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ABSTRACT 

In the troposphere and lower stratosphere of the 

earth's atmosphere, radiative transfer of energy by water 

vapor, carbon dioxide, and ozone plays a major role in 

maintaining the radiation balance of the earth-atmosphere 

system. A variety of methods exist for the calculation of 

flux densities and heating rates in the atmosphere; however, 

results obtained from the different approaches display con

siderable disagreement with each other. In some instances 

these discrepancies result from differing treatments of the 

radiative transfer equation. Also critical to such calcu

lations is the manner in which pressure and temperature 

variations are treated. In the troposphere and lower 

stratosphere, where the Lorentz form closely approximates 

the shape of absorption lines, the expressions for line 

shape and intensity will cause absorption coefficients to 

vary with both pressure and temperature. These factors 

will influence the emission from a homogeneous layer of 

gas. 

The Elsasser radiation chart is one of the most 

widely used means of computing flux densities and heating 

rates. However, an error in the integrated form of the 

transfer equation employed by the authors Elsasser and Cul-

bertson causes published emissivities based upon the 
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xiii 

incorrect formulation to differ significantly from values 

computed from their data using the corrected equation. 

Therefore, we will present tables of emissivities for water 

vapor, carbon dioxide, and ozone along with tables of a 

correction quantity which accounts for overlap of the 15 

micron carbon dioxide band and the water vapor rotation 

band. 

After adopting the quasi-random band model and more 

recent data on water vapor bands, we shall apply a detailed 

treatment to the data and compute improved values of water 

vapor emissivity. A comparison between these values and 

those computed from the Elsasser and Culbertson data will 

reveal differences resulting from an oversimplified method 

used by them to treat the interactions of individual lines. 

An analysis of the emissivities•of the present study will 

show that substantial departures from the often-employed 
4 

pressure scaling technique are present. Further, the tem

perature variations of emissivity must be included for an 

accurate representation of radiative transfer by water 

vapor. 

When inhomogeneities, such as exist in the atmos

phere, are present in an emitting layer, the flux density 

from that layer will depend upon the manner and magnitude 

of the pressure and temperature changes. In the Curtis-

Godson approximation, an effective pressure and temperature 

are computed for a homogeneous layer which is then 
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substituted for the actual layer; we shall adopt this meth

od as the means of taking into account the non-homogeneous 

nature of the atmosphere. 

In order to estimate the re - ^ve importance of the 

pressure and temperature effects, we shall use the improved 

water vapor emissivities and the Curtis-Godsqn approxima

tion to compute flux densities and heating rates for sever

al atmospheric soundings. Of particular interest are the 

differences produced when the pressure scaling technique is 

substituted for the Curtis-Godson approximation, and the 

differences caused by the use of emissivities which are not 

allowed to vary with temperature. In flux density calcula

tions, values computed using temperature-dependent emissiv

ities and the Curtis-Godson approximation differ by nearly 

equal amounts from those obtained using each of these two 

methods separately; average flux density differences of 

nearly four percent occur when the Curtis-Godson approxima

tion is replaced by pressure scaling or when temperature-

independent emissivities are used. However, heating rates 

appear to be more sensitive to the pressure-scaling tech

nique; differences from the Curtis-Godson values average 

nineteen percent for all cases, while average heating-rate 

differences of eight percent result when emissivity is not 

allowed to vary with temperature. 



CHAPTER I 

INTRODUCTION 

Atmospheric radiation provides one of the important 

mechanisms for maintaining the heat balance of the earth-

atmosphere system. The infrared radiation emitted by the 

earth's surface is partially absorbed by atmospheric gases 

which, in turn, reemit it both upward and downward. This 

radiant energy progresses through the atmosphere, being 

repeatedly absorbed and reemitted. The role of water 

vapor dominates those of carbon dioxide and ozone in the 

tropospheric long-wave radiation transfer. The relative 

importance of carbon dioxide increases with height until, 

in the stratosphere and mesosphere, it provides the 

primary mechanism for cooling. Ozone is of minor im

portance to long-wave radiative transfer in the lower 

regions of the atmosphere, but plays a more important 

role in the stratosphere. The factors governing the 

manner in which absorption and reemission of atmospheric 

radiation by these gases,in particular by water vapor, 

takes place in the troposphere and lower stratosphere 

will be the subject of this paper. 

The concept of emissivity is usually connected 

with that of a black body, the hypothetical body which 

1 



absorbs, and hence emits, the maximum possible radiant 

flux density at any given wavelength and temperature. 

Emissivity is defined as the ratio of the radiant flux 

density emitted by a given body at a specified wavelength 

and emitting temperature to that of a black body at the 

same wavelength and temperature. Let us at this time 

establish a point of terminology; this study deals with 

only radiative properties of the atmosphere, so from 

this point on, terms such as flux density and heating 

rate shall, in fact, mean radiative flux density and radia 

tive heating rate. The monochromatic flux density emitted 

by a layer of gas depends not only upon wavelength and 

temperature, but also upon two other quantities: the 

atmospheric pressure to which the gas is exposed and the 

optical thickness of the layer, which is defined as the 

mass of emitting material occupying a vertical column of 

unit cross-sectional area and extending between two 

specified levels. The emissivity is thus a function of 

four variables: wavelength, optical thickness, pressure, 

and temperature, with the greatest variability being 

associated with wavelength. If one can properly inte

grate over the wavelength spectrum and obtain values of 

spectrally averaged emissivities, it then becomes possible 

to describe the total flux densities emitted by the 

gaseous components of the atmosphere in terms of the 



4 
simply-expressed total black-body.flux density, aT . 

Despite the advantages gained by eliminating wavelength 

from the problem, the calculation of flux densities and 

heating rates in the atmosphere remains rather complex. 

The initial studies entailing .atmospheric flux 

density calculations grew from efforts to explain the 

earth-atmosphere radiation balance, two papers by Simpson 

(1928a, 1928b) best illustrating the nature of these 

attempts. In his first investigation (192 8a) Simpson 

assumed that the atmosphere radiated as a gray body, a 

hypothetical body which absorbs, independent of wave

length, a constant fraction of all incident.radiation. 

The results of this study were quite unsatisfactory for 

two reasons: CD computed values of outgoing radiation 

could not be made to balance the observed incoming solar 

radiation, and (2) the layers of maximum emission were 

located in the middle troposphere rather than near the 

surface, where water vapor was most abundant. Simpson 

concluded (1928b) that the primary reason for these 

errors arose from the gray-atmosphere assumption, and 

that meaningful result's could be obtained only if this 

restriction was removed. Prescribing a simple variation 

with wavelength for the water va£>or absorption, he 

repeated the study and obtained markedly different 

results. Outgoing flux densities agreed well with the 



estimated absorption of solar radiation by the earth-

atmosphere system; an excess of input over loss existed, 

equatorward of 35° latitude with the opposite trend on the 

poleward side, in close agreement with current estimates o 

the location of this point of reversal. In view of the 

simplicity of his model, these results must be considered 

a successful elimination of the gray-body assumption. 

Probably the most widely accepted tool for 

evaluating atmospheric flux densities and heating rates 

is the Elsasser radiation chart, a graphical technique 

introduced in 1942 (Elsasser, 1942). Elsasser attempted 

to take into account studies of the complicated infrared 

water vapor spectrum and to present them in a form from 

which results could be rapidly obtained. He adopted a 

model in which an absorption band was composed of a 

series of widely-spaced absorption lines of equal inten

sity and spacing. The transmission of a layer of moist 

air, averaged over a finite but small interval of wave

length, could then be related to the physical parameters 

of line intensity, width, and spacing through a quantity 

called the generalized absorption coefficient, a slowly 

varying function of wavelength from which the detailed 

line structure had been averaged out. 

From basic principles we can show that, at a 

given wavelength, the transmission of a layer of absorbing 



gas depends upon the product of the optical thickness of 

the layer and the absorption coefficient at that wave

length. From his band model Elsasser derived a relation 

which displayed the transmitting properties of both 

thick and thin layers at either weakly or strongly 

absorbing wavelengths. From this he constructed a curve 

of the generalized absorption coefficient which was con

sistent with studies of the various regions of the water 

vapor spectrum. The final step consisted of the con

struction of the radiation chart by inserting the 

adopted transmission functions and generalized absorption 

coefficients into a form of the radiative transfer 

equation especially suited to a graphical presentation. 

Descriptions of the arrangement of the Elsasser 

chart and its use in determining flux densities and 

heating rates within the atmosphere are presented in 

many textbooks, and will not be treated here. However, 

a few comments regarding its limitations are in order. 

Elsasser's chief concern was to derive a means of taking 

into account in a reasonably accurate manner the extreme 

variability of water vapor absorption within the infra

red bands; thus, as a first approximation, his assumption 

of a regular band model with its related mathematical 

treatment must be considered a valuable contribution. 

However, such a model does not truly represent the water 

vapor spectrum because the individual lines are not 



arranged with the regularity required by his model; as 

a result, more accurate band models have been developed, 

as will be discussed later. 

A second assumption inherent in the Elsasser chart 

is that one can neglect the dependence upon temperature of 

the generalized absorption coefficients and of the 

spectrally integrated transmission function. When 

radiation originates from regions which encompass a 

sizable range of temperature, the validity of this 

approximation becomes questionable. Considerable effort 
i 

has been devoted to the development of methods free from 

this restriction, the result often being a highly compli

cated technique. It is felt that a ,study which attempts 

to evaluate the degree of accuracy achieved by including 

temperature dependence is warranted; such a study follows 

in later sections. 

A final limitation on the Elsasser chart is the 

manner in which the variation of absorption coefficients 

with pressure is taken into account. One can show for 

the Elsasser regular band model that the average trans

mission over a spectral interval depends upon the product 

of the optical thickness of the layer and the half-width 

of the absorption lines, which is the distance on a 

wavelength scale between the two points at which the 

line's intensity is just one-half the peak intensity at 
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the line center. One can further show that the half-width 

of a single absorption line varies directly as the pres

sure, leading one to conclude that pressure effects can 

be taken into account by scaling the optical thickness 

by a factor proportional to the atmospheric pressure 

while using one set of absorption coefficients for a 

standard pressure. Despite the fact that the composite 

form of the many lines in the real water vapor absorption 

spectrum does not vary with pressure changes in this 

simple manner, this technique has been adopted by many 

workers in the field and should be critically examined. 

Such an examination is carried out here. 

A number of attempts have been made to devise 

alternate methods of evaluating flux densities and 

heating rates in the atmosphere or to improve upon the 

approach of Elsasser. Yamamoto (19 52) proposed a modified 

form of radiation chart for computing flux densities due 

to water vapor using absorption coefficient data which 

varied with temperature. This work is of special interest 

because Yamamoto provided an auxiliary chart designed to 

take into account the radiation due to carbon dioxide 

absorption bands centered near 15 microns. 

Elsasser also recognized the need for improvement 

of the methods presented in his radiation chart and for 

an expansion to include the effects of other gases, in 
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particular carbon dioxide and ozone. He therefore prepared 

a second version which utilized more recent experimental 

data and accounted in a simple manner for temperature 

variations of the generalized absorption coefficients, 

and he presented the results in ah extensive set of tables 

designed for the computation of flux densities and heating 

rates (Elsasser and Culbertson, 1960). 

Unfortunately, neither Elsasser and Culbertson 

(I960) nor Yamamoto (1952) recognized the fact that the 

integrated form of the radiative transfer equation employed 

by them neglected a term, representing the temperature 

dependence of transmissivity, which significantly alters 

computed values of flux densities. The purpose of the 

next section is to present corrected flux emissivities 

from the Elsasser and Culbertson data for water vapor, 

carbon dioxide, and ozone. We will then obtain improved 

values of water vapor emissivity based upon a detailed 

treatment of the basic data by the quasi-random band 

model, which is more representative of water vapor 

absorption bands than the regular band model of Elsasser 

(1942). Quantitative estimates of the relative importance 

to emissivity calculations of the pressure and temperature 

dependence of water vapor absorption coefficients will 

then be made. Finally, we shall compute flux densities 

and heating rates for several cases representing different 
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distributions of temperature and moisture in the atmosphere, 

and compare those results with others obtained from more 

approximate forms"of the emissivity. 



CHAPTER II 

WATER VAPOR, CARBON DIOXIDE, AND OZONE EMISSIVITIES 

In this chapter we will derive the expression for 

the flux density emitted by ^n isothermal layer containing 

an absorbing gas, thus allowing the calculation of the 

flux emissivity of the gas. Values for the water vapor 

bands and window region and for carbon dioxide and ozone 

will be evaluated using the data of Elsasser and 

Culbertson (I960). These results will be shown to differ 

significantly from published emissivities based upon an 

incorrect expression for flux density given by Elsasser 

and Culbertson. A flux emissivity correction for overlap 

of water vapor and carbon dioxide is defined and evaluated 

for combinations of optical thicknesses of the two gases. -

The contents of this chapter owe their origin to 

an attempt to compute long wave radiation from clear skies 

by means of isothermal emissivities. The emissivities at 

first appeared to be obtainable by simple computations 

from the monograph by Elsasser and Culbertson (1960). 

Emissivities given by Fleagle and Businger (1963) and by 

Sellers (19 65) agree with each other and are based upon 

the same simple and plausible computation from tables in 

10 
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the Elsasser and Culbertson monograph (19 60). However, 

in order to understand how to apply a correction for 

overlap of water vapor and carbon dioxide radiation 

discussed by Elsasser and Culbertson, we found it necessary 

to reexamine those portions of the theory related to compu

tation of emissivity. It was then realized that Elsasser 

and Culbertson*s flux densities are based upon an incor

rect expression, and it followed that emissivities 

computed by Fleagle and Businger (.19 63) and by Sellers 

(.1965) on the basis of those flux densities could not be 

correct. Further, it was found that the overlap correc

tion discussed by Elsasser and Culbertson was not useful* 

The purpose of this chapter is to present cor

rected fiux emissivities for water vapor, carbon dioxide, 

and ozone, along with a correction to emissivity for the 

overlap of water vapor and carbon dioxide. These compu

tations utilize Elsasser's wavelength-dependent 

generalized absorption coefficients and flux transmis-

sivities. These may indeed be questioned, and the water 

vapor emissivities will be reexamined in light of more 

recent data. However, computations of flux densities 

and cooling rates based upon the Elsasser and Culbertson 

(1960) study are widespread, and comparisons are being 

made with computations based on other work or with 

observations. Those comparisons can be meaningful only 
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if discrepancies can be traced to the basic treatment of 

the absorption data, instead of being obscured by 

mathematical errors at a later stage.. In order to 

facilitate the understanding of the emissivities calcu- * 

lated here, and to set the stage for locating the source 

of discrepancies with other work, the contributions of 

the water vapor rotation band, 6.3 micron band, and 

window region will be presented separately. 

The Flux Density Equation 

Consider a volume element of vertical thickness 

dz, density p, and temperature T in the atmosphere. Let 

a monochromatic beam of radiation of intensity I be 

incident upon the volume element and pass through it. 

The amount of energy per unit time absorbed per unit area 

per unit solid angle in the distance dz is given by 

dEn = - knfc p In dz , (2-1) 

where k . is the total mass attenuation coefficient at nt 

wavenumber n, pressure p, and temperature T. If we 

assume that there is no scattering, then knt = kn,' where 

kn is the mass absorption coefficient for the same n, p, 

and T. The differential fraction of the original 

intensity which is absorbed, dan, is given by 
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dE 

d a n  =  -  — =  k n .  p  d z  .  ( 2 - 2 )  
n 

Now, from Kirchhoff's law we know that de = da , where 
• . n n 

deR is the differential emissiv.ity at wavenumber n. 

Also if we let the absorbing gas be water vapor, then 

pdz = du, where du is the precipitable water or mass 

per unit area of water, vapor in the differential layer 

of thickness dz. Now, we have de_ = k du. But, by n n , 

definition, den is the ratio of the energy emitted by 

the differential volume element, dl , where the sub-
' ne' 

script e indicates emitted energy, to the radiation 

emitted by a black body at the same wavenumber and 

emitting temperature, Int> (T) . Thus, 

dl_ = de CT) = k I„k(T) du . (2-3) 
ne n nb n nb 

The intensity of radiation emitted by the volume element 

in a direction 0 from the vertical {see Figure 1) is 

given by 

dIne, e  = kn WT> sec 6 du • 

This radiation is attenuated according to Beer's law, so 

that the amount arriving at point A in Figure 1, 

neglecting for the moment the emission by intervening 

layers, is given by 

! 
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u + du 

e 

reference level u = 0 

Fig. 1. Contribution to the radiative flux density at 
u = 0 by a differential element of optical 
thickness du at a zenith angle 0. 
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dln g = k^ ̂ bCT) expC-kn u sec 0) sec 9 du . (2-5) 

The flux density received at A from the element 

of solid angle dw formed by the circular ring lying 

between 0 and 0 + d0 can be found from 

d2F a = dl_ a cos 0 dio , (2-6) 
N f O N f O 

where do) is the element of solid angle given by 

du = 2ir sin 0 d0. Thus, 

2 
d P • a = 2ir k I . (T) exp(-k u sec 0) sin 0 d0 du . 

n , 0  n n b  ^  n  

(2-7) 

Since the relation, between flux density and intensity is 

given by P = ttI for isotropic radiation, such as black 

body radiation, 

d2F - = 2k F . (T) exp(-k u sec 0). sin 0 d0 du . 
n, o n no n 

(2-8) 

Integration over 0 from 0 to ir/2 gives the total flux 

density sensed at A from a layer of infinite horizontal 

extent lying between u and u + du; 

dF = 2k F . (T)[f"/2 exp(-k„u sec 0) sin 0 d0] du . 
n n no 'o n 

(2-9) 

Letting y = sec 0, the bracketed quantity becomes 
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/^[exp(-knuy)/y2] dy = Ei2(knu) , (2-10) 

where E^ the exponential integral of second order. 

Thus, . 

dPn " 2knPnbtT) Ei2 'knu) a« •' (2"11) 

The exponential integrals obey the following recursion 

formula: 

dE. (x) 

—3x = ~EiCn-l) (x) * (2-12) 

dE.-(k u) 

Thus' du = -kn Ei2 (knu) ' (2"13) 

and Equation (2-11) now becomes 

£E._(k u) 
dFn = " 2Pnb(T> du du 

= - 2F . (T) dE.Jk u) . (2-14) 
no iJ n 

Since dF is the contribution to the flux density at A 
n 

from the differential layer lying between u and u + du, 

we see that 

dFn = Pnb(T) deF ' (2_15) 
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where eF(n,u,T) is the flux emissivity of a layer of 

optical thickness u at a wavenumber n' and temperature T, 

and dep is the change in over the distance u to 

u + du. Comparing Equations (2-14) and (2-15), we see 

that 

dep = - 2 dE±3(knu) . (2-16) 

Since T = 1 - e at a given wavenumber if scattering can 

be neglected and Kirchhoff's law applies, we have 

dxF = 2 dEi3(knu) and Tp = 2Ei3(kRu), where Tp(n,u,T) 

is the flux transmissivity of a layer of optical thick

ness u at a wavenumber n and temperature T. 

The total flux density at wavenumber n received 

from all differential emitting layers between the reference 

level and the level an optical distance u. away can be 

obtained by adding all the contributions given by 

Equation (2-15) for a single differential layer. Thus, 

Fn = /EtUl Fnb(T) dEF * (2-17) 
o 

If the layer is isothermal, F ̂ (T) is constant and we have 

Fn = eF(n,u,T) Fnb(T) . (2-18) 

The spectrally integrated flux; density can then be written 

as 
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00 - * • 

F = /. Fnb(T) ep(n,u,Tl dn , (2-19) 

or F = /°° F b(T)[l - T tn/U/T)] dn . (2-20) 
O • 

The flux emissivity is the ratio of the emission from the 

4 
layer to the flux density, aT , emitted by a black body 

at the same temperature T. Thus, 

. e (u,T) = -A_ /°° P (T) [1 - TUn^T)] dn . (2-21) 
a T o 

Local Thermodynamic Equilibrium 

We have seen that the derivation of Equation 

(2-21) depended upon the assumption that Kirchhoff's law 

could be applied to the atmosphere, thus allowing the 

energy emitted by an element of the atmosphere to be 

equated to the product of the absorptivity and the Planck 

function corresponding to the local gas-kinetic tempera

ture. Milne (1930) first showed that Kirchhoff's law 

could be applied outside a constant-temperature cavity, 

for which it was first derived, provided two conditions 

necessary for the existence of local thermodynamic 

equilibrium, are met: (1) the atmosphere is effective

ly isothermal over several molecular mean free paths, 

thereby assuring a close approach to .Maxwell's dis

tribution of molecular velocities, and (2) the energy 



levels responsible for the absorption and emission of 

energy are populated according to the Boltzmann distribu

tion law and are, therefore, in thermal equilibrium. 

The first condition can be discussed in terms of 

the inequality 

4 H ̂ 1-° ' (2-22) 

where Z is the molecular mean free path and dT/dz is the 

temperature gradient. When (2-22) is true, we have, in 

effect, an isothermal region where the Maxwell distribution 

can be applied. For the temperatures and mean free paths 

of a standard atmosphere the value of C&/T) dT/dz is less 

than 2xl0~"^ below 40 km; since the calculations in this 

study are restricted to levels below 25 km, condition 

(1) for the existence of local thermodynamic equilibrium 

appears to be well satisfied. 

In order to maintain a population distribution of 

molecular energy levels given by the Boltzmann law, it is 

necessary that when any particular state or group of states 

is enriched or depleted through the absorption or emission 

of energy this change is rapidly compensated through 

intermolecular collisions before additional absorption 

or emission occurs. This means that the relaxation time 

for de-excitation by collisions must be short compared 
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to the natural lifetime of the excited states in order to 

maintain local thermodynamic equilibrium. 

The importance of maintaining local thermodynamic 

equilibrium and, thus, allowing Kirchhofffs law to be 

applied to the real atmosphere can be seen from the 

following ideas. If the frequency of intermolecular 

collisions decreases so that absorption or emission of 

energy could occur before a Boltzmann distribution is 

reestablished, then the population densities of_the 

energy levels, are being strongly influenced by the 

external radiation field and the molecules absorb and 

emit at a rate that is partially determined by the inci

dent radiation. An important consequence of this is 

that the Planck function is no longer the correct source 

function for emission of radiation; in other words, the • 

presence of the Planck function in Equation (2-21) depends 

upon the existence of local thermodynamic equilibrium. 

The question has now been reduced to the validity 

of the Planck function being used as .the source function. 

This can be discussed in terms of a ratio of the colli-

sional de-excitation time to the natural radiative 

lifetime of the excited states. The collisional de-

excitation time is the average time required to transfer 

energy from one state to another by collisions and is 

inversely proportional to the number of collisions per 
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second; and the natural radiative lifetime is the time 

for spontaneous emission, a property of the molecules 

determined by the probability that emission of a quantum 

of energy takes place and lowers the energy of the 

molecule. As long as the ratio of these lifetimes is 

small, redistribution of energy by collisions prevails 

and the Boltzmann distribution of energy levels is 

maintained. As will be discussed in more detail in the 

next section of this chapter, the energy levels of interest 

for infrared radiation problems are those related to 
* 

molecular vibrations and rotations. Observations show 

(Goody, 19 64) that the natural lifetime, <f>, of rotational 

levels tends to be larger than that of vibrational levels. 

He further states that the natural lifetime of a combined 

transition is closer to that of the shorter of the» two 

involved, and therefore the lifetime of a vibration-

rotation transition will be nearly that of the vibration 

state. Assigned values of collisional de-excitation 

times, Hf are much smaller for rotational states than 

for vibrational states. Thus, at any given level in the 

atmosphere the•ratio n/$ will be larger for a vibrational 

state than for either a combination rotation-vibration 

or a pure rotation state, and will therefore first cause 

a breakdov/n in the Boltzmann distribution of molecular 

energy levels. An important normal mode of vibration 
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of the water vapor molecule occurs with a frequency 

corresponding to a wavelength of 6.3 microns; this is 

the v2 vibrational mode. The collisional de-excitation 

—5 
lifetime of this vibrational mode is given as 1.5x10 

seconds at 220K and one atmosphere of pressure, while 

the natural lifetime is 0.12 seconds; thus, the ratio 

-4 
n/<fi is found to be 1.25x10 at one atmosphere of pressure. 

Collisional lifetimes, will depend upon the number density, 

since the fewer the number of molecules present the 

longer the time, between collisions. Relating number 

density to pressure through the equation of state of an 

ideal gas, allows us to write at a level where the 

pressure is p 

P n 
£ = ?r r > <2-23) : $ P <l> 

where n is the collisional de-excitation time at a 

standard pressure pQ ttaken here to be 1 atmosphere, or 

1013.25 millibars) and $ has been taken to be constant 

through the atmosphere. The upper limit of our calcula

tions is the 30-mb level; at this height n/<J> = 0.04. 

We see that even at the upper limit of our 

calculations the influence of the external radiation field 

upon the population densities of vibrational energy levels 

may be ignored. Other estimates for the 6.3 micron water 
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vapor band (Kuhn, 1966) show that local thermodynamic 

.equilibrium exists to nearly the 80-km level, showing 

that our calculations have, perhaps been conservative. 

. At any rate, the use of the Planck function as the source 
' * i * . * * * 

function throughout this study appears well justified. 

The Infrared Absorption Spectrum of Water Vapor 

In order to understand the type of data required 

for the solution of Equation (2-22), a brief discussion 

of the nature of the absorption and emission of electro

magnetic radiation by atoms and molecules and of the 

relation of these ideas to the water vapor molecule is 

in order. It is known that, excluding purely translational 

kinetic energy, the total energy of an atom or molecule 

is restricted to a number of discrete values, or energy 

. levels, which, in principle, can be calculated for any 

system through the use of quantum mechanics. Each energy 

level can be related to a particular state of the atom 

or molecule, the lowest level, or ground state, being 

the most stable configuration. An emission or absorption 

frequency is associated with every pair of energy states 

through the quantum relation E^ - E^ = hv, where E^ and 

Ej are the energies of two particular states, h is the 

Planck constant, and v is the frequency of the electro

magnetic radiation. In fact, only certain of the possible 

emission frequencies are observed, the specific 



combinations of levels betv/een which the atom or molecule 

can transfer being governed by selection rules which 

also can be calculated through quantum mechanics. 

The energy levels of primary interest in infrared 

spectra are those associated with the vibration and 

rotation of molecules, rather than with electronic 

transitions. It has been found experimentally that the 

energies required for electron excitation and transfer 

are generally of the order of several electron volts, 

while those associated with vibrational and rotational 

motions are usually much smaller. One electron volt 

corresponds to a wavelength of 1.24 microns, so we see 

that infrared radiation results primarily from the less 

energetic vibrations and rotations of molecules. These 

motions are determined to a great extent by the mechani

cal state of the molecule—the number and arrangement 

of atoms, and the forces acting between them; from 

quantum mechanics we see that the over-all symmetry of 

the molecule is of great importance. The rotational 

energy levels are determined by the moment of inertia 

of the molecule about its principal axes, while the 

vibrational energy levels are prescribed by the atomic 

motions and force constants involved in the normal 

vibrations of the molecule. Minimum changes in rota-

-4 
tional energy are usually of the order of 10 electron 



25 

volts and, therefore,• rotation lines—lines due to rota

tional energy changes only—form a part of the microwave 

spectrum or the far infrared spectrum. Vibrational 

energy changes are rarely less than 0.07 electron volts. 

This so greatly exceeds the minimum energy required for 

a change in rotational energy that vibrational transitions 

rarely take place alone, but are usually accompanied by 

many, simultaneous rotational changes producing a group 

of lines called a vibration-rotation band, usually located 

in the intermediate infrared spectrum. 

A sketch of the over-all structure of the water 

vapor infrared absorption spectrum is presented in 

Figure 2 for a column having an optical thickness of 0.1 

centimeters, at a pressure of one atmosphere and a 

temperature of 300K. The dominant features are the 

strong pure rotation band, the fundamental and the 

combination v^, v^, 2v^ band, the arrows locating the 

different band centers. The band located at 3.2 microns 

originates from the first overtone of the V2 fundamental. 

Although this band is relatively weak compared with the 

v^ and v^ fundamentals, its proximity to them results 

in considerable interaction of energy states and a complex 

band structure. The region of minimum absorption from 

800 to 1200 cm"'1' is called the atmospheric window. 
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The Shape of a Spectral Line 

In speaking so far about spectral lines, we have 

related a change in energy between two states to a 

definite frequency of absorption or emission through 

the relation AE = Ej - E^ = hv. This implies that the 

spectral lines have zero width and occur at a precise 

frequency v. However, the Heisenberg uncertainty principle 

limits the possibility of describing a system in a com

pletely deterministic manner. Applied to energy and 

time, this principle allows us to write AEAt $, h/27r, where 

AE is the energy change corresponding to a certain transi

tion and At is the expected lifetime of .the excited state. 

The smaller At is, the greater must be the value of AE, 

leading to an uncertainty in the energy change and there

fore in the frequency at which the emission takes place. 

In the complete absence of molecular collisions and 

molecular motion, the shape of spectral lines would be 

determined by this natural broadening, the value of the 

absorption coefficient about the line center nQ being given 

BY 

VN> " ?—-73—? ' (2"24) 
Cn - nQ) + aN 

where the subscript N stands for natural broadening, kN 

is the absorption coefficient at a wavenumber n, S is the 
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line strength, sin experimentally determined quantity equal 

to the integration of the absorption coefficient over the 

complete line and assumed by many investigators to be 

independent of pressure and temperature, and is the 

natural half-width given by 

' <2"25> 

where 4> is the natural radiative lifetime and c is the 

speed of light in a vacuum. We saw earlier that <j> = 0.12 

seconds for the vibration fundamental of water vapor, 

—11 —1 
giving a value for aN of 2x10 cm . This factor will 

be seen to be completely negligible when compared with 

the broadening caused by molecular collisions and motions 

in the earth's atmosphere. 

An isolated molecule can be pictured as emitting 

a simple harmonic wave train of frequency collision 

with another molecule causing a sharp change of phase in 

that wave train (Goody, 19 64), From kinetic theory, we 

know that the probability that a particle will go a 

time T without a collision and then experience a colli

sion within an interval dt is (dt/TQ)exp(-T/T ), where 

T is the mean time between collisions. The intensity 
O • 

of emission at a frequency v can be obtained by inte

grating over all time the product of this probability 

function and the square of the amplitude of the wave train 
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existing for time T.' This calculation may then be related 

to an absorption coefficient through Kirchhoff's law, the 

resultant form being known as the Lorentz line shape, 

1 SAT, *L(n> = I • •• .i + 2 ' (2-26» 
(n — n ) + aT O L 

where the subscript L stands for Lorentz and aT is the JJ 

Lorentz half-width .given by 

, 2  
r 2pd : l r (2-27) 

c(nnrkT)^ 

AT = 

p being pressure, d the molecular diameter, and m the mass 

per molecule. The dependence of aT upon pressure and 
it 

temperature arises from the fact that it is directly 

proportional to the mean collisional frequency which can 

be shown from the kinetic theory of gases to be propor

tional to the product of the molecular density, n, and 

mean molecular speed, v. Since n is proportional to 

p/T and v is proportional to T2, the product varies with 

p/T^. From Equation (2-27) we can obtain a value for aL 

of 0.075 cm for water vapor at one atmosphere and a 

temperature of 30OK. 

A third form of line broadening results from the 

shift in the emitted frequency caused by motions of the 

emitter toward or away from the observer. The absorption 
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coefficient resulting from this Doppler effect will depend 

upon the number of molecules having velocities in the 

range v to v -I- dv. After combining the kinetic theory 

expression for this number with the classical relation 

n = nQCI + v/c), which gives the actual wavenumber, n, 

at which the observer detects the emission relative to 

the emitted wavenumber nQ, we can obtain the following 

expression for the absorption coefficient: 

D 

- • % • / 

s ln2 
a_ IT 

exp 
~ 

D 

n - n 

a, 
In 2 (2-28) 

where the subscript D stands for Doppler and the Doppler 

half-width, aD, is 

«D * ~ l D c \ 
2kT In2 

M 
(2-29) 

-4 -1 -1 
For 30OK the Doppler half-width is 3x10 cm at 200 cm 

-3 -1 
in the pure rotation band and 2x10 cm at the center 

of the 6.3 micron band of water vapor. These values are 

seen to be much smaller than the half-width for pressure 

broadening, so we see that the proper line shape at low 

altitudes in the atmosphere is given by the Lorentz form 

of Equation (2-26). However, the importance of pressure 

broadening decreases at higher levels in the atmosphere, 

and it is clear that eventually Doppler broadening 
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becomes the dominant factor and line shapes must be given 

by Equation (2-2 8). For some intermediate region, both 

effects must be taken into account, adding considerable 

complication to the problem. Calculations by Kuhn (1966) 

have shown that below 30 km the exact line shape is very 

closely approximated by the Lorentz form, while above 

70 km, it can be given by the.Doppler form; for the 

intermediate region a combined profile must be used. 

Since the calculations of this study do not extend above 

25 km, the assumption of a Lorentz line shape for all 

cases appears justified. 

The Transmissivity Data 

The transmissivity for a beam of radiation passing 

through a medium of optical thickness u is given by 

Beer's law as 

Tn = exp(-knu), • (2-30) 

where kn is the absorption coefficient- at wavenumber n. 

From Equation (2-26) ,' we have for the Lorentz line shape 

T = exp -
n 

S . L 
IT TR% „ ,2 , „ 2 (n-no) + ctL 

t2-31) 

Equation (2-27) for the Lorentz half-width shows that 

xn is a function of four independent variables: 
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wavenumber, optical thickness, pressure, and temperature. 

The dependence upon pressure of is controlled by the 

2 
term ua_ as long as the a_ in the denominator may be L L 

neglected. This is true except very close to the line 

center. For the Lorentz line shape 

uctT = 2Pd-»—r • (2-32) 
ctimrkT)^ 

Defining a half-width aL at a standard pressure pQ to be 
O 

2p d2 
aL = ° L ' (2-33) 
o c(imrkT)^ 

we see that Equation (2-32) becomes 

uaL = Cup/po)aL . "(2-34) 
o 

The transmission of a single Lorentz line, 

averaged over all wavelengths, depends upon the product 

uaT if the line is a strong absorber, and is independent 

of aT and, therefore, pressure for a weakly absorbing XI 

line (Elsasser, 1942). Further, Elsasser showed that the 

transmissivity averaged over the complete spectrum also 

depends upon ua^ if the overlap of lines is weak in the . 

regular band model of an infinite series of equally-

spaced Lorentz lines adopted to represent a water vapor 
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absorption band. These facts led him to assume that the 

effect upon transmissivity of variations with pressure 

and temperature of the absorption coefficients qould be 

treated by using data for a single standard pressure pQ 

and temperature Tq while scaling optical thicknesses by h 
the factor tp/pQ)'CT /T) . (In the 1942 monograph Elsasser 

erroneously adopted the square root of this quantity as 

the scaling factor; this mistake was corrected in the 

1960 monograph being studied here.) Therefore, although 

no explicit pressure dependence appears in the symbol 

xF(n,u,T)t it should be understood that the value of u 

has been scaled to account for non-standard values of 

pressure. Although this procedure considerably simplifies 

computations of infrared radiative transfer, it is not 

clear that the dependence upon pressure of radiation of 

the real absorption spectra of water vapor and ozone, 

which have a highly irregular fine structure, can be 

described by this simple technique which assumes uni

formly spaced lines of equal intensity, with weak overlap. 

This point forms a major portion of the following 

chapters. 

Elsasser and Culbertson C19 60) then expressed 

transmissivity as a function of the product uL, where L 

is a quantity called the generalized absorption coef

ficient and varies with both wavenumber and temperature. 
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By plotting observed laboratory measurements of trans

missivity versus,optical thickness for different 

intervals of the spectrum, they were able to generate 

curves of and L for each of the three absorbing gases. 

Emissivities 

Equation (2-22) was derived for a single gas, 

and T„(n,u,T) was taken to be the flux transmissivity F 

for water vapor. By the multiplication property of 

transmissivity (p. 123 of Goody, 19 64), we know that at 

a given wavelength the transmission of a mixture of 

gases is simply the product of the individual transmis-' 

sivities. Now, the emission of ozone is small compared 

with that of water vapor and carbon dioxide and does not 

significantly overlap them; however, the intense 15-micron 

absorption band of carbon dioxide and the water vapor 

rotation band do have a significant overlap. We may 

therefore deal with water vapor and carbon dioxide 

independently of ozone. The flux emissivity for a mixture 

of water vapor and carbon dioxide may be written as 

e_(u,h,T) = -i- J" F . (T) [l-T„tn,u,T)T (n,h,T)]dn, (2-35) 
r aT o 

where u and h are the optical thicknesses of water vapor 

and carbon dioxide, respectively, and Tp(n,u,T) and 
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Tp(n,h,T) are the laboratory flux fcransmissivities of 

water vapor and carbon dioxide, respectively. The bracketed 

quantity can be rewritten so that Equation (2-35) becomes 

eF tu,h,T) = f* Fnb CT) [1- T p(n,.u#T) ] dn 

+ /" F (T) il-xp(n,hfT)]dn 
aT .o 

- i r Pnh(T) [l-Tp(n,u,T)I [1-t_(n,h,T)]dn . 
OT O 

(2-36) 

The first two terms can be identified as the emissivities 

of water vapor and carbon dioxide, respectively, while the 

final term can be identified as a correction to eF(u,h,T) 

for overlap of the water vapor and carbon dioxide radia

tion. We see that this quantity, called Ae(u,h,T), is a 

positive quantity which must be subtracted from the sum 

of the first two terms in order to give the correct 

emissivity. 

Water Vapor Emissivity 

The determination of water vapor emissivity requires 

the evaluation of 1 - rF(n,u,T) in differing ways over the 

several spectral regions. In what follows, we describe 
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specifically how this- quantity is to be obtained according 

to Elsasser and Culbertson's discussion. 

In the rotation band (20 <. n <. 660 cm first 

—1 -1 
data point at 40 cm , last point at 640 cm ), 

1 - Rp(n,u,T) = 1 - TF(UL), (2-37) 

where L = L(n,T) is the generalized absorption coefficient. 

Values of L were obtained from Elsasser and Culbertson's 

— 1 
Figure 25 and Table 10 at 40 cm intervals for 

T = -70, -40, -10, and +20C. Then values of Tp(uL) were 

obtained by means of their Table 7, where u actually 

denotes uL. A three point Sterling interpolation formula 

was used. • 

-1 
In the rotation-window region (660 n <_ 980 cm , 

first data point at 680 cm""1", last point at 9 60 cm "*") , 

1 - Xp(n,u,T) = 1 - TF(UL) •2EI3(10 ku) , (2-38) 

where E^ the third exponential'integral and k is the 

absorption coefficient„ Again, values of L were obtained 

from Elsasser and Culbertson's Figure 25 and Table 10, 

and values of T„(UL) from their T^ble 7. Values of k 
r 

were obtained from their Figure 24 and Table 10. The 

T„(UL) and" 2E.»(10ku) factors in Equation (2-38) trace F 1J 
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physically to extrapolation of absorption by the rotation 

band and to absorption of a continuum, respectively. The 

factor of 10 arises essentially because the curve of 

log k in Elsasser and Culbertson's Figure 24 has been 

shifted down by one cycle. In Equation (2-38), x^CuL) JC 

differs little from unity over the indicated wave number 

interval, and 2E^(10 ku) is the dominant factor. 

In the 6.3 micron-window region (9 80 < n 1220 

cm first data point at 1000, last point at 1200 cm , 

1 - xF(n,u,T) = |^~y [1 - xp(uL) •2Ei3C10 ku) ] , (2-39) 

where the quantity in brackets is obtained in the manner 

described in Equation (2-38), the values of L now coming 

from Elsasser and Culbertson's Figure 21, and the ratio 

in front of the bracket represents a correction factor 

introduced belatedly by them in order to adjust absorption 

to later data, A(u) and A^ (u) are the band areas 

(abscissae) of the ADOPTED and the COMPUTED curves, 

respectively, in their Figure 23. Since the data are 

based on beam transmissivities, Figure 23 is entered at 

the ordinate log^Q(1.66u) — log^u + 0.20, where the 

factor 1.66 converts from beam to flux transmissivities, 

as discussed in the next chapter. 
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—1 
In the 6.3 micron band (1220 _< n < 2300 cm , first 

data point at 12 401 last point at 22 80 cm-"*") , 

1 - Xp(n,u,T) = [1 - TF(UL)1 , (2-40) 

where values of L and x_(uL) are obtained as described 
i? 

under Equation (2-38), and the correction ratio in front 

of the bracket is obtained as described under Equation 

(2-39). 

Confirmation that the foregoing procedures for 

obtaining 1 - xF(n/u/T) are correct interpretations of 

the basic treatment of the absorption data by Elsasser 

and Culbertson (1960) was found in the fact that it was 

then possible to obtain by integration the values of 

their Equation (80) , 

R(u,T) = {m ?B̂ g'.T) [1 - TF(n,u,T)] dn (2-41) 

as tabulated in their Tables 15-18. 

One may now proceed with confidence in substituting 

Equations (2-37) to (2-40) into the first term on the 

righthand side of Equation (2-36) in order to obtain 

e_(u,T). The results are shown in Table I and Figure 3. 

All logarithms in this chapter are to the base 10. The 

dependence of e (u,T) on temperature is small, particularly 
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in the higher range, of temperature from -40C to +20C where 
r * 

most of the optical depth is located in the atmosphere. 

At the shorter optical depths, increasing temperature 

decreases emissivity, while at very great optical depths 

increasing temperature increases emissivity. Optical 

- 2  
depths greater than about 8 gm cm are not observed, 

however. 

Figures 3 and 4 and Table I show the partial 

emissivities of the rotation band, window region, and 

6.3 micron band. In Figure 3 these are shown for 20C. 

The largest contribution to total emissivity is made by 

the rotation band. The contribution in the window is 

very small at the shorter optical depths, but increases 

_2 
rapidly with optical depth for u > 0.5 gm cm , and exceeds 

- 2  
the 6.3 micron band contribution.for u > 1.4 gm cm . At 

very large optical depths, of course, all three regions 

become perfectly absorbing, and the three partial emis

sivities approach asymptotes representing the proportion 

of oT^ in each spectral region. The rapid rise in the 

total emissivity curve at large optical depths may be 

recognized as resulting from the rapidly increasing 

contribution from the window region. 

In the tables presented in this chapter, three 

significant figures are given for the larger emissivities, 

but the final figure is possibly inaccurate. In any 
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TABLE I 

Flux emissivities for water vapor (percent) 

log u 
Rotation Window 

log u 
—70C -40C -10C +20C -70C -40C -10C +20C 

-5.0 2.02 1.57 1.28 1.08 0.00 0.00 0.00 0.00 

-4.7 3.01 2.38 1.96 1.66 0.00 0.00 0.00 0.00. 

-4.3 4.92 3.94 3.27 2.79 0.00 0.00 0.00 0.00 

i a*
. 

•
 
o
 

6.91 5.57 4.65 3.98 0.00 0.00 0.00 0.00 

-3.7 9. 45 7.66 6.44 5.54 0.00 0.00 0.00 0.00 

-3.3 13.7 11.2 9.52 8.25 0.00 0.00 0.00 0.00 

-3.0 17.5 14.5 12.3 10.7 0.01 0.01 0.01 0.01 

-2.7 21.7 18.1 15.5 13.6 0.01 0.01 0.01 0.02 

-2.3 27.5 23.2 20.2 17.8 0.03 .0.03 0.04 0.07 

-2.0 31.7 27.1 23.7 20.9 0.05 0.06 0.09 0.18 

-1.7 35.7 30. 8 27.2 24.1 0.10 0.13 0.21 0.41 

-1.3 40. 8 35.6 31. 7 28.1 0.26 0.34 0.57 0.96 

-1.0 44.4 39.1 34.9 31.0 0.51 0.70 1.10 1.69 

-0.7 47.8 42.4 37.9 33.8 1.01 1.40 2.04 2. 89 

-0.3 52.0 46.4 41.6 37.1 2. 43 3.29 4.40 5.72 

0.0 54.9 49.2 44.2 39.2 4.49 5.94 7.57 9.34 

0.3 57.6 51. 8 46 .4 41.0 7.86 10.2 12.5 14.7 

0.7 60.8 54.7 48.8 42. 8 14.6 18.5 21. 8 24.5 

1.0 63.0 56 .6 50.1 43.6 20.2 25.5 29.5 32.4 

1.3 65.0 58.1 51.1 44.1 24.4 30. 8 35.3 38.2 

1.7 67.1 59.6 51. 8 44.4 26.3 33.3 38.2 41.0 
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TABLE I — continued 

Flux emissivities for water vapor (percent) 

log u 
6.3 micron Total 

log u 
-70C - 4 0 C -10C +20C -70C —40C -10C +20C 

-5.0 0.14 0.32 0.58 0. 88' 2.16 1.90 1. 86 1.96 

-4.7 0.15 0.34 0.62 0.95 3.16 2.72 2.58 2.62 

-4.3 0.20 0.46 0.84 1.30 5.11 4.40 4.11 4.09 

-4.0 0.25' 0.59 1.07 1.67 7.16 6.16 5.72 5.65 

-3.7 . 0.31 0.75 1.37 2.13 9.77 8.41 7.81 7.68 

-3.3 0. 42 1.00 1.85 2.90 14.1 12.2 11.4 11.2 

-3.0 0.51 1.23 2.27 3.58 18.0 15.7 14.6 14.3 

-2.7 0.62 1.48 2.75 4.34 22.3 19.6 18.3 18.0 

-2.3 0.76 1. 83 3.41 5.42 28.3 25.1 23.6 23.2 

-2.0 0.86 2.08 3.90 6.21 32.6 29.2 27.7 27.3 

-1.7 0.98 2.37 4.46 7.10 " 36.8 33.3 31.9 31.6 

-1.3 1.14 2.76 5.18 8.24 42.2 28.8 37.4 37.3 

-1.0 1.26 3.04 5.69 9.03 46.2 42.8 41.7 41. 8 

-0.7 1.39 3.32 6.19 9.79 5*0.2 47.1 46.2 46.5 

I o
 

•
 
w
 

1.56 3.68 6.83 10.7 56.0 53.4 52.9 53.6 

o
 
.
 

o
 

1.69 3.96 7. 30 11.4 61.1 59.1 59.0 60.0 

0.3 1.82 4.22 7.72 12.0 67.3 66.2 66.6 67.7 

0.7 1.9 8 4.52 8.18 12.6 77.4 77.8 78.8 79. 8 

o
 • 

H
 2.09 4. 72 8.45 12.9 85.3 86. 8 88.1 88.8 

1.3 2.19 4.89 8.64 13.1 91.5 93.8 95.1 95.4 

1.7 2.30 5.05 8.81 13.2 95.8 98.0. 98.8 98.7 



1.0 

40C 

•70C 
0.8 

H-

> 0.6 
CO 
03 
I—> 

ROTATION (+20CJ 

0.4 

0.2 

6.3 MICRON (+20C) 

0.0 
5 4 •3 2 0 1 1 2 

LOOlDU (CM) 
Fig. 3. Water vapor emissivity for T = +20, -40, and -70C, and the contributions ^ 

of the rotation band, 6.3 micron band, and window region for T = +20C. M 

i 



0.7 

ROTATION (-70C)^ 

0.5 
>-
I— ROTATION (+20C) 
•—« 

> 
M N j 

CO 0*4 
CD 
I—I 

LJJ 
0.3 

CD 
(X 
_J 

HINDOH (-*700 

CD 

0.2 

/6.3 MICRON (*20C) 

6.3 MICRON (-70C) 

0.0 
5 4 •3 2 1 0 1 2 

LOGj0(J (CM) 
Pig. 4. Contributions of the rotation band, 6.3 micron band, and window region to 

water vapor emissivity at +20C and -70C. 

i 



event, the significant figures reflect only the sort of 

accuracy with which the various quantities necessary to 

the computations can be obtained from Elsasser and 

Culbertson's monograph; more recent absorption data, or 

other, equally justifiable treatments of the data, may 

lead to substantially different emissivities. 

Figure 4 shows the variation with temperature of 

the partial emissivities. As temperature is decreased 

to -70C, the contribution of the rotation band becomes 

even more dominant, while the window region contributes 

less and the contribution of the 6.3 micron band becomes 

almost negligible. The window region contributes more 

-2 
than the 6.3 micron band for u > 0.3 gm cm 

The total emissivity shows less variability with 

temperature than do the partial contributions of the 

rotation and 6.3 micron bands. The nearly equal and 

opposite temperature variations of these two bands is 

fortuitous but not entirely reassuring, since the calcu

lation of flux emissivity by means of isothermal 

emissivity is based on the assumption that emissivity 

is independent of temperature. The possibility of errors 

resulting from temperature gradients has been recognized 

by several investigators, but a quantitative assessment 

of the errors poses a very difficult problem. 
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Improper Formulation 

At this point it should be noted that portions of 

the mathematical development and tables of Elsasser and 

Culbertson (1960) ajre in error in a manner that inad

vertently encourages an erroneous calculation of the 

emissivity. They state in their Equation (83) that the 

emission of an isothermal layer of optical thickness u 

and absolute temperature T is given by 

T 
/ Fnb(T)[l - TF(U)] dn = / R(u/T') dT' , (2-42) 
o o 

where R(u,T') is defined by 

dF . (T') 
R(u,T») = r —ain C1 - TpCu)] dn' (2"43) 

o 

and optical thickness is held constant in all integrations. 

As we have seen above, the left-hand side of Equation 

(2-42) is the correct expression for the flux density 

received from a layer of optical thickness u and tempera

ture T. However, it will be shown that Equation (2-42) is 

not strictly true, and that the right-hand side does not 

properly evaluate flux densities. 

Since F ̂  (T = 0) is zero for all values of n, we 

see that we can write 
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T d{F . (T'l[1 - T (u)]} 

FnbtT) C1 " TF(u)] = I dT> dT' * (2-44) 
o 

Expanding the derivative with respect to T' into two terms 

and integrating over all wavenumbers leads to 

/" FnbtT)[1 - TF(U)1 DN = 
o 

T _ dF , (T1) 
/  /  —  E l  ~  t f ( u)] dndT1 

o o 

d[1 - Tf(U)] 
T „ F^CT.} ^ dndT. . (2-45) 

+ / r Fnb(T » dT1 

o o 

Identifying the presence of R(u,T') in the first term on 

the right-hand side of Equation (2-45), we have 

T 
/ Fnb(T)[l - Tp(u)] dn = / R(u,T') dT' ; 
° ° 

T „ d[1 - T„(U)] 
+ / / Fnb(TM ^ dndT' . (2-46) 

o o 

'We see that ^RdT is the correct expression for 

the flux density only.if the second term on the right-

hand side of Equation (2-46) is identically zero. At 

first glance, one might be led~to accept this because 

is shown to be a function of u alone, leading to a value 
F 

of zero for the derivative with respect to temperature. 

This is not the case, however, because Tp(u) is being used 
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as an abbreviated notation for x^CuL) [as explicitly stated 
£ 

by Elsasser and Culbertson on p. 16], and L is a function 

of both wavenumber and temperature. Thus, xF is a 

function of optical thickness, pressure (since u is 

scaled to account for non-standard pressure values), wave-

number, and temperature, and the second term on the right-

hand side of Equation (2-46) is not identically zero. 

This error has previously also been recognized by 

Zdunkowski, Barth, and Lombardo (1966), who developed 

JL J ^ 

an expression for a quantity R such that JR dT is equal 

to the emission by an isothermal layer. 

In view of the correct expression for the flux 

density received from an isothermal layer and Elsasser 

and Culbertson's Equation (83), one might be led to 

compute an erroneous flux density 

T 
F'(u,T) = / R(u,T*)dT1 . (2-47) 

o 

Elsasser and Culbertson claim to present in their Table 20 

19 3K 

values of / RdT for various values of optical thickness 
o 

and for the different gases. The purpose of this is to 

eliminate the need of integrating over very low tempera

tures for every flux density calculation. Tables of R(u,T) 

for temperatures from -80C (193K) to 40C are also given 

for each gas. Thus, one might be led to write: 
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. 19 3K. T 
F1(u,T) = / RCu#T')dT* + / R ( u , T')dT' . (2-48) 

d 193K 

In fact, the first term on the right-hand side of Equation 

(2-48) cannot be computed directly because an integration 

from 0 to 193K requires laboratory data at extremely low 

temperatures. However, information of this nature is not 

available because the sensitive experiments needed to 

provide such information cannot be performed at such low 

temperatures. 

Elsasser and Culbertson eliminated this obstacle 
193K 

by defining / RdT to be equal to F(u,193K), where 
o 

F(uf 193I\) is actually computed from the correct expres

sion for flux density. That is, they wrote 

193K 
/ R(u,T»)dT' = / Fnb(193K){l - Tp[uL(193K)]}dn . (2-49) 
o o 

Thus, Equation (2-48) becomes 

T 
F*(u,T) = F(u,193K) + / R(u,T1)dT' . (2-50) 

193K 

An incorrect emissivity, e'(u,T)/ may be obtained 

4 
from Equation (2-50) by dividing by aT . Thus, 
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£1 (u,T) = eCu,193K) 

• i T + -=T I R£u#T')- dT' . (2-51) 
aT 193K 

This procedure was definitely followed by Sellers (196 5) 

for T = 20C. Emissivities given graphically by Fleagle 

and Businger (1963) for T - IOC differ by no more than 

+0.01 from e'(u,10C) evaluated from Equation (2-51), indi

cating that they also computed e' rather than e. Values 

of e'(u,T) for water vapor are shown in Figure 5 for 

comparison with the correct emissivity e(u,T). We see 

that E'(U,T) seriously underestimates e(u,T); the flux 

density of water vapor radiation from an isothermal layer 

— 2  
at 20C with an optical depth of 1 gm cm would be under

estimated by 12 percent if values of e* were used instead 

of b . . 

The incorrect emissivity e * results in part from 

overlooking the dependence of L upon temperature after 

having previously taken the dependence into account. It 

is of interest to compare the error in emissivity which 

would result from neglecting the dependence of L upon 

temperature altogether, but still using the proper defini

tion of emissivity, with the error which would result 

from using e'. Figure 6 shows e, E', and E*, where E* 
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is defined by the same expression that defines e except 

that LC20C) is used for LCT) in all the calculations; the 

variation of e* with temperature thus traces only to the 

shift of the Planck curve. At low temperatures ef agrees 

quite closely with e as a result of the forced equality 

of the two quantities at -80C. As temperature increases, 

however, e' underestimates e more and more because of the 

neglect of the second term on the right-hand side of 

Equation (2-46). The fact that e* overestimates e and 

that e' underestimates e traces to generally increasing 

water vapor absorption coefficients with increasing temp

erature. At the higher temperatures e* more closely 

approximates e than does e'. Since most emission in the 

atmosphere comes from layers at the higher temperatures, 

the use of e* in flux density calculations would probably 

yield more nearly correct results than would result from e'. 

Slopes of the emissivity curve presented by 

Fleagle and Businger (1963) appear to be in even more 

serious error than the emissivities themselves. They 

propose that downward flux density be evaluated from 

Fd = aT4 y du , (2-52) 

o 

where uT is the value of optical depth corresponding to . 

the top of the water vapor atmosphere, and y = 3e(u,T)/8u 
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is the,rate of change of emissivity with optical depth 

at a fixed temperature. They present a 'detailed' 

graph (their Fig. 4.17) of the relationship of y to u 

for T = -30C and IOC. Although the curves appear close 

to each other, suggesting only' a small dependence of 

slope on temperature, the scale is logarithmic/ and the 

values of y are substantially different for the same 

— 5 
optical depth. In the range of optical depth from 10 

_2 
to 10 gm cm , the ratio y(10C)/y(-30C) departs little 

from 1.4. Pleagle and Businger do not comment on this 

large dependence of y on temperature, but the implication 

is clear—flux density errors of up to .40 percent, or 

more, could occur, depending on what temperature is used 

to choose y. However, the validity of Equation (2-52) 

requires emissivity to be independent of temperature. If 

it is found that y can vary by 40 percent or more, for 

temperatures in the atmospheric range, then one is obliged 

to discard the method of isothermal emissivities. For

tunately, for the method, the curve of y(u,-30C) presented 

by Fleagle and Businger cannot be obtained, even approxi

mately, from either e or e' values in Table I and Fig. 5; 

it appears to be the result of errors. 

The determination of an accurate slope is diffi

cult enough, and the determination of a mean slope, as 

seemingly required in the numerical evaluation of 
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Equation 02-52), is. even more difficult. The limiting 

slope at zero optical depth is especially difficult to 

measure. There is, in fact, no necessity of dealing with 

forms.involving y. One recognizes that y du = dE and 

evaluates the flux density from j aT^ de by relating 

temperature and emissivity to optical distance from the 

reference level. Since derivatives are less accurate 

than the original function from which they are obtained, 

it is impossible to achieve the same accuracy in Equation 

(2-52) by trying to use values of y. Brooks (19 50) and 

Fleagle and Businger (1963) also give expressions for 

cooling rates which seem to require detailed values of 

y; however, except at an optical thickness corresponding 

to the upper boundary of the atmosphere where the numeri

cal value of y does not appear to be critical, the 

calculation once again can be carried out over emissivity 

itself. 

Carbon Dioxide Emissivity 

In the 15 micron band (555 < n < 815 cm \ first 

data point at 560, last data point at 810 cm "L, at 

10 cm~"^ intervals) of carbon dioxide, 

1 - TF(n,h,T) - [1 - TFChL)l , (2-53) 
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where values of L are-obtained from Figure 12 and Table 8 

of Elsasser and Culbertson (.I960) for T = -70, -40, -10, 

and +20C. Then values of t (hL) were obtained by means 
£ 

of their Table 3, wherein optical depth actually denotes 

hL. The ratio in front of the bracket again represents 

a correction factor introduced belatedly by Elsasser and 

Culbertson in order to adjust absorption to later data. 

A(h) and A^ (h) are the band areas (abscissae) of the 

ADOPTED and the COMPUTED curves, respectively, in their 

Figure 14. Since the data are based on beam transmis-

sivities, their Figure 14 is entered at the ordinate 

logi0tl.66h) = ^ + ^.20. T^e results are shown in 

Table II and Figure 7. 

The principal feature of Figure 7 deserving com

ment is the increase of emissivity with temperature at 

all but the very smallest optical depths. This result 

traces physically to the increase of absorption with 

temperature at the edges of the 15 micron carbon dioxide 

band. This effect dominates the opposite effect at the 

center of the band, where absorption is already complete 

at very short optical thicknesses. Values of e1 at -70C 

and 20C are also shown in Figure 7. As in the case of 

water vapor, e* is an underestimate of e. 



TABLE II 

Flux emissivities for carbon dioxide (percent) 

log h -70C -40C -10C +20C 

-4.0 0.114 0.119 0.115 0.108 

-3.7 0.162 0.171 0.167 0.158 

-3.3 0.247 0.262 0.260 0.248 

-3.0 0.331 0.354 0.352 0. 338 

-2.7 0.439 0.471 0.471 0.454 

-2.3 0.641 0.691 0.693 0.672 

-2.0 0.859 0.928 0.934 0.907 

-1.7 1.19 1.29 1.30 1.27 

-1.3 1.92 2.08 2.11 • 2.07 

-1.0 2.78 3.03 3.08 3.03 

-0.7 3.92 4.30 4.39 4.32 

-0.3 5.76 6.36 6.54 6.49 

0.0 7.19 7.99 8.26 8.23 

0.3 8.60 9.61 10.0 10.0 

0.7 10.4 11.7 12.3 12.4 

1.0 11.7 13.3 13.9 14.1 

1.3 13.0 14.8 15.6 15.8 

1.7 14.7 16.7 17.7 18.0 

2.0 15.9 18.1 19.3 19.6 

2.3 17.0 19.5 20.7 21.1 

2.7 18.6 21.3 22.7 23.1 

3.0 19.7 22.6 24.1 24.4 

3.3 20.7 23.9 25.4 25.7 
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Water Vapor—Carbon Dioxide Overlap 

The 15 micron carbon dioxide band (555 < n < 

815 cm "*") overlaps portions of the water vapor rotation 

band (20 <_ n <_ 660 cm "*") and the rotation-window region 

(660 <: n 980 cm "*"} . According to Equations (2-36) / 

(2-37) , (.2—38) , and (2-53) , we set 

[l-TF(n,u,T)} [l-Tpi(n,h,T)] = El-Tp(uL)] [l-TF(hL)3 

(2-54) 

for 540 <_ n <_ 660 cm 1 (using data points at 560, 600, 

and 640 cm ^), and 

[l-xF(n,u,T)][l-xp(n,h,T)] = 

El-xF(uL).2Ei3(10ku)] tl-xp(hL)] (2-55) 

for 660 < n <_ 820 cm (using data points at 6 80, 720, 

— 1 
760, and 800 cm ), where all the quantities have been 

described below the previous equations." 

Since Ae depends on u,h,T, the results cannot be 

represented on. a single diagram as can the partial emis-

sivities of water vapor and carbon dioxide. Tables III, 

XV, V, and VI show Ae as a function of u and h at 

T = -70, -40, -10, and 20C. At all temperatures Ae 



.TABLE III 

Water vapor — carbon dioxide overlap quantity, Ac, for T • -70C. 

To obtain Ac, multiply values in table by 10~4. 

log u 

loq h -3.7 -3.3 -3.0 -2.7 -2.3 -2.0 -1.7 -1.3 -1.0 -0.7 -0.3 0.0 0.3 0.7 1.0 1.3 1.7 

-4.0 0 0 0 0 0 0 0 0 0 1 1 2 4 6 8 9 10 

-3.7 0 0 0 0 0 0 0 0 0 1 2 3 5 9 11 12 13 

-3.3 0 0 0 0 0 0 0 0 1 1 3 5 8 13 17 19 20. 

-3.0 0 0 0 . 0 0 0 0 0 1 2 4 7 11 18 22 25 27 

-2.7 0 0 0 0 0 0 0 0 1 2 5 9 14 24 30 33 36 

-2.3 0 0 0 0 0 0 0 1 2 3 7 13 21 34 43 48 52 

-2.0 0 0 0 0 0 0 0 1 2 4 ' 10 17 28 46 58 65 70 

-1.7 0 0 0 0 0 0 0 1 3 6 14 24 39 63 80 90 97 

-1.3 0 0 0 0 0 0 1 2 5 9 22 38 62 101 128 144 156 

-1.0 0 0 0 0 0 1 1- 3 7 14 31 55 89 146 184 208 226 

-0.7 0 0 0 0 0 1 2 4 10 19 44 77 124 204 258 292 319 

-0.3 0 0 0 0 1 1 2 7 14 28 64 111 180 . 297 376 426 467 

0.0 0 0 0 0 . 1 1 3 8 17 35 80 137 222 366 465 528 581 

0.3 0 0 o. 0 1 2 3 10 21 • 41 94 162 262 432 550 628 692 

0.7 0 0 0 0 1 2 4 12 25 50 113 193 312 516 659 755 834 

1.0 0 0 0 0 1 2 5 14 29 56 126 215 347 576 737 845 935 

1.3 0 0 0 0 1 2 5 16 33 63 140 238 384 637 818 939 1040 

1.7 0 0 0 0 1 3 6 19 38 72 158 268 432 717 922 1060 1180 

2.0 0 0 0 0 1 3 7 21 42 80 172 290 466 774 997 1150 1280 

2.3 0 0 0 1 1 3 8 24 47 87 186 313 501 831 1070 1240* 1380 

2.7 0 0 0 1 1 3 9 27 53 98 20*6 343 547 907 1170 1360 1520. 

3.0 0 0 0 1 2 4 10 30- 58 106 220 366 582 964 1250 1450 1620 

3.3 0 0 0 1 2 4 11 32 63 113 234 388 615 1020 1320 1540 1720 



TABLE IV 

Water vapor ~ carbon dioxide overlap quantity, Ac, for T « -40C. 

To obtain Ae, multiply values in table by 10""^ 

log u 

log h -3.7 -3.3 -3.0 -2.7 -2.3 -2.0 -1.7 -1.3 -1.0 -0.7 -0.3 0.0 0.3 0.7 1.0 1.3 1.7 

-4.0 0 0 0 0 0 0 0 0 1 1 2 3 5 8 9 10 11 

-3.7 0 0 0 0 0 0 0 0 1 1 3 5 7 11 13 15 16 

-3.3 0 0 0 0 0 0 0 1 1 2 4 7 11 17 20 23 24 

-3.0 0 0 0 • 0 0 0 0 1 2 3 6 10 14 22 27 30 33 

-2.7 0 0 0 0 0 0 0 1 2 4 8 13 19 29 36 40 43 

-2.3 0 0 0 0 0 0 1 2 3 6 12 ..18 28 43 53 59 63 

-2.0 0 0 0 0 0 0 1 2 4 8 16 25 37 58 71 79 85 

-1.7 0 0 0 0 0 0 1 3 6 11 22 34 52 81 99 110 119 

-1.3 0 0 0 0 0 1 2 5 10 18 35 56 84 130 160 178 192 

-1.0 0 0 0 0 0 1 ' 3 8 15 26 51 81 122 189 233 260 280 

-0.7 0 0 0 0 1 2 4 11 21 37 72 114 172 267 329 368 398 

-0.3 0 0 0 0 1 3 6 17 32 55 107 168 253. 392 484 543 588 

0.0 0 0 0 0 1 3 8 22 40 69 133 209 316 489 605 680 737 

. 0.3 0 0 0 0 2 4 10 26 48 83 159 250 377 584 723 815 885 

0.7 0 0 0 0 2 5 13 33 59 101 193 302 455 706 877 990 1080 

1.0 0 0 0 0 3 7 15 38 68 114 217 340 511 794 988 1120 1210 

1.3 0 0 0 1 3 8 18 44 77 128 243 380 571 886 1100 1250 1360 

1.7 0 0 0 1 4 10 22 52 90 149 278 434 650 1010 1260 1420 1540 

2.0 0 0 0 1 5 12 26 59 100 164 306 474 709 1100 1370 1550 1680 

2.3 0 0 0 1 6 15 30 66 111 181 333 515 767 1190 1480 1680 1830 

2.7 0 ' 0 0 1 7 17 35 76 125 202 369 568 844 1300 1630 1850 2010 

3.0 0 0 1 1 8 20 39 83 135 217 395 605 898 1390 1740 1980 2141 

3.3 0 0 1 2 9 21 42 89 145. 231 418 639 948 1460 1840 2090 2260 



TABLE V 

Water vapor ~ carbon dioxide overlap quantity, Ac, for T - -IOC. 

To obtain hz, multiply values in table by 10~4. 

log u 

log h -3.7 -3.3 -3.0 -2.7 -2.3 -2.0 -1.7 -1.3 -1.0 -0.7 -0.3 0.0 0.3 0.7 1.0 1.3 1.7 

-4.0 0 0 0 0 0 0 0 1 1 2 3 * 4 6 9 10 11 11 
-3.7 0 0 0 0 0 0 0 1 2 2 4 6 9 13 15 16 16 
-3.3 0 0 0 0 0 0 1 2 2 4 7 10 14 19 23 25 26 
-3.0 0 0 0 0 0 0 1 2 3 S 9 13 18 26 31 33 34 
-2.7 0 0 0 0 0 1 1 3 4 7 12 17 24 35 41 44 46 

-2.3 0 0 0 0 0 1 2 4 7 10 17 25 36 51 60 65 68 
-2.0 0 0 0 . 0 0 1 3 6 9 14 23 34 48 69 81 87 91 
-1.7 0 0 0 0 1 2 4 8 12 19 33 48 67 96 113 122 128 
-1.3 0 0 0 0 1 3 6 13 20 31 53 78 109 156 183 199 208 

-1.0 0 0 0 0 2 4 9 19 30 46 78 114 160 227 267 290 304 
-0.7 0 0 0 0 3 6 13 27 42 65 110 161 226 322 380 413 432 

-0.3 0 0 0 1 4 10 19 40 63 96 164 239 335 478 564 614 643 

0.0 0 0 0 1 5 13 25 50 79 121 206 300 421 600 709 773 810 

0.3 0 0 0 1 7 16 30 61 96 146 248 360 505 722 854 932 978 

0.7 0 0 1 2 9 20 38 75 117 179 303 440 617 882 1050 1140 1200 

1.0 0 0 1 3 11 24 43 86 133 203 343 498 697 998 1180 1300 1360 

1.3 0 0 1 3 13 28 50 97 150 228 385 558 781 1120 1330 1460 1520 
1.7 0 0 1 4 16 33 59 113 174 262 441 637 890 1270 1520 1660 1740 
2.0 0 0 2 5 19 38 66 125 191 288 483 696 971 1390 1650 1820 1900 

2.3 0 0 2 6 22 43 73 137 209 314 525 754 1050 1500 1790 1960 2050 

2.7 0 1 3 8 26 49 82 152 231 346 577 827 1150 1640 1960 2160 2250 
3.0 0 1 3 9 28 53 89 163 246 368 612 876 1220 1740 2080 2290 2390 
3.3 . 0 1 3 10 31 57 95 173 260 388 644 922 1280 1830 2190 2410 2520 



TABLE VI 

Water vapor ~ carbon dioxide overlap quantity, Ac, for T • 20C. 

To obtain Ac, multiply values in table by 10~^. 

log h 

log u 

log h -3.7 -3.3 -3.0 -2.7 -2.3 -2.0 -1.7 -1.3 -1.0 -0.7 -0.3 0.0 0.3 0.7 1.0 1.3 1.7 

-4.0 0 0 0 0 0 0 1 1 2 2 4 5 7 9 10 11 11 
-3.7 0 0 0 0 0 0 1 2 2 3 5 8 10 13 15 16 16 

-3.3 0 0 0 0 0 1 1 2 4 5 8 12 16 21 23 24 25 

-3.0 0 0 0 . 0 0 1 2 3 5 7 11 16 21 28 31 33 34 

-2.7 0 0 0 0 1. 1 2 4 7 9 15 21 CO
 

37 42 44 45 

-2.3 0 0 0 0 1 2 4 7 10 14 23 31 42 55 62 66 67 

-2.0 0 0 0 0 1 3 5 9 13 19 31 42 56 75 84 89 91 

-1.7 0 0 0 1 2 4 7 13 18 27 43 59 79 104 118 124 127 

-1.3 0 0 0 1 3 7 11 20 30 44 70 96 128 170 i92 202 207 

' -1.0 0 0 0 1 5 10 17 30 44 64 102 141 187 248 281 296 303 

-0.7 0 0 1 2 7 14 24 43 63 91 145 201 266 354 400 423 432 

-0.3 0 0 1 3 11 21 36 64 94 136 217 299 397. 528 598 633 647 

0.0 0 0 1 5. 14 27 46 81 119 172 274 378 502 668 758 803 821 

0.3 0 0 2 6 18 33 56 99 145- 209 332 458 608 810 920 975 997 

0.7 0 1 3 8 23 42 69 122 180 259 410 564 748 998 1140 . 1200 1230 

1.0 0 1 3 10 27 49 79 140 205 295 467 641 849 1130 1290 1370 1400 

1.3 0 ' 1 4 12 32 55 90 158 231 332 524 719 952 1270 1450 1540 1580 

1.7 0 2 5 15 38 65 104 181 266 381 600 820 1080 1450 1660 1760 1800 

2.0 0 2 7 17 42 72 115 199 291 417 654 893 1180 1580 1800 1920 1970 

2.-3 0 3 8 19 47 79 125 216 315 451 706 962 1270 1700 1940 2070 2120 

2.7 0 3 9 22 53 88 138 237 345 493 770 1050 1380 1850 2120 2270 2320 

3.0 0 4 10 24 57 94 147 251 365 521 813 1110 1460 1950 2240 2400 2460 

3 . 3  1 4 12 27 61 100 155 265 385 549 855 1160 1530 2050 2360 2520 2590 
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increases with both u and h. For fixed u and h, compari

son of the four tables shows that A.e increases with 

temperature. This effect traces physically to the 

increase of L with temperature in the wings of both the 

rotational band of water vapor and the 15 micron carbon 

dioxide band. The overlap correction, -Ae, for typical 

total water vapor and carbon dioxide optical thicknesses, 

is of the order of -0.05 to -0.10. 

It should be pointed out that the overlap correc

tion quantity Ae is not physically analogous to Elsasser 

and Culbertson's overlap correction, -AR. After treating 

water vapor as if the carbon dioxide were not present, 

they note that, instead of TpCl^O) , the transmissivity in 

Equation 02-41) should be written as XpfCC^) in 

the region of overlap. The quantity thus formed is defined 

as R , and -AR is defined by 
corr' J 

R - R = -AR . (2-56) 
corr 

Thus, for water vapor 

R - R„ „ = -ARtj ~ (2-57) 
corr "2 ^2 

and, 
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820 dF^tT) 

l2~ 540 
•ARj, 0=7 .  '  T

P^/U#T-) [1 " TF(n/h,T)] dn 

820 dF . CT) 
= / — E1 ~ TpCn,h,T)] dn 

540 Q1 . * . 

820 dF , CT) 
- / — [1 - T„(n,.u,T)] [1 - t„ (n ,h rT) ] dn 

540 ax * * 

RCO 2 

820 dF . CT) 
_ j — [i - t„ (n,u,T)] [1 - .xp(n,h,T) ] dn. 
540 a± r £ 

' * \ 

(2-58) 

The final term of Equation (2-58) is most nearly physically 

analogous to the -AE defined in this chapter, but the 

Elsasser and Culbertson correction also includes R , 

which is a much larger term. For very small amounts of 

water vapor, -AR^Q - and Roorr - . ̂ 0 + R̂ . 

The determination of a correction to the flux 

density on the basis of Elsasser and Culbertson's -AR 

appears to present great difficulties. Following their 

development, one would now express the flux density as 
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T T . 
dT' = / (R - AR) dT' (2-59) 

o 

As pointed out in the discussion associated with Equations 

(2-42) to C2-50J, the integral of R over temperature does 

not strictly yield flux density, although Elsasser and 

Culbertson arbitrarily set the integral up to -80C equal 

to flux density. They provide no information at all about 
i 

the integral of AR over temperature, but provide only 

values of -AR at 20C. Further discussion of Elsasser and 

Culbertson's overlap corrections goes beyond the scope of 

this paper. The point to be emphasized is that the defini

tion of overlap given in this paper is physically quite 

different from Elsasser and Culbertson's. 

Ozone Emissivity 

where values of L are obtained from Figure 16 and Table 9 

of Elsasser and Culbertson (I9 60). Then values of 

In the 9.6 micron and 9 micron bands (962.5 £ n 

1132.5 cm first data point at 965, last data point 

at 1130 cm of ozone 

[1 - TF(h0^L)] , (2-60) 



optical depth actually denoted hn L. The ratio in front 
3 

of the bracket of Equation C2-60) represents a correction 

factor introduced to adjust absorption for later data. 

A(hO »/*l(h0 > = °-90-
w 

Ozone emissivity as a function of temperature and 

optical depth is shown in Table VII and Figure 8. The 

percentage variation with temperature is very large, 

indicating that the computation of ozone flux density 

by means of isothermal emissivities would be subject to 

large errors if temperature in the vertical column varies 

substantially. The maximum observed total ozone is about 

0.45 cm, and the corresponding ozone flux emissivity is 

about 0.07 for 2 0C. 

Concluding Remarks 

The results presented above are the values of emis 

sivity for homogeneous layers of atmosphere implied by 

Elsasser and Culbertson's (19 60) treatment of the basic 

absorption data available at that time. The calculations 

presented here correct emissivities previously based on 

the Elsasser and Culbertson monograph. The separate con

tributions of the three spectral -regions of water vapor 

have been presented in order to facilitate comparisons 

with other work. 

The water vapor emissivities, e, calculated here 

exceed the erroneous e' by 10 to 15 percent at the higher 



TABLE VII ' 

Flux emissivities for ozone (percent) 

log hQ 
3 

-70C -40C -10C +20C 

-4.0 0.109 .0.155 0.191 0.214 

-3.7 0.167 0.239 0.300 0.340 

-3.3 0.284 0.412 0.520 0.594' 

-3.0 0.415 . 0.610 0.777 0. 896 

-2.7 0.588 0. 872 1.12 1.29 

-2.3 0.900 1.34 1.72 1.99 

I to
 

• o
 

1.20 1.79 2.30 2.6 8 

-1.7 1.53 2.31 2.99 3.51 

-1.3 1.99 3.03 3.97 4.71 

-1.0 2.30 3.54 4.66 5.55 

-0.7 2.59 4.01 5.30 6.33 

-0.3 2.97 4.60 6.10 7.29 

o
 

.
 

o
 3.24 5.02 6.64 7.93 

0.3 3.47 5.36 7.08 8.43 

0.7 3.71 5.68 7.47 8. 84 

1.0 3. 83 5.84 7.65 9.03 
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Fig. 8. Ozone emissivity for T = +20, 
emissivity e' for T = +20C. 

-10, -40, and -70C, and the incorrect 
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temperatures over a wide range of optical depths. It fol

lows that the use of £1 underestimates downward flux density 

at the surface by 10 to 15 percent. The errors in upward 

and net upward radiation are more difficult to analyze 

without making actual computations; however, it appears 

that use of ef overestimates the net upward water vapor 

radiation at the top of the atmosphere, as well as at the 

surface, but more so at the surface. Thus the cooling 

rate, which depends on the gradient of the net radiation, 

would be underestimated by use of e1. These inferences 

are consistent with recent calculations of downward flux 

density and cooling by Sasamori (19 6 8). He found that 

use of Elsasser and Culbertson's radiation tables led 

to downward flux densities and cooling rates which were 

of the order of 15 percent smaller than observations and 

certain calculations based on other methods. However, 

the comparison cannot be pushed very far, since the con

tributions by ozone, carbon dioxide, and by overlap were 

not discussed by Sasamori, and observations of downward 

flux density presently available are subject to errors of 

the order of the discrepancies between the various calcu

lations. In addition, it is not entirely clear that the 

error in Elsasser and Culbertson's chart areas leads 

ultimately to precisely the same consequences in terms 
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of net radiation and cooling rates as does the error in 

emissivity. Further attention will be given to the effect 

of errors in emissivity values upon flux densities and 

cooling rates in a later chapter. 



CHAPTER. Ill 

IMPROVED WATER VAPOR EMISSIVITIES 

In this chapter emissivities for water vapor will 

be computed based upon the quasi-random model of an 

absorption band. This model is an improvement over pre

vious band models, and represents a combination of features 

from the regular model proposed by Elsasser (19 42) and the 

random band model credited to Goody (,1952a) . The computa

tions of emissivity utilize data on the absorption 

spectrum of water vapor from Wyatt, Stull, and Plass 

(1962) and from Davis and Viezee (1964). These data 

enable one to obtain emissivities which are explicitly 

dependent upon pressure and temperature, as well as upon 

optical thickness, allowing estimates to be made of the 

importance of properly taking into account the actual 

variation of absorption coefficients with pressure and 

temperature. Finally, a comparison will be made between 

these results and the emissivity values obtained in the 

last chapter from the Elsasser and Culbertson (1960) 

monograph. 
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The Transmissivity Data 

The Diffusion Factor 

In chapter II we derived an expression, Equation 

(2-21), for the flux emissivity, eF(u,T), of an isother

mal layer of optical thickness u at a temperature T. 

(Note that the value of u was adjusted to account for 

non-standard values of pressure.) In the same manner, 

one can obtain an expression for the emissivity of a 

column having an optical path length x and at a pressure 

p and temperature T; this quantity, e(x,p,T), applies to 

a single beam of radiation, and is given by. 

e(x,p,T) = -2^ /~ I (T) [1 - t Cx,p,T)] dn , (3-
aT o 

where xn(x,p,T) is the transmissivity of a column of 

optical path length x, at a pressure p (now shown 

explicitly) and temperature T. The data utilized in 

this chapter give values of xn(x,p,T), allowing the 

computation of e(x,p,T). However, the emission of a 

layex of optical thickness u is specified in terms of 

a flux emissivity EpCu,p,T), as seen in Equation (2-21). 

If we let x in Equation (.3-1) equal u sec9, the optical 

path traveled by a beam of radiation passing through the 

layer at a zenith angle 6, the relation between flux 
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emissivity, or slab emissivity as it is often referred to 

since it represents the emissivity of a slab, and column 

emissivity can be shown (Elsasser and Culbertson, 1960) 

to be 

£FCu,p,T) = 2 J77/2 e (u sec0,p,T) sine cos0 d0 . (3-2) 
o 

Equation (3-2) cannot be evaluated exactly, and 

has been the subject of many papers concerned with approxi

mate means of solution. The simplest approximation 

relating slab and column emissivities was first proposed 

by Elsasser (1942), and is 

epCu,p,T) = e (1.66u,p,'T) . (3-3) 

In a recent study, Rodgers and Walshaw (1966) compared 

the results obtained using Equation (3-3) with those 

obtained using a considerably more complex means of 

approximating Equation (3-2); they concluded that this 

approximation is remarkably accurate, with relative errors 

in atmospheric heating rates never exceeding 1.5 percent. 

Goody (19 64) also notes that this technique is of 

sufficient accuracy for atmospheric computations. For 

our purposes, then, the column emissivities computed in 

this chapter will be converted by Equation (3-3) into 
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slab emissivities for subsequent calculations of flux 

densities and heating rates. 

The Band Model 

Because of the complex and rapid variations of 

the water vapor absorption spectrum, the evaluation of 

Equation C3-1) requires one to divide the spectrum into 

a number of intervals within which the black-body 

emission function and the transmissivity can be repre

sented by average values .• The integration can then be 

performed numerically using 

eCu,p,T) = I i±b (T) [1 - t± Cu,p,T) ] An^ , (3-4) 

i 

where and tT are representative average values of the 

Planck function and transmissivity in the i spectral 

interval, and are assumed to be uncorrelated with each 

other. The Planck function offers no difficulty; however, 

the calculation of transmissivities averaged over spectral 

intervals of finite size depends directly upon the band 

model chosen to represent the properties of the spectral 

lines. The first model proposed to represent a series of 

spectral lines was the Elsasser model (Elsasser, 1942), 

consisting of an infinite array of lines of equal inten

sity, spaced at equal intervals. This model was adaptable 

to mathematical treatment and has formed the basis for 
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many studies of the atmosphere's radiative properties. 

Yamaraoto (1952) improved upon Elsasser's radiation chart 

by introducing generalized absorption coefficients which 

varied with temperature, still within the framework of 

the Elsasser band model. A study by Cowling (1950) of 

several spectral intervals in the pure rotation band 

of water vapor led Goody (1952a) to conclude that "the 

only common.feature of these ranges is a nearly random 

distribution of line intensities and positions." He there

fore proposed the statistical model of a water vapor 

absorption band, a model based upon the assumption that 

each line lying within a specified spectral interval has 

an equal probability of being centered at any given point 

within the interval. An expression for the transmissivity 

averaged over the interval can then be derived from prob

ability theory. This is certainly a more satisfying 

mathematical representation than the regular model of 

Elsasser, which is belied by observations. 

The weakness of a random model is that we know 

that a given interval is usually characterized by rela

tively few strong lines whose positions are fairly well 

localized. A logical improvement would be a model which 

would restrict the locations of the stronger lines, thus 

taking into account their positions relative to each 

other and giving a better representation of the 
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transmissivity averaged over the spectral interval. Wyatt, 

Stull, and Plass (1962) assigned the name quasi-random 

model to a model having the following main features. 

Average transmissivities are calculated for spectral 

intervals of width An. The stronger spectral lines within 

a given interval are restricted to a subinterval of width 

D, where D<<An, within which the lines are allowed to be 

randomly arranged. The average transmission over An can 

then be obtained by averaging over the various subinter-

vals. Within each spectral interval the lines are divided 

into five subgroups according to intensity, and the 

average intensity of the lines within each subgroup is 

then computed. The actual range of intensities is con

siderably. different for intervals containing strong lines 

than for intervals populated only by weak lines, the ad

vantage of this method being that it accurately represents 

the distribution of line strengths across the whole 

spectrum by combining the contributions of both strong 

and weak lines. The contribution from the wings of lines 

whose centers are located outside a given interval is 

taken into account in the same detailed manner used for 

the direct contribution from lines centered within the 

interval of interest. The wing contribution is also taken 

into account in the regular model by extending the 
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spectrum of evenly-spaced. lines f itom -« to +°°, but is 

completely ignored in the Goody random model. 

Averaged Transmissivities 

Using the quasi-random model of an absorption band 

and the Lorentz form for the shape of individual spectral 

lines, Wyatt, Stull^-and Plass (19 62) have computed trans

missivities averaged over finite spectral intervals for 

the vibration-rotation band of water vapor. Their results 

are used in the present study for the spectral region 

from 1200 to 5000 cm""**. Values of averaged transmissivity 

for the pure rotation region, from 25 to 800 cm and 

the window region, from 800 to 1200 cm*"\ were taken from 

Davis and Viezee (19 64), who fitted empirical formulae to 

measurements in these two spectral regions. 

Wyatt, Stull, and Plass (19 62) calculated values 

of the averaged transmissivity using an equation of the 

form 

T-s a ~ 11 I ir~ / exp[-k. (n) u] dn] , (3-5) 
x'a j=l\ i D± -1 I 

th 
where t. , is the transmissivity, averaged over the i 

1 /d 

spectral interval of width D^, due to lines centered 

within that interval. The subscript d stands for the 

direct contribution to as opposed to the contribu

tion from the wings of lines centered outside the 
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interval. The subscript j denotes one of the five inten

sity subranges Cdecades), containing N^ lines, contributing 

to the transmissivity in the i spectral interval; test 

calculations showed that only lines having intensities 

within the first five intensity decades of the peak value 

occurring in a given frequency interval affect the 

averaged transmissivity of that spectral interval. The 

integral of Equation (3-5) represents the transmissivity, 

over the interval of finite width D^, of a single line 

representative of the average intensity for the j 

intensity decade. Since the integral is the same for all 

Nj lines within that intensity decade, the transmissivity 

of all Nj lines is obtained by raising the value for a 

single line to the power N^. This expression for a 

single intensity, decade results .directly from the random 

band model formulated by Goody (19 52a). The total trans

missivity over the spectral interval is finally 

obtained by taking the product of the transmissivities 

for each of the five intensity decades influencing the 

mean transmission within D^. 

Computation of the integrals in Equation (3-5) re

quires values for the line strength S of all lines in each 

spectral interval. It can be shown (Herzberg, 1945) that 

the strength of a line for a transition between energy 

states corresponding to a frequency v is given by 
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S " — 8ir3vN g(E) exp (-E/kT) [M|2 [1 - exp(,-hv/kT) ] , (3-6) 
3hc Q 

where E is the sum of the vibrational and rotational 

energies of the initial state, g(E) is the degeneracy of 

the initial state resulting from symmetry properties of 

the molecule, Q is the partition function of the molecule, 

that is, the sum of the Boltzmann factors of all possible 

energy states, M is the matrix element of the dipole 

moment corresponding to the particular transition, and 

the final bracketed term arises from induced emission 

caused by the interaction between molecules and the radia

tion field (Goody, 19 6 4). In the region of the spectrum 

and at temperatures of interest to this study, exp(-hv/kT) 

is much less than one and may be ignored. Further, Wyatt, 

Stull, and Plass C1962) assume that for temperatures at 

or below 300K interactions between vibration and rotation 

modes may be ignored. With these simplifications, we can 

write: 

S « 8TT3VN g(E) expC-E„/kT) | v j 2  exp(-E_/kT) R , (3-7) 
3hc Q 

where Ev and Er are the vibrational and rotational energies, 

respectively, V is the purely vibrational matrix element, 

and R is the square of the pure rotation matrix element. 
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Values of R are tabulated by Herzberg (19 45); however, 

the complex nature of polyatomic molecules such as water 

vapor has prevented the derivation of the vibrational 

matrix elements and forced Wyatt, Stull, and Plass (1962) 

to a semi-empirical method of obtaining line strengths. 

Values of relative line strengths for many of the 

vibrational transitions have been measured in several 

high resolution studies (Benedict, 19 48a, 19 4 8b; Benedict, 

Claassen, and Shaw, 1952? and Benedict, Gailar, and 

Plyler, 1956). Analyses of the results of the above 

studies by their authors and by Goody (.19 64) indicate 

relative strengths accurate to two, and' sometimes three, 

significant digits are obtainable. Wyatt, Stull, and 

Plass C19 62) obtained vaiues of relative strengths for 

transitions not included in the above studies from 

empirical selection rules given by Herzberg (1945). 

Absolute measurements of transmissivity integrated 

over large (400 cm "*") spectral intervals have been made 

by Burch, et al, (1962). These measurements show that 

the water vapor vibrational bands may be divided into 

essentially seven spectral regions, each of which is 

characterized by one or two relatively strong vibrational 

transitions. Wyatt, Stull, and Plass (19 62) therefore 

calculated relative values of averaged transmissivity 

for each of these spectral regions for various 
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combinations of pressure and optical thickness correspond

ing to the measurements of Burch, et al. Then, using a 

least squares fit, Wyatt, Stull, and Plass computed 

normalization constants for each of the spectral regions 

and adjusted each individual line strength by the proper 

constant to yield absolute values. This procedure was 

carried out so as to obtain normalization constants 

having three significant digits. 

Wyatt, Stull, and Plass were then able to compute 

transmissivities, averaged over finite spectral intervals, 

resulting from the lines centered within each particular 

interval. A second-order contribution arises, however, 

from the presence of the wings of lines centered outside 

a given interval. This factor has been ignored in the 

random model (Goody, 1952a) but is taken into account in 

the Elsasser model (Elsasser, 1942) of identical lines 

extending to infinity on both sides of a given line 

center. The same detailed approach used to obtain the 

direct contribution was employed by Wyatt, Stull, and 

Plass (19 62) to calculate the contributions from lines 

centered outside a specific interval. The total averaged 
. L U  

transmissivity in the i spectral interval becomes 

M 
T .  , T T T ,  ( 3 - 8 )  
i,total i,d „ , m ' m=l 



where T . .  . i s  t h e  d i r e c t  c o n t r i b u t i o n  f r o m  l i n e s  c e n t e r e d  
i,d 

within interval i, as given by Equation (3-5), and Tm is 

the transmissivity averaged over contributions from the 

m neighboring interval of which M contribute signifi-

cantly to the transmissivity of the i interval. It was 

found that ordinarily only a few terms in the product of 

Equation (3-8) needed to be taken into account. 

The computational method employed by Wyatt, Stull 

and Plass (1962} assured an accuracy of 0,001 in the 

averaged transmissivity for a spectral interval, assuming 

perfect data; contributions from the wings of lines 

centered outside the interval of interest were carried 

out for frequencies further and further away, until the 

contributions to the transmissivity exceeded 0.999. 

The limiting factor in their results appears to be the 

accuracy of the experimentally derived line strengths. 

As mentioned above, these were ordinarily accurate to 

only two significant digits, and therefore the third 
i  

digit of the averaged transmissivity must be considered 

doubtful. The data chosen for the present study are 

transmissivities averaged over 50 cm ^ intervals and 

tabulated every 25 cm from 1200 to 5000 cm values 

are available'for the three temperatures 200, 250, and 

300K, for a series of pressures from 1.0 to 0.01 atm, 

and optical thicknesses from 0.001 to 50 cm. 
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Values of spectrally averaged transmissivities for 

wavenumbers less than 1200 cm ^ have been obtained from 

the detailed study by Davis and Viezee . (19 64), in which 

empirical formulas were fitted to the data of Roach and 

Goody (195 8) in the window region, 800 to 1200 cm~\ and 

to the data of Palmer (1960) and Yamamoto and Onishi 

(1949) for the pure rotation band extending from 25 to 

800 cm"'''. The .two expressions are 

a 
lnT = -CknuP) n (3-9) 

for the window region, and 

n 1 b _ _ b 
lnT = -BP ' L ut n (1 + 3.17BP * L ut n)~2 (3-10) 

n n 

for the pure rotation band. P = p/p„ and t = T/T are 
S  , 5  

ratios of pressure and temperature to standard values, 

while k , a , L . and b are parameters which vary from 
n n n n c 

2 h 
one interval to another and B = 0.76 + (0.58 + 0.48P ) . 

The accuracy of these data and the curve-fitting tech

niques of Davis and Viezee (.1964) assure two significant 

digits in the resultant values of averaged transmissivity. 

For the present study values of the wavenumber-dependent 

parameters were used to compute averaged transmissivities 

at 25 cm"""'' intervals from 25 to 1200 cm ^ for the same 

ranges of pressure, temperature, and optical thickness 

used in the Wyatt, Stull, and Plass (1962) data. 
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We have performed calculations of spectrally 

averaged emissivities using Equation (3-4) and the data 

described above. The computations were performed on a 

Control Data Corporation 6400 digital computer using a 

value for An^ of 1 cm""*" over the :complete interval of 

integration in order to assure an accurate description 

of the Planck function. A check of the accuracy of this 

spacing was made by setting all values of equal to zero; 

— 6  
the computed emissivity was then within 10 of the 

expected value of unity. Values of ,t\ were obtained at 

1 crn"^" intervals by interpolating between the data points 

spaced 25 cra""^ apart; the interpolation technique was 

tested and found to be sufficiently accurate to achieve 

four digit accuracy in the integrated emissivities. In 

view of the accuracy limitations of the line strength 

data, the third significant digit of the integrated 

emissivities must be considered to be in doubt. 

Results 

The calculated values of e(u,p,T) are listed in 

Table VIII. The ranges of optical thickness, pressure, 

and temperature are large enough to allow computations 

of flux densities and heating rates throughout the 

troposphere and stratosphere. 



TABLE VIII 

Column emissivities (multiplied by 10^) calculated from Equation (3—4) 

T 

(°K) 

P 

(atm) 

Optical thickness (cm) 
T 

(°K) 

P 

(atm) .001 .002 .005 .01 .02 .05 .1 .2 .5 1 2 ' 5 10 20 50 

200 1.00 123 165 228 281 336 413 476 541 631 700 767 854 914 961 993 
0.50 099 134 192 242 295 369 428 490 574 639 704 790 853 913 972 
0.20 074 102 149 193 242 312 368 425 503 564 627 710 774 837 915 
0.10 058 080 120 158 202 268 322 377 452 510 571 653 715 778 860 
0.05 045 062 094 126 164 225 275 328 401 458 517 597 658 721 802 
0.02 031 044 067 090 120 170 215 265 334 389 445 522 582 643 724 
0.01 023 033 051 069" 094 136 175 221 288 341 396 471 530 590 671 

250 1.00 092 126 179 225 274 343 401 461 547 617 691 796 876 944 990 
0.50 074 102 149 191 237 304 358 414 493 556 622 718 •796 876 960 
0.20 055 077 115 150 191 253 303 355 428 485 545 629 699 774 878 
0.10 043 061 092 122 158 214 261 311 380 434 491 570 634 703 803 
0.05 034 047 072 097 127 177 220 267 333 385 440 515 575 639 730 
0.02 023 033 050 069 093 133 170 212 273 323 375 446 ' 503 562 645 
0.01 017 025 038 052 071 105 136 174 231 278 327 396 451 508 586 

300 1.00 078 108 156 199 245 312 367 424 507 575 650 764 854 933 988 
0.50 062 087 129 167 210 274 326 380 455 516 581 680 765 854 952 
0.20 046 065 098 130 167 225 273 323 393 448 505 588 660 741 857 
0.10 036 . 051 078 104 137 188 233 280 347 399 453 530 593 664 772 
0.05 028 039 060 082 109 154 194' 238 301 351 404 476 534 597 692 
0.02 019 027 042 058 079 114 147 186 243 291 340 409 463 520 602 
0.01 014 020 032 044 060 089 117 150 203 247 294 361 413 467 543 
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Temperature Dependence 

The slab emissivities corresponding to the data 

of Table VIII are plotted in Figure 9 for a pressure of 
% 

one atmosphere and for the two temperatures 20OK and 

300K; the abscissa is the logarithm (to the base 10) of 

optical thickness u. We see that for all values of u 

the emissivities are higher for T = 200K. As we saw in 

Figure 2, the strong water vapor rotation bands lie at 

long wavelengths (short wavenumbers), and since the 

Planfck function shifts toward longer wavelengths with 

decreasing temperature one would expect water vapor 

emissivities to increase with decreasing temperature 

because of this factor. 

Absorption coefficients having the Lorentz line 

shape of Equation (2-26) will depend upon temperature 

both through the line strength, S, as discussed above, 

and through the half-width, aL, as seen from Equation 

(2-27). A comparison between the influence of these 

factors upon emissivity variations with temperature and 

the variations caused by temperature changes in the 

Planck function has been made by computing two curves for ' 

T = 200K, using the same set of transmissivity data for 

T = 300K. The dotted curve represents the change from the 

T = 300K curve caused solely by the Planck function 

changes. The fact that this curve lies above the correct 
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200K curve reflects an overall increase of the absorption 

coefficients with increasing temperature. This must be 

attributed to the line strengths which are seen from 

experimental data to increase in most cases as temperature 

increases, rather than to the temperature dependence of 

half-width, which would cause the opposite effect. The 

differences between the two curves for 20OK are compared 

in Table IX, where one sees that emissivity differences 

as large as 0.06 are introduced by ignoring the tempera

ture dependence of-the absorption coefficients. The 

relative errors are greatest, at small optical thicknesses, 

a fact of considerable importance because it has been 

found to be generally true that a large fraction of the 

flux density received at a given level in the atmosphere 

has originated in layers a relatively small optical 

distance away. As a result, one must conclude that the 

temperature dependence of the absorption coefficients 

plays an important role in calculations of the transfer 

of infrared radiation by atmospheric water vapor; the 

magnitude of this effect will be estimated in the next 

chapter. 

Pressure Dependence 

The variation with pressure of slab emissivity 

values taken from Table VIII is shown in Figure 10 for a 
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. TABLE IX 
t  

Evaluation of the importance of the temperature 
changes in the absorption coefficients 

Entries are slab emissivities shown in Figure 9 
for p = 1 atmosphere•and T =. 200K., 

u 

(cm) esolid .edotted 
'differ

ence 

percent 
differ
ence 

0.001 0.153 0.188 0.035 22.9 

0.002 0.199 0.244 0.045 22.6 

0.005 0.266 0.323 0.057 21.4 

o.oi • 0.321 0.383 0.062 19.3 

0.02 0.378 0.442 0.064 16.9 

0.05 0.459 0.519 0.060 1-3:1 

0.1 0.524 0.577 0.053 10.1 

0.2 0.591 0.635 0.044 7.4 

0.5 0.681 0.712 . ,0.031 4.6 

H
 

•
 
O
 

0.749 0.770 0.021 2.8 

2.0 0. 816 0.828 0.012 1.5 

5.0 0.899 0.903 0.004 0.4 

H
 

O
 

•
 
O
 

0.951 0.952 0.001 0.1 

20.0 0.983 0.983 0.000 0.0 
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temperature of 30OK. As we saw in the last chapter, the . 

pressure dependence of the absorption coefficients is 

often taken into account by using data at a single standard 

pressure value and then scaling optical thickness by a 

factor linearly proportional to the true pressure. Thus, 

it is possible to generate curves of emissivity versus 

optical thickness for any pressure value from data at a 

single pressure by using an expression of the form 

e(u,p,T) = e(up/po,po,T) . (3-11) 

In order to assess the accuracy of this method of approxi

mating pressure variations, we have let pQ equal one 

atmosphere and have computed emissivity values for pres

sures of 0.5 and 0.05 atm, corresponding to levels in the 

middle troposphere and near 20 km, respectively. The upper 

dashed curve in Figure 10 corresponds to the 0.5 atm 

values, while the lower dashed curve shows the values for 

0.05 atm. The results, labeled e
scaie(q/ are presented in 

Table X and are compared there with the values, labeled e, 

from Figure 10. It is seen that scaling the optical 

thickness to account for pressure variations in the absorp

tion coefficients underestimates the emissivity, the size 

of the differences increasing as pressure decreases. One 

must conclude that errors are introduced into flux density 



TABLE X 

Differences in slab emissivity for T = 300K caused by scaling optical thickness 
to account for pressure variations of absorption coefficients. 

u 
For p = 0.50 atmosphere For p = 0.05 atmosphere 

(cm) 
e 

. Escaled 
change percent 

change 
e 

escaled 
change percent 

change 

0.001 0.080. 0.068 -0.012 -15.0 0.036 0.008 -0.028 -77.8 

0.002 0.109 0.099 -0.010 - 9.2 0.050 0.016 -0.034 -68.0 

0.005 0.156 0.146 -0.010 - 6.4 0.076 0.038 -0.038 -50.0 

0.01 0.19 8 0.187 -0.011 - 5.6 0.101 0.068 -0.033 -32.7 

0.02 0.245 0.233 -0.012 - 4.9 0.133 0.099 -0.034 -25.6 

0.05 0.311 0.298 -0.013 •- 4.2 0.183 0.146 -0.037 -20.2 

0.1 0.365 0.352 -0.013 3.6 ' 0.226 0.187 -0.039 -17.3 

0.2 0.421 0.408 -0.013 - 3.1 0.272 0.233 -0.039 -14.3 

0.5 0.499 0.489 -0.010 - 2.0 0.338 0.29 8 -0.040 -11.8 

1.0 0.563 0.556 -0.007 - 1.2 0.390 0.352 -0.038 - 9.7 

2.0 0.634 0.629 -0.005 - 0.8 0.443 0.408 -0.035 - 7.9 

5.0 0.742 0.740 -0.002 - 0.3 0.518 0.489 -0.029 - 5.6 

j-
J
 

o
 

0
 o
 

0.832 0.831 -0.001 . - 0.1 0.579 0.556 -0.023 - 4.0 

20.0 0.911 0.915 0.004 0.4 0.648 0.629 -0.019 - 2.9 
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and heating rate calculations by this approximation and 

that more realistic studies of radiative transfer in the 

atmosphere will result from the use of the improved 

emissivity values. 

It is possible to determine empirically a scaling 

factor for optical thickness such that the computed 

emissivity values are obtained. An expression of the form 

e(u,p,T) = e[u(p/po)n,po,T] (3-12) 

was used for the slab emissivities of this study, the value 

of n being chosen so as to achieve equality of the two 

sides of the above equation, pQ being one atmosphere. The 

values of n derived in this manner are given in Table XI. 

The variation of n with pressure and temperature is small 

compared with the marked increase of n from small to large 

optical thicknesses. It is clear from Table XI that de

partures from the linear pressure scaling approximation 

are large, especially at small values of optical thickness. 

In an attempt to better understand the factors 

leading to the observed departures of the pressure-scaling 

technique from the computed emissivities, let us consider 

a quantity somewhat more basic than the emissivity. This 

is the mean transmissivity of an absorption band using no 

weighting function, defined by 



TABLE XI 

Values of n such that e[u,p,T] equals e[u(p/p )nfp ,T] 

for water vapor slab emissivities, where pQ = 1 atmosphere 

Obtain n from the table by multiplying values by 10 •. 

T 

(°K) 

P 

(atm) 

Optical Thickness (cm) T 

(°K) 

P 

(atm) 
.001 .002 .005 .01 .02 .05 .1 .2 .5 1 2 5 10 20 

200 0.50 694 724 739 739 738 747 773 813 880 926 '966 1002 1008 1048 
0.20 662 704 737 745 749 755 770 797 843 880 914 951 973 993 
0.10 666 700 741 758 766 773 783 800 832 861 889 923 945 966 
0.05 675 702 742 767 780 791 797 807 828 849 872 902 923 943 
0.02 692 712 743 770 792 809 817 823 835 848 865 890 908 926 
0.01 703 720 743 765 788 811 821 827 834 . 842 853 872 888 904 

250 0.50 663 700 730 737 736 743 762 794 859 911 953 991 1000 1052 
0.20 641 685 725 738 746 753 765 787 829 868 906 948 972 994 
0.10 644 680 728 748 760 771 780 795 823 851 882 921 946 968 
0.05 654 684 727 755 772 787 796 805 825 843 866 899 924 945 
0.02 669 693 727 755 780 801 811 819 829 841 856 880 900 920 
0.01 681 701 729 753 778 804 817 825 835 843 853 870 886 904 

300 0.50 648 692 731 743 743 746 756 784 843 896 941 982 992 1049 
0.20 629 679 724 743 754 760 768 785 821 859 899 943 969 992 
0.10 ' 633 675 725 749 765 778 786 798 821 847 878 918 945 968 
0.05 643 677 723 754 774 793 802 811 827 844 864 898 923 945 
0.02 657 684 721 752 779 803 816 825 837 847 859 880 900 920 
0.01 667 690 722 749 776 805 820 832 843 850 859 874 888 906 



Tbanal?'p'T) - BT Utl *(n,u,p,T) dn . 

Band transmissivities for a temperature of 300K have been 

computed for a variety of pressures, and are displayed 

in Figures 11 and 12 for the rotation band and 6.3 micron 

band, respectively. The solid lines in these figures have 

been computed from the pressure-dependent data used in 

this study, while the dashed lines have been obtained by 

scaling the transmissivities at one atmosphere of pressure 

to the particular pressure desired. No corresponding 

figure is shown for the window region because, as seen 

from Equation (3-9), the transmissivities for that spectral 

interval have been fitted to an expression involving the 

product uP. Consequently, the computed values of band 

transmissivity in the window region will vary with pressure 

in.the same manner as if they were obtained by scaling. 

The measurements of Roach and Goody (195 8) in this spectral 

region show that the absorption has essentially a continuum

like nature which can be attributed to attenuation by the 

wings of distant strong lines centered in the rotational 

and 6.3 micron bands. They state that a detailed treatment 

of pressure effects will be identical to the pressure-

scaling approximation, and, as a result, we shall study 

departures from pressure scaling only in the rotation and 

6.3 micron bands themselves. 

95 

(3-13) 
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Analysis of the transmissivity values displayed 

in Figures 11 and 12 reveals that, for pressures greater 

than 0.1 atm, or 100 mb, differences between the computed 

values and the pressure-scaled values do not exceed 10 

percent *±n either band; the differences vary between 2 

and 10 percent and are somewhat larger in the rotation 

band. The greatest absolute differences are found at 

small optical thicknesses, the pressure-scaled transmis-

sivities exceeding the computed values by as much as 

0.08 in the rotation band and 0.03 in the €.3 micron band 

near an optical thickness of 0.001 cm. For pressures 

less than 0.1 atm and temperatures representative of the 

lower stratosphere, differences between the computed and 

scaled values are approximately three times greater in 

the rotation band than in the 6.3 micron band. Since the 

bulk of the atmospheric emission at such temperatures 

arises in the rotation band, these differences are 

especially significant. Further, they are primarily 

responsible for the large relative errors observed in 

Table X for total emi&sivities at low pressures; at small 

optical thicknesses, a difference in emissivity of 0.03 

represents a very large percent difference, since the 

total emission is small. The above considerations point 

out the difficulty in applying -the pressure scaling 

technique derived from the regular band model of Elsasser 



to the actual water vapor spectrum* as treated here with 

the quasi-random band model. When the distributions of 

line strengths and positions are taken into account, 

spectrally averaged emissivities simply do not vary in 

that manner. 

Comparison with Elsasser and Culbertson Emissivities 

The results of the present study are compared in 

Figures 13 and 14 with the emissivities obtained in the 

last chapter front the Elsasser and Culbertson monograph 

(1960). In order to aid comparisons, the contributions 

of the different spectral regions to the total emissivity 

are shown for both sets of results, and the values of this 

study have been interpolated for temperatures of 293K and 

20 3K, the extreme values for which data were available 

from the Elsasser and Culbertson study. All values are 

for a pressure of one atmosphere. 

Let us first consider the emissivities for 20C 

in Figure 13. The values from the present study in both 

the rotation and 6.3 micron band are smaller than those 

from Elsasser and Culbertson for u less than 0.1 cm, the 

largest differences of 0,02 occurring at 0.001 cm. For 

values of u greater than 0.1 cm, the two sets of values 

are nearly equal in the rotation and 6.3 micron bands, 

Rkwever, the emissivity values in the window region, which 
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build up rapidly for optical thicknesses greater than 

0.1 cm, are greater by approximately 0.02 in the present 

study for that optical thickness region. As a result, 

total emissivities from the present study are greater 

than the Elsasser and Culbertson values at large optical 

thicknesses and less than those values at small optical 

thicknesses, the largest differences occurring at small 

values of u. 

Now consider Figure 14, in which temperature , 

equals -70C; we see that the 6.3 micron band is of little 

importance while emissivities in the rotation band have 

. increased from their values at 20C because of the shift 

of the Planck function away from the 6.3 micron band and 

toward the rotation band with decreasing temperature. 

The emissivities obtained from Elsasser and Culbertson's 

data are much smaller in both the rotation band and 

window region beyond 0.01 cm. The over-all agreement 

between the two sets of values is seen to be much poorer 

at -70C than at 20C; average relative differences between 

total emissivity at a given value of u are 2.9 times 

greater at -7(tC than at 20C, The rotation band is the 

spectral interval where the relative differences are 

greatest, the average relative difference being 6.4 times 

greater at -70C than at 20C, 
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The band transmissivities of the different spectral 

regions have been computed using Equation (.3-13) for both 

sets of data, and are displayed in Figures 15 and 16. In 

particular, let us examine the temperature variations of 

band transmissivities in the rotation and 6.3 micron bands 

for the two cases. We shall not concern ourselves with 

the window region, since the transmissivities of this 

study do not vary with temperature in that region, as can 

be seen from Equation (.3-9) , while Elsasser and Culbertson's 

temperature-dependent absorption coefficients in the window 

region are simply arbitrary extrapolations of their rota

tion and 6.3 micron band data. Roach and Goody (1958), 

upon whose measurements the window region data of this 

study are based, point out that there should be practically 

no variation of absorption with temperature in this spec

tral region, since the absorption is attributed to the 

wings of very strong distant lines. As a result, we shall 

confine our discussion to the rotation and 6.3 micron 

bands. 

The rotation band transmissivity of both studies 

is seen to increase as temperature decreases for all 

values of u, the increases for u greater than 0.1 cm being 

several times larger in Figure 16 than in Figure 15. In 

the 6.3 micron band, transmissivities are also greater 

at low temperature for large values of u; however, at 
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small values of u this trend reverses and transmissivity 

increases as temperature increases, the crossover point 

—2 
occurring near u = 10 cm in Figure 15 and near — 4 
u - 2x10 cm in Figure 16. As was seen in the rotation 

band, the increase of transmissivity with decreasing • 

temperature for large u is considerably greater in the 

Elsasser and Culbertson values. 

The above relationships can be understood quali

tatively in terms of the expression for transmissivity, 

x = exp(-ku); the absorption coefficient k for the Lorentz 

line shape is given by 

k
L - I n .aL. a ' <3"14) 

(n - n ) + aT o L • 

where both the line strength S and the half-width aL are 

functions of temperature. We saw earlier in Equation 

—0 5 
(2-27) that otr varies as T " . The temperature dependence 

L 

of S can be represented from equation (3-7) as 

S(T) = exp(-b/T) , (3-15) 

where Q(T) is the partition function and a" and b depend 

upon frequency but not upon temperature. Herzberg (19 45) 

neglects any interaction between molecular vibrations arid 

rotations, allowing one to write Q(T) as the product QvQr/ 
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where Qv and Qr are the purely vibrational and rotational 

partition functions, respectively. He then derives the 

following expressions: 

Q,_ = II [1 - exp(-hv.AT)] (3-16) 
V i=l x 

00 +J ~ 
Q = I £ (2J+1) exp (- [BJ (J+l) + (A-B)K ]hc/kT) , 
r J=0 K=-J 

(3-17) 

where the are the frequencies of the fundamental modes 

of vibration, J and K are rotational quantum numbers, 

and A and B are rotational constants of the molecule appro

priate to the rigid symmetric top approximation to the 

water vapor molecule. According to Herzberg (19 45), . 

Equation (3-17) for Qr can be replaced for all but extreme

ly low temperatures by the expansion 

fshct 
Qr = exP [ffir] 

tt kT 

hc 
1 + I?l 1_ tl III2 

+ -2— |i- S]2 [SJleV 
480 \  A  \ k T  J  ] (3-18) 
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We have evaluated Equations (3-16) and (3-18), and have 

found that Qv varies by only 0.0 35 percent over the range 

of temperature from 200K to 30OK, while Qr is proportional 

1 5 
to T ' , Herzberg points out that Qr will have this 

dependence upon temperature even for quite low tempera-

1 5 
tures. Thus, we may write Q(T) = KT * , where K is a 

constant. Having found the temperature dependence of 

Q(T) and aL we may write the temperature dependence of 

the product SaL as: 

SaL = eXp ?) (3-19) 

2 
Neglecting the aL in the denominator of Equation (3-14), 

we can represent the temperature dependence of the absorp

tion coefficient with the following expression: 

where a and b are constants dependent upon frequency. 

Elsasser and Culbertson (1960) derived the tempera

ture dependence of the absorption coefficient in a similar 

manner, arguing that it would depend upon changes with 

temperature in the population of the energy levels of the 

molecule, where exp(-E/kT)/P is the fraction of molecules 

in the energy state E and P is the partition function. 

Adopting for their model the classical physics 
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representation of a simple rotator, they were led to a 

rather different result. The energy of a simple rotator 

2 2 
is %Ito or hi (2irv) , where I is the moment of inertia and 

to is the angular frequency of rotation. Since classical 

physics allows a continuous distribution of values of v, 

rather than the discrete values employed in quantum 

mechanics, the partition function is given by 

P = /~ exp(-E/kT)dE = kT . (3-21) 

These expressions for E and P led to the following expres

sion for the temperature dependence of the absorption 

coefficient 

L(v) = £££1® exp£~ ~ Cv - vo)2] , (3-22) 

where L(v) is Elsasser and Culbertson's generalized absorp

tion coefficient at a frequency v in a vibration-rotation 

band centered at the fundamental frequency Vq/ and c is a 

constant. 

Transmissivity as a function of temperature alone 

can be expressed in terms of both Equation (3-20) and 

(3-22) in the following form: 
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T = exp —- exp (-57)] , (3-23) 

where both a and b will depend upon frequency and u is the 

optical thickness. Elsasser and Culbertson (I9 60) incor

porate the temperature dependence of half-width aT into a 
X j  

scaled optical thickness u*. For the sake of compatability, 

let us assume that u is unsealed and that the temperature 

dependence of aL is explicitly expressed in the value of n. 

Thus, n equals 2.0 for the present study, while for 

Elsasser and Culbertson's study n equals 1.5. The differ

ence results directly froiti the fact that the partition 

15 
function varies with T * when considered from the quantum 

mechanics viewpoint, while a classical physics approach 

leads to a dependence. This factor along with the 

differences in the basic data and in methods of handling 

the data to obtain spectrally averaged information comprise 

the two essential differences between the temperature 

dependence in the results of the present study and in those 

obtained from the Elsasser and Culbertson approach. 

The behavior of the band transmissivity curves of 

Figures 15 and 16 can now be interpreted in terms of 

Equation C3-2 3). We see that the factor au/Tn leads to 

decreasing transmissivity with decreasing tempearture, 

while the factor expC-b/T) acts to increase transmissivity 

as temperature decreases. The effect of individual 
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factors is being considered from, the point of view of de

creasing temperature from a starting point, since in both 

studies absolute values of transmissivity were obtained by 

evaluating the constants from measurements made near room 

temperature and then computing trahsmissivities at lower 

temperatures from the derived temperature dependence. At 

large values of u, the factor expt-b/T) dominates in both 

bands of the two studies, the larger values of T occurring 

at the low temperatures. One can see that the factor au/Tn 

will undergo greater relative changes for n = 2.0 than for 

n = 1.5, with the result that the increase of T with de

creasing T will be more nearly compensated for when n = 2.0. 

We have made an estimate of the quantitative importance of 

these considerations by recomputing values of Elsasser and 

Culbertson's generalized absorption coefficient L from 

Equation (3-22) using (cons/T^*^) instead of Ccons/T) for 

the first factor. The resultant values of band trans

missivity at -70C for the rotation and 6.3 micron bands 

were less than those shown in Figure 16 for all values 

of u, as the above discussion has shown should be the case. 

However, the largest decrease in band transmissivity 

produced by this new computation was only 0.018, while 

the average difference was only 0.009. One can see that 

an adjustment of this magnitude would account for only a 
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small portion of the total increase from 20C to -70C of 

the band transmissivities in Figure 16. 

We obtained a second estimate of the sensitivity 

of the computations to the partition function by consider

ing the quantity (x^ - T2^T1 5' w^ere x^ ^ is the value 

of T given by Equation C3-2 3) for n = 1.5 and is the 

value for n = 2.0. This quantity gives the relative error 

in t caused by using x^^ ^ instead of X2> It can be shown 

that 

T „ T . . .m . 1.5 lm ,2n 

= 1 - exp 
1. 5 

(3-24) 

where T = 20C = 293.16K for this case. Estimates of a 
s 

and b implied by Elsasser and Culbertson's generalized 

absorption coefficient in the 6.3 micron band lead to an 

order of magnitude estimate of (x^ 5 - T2^rl 5 °«0001, 

supporting the conclusion reached above that the tempera

ture dependence of the partition function in the expression 

for the generalized absorption coefficient L is of minor 

importance to the computed values of band transmissivity. 

Let us now consider the importance of the spectral-

averaging process upon the temperature dependence of the 

computed results. Equation (3-23) contains three unknowns: 
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a, b, and n. The present study has obtained results at 

the three temperatures 200, 250, and 300K; thus, if one 

assumes that the average transmissivity over an absorption 

band follows the form of Equation (3-23) it can be shown 

that for a given value of u the following expression 

determines n: 

n = 29.79 8 log 
Hog \ I log T2 

lloS t3 1 I10? ) (3-25) 

where = T(200K), TJ = R(250K), = T(.300K), and log

arithms are to the base e. We have computed n for the 

rotation and 6.3 micron bands at a pressure of one atmos

phere and over the whole range of values of u. Rather . 

than having any single value such as 2.0, n varied from 

-2.0 to 0.4, clearly pointing out the strong influence 

of the averaging process upon the computed results. This 

is certainly to be expected since the interaction of the 

various lines will occur in a non-linear manner, thereby 

obscuring the individual variations. 

The preceding statements point out the main short

coming in Elsasser and Culbertson's attempt to include 

temperature variations in the absorption coefficients. 

The factors discussed above apply to a single line. The 

generalized absorption coefficient L, however, represents 
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a quantity fitted to'laboratory measurements over.spectral 

intervals sufficiently large to eliminate the identity of 

individual lines and thereby account for the effect of 

line interactions. As a result, the uniform application 

over the whole spectrum of an expression for the tempera

ture dependence of a single line should not be expected 

to lead to a completely accurate result. In view of these 

considerations, we conclude that the temperature depend

ence of emissivities computed in the present study more 

realistically represents that actually found in the water 

vapor absorption bands and is an improvement over the tech

nique employed by Elsasser and Culbertson. 

Summary 

In the previous sections of this chapter, we have 

presented descriptions of the means used to compute im

proved values of spectrally integrated emissivities for 

water vapor. The quasi-random model of Wyatt, Stull, and 

Plass (1962) was described and shown to be a physically 

reasonable combination of the features of the regular and 

random models. Certain of the factors affecting transfer 

of radiation by water vapor have been discussed, and an 

outline of the method of computation was presented. 

The resultant water vapor emissivities were 

analyzed with an emphasis upon the following two factors: 
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(1) whether or not the pressure dependence of the computed 

values could be represented by the linear pressure scaling 

approximation employed by many workers in the field, and 

(.2) the magnitude of the effect upon total emissivities 

caused by variations with temperature of the absorption 

coefficients. We saw that significant departures from 

the linear pressure scaling technique existed in the re

sults, emphasizing thd difficulty of applying deductions 

from the regular band model to the water vapor spectrum. 

The temperature dependence of absorption coefficients was 

observed to exert a somewhat smaller effect upon emissivity 

than did the pressure dependence, but nevertheless was 

judged a factor which could not be ignored if an accurate 

evaluation of radiative transfer by water vapor was 

desired. 

The results of this study and those obtained from 

the data of Elsasser and Culbertson (1960) have been com

pared and were found to display systematic differences. 

When the two studies were compared in terms of the band 

transmissivity of the rotation and 6.3 micron bands, a 

primary source of discrepancy was attributed to the fact 

that Elsasser and Culbertson applied an expression for the 

temperature dependence of individual lines to spectrally 

averaged absorption coefficients. We consider the water 

vapor emissivity values of the present study to be an 
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improvement over the values obtained in the last chapter 

for the follov/ing reasons: (1) The quasi-random band 

model provides a physically more satisfying representation 

of water vapor absorption bands than does Elsasser's 

regular band model. (2) The use of explicitly pressure-

dependent emissivities is preferred to the linear pressure 

scaling technique. (3) The temperature dependence of 

emissivities computed in the present study results from 

a more realistic treatment of the interaction of indi

vidual lines. As a result, the values presented in Table 

VIII shall be used in the follov/ing chapter to investigate 

the importance of the pressure and temperature dependence 

of absorption coefficients to computations of radiative 

transfer by water vapor. 



CHAPTER IV • 

ATMOSPHERIC FLUX DENSITIES AND HEATING RATES 

Expressions suitable for the computation of flux 

densities and heating rates in the atmosphere will be 

developed in this chapter. These equations will be 

applied to a sounding representing standard atmospheric 

temperature and water vapor content values, and the re

sultant flux densities will be discussed in terms of the 

importance of the variations with pressure and temperature 

of water vapor emissivities. A restriction imposed upon 

these methods by the non-homogeneous nature of the 

atmosphere will be pointed out, and a possible means for 

improving the accuracy of the calculations will be adopted. 

Finally, these techniques will be applied to several more 

cases having rather different temperature and/or water 

vapor distributions in an effort to confirm the conclusions 

reached in the test case. 

The Flux Density and Heating Rate Equations 

Flux Density 

From Equations (.2-21) and (2-22) we can write the 

following expression for the flux density F(u,p,T) emitted 

117 
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by a homogeneous layer at a pressure p and temperature T 

.and having an optical thickness u 

FCu,p,T) = e tu,p,T) aT (4-1) 

where eFCu,p,T) is the slab emissivity of the layer. We 

now wish to obtain an analogous expression for the flux 

density emitted from a non-homogeneous layer in the 

atmosphere. This will be done by approximating the layer 

with a series of sub-layers, each of which is homogeneous, 

as pictured in Figure 17. 

E 

D 

C 

B 

A 

E 

n 

c 

B 

A 

Fig. 17. Schematic representation of a non-homogeneous 
layer. 

Let us suppose that we wish to compute the flux 

density received at level A from the layer located between 

levels A and E. Consider first the sub-layer AB identi

fied in Figure 17 as shaded region 1# whose optical 

thickness will be taken as uAB, the subscripts specifying 
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the levels between which the optical thickness is located. 

For the time being, let us assume that it is possible to 

replace this non-homogeneous layer by a homogeneous layer 

at a pressure p^ and temperature with identical 

radiative properties and having the same optical thickness 

û ; the means of obtaining values for p̂ g and T̂ B will 

be discussed later in this chapter. Then, frorr. Equation 

(4-1), the emissivity of region 1 is eFCuAB,pAB,TAB) and 

the flux density received at level A from this sub-layer 

4 
is aT^ ep<tuAB,pAB,TAB) , where is taken to be the mean 

temperature of the region. 

Next, let us obtain an expression for the flux 

density received at level A from the sub-layer BC over

lying sub-layer AB and identified as shaded region 2. We 

assume that pA(, and TA(-, are the pressure and temperature 

of a homogeneous layer whose radiative properties repre

sent the atmosphere located between levels A and C. The 

emissivity of this homogeneous layer is eF(u^c'P^c,TAC^' 

while that of the portion of this homogeneous layer 

between region 2 and level A is ep(u£B'pAC'TAC^ * Thus/ 

in terms of level A, for which the computation is being 

performed, the contribution to the emissivity of the 

layer AC from region 2 located between levels B and C is 

the change of emissivity from level B where the optical 

distance from A is uAB to level C where the optical 



120 

distance from A is- uAC, or eF C.Uac,Pac,Tac} -

eF We def;'-ne this quantity to be ^2 r 

then the flux density received at A from region 2 is 

• 4 
0^2 &£2r w^ere T2 mean temperature of the region. 

The purpose of this rather wordy section has been 

to make clear the meaning of the incremental emissivity 

attached to a given sub-layer. It is the change in emis

sivity over the change in optical thickness of the layer 

measured relative to the layer's distance from the level 

for which flux density is being computed. It is by means 

of this definition that the presence of the atmosphere 

between a given sub-layer and level A is recognized and 

its role in determining what fraction of the sub-layer's 

emission reaches level A is taken into account. Since the 

change of optical thickness in region 1 relative to level 

A is from zero to the flux density received from 

4 4 
region 1, a , can be written 

where AE1 equals e F<uAB'PAB'TAB) " eFC°'PAB'TAB> • Simi" 

larly, if the sub-layer AD is replaced by a homogeneous 

layer at a pressure pAD and temperature TAD* the flux 

density received at A from region 3 of Figure 17 is given 

4 
by aT^ Ac^, where is the mean temperature of region 3 

and Ae3 equals eFt«AD.PAD,TAD> - EpIV'Pjo'V' The 

same method can be applied to region 4, and the total flux 

density received at A from the atmospheric layer between 
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A and E will be the sum of the flux density contributions 

from the individual sub-layers. Thus, we may write the 

following expression for the flux density F received at 

a reference level from N sub-layers of atmosphere 

N N A 
p  =  I  A F =  I  o T *  A e  ,  ( 4 - 2 )  

n-1 n n=l n n 

where values of T and Ae are obtained as described above. 
n n 

If the atmosphere above a reference level is 

divided into N sub-layers, then Equation (4-2) becomes the 

expression for the downward flux density, F^, received at 

the reference level. In order to define the number of 

sub-layers above a reference level, it is necessary to 

define as the "top" of the atmosphere a level above which 

the water vapor content is negligible. In all subsequent 

computations the 30-mb level is taken to be the "top" of 

the atmosphere, and Equation (4-2) is used to obtain down

ward flux densities. Current estimates by Sissenwine, 

Grantham, and Salmela (1968) of stratospheric water vapor 

-5 
mixing ratios set the upper limit near 10 , leading to 

-4 
a maximum total optical thickness of 3x10 cm above the 

30-mb level. One certainly appears justified in conclud

ing that this will have a negligible effect upon 

calculations in the troposphere and lower stratosphere. 
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Equation C4-2) gives the contribution by the atmos

phere to the flux density, received at some reference level, 

and can be applied directly to downward flux densities 

since it is assumed that there is no infrared radiation 

incident upon the top of the atmosphere. However, in order 

to compute upward flux densities, it is necessary to take 

into account the fact that the earth's surface emits at 

infrared wavelengths. This leads to a second contribution 

to upward flux density due to that fraction of the surface 

emission which is transmitted through the atmosphere 

between the reference level and the ground. The expres

sion for the total upward flux density, F , received from 

an atmosphere composed of M sub-layers and from surface 

emission is therefore given by 

a  M  '  A  FU = 0T| TL - ES] + I OT^M , (4-3) 
m=l 

where aTg is the surface emission, assumed to be black-

body, and 1 - eg gives the effective transmissivity of 

the atmosphere weighted to the surface emission. The 

third flux density of interest is the net upward flux 

density at the reference level, F , defined to be Fy - F^. 

Equation (.4-21 expresses the total flux density 

received at the boundary of a non-homogeneous radiating 

layer in the atmosphere as the sum of contributions from 
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a series of homogeneous emitting sub-layers. The radiative 

properties of each individual sub-layer are determined in 

part by its location relative to the particular reference 

level in question, and these properties will vary as the 

reference level changes. It is in this manner that the 

interaction between a particular sub-layer and the sur

rounding atmosphere is taken into account. 

The flux density emerging from a non-homogeneous 

layer may also be expressed as a combination of a series 

of sub-layers each of whose radiative properties are 

determined solely by the transmissivity of a homogeneous 

layer whose optical thickness is that of the sub-layer. 

In this way, each sub-layer retains its identity, while 

the interaction of the various sub-layers is taken into 

account by a combination of the individual transmis-

sivities, At a single frequency the combined transmis

sivity is simply the product of the individual trans-

missivities; however, the average transmissivity over a 

finite spectral interval is not the product of the average 

transmissivities of the individual lines, adding great 

complexity to the problem. Godson has proposed techniques 

for evaluating the transmissivity of an assembly of sub

layers over a spectral interval if the spectral properties 

of the radiating gas can be approximated by either the 

regular band model (Godson, 1953) or the random band 
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model CGodson, 19551. For a non-analytical model such as 

the quasi-random model of the present study, new numerical 

techniques would have to be developed. A critical compari

son of these different approaches to the problem should 

be undertaken, but is considered beyond the scope of the 

present study. 

Heating Rate 

Assuming horizontal homogeneity and applying the 

principle of conservation of energy, we can state that if 

the net flux density at the top of a layer is less than 

that at the bottom of the' layer the difference represents 

a net gain in energy by the layer from the radiation field 

which will be assumed to be used entirely to heat the 

layer. Thus, we are led to write the following expression 

for the net gain of energy within the layer per unit 

volume per unit time 

.  f a i l  _ [ Fn l z  + Az) - Vz>1 
pcp 1st J S5 ' (4_4> 

* R 

where p is the density of the layer, c^ is the specific 

heat of air at constant pressure, Az is the thickness of 

the layer, and (9T/8t)R gives the rate of increase of 

temperature per unit time due to radiative effects; here

after, we shall drop the subscript R since other processes 
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are not being considered. As the .layer .decreases in 

thickness so that Az -> 0, Equation (.4-4) becomes 

Assuming that a state of hydrostatic equilibrium exists, 

we can write the vertical gradient of pressure as 

- dp/dz = pg, where g is the acceleration of gravity. 

Equation (4-5) can now be written as 

as = SL_ !fk .' (4-6) 
3t cp 3p 

Equation (4-6) is the expression used to obtain heating 

rates for the analyses which follow in later sections 

of this chapter. 

The Test Case 

The atmospheric sounding shown in Figure 18 has 

been chosen as the test case to be used to evaluate the 

relative importance of the pressure and temperature 

variations of emissivity upon computations of flux 

densities and heating rates. The ordinate of Figure 18 

and all of subsequent diagrams is pressure raised to the 

0.288 power, increasing downward; the height scale thus 

formed is the same as that on a pseudo-adiabatic chart. 

The temperature profile has the values of a standard 
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atmosphere at the 1000-mb surface, 14.3C, and the 

tropopause, -55C, the temperatures between forming a 

straight line. The temperature is constant at -55C from 

the tropopause at 234 mb up to the 30-mb level, the 

maximum height of the sounding data. The dew point (or 

frost point as it is often called) profile is intended to 

represent typical conditions in mid-latitudes (Sissenwine, 

Grantham, and Salmela, 1968). The surface dew point is 

0 288 
-IOC, decreasing linearly with p * to a value of -64C 

at the tropopause, above which it decreases to a value 

of -80C at the 30-mb level. 

The atmosphere was divided intd a number of layers 

subject to the following two conditions: (1) in order to 

represent accurately the change of emissivity with height 

the maximum optical thickness of any layer was set at 

0.01 cm, and (2) in order to describe accurately tempera

ture variations with height the maximum pressure change 

allowed in a given layer was set at 10 mb. The division 

into layers according to these restrictions led to just 

over 100 layers for the sounding. In order to test the 

accuracy of flux densities and heating rates calculated 

using this size of spacing between levels, a test run 

was made on sounding 1 using much closer spacing by 

limiting the maximum optical thickness of any layer to 

0.001 cm. These results were compared with those obtained 
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using the coarser spacing. All values of flux density 

agreed within 0.0005 ly/min, the maximum relative error 

being 0.2 percent. Heating rates agreed to within 0.02 

deg/day, or less than 1 percent, except very near the 

surface below the 9 80-mb level. Here the much finer 

spacing of levels allowed a better estimate of the 

divergence of the net flux density, leading to differences 

which reached 0.17 deg/day at the surface. The very 

close agreement in most instances justifies the use of 

the coarser spacing for all subsequent calculations. 

Results 

Using emissivities determined by the pressure and 

temperature of the emitting sub-layer, calculations of up

ward, downward, and net flux densities and of heating rates 

were made at each level of sounding 1 up to 100 mb, the 

flux densities being shown in Figure 19. The abscissa, 

as it is for all subsequent flux density diagrams, is 

given in units of langleys per minute, a langley being 

one calorie per square centimeter, and the ordinate is 

given in millibars of pressure. The downward flux densi

ties are plotted to the leift of zero, while the upward 

and net flux densities are plotted to the right of zero 

in order to avoid overlapping of the various curves. 



Fig. 19. Upward, Fu, downward, F^, and net, Fr, flux 

densities for sounding 1. Emissivity is 
determined by the pressure and temperature 
of the emitting sub-layer. 
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Each, term involved in the numerical integration 

performed in the calculation of a flux density requires 

a value of emissivity for an atmospheric layer of optical 

thickness u, at a pressure p and a temperature T. The 

computed emissivity values discussed in earlier chapters 

have been made for layers of constant pressure and 

temperature; however, in the atmosphere both of these 

quantities vary over sizable ranges, raising the question 

of what values of pressure and temperature should be 

assigned to a given layer. Although much attention has 

been given to this point, the issue is by no means settled 

and remains one of the important areas of study in the 

field of radiative transfer. A description of the Curtis-

Godson approximation, a technique for selecting the most 

representative pressure and temperature of a given atmos

pheric column, will be presented later. For the present 

purposes, we have chosen to assign the temperature and 

pressure of the emitting sub-layer (regions 1, 2, 3, and 

4 of Figure 17} to the whole of the atmosphere between 

that layer and the reference level; an improvement upon 

this choice will be discussed later in this chapter. 

The upward flux density at the surface in Figure 19 

has a value of 0,555 ly/min, corresponding to the emission 

of the 14.3C surface. There is a continuous decrease in 

the upward-directed flux density as one moves up in the 
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atmosphere; this decrease results from absorption and re-

emission within the various atmospheric layers. The flux 

density emerging at the top of the atmosphere has a value 

of 0.416 ly/min, which can be interpreted in terms of an 

equivalent black-body radiating temperature of -5.7C, this 

being a common means of expressing flux density measure

ments; a temperature of -5.7C actually occurs near the 

700-mb level in sounding 1, 

The downward-directed flux density increases from 

zero at the top of the atmosphere to a value of 0.2 89 ly/min 

at the surface, the most rapid changes taking place in the 

lower regions of the troposphere. The equivalent black-

body temperature for the downward surface flux density is 

-29.0C, which occurs near the 435-mb level. The varia

tions with height of both the upward and downward directed 

flux densities definitely show the dominance of the lower 

tropospheric region where most of the water vapor is con

centrated. The net upward-directed flux density increases 

from 0.266 ly/min at the surface to 0.406 ly/min at the 
i 

10 0-mb level, the rate of increase being largest at the 

surface above which the increase of net flux density with 

height becomes less rapid. 

The heating rates calculated for the net flux den

sity profile of Figure 19 are shown in Figure 20, in which 

the abscissa is heating rate in degrees Celsius per day 
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(negative values indicate cooling). Cooling takes place 

at all levels, the lower levels being cooled most 

rapidly, a maximum cooling rate of 2.44 deg/day occurring 

at the surface. The cooling rates decrease with height 

until a region of minimum cooling occurs in the neigh

borhood of the tropopause. This behavior is to be 

expected since temperatures are greater than or at least 

equal to that at the tropopause for large distances both 

above and below the tropopause. Radiative heating, or 

at least relative warming in the form of minimum cooling, 

in the region of the tropopause has been both predicted 

in calculations (Holler, 1942} and observed in measure

ments using radiometersondes (Staley, 19 65) , pointing out 

the fact that the tropopause must be maintained by other 

than radiative processes. Above the tropopause cooling 

rates remain small, increasing slightly with height as 

the downward flux density approaches zero and allows a 

slightly greater loss of energy to space. 

Pressure Dependence 

Up to this point the values of emissivity used in 

calculations of flux densities and heating rates have 

depended upon the three variables: optical thickness, 

pressure, and temperature, and have been designated by 

the symbol e(u,p/T). Each column between a reference 
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level and radiating layer has been assumed to be homo

geneous, at the pressure and temperature of the radiating 

layer. In order to estimate the sensitivity of computed 

flux densities to the method of including the pressure 

dependence of emissivity, we shall now repeat the calcu

lations for sounding 1 using instead emissivities deter

mined by a standard pressure of one atmosphere and by 

optical thicknesses scaled according to the linear pressure 

scaling technique of the regular band model. 

The flux densities and heating rates obtained from 

this functional form of emissivity are compared with the 

initial results in Figures 21 and 22. The larger absolute 

differences appear in the upward flux density, which is 

greatly increased at upper levels, the value of 100 mb 

becoming 0.457 ly/min compared with the 0.416 ly/min of 

Figure 19. The average difference in all values of up

ward flux density is 0.019 ly/min, a 3.9 percent increase 

over the previous values. The changes in downward-directed 

flux densities are considerably smaller, the average 

difference being 0.007 ly/min, which represents a 5.5 

percent decrease from the initial values. The resultant 

net flux density curve of Figure 21 undergoes a greater 

increase from 1000 to 100 mb than is seen in the net 

flux density curve from Figure 19, primarily as a result 

of the differences which increase with height between the 
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two upward flux density curves. Thus, the overall gradient 

of net flux density is larger, producing the greater 

cooling rates seen in Figure 22. The average difference 

between the two heating rate curves of Figure 22 is 0.25 

deg/day, representing a 25 percent discrepancy. This 

order of disagreement is unacceptably large. 

The discrepancies between these two approaches 

arise from two sources. First, we showed earlier that 

the emissivities for homogeneous layers obtained for non

standard pressures using the pressure scaling, technique 

do not agree with the values computed for the actual water 

vapor absorption spectrum; hence, one cannot expect the 

resultant flux densities to be the same. A secondary 

factor arises because of the manner of handling the pres

sure variations over atmospheric paths. The initial 

approach assumed that all of the atmosphere between the 

emitting layer and the reference level was homogeneous, 

having the pressure and temperature of the emitting 

layer. As a result, the only influence upon the value 

of the incremental emissivity A*e of the emitting layer 

caused by the intervening layers will be through the total 

optical thickness contained therein. The distribution of 

the water vapor within these layers does not influence 

the value of Ae relative to the reference level, as it 

should. On the other hand, in the pressure scaling 
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technique both the total amount of water vapor and its 

distribution with height affect the scaled amount of 

water vapor contained in the intervening layers, and 

therefore the value of Ae assigned to the emitting 

layer. Godson C1953) has pointed out the fact that the 

use of the radiating layer pressure and temperature to 

determine the transmission of the intervening layers was 

not valid if there were appreciable changes in these 

parameters over the path. As. a result, replacing a non-

homogeneous atmospheric layer by a homogeneous layer at 

the pressure and temperature of the emitting sub-layer 

is considered to be less realistic than.the pressure 

scaling technique for the calculation of flux densities, 

and shall be discarded. However, because of the apparent 

difficulty in applying pressure.scaling to the water 

vapor absorption spectrum, which departs considerably 

from the restrictions of the regular band model, we feel 

the need for a more reasonable method of treating the 

non-homogeneous nature of atmospheric paths. 

* « 

Non-Homogeneous Atmospheres 

We have seen that, when pressure and temperature 

vary within an atmospheric layer, the method of calcula

tion affects the resultant flux densities arid heating 

rates in as complex a manner as do the variations with 
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•pressure and temperature of the absorption coefficients 

themselves. The values of emissivity obtained from 

calculations of the type in Chapters II and III apply 

to a path of a certain optical thickness along which 

both pressure and temperature are constant. Since these 

conditions are not met in the atmosphere, one is faced 

with the problem of describing the manner in which energy 

radiated from a layer having one pressure and temperature 

is transmitted by regions whose pressures and tempera

tures may differ greatly from those at the source of the 

emitted energy. Up to this point the temperature and 

pressure of the level at which emission- takes place have 

been assigned to the whole of the atmosphere lying between 

the radiating level and the reference level for which the 

calculation was being made. We have seen, however, that 

this approximation does not accurately represent the 

radiating properties of the intervening layers. Certain

ly, the overall emission of a layer would have been 
» 

different if the pressure and temperature at some other 

location in the layer Cat the middle of the layer or at 

the reference level itself, for instance)' had been used. 

The Curtis-Godson Approximation 

Despite the apparent difficulty involved in 

applying data for homogeneous paths to the non-homogeneous 

paths of the atmosphere, a procedure known as the 
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Curtis-Godson approximation does exist which incorporates 

into the calculation of flux densities from atmospheric 

layers accurate information about the variations of 

pressure within the layers. At first proposed by Curtis 

(Goody, 1952b), a path containing an optical thickness 

ut over which pressure varies in the atmosphere can be 

represented by a homogeneous path at an effective 

pressure pg such that 

Pe - {j- / t P 3u . C4-7) 
t o 

The physical basis of this assertion arises from the fact 

that when radiation follows an atmospheric path of 

optical thickness u^ along which pressure varies, an 

absorption line no longer has a true Lorentz profile, 

but is a superposition of Lorentz shapes each having a 

different half-width. Curtis (Goody/ 1952b) and Godson 

(1953) found that a single line having a.half-width a, 

where 

U4- u+-
a = / adu / / du , (4-8> 

o o 

could be applied to a homogeneous atmosphere and give an 

accurate approximate means of accounting for the actual 

pressure variations. Since the half-width is directly 
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proportional to pressure for the Lorentz shape, this rela

tion may be written in the form of Equation (4-7). Curtis 

(Goody, 1952b) used the exact line shape in the random 

model and compared the results with those obtained Using 

his approximate form^ and found agreement in fluxes within 

one percent. Thus, a pressure p^ can be used to specify 

the pressure dependence of emissivity in the flux density 

equations, allowing the laboratory data for a path of 

optical thickness u. and pressure p to be applied to an 
L 6 

atmospheric path whose effective pressure is determined 

by the distribution of the mass of absorbing gas. 

Godson (1953) independently discussed this ques

tion and proposed a more general approximation in which 

the variability of temperature along an atmospheric path 

might be taken into account. The temperature dependence 

of the averaged transmissivity for a Lorentz line shape 

arises from the variations of line strength with tempera

ture. Since line strength and optical thickness appear 

as a product, an adjustment of the optical thickness of 

an atmospheric layer can be used to account for variations 

of temperature through the layer. Therefore, let the mass 

of absorbing substance along the path ufc be represented 

by an effective amount, u , such that 



u = / A(T) du , 
0 

and let the effective pressure be given by 

1 u+-
Pe = r- / B(T) p du , 

e o 

where A(T) and B (T) are dimensionless functions of tempera

ture alone. We see that if A(T) = B (T) =1, Equations 

(4-9) and 04-10} reduce to the simpler form of Equation 

(4-7). 

Empirical expressions for the temperature-dependent 

functions ACT) and B(T) have been constructed for various 

limited portions of the water vapor spectrum (Rodgers and 

Walshaw, 1966). However, up to this time no form for 

A(.T) or B (T) has been proposed to represent this tempera

ture effect averaged over the whole spectrum; therefore, 

we shall choose to use the simpler form of the Curtis-Godson 

approximation, as given by Equation (4-7), in order to 
* 

study the influence of pressure variations along atmos

pheric paths upon the computation of flux densities. The 

temperature at the level specified by the Curtis-Godson 

pressure pe will be used in subsequent calculations, of 

emissivities for atmospheric layers. Curtis (Goody, 1952b) 

has pointed out the value of this approximate method for 
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(4-9) 

(4-10) 
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gaseous components whose concentrations decrease with 

height, making it especially applicable to water vapor 

calculations. Rodgers and Walshaw (19 66) applied to 

the random model the assumption that all absorption takes 

place in strong lines, thereby simplifying the procedure 

and allowing an exact solution. Since Plass and Fivel 

(1953) point out that most of the atmospheric radiation 

is transferred by the very strong lines, this assumption 

should lead to a close approximation to the truly cor

rect result. Rodgers and Walshaw (19 66) found agreement 

to better than one percent between cooling rates calcu

lated with this approximation and those obtained using 

the Curtis-Godson approximation, thereby establishing 

its usefulness for radiative transfer calculations. 

The flux densities and heating rates, computed 

for sounding 1 using the mass-weighted effective pressures 

of the Curtis-Godson approximation are shown in Figures 

23 and 24. In order to establish the maximum possible 

effect of the location of the level whose pressure and 

temperature are assigned to the whole atmospheric layer, 

three other cases were also considered. First, the pres

sure and temperature at the radiating layer, that is at 

the far boundary of the layer, were used to determine the 

emitting properties of the layer; this is exactly the same 

as the first, case. Secondly, the pressure and temperature 
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at the layer mid-point were applied to the complete layer. 

Thirdly, the layer was assumed to have the pressure.and 

temperature of the reference level. The first and third 

cases certainly dfefine the extremes and can thus be used 

to establish the order of importance of the non-

homogeneous path problem. Values of. downward flux 

density were insensitive to the location of the level 

whose pressure and temperature were assigned to the whole 

atmospheric layer, always agreeing to better than 0.0 02 

ly/min between the two extreme cases. The upward flux 

densities displayed more variation, with differences as 

large as 0.036 ly/min, an 8 percent relative error, 

occurring at the upper levels of the sounding. These 

differences led to comparable changes in heating rates. 

The best overall agreement of these three cases with the 

results obtained using the Curtis-Godson approximation 

occurred with the second case, in which the pressure and 

temperature at the layer mid-point were applied to the 

whole layer. 

The overall computational time was doubled by the 

use of the Curtis-Godson approximation, so one might 

still prefer to use a method in which the location of the 

effective pressure level was prescribed in an objective 

manner rather than being calculated for each layer. In 

order to determine whether or not .a predetermined location 
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for the effective pressure level might be applied to all 

combinations of reference levels and radiating layers, the 

relative location of that level for all such pairs was 

noted. For both upward and downward flux densities the 

effective pressure level was always located between 

the layer mid-point and the bottom of the layer. This is 

to be expected since the water vapor concentration of 

Figure 18 decreases monotonically with height, thereby 

weighting the effective pressures toward lower levels. 

The average location for all combinations of reference 

levels and radiating layers was 38 percent up from the 

bottom of the layer, measured in pressure units, for 

downward-directed flux densities and 41 percent up from 

the bottom of the layer for upward-directed flux densities. 

However, the range of values was much too large to allow 

the use of any single value for all cases. When the 

radiating layer was close to the reference level, the 

effective pressure level was located very near the middle 

of the layer for both upward and downward flux densities. 

However, as the thickness of the layer increased the 

position of the effective pressure level shifted to a 

lower relative location in the layer, reaching a level 

only 20 percent up from the bottom of the layer in the 

thicker layers for both upward and downward flux densities. 

Considering the large range of values from 50 down to 20 
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percent, the use of any one position for the effective 

pressure level, such, as the 40 percent average value, 

would not be as good a representation as the computed 

Curtis-Godson pressure level. 

The Curtis-Godson approximation is chosen to be 

the most accurate estimate of true flux densities and 

heating rates in a non-homogeneous atmosphere. In order 

to assess the importance of the pressure and temperature 

variations, three additional cases have been considered. 

In the first case, pressure scaling is used along with 

the temperature at the mid-point of each layer to specify 

the overall emissivity of the layer. Since the actual 

effective pressure level was seen above to lie near the 

mid-point in many instances, this choice was also assumed 

to minimize temperature effects and thereby best evaluate 

the differences between pressure-scaling and the Curtis-

Godson approximation. In the second case, the effective 

pressure obtained from the Curtis-Godson approximation was 

used but all emissivities. were for a temperature of 250K, 

in order to assess the. value of using temperature-dependent 

emissivities. Finally in the third case, the combined 

effect of pressure scaling and a single temperature of 

250K were utilized. The results of these calculations 

are displayed in Figures 25 to 30 and average differences 

are listed in Table XII. 
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TABLE XIX 

Comparison for sounding 1 of average absolute differences 
resulting from different functional forms for the emissivity 

Case A: pressure scaling with temperature from the layer mid-point 
(values are from Figures 25 and 26) 

Case B: pressure from the Curtis-Godson approximation with T - 250K 
(values are from Figures 27 and 28) 

Case C: pressure scaling with T = 250K 
(values are from Figures 29 and 30) 

Flux densities are in ly/min and heating rates are in deg/day 

Quantity 

Curtis-
Godson 
averages 

Case A 
differences 

Case B 
differences 

Case C 
differences 

Fu 
0.481 0.012 0.010 0.004 

pd 
0.131 0.008 0.007 0.007 

*n 0.350 0.020 0.015 0.012 

3T/3t -0.993 0.167 0.074 0.222 
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Downward flux densities are underestimated and • 

upward flux densities are overestimated at all levels 

in Case A as seen in Figure 25. The average difference 

resulting from the use of pressure scaling is 0.012 

ly/min, for a relative error of 2.5 percent, for upward 

flux densities and 0.008 ly/min, for a relative error of 

6.3 percent, for downward flux densities. The combina

tion of larger upward emission and smaller downward 

emission leads to net flux densities which are larger 

than those from the Curtis-Godson computation at all 

levels, the average difference of 0.020 ly/min corres

ponding to a 5.8 percent difference. Net flux densities 

are overestimated more high in the atmosphere than near 

the surface, leading to an overall larger increase in 

net flux density from the surface to the upper atmos

phere than resulted in the Curtis-Godson approximation 

case. This produces larger cooling rates throughout the 

atmosphere, as seen in Figure 26, the average difference 

of 0.167 deg/day corresponding to a 16.2 percent average 

increase. The study of this case has pointed out that 

considerably different results can be obtained when flux 

densities and, especially, heating rates are computed 

using the pressure scaling approximation as compared with 
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results obtained with explicitly pressure-dependent 

emissivity values. The use of such data appears neces

sary for accurate results. 

The importance of the temperature dependence of 

the emissivity data is tested in case B, where all 

emissivity values are for a temperature of 250K. Down

ward flux densities are overestimated at low levels and 

underestimated at high levels by this approximation. 

This is to be expected since we have seen that emissivity 

decreases with temperature;, use of 250K data at low 

levels overestimates the emission since temperatures are 

greater than 250K, and the opposite is true at high 

levels in the atmosphere. A temperature of 250K (or - 23C) 

actually occurs very near the 500-mb level in sounding 1, 

at which level the downward flux densities in Figure 27 

are equal. The average difference of 0.007 ly/min, or 

5.4 percent, is just slightly less than that occurring 

for Case A. 

Upward flux densities are underestimated at all 

levels in Case B, the average difference with the results 

from the Curtis-Godson approximation being 0.010 ly/min, 

or 2.1 percent, again a slightly smaller difference than 

was recorded for Case A. The upward flux density is 

composed of two terms, see Equation (4-3), one arising 

from atmospheric emission and the other from that portion 
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of the surface emission which reaches the reference level. 

The atmospheric emission term was overestimated at low 

levels and underestimated at high levels, which we have 

seen is consistent with the temperature variation of the 

emissivity data. The surface term, on the other hand, 

was underestimated at all levels and dominated the atmos

pheric emission term at low levels, leading to smaller 

values of upward flux densities at all levels. This 

resulted from the fact that the effective pressure found 

by the Curtis-Godson approximation for the whole layer 

between the reference level and surface was always located 

low enough in the atmosphere that the temperature at this 

level exceeded 250K. Thus, the emissivity of the layer 

was overestimated by the use of a 250K temperature, and 

the transmissivity of the layer to the surface emission 

was underestimated. 

Net flux densities in Case B are underestimated 

at all levels, the average difference with the Curtis-

Godson values being 0,015 ly/min, or 4,3 percent. At low 

levels where downward flux densities are overestimated 

and upward flux densities are underestimated, the increase 

with height of net flux density is more rapid for Case B, 

leading to larger cooling rates, as seen in Figure 28. 

Above the 500-mb level, where both upward and downward 

flux densities are underestimated with the 250K 
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emissivities, cooling rates are smaller. The average dif

ference in cooling rates was 0.074 deg/day, corresponding 

to a 7.2 percent relative difference. Both flux densities 

and heating rates agreed somewhat better with the Curtis-

Godson results in Case B than Case A. However, the 

differences were of the same order and point out that 

neither the pressure nor the temperature dependence of 

emissivity can be safely neglected without introducing 

errors on the order of 5 to 10 percent into the results. 

The computations of Case C, in which pressure 

scaling is used along with a single emissivity temperature 

of 250K, correspond to using a single emissivity curve 

and are effectively a combination of the first two cases 

in which the computed pressure and temperature dependence 

were separately neglected. As can be seen in Figures 25 

and 27, the flux densities computed using pressure scaling 

and those computed using a single emissivity temperature 

produce differences with respect to the Curtis-Godson 

results which are generally of opposite sign. As a result, 

these factors have a tendency to cancel each other in Case 

C, as seen in Figure 29; as a result, the flux densities 

there agree somewhat more closely with the Curtis-Godson 

approximation values than do either of the other two cases 

individually. Although the overall agreement of net flux 

densities is better in Case C than in the previous two' 
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cases, the total increase from surface to 100 mb is greater 

thus, the mean gradient of net flux density and the result

ant cooling rates are larger. The average cooling-rate 

difference of 0.222*deg/day seen in Figure 30 is equivalent 

to 21.4 percent difference. 

The analysis of sounding 1 has revealed that indi

vidual differences in flux density as large as 0.035 ly/min 

and average differences over the whole sounding as large 

as 0.0'20 ly/min were introduced by not using pressure- and 

temperature-dependent emissivities. Individual heating 

rate differences reached 0.29 deg/day and the average over 

the whole sounding was 0.22 deg/day for the case when both 

the computed pressure and' the temperature variations of 

emissivity were neglected. In general, the use of pressure 

scaling produced larger differences than did the neglect 

of the temperature dependence of emissivity. It is clear, 

however, that neither factor can be neglected unless errors 

of five percent in flux densities and of ten to twenty per

cent in heating rates are acceptable. 

Additional Cases 

A Dry Tropospheric Temperature Inversion 

In an attempt to somewhat generalize the conclu

sions drawn from the analysis of sounding 1, similar 

calculation have been performed for several other cases 
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having considerably different temperature and moisture 

distributions. The first of these, shown in Figure 31, 

is a sounding containing a relatively dry temperature 

inversion in the middle troposphere. This situation has 

received considerable attention (Staley, 196!). because of 

its interesting radiative properties. Temperature de

creases from a surface value of 18C to -17C 610 mb and 

then increases to -15C at the 540-mb level; from that 

point temperature decreases with height up to the tropo-

pause, located at 234 mb, and remains constar 

above that level. Water vapor mixing ratios 

inversion base have a constant value of 1.40 

maintain a constant value of 0.05 g kg ^ abo^i 

The flux densities calculated for soi.nding 2  are 

shown in Figure 32. Upward flux densities decrease uni

formly from a surface value of 0.5 85 ly/min up to the 

610 mb level at which the water vapor concenl 

begins to decrease rapidly. Above that level the decrease 

in upward flux density takes place at•a considerably 

slower rate, the value at 1 0 0  mb being 0 . 4 1 6  

equivalent blackbody temperature for this flux density is 

- 5 . 6 C ,  compared to the value for sounding 1  of - 5 . 3 c .  

The near equality of these two temperatures points out 

the insensitivity of the total outwardgoing flux density 

t at - 5 5 C  

below the 

g kg-1 and 

e 560 mb. 

;ration 

ly/min. The 
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despite the considerably different nature of the tempera

ture and water vapor distributions in the two cases. 

The downward flux density increases slowly as 

the reference level is lowered until the rapid increase 

in water vapor concentration beginning at 560 mb causes 

a marked increase in downward emission. The resultant 

net flux density profile produces the interesting heating 

rates shown in Figure 33. In the upper layers both 

upward and downv/ard flux densities increase slowly as the 

reference level is lowered and pressure increases, the 

result being a slight divergence of net flux density and 

small cooling rates. Below 560 mb, the rapid increase of 

downward emission with increasing pressure produces a 

strong divergence of net flux density and the large 

cooling rates which reach a maximum of -4.2 deg/day at the 

inversion base. Below the temperature inversion, the rate 

of increase of upward and downv/ard flux density with in

creasing pressure become more nearly equal, and smaller 

cooling rates result. This distribution of cooling rates 

would be expected to maintain, or even intensify, the 

temperature inversion in agreement with a previous study 

(Staley and Jurica, 1968). Above the temperature inver

sion cooling rates are similar to those of sounding 1, 

a region of slight warming trend being present in the 

vicinity of the tropopause. 
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The rapid decrease in water vapor mixing ratio 

between 610 and 560 mb affected noticeably the effective 

pressures calculated from the Curtis-Godson approximation. 

Since mixing ratio decreases, or is constant, as height 

increases throughout the sounding, all effective pressures 

are located in the lower half of the atmospheric layers> 

as was the case in sounding 1; only if mixing ratios 

increased with height over some pressure interval could 

the effective pressure be located in the upper half of 

the layer. Combinations of reference and radiating levels 

which form layers lying either completely above 560 mb 

or completely below 610 mb have the effective pressure 

level located exactly at the layer mid-point, since mixing 

ratio is constant for these two regions. 

A Moist Tropospheric Temperature Inversion 

The temperature profile for sounding 3, shown in 

Figure 34, is identical to that of sounding 2. Mixing 

ratios decrease with height up to the tropopause, above 

which they remain constant at 0.05 g kg \ The values 

of mixing ratio are rather large, the total atmospheric 

-2 ,  .  
water content of 1.47 gm cm being more than two times 

larger than that contained in sounding 2. The greater 

water vapor content produces considerably greater downward 

flux densities at lower levels than were computed for 
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sounding 2, the surface value of 0.372 ly/min being a 19 

percent increase over the sounding' 2 value. The presence 

of the temperature inversion can be seen in the flux 

densities of Figure 35 as the bulge in the downward flux 

density curve between 550 and 600 mb, emission from the 

inversion layer being greater than if temperature decreased 

with height in this region; a similar effect is produced 

in the upward flux density curve. The combination of 

downward and upward flux densities produces a region of 

nearly constant net flux density just below the inversion 

base and a very slight decrease with decreasing pressure 

near the base, causing the warming trend depicted in 

Figure 36. A rather rapid increase of net flux density 

with decreasing pressure in the vicinity of the inversion 

top produces the large cooling rates there. The cooling 

rates of Figure 36 would tend to erase the temperature 

inversion very quickly, in contrast to sounding 2 where 

the rapid decrease in moisture content above the inversion 

base masked the presence of the temperature inversion and 

produced cooling rates which would actually intensify the 

inversion. These two cases emphasize the critical role 

of the water vapor distribution for infrared radiative 

transfer calculations. 

The effective pressures computed from the Curtis-

Godson approximation follow the same pattern as occurred 
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for soundings 1 and 2; values were very near the midpoint 

of thin layers and became more and more strongly weighted 

toward the bottom of the layer as it grew in thickness. 

In fact, the values for sounding 3 were almost identical 

to those of sounding 1, never differing by more than a 

few millibars. Even though sounding 3 contained more 

than three times as much water substance as did sounding 

lr the distribution with height of this quantity was so 

similar that the effective pressures did not differ 

appreciably between the two cases. 

A Tropospheric Dew Point Temperature Inversion 

A moisture distribution quite different from those 

of the previous cases is depicted in Figure 37, in which 

a strong dew point temperature inversion overlies a dry 

layer. The temperature profile is the same as that of 

sounding 1. Downward flux densities for this case, shown 

in Figure 38, are larger in the moisture inversion than 

the values for sounding 1 because of the greater amount 

of water vapor present in that region. The rate of in

crease of downward flux density is much reduced as the 

reference level is.lowered through the dry layer between 

530 and 700 mb, leading to the nearly vertical flux 

density curve in that region. Upward flux density de

creases uniformly upward from the surface value until 
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the moisture inversion ii> reached where the water vapor 

reduces the upward-directed 

surface emission. This produces the more rapid decrease 

lich takes place near 520 mb. 

The combination of the nearly constant downward flux 

density between 530 and 700 mb along with the rapid 

decrease of upward flux pensity above 520 mb produces 

a region from 600 to 49 0 mb in which net flux density 

decreases with height, causing' the warming trend shown 

in Figure 39. The maximjm heating rate of 1.19 deg/day 

occurs just below the to? of the moisture inversion. 

The presence of a large concentration of water 

vapor in the middle tropLsphere greatly alters the loca

tion of effective pressure levels in this sounding. In 

the previous cases these levels .were confined to the 

lower half of any given layer, a result which was at

tributed to the fact that water vapor mixing ratios 

decreased or were constaat with height throughout the 

soundings. Now, mixing ratios increase with height in 

the moisture inversion and the effective pressure levels 

in many layers containing that region are weighted strong

ly toward the top of the) layer. The range of relative 

locations is from within, 25 percent of the top of the 

layer for layers containing the moisture inversion to as 

low as within 20 percentl of the bottom of the layer for 
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some layers completely above or completely below the 

moisture inversion. The study of this case and the 

preceding cases has definitely shown that no single 

locations for the effective pressure-level of a layer 

could be considered truly representative of all layers 

in view of the large variations which .have been observed. 

Therefore, we conclude that a technique such as the 

Curtis-Godson approximation should be applied to each 

combination of reference level and radiating layer. 

Summary 

A series of calculations similar to those discussed 

above with regard to sounding 1 have been performed for the 

last three cases in order to evaluate the relative impor

tance of the pressure and temperature dependence of 

emissivity upon flux density and heating rate calculations. 

The results of these computations are summarized in Tables 

XIII, XIV, and XV. 

Comparison of the individual curves for each of 

the three cases of all four soundings shows complete 

consistency of the results. Upward and net flux densities 

and cooling rates are overestimated while downward flux 

densities are underestimated at all levels in Case A, 

where pressure scaling is substituted for pressure de

pendent emissivities. In Case B where the temperature 



TABLE XIII 

Comparison for sounding 2 of average absolute differences 
resulting from different functional forms for the emissivity. 

Case A: pressure scaling with temperature from the layer mid-point 
Case B: pressure from the Curtis-Godson approximation with T = 250K 
Case C: pressure scaling with T = 250K 

Flux densities are in ly/min and heating rates are in deg/day 

Quantity 

Curtis-
Godson 
averages 

Case A 
differences 

Case B 
differences 

Case C 
differences 

F 
u 

0.492 0. Oil 0.011 0.004 

' 

0.143 0.010 0.007 0.009 

Pn 
0.349 0.021 0.015 0.013 

3T/3t -0.889 0.212 0.092 0.276 



TABLE XIV 

Comparison for sounding 3 of average absolute differences 
resulting from different functional forms for the emissivity 

Case A: pressure scaling with temperature from the layer mid-point 
Case B: pressure from the Curtis-Godson approximation with T = 250K 
Case C: pressure scaling with T — 250K 

Flux densities are in ly/min and heating rates are in deg/day 

Quantity 

Curtis-
Godson 
averages 

Case A 
differences 

Case B 
differences 

Case C 
differences 

F 
u 

0.503 0.009 0.009 0.004 

Fd 
0.221 0.009 0.011 0.008 

"n 
0.283 0.019 0,018 0.011 • 

8T/3t -1.316 0.185 0.081 0.262 



TABLE XV 

Comparison for sounding 4 of average absolute differences 
resulting from different functional forms for the emissivity 

j 
Case A: pressure scaling with temperature from the layer mid-point 
Case B: pressure from the Curtis-Godson approximation with T - 250K • 
Case C: pressure scaling with T = 250K 

Flux densities are in ly/min and heating rates are in deg/day 

Quantity 

Curtis-
Godson 
averages 

Case A 
differences 

Case B 
differences 

Case C 
differences 

F 
u 

0.487 0.013 0.011 0.006 

F 
a 

0.109 0.010 0.006 0.008 

F 
n 

0.379 0.023 ' 0.014 0.014 

3T/3t -0,817 0.189 0.079 0.240 
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dependence of emissivity is neglected'and all emissivities 

are computed for a temperature of 250K, downward flux 

densities and cooling rates are overestimated in all four 

soundings where temperatures exceed 25OK and underestimated 

by Case B at higher levels where temperatures are actually 

less than 25OK; upward and net flux densities are under

estimated at all levels for all four soundings by this 

approximation. When both pressure scaling is used and 

temperature variations of emissivity are ignored in the 

calculations of Case C, the flux densities of all four 

soundings are in better agreement with the Curtis-Godson 

results than are the results of either Case .A or Case B 

individually; this is caused by the tendency of the dif

ferences of those first two cases to cancel each other 

when combined. However, the overall increase of net flux 

density is larger in Case C for all four soundings; thus, 

the tendency to overestimate cooling rates in both Cases 

A and B is magnified in Case C where cooling rates are 

overestimated by 25 percent, averaged over the four 

soundings. 

Evaluation of all the computations shows that the 

pressure and temperature variations of emissivity exert 

very nearly equal influence upon flux density calculations, 

the average difference over all cases of 0.01 ly/min rep

resenting a 4 percent departure from the Curtis-Godson 
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results. Heating rate calculations were much more sensi

tive to .the pressure factor than to the temperature effect, 

the mean difference for the four soundings being 0.19 

deg/day for Case A and 0.0 8 deg/day for Case B; these 

represent departures of 19 and 8 percent, respectively, 

from the Curtis-Godson values. In summary, it is con

cluded that the water vapor emissivities presented in this 

study are accurate representations of the water vapor 

infrared absorption spectrum. The use of these pressure-

and temperature-dependent values can significantly improve 

the accuracy of computations of flux densities and heating 

rates due to water vapor, provided that some reliable 

means of determining the effective pressure level of atmos

pheric layers, such as the Curtis-Godson approximation, 

is employed. 

It should be understood that the radiative transfer 

by water vapor represents only one of several areas impor

tant to the infrared radiation problem. Uncertainties -of 

similar importance to those we have discussed for water 

vapor exist in methods for computing radiative transfer by 

carbon dioxide and ozone. Further, the effects of clouds 

and of dust and haze layers in the atmosphere are not com

pletely understood at the present time. Detailed studies 

of these problems and of means of accounting for the 

effects of overlapping of absorption bands of the different 



gases must be performed before the overall accuracy of 

infrared radiative transfer computation can be improved. 



CHAPTER V 

SUMMARY 

The purpose of this study has been to examine 

certain of the factors governing the manner in which 

infrared radiative transfer by water vapor takes place in 

the earth's atmosphere. This topic warrants attention 

because of the important role played by atmospheric 

radiation in maintaining an energy balance in the earth-

atmosphere system. 

Importance of Pressure and Temperature Dependences 

We have focused our attention upon the influence 

of the physical parameters of pressure and temperature on 

infrared radiative energy transfers. It has been seen 

that pressure and temperature enter the problem in two 

separate but interrelated ways. First of all, the absorp

tion coefficients of the individual spectral lines depend 

upon pressure and temperature through their line strengths 

and shape factors? thus, the values of spectrally-

integrated emissivity are functions of the three parameters 

optical thickness, pressure, and temperature. Secondly, 

the fact that both pressure and temperature vary within 

the earth's atmosphere exerts considerable influence upon 
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in which calculations of flux densities and 

heating rates must be performed. 

st of all, we showed that the treatment of the 

ransfer equation by Elsasser and Culbertson 

(1960) leacs to an incorrect expression for the total flux 

density emi 

expression 

and Culbert 

tted by a homogeneous layer. The corrected 

was then applied to the data in the Elsasser 

son monograph in order to compute the emission 

from homogeneous layers of water vapor, carbon dioxide, 

and ozone; 

VII in the 

a function 

formulation 

the results were presented in Tables I, II, and 

form of flux emissivities of the three gases as 

of optical thickness, pressure, and temperature. 

These emissivities differed significantly from published 
/— 

values based upon Elsasser and Culbertson's incorrect 

A correction to the individual emissivities 

of water vapor and carbon dioxide due to overlap of the 

15 micron carbon dioxide band and the short wave side of 

the water vapor rotation band was also presented in Tables 

III, IV, V, and VI; overlap of these two gases with the 

9.6 micron ozone band was considered negligible. 

Utilizing more recent studies of the detailed 

structure of the various regions of the water vapor infra

red absorption spectrum, we then computed values for the 

spectrally integrated water vapor emissivity over ranges 

of optical thickness, pressure, and temperature such as 
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might be encountered in the atmosphere. Errors resulting 

from ignoring the temperature dependence of absorption 

coefficients led to especially large errors at small opti

cal thicknesses where accuracy is critical. Attempts to 

account for the pressure dependence of emissivity by scal

ing optical thickness with the linear pressure correction 

factor appropriate for a regular band model led to sizable 

errors which increased as the pressure was reduced, making 

such an approximation especially poor for the calculation 

of downward flux densities. In chapter III, a comparison 

between the water vapor emissivities computed in this 

study and those obtained from the Elsasser and Culbertson 

monograph revealed systematic differences. These could be 

attributed to the fact that Elsasser and Culbertson 

utilized an expression representative of the temperature 

variation of a single Lorentz line in order to specify the 

temperature dependence of the generalized absorption 

coefficient L, thereby obscuring interaction between 

absorption lines. Consequently, we chose the emissivities 

of this study as the means of evaluating the sensitivity 

of flux density calculations to the pressure and temper

ature dependences of water vapor absorption coefficients. 

The values of emissivity computed in this study 

are for homogeneous paths, which presents an obstacle to 

their application in infrared transfer problems in the 
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atmosphere. The use of the Curtis-Godson approximation to 

obtain an effective pressure for an atmospheric layer 

offers a means of obtaining results which have been shown 

to agree well with those of an exact solution. A series 

of computations of flux densities using the Curtis-Godson 

approximation revealed that the location of the effective 

pressure level within the homogeneous layer selected to 

replace a layer in the atmosphere depended upon the mass 

distribution of water vapor in the atmosphere. Flux den

sities computed using a fixed relative location of the 

effective pressure level for all layers did not agree 

closely enough with the Curtis-Godson values to allow the 

use of this simpler approximation. Neglecting either the 

computed pressure or temperature dependence of emissivity 

values led to nearly the same errors in flux densities; 

the departures from values obtained using the Curtis-Godson 

approximation represented an average relative difference 

of four percent for all cases considered. Heating rates 

obtained using the pressure-scaling technique differed 

from the values obtained with the Curtis-Godson approxima

tion by an average of nineteen percent for all cases. 

However, heating rates obtained using temperature-

independent emissivities differed by only eight percent 

from the Curtis-Godson values, revealing the much greater 
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sensitivity of heating rate calculations to the limitations 

of the pressure-scaling technique. 

Future Research 

Quantitative studies of the manner of accounting 

for the temperature variations of absorption coefficients 

averaged over the whole spectrum are required for the 

Curtis-Godson approximation. The form of that technique 

employed in this analysis is certainly less accurate than 

a version capable of taking such information into account. 

Although empirical estimates do exist for different regions 

of the spectrum, the variability is so great as to preclude 

at-the present time any generalizations about the averaged 

behavior. Basic to these problems is the improvement in 

accuracy of spectral data on line strengths# which stands 

at the present time as a limiting factor upon the accuracy 

of these computational methods. Extension of the methods 

presented here to higher levels in the atmosphere requires 

taking into account changes in line shape due to Doppler 

broadening. The departures of the source function from the 

Planck function also become of importance at upper levels, 

and would have to be taken into account. These factors 

take on added significance in view of the considerable 

interest in probing the atmosphere of this and other plan

ets from satellites located high above the surface. 
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It has been long recognised that cloud layers in 

the atmosphere are capable of gruatly modifying the trans

fer of radiative energy in the atmosphere. The initial 

treatments of clouds (Elsasser, 19 42) simply assumed that 

they emitted as a black body. Later studies (Kuhn, 1963) 

have attempted to assign effective emissivities to a cloud 

layer; however, a great deal of work remains to be done in 

this area. Further, the effect upon measured flux densi

ties of haze and dust layers in i:he atmosphere will have 

to be determined before a complete understanding of the 

infrared radiative transfer problem can be achieved. 

Despite the value of computing the dependence upon pressure 

and temperature of water vapor emissivity and of obtaining 

quantitative estimates of the importance of these factors 

to the infrared radiative transfer of energy, a compre

hensive treatment of that subject demands that similar 

studies be made for at least two 

dioxide and ozone. A thorough treatment of the effects of 

overlapping of bands of these different gases, discussed 

in chapter II, is certainly calleid for. 

Rodgers (19 67) has pointed out certain limitations 

upon the use of emissivities of the type we have computed, 

and has suggested that improvement in the calculation of 

radiative transfer could be obtained by a semi-empirical 

combination of computations based upon laboratory 

other gases, carbon 



189 

emissivities with actual measurements. This points out an 

area critical to the improvement of the understanding of 

radiative energy transfer in the atmosphere: the nature of 

the atmosphere has presented great obstacles to the acqui

sition of accurate measurements so often necessary for the 

confirmation or rejection of theoretical techniques. 

Research directed at improved techniques of remote sensing 

in the atmosphere should reap great benefits for the 

atmospheric sciences. 
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