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ABSTRACT 

In this paper we obtain two characterizations of the lens space 

L(P»q)» first as a Seifert fibre space and second as a Euclidean 

3-cube with suitably identified sides. Each characterization is in

trinsic in the well known representation of L(p,q) as a toroidal 

manifold. We develop this toroidal structure directly from the defi

nition of L(p,q) as the fundamental region of the action of a certain 

group of homeomorphisms of the 3-sphere. A method is introduced for 

the construction of all Seifert fibrings of a given L(p,q), up to 

fibre-true spaces, after which the corresponding Seifert invariants 

for each such fibring are calculated. The second characterization is 

obtained via two unimodular plane involutions TQ and T^, defined on 

the top and bottom surfaces of the Euclidean 3-cube, by identifying the 

top surface according to TQ, the bottom surface according to T^> 

and the x and y coordinates each modulo 1. Expressions for p 

and q are obtained in terms of the coefficients of T^ and T^ and 

the rectangularized model of L(p,q) is used to show that L(p,q) and 

L(p,q') are homeomorphic whenever qq' = ±l(mod p). 

vi 



CHAPTER 1 

INTRODUCTION 

Perhaps the most important single stimulus for the study of lens 

spaces has been the classification problem for compact 3-manifolds 

(Papakyriakopoulos 1958). Although lens spaces were first introduced 

by II. Tietze (1908) in his work on the topological invariants of higher 

dimensional manifolds, a detailed study of the topological properties 

of such spaces did not appear until the works of Threlfall and Seifert 

(1930, 1932). Here the authors defined the spherical rotation groups 

G(p,q), and subsequently showed that the lens spaces (p,q) of 

Tietze, hereafter denoted by L(p,q), were precisely the fundamental 

3 regions of the action of the groups G(p,q) on the sphere S . The 

homeomorphism problem for lens spaces, which was originally suggested 

by Tietze (1908, §22), was then partially answered by Threlfall and 

Siefert (1932, p.548) when they obtained a sufficient condition for 

the lens spaces L(p,q) and L(p,q') to be homeomorphic, together 

with a somewhat weaker necessary condition. The sufficient condition 

was later shown to be also necessary (Reidemeister 1935), and the neces

sary condition to be both necessary and sufficient for L(p,q) and 

L(p»q') to be the same homotopy type (Hilton and Wylie 1962, 

§5.10). 

Also suggested by Tietze (1908, §20) was the polyhedral repre

sentation of lens spaces which is included in section 2.1 of the 

1 
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present text. This representation was then formulated by Threlfall and 

Seifert (1930, p.58) and was subsequently used by them to obtain the 

more useful representation of L(p,q) as the space obtained by glueing 

the boundary surfaces of two toroids in a suitable manner (Threlfall 

and Seifert 1932, p.554). In the present text, this toroidal repre

sentation of L(p,q) is of singular importance and is therefore the 

3 
object of Chapter 2. Here we consider S as the unit sphere in the 

2 
bicomplex plane C and define L(p,q) to be the fundamental region 

of the action of a particular group of homeomorphisms G, defined on 

3 3 3 
S . A toroidal representation of S (S is the lens space L(1,0)) 

is then obtained via its complex coordinates. Since the group G is 

3 
defined in terms of the complex coordinates of S , the corresponding 

3 
toroidal representation of L(p,q) is then obtained from that of S 

by appealing directly to the definition of L(p,q). 

In the spirit of the classification problem for compact 3-

manifolds, Seifert (1932) obtained a characterization for a particular 

subcollection of such manifolds, known as Seifert fibre spaces (Seifert 

1932). Here the author obtains a system of invariants for a given fib-

ring of an arbitrary Seifert fibre space, the invariants being unique up 

to fibre-true spaces. It is then shown that the lens space L(p,q) 

is a Seifert fibre space with r 2 singular fibres (Threlfall and 

Seifert 1932, p.572). Chapters 3 and 4 of the present text are devoted 

to the characterization of lens spaces as Seifert fibre spaces. In 

Chapter 3 we review the definitions and results of Seifert (1932) rela

tive to this characterization, referring the reader to Seifert's original 
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work for the proofs of those results whose proofs are omitted in the 

present text. With Seifert's characterization theorem (Seifert 1932, 

p.181), which appears as Theorem 9 (section 3.5) of the present text 

in a form relative to its applicability to lens spaces, we proceed to 

Chapter A, which contains the first of the major results of this paper. 

Here the toroidal representation of Chapter 2 is used to obtain an 

arbitrary fibring of L(p,q), denoted by L(p,q: y,v), and to calcu

late the Seifert invariants for any such fibring. Also included in 

Chapter 4 is the result that the above mentioned fibrings L(p,q: p,v) 

account for all possible fibrings of L(p,q), up to fibre-true spaces. 

The second of the major results of this paper, which appears in 

Chapter 5, was motivated by Cohn (1968) who considered the 3-sphere in 

a certain "rectangularized" coordinate system and showed that its fib

rings arise in a natural way from the Hilbert modular functions. Since 

3 
S is the lens space L(1,0) and since this "rectangularized" 3-sphere 

3 
suggests the toroidal representation for S obtained in Chapter 2, it 

is natural to expect that such a "rectangularized" model for L(p,q) can 

also be obtained. In Chapter 5 this lens space model is obtained via 

two unimodular involutions TQ and T^ together with the toroidal 

representation of Chapter 2. Here we show that if TQ and T^ are 

p-compatible, with p ^ 0, and if K(TQ,T^) is the 3-manifold obtained 

from the Euclidean 3-cube by identifying coordinates x and y each 

modulo 1, the bottom surface according to TQ, and the top surface 

according to T^, then K(TQ,T^) is the lens space L(p,«)* It is 

further shown that the totality of spaces K(TQ,T^) coincides with the 
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collection of all lens spaces. The final result in Chapter 5 is to show 

how the "rectangularized" lens space model can be applied in a natural 

way to obtain the sufficient condition of Threlfall and Seifert (1932, 

p.548) for the lens spaces L(p,q) and L(p,q') to be homeomorphic. 



CHAPTER 2 

TOROIDAL REPRESENTATION OF LENS SPACES 

2.1. The Lens Space L(p,q) 

3 
Let S be the unit sphere in the bicomplex plane 

S3 « {(z,w) e C2: |z|2 + |w|2 = 1}. 

For relatively prime integers p and q, with p > 0, the mapping 

h: S3 -»• S3 defined by 

h(z,w) = (e2*i/pz>e2"!l/l,w) (2.1) 

3 p t 
is a homeomorphisra of S with period p (h™ » I and h ^ I for 

0 < t < p). The lens space L(p,q) is defined as the fundamental region 

3 2 n 
of the action on S of the group G = {I,h,h , ... h } of homeomor-

3 3 
phisms of S (L(p,q) is the quotient space of S by the equivalence 

relation R defined by (z,w)R(z',w!) if and only if (z,w) = ht(z',w') 

for some element hfc of G) (Spanier 1966, p.88). 

A constructional definition of L(p,q) (Hilton and Wylie 1962, 

p.223) is useful in determining the elementary properties of L(p,q) 

and will be included here, although we will not attempt to show the 

equivalence of this definition with the one above. Let P be a solid 

3 
double pyramid in Euclidean 3-space R , obtained from a p-sided' regular 

5 



polygon in R^ with vertices {a^.a^, ... ap_j^ by adjoining two 

2 2 
points a0 and a on either side of the polygon (Fig. 1). The 

0 q 

boundary of P is covered by the triangles a® aj » 0 < i < p, 

j = o,q, and L(p,q) is then defined as the compact 3-manifold 

obtained from P by identifying the boundary triangles a^ a0 

and ai+q ai+q+l aq the unique linear order-preserving homeomor-

phism of the triangles, the subscripts of a^ being taken modulo p. 

From this alternate definition it is apparent that L(p,q) and 

L(P>P + O are homeomorphic since the indentifications of P are 

identical. Also, L(p,q) and L(p,-q) are homeomorphic since they 

correspond to identifications of P through the angles and 

respectively. Hence it is nonrestrictive in the definition of 

MPJO to assume that p and q satisfy 

0 <_ q <_ p/2. (2.2) 

Returning to the original definition of L(p,q) it is easily 

3 
seen that S is the lens space L(1,0), for in this case 

(p = l,q = 0), h(z,w) = (e^^^z.e^w) = (z,w), whereby h is the 

3 
identity homeomorphism of S and the fundamental region of the action 

3 3 
of G = {h = 1} on S is precisely S . Throughout the present 

chapter we will be interested in obtaining the equivalent representa

tion of L(p,q) (Threlfall and Seifert 1932, p.554) as a toroidal 

manifold (see Theorem 2, of this text for the result), which will then 

be used in subsequent chapters to study the fibre structure of L(p,q) 
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as a Seifert fibre space (Chapter 4) and to obtain yet another repre

sentation of L(p,q) as the space obtained by suitably identifying the 

sides of a Euclidean °-cube (Chapter 5). The toroidal representation 

3 
of the lens space S = L(1,0) will first be obtained, after which the 

definition of L(p,q) as the fundamental region of the action of G 

3 
on S will be applied to obtain the desired toroidal representation 

of L(p,q). 

3 
2.2 Toroidal Representation of S 

A toroid V is the topological product of a Euclidean 2-disc 

D with boundary 3D and a simple closed curve C, the boundary of 

V given by II = 3D * C. By a meridinal curve of V is meant a closed 

curve M on 1 which is free from doublepoints, nullhomotopic within 

V, but not nullhomotopic on II, the choice of M being unique up to 

orientation and continuous deformation on II. A longitudinal curve of 

V is then defined as a closed curve B on II which is free from 

doublepoints and which intersects M exactly once (see section 3.1 for 

a detailed discussion of M and B). With the above basic definitions 

3 
we can proceed to the toroidal representation of S . 

3 
As before, let S be the unit sphere in the bicomplex plane 

S"* = {(z,w) £ C^: |z|^ + |w|^ = 1}. (2.3) 

3 
Throughout the following discussion, all subspaces of S will be 

3 
assumed to have the induced manifold topology of S . Let T^ and 



3 
be the subspaces of S defined by 

9 

= {(z,w) e S^: |z| <_ |w|} and = {(z,w) e S^: |w| | z |} • (2.4) 

3 
If SQ is the topological space obtained from the disjoint union 

v obtained by identifying the common subspace 

Ti f) T2 = {(z,w) E S : |z| - |w|> of and T£ in the natural way, 

together with the topology coinduced by and (Spanier 1966, p.4), 

3 3 3 
then SQ is homeomorphic with S , and* S can be considered to be 

the space obtained from and by a "glueing" of their common 

subspace. 

Let (z,w) e T^. Then by (2.3) and (2.4) above, 

1 = |z|^ + |w|^ <_ 2|w|^, so that l/Jl <_ |w| <_ 1 and 0 £ |z| £ 1//2. 

1*0 
If ZQ = , where 0 CQ <_ 1//2 and 0 <_ <|>Q < 2H, is held fixed 

in the z-plane, then the w-coordinate of each point (ZQ,W) e has 

modulus |w| = /l - so that w = /x~- e*"\ 0 X < 211. Hence 

the subspace H(ZQ) = {(ZQ,W) e T^} is a simple closed curve in 

and will be called the fibre over ZQ (Fig. 2). Moreover, since 

ll(z) P| H(Z') = $ for z S4 z' and since each (z,w) E is contained 

in the fibre over z, then the decomposition = II H(z), 
id> z =£e 

where 0 < C < 1 tJl and 0 <_ <J» < 2IT, of is a possible fibring 

of (see section 3.1 for the definition of fibre). If is the 

right circular cylinder in Euclidean 3-space of radius 1//2 and 

height 211 with cylindrical coordinates, whose top and bottom 
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circular areas are identified (without twisting) 

V ^ =  0  £  £' <  1 /  »^2" ,  0  £  4>' , X '  <  2JI ,  X '  t a k e n  m o d u l o  2 1 1 } ,  

then the mapping ip: -> defined by 

the axis-parallel curve {(CQ,<I>Q,X) E V̂ : 0 £ X < 211}. In Seifert's 

terminology (see section 3.1 of this text), is then a fibred 

toroid with fibres {H(z) : 0 £ |z| £ ItvT}. Regardless of this fibre 

structure, is the topological product of the Euclidean 2-disc 

= {z: 0 £ |z| £ l/*^} in the z-plane and the simple closed curve 

= {(z,w) e T-^: |z| = 0} and is therefore a toroid (Fig. 2). 

3 
A similar argument can be applied to the subspace C S . If 

(z,w) e T_, then again by (2.3) and (2.4), 1 = |z|^ + |w|^ £ 2|z|^, 
i<J>0 

so that 1 / < _  |z| £ 1 and 0 £ |w| <_ 1/Jl. If w^ = 5Qe , where 

0 £ £ 1/•JT and 0 £ OQ < 2n, is held fixed in the w-plane, 

then the z-coordinate of each point (Z,WQ) e T2 has modulus 

|Z| = A. - SO that z =• A. - CQ e*p for 0 £ p < 211. As before, 

the subspace K(WQ) = {(Z,WQ) e T£) (The T2 fibre over w^) is a 

simple closed curve in T2, and T2 is the topological product of the 

Euclidean 2-disc D2 = (w: 0 £ |w| £ 1//T} in the w-plane and the 

is a homeomorphism which maps the fibre over ZQ = J^e onto 
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Fig. 2. Toroidal Representation of S 



simple closed curve = {(z,w) e T^: |w| =0} (Fig. 2). Consider 
O 

the subspace ^ fl T2 = {(z>w) e S : |z| « |w|}. If (z,w) e f| 

then from (2.3), |z| « |w| = 1/^2, so that the boundary surfaces 

nx and II2» of the toroids and T2 respectively, each cor

respond with the subspace T2. Hence, each (z,w) E 0 ̂2 

has the representations, (z,w) =» (l/zSe5̂  ,l/>4e^^) as a point on 

niP and (z,w) = (l/v4eip ,1/ v^e*0) as a point on From this 

it follows that <|> = p (mod 211) and X = 0 (mod 2n), which define 

the required "glueing" of the boundary surfaces 11^ and By 

choosing the meridinal curve = {|z| = 1/^2",X 0 0} and longi

tudinal curve B^ *={<)> = 0,|z| = 1/^1} of T^, together with the 

meridinal curve M2 ™ {|w| = l//2,p = 0} and longitudinal curve 

B2 = {0 = 0,Iw| = l/fi} of T2» and by orienting these curves ap

propriately (Fig. 2), the natural "glueing" of JI^ and satisfies 

<v< B2 and M2 ~ B^^ (on 11^ = n2) (throughout, the symbol *\» will 

mean "is homologous to"). 

3 
Lemma 1. The 3-sphere S is the space obtained by "glueing" 

the boundary surfaces 11^ and of two toroids T^ and T2 with 

meridinal and longitudinal curves B^ and B2 respectively 

in such a way that 

^ B2 and M2 ̂  B^ (on = I^). 
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2,3. Induced Toroidal Representation of L(p,q) 

3 3 
Consider the effect of the defining homeomorphism h: S •+ S , 

defined by (2.1), on the toroids and of section 2.2. For 

each (z,w) e T^, (z,w) • (ce"^, h - ^ e**), where 0 5 <_ 1//2" 

and 0 <_ <{),X < 211. Hence 

/ » »\ u/ \ / 2iri/p 2irqi/p . , <<J)+2TT/P>i J 2 (X+27rq/p)i* (z ,w ) = h(z,w) = (e ,e H *w) = (?eVY ,v' , /l-£ ev v' ), 

so that |z'| • C " |z|, and therefore h maps each point (z,w) e 

to a point (z',w') which lies on the same concentric cylinder 

{C = constant} of as does (z,w). From this we see that the 

mapping h|^, : (the restriction of h to T^) is a homeo

morphism of T-^ which rotates each concentric cylinder 

7mm 2ir 
{£ = constant: 0 < £ <_ 1/y2] an amount — in the ^-direction and an 

amount in the X-direction, and the closed curve = {? = 0} 

(the cylinder axis of T^) an amount in the X-direction (Fig. 3). 

Similarly, for each (z,w) e (z,w) = (vl - 5 e*P , where 

0 £ £ 1/ Jl and 0 <_ 0,p < 211, so that 

<z\w') - h(z,w) - - (iT?e<1,+<1'/p)i,?e(e+2*q/l,H). 

As before, h|_ is a homeomorphism of T_ which rotates each con-
2 

centric cylinder {£ a constant: 0 < £ 1/^2) of T„ an amount i. p 
2it 

in the 0-direction and an amount — in the p-direction, and the cylin-

2tt 
der axis C~ = {5 = 0} of T„ an amount — in the p-direction 

i 1 p 

(Fig. 3). 

Let and L2 be the fundamental regions of the action of 

2 D""l 
G = {l,h,h , ..., hp } on the toroids and T^ respectively, By 



Fig. 3. Action of h on the Toroids of S 



choosing appropriate representations for and on and T2, 

the toroidal representation for L(p,q) is apparent (Fig. 3). Con

sider the toroids and in the form of right circular cylinders 

as before. Since h rotates the points of T, an amount — in the 
1 P 

<J>-direction, we choose as a representative for the sector of 

given by C^, where L^ = {(£,<|>,X) e T^: 0 < £ <_ 11^2, 0 <_ <J> < 

— 2ir 
and » {(C,<(!,X) E T^: t, = 0, 0 <_ X < —} (Fig. 4). Under the in

duced identifications on L^ (P is identified with h(P), X taken 

— 2TT — 
modulo 211 for L, and modulo — for C,), the planar boundaries 

1 pi 

{<(> = 0} and {<() = ^-} are identified by an amount in the 

X-direction and the top and bottom areas of are identified with-

2TT 
out twisting. Let S. be the circular sector of angle — given by 

k P 

the intersection of Li with the disc {X = - ^flkfaod 211)} for 
A P 

k = 0, 1, ..., p - 1. Then by the induced identifications on L^, 

_ P"1 
D ° (J S, is homeomorphic with a Euclidean 2-disc, so that 

k=0 K 

L^ = x and is therefore a toroid with boundary surface 

Ri = niH (Fig* 4). Moreover is the disc = {X = 0} of 

taken modulo the subspace L-^, so that if A^ is the circular arc 

of the circular sector for all k= 0, 1 - 1, then the 

closed curve Mi of L, defined by AnA. ... A , (M' is the closed 
1 1 U ± p-i 1 

curve PoPlP2P3PAP0 Fig* tlien is t̂ ie merJ-dinal curve 

= l/^iX = 0} of T^ modulo the subspace L-^. The closed 

curve M^ on the boundary surface of L^ is free from double-

points and is not nullhomotopic on 11^, since otherwise would 



Fig. 4. Fundamental Regions and for p = 5, q =» 2. 
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be nullhomotopic on II ̂  and as such could not be a meridinal curve for 

T,. Furthermore, each circular arc A, is deformable within L, to 
1 k 1 

the point A = ^k(mod 2n) on the T^-toroidal axis C^, and all 

such points are identified in obtaining the L^-toroidal axis (C^ 

2tf —. 
is identified modulo — to obtain C,). Therefore, the closed curve 

P 1 

= M^(mod L^) is a suitable choice of meridinal curve for the toroid 

Ll* 
2ir 

Since h rotates the points of T0 an amount — in the 
2 p 

p-direction we choose as a representative for the section of T2 

2tt 
given by {(€,6,p) e T- : 0 <_ p < —} (Fig. 4). Under the induced 

z p 

identification on (P is identified with h(P)), the top and 

bottom circular areas {p = 0} and {p = —} of L0 are identified 
P ^ 

through an angle (h rotates the points of T£ an amount 

in the ^-direction). If C^ is the closed curve obtained from the 

2TT 
T2~toroidal axis through the induced identification of p modulo — 

and D2 is the Euclidean 2-disc of T2> then L^ is the toroid 

^2 * ^2 boundary surface 11^ = II2 ^2 ^' ̂ e cl°sê  

cuirve = -M2 on 11^ is a suitable choice of meridinal curve for 

1*2, since M2 is a meridinal curve for T2. Let be the curve 

on III from P = (1/^5",0,0) to h(P) = (1 / ) which satisfies 
z p p 

the homology relation 

B2 + qM2 (on 1^), (2.5) 

where B2 is the longitudinal curve {<)> » 0,5 " 1/^2} of T2 (Fig. 4). 



Fig. 4. Fundaaental Regions and Lj for p » 5, q • 2. 
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Then by the natural identification of 11^ and JI2, which appears in 

Lemma 1, B2 ̂  (on = II2) so that the homology relation (2.5) 

becomes 

pB£ qM2 (on 1^ = n2). (2.6) 

Now since n| and JI2 are the restrictions of and H2 to the 

subspaces and L2, M2 = -M2 is a meridinal curve for L2> and 

B2 is a closed curve on Jljj which is free from doublepoints and which 

cuts M2 exactly once, then from the homology relation (2.6) above, 

^ pB2 + qM^ (on nj_ = np, (2.7) 

where B), is a longitudinal curve for L2» But, a suitable choice of 

meridinal curve for was determined to be the closed curve 

(mod L^). Therefore (on II p is identical with and we have 

the following toroidal representation for L(p,q). 

Theorem 2. The lens space L(p,q) is the space obtained by 

'^glueing" the boundary surfaces and Il2 of two toroids T^ and 

T2 with meridinal and longitudinal curves M^, B^ and M2, B2 

respectively in such a way that 

M2 ̂  pBl + qMl ^°n ^l = n2^' 



CHAPTER 3 

CHARACTERIZATION THEOREM OF SIEFERT 

3.1. The Selfert Fibre Space F 

A Seifert fibre space, hereafter referred to as simply a fibre 

space, is a pathwise connectcd 3-manifold M, on which a system 

S = {11} of closed curves has been drawn satisying: (a) for each point 

x e M there exists exactly one II e S such that x e H, and (b) for 

each H E S there exists a subset 5 such that 11 e ftjj and 

can be mapped "fibre-true" onto a "fibred toroid" V whereby H is 

mapped to the "center fibre" of V. Throughout, unless otherwise 

stated, M will always be considered to be compact. The closed curves 

of S represent the fibres of M, and the subset will be called 

a fibre neighborhood of H. By a fibre-true mapping between two fibre 

spaces is meant a homeomorphism which maps fibres to fibres, the 

characterization of fibre spaces being made up to fibre-true spaces. 

A fibred toroid V is a right circular cylinder of height 1 in 

Euclidean 3-space whose fibres are drawn parallel to the cylinder axis, 

the center fibre of V, and whose top and bottom circular areas are 

identified through an angle 2n^-, where v and y are relatively 

prime integers (Fig. 5). It is nonrestrictive to assume that y > 0 

and 0 v <_ l/2y, for if y is replaced by -y, and v either by 

-v or v + ky (k is an integer), the resulting fibred toroid is 

19 
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easily seen to be fibre-true with the original. In case y = 1, the 

fibred toroid V is called regular. 

In Chapter 2 we defined a meridinal curve for a (nonfibred) 

toroid V with boundary surface IT to be any closed curve M on IT 

without doublepoints which is nullhomotopic within V but not null-

homotopic on II, and a longitudinal curve for V to be any closed 

curve B on n without doublepoints which intersects M exactly once 

(Fig. 5). The curves M and B form a fundamental curve system on II 

in the sense that every closed curve on H is homologous there to a 

linear combination of M and B with integral coefficients. Through

out, the fundamental curve system on IT determined by two simple 

closed curves M and B will be denoted by {M,B}, a surface orienta

tion of II being determined whenever curve orientations (directions) 

are assigned to 11 and B. Furthermore, if M' and B' are arbi

trarily chosen meridinal and longitudinal curves for V, then 

M' ^ ±M and B* ±B + xM (on II), (3.1) 

for x an integer. The infinitely many nonhomologous choices of 

longitudinal curve B' occur since the definition of such does not 

restrict the number of times B1 is allowed to twist meridinally 

around V. Suppose T and U are two oriented doublepoint free 

closed curves on II which constitute a second fundamental curve 

system {T,U} on II. Then 
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Fig. 5. Fibred Toroid with Characteristic Numbers u and v. 
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T *v» aM + 3B and U ^ aM + pB (on II) 

where a, 8 , 0, P are integers satisfying 

a B\ 
6 = det j = ±1, 

a pi 

for if 6 =/ ±1, then some one of the cutrves M, B, T, U would have 

doublepoints. In case 6 = +1, the surface orientation of II de

termined by {T,U} is said to be consistent with that determined by 

{M,B}, and in case 5 = -1, each is said to be the reverse orientation 

of the other. In particular, the surface orientation of H determined 

by fixed orientations of T and U will be reversed whenever the 

orientation of exactly one of the two curves is reversed, for the funda

mental curve system {T,U} defined by T ̂  -T + OU and U ^ OT + U 

1-1 0\ 
has determinant 6 = det ( Q = -1. 

If V is a fibred toroid (fibred through the angle 211^) , then 

M and B can be suitably chosen so that 

H ̂  vM + pB (on II) 

(Fig. 6). The fibred toroid V is then completely characterized by y 

and v, up to orientation. A crosscut of V is defined to be any 

closed curve Q on II which intersects each fibre H on II exactly 

once (Fig. 6), an arbitrary crosscut Q' of V being given by 
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3B 

'/S 

Fig. 6. Boundary Surface II of V for v - 5, v « 2. (Homologies 
are taken modulo the shaded representation for II, on which 
II ^ 2M + 5B and a suitable choice of crosscut is 
Q ̂  M + 3B. All fibres are included in a -vertical strip of 
width 1/5.) 



Q* ±Q + yH (on II), 
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(3.2) 

for y an integer. An oriented fibre H together with an oriented 

crosscut Q form a second oriented fundamental curve system on II. A 

fibring of V is completely determined by relatively prime integers a 

and 3 satisfying M 'v* ciQ + BH (on II), for then the characteristic 

numbers y and v of the fibring are uniquely determined 

(y > 0,0 £ v < l/2|j) . In fact, y and v can be obtained by choosing 

B ̂  rQ + sH (on II) so that 6 = det ® +1, for then 

H ̂  (-r)M + aB (since M ^ aQ + SH), and y and v must be the 

unique integers satisfying y = |a| and v = |k|, where k is the 

unique integer defined by -1/2y <_ k <_ l/2y, k = (-r) (mod y). 

3.2. The Factor Space of F 

Let F be a fibre space and R the equivalence relation of 

the points of F defined by xRy iff x and y belong to the same 

fibre of F. The factor space f of F is then defined to be the 

quotient space of F modulo the relation R, with the quotient topol

ogy induced by the natural mapping n '• F -> f (the finest topology for 

which n is continuous). If H is a fibre of F and a fibre 

neighborhood of H, we denote by h and w^ the corresponding 

images n(H) and n(ftjj). Since F is a 3-manifold, f is obviously 

Hausdorff, for if h and h' are distinct points of f then the 

distinct points x e H and x' E H1 of F can be separated by mani

fold neighborhoods N and N' such that N 0 H * ~ • an̂  N* f) H = <j>, 
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so that the neighborhoods n(N) and n(N') must be a disjoint separa

tion of h and h'. Moreover, by the definition of fibre neighborhood 

(p. 19), there exists a fibre-true mapping ip : V -* where V is a 

fibred toroid in Euclidean 3-space with angle 2n^-. Let D be a 

cross section of V (D is a Euclidean 2-disc), ip the restriction 

of ij; to D, and n = n « i/' : D w^. Then n is a continuous 

p-fold covering of w^. If D is then chosen to be a circular sector 

2 fi —•• 
of D of angle — with boundary radii identified, then D is a 

Euclidean 2-disc and the restriction n|p is a continuous bijection. 

Moreover, since D is compact and w^ liausdorff, nl -̂ is a homeo-

morphism, so that each point h c f has a neighborhood which is 

the homeomorphic image of a Euclidean 2-disc (throughout, any such 

homeomorphic image is called a fundamental area). From the preceeding 

discussion we see that the factor space f of F is a 2-manifold. 

Moreover, since F is pathwise connected and compact, so is f, and 

therefore, by the classification theorem for pathwise connected compact 

2-manifolds, f is either orientable with h ̂  0 handles or non-

orientable with lc 1 crosscaps (Spanier 1966, p.148). 

Lemma 3. (Seifert 1932, Hilfssatz II, p.158) If e is a 

fundamental area contained in w^ with h i boundary (e), then either 

h e e, in which case e is a factor space neighborhood of h and 

the corresponding fibre neighborhoods E and are fibre-true, or 

h i e, in which case e is a factor space neighborhood of each point 

p E interior (e) and E is a regular fibred toroid (Fig. 7). 



Fig. 7. Illustration of Lemma 3 for 
arise; h e e and h i e.) 

y = 2, v = 1. (Two cases 
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From Lemma 3 it follows that any two fibre neighborhoods 

and of H are fibre-true by a mapping which leaves H fixed, for 

each is fibre-true with the same suitably chosen fibre neighborhood E 

of H by such a mapping (choose E CI f) • Hence if )j and v 

are characteristic numbers for a given fibre nieghborhood of H, then 

y and v are characteristic of all such fibre neighborhoods, and are 

therefore characteristic of the fibre 11. We call H a y-fold singular 

fibre whenever y > 1 and a regular (nonsingular) fibre whenever y = 1. 

It then follows that all the fibres of , except possibly for H, are 

regular, and in case y > 1, then yll (y copies of H) is homologous 

to each regular fibre of £2^. If H is a y-fold singular fibre of F, 

then h = n(H) is called a y-fold singular point of f. Since f is 

compact, there are at most a finite number of singular points of f, 

for if f had an infinite number of such points with limit point h^, 

then the fibre HQ = rf^O^) could not have a deleted fibre neighbor

hood consisting only of regular fibres (each possible choice of fibre 

neighborhood of HQ would necessarily contain singular fibres distinct 

from HQ). Hence we have 

Lemma 4. (Seifert 1932, Satz 1, p.158) Each fibre space F 

has at most a finite number of singular fibres. 

3.3. Removal of Singular Fibres 

A fibre H of F is said to be bored out of F whenever all 

fibres in a fibre neighborhood f2„ of H are removed from F, save 
rl 

those fibres on the boundary surface II of The resulting fibre 



28 

space F with boundary surface II is then said to be filled in when

ever the boundary surface n of the fibred toroid V is mapped fibre-

true onto IT. 

Lemma 5. (Seifert 1932, Hilfssatz IV, p.164) If and 

are two fibre neighborhoods of the fibre H of F, then there exists 

a fibre-true deformation of F which deforms into and leaves 

II f ixed. 

Hence, the fibre space F with boundary II, which results 

from boring out a fibre H of F, is not dependent upon the choice of 

fibred neighborhood of H. In particular, if II and H' are two 

regular fibres of F with image points h = n(H) and h' = rj (II1) in 

the factor space f, and if w is a path in f connecting h and 

h' (f is pathwise connected) and avoiding the singular points of f 

(f has at most a finite number of singular points), then w can be 

covered by a finite collection of fundamental areas which correspond in 

F to a finite collection of overlapping regular toroids extending from 

ft,, to Q„,. Lemma 5 can then be applied successively to obtain 
H H 

Lemma 6. (Seifert 1932, Hilfssatz V, p.165) If a regular 

fibre is bored out of F, then the resulting fibre space F is inde

pendent of the choice of such regular fibre. 

Once a fibre has been bored out of F, the resulting fibre 

space F with boundary II can be filled in according to the following 

Lemma 7. (Seifert 1932, Hilfssatz VI, p.166) If M is a 

doublepoint free closed curve on II which is neither nullhomologous on 

II nor homologous to a fibre on n, then there exists exactly one 
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fibred toroid V whose boundary surface H can be mapped fibre-true 

onto II in such a way that M is nullhomotopic within V. Furthermore, 

the resulting fibre space F^ (without boundary) is completely de

termined by F and the homology class of M on n. 

If M is chosen to be a crosscut on n, then the uniquely de

termined fibre toroid V has a crosscut as meridinal curve, and is 

therefore regular. Hence, the removal of all singular fibres of F can 

be characterized, once a unique method for choosing M as a crosscut 

on II is determined. 

3.4. The Class Space of F 

Suppose that each fibre of F has a fixed orientation, and 

that H is an arbitrary fibre of F with factor space image h. If 

w is a closed path in f with base point h, then we assign to w 

the value +1 or -1 depending on whether the orientation of H is 

retained or reversed as H is deformed into itself through the fibres 

of F which correspond to the points of w, as w is followed once 

around. If w' is a second closed path in f with base point h, 

then the value of the composite path wow' is the product of the 

values of w and w1. Hence the value of w is unchanged by continu

ous deformations, and the values of all closed paths of f are com

pletely determined by assigning values to the elements of the funda

mental group of f. The class of a fibre space F with fibre orienta

tion is defined to be the factor space f of F together with the 

induced values of the fundamental group of f. It is clear that each 
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fibre space F has at least one class. Moreover, each pathwise con

nected compact 2-manifold f, whose fundamental group has been assigned 

values, is the class of some fibre space F. For this result we repre

sent f as a fundamental polygon K (Seifert and Threlfall 1947, §38) 

with values assigned to the edges of K (the generators of the funda

mental group of K). The space obtained by suitably identifying the 

corresponding surface areas of the topological product K x I is then 

a fibre space which has the given class (Fig. 8). Two fibre spaces 

F and F' with fibre orientations are said to belong to the same class 

whenever the corresponding factor spaces f and f1 (with values) are 

homeomorphic by a mapping which preserves path values. Since f has at 

most a finite number of singular points (see the remarks preceeding 

Lemma 4), the representative paths of the elements of the fundamental 

group of f can be chosen so as to avoid the singular points of f. 

The singular fibres of F can then each be bored out of F so that 

their corresponding factor space images are disjoint and lie away from 

the chosen representative paths in f. By filling in the resulting space 

with regular toroids (see the remarks following Lemma 7), we obtain a 

fibre space FQ which is free from singular fibres and which belongs to 

the same class as F, for F and FQ have the same factor space with 

identical path values. Since the class of F is independent of singular 

fibres, we need only consider fibre spaces FQ which consist only of 

regular fibres. 

Lemma 8. (Seifert 1932, Satz 3, p.173) The class of a compact 

fibre space FQ with factor space determines a unique fibre space 
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ex 

o< 

Fig. 8. Space K * 1 for Orientable Factor Space with h >_ 0 
Handles. (Surfaces are identified as indicated so that 
fibres identify to fibres and edges of K to themselves 
preserving orientations.) 
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FQ with boundary and without singular fibres, which has as factor space 

the 2-manifold f^ obtained from f^ by removing the interior of an 

arbitrary fundamental area, where f^ is assigned values consistent with 

the values of the class. Moreover, each space of the given class can be 

obtained from FQ by boring out a finite number r of fibres and then 

filling in the r + 1 boundary toroidal shells with arbitrary toroids 

as in Lemma 7. 

The uniquely determined fibre space FQ is called the class 

space of F. Hence, by boring out an arbitrary regular fibre, all fibre 

spaces FQ without singular fibres which belong to the same class are 

fibre-true with the uniquely determined class space FQ of the class. 

3.5. Characterization Theorem for Orientable F 
with Factor Space the 2-sphere 

Let F be an orientable fibre space with factor space the 

2 
2-sphere S . If the r singular fibres ..., Cr} of F have 

been bored out of F by removing the disjoint fibre neighborhoods 

^2' from where is a fibre neighborhood of 

with boundary surface then each of the r boundary surfaces 

{n1 ,n2» •••» II } is also orientable. For each i (0 < i < r), let 

be an oriented fibre and an oriented crosscut on 11^, so that 

{Hi»Qi} represents a fundamental curve system on IL. If is an 

oriented meridinal curve on n., then 
i' 

'v +0^ (on ni) , (3.3) 
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where a and 3 are uniquely determined relatively prime integers. 

Moreover, if Ql^ and are arbitrary oriented crosscut and fibre on 

n±, then 

Qi ̂  e-jQ^ + yH^ and (on n^) • (3.4) 

where = ±1 £2 = ±1 and y is an integer. By requiring that the 

orientation be consistent with that of we must have 

= e> so that det 
e2 0 

7 Gi 

- e^2 = +̂ * Hence (3.4) becomes 

Qi ^ eQ[ + yH| and % eH^ (on n^) • (3.5) 

Then, by combining (3.3) and (3.5) we have 

<\< (ea)Q| + (ay + eP)H^ (on n^) > (3.6) 

and since a and 3 are relatively prime, the integers e and y can 

be uniquely determined so that ® ea > 0 and 3^ = ay + £$ satis

fies 0 < 3^ < a^. By reversing the orientation of the result is 

unchanged, since Q| and could then be replaced by -Q^ and -H^ 

respectively. Hence, regardless of the orientation of M^, the singular 

fibre determines a unique crosscut (up to orientation) and 

unique integers and 3^ satisfying 

Mi ̂  ai^i + BiHi ôn ni^' ai > 0 < ̂ i < ai* 
(3.7) 
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If each boundary surface is filled in by a fibred toroid in 

such a way that Q| is mapped to a meridinal curve of (let Q!^ = M 

in Lemma 7, (p.28)), then each is a regular toroid, and the result

ing fibre space FQ is free from singular fibres. The removal of the 

singular fibres of F, and hence the singular fibres themselves, is 

therefore completely characterized by the uniquely determined integers 

ôtl'13l;a2,®2' a
r'2r) of (3.7), which are called the singular fibre 

invariants of F. 

In order to complete the characterization of F (up to fibre-

true spaces), it remains only to characterize the class space FQ of F. 

Consider the orientable fibre space FQ, obtained by removing all singu-

2 
lar fibres from F. The factor space of FQ is S (F was assumed to 

2 2 
have factor space S ), and since S has trivial fundamental group, 

the class of F must be given by assigning the value +1 to the gen-

2 
erator (the constant path) of the fundamental group of S . Hence FQ 

belongs to a unique class. By Lemma 8 (p.30), the class space FQ is 

fibre-true with the space obtained by boring out an arbitrary (regular) 

fibre HQ of FQ. Hence, the factor space of FQ is the Euclidean 

2-disc D, obtained by removing the interior of a fundamental area of 

2 
S . If FQ is then drawn in prism form (Fig. 9), whereby the boundary 

surface JTQ of FQ is the boundary of the fibre neighborhood QQ used 

in boring out the fibre HQ, then FQ appears as a toroid with D as 

cross section. Let QQ be the closed curve on IIQ determined by the 

intersection of TTQ and D (Fig. 9). Since nQ is the boundary sur

face of a regular fibred toroid, QQ intersects each fibre of IIQ 
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r 

Fig. 9. Class Space F-. for Orientable Fibre Space with Factor 
Space S2. 
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exactly once, so that QQ is a crosscut on Tig,  determined uniquely up 

to continuous deformations on ITQ. Let HQ be an oriented fibre on 

Ilg and assign an orientation to QQ. If MQ is an arbitrary meridinal 

curve of ftg on the boundary surface JIQ, then since fig is regular, 

MQ must also be a crosscut on Ilg. Hence, the bored out regular fibred 

toroid fig is uniquely characterized by the integer b satisfying 

M0%Q0_+bH0 (on "ffg), (3.8) 

so that the integer b also characterizes the class space FQ. We can 

now state the characterization theorem of Seifert, in the required 

relative form. 

Theorem 9. Let F be an orientable fibre space with factor 

2 
space the 2-sphere S . Then F is completely characterized, up to 

fibre-true spaces, by the system of invariants 

(b j ...J ar ^) , 

where (a^,S^; •••; ar>$r) characterize the r singular fibres and b 

the class space of F. 

In the more general form of the theorem (Seifert 1932, Satz 5, 

p.181), the class of F must also be characterized. However, in the 

2 
relative case above, the requirement that F have factor space S 

(orientable 2-manifold with h = 0 handles) yields a unique class for 

F and therefore no mention of the class is required. 



CHAPTER 4 

SEIFERT INVARIANTS FOR LENS SPACE FIBRINGS 

4.1. L(p,q) as a Fibre Space 

The toroidal representation of L(p,q) in Section 2.3 and the 

results of Chapter 3 suggest a natural method for fibring L(p,q). Sup

pose that L(p,q) has been obtained by "glueing" the boundary surfaces 

and n2 t̂ ie toroids and according to 

M2 pB1 + qMx (on 1^ = H2) , (4.1) 

where and are oriented meridinal and longitudinal curves re

spectively for (see Theorem 2, p. 18). From the results of Section 

2.1, p and q are relatively prime integers which can be assumed, 

without loss of generality, to satisfy 

p > 0, 0 q _< p/2. (4.2) 

An arbitrary fibring of the toroid is obtained by choosing rela

tively prime integers p and v and requiring that an arbitrary fibre 

on nx satisfies 

^ iiB^ + vM^ (on n^) . 

37 

(4.3) 
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If the orientations of and are considered fixed, then the 

orientation of can be chosen so that y > 0, and by replacing 

with the longitudinal curve B^ + xM^ (see (3.1), p.28), the integer x 

can be suitably chosen so that 

y (B^ + xM^) + vM^ ^ yB^ + (yx + v)M^ (on n^) ,  

where 0 <_ yx + v <_ y. Hence, in expression (4.3), it is nonrestrictive 

to assume that y and v satisfy 

y > 0 ,  0 v _< y .  (4.4)  

By further requiring that v ^ q whenever y = p, it follows that 

is a fibre space with boundary surface and ^ pB^ + qM^ is a 

doublepoint free closed curve on It^ which is neither nullhoraologous 

nor homologous to a fibre on n^. Hence, by Lemma 7 (p.28), there exists 

a unique fibred toroid with boundary surface I^, with the 

property that and are fibre-true and such that a meridinal 

curve for The fibring of V2 then induces a fibring on the second 

toroid V2 of the toroidal representation of L(p,q). The reason for 
T •, 

requiring that v ^ q whenever y = p is that if y = p and v = q, 

then from the relations (4.1) and (4.3), ^ H^ (on 11^), which is 

contrary to the hypotheses of Lemma 7. We collect the above remarks in 

the following 
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Theorem 10. The lens space L(p,q) can be fibred in infinitely 

many distinct ways by choosing relatively prime integers y and v 

such that (j > 0, 0 < p < v, and v ^ q whenever y - P> and by re

quiring that one of the toroids, say V^, of the toroidal representa

tion of L(p,q) be fibred according to 

^ + vM^. 

4.2. Fibre Invariants for L(p,q: y,v) 

Throughout this text the fibring of L(p,q) which corresponds 

to the choice of integers y and v in Theorem 10 will be denoted by 

L(p,q: y,v). By the constructional definition in Section 4.1, 

L(p,q: y,v) is an orientable fibre space with at most two singular 

fibres. The factor space of L(p,q: y,v) consists of two Euclidean 

2-discs, the factor space images of the fibred toroids and 

with boundary circles identified (V^ and Vj have a common boundary 

2 
surface). Hence L(p,q: y,v) has factor space S and, according to 

Theorem 9 (p.36), is characterized by invariants of the form 

Cb;ot1,3; ...; ar>Sr), r £ 2. (4.5) 

Suppose that and B^ are oriented meridinal and longi

tudinal curves on and that is fibred according to 

yB^ + vM^ (on IT^) . (4.6) 



40 

If y = 1, then is a regular toroid (p.20), and ^ Q^, where 

is a crosscut on 11^. In this case, the invariants » 1 and 

3^ = 0 are usually omitted, as in expression (4.5) the invariants 

and 3^ characterize only singular fibres. However for the present, 

whenever is regular, the invariants = 1 and 3^ = 0 will be 

included, since they are essential in calculating the invariant b. 

Suppose that y > 1, in which case (4.4) becomes 0 < v < y, 

since y and v are relatively prime. There exist unique integers m 

and n satisfying 

det 
V V 

m n 
« +1, 0 < m < y. (4.7) 

If a crosscut on JI^ is defined by 

-v/ niB^ + nM^ (on n^), (4.8) 

then by equation (4.7), the fundamental curve system given by 

H. <\i yB. + vM1 
11 1 1 (4.9) 
|Q^ ̂  mB^ + nM^ 

determines a surface orientation on 11^ which is consistent with that 

determined by {B^,M^}. From (4.9), it follows that 
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B1 ̂  n H1 ~ V(̂ l 

^ (-m)ll^ + 
(4.10) 

By expression (3.7) (p.33), there exists a unique crosscut Q| on II ̂  

such that ^ + ̂ l^i» ŵ ere > 0 and 0 < 3^ < a^. Since 

\i > 0 and 0 < m < y, then ^ and from the system (4.10) 

above, 

where 0 < y - m < y, so that the corresponding invariants a-^ and 

are given by 

In order to calculate the invariants c*2 anc* 3 2 we consider a 

fundamental curve system on n2, where is the meridinal 

curve defined by (4.1) and B2 is a longitudinal curve on n2» By the 

natural boundary matching of and n2 determined in Chapter 2, the 

orientation determined by {B2,M2> is the reverse of that determined 

by {B^,M^} on Jl^. Hence, although the oriented fibre and 

crosscut Q-L are valid choices of fibre and crosscut on II2 (n^ and 

n2 are identified), they cannot be used in calculating a2 and g2» 

for the surface orientation determined by which is consistent 

with that determined by {B^,M^} on 11^, is then the reverse 

M1 % yQl + ̂  " m̂ Hi ôn » 
(4.11) 

= y, 3^ = y - m. (4.12) 
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orientation of that determined by on ^2' i,owever» if H2 

and Q2 are chosen according to 

H2 ̂  11^ + 0Q1 

Q2 - OH, - IQj 
(*.13) 

the orientations determined by anc* ^2*^2^ are consistent» 

and by relation (4.1) together with the systems (4.10) and (4.13) we 

have 

The invariants and 32 can then be calculated from (4.14) by con

sidering the two cases (pv - qy) > 0 and (pv - qy) < 0 separately 

(if pv - qy = 0 then, since (p,q) = 1 and (y,v) = 1, it follows 

that y = p and v = q which is contrary to the definition of 

L(p,q: y,v) given in Theorem 10). 

For simplicity, let the symbol [A]g denote the least non-

negative residue of A modulo B. Then, in case (pv - qy) > 0, 

If (pv - qy) < 0, then since must be positive and the orienta

tion of 11^ and retained, it is necessary to replace Qg and 

by -Q2 and respectively in (4.14), so that 

M2 ̂  (pv - qy)Q2 + (pn - qm)H2 (on I^). (4.14) 

<*2 = Pv - qy, 3 2 = [pn - qm]a . (4.15) 
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M2 ~ (qy - pv)Q2 + (q™ - pn)H2> (4.16) 

and the invariants a2 and 0 2 are given by 

a 0  
=  ~  P v >  3 0  =  t q m  -  p n ]  •  ( A . 1 7 )  

2 2 «2  

With this, the singular fibre invariants (a^>32»a2»82) of the fibred 

lens space L(p,q: y,v) are determined, where = 1 and 3^ - 0 

whenever is a regular toroid. The remaining invariant b of ex

pression (A.5) is easiest determined by an argument involving the 

fundamental group of L(p,q). 

In general, suppose that F is an orientable fibre space with 

factor space f the orientable 2-manifold with h ̂  0 handles and 

fibre invariants 

(bjcx^»3j> • ••» • (4.18) 

Furthermore, suppose that F has been cut down to its corresponding 

prism form (Fig.8, p.31), whose bottom surface is the fundamental poly

gon of f and whose fibres are oriented from bottom to top. By boring 

out the r singular fibres of F together with one regular fibre 

(without replacement) and by deforming the resulting prism so that the 

r + 1 toroidal holes have a fixed vertex of the fundamental polygon of 

a 
f in common, a fibre space FQ is obtained in prism form with bottom 
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surface fg obtained from the fundamental polygon of f by removing 

the interiors of r + 1 nonoverlapping fundamental areas (Fig. 10). 
i 

s 
The fundamental group of f^ is then defined by the relation 

QnQ, ... Q » A1B1A71B71 ... A,B,A'1B~1. (4.19) 
^0^1 xr 1111 hhhh 

The fundamental group of FQ is obtained by including with (4.1.9) the 

generator H and the relations 

A^IA"1 - H, BJHB"1 = H; i = 1,2, ..., h 

(4.20) 

QjHQ"1 = H, j = 0,1 r 

By filling in the toroidal holes of FQ accordingly to regain F, the 

additional relations 

ai Pi 
QQH = Qx H 1 

a 8 r r Q H = I (4.21) 

«i 
are required, where H = I corresponds to the statement that 

Mi -v. + is nullhomotopic within V^. Hence the fibre space F 

has fundamental group the group defined by the relations (4.19), (4.20) 

and (4.21). 

Suppose now that F is the fibred lens space L(p,q: p,v). 

2 
Then since L(p,q: p,v) has S as factor space (h = 0) and r 2 



common vertex 

Fig. 10. Space F^ for h = 2, r = 2. 
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singular fibres, the fundamental group of L(p,q: y,v) is given by the 

relations 

r i 0t*3l ttrt 0 « 

Q0 = H - VH 55 W2 " 1 

< . (A.22) 

Q 1̂ -H, i = 0, 1, 2 

The fundamental group of L(p,q), and therefore of L(p,q: u,v), 

is the cyclic group Z^ of order p (Seifert and Threlfall 1947, 

p.215) which is abelian, and as such has the zero group as commutator 

subgroup (the commutator subgroup of a group G is the subgroup gen-

-1 -1 erated by the elements {aba b : a,b e G}). Since the first homology 

group of a pathwise connected space is isomorphic with the quotient 

group of the fundamental group modulo its commutator subgroup (Hilton 

and Wylie 1962, Theorem 8.8.3), the first homology group of L(p,q: y,v) 

is Z . Hence from equations (4.22), the first homology group of 
P 

L(p,q: u,v) is the abelian group defined by the relations 

1_ tt*l 3 -I ct* 3 n 

Q0H " Q1 H = Q
2 

= Q0Q1Q2 " I* (4,23) 

Corresponding to the relations (4.23) is the homology matrix 

of coefficients 
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10 0b 

0 a, 0 3, 

0 0 <*2 3 j 

1 1 1 0  

for which |detA| is the product of the torsion coefficients for the 

first homology group of L(p,q: y,v) (Threlfall and Seifert 1932, 

p.574). Since this group is cyclic of order p, the only torsion co

efficient is p so that 

p = | detA | « |ba1a2 + + a26il 

The corresponding equation 

ba^2 + ai®2 + a2^1 = ±P C^-24) 

is then the defining relation which will be used in calculating the 

remaining invariant b. 

Theorem 11. The fibred lens space L(p,q: y,v) of Section 4.1 

has characteristic fibre invariants (b;y,y where 

a0 = |pv - qy| and 3- = [pn - qra] or [-pn + qm] depending on 
z z a2 2 

whether (pv - qy) >0 or < 0, with m and n the uniquely defined 

integers satisfying det(^ ^ = "*"1 an̂  0 < m y, and where b is 

an integral solution to 



bijc^ + v 2̂ + "2^ ~ a ±P« 
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We now illustrate the method of Theorem 11 by an example. Con

sider the fibred lens space L(7,2: 5,3). Here y = 5 and v - 3, and 

since det(^ ^ = 0 < 3 5, then m = 3 and n = 2. The 

invariant (*2 is given by °» |pv - qp| « 11, and since 

pv - qp = 11 > 0, 3 2 = [Pn ~ = * ®* From equation (4.24), 

the invariant b is chosen satisfying 55b + 62 = ±7, so that 

b = -1. Hence the characteristic fibre invariants for L(7,2: 5,3) 

are given by (-1;5,2; 11,8). 

4.3. Reverse Orientation of L(ptq: p » v )  

Consider the fibred lens space L(2,l: 1,0) which is free from 

singular fibres. According to Theorem 11, the corresponding fibre in

variants are (b;l,0; 1,0), where b is determined from the equation 

b = ±2. In this case, the two distinct choices of b correspond to the 

two possible reverse orientations of L(2,l: 1,0), and either choice is 

valid in Theorem 11, since the two oriented fibre spaces are fibre-

true. In general, the defining relation (4.24) will have a unique in

tegral solution b. However, we will distinguish between the two re

verse orientations of L(p,q: p,v) by saying that the orientation is 

positive whenever + ai^ 2 + a2^1 ™ anC* ne6at̂ ve otherwise. 

If L(p,q: y,v) is a fibred lens space with fixed orientation, 

consider the effect of reversing the orientation and denote the result

ing space by -L(p,q: u , v ) .  
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Lemma 12. (Seifert 1932, Satz 6, p.184) If the orientation 

of the fibre space F with fibre invariants (b;cx^,6^; a
r>8r) 

is reversed, the resulting fibre space -F has the fibre invariants 

(—r — - 3^; ...» "" * 

Suppose that L(p,q: p,v) has exactly two singular fibres (the 

arguments for r = 0, 1 are similar to that for r = 2). By Theorem 

11, L(p,q: y,v) has fibre invariants (b;u,jj - m;a2,32), so that by 

Lemma 12, the corresponding fibre invariants for -L(p,q: w,v) are 

given by 

(-2 - b;u,m;a2,a2 - &2). (4.25) 

Consider the fibred lens space L(p,p - q: vi,u - v), whose fibre in

variants, according to Theorem 11, are given by 

(b;y,p - m;a2,32), (4.26) 

where a2 = |p(p - v) - (p - q)y| = |-pv + qp| and &2 » [pn - qm]— 

or [-pn + qm]— depending on whether (-pv + qp) >0 or < 0, m 
_ a2 

and n being the uniquely determined integers satisfying 

y U-v» _ _ 
det _ _}=+l» 0<m<^y, and where b satisfies 

m n I 

byo^ + pG2 + a2(p - m) = ±p. The integers m and n are easily seen 

_ _ |y M~v\ 
to be m = u - m and n = (u - m) - (v - n), for then detI _ = +1 

Ira n I 
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and since 0<m<y (ra ^ y whenever r = 2, for then y > 1), it 

follows that 0 < y - m <_ y. Hence the fibre invariants (4.26) become 

(b;y ,m;a2,S 2) , (4.27) 

where = |-pv + qy| = |pv - qy| = and 32 a t~Pv + q,J + Pn ~ qm̂ ct 

or [pv - qy - pn + qm] depending on whether (-pv + qy) >0 or < 0, 
a2 

From the definition of [A]g (p.42), if x > 0 then the two 

properties 

[a + X]^ = [X]q (4.28) 

and 

[a - X]q = [-x]a = a - [x]a * (4.29) 

are apparent. If pv - qy > 0, it follows that S9 = [pn - qm] and 
l a2 

0~o = [(pv - qy) - (pn + qm) ] = [|pv - qy| - (pn - qm)] , so that 
2 2 

3~0 >= [a„ - (pn - qm)] . In case (pn - qm) > 0, then by (4.29), 
z z {^2 

3~2 a [a2 ~ (Pn ~ qm̂ a 
= a2 ~ p̂n " qm̂ a ** a2 ~ B2' 

2 2 

whereas in case (pn - qm) < 0, then by (4.28), 
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?2 " ta2 " <Pn " qm̂ a 
= â2 + ̂ "pn + qm̂ a2 = '•~pn + 

and by (4.29), 

e2 = [pn - qm]Q » [-(-pn + 1m)]a = a2 ~ l~Pn + qmla2 = a2 ~ B2* 

On the other hand, if pv - qy < 0, it follows that 39 513 [-pn + qui] 
i  ° 2  

and 3, = [(-pv + qvO + (pn - qm)] = [|pv - qy| + (pn - qm) 1 so 
_ 2 2 

that $» = [a9 + (pn - qm)] . Then, in case (pn - qm) >0, by 
^  &  a 2  

(4.29) we have that 30 = [-pn + qm] = a0 - [pn - qm] , and by 
/. ci ̂  ** ^2 

(4.28), b"2 = [a2 + (pn - qm)]a = [pn ~ qm]a , so that = a2 " |32' 
2 2 

whereas in case (pn - qm) < 0, from (4.29) we have that 

?2 = t«2 + (pn-qn»)](x = ta2 ** (-pn+qm)]^ a a
2 ~ t~pn+qm]a =• «2 " P2' 

2 2 2 

In any case, the invariant 32 °f (4.27) is identical with the invari

ant (*2 - 32 of (4.25), and since = a2, the fibred lens spaces 

-L(p,q: y,v) and L(p,p - q: - v) have the same singular fibre 

invariants given in (4.25) and (4.27) respectively. 

Suppose that L(p,q: y,v) has positive orientation (b is the 

unique integral solution to bc^U + v32 + «2(p - m) «= +p). Then the 

invariant x = -2 - b of (4.25) is the unique integral solution to 

xc^P + ̂ (<*2 ~ + a2m s "p» which is also solvable by x = b since 

the singular fibre invariants of (4.25) and (4.27) are identical. 

Therefore b = -2 - b and we have the following 
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Theorem 13. If -L(p,q: y,v) is the fibred lens space ob

tained by reversing the orientation of L(p,q: y,v), then -L(p,q: u,v) 

and L(p,p - q: y,y - v) have identical fibre invariants. 

4.4. Completeness of the Fibrings L(p,q: y,v) 

In Section 4.1 we introduced a method for obtaining infinitely 

many distinct fibrings of a given lens space L(p,q), and in Section 

4.2 we calculated the Seifert fibre invariants for any such fibred lens 

space L(p,q: y,v), which characterized the space up to orientation 

and fibre-true spaces. The purpose of the present section is to show 

that the fibrings of Section 4.1 include all possible fibrings of a 

given lens space (up to fibre-true spaces). For this we need the 

following result, the proof of which will not be included (see Threlfall 

and Seifert 1932, p.572, for the result). 

Theorem 14. The totality of fibred lens spaces coincides with 

2 
the collection of all orientable fibre spaces with factor space S 

and fibre invariants (b;a^,6^; ...; ar» r̂) f°r which r 2 and 

A = ba1a2 + a.^ + a2^1 ̂  

In case r < 2, the invariant A is calculated by requiring 

that c*2 = 1 and 3^ = 0 when r = 1, and = 1 and 3^ = 0 

(i <= 1,2) when r = (see the remarks following (4.17)). 

Suppose that L(p,q)' is an arbitrary fibred lens space with 

fibre invariants (b;ot^,B^; ...; ar» r̂) where r <_ 2 and 

A = ba^2 + + a2®l ̂  Accor<1ing to Lemma 12, the fibred lens 

space -L(p,q)' with reverse orientation has fibre invariants 
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(-r - b;a1,a1 - 3.^; ...; ar»ar - 8r) where 

A = (-r - b)a1a2 + ~ ̂  + a2 âl ~ ̂  ' By rePlacin§ ("2 ~ 

with zero in case r = 1, and (a^ - 3^) with zero (i = 1,2) in 

case r = 0, it follows that A = -A (in case r = 1, 

T = (-1 - b)a^ + (a^ - 3^) = -ba^ - 8-^ - -A). However, by the defin

ing relation (4.24), A = ba^c^ + a]&2 + a2^1 ** ±*)' 30 fĉ at without 

loss of generality, L(p,q)' can always be taken to have positive 

orientation (boi.^ + + a2^1 = +p̂  * We now show that 

with positive orientation, is fibre-true with one of the fibred lens 

spaces L(p,q: p,v) of Section 4.1 by considering the cases r = 0, 1, 

2 separately, (r = 0) In this case, L(p,q)' has fibre invariants 

(b) with defining relation b = ±p, and so, since L(p,q)' has posi

tive orientation, L(p,q)' has fibre invariants (p). By Theorem 11 

(p. 47), L(p,l: 1,0) with positive orientation has fibre invariants 

(p), since n = 1 and |pv - qy| = 1. Hence for r = 0, L(p,q)' is 

fibre-true with L(p,l: 1,0). (r = 1) In this case, L(p,q)' has 

fibre invariants (bja^.B^) with defining relation ba^ + 8^ = +p. 

Consider the fibred lens space L(ba^ + 3^,(b - l)a^ + 8-j_: 1,1). By 

Theorem 11, m = 1 and n = 2, and the corrdsponding fibre invariants 

are given by (bjctj^S^ where = 1-a.J, 8-^ = [(b + l)a^ + 3-^]— , 

and b satisfies ba^ + B^ = ±(ba^ + 8^) = ±p. But since the invari

ants and 3^ satisfy > 0, 0 <_ 3-^ < a^, and qcd(ot̂ ,8̂ ) = +1, 

then => |-a^| =a^» and by property (4.29), 

Bx - [(b + l)a1 + B1]a = i 1̂]a = Hence, 
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L(ba^ + 3^,(b - l)a^ + 1,1) has fibre invariants (b;a^,g^), 

and since b must satisfy ba^ + 3^ = ±p, we can choose b = b, so 

that for r « 1, L(p,q)' is fibre-true with 

L(bot^ + 3^»(b - + (r ® 2) In this case, L(p,q) ' has 

fibre invariants (b;a^,3^;«2»^ defining relation 

bOj,«2 + a]^2 + °2^i B ±P« As in the previous cases, we need to de

termine integers p and v so that L(p,q: p,v) has identical fibre 

invariants with L(p,q)'. By choosing u => and m = (see 

Theorem 11), it follows that qcd(M,m) » +1, since qcd(a^,g^) = +1. 

Hence, there exist unique integers v and n satisfying 

detf j = +1, 0<v<y. (4.30) 
Vm nl 

Consider the fibred lens space L(p,q': p,v) where jj = a^, v is the 

unique integer satisfying (4.30), and q' is arbitrary. Since 

0 < m » - 3^ < (a^ > 0 and 0 < 3^ < tx^) where = y, then 

by Theorem 11, L(p,q': y,v) has fibre invariants of the form 

(b;u,y - m;a2,32). (4.31) 

Moreover, by the original choice u B and TO = - 3^, (4.31) 

becomes 

(4.32) 
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It remains to show that for suitable choice of the integer q', 

a2 " a2 anc* ^2 " ̂2* Again by Theorem 11, the invariants and 

0*2 are given by cT2 = (pv - q'ctjJ and $2 = [pn-q,(o1 - 8 ̂  ] — or 

[-pn + q' (a, - 3,)] — depending on whether pv - q'a-, >0 or < 0. 
1 1 a2̂  J-

Hence, in order that a2 " ot2, the choice of q' must be an integral 

solution to pv - " ±a2' and since P = + al®2 + a£ 1* q' 

must be an integral solution for 

q'a^ ® a^(ba2 + 3 2)v + a2© + 1) . (A.33) 

But since det 
'a v\ 

j= a^n - (a^ - 3^)v = +1, then 

ft."6! "/ 

a^(n - v) = 1 - 3jV, from which 

-a^a^n - v) = a2^iv ~ (4.34) 

By combining equations (4.33) and (4.34), choosing the minus sign in 

equation (4.33), the integer 

q' « (boc2 + 82)v + <*2(v - n) (4.35) 

will therefore guarantee that «2 = in (4.32), since this choice of 

q' is then an integral solution for (4.33). Furthermore, from (4.35) 

it follows that 



pv - q'a^ • (bc»1a2 + + a^j^v - (ba2v + $2v + a2v - o^n)^ 

so that pv - q'a^ ™ a2(ot^n - v(a^ - 3^)), and from (4.30), since 

y • and m = - 3^» pv - q'a^ = a2 > 0. Hence from Theorem 11, 

32 0 [pn - q'(a^ - 31)]a . But 

pn - q'Ca^Sj) - (botja^a^+a^Jn - (ba2v+32v+a2v-a2n) (0^-3^ 

so that pn-q'(a1 - 3^) • (a^(n - v) + 3^v)((b + l)c*2 + 32), and so, 

by (4.30), pn - q'(a^ - g^) = (b + l)a2 + 32« Hence by property 

(4.29), 32 » [(b + l)a2 + 32la = t^a » 32, since a2 > 1 and 

0 < 32 < a2« Therefore as before, L(p,q)' and L(p,q': a^,v) have 

identical singular fibre invariants and by choosing the positive orien

tation for L(p,q': a^,v), the remaining invariants b and b must 

be equal so that for r = 2, L(p,q)' is fibre-true with the fibred 

lens space L(p,q': a^,v). This completes the proof of the following 

Theorem 15. The fibred lens spaces L(p,q: y,v) include all 

possible fibrings of the lens space L(p,q). 

With Theorem 15, each fibred lens space is representable in the 

form L(p,q: }J,v), and the method of Theorem 11 can be used to calcu

late the corresponding fibre invariants (b;a^,3^; •••; ar»8r)« The 

proof of Theorem 15 affords a method for determining the fibred lens 

space L(p,q: u,v) which corresponds to a given set of fibre invari

ants (b;a^,3^; a
r»&r) f°r Which r £ 2 and 
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A = ba^o^ + aj&2 + a2®i ̂  A review of the method will be given by 

considering the following example. 

By Theorem 14, the invariants (-1;11,3;5,3) are those of a 

fibred lens space since r =» 2 and A = -7 f 0, and the orientation 

is negative. By Lemma 12, the invariants for the corresponding posi

tively oriented fibred lens space are given by (-1;11,8;5,2) (the 

proof of Theorem 15 requires positive orientation). The fibred lens 

space L(p,q': y,v) corresponding to (-1;11,8;5,2) is then deter

mined by appealing to the proof of Theorem 15 for the case (r = 2). 

The invariant p is calculated from the defining relation 

p = boijC^ + â 2 + a2®i 31 Choosing y =» = 11 and 

m = ~ 3^ = 3, then v and n are the unique integers satisfying 

ill 
detl j = +1 and 0 < v < 11, so that v = 7 and n = 2. From 

I 3 n/ 

equation (4.35), q' = 4, and thus (-1;11,8;5,2) are the fibre in

variants for L(7,4:ll,7), so that (-1;11,3;5,3) are the fibre in

variants for -L(7,4:ll,7). But, by Theorem 13, -L(7,4:ll,7) is 

fibre-true with L(7,3:ll,4). Hence the fibre invariants (-1;11,3;5,3) 

correspond with the fibred lens space L(7,3:ll,4). 



CHAPTER 5 

RECTANGULARIZED LENS SPACES 

5.1. Unimodular Plane Involutions 

By a unimodular plane involution is meant a transformation TQ 

of the plane into itself with integral coefficients which is involutory 

2 
(Tq = 1 but TQ j* I, for I the identity transformation) and whose 

coefficients have determinant -1. In general TQ takes the form 

x0 = aox + V 
T„: ( , (5.1) 
0" 

y0 • v " v 

where 

"ao ' bo°o " -1' (5-2) 

If £ «= ax + By is an arbitrary linear form, then 

Tq(0 - axQ + 6y0 - (aaQ + BcQ)x + (ab0 - BaQ)y. 

Hence by requiring that g be invariant under TQ 
= OI we 

have (aaQ + BCq) • o and (abp - Bag) » B> from which 

(aQ - l)a + CQB " 0 and bpa - (aQ + 1)B m 0. These two linear 

58 
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equations are proportional so that TQ has the invariant linear forms 

5(o) " (a0 + 1)X + V and C(o)= "C0X + (30 " 1)y* 

One of the forms or might vanish, although both cannot 

vanish simultaneously. Throughout the present discussion, 

£(0) 13 (a0 + D*+ bQy 

will be designated as the invariant linear form for TQ unless 

(ag + 1) = bg = 0, in which case TQ is the form 

x0 = -x 

Tq: ̂ (5.4) 

y0 - cQx + y 

with invariant linear form 

5<o) " "C0X ~ 2y* (5*5) 

The coefficients of E, * need not be relatively prime. However, if 
Co; 

we divide by the greatest common divisor dp of its coefficients, 

we obtain the invariant linear form 

a0+1 0 
(°) d d0 
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0 2 
(or E, N = -r-x + TY in case an + 1 » bn = 0) , with the property 

C°) do 0 

that each invariant linear form of TQ (with integral coefficients) 

is an integral multiple of 

Similarly, TQ has the fundamental antiinvariant linear form 

a0~^" ^0 
£(„) • TT+ # (5-7> 

c0 2 
(or E(o) 3 dj* " djy in case a

0 - 1 • b0 - 0). Zjo) is anti-

invariant in the sense that Tft(El 0® ""£/ \> and in case 
0 (o)' (o)' 

a^ - 1 = bp = 0, TQ is of the form 

xQ = x 

V< 

y0 - c0x - y 

(5.8) 

Suppose now that Tn has the general form (5.1) with invariant 

a0+1 b0 
and antiinvariant linear forms E, N =» ——x + -j— y and 

(°) dQ dQ 

^0~1 b0 co 2 
E(o) " + DJY resPectively (using E(O) = TJ-X + ̂-y, E'q) = x 

C0 2 
in case a^ + 1 = bg • 0, and E^ = x, = ^p-x - ̂ ry In case 

ag - 1 « bg B 0). Denote by 6^ the determinant of the coefficients 

of E, s and EL. N (o) (o) 
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(V1 bQ) 

det 

a0-1 

d0 do 

Then by choosing the sign of dp accordingly (use -d^ in case 

bp < 0), <SQ is positive and 

2bo 2bo/do 

dodi dJ 
(5.9) 

From (5.2) it follows that -bgc0 e (ao + ~ ̂  and ŝ nce 

b0 ao+1 b0 
(aO+i.bQ), - ̂ cQ - ~^-(a0 " 1) where j-

d«|^-, then 
d0d0 

ao+1 V1 

do do 
so that 

dodo 
2b, 

(aQ - 1). I f  

1, and 6Q » 2. 

a_+l a--l lD0 I D0 A U 0  0 0 
If dU-t-, then from (5.9) dl 2j-, and - . , ,cn = 2—j ji-» in 

• 0 01 d0 0 0 0 0 0 

which case 6Q = 1. In any case, the determinant of the coefficients 

of an<* is given by 6^ = 1 or 2. 

By a unimodular change of coordinates is meant a system of 

linear forms E = ax + 3y and Z = yx + 6y with integral coefficients 

i a  6 \  

which satisfies det 
Y 6 

±1. Consider TQ in the general form 

(5.1), with invariant and antiinvariant linear forms E^ and 

Since the determinant of the coefficients of anc* *s 
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6q » 1 or 2, then in case 6^ = 1, atl(* (o) constitute a 

unimodular change of coordinates. Since TQ(£ (o) ̂ = S(o) and 

Tq(2 0̂)^ s T0 tâ es the simplified form 

(o) ''(o) 

TO:; , 
z° = —z1 
(o) L(o) 

(5.10) 

If 6Q = 2, we choose the new coordinates an<* 

— 1 1 a0 ̂  1 b0 bo 
E(o) » 7(^(0) + z(0)) a + + + That the n6W 

2 d0 " d0 

system ^(o) *"8 un̂ -inô ular seen by calculating the deter

minant of coefficients 

det 

a0+1 

1 rao+1 ao~1 
T(— + 2 d 

0 

_) 1(^0 + ̂ ) 
di 2 d0 d0 J 

= Y det 

a0+1 bo 
d0 d0 

V1' bo 
d0 d6 

-  t o  
= 1. 

Furthermore, T
0(Z(o)) = + T0 Ẑ(o)^ S° that 

VEto>> " ̂ o)1 - E<°> " i(E(o) + J<o>> - £(o) - £(C) 

Therefore, in **(o) coordinates, TQ takes the simplified 

form 
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(o) (o) 

To:< (5.11) 

7 °  s j _ y 
rco) L(o> L(0) 

Combining the above results we have the following 

Theorem 16. If TQ is a unimodular plane involution of the 

form (5.1) with invariant and antiinvariant linear forms Z^ and 

Z , then by a unimodular change coordinates to the new coordinates 

hoy *( . ,  «(o)- E (o)  i £  5 o =  1  " d  *( .> •  l< £ (o)  +  E ' (o) '  l f  

6^ = 2), TQ takes the simplified form 

£/ \ • \ (o) (o) 

V <  

tfo) " <60-»E(o) -E(o)' 50" 1 01 2 

(5.12) 

5.2. The Toroid Defined by TQ 

In the present section we will be concerned with the effect of 

a unimodular plane involution TQ on the xy-plane modulo the unit 

square (coordinates x and y each taken modulo 1). Since TQ is 

unimodular, the identification of the plane to the unit square will not 

disturb the involutory property of TQ. Intuitively, TQ defines a 

"folding" of the unit square which is obtained by identifying each point 

P with its image point TQ(P) (modulo the square). 

By performing a suitable unimodular change of coordinates on 

the xy-plane with new coordinates ^(o) as êorem we 
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consider TQ in the simplified form (5.12), and investigate the two 

cases = 1, 2 separately. If 6Q = 1, then TQ takes the form 

E? N 
B E, Z°, \ -Z, \ $ which has invariant and antiinvariant 

(o) (o) (o) (o) 

linear forms X^J = E(o) an(* ^(o) = ^(o) RESPectively. Hence TQ 

has invariant lines Z, . - const, and antiinvariant lines 
(o) 

= const. (TQ maps the line a c onto itself and the line 

= c onto = ~c)• The "folding" of the unit square (in the 

^(o)^(o)~Plane) defined by TQ has ramification line = 0 since 

TQ(a,b) = (a,b) if and only if b = 0, so that TQ maps each point 

of the unit square along the lines 5̂3 const, and symmetrically 

through the ramification line E^ = 0 (Fig. 11). 

In case 6Q =» 2, then TQ takes the form 53 ^(0)' 

E ^ n = E / n - E / X ,  w h i c h  h a s  i n v a r i a n t  l i n e a r  f o r m  X ,  « .  =  E ,  x  a n d ,  
(o) (o) (o) (o) (o) 

according to (5.7), antiinvariant linear form X^ » + ̂ (Q) * 

But, from Theorem 16 we have that = Y^(o) + ̂ (o)^ ^°r ^0 = 

so that in this case, + ̂ (0) = ^(o)* Hence ^Q has 

invariant lines E, » = const, and antiinvariant lines 
(o; 

2E^OJ - E q̂J = const.. Here the "folding" defined by TQ has rami

fication line ~ E (o) 53 ° ^ (o) = ' so that T0 maps eaclt 

point of the unit square along the lines e const, and sym

metrically through the ramification line 2̂ (0) ~ ® (Fig* H)• 

In either case, TQ maps the points of the unit square (in the 

E^jE^-plane) al°nS the lines E^ =* const, and symmetrically 

through the ramification line E^ = 0, for in case SQ » 1, 



Folding" of the Unit Square 
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£/ \ = E / \ and in case 6_ = 2, El,.=2E, .-E,,.. A second line 
(o) (o) 0 (o) (o) (o) 

of interest in the "folding" defined by TQ is the line = 

which in either case is a double covering of itself since 

TQ(E Ô)) = t̂ ie scluare being identified modulo 1 (Fig. 11). 

Combining these remarks we have the following 

Lemma 17. If TQ is a unimodular plane involution of the form 

(5.1) defined on the unit square with x and y coordinates each taken 

modulo 1, and if TQ has invariant and antiinvariant linear forms 

and respectively, then TQ maps points along the lines 

= const, and symmetrically through the ramification line 

E^ = 0, the line = y being a double covering of itself. 

Let V be the Euclidean half cube 

3 1 
V = {(x,y,s) e R : 0 < x,y < 1,0 £ s < 7} 

with x and y taken modulo 1, and let TQ be a unimodular plane 

involution defined on the top surface of V (the unit square (s = ^}t 

with x and y identified modulo 1). If the {s «* y} surface of V 

is then identified according to TQ (P and TQ(P) are identified), 

the resulting space VQ is a 3-manifold with boundary the {s = 0} 

surface of V. The remainder of this section will be devoted to show

ing that VQ is a toroid. 

By a suitable change of coordinates to the new coordinates 

E, v, E, N as in Theorem 16, T_ can be written in the simplified 
(o) (o) '0 

form 
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„o 
Z / V = E f V (o) (o) 

V( 

ECoJ ' (50 " »'(.) " E(o)> S0 " 1 or 2 

Since the change of coordinates is unimodular, the space VQ can be 

taken to be the half cube in the new coordinates ^(o)' S 

v
0 = {° i <. 1, 0 < s < ^, 

in which E, N and E, N are taken modulo 1, and whose top surface 
(o) (o) 

{s = -j} is "folded" according to Lemma 17. For the case 5Q = 1, the 

= 0} face of VQ is a Euclidean 2-disc DQ with boundary the 

closed curve 3DQ = = 0,s = 0} (Fig. 12). Furthermore, VQ is 

the topological product of DQ and the closed curve 

BQ = (E(O) = 0,s =0}, so that VQ is a toroid with boundary surface 

IIQ = 3DQ x BQ. The closed curve MQ = = 0,s = 0} on IIQ is 

free from doublepoints and not nullhomo topic on IIQ. However, MQ is 

nullhomotopic within VQ, as MQ is selfcancelling through the TQ 

identification on the top surface {s ^g» an̂  s0 a 

meridinal curve for VQ. Also the closed curve BQ is free from 

doublepoints and cuts MQ exactly once, so that BQ is a valid choice 

of longitudinal curve for VQ (Fig. 12). 

In case 6Q = 2, the ramification line of the TQ "folding" 

is the line El.=2E/.-E/x=0 on the top surface {s = i). If 
(o) (o) (o) r 2 



Fig. 12. Toroid VQ Defined by TQ 
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VQ is then taken to be the parallelogram 

{0 < s < 0 < E < 1, -1 < £' < 1}, 
— — 7 — r\ — — (,0 J — 

with E, •> and Z, v identified modulo 1, then the {1, » = 0} 
(o) (o) (o) 

face of VQ is again a Euclidean 2-disc DQ with boundary 

3DQ = = 0,s = 0} (Fig. 13). As before, VQ is the topological 

product of DQ and the closed curve BQ = ^(o) = 0,s = 0}, so that 

VQ is a toroid with boundary surface IIQ = 3DQ X BQ, meridinal curve 

MQ = 13 0,s = 0) an<* longitudinal curve BQ. However, in this 

case, VQ is a twisted toroid of angle TT (Fig. 13). With this we 

have the following 

Theorem 18. If TQ is a unimodular plane involution of the 

form (5.1) with invariant and antiinvariant linear forms an(* 

respectively, and if VQ is the 3-manifold with boundary, ob

tained from the Euclidean half cube 

3 X 
V «= {(x,y,s) e R : 0 <_ x,y <_ 1,0 £ s £ y} by identifying coordinates 

x and y modulo 1 and the top surface of V according to the TQ 

"folding" of Lemma 17, then VQ is a toroid with boundary surface IIQ, 

the bottom surface of V. Furthermore, VQ has as meridinal curve the 

closed curve " 0 on ^Q» an<* as longitudinal curve the closed 

curve = 0 or "^(E^ + ̂ (c)^ = ® on ^0' depending on whether 

6Q » 1 or 2. 



Fig. 13. Toroid VQ Defined by TQ for 6Q « 2. 



71 

5.3. The Rectangularized Lens Space K(TQ,T^) 

Let TQ and be two unimodular plane involutions of the 

general form (5.1) with invariant linear forms E q̂J and EQJ re

spectively, and denote by det(E^,the determinant of the 

matrix of coefficients of E^j and E^. By replacing by 

~^(1) ' ^ necessary> det(E(o),E^ij) Can alwayS tâ en to be non-

negative, whereby TQ and T^ will be called p-compatible whenever 

det(E ôj ,^(2.)) = P 2. Let K(To»Ti^ be the compact 3-manifold ob-

3 
tained from the Euclidean 3-cube K = {(x,y,s) e R '• 0 £ x,y,s _< 1} by 

identifying each of the coordinates x and y modulo 1, the bottom 

surface of K according to TQ and the top surface of K according 

to Tj| (Fig. 14). The purpose of this section is to show that if TQ 

and T^ are p-compatible with p > 0, then K(TQ,T^) is the lens 

space L(p,q) (the expression for q being given in Theorem 21), and 

that each lens space L(p,q) is expressible in the form K(TQ,T^) for 

suitably chosen p-compatible TQ and T^. 

If E q̂J is an antiinvariant linear form of TQ, then by a 

suitable unimodular change of coordinates to the new coordinates E (o)' 

E(q), where E(Q) = Z ^ q) incase 6fl - 1 and E(Q) = |(E(Q) + EJO)) 

in case 6Q = 2 (see Theorem 16, p.63), TQ and T^ can be written 

in the simplified forms 

T • V  

XQ = x 

(5.13) 

yn = <5n ~ *>* " y» 6n a 1 or 2 



F^Lg. 14. Rectangularized Lens Space K(TQ,T^). 
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and 

Tx:< 

X1 " alx + V 
(5.14) 

yl = clx " aly 

in which E/ \ and E / \ have been replaced by x and y for sim-
(o) (o) 

plicity. Moreover, since p-compatibility is invariant under unimodular 

changes of coordinates, we need only consider p-compatible TQ and 

in the forms (5.13) and (5.14), In this form, TQ has invariant linear 

C1 2 
form z, \ ~ x and T, has invariant linear form E/-.V = -r-* + -j-y 

(o) 1 (1) d1 d--7 

ax+l b1 
in case b, = a-, + 1 = 0 and E,,x a —x + -r-y otherwise, so that 

1 1 (1) dj^ d^ 

2 ^1 p = -r— in case b, = a, + 1 = 0 and p = -j- otherwise. Hence if Tn 
dl 1 1 dl 0 

and are p-compatible involutions of the forms (5.13) and (5.14), 

2 then in case b;L = a1 + 1 = 0, p = » 1 or 2 depending on whether 

h 1 
c, is even or odd, and p = -r~ otherwise. 

l 
1 

By Theorem 18 (p.69), the bottom half cube {0 s ^-} of 

K(TQ,T^) is a toroid VQ with boundary surface IIQ = {s = y}, merid-

inal curve = 0, and longitudinal curve a Since TQ is 

of the form (5.13), E^ = x and E^ = y or x - y depending on 

whether SQ = 1 or 2 (see the remark preceding (5.8)), so that VQ 

has meridinal curve x = 0 and longitudinal curve y » 0 or y = x 

depending on whether 6Q » 1 or 2. Similarly, the top half cube 

{•|- s £ 1} of K(TQ,T^) is a toroid with boundary surface 

ni = {s B meridinal curve E^j =» 0, and longitudinal curve 

/ 
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**(1) ° l̂ence> K(TQ,T^) is the space obtained from two toroids 

VQ and by identifying their respective boundary surfaces IIQ 

and 

Theorem 19. If TQ and are p-compatible unimodular plane 

involutions of the forms (5.13) and (5.14) with p > 0, then K(TQ,T^) 

C1 is the lens space L(p,-r~) in case b-, = 0 and the lens space 
1 

a.j+1 
^(p,—j—) otherwise. 

1 
According to Theorem 2 (p.18), Theorem 19 will be proved once 

the required homology relation 

M1 ̂  pB0 + qM0 ôn no 53 ni^ 

has been verified for suitably oriented meridinal curves MQ, M^ and 

longitudinal curve BQ. If b^ = 0, then since T^ is unimodular 

2 
(-a^ - b^c^ » -1), a^ = ±1. However if a^ = +1, TQ and T^ have 

identical invariant linear forms = ^(i) = x» so ĉ at 

p = det(E^ ,E^) = 0. Hence if b^ = 0, then a^ = -1 and T^ is 

of the form T^: x^ = -x, y^ = c^x + y, with invariant linear form 

2 2 
E(l) - - ̂ px + j-y, and p = det(E(o) ,Z(1̂ ) = Now, VQ has (non-

oriented) meridinal curve MQ = x and longitudinal curve BQ = y for 

6q » 1 and BQ = y - x for SQ = 2, and has meridinal curve 

C1 2 
J—x + By choosing the orientations of MQ and BQ to be 

consistent with the negative x and positive y directions (MQ = -x, 
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BQ » y or y + x for 6Q = 1 or 2), then in case 6Q » 1, 

c c 

M1 * <d )̂M0 + ̂ >Bo • (d M̂0 + "V 

C1 
and K(Tq,T^) is the lens space L(p,-j—). If 6q = 2, then 

c c 

M1 ̂  (d M̂0 + (J ĤB0 " M0> "• (d )̂M0 + PBi-

where the closed curve BQ ^ BQ - MQ is an alternate choice of longi

tudinal curve for VQ (see (3.1), p.20). Hence, K(TQ,T^) is again 

C1 
the lens space L(p,-r~). 

1 
Suppose b^ ̂  0. Then has invariant linear form 

a.+l b.. b^ 
S(i, = —x + j-y and p = det(Z^ ,E^) ® j-. As before, VQ has 

(nonoriented) meridinal curve MQ = x and longitudinal curve BQ =» y 

for 6Q = 1 and BQ = y - x for 6Q = 2, and has meridinal curve 

a^+1 b. 
«= —^—x + ij-y. By choosing the orientations of MQ and BQ to be 

consistent with the positive x and y directions then if 6n ° 1, 

a1+l b. a1+l 

Mi " <-37)mO + (3 )̂Bo " <-d7>Mo + »V 

a^+1 
so that K(TQ,T^) is the lens space L(p,—^—). If 6Q « 2, then 

Mi (^)Mo + (^><Bo + Mo> "• (T7)mo + »Bo' 
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where Bl B„ + ML is an alternate choice of longitudinal curve for 
U U U aj+1 

VQ. Hence K(TQ,T^) is again the lens space L(p,—^—), and the 

proof of Theorem 19 is complete. 

Suppose now that L(p,q) is an arbitrary lens space (p and 

q are relatively prime integers with p > 0). The converse of Theorem 

19 will be true provided that there exist p-compatible unimodular plane 

involutions TQ and Tj, of the forms (5.13) and (5.14) such that 

L(p,q) = K(TQ,T^). Assuming that T^: XQ = x, y^ *» -y (the case 

6n " 1 in (5.13)), it will suffice to determine 
U a.,+1 
T^: - a^x + b^y, y^ = c^x - a^y which satisfies p = , q 3 — 

2 ^ ^ and -a^ - ® -1> where d^ = qcd(a^ + l,b^). Let b^ = d^p and 

a^ = d^q - 1, for d^ arbitrary. The existence of the above uni

modular plane involution T^ will be assured once we can show the 

existence of integers c^ and d^ satisfying 

1 = a2 + b.^ = (d^q - l)2 + d-jP^ = d^q^q - 2) + 1 + djpc.^ 

which reduces to the equation 

CjP = q(2 - d^q). (5.15) 

Since qcd(p,q) = +1, the equation ap + d^q » 2 is solvable in in

tegers a and d^, so that (5.15) is solvable in the integers 

« qct and d^. Hence we have the following converse to Theorem 19. 
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Theorem 20. If L(p,q) is an arbitrary lens space, there ex

ist p-compatible unimodular plane involutions TQ and T^ for which 

L(p,q) » K(TQ,T^). Moreover, TQ and T^ can be chosen in the forms 

V< 

xQ - x 

yo = -y 

Xj^ » (d1q - l)x + (d^p)y 

Tl8\ 

y1 = (aq)x - (d^q - l)y 

where a and d-^ are integral solutions to 

ap + d^q = 2, with 0 < d^ £ p. 

Although Theorem 19 provides a method for determining the lens 

space L(p,q) corresponding to two p-compatible (p > 0) unimodular 

plane involutions TQ and T^, it is desirable to obtain the integer 

q directly from the coefficients of TQ and T^ before writing TQ 

and T^ in the simplified forms (5.13) and (5.14). Let TQ and T^ 

be arbitrary p-compatible (p > 0) unimodular plane involutions in the 

general forms 

x0 = V + V 
v< 

xi = aix + V 
v< 

,yo = V - V 7i m cix " aiy 
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a0+1 b0 
with invariant linear forms E . . = —z—x + -r-y and 

X, v (o> 0 0 a,+l b 
11 

E(i) » —j—x + -j-y respectively, where d^ = qcd(a^ + l,b^). Then by 

the definition of p-compatibility we have 

Kr v \ a0+1 bl al+1 b0 
p - detG^o),^!)) - dQ ^ ^ dQ. 

Suppose further that each has antiinvariant linear form 
ai~l 

^(i) = d' x + d7̂ ' ŵ ere = <lctHa^ - l,b^). According to Section 

5.1, each of the transformations has the corresponding invariant 

5^ » det(Z^j,E^j) = ±1 or ±2. By Theorem 16 (p.63), a suitable 

uniraodular change of coordinates can be performed with new coordinates 

E(o)» r(o)' Where r(o) = S(o) or l(E(o) + E(o)) dependin8on 

whether SQ = 1 or 2, so that TQ takes the simplified form 

xQ - x 

VS 
(5.16) 

yn = <6n - i)* ~ y» 6r 1 or 2 

If qQ is the invariant defined by qg = det(I^'^(o))' t ên 

al+1 b0 a0-1 bl , _ f. 
<o • "3J- dj - -3J- 3p 6o = 1- <5-17) 

and 
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ai+1 i ,bo . \ 1 ao+1 , V1 bi , 
In ° ~~a— TVT" + Tr) - tC—3— + ~rr-)^-» 6 

0 dl 2 d0 0 0 0 1 
0 
= 2. (5.18) 

We consider the two cases 6Q « 1, 2 separately. (6Q = 1) In this 

case the new coordinates required in transforming TQ into the simpli

fied form (5.16) are the invariant and antiinvariant linear forms I (o) 

and El N of Tn. The new form of T. resulting from this change of 
(o; u J-

coordinates can be calculated directly by solving the equation 

Ti<E<o)> - ~a7<ai*+ biy> + - aiy> * aE(o) + <5,19) 

for the integers a and 3, which reduces the system of equations 

a^+1 a_-l an"*"! (z Q \ t /0 \ 0 _ , 0 
(—j—)a + (—;—)3 = —i—a1 + -r-c. 

d0 0 0 0 

< (5.20) 

t\ . t\a V1, v 
**0 

Since the determinant of the coefficients of a and (5 in (5.20) Is 

+1. 

. ,V',,V1, bo , >wVl, ,bo. 3 ~ (~*j—) ("~ii—b. - -T~a,) - (-J-) (—j—a.. + ~j c.) » 
d0 0 0 0 0 0 

(5.21) 

and by multiplying (5.21) by b^ and simplifying (a^ + b^c^ = +1) , 

, ' ®0+1. V x2 ,\2 
b,B = (—7—b, - -T~a- ("TV • 
1 0 0 0 

(5.22) 
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By combining the terms of (5.22) appropriately, we then have 

a0+l bo bo 
b-B - (-^—b, - T—(a. - l))(-4-b, - 'j—(a. + 1)), (5.23) 
1 d0 0 d0 0 

which becomes, by multiplying the right side of (5.23) by d^d^/d^d^, 

,  , . f
a 0 +lbi V l b o . . a o + l b i  V1 V ,, 

b,$ a d-d. (—j ~n— —T»—r~) C-j— j j— i—) • 24) 1 1 1 do i di o o di di o 

2bl But 5^ = = ̂  °r S° tbat *n (5,24), 3 is the integer 

B <5-25)  

Hence, from the second equation of the system (5.20), 

V a0+1 Jo V ,, 
(•v~)a = —:—b.. - -r-a-t ~ (5.26) 
0 0 0 0 

For reasons which will soon be apparent, we will use (5.26) to determine 

b0 
the quantity (a + 1). Adding -j— to both sides of (5.26), 

d0 

V m 
ao+1 V n V j'/0+lbl 31-1 \ b°c 

V ) V1 " ̂  1 > " ̂  l (  *o di di V 

bo bo 
Hence, -r"(a + 1) = d.'detCE, an<* so (5«25), 

dQ 1 (o; (1) dQ 

« + 1 - ̂ d«CI(o)>E - P3T)/bo- (5.27) 
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By direct calculation, 

h. _ p^) . h. - ieti h. ̂  + ̂  ̂ ̂ 
dl do di di di do di do do ̂ 0 

d0 d0 

- a - ^ A  
. d0 d0 /b0 

ai+1 bo 

dl dO 

0 

bl a0+1 b0 

dl d0 d0 

ao_1 b0 
do do 

ao+1 V 

do do /bo 

ai+1 b0 

dl do 

al+1 

d0 

a»—1 
0 

d0 
det(Z(1),EJo)), (5.28) 

and since 6Q • 1, (Theorem 16), so that by (5.17), 

qQ • det(E^ 'E(0)) 53 det̂ Z(l) ̂(O)^ 

Hence equation (5.27) becomes 

a + 1 = d̂et(£(0)'^(i) q̂o* (5.30) 

Therefore under the present unimodular change of coordinates for the 

case 5Q B 1 (see equation (5.19)), TQ and take the forms 

bl V 

d„ 

(5.29) 
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T0S< 

xQ - x 

- y  

x^ » ax + By 

v< 

lyl 
yx - ay 

where 3 is defined by (5.25), a by (5.30), and y by the equation 

2 a + 3y = +!• Assuming the more general case 3^0 of Theorem 19 

8 
(p.74), has the invariant linear form —x + ̂ y, where 

T = qcd(a + 1,3) (see (5.6), p.59). From equations (5.25) and (5.30), 

T = ydet(I ,Z^^) , and so by Theorem 19, K(TQ,T^) is the lens 

space L(p,qQ). The special case 3 =• a + 1 = 0 of Theorem 19 will be 

omitted in the present discussion as this case occurs only when p = 1 

or 2 in which cases q = 0 or 1 respectively. (6Q = 2) In this 

case the new coordinates required in transforming TQ into the simpli

fied form (5.16) are and E^ = Y^(0) + S(o)^* Calculatin8 

T^(E ôj) as before, 

V£(„)> • "^~(V + biy:> + 5 ĉix " aiy) " °£(o) + *<„>• 

and since c.E(o) + s|(E(o) + E(o)> " (a + t^Co) + "e have 

Xi(E(o)) = (a + fs)I(o) + (5.31) 

a0+1 b0 
The equation —3—(a.x + b.y) = -r- (c.x - a.y) = a'E 

d0 d0 2 

/ X + P'S1/ V is (o) K (o) 

identical with equation (5.19), so that 3' = •£—det(£ (o)'Z(o) )p and 
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(5.30). Therefore from (5.31) above, 
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from equations (5.25) and 

6 - 28' -(^«(S(0).IJ1))P (5.32) 

and 

o + 1 - («' + 1) - B' - ̂ det(E(o),E'1))tdet(Z(1),Z'(o)) - p]. 

For the case 6Q = 2, q^ is defined by equation (5.18), and since 

ao+1,VV fo"1 . Wi , 
t(E(l)'Z(o)) " P " d0 (d' + d0) d0 )d1 ~ 2V 

a + ! - '^det0:(o)>Z(1))V (5.33) 

Therefore under the present unimodular change of coordinates for the 

case = 2, TQ and T1 take the forms 

V <  

xQ - x 

y0 = X - y 

x1 = ax + By 

y. = yx - ay 

where B is defined by (5.32), a by (5.33), and y by the equa-

2 
tion a + 3y » +1. Again, assuming the more general case 3^0 of 

ct^*X 0 
Theorem 19, has the invariant linear form + -^y, where 
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T = -^-det(E, V,£/,X) from equations (5,32) and (5.33), so that 
(o; U; 

K(TQ,T^) is the lens space L(p,qg), which completes the proof of the 

following 

Theorem 21. If TQ and are p-compatible unimodular plane 

involutions (p > 0) with invariant linear forms E^ and E^j re

spectively, and if the linear form chosen so that an<* 

E, . are new coordinates for a unimodular change of coordinates which 

transforms TQ into the simplified form (5.13), then K(TQ,T^) is the 

lens space L(p,q), where q= det(E ,̂S(o)^' 

5.4. Zero-compatibility 

Some comment should be made concerning the case in which TQ 

and T^ are zero-compatible (p = 0), as this case is not included 

in Theorem 19. If Tn and T. are written in the simplified forms 
al+i b1 

(5.13) and (5.14), then = x anc* ~^—x + & y (°r 

C1 2 
Z/ i \  = X""* + T-y case a, + 1 = bn = 0), so that 
(1) d^ d^ i. X 

p » det(E,E^j) = 0 occurs only when a^ - 1 - - 0. Hence, in 

case p = 0, the simplified forms (5.13) and (5.14) appear as 

v< 
x0 - x 

y
0 

13 ~ 1̂ x ~ y 

T x:< 

x^ = x 

yl " C1X • y 

with invariant linear forms E ̂  = E^ = x. In this case, K(TQ,T^) 

is the 3-manifold obtained by "glueing" the boundary surfaces IIQ and 
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nx of two toroids and with meridinal curves MQ and in 

such a way that MQ ^ ±M^ (on IIQ = 11^). If K(TQ,T^) is drawn in 

toroidal form (Fig. 15), a cross section of K(TQ,T^) appears as two 

2 
Euclidean 2-discs with boundary circles identified (the two-sphere S ), 

2 1 
so that K(TQ,T^) is the topological product S x S . The funda

mental group of K(TQ,T^) is then given by the direct product of the 

2 1 fundamental groups of S and S , and is therefore infinite cyclic 

(Hilton and Wylie 1962, Theorem 6.4.1, p.242). Moreover, since the 

fundamental group of K(TQ,T^) is abelian, it is isomorphic with the 

first homology group of K(T^,T^) (see the remarks following equations 

(4.22),p.46), so that the first homology group of K(TQ,T^) is without 

torsion. 

It is apparent from the above discussion that KfTgjT^) is not 

a lens space, since the fundamental group of each lens space is a 

torsion group (cyclic of order p > 0). However, by the above con

struction of K(TQ,T^), the method of Section 4.1 can be used to im

pose a fibring on K(TQ,T^), and since K(TQ,T^) is then an orient-

2 
able fibre space with S as factor space, the fibre invariants of 

Theorem 9 can be calculated for an arbitrary fibring of K(TQ,T^). 

Recall from Theorem 14 that the totality of fibred lens spaces coin

cides with the collection of all orientable fibre spaces with factor 

. 2 
space S and fibre invariants (b;a^,3^; ...; ar> r̂) f°r which r 2 

and A = âia2 + ai^2 + a2®l ̂  As we will show presently, the re

striction A ̂  0 can be removed by allowing for zero-compatible TQ 

and T^. 
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Iden+i^Y Bouhdar>j Civvies 

Vo 

B,= B, 

M, 

Fig. 15. KCTQ.T^ for Zero-compatibility. (The shaded portion is 
a cross section S2.) 
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Suppose that VQ is fibred according to 

HQ uBQ + VMq (on 11^), where BQ is a longitudinal curve for VQ. 

Then as in Section 4.2, a crosscut for VQ is given by 

Qn 'u mBn + nMn, where det(V V) » +1 and 0 < m < p. By the rela-
^0 0 0' ran — 

tion (4.11), the singular fibre invariants corresponding to Vq are 

given by = y and 6^ = y - ra. By choosing the orientation of 

so that 'v Mq, then in order that the orientation of the fundamental 

curve system be consistent with that of {Mq,Bq}, the longi

tudinal curve B^ must be oriented by *\» Bq. By solving the rela

tions Hq PBq + VMq and Qq * IIIBq + XIMq for BQ and MQ we have 

Mq hQq - mHg and BQ -vQq + nHQ, so that ^ viQq - iiiHq and 

B^ *V( -VQq + HHq. Here, as in Section 4.2, Qq and Hq are a suitable 

choice of crosscut and fibre for V^, although the orientation of the 

fundamental curve system {HQ»QQ) must be reversed in order to remain 

consistent with the orientation induced by {H^,B^} on 11^ (see the 

remarks preceeding (4.13), p.42). If ^ Qq and H^ ̂  -Hq are the 

required oriented crosscut and fibre for V^, then the singular fibre 

invariants of V^ are determined from *v» yQ^ + mH^» from which 

= P and $2 = m (see (3.7), p.33). Hence if Tq and are 

zero-compatible and the 3-manifold K(Tq,T^) is fibred according to 

the method of Section 4.1, K(Tq,T^) has fibre invariants of the form 

(b;ii,y - m;y,m) so that K(Tq,T^) has either none or two singular 

fibres depending on whether y =» 1 or jj > 1. If y B 1, the in

variants are given by (b), with defining relation b = ±p = 0 
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(see (4.24), p.47). Suppose y > 1. Since the first homology group of 

K(TQ,T^) is without torsion, the determinant of the homology matrix 

for (b;y,ii -m;y,m) is zero (see the remarks preceeding (4.24)), so 

2 2 that detA = by + ym + y(y - m) = 0. In this case, y (b + 1) =0, 

and since y > 0, then b =» -1 and K(TQ,T^) has fibre invariants 

(-l;y,y - m;y,m). 

Theorem 22. If TQ and are zero-compatible and if 

K(TQ,T^) is fibred according to Theorem 10, then K(TQ,T^) has fibre 

invariants of the form (0) if y - 1 and (-l;y,y - m;y,m) otherwise 

The method of Section 4.1 can be used also to induce fibrings 

on the rectangularized lens space model K(TQ,T^), where TQ and 

are p-compatible (p ^ 0), although the actual fibre structure is 

not included in this text. Hence we have the following generalization 

of Theorem 14, which includes the case p = 0. 

Theorem 23. The totality of fibred 3-manifolds K(TQ,T^) with 

the induced fibrings coincides with the collection of all orientable 

2 
fibre spaces with factor spaces S and fibre invariants 

(bjo^.B^; ...; «r»6r) for which r ± 2. 

5.5. The Homeomorphism Problem for L(p,q) 

We will now demonstrate the applicability of the rectangular

ized lens space model of Section 5.3 in obtaining the sufficient condi

tion of Threlfall and Seifert (1932, p.548) for the lens spaces L(p,q) 

and L(p,q') to be homeomorphic. Since the fundamental group of 

L(p,q) is cyclic of order p, it is necessary that two lens spaces 
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have the same first invariant p if they are to be homeomorphic, for 

the fundamental group is always an invariant under homeomorphisms. 

Let L(p,q) be an arbitrary lens space with p > 0, 

0 <_ q p/2, and consider the congruence equation 

qx = ±l(mod p). (5.34) 

Since p and q are relatively prime, (5.34) has a unique solution 

x = q' satisfying 0 < q' <_p/2. Then since qq1 = ±l(mod p), 

pk + qq' = ±1 so that p and q' must also be relatively prime and 

define a lens space L(p,q'). By Theorem 20, L(p,q) can be repre

sented in rectangularized form as the space K(TQ,T^), where 

*1 = (d^q - l)x + (djp)y 

* 

y 1  = (otq)x - (dxq - l)y 

for integers d^ and a satisfying 

ap + d^q =2, 0 <_ d^ <_ p. (5.35) 

Recall that in the definition of K(TQ,T^), TQ defines a "folding" 

of the bottom surface of a Euclidean 3-cube and T^ a "folding" of 

the top. If TQ and T^ are interchanged, which corresponds intui

tively to turning the cube over, the resulting space K(T^,TQ) is 

x0 = X 

v< 
y0 

-y 
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defined by the involutions 

x1 « (d1q - l)x + (d1p)y 

ii:< Tn:\ 

» (aq)x - (d^ - l)y 

x0 " x 

y0 = _y 

where the integers d^ and a satisfy (5.35). The lens space repre

sented by K(T^,TQ) can then be determined from Theorem 21. Here T^ 

near form E( 

dlq_2 dlp 

has the invariant linear form E^ = qx + py and the antiinvariant 

linear form E/ 
(1) 

where d = qcd(d^q - 2,d^p). Hence 

from (5.35), 

-a 1 • 
S(l) = + dTy» d* = <lcdCa»di)» 

In order to apply Theorem 21, we must calculate the invariant 

h  " det(2(i)»E(i)) = qd^ + v f r "  = 2 or 1 

depending on whether d' = 1 or 2. 

Suppose that Sj, = 1. In this case, S(l) = E(l)' and since 

Tq has the invariant linear form E q̂J = x, K(T^,TQ) is the lens 

dl 
space L(p,qQ), where qQ = det(E ̂  ,E ̂ j) = -y. From (5.35) it 

dl a 
follows that 0 qn <_ £ and that q-^- = 1 - and since 

d1 « qcd(a,d1) = 2, is an integer so that q-y- = +l(mod p). 
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Hence, is the unique solution to (5.34) which satisfies 

0 <_ q^ <_ 2", so that q^ = q* and K(T^,Tg) is the lens space 

L(p»cI,)« For the case 6^ = 2, 

— 1 a-a P^i 
zd) =  2 ( s(D +  W* V + 

and K(T^,TQ) is the lens space l^p.qg), where 

_ P+di 
=> det(E(o)»^(i)^ = —2—' the remarks Section 2.1, L(p,qg) 

p-dx p-d1 p+dx 
is homeomorphic with L(p,—^—) since —^—= -(—^ P) (see p.6). 

p-d. 
Hence from (5.35) it follows that 0 ^—5. 2" an<* fĉ at 

^ ̂ 1 , , p(q+a) „ j — q-a . +̂C*1 q+a j 
q—2— = -1 + *-—2—> an(* since S(i) = 2^ —2—2~~ ~ 

p-dj^ p-dx 
teger so that q—^— = -l(mod p). Therefore —jj— the unique 

P~d, 1 P 
integral solution to (5.34) which satisfies 0 <_———2' an(* a£a-*-n 

K(T^,TQ) is homomorphic with the lens space L(p,q'). This completes 

the proof of the following 

Theorem 24. If L(p,q) and L(p,q') are lens spaces and the 

integers q and q' satisfy qq* = ±l(mod p), then L(p,q) and 

L(p,q') are homeomorphic. Moreover, if L(p,q) is given by K(TQ,T^) 

then L(p,q') is given by K(T^,TQ). 

As was remarked in Chapter 1, the above sufficient condition 

(qq1 = ±l(mod p)) is also necessary. However for this the applic

ability of the rectangularized model is not apparent, and therefore 

the proof of the stronger result will not be included here. 
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