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ABSTRACT 

The purpose of this work is the investigation of 

mixed strategies in differential games. In classical 

game theory mixed strategies are introduced to expand 

the class of soluble games. A game fails to have a solu

tion in pure strategies if the payoff function does not 

have a saddlepoint. Mixed strategies, which are proba

bility distributions over the pure strategies, are intro

duced and one seeks a saddlepoint in the expected value 

of the payoff. 

Differential game theory is developed by first 

considering the classical game in extensive form (GEP). 

The important concepts of moves, choices, information 

sets, and behavioral strategies are introduced with a 

geometrical tree description of the G-EF. A solution pro

cedure for optimal behavioral strategies is discussed and 

applied to a problem. The main necessary condition for 

differential games with perfect information is derived by 

applying the "principle of optimality." For the sake of 

completeness a set of "Euler" equations is derived and 

several examples are considered. 

Since the main result of the theory requires that 

one find a saddlepoint of a (pre-Hamiltonian) function the 

viii 
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lack of such a saddlepoint offers a means of introducing 

mixed strategies. If the pre-Hamiltonian fails to have a 

saddlepoint in mixed strategies, then seek a saddlepoint 

in the expected value of the pre-Hamiltonian function. 

Operationally this is a common occurrence in infinite 

games so that solution methods are available. An 

example is considered. 

A more physically appealing approach is to apply 

the GEF solution procedure for behavioral strategies 

directly to the differential game with imperfect infor

mation. Before this is done it is necessary to formulate 

the differential game in discrete parameter form by 

replacing the differential equations by difference equa

tions. The information is imperfect because the players 

have available only noisy measurements of the state. 

The information sets are implicitly described 

by specifying for each player a probability distribution 

of possible measurements for a given state. For sim

plicity, the arguments are first applied to a single player 

(control) problem and then to the game situation. A prob

lem with linear equations and gaussian distributions is 

considered; 



CHAPTER 1 

INTRODUCTION 

Man's ability to measure, explain, and predict the 

behavior of his creations and his environment ultimately 

leads him to seek ways to control these phenomena. Once 

this ability to control and direct processes is acquired, 

a logical next step is to select the control to achieve 

some desired outcome. If the outcome corresponding to 

each possible control can be assigned a real number 

value,̂  then it is reasonable to seek a 'best1 control; 

that is, one that results in the highest (or perhaps 

lowest) value. 

1.1 Utility 

Actually it is not necessary that the payoff 

corresponding to a control be a real number. Any set 

which is completely ordered, so that outcomes resulting 

from any two controls can be compared, may serve as per

formance indices. The set of real numbers with the usual 

"<" ordering relation is a common example, but one may 

1. The value is often called the 'payoff* or 
'performance index'j the rule which assigns a-value to a 
given control is the 'payoff function'. 

1 



admit vector-valued payoffs with the usual lexicographic 
1 2 ordering. ' 

For control situations involving a single par

ticipant most performance criteria have some physical 

interpretation, and the complete ordering condition is 

satisfied. However, for multi-player problems, such as 

economic competition, the situation is not as clear. It 

may occur that the various players have different objec

tives with no obvious basis of comparison. For instance, 

in the situation where several automobile dealers are 

competing to sell their product to a prospective buyer, 

it may be reasonable to assume that the dealers will try 

to make the sale at the highest possible price. But, 

price alone is probably not the single motivation for the 

buyer. Even discounting the variability of the quality 

of the various autos, the buyer will seek to maximize his 

psychological satisfaction. -

1. The term 'lexicographic' comes from the fact 
that dictionaries are so ordered. Thus, given two 
n-component vectors, compare first components: if#they 
are different the 'better' vector is the one with"the 
'better1 first component; if they are the same compare 
second components, and so on. 

2. Chyung (1967) considered a class of optimal 
control problems with a vector payoff and this lexicog
raphic ordering. 

3. This is a common concept in modern economic 
theory. See, for instance, Samuelson (1961), Chapter 
21. 
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It may be argued that the engineer-practitioner 

most often deals with more physical situations, and so 

needs not be concerned about formulating appropriate per

formance criteria. However, it appears that in many areas 

of future interest such formulation will be an important 

task. In problems concerning urban renewal and city 

planning, aesthetic and human values may well be of 

importance. With such unusual performance indices 

likely to occur, it is fitting to consider what assump

tions are required to insure comparison of outcomes.. 

This need is fulfilled by the concept of utility 

discussed by Von Neumann and Morgenstern (1947). They 

first list and discuss (Von Neumann and Morgenstern, 

1947.. pp. 26-27) a set of axioms that the "utilities" 

must obey. It is shown later (Von Neumann and 

Morgenstern 19̂ -7.> pp. 617-631) that under these axioms, 

utility is a real number up to a linear transformatipn.1 

All payoffs discussed here will be taken as real 

numbers. The point of the above discussion is that this 

is entirely reasonable for any payoff satisfying the 

utility axioms. 

1. That is, X = (x1# Xg,...) as a set of util
ities is indistinguishable from Y - (ŷ j Yo> * ••) with 
y = ax + b (a>o). Physically this means that the 
unit (a) and the zero (-b/a) are unspecified. 
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1.2 A Classification of the Decision Problems 

Since the theory of games is not included in the 

usual engineering discipline, it may be helpful to discuss 

briefly a larger class of decision problems which includes 

fields more common to engineering, as well as including 

game theory. This is not intended as an exclusive and 

exhaustive classification of the sets within the class, 

but merely to orient the reader. 

1.2.1 Programming 

The essence of the programming problem; as envi

sioned here, is that there be a single intellect striving 

for clearly defined deterministic objectives. 

If the process of interest is stationary, so 

that the governing equations are algebraic, then one is 

led to ordinary max-min theory. (See, for example, 

Hancock, 1917)• In the case where these algebraic equa

tions are linear, the methods of linear programming are 

often useful (Karlin, Vol. I, 1959)• A classic 

example of this linear type of problem is that of diet 

selection (Gale, i960, pp. 1-4). Here, one chooses 

amounts of various 'foods' to achieve the lowest cost, 

while satisfying nutritional requirements. 

However, if the process is dynamic and the mathe

matical description involves ordinary differential equa

tions, the problem may be amenable to the methods of the 
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calculus of variations (Bliss, 1946), or more generally 

optimal control theory (Pontryagin, et al. 1962). For 

instance, one may seek a thrusting program for a thrust 

limited booster rocket to achieve a given orbit, while 

using a minimum amount of fuel. 

Finally, many physical situations involve sys

tems whose parameters include both space and time. The 

behavior of these so-called distributed parameter sys

tems (Butkovsky, i960) may be governed by partial differ

ential equations, integral equations, or integro-differ-

ential equations. Chemical processes often fall into this 

class of problems. 

1.2.2 Statistical Decision Theory 

Statistical decision theory deals with single 

participant problems in the presence of uncertainties. 

(See for example Blackwell & G-irs chick, 195̂ ). Two of 

the more common problems are hypothesis testing, and 

estimation of parameters. Little explicit use will be 

made of this theory; it is mentioned for completeness. 

For clarity, under this classification system, 

control problems with uncertainties should be Statistical 

Decision Problemsj as a matter of convention they usually 

are in the bailiwick of optimal control theory (Bryson 

& Ho, 1969, Chapter. 14). 



1.2.3 Game Theory 

The basic notions in the programming and statis

tical decision problems are that the payoff function 

serves as an index of performance, and the controller 

seeks the best performance in this sense. However, many 

physical situations involve not a single controller seek

ing, the maximum payoff, but several 'players' with 

(possibly) conflicting interests. 

Economic competition, war, and pursuit-evasion 

are several areas in which the occurrences of such situ

ations are legion. The branch of mathematics dealing 

with this genre of problem is game theory. Among the 

earliest workers in the field were John Von Neumann and 

Oscar Morgenstern. Von Neumann's first paper appeared in 

1928, and in 19̂ 3 Von Neumann and Morgenstern co-authored 

the definitive work. 

While several subclassifications of game theoretic 

problems are possible, it is fruitful to consider on the 

one hand two person zero-sum games, and general n-person 

games on the other. Most of the work in game theory has 

dealt with the former case, and no comparably complete 

theory of general n-person games has been formulated. 

A game is a two-person game if there are two 

intellects in irreconcilable conflict; there is no pos

sible way for the two to simultaneously satisfy their 
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goals. In this view, co-operative games, such as a two-

vehicle rendezvous (Wong, 19̂ 7; Ho, Bryson and Baron, 19&5) 

are programming problems, not games. 

The "zero-sum" description implies that the net 

combined winnings of all the players is zero. For the two-

player game (players will "be called I and II), this means 

that whatever player II wins, player I loses, and con

versely. In general, a non-zero sum n-person game may be 

formulated as a zero sum n+1 person game. This is done by 

admitting a passive n+lst player who has no influence over 

the outcome and receives exactly what the original n 

players lose. (See Von Neumann and Morgenstern, 19̂ 7* 

pp. 505-506). 

1.3 Classical Zero Sum Two-Person Games 

Though a precise formulation will not be made until 

the next chapter, it will be helpful to discuss first some 

of the needed concepts and their physical bases. In the 

interest of minimizing confusion it is important to make 

meanings of certain words clearer than normal literal usage 

allows. Following Von Neumann and Morgenstern (19̂ 7, p. 

49) the game is the abstraction; it is the totality of 

rules which describes it. A play (of the game) or a 

partie is a particular instance in which the game was 

played in its entirety. 
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Secondly, most physical situations from which mathe 

matical games are abstracted, including most parlor games, 

involve a succession of moves by the players. A move is an 

occasion at which a particular player makes a choice. The 

choice is the actual selection made in a particular play of 

the game. 

One of the fundamental results of Von Neumann and 

Morgenstern is that a game involving many moves can be 

"reduced" to a game involving a single move. The choices 

in the single move game are, in general, much more com

plex (i.e., they involve many more components) than those 

in the original game. The game description involving 

many moves is a game in extensive form. The "reduced" 

game with but a single move is a game in normal form and 

its choices are strategies. The game in normal form will 

be abbreviated GNF; that in extensive form, GEP. 

If player I chooses strategy u and player II 

chooses strategy v then the payoff from I to II is a 

given function (say P) of u and v. The payoff is the 

utility corresponding to the pair of choices (u, v) and 

it is part of the game description. 

1.4 Differential Games 

Again, a precise formulation of a differential 

game will be given in a later chapter. Loosely, a differ

ential game is a combination of some of the aspects of 
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two-person zero sum''" game theory, and optimal control 

theory. Abstractly, since the notion of irreconcilable 

conflict appears, it is a game problems however, the 

methods of treatment and analysis are more closely related 

to those of optimal control theory. From optimal control 

theory come the notions of state and control variables 

related by ordinary differential equations of constraint. 

The payoff may be defined as an integral or more generally 

as a Mayer sum (Bliss, 19̂ 6). 

The game aspects arise because some of the control 

variables are at the disposal of player I, while the 

others are available to player II, and the players are in 

direct conflict. Player I seeks to minimize the payoff, 

while player II seeks to maximize it. 

Among the first workers in the field of differ

ential games was R. Isaacs, who in late 195*1- and early 

1955 authored a sequence of research memoranda for the 

Rand Company (Isaacs, 195̂ -a* 195̂ -b, 195̂ c, 1955) • These 

later appeared as the initial chapters in Isaacs' book, 

appropriately called "Differential Games" (Isaacs, 1965). 

Isaacs' main concern was problem solving and though his 

approach may lack rigor in the general case, it does lead 

Recently, P. D. Faulkner (Faulkner, 1968) has 
presented some results dealing with n-person differential 
games governed by linear equations. 
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to usable results. The theory of differential games cov

ered in Chapter 3 largely parallels Isaacs 1. 

Later, L. D. Berkovitz (Berkovitz, 1961), also at 

Rand, applied classical variational theory and extended 

Isaacs' results to a larger class of problems. 

Since that time there has been a good deal of work 

dealing with theory, and several publications dealing 

with applications of differential games. Among the theo

retical results, D. L. Kelendzheridze (Pontryagin, et al. 

1962, pp, 226-237 and Kelendzheridze, 1961) extended some 

of Pontryagin's work to linear pursuit-evasion problems. 

Leitmann and Mon (Leitmann and Mon, 1967a, 1967b) 

extended Leitmann's geometrical approach to optimal con

trol (Leitmann, 1966; Blaquiere and Leitmann 1964) to the 

game problem. Blaquiere and Gerard (1967) applied geo

metrical notions to the so-called game of kind (Isaacs, 

1965, p. 8). 

On the problem solving side of the ledger, Ho, 

Bryson, and Baron (1965) considered some pursuit evasion 

problems with linear equations and quadratic payoff. Wong 

(1966, 1967) applied Isaacs' technique to some pursuit 

evasion games involving aerospace vehicles. 

1.5 The Present Investigation 

As was noted above, though differential games are 

in-their abstractions infinite games, the analytical 
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techniques usually applied are strongly akin to those of 

optimal control theory. With the exception of the pioneer

ing work of Isaacs, and to a lesser extent the work of 

Blaquiere, the above-mentioned results deal with the 

analytic aspects of the game problem. The interest here 

is in some of the more game theoretic aspects. 

Chapter 2 outlines the pertinent aspects of the 

Voh Neumann theory of games. It is shown there that if 

only strategies which do not involve probabilities (pure 

strategies) are allowed, then many games of interest fail 

to have a solution. Mixed strategies (probability 

distributions over the pures) are introduced to enlarge 

the class of soluble problems. 

•Chapter 3 deals with the Isaacs' theory of dif

ferential games. Necessary conditions are derived and 

applied to several problems. A rocket pursuit problem is 

considered and several engineering features are discussed 

in addition to the solution for optimal strategies. 
% 

Chapter 4- is concerned with some game theoretic 

aspects of differential games. More precisely, the 

notion of mixed strategies is entirely missing in the usual 

differential game theory. Mixed strategies are introduced 

in classical games when the payoff function has no saddle 

point in the pure strategies. Purely formally, it is 

argued that since the theory of Chapter 3 requires that 



one seek a saddle point of a pre-Hamiltonian function, a 

similar non-existence may be used to introduce mixing. 

A more physically appealing notion of mixed 

strategies occurs when the case of imperfect information 

is considered. Appendix A considers a control problem 

with imperfect information. A fairly general relation 

between measurements and actual state variables is con

sidered, and an application of the "principle of opti-

mality" (Bellman and Dreyfus, 19̂ 2, p. 15) leads to an 

optimizing condition. In Chapter 4 this technique is 

applied to the game problem to arrive at a theory includ

ing imperfect information. An example problem, illus

trating the theory, is included. 



CHAPTER 2 

THE VON NEUMANN THEORY OF GAMES 

In this chapter the Von Neumann Theory of two-

person zero sum games is considered. The emphasis is on 

the important concepts and their logical interconnections 

The need for mixed strategies is demonstrated by consider 

ing the simplest type of game in-normal form (GNF), 

namely, matrix games. Games in extensive form (GEF) are 

considered, and the important notion of an information 

set is introduced. A solution technique for the GEF is 

discussed and illustrated by an example which is a sim

plified poker model. 

2.1 Definition of a Game 

A two person, zero sum game in normal form ( r )  
is defined as a triple (P, U, V), consisting of a real-

valued payoff function P, and strategy sets U, V corre

sponding to the choices available to players I and II, 

respectively. The payoff function P is taken as the 

payoff from I to II when I chooses u e U and II chooses 

v e V. In any play of the game, U is the totality of 

choices available to Player I, and V is the totality of 

choices available to Player II. 

13 
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Since the above definition is for a GNF, it 

requires demonstration that a GEF may be so formulated. 

This is one of Von Neumann's results (Von Neumann and 

Morgenstern, 19̂ 7* p. 8̂ ).  ̂may happen that several 

GEP's reduce to the same normal form; in this case the 

original GEP's are said to be equivalent; other equiva

lence relations are possible. For instance, the GNF's 

r = (P, U, V) and r1 = (aP, U, V) (a > o) will be closely 

related. 

2.2 The Majorant and Minorant Games 

In any play of the game T player II seeks to maxi

mize the payoff, while I attempts to minimize it. This is 

the single factor which motivates the choice among the 

various possible strategies, and it is the essence of the 

irreconcilable conflict. However, the payoff depends on 

the individual choices of both I and II so that II's task 

is not simply one of maximizing, nor is I's task one of 

minimizing a function of several variables. Clearly, to 

make his task a tractable one each player must assume the 

form of his opponent's choice. 

Following Von Neumann, two games which are related 

to T, and yet obviate this difficulty of simultaneity of 
i 

choice are introduced. Suppose in the game T player II 

is compelled to make his choice first, and announces it to 
1 1 I. Say II chooses v . Clearly,* then, I will choose u 
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so that 

Pfu1, v1) = mill P(u, v"1"). (2.2.1) 
U 6 U 

The question remains, "in the game T what is the best 

choice for II to announce?" Player II assumes that I will 

play rationally. Thus, whatever v"*" player II announces, 

I will choose u"*" according to equation (2.2.1), and the 

corresponding payoff to II will be 

min P(u, v1) = P (v1), (2.2.2) 
u e U 

1 which depends on v alone. Clearly, II should announce 
1 v to maximize P. 

Ĵ v"5") = max min P(u, v) (2.2.3a) 
v e V u e U 

Va = max P(v) (2.2.3b) 
v g V 

In other words, player II seeks to maximize his 

minimum profit. Obviously, since II must announce first, 

he is at a disadvantage in the game r as compared to the 

game r. Thus, in the game T player II will be able to 

collect at least Va. The quantity 

Va = max min P(u, v) (2.2.4) 

defined by equation (2.2.3b) is called the Lower Value of 

the game r.: T • is referred to as the minorant game 

1. The assumption of rational behavior on the part 
of the opponent is a crucial one. It appears here and in 
the next section. For a more complete discussion, see 
Von Neumann and Morgenstern (19̂ 7> pp. 8-17). 
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(associated with r ) ,  since it favors the minimizing. 
player. 

2 Correspondingly, in the game T , player I must 
p 

choose first and announce to II. Say I selects u . 
2 Player II then selects v according to 

max P(u2, v) = P(u2). ' (2.2.5) 
v e V 

By an argument similar to that.applied to it is 
o 

concluded that player I should announce u such that 
o 

P(u ) = min max P(u, v). (2.2.6) 
u e U v e 'V 

Thus, player I endeavors to minimize his maximum loss. 

The quantity Va defined "by 

Va = min max P(u, v) (2.2.7) 
2 is the Upper Value of the Game r; T is known as the major-

ant game. 

Since the minorant game r1 favors the minimizing 
2 player, while the majorant game r favors the maximizing 

player, it is reasonable that 

Va > Va (2.2.8)-

Condition (2.2.8) merely asserts that, if player I is 

forced to go first, then player II will do at least as 

well (by achieving Va) as when II is made to go first. 

This result is easily reached in the following wholly 

rigorous manner, provided, of course, that the various 

maxima and minima exist. 
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Lemma 2.2: Let P be a continuous, real-valued function 

defined for all pairs (u, v) with u e U and v e V 

with U and V compact, then 

min max P(u, v) > max min P(u, v) 
U V V u 

Proof: Since U and V are compact and P is continuous, 

the various maxima and minima exist (see Buck, 

1965> P* 7̂ )* By definition of the maximum it 

follows that 

max P(u, v) > P(u, v), for all (u, v). 
v 

In particular it must "be true that 

min max P(u, v) _> min P(u, v), for all v. 
u v u 

Since this is true for all v (on the right side), 

taking the maximum of the right side of the inequal

ity, there results 

min max P(u, v) > max min P(u, v). 
u v v u 

Applying the definition of Va and Va, the inequality 

(2.2.8) is obtained. 
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2.3 Optimality 

In the single player case, for instance in program

ming problems (see Section 1.2), the notion of optimality 

is fairly obvious. The choice u e U is said to minimize 

f if 

f(u) < f(u), for all u. (2.3-1) 

Note that though the minimizing choice is not necessarily 

unique, the minimum value of f (in a given set U) is 

unique. 

As has been pointed out at the outset of Section 

2.2, the optimality criteria for the game are not so 

apparent. In view of the preceding discussion it is reason

able that since the minorant game r1 (with Value Va) favors 
O 

the minimizing player, and the majorant game r (with 
Value Va), favors the maximizing player; then if the orig

inal game F is to have a solution (and therefore a Value, 

say Va), 

Va < Va < Va. (2.3.2) 

The ensuing discussion improves the inequalities (2.3.2). 

Suppose a satisfactory optimality condition exists 

so that the game theory is complete. Then if each player 

is aware of this theory,"1" he may beforehand compute his 

optimal strategy, as well as his opponent's. But, if 

1. Again, this is a ramification of the assumption 
of rational behavior. 
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player I knows player II1s strategy the situation for I is 

exactly as it was in the minorant game r . The payoff from 

I to II will he Va. Equivalently, since player II will 

know I's strategy the situation is the same as the mâ or-
p 

ant game T . Thus, if a game has a solution then, 

Va = min max P(u, v) = max min P(u, v) = Va. (2.3-3) 
u v v u 

The common quantity Va 

Va = Va = Va 

2 is called the Value of the game. 

The conditions (2.2.4) and (2.2.7) along with the 

definition of Va (equation 2.3.3) lead to 

min P(u, v°) = Va, (2.3.4) 
u 

and 

max P(u°, v) = Va. (2.3-5) 
v 

Making use of the definitions of the respective minimum 

and maximum there results 

P(u, v°) > Va, for all u, (2.3*6) 

and 

P(u°, v) < Va, for all v. (2.3.7) 

2. The word 'Value1 when capitalized will always 
refer to Value of the game. Literal usage is retained for 
the uncapitalized 'value'. 
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Conditions (2.3.6) and (2.3.7) are those required 

in order that u°, v° be optimal. With this in mind, a 

solution to the game r is a triple (u°, v°, Va) such that 

conditions (2 3.6) and (2.3.7) hold. The preceding argu

ments are made more precise by the following result. 

.Theorem 2.3: In the game r = (P* U, V) if there exists 
u° e U, v° e V and a real number Va, such that 

P(u, v°) > Va, for all u e U, 

and 

P(u°, v) < Va, for all v e U, 

then, 

min max P(u, v) = max min P(u, v), 
u v v u 

and conversely. 

Proof: Since P(u, v°) > Va, for all u € U 

it must be that 

min P(u, v°) > Va. 
u 

Since this holds for some v° e V it follows 

that 

max min P(u, v) > Va. 
v u 

Similarly, since 

P(u°, v) < Va, for all v e V, 
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then, 

max P(u°, v) Va, 
v 

and, hence, 

min max P(u, v) < Va. 
u v 

Therefore, 

min max P(u, v) <. Va < max min P(u, v) 
u v 

Lemma 2.2 established the inequality in the other 

direction so that together they imply 

min max P(u, v) = max min P(u, v). 
u v 

Conversely, suppose 

min max P(u, v) = max min P(u, v) = Va. 
u v v u 

Choose u° such that . 

max P(u°, v) = Va, 
v 

then, 

P(u°, v) _< Va, for all v e V. 

Finally, choose v° such that 

min P(u, v°) - Va, 
u 

then, 

P(u, v°) > Va, for all u e U. 
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2.4 Matrix Games 

In the case where U and V are finite sets, then T 

may be formulated as a 'matrix' game, so named because P 

can be represented by a matrix. This is done as follows: 

Let U = {u-^ ug, , un}, (2.4.1a) 

V= v2, vm}, (2.4.2a) 

and define 

aAj = Vj^) • (2.4 3a) 

With this in mind an equivalent game rr may be formed with 

U' = {1, 2, n} , (2.4.1b) 

V' = {1, 2, m], (2.4.2b) 

and 

P'(j, i) = P(uj, v±) = a^^ (2.4.3b) 

Here the sets U and V have been replaced with 

their indexing sets U', V', respectively, and Pr has been 

defined in the natural way. The point is that in terms 

of the matrix (aj^)j "the choices available to the players 

have a simple interpretation. Namely, player I through 

"j" selects a column, while player II through "i" 

selects a row. The payoff from I to II is 

Matrix games are particularly nice because under 

the present formulation the strategy sets U and V are 

finite. It is obvious then that the various maxima and 

minima will exist and _P' (v), "P1 (u), Va' and Vaf may be 

found. It is possible then to seek a condition on the 
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matrix (â ) that will guarantee the existence of solution. 

This will be done with the aid of a suitable example; 

first, however, it is convenient to interpret P', P1, Va1 

and Va1 in terms of the elements of the matrix. 

For each row (i.e., value of i) 

P'(i) = min P'(J, i) = min a.., • (2.4.4) 
3 e U1 j € U« 

is. the minimum element in the row. Therefore, 

max P1(i) = max min a.. - Va (2.4.5) 
i e V' i e V' j e U' ̂  

is the maximum among these row minima. 

Similarly, for each column (i.e., value of j), 

P'(«j) = max Pf(jj i) = max a.. (2.4.6) 
i 6 V' i e V' 

is the maximal element in the.column. The minima among 

these column maxima is 

min P'(J) = min max a..= Va. (2.4.7) 
j e U' j e U1 i e V' D 

Consider the game given by the matrix 

(4 -3 -1 4) 

A = >3 "3 2 1) (2.4.8)-
(5 -3 -10 -1) 

The functions P1(i) and P'(j) are enumerated below. 

>,p = -3 i = 1 
>a22 = -4 i = 2 

P'(i) = {a33 = a34 = 2 i = 3 (2.4.9) 

4j.3 = i = 4 



24 

and 

P'(J) = 3 = 3 (2.4.10) 
J = ̂  

3 = l 
3 = 2 

so that 

Va = max P1 = 2 = min P' = Va. (2.4.11) 

Since Va equals Va, by Theorem 2.3* a solution exists, and 

the value of the game is two units. Player I should 

choose "j" equals three, and player II should select "i" 

equals three. Direct enumeration verifies that this solu

tion satisfies the optimal!ty conditions (2.3*6) and 

optimality condition (2.3.1)* a strategy pair that gives a 

payoff equal to the Value of the game need not be optimal. 

For example, the pair i = 2, j =4 gives 

However, if I selects J = 4 he may lose as much as 4 

units (corresponding to i = 1). Similarly, if II selects 

i = 2, I can select j = 2 and the payoff is -4 units. It 

must be kept in mind that the assumption of rational 

behavior leads to the principle: "Player I seeks to mini

mize his maximum loss, while player II attempts to maximize 

his minimum profit." 

(2.3.7). ' 

Note that in contradistinction to the programming 

P(4,2) = s.2k = 2 = Va (2.4.12) 
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Further, observe that an optimal player I strategy 

does not minimize P against every possible player II 

strategy. Thus, if II selects a non-optimal strategy 

(i }4 3) then it is in general not true that 

ai3 -S aij (for all J), (2.4.13) 

for,that i. For instance, if II chooses i-= 2 then 

a23 = 1 > -4 = a22 (2.4.14) 

A strategy for player I such that condition (2.4.13) holds 

is said to be permanently optimal. (See Von Neumann and 

Morgenstern, 19^7, pp. 163-165).-

It is obvious that any permanently optimal strat

egy is also optimal. Clearly, then, if permanent opti-

mality is required, the class of games having a solution 

would be restricted. For instance, the cited example has 

no permanently optimal strategies. This notion will have 

some importance in discussing a common objection to 

pursuit-evasion differential games. 

2.5 A Deficiency 

Before delving deeper into the theory of games as 

defined, it is helpful to pause to consider the use to be 

made of the theory. The goal is application of the theory 

to the solution of models which portray situations of inter-

est. Since the intent is application, rather than pure 

1. This point is necessarily vague. One man's 
interest is another's ennui. The intent is to show that 
even many simple parlor games fail to have a solution as 
now defined. 
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theory, it is meaningful to require that the theory .be 

broad enough to include realistic problems. Is the con

cept of the game and its solution (as now defined) suffi

cient to insure that: firstly, situations of interest 

classify as games, and, secondly, that these games have a 

solution? By means of a simple example it'is shown that 

though the game is defined in a general fashion, the con

cept of a solution as defined is much too restrictive. 

Consider the child's game of "Stone, Paper, and 

Scissors" (Karlin, Vol. I, 1959/ P- 30). Each player 

selects an item, either stone, paper, or scissors. The 

selection is done in ignorance of the opponent's choice 

and both may select the same item. The strategy sets U 

and V are the same and 

U = V = [stone, paper, scissors}. 

If both players select the same item then the 

payoff is zero. If the items are different then the 

opponent with the "higher" item wins one unit. The cyclic 

1 ordering relation is 

stone > scissors > paper > stone. 

A matrix representation of the game is given by 

1. Strictly speaking this relation does not 
satisfy transitivity and so is not an ordering relation. 
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stone paper scissors 

stone ( 0 -1 +1 

paper 
> +1 

0 -1 

scissors I -1 . +1 0 

(2.5.1) 

A simple calculation reveals that 

P'(i) = min ai-j = -1, for all i, (2.5-2) 
j e U 1  

so that 

Va = max P'(i) = -1 (2.5.3) 
J e V1 

Similarly, it is found that 

P'(j) = max a.. = +1, for all j, (2.5 4) 
J e V 

and 

• Va = min P'(j) = +1." (2.5-5) 
J e U1 

Since 

Va = -fl > -1 = Va, (2.5.6) 

Theorem 2.3 implies that the game has no solution. This 

is generalized by the following result. 

Theorem. 2.5:I<et A (mxn) be the matrix representing the pay
off P' for the game r. If A contains an element 
a,-*,-* that is both a minimum in its row, and the 

maximum in its column then Va = Va, and, con

versely. 

Proof: The mathematical expression that is a maxi

mum in its column is > a^ for all i. 
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Similarly, that is a minimum in its row is 

expressed as < ai*j' for a1̂ - J'• theorem 

follows as a special case of Theorem 2.3 where P 

is given by the matrix A, and Va = â .̂ 

An element â *̂. that is a minimum in its row and 

a maximum in its column is a saddle point of the matrix A. 

The above lemma infers that in order for the game to have 

a solution, it must have such a saddle point. 

2.6 The Generalization 

The non-existence of solutions to many matrix game 

problems is not a mathematical calamity. The theory as 

it stands is perfectly viable; the misfortune is that 

games of. (practical) interest fail to possess a solution. 

This is not an uncommon occurrence in mathematical the

ories . Fortunately, the difficulty may be obviated by 

suitably generalizing the concept of a solution. A 

proper generalization should: firstly, fulfill the need 

of affording solutions to problems of interest, and, 

secondly, should reduce to the present concept as a spe

cial case. 

Suppose that instead of requiring the players to 

select specific rows or columns in the matrix game, they 

are only obliged to choose a probability distribution over 

the rows or columns. A choice for player I then may be 
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expressed as an n-tuple u = (uv ... u ) where u. is the Jm II J 
probability of player X selecting column j. Since the u. 

J 

represents probabilities, it must obtain that 

u. > 0, (2.6.1) 
J 

and 

n 
2 u. = 1. (2.6.2) 
j=l 3 

Similar conditions, of course, apply to player 

IITs probabilistic choice v = (vij v
m)• Th'e set of 

vectors in En satisfying conditions (2.6.1) and (2.6.2) 

is referred to as the n-dimensional simplex (Sn). 

Since in this extended idea of the game the play

ers 1 strategies are probability distributions, the payoff 

function must also be generalized. This is done in the 

natural way. If the players do select a specific column 

(say j) and a specific row (say i) the payoff is as 

before 

P(j, i) = (2.6.3) 

If player I selects u = (u^, ... un), while player-

II chooses = (v^, ... v ), the expected value of the pay

off may be computed as 

P(u, v) = 2 P(j, i) Prfi, J}, (2.6.4) 

where P(J, i) is as above, and Pr{i, j) is the probability 

that player II selects row i an£ player I selects column J. 
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Since the selections are independent 

Pr{i, j} = Pr{i} Pr{j}. (2.6.5) 

Making use of (2.6.3) and (2.6.5), and the definitions of 

u and v, equation (2.6.4) becomes 

P(u, v) = s a. . v.u.. (2.6.6) 
i,j 1 0 

Equation (2.6.6) may be conveniently written in the usual 

matrix product notation 

A A A Am A 
P(u, v) = v A u. 

The extension of the concept of a strategy to 

include probability distributions over the original strate

gies obviously fulfills the second requirement of the 

sought-for generalization. That is, probability distri

butions which give full weight to one component are the 

original (pure) strategies. The extended strategies are 

said to be mixed. 

Exactly what has been gained in terms of exist

ence of solutions remains to be shown. The following 

(Min-Max) Theorem indicates the success of the extension. 

Theorem 2.6: Let A represent the payoff matrix for an 

arbitrary matrix game rj let u range over the 
T) A 

n-dimensional simplex S j and let v range over 

the m-dimensional simplex T131, then 
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AT. A . AT. A* „ mm max v A u = max mm v A u = Va 

A A A A 
u v v u 

The proof is given in Karlin, Vol. I (1959* PP- 26-27) 

and in Von Neumann and Morgenstern (19̂ 7, pp. 153-155). 

It involves geometrical arguments and is not particularly 

of interest here. The point is that any matrix game has 

a .solution in mixed strategies. Since any finite game 

can be represented (in normal form) as a matrix game, the 

theory of finite games is nicely complete. The solution 

procedures available for matrix games may be found in 

Karlin (1959) °r Gale (i960). 

The solution procedures for matrix games are 

largely unrelated to the methods for differential games 

and so no discussion is included. Moreover, even simple 

games give rise to large matrices so that though the 

theory is complete, solutions are not easily obtained. 

2.7 Games in Extensive Form 

Many situations involving contesting opponents, 

including most parlor games, involve an ordering of 

events $ some events are moves by the players, others are 

chance moves. A slightly generalized version of 

Hresher's simplified poker model (Dresher, 1961, pp.. 

9-10) serves as an example: 
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2.7-1 A Poker Model 

At the outset each of the two players pays one unit 

and receives a 'hand' (chance move) from a totally ordered 

set with S elements. Each 'hand1 is equally likely. 

Player II then has the option of either betting one unit, 

or passing. If II bets, I may either pass or call. If II 

passes, I may pass or bet one unit, in which case II then 

either folds or calls. If a pass follows a bet, the bet

ting player wins the ante. If both pass or both bet then 

the hands are compared and the better one wins. By enumer

ation it is seen there are five possible plays for each 

deal. 

player II Player I Player II 

pass (bet (fold 
(pass (call 

bet (fold 
(call 

There are S(S-l) possible deals, and so the game has 

5 S (S-l) plays possible. A pure strategy for each 

player is a rule by which he makes a choice of possible 

moves arising during each possible play. Thus for each 

hand II might receive, his strategy tells him whether to 

pass and subsequently fold, (if the occasion arises), 

pass and subsequently call, (if the occasion arises), or 
q 

bet immediately. It is readily seen that II has 30 

possible pure strategies. Some of these are rather 
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obviously poor: for instance, if I held hand S (highest) 

he should not pass then fold, though he might pass ini

tially in hopes of 'suckering' a bet from I. 

2.7.2 The Geometrical Tree 

This aspect of consecutive moves by the players or 

by chance allows a convenient representation of the game 

in terms of a geometrical tree. (Seej for example, Dresher 

(1961, pp. 7̂ -78) or Owen (1968, pp. 2-7)). Each vertex 

is labeled with either a I, a II, a C, or an F, denoting 

that the move belongs to I, or to II or is a chance move, 

or that the play has ended. Prom the vertices labeled I, 

II or C there are lines, each leading to a vertex of any 

of the four types. (See Pig. 2.7-1)• Each line from a I 

or II vertex represents a particular choice by I or II, 

respectively. Each line from a vertex labeled C repre

sents an outcome (with a specified probability) in a 

random experiment. 

A path is a series of connected line segments lead

ing from the start of the game to a vertex labeled P 

(finish). Each possible play of the game is represented 

by a path, and, conversely. To each play of the game 

(or, equivalently, to each path in the tree) the rules of 

the game assign a numerical value, called the payoff. 

Thus the payoff depends on the entire play (including the 
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outcomes of each chance move) and not only on the sequen

ces of choices made by the players. 

2 . 7 . 3  Information Sets 

An advantage of the tree representation is that it-

provides geometrical description of the GEP. In extensive 

form it is possible to proceed to develop a theory which 

would then be applicable to many engineering situations of 

interest. However, there is sometimes a feature in real 

games that has not been incorporated into the model. This 

is the problem of information accrual. So far it has 

been assumed (in an admittedly implicit manner) that at 

each move the choosing player knew the 'state of the game' 

(i.e., which vertex it was). This is not so in many situ

ations, including the poker model of the above paragraphs. 

In the extensive form of the poker game, the first choice 

move is by player II. He must either pass or bet; he 

knows his own hand, but not I's. Thus II only knows the 

game may be at any of the S-l vertices, corresponding to 

player II having hand sll and I having any other hand 

si =1, 2, S. (si £ sll). The set of vertices within 

which the state lies is called player II's information set 

at that move. Information sets are subject to certain 

obvious restrictions: 

1. All vertices in a given set must correspond to 

the same player. 
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2. At each vertex in a given information set the 

set of choice must be the same. 

In the mathematical description the choices at a 

vertex are indexed and the player merely chooses an index. 

In this sense, the equivalence of the set of choices 

available at the vertices of a given information set 

merely requires that each vertex have the same number of 

choices. In an engineering game, of course, the choices 

have some physical interpretation and sets of choices 

being equal requires more than equality of number of 

choices. 

2.J.H- Behavioral Strategies 

It was seen that matrix games (in general games 

in normal form) have only one move: pick a strategy. 

The notion of mixing was introduced so that games which 

had no solution in the original (single play) sense would 

possess a solution in the extended (expected-payoff) 

sense. The concept of information accrual does not 

explicitly appear. The optimal mixed strategies afford 

a min max (max min) to the expected payoff, and the 

expected payoff is the average amount won by II over a 

large number of plays. 

The game in extensive form is apparently a less 

abstract model for the competitive situation. The player 
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need not select a strategy that dictates each of his. pos

sible choices. Instead, at each move he makes his choice. 

The GNF strategy is a rule which at each possible move 

(in the G-EP) provides an algorithm for selecting a choice 

from among the available choices. 

The first crucial question for the *GEF is, "What 

should be the rationale of the choice?" Since a move in 

mid-play does not lead to termination, how can the choos

ing player know what the consequences of the possible 

choices are? Secondly, "What should the choices be based 

upon?" The latter question is considered first. 

Since the player makes his choice in (perhaps) 

partial ignorance of the state of the system, it is not 

reasonable to base the selection on the unknown state. 

According to the rules of the game, the player does, 

however, know in which information set the state lies. 

This will be the input for the strategy. More precisely, 

the strategy is a function which assigns a choice to each 

information set at a particular move. This assignment of • 

choice may include performing a random experiment and 

selecting on the basis of the outcome (i.e., mixing is 

allowed). 

The question of the rationale of behavior is not an 

easy one to formulate. The inclusion of probabilistic 

strategies forces one to speak with a stochastic accent, 
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and consider the expected value of the payoff. The .inter

pretation of such things for a single play of a game is 

often not pleasing, and may well lead one to seek other 

criteria.^ The criterion used here is to seek a min-max 

of the expected payoff. 

However, even the expected payoff depends on the 

whole sequence of choices made during a partie, and so 

there is a remaining difficulty. A move in mid-play does 

not lead to termination, and so the expected outcome 

consequent to a particular choice apparently cannot be 

computed. A retrogression principle and the attendant 

notion of a sub-game may be employed to solve the dilemma. 

2 . 7 . 5  Sub-Games 

The technique is strongly akin to Bellman's 

'Principle of Optimality1 (Bellman and Dreyfus, 19&2, 

p. 15). Consider the terminal vertices in the tree repre

sentation of the game. There must be prior .vertices from 

which all choices lead to termination. Otherwise, plays 

of infinite length are possible and these will be pro

scribed by the rules of the game. 

Thus, consider the one move sub-game obtained from 

the original game by including only vertices which 

1. For instance in a pursuit-evasion situation, 
the pursuer might balk at a strategy that is successful 
'on the average'. His goal (though perhaps not a 'reason
able' one) is to stop the intruder that threatens. 
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necessarily lead to termination. The solution of this sub 

game leads to a Value from each possible 'starting vertex' 

and the optimal single move decision choices. 

Next consider the vertices in the original game 

from which all segments go, either to a terminal vertex, 

or to one of the initial vertices of the previous sub-game 

Since the Value from each of those vertices is known, it 

is possible to compute the payoff from any of these new 

'initial vertices' for the choices available. This pro

cess is repeated until all vertices are labeled with a 

Value and all choices determined. 

The connection between the optimal behavioral 

strategies (and Value of the Game) computed using the 

extensive form as outlined above, and the strategies (and 

Value) for the GNF, is not at all obvious. 

Owen (1965) with the aid of a simple example 

shows that in general it is not always possible to con

struct an optimal mixed strategy from behavioral strat

egies. Thus, it is of some importance to note that the 

above procedure will lead to optimal behavioral strat

egies, and not necessarily to optimal mixed strategies. 

The reason for taking this approach may be understood by 

noting that any vertex in the tree representation may 

serve as the starting point for some game. Corresponding 

to each possible starting point there is a game and hence 
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optimal strategies and a Value. Thus, without a specified 

starting point a 'game tree1 represents a whole set of 

games and a 'solution1 is a set of optimal strategies and 

Values. For reasonable problems such a solution would 

require an enormous amount of computation and memory. 

Instead we seek behavioral strategies. 

2.8 An Example 

As an illustrative example, consider the simpli

fied poker model discussed previously. To facilitate 

representation take the case S = 3i thus there are six 

possible sets of hands. The game is diagrammed as Fig. 

(2.7.2), which is interpreted below. 

2.8.1 The Description 

The first move (dealing of the cards) is a chance 

one. The co-ordinates at each vertex signify the outcome 

of drawing the hands.. The first co-ordinate is player 

I's hand, the second is II's hand. At this point the only 

information II has is what he holds, thus the vertices in 

a given information set, as shown, are labeled with the 

same second co-ordinate. For the case S = 3, there are 

three sets; each has two vertices. Based on the informa

tion set in which the game state lies, II's strategy 

enables him to decide whether he should pass or bet. The 

next move is player I's and his information includes which 

hand he holds, as well as II's choice at the previous move. 



Pig. 2.8.1 The Poker Game Tree 
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Thus the vertex following (1, 2) after a pass in the same 

information set as the one following (1, 3) after a pass, 

but not in the set with either (1, 2) or (1, 3) following 

a bet. After player I's move, either the game is termi

nated or player II has a remaining move which then must 

lead to termination. The terminal vertices are labeled 

with the payoff from player I to player II. These are 

computed according to the rule given in Section 2.7. 

2.8.2 Solving the Game 

To facilitate the solution of the game, some 

nomenclature and symbology are introduced. Though the 

symbols may seem cumbersome, and some are redundant for 

this application, they are used to as to be applicable 

in the subsequent discussion of differential games. 
1 Information sets are denoted by S. A super

script indicates which choice move is being made (three 

are possible), and included in trailing parentheses is 

the information available to the player at that move. 

The first symbol in parentheses denotes the hand held by 

the moving player, and the remaining indicate the 

sequence of prior choices. (A '0' indicates a pass, a ' l1 

a bet). Thus Ŝ  (2:0, 1) is the information set corre

sponding to player II's second move, while holding hand 

1. Since this example is a three-hand poker model, 
there should be no confusion with the previous use of 'S' 
in Sec. 2.7. 
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'2'. Further, the "0" indicates player II passed on his 

first move and the "l" that player I subsequently bet. 

Note that this notation is somewhat redundant, since II 

has a second choice move only if the prior choices are 

pass, bet. 

The description of the various states within a 

given information set must include the description of the 

information set, and additionally must specify the hand 

held by the opponent. In lieu of a lengthy array of 

superscripts and subscripts a state is indicated 

x, e Sk (i, ) (2.8.1) 
J 

th This indicates the K move, in which the moving player 

holds hand 'i', the sequence of choices is 1 1 and 

the opposing player has hand 'J'. Note that j = i is not 

permitted. 

The description of a mixed strategy for this GEF 

is particularly simple. At each move, the player has only 

two possible choices, namely, bet or pass. Thus, for each 

information set a rule for selecting a choice may be given 

by specifying a number (say a) from zero to one, inclusive. 

This number will represent the probability of a bet (say) 

from that information set. The probability of passing is 

then given by (1-a). 
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Consider the following notation. 

lŝ  Choice Move 

S1(J) - II holds hand 'J1 

S "fc <Xj- - probability of II betting on 1 move 

while holding hand 'J' (2.8.2) 

2nd Choice Move' 

Ŝ (ij 0) - I holds hand !i' and II has 

passed 

S2(ij 1) - I holds hand 'i' and II has bet 

â  - probability of I betting while (2.8.3) 

holding 1i1 after II has passed 

b̂  - probability of I betting while holding 

hand 'i1 after II has bet 

3rd Choice Move 

S (̂Jj 0* 1) - II holds hand 'j' and choice 

sequence has been II-passj 

I-bet 

(3j - Probability of II betting while 

holding hand ' following a (2.8.4) • 

pass-bet sequence 

We now apply the retrogression sub-game principle outlined 

in Section 2.7 and consider the twelve end states attain

able if II has a second move. These follow from the infor

mation sets Ŝ (l; 0, 1), Ŝ (2; 0, 1) and Ŝ (3; 0, 1) 
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corresponding to II holding hands '1' or '2' or ' 31, 
rd respectively, at the 3 choice move. 

Consider the consequences of the possible choices 

available to II at this move from one of the information 

sets 0, 1). If II passes the payoff is -1 regard

less less of which hand I holds or II holds (value of i 

and j). On the other hand, if II bets the payoff is 2 

units if J > i and -2 if j < i. Retaining the symbol P 

for payoff this may be formally expressed as: 

P[xi e S3(ji 0, l)j 0] = -1 (for all i, J), (2.8.5) 

and 

P[XjL e S3(j; 0, 1); 1] = 2 Lij, (2.8.6) 

where, 
(+1 J > i 

Lî  = (-1 J < i. (2.8.7) 

The first group of symbols in the argument of the payoff 

function (e.g.,,xi e SJ(j; 0, 1)) denotes the state (cf. 

equation 2.8.1), while the second symbol (either a *0' 

or a '1') represents II's choice (pass, bet, respectively). 

The expected value of the payoff, from the information set 
O 
S (j; 0, 1), consequent to player II choosing to pass, 

may be computed. 

P[S3(jJ 0, l)j 0] = [p(x± e S3(JJ 0, 1); 0)] 

= 2 e S3(Jj 0, lJJPrfXj^ e S3(j; 0, 1)] (2.8.8) 
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By virtue of equation (2.8.5) and since 

S Pr[x. e S3(j5 0, l)] = 1 for all (2.8.9) 

equation (2.8.8) may "be simplified to 

P[S3(j; 0, l)j 0] = -1 for all J. (2.8.10) 

In a completely analogous manner the expected value of the 

payoff from the information set S3(J; 0, 1) if player II 

elects to "bet is found to be 

P[S3(jj 0, 1); 1] = 2 E Lij Pr[x. S3(J; o, 1)]. 
1 

(2.8.11) 

Making use of the quantities defined in (2.8.4), the 

expected value of the payoff (actually, of course, the 

expected expected value) from the information set 

ŝ (Jj !)> if player XI bets with probability is 

found to be 

Pts3(jj 0, 1)5 P3].= P[S3(Jj;0,-l); 1] 

+ (1- pj) P[S3(j; 0, 1); 0], (2.8.12) 

which becomes 

P[S3(J; 0, l)j pj = p. 2 Llj Pr[x, e S3(j5 0, 1)] 
3 J i£j 1 

" (I" Pj)- (2.8.13) • 

For each fixed M'j player II seeks a p. to maximize this. 
J  

The cases j=l and j=3 are easily evaluated because 

= -1, and" for all i. 

P[S3(l5 0, 1)5 Pl] . -(1 + Pl) (2.8.14) 

P[S3(3; o, 1)5 p3l = 3p3 - 1 (2.8.15) 
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The required maxima and corresponding p. values are: 
J 

max [-(1 + p •,)] = -1, (2.8.16) 
Pi 

with 

B° = Oj (2.8.17) 

and 

max [3po -1] = 2, (2.8.18) 

*3 

with 
_ o  
p
3 = 1. (2.8.19) 

A  
In order to evaluate P for the case of j = 2, 

O 
however, it is necessary to compute Pr[x̂  e S (2; 0, 1)] 

(î 2). This may "be done by use of the classical Bayes 

Theorem. (Parzen, I960, p. 119)• Recall the definition 

of the 'â ' (cf. 2.8.3). ' â 1 is the conditional proba

bility that player I bets, given that II holds hand 'j* 

and passed on the first move, and that player I subse

quently bets at the second move. By precisely defining 

the various events and sample spaces, Bayes Theorem may be. 

directly applied. However, some preliminary reasoning 

will help reduce the already cumbersome nomenclature. 

Consider the possible hands player I may hold, 

given that II holds '21: clearly, I may have hand fi' with 

'i'̂ 2. Let be the event player I holds hand 'if in the 

sample space of possible hands, given player II has ,2I. 
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The are mutually exclusive and exhaustive. For gener

ality the calculations are performed for an arbitrary 

number of hands; each hand is assumed equally likely in the 

original distribution of the hands. 

Let A be the event that II has passed; and let B 

be the event that I bets, then 

ai = Pr[B j Ĉ A] . (2.8.20) 

By virtue of the definition of conditional probabilities 

(Fraser, 1958, p. 30)> this may be written 

a. = Pr [ BC. A] 
1 — = Pr[EA/C.A]. (2.8.21)*-

Pr[C±A J 1 

An application of Bayes Theorem produces 

[BA/C.A] Pr[C.A] 
Pr [ C.A/BA] = Pr . (2.8.22) 

1 E Pr [BA/C, A] Pr [ C, A] 

Player II's decision to pass or bet in the first move 

depends on the hand he holds and nothing else. Since 

is an event in the modified sample space, (i.e., the set 

of all possible hands less the hand player II holds, "j") 

the events and A are independent. Thus, it must be 

that 

Pr[C±A] ~ Pr[C±]Pr[Aj• (2.8.23) 

Making use of equations (2.8.23) and (2.8.21), and the 

fact that the hands are equally likely, equation (2.8.22) 

becomes 
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1 

Pr[C.A I BA] = i . (2.8.24) 
1 ~=r E a, 

k£j k 

Again making use of the definition of conditional proba

bilities , as in equation (2.8.21), the result is 

PrfCj/BA] = -g -i. ' (2.8.25) 
k̂ J ®k 

Substituting (2.8.25) into equation (2.8.13) this becomes 

for j = 2 

P[S3(2j 0, 1), p2] = ap2 - ̂ -i ]̂ + »2 -1' 

(2 .8 .26)  

or simplifying, 

o Po (3a,- a,) 
i3(2: 0, 1): sU =-1—r4 -1. r[SJ(2i o, 1); ?2] ° ax + a, ° '1' (2.8.27) 

Thus the sign of (3a1 - â ) determines p°. 

To complete the analysis of this sub-game, it is 

necessary to compute the expected payoff from all states 

belonging to the third move, if player II bets according 

to an<* given above. Ey virtue of (2.8.17) and 

(2.8.19) this calculation is particularly simple for 

states in the information sets Ŝ (l; 0, 1) and Ŝ (3i 0, 1). 

Since equals zero, player II will always pass from any 

state in the information set Ŝ (l; 0, 1). (A bet would 

obviously be foolhardy.) All states in Ŝ (lj 0, 1) should 
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"be labeled with Value minus one. Similarly, all states in 

the information set Ŝ (3; 0, 1) have a Value of two. 

The computation of the Value for states in 

S (2; 0, 1) requires the enumeration of the possible cases 

for the sign of (Sâ -â ). This adds to the tedium of the 

calculations, "but offers no conceptual difficulty. If 

(3a1-a-?) equals zero then p° is undetermined; optimal x -5 2 
strategies need not be unique. Figure 2.8.2 is identical 

to Fig. 2.8.1 except that the vertices (states) in the 

information sets Ŝ (l; 0, 1) and- Ŝ (3j 0, 1) have been 

labeled with their Values. The enumeration required for 

SJ(2; 0, 1) makes its labeling cumbersome; this has 

been omitted. 

•The above process may now be repeated for the 

states at the second move (player I's choice move). 

Continuing in this manner the entire solution (strategies 

and Value of the game) may be found. The partial results 

given here may be compared to those given in Karlin, Vol. 

I (1959* PP- 86-92). (Note the definitions of a and p 

do not coincide.) 



Pig. 2.8.2 Partial Solution of the Poker Game 



CHAPTER 3 

DIFFERENTIAL GAMES 

The present chapter includes definitions and 

derivations of some of the salient features of the Isaacs' 

theory of differential games (Isaacs, 1965). The required 

game theoretic concepts have "been introduced previously 

(Chapter 2), so that much of the current discussion will 

deal with the application of these concepts to a differ

ential game. The game description will involve many of 

the aspects of an optimal control problem, and the analy

sis here will closely parallel that of Bellman (Bellman, 

1961; Bellman and Dreyfus, 1962) for such problems. It 

will be seen that, as with the classical two-person zero 

sum game, the differential game may be stated as a GNF 

or a GEF. 

3-1 Definitions 

The notion of the "state of a system" will be 

central to much of what follows. A mathematically precise 

definition would be too restrictive for the varied situa

tions in which the concept occurs; the germ of the idea is 

all that is required. 

52 
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Consider a system that is governed by a recursive 

functional relation. The description of the system 

depends on a single parameter (time, arc length, etc.) 

and the recursive relation links the describing quantities 

at some value of the parameter to those at previous values 

of the parameter. The minimum set of quantities that must 

be specified so that all future quantities can be uniquely 

determined from the recursive relation is the state of the 

system. For systems governed by differential equations, 

the initial state is given by the initial condition. The 

systems analyzed in this chapter are governed by differ

ential equations. 

Let the state of the. game be represented by a 
y. |*| 

point (x, t) in R . The motion of the state in the 

state space is governed by a set of differential equa

tions 

x1 =s f̂ tXjUft),v(t),t]\ i = l,2,...n. (3-1.1) 

Here, u(t) and v(t) are the control parameters selected by 

the players I and II, respectively. Let u(t) take values • 

in E?11, while v(t) takes values in Emt. The functions u 

and v will in general be subject to some analytical' condi

tions; usually they are required to be piecewise continu

ous . Additionally, there may be some restrictions on the 

allowable values of the controls, u(t), and v(t), respec

tively. 
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The end conditions for the game are given by a set 

of equations 

Se(x,t) = 0; e = 1,2,...p. (3-1-2) 

For this purpose it is convenient to define a terminal set 

9 =.{(x,t) e Rn+1 gQ(x,t) =0; e= 1,2,...p.}. (3-1.3) 

To complete the game description, define the payoff from 

the state (t̂ x̂ ) when player I uses control u and player 

II uses v as 

• tf ' 
P(t1,x1s u,v) = J* f°[x(t), u(t), v(t), t] dt + gQ(tf,xf). 

tl (3.1.4) 

The x(t) in equation (3-1.4) is the solution to initial 

value problem given by equation (3-1.1) and 

xi(t1) = x*; (3.1.5) 

and 'tf' is given by 

tf = min {t |(t,x(t)) e 0}. (3.1.6) 

Thus 't̂ ' is the first time the game reaches the terminal • 

set 0. 

The idea of a strategy in the differential game is 

exactly as it was in the general theory. The strategy is 

selected at the start of a play and remains unchanged 

during the partie. The reason the strategy is fixed is 

not because the opponent's mode .of play has been predicted, 
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but rather that the strategy provides a choice for any pos

sible circumstance. Clearly, then, the choice made at any 

instant during the course of a play must be a function of 

the state of the system. This function is the strategy; 

thus, a strategy for player I is a function which maps the 

state space into his control space. Similarly, a strategy 

for II maps the state space into his control space. This 

is symbolically indicated 

u: Rn+1 U CR01, (3.1.7) 

and, 

v: Rn"hl > V CR111. (3.1.8) 
A  

Here, U is the set of allowable control values for player 
A  A  A  

I, and V is the allowable control values for II. U and V 

are fixed sets. 

3.1.1 Tactics 

Let player I choose a strategy u, and let player 

II choose v. The functions of time (u, v) defined by 

u(t) = u[x(t),t], (3.1.9) 

and 

v(t) = v[x(t),t] (3.1.10) 

will be referred to as the tactics corresponding to the 

strategies u, v from the initial state x̂ . As before, 

x(t) is the solution to the initial value problem given by 

equation (3-1.1) with initial condition (3.1*5). The use 
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of the word tactic is an adaptation from the usual military 

lexicon. This is in contradistinction to the use of the 

word 'tactic1 "by Karlin. The reader familiar with the 

jargon of control theory will note that a tactic bears the 

same relation to a strategy as 'open loop' control bears 

to 'closed loop' control. It will not be surprising then 

when the main results for the strategies turn out to be 

an analog of the Hamilton-Jacobi-Bellman equation (Bellman 

and Dreyfus, 1962, p. 199). 

3«2 The Game in Normal Form 

Recall that the definition of a game requires a 

pair P of strategy spaces (U,V say) and a real-valued 

function defined for strategy pairs (u,v). Since the 

player's strategies are functions of the state, the 

'natural' strategy spaces seem to be the spaces of func

tions from Rn+1 to I?01 and Rn+1 to /. 

The interpretation of this is as follows: Cor

responding to any pair of strategies (functions of the 

state) chosen by the players, one obtains a set of dif

ferential equations, 
* 

x = f(x,u(x,t), v(x,t),t). (3.2.1) 

The solution to the initial value problem given by the 

differential equation (3.2.1) with the (fixed) initial 

state results in a trajectory in state space. This 
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solution then affords a given value to the functional P 

defined by equation (3.1.4). This value is the payoff 

from the given initial state, resulting from the strategy 

pair u,v. 

Thus, it appears that one might abstractly deal 

with differential games as games defined on function 

spaces. The optimality criteria given "by conditions 

(2.3.6) and (2.3*7) are directly applicable. However, 

deriving constructive conditions from these seems a for

midable task. The difficulties 'in such a treatment are 

analytical, rather than game theoretic. 

3.3 The Game in Extensive Form 

In the previous chapter, use was made of the 

"geometrical tree" representation of a game in extensive 

form (GEF). This representation is useful because it 

clearly and concisely describes the rules of the game. 

The important features (states, moves, information sets, 

choices and their consequences) are all explicitly 

described. However, this "tree" description is obviously 

not the only one possible. It would be possible to 

simply enumerate the sequence of moves, the information 

sets at each move, the choices available in each informa

tion set, and the payoffs at the various terminal states. 

This, together with a rule for assigning the consequences 

of. a given choice from a given state, would complete the 

game formulation. 
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The classical game in extensive form apparently 

describes a situation that is discrete. That is, the 

choices are made at certain specific instants and only 

then. There is a finite (or at most countable) number of 

such instants. Note, however, that the number of infor

mation sets, states in an information set or choices 

available at any information set may be uncountably infi

nite. 

The game defined in Sec. 3.1 is termed a differ

ential game because the equations relating the states (and -

thus the payoff) to the strategies include differential 

equations. The choices available to the player enter as 

arguments of the system of equations (3.1.1), so the 

'tactics' must be suitably continuous1 in time. Since it 

is not possible to specify a continuous function (the 

tactic) by giving its numerical value (choice) at each 

instant of time (uncountably many) there is a dilemma. 

The problem may be resolved in a number of ways, 

some physically intuitive, others entirely mathematical. 

Perhaps most simply, the game might be redefined with the 

differential equations replaced by difference equations. 

The piecewise linear function obtained by connecting the 

control values at the discrete instants may reasonably 

approximate the 'tactics' of the continuous case. For a 

1. Whereas, the choices in the G-EF are not 
"continuous." 
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suitably restricted class of tactics this argument may be 

made more precise."'" Since the interest here is in problem 

solving, this approximation technique is appealing. 

Results about the limiting behaviors of the approximations 

would be useful but not essential. 
p 

Karlin's introduction of K-strategies and 'tactics' 

at once obviates the difficulty (see Isaacs, 1965* p. 38)• 

A K-strategy has two components: a function S(x) and an 

unbounded, monotone increasing sequence (ct) of real num

bers (times) starting from zero.- The function S is called 

the tactic and its use is now described. At time t-̂  

(some element of cr) the state of the system is xfc. On 

the interval ê player uses the constant con

trol Sfx̂ ). The min max of the payoff is taken in the 

class of K strategies. 

The point is that the rigorous analysis of a dif

ferential game as a "GEP" would require some modification 

of the game definition. The definition of game in Section 

3-1 is much too imprecise for completely rigorous treat

ment. However, physical considerations which have not 

1. It is well known (Buck, 1965, p. 70) that a 
continuous function on a compact set may be uniformly 
approximated by such a piecewise linear function. 

2. Again it is pointed out that this use of the 
word 'tactic1 is not the same as in the sense of Section 
3.1. 
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"been incorporated into the incomplete mathematical model 

will usually rule out much of the difficulty. This will 

be the procedure used here. 

3-4 A Word on Analytical Difficulties 

In general, of course, the game as outlined above 

may be ill-defined. Without some restrictions on the 

system of differential equation (3.1.1), the terminal 

set 0j and functions f and gQ in the definition of the 

payoff (3.1.4) the existence of a game cannot be guaran

teed. 

Since it is necessary to deal with a set of dif

ferential equations, it is obvious that each pathology 

and difficulty which occurs in that theory will have a 

manifestation in differential games. The questions of 

existence and uniqueness of a solution to the initial 

value problem may be answered in a variety of ways. For 

instance, it might be required that corresponding to any 
* 

strategy pair u,v the functions cp i defined by 

cpi(x,t) = fi(x,u(x,t),v(x,t),t), (3.4.1) 

be continuous and satisfy a Lipschitz condition in a 

suitable region. These conditions could be interpreted 
i in terms of f , u,v, in a variety of ways. 

A perhaps more subtle weakness in the game 

description given in Section 3-"l is in the integral part 

of the payoff (cf. equation 3.1.4). 
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If t̂  is finite and f° is reasonably well-behaved, 

then existence of the integral is assured. Note, however, 

that a finite value of t̂  is not guaranteedi that is, 

"termination" need not occur. This difficulty may be 

obviated by imposing a 'stop rule.' If a game situation 

develops wherein infinite plays are possible, then the 
A  

augmented terminal set 0̂  may be defined as 

tT = 0 U {(t,x)/t « T} 

Here "T" is constant which may have physical meaning for 

a particular problem. For instance, in a rocket pursuit, 

problem T may be taken as the ratio of the initial mass 

of the pursuing vehicle to its mass flow rate. Then at 

t = T the pursuer has exhausted his fuel supply. 

In the course of later development it will bee 

necessary to assume some further analytical properties of 

the payoff function and some of the other constituents in 

the game definition. Since this will be done without 

further reflection on the implications, it is fitting to 

discuss the rationale. As indicated above, differential 

game theory is a mixture of differential equations and 

game theory. Just as classical two-person games arise 

from an extension and generalization of minimization of a 

1. This same possibility exists in classical 
game theory. The use of the retrogression principle of 
Section 2 required that infinite plays be ruled out. 
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function of several real variables, so differential.games 

may "be considered an extension of optimal control: theory 

(and the calculus of variations). j 

In classical game theory one makes various assump

tions concerning the payoff function, (continuous, piece-

wise -continuous, separable, bell shaped, etc.) ancl few 

general results are available without some such assump

tion. The situation here is similar. Separately! the pos

sible difficulties in game problems and optimal control 
| 

problems are numerous; together -they are legion, j 
i 

Therefore, no attempt will be made to classify 

broadly and discuss modes of abnormal behavior. Rather, 

it is required that each problem be examined and dis

sected in all its peculiarities. 

3 . 5  The Main Equations j 
j 

The basic idea used in the derivations made here 

is that of invariant imbedding, as discussed, by Bellman 

(Bellman, 1957> pp. 41-43). The core of the idea may be 

gleaned from some simple considerations of ordinary dif

ferential equation. Let a system be governed by 

x = f(x,t) 

The solution to the initial value problem given by 

equation (3-5-1) and the condition 

x(tG) =0, 

(3.5.1) 

the 

(3.5.2) 
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depends on the value of 'c'. Denote this explicitly; with 

notation 

x = x(t; tQ,c). 

Suppose the system is started with the initial condition 

(3*5-2) and allowed to 'run' for a time Sj then it is 

stopped. The state at time 's' is given "by 

x = x(s; tQjc). (3.5*3) 

The system is then restarted with initial condi

tion given "by (3.5-3) and proceeds for another t units 

of time. The final value is given "by 

x = x(t;s + tQ, x(s; tQ,c)). (3-5.4) 

Obviously, the same value would be reached if the system 

was started with the initial value (3«5*2) and allowed to 

proceed for s + t units of time. This leads to the func

tional equation. 

x(s + t$ tQjc) = x(t; s + tQ, x(sj tQ,c)). (3-5-5) 

This same notion is now applied to the game problem. 

Suppose that at time "t" the system has reached 

the state "x". Daring the interval (t, t + h) the players 

I and II will employ tactics u and v, respectively, and 

the system will be transferred to the state x -f Ax. It is 

assumed that the Value of the Game V is known at x + Ax. 

The 'Tenet of Transition1 (Isaacs, 19̂ 5» P* 67) then 

guarantees that in order for tlie partie from x to 
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termination to "be optimal, it is necessary that the .play 

from x to x + Ax be optimal. This argument is now quan

tified. 

As beforê  the governing differential equations 

are 

X3" = f̂ XjUjVjt). • (3-5.6) 

The payoff from state x when the players use tactics u, 

v on the interval (t, t + h) and employ optimal strategies 

from t + h to termination is given' by;/ 

t+h 

P(x,t,u,v) = J F°[X(T)>U(T)>V(T)JT]DF + V(x+Ax,t+h), 

t (3.5-7) 

where X(T) is a solution to the system (3.5*6) with initial 

value x(t) = x, and V is the Value function. 

Making use of the mean-value theorem for integrals 

(Buck, 1965,, p.-106) the following is obtained; 

t+h 

J" f0[x(T).u(T),v(T) ,T]<IT = hf0[xCE0),u(T0),vfE'0)TE0]> 

t (3.5.8)' 

where t < "t0 < t+h. Assuming that the Value function (V) 

2 is of class C in a region containing the point (x,t) an 

approximation theorem (Buck, 1965̂  p. 2*1-3) may be invoked 

to yield 

V(x+Ax,t+h) = V(x,t) + Ax* + h + R(Ax,h) (3-5-9) 
5.x L • 
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(Ax,h)-0 

65 

= 0. 

Finally, the differential equations (3.5*6) may be replaced 

by an equivalent set of integrals (see, for example, 

Birkhoff and Rota (1962), p. 111). Applying the mean value 

theorem to these integrals there results 

x̂ .t+h) = x1(t) + hf̂ fxfif̂ û JjvOfj,), (t±)], (3.5.10) 

with t < ̂  < t+h. 

Here the symbol t"̂  indicates the mean value argument will 
i depend on the particular x being evaluated. Combining 

these results leads to 

P(x,t,u,v) = hf0[x(t0),u(tQ),v(t0),t0] + V(x,t) 

+ h + R(Ax,h). 

(3-5.11) 

Taking the m̂ n max1 of equation (3.5.11) and using the 

definition of V that: 

V(x,t) = m̂ n m̂ x P(x,t,u,v) = max m̂ n P(x,t,u,v); ( 3 .5.12) 

there results 

1. For the moment it is assumed that min max 
= max min. This point will be discussed later. 
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0 = min max (f°[x(t0),u(TQ),v(tQ),tQ] + |~ 

+ f1[x(t1),u(t1),v(Ti),t1]} + H(Ax^h) (3.5.13). 

Finally, let h tend to zero noting that all the tQ, t̂ 's 

are.contained in the interval (t,t+h), and.that Ax tends 

to zero. 

min max [f°(x,u,v,t) + fi(x,u,v,t)] = (3.5.1̂ ) 
u v dx 

Equation (3.5.1̂ -) is the two player generalization of the 

Hamilton-Jacobi-Bellman equation (Bellman and Dreyfus, 

1962, p. 199)« It. is Isaacs' first Main Equation (Isaacs, 

1965. p. 67). 

• Performing the indicated minimization and maximiza

tion in equation (3.5-14) will lead to functionŝ  

u = u(x,t, |J), (3-5-15) 

and 

v = v(x,t, |̂ ). (3.5.16) 

Substituting (3.5*15) and (3.5.16) into (3.5.14-) 

there results the first-order partial differential equa

tion 

f°(x,u,v,t) +^3- f^x.u.v.t) =-=§2 (3.5.17) 
dx 

1. The assumption that min max equals max min 
means u will not depend on v arid conversely. 
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The arguments in u and v have been omitted in the interest 

of compactness. Thus, in principle, the task of solving 

the differential game problem has been transformed to that 

of solving a first-order partial differential equation. 

The appropriate boundary conditions will depend on the 

terminal set (e), and the terminal payoff function (gQ). 
These will be derived in Section 3.7. In practice, of 

course, the solution may be difficult to obtain. It is of 

interest to note that the intimate connection between the 

calculus of variations and the theory of first order par-

tial differential equations apparently carries over for 

two player variational problems (differential game). 

Though this connection may be of some mathematical inter

est, it-will not be pursued here. 

3-6 The Euler Lagrange Equations 

The central use of the second main equation (ME-2 

in Isaacs' parlance) (3-5-17) will be to derive a system 

of first order ordinary differential equations, the Euler-

Lagrange equations. To facilitate the derivation, which 

requires some differentiation, it is helpful to introduce 

an auxiliary function that will also be useful in the 

1. Rund (1966) points out that the solution of 
any first order partial differential equation is the solu
tion of some variational problem. 



68 

formal solution procedure. Define 

H(x,U,V,t Vx) = f°(x,U,V,t) + ^(XjU^Vjt) . (3.6.1) 
dx 

In terms of this H(pre-Hamiltonian) function equation 

(3.5.11) "becomes 

min max H(x,u,v,t,v ) = -V. (3.6.2) 
u v x t 

Making use of equations (3-5.15) and ( 3 . 5 . 1 6 ) ,  it is pos

sible to define a new function H° (the Hamiltonian) 

H°(x,tJVx) = H[x,u(x,t, Vx),v(x,tJVx),t,Vx]. (3-6.3) 

In terms of this new function, equation ( 3 . 5 . 1 1 ) ,  the 

ME-2, is written 

H°(x,t,Vx) + Vt = 0. (3.6.4) 

The desired results may now be obtained by differentiat

ing equations (3.6.4) with respect to x̂ , keeping in 

mind that V is a function of the x̂ *. 

dH° dH° avi d2V Q 
—r  + —t —t  + i  r = ° *  ( 3 . 0 . 5 )  
dx̂  dV̂  3x̂  dt x̂  

Here the symbol V̂  indicates the derivative of V with 

respect to x̂ ; and as before, the repeated index fif 

indicates summation. 

1. The symbol Vx is a shorthand for the n-tuple 
of derivatives of V with respect to the ̂  variables. Vt 
used in (3.6.2) is the partial derivative of V with 
respect to 'tT. 
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From the definition of H° (equation (3.6.3)). the 

following may "be obtained: • 

. SH Û un JL f-i £ f.\ +  ( 3 . 6 . 6 )  
dH° dH , SH bvi , dH V̂1 

and, 

dx̂  uk dx̂ * V1 Sx̂  

dH° dH , dH ûk . dH V̂1 
5v7 v̂7 + "SuT 3v7 + 3v7 3v7* (3.6.7) 1 ZL K 1 1 i 

Since u affords a minimum value to H, then either -1^-
. k 

is zero, or u takes its value on the boundary of the 
A  

constraining set, U, and so is constant. In each case 

the second group of terms on the right sides of equations 

(3*6.6) and (3.6.7) must vanish. A similar argument 

applies to the terms involving v. 

Further, from the definition of H, and the 
2 assumption that V is of class C , the following rela

tions hold: 

tfj = f1 = x1 (3.6.8) 

3V. -,2.. J.2,. 9v< 

I? ~ dx^dx1 ~ Sx^x3 ~ ax1 (3-6.9) 

= (3_5io) 
Sx^at ataxJ 

Combining these results, and using the notation 

dV, by. av 

« =a^ ' ( 3' 6' 1 ; L )  
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„ = 0- ( 3- 6" 1 2 )  
u = u 

V = V 

The.notation of equation (3.6.12) indicates that the con

trol functions used in H must satisfy conditions (3.5>15)j 

and (3-5«l6). The quantities V. are the derivatives of 
J 

the Value function with respect to the components of the 

state vector. They are often interpreted as influence 

coefficients, since for small changes in the state they 

may "be used to approximate the change in the Value. 

The equations (3.6.12) are Euler-Lagrange equa

tions; the Vj are sometimes called Lagrange multipliers. 

Along with the equations of motion 

= 0, (3.6.13) *i *.i x - f 
u = u 

V = V 

the equations (3-6.12) form a set of 2n first-order dif

ferential equations. 

If these are solved̂ * then the computed value of Vx 

along the given path may "be used in the equations (3-5.15)» 

and (3.5.16) to define the corresponding optimal tactics: 

1. Of course, in conjunction with the appropriate 
"boundary conditions. 



71 

u°(t) = u[x(tj,t,Vx(t)], ' (3.6.14) 

and, 

v°(t) = v[x(t),t,Vx(t)]. (3.6.15) 

3-7 The Endpoint Conditions 

A set of terminal .conditions for the problem may

be derived from the fact that on the terminal set, V is 

known (V = gQ on 0). Recall the end conditions are given 

by equations 
i gê xf' tf̂  = °j e = 1>2> ...p < n + 1. 

i = 1,2,...n (3.7.1) 

For notational simplicity it is convenient to 

identify t with an additional state variable and let 

xn+1 = t, (3.7.2) 

n + 1 = n, 

so that the end conditions become 

ge(xf) =0; e = 1,2,. . . p  < n',1 (3-7.3) 

i - 1,2,...n1. 

Suppose the functional matrix (Jacobian) has maximum rank . 

( = p) on 0. 

dge 
rank (—*-) = p; e = l,2,...p < n, (3.7.4) 

- .. . -<hc ........ 

1. In further analysis it will be assumed this is 
done. The prime is dropped from n. 
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If this is not so at some point on Q , then it follows 

from standard theorem on functional dependence (Buck, 19&5, 

p. 289) that the set of functions ga is not independent 

at that point. In this case, seek p* such that 

rank (—3-) = p*; e = l,2, . . . , p *  <  p .  (3-7.5) 
' dx 

The statements that follow then apply to the set 

ge(Xf) = 0; e = 1,2,...,p*. (3.7.6) 

Since the Jacobian matrix employed in equation 

(3.7.̂ ) has maximum rank, the implicit function theorem 

(Apostol, 1957, p. 1̂ 7) guarantees that there are 

(locally) functions g of class Ĉ " such that 

6e^8l^*p+l'''''xn^' " ',gp(xp+l'' " 'xn),xp+l''"'*xn' = °" 

(3.7.7) 

That is, the g are explicit solutions to the end condi-

tions (3.7*3)• Since equation (3*7.7) obtains for values 

of xp+iJ-'**xn near a solution point, and since the gg 

are Ĉ , the chain rule leads to 

dg dg. dg 
tt t "1" j* = Oj e,k = 1,2,... ,p, 

j = p+1,...,n. (3.7.8) 

The requirement (3•7*̂ ) means that the matrix, 
dg 
(—jr), in (3.7*8) is non-singular, so that 
dx 
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dgk "X 

i?=" {i?} i?' (3-7"9) 

From the definition of the payoff function P, and 

the Value function V, it follows that on the terminal set, 
A  

V = g . Making use of the functions g . it is possible 
U  w  B  

to write 

V[gi(Xp+i,...,xn),...>Sp(xp+i>•••*xn)'xp+l'*"*,xn̂  

= S0[gl(xp+1'*'''xn̂  *' *•,gp̂ Xp+l'"*''Xn)'xp+1''* mXrJ * 

Thus 

(3-7.10) 

Sv Ŝk Ŝq dg, dgn 
+  W  0 k + 0 .  ( 3 . 7 . 1 1 )  

dx dx̂  dx̂  dx dx̂  dx̂  

k = 1 , 2 ,  
j = p+1,...,n. 

Rearranging, and making use of (3.7*9) there obtains 

= (av_ . !fo) (^fej 1 
+ !fo • (3 7 12) 

axJ Vs axk a*k a*" a*3 ( ) 

e,k = 1,2,, .  m  ,~p, 
j* = p+i,. .. ,n. 

The (n+l-p) equations (3-7.12) explicitly give the 

final values of some of the components of the gradient of 

V in terms of the final values of the other components. 

The actual use of these in the solution procedure will be 
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outlined below. Consider, now some special cases which are 

of particular interest. 
a 

Suppose a certain variable x does not appear in 

the end condition (3.7-2), then for the final value of the 

corresponding component of grad V equation (3-7-12) 

reduces to 

dv sgo 
dx£ 

(3.7.13) 

If, in addition, this variable does not appear in 

the terminal payoff function gQ> then 

= 0. (3.7.1̂ ) 
dx 

3.8 An Outline of the Approach 

Before passing on to some examples, it may be help

ful to outline briefly the approach. Given the system of 

differential equations, and the Payoff function, form the 

pre-Hamiltonian function 

H(x,u,v,t, V ) = f°(x,u,v,t) + f̂ XjUjVjt). (3.8.1) 
x dx1 

Performing the min max operations on H leads to 

the control functions 

u = u(x,t,Vx), (3-8.2) 

and 
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v = v(x,t,Vx). (-3.8.3) 

The Euler-Lagrange equations are found to be 

a(vil + M. 
dt = 05 (3.8.4) 

u = u 

V = V 

and these along with the equations of motion 

_  =  0 ,  ( 3 . 8 . 5 )  d i -i 
dt x 1 

u = u 

V = V 

form a set of 2n first-order equations. 

The construction of a trajectory from a given 

initial point becomes a two point boundary value prob

lem. A guess is made for the initial values of the 

n-components of the gradient of V. The equations are 

integrated until one of the end point conditions (3.2.1) 

is satisfied, or until it is reasonably sure that none 

will be met. The initial "guesses" are perturbed until 

the remaining n-1 end conditions are satisfied. These n-1 

conditions are the p-1 end point conditions (3-7.1) and 

the gradient conditions (3.7*12). For large systems (large 

values of n) this procedure is quite time consuming. Much 

integration must be performed to produce a "good" trajec

tory. Moreover, a knowledge of the optimal tactics and 
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trajectory from a given initial point may provide little 

information concerning those from neighboring initial 

points. 

3-8.1 Retrograde Equations 

If the system of equations can be integrated in 

closed form, then it will often be possible to find the 

in terms of initial conditions on the state. With 

these so determined, the strategies u and v can be 

ascertained by direct substitution into the equations 

(3.5.15) and (3.5.16). 

Often, however, the differential equations 

(3.6.12) and (3.6.13) are too complex to admit easily 

such a solution. In these cases, numerical integration 

may be the only answer. The technique is to compute a 

number of optimal trajectories which reasonably cover a 

region of interest. A knowledge of the optimal 

"tactics" (open-loop control) along these trajectories 

may be helpful in synthesizing strategies that are nearly 

optimal. Equally important, it may be possible to com

pute other information of engineering interest (such as 

zones that can be protected with given performance param

eters) . 

For this purpose, the solution procedure outlined 

above may be grossly inefficient. Many integrations are 
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required (and so much computer time is expended) to obtain 

a single good trajectory. With this in mind, consider a 

slight modification. Let 

T = tf - t, (3.8.6) 

and consider the equations obtained from (3-8.4) and 

(3.8.5) by a 'reversal of time1 

dV 

dr 
I . dh = 0, ( 3 . 8 . 7 )  

u 

v 

= u 

= v 

and 

dx* 
d«r + f- = 0. (3 .8 .8)  

u = u 

V = V 

Select n-p+1 components of (x,t) and solve the 

equations (3.7-1) for the remaining p components. Choose 

p-1 of the components (V ,V̂ .) and solve the equations 

(3.7.12) and (3.5.17) (the ME-2) for the remaining n+2-p. 

This completely specifies a set of 'initial' (in the 

retrograde sense) conditions so that the system of 2n 

first order equations may be integrated backward in time. 

By varying the n chosen quantities, an n parameter family 

n+1 of curves in R is generated. To be sure, the guessing 

required to find the optimal trajectory through a given 

"final" point (in the retrograde sense) is as complex as 
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in the forward case. The advantage now is that each tra

jectory is optimal**" to (a given) somewhere and is valuable 

in the generation of the field. 

3-9 An Example: Guarding a Target 

The problem of "Guarding a Target" (formulated by 

Isaacs, 1965> PP* 19-20) is a simplified version of a 

common problem in warfare Player I is an intruding 

bomber and wishes to drop his bombs on a target. Bomb

ing accuracy falls off markedly with distance, and so 

player I seeks to minimize his distance from the target at 

the point of bomb release. Player II is an intercepting 

aircraft and wants to intercept I far from the target. 

For simplicity, it is assumed that the motion is planar, 

and that each vehicle moves with constant speed. The ratio 

of the speed of the bomber to that of the interceptor is 

a constant; w. Using (x,y) for the location of the inter

ceptor and (g,ri) for the bomber, the non-dimensional 

equations of motion are 

X = COS V 
• 
y = sin v 

5 = w cos u (3.9.1) 

ri = w sin u. 

1. More properly, it satisfies necessary condi
tions for optimality. 
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Here u and v represent steering angles for the respective 

players. The end point conditions'1" are 

g2: x-g = 0, 

and (3.9-2) 

S2.: y-Ti - 0. 

If the target is taken as the origin, the payoff 

may "be given "by 

s0 = 1/2 (s| + t||). (3.9.3) 

Following the procedure outlined in Section 3*8, 

the pre-Hamiltonian of the system is constructed. 

H = Vx. cos v + Vy sin v + w(V_ cos u + V sin u) 
5 T\ ' 

(3.9.4) 

The function u and v are found to be 

H = tan"1Jl) (3.9.5) 
5 

and 

v = tan"*1 (3.9.6) 

Since the equation (3.9.4-) is independent of the state 

variables (x,y,t*,T)), the Euler-Lagrange equations 

(3-8.4) indicate that all components of the gradient of V 

are constant. 

For the functional matrix arising in the end 

conditions, the derivatives of the gQ with respect to x 

1. These are the end conditions if intercept 
occurs before the bomber reaches the origin. 
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and y are taken to obtain 

a®! sg! 
dx dy 

dg o sgo 
(3.9.7) 

ox dy 

3se 

0 

Note that det (—f) = 1 so that the matrix in equation 
dxj 

(3-9.7) is non-singular. The end conditions (3-7-12) 

become 

Vg = Vx + 

v = vy + nf, (3.9.8) 
"h 

and 

vt = °. 

Prom the results (3.9*8) and the condition that V̂ , 

V , V, and V„ are all constants, it is implied that u 
ri x y * 
and v are constants and, moreover, 

Vx v = tan"1 M , (3.9-9) 

and 

u = tan"1 (3.9.10) 

Using the above results, the equations of motion (3-9.1) 

may be simply integrated. It may be noted that only 

ratios are involved in (3.9-9) and (3.9*10)# thus a 

simple normalization is possible. Taking Vx to be unity, 
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and employing the boundary conditions (3.9-2), the follow

ing set of equations result. 

5f = (1 + Vy2)1/2 + X° (3-9.11) 

Vy(t~-t ) 

. (3-9a2) 

5f = a  ̂ g \/i + ?o (3-9.13) 
F [(5 - I)2 + (IF - V2]1/2 0 

• w(V - vy)(tf - tQ) , 

^ " [(sf - i)2 + (,f - vy)2lv2 c3-9"l4) 

These are a set of four simultaneous algebraic 

equations in the unknowns r|f, V and (tf - tQ). The 

qualities xQ, y , g0_, ti0 are the known instantaneous 

values of the state variable; w is the constant speed 

ratio. Rather than deal directly with these, it is 

simpler to follow some geometric reasoning. 

Consider the locus of all the points that the 

vehicles can reach simultaneously, by each moving in a 

straight line. For the case w < 1 this locus is a circle 

with center (x*, y*) given by 
_ 2 ... 

- w x„ 
x*=_° 1  (3.9.15) 

1 - \r 

2 . 
ru - w y„ 

y* = — g-2- (3-9.16) 
1-w 
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and radius 

r* = n "wg^ [(x° " §°)2 + (y° " ̂ o)2!-172 (1 - W ) 

Any point inside this circle can "be reached by the bomber 

before the interceptor, while points outside the circle 

may be reached first by the interceptor. 

For w = 1 the required locus is the perpendicular 

bisector of the line Joining the bomber ti0) and the. 

interceptor (xQ, yQ)• This line divides the space into 

two half planes. Those points in the half plane contain

ing the bomber can be reached first by him, and similarly 

for the interceptor and his half plane. 

In either case, the solution has a simple geometric 

interpretation. If the target (0, 0) lies within the 

region first reachable by the bomber or on the separating 

locus, he should go straight to it. The bomber will 

reach the target before being intercepted, and the 

Value of the game is zero. If the target lies outside 

this region, the bomber and the interceptor should aim 

for the point on the separating locus that is closest 

to the origin. This is demonstrated in Figs. 3.9*1 and 

3-9.2. 
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Intercept Locus 

Target 

Pig. 3 . 9.I Geometrical Solution of the 'Guarding a 
Target* Problem (case w = 1/2) 

Guarding 

B / 

Aiming A 
Point / \  ̂ , Intercept Locus 

/ 
\ / 

\ 
> 

V Target 

Pig. 3-9-2 Geometrical Solution of the 'Guarding a 
Target' Problem (case w = 1) 
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3.10 An Example: A Rocket Pursuit Problem 

The example of the previous section may be deemed 

physically impractical because the equations of motion 

are purely kinematical. Since discontinuous controls are 

possible, the players have the ability to change abruptly 

directions. Such maneuvers for frealT vehicles would 

require exceedingly high forces. (Interestingly, optimal 

strategies make no use of this ability.) The example 

considered here is physically more reasonable; it is a 

simple model of a possible anti-ballistic missile system. 

For simplicity, the motion is two dimensional with constant 

gravitational acceleration, no atmospheric forces are con

sidered. 

An incoming vehicle has a constant thrust magni

tude and constant mass. This is typical of sophisticated 

re-entry vehicles with low thrust capability. A pursuing 

vehicle also has constant thrust but the mass is not con

stant. The controls available to the players are their 

respective thrusting directions (e for player I; cp for 

player II). The situation is depicted in Fig. 3̂ 10>1. 
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The equations of motion are given by 

XE UE* 

yE = VE' 

UR=I)M O O STP' (3.10.1) E m'E 

' = ̂ ) 
E m'E 

vk = £)* s ln  <P -  S. 

y-p = vpj 

P m'P 

r = *) 
P m̂ P 

• 

mp = p 

up = cos 0, 

Vp = £)-d sin e - g, 

The payoff considered will be the time to intercept, so 

that 

f° = 1, and gQ = 0. (3.10.2) 

The boundary conditions are 

si •' xe - xp = ° >  

and 

g2 : yE " yP " °* (3.10.3) 



Fig. 3•10.1 A 'Rocket Pursuit' Problem 
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It would be possible to apply the procedure out

lined in Section 3.8 to the problem as given by equations 

(3.10.1) through (3.10.3). However, the dimensionality 

can be considerably reduced by noting that only relative 

coordinates are important. In terms of relative variables 

(evader minus pursuer) the governing differential equa

tions become 

m = p. 

The payoff is still given by (3.10.2)., but the transformed 

boundary conditions are 

x = u, 

y = v, 

u = H>e cos <p - H>p oos e> 

V = l)E sin ep - £)p sin e, 

(3.10.4) 

gx : x = 0 (3.10.5) 

and 

g 2  
:  7=0. 

The pre-Hamiltonian of the system is 

H = Vx u + Vy v + Vu cos <p - |)p oos 0] 

+ Vv [I)e sln v - zh sin e] (3.10.6) 
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The requirement that If minimize H and cp maximize it leads 

to 

cos e = cos cp = (3.10.7) 

and 

sin 0 = sin cp = (3.10.8) 

where 

V = (Vu2 + Vv2)1/2. (3.10.9) 

Further, the first four Euler-Lagrange equations 

are given by 

Vx = 0, 

Vy - 0, (3.10.10) 

Vu = - Vx, 

and 

Vv = - Vv. 

These are readily integrated, and in terms of 

the constants Vy, Vx, tf, Vu(tf), Vv(tf) the last two 

become 

Vu(t) = Vx(tf-t) + Vu(tf), (3.10.11) 

and 

Vv(t) = Vy(tf-t) +Vv(tf). (3.10.12) 

Since neither of the state variables u nor v-

appears in the end point conditions (3.10.5) (and since 

for this problem gQ = 0) the end conditions on Vu and Vv 
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(3.10.13) 

are (cf. equation 3-7-14) 

Vu(tf) = 0, ! 

and 

Vv(tf) =0. | 

Thus, the controls 0 and cp take on the particularly simple 

form 

cos 0 = cos cp = Vx 

and, 
(Vy + Vx ) 

sin 0 = sin cp = o~T7o' (constant) i (3.10.15) 
(Vy + Vx.)' | 

(constant) (3-10.14) 

. i 

The result of the analysis is that the optimal 

tactics for the two players are the same and tjhat they are 

constant. The value of the constant, of course, will 

depend on the initial conditions; it can "be computed "by 

integrating the equations (3-10.4) and employing the 

boundary conditions (3.10.5). Since this integration can 

be done in closed form there is no advantage in the use of 

the retrograde equations discussed in Section 3.8. 

The integration from an initial time tĵ  to any 

later time t leads to 

m(t) = m(tx) - pft-t̂ , (3.10.16) 
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v(t) = v(t1) +|)E sin 0 (t-1^) - Tp ln t^ll] 

(3.10.17) 

u(t) = u^) + f)E cos 0 (t-t^ - Tp 52|-i ln [g^-] 

(3.10.18) 

y(t) = y^) + v(tl) (t-t1) +|)E sig-a (t-t^2 

- Jf sin 9 m(tl) (H^ [ln - 1] + 1} 

and, (3.10.19) 

x(t) = x^) + vCtj) (t-tx) + |)E c°| 9 (t-^)2 

T, 

•7 
(3.10.20) 

-.5oos 9 "(*1) cS{l^ lm -1] +13 

By evaluating the last two of these equations at 

the final time and using the end point conditions (3.10.5), 

it is possible to obtain two equations in the unknown 

steering angle (8) and time to go (tf-t1). Solving 

these for sin e and cos 0, respectively, then squaring and. 

adding, the result becomes a single equation in the time-

to-go (t̂ -t̂ ). It is convenient to consider nondimensional 

time units defined by 

' • T T  ( 3 . 1 0 . 3 1 )  
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The dynamical parameters are further non-dimen-

sionalized by dividing the thrusts of the vehicles by their 

respective initial weights (the weight of the evader is 

constant). These respective thrust to weight ratios are 

T and T and are numerically the initial thrust acceler-p e 

atiohs of the vehicles in units of the gravitational 

acceleration. Having selected units of time and acceler

ation the length and velocity units are also fixed. The 

mass unit is the initial (lift-off) mass of the pursuer. 

In terms of these units the equation for non-

dimensional time-to-go T is then 

F(T) = (XX + U2T)2 + (YX + V2T f - [H(T)]2 = 0 (3.10.22) 

where 

NU -T -T T2T 
H(T) = TP M1 {-I— ( in [-±5-] - 1} - -g-E- (3-10.23) 

The optimal control is implemented by first find

ing the smallest positive root of (3-10.22). The non-

dimensionalization assures that the solution (if there is 

one) must lie between zero and one. This knowledge greatly 

facilitates numerical computations. 

With the value of t known, cos 0 and sin 0 can be 

determined from the rearranged versions of (3.10.19) and 

(3.10.20). 
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Since the steering angles remain constant if "both 

play optimally, it is a simple matter to compute trajec

tories. The relative co-ordinates of the vehicles are 

given by equations (3.10.19) and (3.10.20). A typical 

pursuit is illustrated by the solid lines of Fig. 3.10.2. 

The intercept required .973 dimensionless time units. 

To demonstrate the effect of non-optimal play, 

a numerical integration was performed for the same ini

tial conditions but with the evader thrusting vertically 

upward. This is shown as the dashed line in Fig. 3-10.2. 

Note that the intercept in this case took only .951 units. 

Several other non-optimal evader maneuvers were tried; 

each resulted in a lower intercept time. 

Because of the zero intercept tolerance, non-

optimal evader policies are difficult to achieve. For 

the performance parameters considered, if the pursuer 

played non-optimally, such as using a line of sight 

guidance law,"** intercept was not achieved. 

The particular example considered suggests ques

tions other than finding optimal strategies. An impor

tant one is, "For what initial conditions is intercept 

possible?" This is the concept of the game of kind dis

cussed by Isaacs (19̂ 5, p. 8) and also by Blaquifere and 

1. This means the pursuer thrusts along the line 
from him to the evader. 
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Gerard (1967). Roughly, the problem is to divide the 

state space (x,y,u,v,m) into disjoint and exhaustive sets: 

the set of state variables for which capture is possible 

and the set for which it is not possible. 

Rather than deal with sets in R̂  it is convenient 

to simplify somewhat. Firstly, from an engineering view

point the main interest is in what area a rocket complex 

can protect. Appropriately, then, consider only those 

initial states with m̂  = 1 (rocket mass at launch). A 

second consideration is more mathematical. Note that 

since the gravitational acceleration vector does not 

appear in the relative variables there is no preferred 

orientation (i.e., 'y' need not be 'up')* Thus, no 

generality is lost by orienting the axes so that v-̂  is 

zero. Therefore, it is oniy necessary to consider the 

projection of the original space (R̂ ) into R̂  given by 

(x,y,u,v,m) - (x,y,u,0,l). (3-10.24) 

With the above simplifications, consider the prob

lem of finding the set of variables (x,y,u) such that 

capture is possible. For any fixed value of «r, equations 

(3.10.22) and (3*10.23) describe a surface in (x,y,u,v,m) 

space such that capture is possible in precisely T units 
•1 

(provided each plays optimally 'and less if the evader 

does not do so). The explicit dependence of F on the 

1. Precisely, "not more". 
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variables (x,y,u,v,m) can be indicated by writing 

F(tS x,y,u,v,m) for P(T) in (3.10.22). The problem is 

then mathematically phrased as follows: Find the values 
i 

!of (x,y,u) such that 
i 

| 

p(ts x^y^ujo,1) = 0, (3.10.25) 

for some 0 < t < 1. 

The form of (3.10.22) makes the analysis fairly 

simple. For any fixed t, equation (3.10.25) (which is 

|(3.10.22) with 'v1 equal to zero and 'm' unity) describes 

a cylinder of radius H(T) in x,u,y. The axis of the 
j.. 

cylinder is in the x,u plane with slope (*̂ ) equal to 

minus t- As t varies from zero to one, the axis rotates 

from the x axis to a line at minus forty-five degrees to 

the u axis. H(T) varies monotonically from zero to 

Ivte —. (so that for capture at all it must be that 



CHAPTER ̂  

MIXED STRATEGIES AND IMPERFECT INFORMATION 

The purpose of this chapter is to discuss the 

introduction of mixed strategies into differential games. 

It will be shown that this can be accomplished in (at 

least) two ways. A purely formal analogy is drawn 
i 

between the reasoning used to introduce mixed strategies 

into matrix games1 and the possibility in differential 

y, 

in 

games. A second, more physically appealing possibili-

is based on the concept of information sets discussed 

Section'2.7• For the differential game with imperfect 

information, the rules must specify the nature of the 

available information. This is done so that the informa

tion sets are readily apparent and a variant of the pro

cedure used in the poker example (Section 2.8) is applied. 

The game problem with imperfect information is the two-

player analog of the control problem analyzed in Appendix 

A(A.5). 

1. See Section 2.6. 

96 
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4.1 Game Theoretic Saddle Points 

Chapter 2 was concerned with the salient features 

of the Von Neumann Theory of Games. At the outset, a two 

person zero sum game (in normal form) was defined and a 

discussion of optimality followed. Through the devices of 

the majorant and minorant games it was shown that the 

optimality criteria should "be of the form (2.3.6) and 

(2.3«7)• These .are repeated here for convenience. 

P(u,v°) > Va for all u (4.1.1) 

P(u°,v) < Va for all v (4.1.2) 

A fundamental result of the theory was that the conditions 

(4.1.1) and (4.1.2) are equivalent to requiring that the 

operations of minimizing in u and maximizing in v should 

commute. 

min max P(u,v) = max min P(u,v) (4.1.3) 
u v v u 

In section 2.4 the theory of finite matrix games 

was taken up. These games are characterized by the require

ment that the strategy spaces available to the players 

(U and V) be finite. It was shown that in order for 

(4.1.3) to hold (and hence that the game have a solution) 

it was necessary that the matrix A have an element that is 
r 

both the minimum in its row and the maximum in its column. 

Such an element was termed a saddlepoint of the matrix A. 
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Since the matrices of some interesting games had no 

saddlepoints, the notion of mixed strategies was intro

duced. Briefly, in lieu of requiring that player I select 

a column, and player II a row, it was decided that the 

players should choose probability distributions over these 

sets."*" The success of this generalization was indicated 

by the min-max theorem for matrix games (Theorem 2.6); 

Any matrix game has a solution in mixed strategies. 

Though the theory of infinite games was not dis

cussed in Chapter 2 it is appropriate to mention a special 

2 case. In the game over the unit square the strategy sets 

are the closed interval [0,1], and the payoff function is 

any real valued function (say M) defined on the unit square 

In order that the operations of minimizing in u and maxi

mizing in v commute, the function M must have a game theo

retic saddlepoint. If such a point occurs on the interior 

of [0,1] x [0,1] then the conditions 

1. Mathematically then, a mixed strategy is a 
point in the appropriate dimensional simplex. 

2. For a complete discussion see Dresher (1961). 

(4.1.4) 

and 

(4.1.5) 
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must be satisfied, and, conversely. A point u0, v° satis

fying these conditions is called a game theoretic saddle-

point.**" If no such point exists, then the game has no 

solution in pure strategies. Again the method is to intro 

duce mixed strategies, which are probability distributions 

over the pure strategies. Since the pure strategies form 

a continuum, the probability distributions will be for 

continuous random variables (see Fraser, 1958). A mixed 

strategy may be specified by a distribution function (F) 

over the unit interval: 

F(u) = Pr(u' <u), (4.1.6) 

and similarly for v. 

Since F is a probability distribution function 

it must have certain properties (Cramer, 19^6, p. 57)> it 

must be non negative and a non decreasing function. 

The expected payoff if player I uses F and player 

II uses G is given by 

1. The usual saddlepoint conditions of the cal
culus are given by (4.1.4) and 

s2m d2m /d2m ̂ 2 ^ n 
- • 

Obviously, a game theoretic saddlepoint is an ordinary 
saddlepoint. 
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M(F,G) = j* j M(u,v) d F(u) dG(v).1 

0 0 
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(4.1.7) 

In terms of mixed strategies the game will have a solution 

if 

discussed in Dresher ( 1 9 6 1 ) .  The mixing concept extends 

the class of soluble games, but not all games over the 

unit square will have a solution. If M is continuous, 

however, a solution will exist. 

The analysis of differential games in Chapter 3 

made little explicit use of the normal form. Apparently, 

then, there is little possibility of applying the obser

vations made in 4.1 to the payoff function P. However, 

at one point in the analysis it was necessary to seek a 

game theoretic saddlepoint for a function. 

1. The Riemann Stieltjes integral (see Apostol, 
p. 191 ff) notation is not used for elegance. It is 
required in order that the pure strategies be a special 
case of the mixed. If P and G are differentiable every
where in [0,1] then (4.1.7) may be written 

min max M(P-,G) = max min 
P G G P 

(4.1.8) 

The actual methods of solution for such games are 

4.2 The Situation in Differential Games 

A 1 1 
M(F,G) = J* J M(u,v) P'(u) G1 (v) du dv. 

0 0 
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Specifically, in order to obtain the second form of 

the main equation (ME-2; equation (3*5.17))> it was neces

sary to find a saddlepoint for the pre-Hamiltonian func

tion, H. This saddlepoint was expressed in the form 

and 

u° = u°(x,t,Vx), (4.2.1) 

v° - v°(x,t,Vx). (4.2.2) 

If H has no saddlepoint then the functions given in (4.2.1) 

and (4.2.2) cannot "be found, and the remainder of the 

analysis of Chapter 3 is not possible. Purely formally, 

the function H(x, t, Vx,u,v) may be viewed as the payoff for 

some infinite game (x,t, and V are parameters). Thus, 

if no saddlepoint exists it is reasonable to seek a pair 

of distribution functions F°(uj t,x,Vx) and G°(vj t,x,Vx) 

that provide a saddlepoint in the expected value of H. 

min max T f H(x,t, Vx,u,v) dF(u)dG(v) = 
p s n v 

max min J [ H(x,t,Vx,u,v) dF(u) dG(v). (4.2.3) 
G p u V 

With F° and G° so determined, the generalization of the 

ME-2(equation 3-5•17) becomes 

h^xjtjvx) = - (4.2.4) 

where 



102 

H°(x,t,Vx) =J J H(x,t,Vx,u,v) dF°(u) dG°(v). (4.2.5) 

U V 

Equation (4.2.4) may "be viewed as the generaliza

tion of the Hamilton Jacobi-Bellman equation for mixed 

strategies. It is properly a generalization, since for 

the' case of optimal pure strategies, the distributions 

take the form of unit step functions at the appropriate 

values of u and v (given by (4.2.1) and (4.2.2), respec

tively) . Since H is continuous in u and v (note the 

definition of H - equation (3.6.1)) the well-known 

property"1" of Stieltjes integrals for such step functions 

leads to• 

H°(x,t,Vx) » H[x,t,Vx,u°(x,t,Vx), v°(x,t,Vx)] (4.2.6) 

Thus, for optimal pure strategies, H° equals H° and (4.2.4) 

reduces to the ME-2 (equation (3.5*17)). 

As was done in the pure case (Section 3-6), it 

may be possible to obtain a set of Euler equations by dif

ferentiating (4.2.4). However, in view of the fact that 

u° and v° are defined probabilistically, through P° and 

G°, respectively, it may happen that the resulting equa

tions are stochastic differential equations. The 

1. If Ia(x) is the function with unit step at 
x = a, then for any function continuous at x = a 

- • d 
with c < a < d J f(x) dla(x) = f(a). 

c 
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differential equations for the path will involve u° and v° 

and will certainly be stochastic in nature. In view of 

this difficulty, there appears to be little motivatio'n for 

deriving such a set of equations. 

The boundary conditions derived in Section 3-7 do 

not depend on the type of strategy (i.e., pure or mixed). 

Thus, the solution procedure for the problem with mixed 

strategies is quite similar to the pure case."'' The first 

order partial differential equation (4.2.4) (which as has 

been pointed out is a proper generalization of the ME-2) 

is solved in conjunction with the set of boundary condi

tions given by (3.7*12). 

4.3 An Example 

Before discussing the ramifications of this gen

eralization it is helpful to consider a simple example. 

This is used to illustrate that the generalized solution 

procedure is feasible, in at least some cases. 

Consider the system with a single state variable 

governed by 

x = f(x) sin(u-v). (4.3.1) 

Here f(x) is an arbitrary real-valued function of 

the variable x, and u and v are the controls available to 

1. Ely means of the Hamilton-Jacobi-Bellman equa
tions . 
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the players. These controls are each restricted to the 

closed interval [0,2tt] . The terminal condition is 

tf - T = 0, (4.3.2) 

with the payoff given by 

gQ [x(tf),tf] = x(tf), (4.3.3) 

and 

f° = 0. (4.3.4) 

The pre-Hamiltonian function may be found to be 

H(t,x,Vx,u,v) = Vx f(x) sin(u-v). (4.3.5) 

In order to demonstrate that H has no saddlepoint, 

it is necessary to show that 

min max H > max min H. (4.3.6) 
u v v u 

Minimizing (4.3.5) in u for fixed x,Vx, v leads to the 

following cases: 

a) If, Vx f(x) < 0, then 

u = v + if v < (4.3.7) 

and 

u = v - |£, if v > |£. (4.3.8) 

b) If, Vx f(x) > 0, then 

u = v - if v > (4.3.9) 
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and 

u  =  v  +  | i f  v  <  g .  

Furthermorej it follows that 

(4.3.10) 

min H = 
u 

Vxf(x) , for all vj 

so that 

max min H = -
v u 

Vxf (x) 

(4.3-11) 

(4.3.12) 

The computation of.the m^n m^x H is entirely the same. 

The results may be obtained from those above by reversing 

the cases (a) and (b) above, and interchanging the roles 

of u and-v in equations (4.3*7) through (4.3-10)• The 

upshot is that 

min max H = 
u v 

Vxf(x) 

so that, 

min max H > max min H. 
u v v u 

(4.3.13) 

(4.3.14) 

Thus, the pre-Hamiltonian for this problem has no saddle-

point and the methods of Chapter 3 cannot be applied. 

According to the generalized procedure, it is 

necessary to seek a pair of distribution function F°(u), 

G°(v) such that (4.2.3) holds. The methods for finding 

such distributions largely involve guess workj indeed, 

the usual infinite game solution techniques are merely 

1. Except, of course, when Vxf(x) is zero. 



106 

verifications that a certain pair F°, G° is optimal. A 

discussion of the available rules may be found in Dresher 

(1961). 

By a stroke of good luck, the function H (4.3*5) 

for fixed x,Vx is of a common form in infinite game 

theory; it is termed bell-shaped. For such functions it 

is known that the optimal distributions are uniform, and 

the expected value is zero. For this problem the results 

are 

P°(u; x.VSc) = Jjp us [0,2tt]j (4.3.15) 

G°(vj x,V5c) = fp v e [0,2ir]s (4.3.16) 

4o 
and 

Hu(x,Vx) = 0. (4.3.17) 

The generalized ME-2 "becomes 

0 = (4.3.18) 

Thus, it is found that V is a function of x alone, and 

the condition (4.3-3) gives 

V(x,t) = x. (4.3.19) 

The optimal mixed strategies given by (4.3*15) and 

(4.3.16) are uniform distributions, totally independent of 

the "state" of the game. From the definitions of H it is 

apparent that 

H = Vx x, (4.3.20) 
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so that "by virtue of equation (4.3.19)* and the fact that 

the expected value of H is zero, it follows that 

E[x] = 0. (4.3.21) 

Under optimal play, the system, on the average, remains 

fixed. 

4.4 Some Objections 

While the procedure for introducing mixed strate

gies discussed in the previous section does formally 

extend the usual results for differential games, it is 

open to several criticisms. Firstly, the notion of mix

ing was introduced in classical game theory because of 

the lack of a saddlepoint in the payoff function. The 

pre-Hamiltonian H does not represent a payoff function. 

However, referring to the approximation arguments of 

Section 3-5* it is seen that for those problems for 

which V is of class C , the quantity [H + Vt] fit is 

(approximately) the change in the payoff if arbitrary 

control values u,v are used on the interval (t,t + 6t) 

followed by optimal strategies from t + fit to termina

tion. Prom a purely formal view, the procedure is valid 

within the range of the assumptions made. 

Though the mixed strategies of 4.2 appear to be 

mathematically correct, some physical objections remain. 
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For the example considered, the optimal strategies 

for the players were uniform distributions. Thus, at any 

instant of time, player I is to select his control 

u € [0,2ir] on the basis that 

Pr[u' < u] - U/2TT. (4.4.1) 

The physical realizability of such a 'chattering' control 

is doubtful. 

Perhaps most importantly, the extension of Section 

4.2 is questionable because for situations of physical 

interest, the pre-Hamiltonian function, H, generally does 

have a saddlepoint. That this is so is demonstrated 

below. 

One of the prime areas of concern to differential 

game theorists is pursuit-evasion. The governing equa

tions for these arise from kinematical and, perhaps, 

dynamical considerations. Thus, the equations are most 

often of the form (cf. the examples of Sections 3-8 and 

3-9). 

x = fx(t,x,u) + f2(t,x,v). (4.4.2) 
X 

If, in addition, (as generally is so) 

f°(t,x,u,v) = f̂ ft̂ u) + fg(t,x,v), (4.4.3) 

also holds, then H will be of the form 

H(t,x,Vx,u,v) = H1(tJx,"V5c,u) + Ĥ tjX,Vx,v). (4.4.4) 
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A pre-Hamiltonian function of the form (4.4.4) is termed 

separable, and such separable functions always have game 

theoretic saddlepoints. This is so since, 

min max H = min max [H, + Hp] (4.4.5) 
u v u v 

Using the separability of H, and noting thq.t is inde

pendent of v while Hg is independent of u, this quickly 

reduces to 

min max H = min + max Hp. (4.4.6) 
u v u v 

A similar argument shows that 

max min H = min H., + max H^, (4.4.6) 
V U U V 

so that, 

min max H = max min H, (4.4.7) 
u v v u 

and H has a saddlepoint. 

The most important shortcoming of the introduc

tion of mixed strategies is that the whole concept of 

imperfect information is not at all apparent. This, of 

course, should not be too surprising, since the same 

situation occurred in matrix games. There, the mixed 

strategies were introduced and the Min-Max Theorem 

(Theorem 2.6) proven without any mention of imperfect 

information. 
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For finite games, the connection between imperfect 

information and mixed strategies is made by Von Neumann 

and Morgenstern (19̂ 75 PP. 112-128). They show that games 

of perfect information1 always have a solution in pure 

strategies. Thus, conversely, if a finite game has only 

mixed optimal strategies, it must be a game of imperfect 

information. 

It is important to compare the use of the phrase 

'imperfect information1 in the differential game to the 

use in Yon Neumann and Morgenstern (19̂ 7)• The primordial 

description of a general game, given by Von Neumann and 

Morgenstern, is the extensive form. The concepts of-

moves, choices, information sets, etc., are made precise 

by a set theoretical description. The notion of imperfect 

information is defined in terms of this set theoretical 

description. Since the differential game does not satisfy 

the required axioms for the set theoretical description 

of the GEF, the definitions of imperfect information are 

necessarily different in the two cases. 

For differential games the idea of imperfect infor

mation is that the players have only partial information 

on the state of the system. Since their strategies are 

generally functions of the state the dilemma is clear. 

1. In terms of the GEF 'perfect information' 
means that at any move the choosing player knows the result 
of all previous moves. 
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4.5 The Game with Imperfect Information 

The differential game with imperfect information is 

a1 two-player generalization of the stochastic control prob

lem (see A.5)* The analytical difficulties encountered in 

dealing with the control problem of Appendix A will, of 

course, appear in the game problem. For this reason the 

game will be defined with discrete parameter state equa

tions 1 thus the game is, strictly speaking, no longer a 

differential game.^ 
p 

The state of the system is governed by 

x(ti+l) = f[x(t±), u(ti), v(ti)] (4.5.1) 

where the values of the controls are subject to^ 

u(t) e U, (4.5.2) 

and 

v(t) e V. (4.5.3) 

To insure that all plays are of finite length, only fixed 

time problems are considered. Thus, the parameter takes 

on values 

ti € tv tl' •••' (4.5.4) 

1. Except in the sense of approximations. The 
K strategies discussed in Chapter 3 reduced the differen
tial game to this discrete form. 

2. Again, if t explicitly appears, it may be 
n+1 formally identified with x to put this system in this 

form. 
1 3. As before, V and U are fixed sets in ET and 

Br , respectively. 
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With this restriction, the terminal set 0 appearing ,in 

Chapter 3 and Appendix A, is superfluous. The payoff from 

any state xQ, when player I chooses the sequence 

u = {u(tQ), u(t̂ u(t -l)), and player II selects 
A 
v = {v(tQ),..., v(tm_1)] is given by 

a a m-1 • 
P(xo, U, v) = go [x(tm)3 S f°[x(t1),u(t1)vH3;)3. (4.5-5) 

i=o --
A 

The sequence of states x = {x(t0), x(t-̂ ),..., x(̂ m)l 
A A * a * 

found from the sequences u, v and the equation (4.5.1) 

with initial condition x(tQ) = xQ. 

Because the players must make their choices in 

partial ignorance of the "state" of the system, they do 

not know "the outcome of all prior moves." In this 

sense, the game described above is a game of imperfect 

information. Moreover, at each time "t̂ " the "move" 

does not belong to one player or the other; rather they 

each simultaneously make a choice. Thus, this is not a 

game in extensive form as described by Von Neumann and 

Morgenstern. The GEF terminology is retained in the same 

sense as in Kuhn (1953* PP« 209-210). He discussed games 

with repetitive moves which may require simultaneous 

choices by the players. 

In order to complete the description of the game 

with imperfect information it is necessary to specify 

the form of the information available to the players. 
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This is done in the same manner as in the control problem 

(Appendix A). Note that the introduction of a second 

player increases the difficulties. 

Player I makes measurement y; the density func

tion for possible measurements given that the state of 

the system is x is specified as 

fY(x = x) (4.5.6) 

For a given measurement y, the density function for the 

possible state is obtained by normalizing the likelihood 

1 function. 

f 
i fvly(y|x = x) 

X|y(x Y - y) = Y'X (4.5.7) 
1 fy|x<y|x = 

Similarly, player II makes measurements zj the 

density function for possible measurements given that the 

state is x is 

fz|x(z|x = x) (4.5.8) 

The density function for possible states, with a given 

measurement (z) is found to be 

f„|y(z| X = x) 
(x|z = z) (4.5-9) 

y S  f z  X (z |X a x) dx 
fx Z' 

1. The function f̂ x ŵ en viewed as a function of 

x for fixed y is termed a likelihood function. 
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For a given measurement y, player I has some 

statistical knowledge of the state (given "by the density 

function (4.5*7)), while for any given state x, the dis

tribution of possible measurements (z) by player II is 

given by the function (4.5.8). It is reasonable, then, 

that a measurement for player I should lead to some dis

tribution of possible measurements by player II. Define 

the density function f̂  y by the rule 

z y(z| Y = y) fz x(z X = x) fx|y(x|Y = y) dx. (4.5.10) 

Since f̂  y is a product of density functions, it is non-

negative . Thus, to show that fz jy is a density function, 

it only remains to show that it integrates (in z) to 

unity. 

/ fz[y (z lY = y) dz "JJ fz|xMx = fx|Y^IY = y> dx az 

(4.5.11) 

Interchanging the orders of integration, and noting that 

fz x is a density function leads to 

ifz|x̂ 2iy = dz ~ y = dx* (4.5-12) 

Since f̂  y is a density function, it follows that f̂  

integrates to one, and so is itself a density function. 

Similarly, the density function for possible player 

I measurements, given that player II has observed z is 

defined by 
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fy|z(y|Z = Z) = J fy|X(y|X = x) fxlz(xiz = z) dx-

Thus, given the pair of distribution fyjx and 

fzjx, it has been possible to define a set of density-

functions that indicate the information available to the 

players. For a given measurement y, player I has fxJY 

and fgjx a"k disposal. Similarly, for a given z, 

player II knows the distribution of possible states, and 

player I measurements. These are given by f-̂ lz and ŷ|z> 

respectively. 

In the analysis of the game it will be necessary 

to compute several "conditionally" expected values. The 

density functions discussed above are used in those com

putations . 

4.6 Analysis of the Game 

The analysis of the game proceeds along lines 

quite similar to those in the discussion of the control 

problem in Appendix A. Consider the situation at time 

m̂-1* Tile con̂ rô  sequences u and v have been specified 

except for their final elements, u(t and v(t v m-±' x m-l' 
respectivelŷ  and the state is x(tm_̂ ). If the sequences 

u and v are to be optimal, then the remaining choices 

must be made optimally. The payoff increment if these 

last decisions are u and v, is 
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pIIl~1 WV-l)' u'v) = so + •f,°(x(tra-l̂ ' u'v)' 

(4.6.1) 

where x(tm) is given "by (4.5*1) • Thus in terms of composi

tion of functions 

J*1-1 = g£ O f + f°. (4.6.2) 

Player I makes measurement y while II observes z. 

Since these characterize the information available to the 

respective players then the decision policies should 

depend on them (and not on the state). A pair of decision 

policies at t u°(y; v°(z; )̂ is said to be 

optimal1 if 

Exz|yt lJn-1(x^u°(y> Vi), v°(Z; Vi))|y = y] < 

Exz| Y[Iin"1(x,u,v0(zi Y = y], for all u; 

(4.6.3) 
and, 

exylzti,n"1(x'u0(y5 v-l)' v°<z; vl')! z = > 

exyM 1,11-1 (x'u°(yi -̂1̂  V̂ IZ = for a11 v* 

(4.6.4) 

The optimality conditions (4.6.3) and (4.6.4) 

are, in form, the same as the optimality conditions for 

the classical zero sum two person game given in Section 

2.3 (c.f. equations (2.3.6) and (2.3̂ 7))« It is important 

1. Prom the equations (4.6.2) and (4.6.3) it is 
seen that u° and v° are optimal in the average sense. 
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to note that since the expected value operators in (4.6.3) 

and (4.6.4) are different, the game is, strictly speaking, 

no longer a zero sum game."'" However, since the right side 

of the inequality (4.6.3) represents the expected payoff 

to player II according to player I's information, it is 

reasonable that player I should select u° to minimize this 

quantity. Analogously, it is reasonable that player II 

should select v° according to the inequality (4.6.4). 

Por the case of perfect information, x, y and z 

are all the same quantity. Formally, the distribution 
2 functions become step functions, and the conditions 

(4.6.3) and (4.6.4) reduce to the classical results (2.3.6) 

and (2.3.7> respectively. 

In general, the solution of the conditions (4.6.3) 

and (4.6.4) for the decision functions u°(yj t ^) an̂  

v°(zj ^ ^) n°t trivial. If, however, it is known that 

the optimal decision functions are of a certain type, it 

may be possible to reduce the problem to that of finding 

optimal parameter values. This may be the case, for 

1. Prom (4.6.4) the 'utility' to the maximizing 
player is E^j z[pm_1], while from (4.6.3) the 'utility' to 
the minimizing player is - Ev„ lV[pm~'1'] . The sum of these 

m-1 m-1 ' is E^yjgEp ] - Exz|y[p ]; and is in general, non zero. 

2. The density functions fail to exist in this 
case; formally they become delta functions. 

3. The state "x" is viewed as a parameter. 
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instance, if physical realizability considerations require 

that the solution be of a certain form. A general example 

is considered in the following section; for the moment, 

computational aspects are disregarded. 

Suppose a pair of functions u°(y; and 

v ° ( z >  satisfying the conditions (4-.6-.3) and (4.6 4) 

are known. Thus, for any pair of possible measurements 

made at time each player has a rule to compute the 

optimal value of his control. Since, for any fixed state,-

x(tm_i)* possible measurements have known distributions> 

the expected increment in the payoff can be computed. As 

in the control problem define the function ĝ "1 as 

So 1[x(tm-l̂  = EYZI 1(x̂ tm-l̂  n°(y> V-l)' 

v°(zi tm-l̂ l X  =  x̂ m-l̂  * 

In a manner entirely equivalent to that followed in the 

analysis of the control problem, it is now possible to 

consider the decision at time t 2* The payoff increment 

is given by 

jjn-2 = gm-l Q f + fo (4.6.6) 

Repeating the procedure m-1 times leads to a pair 

of sequences of optimal decision policies: 

u°(y) = [u°(y; tQ), ..., u°(yj 

(4.6.7) 
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and 

v°(z) » [v°(z; tQ), .v°(z; ] (4.6.8) 

The sequences (4.6.7) and (4.6.8) are the optimal strate

gies for the game. 

4.7 An Example: Linear, Quadratic Gaussian Frob-
,lems with Full Measurement Vectors 

Rather than consider a typical example, a fairly 

general linear problem is discussed. For this problem 

the required calculations can be performed without too much 

difficulty. Additionally, the problem has the nice property 

that the payoff increment functions (F171 \ F111 etc.) 

have the same form so that the general calculations need 

only be performed once. 

Let the system be governed by a set of linear equa

tions with constant coefficients."*" 

x(t1+i) = F x(ti) + G u(t±) + G v(ti) (4.7.1) 

Here x is an n - vector, u is an m vector, and v 

is an in vector. Thus the matrices F, G and G are n x n, 

n x m and n x m, respectively. 

The payoff is quadratic and is specified by giving 

£ (*<«*» =ix (VT 3 x (*•>' 

1. As will be seen, the matrices F, G, "G, etc. 
need not be constant. The requirement is purely for nota-
tional convenience. 



120 

and 

f° = -| Ax + ̂  uT B u + vT Bv. (4.7.3) 

Finally, let player I's measurement y be a linear function 

of the state disturbed by additive Gaussian noise with 

zero mean. 

exp[-|(y - Hx)TP"1(y - Hx)] 
fyx(ylX = x) § —72 (4.7.4)  
xiA [ 2ir | P | ] 

Here, H is taken to be square, and non-singular. 

For player II's measurement (Z) let 

exp[- -|(z - Hx)Tp"1(z - Hx)] 
f„ „(zlX = x) = _ nAj (4.7.5) 
Z|X l2T\P\]n/,d 

Since H and H are square, this is the case where y and z 

each have n components, hence the description, "full 

measurement vectors." 

To find the density functions f̂ jY anc* fX |Z' ̂  "*"s 

necessary to compute the respective normalizing factors. 

For the density function fy|X g:i-ven equation (4.7.4) 

this may be shown to be 

J fyix(y|x = x) ax = (4.7.6) 

A similar result applies for fZ|x 6iven in (4.7*5). With 

this normalizing factor, and the counterpart for f̂  

the density functions are found to be 
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f (xl Y=y) = ' H' "yg exp[" i(x - Ĥ yjVP̂ Htx-H'V)] 
[2ir| P| ] ' * 

(4.7.7) 

and, 

fXiZ(xlZ=Z) = r '"n/g e3®t- ̂ x-H'̂ Ĵ -V̂ x-H"̂ )] 

(4.7.8) 

The density functions fz jy and fyj z might now be 

computed according to the rule (4.5.10). However, the 

required integration is not simple, and, moreover, the 

density functions are not required. As will be shown, 

the only things necessary are the means of these distri

butions, EZJ YtzI Y = yl and EYjz ŷl z = z3 • Accordingly, 

these calculations are performed. 

EZ|Y[Z|Y = y] = J1 z s z|y(z|Y = y) dz (4.7.9a) 
z  

•Making use of the rule (4.5*1°) for fZ| Y ̂ is becomes'* 

Eg|y [z|Y = y] = j*z J* fz) x(z| X = x) fXjY(x|Y = y) dx dz. 
Z X 

(4.7.9b) 

Reversing the order of the integrations and noting that 
fZIX is dens;i-^y" function for Z given X = x leads to 

EZf Ŷ q Y = y) = J EZI X̂ z| x = fxl y(x| Y = y) dx-

(4.7.9c) 

By virtue of equation (4.7.5) the expected value in the 

integrand is Hx. Finally, employing f^j Y specified by 

equation (4.7.7) it is found that 
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Ez|y (z|Y = y) = H H'V (4.7.93) 

The same procedure for Ey|^ (y|Z = z) leads to 

EYIZ (yiZ = z) = H H"1z (4.7.9e) 

The equations (4.7.4) through (4.7»9e) completely 

specify all the probabilistic information needed for the 

analysis. 

Following the procedure outlined in Section 4.6, 
to 1 

define the function F^"~ (equation (4.6.1)). According to 

the condition (4.6.3), player I seeks to minimize the 

(conditionally) expected value of P111" "1(x,u,v°(z; t^)). 

If the minimum occurs in the interior of U then it must 

be that 

{EX 2|Y[r'n"1(x.u,v0(z; t̂ )) Y = y]} = 0 (4.7-10) 

Assuming that the integral arising in the computation of 

the expected value in equation (4.7-10) is uniformly con

vergent in u then the order of differentiation and integra

tion may be interchanged. Differentiating p111-̂  with respect 

to u leads to 

= xtft sg + uT(GTSG + B) + v^SG. (4.7.11) 

Applying condition (4.7*10) and making use of the fact that 

Sj B and B are symmetric and that the expected value is a 

linear operator it is found that 
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u°(y; Vl' = ' (°TsG + B)"lGTsfp Ex ZiY[X|Y = y] 

+ G EX Z| Y ẑ> m̂-l̂  Y ~ 

(4.7.12) 

Similar arguments applied to v result in 

v°(zj t^) = - (GTSG + B)"1 TPs {P Ex y, 2[x| Z = z] 

+ g ex y|z [u°(y; Vl'lz = z]5 

(4.7.13) 

Note that these equations are coupled since u°(yi m̂_3_) 

defined in equation (4.7.12) depends on a conditionally 

expected value of v°(z; defined in equation (4.7.13) 

and conversely. It is known, however, that for the 

deterministic control problem, with linear equations, and 

quadratic performance that optimal control is character

ized by linear feedback of the state variables. In this 

casej suppose 

u°(y; V-i) = (4. 7 .i4) 

and 

V°(zs tm_i) = Bs. (4.7.15) 
1 

Using these linear forms, and the conditional den

sity functions given by equations (4.7.6) through (4.7.9)> 

the conditions (4.7-12) and (4.7.13) reduce to a pair of 

coupled matrix equations in K and K. 

1. See Schultz and Melsa (19&7)• 
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K = - (GT sg + b)-1gts [PH"1 + g K HH"1] (4.7.16) 

K = - (GT S G + B)"1 GT S [Fir1 + GK HH-1] (4-7.17) 

In the calculations of equations (4.7.16) and 

(4.7*17) the means of the distributions given by fv |V, 
A  [ X  

and fv ,, were used. Also, the means of f_, v and f„ as X\Z z| y y|2 
computed in (4.7-9cQ and (4.7-9e) were employed. 

By a direct substitution of (4.7.17) into (4.7-16) 

an equation of the following form in K results. 

K = D - CKE (4.7-18) 

The identification of D, C, and E in terms of the original 

matrices is straightforward. A solution procedure for K 

is most easily seen if equation (4.7-18) is first rewritten 

in index notation. 

kij = dij " cisl erJ (4-7-19) 

2. j JL *- 1̂ 2̂  • 14̂  in * 

jj r = ni 

If the element k. . of the (mxn) matrix K is ideirfci-

fied with the (i-l)n-fj^*1 component of an nm component vec

tor 

X(i-l)n-r-j = kij' (4.7.20) 

then equation (4.7.19) can be written as 

(i -f- a) x = b. ' (4.7.21) 
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In equation (4.7.21) I is the identity matrix of order mn, 

A is a square matrix of order mn, and B is an mn component 

vector. In terms of C, E, and D, 

r = [ (q-1) mod n] + l(fn -1-) 

4 - SzL + i (4.7.22) 

pq Ci£ rj j _ ĵ p_1̂  mod nj + ! 

i - V  +  1  

and 

b(i-l) n + J = d,,. (4.7.23) 
J.J 

Once the matrix K has "been found, K may be computed 

from equation (4.7.17)j or the equivalent of equation 

(4.7.18) may be formed and solved. 

With the optimal (linear) decision policies at 

t i known, it only remains to reduce the original m stage 

problem to an m - 1 stage problem. The payoff from any 

state player I makes measurement y, player II 

makes measurement z and each uses his optimal (linear) 

policy is 

X z >  = l x ( v T s  *  c y  + 5 x ( v /  

. A * i (Ky)1 BUJr+j (Kz)T B Kz (4.7.24) 

1. a = b mod c means a is the difference between 
b and the largest integral multiple of c contained in b. 
Thus b - a is an integral number of multiples of c. 
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where, 

x(tffl) = F xft̂ ) + GKy +  G K z .  (4.7.25) 

Since player ITs measurement (y) is distributed 

according to fyjX (e(lua'kion (4--7«4))a and player II's 

measurement (z) has density function f2 jx (ecluâ ôn 

(4.7*55))t it is possible to compute the expected value of 

for any state . This computation is straight

forward, but rather tedious. Substituting equation 
* 

(4.7*25) into (4.7*24) it is found that 

pm_1(x, Kŷ Kz) = - XT(FTSF + A)x + xTFTSGKy 

T T — TMD--T 
+ x F S G K z + z K G SGKy 

+ \ yT(KTGTSGK + B)y + zT(KTĜ PS G K + B) z. 

(4.7*26) 

The expected values in Y and Z given X = x of the first 

four terms are easily computed using the linearity of 

EY Z|X* 

Ey z)x[-| xT(PTS P + A)x| X = x] = - xT(PTS P + A)x (4.7.27) 

Ey ZIx[xTFTSGKY| X = x] = XTSGK Hx (4.7.28) 

Ey z|x[x% G K z| X = x] = xTPTS G K H x (4.7.29) 

EYZIxtzW SGKy lx " ̂  = ̂  ̂ ̂ SGK H x (4.7.30) 
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The last two terms in equation (4.7.26) are quadratic forms 

in y and z, respectively. Because of the similarity of the 

forms and the density functions it is sufficient to consider 

the term in y alone. For convenience the product is writ

ten in index notation. 

yi yji x = *1 = Eirix[yi = x] 

(4.7.31) 

By definition of the covariance matrix,P 

EYIX[(yi " ̂ i)(yj " = X1 = pij' (4.7.32) 

*f" Vi 
where \jl̂  is the i component of the mean of y. Expanding 

the product in the expected value operator of (4.7-32) and 

again using linearity there results 

EyiX̂ i X = x] = PiJ + ̂ i (4.7.33) 

Making use of (4.7.33) and the fact that Hx is the (condi

tional) mean of y, equation (4.7.31) "becomes 

Ey|X[2 Q±J. y± y^|X = x] = XTHTQ H x + 2 Q±J p±̂ . (4-7-34) 

Combining the results (4.7.27) through (4.7.30) and equa

tion (4.7-34), along with the analogous result for the 

quadratic form in z, it is found that 

EYI Z x ~ \ xV1"1 x 

+ I 2 «J±3 piJ + I s 9ij T1;,i (4.7.35) 
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where, 

m— IT T —T — — " S = F S F + A + HQ H + H1 Q H 

+ Sym [FTS G K H + FTS G K H + HT KT GT S G K H], 
(4.7.36) 

Q = KTGTS G K + B, (4.7.37) 

and 

Q = K T G T S G K + B  ( 4 . 7 . 3 8 )  

Here Sym [•] indicates the symmetric part of the matrix. 
__ ^ 

Since S in equation (4.7*35) is a quadratic form,only 

its symmetric part is of importance.1 Note that the last 

two terms, in equation (4.7-35) are constants, independent 

of x. Now define 

so'wm-l)) - i *<"vl>t sm_1 x<w' (*-7-39) 

with Sm~"'* as given by equation (4.7*36). Since is of 

the same form as (namely, quadratic) the calculations 

of the decision policies at time t 2 will be entirely 

similar to those at t Proceeding in this manner the 

sequences of decision policies may "be computed. 

1. More precisely, any matrix, A, can be written 
as a sum of symmetric and skew symmetric parts. For the 
skew symmetric part xT A„ax = 0, for all x. s s 



CHAPTER 5 

CONCLUSIONS 

This chapter includes a discussion of the prin

ciple results of the investigation, and recommendations 

for further work. No apologia is made for the assump

tions ; the pertinent Justifications were included with 

the development. 

Inasmuch as the study was principally synthesis, 

as opposed to analysis, the recommendations are important. 

They represent either extensions, or alternatives to the 

procedures followed here. 

5.1 The Results 

The germ of an idea often has an obscure beginning 

In that this investigation synthesizes concepts already 

established, it has no originality. Nevertheless, it is 

fitting to catalog what has not appeared elsewhere.1 

The method of analyzing a GEF discussed in Section 

2.7j and applied in Section 2.8, is closely akin to Isaacs 

(1965, Chapter 3) treatment of 'discrete differential 

games'. However, the inclusion of the concept of 

1. Naturally, "to the knowledge of the author" 
should be appended. 
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information sets and the attendant notion of optimality**" 
2 is new. The same "basic idea is at the root of the treat

ment of differential games with imperfect information 

(Sections 4.5 through 4.7). 

The 'usual' theory of differential games pre

sented in Chapter 3 is, again, essentially the same as 

Isaacs'. The details of the derivations are different, 

in particular, the derivation of the endpoint conditions 

in Section 3-7 (c.f. Isaacs (1965) Section 4.7). Addi

tionally, while the 'Guarding a Target1 problem and the 

geometrical interpretation of its solution are discussed 

in Isaacs (19̂ 5, p. 19)> the analytical results are not. 

The 'Rocket Pursuit1 problem is similar to those consid

ered by others (Isaacs (19&5) P* 244j Pontryagin (19̂ 5))> 

but strictly these results (Section 3.10) are novel. 

The introduction of mixed strategies for the case 

when the pre-Hamilton!an function lacks a saddlepoint 

(Sections 4.1 - 4.4) is totally new to differential game 

theory. However, in view of the present lack of a physi

cal interpretation, it is of little practical use. In 

view of the separability (see Section 4.4) of the pre-

Hamiltonian for pursuit evasion games this possibility 

1. That is, in the expected value sense. 

2. Raiffa and Schlaifer (1961) make Use of a 
similar "backwards induction" method. They, however, only 
deal with statistical decision games, or "games against 
nature." 
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for mixing will not occur in them. It is worth noting 

that the application of approximation techniques to the 

governing equations for games may well lead to non-separ

able H-functions. Purely theoretically, these mixed 

strategies are of interest. 

Prom a pragmatic view, the (stochastic) game with 

imperfect information is more important than the intro

duction of mixing. The primordial idea was the analysis 

of the GEP with information sets. In the poker model, 

the information sets were specified by the rules of the 

game. The probability distributions within the informa

tion sets were computed in terms of the choices by the 

use of Bayes rule. For the differential game, the infor

mation sets and the distributions within them are given 

in the game formulation. 

In Chapter 4 (and Appendix A) the necessary prob

ability density functions were found, by rather loose 

arguments, in terms of two given distributions, fY|X anc* 

Ẑ|X* Even ̂  "these computations are not always pos

sible,*1' the analysis of the game is still valid. It 

would, however, be necessary to include in the problem 

statement consistent specifications of all the required 

density, or distribution functions. The purpose of the 

1. For instance, the normalizing integral may not 
exist. 
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procedure"*" in Chapter 4 and Appendix A is to derive .what is 

needed from what may "be reasonably available. 

5-2 Some Recommendations 

Since this work includes little in the way of 

specific applications, the most obvious recommendation is 

to consider some reasonable problems. The 'Guarding a 

Target' problem with imperfect information is a logical 

choice with obvious applications to anti-submarine war

fare.̂  

The calculations of the various density functions 

for the example problem of Section 4.7 required that the 

measurement vectors have as many components as the state 

vector."̂  (Hence, the terminology "full measurement vec-

tors11). It would be of interest to see if the case where 

y and z have fewer components than x is possible. 

On a more theoretical level, there are several 

areas of interest. Firstly, the analysis of. the game 

1. That is, of defining the density functions in • 
terms of normalized likelihood functions. 

2. The intrinsic fairness of the theory would 
make the results of interest to the sub mariner, as well 
as, the anti-submariner. 

3. This requirement is strikingly similar to the 
dual concepts of observability and controllability in the 
deterministic, linear control problem. For a discussion 
of these concepts see Bryson and Ho (1969) or Schultz and 
MeIsa (1967). 
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with imperfect information necessarily requires a discrete 

parameter description. For certain linear, stochastic 

processes Bryson and Ho (1969) use simple limit arguments 

to deduce continuous parameter results from discrete param 

eter results. Might there be a class of stochastic game 

problems where a similar analysis is possible? 

Secondly, a desire to include a general system 

formulation"1' obviated the use of the Bayesian estimation 

procedure. It would be of interest to see if such a pro

cedure could be used for certain" restricted problems. The 

outlook is not promising. Behn and Ho (1968) consider a 

linear game with quadratic payoff and additive gaussian 

noise disturbing the measurements of one player (evader) 

while the other player enjoys perfect information. They 

make use of a certainty equivalence principle (Bryson 

and Ho 19&9) to argue that the optimal control policy 

for the evader will be linear feedback of his (maximum-

likelihood) estimate of the state, while the pursuer com

bines the true state and the evader's estimate. Since the 

evader's estimate of the state will depend on his measure

ments, which are not known to the pursuer, there is a 

dilemma. The authors contend that since the equation of 

motion is known, if the pursuer knows the rate of change 

1. That is, the state transition equations of 
Chapter 4 and Appendix A. 
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of the state he can determine what the evader's control is 

and hence deduce the required estimate of the state. How

ever, the explicit solution for the estimate will only be 

possible if the evader's measurement and control vectors 

each have at least as many components as the state. 

A similar assumption (full measurement vectors) 

was.necessary in the analysis of the linear problem in 

Section 4.7. There; the computation of the optimal linear 

strategies, K° and K°, it was necessary to find the 

expected value of player II's measurement for a given 

player I measurement, and conversely. However, because 

of the form of the available information, it was possible 

to perform these calculations without destroying the 

2 symmetry of the problem. 

Finally, it would be of theoretical interest to 

determine the connection between the mixed strategies 

introduced in Section 4.2 and 'imperfect information'• 

As has been pointed out, this connection for finite 

games is made by Von Neumann and Morgenstern (1947). They, 

show that games of 'perfect information' always have pure 

optimal strategies. For infinite games, Gale and Stewart 

(1953) show that not all infinite games of 'perfect infor

mation1 have pure optimal strategies. The example 

1. That is, no Bayesian procedure was used. 

2. By requiring one player to make noisy measure
ments while the other enjoys perfect information. 
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i - l considered in Section 4.3 has 'perfect information' and 

yet no pure optimal strategies. 

1. In this and the previous two usages, the phrase 
'perfect information' has distinct meanings. Von Neumann 
and Morgenstern1s (19̂ 7) definition is made precise in 
terms of a set theoretic description. Gale and Stewart 
(1953) use the definition offered by Kuhn (1953) because 
the ,Von Neumann description does not apply -to infinite 
games. For the differential game 'imperfect information'" 
means that measurements of the state are disturbed by 
random noise. 



APPENDIX A 

A CONTROL PROBLEM WITH IMPRECISE MEASUREMENTS 

The phrase "an optimal control problem" loosely 

describes a whole family of problems considered by various 

authors. A long array of adjectives is required to ver

bally specify a precise problem. The omission of a pre

cise description (verbal or otherwise) may lead to 

inappropriate applications of the results, and so is of 

some importance to the engineer-practitioner. With this 

thought in mind a deterministic open loop control problem 

is defined. 

A.1 A Deterministic Control Problem 

The motion of the system in state space is gov

erned by a set of ordinary differential equations. 

x1 = f̂ (t,x,u), i = 1,2,...,n. (A.l.l) 

Corresponding to any initial state xQ, and any 

admissible open loop control function (of time) u with 

values u(t) ,€ R111, the system A.l.l has a solution 

1. U is taken as a fixed subset of f?1. In the 
actual analysis it will be seen that in general U may 
depend on x and t. 
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1 x(t). If for some time t̂ , < », the solution x(t) obeys 

x(tf) € 0f = ((x,t) g0(x,t) = 0; e = 1,2,...,p], (A.1.2) 

the trajectory is said to terminate. 0̂  is called the 

terminal set and is defined by A. 1.2. The functions g e 

are called endpoint conditions and are specified. 

For terminating trajectories, the payoff from the 

initial state xQ using the control u is defined as: 

tf 
P(xQ,u) = gQ[x(tf)] + J* f [t,x(t),u(t)]dt. (A.1.3) 

*0 

An open loop control problem is defined as fol

lows : 

Given a fixed initial state xQj endpoint 

functions g : a set of admissible control 

functions, and a set U R111 (the range of 

the control functions) find an admissible 

control that leads to a terminating tra

jectory, and affords a minimum value to 

the payoff as compared to other admissible 

(terminating) controls. 

This is essentially the general problem considered by 

Pontryagin et al. (1962), by Leitmann (1966), and'by Hestenes 

1. The requirement that a solution exist implic
itly describes the largest (by set inclusion) possible 
class of 'admissible controls'.. 
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(1964). It involves some of the elements of the problem 

of Bolza in the classical Calculus of Variations (Bliss 

1946), and for a suitable 'admissible class of controls' 

may be formulated as such. 

A.2 Closed Loop Control 

It is obvious that for the stated control prob

lem, an optimal open loop control u° and the correspond

ing value at the payoff (A.1.3) will, in general, depend 

on the initial condition x̂ . Let us explicitly indicate 

this with the following notation. 

U° = u°(tix̂ , tQ) (A.2.1) 

It is the nature of many physical systems of inter

est that- they be subject to perturbations about which the 

controller has no foreknowledge. In rocket booster flight, 

for example, these perturbations might be wind gusting, 

variation from nominal thrust levels, or gravitational 

anomalies. The point is that with an open loop optimal 

control function, these perturbations may seriously impair ' 

performance, and in fact may not lead to a 'terminating' 

trajectory. What is needed is an optimal policy from the 

instantaneous state in which the system exists. 

If the open loop control law from each state were 

known, then by measuring the current time and state, the 

instantaneously correct control is given by 
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u=u°(t;x,t). (A.2.2) 

That is, the instantaneously correct value of the control 

is the 'initial value' of•the open loop control law, start

ing from the current state. This defines an optimal closed 

loop control law 

u°(t,x) = u°(t;x,t) (A.2.3) 

The arguments used above suggest a way of con

structing such a closed loop policy; namely, if one can 

explicitly solve for the open loop control law in terms of 

the initial state (i.e., find a solution for u° in the 

form A.2.1), then equation (A.2,3) defines an optimal 

policy. Unfortunately, a solution of the form (A.2.1) is 

not often easily found. In most cases, the computations 

are performed numerically, so that such a solution would 

require enormous amounts of machine storage. 

The methods of Pontryagin, Leitmann and Hestenes 

provide necessary conditions for optimal open loop control 

functions u°. In order to synthesize a closed loop con

trol function u, it is necessary to follow a variant of the 

procedure outlined above. 

A.3 Imprecise Measurements 

It is taken as the nature of things that measure

ments of physical quantities are imprecise. This point 
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will not tie belabored with pedantic prose. The interested 

reader is referred to Bellman (1961, Chapter 9)• 

The point of interest here is how the measurement 

is related to the measured quantity, and conversely. 

Since the subject is uncertainty, the natural setting for 

the discussion is that of probability theory. 

The following relations are hypothesized and will 

be used in the subsequent analysis. At time 't1 the 

state of the system is x(t), and the measurement y(t) is 

observed. This measurement is a random variable (Y). The 

measurement process can be represented in block diagram 

fashion. 

x 

or functionally as 

y = H(x,w). (A.3.1) 

In these expressions w is the measurement noise, 

and it has prescribed statistical properties. H and w 

"are determined by the measurement system. Though the 

actual state at any time ft1 is not a random variable, 

for an observed value of y(t), it is meaningful to consider 



l4l 

the possible state of the system. This possible state is a 

random variable, and it will be referred to as the random 

variable X(t). 

For any fixed value of the state (x(t)), the pos

sible measurements are a random variable (Y(t)), so that 

the'statistical characteristics of the instrument are 

specified by giving a density function for the distribution 

of Y. It is convenient to specify this as a conditional 

distribution although, strictly speaking, X and Y are not 
•1 

'joint' random variables. 

The distribution for possible measurements, given 

that the.state is x, has the density function 

fY|X(y|X = x). (A.3.1) 

Since fy |̂  . is a density function, it must have 

2 certain properties. It must be non-negative, and must 

integrate (over Y) to one. 

Suppose a measurement y is observedj. the function 

fy |x when viewed as a function of x for fixed y is termed 

a 'likelihood function'. It is obviously non-negative; 

however, it is not a probability function since 

1. That is, it is meaningless to consider a dis
tribution of states without specifying a measurement. . For 
true joint random variables such marginal distributions are 
are available. 

2. See Cramer (1946). 
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X'̂  fY|x(ylX = dX ̂  lj (A.3.2) 

With this in mind, the function "3"s def3-ned as 

fvi K-fyi X = xj 
fXlY(x!Y = y) =  ̂ . (A.3.3) 

x'^. ̂ yix^1 x = x) dx 

The function fx|Y is the likelihood function fY|X suit

ably normalized, so that it integrates (over X) to unity. 

It is important to realize that, although fy[x and x̂ |Y 

are of the same form as conditional density functions, 

they are not properly described as such. X and y are not 

joint random variables because it is meaningless to talk 

of a possible measurement (y) without specifying the 

state (x), and conversely. . . 

These distributions given by A.3.1 and A.3.3 have 

physical interpretations and it is fitting to mention 

these. 

For a fixed measurement condition y, (A.3.3) 

gives the density function for possible states (X). An 

accurate instrument is one that, on the average, gives a 

reading that is close to the true value. In terms of 

A.3.3 this means that the conditionally expected value of 

X would be close to its true value. 

Similarly, for a fixed state x, condition (A.3.1) 

is the density function for possible measurements (Y). 

An instrument is said to be precise if repeated 
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measurements of a fixed quantity are not widely spread. 

This would be interpreted as requiring that the variance of 

the distribution given by A.3.1 be small. 

A.4 Discrete Parameter Systems 

The situation envisioned here is dynamic rather 

than static. The state of the system is governed by an 

ordinary differential equation (A.1.1), so that for a par

ticular open loop control u(t), the state x is a smooth 

function of time. In view of this, the measurements Y and 

the associated possible states X will be random variables 

indexed by a continuous parameter. Thus, the proper set

ting for 'the discussion is the theory of stochastic pro

cesses. In order to keep the.probability arguments simple, 

yet reasonably complete, the system equations are 

redefined to a discrete parameter set. 

Let the system be governed by a set of relations 

x̂ ti+l'̂  = f ,u], (A.4.1) 

where i takes on integral values (0,1,...). The value of . 

the control at time t̂  is subject to 

u(t±) e U. (A.4.2) 

A terminal set is defined by 

0£ — Se(xj"t̂ ) = e = 1,2, . . .P} . (A.4.3) 

Corresponding to an initial state x(to), and a control 
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sequence {u(to), ...,u(tm)), the relations A.4.1 lead to a 

sequence of points in (x,t) space. The polygonal arc 

formed by joining adjacent, (in time), points plays the 

role of the trajectory in the continuous case (Section 

A.l). An arc is said to terminate if, for some t < <», 

WV̂ m1 G V (A.4.4) 

For those arcs that terminate, the payoff is 

defined as 

m m-1 q 
gQ + .s f Wfci)> t̂ uCt̂ ] (A.4.5) 

• The fact that the parameter has been made discrete 

does not, of course, obviate the stochastic nature of the 

problem. For most systems it seems reasonable that the 

measurement will effect the measurement y(t̂ ). It 

must be emphasized that the difficulty is physical and not 

a mathematical one. The treatment here will assume that 

successive measurements are independent. In terms of the 

measurement noise w, this means that the sequence 

{w(to),...,w(tjn_1)} is a purely random sequence (see Bryson 

and Ho, 1969* P* 316). 

A. 5 A Control Problem with Noisy Measurements 

The problem analyzed here is a combination of the 

discrete parameter process discussed in the previous sec

tion, and the uncertain measurement structure of Section 
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A.3. The analysis is closely akin to that applied t.o the 

poker model of Chapter 2; that is, it depends upon the 

reticulation of a many stage problem into many one-stage 

problems. Again, the requirement that the polygonal arcs 

be finite means that there must be some states from which • <i . 
all'decisions lead to termination. 

In the nomenclature of Section A.k-, suppose the 

system is at some state so that only the decision 

at time t  ̂remains. The increment in the payoff if 

u(t„ i) is chosen is v m-l' 

+ ̂ m̂-l̂ V-l'̂ m-l̂  * (A.5*1) 

3y virtue of A.4.1 

x(tm) (a-5-2) 

is the relation between x(tm) and the choice u("tra_i) from 

the given state x(tm_̂ ) • F°r notational reasons it is 

convenient to eliminate the explicit appearance of t in 

gQ, f°, and f. This can always be done by adding a com

ponent to the state vector with 

= V (A.5.3) 

Making use of (A.5-3) the equations (A.5.1) and 

(A.5-2) can be rewritten. The old notation is retained. 
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^[*(vi)»u(vi>] = sswvl + ^wvil'^vi'1' 

(A.5.4) 

where 

x̂ m̂  ~ ̂  ̂ x̂ m-l̂  ,û m-l̂  ' (A.5*5) 

With these notational changes it is easily seen that 

[̂*( Vi> 'utVi)1 = sSf f (*(Vi) 

+ f,0[x(tm_i)̂ u(tm_i)]5 (A.5.6) 

(or symbolically1 P = g™ o f + f°). 

If the state ̂ (t̂ )̂ were known, then the 'optimal' 

control could be selected to maximize A.5-6. However, the 

measurement y("km_i) is made, and this (through (A.3.3)) 

induces.a conditional distribution on the random variable 

Xm_1« Accordingly, for any u(t it is possible to 

compute the conditionally expected value of P, given that 

measurement âs been observed. Before this is 

done, some reflection is in order. 
v 

Even though the system equations have been formu- . 

lated in terms of a discrete parameter set (A.4.1), the 

process remains dynamic. Thus, if a distribution is known 

for the possible states X(t̂ -̂ ), then for any given 

1. gj o f is the composition of the function g"J 
with f. It means that the argument of g is the value 
of f. See Apostol (1957), p. 30. ° 
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control U('t̂ _-L) the system (A.4.1) will lead"'* to a prob

ability distribution for x(t̂ ), even before the measurement 

y(t̂ ) has been observed. Once y(t̂ ) is observed it may be 

possible to improve on the induced distribution. The pro

cedure is often described as a Bayesian estimation tech

nique. A brief description follows; a more* thorough treat

ment may be found in Bryson and Ho (1969* Sec. 12.8). 

Suppose a distribution is given for possible values 

of the state X(t̂ _̂ ) . For a given control u(t̂ _̂ ) 

will induce a distribution on x(t̂ ) through the system 

equations (A.4.1). In the notation of Parzen (1960), the 

probability for an event A in Xi is determined from the 
2 

probability function for events in Xi_-L according to 

Pr [A] = Pp e A and x = f (x̂ -̂ u)}] . (A.5.7) 
Xi Xi-1 

The density function for this distribution on X̂  is 

termed the 'a, priori' density function. 

The system progresses to t̂  and a measurement y(t̂ ) 

is observed. The conditional density function for Y given . 

x is known; this is specified by equation (A.3.1). The 

Bayesian estimation procedure then provides a means of 

improving on the prior distribution by using the measurement. 

1. The question of computability of the distribu
tion or its parameters is not considered until later. 

2. For fixed 'u'. 
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For the given measurement y(ti) the conditional distribu

tion fy ̂  becomes a likelihood function (of x). By Bayes 

rule it is possible to compute 

fyix(yl x = x) 
(xj Y = y) = £ (A.5.8) 

I fy|x^yi x = x) fx(x)) dx 
X |Y 

X 

where fx(x) is the a priori density function for X̂ , and 

YI X likelihood function discussed above. The 

resulting density function is referred to as the 

a posteriori distribution for X̂ . Using the a posteriori 

distribution, the system transition equation (A.4.1) from 

the state at t̂  to then leads to the a priori distri

bution for and the process may be repeated. Though 

this Bayesian procedure is conceptually straightforward, 

its implementation is often very difficult. 

The evaluation of the a posteriori distribution 

(equation A.5.8) is greatly simplified if its form is 

known. Then the problem is one of finding the parameters 

of the distribution. If for a given likelihood function, 

the a posteriori density function (fxjy) is °f the same 

form as the a priori density function (f̂ ), the distribu

tion is said to 'reproduce' itself with respect to the 

given likelihood function."'" For the case where the 

1. A discussion of the Bayes Procedure applied to 
a learning process (no system dynamics) may be. found in 
Raiffa and Schlaifer ( 1961 ). The concept of reproducing 
distributions is discussed and other examples are given. 
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likelihood function is gaussian, a gaussian priori distri

bution is of the reproducing type. 

However, even if the distribution at a given stage 

(time t̂  say) is reproducing, there is no guarantee that 

the prior distribution for the next stage will be 

of the same form. For the special case when the system 

equations (A.4.1) are linear and the distributions 

(at t̂ ) are gaussian, then it is known"'* that the priori 

distribution at t̂ +̂  will also be gaussian. Since a 

gaussian distribution is completely specified by giving 

its mean (vector) and covariance (matrix), the Bayes pro

cedure for such a system is reasonable. 

The procedure may be applied to the case where the 

system equations (A.4.1) include some process noise. For 

linear systems disturbed by gaussian noise (process and 

measurement), the successive a posteriori distributions are 

completely specified by giving sequences of mean vectors 

and covariance matrices. These are the results of the 

Kalman filter theory (Kalman, i9603 Kalman and Bucy, 1961): 

Note that the a posteriori density function speci

fied by equation (A.5-8)j and the normalized likelihood 

function given in (A.3.3) are exactly the same if the 

a priori density function (f̂ ) is a constant. Loosely 

1. That is, a linear combination of gaussian 
random variables is a gaussian random variable. 
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speaking, the same conclusion results from the Kalman 

theory if the process noise has a large variance. 

The point of this diversion into the Bayesian 

estimation procedure is that general results are not 

easily found. Without highly restrictive assumptions con

cerning the system equations and the disturbing noise, the 

computations are not possible. 

The choices available then are either to restrict 

the analysis to the case of linear equations with gaus-

sian noise, or abandon the Bayes- procedure. It happens, 

however, that even for the restricted linear case the 

game problem has an added difficulty."*" This difficulty is 

discussed in Chapter 5* 

• The procedure employed here will be to compute 

the conditional distribution for possible states f̂ jy 

as the normalized likelihood function (A.3.3). 

In this sense the conditionally expected value of 

P given that measurement âs "been observed and the 

control u(t n) is used is v m-1' 

= y(Vi)] = 

J P[x,u(tm_1)]fx|y(x|r = y(tm_i)) to. (A.5-9) 

1. Behn and Ho (1968) consider a "linear sto
chastic differential game, with one player having perfect 
information and the other making noisy measurements. This 
lack of symmetry is essential for the analysis. 
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The optimal decision (in the expected value sense) 

at time having made measurement Is that 

value of u which maximizes (A.5.9). 

u° = u°̂ tm-l,̂ r̂  (A. 5.10) 

Thus, having computed the decision policy at time 

m̂-lJ It.only remains to reduce the original m stage pro

cess to an m-1 stage process. Then, "by successive itera

tions, the complete problem may "be analyzed. This reduc

tion is completed below. 

Suppose at time tm_̂  the state is x(tm_1) and the 

optimal policy is used, then the payoff will be 

p[x(Vl>> • (A.5.1I) 

For any fixed state, the possible measurements are dis

tributed according to fyjx (A.3.1). Thus, if the state 

is the expected payoff if an optimal decision 

policy is used becomes 

Eŷ tPfx; u°(y; V̂ jlx = = 

J" P(x,u°(yj tm_1))fy|x(y|X = xCt̂ )) dy. (A.5-12) 

Define 

s0 u°(tm-l»y)l x = ' 

(A.5.13) 

and consider the m-1 stage process. 
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Successive applications of the procedure will lead 

to a sequence of optimal decision policies which depend on 

the measurements made at the respective time. 

A. 6 An Example 

Since the main interest in discrete systems is to 

.model continuous systems, it is fitting to examine such 

an example. Consider a two stage approximation to the 

system given "by 

x = - x + u, (A.6.1) 

with fixed terminal time and quadratic payoff 

tf 

x2(tf) + J* u2(t) dt. (A.6.2) 

*0 

Let 
t„ - to 

d = —=2 1 t̂  = to + i d, (A.6.3) 

then a discrete approximation to (A.6.1) is given "by 

f(x(t±), u(ti)) - [- x(t±) + u(t±)] d + x(t±) (A.6.4) 

The payoff functions are 

So[x(t2)] = (x(t2))2, (A.6.5) 

and 

u(t±)) = d(u(ti))2 

Let the conditional distribution for Y given x be specified 

by 
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fY(X(yIX = x) =— exp [ - (y~hg) ]. (A.6.6) 

2tt cr 2 a 

Thus, for any given x, the measurements (Y) are distributed 

2 normally with mean hx and variance a . The normalization 

of the likelihood function is particularly simple in this 

case, and it is found that 

fX l Y(xlY =  y )  =  exp [  -  ] .  (A.6.7) 
' 2, a/h 2 ° /h 

For any measurement y, the possible state (X) is also a 

gaussian random variable with mean y/h and variance a/h. 

A.6.1 Decision at Time t̂  

The increment of the payoff from any state x(t̂ ) 

with control u(t̂ ) is found by the rule (A.5.6) to be 

Pm~1[x(t1),u(t1)] = [xftj^l-d) + du(tx)]2 +du2(t1), 

(A.6.8) 

or 

= x2(t̂ )(l-d)2 + u2(t̂ )d(l+d) + 2d(l-d)x(t̂ )u(t1). (A.6. 9 )  

—jtlw 1 
The conditionally expected value of F̂ "~ having 

made measurement may be found from the rule (A.5.9) 

with fX|Y given by (A. 6.7). 

Since the expected value operator is linear, it is 

easily seen that the only quantity on interest in (A.6 . 9 )  

is 
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Ex|y(x,Y = y(tx)) = [ x fx|Y(x|Y = yit̂ J dx, (A.6.10) 
— 00 

which is the conditional mean of X, given Y = y(̂ m-l̂  * 

From the discussion following (A.6.6) and (A.6.7) it fol

lows that 

eXIY (x,y = ŷ î  ~ y(ti)/h- (A.6.11) 

Making use of this result, the minimizing policy may be 

found by equating the derivative of (A.6.8) with respect 

to u to zero. This leads to 

u°(y; tx) = - g. (A.6.12) 

It remains now to compute the expected value of the payoff 

from any state x(t̂ ) if the policy (A.6.12) is used. 

Ey|X[P(x,u°(y; t̂ lx = x] = j* P(x,u°(y; t-̂ Jfŷ ylX = x)dy 

(A.6.13) 

Using the conditional distribution fy|x ̂ iven by (A.6.6), 

along with P and u° (equations (A.6.9) and (A.6.12), 

respectively) equation (A.6.13) leads to 

£o(x(tl)) = (1-^)2x(t1)2 + .<* ^l"^d (^2 " x(ti)2)*ca-6-1^) 
h 

A.6.2 Decision at tQ 

If this procedure is repeated, it may be found that 

u°(tn,y) = 2- S 
[l-fd(l-d) ] h 
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