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ABSTRACT 

Design techniques for linear multivarlable systems 

are considered. Both conventional frequency-domain tech

niques and modern, combined frequency-domain, time-domain 

procedures are considered. Noninteraction is taken as one 

of the two basic design requirements! the other is that 

specified subsystem transfer functions be achieved. Con

ventional methods are quickly shown to have the disadvan

tage of complexity—both in carrying out the design cal

culations and in the physical implementation of the 

compensation. 

The bulk of the attention to design is given to 

the state variable feedback design of multivarlable systems. 

All previous work is summarized, Including procedures which 

make possible the identification of the fixed zeroes of 

the subsystems of the multivarlable system and the number 

of subsystem poles which are controlled by state variable 

feedback. By treating each subsystem individually, the 

designer can apply some of the previously developed 

knowledge of state variable feedback design of single-

input, single-output systems. 

A topic which has not been previously studied is 

the addition of dynamics to the multivarlable system 

vll 
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before state variable feedback is applied, for the purpose 

of improving the system response. Three methods are pro

posed and analyzed for adding dynamics. The first, 

Method A, requires that the compensation, or additional 

dynamics, be placed in the control input channels of the 

multivariable plant and that all the states of the aug

mented system be fed back. This method is the preferred 

one when it works, because of its simplicity. Its most 

serious drawback is that the plant which results from the 

addition of compensation by Method A may have lost the 

ability to be decoupled by state variable feedback, even 

though it possessed that ability before the compensation 

was added. Another disadvantage is that there is no sure 

way of knowing how the structures of the subsystem transfer 

functions are affected by the added compensation. Thus, 

the designer has no guide to determining what to put in 

the compensators. 

One important, practical case of Method A is 

considered in detailj namely, the case where first-order 

compensators of the same form are added In all the input 

channels. It is shown that decoupling is never lost by 

this procedure. 

The second method, Method B, is shown to have 

serious practical problems and Is given only a brief 

treatment. 
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In Method C the problems of Method A are eliminated 

by the intermediate step of decoupling the plant before 

the compensation is added and all the states are fed back* 

When Method C is used, it is proved that the structure of 

the final, compensated system is completely detexmined by 

the structure of the decoupled plant and the structure of 

the added compensation. Unlike Method A, the designer now 

knows what compensation to add in order to meet the design 

specifications. 

Orderly design procedures are presented both for 

the case where additional compensation is not needed and 

for the case where it is. For the most part, the design 

procedures are based on previously known techniques. 

However, a procedure is presented which allows a savings 

in computational labor In certain design problems where 

dynamics are added to the multivariable system. 

A practical example of the application of state 

variable feedback design is given. The specific physical 

system considered is the coupled-core nuclear reactor, and 

a threescore linear model is used. Finally, suggestions 

are given for further research. 



CHAPTER 1 

INTRODUCTION 

In control engineering one studies the problem of 

forcing some physical system such as a rocket, nuclear re

actor , chemical processing plant* or even an economic or 

social system to behave In a manner which meets prescribed 

perfoxmance specifications* Such diverse physical systems 

as those mentioned exhibit many similarities* once the 

mathematical models describing their behavior are found 

and compared. In faot, much of control engineering In

volves the study of the behavior of the abstract system 

modelst rather than the specialized study of the physical 

systems* Presumably, after the control engineer acquires 

a thorough understanding of the general principles and 

techniques of control theory, he Is ready to make useful 

contributions to the actual design problems In a variety 

of fields where physical processes must be controlled* 

The specific concern of this study Is the design 

(In the abstract sense discussed above) of systems which 

have a multiplicity of inputs and outputs, and for which 

the number of Inputs 1c equal to the number of outputs. 

Examples of such systems are 

1 



1* An aircraft flight control system where 

typical Inputs are the rudder deflection 

and the aileron deflection, and the outputs 

are the roll rate and yaw rate of the 

aircraft. 

2. A turboprop Jet engine control, where the 

Inputs are the propeller blade angle and 

the fuel rate, and the outputs are the 

engine speed and turbine Inlet temperature. 

3* A set of coupled-core reactors, where the 

Inputs are the control-rod positions and 

the outputs are the power levels of the 

Individual reactors. 

For each of the above examples one input affects more than 

one output. In the first "example, for instance, the rudder 

setting affects both the yaw of the aircraft and its roll 

rate. Such multivarlable systems are said to be coupled. 

Both the terms noninteraction and decoupled are 

used to describe the situation in which each input of the 

multivarlable system affects one and only one output. 

Since coupling is usually inherent in the plant, or system 

before it has been designed, noninteraction Is a condi

tion which is part of the design objective. One advantage 

of choosing noninteraction as a design requirement is that 

the decoupled system appears to function in the simplest 

possible manner when seen from the input-output point 



of view. A further advantage is that once noninteraction 

is obtained, the multivariable system is reduced to a set 

of single-input, single-output systems, and the well-

established design techniques for such system are 

applicable. Both these advantages are present when the 

methods described in this study are used. 

The first attempts to formulate design procedures 

in which noninteraction is required were reported In the 

1950*3 and early 1960's (Boksenbom and Hood, 19̂ 9» Povejsil 

and Puchs, 1955» Freeman, 1957. 1958i Kavanagh, 1956, 1957» 

1958j Horowitz, 1960} Chen, Mathias, and Sauter, 1962). 

The multivariable system is assumed to be descrlbable by a 

set of linear differential equations with constant co

efficients, and the Laplace transform is used to obtain 

the corresponding set of linear algebraic equations in the 

complex frequency variable s. Methods based on this de

scription are known as frequency-domain techniques. 

Chapter 2 discusses notation and describes two 

typical frequency-domain design techniques, designated 

Configuration I design and Configuration II design. Their 

basic design objectives are noninteraction and the reali

zation of given transfer function relationships between 

each input and its corresponding output. The relevant 

design equations are derived in each case, and the dis

advantages- of the methods are pointed out; the latter are 

that it Is difficult to carry out the computations which 
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the procedures require and that there Is no assurance that 

the resulting system compensation can be implemented on 

the physical system. In a sense, the chapter is a 

"warm-up" because the succeeding chapters describe design 

techniques that are superior to those of Chapter 2. 

Chapter 3 provides a comprehensive treatment of 

the material on which the main contributions of disserta

tion are based* The modern, state variable description of 

the multlvariable system in both time- and frequency-domain 

is used. Again, the design objectives are noninteraction 

and the realization of transfer function relationships 

between input-output pairs. The design objectives are 

achieved by feeding back all the state variables of the 

system and by coupling in the system inputsi this form of 

compensation* known as state variable feedback, was studied 

by Morgan (19̂ 3, 1966), Rekasius (1965), Palb and Wolovich 

(1967 a, b), and Gilbert (1968). The first two of the 

above authors present results which are superseded by the 
4. 

work of the last three authors, 

Falb and Wolovich formulated and proved a necessary 

and sufficient test for deteimining whether or not state 

variable feedback can decouple the multlvariable system* 

They also developed a standard procedure for decoupling 

and presented a design technique In which certain of the 

system poles are controlled, but all zeroes are canceled* 
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Gilbert utilized Palb and Wolovlch*s standard 

procedure for decoupling and changed variables In the de

coupled system to establish a canonical form for the multi-

variable system. The use of his canonical fonn permits 

the Identification of m decoupled subsystems* where m Is 

the number of Inputs (and outputs)! It also makes It 

possible to apply the well-developed state variable feed

back design technique for single-Input, single-output 

systems discussed by Schultz and Melsa (1967)* If state 

variable feedback Is applied to each of the decoupled sub

systems, then the subsystem poles can be placed arbitrarily 

but the zeroes remain fixed. In addition, there are some 

poles of the multlvarlable system which cannot be controlled 

by state variable feedback If decoupling Is to be preserved. 

The work of Gilbert described in Chapter 3 Is 

notable for Its completeness. All that is necessary to 

design the multlvarlable system by state variable feedback 

is given. 

The fact that state variable feedback cannot change 

the order of the system and cannot by Itself add new zeroes 

to the system is a disadvantage because a common design 

specification is zero velocity-error coefficient, and 

control over the zeroes is needed to meet this requirement. 

Other design situations require that poles be added to the 

system. In single-Input, single-output design, additional 

dynamics are added by inserting compensator networks. 



The extension of this technique to multivariable systems 

is the subject of Chapter This chapter contains the 

main contributions of the dissertation* 

Three methods are discussed in Chapter k for adding 

additional dynamics to the multivariable plant* In Method 

A compensator networks are added in the input channels of 

the plant. This method, although it has the advantage of 

simplicity, does not always give the desired results* Its 

most serious drawback is that the plant which results from 

the addition of compensation by Method A may have lost the 

ability to be decoupled by state variable.feedback, even 

though it possessed that ability before the compensation 

was added* A further disadvantage Is that there is no 

sure way of knowing how the structures of subsystem transfer 

functions are affected by the added compensation* Thus, 

the designer has no guide to determining what to put in 

the compensators. 

One important, practical case of Method A is 

considered in details namely, the case in which first-

order compensators of the same form are added in all the 

input channelsi according to Theorem ̂ .1 decoupling Is 

never lost by this procedure. 

The second method, Method B, is shown to have 

serious practical problems, and is best considered as a 

step towards Method C* 
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In Method C the problems of Method A are eliminated 

by the Intermediate step of deooupllng the plant before 

the compensation Is added, and all states are fed back* 

This fact Is Intuitively plausible but must be provedt 

a proof Is provided In Theorem 4*3* Theorem *l>.3 Is the 

central result of the chapter* Although Its proof Is 

abstract* its content Is easily understood. Basically, 

the theorem shows that In designing a system by Hethod C, 

one knows beforehand that the structure of the final, compen

sated system Is oompletely deteznlned by the struoture of 

the decoupled plant and the structure of the added 

compensation* Unlike Method A, the designer now knows 

what compensation to add In order to meet the design speci

fications i exactly the same freedom exists In single-Input, 

single-output design problems as that provided by the use 

of Method C* 

Progress through Chapters 3 and V reveals that the 

design procedures for state variable feedback design of 

multlvarlable systems—whether or not additional compensa

tion Is needed—are quite complicated In comparison with 

single-Input, single-output design* Chapter 5 alleviates 

the complexity In two ways. First, an orderly design 

procedure, complete with all relevant formulas, Is pre

sented both for the case where additional compensation Is 

not needed and for the oase where It Is* Second, 

computationally efficient algorithms are presented for 



carrying out the design steps by digital computer* Host 

of Chapter 5 is not newj however, a new idea is presented 

which allows a savings in computational labor in certain 

design problems where additional compensation is needed. 

In Chapter 6 a practical example of state variable 

feedback design is given. The specific physical multi-

variable system considered is the coupled-core nuolear 

reaotor (Weaver, 1968). 

Chapter 7 presents the conclusions and suggestions 

for further research. 



CHAPTER 2 

CONVENTIONAL, FREQUENCY-DOMAIN TECHNIQUES 

In this chapter notation and the means for 

modeling multlvariable systems in both the frequency 

domain and the time domain are given. Compensation and 

the design constraint called nonlnteractlon are introduced* 

Two frequency-domain design techniques are presented as 

typical of previous efforts to compensate multlvariable 

systems. The basic aim is the demonstration of their 

inadequacy, as a means for developing perspective and for 

leading Into the state variable design technique of the 

following chapters. 

This chapter provides essential background material 

but, except for Theorem 2.1, no new results are presented 

here* 

Plant Equations and Notation 

Linear, time-invariant multlvariable control 

systems have one or more inputs and one or more outputs; 

this is the origin of the term "multlvariable". The Inputs 

and outputs are related by a set of ordinary, linear 

differential equations with constant coefficients. 

9 



It is assumed in what follows that the number of Inputs is 

the same as the number of outputs. Means for augmenting 

the multivariable system sp that this constraint is satis

fied are discussed in Chen et al (1962), for the case where 

there are fewer outputs then inputs* Very little work has 

been done on systems which have more outputs than inputs 

( Leeds and Cox, 1967). 

Conventional, frequency-domain design techniques 

require a mathematical description of the system of the 

fona 

y(s) « P(s)u(s) 2,1 

Here all quantities are Laplace transformed quantities and 

are functions of the complex frequency variable s. 

y(s) is an m-dlmenslonal vector, the output 
of the system 

u(s) is an m-dlmensional vector, the control 
input to the system 

P(s) is an n x m matrix, the plant matrix 

Lower case letters are used for scalars and 
1 

vectors* When subscripts or superscripts are used, lower 

case letters refer to either scalars or elements of 

vectors which may themselves be either vectors or soalars* 

Capital letters with subscripts or superscripts denote 

subniatrlces of the matrix represented by the same capital 

letter without the subscript* The superscripts T and -1 

are used to denote the transpose and the Inverse of a 



matrix* respectively* The symbol 0 Is used for the 

scalar 0, the null vector* and the null matrix. Vectors 

and matrices are not underlined because for the most part 

very few scalars appear in the text and these are always 

explicitly pointed out* Whenever feasible the notation 

used is the same as that used in current papers on the 

subject of the design of multlvarlable systems using state 

variable feedback* 

As Equation 2.1 indicates* the input and the output 

are related by a transfer matrix. This is in contrast to 

single-input* single-output systems where the input and 

output are related by a transfer funotlon* Each of the 

elements of the plant matrix P(s) (e.g., Pjjfs)) ls a 

transfer function. 

Modem* time-domain and combined frequency-domain* 

time-domain design techniques require the mathematical 

description of the system to have the following form 

x(t) • Ax(t) • Bu(t) 2.2 

y(t) • Cx(t) 2*3 

Here the • indicates differentiation with respect to the 

time t and • , 

x(t) is an n-dimenslonal vector* the state of 
the system 

u(t) is an m-dimenslonal vector* the control 
input to the system 
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y(t) is an m-dlmensional vector, the output of 
the system 

A is an n x n matrix of constants, the system 
matrix 

B is an n x m matrix of constants, the control 
input matrix 

C is en a x n matrix of constants, the output 
matrix 

(Note th&t y is being used as the symbol for both a 

function of time, in Equation 2.3, and, in Equation 2.1, 

for the Laplace transform of Itself, now a function of s. 

Once understood, this usage is not a source of confusion.) 

The number of states, n. Is required to be greater than or 

equal to the number of control inputs, m. Equation 2.2 is 

a set of coupled first-order linear differential equations, 

and Equation 2.3 defines the m outputs of the system as 

linear combinations of the n states. 

Both the frequency-domain and the time-domain 

representations given above refer to the same physical 

systemi they are merely two different ways of describing 

it. Equations 2.1, 2.2, and 2.3 are taken as starting 

point8. Methods for modeling physical systems in terms of 

these types of equations and state variable concepts are 

discussed In many textbooks, such as Cannon (196?) and 

Schultz and Melsa (1967)* 
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Foims of Compensation 

The basic problem being considered Is that of 

realizing the desired performance In a multivariable 

system. To accomplish this aim, often the fixed plant 

must be compensated! i.e., additional physical components 

such as electronic amplifiers and resistor-capacitor net

works must be used to alter the dynamic system performance. 

Here, the mathematical aspects of the compensation problem 

rather than the "hardware" aspects are treated. 

Three forms of compensation are to be considered 

and all three are defined In texms of their effect on the 

control input u. They are 

u(s) » D(s)Lr(s) - y(s)] 2.4 

u(s) « G(s)r(s) + L(s)y(s) 2.5 

u(s) « Fx(t) + Gr(t) 2.6 

The variable r Is an m-dimenslonal vector, representing 

the system input, and should not be confused with the 

control input, u. The matrices D, G, and L are of dimen

sion m x m and F is m x n. Equations 2,k and 2.5 Apply to 

the system when it is represented as In Equation 2.1i I.e., 

in the frequency-domain formulation. Equation 2.6 applies 

to the state variable formulation of Equation 2.2 and 2.3, 

and In this case the matrices F and G are assumed to have 

constant elements. 
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The first two control Inputs given above lead to 

Configuration 1 Design and Configuration II Design, 

respectively. These two frequency-domain design techniques 

are discussed In this chapter. The third control Input 

applies to the state variable feedback design technique) 

by far It occupies the bulk of the attention In the 

chapters which follow. 

Once the control Input has been chosen, the 

relationship between the system Input r and the output y 

can be found. This relationship Is Indicated by the 

equation 

y(s) « H(s)r(s) 2.7 

where H(s) is an m x m transmission matrix. H(s) Is a 

function of the fixed portion of the system and the control 

Input u. H(s) Is to be chosen by the designer to satisfy 

design specifications such as bandwidths, rise tlmes( and 

steady-state errors. 

Noninteraction 

The equations representing a multlvarlable system 

are coupled. This means that If one of the system inputs, 

say r1# Is changed, then not only output yj Is changed, 

but In general all the outputs are affected. A great 

simplification in the apparent operation of the system 

would be to have noninteraction. With noninteraction 
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each input affects one and only one output* In terms of 

Equation 2.7 noninteraction can be defined as followsi 

Definition 2.1 A system is said to be 

noninteracting when the transmission matrix 

E defined by the equation y * Hr is diagonal 

and nonslngular. 

Nonsingularity is necessary to insure that none of the 

diagonal elements of R is zero. 

This definition of noninteraction coincides with 

that of Gilbert (1968) and is equivalent to the one given 

by Falb and Wolovich (1967a)» it follows the intent of one 

of the earliest papers on multivariable control systemst 

Boksenbom and Hood (19̂ 9)* 

Multivariable systems are inherently interacting. 

In a Jet engine* for example, when a control input such as 

the fuel flow rate is changed, both the engine speed and 

the engine temperature change. Now when the system has 

been compensated for noninteraction, a change in the input 

corresponding to the control input fuel flow rate would 

cause all the control Inputs to change In such a manner 

that only the single output corresponding to flow rate will 

change. Thus from an Input-output point of view the system 

possesses noninteraction, while from a control input-output 

point of view it is still interacting. 
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Nonintexacting multivariable systems can be 

conceived as consisting of a collection of individual 

subsystems! each of which has a single input and a single 

output. Dealing with single-input, single-output sub

systems has two advantagesi First* the problem of specify

ing performance requirements is simplified, Second, each 

subsystem can be treated separately. The problem of de

signing to meet the specifications is then a more traotable 

one because there are many design techniques for single-

input, single-output systems. In the design procedures 

discussed in the following chapters the criterion of 

noninteraction is taken as the fundamental design require

ment to be met. 

Configuration I Design 

For Configuration I the form of compensation to 

be used is that given In Equation 2,b and shown in 

Figure 2.1(b) (where the double lines are used to indicate 

vector quantities). The matrix D(s) is the unknown com

pensation transfer function matrix. Configuration I has 

been discussed by many authors, but perhaps the bulk of 

the theory is presented in the paper and the attendant 

discussions given in Chen et al (1962), and the papers 

by Povejsll and Fuchs (1955). Mathias (1963). Gilbert (1963). 

and Chen (1968 a, b). 
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U ( 8 >  P(s) -X ̂r(s) 

(a) The Fixed Plant 

N D(s) 
u(g) \ 

"7̂  
P(s) Ẑ >y(s) 

(b) Compensated System for Configuration I Design 

r(s) N G(s) 
•t-

+' \ 

u(s) 
> P(s) •̂(8) 7=? 

L(s 

(c) Compensated System for Configuration II Design 

Figure 2.1 Conventional, Frequency-Domain Design Techniques 
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Substituting Equation Z,k Into the plant equation, 

2.1, gives 

y(s) >s P(s)D(s)[r(s) - y(s)] 2.8 

and solving Equation 2.8 for y(s) yields 

y(s) • Cl + PfsjDfsJiT̂ sjDfsJrfs) 2.9 

where I is the m x m unit matrix. The transmission matrix 

relating the input r(s) and the output y(s) is thus 

H(s) • [I + P(s)D(s)]"1P(s)D(s) 2.10 

The particular case of most interest is the one 

where noninteraction is given as one of the design 

criteria. In this case It is possible to find an expres

sion for H(s) which shows clearly that the multlvarlable 

system can be regarded as a set of single-input, single-

output subsystems. 

Let the loop gain matrix N(s) be defined by the 

equation 

N(s) a P(s)D(s) 2.11 

Substituting N(s) into Equation 2.10 gives 

H(s) ® tl + iKs)]"1̂ ) 

- (N~1(s)[I + N(s)])"1 

a CN-1(s) + I]"1 2.12 

For noninteraction H(s) must be a diagonal matrix. Prom 

the above equation H(s) will be diagonal if N(s) is a 

diagonal matrix. In fact, if N(s) is given by 
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N(s) 

n̂ Cs) 0 

0 n22(s) 

0 

0 

• 

0 0 

then Equation 2.12 becomes 

njjje). _ 

V̂wn (s ) 2.13 

H(s) 

l+nn(s) 

0 
n22(s) 
l+n22(s) 

2.14 
° ° "• "mm*8) 

1+nmm(s) 

Equation 2.14 shows that the multlvarlable system 

consists of m subsystems, each of which has one Input, one 

output, a loop gain transfer function n̂ fs), and unity 

feedback. The n̂ Cs) depend on both P(s) and D(s) and 

are to be selected to give a satisfactory response from 

Input r̂  to output y1# 

Once the matrix N(s) has been selected, the elements 

of D(s) can be found. Let P"1(s) be expressed as 

P" l ( 8 )  
& (s) 

det P(s) 2,15 

where det P(s) Is the determinant of F(s) and & (s) Is 

the adjoint matrix of P(s), (Nerlng, 1963). having 
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elements Then from the equation which defines 

N(s), Equation 2.11, 

D(s) » P"1(s)N(s) 

" det l(s) N(s> 2*16 

In terms of the elements of D(s), Equation 2.16 beoomes 

dlJ(s) a detS(s)  ̂̂iknkj(s) 2,17 
k=l 

or since N(s) Is a diagonal matrix, 

/ x 1̂1 <8) 
d13(a) ° AetHa) njJ(s) 2-18 

In summary, when nonlnteractlng systems are to be 

designed using Configuration I, the procedure Is the 

following. First, a set of loop gain transfer functions 

Is chosen to give the desired Input-output relationships 

for each of the m Input-output pairs, thereby determining 

N(s). This step can be accomplished by using the standard 

design techniques such as Bode plots, root locus diagrams, 

and Nyqulst diagrams. Second, the elements of D(s) are 

found by using Equation 2,18. 

A disadvantage of this approach can be seen by 

examining Equation 2*18, which shows that the scheme is 

basically one of cancellation* The term <!!<•) is found 

by multiplying the desired njj(s) by an element of P"*(s)» 

in effect the plant is being "canceled out" and new 

dynamics are being inserted in its place. Cancellation is 



never exact because the plant Is never known -exactly* 

The scheme also suffers from a computational standpoint, 

as finding P~*(s) requires taking the inverse of a matrix 

having elements which are functions of the literal 

variable s* 

In the paper by Chen et al (1962) cancellation and 

right-half plane poles in P(s) are discussed, and con

straints on D(s) are given. Unfortunately, when these 

constraints are incorporated the resulting D(s) may have 

a very complicated structure* The example in the last 

reference cited required the capability of synthesizing 

'a D(s) having both poles and zeroes in the right-half 

plane* Such compensators have no practical value* 

More recently, Gilbert (1963) showed that the 

general problem of cancellation and the effects of un

stable transfer functions in P(s) are best clarified by 

using concepts which are defined in terms of the state 

variable representation* This discussion of Configura

tion I in terms of state variable concepts is continued 

in the papers by Chen (1968<a, b), where a means for 

determining stability is given. 

Configuration XI Design 

For Configuration II the form of compensation to 

be used is indicated in Figure 2.1(c) and the equation 

u(s) » L(s)y(s) + G(s)r(s) 2.5 



22 

Here L(s) and G(s) are the unknown compensation matrices. 

Configuration II has been discussed by Kavanagh (195̂ t 

19571 1958)» Gibson (1963) and Rekasius (1965). 

Substituting Equation 2*5 Into Equation 2.1 and 

solving for y(s) yields the expression for the transmission 

matrix* as 

H(s) - [I - PCslLteH'ScslGfo) 2.19 

Multiplying both sides of Equation 2*19 by I - F(s)L(s) 

and transposing terms gives 

H(s) a P(s)L(s)H(s) + F(s)G(s) 2.20 

Given the desired H(s), one must solve the m2 scalar 

equations in Equation 2.20 (one for each element of H(s)) 

for the 2m2 unknown elements of L(s) and G(s). 

The overabundance of unknowns can be considered 

both a boon and a burden. It is a boon, for example, when 

some of the Inputs are noise or disturbance inputs and 

cannot be manipulated! then some of the elements of G(s) 

would be constrained to be 0, reducing the number of 

unknowns. Other situations in which the number of unknowns 

is reduced are discussed in Kavanagh (1956). The over

abundance of unknowns is burdensome because it hampers 

the formulation of exact procedures for solving for L(s) 

and G(s)1 the computational problem is further compounded 

by the fact that each of the so-called unknowns is itself 

a transfer function whioh may have several unknown paramaters. 
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Configuration II design can be recast in the 

modern, state variable framework* This is instructive 

because it shows how Configuration II design Is related 

to the state variable feedback technique* Taking the 

Laplace transform of Equations 2*2 and 2*3, while assuming 

zero initial conditions* gives 

8x(s) » Ax(s) + Bu(s) 2,21 
. . i 
y(s) * Cx(s) 2*22 

Now the control input u(s) is given by 

u(s) « L(s)y(s) + G(s)r(s) 

a L(s)Cx(s) + G(s)r(s) 2*23 

If noninteraction is required, necessary and 

sufficient conditions can be given for the existence of 

a nonlnteractlng control. The requirement is that P(s) 

be nonsingular, as Theorem 2*1 indicates* (The proof is 

adapted from the proof of a theorem given in Rekasius 

(1965).) 

Theorem 2*1 A necessary and sufficient condition 

for the existence of a nonlnteractlng control for 

Configuration II is that P(s) be nonsingular. 

Proof. Rearranging terms in Equation 2*23 yields 

L(s)Cx(s) = u(s) - G(s)r(s) 2.2U 

Solving Equation 2*24 for x(s) and multiplying the result 

by L(s)C gives 

L(s)Cx(s) » L(s)C(sI - A)"1Bu( s )  2.25 
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A comparison of Equations 2.24 and 2.25 reveals that 

u(s) - G(s)r(s) a L(s)C(sI - A)~̂ Bu(s) 2.26 

or u(s) • [I - L(s)C(sI - A)"1B]"1G(s)r(s) 2.27 

Now from the equation 

y(s) « P(s)u(s) 2.1 

and Equation 2.2? there results 

y(s) •* F(s)[l - L(s)C(sI - A)""1B3"*G(s)r(s) 2.28 

so that 

H(a) « P(s)tl - L(s)C(sI - ArVr̂ GCs) 2.29 

To prove necessity it must be shown that P(s) is 

nonslngular if a noninteracting control can be found* 

Under the assumption of noninteraction* H(s) in Equation 

2.29 is a nonslngular diagonal matrix. Taking its Inverse 

leads to the desired result} namely, that P(s) is 

nonslngular. Sufficiency is proved by letting L(s) a o 

in Equation 2.29 and solving for the compensation matrix 

G(s) In terms of H(s) and P-1(s). 

Configuration II suffers from the same problems of 

Configuration It namely, It is again necessary to Invert 

matrices which are functions of s, and there is no guaran

tee that the compensation can be implemented with a reason

able amount of equipment, if at all. In fact, if the scheme 

in the proof of Theorem 2.1 is utilized, then L(s) a o and 

G(s) a P-1(S). A glance at Figure 2.1(c) shows that this 
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scheme has no feedback around the compensation» it is 

basloally an open-loop cancellation scheme. 

Instead of feeding back the system outputs and 

coupling in the inputs9 as indicated by Equation 2.23, a 

better scheme uses the control law 

u(s) • F(s)x(s) + G(s)r(s) 2.30 

Here all the states, rather than Just certain linear 

combinations of states» are being utilized. Theorem 2*1 

still holds* and the same practical problems are present 

in the design procedure* 

Morgan (196 3) proposed the use of a control input 

of the type given in Equation '2.30—wlth the restriction 

that F and G be constant matrices* The multivariate 

system is now said to be compensated by state variable 

feedback* the subjeot of the remainder of this work* 

Ppnctolffnp 

Two representative conventional techniques for 

designing multlvarlable systems have been presented. For 

the case of noninteraction, formal procedures are given 

for carrying out the design process* Basically, the dis

advantages of these techniques are that it is difficult 

to perform the required computations and that the result

ing compensation matrices may be difficult or impossible 

to Implement in a physical system* 
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Both the computational problem and the problem of 

implementing the design arise because of the great 

generality of the problem formulation. No restrictions 

are placed on the compensation matrloes, so that the number 

of possible parameters which oould be present is unlimited. 

Under these clrcixoistanoes it is to be expected that the 

formulation of feasible systematic computational proce

dures would be dlffioult and that desirable compensation 

matrices could not be expected with any degree of 

regularity. 

In the following chapters the state variable 

feedback design technique is treated. The form of com

pensation is limited right at the start to a structure 

that pexmlts the application of linear algebra and matrix 

theory to a far greater extent than Is possible with con

ventional design techniques. As a result the problems 

of computation and ease of physical implementation are 

greatly relieved* in exchange for a loss of generality 

in the form of the closed loop system which can be achieved. 



CHAPTER 3 

STATE VARIABLE FEEDBACK DESIGN 

This chapter is intended to provide an up-to-date 

account of the status of state variable feedback design 

of multlvariable systems. Except for computational as

pects* which are discussed in Chapter 5• the presentation 

is sufficiently complete to enable one to design physical 

systems by this technique* The primary concern of this 

dissertation is the formulation of design techniques and 

computational procedures for the case where state variable 

feedback alone is not sufficient for meeting the design 

requirements. The chapter must be understood if the main 

contributions of the dissertation are to be understood and 

assessed* but no hew results appear here. 

The state variable feedback form of compensation 

was first proposed bjf Morgan (1963# I964)fhis work is dls-

oussed in the first section of this chapter. Also dis

cussed in the same section are the contributions of 

Rekaslus (1965)* Only a brief aocount of their work is 

given because later developments have more general 

application. 

The second section is a presentation of the work 

of Falb and Wolovlch (196? a* b). These authors formulated 

27 
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a simple test for determining whether or not the multi-

variable system can be decoupled by using state variable 

feedback. They also provided the formulas for decoupling 

the system into a form in which some of the system poles 

can be arbitrarily placed, but all of the zeroes are 

canceled. The results here are not completely satisfactory 

because the formulas do not provide for the greatest pos

sible design freedom. However, the work of Falb and 

Wolovich serves as the basis for understanding and using 

the most recent contribution to the development of the 

design technique! namely* the work of Gilbert (1968). 

The third seotlon of this chapter is devoted to 

Gilbert's results. He provides a thorough and complete 

treatment which relates the multlvarlable problem to the 

design of single-input, single-output systems by state 

variable feedback. This section is the culmination of 

all previous work on state variable feedback designt system 

behavior which has previously been unaccounted for is ex

plained, the question of system stability is made clear, 

and the limitations of design by state variable feedback 

alone are given. The chapter is concluded with a summary. 

Early Design Efforts 

In the state variable formulation the plant 

equations are assumed to be in the form 



X • Ax • Bu 3.1 

y • cx 3.2 

and the control Input Is taken to be 
* 

u • Fx + Gr 3,3 

the vectors x, y, and u are functions of time, but this 

dependence Is no longer being shown explicitly. Becall 

that there are n states, m Inputs, and m outputs. 

Morgan (1963) Is responsible for the Introduction 

of the form of the above control law u given In Equation 

3.3. His approach to the problem requires making a linear 

change of variables that puts the system Into the simpler 

form 

X « Ax • Bu 3.J+ 

y a [I 0]x 3.5 

where I Is the m x m Identity matrix and 0 Is the 

m x (n - m) null matrix. In order to avoid cumbersome 

notation, the same symbols are being used for the new 

representation1 the linear transformation relating the 

original variables to the variables In Equations 3.if- and 

3*5 Is discussed later. 

The simplification Is that the m system outputs 

are now equal to the first m state variables. This fact 

Is best utilized If the A, B, and F matrices are 

partitioned Into submatrloes as follows 1 



B 
BjOnxm) 

B2( (n-m)xm) 
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Â fmxm) Â 2 (mx(n-m)) 

A21((n-m)xm) A22((n-m)i(n-*)) 

F" [Fj(mzm) F2(mx(n-m))] 

If the above partitioning scheme is used and the control 

law of Equation 3*3 is substituted into Equation 3.̂ , the 

state equations become 

X « 
A11*B1P1 a12+b1p2 

a21+b2f1 a22+b2f2 
x + 

BjG 

BzG 
,3.6 

Noninteraction is achieved by isolating the first 

m states. Let 

A12 * B1F2 " 0 

Ali + BjPJ 

B1G « BJ 

A 11 

3.7 

3.8 

3.9 

where An and Bi are nonslngular diagonal matrices* The 

P and G which satisfy the above equations are 

?1 - Bj (An - An) 
-1. 

f2 - -

G P B̂ Bj 

~B1 A12 

3.10 

3.H 

3.12 

provided that Bj is a nonslngular matrix. For the F and G 

of Equations 3.10 -3.12, Equation 3«6 is 

.c 

X • 
L11 

A21+B2f1 a22*'b2p2 

c 
B1 

X + 
BgG 

3.13 
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Clearly the first m state equations (and thus the m output 

equations) are uncoupled first-order differential equations, 

and each subsystem has the transfer function 

y«(s) bji 
rJTTT " s - â  1 - It 2t .... m 3.14 

where bf ̂ and â  are the ith diagonal elements of the 
e c 

matrices Bj and Â j, respectively. 

There are two drawbacks to Morgan's method. First, 

only the sufficient condition that Bj be nonsingular Is 

given, and this allows only first-order subsystems to be 

obtained. In most multlvariable systems it is to be 

expected that such simple subsystem responses will not be 

typical, so that Bj is singular for a typical system, and 

the method is inapplicable. Second, even if the method 

applies, the state equations involving the derivatives 
• 
x̂ , 1 * m+1, *.., n, are not under the designer's control, 

as Equation 3.13 Indicates. The compensation matrices F 

and G are completely determined by the specification of 

the first m state equations! therefore, there is no way 

of insuring In advance that the last n-m state equations 

have satisfactory responses or are even stable. 

An improvement over Morgan's technique was developed 

by Rekaslus (1965). Here, his treatment of first-order 

subsystems is given, and its extensions are discussed. 
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Suppose the response of the irultivariable system is 

specified by the designer to be 

V0y • Vxy - Wjr 3.15 

where V0, Vj, and Wj. are m x m diagonal matrices which 

must be specified by the designer. Once again first-order 

uncoupled subsystems with no zeroes are being sought. 

The expression for y is given by Equation 3*21 

differentiating this equation with respect to time gives 

y « Cx 3.16 

The expression for x is given in Equation 3.I1 after the 

control input of Equation 3.3 is substituted in Equation 

3*1( there results 

x * (A + BF)x + BGr 3*17 

so that Equation 3*16 becomes 

y * C(A + BF)x + CBGr 3*18 

Now if Equations 3.2 and 3*18 are substituted into Equation 

3.15 and two terms in x are oomblned, the result is 

[V0C(A • BP) • VjCOx + V0CBGr • Wjr 3.19 

The above equation is satisfied if the coefficient of x 

Is equal to 0, 

v0c(A + BF) + VjC » 0 3.20 

and if 

VqCBG o Wj 3.21 

These last two equations can be solved for F and G, as 



. "1 
P • -(V0CB) (VqCA • VjC) 

G - (VQCB)"̂  
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3.22 

•3.23 

If Vq Is nonslngular, then Rekaslus* sufficient condition 

for flrst-order nonlnteractlng subsystems Is that CB be a 

nonslngular matrix. 

In order to show the equivalency of the results 

of Morgan and Rekaslus, It Is necessary to recall that 

Morgan required the first m state variables to be equal 

to the m outputs* Since most systems do not satisfy this 

condition In their original variables, a linear change of 

variables must be made* Let the new variables be x and let 

the required transformation be defined by 

X m Tx 3.24 

Morgan (1963) showed thatT is given by 

C 

C» 
3.25 

Here C is the system output matrix, which is assumed to be 

of rank mi C* is any (n - m) x n matrix which results in 

a nonslngular T* 

For the new variables x the control input matrix 

B can be written in terms of T and Bt 

B - TB 

"c "1 l~CB 
3.26 

"c " "CB 
• B • 

c» C*B 
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Now recall that Morgan's partitioning of B was the 

following 

h 

S. 
Thus the requirement that Bj_ be nonslngular Is the same as 

Bekasius* requirement that CB be nonslngular* The equiva

lence of Morgan's and Bekasius* work has been noted pre

viously (Falb and Wolovich, 1967 a) but not shown 

explicitly. For future reference, the symbols x and T 

are used in the succeeding chapters in a different context* 

The above procedure of Bekasius has been extended 

by him in considering an uncoupled output equation of the 

form 

VQy(k) + Vjŷ **1* + ... • Vky » W1r(k"1) + ... + Wkr 3.28 

where the superscripts Indicate time derivatives, and all 

the and Wj are diagonal matrices. Equation 3*28 pro

vides for the realization of higher-order subsystem 

responses* The same procedure that was employed in the 

first-order case can be used to derive formulas similar to 

those of Equations 3*20 and 3*21. Such foraulas again 

provide sufficient conditions for the realization of the 

chosen decoupled response*. The drawback is that there 

is no assurance that a realizable response has been chosen 

or even.that the system can be. decoupled at all. 
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Rekasius' procedure Is one of trlal-and-error, with no 

guarantee of success. 

Both Morgan's and Rekasius' work contribute a 

certain amount of understanding to the multivariable 

design problem. However, the developments to be described 

in the next two sections relegate the earlier work to a 

position of historical value only. 

The Work of Falb and Wolovich 

In this section the work of Falb and Wolovich 

(I967 a, b) is discussed. They are responsible for find

ing a necessary and sufficient condition for decoupling 

and for formulating a procedure for obtaining a less re

stricted class of compensated systems than those of 

Morgan and Rekasius. 

Recognizing that the transfer functions of the 

different subsystems comprising the multivariable system 

are generally different from one another in structure, 

Falb and Wolovich treat each subsystem separately. Let 

denote the 1th row of the output matrix C, and let 

the scalars dj, d2» .... ̂  be given by 

d̂  s mintJ 1 CjÂ B ̂  0, j » 0, 1, ..., n-l3 3«29 

or d̂  « n-1 If Ĉ Â B « 0 for all J 3*30 

To find d̂  the successive row matrices Ĉ B, Ĉ AB, ..., 

CjAd*B must be formed. The scalar d̂  is the smallest 
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Integer such that Ĉ Â B 4 0» It is shown later that 

dj+i represents the pole-zero excess for the ith subsystem* 

A simple calculation and the use of the definition of dA 

yield the results 

Ct(A + BP) « CjA 

Ci(A + BP)2 C^A2 

• 

CA(A + BF)dl a Ĉ 1 

Cĵ A + BF)dl+1 • ClAdi+1 • Ĉ lBF 3.31 

Consider the Individual output equations and the 

effects of state variable feedback. From Equation 3*2. 

yA = CjX 3*32 

where ŷ  is a scalar and is the ith component of the output 

vector y» Equation 3*32 is now successively differentiated 

until the (dj+l)th derivative is reached, and at each step 

Equation 3*31 is used to simplify the resulting expressions. 

Taking the time derivative of Equation 302 yields 

y-L « Cjx 3*33 

The expression for x is found in Equation 3«1» but after 

state variable feedback is applied, x becomes 

X « (A + BF)x + BGr 3*3̂  

If Equation 3«3̂  is substituted into 3*33 and Equations 

3.29 and 3,31 are used for simplification, the result is 

that 

yl 88 ClAx 3«35 
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Continuing the above procedure for higher derivatives of 

y4 gives 

yi(2) " cIa2x 

<di) « CjÂ X ŷ i 

(̂dj+l) B £ClAdi+1 + CjÂ BP]* • CjAdlBGr 3.36 

Since there are m outputs, m scalar equations of the above 

form can be written. 

Define the m-dimenslonal vector y*t the m x m 

matrix B*, and the m x n matrix A* as followst 

"yi(ai+1) 

<d2+l) y2 

C-Â B o/i" 

do 
C9A 2B c/**1 

B* » • 

• 

A* a c 
• 

• 

3.37 

• 

C Â B 

• 

C A**®*1 
m m 

Using these definitions all m scalar equations of the form 

of Equation 3*36 can be combined into the vector equation 

y* a (A* + B*F)x + B*Gr 3.38 

It is desired to decouple the multivariable system 

by using the as yet unknown compensation matrices F and G. 

Choose 

3.39 

3.̂ 0 

F E F* = -B*-1A» 

L-1 G a G* a B* 
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Then Equation 3*38 becomes 

y* • r 3. 

so that F* and G* decouple the system. Although these 

decoupling matrices are not the only F and G which de-

oouple the system, they play a prominent role In design. 

The above development served as the Intuitive basis 

for the definition of the matrix B* and for the formulation 

of the decoupling theorem, designated Theorem 3*1 below. 

Theorem 3*1 has been proved by Falb and Wolovlch (1967 a), 

and In a different manner by Gilbert (1968). 

Theorem 3*1 Let B* be the m x m matrix defined 

In Equation 3*37* Then there is a pair of 

matrices F and G which decouple the multl-

varlable system described by Equations 3*1 and 

3.2 if and only if B* is nonsingular. Further

more If the pair F,G are a decoupling pair, 

then G • B*~\fL where the m x m matrix 

Is diagonal and nonsingular. 

Theorem 3.1 provides a simple test for determining 

whether,or not a system can be decoupled by state variable 

feedback. The condition is more restrictive than the con

dition for decoupling with Configuration II design (where 

F and G are not constant matrices but could be frequency 

dependent), discussed in the previous chapter. There the 

requirement was that the plant matrix P(s) be nonsingular. 
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Gilbert (1968) finds a particular system In whloh P(s) 

Is nonslngular but B* Is singular. For that example* 

Configuration II design permits the decoupling of the 

system while state variable feedback design does not. 

In fact» Gilbert Indicates that If B* Is singular but 

P(s) Is nonslngular* then states can be always added to 

the system In such a manner that the new system can be 

decoupled by state variable feedback. 

Several disadvantages are present when F* and G* 

are used for decoupling the multlvarlable system. As 

Equations 3*37 and 3*41 Indicate* the transfer function 

for the 1th subsystem Is 

r±(s) sdl+l 

This equation Indicates that the subsystem gain has been 

made unity and that dj+1 of the subsystem poles are at the 

origin. These are highly Impractical features. Not shown 

explicitly are the cancellations of the subsystem zeroes 

by subsystem poles 1 such cancellation Is an Inherent 

characteristic of the use of F* and G«. 

Falb and Wolovlch show that subsystem gain can be 

added and the d̂ +1 poles not used for cancellation of the 

subsystem zeroes can be shifted from the origin by ohooslng 

p = F* • B*"1L  ̂MlfCAk] 3.̂ 3 
k»0 K 

G  n  B 3 . 4 4  
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where S m maxtdj, &2» • ••• and the Mk are diagonal 

matrices) I.e., 

» dlagCm!̂ , m22* •••• mmm̂  3*45 

If this F and G are chosen* the equation for y* becomes 

5' -y* a Mi.CA x + &>«r 3.46 
k=0 K 1 

so that the subsystem transfer functions( after cancellation 

of the subsystem zeroes* are of the form 

yj(g) ̂  ^ 
r̂ (s) sdl+1 - mJidisdl - ... - m00 3# ? 

The transfer function of Equation 3*47 is the most 

general subsystem transfer function which can be achieved 

by using the results of Falb and Wolovicht it is not the 

most general response which can be achieved by state vari

able feedback, as the following example, Example 3.1. 

illustrates. Next, Example 3,2 cites another aspect of 

system behavior which cannot be predicted or fully ex

plained on the basis of the theory presented so far. 

Example 3.1 

Consider the multlvarlable system whose block 

diagram and state equations are shown in Figure 3.1(a) 

and (b), respectively. The matrix B* must be found in 

order to determine whether state variable feedback can 

decouple the system. In this particular example CjB 
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(b) State Variable Representation 

Figure 3,1 Example 3*1 
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Figure 3.1 Example 3,1 (Continued) 
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H(s,F*. G*) 

s(b+1) 
s2(8+1) 

b(S+1? 

S2(S+1) 

(e) H(s,F*»G*) 

7gu(8+l)(8+2.f23) 0 

0 g22 L (8+5) (S+ l-10f 12) -7f ! ! (S+1 )_] 

t(a*5)(8*l-10f12)-7f11(84-l)](s+2-f23) 

(f) H(a,F,G) 

Figure 3*1 Example 3*1 (Continued) 



and CgB are both nonzero (see Figure 3*1(c)) so that* in 

oonfoxmity with Equation 3*29 • dj and d2 are 0. The 

matrix B* is, aocording to Equation 3*31, 

CjB 
B* 

C2B 
3.48 

As Figure 3* Kc) shows, B» is a nonslngular matrix and so 

the system can be decoupled* 

Figure 3«1(d) illustrates how the matrices F* and 

G* are formed* As an intermediate step A* is found by 

using the equation 

'"cjA 
A* o 

C2A 
3.̂ 9 

where, according to Equation 3*29* the power of A in the 

expression for each row of A* is 1 because dj and d2 are 

both 0* The decoupling matrices F* and G* are calculated 

according to Equations 3*39 and 3»b0t the calculations are 

shown in Figure 3»l(d)« Figure 3*1(«) gives the trans

mission matrix H(s,F*,G*), relating the input r to the 

output y* Here, the cancellation of subsystem zeroes 

discussed previously is shown* After cancellation, eaoh 

subsystem has the transfer function 1, In agreement with s 

Equation 3*̂ 2. 

At this stage there is no way of telling how the 

factor in each of the diagonal elements of H (s, F*, G#) 
s+l 

came about* It appears that in either subsystem 1 or 



subsystem 2 or in both, a subsystem zero is being 

canceled by a subsystem pole at the same location, but 

the use of F* and G* does not allow the identification 

of the specific subsystem or subsystems containing the 

zero. This feature is a drawback of the approach of 

Falb and Wolovich because zeroes influence the system 

response and one usually wants the option of retaining 

them or canceling them, whichever results in the better 

response. 

The most general transmission matrix for this 

problem was worked out by the brute force method.* That 

is, H(s,F,G) was calculated for a completely arbitrary F 

and G and then the criterion of noninteraction was Imposed. 

The result Is shown in Figure 3»l(f)« A careful look at 

the diagonal elements of H(s,F,G) reveals that subsystem 1 

has arbitrary gain, a zero at s « -1, and two arbitrary 

polesj thus there is a zero in subsystem 1 which need not 

be canceled. Subsystem 2 has arbitrary gain and one arbi

trary pole. The use of F* and G* has caused the zero in 

subsystem 1 to be canceled. Subsystem 2 has no zeroes. 

The most general form of response which can be 

realized by the methods of Falb and Wolovich is found 

by using the F and G of Equations 3*^3 and In this 

1. Falb and Wolovich (196 7 give another method 
for carrying out the procedure. However, It is difficult 
to apply. Still another method is discussed in the 
following section. 
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case the subsystem transfer funotlons, after cancellation, 

are 
- t  

n'"1 -
—T-T " —or 3* 50 
r̂ ls) s - mji 

yg(s) 

r2(s) s - mOg 
3.51 

where m§i and m22 are the arbitrary diagonal elements of M0< 

Again, the zero in subsystem 1 has been canoeled so that 

only a first-order response can be achieved. 

A type of behavior which has not yet been 

encountered lis illustrated by the following example, taken 

from Palb and Wolovich (1967 b). 

Example J.2 

Consider the system whose block diagram and state 

equations are shown in Figure 3*2(a) and (b). The most 

general F which decouples the system and the corresponding 

transmission matrix are shown in Figure 3*3(c)* Here each 

subsystem transfer function has the factor even for 

the most general F. In this Instance state variable 

feedback cannot stabilize the system. 

This particular example is uncontrollable (Kalman, 

i960), but even for controllable systems there are 

examples in which some of the roots of the characteristic 

polynomial are not effected by state variable feedback. 

If any such roots are in the right half plane, then the 



(a) Block Diagram 
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(t>) State Equations 

0 f12 f13 

f21 f22 -1"f22 

(s-1)(s-f12-fi3-l) 0 

0 (s-l(s-fi2~*) 

(s-1)(s-f12-1)(s-f12-f13-I) 

(c) Transmission Matrix 

Figure 3*2 Example 3*2 
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multivariable system is unstable and cannot be stabilized 

by state variable feedback alone* 

The features of Falb and Wolovich*s work can now 

be summarized. First* the authors give a test that de

termines whether or not state variable feedback can de

couple the multivariable systemi this test is highly 

useful and practical because it can be programmed readily 

on a digital computer. Second( they give easily programmed 

formulas for particular F and G matrices that decouple 

the system. The use of these matrices precludes ever 

having uncanceled zeroes in any of the subsystems} their 

use does allow the specification of dj+1 poles of each 

subsystem, but the remaining subsystem poles are used for 

canceling the subsystem zeroes. Third, Falb and Wolovlch 

characterize the class of all G matrices in Theorem J,1 

and describe in their papers a cumbersome method for 

characterizing the class of all F matrices which decouple; 

with this information they show the class of compensated 

systems for several simple examples. Finally, as Example 

3.2 indicates, state variable feedback does not in every 

case permit the stabilization of the system. 

The Work of Gilbert 

Consider the possibility of decomposing the 

uncompensated multivariable system into m subsystems which 
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have static coupling between, each possible pair. Suoh a 

canonical decomposition would be useful If it were pos

sible to aohleve because then one could conceive of a 

design procedure in which part of the compensation was 

used to compensate the subsystems to give the desired re

sponse « and the remaining part of the compensation was 

used to destroy the coupling between subsystems. The 

logioal way of achieving this structure is through a 

change of variables. However• even though many canonical 

forms are available for multivarlable systems (e.g.t 

Luenberger (1966) andAsseo (1968)), none has been found 

which accomplishes the desired results.-

Conoeived in the light of the above discussion* 

the approach of Gilbert (1968) involves decoupling the 

system first, and then a canonical form is sought. This 

two-step procedure is not equivalent to a change of vari

ables (because the decoupling process changes the system 

dynamics) although a change of variables is involved in the 

procedure. 

Gilbert's concept of an Integrator Decoupled (ID) 

system Is needed. 

Definition 3*1 A multivarlable system is 

Integrator Decoupled if B* m_A. , where _A-

ls diagonal and nonslngular* and * 0, 

Is I. 2, .... m. 
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A specific example of an ID system Is the system which 

results when Falb and Wolovlch's F* and G* are used for 

decoupling* In fact* In this text the term ID system 

always means the particular ID system resulting from the 

use of F* and G*. The proof that F* and G* lead to an 

ID system Is given In Gilbert (1968), where It Is also 

shown that the subsystem transfer functions for any 

Integrator Decoupled system are of the form 

yi(s) X* 
——— ™ . Ti 1 • 1, * * *, m 3• 52 
ri(s) s ̂  

Suppose F* and G* are used for decoupling the 

multlvarlable systemi since the system is now decoupled, 

one might conjeoture that it is possible to find a set of 

state variables in whloh the fact that the system is de

coupled is clearly evident. This transformation of vari

ables was found by Gilbert* Of course, the system of 

interest is not the ID system but rather the original, 

coupled plant, and furthermore the response of the ID 

system, as given by Equation 3*52, is not the one that is 

desired* Gilbert shows that the ID system can be re-

compensated by state variable feedback to achieve the 

desired response, and then the two sets of F and G 

matrices can be used in finding the compensation matrices 

for the original system which give the same transfer matrix 

from r to y. The formal development of these ideas follows* 
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Let S[A,B,C] represent the multivarlable system 

defined by Equations 3*1 and 3,2, and let tF,G] be the 

control law or set of state variable feedback compensation 

matrices for S[A,B,C], 

Definition 3*2 The multivarlable systems 

S[A,B,C] and Si[Ai,Bi,Ci] are control law 

equivalent (CLE) if a one-to-one corres

pondence between [F,G] and lF̂ vĜ ] can be 

found such that for this correspondence 

H(svF,G) • Hi(s,Fi,Gi), where H(s,F,G) and 

Hi(s,Fi«Gi) are the transmission matrices 

relating the output y to the input r for 

systems S[A,B,C] and Ŝ [Â (Bi,Ĉ 3f 

respectively. 

In the present case S[A,Bfc3 represents the 

original system and Ŝ [Â (BlvC] represents the ID system, 

found by compensating SLA,B,C] with [F*,G*]. The state 

equations for S[A,B,C] are the familiar ones of Equations 

3.1 and 3.2. The equations for SitAjtBi.C] are 

x » (A + BF*)x + BG*u 3.53 

y • Cx 3*5̂  

Expressions for F* and G* are given by Equations 3*39 ®nd 

3*40. When these expressions are used in Equation 3*53* 

the equation becomes 

x • (A - BB*_1A*)x + BB»-1u 3-55 
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Suppose Fj and Gj are the matrices used for 

compensating the ID system so that it has a transmission 

matrix which meets the design specifications* The control 

input for Ŝ LÂ fB̂ fC] is thus 

u « Fjx • Gjr 3,56 

and Equation 3*55 becomes 

X • (A - BB*"̂ A* + )x + BB»~1G1r 3.57 

The corresponding expression for S[A,B,C] is 

x • (A + BF)x • BGr 3.58 

The systems s£A,B,C] and Ŝ CÂ B̂ C] will have identical 

responses if aquations 3*57 and 3*58 are identical* This 

requires that 

F « B»~1(F1 - A*) 

« B̂ '̂ -Fj • F* 3.59 

G • B»"1G1 3.60 

By this development it is established that one can work 

with either the original system or the ID system and still 

retain the same design freedom* Gilbert chose to work 

with the ID system because it is decoupled* 

The canonical form to which the ID system can be 

transformed is now discussed* Only the case of controllable 

systems (Kalman, i960) is treated although Gilbert con

sidered both controllable and uncontrollable systems* 

Almost all practical•systems are controllable (Schultz 

and Molsa, 1967), and state variable feedback never causes 
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loss of oontrollablllty (Brockett, 1965)1 these two facts 

Justify the decision to omit the discussion of uncontrollable 

systems. 

There are two parts to Gilbert's canonical form. 

First, the A, Bt and C matrices must have the form shown 

in Figure 3.3(a)1 the system is now said to be in Standard 

Decoupled (SD) form. The diagonal nature of the upper 

portion of the A and B matrices and the left half of C 

permit the identification of m decoupled subsystems, and 

it is shown later that the subuatrix is important in 

accounting for the peculiarities of the type discussed in 

Example 3.2. If the subsystem exhibits the additional 

internal structure of Figure 3*3(*>)» It is said to be 

Canonically Decoupled (CD). 

The ID system and the CD system are related by 

a linear change of variables. Let the respective state 

variables be x and 3. These variables are related by the 

nonslngular matrix Qv as 

x • Ox 3»6l 

The transformation matrix Q is found as follows. 

Let denote the n-dimenslonal space of n-element 

row matrices, and for 1 ® 1, ...» mt define 

0^ a [  ̂ | /£ £ Qj n A^Bjj « 0 for k « 1, ...,m,k^i 

and J a 0, ..., n - l] J,62 
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System Bepresentatlon 
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(b) Canonically Decoupled Form 

Figure 3«3 Canonically Deooupled 
System Representation (Continued) 
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where is the kth column of Ba The numbers n̂  and 11# 

which are needed in the definition of the CD representation 

are defined by 

nA • dim 3.63 

It ••• • m 

ni - di - 1 3,6k 

The number is the number of poles of subsystem 1 which 

can be controlled by state variable feedback1 1̂  is the 

number of fixed zeroes of the subsystem. 

The transfoxmation matrix Q is written as 

*1 

3.65 Q -

m̂+1 

where the rows of the n̂  x n matrix Qi( i * 1, •••» m» are 

a basis for The first dj,+l rows of each of these Qj 

are chosen to be Ĉ , Ĉ A, • «., CjAdi and the last n - d̂  - 1 

rows are any other linearly independent row vectors which 

make the set of rows of a basis for For Qg+i* the 

rows are chosen so that the oollection of rows of Q form 

a basis for Of* 

The state equations for the ID system are 

x « (A + BF*)x • BG*u 3.66 

Cx 3.67 

After substituting x « Qx, these equations become 



i a Q(A + BP«)Q"1x + $BG*u 

0̂ -1A y « CQ x 
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3.68 

3.69 

Gilbert proved that the matrices Q(A • BF*)Q"1, QBG*f and 

CQ"1 have the struoture required for the CD system 

representation. 

Some familiarity with the transformation can be 

gained by finding the CD representation for Example 3.1* 

Example 3*3 

The state variable representation is shown in 

Figure 3.1(b) and the F* and G* appear in Figure 3.1(d). 

These equations and matrices are needed to calculate the 

ID representation 

x • (A + BF*)x + BG*u 3.70 

0 0 0 1 0 

-1 0 X + 10 
"7 

0 

1 0 10 
_ 7 

1 

u SSL 
7 

_ 7 

l o o 

o l l 

Once the ID representation has been found, the 

calculation of the transformation matrix Q can proceed. 

The first step in calculating Q is the characterization 

of the subspaoes of Of. For Qj Equation 3*62 becomes 

J 

3.71 

«1 s b2 • 0. J • 0, 1, 2] 3.72 
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Let the row vector ̂  be ( h* £2» ?3̂ » Then 

1*2 " ̂ 3 " 0 

âb2 " 0 

a 0 3.73 

Thus 

1̂ " £ ? » t • < ?i» ̂ 2* 3'7̂  

By definition the rank of Qj Is nj, or, for this example# 2. 

The same procedure can be carried out for the subspace 

to yield 

Cf2 • C?i * • (o, ?2, £2)3 3.75 

The rank of Q£ Is li hence n2 is 1. For this example the 

dimensions of Cfj and $2 add up to the dimension of and 

is not needed. 

The matrix Q is composed of Qj and Q2. Since dj 

and d2 are both 0, the first row of Qj is Ĉ , the first 

row of the output matrix C shown In Figure 3.1(b)* and 

the first row of Q2 is C2. The second row of Qj can be 

any row vector which is Independent of Cj and which 

belongs to the subspace Choose the row veotor 

(0« 1, 0). Thus Q is completely defined* as 

10 0 

Q • 0 1 0 3.76 

0 11 

and Q"1 is found to be 
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.-1 
1 

0 

0 

0 

1 

-1 

0 

0 

1 

3.77 

The system matrices In CD form are found by using the 

system matrioes for the ID system and the above transfor

mation matrix# and performing the computations required 

in Equations 3*68 and 3*69* The results are shown below. 

A • Q(A • BF*)Q-1 

I 

iO .J  

7 

A 
B QBG» 

_0 

~1 

10 
1 

0 

0 

0 

0 

0 

0 

3.78 

3.79 

A „i 
C • CQ 

1 0 I 0 

l 3.80 
0 0 j 1 

Note that these matrices satisfy the requirements for the 

CD representation given in Figure 3.3(a) and (b). 

The partitioning in Equations 3.78 - 3*80 is 

used in illustrating what matrioes are assooiated with 

each subsystem* The two distinct subsystems for this 

example have the state equations 
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0 0 
a1 + u 

10 
7 

3.81 

y1 - [1 Olx1 3.82 

x2 - [0]x2 + Cl]u2 3.83 

y2 » tl]x2 3.84 

The superscripts do not represent powers but are used to 

indicate a partitioning of x, y, and u into two disjoint 

parts, each of which is associated with one of the systems* 

subsystem is identified and isolated in a manner that 

permits the application of the results of state variable 

feedback as It is formulated for single-input* single-

output systems* This is shown clearly In the previous 

example* The identification of a set of open-loop transfer 

functions of the ID system is now possible* In terms of 

the CD representation of the ID system these transfer 

functions are 

where Pij.(s,F*,G*) is the ith diagonal element of the 

nonsingular, diagonal transfer matrix P(s,F*,G*)t relating 

the output y to the control input u of the ID system* It 

may be helpful to recall that P relates y to u and H 

relates y to r. 

The CD representation is the means by which each 

p11(s,P«#G*)(s) o cu(sl - A11)"1B11 3.85 
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These open-loop systems are to be compensated by 

the oontrol law [F,G], Gilbert shows that F and G pre

serve noninteraction if and only if they have the forms 

A 
P • 

o 

0 

0 0 
3.86 

0 0 0n 0 

where each is a 1 x nj matrix, and 

G diagt ...» 3.87 

The important point is that when compensating the 

multivariable plant* one need only Integrator decouple the 

system and then change variables to get the canonically de

coupled formi from then on each subsystem oan be treated 

separately* The transfer function for the 1th subsystem 

is given by Equation 3*85* In keeping with the results of 

state variable feedback for single-input* single-output 

systems(Schultz and Melsa, 1967)* all n̂  of the subsystem 

poles can be arbitrarily placed, but the lj, zeroes of the 

open-loop system—given by the numerator of Equation 3*85""" 

are not affected by state variable feedback, 

Gilbert shows that the zeroes of the 1th subsystem 

are the zeroes of the equation 

det(sl - $x) • 0 3-88 

where* according to Figure 3*3(*) and (b), is an 

x 1̂  submatrix of the system matrix for the 
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1th subsystem* The poles of the subsystem aire deduced by 

using the previously noted fact that the 1th subsystem of 

an ID system has d̂ +l poles at the origin and Its remain

ing poles at the locations of the subsystem zeroes* Let 

p*(8(F*»G*) be the characteristic polynomial of the 1th 

subsystem of the ID systemt then 

p1(s,P«,G») - det(si - AljL) 

® ŝ +̂ det(sl - 1*1, ***, m 3*89 

When the control law lF,G] IS used for compensating the ID 

system, all n̂  poles of each subsystem can be moved from 

the locations determined from Equation 3*89 to arbitrary 

locations* m 

If < n» there are additional roots of the 

characteristic polynomial which are not accounted for by 

Equation 3*89* These roots are the zeroes of the poly

nomial det(si - Am+l,m+l)* they are not affected by state 

variable feedback* Thus* q(s,F,G), the characteristic 

k polynomial of the compensated ID system has £ĵ  n̂  roots 

whloh are controlled by P and Gt and, In addition, the 

factor det (si - Ajn+i.m+l) ls present* The presence of 

the additional factor In q(s,F,G) Is detected during the 

completion of the prooedure for finding the transformation 

3-
matrix Q because If then I* 0, f* 0, and 

Ŝn+l m+l ̂  Slnce the factor ls not affected by LF,G], 

the system ls unstable If any of the roots of 

det(si - Afc+i m+i) are In the right half plane* 
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This is an appropriate place to state Gilbert's 

design procedure* First, the given multivariate system 

is tested for decoupling by applying Falb and Wolovieh's 

criterion that B* be nonslngular. If the test Is success

ful then the system is Integrator decoupled by using F* 

and G*, Next the matrix Q is found and used to ohange 

variables and transform the system to Gilbert's canonloally 

decoupled form. Now there are m subsystems, the ith sub

system has 1} fixed zeroes and n̂  poles which can be 

arbitrarily placed by state variable feedback. The 

characteristic polynomial of the system consists of the 

product of the characteristic polynomials of each of the 

subsystems and, in addition, the factor det(sl -

is present. Once the individual subsystems have been oom-
A /\ 

pensated, the matrioes F and G are completely determined. 

The corresponding compensation matrices in texms of the 

original system variables are 

F « F» + 3*90 

G • B»""*G 3*91 

These formulas are the result of the application of the 

transformation matrix Q and Equations 3*59 and 3*60. 

Example 3.̂  

The system of Example 3*1 again provides a 

convenient means for illustrating the design procedure. 

The CD representation is given in Equations 3*78 - 3.80. 
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The two subsystems for this example are found by using 

Equation 3*85, They are 

Plt<S.F*.G.) • jjfgjy 

K2(«.P»,0*) - | 

3.92 

3.93 

Subsystem 1 has a fixed zero at s = -1 and two poles which 

can be arbitrarily placed. Subsystem 2 has one arbitrary 

pole* Suppose it is desired to achieve the following 
A A 

transfer functions by the proper choice of F and G. 

, Ci 2(s+l) 
hllU.F.O) • ̂5̂  

, A A 1 
h22(s,F,G) a 

3.94 

3.95 
A 

Techniques for calculating the F and G that result in a 
, A  A x  

given H(s,F,G) are discussed in Chapter 5» Here the re

sults for this example are merely written down because 

this particular system is treated again in Chapter 5 as 

Example 5.1* The compensation matrices for the ID system 

in terms of the state variables of the CD representation 

are 

"5? 
0 

-1 

2 0 
A 
G « 

0 1 
— — 

3.96 

The corresponding matrices for the original system, found 

by substituting in Equations 3«90 and 3*91# are 

0 

-K 

1 

1 
* 

0 

1 

2 
7 

20 
7 

3.97 
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A block diagram of the compensated system appears In 

Figure 3. J*. 

The procedure for characterizing the class of all 

P matrices which decouple is now discussed and Illustrated 

for Example 3.̂ . 

When the system Is In CD form, the only F matrix 
a x 

which decouples Is F, given by Equation 3*86. For the 

current example, = 2 and n2 * 1, so that 

A 
F 

a ii 

0 

a 12 

0 0, 
23 

3.98 

The corresponding F for the original system is found by 

using Equation 3*90* After the matrix calculations have 

been performed there results 

54 011 
T1 11 y ̂12 

-io(£4 l-lg e19-

o 

2+ oe 7*7 "11' A 7 12" ̂ 23 ~23 

3.99 

The work of Gilbert described In this section Is 

notable for Its completeness. If the mult1variable system 

can be decoupled, then his work provides a means for de

termining the form of each component subsystem. In parti

cular, the number of subsystem zeroes and the number of 

poles are knowni and, just as In single-Input, single-

output systems, state variable feedback allows the 

arbitrary placement of all the subsystem poles, but the 
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025 

6.07 

s+5 

10 
s+1 

Figure 3.^ Compensated System 
of Example 3«* 
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zeroes remain unchanged. A step-by-step design procedure 

Is given in Chapter 5* 

The computations required In finding the ID system 

and the CD representation are tedious if performed by hand. 

Thus the digital computer is an Indispensable aid. - More 

is said about the computational aspects in Chapter 5* 

Here, it Is sufficient to note that explicit formulas are 

characteristic of this section, rather than iterative 

methods. This means that the programming job is simplified 

since much of the task consists merely of re-coding formulas 

in a form that Is acceptable to the computer. 

.Summary 

In a sense• the state variable feedback technique 

has been described from start to finish. The original work 

on the design technique is described in the early sections 

of the chapter. The research described subsequently has 

caused the original work to be relegated to a position 

of historical value only. Somewhat the same remark applies 

to some of Palb and Wolovlch's work. However, their test 

for decoupling is highly useful and the matrices F* and G* 

are basic in Gilbert's work. 

Gilbert provides a complete theoretical treatment 

of the state variable feedback problem. His theory de

scribes the limitations of state variable feedback by 

providing explicit formulas for determining the specific 
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form of eaoh subsystem of the compensated system* He also 

gives an analytical explanation of the situation where 

state variable feedback alone does not provide control 

over.all the roots of the characteristic polynomial. 

At least two problems yet remain. The first 

problem arises when state variable feedbaok alone does not 

allow the designer enough freedom to achieve the required 

system response. For example» suppose a third-order- sub

system with one zero is necessary for a satisfactory re-

sponse, but the system is oapable of only a second-order 

response. If the system has one input and one output* the 

solution to this problem would be to add a lead-lag 

compensator. Por the multlvarlable system a similar 

technique is applicable. The second problem is the com

putational problem. For a given choice for the transfer 

matrix of the compensated system, how does one carry out 

the computations required to find F and G? Both compu

tational aspects and additional compensation are discussed 

In the next two chapters. 



CHAPTER ^ 

SERIES COMPENSATION AND STATE VARIABLE FEEDBACK 

In the previous chapter the limitations of state 

variable feedback are discussed. The use of Gilbert's 

canonically decoupled representation of the Integrator 

decoupled multlvarlable system makes available the option 

of treating the system as a collection of m single-Input, 

single-output subsystems. The 1th subsystem of the Inte

grator decoupled system has lj^ zeroes and n^ poles i by 

applying state variable feedback to the multlvarlable 

system all the subsystem poles can be placed arbitrarily, 

but the subsystem zeroes remain fixed. 

There are design problems In which state variable 

feedback alone does not offer enough flexibility to meet 

the performance specifications. Usually these situations 

arise when zeroes are required In the transfer functions 

of one or more of the subsystems of the final, compensated 

system. The primary reason for wanting zeroes In a closed-

loop transfer function of a single-Input, single-output 

system Is that their presence makes It possible to achieve 

an Infinite velocity-error coefficient, or zero position 

error for ramp Inputs (Truxal, 1955f Schultz and Nelsa, 

1967)« Zeroes which are an Inherent part of the plant, 

69 
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or fixed portion of the system, are usually at undesirable 

locations* and so additional zeroes must be added. For a 

single-input, single-output system* series compensation is 

added to realize the required zeroesi similar techniques 

are developed In this chapter for multivarlable systems* 

Three methods are discussed for Inserting additional 

dynamics into the subsystems of the multivarlable system. 

The first technique* Method A* is directly analogous to 

the procedure used in the single-input, single-output case. 

Basically, it requires that the multivarlable plant be 

augmented by inserting compensation networks in the control 

input channels and that all the states of the resulting 

augmented plant be fed back. An example is used to show 

that Method A does not apply in many design problems be

cause it is not always possible to decouple the augmented 

plant. Another example shows that even when Method A is 

applicable, there are serious problems associated with its 

use. 

In Method B the plant is first decoupled, and then 

the series compensation is added in the control input 

channels of the decoupled plant* No additional feedback 

is needed from any of the states of the resulting augmented 

plant. In particular, the compensator states are not fed 

back so that parts of the final, compensated system have 

no feedback at allj and noise and sensitivity problems may 

be present. In both the matters of utility and the amount 
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of attention given In this chapter. Methods A and B do 

not deserve equal ranking with Method C| rather, they are 

best considered as steps along the path to the most 

general technique. Method C. 

Method C Is similar to Method B In that the plant 

Is first decoupled before the series compensation Is added 

In the control Input channels of the resulting decoupled 

plant* But now, state variable feedback Is used agalnt 

and this time all the states of the augmented plant, In

cluding compensator states, are fed back around the aug

mented plant as the final step In the design. This method 

represents the ultimate In state variable feedback design 

because through Its use the designer has the greatest 

freedom In achieving the response required for each of the 

subsystems of the final, compensated multlvarlable system. 

It Is proved In this chapter that, when the zeroes 

and poles are added In the manner prescribed by Method C, 

the zeroes appear unchanged In the proper compensated 

subsystem transfer functions. Further all the poles of 

the augmented plant are arbitrarily positioned by the 

final application of state variable feedback. The proof 

of this central result requires the formulation and proof 

of several Intermediate results. Some of these lnteime-

dlate steps are generalizations of theorems and lemmas 

proved by Gilbert (1968). 
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Gilbert mentions the problem of augmenting the 

multlvarlable plant In such a manner that It could be de-
•4 

coupled, but no work has been reported on the specific 

problem of augmenting the multlvarlable system for Improve

ment In response. Except where explicitly stated to the 

contrary« the procedures, theorems, and discussions 

presented In this chapter are new. 

Methods for Series Compensation 

In this section three methods are Introduced for 

providing more flexibility In system design than that 

available through the use of.state variable feedback alone. 

Methods A and B are discussed In greater detail than 

Method C because this section Is the only one In which the 

former are conslderedi Method C Is discussed In full detail 

In the succeeding sections of this chapter. 

Method A 

Method A consists of three steps. First, the 

subsystem transfer functions of the integrator decoupled 

(ID) system are Identified with the aid of Gilbert's 

canonically decoupled (CD) representation. At the comple

tion of this step, one learns the location of the fixed 

zeroes and the number of subsystem poles. If the design 

criteria can be met by merely adjusting the gains and the 

poles of each subsystem, then state variable feedback alone 

can be used to design the system. If the form of any of 
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the subsystem transfer functions does not permit the system 

response specifications to be achieved, then series com

pensation is neededi and it is necessary to proceed to 

the second step of Method A, 

The second step is the insertion of compensation 

networks into the control Input channels of the multl-

variable plant* The question of exactly what form of 

compensation to insert cannot be answered a priorii there 

is no guarantee that In the final, compensated system 

zeroes inserted in the control input channel will, appear 

in the proper subsystem transfer function, or even at all. 

An even more serious difficulty is that the type of com

pensation being described could lead to the loss of the 

ability of the system to be decoupled by state variable 

feedback. However, series compensation networks with the 

desired zeroes are added in each of the input channels, as 

needed. The assumptions are made that decoupling is still 

possible and that the zeroes which have been added will 

appear In the proper subsystem transfer function after 

state variable feedback. 

The final step of the design procedure requires 

that the two assumptions made above be tested. First, can 

the system be decoupled, or is B* nonslngular for the 

augmented plant? Second, do the subsystems contain the 

desired zeroes that are to appear in the closed-loop 

system? If these assumptions are Indeed valid, then state 



variable feedback is used to alter the subsystem poles 

and to introduce gain to meet the specifications. The 

following two examples are attempts to apply Method A, 

Both attempts fall and by doing so illustrate the two 

basic deficiencies of Method A. 

Example fr.l. The plant of Examples 3.1, 3.3, and 

3*̂  is again used. It is already known from Equations 

3*92 and 3*93 that subsystem 1 has a zero at s * -1 and 

two arbitrary poles* and that subsystem 2 has no zeroes 

and one arbitrary pole. Assume that the specifications 

require that in the final design both subsystems have 

third-order responses. For slmpllcityi no attempt is made 

to add any zeroes. 

An appropriate choice for augmenting the plant is 

shown In the block diagram of Figure 4-.l(a) (the block 

diagram before augmentation appears in 3»K&))» and the 

state equations are shown in Figure Jt-.l(b). A straight

forward calculation shows that dj and <±2 are both 0 and 

that B* is given by 

7 0~| 
B* a 4.1 

_10 0_ 

Clearly B* is a singular matrix, and so the multivarlable 

system cannot be decoupled by state variable feedback. 

This example demonstrates that situations may arise where 

the addition of series compensation violates the assumption 

of decoupling. 
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(b) State Equations 

Figure Example 
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Example 4.2. Consider the augmented plant whose 

block diagram and state equations are shown In Figure 

4.2(a) and (b), respectively* In this example an attempt 

is being made to Introduce a zero at s « -3 In subsystem 1* 

In order to find out whether the zero does appear In the 

subsystem( the CD representation for the Integrator de

coupled augmented system must be found. Then the transfer 

functions for Its two subsystems can be found. The sub

system transfer functions for the CD system are 

PU<s#F*,G») » -zFlTx sfc(s+l) 

P22<8»p*»g#) » T" 
s 

The characteristic polynomial for the system Is 

p (s, F*, G*) • ŝ (s+l)(s+3) 4.4 

The only place the factor (s+3) appears Is In p(s,F*,G*). As 

Equations 4.2 and 4.3 show, neither subsystem can ever have 

a zero at s » -3, and so the attempt to add a zero has 

failed. 

Examples 4.1 and 4.2 Illustrate the two deficiencies 

of Method A, In Example 4.1 It Is shown that augmenting 

the plant In the prescribed manner could lead to loss of 

coupling. Example 4.2 shows that even when the augmented 

system can be decoupled, there Is no way, except trlal-and-

error, of knowing what to Insert in the input channels In 

order to make the subsystem have the required form. 
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Apparently some types of transfer functions oan be 

Inserted in the control input channels without losing the 

ability to decouple, while others cannot. The case where 

first-order series compensators are added is now discussed. 

This case is important beoause it is frequently desired to 

insert a first-order compensator containing one pole and 

one zero in one of the subsystems so that the zero oan be 

used to Increase the velocity-error coefficient of the 

subsystem. 

Consider the most general first-order series 

compensator shown in Figure 4.3(a). If both e and b are 

non-zero, then 

H « ?8 - • fr 4,5 
u s - fi 

and the transfer function has a zero at b . If e 
e 

Is 0, a pole is being added in the control input channel) 

if b is 0, gain is being added. 

Figure 4.3(b) and (o) show two examples where 

first-order compensation has been added to the control 

input channels of the plant of Example 4.1. In both cases, 

B* is singular, and the ability to decouple has been lost. 

These examples show that even when first-order series com

pensation is required, the use of Method A could lead to 

loss of coupling. 
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Figure 4.3 First-Order Series Compensation (Continued) 
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There are two special oases of first-order series 

.oompensation which preserve decoupling) these are embodied 

In the following theorem. 

Theorem 4-.1 Let the multlvarlable plant 

i a Ax + Bu 

y » Cx 

be compensated by the first-order series 

compensation 

where A, B# and E are m x m diagonal matrices 

having the respective diagonal elements ail, 

Sii( and eiit 1 <* 1, •••• m. In addition* 

assume that B Is nonslngular. Then, provided 

that the original plant can be decoupled, the 

resulting augmented multlvarlable plant oan 

be decoupled If 

Proof. The theorem Is proved by finding the matrix B* for 

case (1) and then for case (11 )i for each case It Is shown 

to be nonslngular. 

augmented by first-order series compensation. It is easily 

shown that the state equations for the augmented system are 

x » Ax + Bu 

u « x • Eu 

or 

(1) E is 0 

(11) E is nonslngular 

case (1) E « 0 

be the state variables for the system 



X 
A B BE 

ss x + 
_0 A_ _ B_ 

u 
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k.6 

y LC 0]x 4.7 

In order to find B* the sequence of row veotors 

0. . 6jB Ĉ B Is formed. Now since E is 0. B is 

~01 and 

~t>" 

0 

Just 
B 

C,B « [c« 0] 

CjXb at [C^ 0] 

B 

A B 

r
 o 

I 

£
~
 

I _B_ 
= CjBB 

ĉ i"1,1! » (CjÂ B + + ... + Ĉ B)B 

By assumption, B is nonslngular and dlagonali also, by the 
d4 -1 

definition of d̂ , the terms Ĉ B, CjAB, CjA 1 B are 

zero. Thus in the sequence Ĉ B, 6̂ AB, ..., CjAdlB, only 

CjAd*B is nonzeroi in fact, 

C1Adl+1B » C1AdlBB 

= B£B i = l, ..., m 4-.8 

or 

B* • B»B 4.9 

The matrix B* is nonslngular because both B* and 

B are nonslngular, and the augmented system can be decoupled 
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case (11) E nonslngular 

Consider the following sequence 

BE 
Cjls m 0] 

0] 

B 
CjBE 

/v 
CjAB • lCL 

1— — 
A B BE 

mm 

_0 A_ _ B_ 
a CjABE • CjBB 

CjA^B • C1Ad^BE + (C1Adi"1B • ... + CjBjB 

Again the terms Ĉ B, CjAB, ..., CjAdi"*B are zero and so 

î "1T»5 

or 

Ĉ iB a C1Â 1BE 

• BJE 

B* m B*S 

1 * 1 ,  • • • • m 4.10 

4.11 

The matrix B* is nonslngular because both B* and E are 

nonslngular* and the theorem Is proved. 

By virtue of Theorem 4.1 the only sure way of 

adding first-order compensators by Method A requires that 

every control Input channel oontalns both a pole and a zero, 

or that every control Input channel contains only a pole. 

If this consistency in the choioe of first-order compen

sators is abandoned, then loss of decoupling could result, 

as shown in Figure 4.3 (b) and (c). Even when the con

sistency is maintained and decoupling is assured, there is 

a danger of "losing" the compensator zero. This was 

observed In Example 4.2 where the zero inserted in the 
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control input channel for uj did not appear in the 

transfer function for subsystem 1. 

Method A is best understood as a trial-and-error 

approach* The outstanding feature of Method A is 

simplicity, and for some problems it may prove to be 

satisfactory* When it does not yield satisfactory results, 

Method B or Method C should be used. 

Method B 

In Method B the multivariable plant is decoupled 

before additional compensation is added in the control input 

channels* The steps in the design procedure are 

(1) The CD representation of the ID plant is 

found and used in determining the locations 

of the fixed zeroes and the number of poles 

for each subsystem* 

(2) State variable feedback is used to decouple 

the plant so that the resulting transfer 

function for each subsystem Is by itself 

a factor of the desired transfer function 

of that subsystem* 

(3) Compensator networks are inserted in the 

control Input channels of the decoupled 

plant. The transfer function for each 

series compensator is selected so that 

its product with the transfer function 
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of the corresponding subsystem of the 

decoupled plant Is equal to the desired 

transfer function for that subsystem. 

Here the problems associated with Method A are no 

longer present because the plant is decoupled before com

pensation Is added and because there Is no feedback around 

the compensation* In fact, the chief disadvantage of the 

method Is that no feedback Is used around the series 

compensation* As a result* the augmented system Is sensi

tive to changes In the parameters In the compensation* and 

the system Is likely to perform poorly In the presence of 

noise* Both of these considerations are discussed In the 

following example* 

Example 4.3. The block diagram for the given plant 

Is shown In Figure 4.4(a). After completing step (1) It 

Is learned that subsystem 1 has a zero at s •« -2 and two 

poles which can be controlled by state variable feedbackj 

subsystem 2 has two arbitrary poles. Suppose It Is desired 

to achieve the transfer matrix 

H(s.F.G) 

12 (s+ 'S) 
(s+io)Ts+6) 0 

18 
4.12 

(s+3r+9_ 
/v 

where H(s,F,G) Is the transmission matrix from r to y of 

the final« compensated system, and F and G are the 

compensation matrices for that system. 



xi " yi 
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s+3 
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(b) Intexmedlate Step 

s+2 
s+10 s+3 

*18 
s+2 

J |10j*-

(c) Final Design 

Figure Example 4.3 
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The first step toward this end Is the decoupling 

of the given plant. Let the plant be compensated so that 

as muoh as possible of the desired transmission matrix Is 

achieved, or let 

P(s,F,G) 

1 
S+S 0 

1 
(s+3)*+9 

(Here, P is used instead of H because P(s,F,G) relates y 

and u rather than y and r). The compensation matrices 

that result in the above P(s,F,G) are 

4.13 
- 3 - 1 0  0  1 0  

G « 
3 , o -io o l-i l 

and the block diagram for this intermediate form of the 
\ 

system Is shown in Figure 4.4(b). Now compare the diagonal 

elements of the matrices in Equations 4.12 and 4.13. For 

subsystem 1 the additional factor *s needed to 

realize the desired transfer function! for subsystem 2 

a gain of 18 is necessary. The additional compensation 

is added as shown In Figure 4.4(c). 

The deficiencies of Method B are clearly evident 

from a study of the block diagram of Figure 4.4(c). Any 

noise occurring at the points labelled and °<2 on that 

diagram passes through the subsystems and appears un-

attenuated at the outputs. Furthermore, there is no 

feedback around the series compensation networks to reduce 

the effects of parameter changes. 
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There is a variation of the procedure of Method B 

that is similar to Configuration II design, discussed in 

Chapter 2. State variable feedback and series compensation 

are used to develop a set of subsystems such that when the 

ith output is fed directly back to the 1th input, the 1th 

subsystem exhibits the required response. The similarity 

to Configuration II lies in the fact that in both cases 

the open-loop subsystem must be altered in a manner such 

that the olosed-loop system meets the design specifications. 

The advantage of using this variation of Method B 

is that feeding back the outputs Insures that there is 

feedback around both the decoupled plant and the series 

compensation. On the other hand, since the plant states 

have already been measured and since the compensator 

states are presumably easy to measure, why not feedback 

all the states Instead of merely the outputs? This is 

exactly what Is done in Method C. 

Method C 

The steps in the third design procedure are 

(1) The CD representation of the ID plant Is 

found and used in determining the locations 

of the fixed zeroes and ths number of poles 

for each subsystem. 

(2) State variable feedback is used to decouple 

the plant. 



(3) Based on the knowledge gained In step (1) 

and the design specifications! appropriate 

compensator networks are Inserted In the 

control Input channels of the decoupled 

plant. 

(*0 State variable feedback* Including feedback 

of the compensator states, Is used to add 

gain and put the subsystem poles In the 

required locations* 

The following questions arise. Does the plant 

remain decoupled when series compensation is added in the 

control input channels and all the states are fed back? 

If so, what can be said about the form of the subsystems 

of the augmented system In teims of the known structure 

of the original decoupled plant and the added compensation? 

The answer to the first question is reasonably 

obvious. There are two ways of determining whether the 

augmented system can be decoupled. First, the matrix B* 

can be found for the augmented system and tested for non-

singularity j or second, a particular P and G can be found 

which decouples the augmented system. The second method 

is by far the easier one to apply in this case* Before 

adding the compensation the plant is decoupled, so that 

the matrix P(s) relating y to u is diagonal. Now after 

the compensation is added in the control input channels, 

the control input uj_, 1=1, ...* m, Is effectively changed 
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to Pii(s)ui where Pn(s) is the transfer function of the 

ith compensator. Thus P(s) is replaced by P(s)P(s) and 

is still diagonal. Since the new plant matrix is diagonal, 

the matrices F * 0 and G « I are a suitable choice for 

decoupling the system and so the augmented plant can 

indeed be decoupled. 

The answer to the second question agrees with one's 

expectations. Unlike Method A, in Method C zeroes added 

in the compensator networks always appear in the proper 

subsystem transfer functions after all the states are fed 

back. If the 1th subsystem of the decoupled plant has 1̂  

zeroes and n̂  poles and If 1̂  zeroes and n̂  poles are 

contained In the series compensator added in the ith control 

input channel, then in the final, compensated system, the 

1̂  + li zeroes appear unchanged in the ith subsystem 

transfer function, and the n̂  + n̂  poles of that transfer 

function are controlled by the state variable feedback. 

The proof of this central result is the main contribution 

of this dissertation. 

The proof of the central result stated above 

requires several steps. In the following section addi

tional notation and a precise formulation of the state 

equations are given; then in the next section the central 

result is proved. 



91 

Decoupled Compensation 

It Is now necessary to be more precise than 

previously In describing the compensation to be placed 

in the control input channels of the multivarlable system. 

State variable equations are written to describe the com

pensation for each channel and then these sets of equations 

are combined to give a single set of system equations to 

describe all the compensation* Coupling between the 

ohannels is purposely omitted and so the term decoupled 

compensation is appropriate for describing the compensation 

added to the control Input channels of the plant. 

The state equations for the decoupled compensation 

take the form 

X a Al + Bu 4.14 

u = Cx + Eu 4.15 

where the structure of x and the various matrices is given 

in Figure 4.5. The matrix E is needed when a first-order 

compensator having both a pole and a zero is to be added 

to the system because in such a situation the control input 

is fed directly forward to the subsystem output 1 see 

Figure 4.3(c) for an example where B is needed. 

Recall that the system equations for the original 

system are 

x « Ax + Bu 4.16 

y a Cx 4.1? 
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Let the states of the original system and the decoupled 

compensation be combined into the single vector 3fc, with 

~x 
X a 4.18 

mm r-1 
t A BC BE 
X a 

oj 

X + 

-0 _ B_ 

Then the state equations for the augmented multlvarlable 

system are written 

x * Ax + Bu 4,19 

y • Cx 4.20 

In terms of the matrices in Equations 4.14 - 4.17, these 

system equations have the form 

FbS1 

u 4.21 

y a [c 0]x 4.22 

The control input for the augmented system is 

u = Fx + Gr 4.23 

Equations 4.18 - 4.22 provide an exact description of the 

multlvarlable system in terms of the original plant matrices 

and the matrices of the decoupled compensation. 

Proof of the Central Result for Method C 

The purpose of this section is to present the proof 

of the central result for Method C. When Method A Is used 

to add dynamics to the multlvarlable system, there is a 

danger that decoupling is lost and that the compensator 

zeroes do not appear in the transfer functions of the 

compensated augmented system. For Method C it is already 
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clear that decoupling is never lost by the addition of 

decoupled compensation* The structure of the augmented 

subsystems is now discussed and proved to be valid* 

The zeroes and the number of poles of the sub

system transfer functions of the decoupled plant are 

presumed known. This Implies that the designer has ob

tained the CD representation for the original, coupled 

plant and from It has determined the number of fixed sub

system zeroes and subsystem poles» then he has used state 

variable feedback to decouple the plant, and move the 

subsystem poles to some known locations. The form of the 

subsystems in the decoupled compensation are certainly 

known because they are added to the system by the designer. 

The central result (Theorem 4*3) to be shown is that the 

subsystems of the augmented plant can be treated indi

vidually, each having an "open-loop" transfer function 

whose zeroes are the zeroes of the added subsystem com

pensation and the zeroes present in the subsystem before 

compensation, and whose poles are under the control of 

state variable feedbeck. The number of subsystem poles 

for the ith subsystem is n^ • n^ and the number of fixed 

zeroes is 1^ + 1^, where n^ and n^ and 1^ and 1^ are, 

respectively, the number of zeroes and poles of the 

component parts of the ith open loop subsystem. 



The demonstration of the central result requires 

several steps, so an outline of the proof is helpful* The 

steps are 

(1) Show that a deooupled multivariable 

plant can always be put in standard form 

by a linear change of variables 

(Theorem 4.2). 

(2) Show that the oentral result is true 

when a system in standard form is aug

mented with deooupled compensation*. 

(Lemma 3) 

(3) Show that the system described in (2) 

and the original augmented system are 

related by a linear change of variables* 

(4) Show that the two systems are Control Law 

Equivalent and thus prove the oentral 

result (Theorem 4*3)• 

. Before the theorem accompanying step (1) (Theorem 

4*2) is proved, two subsidiary results are needed* The 

required results are properties of deooupled systems» they 

are Important because in fozming the augmented plant* 

decoupled compensation is added to a decoupled plant* 

Lemma 1 For a decoupled multivariable system 

ĉ b a y ̂ 1*1, ***, mi J • 0, i n-1 4*24 

where I± Is the ith row of the m x m Identity 

matrix and at least one of the m(m x n) numbers 
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Tjj is nonzero. Furthermore, the matrix 

B* is diagonal and nonslngular. 

Proof. Let P(s) be the diagonal matrix relating y and u 

and let P^fs) be the ith row of P(s). Let 

p ( s )  «  de t ( s l  -  A)  

a sn - Pjs*1"1 - ... - pn 4.25 

The expression for P^(s) is 

P i t s )  •  C^s l  -  A) - 1 B 4.26 

and the following formula, taken from Gantmacher (1959) 

and used by Morgan (1963) &nd Gilbert (1968) can be used 

to  ca l cu la t e  P^ ( s ) .  

Pl( s )  a [p(s)]-1(C1Bsn"1 + CiHjBs11"2 + ... • ̂ B^B) 4.27 

where 

Rj « A - Pjl 

R 2  a  A 2  -  pjA -  p 2 I  

'• A11"1 - PjA11"2 - ... - pn-1I 4.28 

Substituting the expressions for the Rj Into Equation 4.27 

gives 

Pits) « [p(s)r1[C1Bsn"1 + Ci(A - PiDBs11"2 + 

Ci(A2 - pjA - P2l)Bsn~̂  + ... + 

- PiAn"2 - ... - Pn_iDB] 4.29 

Since the system is decoupled, P(s) is diagonal 

and nonsingular, and 

P ( s )  a  p i l ( s ) I 1  4.30 
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where p̂ (s) is the ith diagonal element of P(s). In 

order that Equations 4.29 and 4.30 be compatible, the 

following relationships must holdi 

C1B" ̂ lO1! 

CaAB « 

C^B- Ti,n-lll ^-31 

At least one of the J a 0» it • ••» n-1, is 

nonzero because otherwise P̂ (s) would be 0 and P(s) would 

be singular* In additionf recall that the matrix B* is 

defined to be 

B* a 

so that B* is diagonal and nonsingular, and the proof is 

complete. 

Another property of decoupled systems is given in 

the following lemma. 

Lemma 2 For a decoupled, controllable system 

the following conditions are satisfied. (Q̂  

is defined by Equation 3*62) 

(1) Qj_ is a row invariant subspace of Aj 

i.e., Implies ^A6. 

CjA B 

4.32 
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( 2 )  O j  n  Qj  •  0  f o r  i  •  1 ,  . . . ,  m,  i  j *  j  •  1 ,  . . . ,  a  

P r oo f  o f  ( 1 ) .  I t  I s  g iven  t ha t  >  0 ,  k  «  1 ,  . . . ,  m,  

k  f  1 .  J  «  0 ,  . . . »  n - l |  i t  mus t  b e  shown  t ha t  ^AA^B j j  »  0  

for the same set of 1, k, and J. Bxcept for J 9 n-1 the 

proof follows immediately. From the Hamilton-Cayley 

theorem (Nering, 1963) An * qjA11"1 • ... qnI. Premultiply 

A n  by  £  and  p o s t  mu l t i p ly  by  B ^ i  ^A 1 1 ^  ® q 1 ^A n " 1 B k  +  . . .  

+ In^Bfc " °* Therefore, (1) is true for all i * 0, 1, 

* . . ,  m .  

Proof of (2). Let Qj. ^ Qj. Then since ^ is in both 

and • 0, J » 0, .... n-1, k • 1* ...t m. Because 

of controllability n of the vectors from the set A^B^, J • 0, 

..., n-1, k «• 1, ..., m are linearly independent. Let the 

columns of the matrix Z be those vectors. Then £z * 0, or 

£ * 0 because Z is nonsingular. 

Lemma 1 and Lemma 2 are needed in proving Theorem 

4,2—the first step on the path to establishing the central 

result for Method C. 

Theorem 4.2 Any controllable, decoupled multi-

variable system can be put in standard form by 

a linear change of state variables. (Standard 

fo rm  i s  de f i ned  i n  F igu re  3*3 (a ) . )  

Proof. The matrix Q is defined by x * Qx where x are the 

new state variables, in terms of which the matrices 

A •  QAQ"* ,  B  «  QB,  and  C  «  CQ"*  a r e  t o  b e  i n  s t anda rd  f o rm .  

The structure of Q is the following 
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m̂+i 
L?ni_ 

where the J • 1, ...» m, are rows of the x n matrix 

and are a basis for The first row of Q1# i * 1, ..., 

mt is always chosen to be Ĉ , the ith row of the C matrix. 

This row vector is a member of the invariant subspaoe 
A A A 

because of Lemma 1. The matrices Av B, and C are considered 

in turn. 

(a) To show that A has the required form. The matrix A 

is assumed to represent a linear transformation ̂ . Let 

the rows of A be the n-tuples which represent the Images 

of the basis vectors of Of, under ̂ . Let the rows of Q, 

the as defined above( be the sets of n-tuples repre

senting the new basis of in terms of the original basis. 

In order to find the image of each in terms 

of the set of all ̂  (in terms of fflj" ) must be found. 

Consider Since the vectors in are transformed by 

f back into the same subspace (Qfj is an Invariant sub-

space by Lemma 2), the first nj rows of & must have the 

form LAn 0 ... 0], where Â  is an n« x n̂  matrix. 

The second group of rows of %. must take the form 

to A22 0 ... 0] and so on for all but the last 

group of rows. Nothing is known about how the vectors in 
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Qia+1 are transformed by <r~', so that no special structure 

can be ascribed to the last )%+£ rows of £• When the m+1 
A  

groups of rows are put together to form A, the matrix is 

found to have the structure required for the standard form 

representation# 
. A 
(b) To show that B has the required form. Recall that 

£ " QB. The first row of B is \̂b or where 
k»l 

is the kth column of B. From the definition of 

ft* foe ™ 0 **or k ̂  1 80 that the first row of ̂  has the 

required form, shown in Figure 3«3(&)« In the same way, 
a 

the remaining rows of B are found to liave the required form. 

(c) To show that C has the required form. Recall that 

£ «• CQ~* or 6q « C. Since the ̂ 1, i « 1» •••• m, were 
A  

chosen to be the Ĉ , i « 1, ..., mt C must satisfy the 

requirements for the output matrix of the standard form 

representation in order to satisfy the last equation. 

The proof of Theorem U,2 is now complete. 

The second step leading to the central result for 

Method C is now conslderedi the requirements of step (2) 

are embodied in Lemma 3* 

Lemma 3 Augmenting a decoupled multivarlable 

plant which is In standard form leads to a 

design problem in which there are m open-loop 

subsystems, each having a transfer function 

which is the product of the transfer function 
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for the 1th subsystem and the transfer function 

introduced into ith control input channel* When 

state variable feedback,is applied, the sub

system zeroes remain fixed and the subsystem 

poles can be placed arbitrarily. 

Proof. The required result is demonstrated for the case 

of two inputs and two outputs. Figure 4.6 (a), (b)t and 

(c) shows the state equations fo* the original plant* the 

decoupled compensation, and the augmented plant, 

respectively* Change variables by defining z* * x*, 

2 -1 3 2 k 
Z » x , z = x , z -2 5 3 

x , and z x . In terms of the 

z variables the system equations are 

z 

A11 Bllcll 

A22 b22C22 0 

0 0 

,c 

0 A22 

,c e-
Aj Bl̂ ll 2̂ B2̂ 22 A3 

z + 

Bllell 

B22e22 

B 22 

Bieil ?̂22 

n 

•̂33 

C11 0 

0 c 22 

0 0 

0 0 
4.3̂  



A11 0 0 B11 0 

0 A22 0 x + 0 2̂ u y a* 

_A1 
A® 
2 

A® 
3_ _ B ?  

TlC 
2_ 

'11 
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0 0 

C22 0 

(a) Original System In Standard Form 

z 
All 

0 

0 

A22 
x + 

B 11 

CU 0 

o C22 
x + 

Oil 

0 

0 

B22_ 

0 

©22 
u 

*11 

0 

A® 
A1 

0 

0 

;11 

22 

A® 
2 

0 

0 

'22 

(b) Decoupled Compensation 

0 Bll̂ ll 0 B11®11 

0 0 B22C22 0 

A3 BfCu B£C22 x + Bfeu 

0 A11 0 Bu 

0 0 2̂2 0 

0 0 0 

0 0 0 

0 

b22®22 

®2©22 

0 

B22 

u 

(c) Augmented System 

Figure ̂ .6 Two Input, Two Output System 
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The equations for subsystem 1 are enclosed In boxes In the 

matrices above* Let Pĵ Cs) be the transfer function for 

subsystem 1 which relates uj and yj. Then 

P11L(s) • CCj j  0] 

sI"All -BuCn 

0 sI-Ajj 

-1 
Biie« 

Bll 

• CJJ(sI**Ajj) BjjLejj+Cjj(sI-Ajj) BJJ] 

• Pi1(s)Pii(s) .̂35 

where p̂ 1(s) Is the transfer function which relates Uj and 

yj and p̂ (̂s) Is the transfer function from uj to uj* It 

Is known from single-Input, single-output theory that the 

use of state variable feedback allows all n̂  + poles 

of the system to be placed at arbitrary positions and that 

the zeroes of the compensated system are the zeroes of 

pll̂ 8̂ ll̂ 8̂ * 711118 the lemma Is proved for subsystem 1 and, 

In the same manner, for subsystem 2, The proof for m ;> 2 

Is straightforward* 

In step (2) the original system Is assumed to be 

In stahdard form* For step (3) It Is shown that the origi

nal system need only be decoupled* The augmented systems 

In both oases are related by a change of variables. Let 

x be the state variables for the augmented plant in which 

the original plant is decoupled, but is not neoessarlly In 

standard foznt thus, x * | ~ | . The state equations for 
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this system are given In Equations 4.21 and 4.22 and are 
/V y y»/ 

symbolized by SLA,B(CJ. Let £ be the state variables for 

the augmented- plant In which the original plant Is In 

[A -and the system Is represented 
^ J 

*y SIA.B.CJ. 

Now change variables In the system S£A,B,C3. Let 

Tx where 

Q 0 

0 I 
4.36 

In teims of the z variables, the system Is represented by 

StTAT"1, TB, CT"1]. But 

 ̂̂4' 
TAT 1 

Q 0 

0 I 

QAQ 

0 

A 
A 

-1 

A —  
BC 

A 

A BC 

_0 A 

QBC 
mm 

A 

A 

,-1 

4.37 

Similarly• 

TB 

and 

Q 0 BE QBE 
• ss 

mm 

_0 I_ B B 

— 
-l 

-

Q 0 1 a [C 0] a 
0 1 

/-• 
B 

a [C 0] « C 

4.38 

4.39 
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This development shows that SLTAT"**, TB, CT~*] Is Identical 
aj /v_ 

with SLA,B,CJ, or that the two augmented plants are related 

by a linear change of state variables, and the plants are 

similar* 

The final step, step (4), leading to Theorem 4.3 

Is the demonstration that similar systems are control law 

equivalent. This particular result Is due to Gilbert 

(1968)I the proof Is repeated here for the sake of 

completeness* 

Let S[A,B,C] and Ŝ [Ai,B̂ ,Ĉ ] be similar systems! 

i.e., the state variables x of the system S[A,BfC] are 

related to the state variables v of Ŝ [Â ,B̂ ,Ĉ ] by a non-

singular transformation matrix Tj, as v « TjX. For 

S[A,B,C] the transmission matrix after compensation by 

state variable feedback Is 

H(s,F,G) a C(sl - A - BF)"1BG 4.40 

Control law equivalency between S[A,B,C] and 

SiLAĵ Bĵ Ci] will hold If an Fj and a Gj can be found such 

that Hits.FijGj) Is Identical to H(s,F,G). Since v « TjX, 

A1 " TjATj"1, Bj « TjB, and Cj = CTj"1. Thus, 

Hi(s,Fi,Gi) «a Ci(sl - Ai - BjFj) ̂ Gj 

• CT1"1(sI - TjATj"*1 - T1BF1)"1TBG1 

= C(sl - A - ̂ T1)""1BG1 4.41 
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Choosing Fj » FTj*"* and Gj « G causes Ĥ (s,F̂ tĜ ) to be 

equal to H(s,F,G), the desired conclusion. 

The goal of this development is the proof of the 

central result that the use of Method C permits the multi-

variable system to be treated as m single-input, single-

output systems* In step (1) it is shown that any decoupled 

plant is similar to a decoupled plant in standard form. 

This fact and the simplicity of the standard form repre

sentation are the motivation for considering the aug

mentation of a plant in standard form with decoupled 

compensation. 

In step (2) it is shown that such a configuration 

leads to m subsystems each of whose forms is completely 

determined by a knowledge of the structure of the original 

plant in standard form and the structure of the decoupled 

compensation. This is the result which is being sought 

for the more general case of the compensation of decoupled 

plant with decoupled compensation, and the keys to its 

proof are given in steps (3) and (*0. Steps (3) and (*0 

establish the conclusion that the two augmented plants can 

be made to have the same transfer matrices by the proper 

choices of the respective compensation matrices! thus the 

result proved for the augmented plant whose original system 

is in standard form is also true for the augmented plant 

In which the plant is decoupled but not necessarily in 

standard form. 
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By this line of reasoning the following theorem 

has been proved. 

Theorem if. 3 Let decoupled compensation be used 

to augment a decoupled multlvarlable plant. 

Then for the purpose of compensating the re

sulting augmented plant, the system consists 

of m decoupled subsystemsi the 1th subsystem 

has n̂  + nj poles which can be arbitrarily 
mm 

placed by state variable feedback, and 1̂  + 1̂  

zeroes which are not affected by the feedback* 

The choice of Method C avoids the problem of loss 

of coupling which plagues Method A. The arbitrariness of 

Method A Is also eliminatedi one can be certain, for 

example, that If 1 zero and 1 pole are needed In sub

system 1, then the Insertion of the corresponding com

pensation network In channel 1 leads to the appearance of 

the zero and an arbitrarily positioned pole in the transfer 

function for 1??. This simple illustration is the 
ri(s) 

essence of Theorem even though the proof of the 

theorem is quite abstract and requires the introduction 

of a formal representation for the two parts of the 

augmented plant. 

The first step in the application of Method C 

requires that the fixed plant be decoupled. The matrices 

F* and G* always decouple the plant, but the subsystems 

resulting from these compensation matrices have poles at 
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the origin and at the locations of the zeroes of the plant* 

A slight change In the system parameters may cause the sub

system poles to move into the right half plane. A further 

disadvantage is that the subsystem gain is reduced to unity* 

As far as the theory is concerned it makes no 

difference how the system is decoupled or what the gain or 

subsystem poles are made. A practical method for deter

mining the compensation needed to decouple the plant in

volves the charesterlzation of the class of all F and G 

matrices which decouple the system. According to Theorem 

3.if all G matrices which decouple are of the foim 

G a k,k2 

where -A. is diagonal and nonslngular* This equation shows 

that the diagonal elements of G can always be chosen to 

be 1 and that the elements of the columns of G are multiples 

of the diagonal element contained in the column. The 

oholce of 1 is recommended for the diagonal elements of G 

because this choice assures that no system gain is being 

deliberately canceled. 

The class of F matrices which decouple is given by 

Equation 3* 90, repeated below 

P « F* + B̂ FQ-1 

The easiest compensation matrices to Implement are those 

with the maximum number of elements which are 0. This 

criterion and Equation 4.̂ 3 form the basis for the 

selection of F, as shown in Example below. 
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Example 4.4. Consider the application of Method C 

to the mult1variable plant considered In the first two 

examples of this chapter* In Example 4.1 the addition of 

decoupled compensation leads to loss of coupling, and In 

Example 4*2 the required zero at s « -3 could not be 

obtained. In the present case Theorem 4*3 guarantees the 

required results* 

The block diagram for the plant Is shown In 

Figure 4.7(a)* This particular system was discussed In 

Chapter 3§ In Examples 3*1» 3«3# and 3.4. The class of 

G matrices which decouple Is defined by Equation 4.42 

which, In this Instance, Is 

0 

10 * 
L 7 11 22 

4.44 

Let each of the diagonal elements of G be 1, so that 

X11 = 7. A22 = and 

"" 1 0 

j. 10 1 

The class of F matrices for this example discussed In 

Chapter 3, Equation 3.99» repeated for convenience as 

G = 4.45 

F = 
40 12 

1"1fei2+023 

0 

2+0 
23 

4.46 
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Figure 4.7 Example 4.4 
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Figure Example 4.** (Continued) 
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For « -5» 1̂2 ® °» ®nd 2̂3 a '2, F takes the simple 

foxm 

P > 
0 

0 

0 0 

•1 0 

The decoupled plant is shown in Figure 4.7(b). By 

inspection* the transfer matrix for the decoupled plant is 

p(s,FfG) • 
0 sfe 

4.48 

Let the desired transfer matrix be 

^ . /V r" 

H(s,F,G) • 

__2lS±iUi±li_ 
(ŝ +4s+8) (s+4) (s+1) 

0 

1 
s +6s+18 

4.49 

The form of the decoupled compensation required for the 

system is found by comparing Equations 4.48 and 4.49. For 

subsystem 1 a second-order compensation network with a 

zero at s = -3 is needed and for subsystem 2 a first-order 

network must be added to the decoupled plant. All the 

poles of the compensation network are arbitrary. One 

possible choice for the decoupled compensation is shown 

in Figure 4.7(c). The design is complete when the 

compensation matrices F and G are found for the decoupled 

plant. Methods for finding F and G are the subject of 

Chapter 5» For this example, 
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P 
-.93 o o -.50 3.50 0 

0 -10 -10 0 01 

1 0 

0 i_ 

4.50 

The block diagram for the final design appears In Figure 

4.8. 

Siipima-ry 

The need for the techniques of this chapter Is 

present whenever state variable feedback by Itself does 

not provide enough flexibility for meeting the design 

specifications. Method A, in which compensation is added 

to the control Input channels of the plant, does not appear 

to be widely applicable because in this procedure the addi

tion of decoupled compensation may lead to loss of the 

ability of state variable feedback to decouple the aug

mented system. Also, the task of choosing the compensation 

is complicated by the uncertainty of the foim of the struc

ture of the subsystems of the augmented systemi Examples 

4.1, 4.2, and 4.3 illustrate these aspects of the method. 

Method B does not suffer from either of the two 

disadvantages of the previous method because the decoupled 

compensation is added after the fixed plant has been 

decoupled. Its chief drawback is that the states of the 

decoupled compensation appear unchanged in the transfer 

functions of the compensated system, and there is no 

feedback around the decoupled compensation. Thus the 
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Figure 4.8 Final Design for Example 4.4 
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method.Is similar to the much maligned open loop design 

technique in which the compensation is used to cancel the 

system dynamics and to insert the required dynamics in 

their place* 

In Method C the plant is decoupled before decoupled 

compensation is added, and then all states* including com

pensator states, are fed back* The method is amenable to 

a rather abstract analysis which culminates in Theorem 4*3* 

The significance of Theorem 4*3 is that it opens up the 

field of multlvarlable systems design to those engineers 

who are familiar with only single-input, single-output 

systems* All the techniques used in the design of single-

input, single-output systems are now applicable to the 

multlvarlable system design problem. In particular, the 

state variable feedback technique is applicable, and this 

is one which is emphasized. 

The first step in Method C is the decoupling of the 

fixed plant. In Example 4-.̂  the criterion used in deciding 

how the step should be carried out was the simplicity of 

the matrix of feedback coefficients. Other criteria such 

as system sensitivity, gain requirements, and other effects 

of the relative positions of the poles of the augmented 

system and the compensated system could be considered. 

The development of design procedures has now reached 

the stopping point for this dissertation. Other developments 

may follow but the remainder of this work is devoted to the 
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development of design procedures for implementing the 

techniques already known emd to solving a practical problem. 

Chapters 5 and 6 are reserved for these purposes. 



CHAPTER 5 

COMPUTATIONAL PROCEDURES 

The theory needed for the design of multivariable 

systems by state variable feedback Is discussed In 

Chapters 3 and k. The canonlcally decoupled (CD) repre

sentation of the integrator decoupled (ID) system is the 

means by which the subsystems are Isolated and their 

structure is identified. If the form of the subsystems 

is unsatisfactory, decoupled compensation is used to change 

the structure to one for which state variable feedback 

design permits the design specifications to be met. 

In this chapter procedures are discussed for the 

calculation of the numerical values of the compensation 

matrices F and G. The first part of the chapter contains 

a step-by-step design procedure which applies in design 

problems where the addition of decoupled compensation is 

not needed. The relevant formulas from Chapter 3 are 

repeated and used in describing all but one of the steps 

in detail. The step, given a brief treatment at this stage, 
A A 

is that of calculating F and G, the compensation matrices 

for the canonlcally decoupled representation of the 

Integrator decoupled plant. 

117 
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The second chapter section presents the well-known 

phase-variable transformation, discussed by Johnson and 

Wonham (1966), and explains Its use in an easily programmed 

technique for calculating P and &. The utility of the 

phase-variable transformation in the state variable feedback 

design of single-Input, single-output systems has been 

recognized by Morgan (1963) and Melsa (1967)» among others 1 

the results presented here are an Implicit part of a lemma 

quoted by Gilbert (1968). 

The third section adapts the above computational 

procedure to fit the oase where decoupled compensation 

must be added to the decoupled plant by using Method C 

of Chapter k. For the case where • 0, or where the 

sum of the orders of the subsystems is n, the means is 

discussed for avoiding the intermediate step of finding 

the CD representation for the augmented system. When 

Qm+1 ¥ 0, there is no choice except to find the CD 

representation* 

No new theory Is developed here, but the results 

are new to the extent that previously known computational 

procedures are adapted to fit the new design technique. 

In particular, the concept of a multlvariable, phase-

variable transformation and the accompanying algorithm 

for finding the corresponding transformation matrix are 

new. An attempt to maintain unity of presentation Is made 
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by taking the two examples of this chapter from Chapters 

3 and 4. 

Step-bv-Step Design Procedure 

The presentation of the computational techniques 

Is simplified by making reference to the folloirlng design 

procedure* This design procedure Is applicable for design 

problems In which decoupled compensation Is not needed, 

(1) Find the matrix B*t If It Is nonslngularv 

the multlvariable system can be decoupled. 

(2) Calculate F* and G*t the compensation 

matrices which put the system In Integrator 

decoupled form* 

(3) Calculate the matrix Q and use It to change 

variables and find the canonlcally decoupled 

representation of the Integrator decoupled 

system. 

(40 Identify subsystems and note the fixed 

zeroes and number of poles for each. 

(5) Select the desired transmission matrix 

and compensate the canonlcally decoupled 
A  A  

system by finding the numerical F and G 

matrices which cause the resulting com

pensated subsystems to have transfer 

functions that meet the design requirements* 
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(6) Calculate F and G, the matrices which are 

used for compensating the original system 

so that It exhibits the response achieved 

In step (5)* 

The first two steps are straightforward and are 

easily programmed on a digital computer. The multivarlable 

system is described by the equations 

x • Ax + Bu 5«1 

y • Cx 5*2 

and B* Is defined by r 

CjÂ B 

B* 

, CmÂ mB_j 

5.3 

where dj_, i • 1, •••» m, is the smallest nonnegative 

integer for which the row matrix CjAdlB t 0. In addition, 

F* and G» are 

F* m -B*-1A* = -B*"1 

>-1 

CjA 
dj+1 

cmA 
djn+1 

5.4 

G* «= B*" 

and the ID system representation is 

x « (A + BF*)x + BG*u 

y • Cx 

5.5 

5.6 

5.7 
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In step (3) the matrix Q is needed in finding the 

CD representation of the Integrator deooupled system* The 

rows of Q are grouped together In m+1 blooks labelled 

and having n̂ , 1 • 1, ..., m+1, rows. For Q1# 1 • 1, ..., 
 ̂ d« 

m, the first dj+1 rows are C1# CjA, ..., CjA 1 and the last 

nlâ l~1 rows are any row sectors which, together with the 

first dj+1 rows, form a .basis for the (row) vector space 

Q̂ , defined by 

*"f i * 0, k • 0, If ••• n-l» J • 1, •••> m, 
5.8 

J 1 1 • 1, • m} 

For each 1, 1 • 1, m. Equation 5.8 defines a set of 

n linear algebraic equations whose unknowns are the com

ponents of the row vector The solutions of the equa

tions form the vector space of of dimension n̂  and 

the row vectors Ĉ , Ĉ A, ,CjAdl are linearly 

independent members of 

Once nj, the number of poles of subsystem 1( is 

known, the number of zeroes of the subsystem, 1̂ , can be 

calculated. The relevant equation, as discussed in 

Chapter 3, is 

1̂  * n̂  — dĵ  — 1 1*1, • i • i m 5»9 

The problem of extending the row vectors Ĉ , 

CjA, ..., CjAdl to form a basis for ̂  is simplified by 

the use of the Hermlte normal fort (Nering, 19̂ 3)• The 

Hermlte normal form is defined and its existence is 

1. The matrix A Is the system matrix for the ID 
system. 
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assured by Theorem 5*1 below* This theorem Is, by 

coincidence. Theorem 5*1 in Nerlng (1963)* 

Theorem 5*1 Given any m x n matrix D of rank 

«<•« then by a sequence of elementary row 

operations on D a matrix D' can be formed, 

where D* has the following structurei 

(1) There is at least one non-zero element 

in each of the first "̂ rows of D', and the 

elements in all remaining rows are zero. 

(2) The first non-zero element appearing in 

row 1 is a 1 appearing in column 

k1# where k̂ < k2 <• ••• k̂ . 

(3) In column klf the only non-zero element 

is 1 in row 1. 

The form of D* is uniquely determined by D. Thus 

the matrix D* has the form 

column column 
*1 *2 

0 • • • 0 1 d'l,k1+l ••• 0 d'l,k2+l 

0 ••• 0 0 0 ••• 1 d'2,k2+l 

0 • • • 0 0 0 • • • 0 0 
• • • • • • 

• • • • • • 

• • • • • • 

In the present discussion D is the coefficient 

array for the set of linear algebralo equations found from 
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Equation 5*8* The matrix 0* Is found from D (with the 

aid of a digital computer) and then used In obtaining 

a standard basis for Each of the vectors In the 

standard basis Is checked for linear dependence on the set 

cl» C1A» •••• If the vector Is linearly Indepen

dent of that set, It Is added to Ĉ , CjA, ***, CjAdi| If 

If Is dependent, the vector Is discarded. This procedure 

is always successful (Theorem 3.6 In Nerlng (1963)) and 

In addition Is easily programmed* 
m 

If n̂ <n the basis vectors for 0̂ , 1 =* 1, 

m, are not sufficient to span the n dimensional space 

of row vectors* The remaining rows of Q are then found by 

choosing as rows the n tuples representing the vectors 

which are needed to foxm a basis for Oft these vectors are 

not unique* After Q Is found, the CD representation can 

be computed, as 

£ s Q(A + HP* JQ**1! + QBG*u 5-10 

y » CQ-1x 5*11 

The special structure of the matrloes of the CD 

representation Is used In step (4) In Identifying the form 

of the subsystems* Aocordlng to Figure 3«3(&) the 1th 

subsystem has the state equations 

i1 n + Bĵ u1 5.12 

y1 a x\ 5.13 
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The transfer function Pn (s»F*,G#) # relating the output 

yA to the control input û  has dj+1 poles at the origin 

and 1̂  poles at the saae locations as the zeroes of the 

1th subsystem* The subsystem zeroes are the zeroes of 

the characteristic equation of 

det(sl - « 0 5.1** 

where is a submatrlx of the matrix and is defined 

in Figure 3*3(b)* An efficient computer program for 

finding and faotorlng the characteristic equation of a 

matrix is available In the report by Melsa (1967)* 

In step (5) the CD representation is used, and the 
A A 

matrices F and G are found which cause the compensated 

system to exhibit a response which satisfies the design 

requirements* This step is best oarried out with the aid 

of a phase-variable transformation and is discussed In 

detail in the next section* 

The final step in the design prooedure is the 

calculation of the matrloes F and G to be used in oompen-
A A 

sating the original system* The matrices F and G are the 

known compensation matrloes for the CD system* Now 

u a Fx + Gr 5*15 

But since x • Qx, Equation 5*15 can be written 

u * FQx + Gr 5*16 

which shows that the compensation matrices F̂  and Gj for 

the ID system are and G, respectively. The ID system 



125 

and the original system are control law equivalent# so 

that the matrices F and G can be found which apply to the 

original system* The required formulas relating P to Fj 

and B*( and G to Gj and B* appear In Equations 3.59 and 

3*60* For the Fji and Gj found above, these equations give 

F a F* + B*-1£Q 5,17 

G • 5.18 

The remaining topic to be discussed Is that of 

finding F and Once this has been done* F and G are 

calculated from Equations 5*1? and 5*18, and the design 

Is ready to be Implemented on the physical system* 

Use of the Phase-Variable Transformation for Compensation 

Consider a controllable* single-Input, single-

output system described In the state equations 

X a Ax + bu 5* 19 

y « cx 5.20 

where x Is an n-vector, u and y are now scalars instead of 

vectors, b Is an n-vector, and c is a 1 x n row vector. 

The transfer function p(s) relating y and u Is 

kfs"'" • ajŝ """̂  • ... + â ) y 

P(s) • - a — jrff n=2 ± 5.21 
u s ® pjs" 1 - P£S * ... - pn 

A well-known system representation, the phase-variable 

representation, takes a form in which the n coefficients 
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p4 and the 1 coefficients aj appear directly. If x' 

denotes the phase variablest then the system equations are 

x* « A'x' + b'u 

1 

0 0 

0 

1 

9 

Pn Pn-1 Pi 

x* + 

0 

0 

9 u 5.22 

y * c*x* 

ktai ai„i 0]x' 5.23 

Let state variable feedback be used for compensating 

the system In phase-variable form, as 

u » f*x* + g*r 5.2̂  

where f* Is a 1 x n row vector having elements f£, and 

g' and r are scalars. Then Equation 5*22 becomes 

p—"» 
0 1 0 0 

0 0 ... 0 0 
• • • • • 
X* = • • • X * + • 

• • • • 

0 0 ... 1 0 

Pn*fi Pn-i+f2 •" pi+fA_ 

5.25 

and Equation 5*22 Is unchanged. The transfer function 

relating y and r for the compensated system h(slf'(g')-

Is given by 

hts.f.gM - g'k(sl * alsl"| + ••• + al> 5.26 
1 ' ,S sn - (pn+fl, 
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If the desired characteristic polynomial Is 

q(s) = sn - qjsn~* - q.28n"2 - ... - qn 5.27 

then the elements of f should be chosen as 

fj - qn - Pn 

f2 • «n-l " Pn-1 

fn a ~ Pi 5.28 

The variables z and x' are related by the nonsingu-

lar matrix T, as 

x * Tx* 5*29 

and so the matrix f for the original system which corres

ponds to f Is 

f « f'T"1 5.30 

The change of variables is concerned with the state 

variables x and x*, and not the input variable rt thus* 

g and g' are related directly, as 

g • g* 5.31 

The input gain g' is selected from the requirement that 

the factor g*k in Equation 5.26 be equal to the required 

subsystem gain. 

An algorithm for calculating T is given by Johnson 

and Wonham (1966). Let 

T - [Ta T2 ... Tn] 5.32 

where T̂  are n x 1 column matrices. The algorithm is 
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Tn - b 

Vl = ATn - PlT„ 

Tn-2 " ATn-l " P2Tn 

Tj o AT2 - Pn-lTn 5.33 

Note that the coefficients of the characteristic polynomial 

p (s) are required in using the algorithm. The discussion 

for single-inputt single-output systems is now complete. 

Next, the multlvarlable system is considered. 

Once step (**) of the design procedure is 

accomplished* m decoupled subsystems are in evidence. Each 

subsystem can be treated as a single-Input, single-output 

system. For the 1th subsystem, the state equations of the 

subsystem, Equations 5*12 and 5*13* replace Equations $ ,19  

and 5*20f and the transformation, 

£1 « T̂ -ac*1 1 » 1, ..., m 5.3** 

where the subscripts are used to designate the subsystem, 

replaces Equation 5*29* Since the system is integrator 

decoupled, the ith subsystem has dj+1 poles at the origin 

and 1̂  poles at the looatlons of the zeroes of that sub

system, as found from Equation 5.1̂ . Therefore, the 

characteristic polynomial for the ith subsystem, 

pi(s,F*,G*), is 

pMs.F̂ G*) o sdi+1det(si - 5.35 
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The coefficients of p*-(s,F*,G*) are needed in the 

calculation of T1. 

There are now m separate design problemsi in each 

one the fixed zeroes and the number of poles are known* 

After the desired gain and characteristic polynomial are 

selected for a subsystem, the required input gain and 

feedback coefficients are calculated* For the ith sub

system the input gain g*̂  is found by setting it equal to 

the required system gain stipulated by the design specifi

cations because the ID subsystems have unity gain* In 

accordance with Equation 5*31 the corresponding input gain 

for the CD rather than the phase-variable representa

tion is just g£i* The matrices G' and G are thus identlcali 

they are diagonal matrices because the multivariable system 

is decoupled when it is put in integrator decoupled form. 

The row vector of feedback coefficients for the 

ith subsystem is labelled f,l> it is found from p1(s,P*tG*) 

and q*(s,F,G), the desired subsystem characteristic 

polynomial. Equation 5.28 is used for this purpose. After 

f,J- is found, the corresponding row vector for the CD 

representation is calculated. Recall from Chapter 3 that 
A 
F must be of the form 
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*1 

0 

0 

Q, 
0 

0 

0 

0 

A  
p 5.36 

m̂ 

where each 0̂ , 1 « 1, ..., m, is a 1 z matrix. Each 

Is found from f*1 and T1 by using the equation 

corresponding to Equation 5»30» namely, 

*1 5.37 

At the completion of the design of all m subsystems• 
A  A 

all m rows of F and all diagonal elements of G are known* 

The corresponding matrices for the original system are 

then found from Equations 5*17 and 5*18j these- last com

putations complete step (6) of the design procedure. The 

design procedure Is now Illustrated by Example 5**» 

Example 5,1 

As an example of the step-by-step design procedure 

consider the system used for Examples 3*1# 3*3* «nd 3,k. 

Steps (l)i (2)i and (3) have already been carried out In 

Chapter 3i for convenience the results of these steps are 

shown In Figure 5*l(&)t (*>)• «ntl (c). In step (3) only 

one row of Qlt namely Cj s [l o 0] Is known directly 

because d̂  » 0. The set of linear equations associated 
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Figure Example 5*1 .  



132 

with Qfj Is found from Equation 5.8 with 1 » 1. These 

equations are 

• ̂3 = 0 

* 0 

7A2Bg a 0 5.38 

so that a suitable basis for 3̂  Is "£tl» 0, 0], [0, 1, 0 J. 

The dimension of «i Is 2, Indicating that another 

row vector Is needed In forming the matrix Qj. A suitable 

choice for this vector Is [0, 1, 0], this basis vector 

which Is linearly Independent of Cj. In this example 

the coefficient array for Equation 5»38 Is 

"0 0 1 

0 0 0 

_0 0 0_ 

which Is already In Hermite normal form* For more 

complicated examples It Is necessary to reduce the co

efficient array to Hermlte normal as an aid In finding a 

basis for the subspace. 

Step (4) has also been carried out for this example 

In Chapter 3t and the subsystem transfer functions were 

found to be 

pu(S,F*,G«) - 5,39 

P22(S.F*,G*) a I 5.40 

Again, subsystem 1 has a fixed zero at s * -1 and two 

arbitrary polesi subsystem 2 has one arbitrary pole. 
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Choose as the transfer functions relating the 

Inputs to the outputs 

h » ( 8 - p - G ) "  ; ££&  5 A 1  

h22(s,F,G) « ̂  5.̂ 2 

These are the same choices as In Example 3*̂  of Chapter 3* 

Step (5) Is the calculation of the numerical 

matrices $ and S, Consider subsystem lj comparing 

PLL(s,F*,G*) In Equation 5*39 with the transfer function 

of Equation 5*21 and the phase-variable representation of 

Equations 5*22 and 5.23, one arrives at the following 

phase-variable representation 

. • 1 + u 5.̂ 3 
o l 

o -l 

y * [1 l]x** 

For convenience the superscript 1 is dropped from y and u. 

The compensation matrix f'1 and the scalar g{j 

needed to achieve the response required by Equation 5*̂ 1 

are found by using Equation 5»27i fj1 3 2, f£* s 1» or 

f*l • [2 1]. The scalar gjj must supply the required 

gainj thus gjj = 2. 

In order to find the compensation matrix 

corresponding to f**, but which applies to the CD system 

representation rather than the phase-variable representation, 

the matrix T1 relating x* and x*1 must be found by the 

algorithm of Equation 5.33. The required calculations are 
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= 

10 
7 

AT| • T* 
52. 
7 

or 

10 
7 

ifi 
7 

5.̂ 5 

Now step (5) is completed for subsystem 1 by calculating 

©j from f*1 and T1 using Equation 5»37» as 

61 « f*1̂ 1)"1 

[-2 -1] 

1 
IP So 

£ "ifo 

5.**6 

Subsystem 2 Is already In phase-variable form. Its 

pole Is required to be placed at s «* -1; the required value 

of the feedback coefficient Is found from Equation 5*28 

to be The S»in for subsystem 2 Is unityf or 
A A A 
®22 a The complete compensation matrices F and G are 

found by putting together the rows found in the design of 

the individual subsystems* in conformity with Bquatlon 

5*36i they are 

"2 TPO C A 
F 

-1 
G = 

2 

0 

0 

1 
5.̂ 7 

The final design step( step (6), Is the calculation 

of F and G from Equations 5«17 an<i 5» 18» 
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Parts of the design procedure which have not been 

discussed are design specifications and the selection of 

the transfer functions to meet the specifications. These 

subjects have been treated by many authors (Truxal, 1955I 

Bower and Schultheiss, 1959)* Except for this task, the 

design procedure is amenable to digital computer computa

tion} in connection with this dissertation working programs 

have been written and used to check the numerical examples. 

The computer programs are not included in the text because 

further usage is needed to be sure that the programs are 

reliable. An excellent program for the state variable 

feedback design of single-input, single-output systems is 

described by Melsa (1967)» this program has definite utility 

in the multivariable system design. 
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Procedure Applicable to the Augmented System 

In this section the modifications of the design 

procedure and the associated computational procedures are 

presented for the case where series compensation Is added 

to the multlvarlable plant. Methods A, B, and C are used 

when additional dynamics are needed. 

Both Method A and Method B are similar to design 

by state variable feedback alone as far as the computational 

requirements are concerned. In Method A steps (1) - (4) 

are completed for the given plant* and the subsystems are 

Identified. Then series compensators are placed In the 

control Inputs of the plant, and steps (1) - (*0 are 

repeated. The repetition of steps (1) - (*0 Is necessary 

because there Is no guarantee that the augmented plant can 

be decoupled or that zeroes added In the compensation will 

appear in the appropriate subsystems. If the augmented 

plant can be decoupled and the forms of the subsystems 

of the augmented plant are satlsfactoryt then steps (5) 

and (6) of the design procedure aire completed. 

Por Method B steps (1) - (*0 are completed for the 

given plant, and the subsystems are identified--Just as in 

Method A. But now the plant is compensated by state 

variable feedback in order to realize as much of the 

transfer matrix as possible. Steps (5) and (6) are re

quired to calculate the compensation matrices at this stage. 

The design is completed by inserting the series 
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compensators in the new, decoupled plant which cause the 

system specifications to be met* 

The computational procedures for Method C are now 

discussed in detail. The first four steps of the previous 

design procedures (checking decoupling, finding the ID 

system, and the CD representation, and identifying the 

plant subsystems) apply in the present case* After the 

subsystems have been identified, the designer has two 

new tasks. He must decide what additional compensator 

networks are needed to meet the design requirements} 

commonly, lead-lag networks are necessary for increasing 

the velocity-error coefficients or one or more poles are 

used to cancel unwanted plant zeroes. It must also be 

decided how the plant is to be decoupled. 

One suggestion for deciding how to proceed in 

decoupling the plant is discussed in Chapter The 

criterion used for determining F is cost, and the lowest-

cost design is assumed to be the one in which the largest 

number of entries of F are zero. The use of this scheme 

requires that the class of all decoupling F matrices be 

found from the equation 

F = F* + B*-1FQ 5.50 

1 A 

Here, F*, B*~, and Q are numerical matrices and F has 

the form 
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A 
P ® 

*1 
0 

0 

*2 

• ' 

0 

0 

0 

0 

6 m 

5.51 

where each i a 1, ..., m, is a 1 x matrix. After 

F has been found In terms of the elements of the &̂ § as 

many of its elements are made zero as possible. 

The recommended G is the matrix in which the diago

nal elements are 1, and the off-diagonal elements satisfy 

the equation 

G = 5.52 

where X Is a diagonal matrix whose diagonal elements are* 

nonzero. The above G matrix is simple and requires a 

minimum amount of gain. 

The equations describing the decoupled compensation 

are 

k a Ax + Bu 5.53 

u =5 Cx + Eu 5.5̂  

and the augmented system has the equations 

x =s Ax + Bu 

A BC BE 
ss X + 
.0 A_ B 

u 

y « Cx 

« [C 03x 

5.55 

5.56 
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The CD representation for the Integrator decoupled 

form of the original system Is no longer applicable be

cause the plant Is now described by Equations 5*55 and 5*56# 

rather than Equations 5*1 and 5,2. Therefore, the com

pletion of step (5) of the design procedure (calculating 

F and G), In Its present form, requires finding the ID 

plant and the CD representation for the augmented system* 

Except for this change, steps (5) and (6) are exactly the 

same as In the case where no decoupled compensation Is 

needed. 

If the designer proceeds In the manner described 

above, the CD representation must be found both for the 

plant and the augmented plant. The CD representation of 

the plant Is needed to determine the plant's structure, and 

the CD representation of the augmented plant Is used In 
A 

steps (5) and (6) for finding F and G and then F and G. 

There Is a special case In which the second CD 

transformation Is not needed. By Theorem 4-.3 the form of 

the augmented systenk Is known from the form of the de

coupled plant and the decoupled compensation. Once the 

augmented plant Is Integrator decoupled, the 1th subsystem 

has dj+1 poles at the origin and known zeroes which are 

canceled by poles. The Important conclusion is that the 

characteristic polynomial for the subsystems are known 

because all of their pole- locations are known. 
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The special case referred to above is the one in 

which the matrix is not needed in the CD repre

sentation of the ID plant. For the special case* Am+i.m+l 

is also unnecessary in the CD representation of the ID 

augmented plant because of Theorem 4.3. Thus each of the 

poles of the ID augmented plant is associated with one 

and only one subsystem. This fact makes possible a ohange 

of state variables for which the A, B, and C matrices 

have the form shown in Figure 5*2(a) and (b). 

The structure in part (a) of the figure can be 

achieved by a linear change in the state variables of the 

ID augmented plant because that system is decoupled and 

because ̂ +1,111+1 is assumed not to be needed In the CD 

representation. The structure of part (b) indicates m 

subsystems each of which is in phase variable form. The 

fact that this structure can be aohieved is proved by 

giving a procedure for constructing the required trans

formation matrix, but first the representation is defined 

formally, as followsi 

Definition 5.1 A decoupled multivariable 

system is in multivariable phase variable 

form if the matrices In the equations 

X* ss A*x + B*u 

y = C*x' 

take the form shown in Figure 5*2(a) and (b). 
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Figure 5.2 Multlvarlable Phase Variable Form 
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Figure 5.2 Multlvarlable Phase Variable Form (Continued) 
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In the present case the numbers p*, J a 1, , 

n̂ , are the coefficients of the characteristic polynomial 

of subsystem 1 of the augmented ID planti i.e., 

P1(s,P#fG*) a sni - pis"!"1 p* 5.57 

1 1 
Similarly, the numbers â , J = 1, ..., 1A, are the 

coefficients of the numerator polynomial of subsystem 1. 

Both sets of numbers are known because the structure of 

the augmented pleuit is known from the structures of the 

decoupled plant and the decoupled compensation. 

An algorithm is now developed for finding the 

multivariable phase variable representation from the 

integrator decoupled, augmented plant representation. 

The intermediate step of finding the CD representation 

is being by-passed. 

Let the augmented plant be integrator decoupled 

so that the equations for the ID augmented plant are 

x = (A + BF*)x + BG*u 5.58 

y = Cx 5.59 

Define X* as the state vector for the multivariable phase 

variable representation for the system of Equations 5.58 

and 5»59» The state vector x is related to x' by the 

nonslngular matrix T, as 

x = Tx' 5.60 

In terms of x* the state equations are 



X1 » A*x* + B'u 5.61 

y s C'x' 5.62 

and on substitution of Equation 5*56 these equations become 

x rn TA'T"1! * TB'u 5.63 

y • C'T"1* 5.64 

A comparison of Equations 5.63 and 5.6** with 

Equations 5*58 and 5.59 reveals the following 

TA* • (A + BF*)T 5.65 
/v/V 

TB' B BG* 5.66 

C'T""1 S £ 5.67 

The unknown In these equations Is the transformation matrix 

T« An algorithm analogous to that of Equation 5*33 Is 

being sought* but In the present case the change of vari

ables Is being made for the entire system rather than for 

each subsystem considered separately. This Is necessary 

because the matrices A + BP», BG*, and C have no special 

struoture when considered separately. 

Let T be partitioned into n columns In the 

following way 

T ® CTJTJ ... T* T*T* ... ... T°T° ... T° ] 5-68 
12 ni z n2 n2 12 1% 

where each ij is an n : 1 column matrix. 

Consider Equation 5 ,66 ,  Because of the special 

structure of B* shown in Figure 5.2(a) and (b), the left-

hand side of Equation 5.66 is 

TB* = [TJ T2 ... T? ] 5.69 
nl n2 % 
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Substituting this expression for TB in Equation 5.66 gives 

an expression for m of the n columns of T, as 

TnA = <̂ *)l 1-1. .... m 5.70 
A1 

where (bg*)^ Is the 1th column of bg*. Next, consider 

Equation 5*65* The matrix TA* has a special foxm because 

A* has a special form. For simplicity consider just the 

first nj columns of TA'j In order, they are 

p1 T1 , T*+ p1 T1 , T1 + p1 T1 , ...» T1 „ + pjT1 
Fn1 ni* 1 nj-l ni 2 nr2 1 *1 

The use of these expressions in Equation 5.65 gives 

p« • (a + bf«)t; 
ni ni 1 

i l l  *  l  
tr + p „t + (a • bf*)t„ 
1 nj-1 n1 2 

1 11  ̂ 1 
T ,+ p̂ T = (A + BF* )T 5.71 
n̂ -1 l ̂ l 1̂ 

When the rest of the columns of T are considered, 

equations of the form of Equations 5.71 result, with the 

superscript 1 replaced by 1, 1=2, ..., m. 

The recursion relationship for the columns of T is 

found from Equations 5.70 and 5»7l. In Equation 5.71 the 
1 1 

last equation is solved for Tn ̂  in terms of Tn and then 
* 1 * 1 

the next equation is solved for Tn _2 in terms of Tn«-1 

1 and T , and so on. In compact form the resulting 
nl 

algorithm is 
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\ = 
1 B 1» «iii ®» J B I* •••( n*-1 

T* » (A + BF»)T* - pV 
-̂J+1 J n1 

5.72 

These equations are easily programmed on a digital computer* 

Once the ID augmented system has been put Into the 

mult1variable phase variable form, step (5) (calculating 

F* and G*) Is easily carried out. The matrix F* has the 

following foxm 

f 

0 

. 1  0 

f . 2  
0 

0 

5.73 

where each f*1, 1= 1, .... m Is a 1 i nj matrix. For the 

1th subsystem the characteristic polynomial is p*(s) and 

the desired characteristic polynomial is q̂ Cs). The 

elements of f'1 are given by the equations corresponding 

to Equation 5.28i namely, 

f •1 
nl 

• • 

f .1 
n, 

nl ni 

1̂  - 5.7̂  
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The matrix G* is diagonal and its ith diagonal 

element is equal to the required gain of the ith subsystem 

of the final, compensated system. 

For the augmented system expressed in terms of its 

physical variables, the corresponding P and G matrices 

(step 6) are 

p a F* + B* F*T 1 5.75 

G = B* G* 5.76 

The discussion of the computational procedures for 

design problems which require the addition of dynamics is 

now complete. The following example illustrates the appli

cation of the particular procedure which is given the most 

attention in this sectioni namely, the one in which Method 

C Is needed and in which the matrix Am+l.m+l do©s n°t 

appear in the CD representation of the integrator decoupled 

plant• 

Example 5*2 

Consider the example which is used to Illustrate 

Method C in Chapter kt namely, Example 4.̂ . Steps (1) -

(*0 have already been carried out and the augmented system 

is shown in Figure ̂ .6(c). Only steps (5) and (6) remain 

in the design. 
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The state equations for the augmented, plant are 

-5 0 0 7 0 0 0 0 

0 -1 0 10 0 0 0 0 

0 -1 -2 -10 0 1 0 0 
s X  +  

0 0 0 -2 -1 0 1 0 

0 0 0 0 -Ur 0 1 0  

_ 0  0  0  0 0 -5_ 0  1 

1  0 0 0 0  o" V v  
s  X 

_ 0  1 1 0 0 0  

u 5.77 

5.78 

With the aid of a digital computer B*, F*, and G*# are 

found to be 

B* as 

G* » 

7 

0 

0 

1 
P* 

-3.571 0 0 7 10 

0 -4 .if, o 0 7 

.1429 

0 

0 

1 
5.79 

and the state equations for the Integrator decoupled, 

augmented system are 



1^9 

» (A + BF*)x + 
/v 

BG*u 

-5 0 0 7 0 0 0 0 

0 -1 0 10 0 0 0 0 

0 -1 -2 -10 0 1 0 0 
S I  + 

-3.571 0 0 5 0 0 .1̂ 29 0 

-3.571 0 0 7 -3 0 . 1429 0 

0 -4 0 0 2 0 1 

u 
5.80 

c* 

1 0 0 0 0 o" 

0  1 1 0  0  0  

/V 
z 5.81 

Subsystem 1 has two zeroes, one at s • -3 and one 

at s *» -1. In the ID augmented plant two of the four poles 

are used for canceling the zeroes and the remaining two are 

at the origin. Thus the characteristic polynomial is 

p1(s,F»,G*) « S2(S+1)(S+3) 

• ŝ  • 4s3 + 3s2 . 5.82 

In a similar fashion p2(s) is found to be 

p2(s,F*,G*) a s2 5.83 

Enough information has been given so that T can be 

calculated from Equation 5.72, as 



3.00 4.00 1.00 0 0 0 

21.43 11.43 1.43 0 0 0 

•21..43 -11.43 -1.43 0 1.00 0 

2.14 3.29 1.29 0.14 0 0 

1.43 2.43 1.14 0.14 0 0 

0 0 0 0 2.00 1.00 
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5.84 

The desired transfer matrix for the compensated 

augmented system is given by Equation 4.49. Prom this 

equation the characteristic polynomials of the compensated 

system are identified as 

q*(s) « (s2+4s+8)(s+4)(s+1) 

• ŝ  9s3 + 32s2 + 56s + 32 5.85 

q2(s) ss s2 + 6s + 18 5.86 

The characteristic polynomials of the subsystems 

of both the ID augmented plant and the final, compensated 

system are now known. The coefficients of these poly

nomials are used to calculate the rows of the compensation 

matrix F*. For this purpose, Equation 5.74 is used, and 

the resulting F* is 

-32 

0 

-56 -29 

0 0 

-5 

o 

0 

-18 

0 

-6 
5.87 

The compensation matrix F, which applies to the 

augmented system expressed in terms of its physical 

variables, is found from Equation 5«75 to be 
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F 
•6.21 0 0 14.48 -1.5 0 

0 -10 -10 0 0 1 
5.88 

Aocordlng to the design specifications embodied 

In Equation 4.49# no additional gain beyond that already 

present In the plant Is required. The gain of the ID 

system has been made unity so that the plant gain (repre

sented by the diagonal elements of B* In Equation 5.79) 

must be restored by the matrix G*. Thus, 

7 

0 

0 

1 
5.89 

and G Is calculated from Equation 5.76, as 

G 

0 

B*"1G* 

5.90 

The design Is now complete. A block diagram for 

the designed system appears In Chapter 4 as Figure 4.7. 

SnimnftjfY 

There are two parts to this chapter. In the first 

part complete computational procedures are described for 

performing the calculations required In the design of a 

multlvarlable system by state variable feedback. The 

relevant design foimulas from Chapter 3 are organized as 

part of an orderly design procedure, and the phase variable 
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transformation Is Introduced and utilized for the 

calculation of the compensation matrix F. The discussion 

Is complete In the sense that the designer can use the 

design procedure In going from the start (the system 

equations) to the finish (the compensation matrices F and 

G). For all but simple examples the use of the design 

procedure requires the aid of a digital computer* In fact, 

the procedure Is formulated with this requirement In mind. 

The second part of the chapter extends the first 

part to cover the case where series compensation Is needed 

In order to meet the design specifications. 

Methods A, B, and C, presented In the previous 

chapter, are now discussed from a computational point of 

view. The first two methods are given a brief treatment 

because their computational aspects are similar to those 

already described. Method C is treated in more detail. 

Two applications of state variable feedback are 

needed in the design of control systems by Method C. The 

calculation of the feedback coefficients for each appli

cation could require a separate transformation to the 

CD representation. For the special case where each of the 

plant poles is assigned to one and only one subsystem a 

technique is given for avoiding one of the transformations 

to the CD representation. The technique employs the 

multivariable phase variable representation, a concept 

which Is introduced in the chapter. 
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The comments on the computational procedure of 

the first part of the chapter apply to the second part. 

Again* the procedures are complete and especially tailored 

for digital computer usage. 



CHAPTER 6 

A PRACTICAL EXAMPLE 

The theory and design procedures for the state 

variable feedback design of multlv&rlable systems is 

presented in the preceding chapters. The present chapter 

is concerned with the application of the state variable 

feedback technique to a practical example. The physical 

system chosen is a coupled-core nuclear reactor (Weaver, 

1968). The Inputs to the system are the reactivities for 

each core, as detexmlned by the position of the core 

control rods, and the system outputs are the power levels 

of the individual cores. The total power for the system 

is obtained by adding the powers for each of the cores. 

Coupling between the cores exists because of neutron 

leakage between the cores. Thus, If the reactivity input 

to one core is changed, then the power levels of all the 

cores are affected. 

The mode of operation desired is that in which all 

cores are given the same input and are required to respond 

in an identical manner. This goal Is achieved by using 

state variable feedback to decouple the system and to cause 

each subsystem of the compensated system to exhibit the 

same response as the other subsystems. The advantage of 

15^ 
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this mode of operation is that all cores share equally the 

task of providing the power output. 

Without the addition of series compensation! the 

desired subsystem responses cannot be realized. One of 

the methods of Chapter 4 is needed to supply the addi

tional dynamics required. Method A Is well suited for 

this example because the addition of a single pole to each 

subsystem allows the design specifications to be met. 

Theorem 4.1 assures that decoupling is not lost by the 

addition of the series compensationi the loss of zeroes is 

not a concern (as it turns out) since no zeroes are being 

added in the compensation. 

The values of the parameters used in the description 

of the physucal system are the same as those used by 

Weaver and Vanasse (1967), Three cores are assumed, and 

so the multivarlable system has three inputs and three 

outputs. 

Coupled-Core Reactor Design 

A coupled-core nuclear reactor is a critical 

reactor consisting of two or more subcrltical cores 

(Weaver, 1968). There is a mutual exchange of neutrons 

among the cores due to the neutron leakage of the cores. 

It Is this neutron leakage between cores which makes the 

entire system capable of sustaining a nuclear chain 

reaction. Because of the neutron leakage, the behavior 
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of each core Is Influenced by the behavior of all other 

cores» In other words* the system Is coupled* 

The specific case of three coupled cores Is 

considered. In the plant equations, the effect of delayed 

neutrons and controller dynamics are excluded, and the 

cores are assumed to be Identical with the same neutron 

coupling coefficient. Even so, the equations are still 

nonlinear and must be linearized about the steady-state 

reactivity and power levels. These matters are discussed 

fully In the reference cited above. Here the linearized 

equations are assumed to be given, as 

n <<no_ ^ D„ . D_ n0. 
* 1  a  - ^ 1  "  — 3  +  7X5 * T"1 

*2 " Kl*l * ox2 

Zj = + ^5 + £2U2 

xif, = - ax^ 

* D . D D <^n0 no 
x5 = 7*1 + ^x3 " rx5 ' + ^3 

x6 - k1x5 - ax6 

yi - *i 

y2 = x3 . 

y^ » x^ 6.1 

where x^ = neutron density or power in core 1 

x2 = temperature in oore 1 

x^ a neutron density or power in core 2 



x/j, = temperature In core 2 

X15 = neutron density or power in core 3 

xg « temperature in core 3 

uj » reactivity Input from controller 1 

u£ - reactivity input from controller 2 

u^ » reactivity input from controller 3 

y^ a total neutron density or power of core 1 

y2 * total neutron density or power of core 2 

y^ =' total neutron density or power of core 3 

Assume the following values for the system 

parameters (Weaver and Vanassef 1967) 

nQ « lo5 watts Kj = 10"^ degree/watt-seCr 

a = lO'2 sec"* ^ =0.1 sec 

= 10"3 degree"* D = 0.1 

Then the state equations, in matrix notation, are 

. - 1  -103 1 0 1 0 106 0 0 

10~5 -

CM 1 O
 0 0 0 0 0 0 0 

• 1 0 -1 -lo3 1 0 0 106 0 
tf 

X + 
0 0 10"5 -10" 2 0 0 0 0 0 

1 0 1 0 -1 

0
 

H
 1 0 0 10 

0 0 0 0 10" •5 

CM 1 0
 1 0 0 0 

6.2 

1 0 0 0 0 0 

y = 0 0 1 0 0 0 X 6.3 

_0 0 0 0 1 0 
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The plant equations are now known, and the step-

by-step design procedure of the first section of Chapter 5 

Is applicable. The first step in the design procedure 

is the test for decoupling. To carry out the test, the 

matrix B* must be formed and checked for nonslngularity. 

For the present example, B* is easily formed because each 

row matrix C^B, 1=1,2, 3, is non-zero. Thus each d^, 

i ss l, 2, 3» is 0, and, in accordance with Equation 5*3# 

6A 

Clearly, B* is nonsingular, and the system can be decoupled 

by state variable feedback. 

In step (2) of the design procedure F* and G*, the 

compensation matrices which put the system in integrator 

decoupled form, are calculated by using Equations 5*^ and 

5.5, They are 

cjb O
 

O
S 

0 0 

B* a c2b s 0 106 0 

c3b 0 0 10 

10~6 10~3 -10~6 0 -10"6 0 

F* a -io~6 0 10~6 io~3 -10"6 0 

-10"6 0 -10"6 0 10"6 10-3 

0
 1 O

S
 

0
 

0
 

G* a 0 10~6 0 

0 0 10~6 

6.5 

6 .6  
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The state equations for the ID plant are 

x + 

1 

0 

0 

0 

0 

1 

0 0 

0 0 

0 0 

y = o 

o 

o 

o 

0 

1 

0 

0 

0 

0 

0 0 

0 0 

1 0 

0 

0 

0 

0 

1 

0 

6.7 

6 ^ 8  

u 

In step (3) the matrix Q is needed in finding the 

canonlcally decoupled representation of the ID plant. Here, 

the first n^ rows of Q are discussed in detail. In order 

to find these rows the subspace <$i is considered. The 

vector space is the set of all row vectors which 

satisfy the relation 

^1 a H* 6.9 

where A and B are the matrices in Equation 6.7. As usual, 

the row vector \ is written ••• and the 

coefficient array for the equations resulting from 

Equation 6.8 is formed, as 
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0 0 1 0 0 0 

0 0 0 

1 o
 

TH 

0 0 

0 0 0 -10-7 0 0 

0 0 0 

ON 1 o
 0 0 

0 0 0 1 t-
k 
o
 1 »-
» 

0 0 

0 0 0 o
 1 l-
k 

VJ
J 

0 0 

0 0 0 0 . .  1 0 

0 0 0 0 0 

1 o
 

rl 

0 0 0 0 0 -10-7 

0 0 0 0 0 10"9 

0 0 0 0 0 -10"11 

0 0 0 0 0 10"13 

6.10 

With the aid of a digital computer, the Hermite 

normal form of the above array is found to be 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

6.11 

where the all-zero rows are deleted. The 4x6 array 

yields the following relationships among the elements of 

? 3 "  U "  f 5 s  U m  0  6 ' 1 2  

and so a suitable basis for is £tl 0 0 0 0 0], 

[0 1 0 0 0 0]} . The rank of <3fi is nj or 2, 
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and the number of zeroes of subsystem 1 Is n^ - dj + 1 

or 1. 

The first row of Qj is Clf which Is also a member 

of the above basis, and the second row is taken as the 

remaining basis vector. Proceeding in a similar manner 

for Qj and Q2, one finds that 

Q = I 6.13 

where I is the 6x6 Identity matrix. The fact that Q is 

the identity matrix indicates that the ID plant is already 

in canonically decoupled form, and no change of variables 

is needed. Equations 6.7 and 6.8 apply to both the ID 

plant and the CD representation of the ID plant. 

The subsystem matrices for the ID plant are outlined 

in the matrices of Equations 6.7 and 6.8. As expected, the 

subsystem equations are identical because the cores are 

assumed to be identical. A comparison of the matrices of 

Equation 6.7 with those in Figures 3»3(a) and (b) reveals 

that 

a [-10-2] i a 1, 2, 3 6 , 1 k  

and so each subsystem has a fixed zero at s - -.01 and 

two poles which are under the control of state variable 

feedback. Step (4) is now complete. 

The remaining steps of the design procedure require 

that a suitable response be selected for each subsystem and 

that the compensation matrices be found that give the de

sired response. Suppose that the desired dynamics of 
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each subsystem are embodied In the following transfer 

functions (Weaver and Vanasse, 1967)1 

9 . . 
^1 

10; 
s + 2s + 2 

1 • 1, 2, 3 6.15 

The presence of the fixed zero close to the origin 

must be taken into account* Only two poles are present 

In each subsystem so that if one of them is used for can

cellation, a first-order response results• Apparently, one 

additional pole is needed in each subsystem1 then one pole 

can be used for cancellation and two poles are left to 

achieve the second-order subsystem response. This technique 

is the one used below. 

It Is desired to add one pole to each subsystem. 

Method A applies, and by Theorem ^.1 decoupling is not 

lost. Let the three, Identical series compensators each 

have unity gain and one pole at s « -1. The equations for 

the compensation are 

O
 

O
 

1 10 0 

L 
X = 0 - 1 0  X + 0 10 u 6.16 

0
 

0
 

*
 •
 

0 0 1 

u = u 

Using Equations 5»55 and 5*56 the 

augmented plant are found to be 

state equations for the 
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-1 

0
 

rH 1 1 0 1 0 106 0 0 

V
\ 

1 o
 

rl 

CM 1 O
 

T H 1 0 0 0 ' 0 0 0 0 

1 0 -1 

o
 

-r-
i 

1 1 0 0 

VO 
o
 

r
i 

0 

0 0 lO'5 -icr2 0 0 0 0 0 

1 0 1 0 -1 -lo3 0 0 106 

0 0 0 0 10"-5 

CM 1 o
 

1 0 0 0 

0 0 0 0 0 0 -1 0 0 

0 0 0 0 0 0 0 -1 0 

0 0 0 0 0 0 0 0 -1 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

+ 0 0 0 u 6. 

0 0 0 

1 0 0 

0 1 0 

0 0 1 

1 0 0 0 0 0 0 0 0 

y =5 0 0 1 0 3 0 0 0 0 X 6. 

0 0 0 0 1 0 0 0 0 

The basic design procedure is now applied to the augmented 

plant* The compensation matrices F* and G* required to 

form the ID augmented plant are 
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F* 

•2.99x10 

10"6 

10"6 

"6 -l.OlxlO"3 

10-3 

10-3 

10 -6 10 - 3  

-2.99xl0"6 -10~3 

10 -6 10 - 3  

10"6 10-3 2 -1 -1 

10"6 i 

O
J rl 1 

1 o
 

< rt 

6.20 

-2.99X10"6 -l.OlxlO"3 -1 -1 2 

s
 i

 
i ON
 

o
 

o
 

1 

0 10"6 0 6.21 

o
 

o
 

»-
» o
 1 ON
 

G* = 

and the system matrices for the ID augmented plant are 

found by fonning A + BP* and BG*. 

Each subsystem has three poles and one fixed zero, 

or d^ a l, for i = 1, 2, 3* This means that the matrix Q, 

which is needed to find the CD representation, has and 

CjA, i ss l, 2, 3 as rows* A simpler Q is obtained by 

using the standard bases for Qi# Q2» and found by using 

the Hermlte normal form. The Q resulting from this procedure 

is 



-f 0 0 0 0 0 0 0 0 

0 1 0 0 0 0 0 0 0 

0 0 

VO 1 o
 

rl 

0 10"6 0 1 0 0. 

0 0 1 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 

o
 i OS
 

0 0 0 o
 1 OS
 

0 0 1 0 

0 0 0 0 1 0 0 0 0 

0 0 0 0 0 1 0 0 0 

10"6 0 10"* 0 0 0 0 0 1 
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6.22 

In terms of the new state variables for the ID 

augmented system the system matrices are In block diagonal 

form with the following matrices along the diagonals 

5 

A 11 

-1 -103 101 

10~5 -10"2 0 

-9.9x10-7 -l.oixlO"3 1 

0 

0 B 
11 

'11 

6.23 

10 

[1 

-6 

0] 

6,2k 

6.25 

For the 1th subsystem the desired transfer function 

which takes Into account the fixed zero Is 

,6 IX « (s+.Ol )10 
r'i (s+.Ol) (s2+2s+2) 

6.26 
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The set of feedback coefficients 9 ^ and the gain g^ 

must be found to realize the above subsystem response. 

This task was accomplished by using the computer program 

of Melsa (1967)* a program whioh uses the phase variable 

transformation discussed in Chapter 5* The results are 

shown in the following compensation matrices which apply 

to the system expressed in terms of the state variables 

corresponding to the matrices of Equations 6.23 - 6.25. 

0 -2x10"" ̂  2 0 0 0 0 0 0 

0 0 0 0 -2X10"3 2 0 0 0 

0 0 0 0 0 0 0 -2x10"" ̂  2 

6,27 

106 0 0 

0 106 0 

0 0 101 

6.28 

In terms of the state variables for the original 

augmented plant, the compensation matrices P and G are 

obtained from Equations and 5»18, repeated as 

F « F + B*~*FQ 6.29 

G = B*""*G 6.30 

All of the quantities on the right-hand sides of Equations 

6.29 and 6.30 have already been calculated (B*~* is Just 

G*). Performing the required matrix multiplications and 

addition yields 
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-2.99xl0'6 -3.QlxlO~3 3xlO"6 10~3 

P = 3xl0"6 10"3 -2,99xl0""6 -3.01X10'3 

3xl0"6 10"3 3xl0"6 io"3 

3xl0"6 10"3 b -1 -1 

3xl0"6 10-3 .J 4 6#31 

2.99x10"6 -3.01x10-3 -l -l k 

10 0 

G a 0 1 0 6.32 

0 0 1 

With these compensation matrices the multlvarlable system 

Is decoupled into 3 nonlnteracting subsystems, each of which 

has the transfer function of Equation 6.26. 

simple reactor model is being used, all the states can be 

measured. As a result the design, though complicated, can 

be physically implemented. 

This example has been worked for the case where the 

following subsystem transfer function is desired 

In this instance the form of the response is the same as in 

the previous case, but the system bandwidth has been 

increased by a-factor of 10. The corresponding F and G 

matrices are 

As a practical matter it is noted that, because a 

yi _ io 6 ( s+.oi) 
ri ~ s2 + 20s + 200 

6.33 
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1. 77x10"^ -2.101xl0"2 2.1X10"-5 

i o
 

r-i 

2. lxlO"-5 10~3 1.77x10"^ -2.lOlxlO"2 

2. lxlO"5 10~3 2.1xl0"5 o
 1 

2. 1x10"^ 10~3 22 1 u
 1 I 

2. 
H

 1 

1 0 
r( 1 O

 
rl M

 22 -1 6.3^ 

1. 77x10"^ -2.101xl0~2 -1 -1 22 

G = I 6.35 

The first stage of the design process is now 

complete. Still needed before the process is finished are 

simulation studies to cerify noninteraction and the sub

system responses and a sensitivity investigation. One 

would be especially interested in determining what effect 

changes in or the removal of some of the feedback co

efficients has on the response. These studies are best 

carried out by those who are directly responsible for the 

design of the physical system. 

SliTnmflL'rv 

The example of this chapter is taken from a 

recently published textbook on reactor dynamics end control 

(Weaver, 1968). It is a problem that has some engineering 

significance. Although the design has not been carried to 

completion (physical implementation), the results which are 

given Indicate that the design techniques presented in this 

dissertation should be considered when designing 

multlvariable systems. 



CHAPTER 7 

CONCLUSIONS 

In this chapter all previous results are 

summarized, and suggestions are given for further research* 

Snmmft-rv 

The study of design techniques for multivariable 

systems is the topic of this report. Both conventional, 

frequency-domain techniques and modern, combined frequency-

domain, time-domain procedures are considered. 

Noninteraction is taken as one of the two basic design 

requirements! the other Is that specified subsystem 

transfer functions be achieved. Conventional methods are 

quickly shown to have the disadvantage of complexity— 

both in carrying out the design calculations and In the 

physical implementation of the compensation. There are, 

however, some problems for which the conventional methods 

yield satisfactory designs, and research continues In this 

area (Chen, 1968 a, b). 

The bulk of the attention to design is given to 

the state variable feedback design of multivariable systems. 

After its introduction by Morgan in 19631 several authors 

studied the technique, with the most recent and complete 

169 . 
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treatment being given by Gilbert (1968). Gilbert's 

results make possible the identification of the fixed 

zerpes of the subsystems of the multivariable system and 

the number of subsystem poles which are controlled by 

state variable feedback* By treating each subsystem in

dividually, the designer can apply some of the previously 

developed knowledge of state variable feedback design of 

single-input, single-output systems* 

A topic which has not been previously studied is 

the addition of dynamlos to the multivariable system before 

state variable feedback is applied, for the purpose of im

proving the system response* Three methods are proposed 

and analyzed in Chapter for adding dynamics* The first 

miethod, Method A, requires that the compensation be placed 

in the control-input cheuinels of the multivariable plant 

and that all the states of the augmented system be fed 

back* This method is the preferred one when it works, 

because of its simplicity. However, its use could lead 

to loss of coupling or loss of zeroes. An alternate ap

proach, Method B, is shown to have serious practical 

limitations. 

Method C applies in every case in which the 

multivariable plant can be decoupled. According to 

Theorem the use of Method C makes it possible to 

apply the same techniques for the multivariable plant as 

are applied in single-input, single-output design. 
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In particular zeroes and poles can be added with the 

assurance that decoupling Is not lost( the added zeroes 

and plant zeroes appear unchanged In the proper subsystem 

transfer functions* and both the added poles and the plant 

poles can be arbitrarily positioned by state variable 

feedback* 

Chapter 5 Is Intended to serve as a clear outline of 

what must be done to apply the state variable feedback de

sign techniques of Chapters 3 and The presentation Is 

oriented toward digital computer usage because practical 

multlvarlable design problems are frequently of high order 

and require tedious calculations that are most accurately 

perfoimed by the computer. In the case where dynamics are 

added to the decoupled multlvarlable plant, a short-cut is 

given to cut down on computer time. 

The practical application of Chapter 6 shows that 

the design techniques of the previous chapter do indeed 

have value in control system design. 

Further Research 

Although the design techniques presented here are 

sufficiently complete to be used in practical design 

problems, there are several topics which merit further 

research. Among these are 

1. The decoupling of multlvarlable systems for 

which B* is singular. 



2. Further study of Method A. 

3» Further study of the considerations involved 

in the initial decoupling step of Method C. 

The application of the techniques of galn-

insensitivity to multivariable systems. 

5* The relationship of the design methods to 

those Involving integral performance indices. 

6. Multivariable system design by state variable 

feedback which noninteraction is not required. 

7. State Estimation in multivariable systems. 

Each of these topics is now discussed briefly. 

For topic 1, Gilbert (1968) mentions that as long 

as the plant matrix F(s) is nonsingular, dynamics can be 

added to the multivariable system so that the resulting 

augmented system can be decoupled by state variable 

feedback. The practical implications of this procedure 

have not been reported. In particular, one needs to know 

how to find the added compensation and whether it is 

physically realizable. In the present study, dynamics are 

added to make it possible to meet the design specifications. 

In problems which cannot be decoupled by state variable 

feedback unless dynamics are added, it would be desirable 

to be able to choose the dynamics which permitted 

decoupling and also contributed to a good design. 

For topic 2, more work is needed to find out when 

series compensation causes loss of coupling and loss 
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of zeroes. Theorem ^,1 provides answers for the simplest 

form of series compensation, but other situations have yet 

to be considered. 

For topic 3i the best way of decoupling the plant 

before adding decoupled compensation Is not known, nor Is 

It even known what criteria for defining the best way 

should be used. Perhaps sensitivity theory could be of 

value here. 

Topic ^ appears to be related to the previous 

topic because, according to Herring (1967), systems are 

made galn-lnsensitive by conditioning the plant before the 

final application of state variable feedback. Herring's 

results apply to single-Input, single-output systems 1 the 

multlvarlable case has yet to be studied. 

In topic 5 performance Indices are mentioned as 

an alternate means for specifying the desired system 

response. In fact, the Idea of using state variable feed

back originated In connection with design for minimizing 

a particular Integral performance Index (Schultz and 

Melsa, 1967). This dissertation uses desired transfer 

matrices as the performance specification. Relations 

between the designs resulting from the two different types 

of specifications are known for single-input, single-

cutput systems, but not for multlvarlable systems. Here 

the constraint of noninteraction should prove useful. 
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For topic 6, study of the design situation in which 

noninteraction is not a requirement needs to be conducted# 

In an aircraft( for example, the plane rolls when making 

turnst so that changes in yaw are accompanied by changes in 

roll, and these changes are tolerated. One would like to 

be able to choose a specific, non-zero transfer function 

between r^ and y j (i ji J), and realize it by state variable 

feedback. At presentt no results are available in this 

area. 

The final topic is concerned with the very Important 

practical problem of estimating state variables which cannot 

be measured directly. Due to the large number of state 

variables in a typical multlvariable system, the need for 

estimating states is great. For the case where no noise 

is present the work of Luenberger (196b, 1966, 1967) and 

others (Singer, 1968) should be investigated as a basis 

for developing the theory for the case where decoupled 

multlvariable systems are being designed. 

With the Increasing complexity of the design 

problems being considered by control engineers, the 

continued development of multlvariable system theory seems 

assured. State variable feedback design should share In 

this development. 
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