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Tet 4 and Tet 10 Differential Element Stiffness 

The integration required to obtain the differential element 

stiffness for the constant strain element, Tet 4, is performed 

explicitly and yields the volume of the tetrahedron, due to the fact 

that the matrices £ and jD are constant with respect to the element 

coordinates. However, for the Tet 10 element, both of the matrices IB 

and D are a function of the element coordinates and hence an explicit 

integration over the volume is not feasible. In order to calculate 

the differential element stiffness for the Tet 10 element, the required 

integration was performed numerically. There are several numerical 

methods available, and a procedure similar to the Gauss quadrature 

method was selected. 

Integration formulae for the numerical evaluation of integrals 

over simplexes and cones in n-space have been given by Hammer, 

Marlowe, and Stroud (1956). These numerical integration formulae 

were developed so that it is possible, in principle, to integrate 
XL 

exactly a k degree polynomial in n variables over an n-dimen-

sional simplex.' 

The particular degree of the polynomial which should be used 

to represent the coefficients of the matrix j) B. could not be 

determined explicitly because of the complexity of these coefficients. 

It was assumed that these coefficients could be approximated by using 

a cubic polynomial. A problem which had linearly varying strains was 

solved, and the results indicated that the cubic polynomial accurately 

represented these coefficients for linear strains. 
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Another reason for selecting the cubic polynomial was to keep 

the number of evaluation points for the coefficients to a minimum, and 
* 

still not lose the effectiveness of the method. The integration formula 

developed by Hammer and Stroud (2956), exact for a general cubic poly

nomial over a three-dimensional simplex, S3, was used to evaluate 

the element stiffnesses, and is given by 

/c f dv3 = a3 E f(u-) + c3 f(c) (2.28) 
«3 0 1 

where 

9 4 
a3 = 2jjA3 ; c3 = -gA3 ; A3 = volume of S3 

and 

U- =  0  v .  +  g  c  j  i  —  o , . . . . , 3  

v.. = vertices ; c = centroid 

Thus only five points within the tetrahedron were used for a cubic 

polynomial. If a higher degree polynomial had been used, the number of 

points would have increased significantly and the computation time and 

data processing problems for each element would soon have become 

unrealistic. 

Computer Program 

There are several different ways in which a computer program 

may be written, depending upon the particular problem to be treated. 

Because of the number of different operations which must be performed 

for this nonlinear method, each of these operations was written as a 

subprogram, and the main program consisted primarily of call statements. 
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This method of programming was found to be very convenient, as each 

operation could be checked out individually and then inserted into 

the general program with only minor-changes. 

All of the data was stored in core until the program was com

pletely developed and working. The program was then extended to include 

external storage units, since the band width for the type of three-

dimensional problems analyzed was quite large, and the system stiffness 

matrix storage requirement exceeded the available internal storage. 

The program was also written so that both the linear and nonlinear 

solutions could be obtained from the analysis. A copy of the flow 

diagram may be found in Appendix A. 

Essentially the computer program consisted of the following 

main operations: 

1. Generate and store the required element information from 

the input data. 

2. Generate and store the nodal loads and support information. 

3. Form the element stiffnesses and pack into the system 

stiffness matrix. . 

4. Apply the boundary conditions and solve for the nodal 

displacements. 

5. Compute the element stresses from the known nodal 

displacements. 

6. Print the required information for each element and then 

initialize the proper vectors for the next interval of load. 
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In order to keep the input data to a minimum the three-

dimensional problems analyzed were divided into basic units composed 

of rectangular bricks, and information for each brick was the required 

input data. The basic information needed for the problems was as 

follows: 

1. Total number of bricks 

2. Total number of brick midpoint rows, columns, and layers 

3. The brick number, midpoint row number, midpoint column 

number, and midpoint layer number 

4. Coordinates of the brick midpoint 

5. Distance from the midpoint to each face of the brick 

6. Number of sides supported and associated support conditions 

7. Number of sides loaded and associated types of loadings 

8. Material properties associated with each brick 

Output from the program was nodal displacements and element 

stresses and strains at selected points within each element. Re

maining parts of the program resulted from generalizations of programs 

for the well-known displacement method, and will not be discussed here. 



CHAPTER 3 

CONSTITUTIVE EQUATIONS 

A study of the plasticity of metals was first presented in 1864 

by Tresca when his results on punching and extrusion experiments were 

published. Since that time many researchers have made numerous contri

butions to the mathematical and physical theories of plasticity. The 

types of problems involving plastic strains can conveniently be divided 

into two groups. The first group deals with problems in which the 

plastic strains are very large, such as are found in metal-forming 

operations, and because the elastic strains are much smaller than these 

plastic strains the former can usually be neglected. Problems in the 

second group are concerned with plastic strains which are of the same 

order as elastic strains. The method developed herein is limited to 

problems which fall into this second group, and the constitutive 

equations presented are based on the assumptions used to develop the 

Prandtl-Reuss equations. Rather than using plastic strain increments, 

however, the rate of change of plastic strain is assumed to be with 

respect to an applied load parameter. 

Assumptions 

In developing a tractable mathematical theory of plasticity 

there are many initial assumptions which must be made. The assumptions 

presented here are those which are required in developing the consti

tutive equations for strain-hardening materials. Some of these 

20 
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assumptions are based on experimental results and observations; others 

are required because of insufficient data, or because the effects 

cannot be adequately incorporated into the mathematical theory with 

the present knowledge in this area. 

The influence of time effects such as creep or post elastic 

recovery are neglected, as well as the size effects which may be due 

to grain size, inclusions, or the difficulty of nucleation of a slip 

process. Increasing strain rates generally has the effect of increasing 

the tensile yield stress, and this effect is very important in metal-

forming processes which are performed at very high strain rates. 

However, the effect of strain rates will be neglected for the work 

presented here. Thermal effects will also not be included, and the 

plastic flow will be assumed to take place under constant temperature. 

The simplest and most common material testing experiment is 

the standard tensile test, and the data resulting from such a test is 

usually plotted as nominal stress versus engineering strain. The 

curve obtained from such a plot is often referred to as the uniaxial 

stress-strain curve. If the nominal stress is plotted against the 

true or logarithmic strain, the curves determined from a tension test 

and a compression test are practically identical, whereas they are 

quite different if conventional strain units are used. However, for 

convenience and because for infinitesimal strains the difference 

between conventional and logarithmic strains is very small, the con

ventional definition for strain will be used herein. 
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If a specimen of a strain-hardening material is first strained 

. beyond the yield point by a tensile test, then unloaded and reloaded 

in compression, the yield point in compression will be numerically 

less than the initial tensile yield stress. This decrease in the yield 

stress is called the Bauschinger effect and is very important in cyclic 

plasticity studies. Unfortunately, it greatly complicates the problem 

and will not be considered, since cyclic loads are not treated here. 

The concept of isotropic hardening, which assumes that the 

mechanism producing hardening acts equally in tension and compression, 

will be used in this development. Thus by initially assuming that the 

yield stress in tension and in compression is the same, it follows 

that as the material strain hardens the yield stress in both tension 

and compression will increase and remain equal. 

Materials may have initial anisotropy due to the manufacturing 

process, and they may also develop anisotropy due to plastic yielding. 

The first effect can be checked by simple tests, and if considerable 

anisotropy is found, a much more complete anisotropic theory may have 

to be used, vn lieu of the simplifying assumption of isotropy. Since 

the plastic strains are assumed to be of the same order as the elastic 

strains, the anisotropy due to the plastic strains can be neglected 

without introducing undue errors. 

Two experimental facts which were the result of the classical 

experiments of Bridgman (1947 and 1952) are the lack of influence of 

hydrostatic pressure on the yield point, and the fact that a material 
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can be considered as incompressible in the plastic range. These two 

assumptions are very important in the development of plastic flow 

theories. 

The Stress Tensor 

The subscript notation known as tensor notation will be used 

in this and the subsequent sections of this work. Some basic terms 

and symbols used later will be defined here, and in the next section. 

Complete specification of stress at a point is given by nine quanti

ties, six of which are distinct, due to the fact that body moments are 

neglected. These nine quantities are called the stress tensor, and 

are usually written in the following form 

an <*12 013 °X T xy Txz 

aiJ 
021 0 22 023 25 

Tyx ay Tyz 

031 032 a 3 3_ 
-T» 

Tzy az_ 

with <j.. equal to a.. . In the theory of plasticity, the stress 
I'J J • 

tensor is conveniently split into two parts, one called the spherical 

stress tensor and the other called the stress deviator tensor. These 

tensors are defined below, together with some additional terms. 

•  1 * 3  
Kronecker Delta 6.. = { (3.2) 

13 1 i = j 

Mean Stress am = j (3.3) 

Spherical Stress Tensor P.... e ^ 6^ (3.4) 



Stress Deviator Tensor S.. 
' J °ij " 3 6i j akk 
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(3.5) 

The Strain Tensor 

Only infinitesimal strains were considered in developing this 

model; therefore, the strain tensor can be written in terms of the 

displacements as 

'13 

E l l  £ 1 2  £ 1 3  

£21 ^22 ^23 

£31 E 3 2 £33 

3X 

U M + *L) 
*hy 3x' 

k,du_ , 3Wt , ,oy_ + aw\ dw 
3z 3x' ^3z 3y' 3z 

(3.6) 

jsCfy. + ay.) j,(|« + |st) 
"3y 9x' 3z 3x 

|V %(|V + |WJ 
3y "3z 3y' 

f9v * 3W> 3w 

or using the standard engineering notation 

yvu Yv 

e.. = 
U 

e 'xy 'xz 
X ~2 T-

V ' 'A '• 'yz 

(3.7) 

Yzx Yzy p 

~2 r ; 

Just as in the case of the stress tensor, the strain tensor is also 

separated into two parts, a spherical part and a deviator part. These 

tensors, along with the mean strain, are defined as follows 

Strain Deviator Tensor 

Mean Strain 

e. . z #r (S • • 0i| ij 1j 3 lj kk 

m 
i e 
3 kk 

(3.8) 

(3.9) 



Spherical Strain Tensor X-H 
w 
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(3.10) 

Yield Criteria 

In the case of a three-dimensional stress state the question 

arises: For what combinations of stresses will the material yield? 

Many experimental tests have been performed on numerous materials 

and as a result there are several yield theories available. The von 

Mises yield criterion fits the experimental data of ductile materials 

better than most other theories, and it is also often easier to apply. 

For these reasons it is widely used, and will be the criterion incor

porated here. Since the von Mises yield criterion has been discussed 

in detail in many tests, one of the latest being Mendel son (1968), 

only the equation form will be presented, i.e., 

J2 = (3.11) 
O 0 

where 

J2 = second invariant of the stress deviator tensor 

a0 = yield stress in simple tension 

The yield surface which corresponds to the von Mises yield 

criterion forms an infinite cylinder with its generator making equal 

angles with the coordinates of the Haigh-Westergaard stress space. 

On the plane passing through the origin, perpendicular to the generator 

of the infinite cylinder, the spherical stress is zero. This plane is 

called the ir plane, and the intersection of the yield cylinder and 

this plane produces a circle called the yield locus. Under the 

assumption of isotropic hardening the yield cylinder will expand with 
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stress and strain history, and for a von Mises material, the subsequent 

yield loci will be a series of concentric circles. 

Plastic Stress-Strain Relations 

The flow rule associated with the von Mises yield criterion is 

known as the Prandtl-Reuss flow rule. It assumes that the plastic 

strain increment at any instant of loading is proportional to the 

instantaneous stress deviation. If this rule is applied at the differ

ential level the rate of change of plastic strain with respect to an 

applied load parameter, P , is obtained, and can be written as 

"*•3 = s — {3 12) 
dP ij dP VJ-A<£; 

where ^ is a nonnegative constant. Equation (3.12) implies that 

the principal axes of stress and of the rate of change of the plastic 

strain tensors coincide. This relationship is also indicated when 

Lode's stress parameter, p , is equal to his plastic strain parameter, 

V , where the parameters are defined as 

2q2 - cr3 - <Ji (3.13) 
v " <Ji - a3 

and 

v = - 2"e,p 

dei^ - dea^ 
* = - 2de?P ' „de»P - n

dg'P (3.14) 

with a. being the principal stresses and de.P being the principal 

plastic strain rates. Experimental investigations of this relationship 

were conducted by several researchers, (Taylor and Quinney 1931, Davis 

1943), and their results indicated that it was approximately satisfied. 
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However, there is a definite deviation which suggests that the 

Prandtl-Reuss assumptions are not exact. These relationships appear 

to be sufficiently accurate from a practical viewpoint, and therefore 

will be used. 

To determine jjp- , use is made of the yield criterion, and of 

the following definitions for an effective stress and an-effective 

plastic strain rate. 

l , <3-15) 
Effective Stress a0 = —{(an - a22) + (a22 - a33)2 + 

e 

(a33 - an)2 + 6(a12
2 + a23

2 + asi2)}** 

ag " /3J2 

Effective Plastic Strain Rate (3.16) 

-gp = {(den^ - de22
p)2 + 

(de22
p - de33

p)2 + (de33
p - denP)2 + 

6(dei2
p)2 + 6(de23

p)2 + 6(de3iP)2},s 

For simplicity dP has not been included on the right hand side of 

the above equations. After proper substitutions and combinations of 

terms have been made, the constant gp- can be written as 

d\ _ 3 1 (3.17) 
dP ' 2 aQ dP e 

If Equation (3.15) is compared to the von Mises yield criterion just 

as yielding,.begins then 
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ae = aQ (3.18) 

and the equivalent stress is the same as the von Mises yield function. 

The concept of plastic work is used to find the relationship 

between the effective stress and the effective plastic strain rate, 

since for a material that work hardens, CT0 may be greater than aQ , 

The work done per unit volume on an element during straining is 

dW = a.- de.• (3.19) 
J J I J 

dw = °ij (dEije + deijP) 

dW = dWe + dWp 

and because dWe is recoverable elastic energy, dW*3 is called the 

plastic work. 

The strain-hardening hypothesis is used as the measure to 

determine the amount of strain hardening which has taken place due to 

plastic flow. This hypothesis implies that resistance to further 

yielding depends only upon the amount of plastic work which has been 

done on the material. This amount of plastic work is measured by 

the yield criterion, and if the equivalent stress is used for the 

yield function then 

V = H<ep> <3-20> 

where the functional relationship can be determined by experiment. 

For actual application, the experimental relationship given 

by Equation (3.20) is obtained from the uniaxial stress-strain curve 

after the elastic strain has been subtracted from the total strain 
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and the abscissa and ordinate of the modified uniaxial stress-strain 

curve have been replaced by Ep and respectively. Now the rate 

of change of plastic strain may be written in terms of the slope of 

this curve by using Equation (3.12) where is given by Equation 

(3.17), i.e., 

de p 
i j 
dP 

3 fiJL dae 
2 ITcT dP (3.21) 

with 

dP 
1 
H' 

da e 
dP (3.22) 

Empirical Equation for the Uniaxial Stress-Strain Curve 

The experimental information required to determine the func

tional relationship of Equation (3.20) is found by using a three 

parameter empirical equation developed by Richard (1961). This 

empirical equation can be written as 

Ee 

{1 + e 
eo 

njl/n 
(3.23) 

or 

E {1 - a  
a0 

n-«l/n 
(3.24) 

where E is the initial linear relationship between a and e , e0 

is the l inear strain associated with the maximum stress a0  > and n 
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is the nonlinear parameter defining the general nonlinear relationship 

between a and e . Therefore if given an experimentally determined 

uniaxial stress-strain curve, the proper values of c0 , n , and E , 

can be selected to approximate the actual data with a smooth contin

uous curve. A non-dimensional plot of Equation (3.23) is shown in 

Figure 1 for several values of the parameter n . 

In order to arrive at the value of n , used in the above 

function, an upper bound must be selected such that the stress-strain 

curve becomes asymptotic to this value for a given strain. By using 

Young's modulus, a value of strain s0 associated with a0 can be 

found, and the stress ai can then be determined from the actual non

linear stress-strain curve of the given material. Once the ratio of 

is known, the proper value of n can be established from Figure 2, 
oo 
and as this figure indicates, n approaches infinity as the stress-

strain curve approaches the bilinear case. 

Using Equation (3.22) the value for jlj-, can be formulated in 

the following manner. The plastic strain, ep , is equal to 

ep = et - ee (3.25) 

where is the total strain, and eg is the elastic strain. For 

the total strain, Equation (3.24) is used, with the elastic strain 

being given by 

se = (3.26) 

The plastic strain therefore becomes 
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(3.27) 

Oo 

and by replacing a with aa , the effective stress-plastic strain 
6 

curve can be written as 

o 
= -S- { 

E 1 
(1 -

CF0 

n^l/n 
- 1} (3.28) 

By differentiating Equation (3.28) with respect to an applied load 

parameter, P , and simplifying, the following is obtained 

dP 
ŝ. I 
dP E v 

(1 - e 
a0 

nvn+l 
' n 

- 1} (3.29) 

where 

1 
H' d0e 

k  <  
(1 -

a0 

n.n+l, 
' rt 

- 1} (3.30) 

Differential Constitutive Equations 

In order to formulate the stress-strain relationships in the 

form given by Equation (2.22), the total strain tensor can be divided 

into two parts, the elastic part and the plastic part, i.e., 

(3.31) e . +  e .  
ij U 

Differentiating Equation (3.31) with respect to an applied.load 

parameter yields 
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d c . .  d e . .  d e .  
1J = 1J -f —U_ (3 321 

dP dP dP 

When the elastic strain is written in the form 

0 J ^ 
eij = 2G aij " 6ij E akk (3.33) 

where G is the shear modulus and y is Poisson's ratio, then by 

differentiating the elastic strain with respect to the load parameter, 

the elastic strain rate can be written as 

de- -0 i da.. da.,, 
=  i _  L L  -  5  H .  — ( 3  3 4 )  dP 2G dP i j  E dP V J .J H; 

The plastic strain rate is given by Equation (3.21) where the 

value for jjjr, is determined from Equation (3.30). The total differen

tial strain rate then becomes 

dc • • « dtj* * da, t n ^»* da. 
_li = JL —13. - (S M. + —  _j j ® ( 2  35) 

dP 2G dP i j E dP 2 hPoT^ dP 

The above equation is in the desired form for the differential consti

tutive relationships, and for clarification one equation will be com

pletely written out. The derivative of the effective stress is given as 

da 
-jjp- - 2a- t(2an - a22 - 033) + (2a22 ~ <*33 ~ °"i 1) 

e 

+ {2a33 - a„ - a22) + 6a12 ̂  + 

6a23 ^p3- + 6a3i 

(3.36) 
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and substituting this expression into Equation (3.35) with i equal 

to 1 , and j equal to 1 , yields the following expression after 

simplification 
(3.37) 

^p1" = + 11 ^°llZ ~ 2an022 - 2011033 + O222 + 

022033 + i 033
2)} + C£ + 2H'q ("Oil2 + 

e 

5  X  2 I  ,  1  2 \ i  d a 2 2  
2* Ou022 ~ 2 alla33 ~ O22 ~ 2 a2*033 2 033 ' ~~3P~" 

1 15 1 
+ { jr + gH^a 1 ^"ailZ " 2 ail°22 + 2 ailCT33 + 2 a22* 

e 

- ^*02203 3 ~ O332)} ^p3 + 2 (SOU ~ 3CT22 ~ 

3033) 012} ^p2" + 1 
~ ^a22 ~ 3033) 023} 

^dp3 + 2HSJ 2 ^Ql1 " 3^22 - 3033) crsi) ^p1 

e 

Numerical solutions for Equation (3.35) were calculated using 

the fourth order Runge-Kutta integration scheme, and were compared to 

solutions obtained by using two thousand pound increments in conjunction 

with the incremental Prandtl-Reuss flow equations. A maximum stress of 

one hundred thousand psi and a Young's modulus of one million psi were 

used. Figures 3 and 4 are plots of an versus en , and o22 

versus 622 » respectively, for several different biaxial load cases. 

As indicated by the figures, the numerical integration method yielded 

very good results. 
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Four load cases which assumed a triaxial state of stress were 

- also compared to the incremental Prandtl-Reuss results. The values * 

of the^proportional loading constants and the point where each case 

intersects the yield surface in the u plane are shown in Figure 5. 

Figures 6, 7, and 8 are plots of the results for an versus en , 

<j22 versus e2z » and o3a versus e33 , respectfully, and in each 

case the integrated results agreed with the incremental results. 
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CHAPTER 4 

SOLUTION METHODS APPLICABLE TO SOLIDS 

The analyst using the finite element method to analyze 

structural problems is often required to find solutions to large 

systems of simultaneous equations. When the number of necessary 

equations becomes so large that external computer storage must be used, 

the generation time for the system stiffness matrix and the solution 

time for the system of simultaneous equations become significant 

factors in the total time required to analyze the system. If the 

node points for a structure can be numbered such that there is only a 

narrow band of non-zero coefficients in the system stiffness matrix, 

large structural systems then require much less storage space than a 

system which has a wide band width. In addition, the narrow banded 

matrix system can be solved rapidly, since the number of coefficients 

which requires manipulation is only a very small per cent of the 

number in a fully populated square matrix. When systems of equations 

are stored within the core of the computer, direct solution methods 

for simultaneous systems of equations are generally used. One example 

of a direct method is the well-known Gauss elimination scheme. 

For structural problems which are so complex that even the 

banded portion of the stiffness matrix must be stored externally, 

the substructure concept is often used. This concept divides the 

entire structure into several smaller substructures where each 
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substructure is dimensioned in a manner which allows all of the stiff

ness coefficients for a particular substructure to be stored in core. 

If the structure can be divided into substructures, the set of simul

taneous equations is usually solved by a modified direct solution 

scheme. Many other methods are available for solving a set of banded 

simultaneous equations, but they will not be discussed here. 

External storage units are required for structural problems 

which have very wide band widths, or for those in which the sub-

structural technique cannot be readily applied. As a result, two 

necessary but time-consuming operations must be used in order to 

solve these problems. The first is the generation of the system 

stiffness matrix once the element stiffness matrices have been estab

lished. This operation involves packing each element stiffness 

coefficient into the proper location of the system stiffness matrix. 

In order to do this, the external storage unit must be searched until 

the proper location corresponding to the particular element of the 

element stiffness matrix is found. This coefficient is then stored 

and the operation repeated until all coefficients for all of the 

elements have been packed. The operation involving the solution of 

this type of problem is very time-consuming since the number of non

zero coefficients is greatly increased, and because the external 

storage unit is being used continuously in the solution procedure. 

Nonlinear solutions to structural problems also require 

solutions to a set of simultaneous equations; however, rather than 

solving the set of equations only once, many solutions are required. 
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When the differential technique is used to generate the set of governing 

equations for nonlinear problems, a simultaneous set of nonlinear 

first order differential equations is generated. These differential 

equations are integrated numerically using the fourth order Runge-

Kutta method. In using the Runge-Kutta integration method, four linear 

evaluations of the set of simultaneous first order derivatives are 

necessary for each Runge-Kutta interval. In previous one- and two-

dimensional nonlinear problems these linear solutions were found by 

using the Gauss elimination method. 

By their very nature arbitrary solids problems produce systems 

of simultaneous equations which have quite large band widths, and 

many finite elements must be used to model the real structure. Exter

nal storage units are therefore necessary to store the system stiffness 

matrix. When the Gauss elimination scheme is used, the generation and 

solution time for the governing set of equations characteristic of 

arbitrary solids problems is quite time consuming; for this reason other 

solution methods were investigated. One indirect solution method, the 

conjugate gradient method, was studied and found to be applicable. 

Conjugate Gradient Method 

Unlike many iteration schemes, the conjugate gradient method 

is an N-step iterative one; i.e., if the computations are made over 

the field of real numbers, a solution is obtained after N iterations 

(N is the order of the system). Further advantages of this method are: 
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1. The simplicity of the computational procedures 

2. The original matrix of coefficients is not destroyed 

during computation and therefore advantage may be taken of 

many of the zero coefficients 

3. The computation can be started anew at any point 

4. Each solution is a better approximation to the true 

solution than the preceding one 

5. The storage requirement for intermediate results is small 

One advantage of the iteration schemes in general is that the 

system stiffness matrix does not have to be explicitly formed, and 

thus a large savings in the computer storage requirements is realized. 

If external storage units are used, the generation time required to 

pack the element stiffness matrices into the system stiffness matrix 

is completely eliminated. 

The conjugate gradient method is fully developed in several 

numerical methods texts (Ralston and Wilf 1960), and only the basic 

algorithm will be presented here. The formulas shown define the con

jugate gradient iterative procedure leading to a solution of the 

following system of equations 

{F} = K {6} (4.1) 

where F is the vector of the applied nodal loads, K is the system 

stiffness matrix, and {6} is the vector of unknown nodal displacement. 

Let {60} be an arbitrary initial approximation to the actual solution 

{6} , where {6<>} is usually assumed equal to zero for convenience. 
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Then the initial direction vector, {Pc) , and the initial residual 

vector, {R0> , are calculated by 

{Po) = {Ro> = {F} - K{60} (4.2) 

J.L 

The scalar, A.. , for the i iteration is determined from 

A.. 
{P.,.}* {R,.} (4.3) 

1 ^p1>t li ^pi> 

and by using this value a new estimate for the displacement vector is 

{6.+i> =  { 6 . }  + An- {P^ (4.4) 

A new residual is then obtained from 

{Ri+l> = {R^ - A.K{Pi} (4.5) 

and the scalar value, , which is required in order to find a new 

direction vector is equal to 

- <Ri+ljt K {pi> <4-6) 

1 K {Pi> 

Thus the new direction.vector is 

{ P i+l }  =  { R i+l }  +  B i  { P i }  ( 4*7 )  

and after N iterations, {6^} will be equal to the correct solution for 

the system of equations if all calculations are done with no loss of 

accuracy. 

In theory this iteration method has a distinct advantage over 

other schemes because at most, N iterations are needed. However, 



48 

since the calculations are performed on a digital computer, round off 

or truncation in the computations occurs, and hence a solution can not 

always be obtained in N iterations. The effect of round off in the 

computations for an ill-conditioned set of equations is presented by 

Fox and Stanton (1968) in which a plate-bending problem is analyzed. 

Fox and Stanton show that for certain finite element idealizations a 

solution to a set of thirty-six equations is not reached after one 

hundred-fifty iterations. Another disadvantage of the conjugate 

gradient method is that the closeness of the initial guess does not 

usually affect the number of iterations needed. 

Scaling Transformation 

A geometric interpretation of the conjugate gradient method is 

useful in understanding the scaling transformation. Starting at any 

arbitrary point {<50} » an ellipsoid in hyper-space passes through 

this point. The center of this hyperellipsoid is the correct solution 

{5} , and the conjugate gradient method provides an algorithm for 

mathematically proceeding to its center. Moving from point {60} in 

the direction given by the direction vector {Po) , which is normal 

to the surface at {60} ,  the point {61} is reached. In fact, {61} 

is the mid-point of the {P0} normal chord. A new direction vector 

is then found which is K-orthogonal to {P0> , and the above process 

is repeated with a hyperellipsoid projection of one lower dimension. 

After N steps the correct solution is obtained. A specific case of 

the hyperellipsoid is a hyperspheroid. For the hyperspheroid only 

one iteration is needed to reach the desired solution. With this fact 



in mind, a transformation matrix which would transform the initial 

hyperellipsoid into a hyperspheroid would be the ideal scaling matrix. 

Unfortunately, generating the ideal transformation matrix 

necessitates the finding of the eigenvectors for the K matrix; this 

is at least as difficult as finding the solution to the simultaneous 

equations. A simple and effective scaling transformation is presented 

by Fox and Stanton (1968) where the criterion used in developing their 

scaling technique is based on the observation that the ratio of the 

maximum and minimum diagonal stiffness coefficients varies by approx

imately the same order of magnitude as the ratio of the maximum and 

minimum eigenvalues of the stiffness matrix generated from plate-

bending elements. Thus, Fox and Stanton used a diagonal scaling trans 

formation matrix which made all of the diagonal coefficients of the 

system stiffness matrix equal. When the stiffness matrix associated 

with the plate-bending finite elements was scaled with this diagonal 

matrix, the conditioning number, defined as the ratio of the maximum 

eigenvalue to the minimum eigenvalue, is considerably reduced and 

approaches the conditioning number for an optimally scaled matrix ' 

(Bauer 1963). The same criterion was used in this investigation and 

hence the scaling matrix is defined as 
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Examples 

Several problems were studied where both the scaled arid the 

unsealed equations were solved by the conjugate gradient method. The 

difference between the number of iterations required using scaled 

equations and the number of iterations required for the unsealed 

equations varied depending upon the initial conditioning of the equa

tions. For example, a (50 X 50) symmetrical matrix given in 

Przemieniecki (1968), the exact solution of which is known, was 

solved. It took the same number of iterations to obtain a solution 

for both the unsealed and the scaled equations. A beam finite element, 

with three degrees of freedom at each node point, was used to generate 

thirty-six simultaneous equations characteristic of a typical frame 

system. A solution was approximated after twenty-eight iterations 

using the scaling technique, while fifty-two iterations were required 

for the unsealed equations. 

Unlike bending elements, the diagonal coefficients of the 

system stiffness matrix generated from three-dimensional finite elements 

vary only by a few orders of magnitude, and the system of equations 

was found to be well-conditioned. Since these equations are well-

conditioned, the unsealed conjugate gradient method iterated to a 

solution in less iterations than the total number of degrees of free

dom. When the scaled conjugate gradient method was used, the solution 

to fifty-one simultaneous equations was obtained in only twenty-three 

iterations and required 3.4 seconds. The solution time for a comparable 

Gauss elimination scheme was 2.7 seconds, which indicates that the 
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scaled conjugate gradient method is competitive with direct elimination 

schemes when the equations are generated from solid finite elements. 

By using the scaled conjugate gradient algorithm, the number 

of iterations required to approximate a linear solution is determined 

for the finite element idealizations consisting of fifty-one, one 

hundred thirty-six, and two hundred twenty-six degrees of freedom. 

These iteration numbers are plotted as a function of the degrees of 

freedom (Figure 9), and a nearly linear relationship exists which has 

a slope of approximately one-eighth. Termination of the iterative 

scheme is based on reducing the length of the residual vector by a 

factor of 10"k . This reduction factor is determined by requiring 

known zero displacements to be at least four orders of magnitude less 

than the smallest expected displacement. The correct displacements 

for the examples used in calculating the reduction factor are assumed 

to be those obtained by the Gauss elimination scheme. 

In the three-dimensional examples studied, the over-all 

conditioning of the system of equations is only slightly affected by 

the yielding of some of the finite elements. Since the solution 

times are competitive for three-dimensional problems which have a 

large band width, moderate savings in generation time are realized 

by the scaled conjugate gradient method, as the system stiffness matrix 

does not have to be explicitly formed. Thus when external storage 

units are needed in the analysis of arbitrary solids, the scaled 

conjugate gradient method has distinct advantages. 
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CHAPTER 5 

NUMERICAL STUDIES 

Several linear and nonlinear examples are studied in order to 

test the accuracy of the nonlinear method presented herein, and to 

verify the logic used. Included in these studies are constant strain 

examples, a linear strain case, and examples which have high strain 

gradients. The linear solutions resulting from the finite element 

model are easily obtained from the nonlinear program, since the initial 

evaluation of the set of simultaneous equations internal to the Runge-

Kutta integration is the linear solution for the problem being analyzed. 

Large quantities of data are required for generating each 

element stiffness matrix, and in order to reduce the amount of input 

data a data-generating subprogram is developed. This subprogram is 

incorporated into the nonlinear program, thus minimizing the amount of 

initial input information needed. This data-generating subprogram 

calculates the node point numbers for the entire structure from the 

input information, and then stores the proper node point numbers 

associated with each tetrahedron. The required coordinate information 

is also generated, and all of the information necessary for numeri

cally integrating each element stiffness is calculated. Support 

conditions and nodal loads for each tetrahedron are established using 

only a minimum amount of input data. 
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Data Generation 

A rectangular brick is the basic unit used to model the 

structural systems being analyzed. These bricks are divided into 

five tetrahedra as shown in Figure 10. When the rectangular brick is 

assumed to be a cube, the four outside tetrahedra which are determined 

by cutting off four corners of the cube are of equal volume. The 

remaining inside tetrahedron has twice the volume of each of the other 

four. 

By dividing the structure into bricks, the input data for the 

midpoint of each brick is the necessary information to establish the 

initial data for each tetrahedron. The manner in which the element 

node point numbers are stored is governed by the following restric

tions. For both the Tet 4 and the Tet 10 elements, the first four 

node point numbers correspond to the four vertices of the tetra

hedron, and may be stored in any sequence. The next six node point 

numbers, required only for the Tet 10 element, are the midpoints of 

the sides, and are stored according to the two vertices which define 

each side. The restriction that the four vertices be stored according 

to a particular sequence, usually associated with a linear displacement 

function, is not required here because the constants in the assumed 

displacement function are determined numerically rather than explicitly. 

Five points interior to each element are necessary to numer

ically integrate the element stiffness for each Tet 10 element. The 

location of these five points and the coordinates of the element node 

points are all determined from the coordinates of the brick midpoint. 
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Figure 10 Rectangular Brick Subdivided Into Five Tetrahedra 
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After all of the element information is generated, the constants 

assumed in the displacement function are established. Because the 

same displacement function is assumed for each degree of freedom 

associated with a node point, only one ten by ten matrix needs to be 

inverted and stored for each element. 

Additional information is required as input data for each 

brick having supports. This data consists of the brick number, the 

sides of the brick where supports occur, and the degree of freedom 

associated with each support. From this information a vector of zeros 

and ones, the length of which is equal to the total number of degrees 

of freedom, is generated where a one indicates the degree of freedom 

which is supported. 

Nodal loads corresponding to distributed loads are calculated 

based upon the consistant load procedure. This procedure makes the 

nodal loads statically equivalent to the actual distributed loads by 

using the virtual work principle. Figures 11 and 12 show the con

sistant nodal loads for the Tet 4 and the Tet 10 elements, respec

tively, due to a positive unit uniform load over the positive X 

face of a cube. The input data necessary for generating the nodal 

loads is similar to that used for support information, i.e., the 

brick number loaded, the side of the brick loaded, and the intensity 

of the load. When the system is subjected to concentrated nodal 

loads, the loads are read in one at a time using the same format as 

for the uniform load. 



Figure 11 Consistent Nodal Loads for Tet 4 Loaded 
with Uniform Load in X Direction 

/ 

Figure 12 Consistent Nodal Loads for Tet 10 Loaded 
with Uniform Load in X Direction 
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Examples 

A cube loaded in tension with a uniformly distributed load 

over one face is modeled by both the Tet 4 and the Tet 10 elements, 

as shown in Figures 11 and 12, respectively. Because this is a con

stant strain example, the results of the two idealizations given in 

Figure 13 indicate good agreement with the analytical curve calculated 

through the use of the Prandtl-Reuss incremental relationships using 

two thousand pound increments. By giving one face of this cube an 

initial displacement, the ability of the program to use specified 

initial boundary displacements is checked. The symmetrical action 

anticipated for this type of structural system is also determined from 

numerical studies of this cube. 

Verification of the effect of interaction among the stresses 

is made by applying triaxial load cases to a cube consisting of five 

tetrahedra. Both the Tet 4 and the Tet 10 elements are used, and the 

load cases are the same as those applied in the studies of Chapter 3. 

The results of the Tet 10 element are given in Figures 14, 15, and 16. 

Again, the analytical curves are obtained by the Prandtl-Reuss incre

mental relationships. 

If the strain variation is not constant, the Tet 4 element 

will yield only an approximate result. Thus an advantage of the Tet 

10 element is that any linear variation of strain can be represented. 

Since in most three-dimensional problems the strain variation is not 

constant, the Tet 10 element will be the only element used for the 

rest of the examples studied. In order to verify the model in the 
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case of linear strain* a prismatic beam subjected to a constant moment 

is analyzed. By taking advantage of symmetry considerations, this 

beam is modeled using only one half of its length and one half of its 

width, as shown in Figure 17. The displacements for the plane X 

equals 1 are calculated by the equations given in Wang (1953), and 

are then read in as initial displacements. Linear stresses calcu

lated by the model compare precisely with the analytical results of 

Wang, and the displacements from the computer solution for the plane 

X equals 0 are presented in Figure 18. 

A one inch cube consisting of five tetrahedra is loaded with 

a concentrated load, as indicated in Figure 19, and results in the 

strain changing very rapidly. Both a linear and a nonlinear solution 

are determined by using the finite element model, and the nodal dis

placements on the plane Y equals 0 are given in Figure 20. Three 

different methods are used to solve the simultaneous equations, and a 

comparison is made of their solution times. Since all of the stiff

ness coefficients could be stored without using external storage units, 

the Gauss elimination method requires the shortest solution time. 

However, the scaled conjugate gradient method without disc operations 

yields a solution time comparable to the Gauss elimination scheme for 

the system of seventy-eight equations, including boundary equations. 

When disc operations are used in conjunction with the scaled conjugate 

gradient method, the solution time is increased by approximately one 

second over the solution time resulting from the scaled conjugate 

gradient method without disc operations. 
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Figure 18 Prismatic Beam Computer Solution Displacements 
for the Plane X B 0 
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Another example of a fully three-dimensional problem studied 

is an infinite isotropic half-space with a concentrated load applied 

at the origin. This problem is often referred to as a three-dimen

sional Boussinesq problem, and a linear analytical solution is given 

by Timoshenko and Goodier (1951). By applying symmetry conditions, only 

a quarter of the isotropic half-space is required to be analyzed, and 

this quarter of the half-space is modeled using a seven inch cube 

which is subdivided into eight bricks (forty elements) as indicated in 

Figure 21. The displacements of the node points on the planes X 

equals 0 , and Y equals 0 , are supported in the X and Y 

directions, respectively, and the node points on the planes X equals 

7 inches, Y equals 7 inches, and Z equals 0 , are fixed. There

fore, the solution to the Boussinesq problem is approximated with a 

finite dimensioned model. In Figure 22 the linear and nonlinear verti

cal stresses versus the distance normal to the Z coordinate axis are 

plotted for three different values of Z . Figure 23 shows the values 

of the vertical stresses at different points on a plane perpendicular 

to the X-Y plane and making an angle of forty-five degrees with the 

X coordinate axis. The vertical displacements of the node points on 

the X-Z plane are adjusted according to the-vertical displacement of 

the node points at Z equals 0 , found by using the exact linear 

solution. These adjusted displacements are presented in Figures 24 

and 25, where the circles are the values determined by the exact linear 

solution of Timoshenko and Goodier. 



Figure 21 Seven Inch Cube Model for a Quarter of the Isotropic Half-Space 
Showing Nodal Points 
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CHAPTER 6 

SUMMARY AND CONCLUSION 

A method for analyzing arbitrarily shaped inelastic solids 

has been presented. Many assumptions were made, some based only on 

test results, and some which were required in order to reduce the 

mathematical complexity of the analysis. Because this method was 

based on a numerical approach, it is not possible to discuss the 

accuracy of the model in mathematically rigorous terms. Therefore, the 

method was verified by comparing the analytical results with known 

experimental or exact results. Since only a limited number of three-

dimensional nonlinear experimental studies are available, this dis

cussion was based on a restricted amount of data. 

The differential concept which has been used with success for 

one- and two-dimensional models was extended to include arbitrary 

three-dimensional solids. The resulting set of governing equations 

was equivalent to a set of nonlinear first order ordinary differential 

equations. Material nonlinearities for an isotropic material were 

included by incorporating the generally accepted Prandtl-Reuss incre

mental relationships into the mathematical model. The concept of 

isotropic hardening was also used, and greatly simplified the model 

presented. 

Through the use of the linearly varying strain tetrahedron, 

Tet 10, the actual material properties were allowed to vary through 
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the element as the stresses or strains were increased. Because the 

compatibility matrix and the stress-strain matrix for the Tet 10 

finite element are a function of the element coordinates, a numerical 

integration procedure for multiple integrals was employed to calculate 

the element stiffness for the Tet 10 element. 

The set of nonlinear differential governing equations was 

numerically integrated using the fourth order Runge-Kutta integration 

scheme. The four linear evaluations of the first order derivatives 

required internal to the Runge-Kutta scheme were approximated by an 

indirect solution method, the scaled conjugate gradient algorithm. 

By incorporating the conjugate gradient algorithm into the solution 

procedure, the system stiffness matrix did not need to be explicitly 

formed, and the band width associated with the system stiffness array 

was therefore not important. 

The results presented indicate that the model developed can be 

successfully applied as a method for analyzing arbitrary solids. The 

ability of the method to allow material properties to vary through the 

element was demonstrated and the scaled conjugate gradient solution 

method was shown to be applicable to equations obtained from solid 

finite elements. Computation times were not studied extensively here, 

but a linear solution to the Boussinesq problem analyzed required 

approximately 2.5 minutes on a CDC 6400 digital computer. The total 

number of equations generated was three hundred seventy-five, and 

after applying boundary conditions only one hundred thirty-six equations 
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had to be solved simultaneously. A nonlinear solution for the 

Boussinesq problem was obtained in eight minutes using one Runge-

Kutta interval. 

Since only a limited amount of research has been conducted 

in the area of stress analysis of arbitrary inelastic solids, the 

mathematical models being used and developed have been based on many 

simplifying assumptions. With increasing use of anisotropic materials 

as structural components, a more complex theory will need to be 

incorporated into these models. Thus additional research in the 

field of stress analysis of arbitrary inelastic solids will be required. 



APPENDIX A 

FLOW DIAGRAM - INELASTIC SOLID STRESS ANALYSIS 

A short description of the subroutines used in the computer 

program is given below, together with the flow diagram for the main 

program. 

Subroutines: 

BDATA - Reads in all the required information for 
each brick 

DATA - Generates the element information used later 
in the program 

GSUPP - Generates the support information for each 
node point and stores it in a vector 

GLOAD - Generates the load information for each node 
point and stores it in a vector. 

XINVT - Determines the coefficients assumed in the 
displacement function 

CLEAR - Initializes the proper arrays before starting 
the analysis 

SUPP - Renumbers the support vector 

XLOAD - Renumbers the load vector 

ESTIF - Generates the element stiffness 

SXYZ - Generates information for the compatibility 
matrix 

STIFN - Establishes the stress-strain matrix 

TSTIF - Generates the compatibility matrix 
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EQSOL - Solves the simultaneous equations 

DISPN - Establishes the proper nodal displacements 
for each element 

STRAIN - Calculates the element strains 

STRESS - Calculates the element stresses 

DISPI - Stores the proper nodal displacement for each 
evaluation internal to the Runge-Kutta 
integration scheme 

HEAD Prints all information specified for each element 

Main Program: 

Start 

Call GLOAD 

Call GSUPP 

Call XINVT 

Call BDATA 

Call XLOAD 

Call CLEAR 

Call DATA 

Call SUPP 
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Call STIFN 

Call TSTIF 

Call SXYZ 

Call EQSOL 

Call DISPN 

Call STRESS 

Call STRAIN 

Call SXYZ 

Call DISPI 

Call STIFN 

Call ESTIF 

Apply boundary 
conditions 

Populate load vector and 
initialize stiffness matrix 



Stop 

Call HEAD 

Initialize vectors 
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