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PREFACE

This dissertation, having been prepared primarily
for the Department of Psychology, contains material written
in accordance with the stylistic conventions peculiar to
the field of Psychology. For readers not familiar with
those conventions the following notes may be useful.

The single letter S designates any one of the
subjects who takes part in an experiment. The experimenter
is designated by the letter E. Thus the sentence "E
instructed Ss to react as quickly as possible," is read
"(The) experimenter instructed (the) subjects to react as
quickly as possible."

The statistical procedures used in this paper are
described fully in most intermediate texts on general
statistics. The reader unfamiliar with statistical
methodology may refer to such books for further details of
the methods of data analysis.

The unit of time measurement employed in six of
the experiments reported here is the millisecond, abbre-
viated ms. A millisecond is one-thousandth of a second;
electronic measuring apparatus has made measurement of
durations to the nearest millisecond both accurate and

convenient.
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ABSTRACT

In 1967 Moyer and Landauer reported that the time
required to select the larger of two digits varies nega-
tively with the difference between the digits. This
phenomenon is investigated further. In a series of experi-

ments several hypothetical explanations of this effect are

proposed and examined. Moyer and Landauer's suggested

explanation (numbers may be processed in a way analogous to

. the processing of stimuli differing in physical magnitude)

is generally supported, although it is modified in several
details.

A similar phenomenon is found when one substitutes
either months of ﬁhe year or letters of the alphabet for
single digit numbers, suggesting a generalized phenomenon
peculiar to serial lists. In a related experiment, how-
ever, the process,of judging letter pairs is shown to be
different in at least one major respect from the process of
judging number pairs.

It is also found that the larger of two digits is
more quickly selected than the smaller. The relevance of
adaptation level theory to this finding is discussed. 1In
an experiment designed to further test the relevance of
adaptation level tﬂeory to numerical-perceptual phenomena,

evi@ence is found suggesting that human subjects may

xiii



xXiv
process numbers in a way which involves a power function
transformation of the given stimulus number.

An earlier study which resulted in a report that
certain digits are read aloud more quickly than other
digits is not found replicable. Two other experiments also
fail to find differences in the speeds with which the
various digits are perceived.

In arriving at an equation for calculating the time
required to select the larger of two digits the following
factors must be considered (in approximate order of
decreasing importance): the difference between the digits,
the size of the smaller digit, the size of the larger
digit, the fractional exponent, if any, to which a number
is effectively raised when it is processed, and the

irreducible minimum decision time.



INTRODUCTION

In 1967 Moyer and Landauer first reported an effect
not previously described in the psychological literature.
Briefly, they found that when one has to choose the larger
(in numerical value) of two digits the time required for
the decision varies negatively with the magnitude of the
difference between the digits. This effect will be referred
to as the Moyer-Landauer effect, or, more simply, the MLE.
Figure 1 is a reproduction of Moyer and Landauer's original
illustration of the effect.

As Moyer and Landauer point out, there are at least
three soﬁewhat different processes by which one could make
a decision regarding which of two digits is the larger.
First, one could have memorized the larger digit of all
possible digit pairs and the decision brocess would then
consist simply of identifying the given pair and sélecting
the larger digit from memory. Qr, seéond, one might employ
soﬁe_kind of counting“bfocedure, counting either from one
digit to the otﬁe;, or to one of the digits from 5ne or
nine. This counting could presumably go on at an uncon-
écious level, so the subject would not be aware of any such
process. Finally, there is the possibility that each of
the digits is fepresented internally in a form which is in
some way analogous to its magnitude. The decision process

1
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3
for identifying the larger digit would consist of comparing
the internal magnitudes and selecting the larger. |

As Moyer and Landauer point out, fortunately each
of these three basic processes leads to one or more specific
predictions regarding decision times.

If the decision process is based upon retrieval of
the larger digit from memory then there is no reason to
expect that the MLE would be observed. All digit pairs
should be associated with substantially the same decision
times, assuming that all pairs_have been equally well
learned during the course of a éérson's experience with
numbers.

Various counting models yield at least two quite
different predictions concerning decision times. The
fundamental technique involved in deriving predictions from
such models entails making up a table of all possible digit
pairs, and determining for each pair exactly how many
"counting steps" would be required to select the larger
digit, given the constraints spepified in the model being
considered. By then grouping together all pairs which have
the same difference between the larger and the smaller
digits (e.g., 4-1, 7-4, 2-5, etc., being those pairs with a
difference of three) one can find the mean number of
counting steps involved in selectiné-the larger of two

digits with a given difference. By doing this for all

pairs of digits after the pairs have been grouped according



- 4
to "difference," one can construct a table or a graph
showing expected decision time in counting steps as a
function of difference between digits. Decision time is
assumed to be proportional to the number of such counting
steps required in judging a pair. Moreover, all counting
steps are presumed to be of equal duration.

Such predictions have been made for four counting
type models and are illustrated below. The four counting
models discussed here will be referred to throughout this
paper as counting-model one, counting-model two, etc., lest
they be confused with other models discussed.

Assume initially that for all counting models the
subjects know in advance the range of digits to be included
in the pairs, and although the assumption is not essential
for generalized counting models, assume additionally that
in the cases under discussion here the range of digits
included in the pairs is from one to nine.

For counting-model one assume that the subject (S),
when presented with two digits, ;elects one of the digits
at random, and then counts up from the selected digit until
either he reaches the other digit or he reaches nine. If
‘he reaches the other digit first, then the other digit is
larger, while .if he reaches nine then the digit he initially
selected is the larger. The decision times predicted By
such a model are shown as a function of numerical differ-

ence (larger digit minus smaller digit) in Figure 2. In
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6
Figures 2 through 5 the units on the ordinate are counting
steps. e

Counting-model two is similar to the first in that
a subject chooses a digit at random, but in this case he
counts down and if he reaches the other digit then the
digit with which he started is assumed to be the larger.

If he reaches one, the digit which he did not select is
assumed larger. The predictions arising from this model
are shown in Figure 3.

Since neither Figure 2 nor 3 is similar in shape to
Figure 1, we may conclude that neither counting-model one
nor counting-model two is adequate to describe the data.

A model somewhat similar to those described,
counting-model three, is one in which S is assumed to start
counting at one, and continues counting until he reaches
one of the numbers; then he assumes that the other number
is the larger. The predictions of this model are shown in
Figure 4. A parallel model (counting-model four) exists in
which one counts down from nine pntil one of the numbers is
reached and then that number is assumed to be the larger.
Figure 5 shows the prédictions of such a model.

Figures 4 and 5 bear general resemblance to Figure
1, thﬁs suggesting that either counting-model three or four
might be a suitable description of the way in which a §
arrives at a decision. This resemblance alone does not

establish the validity of either counting model; other
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10
predictions, also derived from these models, should be
tested. If counting-model three is tenable, then all pairs
of digits containing the digit one should have the same
(and the minimum) decision time. If counting-model four is
appropriate, then all péirs of digits containing the digit
nine should have the same (and again the minimum) decision
time. More completely, the decision times for all pairs
under éounting-modgl three should vary directly with the
magnitude of the smaller digit, while if counting-model
four is correct the decision times should vary negatively
with the size of the larger digit. These predictions are
very easy to test, given the proper data, but Moyer and
Landauer (1967) did not publish the required data, so a
replication of their study is necessary.

Before turning to Moyer and Landauer's third
"theoretical explanation of the MLE, consideration of a
recent article by North, Grant, and Fleming (1967) is in
order. They reported that when a § ié reading numbers
aloud from a display panel, and phe interval between
stimulus onset and response initiation is measured by a
timer stopped by a voice-activated relay (voice key), the
digits 1, 2, 6, and 9 are responded to more quickly than
are the digits 3, 4, 5, 7, and 8. North et al. did not
attempt an explanagion of their finding, but noted that it
was significant at the 0.01 level or better. The same

effect was observed with numbers written out as words,



11
although it was not significant at as high a level. Thus
apparently more than strictly peripheral processes were
functioning (i.e., the physical configuration of the
stimulus is apparently not a determining variable). Since
"6" and "7" are reported read with different latencies, the
initial consonant is not the only relevant variable.

Making some assumptions prompted by this finding, a
model can be constructed which again shows expected decisio
time as a function of the difference between digits. First,
éssume that the differences shown by North et al. are dif- |
ferences involved in the perception of the digits, rather
than ones associated with the articulation of the names of
the numerals or with the characteristics of the voice key.
Then assume that the larger digits of all number pairs are
stored in memory and that once the numbers have been per-
ceived by S the-decision times are equally long. This is
essentially the retrieval-from-memory model rejected by
Moyer and Landauer (1967), but they implicitly assumed that
all digits were perceived equally quickly. If, instead, it
is assumed that 1, 2, 6, and 9 are perceived more quickly
than the other digits, then the model leads to predictions
quite different from those of equal decision times for all
digit pairs. The model requires a number of further assump-
tions. Assume firgt that a digit pair which contains no
"fast digit" (1, 2, 6, or 9) will be reacted to (i.e., the

larger digit selected) more slowly than one which contains
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one "fast digit," and a pair which contains two "fast
digits" will be reacted to more quickly than one which
contains only one "fast digit." Further, assume that
decision times associated with all pairs of digits with an
equal difference between digits is a linear function of the
mean number of "fast digits" .per pair. Thus for example,
consider the pairs with a difference between the digits of
seven, i.e., the pairs 2-9, 9-2, 1-8, and 8-1. These four
pairs have six out of eight "fast digits," thus in con-
structing the model a value of 1.5 "fast digits" per pair
is assigned to those pairs with a numerical difference of
seven.

Assuming that the decision time is a linearly
decreasing function of tb- .iumber of "fast digits" in a
pair, a-graph of expected decision time (or number of "fast
digits") as a function of the difference between the digits
can be prepared. Figure 6 shows the predicted relation.
This graph is so similar to Figure 1 that the model war-
rants further consideration. The findings of North et al.
(1967) must first be replicated. Further predictions based
on their findings can also be tested. For example, the
pairs 1-2, 1-6, 1-9, 2-6, 2-9, and 6-9 (and the reverse
pairs) all contaiﬁ two "fast digits," and they are the only
pairs which do. Thus if the model derived from North et al.
is tenable, then there should be no significant difference

between the decision times to all of these pairs. Moreover,



Fig. 6. Mean number of "fast digits" per pair as a
function of difference between digits.

According to the model, speed of decision varies
directly with the number of "fast digits," hence the
ordinate also represents predicted decision time, although
appropriate units are not indicated.
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none of the other pairs should be significantly faster than
any of these pairs. This is probably the most discriminat-
ing test of the model. Moyer and Landauer (1967), unfor-
tunately, do not present their data in a way which makes
such a test possible.

Moyer and Landauer's third postulated explanation
for the MLE (after memory retrieval and counting proce-
dures), the one upon which they settled as being most
probably correct, is backed by a rather long history of
psychophysical investigation. The phenomenon underlying -
the explanation is that when a subject is choosing one of
two non-numerical stimuli on the basis of a difference on
a single stimulus continuum, then the time required for him
to make the decision is greater when the stimuli are closer
together on the continuum than it is when they are well
separated. Moyer and Landauer's theoretical explanation
entails assuming that the central nervous system processes
numbers in a way that is very similar to the way in which
it processes physical magnitudes.

iﬂ_i906 Henmon described (as part of a test for
color blindness) a choice reaction time effect similar to
the one described above. Her subjects were required to
sort a number of cards on the basis of color, and she found
that the color-blind subjects were slower than the normal
subjects, even if just as accurate. In 1927 a paper by

Lemmon described an experiment somewhat similar to that of
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Moyer and Landauer, except that printed numbers were not
used; the Ss had to subitize (detect without actually
counting) the number of stimulus lights presented in a
sfimulus display. Moreover, there was a constant differ-
ence of one between the two stimuli, i.e., there were one
and two, two and three, three and four, and four and five
stimulus lights presented in pairs, but never one and
three, one and four, etc. S had to select the stimulus
display which had the larger number of lights on it. This
experiment is relevant to the MLE only if one is interested
in seeing if the decision times are constant for a differ-
ence of one or if the decision timeé in the MLE change as
the magnitude of the numbers involved changes. Again the
need arises for data which are not available in the Moyer
and Landauer paper. Lemmon found that the greater the
number of lights in a given stimulus display, the greater
the decision time, given a constant difference (between the
left and right displays) of a single stimulus light.

Woodworth and Schlosberg (1954) devote a paragraph
to the discussion of the disjunctive reaction time (RT),
and they also discuss the experimenté of Henmon (1906) and
those of Lemmon (1927). They summarize the findings in the
field by saying "The more alike the stimuli, the longer the
disjunctive RT." They support this assertion with data
from experiments on lengths of lines, frequency of tones,

and colors differing in hue.
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Festinger (1943) in a publication based on his
doctoral dissertation reported that when Ss are judging
lengths of lines in a situation in which only two are
presented, the judgments of which the Ss are least sure
take the greatest amount of time. This is similar to a
finding reported in Woodworth and Schlosberg (1954).

A. T. Welford (1960) of the Psychological Laboratory
in Cambridge (England) has devoted much study -to informa-
tion processing mechanisms in human observers and in a 1960
paper reviews a number of studies bearing on the MLE.

After reviewing several studies which all generally bear
out the generalization of Woodworth and Schlosberg (1954),
Welford synthesizes several findings to develop a theory
applicable to choice reaction time data.

The relevance of such studies to the MLE is of
course questionable. The very phenomenon under discussion
does not seem to be a judgmental one in the sense of
judging which of two lines is the longer. Instead there is
involved a process of a more symbolic nature. An example
will perhaps make this difference clear. If one is judging
the relative léngths of lines, then after the judgment one
might still be a bit uncertain of one's accuracy. With
numbers, this would not be the case. One does not "judge"
four to be greater than two, one'simply "knowsb that this
is the case. There is no uncertainty. Nevertheless, it is

the very real nature of the MLE which forces upon us the
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relevance of the disjunctive or choice reaction time
studies. The adequacy or inadequacy of alternative models
as examined below should determine whether or not it is
necessary to assign the judgment of numerical inequalities
to the same class of judgments as those of physical
inequalities.

If an effect such as the MLE is present for numbers,
then one might look for it with other stimuli, such as
letters of the alphabet, months of the year, or any other
ordered list. If results are obtained which are parallel
to those of Moyer and Landauer (1967), then this evidence
would be suggestive of there being a judgmental process
common to a wide variety of inequality-type situations.

There is, of course, the chance that the MLE is an
artifact of the methodology by which it was first detected.
Moyer and Landauer in their study used typewritten cards
displayed behind a half-silvered mirror. A light would
illuminate the cards making them suddenly visible from the
front side of the mirror where the S observed. S would
then respond with either his right or his left hand
according to the side on which the larger digit appeared.

By careful examination of the data from a number of
replications taken on the same Ss it should be possible to
determine whether or not the effect decreases with time and
practice. There is some indication that it would do so;

Mowbray and Rhoades (1959) found that choice reaction times
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initially vary with the number of stimuli and alternatives,
but with increased practice a S is able to handle the
incoming information more economically and the choice
reaction time becomes a constant, independent of the number
of alternatives. The experiment used to elucidate this
point was not exactly parallel to the Moyer and Landauer
situation, but was close enough so that an investigation
would be worthwhile.
| In a current article on choice reaction time E. E.
Smith (1968) makes the distinction between experiments in
which there is a one-to-one mapping between stimuli and
responses, and experiments in which the mapping changes
from trial to trial. Unfortunately his review does not
consider the latter c1ass~ofvexperiments, hence the appli-
cability of his review to the MLE is limited. But it does
suggest a further experiment of the MLE. A typical MLE
experiment contains all pdssible pairs of digits, and S
indicates the side on which the larger digit has appeared.
Thus the mapping between stimulus and response is not one-
to-one for two reasons. First, the response to seven of
the digits, two through eight, may be either as a larger or
as a smaller digit, and second, even with the digits one
and nine the response may be right or left, depending on
which side of the pair the digit appears on. It would be
worthwhile to invegtigate the magnitude of the MLE when

there is a one-to-one mapping between stimulus and response.
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For example, two stimulus lists might be presented, one
consisting of ones and nines, and the other consisting of
eights and nines, and if the MLE is present regardless of
the one-to-one mapping then there should be a considerable
difference in the times for the completion of two lists of
equal length. Such an experiment would be ideally suited
to an experimental technique such as "crossing out," to be
discussed in the methods section of the appropriate experi-
ment .

Smith (1968), in discussing the aspects of the

choice reaction time includes a paragraph quite relevant to
the MLE:

The task is structured so that error rates are
reasonably low (approximately 1-10 per cent), and
no comparison between two simultaneously presented
stimuli is required. This is in contrast to
perceptual judgment experiments, which frequently
measure response latency. Until more is known
about the relation between choices made among
alternatives represented only in memory (CRT
tasks) and choices made among alternatives present
in the environment (perceptual judgment tasks), it
will be difficult to specify the relation between
the processes involved in CRT and perceptual
judgment experiments (p. 78).

The MLE is an excellent tool with which to investigate the
"relation between choices made among alternatives repre-
sented only in memory and choices made among alternatives
present in the environment."

In a personal communication one investigator has

suggested the relevance of adaptation level theory to the
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MLE. 1If a subject is judging whether a given stimulus is
heavy or light, small or large, hot or cold, etc., his
judgment time or decision time is longer the closer the
presented tést stimulus is to the adaptation level. Since
the AL is roughly equivalent to the weighted geometric mean
of all stimuli, then the heavier stimuli (larger, louder,
etc.) are identified more quickly than the lighter ones.
(This is because the geometric mean is closer to the smaller
items on a continuum.) We may look for the same effect in
the MLE by giving subjects the same series of stimuli four-
times in an ABBA order and having him select the larger
digit in two cases and the smaller digit in two. An experi-
ment of the "crossing out" type would be appropriate in
this case. If the AL conception is relevant then the
decision time to the series when § had to pick the larger
numeral should be shorter. Since the individual times
would not be as interesting as the overall averages for
larger choices as compared to smaller choices, the "crossing
out" method would seem to be ideglly suited to this‘experi-
mént.

The present séries of experiments was designed to
test the various alternative hypothetical explanations of
the MLE, to .investigate related phenomena éuch as the North
et al. (1967) findings, and to extend the findings of Moyer
and Landauer (1967), if possible, to stimuli other than

numbers. The description of each experiment is preceded
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by a brief introduction explaining the rationale of the

- experiment.



EXPERIMENTS

Summary of Experiments

The Experiments section of this dissertation con-
sists of the full descriptions of eleven experiments. In
order that the reader may follow more clearly the course of
the experiments and better understand their relevance to
the MLE, this brief outline of the Experiments section is
included.

Experiment One is simply a replication of the work
of Moyer and Landauer (1967) using very similar methodology.
The following experiment is identical, except that instead
of numbers. being used as stimuli, letters of the alphabet
are used. Experiment Three inVestigates the nature of the
MLE when one uses months of the year instead of numbers as
stimuli. In this experiment the methodology is shifted
from the electronic timing of individual responses to a
paper and pencil technique. Exgeriment Four is another
replication of Moyer and Landauer's work, but in this case
an attempt is made to compile a large number of data from
highly practiced subjects. In addition, the effects of
choosing the smaller instead of the larger digit are
investigated. The_experiments following this one are all -

on related but essentially different topics.

22
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Experiment Five is the first of three experiments
designed to evaluate the relevance and significance of the
North et al. (1967) work. This experiment is an attempt to
replicate the work of North et al., and as it is unsuccess-
ful in so doing, the following two experiments are included
in order to find out more about the relative latencies with
which the several digits are perceived. Experiment Six
reduires simply that the Ss recognize given digits, while
Experiment Seven determines the time required for judgments
of equality of digits as a function of the digits used.

Experiment Eight makes possible a comparison of
decision times for selecting the larger digit with decision
times for selecting the smaller digit. Since this experi-
ment is successful in supplying evidence that numbers might
be handled internally in a manner similar to the handling
of sensory magnitudes, Experiment Nine investigates that
possibility more fully by having Ss estimate but not com-
pute the midpoint between various numbers.

Since the substitution of letters for numbers did
not change the essential findings in going from Experiment
One to Experiment Two, Experiment Ten is essenfially a
replication of Experiment Eight employing letters instead
of numbers as stimﬁlia The purpose of this experiment is
to determine how far the parallels hold up between

phenomena involving numbers and those involving letters.
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Finally, Experiment Eleven investigates the effect
of a one-to-one mapping between stimulus and response by
examining differences between the decision times to the
pairs 8-9 and 1-9.

Experiment One: A Replication of the Work
of Moyer and Landauer

Introduction

In order to verify the reality of the MLE a
replication study was carried out, differing only in
details from the original Moyer-Landauer experiment. An
additional reason for this replication was the need for
data to test the hypothetical explanatory models advanced
in the introductory section of this paper. These models
are based on counting procedures, and on the implications
of ;he North et al. (1967) paber. The Moyer and Landauer

data as published do not permit the tests.

Method

Stimuli were presented on an in-line readout 1.5
meters in front of a seated S; lighted numerals two cm.
high and eight cm. apart were presented on a dark back-
ground in a dimly lit room. S selected the larger of the
two digits and indicated his choice by pressing either the
left or right one of two microswitch (BZ2RW80) keys with
the forefinger of his right hand. The Ss were instructed

to press the key that was on the same side as the larger

)
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digit. Because of a metal partition between the keys, it
was impossible to press both keys simuitaneously with the
same finger.

In this and all other experiments Ss were university
students, some volunteer, and some paid.

When E had selected the stimulus pair to be pre-
sented, he would so indicate by turning on a small "ready
iight" in S's isolation room. When S felt ready he would
press a foot switch which turned out the “ready light" and
initiated a two-second foreperiod. At the eﬂd of the fore-
period the two numbers came on and stayed on for one second.
The time between the onséf of the numbers and S's response
was measured by a Hewlett-Packard 522B counter. Ten Ss
judged all of the 72 non equal digit pairs from 1-2 to 9-8
three times each, making a total of 216 judgments for each
S§. After each 72 judgments S took a five minute rest. S
was instructed to make his decisions as quickly as possible,
but to be accurate above all. The order in which the digit

pairs were presented to the Ss was random.

Results

The data may be presented in a variety of ways.
Figure 7 shows the overall mean decision time as a function
of the differences between the presented digits (lowest
_curve). For comparison, the original Moyer-Landauer data

are also shown. (The uppermost curve illustrates the
1

et



Fig. 7. Decision time as a function of the dif-
ference between digits or between letters.

Upper curve presents results from Experiment Two,
the middle curve presents Moyer and Landauer's (1967) data,
and the lower curve presents the results of Experiment One.
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.findings of Experiment Two, discussed below.) Table 1
shows the mean decision times for all "values of the dif-
ferences between the elements of the pairs" (hereafter
called "deltas") for all Ss; in addition, at the bottom,
the overall means as plotted in Figure 7 appear. In this
table, as throughout this paper, times are given in milli-
seconds. Table 2 presents the correlation coefficients (r)
between deltas and decision times for each of the ten Ss.
The equation for the straight line which best fits each S's
data is also given. The overall r and the overall best
fitting equation (this equation and the preceding ones were
fitted by the method of least squares) appear as well. |
Using a one-tailed test for the significance of correla-
tion, all of these correlations are significantly different
from zero beyond the 0.005 level. This particular test is
not completely applicable, however, since it is difficult
to meet the assumption of random sampling. To be conserva-
tive the significance level might be doubleé to the 0.01
level. .

In order to test counting-models three and four
(see Introduction) which predicted that decision times
would be, respectively, an increasingllinear function of
the magnitude of the smaller digit or a decreasing linear
function of the magnitude of the larger digit in the pairs,
Figure 8 was prepaéed. Figure 8 shows the mean decision

times as a function of the size of the smaller digit and of
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Table 1

Mean Decision Times (in ms.) for Each Delta and for
Each § Data from Experiment One

Difference between digits

Subject 1 2 3 4 5 6 7 8
1 628 594 504 521 510 524 487 430
2 610 550 525 533 554 516 500 485
3 577 531 521 509 491 489 467 446
4 458 450 435 444 448 416 420 40O
5 624 560 541 498 503 483 482 470
6 490 467 454 474 454 448 416 401
7 499 468 431 435 460 438 423 411
8 591 574 553 553 546 480 484 491
9 539 507 515 488 472 454 465 449
10 498 449 437 433 424 423 396 382

Means 551 515 491 489 486 467 454 437

Note.--Means may not exactly equal column means
because they were computed from column data before columns
were rounded to nearest ms.
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Correlation Coefficients and Regression Equations for all
Ss and Pooled Data of Experiment One

Correlation

Subject coefficient Regression equation
1 -.42 DT = -24.1(delta) + 631
2 -.29 DT = -14.4(delta) + 598
3 -.39 DT = ~17.0(delta) + 579
4 -.21 DT = =-6.2(delta) + 463
5 -.39 DT = -23.9(delta) + 622
6 -.21 DT = -9.3(delta) + 494
7 -.25 DT = -10.7(delta) + 492
8 -.31 DT = -16.6(delta) + 608
9 -.33 DT = -13.7(delta) + 546
10 -.35 DT = -14.4(delta) + 494

All data ‘

pooled -.29 DT = -15.0(delta) + 553
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the size of the larger digit. The values for the points on
the upper curve were computed by simply taking the mean of
all decision times for those pairs which had a common
smaller digit. The other curve was prepared analogously.
The preaiction of counting-model three is born out
strikingly--decision times increase approximately linearly
with the magnitude of the smaller digit in a pair.
Unfortunately, there is a contaminating factor in this
particular method of data presentation. The mean differ-
ence between the digits (or the mean delta) of all pairs
having any common lowest digit is a linear function of the
magnitude of the smaller digit. For examples, the mean
delta for the pairs containing 1 is 4.5, the mean delta for
those pairs containing 2 as a smaller digit is 4.0, that
for the pairs containing 3 as a smaller digit is 3.5, that
for those with 4 the smaller is 3.0, and so on down to the
péir containing 8 as the smaller digit, where the delta is
1.0. Thus the MLE itself would tend to produce a slope
such as the one observed in the upper curve of Figure 8.
Exactly parallel circumstances hold for the line showing
decision time as a function of the size of the larger digit.
The mean deltas vary directly as a function of the size of
the larger digit, hence since decision time varies nega-
tively with the size of the delta, it should vary nega-
tively with the size of the larger digit.
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To recapitulate the status of these two countiﬁg-
models, counting-models three and four explain or "predict"
the MLE on the basis of certain "counting" operations;
further predictions made on the basis of these models are
supported in the case of counting-model three, but not -
counting-model four. The test used on the models, however,
contains its own biasing factor which should influence the
test toward acceptance of the models. If the models are.
completely valid, then there are two reasons why the test
should support them; first, the mean DT as a function of
the smaller (or larger) digit would yield a predictable
slope; and second, given the fact that the MLE does exist,
the slopes should be affected by the mean delta of each
group of pairs with identical smaller (or larger) elements.
This last shou1d~9e true even if the models are not valid.
Counting-model four, which predicts a linearly decreasing
'decision time as a function of the magnitude of the larger
digit, may be rejected, since the slope of the appropriate
line in Figure 8 is obviously very nearly zero, after a
brief initial wavering.

The agreement with prediction seen in the upper
curve of Figure 8 must not be overemphasized, because of
the contaminating factor discussed above. Thus further
predictions based on counting-model three must be tested.
The model requires that S starts counting up from one and

continues until he reaches either digit. He then selects
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the other digit as being larger. If this counting process
is a valid representation of the real processes involved,
then all pairs of numbers with the same smaller digit
should have the same mean decision time, or, stated differ-
ently, a graph of a family of seven curves showing decision
‘times as a function of the size of the larger digit, given
that the smaller digit of all pairs represented in a single
curve is the same, should show a family of seven zero-slope
-.curves. Figure 9 is such a graph, showing the mean deci-
sion times when the smaller member of a pair was held
constant. The slopes of these seven lines are so obviously
different from zero that no statistical test is required.

Counting-model three is not tenable.

Discussion

Two main points emerge from this experiment; first,
the MLE is real and ;eplicable, and second, none of the
proposed counting-models is adequate to explain the data.
The adequacy of the model based on the finding of North
et al. (1967) is the basis for discussion in a later
section; at this point one adequate model of the MLE is
that advanced by Moyer aud Landauer (1967): that the digits
are encoded somehow as analog magnitudes and judgments are
based on comparisons of these magnitudes.

The overall correlation between decision time and

delta obtained in this experiment is lower than the one
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reported by Moyer and Landauer (-0.29 iristead of -0.63);
possible reasons for this are discussed in the Conclusions
“section below.

Experiment Two: The Moyer-Landauer
Effect Using Letters

Introduction B
In order to establish the generality of the MLE
with non-numerical stimuli, letters instead of numbers were

used in the Moyer-Landauer situation.

Method

The equipment and the method used for this study
were exactly identical to those of the first experiment,
except that instead of the numbers one through nine appear-
ing as stimuli, the letters A through I appeared. Thus
nine letters took the place of the nine digits. Ss were
instructed to press the key on the same side as the letter

which was further into the alphabet, or nearer Z.

Results

@
For the sake of clarity, the same terminology will
be used in the discussion of this experiment as was used in
that of Experiment One, i.e.;>a pair with a delta of four
will indicate a pair such as C-G in which three letters

intervene between the members of the pair.
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The uppermbst curve of Figure 7 shows the sum-
marized data from this experiment. The MLE is clearly
apparent. Table 3 gives correlation coefficients (all
significant beyond 0.005) and least squares regression
lines for the ten Ss and for all of the data taken together.
There are differences between the results obtained using
numbers as stimuli and those obtained using letters, but
these digferences are ones of degree, not kind. The
correlation coefficients are somewhat higher with letters,
the slopes considerably steeper, and the overall times are
slower. Note that the two different scales of Figure 7
make comparison of number and letter data difficult in this
illustration.

In both this and the previous experiment a practice
effect was noticeable: the Ss received the 216 pairs of
stimuli in groups of 72; the overall means for the succes-
sive grbups of 72 pairs decreased over the three administra-
tions. Table 4 shows the extent of the decreases with the
administrations for Experiments One and Two, averaged over

all subjeéts.

Discussion

The MLE is clearly not restricted to numbers. The
data gathered using letters are as convincing as those
gathered using numbers as stimuli, and so raise a difficult

problem. Perhaps the occurrence of the MLE with letters is
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Correlation Coefficients and Regression Equations for all
Ss and Pooled Data of Experiment Two

Correlation
Subject coefficient Regression equation
1 -.27 DT = -28.8(delta) + 941
2 -.30 DT = -20.1(delta) + 755
3 -.43 DT = -60.9(delta) + 1093
4 -.34 DT = -44.2(delta) + 979 |
5 -.42 DT = -39.7(delta) + 978
6 -.47 DT = -48.4(delta) + 969
7 -.36 ‘DT = -39.3(delta) + 913
8 -.27 DT = -32.1(delta) + 928
9 - .4 DT = -45.6(delta) + 1009
10 -.22 DT = -17.7(delta) + 746
All data
pooled -.33 DT = -37.7(delta) + 931
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Table 4
Decision Times Averaged Over All Ss and All Stimuli for

the Three Consecutive Administrations of
‘the Stimulus Lists

Data from Data from
Adminiistration Experiment One Experiment Two
First 524 | 855
Second 495 800

Third 489 761
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a manifestation of the same processes which produce the MLE
with numbers. However, a tenable explanation of the MLE is
the encoding of numbers as analog magnitudes. The exist~
ence of a MLE with letters requires us to consider the
possibility of representing letters internally as analog
magnitudes. This sounds unlikely on first consideration,
and as Experiment Ten shows, the parallel between letter
and number phenomena is not complete, hence conclusions
regarding the numerical MLE may not in some cases be applied

to the alphabetic MLE.

Experiment Three: The Moyer-Landauer Effect
and Months of the Year

Introduction

In order to look for an effect similar to the MLE,
but involving months of the year, a new study was under-
taken. A further purpose of performing this study was to
employ a methodology substantially different from the
original Moyer-Landauer methodology while looking for
evidence of a similar effect, thus obtaining evidence that

the MLE is not an artifact of methodology.

Method
Once again, the term "delta" will be used with the
same meaning as in Experiment One, e.g., the month pair

June~-August has a delta of two.
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Six lists of 264 pairs of months were prepared.
There are 132 different month-pairs, excluding pairs
involving identical months, but including all other pairs.
Each of the six lists prepared included each one of these
132 pairs once. The presence of these 132 pairs was
intended simply as filler or camouflage for the "test"
pairs included in the lists. (If the lists had not
included the filler pairs, then one list would, for example,
have consisted entirely of the pairs December-January and
January-December.) The other 132 pairs in a given list
were the so-called test pairs. The test pairs for a given
list all had the same delta. Thus all of the test pairs on
a given list (half of the total number of pairs) were
month-pairs whose elements were separated by the same
number of months. The deltas were the same given only the
important assumption that one always counts £ rom January to
December; so that, for example, the pair November-February
has a delta of nine, not three, as when one counts through
the end of the calendar year. Of the six complete lists
there was one each with deltas of one, three, five, seven,
nine, and ele&en months. Pairs appeared in AB and BA order
with equal frequency. A complete randomization of the
order of test and filler pairs was made concurrently with a
complete randomiza;ion of the side of the pair on which

appeared the month nearer December.
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Each of these six lists was then split into two
halves and typed on two duplicator master sheets with the
months abbreviated to their first three letters. The
result was six pairs of sheets, each being very nearly half
filler and half test, with random orders of test and filler
appearing on all sheets. Ten tes;mbooklets were then
prepared, each-consisting of one of each of the twelve
pages. The first six pages 6f a booklet were made up of
one each of the pages from the first halves of the lists,
while the second half contained the second halves of the
same lists in exactly the opposite order, to counterbalance
for possible order effects. The ten booklets all used
different orders of presentation of the lists to eliminate
any systematic effects due to the presentation of the lists
in a particular order. 1In addition to the ten test book-
lets, ten identical sheets were prepared, made up of all
132 nonidentical pairs in random order.

The tests were administered to“ten Ss in a group
setting. The experimenter (E) instructed the Ss to cross
out with pén or pencil as quickly as possible whiche?er one
of the two months in each. pair was nearer to December, or
further into the year. The single sheets were distributed
first to give the Ss a chance to practice, and to ask any
questions if the instructions were not completely clear.

The booklets were then distributed, and the ten §s were
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given one minute of working time for each of the ten pages,
with one minute rests between the pages.

The number of pairs completed for each delta was
the dependent variable. It was obtained by adding together
the number of items crossed out on each of the two pages
with the same delta for all six pairs of pages and for all

ten §s.

Results

Each of the ten Ss provided six scores, each one
corresponding to a delta; the correlation coefficient (r)
between delta and number completed was +0.65 (n = 60); this
is significant beyond the .005 level, but again the sample
is not truly random, hence the significance level must be
set somewhat lower than the tabled value of 0.005. The
positive r is consistent with MLE phenomena since a higher
number of pairs completed indicates a shorter time per pair
as delta increases. In other words, the positive cqrrela-
tion in this instance is evidence of the same general class
of phenomenon that led to the negative correlations in
Experiments One and Two, since pairs completed per unit of
time was the dependent variable, not time per completed
pair as in the earlier experiments. Figure 10 shows the
number of month pairs completed as a function of delta.

In order to determine whether or not the differences

in the number of pairs completed in the six groups were
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significant, a subjects by conditions analysis of variance
was performed on the data. Since this particular test will
be used several times in the following experiments, a brief
explanation of it is given here. 1In using this test one is
assuming that either there are no significant differences
between the various subjects, or that if there are such
differences one is not interested in them. The analysis
essentially discounts all variance in the data which arises.
from subject differences and tests only for the effects of
the treatment. As such it is a very powerful design and is
the design most highly favored when the administration of
one treatment to a groqp'of Ss will not affect their
performance in the other treatments. In this case the
analysis showed that the differences between the groups
(each group corresponding to one of the deltas) was signifi-
cant well beyond the 0.001 level. F with five and nine
degrees of freedom equaled 66.65, or, written in standard

notation, F5 9 = 66.65.

’

Discussion

The results, both in direction and in significance,
are clearly consistent with a generalized concept of the
MLE. It appears that the MLE may be observed whenever one
is selecting one item of a pair when the pairs are drawn
from a serial list whose order is known by the S(s), and

the rule governing the correct selection is that the
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seleéted item be nearer one end of the list. This hypoth-
esis is based on a small number of lists, three, but there
is apparently no major difference in the nature of the
phenomenon in the cases tested. |

Experiment Four: The Moyer-Landauer Effect with
Well Practiced Subjects

Introduction

This experiment yielded the greatest number of data
of any of the experiments described in this dissertation;
these data may be examined as functions of several vari-
ables, and although no statistical hypotheses are tested in
this experiment, the data are summarized in several ways
for descriptive clarity.

Essentially this experiment is a replication of
Experiment One, but instead of ten Ss being run once each
to yield 2160 data, two Ss were run twice a day for ten
days to yield 8640 data. From this mass of data it was
hoped that the answers to a number of theoretical questions
would begin to appear. The first question to be considered
was whether or not the magnitude of the MLE (i.e., the
slope of the best fitting line when decision time is given
as a funcﬁion of delta) decreases with practice. The
second question concerns the shape‘of the Moyer-Landauer
curve as the Ss become more and more practiced. If the

curve becomes smoother then it should be possible to
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estimate the shape of the "true" curve, that curve which
would be found with an indefinitely large number of data.
The third problem investigated concerns whether or not
there is a difference in decision speed when one selects
the smaller instead of the larger digit. Until this time
all Moyer-Landauer type experiments have had the Ss select
the larger digit. The fourth question was "How does the
correlation coefficient vary with practice?," and the
fifth question was simply concerned with how long it took
before Ss' mean decision times per session reached an
asymptote, indicating that the S was fully practiced.

The variability of simple reaction time decreases
with practice; if the variability of decision time
decreases similarly then one would expect an increase in
the correlationlbetween delta and decision time. As each
S, through practice, reduces his own variability, the total
variance in-the data should decline. However, the variance
which is in reality due to the deltas should not decline,
and hence should account for a relatively larger proportion
of the total Variance. The correlation coefficient measures
indirectly the amount of variance accounted for by the
independent variable, thus if S's variance declines while
variance due to the effects of the deltas dpes not, the

correlation coefficients should increase with practice.
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Method
One female (MA) and one male (DH) subject were

tested for twenty sessibns each, two sessions per day. The'
procedure for each session was the same as that described
for Experiment One. The equipment was the same as that
used in the first experiment.. Each session consisted of
the taking of 216 decision times in groups of 72 with five
minutes rest between groups. Each group of 72 stimulus
pairs contained all of the possible non-identical pairs
once each, and the order in yhich the pairs appeared was
randomized anew for each administration of the 72 pairs.
In one session each day S selected the larger digit, and in
the other session, the smaller digit. If S started with
smaller digits in the morning and larger in the afternoon,
then the reverse order was used the next day, and on sub-

sequent days the orders alternated.

Results

There are so many data from this experiment that
resort is best made to graphs for presentations. Figure 11
is in the familiar graphical form for the MLE; decision
time as a function of delta. This graph, although showing
the results for only two Ss, is based on four times as many
data as is any of the curves in Figure 7. The relationship
appears to be curvilinear;.the best fitting straight line

(as found by minimizing the squares of the deviations of
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the points from the line) is drawn over the data, but it
clearly does not depict the data. adequately.

Figure 12 presents the overall daily means for both
Ss. This figure indicates the magnitude of the effect of
practice. DH is consistently faster than MA, but after the
fourth day no major practice effects are visible for either
S. The first four days, then, were ones in which the Ss
were steadily improving their speed. Figure 13 shows the
correlation coefficient valuesvfor the two Ss as a function
of the session. Unlike the gﬁsolute speed of decision,
shown in Figure 12, the correlations did not change
systematically with practice. The correlations are
generally lower and more variable for MA than for DH. At
no time did either S, even when well practiced, come close
to the correlation coefficient of -0.63 reported by Moyer
and Landauer (1967). Possible reasons for this will be
considered in the Conclusions section. The overall correla-
tions were -0.15 for MA and -0.30 for DH.

Judging from the slopes of the least squares
regression lines presented in Figure 14, there is a practice
effect, at least for DH. However, after the fourth day
(eighth session) the improvement seems to cease. MA showed
no detectable systematic change over the ten days. Mowbray
and Rhoades (1959) found decision time (or, as they call
it, choice reaction time) could, with practice, be reduced

. to a minimum which did not vary with the stimulus presented.
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However, they used a less complex stimulus population; the
twenty sessions in which subjects MA and DH ran are prob-
ably not enough to exclude definitely the possibility that
practice effects would eventually reduce the slopes to
zero, as the Mowbray and Rhoades article leads one to
expect. Figure 14 shows the slopes as a function of the
session, which means that the graphed points include the
effects of an alternation between morning and afternoon
session slopes, and of a double alternation between
choosing the higher and choosing the lower digit, after the
first session. In order to present a function whose only
independent variable is the day of running, Figure 15 was
prepared. Unlike Figure 14, each point represents the
average of the slopes of two regression lines, one morning
and one afternoon, one for choosing the larger digit, and
one for choosing the smaller digit. If there is a long-
term trend toward a reduction of slope with practice, the
twenty sessions of this experiment were insufficient to
uncover evidence for that reducpion.

Figure 16 presents the data for the two Ss as a
function of the day of running, with two points computed
for each day, one for mean of the decision times associated
with choosing the larger digit, and the other for the mean
of the decision times associated with choosing the smaller
digit. DH is apparently faster when choosing the larger

digit, while MA shows no consistent difference. The
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inconclusiveness of this aspect of the experiment prompts
further investigation; see Experiment Eight.

For reference, Table 5 gives the mean decision
times for each stimulus pair. Each pair was presented to
each S six times per session (thrice in AB and thrice in BA
order) for twenty sessions. Thus each DT of Table 5 repre-

sents 240 averaged data, grouped according to delta.

Discussion

This experiment has yielded many data but no firm
conclusions. The most interesting discovery based on this
experiment is the shape of the curve in Figure 11. The
least squares straight line obviously does not provide a
satisfactory approximation of the data. Moyer and Landauer
(1967) suggest that the best fitting equation would be of-
the nature DT = K log (larger/delta), but they do not
provide any suggested K for their own data. If that
equation were suitable for describing the data, then a
graph of decision time as a function of log (larger/delta)
should be linear. Figure 17 is such a graph, made up of
- 36 points, one for each pair of digits, averaging together
the overall mean DT for each pair and its reverse (e.g.,
4-2 and 2-4). Although the points are well spread out,
particularly at the upper end of the abscissa, the function
looks és if it would be approximated by a straight line far

better than might the function of Figure 11. Figure 18



57
Table 5
Overall Mean DTs for Both Ss, All Sessions, for All

Stimulus Pairs, Arranged in Order
of Increasing Delta

Mean DT for pair
Stimulus pair (and the reverse pair) Delta

444 ms.
472
479
472
521
537
528
524

438
464
462
466
497
527
504

434
438
457
474
498
495

435
441
456
469
475
432
449
449
458

434
441
453
432
440
435
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shows the same data as Figure 17, but in linear coordinates
to give an intuitive idea of the logarithmic nature of the
function. Obviously a straight line fits these points less
well than in the case of the points of Figure 17. This
transformation of the data suggested by Moyer énd Landauer
(1967) may or may not be a valid one (see Welford [1960]
for a full discussion of the applicability of such a
function to other choice reaction time situations involving
stimuli varying along various physical continua), but since
it prevents us from considering decision time as a function
of delta, it is difficult to compare the fits obtained with
such a transformation and obtained with the-data graphed as
in Figure 11. The curve ih-Figure 11 is so smooth that a
resort to a log (larger/delta) transfbrmation seems un-
necessary. The curve might be described by a number of
functions (logarithmic, hyperbolic, exponential), but in
the absence of a suitable a priori theoretical framework it
is difficult to select the right one. If the numbers are
judged in a manner analogous to the way in which physical
quantities are judged, as Moyer and Landauer suggest, then
it is tempting to suppose that they might be encoded in the
same way; in other words that the analog magnitude is
proportional to the logarithm, or perhaps some power, of
the stimulus value. These possibilities are the subject

for further discussion in the Conclusions section.
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Experiment Five: An Attempted Replication of the North,
Grant, and Fleming Experiment

‘Introduction
- This experiment and the two following were designed
to evaluate the applicability of the North et al. (1967)
fihdings to the MLE. As pointed out in the Introduction,
North et al. found that the latencies involved in reading
aloud the digits one, two, six, and nine were significantly
lower than those required for the readings of the other
digits. From these relationships one can derive a "predic-

tion” of the MLE. Thus it is important to verify the North

et al. findings; doing so is the aim of this experiment.

Method

' Using the center element of the readout described
in Experiment One, ten Ss were presented with approximately
200 random digits, not including zero, at the rate of one
digit every 1.5 seconds. The digits stayed on for one
second, and S reéd the digit aloud as quickly as possible
into a microphone. As the digit came on, a Hewlett-Packard
522B counter began measuring the interval. A microphone
connected with a Grason Stadler voice relay stopped the
counter when S named the digit. Ss worked in the same
dimly lit room as used in Experiment One, and sat approxi-

mately 1.5 meters from the readout.



62
Results
Each S read each digit a minimum of twenty times.
The data resulting from an averaging of the twenty readings
per digit were combined over all ten Ss and are presented
in Figure 19. The results of North et al. are also given

for comparison purposes.

Discussion

The wide differences between the two curves in
Figure 19 make it obvious that the results of North et al.
were not reproduced with the above described instrumenta-
tion and methodology.

Some characteristic of North et al.'s stimuli might
have accounted for their results; for example the digits
which were pronounced faster might have been larger,
clearer, brighter, of greater contrast, or othefwise dif-
ferent from the other digits. Since, however, they obtained
essentially the samé results with the names of the digits
written out in letters, their results are more likely to be
due to an artifact comnected with the use of the voice key
relay. Such relays usually have a number of sensitive
adjustments; differences between their settings and those
on the equipment used in the present experiment might
account for the diffefences in obtained results. The

likelihood of North et al.'s having found a significant
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difference when one did not in fact exist is small, since

they obtained similar results with written out numbers.

Experiment Six: The Speed of Digit Recognition
Without Vocalization

Introduction

In order to determine whether the various digits
are recognized equally quickly even when it is not necessary
to pronounce the digits' names, the following experiment

was performed.

Method

The stimulating apparatus and rate of stimulus
presentation were identical to those used in Experiment
Five. Instead of speaking the digit names, however, S
pressed a microswitch whenever a particular digit for which
he had been told to look appeared. While attending the
display of random digits, each of the ten Ss looked for
each of the nine non-zero digits in a different random
order. The random order-method waé employed to minimize
the chance of fatigue effects or loss of vigilance influ-
_encing the results. S attended the parade of digits until
ten of the digits for which he had been looking had
appeared, then E instructed him to look for another digit.
S was instructed to press the key as quickly as possible

after the onset of the digit for which he was looking. A
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Hewlett-Packard 522B counter measured the time between

digit onset and button pressing.

Results

The data, averaged over all ten subjects, are
illustrated by Figure 20. A subjects by conditions analysis
of variance (simﬁlér in principal to the one described in
Experiment fhree) showed no significant differences between
the speeds with which one perceives and identifies the

various digits (F8 79 = 0.929).
?

Discussion

The purpose of this experiment was to make sure
that no digit had a recognition time which was signifi-
cantly different from that of any other digit. While it
appears (Figure 20) that it may take approximately 25 ms.
longer to recognize the digit four than to recognize the
other digits, the analysis of variance showed that the
differences were far from significant. Thus the digits as
presented are recognized equally quickly.

When the digits are ranked in order from most
quickly recognized to least quickly recognized (even.
though the differences are not significant),.and a similar
ranking is made for the reading latencies of the preceding
experiment, the rapk-order correlation coefficient (rho)
is an insignificant +0.06. Thus again it appears that no

one number is recognized more quickly than any other number.
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_Experiment Seven: The Time Required to Judge Two Digits
as Being the Same

" Introduction

As a final check on the equality of speed with
which Ss perceive the various digits, an experiment was
performed in which Ss had simply to press a button if two
presented digits were the same, and to take no action if
they were different. Presumably such decisions can be made
on the basis of visual information alone; recent work by
Posner and Keele (1967) implies that in identifying two
letters as identical the name of the letter need not be
called up, the matching may be made on the basis of

strictly visual information.

Method

Five Ss had the task of pressing a microswitch if -
two digits presented on the apparatus of Experiment One
were the same. Each § judged 180 pairs of digits, 90 of
which were identical pairs, each identical pair appearing
ten times. The order in which the pairs appeared was
random. A Hewlett-Packard 522B counter measured the time
between the onset of the identical pairs and the pressing

of the microswitch.

Results
Figure 21 presents the mean recognition times for

identical pairs as a function of the digits making up the
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pair. There was little variance between the Ss' overall
means, but each individual § varied considerably over the
nine digits. The only consistent difference for all nine

Ss was the peak at three which shows clearly in Figure 21.

Discussion

The obvious peak at three in the graph was surpris-
ing, but its explanation is quite simple. Because of some
peculiarity of the readout, the two digits "3" (one at each
end of the display) were not as bright as the other eight
digits. The readout was capable of presenting up to three
digits in a horizontal line; in the experiments where two
digits were presented, the end two spaces were'used, and in
theAexperiments where only one digitAwas presented, the
center space was used. In the two preceding experiments
the center space alone was used, this brightness anomaly
did not influence the results of those experiments, since
it was confingd to the two end digits. The dimness of the
two end "threes" was present only in this experiment and
in the first experiment.

From Experiments Five, Six, and Seven it is evident
that whatever the origin of the MLE, the speeds with which
Ss perceive the 1nd1v1dua1 digits involved is not a major
factor, since there is no convincing evidence that the

speeds are different.
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As the final argument against the model derived
from North et al. (1967) note that when the data from
Experiment One are averaged over all Ss and ovef all
presentations of each different pair (counting the pair
appearing in the order A-B as the same as the corresponding
pair B-A) and are then grouped to place together all pairs
which have a common number of "fast" digits (as discussed
in the Introduction), then the mean decision times for the
pairs with no fast digit is 516 ms., that for the pairs
with one fast digit is 559 ms., and that for the pairs with
two fast digits is 471 ms. A one way analysis of variance
showed these differences to be insignificant (F2,33 = 2.9).
Furthermore, the direction of the -indicated but insignifi-
cant differences are not completely consistent with the
predictions of the model derived from the North et al.
paper.
Experiment Eight: Decision Time for Choosing Eﬁé

Larger of Two Digits Compared With That for
Choosing the Smaller of Two Digits

Introduction

Experiment Four indicated that one S was able to
select the larger digits more quickly than he was able to
select the smaller digits, while the other S showed no such
systematic difference. As mentioned in the Introduction,
adaptation-level theory leads to a prediction that it

should take longer to. select the smaller digits than to
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select the larger digits. If numbers are indeed encoded as
analog magnitudes then such an AL effect might well be
observed. This experiment, by ignoring the decision times
to individual pairs and concentrating on the difference
between selecting large and selecting small, makes such

differences maximally apparent.

Method

The full list of 72 possible non-identical pairs of
digits was randomized eight times. Two complete random
orders of these digits appeared on each of four spirit
duplicating masters, yielding 144 péirs of digits on each
master. Twenty-four copies of each master were made, and
twenty-four booklets of four pages each were made up. Each
booklec had the four pages arranged in a different order,
thus all possiblé orders of pages were used. On each page,
'six columns of twenty-four pairs appeared, the digits of
each pair were typed three spaces apart, adjacent pairs
were separated by eight spaces horizontally and double
spacing vertically. Ss had the ‘task of crossing out the
larger or the smaller digit, depending on instructions, of
each pair as quickly as possible, and were timed for each
' page. Ss were given a one minute rest between pages. Half
of the Ss crossed out thg,larger digits on the first page,
the smaller digitsion the next two pages, and the lafger

ones on the last page. The other half started by crossing
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out the smaller digits, then did two pages of larger
digits, and finally did one page of smaller ones. Thus
there was virtually no chance that the order of administra-
tion affected the outcome of the experiment. Twenty-four
Ss took part, each working alone so that E could time the S
pages accurately. The dependent variable was the length of
time required to complete each individual page. Timing was

done with a Clebar brand stopwatch.

Results

The mean time per page for érossing out the larger-
digits was 89.8 seconds, while the mean for crossing out
the smaller digits was 93.3 seconds per page. Seventeen of
the twenty-four Ss were faster crossing out the larger
digits, ané one showed no difference. The times required—
for the pages with the same instructions (e.g., cross out
the smaller digit) were combined to make a two column by
twenty-four row data table which was suitable for an
analysis of variance. A subjects by conditions analysis of
variance (similar to that described in Experiment Three)
was performed on these data and showed that the difference
between selecting the larger and selecting the smaller

digit was Significant at the 0.0011 level (F = 13.91).

1,23
The average time difference of 3.5 seconds between the
pages may also be interpreted as a difference of 24 ms.

per pair, i.e., on the average, Ss were able to cross out
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'the larger element of a pair 24 ms. faster than they were

able to cross out the smaller.

Discussion

The larger digits are more quickly selected beyond
a doubt, thus suggesting that the adaptation level concept
is relevant to the interpretation of the MLE. The results
of this experiment alone do not, however, prove that
adaptation level is relevant to the problem of selecting
the larger or smaller of two digits. The reason that the
AL falls at or near the geometric mean of a series of
stimuli is thought to be because magnitudes (or other
attributes of stimuli) are encoded in a way which makes the
internal representation proportional to the logarithm of
the stimulus intensity (weight, frequency, etc.). If this
is also the case with the encoding of numbers, then the
obtained results of this experiment would indeed be as
observed. However, it is by no means certain that numbers
are encoded as a function of the logarithm of their size,
even though the existence of the MLE implies that numbers
are encoded as some kind of analog magnitudes, at least
when one must perform judgmental operations with those
numbers. The following experiment was intended to investi-
gate the possibility that numbers are encoded in a way that
is related more closely to their logarithms than to the

numbers themselves.
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Experiment Nine: The Estimation of the Midpoint
2 Between Two Given Numbers

Introduction

If numbers presented to Ss are coded in a way
similar to the way in which AL theory postulates physical
magnitudes to be coded (i.e., a logarithmic transformation)
then we can predict that the perceived midpoint between two
numbers will be nearer to the geometric mean than to the
arithmetic mean of the given numbers. However, if college
age Ss are asked to find the midpoint between two numbers,
most of them know enough to attempt to find the arithmetic
mean. There is some evidence that when it is manifestly
impossible to compute the mean, Ss tend to underestimate
it (Parducci et al., 1960), but unfortunately the report of
the study in which this phenomenon was observed did not
include a discussion of the suitability of the geometric
mean as a possible substitute for Eﬁé arithmetic mean. The
present experiment was intended to determine whether the
arithmetic mean or the geometric mean was the better
predictor of the "perceived" midpoint between two two-digit
numbers for a group of college students who were supposedly

constrained from calculating the arithmetic mean.

Method
Thirty-three Ss took part in a group administration

of this experiment. E distributed experimental sheets with
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twenty numbered spaces on them and the following instruc-

tions at the top:

This is an experiment on guessing or estimating a
middle number when one is given two unequal
numbers. The experimenter will read off two
numbers, each between ten and one hundred, and
you are to write down the number you think is in
the middle between them. DO NOT USE ARITHMETIC.
Just use hunches, guesses, and estimates. You
will have-only about three seconds in which to
make your choice and write it down, so you must
work just as fast as you can. Just before
presenting each pair, the experimenter will say
STOP. 1If you are completely unable to produce
any number at all that is between the two given
numbers, then draw a-line in the space, thus:
14) ———— . This should, however, never

be necessary, since any number which falls
between the given numbers is better than none.

After asking whether or not there were any ques-
tions (there were none), E read off the follbwing list of

number pairs, one pair every five seconds:

19-63
82-56
18-66
68-25
17-81
98-64
32-75
98-25
35-90
38-13
44-82
76-43
46-71
88-57
45-81
92-24
17-42
78-46
29-84
49-22
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These pairs alternate between larger number first and
smaller number first, and were selected from a random
number table with the constraints that no number be less
than 11, that the difference between the members of the
pairs be at least 20 (to ensure separation of geometric and
arithmetic means), and that there be no immediately obvious
mean value for any pair. (E.g., had the pair 30 and 70
come up it would not have been included in the list.) Ss

did not know the purpose of the experiment.

Results

The results from all thirty-three Ss were averaged
for each pair (omitting data which did not fall between the
presented stimu}us numbers) . Figure 22 presents the
geometric means of the pairs, the arithmetic means, and
the average "midpoint estimates" arranged arbitrarily as
the geometric means increase. - Although it appears that
there is a systematic tendency to underestimate the real
midpoint, the arithmetic mean still provides a better
predictor of the estimated midpoints than does the geometric
mean. The sum of the squared deviations from the geometric
mean is 448.7, while that from the arithmetic mean is

225.6.

Discussion
This experiment does not support the contention

that niumbers are coded and dealt with in a manner



Fig. 22. Geometric means, arithmetic means, and
midpoint estimates.

Data arbitrarily arranged with geometric mean
increasing. Arithmetic means shown by upper curve,

geometric means shown by lower curve. Dotted line repre-
sents midpoint estimates.
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consistent with an internal logarithmic transformation.
However, it does indicate that the mean is generally under-
estimated, as Parducci et al. (1960) found. While the data
are not sufficiently conclusive to draw definite conclu-
sions, it appears that especially when the arithmetic and
geometric means differ widely the arithmetic mean provides
the better predictor of the subjectively estimated mid-
point. When the geometric mean is close to the arithmetic
mean the tendency to underestimate the arithmetic mean
naturally drops the estimate closer to the geometric mean.
In short, this experiment has shown that numbers are
probably not dealt with internally as if they were coded
accurately in a linear fashion, but the assumption of a
logarithmic coding is still less predictive than that of
linear coding.

Experiment Ten: The Alphabetic MLE and the Choosing
of the Letter Nearer A or Nearer 2

Introduction

Experiment Two established the existence of a MLE
for letters, while Experiment Eight demonstrated that
choosing the larger number was faster than choosing the
smaller number. If the processes by which we select the
correct letter are completely analogous to those used in
selecting numbers, -as Experiment Two suggests, then

selecting the letter nearer Z would be faster than
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selecting the letter nearer A. This experiment tests that

possibility.

Method

Twenty-four test booklets of four sheets each,
arranged in the twenty-four different possible orders
constituted the stimulus materials. Stimulus lists (one
per page) were made up of 108 pairs of letters per page.
Seventy-six of the pairs consisted of one letter from the
first six letters of the alphabet and one from the last
six, hhile the remainiﬁg pairs contained two letters from
either the first six or last six letters. No identical
pairs were used. The pairs were arranged in random orders,
a different order for each page. Twenty Ss took part; they
were divided into two groups of ten. As in Experiment
Eight, half of the Ss worked in an AZZA order, and half
worked in a ZAAZ order. The Ss had one minute in which to
cross out the letters nearer A or Z as the case may have
been, then a one minute rest, then another page, and so on

through the four pages.

Results

On the sheets where the task was crossing out the
letters nearer A, Ss completed a mean of 73 pairs. When
working on the letter nearer Z, they completed an average
of 66. This diffefence was subjected to test in a subjects

by conditions analysis of variance, similar to the omne
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described in Experiment Eight. The difference proved to be
marginally significant, F1,19 = 4.78, which is significant
only at the 0.05 level.

Discussion

The parallels between choosing letters and numbers
break down in this situation. No obvious explanation is
apparent, and the Ss themselves were not able to articulate
why choosing the letter nearer A was faster. There was
general agreement that it was easier, but no explanation of
why. Most people are generally more familiar with the first
part of the alphabet because of serial ordering of out-
lines, papers, etc., but this is far from being an explana-
tion. In brief, this experiment shows merely that while
there may be similarities between numerical and alphabetic

MLEs, the underlying decision processes are not identical.

Experiment Eleven: Judgment of Numerical
Inequalities on the Basis of Visual
Information Alone

Introduction

As pointed out in the Introducﬁion section, Smith
(1968) in his review of choice reaction time literature
makes the distinction between experiments in which there is
a one~-to-one mapping between stimulus and response.and
those in which there is not. In all of the experiments so

far described in this dissertation there has not been such
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a one-to-one mapping. Instead, the correct response has
depended upon a relation betweenvthe two stimuli. Experi-
ment Eleven is included to investigate the effects of delta
on the decision time when there is a one-to-one mapping
between stimulus and response.

To demonstrate that the delta would not govern the
decision time if one was able to choose the larger digit
without actually making a quantitative comparison, the
following small study was run. The idea was that given
only the pairs 8-9 (and 9-8) or 9-1 (and 1-9) and told to
cross out the larger number, the decisions would be equally
fast, since there is in both cases a one-to-one mapping
between stimulus and response, i.e., 9 was always to be

crossed out.

Method
Ten each of four sheets were prepared; two sheets

had one hundred 1-9 and 9-1 pairs in random orders, while
Liic other two sheets bore the pairs 8-9 and 9-8 in random
orders. The sheets were assembled into packets of four;
five packets in an ABBA order and five in a BAAB order.
Ten Ss were told simply to cross out the larger number of
each pair. They were given fifteen seconds for each sheet
and instructed to work as quickly as possible. Fifteen

second rests were provided between successive sheets.
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Scores were obtained by adding the number completed on the

first sheet and last sheet, and on the middle two sheets.

Results

Nine subjects completed more of the items on the
pages with the 9-1 pairs, while one subject showed no
difference. This difference, as tested by a sign test, is
significant beyond the 0.01 level. Because of this clearly
significant sign test finding, an analysis of variance was
not performed on these data. 1In the fifteen seconds
allowed, an average of 2.5 more pairs was completed on the

1 9 sheets than on the 8 9 sheets.

Discussion

The rejection of the null hypothesis of no differ-
ence may mean-that the difference between the values of the
numbers in a group of pairs (i.e., the delta) affects the
decision time even when only one pair is presented many
times. One S summed up the feeling of many, however, when
she said "You don't have to make a decision, you just have
to look and see where they [the 9s] are." Without further
testing it would be impossible to determine exactly what is
. causing the observed difference, but in this case it seems
likely that the problem of visual discrimination may be
playing a large part. The typewritten 8 is more similar to

the typewritten 9 than is the typewritten 1, hence if the
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Ss are making a purely visual discrimination the results

obtained would be the results expected.



CONCLUSIONS

The experiments described have covered a wide
range. From an initial attempt merely to replicate the
work of Moyer and Landauer to a consideration of how the
human information processing system handles items drawn
from serial lists and more particularly how it processes
numbers, the experiments have not led to one grand conclu-
sion, but rather have illuminated several related points. ]

One fundamental question is whether or not Moyer
and Landauer's (1967) original experiment stands repli-
cated. Moyer and Landauer reported a correlation coeffi-
cient of -0.63, which accounts for a rather high 40% of the
variance in the decision times. In Experiment One of this
report the correlation coefficient was only -0.30, which
accounts for a mere 97 of the variance in decision times.
"Why the difference?" is an appropriate question, given the
assertion that Moyer and Landauer's experiment has been
replicated. Taking the mean for all decision times for all
subjects for each delta in Experiment One will yield one
grand mean decision time for each delta, and nine pairs of
numbers (deltas and decision times). The correlation
coefficient for these nine data pairs is =-0.97. 1In general,
the more data one éverages before computing a correlation

coefficient, the higher the correlation will be, assuming

84
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that a linear relation is initially masked by high error
variance. While Moyer and Landauer do not mention having
averaged ahy of their data beforeﬁcomputing the correla-
tion, neither do they specify that the correlation coeffi-
cient was run an raw data. It therefore seems a reasonable
assumption that they performed some preliminary averaging
-before computing the correlation coefficient. An averaging
of, for example, the three decision times for each stimulus
pair for each S would reduce the variance not due to deltas
and raise the correlation coefficient somewhat.

The alternative assumptions, that Moyer and
Landauer's subjects were inherently less variable, or that
there was less variability in their raw data due to
methodological differences are plausible but not wholly
tenable. Generally speaking, the error variance of
response latency measures (reaction times) increases as
the 1atency increases, thus if one group of latency measures
has a lower mean than a second group, the first group will
usually have a smaller error variance as well. If this is
true for decision times as it is for simple reaction times,
then the data from Experiment One should have less error
variance (and hence higher correlation coefficients between
decision time and delta) than Moyer and Landauer's data
(Figure 7 shows the overall means as being lower for
Experiment One thaﬁ for Moyer and Landauer's originali

experiment).
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In short, Moyer and Landauer's correlation of
-0.63 accounts for four times as much variance as this
investigator has been able to account for with a correla-
tion of -.30. The differences may be due either to greater
‘experimental precision on the part of Moyer and Landauer,
or to their having averaged out some of the variance in
their data before computing the correlation coefficient.
Given only their one report, it is impossible to say
definitely which, if either, is the correct reason. How-
ever, since the correlation in Experiment One is clearly
significant, the MLE is replicable.

The major unresolved theoretical question involving
the MLE concerns the nature of the equation which best
predicts decision time as a function of the two stimulus
digits. The exact type of equation most suitable to
describe the data illustrated in Figure 11 is indeterminate.
If we assume that decision time (DT) varies inversely with
delta, then an equation of the form DT = (K/delta) + C may
be appropriate. This equation,.if appropriate, would imply
that a graph of decision time as a function of the recipro-
cal values of delta would be a straight line. However,
such a graph showed the relationship to be nonlinear,
although it was more nearly linear than a graph in delta
and decision time (Figure 11).

Alternatively, assuming that as delta increases,

DT decreases at a negatively accelerated rate, then an
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equation of the form DT = K(delta)®? + C might be appropri-
ate. Actually, the constants for several forms of equa- »
tions were derived to approximate the data illustrated in
Figure 11, using the methods described by Lewis (1966,
ch. 4). Of the functions tested, the one providing the

best fit turned out to be the following:

DT = (98.2)e("0-31)delta , , ¢

The sums of the squares of the differences between the
observeq data and the values calculated from this empirical
equatioﬁ'is 5.45, thus indicating that the equation pro-
vides an excellent fit of the data points. This empirical
equation with its calculated constants regretably does not
rest on any theoretical derivation. The curve of Figure 11
is, in a sense artifactual, since the decision times depend
upon more than the deltas alone.

Figure 23 shows the mean decision times for all
pairs with a delta of four, with the data taken from all
sessions and both subjects of Experiment Four (Table 5).
Since, as Figure 23 shows, decision time clearly depends on
far more than the delta alone, Figure 1l represents an
unjustifiable oversimplification of the situation. Any
equation which describes the data must take into account at
least the size of one of the two digits, and preferably
that of both. Moyer and Landauer suggested the equation

DT = K log (larger/delta) to explain their data, asserting
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that such a model yields a correlation of 0.75 for their
data. But again, they do not specify whether or not the
data had been averaged.

The equation which Moyer and Landauer suggest might
well be the one most appropriate to describe the data, but
Figure 7 illustrates that the effect of the larger digit on
decision time is much less than the effect of the smaller
digit. The data from Experiment Four were arranged into a
graph similar to Figure 7, and showed similar trends except
that the initial wavering of the curve relating DT to the
size of the larger digit was eliminated, and that curve
showed an overall positive slope, although a much smaller
slope that of the curve relating DT to smaller digit size.
A postulated equation such as Moyer and Landauer's which
virtually neglects the contribution of the smaller digit in
determining DT is probably less predictive than one which
gives weight to such a term.

The curve which Moyer and Landauer propose does
nonetheless provide a reasonably good approximation of the
data. Since this curve is the same as that used to
describe latencies in choice reaction time tasks where the
stimuli are actualiy of different physical magnitudes, it
is reasonable to infer, as Moyer and Landauer do, that
numbers are representéd internally in some kind of analog

form. Given the present state of our knowledge it is not
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possible to say what form the internal representation of
numbars takes.

Fechner (see, for example, Corso, 1963) advanced
the notion that stimuli, in general, are represented
internally on the basis of a logarithmic transformation of
intensity (weight, luminance, pressure, etc.). Stevens
(e.g., Stevens, 1961) has proposed a power law which
postulates that the internal represent;Eion of a stimulus
magnitude is a power function of the physical magnitude of
the stimulus. If either of these views on the nature of
stimulus magnitude transformations for internal representa-
tion is correct, then perhaps the equation which predicts
decision time as a function of the digits in the presented
pair will involve the logarithms or a power function of the
stimuli presented. Whether or not such equations would
prove more predictive than the Moyer-Landauer equation
(DT = K log [larger/delta]) remains an area for further
investigation.

If the internal coding of two-digit numbers is
carried out in the same way as the coding of one-digit
numbers (unfortunately there are no data to indicate whether
or not this is the case), then data from Experiment Nine
might give some indication of the magnitude of the exponent,
if any, used in internal coding. One interesting model for
predicting the "perceived midpoint" of the stimulus pairs

given in Experiment Nine is as follows. First assume that
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the stimulus numbers in Experiment Nine are represented
internally as analog variables of some kind whose magnitudé
is determined by the stimulus value raised to some
exponent, call it P. Then assume that to find the "mid-
point" number, S takes the true mean of the internal repre-
sentation values, and finds the P root of that mean.
Symbolically, let the perceived midpoint equal M, let the
stimulus values equal Xl and XZ, and the expression becomes

(xll’ + x‘z’)l/P | .
M= |—=— (equation 1)

Since Experiment Nine gives actual values for X1
and for X2, as well as empirical values for M, the only
unknown in equation 1 is P. Raising both sides of the
equation to the power P, multiplying through by 2, and

rearranging terms gives

P P

_ P

- (equation 2)

The solution of such an equation for each of the twenty
stimulus pairs and estimated midpoints in Experiment Nine
would give twenty estimates of P; if these clustered about
one value, the model postulating internal representation of
numbers as powers of the stimulus numbers would be
strengthened.

If one assumes a P value of 0.67 and calculates the

midpoints on the basis of equation 1, then the resulting
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computed "midpoints" provide a better fit to the data of
Experiment Nine than does either the geometric or the
arithmetic mean. The sum of the squéred deviations from
predictions (i.e., [observed-predicted]z) is, as reported’
in Experiment Nine, 448.7 for the geometric mean as a
predictor, 225.6 for the arithmetic mean, but is only 183.3
for the use of equation 1 when P = 0.67. This value of P
was selected only because it is one of the easier values
with which to work (values of any number raised to the 0.67
power may be read directly off any slide rule having both K
and A or B scales). While solutions of the twenty equations
whose general form is given by equation 2 should yield a
better value of P, the predictive power of equation 1 with
P = 0.67 already makes very plausible the idea of coding
numbers as analogs whose magnitude is a fractional power of
the original number.

The most satisfactory mathematical description of
the MLE will quite probably involve the stimulus numbers
raised to a power. Whether or not this power will be the
same as that which best fits the data from Experiment Nine
remﬁiﬁ; to be seen.

To sum up all that we now know about the MLE and to
try to postulate a general predictive equation which takes
into account all relevant factors, we must consider the

following: .
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A strong linear relationship exists between DT and

the smaller digit (Figure 7).

DT varies to some extent with the magnitude larger

digit (mentioned earlier in Conclusion).

There is an irreducible minimum decision time.
Decision time tends to vary inversely with the
delta. (See discussion of best fitting curve
earlier in this section.)

Numbers, in some situations, may be coded as
analogs proportional to some power of the original

number.

An equation which takes into account all of these

observations is the following:

DT = A(larger) + B(smaller) +C (equation 3)

1argerQ - smallerQ

The constants A, B, C, and Q must all be determined

empirically, and any of the three A, B, or C might equal

Zero,

but not both A and B. It is also likely that B is

larger than A, and that Q is less than one. Either A or

B might be negative.

One task for further work in this area will be. to

find whether or not equation 3 provides a representation of

the data which is better than the equation postulated by

Moyer and Landauer.
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