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ABSTRACT 

A numerical method for the estimation of the 

aerosol size distribution is herein derived and illus

trated. The theoretical development is closely tailored 

to the bistatic Lidar return equations, since the Lidar 

system is the physical device by which this technique is 

most aptly employed. In order to calculate a solution, 

it is necessary to make some _a priori assumptions regarding 

the functional form of the size distribution. In practice, 

the a priori information is provided by the analysis of 

data available in the literature. From these data, it is 

ipossible to realistically model the size distribution using 

Bode plot theory. The model for the size distribution will 

have associated with it a set of unknown parameters. The 

parameters are estimated by choosing the parameters so as 

to minimize the square of the difference between the 

measured and corresponding theoretical values of some pre

determined quantity such as the ellipticity or ratios of 

Stokes parameters. This is done concurrently for a 

prescribed number of scattering angles. The minimization, 

or optimization, is achieved by employing a random search 

method. The values of the parameters, when the optimiza

tion has been performed, are known as the estimates of the 

optimal parameters, and are the desired values. 

xii 
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For computational purposes, the aerosols are 

assumed to be spherical particles. A complete summary of 

the pertinent mathematical relations regarding single 

scattering of electromagnetic waves by distributions of 

spherical particles is provided. 

Since the discussion directly pertains to a Lidar 
* 

system, a self-contained derivation of the bistatic Lidar 

transmission equation is presented. Equations are also 

derived for the variance, root-mean-square error (rms), and 

aerosol signal-to-noise ratio (SNR) for a Lidar signal 

which is corrupted by shot-noise. The signal,shot-noise 

limited case is generated numerically on a digital computer 

to provide a realistic simulation for the experimental 

raeasux-ements of quantities such as the ellipticity or ratios 

of Stolces parameters. 

Three random search optimization strategies are 

presented and discussed. Flow diagrams which are applicable 

for implementation on a digital computer are also given. 

The optimization technique is illustrated by 

studying the ability of the random search strategies to 

determine the optimal estimates for the parameters 

associated with size distribution models that have two to 

five parameters. Typical numerical results are presented 

in tabular form for computer simulated noise-free and shot-

noise corrupted measurements with realistic signal-to-

noise levels. 



CHAPTER 1 

« 
INTRODUCTION 

The problem of trying to infer some physical 

characteristics about a medium, by utilizing indirect 

measurement techniques which do not disturb the medium, 

exist in many areas of science. For instance, in the area 

of plasma physics, surface waves can be used to determine 

the electron density of the plasma. The excitation and 

measurement of these surface waves can be achieved without 

inserting probes etc. into the plasma. This dissertation 

considers the problem of using a Lidar (lacier radar) system 

as a remote probe for the purpose of inferring the size 

distribution, concentration, and index of refraction of 

the aerosol particles in the atmosphere which interact with 

the very short, intense laser pulse. Aerosols are those 

particles in the atmosphere whose size is of the order of 

the wavelength of the laser light. Their range in size is 

roughly from .04 microns to 10 microns. Haze, dust, and 

pollutants are regarded as aerosols'. Other names commonly 

used for aerosols are Mie particles and particulates. For 

computational purposes, the aerosols are assumed to be 

spherical particles. One of the potential practical 

applications of the ability to infer such physical 

1 
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characteristics of aerosols lies in the area of air pollu

tion, i.e., the amount and kind of pollutants being in-
I 

jected into the atmosphere by sources such as industrial 

plants or aircraft could presumably be determined. 

Generally speaking, the problem involves the 

measurement of the Stokes parameters associated with the 

energy scattered by the aerosols and solving the resulting 

integral equations for the unknown physical characteristics 

of the aerosols. These integral equations are very 

difficult to solve because the complicated nature of the 

functions involved with aerosol light scattering precludes 

the possibility of solving them analytically. Solution by 

numerical techniques is difficult because of the inherent 

instability problems associated with the numerical methods. 

Also, for measurements which include significant errors, 

the solution of these integral equations is generally 

regarded as unfeasible since only a small number of 

independent pieces of information concerning the parti

culate can be inferred. 

Therefore, it is necessary to make some a priori 

assumptions regarding the functional form of the size 

distribution and indices of refraction of the particles. 

The assumed models for the size distribution will have 

associated with them a set of unknown parameters. The 

problem then reduces to the determination of these 

parameters. The parameters can be estimated by choosing 
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the parameters so as to minimize the square of the 

difference between the measured and corresponding theo

retical values of some predetermined quantity such as the 

ellipticity or ratios of Stokes parameters. This technique 

is raodernly characterized as least-squares stochastic 

estimation. The minimization, or optimization, is achieved 

by employing a random search method. The values of the 

parameters, when the optimization has been performed, are 

kntfira as the estimates of the optimal parameters, and are 

the desired values. 

The major effort of this dissertation is to mathe

matically present the least-squares stochastic estimation 

technique as it applies to a bistatic Lidar system, for the 

purpose of estimating the unknown parameters associated 

with the size distribution of the aerosol particles. Since 

an actual Lidar system is not used, the noise-corrupted 

measurements of the Lidar, system are simulated on a 

computer. Numerical results are presented, illustrating 

the ability of the random search procedure to determine the 

unknown parameters associated with the models for the 

aerosol size distribution. Four physically feasible models 

for the size distribution are also presented. 

A brief introduction of the contents of each chap

ter of this dissertation is provided in the next several 

paragraphs. A more complete introduction is given at the 

beginning of each chapter. 



k  

Chapter 2 pi-esents a summary of the results for 

time-independent scattering of a plane wave incident upon 

an assemblage of spherical particles which are moving 

slowly enough so that doppler effects can be neglected. 
i 

It is shown that the main contribution to the ensemble 

averaged scattered energy is due to the incoherent contri-

bution. The coherent contribution is shown to be essenti

ally zero when there is equal probability of finding the 

particles anywhere in the volume containing the particles. 

The Stokes parameters and angular scattering cross sections 

per unit volume are given for the incoherent contribution. 

Chapter 3 presents a self-contained presentation of 

the bistatic Lidar transmission equation using mathematical 

techniques commonly employed for Radar system analysis. 

The variance of the shot-noise injected into the signal by 

the photoinultiplier tube detector is also calculated. 

Chapter k deals with the inversion problem and 

optimization techniques. The least-squares stochastic 

estimation procedure is considered. Some specific random 

search algorithms are discussed, and flow diagrams which 

are suitable for computer implementation are also given. 

Chapter 5 consolidates the results of the previous 

chapters and presents numerical results illustrating how 

well the unknown parameters of the size distribution models 

can be determined. Four physically relevant size distribu

tion models are also presented. It is also demonstrated 



that Bode plot theory is a useful technique for mathe

matically representing the size distribution models. 

Chapter 6 presents the conclusions and recommend 

tions for further research. 



CHAPTER 2 

SCATTERING FORMALISM FOR SPHERICAL PARTICLES 

2.1 Introduction 

It is not the purpose of this chapter to give an 

exhaustive treatment of scattering by either a single 

particle or a distribution of particles since many 

excellent treatments of these topics exist in the litera

ture. This chapter is therefore restricted to stating any 

salient features involved in the scattering theory and to 

summarizing important results which are used throughout 

this dissertation. An effort has been.made to use notation 

which appears to be the most commonly used in the litera

ture. A good general reference for most of the material in 

this chapter is found in Hulst (1957)• 

In Section 2.2, the time-independent scattering 

problem for a plane wave incident upon a spherical particle 

is considered. The Stokes parameter scattering matrix is * 

given, along with equations for the complex scattering 

amplitudes, plane of polarization, ellipticity, and cross 

sections. 

Section 2.3 presents the single scattering theory 

for an array of many particles which are assumed motionless 

or moving so slowly that doppler effects can be neglected. 

6 
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Tho equation for the scattered energy flow in a given 

direction is dorivod. It is shown that this enorgy flow 

is composed of a sum of two compononts, one of which is 

colled tho incoherent coinponont, and the other the coherent 
« 

component. 

In Section 2.4, a probabilistic formalism is 
* 

presented to describe this ensemble of scatterers in a 

statistical sense. A single particle probability density 

function is given. 

Section 2.5 usos the probabilistic formalism given 

in Section 2. 4 to derive the ensemble average of tho 

scattered energy flow. Again, the energy flow is a sum of 

an incoherent component and a coherent component. The rela

tive magnitudes of the incoherent and coherent components 

are discussed. It is shown that the coherent component is 

negligible. Consequently, the Stokes parameters and cross 

sections are given for the incoherent contribution of both 

the Mie and Rayleigh scattering regimes. 

2.2 Scattering by a Single Particle 

The geometry for a plane wave incident upon a 

stationary spherical particle is shown in Figure 2.1. The 

direction of propagation of the incident plane wave, 
A 

denoted by the unit vector, i, is aligned along one of the 

axes of the coordinate system since this simplifies the 

problem considerably. The plane taken through the 
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pBSERVATION 
POINT SCATTERER-V 

SCATTERING 
PLANE 

Figure 2.1 Illustration of the Scattering Geometry for a 
Single Scatterer 
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directions of propagation of the incident and scattered 

waves is known as the roforonco or scattering plane. 

Associated with the scattering piano are the angles 0 and 

0 which hcmcoforth nro culled the scattering angles. The 

* 
unit vector, 0, is ox-ionted in a direction from the 

scnttoror's conter to the observation point. The per

pendicular and parallel compononts of the incident and 

scattered electric field with respect to tho scattering 

piano aro demoted by tho subscripts r and JL, respectively. 

Tho rest of tho quantities shown in Figuro 2.1 aro definod 

as tho development proceeds. 

Henceforth, tho incident oloctric field, the 

scattered electric field, and tho total electric fiold 

outside the scattoror are denoted by E., E , and E, , 
X & "U 

respectively. Tho solution for tho field outside tho 

scatterer's surface is obtained by a solution of the wave 

equation 

(S72 + k2)1st =0 (2.1) 

2 2 where k = U) The free space permeability and 

permittivity are given by and e^, respectively. The 

solution to the wave equation (2.1)'is subject to the 

following constraints: 

1. Boundary conditions at the scatterer's surface, 

i.e., the continuity of the tangential electric and 

magnetic fields. 
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2. Tho total oloctric fiold outsido tho scattoror 'H 

surfnco must bo oqual to tho sum of tho incidant 

and scuttorod fiolds, ,i . o . , 

*?. + I? = Is. (2.2) 
i s t 

3* Conditions at largo distances from tho scatterer 

(R—> «) which insure ̂ ^ ~^i' requiro that tho 

scattorod fiold bo of tho form 

, o^kR , , Es ~ S(r,tn,9) ^— (2,3) 

where ?< r,m,0) is tho complex scattering amplitude; 

R is the distance from the scatterer*s center to 

the observation point; r is the radius of tho 

scatterer; m is the index of refraction of the 

scatterer; and j = 

The incident plane wave is henceforth considered to 

be linearly polarized at an angle in the x-y plane (see 
• . , i 

Figure 2.1). This linearly polarized incident plane wave 

can be written in terms of the perpendicular and parallel 

components with respect to the scattering plane as 

E. = E. cos(0-0.) ( 2 , . k )  
XJO X X 

E. = E. sin(0-0.) (2.5) x r i  '  



whoro 

E± « Eq o-ilcw oJWt 
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( 2 . 6 )  

Tho nmplitudo of tho incidont wnvo i« givon by 

Tho scnttorod oloctric field for a spherical 

scnttoror can bo written in terms of this Incidont oloctric 

fiold via tho matrix relation 

E ' sr 

S 2 (r, in, 9) O 

0 

I  13 1 
/ i 

S j (r, HI , 0 y 

u 
o 
- jk(H+ll» 

jkll 

*ip I 
(2.7) 

whoro R' is tho distance from tho origin of tho coordinnto 

systom to tho contor of tho scattoror. Also, S^(r,m,0) 

nnd S2(r,m,0) arc tho voctor components of tho complex 

scattering amplitude l?(r,m,9). 

From Mio thoory tho complox scattoring nmplitudos 

are found to bo 

S ^ x ^ i n , © )  =  Z  [ an(x,m) Ttn( (l) ' + bn(x ,in) ) 3 
n=l ( 2 . 8 )  

S2(r,in,0) = £ nln+l) Eb
n*x'm)7ln* ̂  + an(x,m) Tn(p.) ] 

(2.9) 
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where 

2ttr 
X = — 

X = wavelength of the Incident field 

|l = cos 6 

Do not confuse the x in the above with the x associated 

with the coordinate system. The functions (p.) and 

are usually called the phase functions and are 

expressed in terms of the Legendre polynomials as 

dP ((-i) 

•  -%r~ ( 2 - 1 0 )  

and 
2 dnnW 

Tn(ti) = - (1-H ) ££ (2.11) 

The functions a (x,m) and b (x.m) in equations (2.8) and n ii ' 

(2.9) are determined from the boundary conditions and can 

be shown to be given by 

\lf' (mx)ur (x) - tmlr (nix)"*!" (x) 
i \ n ri n n * ̂  -• r% \ 

an ,In = «,'(mx)C (x) - imp (mxk'(x) (2.12) tji ®n Tn n̂ 

and 

rn-O/' (mx) ii/ (x) - (nix)\I/' (x) 
, / \ n n n n / n ^ \ b (x*m/ — • f7*1™~ v f v 2 • 13 / n * m\u\ (mx) £ (x) - >1/ ( mx) £ 1 (x ) ^ 

TTI N *N TX 

The functions \If and C in equations (2.12) and (2.13) are n ii 

defined by 

n̂(x) = x Jn(x) (2.1̂ ) 
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and 

Cn(x) = x[jn(x) - j yn(x)] (2.15) 

in which jn(x) and yn^x^ are spherical Bessel functions 

of the first and second kind, respectively. The deriva

tives of ̂  and Cn with respect to their arguments are 

denoted by ̂  and respectively. Talcing the derivatives 

of equations (2.14) and (2.15) with respect to x yields 

Ĉ (x) = xCdn_-̂ (x)-jyn„1(x) ] - n[ jn(x)-jyn(x)] (2.17) 

2.2.1 Stokes Parameters 

The Stokes parametex-s are defined through a one 

column matrix of .four elements. All the elements have the 

dimensions of intensity, i.e., proportional to energy per 

unit area. They are defined via the Stokes parameter 

matrix as 

>ĵ (x) = x (2.16) 

and 

I 
(I) r (2.18) 

I u 
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where 

I .  =  

I = 

I = 
u 

VJ 

E E* r r 

E .E* + E E* 
It r Jl 

I = j(E .E* - EE*) 
v °  I  r  r  S L  

(2.19a) 

(2.19b) 

(2.19c) 

(2.19c) 

The symbol * denotes the complex conjugate. The total 

intensity is given by 

I = I. + I 
S, r 

( 2 .  20) 

If and (Ig) represent the Stokes parameter 

matrices for the radiation incident on and scattered by a 

spherical scatterer, then the scattered Stokes parameters 

are related to the incident Stokes parameters via the 

matrix equation 

I  I  A  I  M. 

I 

\i 

'SJI  

:»r 

su 

sv' 

i 2r»2 lc R 

2 

0 • M 
°\ h\ 

\ 0 0 D 

21 

21 

-D 
21 

21 

I. ir 

I. 1U 

(2.21) 

• J  

The matrix 

M 
2 

0 M 

0 

0 

0 

1 

0 

0 

0 

' 21 

'•i 

o 

0 

-D 
21 

( 2 . 22 )  

21 / 
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is known as the scattering or transformation matrix whose 

elements are given by 

M1 = sisi (2.23) 

M2 = S2S* . (2.24) 

S21 = \ (S2S1 + S1S2> (2"25) * 

D21 = i lS2Sl " S1SS> (2"26) 

The input Stokes parameter matrix for linear polarization 

is given by 

/ 
(X.) = 

\ 

cos2(0-0i) 

Eq sin2(0-0i) 

P (2.27) 
Eo 

2.2.2 Plane of Polarization and Ellipticity 

In general, the scattered radiation is elliptically 

polarized, and it is therefore appropriate to define 

quantities known as the ellipticity and the plane of 

polarization. These quantities mathematically describe the 

polarization ellipse. The polarization ellipse is defined 

in a plane perpendicular to the direction of propagation 

of the scattered wave and it is illustrated in Figure 2.2. 

The orientation of the ellipse relative to the 

parallel and perpendicular components of the scattered wave 



Figure 2.2 Illustration of the Polarization Ellipse 

t 
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is given by the angle x» This plane of polarization can be 

shown to be related to the Stokes parameters by the follow

ing relationship 

I 
tan2X = j. §— (2.28) 

a A sr 

The ellipticity *is defined as the ratio of the 

minor and major axis of the ellipse, i.e., 

i_ 

tanp = + — (2.29) 
£1 

where the positive sign and negative sign denote right-

handed and left-handed polarization, respectively. It can 

easily be shown that the ellipticity can be related to the 

Stokes parameters by 

+ i -i )2+i2 +xa - V(i -i >2+i2 
tan? = = 31 sr su 

I
sv 2H (2.30) 
SV 

2.2.3 Cross Sections 

There are three cross sections associated with a 

scatterer. They are the scattering, extinction, and 

absorption cross sections. All have the dimensions of 

area; however, when many scatterers are considered, it is 

more appropriate to give them the dimensions of area per 

particle. 

The total scattering cross section represents the 

area which when multiplied by the incident intensity gives 



18 

the total energy scattered in all directions. The 

scattering cross section is defined by 

271 71 

csCa = rz / /F<e.0>d« (2.31) 

whore dQ = sin9d9d0 is the element of solid angle. The 

function F(Q^0) is essentially the normalized intensity and 

is given by 

F (G , (2f) = 

*o ' r 
^sin'*  (0~0^)  + ^cos^(0-0^)  

( 2 . 3 2 )  

where the symbol j denotes the magnitude of the quantity 

inside it. Substitution of equation (2.32) into equation 

(2.31) aid performing the integration yields 

csca='S2hr-
x n=l n 

2 + lb l2-
>nl 

(2.33) 

The extinction cross section represents the area 

which when multiplied by the incident intensity gives the 

amount of energy removed from the incident wave. This loss 

represents both scattering and absorption loss. The 

fundamental equation for the extinction cross section is 

given by 

'ext 
= Re { S (0 ) } (2.34) 
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where S(0) represents either or since S^(r,m,0) -

S^tr^n^O). Substitution of the value of S(0) into equation 

(2.3'i) yields 

_ 2 » 
c = 2 (2n+l) [Re (a ) + Re(b )] (2.35) 
ext 2 _ n n x n=l 

The symbol Re in equations (2.3'i) and (2.35) stands for the 

real part of the quantity in parentheses. 

The absorption cross section represents the area 

which when multiplied by the incident intensity gives the 

amount of energy absorbed inside the scattcrer. The law of 

conservation of energy requires that 

c . = c + c . (2.36) 
ext sea abs 

from which the absorption cross section can be found. For 

non-absorbing scatterers, i.e., the imaginary part of the 

index of refraction of the scatterer is zero, then 

C . =0 (2.37) 
abs 

and consequently 

c . = c (2.38) 
ext sea 

In defining a scattering cross section, a cross 

section known as the angular scattering cross section can 

also be considered. For the purposes of this dissertation, 

the concept of the angular scattering cross section is 

utilized the most. Basically, the angular scattering cross 
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section represents the area which when multiplied by tho 

incident intensity gives tho amount of energy scattered in 

a givon direction. It is defined for a plane-parallel 

incident wave by tho following (Crispin and Siegol, 1968) 

(j (0,0) = tm 'ntR2 
SCQ R->» 

E s 
-* 

E. 

2 

(2.39) 

Equation (2.39) can obviously be written in the form 

(9,0) = % F(G,0) (2. 'lO) 
SCQ 1 a k 

whore F(9,#0 is given by equation (2.32). It is instruc

tive to point out why tho angular scattering cross section 

as defined by equation (2.39) has dimensions of area and 

not area per steradian. This is because the incident wave 

is traveling in only one direction so it becomes inappro

priate to speak in terms of solid angles when defining 

cross sections. 

2.3 Scattering by Many Particles 

The atmosphere is composed of an enormous number of 

scatterers which range in size from the molecular regime 

all the way up to particles as large as 100 microns such 

as water droplets and ice crystals. In this text, interest 

is centered on the size range which includes the air 

molecules and the particles known as aerosols (haze, dust, 
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and pollutants). In otlior words, only particlos in tho 

Rayleigh and Mio scnttoring regime arc considorod, 

Those particles (moleculos and aorosols) will move 
I 

in both a random and uniform fashion. Random movoinent is 

ono in which the particlos move relative to one another 

because of local turbulonce or Drownian motion. Uniform 

movement of tho particlos is caused by the wind. In either 

case, the velocity of tho movement of the particles is 

assumed small enough so that dopplcr effects may bo 

neglected. Tho atmosphere can then bo modeled as an 

enormous array or configuration of N scatterers located by 

position vectors, |R^ (t), •••, ̂ (t)| . The time dependence 
ii'^ 

in tho position vector, R^(t), is includod to emphasize the 

fact the particles are moving, although slowly enough to 

neglect doppler effects. 

It should bo noted at this point that the random 

movement in the particlos causes tho scattered intensity 

from such arrays to fluctuate with time. The importance of 

this fluctuation is discussed in later sections when the 

necessary mathematical machinery has been developed. 

The problem is therefore to calculate the scattered 

radiation from a plane wave impinging upon this assemblage 

of N slowly moving particles. The particles are also 

assumed to be contained within a volume denoted as V. 

Figure 2.3 illustrates the geometry of the problem being 

considered. 



no Ld A* 

Z PARTICLE. "I" 

PARTICLE "2 

VOLUME 
CONTAINING 
THE PARTICLES 

OBSERVATION 
POINT 

Figure 2.3 Illustration of tlio Goomntry for tho Scattering 
of n Piano Wave by an Array of Scattorors 
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Multiplo scattering offocts aro nogloctod. Each 

particlo is assumed to scattar as if tho only radiation 

impinging upon it is tho incident plane wave. This kind 

of scattering is known as single scattering. Tho physical 

motivation behind tho assumption of single scattering is 

that the particles aro usually several wavelengths apart. 

In reality, there is some error involved in neglecting 

multiple scattering offocts for models of atmospheres 

considered here. However, preliminary results by Curran 

(1970) indicate that multiple scattering effects are 

negligible. 

No attempt is made to calculate the Stokes 

parameter matrix for the energy scattered by the assemblage 

of particles, since this would add nothing but meaningless 

complication to the discussion. All of tho salient aspects 

of the problem can be illustrated by considering the energy 
A 

flow in the direction 0. Once this discussion has been 

concluded, it will become obvious what the equations of the 

elements of the Stokes parameter matrix should contain. It 

should also be pointed out at this point that extinction 

and absorption effects in the atmosphere are neglected 

because the main emphasis is on scattering. These effects 

can be included when needed without complication. 

The total scattered electric field, , for an » s' 

array of N scatterers is given by 



2  k  

H +du>t 

\ " s, E0®n(r""'e> " jkirrn (2-"1) 11=1 ° n 

whore the subscript n refers to the nili particle and the 

summation is taken over the N particles. The energy flow 

(Poynting Vector) in direction 0 is 

? = Re Ex H*3 (2.'i2) 
S <5 s s 

where H is the scattered magnetic field, and can be 

immediately written from Maxwell's Equations as 

i -jki-Sj N a -jki-S'(t) 
Ii = £ OX G^(r,m,9)e * (2.^3) 
s l*0o *=1 

where 

- jkR^ (t)+juJt 

t^r.m.Q) = E0S^(r,n.,e) JkR (t) {2.W 
SL 

and c is the speed of light in free space. Substitution of 

equations (2,'il) and (2.^3) into equation (2.(l2) yields 

f =i-\/5Re f E t x I ox 
S 2 ^0 l_n=l n A=1 & J 

( 2 . '15 ) 

Performing the indicated vector operations and also using 

some well known vector identities, equation (2. *15) becomes 

. IeT f N N ^ jki* [R'(t)~R»(t)T] 
= £V7^ Ho E SO tn-t*e 1 * n ' 

^o Ln=i A=i 
(2.46) 
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Equation (2.46) can also be written in the following form 

*. = K|2 
^0 n=l I 

. i v S a J ?  I v » :  
* ^0 Ln=l Jftal & J 

where the prime on the last summation means that J&=n is 

excluded from the sum. 

Traditionally, the first term in equation (2.'17) is 

known as the incoherent contribution to the scattered 

energy and the second term is known as the coherent 

contribution to the scattered energy. The significance of 

each term is considered in Section 2.5) where the scattered 

energy is calculated for a random distribution of particles. 

2.h Probabilistic Formalism 

In meteorological applications, the array of N 

particles, as described previously, is composed of 

particles of various sizes, dielectric properties, and the 

particles are located at random locations by their p<?sition 

vectors, jR^(t), •••* * Thus, there is usually not 

enough information to describe this array of particles in 

a deterministic sense, so the array of particles has to be 

described in a statistical sense. It therefore becomes 

apparent that an average of the scattered energy, as given 

by equation (2.^7), has to be performed. The next question 



26 

that arises is the question of what kind of average should 

be performed, i.e., an ensemble or a time average. For the 

case in which the particles are moving about rather slowly 

so that doppler effects can be neglected, it is possible to 

assume the particles are fixed and perform an ensemble 

average over all the possible configurations. This 

physically corresponds to a time average because after a 

period of time the array of particles passes through all 

the possible configurations of the ensemble. Henceforth, 

the particles are fixed and an ensemble average is per

formed over all possible configurations of the array of N 

fixed particles. The time dependence of R (t) and R'(t) n n 

can now be dropped. 

The ensemble of particles is described by a joint 

probability density function 

P^R1,S1* ***' ^N'SN^ (2.48) 

where s refers to the scattering parameters (size and n 

dielectric properties) of the nlii particle. The joint 

probability density function satisfies the relation 

/•••/ p(R;f,s1, ..., R̂ ,sN)dR1ds1 ... d̂ dsN = 1 (2.49) 

where the integration is performed over the entire domain 

of the variables. The probability of finding the 

particles in a configuration in which particle "1" is 
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found in a volume element between R.* and + dR^ with 

scattering parameters between s^ and s^ + ds^; particle "2" 

is found in a volume element between R^ and R^ + dR^ with 
t 

scattering parameters between s^ and s2 + ds2; and so 

forth, is given by 

p^i'sl» ,,,^N'sN)dRldsl *" d^NdsN (2.50) 

In most atmospheric applications the particles are 

far enough apart so that they do not affect one another; 

that is, the position and scattering of one particle does 

not affect those same quantities of another particle. The 

particles then can be considered independent in a statis

tical sense and the joint probability density function can 

be written as 

p(R-[ ,S21 •••? ® SN^ = *** (2.51) 

The one particle joint probability density function is 

identical for all the particles and is given by 

P<3',s) (2.52) 

where the subscripts have been dropped to emphasize the 

fact that it is the same for all the particles. In 

atmospheric work it is useful to define an unnormalized 

single particle joint probability density function as 

p(R',s) = Np (R1,s) (2.53) 
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where N is the number of particles in the array. It is 

obvious that 

/ / p ( R 1 ,s') SR 1 ds t= N (2.54) 

s V 

where V is the volume which contains the particles. Also, 

the integration of p(l^',s) over the entire range of the 

scattering parameters yields the total number of particles 

per unit volume about R1 so that 

p(1*') = / p(3',s)ds (2.55) 

s 

To become more specific, the single particle 

unnormalized joint probability density function considered 

as realistic for meterological conditions considered herein 

is of the form 

p(R',s) =• Np(R')p(r)p(m) (2.56) 

where p(R'), p(r), and p(m) are the probability density 

functions for the location of the particles, size of the 

particles, and index of refraction of the particles, 

respectively. Further, it is assumed that there is equal 

probability of finding the particles anywhere in the 

volume accessible to the particles. Then p(R') must be a 

uniform probability density function and must equal 

p(R') « h (2.57) 
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It is also assumed that the collection of particles in the 

array all have the same value or at best a small range of 

values for their indices of refraction. This would allow 
t 

the probability density function for the index of refrac

tion of the particles to be given by a delta function, 

i.e., 

p(m) = 6(m-m) (2.58) 

where m is the average value of the small range of index of 

refraction values. If indeed there is only one value for 

the index of refraction of the particles, then equation 

(2.58) would be exact with m being replaced by that value 

of the index of refraction. 

Substitution of equations(2.57) and (2.58) into 

equation (2.56) yields 

p(R',s) = ~ p(r) 6(m-m) (2.59) 

N The quantity p(r) henceforth is known as the size 

distribution function and is denoted as n(r), i.e., 

n(r) - ̂  p(r) ' (2.60) 

The quantity n(r)dr is the number of particles in the 

interval dr per unit volume, and integrating this quantity 

between radii r^ and r^ yields 

r
r z  

J n(r)dr (2.6l) 
rl 
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which gives the number of particles with radii between 

r^ and r^ per unit volume. No functional dependence is 

given for n(r) at this point, because the main purpose of 

this dissertation is to develop a procedure by which n(r) 

can be found. 

The necessary mathematical machinery now has been 

developed from which the ensemble average can be performed 

for the energy flow as given by equation (2.'i7)« 

2.5 Scattering by Random Distributions 

The concepts and equations put forth in Sections 

2.3 and 2.k are used to calculate the ensemble average of 

the energy single scattered by an assemblage of N particles. 

The ensemble average or the expected value of the Poynting 

vector is given by 

E{p"s) =<Pa> - R̂ ,sN)dR̂ dSl 

... dRj^ds^j (2.62) 

where the brackethenceforth denotes the ensemble • 

average of the quantity inside it^ Substitution of 

equation (2.^7) into equation (2.62) yields 
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2 / - / \ * . \ '  • «  )dt ids 1  

§ • • 

(2.63) 

As before, it is assumed that the location and scattering 

characteristics of each particle are independent of the 

locations and scattering characteristics of the others. 

Also, the single particle joint probability density func

tion is the same for all particles. These facts allow the 
N N • 

replacement of E by N and E' by N-l. Substitution of 
n—1 J6=1 

equations (2.51) and (2.52) into equation (2,63) then 

yields 

Upon substitution of equations (2.53) and (2.65) into 

equation (2.64) » it takes the form 

Since there is an enormous number of particles 

N - 1 ~ N (2.65) 
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= h\f:7̂  o /'k I 2 P (̂ 'jS Jdif'ds <. as* 2 v |lQ 7 I n| H n' n n n 

^5 6 RB [//« 

(it'.s )p(T?' ,s Jdif'ds dlf'ds, n* n H A' J£ n n JG Zj 

jkl-dfj-lf;) 

( 2 . 6 6 )  

It is now possible to introduce physically plau

sible simplifications which reduce the complexity of the 

integrals in equation (2.66). Namely, the point of 

observation can always bo considered a large distance from 

the volume containing the assemblage of particles. This 

implies that S^(r,m,0) is essentially constant with respect 

to the integration over the scattering volume, and conse

quently it can be removed from the integration. Also, the 

term 1/R is likewise considered as constant over the 

scattering volume. Employing these simplifications and 

substituting equations (2.44) and (2.59) into equation 

(2.66) yields 

p X"1 

<̂ s> = WdF6 ~i=2 / |s(r,m,0) [2 n(r)dr 
k R 

2 

2 V ti 2—: 
k2S2 

r2 _ _ 
J S(r,m,9)n(r)dr 

!/• jk(i*^'+R) dR' (2.67) 
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whore tho subscripts on tho various variables have boon 

droppod because they stood for dummy variables of integra

tion when tho avoraging was performed. Tho quantity It in 

equation (2.67) is tho average distance of the scattering 

volume from the observation point. Tho equation for tho 

cnsoitible averaged scattered onergy is now in a form which 

is applicable for practical calculations. 

Tho first term in oquation (2.6?) represents the 

incoherent contribution to tho scattered energy and tho 

second term represents tho cohoront part of the scattering. 

It is seen from equation (2.67) that the magnitude of the 

coherent scattering is dopondent on the following intogral 

jo ik(£-if'+n) d!?, (2.68) 

It is seen from oquation (2.68) that because of the 

oscillatory nature of the exponential, the integral is 

essentially equal to zero. 

Thus, based on the above arguments, the coherent 

contribution is negligible and consequently the ensemble 

averaged scattered energy is given by the incoherent 

component 

/jf" E2V £2 
<?s> = i 6 "1=2 / |̂ (r,m,0)| n(r)dr (2.69) 

r0 k R r^ 
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It is inoro practical Tor applications horoin to speak of 

the Qiisotnble averaged scattorod energy per unit volumo. 

This is obviously accomplished by dividing both sides of 

equation (2.69) by V with the result 

2 JT 

< £ >  .  W S  4 %  f Z  |?(r,i.,,S)| 2n(r)dr (2.70) 
V k¥ v± 

1 

Equation (2.70) is used as the model for expressing the 

Stokes parameters on a per unit volume basis as presented 

in the next section. To simplify the notation, R and m 

have been replaced by R and m, respectively. 

2.5.1 Stokes Parameters for Mie and Rayleigh 
Scattering 

Using equations (2.21) and (2.70) as models, the 

ensemble averaged Stokes parameters per unit volume for the 

energy scattered by a collection of N particles can be 

written down by inspection as 

« f2 

CJsi> = 2 2 J im»0)n(r)dr (2..71) 
k R 

f M1(r,in,0)n(r)dr (2.72) 
lc R x*. 
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xu* r2  
< 1 a u > " 7 t a T  J  S21(r,m,0)n(r)«lr 

k k r 
X 

iv 
y o 

k R 

r2  
J l>21(r ,m,0)n(r )dr (2.73) 

I
i f *  <ISV> • ̂ 2 / Bal<«-.m.8)n(r)dr 

I. /»2 
+ • / Srjl (r ,m,0)ii(r )dr 
k R r 

(2.7'0 

wlioro M , Mg, S0^, and oro tho olomonts of tho single 

particle transformntion matrix and nro given by equations 

{2.23)i (2.24), (2.23)) and (2.26), respoctivoly. The 

transformation matrix is given by 

I  <M2> 0  

<M1> 
o 

o 

o 

o 

o 

<S21> 

<°21> 

<°21> 

(2.75) 

where 

r2  
<M-j> = J  M (r,in,9)n(r) dr ( 2 . 7 6 )  

= J* M2(r,m,0)n(r)dr 
rl 

(2.77) 
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<S > = / S21(r,m,e)n(i')dr (2.78) 
rl 

r>2 

r>2 
<D2i> = / D121(r1iii,G)n(r)dr (2.79) 

rl 

As mentioned earlier, the discussion is centered on 

particles which are small compared to wavelength, known as 

Rayleigh particles, and those of size on the order of a 

wavelength, known as Mie or aerosol particlcs. It is 

advantageous when possible to divide the particles up into 

these two regimes. One advantage is the fact that particles 

in the Rayleigh range can be described mathematically with

out using the complicated Mie series. A more subtle reason 

for dividing the particles up into these two regimes is the 

fact that n(r) is rarely known for particles over the entire 

size spectrum. However, the Rayleigh scattering equations 

circumvent the need to know n(r) in this range. It is then 

necessary to determine n(r) only in the Mie range, this 

being the primary goal of this dissertation. 

The equations (2.7l) through (2.7'0 are valid for 

the Mie range and henceforth are known as the aerosol 

Stokes parameters per unit volume. The Rayleigh Stokes 

parameters per unit volume are related to the input Stokes 

parameters via the following matrix relation (Herman, 

1963) 
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'cos 9 

3C sea 

8TTR' 

\ 0 

0 1 

o 0 

4 

0 

0 

0 

cosO 

0 

(2.80 

cos 

where C is the total "scattering cross section per unit SCQ 

volume. Elterman (1964) presents tables for C under sea 

typical atmospheric conditions for various values of wave

lengths and altitudes. 

2.5.2 Plane of Polarization and Ellipticity 

The equations for the ellipticity and plane of 

polarization for the field scattered by a collection of 

particles can be found by substituting the appropriate 

equations set forth in Section 2,5.1 into equations (2.28) 

and (2.30). The plane of polarization is given by 

tan2X = 
<i(M,> +<i(R)> ^ ^ SU su 

<Js"'> - C1̂  - <Isr'> -<I
(R)> N sr ̂  

( 2 . 8 1 )  

and the ellipticity by 
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tanP = * [V(<Ii">>+<Î )>-<I3r)><Isr,>] 2 

+ (-<?« WiSN 2+ (<?ivW^) 2 

"  V ( ^ s f X ^ i ^ - ^ s r ' > )  2 + ( < i s u ) > + < I s u ) > )  2 ]  

ŝv ̂>+<:?sv ̂  

( 2 . 8 2 )  

where the superscripts M and R stand for Mie and Rayleigh, 

respectively. The Mie and Rayleigh contributions are given 

by equations (2.71) through (2.74) and equation (2.80), 

respectively. 

2.5.3 Cross Sections 

an angular scattering cross section for each Stokes 

parameter. Using equation (2.39) and averaging over the 

size distribution, the Mie angular scattering cross sections 

per unit volume can be shown to be given by 

where the subscript i denotes the Stokes parameter. The 

single particle angular scattering cross sections, 

For later applications, it is beneficial to define 

r 

(2.83) 

are given by the following 

(©,0)  ( 2 . 8 k )  
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h-rx 
\ (o,*> = ̂  I;r M (2.85) 

k 

o£M)<Q,«T> = [l!uS21 - I.vD21] (2.86) 

t 

4M)(0,fO = Jl [liuDai + I!vS2J (2.87) 

* 

where (1^) is the normalized input Stokes parameter matrix, 

that is 

(I!) = ig- (I.) (2.88) 
1 «§ ^ 

The Rayleigh angular scattering cross sections per 

unit volume for each Stokes parameter can be shown to be 

given by 

p<E)(e,0) = §- csca cos2e (2.89) 

^R)O,0> = f- Csca ijr <2-90) 

piR)(e,0) = f- csca iiu cose (2.9i> 

P<R)(9,0) = C I! cos© (2.92) Kv ' ̂ 2 sea iv 

The total angular scattering cross sections per 

unit volume can be written as a sum of the Mie and Rayleigh 

cross sections, i.e., 

f3*T)(©,0) = p<R)<0,0) + p£M)(©,0) (2.93) 
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0̂ T)(9,0) = (3̂ R)(9,(20 + P̂ .M)(0,<2O (2.9̂ ) 

p̂ T)(9,0) = p̂ R)(0,0) + P̂ M)(0,0) (2.95) 

P^T>(9,0) = p|R)(0,0) + p|M)(9,0) (2.96) 

The extinction cross section per unit volume can be 

expressed as 

r2 

"ext = / Cext(r) n(r) dr (2-97) 

o 

where ̂  .j.(r) i-s given by equation (2.35)* No attempt is 

made to separate the Rayleigh and Mie components of the 

extinction cross section. As before, r^ is the upper limit 

for the size of the particle range considered. 



CHAPTER 3 

THE BIST'ATIC LIDAR SYSTEM 

3.1 Introduction 

In this chapter,-the scattering results presented 

in Chapter 2 are applied to a physical device known as a 

bistatic Lidar system. A Lidar system is merely the 

optical analog of a Radar system. Most of the techniques 

developed for Radar analysis are easily applicable to the 

Lidar system. Although no experimental results are pre

sented in this dissertation, the Lidar system is the 

physical system by which the theoretical results presented 

herein are to be implemented. Therefore, the discussion is 

closely tailored to the theoretical development of the 

mathematical equations describing the operation and limita

tions of the bistatic Lidar system. 

Lidar operation is based on the scattering, 

extinction, and absorption effects of the particles in the 

atmosphere as the pulse of light emitted by the Lidar system 

passes through the atmosphere. The.Lidar system has the 

capability of measuring quantities such as the Stokes 

parameters, ellipticity, total intensity, etc., which are 

associated with the passage of this light pulse through the 

atmosphere. These measurements are ultimately used to 

hi  
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infer something about the physical properties of the 

atmospheric particles which are described statistically by 

the particle size distribution. Since all the quantities 
I * 

of interest (ellipticity, intensity, etc.) can be deter

mined by equations involving the Stokes parameters, the 

goal of this chapter is to determine the mathematical 

equations for the Stokes parameters as they relate to the 

bistatic Lidar system. 

Section 3*2 describes in the most basic sense the 

physical apparatus associated with the bistatic Lidar 

system. A brief discussion is also presented on how the 

Stokes parameters are measured. 

In Section 3*3* the bistatic Lidar transmission 

equations for the Stokes parameters are presented. It is 

a self-contained discussion, and graphs are given for 

pertinent equations. 

The system noise introduced by various sources is 

discussed in Section 3*^« The variance and rms values of 

the shot-noise introduced by the photomultiplier tube are 

derived. An equation for the aerosol signal-to-noise 

ratio is also defined. 

3.2 System Characteristics and Specifications 

The bistatic Lidar system considered in this 

section is the University of Arizona bistatic Lidar system 

currently under development. No attempt is made to give an 
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exhaustive description of the system components as this is 

given in a detailed treatment by Webster (1970). The 

results presented are easily applicable to other systems. 

The basic model of the system is illustrated by the 

block diagram of Figure 3*1• The transmitter is a ruby 

laser which is capable of producing Q-switched pulses of 

about 20 nanoseconds duration with a peak power output on 

the order of 100 megawatts. The laser is water cooled and 

is capable of a repetition rate of about one pulse every 5 

seconds with pulse uniformity of around 5%. The output of 

the laser transmitter is collimatcd by the transmitter 

optical antenna to reduce the beam divergence. The trans

mitter optical antenna is a Galilean telescope which is 

shown in Figure 3*3* This telescope is designed so that 

the half power angle of the transmitted beam is less than 

one milliradian full angle. The receiver optical antenna 

is an 8-inch Cassegrain telescope that gathers the scattered 

light and focuses it onto the face of the optical receiver. 

A diagram of the receiver optical antenna is shown in 

Figure 3*^* This telescope has a one degree field-of-

vi ew. 

The polarimeter basically consists of a retardation 

plate and a polarizer. The retardation plate subjects one 

of the components of the incoming field to a phase shift, 

e, with respect to the other component. The plane of 

polarization of the polarizer makes an angle x with respect 
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to tho scattering piano (soo Klguro 2.2). The Intensity of 

tho light, aftor passing through tho polariniotor, is 

oxprossod as 

1(9,X,e) « Iflje cos
2x + Xflr sin2x 

+ (I cose - I sine) co«x slnx (3«l) 
8U fl v 

It is soon fx-om equation (3*1) that tho various components 

of tho Stoleos parameters aro obtainod by varying tho values 

of X Qnc* e in tho following fashion: 

1. 

2 .  

3. 

'i. 

It should be noted that x can ^o selected at will, but the 

value of e is fixed by the material of the retardation 

plate and the wavelength of the light. It is convenient to 

Por X - 01 e =0 

IBZ n 1(6,0,0) (3.2) 

71 
For X = "5*, e = 0 

*sr = Ke.f.O) (3-3) 

Por X = 7T» e - 0 

I a I , + I - 21 (6 ,77"*0) su sj& sr * (3-^) 

For x = 7p c « \ 

I = I . + I + 21(9,x»5) 
sv bJL sr ''i'2 (3.5) 
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uso u roturdation plato with c = Tp Krom the abovo discus-

sion, it is soon that it requires four moasuromonts to 

dotormino al.l. four Stokos parnmotors. 

After tho light passes through tlio polarimotor it 

enters tho optical rocoivor. A block diagram of tho optical 

rocoivor is shown in Figure 3.2. It consists of an optical 

bandpass filter and a photomultiplier tube. Tho light 

entering tho optical rocoivor first passes through the 

optical bandpass filter, which servos to rojoct background 

radiation. Tho filtoi-ocl light tlion impinges upon tho face 

of tho photomultiplier tube. The photomultiplior tubo 

serves a dual purpose; it acts as an amplifier to amplify 

tho weak received signal and it also acts as a squaro-law 

detector. Tho photomultiplier tube thus produces an 

amplified signal proportional to the time average of tho 

instantaneous intensity. 

A lowpass electrical filter which proceeds tho 

recording electronics is used to reject the noise in the 

signal brought about by shot-noise injected by the photo

multiplier tube. It should be pointed out that this low-

pass filter could merely consist of a resistor put across 

the output terminals of the photomultiplier. The photo

multiplier and recording electronics have enough capactive 

effects associated with them to produce an effective 

capacitor across the photomultiplier's output terminals. 
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This offoctivo capacitor, along with tho addod output 

resistor, producos tho lowpass flltor. 

Tho recording oloctronics consist of «n oscillo-

scopo camora arrangomont and an A-D (analog to digital) 
% 

converter. Tho output of systom can bo conveniently dis

played by an oscilloscopa presentation, and, by using a 
% 

camera, permanent records of singlo-shot scopo traces may 

bo obtained. Tho A-D converter digitizos the waveform 

and records tho saitiplod data on magnetic tapo* 

3.3 Bistatic Lidar Transmission Equation 

3«3»1 Preliminary Discussion 

As mentioned earlier, a Lidar system is mox-oly the 

optical analog of a Radar system, so naturally the mathe

matical development presented in this section proceeds 

along tho same lines as is usually used for a bistatic 

Radar* system. Also, an effort is made to develop the 

bistatic Lidar transmission equation in such a way that the 

mathematical machinery set forth in Chapter 2 can be 
t 

employed in a logical fashion. 

Since the particles in the atmosphere are usually 

moving slowly enough so that doppler effects can be 

neglected, it becomes beneficial to define what is hence

forth known as instantaneous power. The optical receiver, 

as mentioned earlier, is a square-law detector whose output 

is time averaged over a small time interval. It is 
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possible to assume the amplitude of the received energy is 

constant over this small time interval. The received 

power, time averaged over this small time interval, is 

called the instantaneous received power. 

The instantaneous received power will fluctuate 

with range, and it will also fluctuate from shot-to-shot. 
« 

The fluctuation is due to the fact that the particles are 

constantly reshuffling themselves as the pulse is propa

gating through them. The particles will essentially 

reshuffle themselves into a new and independent assemblage 

of scatterers in a time interval corresponding to the time 

it takes the pulse to move by its own width (Smith, 1965a). 

This fluctuation is usually described in a statistical 

sense by a Rayleigh distribution (Smith, 1965b). It is 

interesting to note that Lidar returns reported in the 

literature typically show fluctuations much smaller than 

would be expected of a Rayleigh distributed signal. The 

presently accepted explanation is that the receiver optical 

antenna's receiving surface (aperture) is composed of a sum 

of independent coherent areas. (This is contrasted with 

the microwave case in which the coherent area is essen

tially equal to the physical area of the receiving surface.) 

Each of these coherent areas "sees" a different part of the 

scattering volume, and therefore each coherent cell 

"captures" a value of energy associated with that part of 

the scattering volume that it "sees." The image formed on 
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the optical receiver's surface is then an incoherent summa

tion of the energy values and, consequently the fluctua

tions tend to be smoothed out. Ross (1966) presents a 

fairly complete discussion of the concept of coherent areas 

as mentioned above. 

Since the fluctuations are smoothed out, it appears 
% 

possible (neglecting other effects such as photomultiplier 

tube shot-noise) to use single-shot observations. However, 

even though these fluctuations are smoothed out, there is 

still some error associated with single-shot observations. 

Under meteorological conditions which do not change 

appreciably from shot-to-shot, this error can be further 

averaged out. This leads to the definition of the averaged 

received power at a given range. The average of the 

instantaneous received power over many shots corresponds 

to the average received power. The average over many shots 

represents, in a statistical sense, an ensemble average or 

an expected value as defined by equation (2.62). It can be 

approximated by a sample mean at a range R^, by 

Pr<V - 51 Prm>(V (3-6) 
III a 1 

with a sample variance given by 

2 s "  i f c  "  P r < v ] 2  < 3 - 7 )  
111 = 1 L. J 
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(m) 
where P^ is the received power at range for the mU> 

shot, and M is the number of samples, or, in this case, the 

number of shots. The sample mean is illustrated in 

t 

Figure 3*5* 

3 » 3 » 2  P u l s e d  T r a n s m i s s i o n  

In the case of a "Lidar system, the laser trans

mitter emits a very short, intense, linearly polarized 

pulse of light which has a Gaussian amplitude distribution. 

This is contrasted with the case of a steady-state, 

linearly polarized incident plane wave of Chapter 2. The 

results of Chapter 2 apply, however, because: 

1. The conventional narrow-band condition applies, 

which means the contribution of the jib scatterer to 

the total scattered field is just a delayed and 

attenuated replica of the transmitted waveform in 

the time domain. 

2 .  The scattering of a beam wave with a Gaussian 

amplitude distribution is approximated very well by 

the scattering of a plane wave as long as the 

dimension of the scatterer is small compared to the 

size of the beam (Morita, 1968). 

For pulsed transmission, the coherent contribution 

to the scattered energy can be neglected for essentially 

the same reasons as presented in Chapter 2. It is only 

necessary to consider coherent scattering when the rise 
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time of the transmitted pulse is of the order of the 

reciprocal of the carrier frequency of the transmitted 

pulse (Siegert and Goldstein, 1951)* This condition is not 
f 

met for laser pulses considered here. 

3*3*3 Theoretical Development 

The link geometry associated with the bistatic 

Lidar system is shown in Figure 3*6. The scattering plane 

is defined by 0 = 90°. The transmitter optical antenna is 

denoted by T, and the receiver optical antenna by R. They 

are separated by a distance L. The angles of inclination 

of the transmitter and receiver optical antennas are 

denoted by a and (3, respectively. The overlap volume 

common to both beams of the optical antennas is called the 

common volume and is shown by the shaded section in 

Figure 3*6. 

The derivation of the bistatic Lidar equation 

generally follows along the lines of a treatment given by 

Eccles and Rogers (1968) for a bistatic Radar system. 

However, there are some cases in which their equations are 

not applicable. Therefore, it is beneficial to present a 

self-contained derivation of the bistatic Lidar equation. 

In considering scattering from an assemblage of 

particles for pulsed transmission, it is necessary to speak 

of an instantaneous scattering volume. The instantaneous 

scattering volume is determined by: 



COMMON 

^ VOLUME 

Figure 3*6 Bistatic Lidar Link Geometry 



55 

1. The common volume as determined by the angles of 

inclination and beamwidths of the transmitter and 

receiver optical antennas. 
t 

2. Those particles that are scattering energy to the 

receiver at the same instant of time. 

A precise determination of the instantaneous scattering 

volume can be achieved rather easily. An enlargement of 

the common volume of the transmitter and receiver beams is 

shown by Figure 3«7« The ranges of the scatterers located 

in the instantaneous scattering volume from the optical 

transmitter and receiver antennas are denoted by and R^, 

respectively. The ranges, R' and R' , are specially 

designated since they are measured along the bisector of 

the beamwidths of the optical antennas. The instantaneous 

scattering volume is defined by the rear of the pulse for 

scatterers located by the ellipse 

R. + R = constant (3«8) 

and from the front of the pulse for scatterers located by 

the ellipse 

R. + R = constant + H (3-9) t r J ' 

The quantity H in equation (3*9) is the length of the 

pulse, and it is given by 

H = Tc (3^10) 
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where T is the pulse duration and c is the speed of light. 

This volume is shown by the shaded slice in Figure 3»7* 

Any particle located by R. and R in this volume scatters 
i 

onergy to the receiver at the same instant of time. 

Because of the large values of R. and R as compared to the b JT 

common volume depth, the ellipse equations, as defined by 

equations (3*8) and (3*9)» are essentially straight lines 

over the common volume. The instantaneous scattering 

volume can then be thought of as a packet of light moving 

in a direction parallel to the bisoctor of the angle 

between a and p. For the case in which a » p, the 

instantaneous scattering volume moves vertically through 

the common volume. 

The plot of the averaged received power as a 

function of time should obviously be in the form of a 

pulse with a rise time that corresponds to when the 

instantaneous scattering volume is entering the common 

volume; a relatively flat portion for which the instan

taneous scattering volume is contained entirely in the 

common volume; and a fall time that corresponds to when 

the instantaneous scattering volume is leaving the common 

volume. Due to geometrical difficulties encountered, the 

analytical expression for the bistatic Lidar equation is 

derived only for the case in which the instantaneous 

scattering volume is entirely contained within the common 

volume. 
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With tho above in mind, the power incident on a 

small element of area, dA, at a range, from the 

transmitter optical antenna is given by 
9 

P, TJa) G, If,(e,,0.)|2 dA 
dP, = t loss t 1 t t^t I (3<3L1) 

1 kn R* 

where P^ = peak powor transmitted by the laser 

T (a )  
-csca t (Xoxt^1 ^ ^ 

1 | p = the gain of the 

= o » atmospheric 
loss 1 

attenuation over tho path length 

h - altitude above the ground 

dQ 

transmitter optical antenna 

ft(©t»^t^ = P3^"4-01711 function of the trans

mitter optical antenna 

0^,0^ = angles measured with respect to the 

bisector of the beamwidth of the 

transmitter optical antenna and they 

lie in mutually perpendicular planes. 

The average power scattered from a volume element, 

dR^ dA, in the direction 9 for each Stokes parameter is 

given by 

dPi (T) 
d<Psi> = air Pi '(G) dA dRr (3.12) 
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whoro 1 donotos oithor tho i, r, v, or ulii cotnponont of tho 

(T) 
Stokos paramotors and 3^ Is tho total angular scattering 

cross soction per unit volume for tho iUi Stokos paruniotor 

and it is given by equations (2.93) through (2.96). At tho 

rocoivor optical untonna, tho power recolvod from tho 

element of volume, dAdll , is 1 R J 

.̂î r rr<ar>0r> 2 T<P> 
( 3 . 1 3 )  

4(11 rJ> = lilt rt2 
r 

whore A = tho physical area of tho rocoivor r 

optical antonna's aperturo 

f (0 ,0 ) - tho pattern function of tho rocoivor r r * * r ' 

optical antenna 

9ri0r = angles nioasured with respect to the 

bisector of the boamwidth of tho 

receiver optical antenna and they 

lie in mutually perpendicular planes 

-csc(3 f1 ,' 

T((3) = e  ̂ = atmospheric 
loss 

attenuation over the path length. 

Substitution of equations (3.11) and (3.12) into equation 

(3*13) yields 

2 , „  , 2  ,  ;  a ( T )  dAdR G4 r t tr|frr T(a) T(p) pr'tou p 
X\ 1 r I loss loss x r t 

d<pri> ! ZYU (3-l4) 
l 6 n  nf R t r 
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Equation (3*l'0 cun bo writ tori in torms of tho Stokos 

pnramotor compononts via tho matrix relationship 

<r)(e) d<fr*> 

rr> 

d<Pra> 

;,<Prv> 

dAdR P,G, r t t loss 

l6n2 rtf R2 t r 

P< T ) < e >  

C ' (B> 

pf»(0) 

(3.15) 

whore T  = *r ( A )  T ( (3 )  .  
loss loss loss 

Tho term T ,  represents the total loss of energy loss 1 

of the laser pulse as it propagates through the atmosphere 

from tho transmitter optical antenna to the receiver 

optical antenna. It accounts for energy loss due to both 

absorption and scattering and is given by 

rh 
-(csccx + cscp) J ^extfh'Jdh1 

T = e ° (3.16) 
loss 

The loss of energy due to nonperfect transmitting and 

receiving optical equipment can be assumed to be negligible, 

It is assumed throughout the course of this dissertation 

that T^qss is a known quantity. There are tables available 

in the literature (Elterman, 1968) that list T loss as a 

function of path length under standard atmospheric condi

tions. Also, a research program is underway at The 
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University of Arizona (Shaw. .1.970) t;o dotormino T. for J.Ooo 

vnx'ious atmouphoric conditions. 

Tho average powor rocoivod from tho instantaneous 

scuttaring volumo for ouch Stokos paramotor is found by 

integrating aquation (3.13) ovor tho goometrica.l axtont of 

tho instantaneous scattoring volumo, i.o., 

. . .  p t V l o . . A r  f  l f t | 2 | f r | 2  P i T ) ( 8 )  
j n  j ,  

<Pri> " 7772 J Z2—5 dnrdA 

l6" instan. Rt Kr 
scattering j-J 
volumo 

Since tho scattoring volumo is small comparod with tlie 

ranges, R, and R , it is permissible to set L X* 

Rt £ R^ (3.18) 

and 

n « R< (3.19) 
r r 

Prom tho bistatic link geometry, it is seen that 

R' sinB = R' sina (3«20) 
r r t 

(T) 
It is further feasible to assume that 6. (0) does not x 

change significantly over the instantaneous scattering 

volume, since the beanwidth of the receiver optical 

antenna is small. The scattering angle, ©, is then given 

by 

Q = a + p (3*21) 
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Substitution of equations (3»l8) through (3.21) into 

equation (3*17) yields 

P. G. T.. A PF ̂  (9) sin2(X - 00 
<p = pS r/, 5 f If, I If f dR dA 

r l6u R' sin, P J. I *11 rl r 

r  x n s t *  
scattering (3.22) 
volume " 

2 
The quantity dA/R^ is the element of solid angle, d{^, 

subtended by the element of area, dA. I-lence, dA can be 

written as 

dA = R̂ dar (3.23) 

where dG^d^. The application of equation (3*19) 

gives 

dA = R '2 d© d0 (3-24) 
r r * r ^ 

Substitution of equation (3*24) into equation (3*22) 

yields 

P.G.T.. A B^^(0)sin2a « 
p . _ t t loss r*i f 
ri^ ~ ,,2 „,2 . 2q J 1671 R1 sm 0 . , 

r r instan. 
scattering 
volume 

f r 
2dRrdOrd0r (3-25) 

To evaluate the integral in equation (3*25) it is necessary 

to determine the limits of integration and the angles 

(G.,0.) in terms of (e ,0 ). 
XX X* X* 
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From Figure 3*8? it is seen that the range element, 

dR^, has to be integrated over the distance AR. The 

distance AR is found by applying the ellipse equations 

(equations [3*81 and [3*9]) in the forms 

R' + R1 = constant (3 • 26) t r 

and 

R' + AR, + R' + AR = constant + H (3.2?) 
t t r r 

where AR^ and AR^ are shown in Figure 3*8. Substitution of 

equation (3*26) into (3•27) yields 

ARt + ARr = H (3-28) 

From Figure 3*8 it is seen that 

ARr = ARtcos[7i-(cx+P) ] = -ARtcos(a+p) (3.29) 

Substitution of equation (3*29) into equation (3*28) gives 

iRt g l-co"(tt+E) <3-3°) 

Now from Figure 3*8 it is seen that AR^ = AR, so.the 

desired result is 

m = 1-cos(a+p) (3.31) 

The integral over the range element can be immediately 

given as 

/dRr = 1-cos (a+p) (3-32) 
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R 

Figure 3*8 Enlargement of the Instantaneous Scattering 
Volume from which the Range Element AR is Found 
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The integration limits for 0 and 0 can only be 

specified once the transformation for 9^ and 0^ in terms of 

©r and has been derived. However, by physical insight, 

the instantaneous scattering volume is not limited by the 

beamwidth of the transmitter optical antenna as shown by 

previous pictures. The transmitted beam can be assumed to 

have a Gaussian distribution, which is depicted mathe

matically by setting the pattern function for the trans

mitter equal to 

9 

= e 

0 

6 (3.33) 

where 

O; 
Y = 1  !Un2 

(3.34) 

62 = (3-35) 

The quantities 0^ and are the mutually perpendicular 

beamwidths of the transmitter optical antenna. Since the 

receiver optical antenna is a telescope, it is possible to 

give its pattern function as 
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f (9 ,0 ) r r'*r 
2 "0r ©r = i for < er < _ 

$ 
-T< f r < r  ( 3 - 3 6 )  

where 0^ and are its mutually perpendicular beamwidths. 

As a result of equations (3*33) and (3*36), it is possible 

to say that the instantaneous scattering volume completely 

fills the beamwidth of the receiver optical antenna. 

Consequently, 9 and 0 are integrated over the entire r x* 

beamwidth of the receiver optical antenna. 

The relation for 9. in terms of 9 is found by a t r J 

consideration of Figure 3.7 and Figure 3*9* From Figure 

3.7 it is seen that 

Rtsin(a+9t) = Rrsin((3-9r) (3-37) 

The approximations R^_ ~ R_£ and R^ ~ R^ can not be used in 

the derivation of 9^ in terms of 9^ because these approxima 

tions are in essence implying that 9^ = 9r = 0. To find 

the relations for R, and R in terms of R' and R', respec-t r t r' ^ 

tively, it is necessary to realize that the thickness of 

the instantaneous scattering volume appears deceptively 

large in the figures presented. In'reality, when compared 

to the ranges, R^ and R^, the thickness is very small. 

This fact allows R^ and R^ to be approximated by consider

ing ranges only to the front edge of the instantaneous 

scattering volume. With the above in mind, from Figure 3*9 
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PERPENDICULAR BISECTOR OF THE 
ANGLE BETWEEN A AND /3 . 
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I  

Figure 3*9 Enlargement of the Instantaneous Scattering 
Volume from which the Transformation for 9^ 
is Determined 
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it is easily seen "that R, and R can be written in terms of "C I* 

R' and R• as r t 

Et • Ri 
0 

1 - T-
t an Z±R 

(3-38) 

and 

R = R • r 

e 
1 ' + 

tan 

r 
a+r 

(3.39) 

The substitution of equations (3.38)1 (3*39)» and (3.20) 

2 into equation (3-37) and dropping 9 terms, yields the 

desired result 

9, = G a 
t r 

(3.^0) 

where 

tan 
1 -

q+(3 
2 

a -
t an(3 

tan 
q+p 
2 

(3. 'U) 

tana - 1 

The expression for 0^ in terms of 0r is seen from 

the bistatic link geometry to be 

0. R= 0 R' t r r (3.^2) 

Substitution of equation (3*20) into equation (3»^2) yields 

the desired result 

0, = 0 b t  r  (3-^3) 
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where 

b = s iiia 
sinP 

Substitution of equations (3*32) through (3 • 4't) 

into equation (3*25) yields 

<3. W 

P.6,T A (e)sin2a H 
p . t t loss rKi 

r"*" l67i2R'2sin2p[ 1-cos (a+P) ] 

-a 

If 
e 2 -b 

2 **r 
dQ d0 r * r 

beamwidth 
of receiver 

(3-'*5) 

The only problem left is to perform the integral over the 

beamwidth of the receiver optical antenna. It is given by 

Ka,P) = 

®£ V 
2 /• 

• / .V: "Qr 
2 

^ - 9
2  

ft r 

£ - 92 
r 

-a 

V2 
9 -b 

<2 $*: 

d0 dl r r 

(3.^6) 

The 0^ dependence can be integrated in a straightforward 

fashion with the result 

0. 

I(cx,p) = VTI 6 
2b / 

-0. 
erf 6 V 

4r 
TT" - 0 

2 2 -a 9 r 

d6 (3.2*7) 



70 

where orf is tho error function. Equation (3 • 'i7) must ba 

intogratod numerically, which is not too difficult a task. 

However^ it is felt that since tho Gaussian factor under 

tho integral bocomes negligible outside tho boainwidth of 

tho receiver optical antonna, it is valid to replace tho 

integration over tho boainwidth by infinite limits. Equa-
» 

tion (3*46) can then bo written as 

P 2 
00 a2 zhl r/2 f f 2 r 2 r 

I(a,p) = I I oY o6 d9rd0r (3- 'i8) 

- 00 

which can be intogratod easily with the result 

I(a,3) = ̂  o:49) 

It should bo stressed that equation (3*^8) is valid only 

when tho instantaneous scattering volume is entirely inside 

the common volume, and preferably near the center of the 

common volume. 

Substitution of equation (3*'*9) into equation 

(3.'±5) yields 

P.G, t. A p!T)(0) II 6y sina 
t". t t loss r^i ' 
\ — o o (3*50) 

al6u sinp[1-cos(a+p)3 

At this point it is convenient to find an analytical 

expression for the gain of the transmitter optical antenna. 

The gain is given by 
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Gt " "it 2rc (3-5D 

2dfi 

o o 

For the roasons expressed oarlior, the finite limits can bo 
i 

replacod by infiiiito limits. Upon substitution of equation 

(3*33) into equation ( 3 «,51) , it bocomos 

Gt - = (3-52) 

// ' * 
00 

2 ,2 
oY o detd0t 

with tho result 

Gt = (3;53) 

2 It i3 also convenient to express in terms of the 

height above the ground, and IM is related to h via 

The substitution of equations (3*53) and ( 3 - 5'l) 

into equation (3*50) gives the desired result for the 

average power in each Stokes parameter as 

PtTlos.ArPiT)(9) H° 
<Pri> " ' , (3-55) 

h 
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whor o 

fl(ot,p) = sinCX. slnp 
'iTlLl-cos (a+p) ] 

tan a+3 2 
tnnCX - X 

tan 
1 - tanp 

(3.56) 

It should bo i*oltoratad again, that equation (3*55) is 

valid only whan tho instantanooufl scattering volume is 

entirely contained within tho common volume. 

To soo how varios as tho anglos of inclina

tion are changed, the quantity 'l7i;ft-(a,p) was plotted as a 

function of 0. To plot (ntfl (a,(3) vorsus 9, it is necossary 

to havo an aquation giving a or p in terms of the height, 

tho separation distance between tho transmitter and receiver 

optical antennas, and tho scattering angle. From tho 

bistatic link geomotry it is possible to show that a or P 

are related to thoso quantities via 

tan IS) • 
T7 tan0 h jf "̂ yî tansĵ  - 'itan© tanO + T" n 

2 jtanO + ̂  
(3.57) 

where the " and correspond to a and P, respectively. 

In deriving equation (3«57), it was assumed the transmitter 

and receiver optical antennas are at the same elevation. 

If typical values of h=lkm and La9km are considered, then 

a = P when 0 = 25®* As the scattering volume is moved at a 

constant altitude to the left of this point, 0 increases 
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to lOO® and hll ft is givon by tho dottod lino in Figure 3.10. 

As tho scattering volume is moved nt u constant altitude to 

tho right of this point, 0 incroasos to l80° and '171(1 is 

givon by tho solid lino in Figuro 3*10. For tho values of 
% 

h and L choson, 0 can not got smaller than 25°c 

Figure 3*11 shows a typical plot of tho normalized 

avorago power as tho instantanoous scattering volume movos 

(T) 
through the common volume. It was assumed that (3^ (©) was 

essontially constant versus altitude for this graph. 

Equation (3*55) is valid in the flat portion. 

3.^ Systom Noise 

There are two primary sources of noise which impair 

tho systom performance. Thoy are background radiation and 

shot-noiso introduced by tho photoinultiplier tube. Back

ground radiation can bo effectively discriminated against 

by a narrowband optical filter and by using the Lidar 

system at night. Also, tho background radiation is 

relatively constant, and consequently would create a DC 

component in the receiver electronics which could effec

tively be bloclccd. Thus, background radiation is assumed 

to be negligible and is not considered as a noise source in 

this discussion. The interested reader is referred to 

Reagan (1968a) for calculations of background radiation 

power. 
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Figure 3•10 Plot of (a, (3) as a Function of the 
Scattering Angle 



.16/4 *- .16 fj. 

TIME (I0"6 SEC) 

Plot of the Normalized Average Received Power as the Instantaneous 
Scattering Volume Moves Through the Common Volume — Webster (1970) 
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The photomultiplier tube introduces shot-noise 

because the number of electrons that are knocked off the 

cathode by the input signal, during a period of time, is 
F ' 

Poisson distributed. There are two factors (neglecting 

background radiation) that contribute to shot-noise, namely 

dark current and signal current. The dark current contribu 

tion for Lidar signals received from the lower troposphere 

can be shown to be negligible (Re.agan, 1968a). Thus, 

interest is centered in this section with determining the 

mean value, variance, and nns value for a signal with a 

time dependence as shown in Figur'e . 3 • 11» which is corrupted 

by the shot-noise. 

A complete discussion of photomultiplier tubes is 

found in the RCA Technical Manual PT-60. In a basic sense, 

a photomultiplier can be described by the signal equivalent 

circuits shown in Figure 3.12. Obviously, the models for 

the photomultiplier tube act as a lowpass RC filter. The 

impulse response of the RC filter is designated as h^(t) 

and is given by 

-t 
JJ Q 

hT(t) = eLL for 0 < t < T (3-58) 
L L 

h,p(t) = 0 elsewhere (3*59) 
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(a) Current Equivalent Circuit 

-vAAA 
Ri 

CL V 

(b) Voltage Equivalent Circuit 

Figure 3*12 Signal Equivalent Circuits for a Photomulti-
plier Tube 
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where T is the time duration of the input current or 

voltage pulse. It is seen from Figure 3«H that T is 

typically around one microsecond. It is also assumed in 

this section that the input pulse is perfectly rectangular. 

The detector current (anode current) is composed of 

Poisson impulses of electronic charge e occurring at a 

constant average rate of Ne per second. It is given by 

N 
i . = (ie S 6 (t-t ) (3.60) si r _ 11 n=l 

or in terms of the input voltage 

N 
v . = R. e(i S 6 (t-t ) (3.61) 
s 1 L ̂  _ n n=l 

where the subscript i refers the appropriate Stokes 

parameter and is the amplification factor of the photo-

multiplier. The voltage output of the filter is given by 

00 

v. = / h™(t)v .(T-t)dt (3.62) 
x J T sx x 

'0 

To find the average output voltage, the expected 

value of v^ is taken, i.e., 

T 

ECV±3 = E{vsi(T-t)3 I hT(t)dt (3.63) 

0 
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The term E[v .(T-t)} was taken out from under the integral S X 

in equation (3*63) because the signal is stationary. Since 

v . is a Poisson distributed random variable, it is an easy 
sx ' 

matter to show that 

E[ v .(T-t) 3 = N , Rt e|L (3-64) 
si ei 1> ^ 

Using equation (3.64) in equation (3*63)» and performing 

the integration of h,p(t) yields 

-T 
_ f 

E[ v. ) = V. = N . R e\L 
v  1  *  t  n i l . *  

, Vl 1-e (3.65) 

where the symbol henceforth will mean the average of v^. 

Typically, for bistatic Lidar systems, T/R^C^ is around 25 

-t/Rlcl 
or so. This means that e is negligible with respect 

to 1, and consequently equation (3*65) becomes 

V. s N .R. eU, (3.66) 
1 ei L r 

It is now necessary to relate V\ to the average 

input power,^Pr^. The average photocathode current, ^ci1 

caused by the incident radiation upon the photomultiplier 

is given by (Northend, Honey, and Evans, 1966) 

Ici = J <pri> (3-67) 

where <^Pr;j_^> *-s given by equation (3 • 55) and ^ is the 

cathode sensitivity. The average anode current is written 

in terms of the average cathode current via 
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I . = \li . (3.68) 
SX N CI 

Substitution of equation (3*68) into equation (3*67) 

yields 

= ^<Pri> (3-69) 

Since represents the average rate of electronic charge 

per second, then 

I . 
N . = (3.70) 
ex e 

Using equations (3*69) and (3•70) in equation (3«66) yields 

the desired result 

Vi • *7RL<Prl> (3*71) 

The variance of v^ is given by 

4 = e{v?3 - v® (3.72) 
i 

Prom Campbell's Theorem (Papoulis, 1965) the variance for 

shot-noise passed through a linear filter is given by 

00 

av. = *ei^2RLe2 f hT(t)dt (3.73) 
— CO 

Substitution of equations (3*58) and (3*59) into equation 

(3*73) and performing the indicated integration yields 
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^ RL°?<Pri> 
V . 1 

2C, 1 - e 

-2T ' 

VL (3.74) 

For reasons mentioned earlier, invoking 

-2T 

1 - e 
RLCL 

equation (3*7*0 gives the desired result 

2 ^ RLe?<Pri> 
v. 2C, 

(3-75) 

(3.76) 

In equation (3*76) it was assumed that the multi

plication of the secondary emission by the dynodes to be 

free of noise. The noise induced by the dynodes is usually 

included by putting a constant, into equation (3*76) 

(Eberhardt, 1965)* Equation (3*76) then becomes 

2 Keff^ RLe?<Pri> 
v. x 

2C, (3.77) 

The rms value of v^ is defined as the square root 

of the variance and is given by 

Vi rms ^ 
'KeffRLe7<Pri> 

2Cr 
(3.78) 

The aerosol signal-to-noise ratio (SNR) is defined 

by 
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V
( M )  

SNR = (3.79) 
± rins 

whore the superscript M refers to the aerosol or Mio 

contribution to the average voltage. It is easy to see 
1 

that the SNR is diroctly proportional to the VC^ri^> * 

In Chapter rosults of this section are used 

to simulate v^ on a digital computer. It is appropriate to 

point out, that since tho moan count rate, is large, 

the probability distribution of the linearly filtered shot-

noise approaches a Gaussian distribution. This fact 

enables the simulation of v^ to bo accomplished very simply. 



CHAPTER 4 

THE INVERSION PROBLEM AND OPTIMIZATION TECHNIQUES 

4.1 Introduction 

In this chapter *the general problem of inversion is 

discussed. The inversion problem can bo statod thusly: by 

measuring the Stokes parameters of the radiation scattered 

by an assemblage of particles, it is hoped to learn the 

physical nature of the particles themselves, i.e., the 

index of refraction, size distribution, and distribution 

with height. 

In Section 4.2, the problems, feasibility, and 

potential applicability of a true inversion technique to 

determine the physical nature of the particles is dis

cussed. What is meant by a true inversion is also 

explained. 

Section 4.3 discusses a technique known as least-

squares stochastic estimation. It is also a technique by 

which the physical nature of the particles could be 

determined. It is, however, less general than a true 

inversion technique. The underlying reasons for deciding 

on this type of approach rather than a true inversion are 

explained. 
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In Section 'i.'i, a tochniquo is prosontod by which 

tho least-squares stochastic estimation problem can bo 

attacked. The tochniquo is known as optimization by random 

soarch. Flow diagrams and algorithms applicable for 

Finally, some global search techniques are briefly dis-

cussed. 

h , 2  True Inversion 

In this section, tho true inversion problem is sot 

forth and important conclusions pertaining to this method 

aro summarized. Tho conclusions are taken from a series of 

papers written by Twomey, who has researched this method 

very extonsivoly. The pertinent references are given as 

the discussion proceeds. 

For tho bistatic Lidar system, the true inversion 

problem involves tho solving of an integral equation of the 

form 

where n(r) is the unknown and it is the aerosol size 

distribution as given by equation (2.60); represents 

an error free measurement of the quantity given by 

equation (3*55)? various scattering angles, 0^; and 

ei(©n) represents the total error in the measurement. The 

implementation on a digital computer aro also given. 

y!(© ) + e.(9 ) 
in in 

P T t loss 
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other quantities in equation ('i.l) have boon dofined in 

Chapters 2 and 3* '^ho "nolflo" term, c j i ropronants 

mainly shot-noiso introduced by the photoinu.ltiplier tube 

and tho Inability to innko energy measurement# with zoro 

orror. 

Since yj(9n) is measurod at N scattering angles, 

(Oj , •••* ^i^n^ "*'a ^ost n array of numbers 

timo, money, and offort, it thoreforo would bo beneficial 

to know just how many independent inforonces portnining to 

the unknown n(r) could bo made by tho N inoasuromenta. At 

best, only N piecos of independent information rogarding 

n(r) could bo gathered from N measurements. However, 

because of the orror term, ^10 possibility exists 

that only M(M<N) pieces of independent information regard

ing n(r) could bo gathered from the N measurements. 

Twomey and Howell (1967) show that indeed this is the case. 

They show that for an integral equation of the form of 

equation (4.1), only at most five independent pieces of 

information can be gathered for a 1% error in measurement, 

no matter how large N is. At present, for.a Lidar system, 

(4.2) 

Since in any real experiment, taking measurements roquirop 
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a 1% orror in measurement: can not bo achiovod, so a more 

realistic numbex' fox* tho independent pieces of infox'motion 

wou.l.d probably bo around throo. 

Tho discussion is now turned towards actually 

solving tho integral equation as given by equation Cl.l). 

Solving any integral equation numeric ally is usually a 

difficult task bocauso thoro are inherent problems 

associated with the numerical techniques, which are hard 

ox" if not impossible to avoid. No discussion is presontad 

rogarding those numerical tochniques; rather, the rcador is 

roforrod to a comprohonsivo paper by Twomoy (1965), tvhich 

dosex'ibos tho possible nuitiericnl mothods of attuck. Tho 

results of Twomoy's efforts can bo aumiiiurizod as: 

1. Evon with tho orroi* toniu e.(© ) = 0, tho funda-T i 11 ' 

montal aquation is inherontly unstable; a direct 

inversion gives largo oscillation orrors. 

2. When the orror term is includod, equation Ci.l) has 

an infinite number of possible solutions. 

3. In order to smooth tho wild oscillations and to 

select a "solution" from an infinite manifold of 

possible solutions, one or more constraints must be 

applied to the solution. These constraints are 

difficult to describe out of context, so tho 

interested reader is referred to Twomoy's paper. 

4. Application of these constraints to achieve a 

solution results in a solution that is a smoothed 
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n(r)• Therefore, tho solution for n(r) can not bo 

used to infer fine structure in tho sizo distribu

tion. 

Uncertainties pertaining to tho index of rofraction 

of tho particles also add to tho difficulty of tho truo 

inversion problem. 

Prom tho above discussion it is apporont that an 

inversion of oquation Cl-.l) appeal's to bo a rathor 

formidable task. More important, however, it appears that 

tho truo inversion technique does not seem to bo an 

attractive method for a meaningful inference of n(r) when 

using a system such as a Lidar system to gather the data. 

Coupled with those facts, and the fact that ix priori 

knowledge of the functional form of n(r) exists [n(r) will 

have associated with it some unknown parameters], it was 

decided to develop a less general technique for the purpose 

of inferring n(r). For lack of a better expression, it 

could be called a pseudo-inversion technique. However, 

technically speaking, it is best described as least- • 

squares stochastic estimation. It avoids some of the 

difficulties associated with the direct inversion tech

niques, but it has other drawbacks. 

lk, 3 Least-Squares Stochastic Estimation 

As mentioned in Section (4.2), there exists a. 

priori knowledge of the functional form of the size 



88 

distribution, n(r). This _a priori knowledge is based on 

the fact that n(r) has been measured by direct techniques 

by numerous people (Junge, 1955? Clark and Whitby, 1967)* 

From these direct measurements of n(r), it is possible to 

acquire models of n(r) which have associated with them a 

set of unknown parameters. Henceforth, the size distribu

tion shall be written as n|r; q^(h), •••« 1m^)) or 

n (r; q(h)j where the set of M+1 unknoivn parameters is 

designated by q(h) =: jq^Oi) , • ••, * The Paraineters 

are functions of altitude which is indicated by the h. The 

models used for n(r) are given in Chapter 

It should also be pointed out that n(r) could be 

fit in general by an approximation function of the form 

\ M 

n(r,•q(h)] = 2 qm(h)0nj(r) (4.3) 
' m=0 

where the 0 (r) are suitable known functions. To be more 111 

explicit,a polynomial expansion of the form 

n |r;q(h)J = £ qm(h)r (4.4) 

could be used. In this dissertation, expansions of the 

form of equations (4.3) and (4.4) are not used to approxi

mate the size distribution because models for the size 

distribution can be acquired which realistically model n(r) 

using fewer parameters than would be needed using expansions 
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(4.3) or (4.4). The expansions (4.3) and (4.4) were 

mentioned mainly to demonstrate the possible general 

applicability of this method. 

The problem now boils down to finding a mathe

matical procedure which will allow the determination of 

q(h) in a systematic fashion. In a general sense, this is 

a problem in an area which is modernly characterized as 

stochastic estimation; that is, the operation of assigning 

values to unknown parameters based on noise-corrupted 

observations or measurements of some quantity that involves 

the parameters. A function is chosen which involves both 

the parameters and measurements in a fashion so as to 

indicate how good the values given <j(h) really are in rela-

tion to the true or correct values of q(h). This function 

is called the performance function. The idea is to choose 

q(h) in some fashion so as to minimize the performance 

function. The parameter values of "q(h) which minimize the 

performance function are known as the optimal estimates. 

A performance function which satisfies the above 

criteria is represented mathematically by 

Qj"q(h)] = E CytQi) - Y(©±;'5(h)) ]2 (4.5) 
x=l 

Generally speaking, equation (4.5) fits the function 

y(O^), which is known (measured) at I values, in the least-

squares sense by the corresponding theoretical function 
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relationship Y|9^;^q(h)| , which depends on the M+l unknown 

parameters. For this discussion, y(©^) could correspond to 

noise-corrupted measurements of the Stokes parameters, 

ratios of these Stokes parameters, or the ellipticity 

measured at scattering angles, ©^. The functions 

Y(ei'9(h>) are the corresponding theoretical relationships 

in which the unknown parameters, "q(h) , are associated with 

the size distribution. More is said of the exact quantities 

used for y(O^) and y{©^;^i(h)j in Chapter 5* where detailed 

numerical results are presented. The process of minimizing 

this performance function by choosing the parameters, cj(h) , 

in some fashion will be known as least-squares stochastic 

estimation * 

To see how noise-corrupted measurements might 

affect the performance function, y(GK) is written as 

y(Q±) = y'(©i) + e(Qi) (4t.6) 

where y'(9^) corresponds to noise-free measurements and 

e(©i) represents the noise. To reiterate, e(9^) represents 

the error involved in malting a measurement of y(©^). It 

represents mainly shot-noise introduced by the photo-

multiplier tube and the inability to make energy measure

ments with zero error. The measurement error does not 

correspond to errors in the measurement of the scattering 

angle, 0^, as ©^ can be measured sufficiently accurate so 

as to make such errors negligible. The performance 
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function can now be written as 

Q(t<h)l = E [y'(ei)+e(ei)-Y(e:.i?(h)) f (4.7) 
i=l 

Expanding the terms contained in the brackets and 

rearranging terms, allows the performance function to be 

written as a noise-free performance function plus a 

component due to the noise. That is, equation (4,7) 

becomes 

Q|"q(h)] = Q'|*q(h)J + F|"q(h)J (4.8) 

where Q' is the noise-free performance function and is 

given by 

Q»(q(h)j = E [y,(0i)-Y(e±;?(ii)) ]2 (4.9) 

The noise term is given by 

F J "q( h) J = E e(©..) |e(9i) + 2[y ' (0 .,)-Y (G,. ; q(h)) ]} 
i=1 1 (4. 10) 

/ V The values of the parameters, q(li), which minimize 

Q' are the true parameter values being sought, and are 

henceforth denoted by q (h). The values of the parameters 
A 

which minimize Q are denoted by q(h); they are estimates of 

7f*(h) . In general ĉ *(h) does not equal q(h) , because 

p|ci(h)J depends both on <f(h) and e(6.). Depending on the 
A 

values of e(Q^), the values of q(h) could be very different 

from q (h). It is also possible that the noise term, 
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e(©i), could be large enough to wash out any minima 

associated with Q. Thus, it is very important to realize 

that in the presence of measurement error, there is 

absolutely no way, except by chance, whereby the optimal 

parameters, tj*(h) , can be obtained. The only way to find 

out how good the estimate really is, is through statistical 

reasoning. 

If the noise term, e(0^), has a variance that is 

fairly large, it may be necessary to average y(O^) before 

any meaningful estimates of q (h) can be achieved. It is 

assumed the noise has zero average value. If K is the 

maximum number of measurements of y(0^) that can be 

obtained (K is limited for a Lidar system by pulse repeti

tion rate, the time it takes to measure the Stokes 

parameters, and the time it takes to change the angles of 

inclination before meteorological conditions change), then 

the total sample K may be divided into L subsamples and the 

sample mean of y(Q^) formed via 

T K/L 
y(0.) = fe Z y^'to.) (4.11) 

k=l 

where K/L is an integer and L ̂ C K. Using the L different 

values of y{©.), Q would be minimized L times. This would 
A 

yield L different values of q(h), hopefully clustered 

together. The L estimates, {q^^Ch), •••, (h)J , would 

constitute a sample of L independent random variables. To 
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find the estimate of <1 *(h) , the sample mean for q (h) is 

formed via 

q(h) = f 2 q(A)(h) (4.12) 
L J6=l 

It is noted that by the Central Limit Theorem, the random 
A 

variable q(h), as given by equation (4.12), is approxi

mately Gaussian distritiuted . 

No indication has been provided as to how close the 

estimate is to the optimal, q (h). It would, however, 

appear to be reasonable to assume that if the variance of 
A 

the noise is rcducod sufficiently by averaging, then q(h) 

should be close to (f*(h). A more meaningful procedure 

ir/ -
would be to estimate q (h) in terms of some interval, 
A 

q(h) _+ where there is some measure of the certainty that 

q (h) falls inside this interval. Such an interval xs 

called a confidence interval. If the assumption is made 
A 

that q(h) is Gaussian distributed, then a random variable 

is formed via 

<L(h) - q^(h) 
t = -i— —1 (4.13) 

s^yr i 

which has a student's t distribution with L-1 degrees of 

freedom. The sample variance, s^, is given by 

si = lit s ~ îCh)]2 (4.l4) 
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Onco tho sample, [ci^^Oi), •••« cf^J^{h)|, is collected, ti(h) 

A g 
and s^ are no longer random variables, but fixed numbers. 

It is then possible to show that a confidence interval can 

bo established via (Bendat and Plersol, 1966) 
* 

A . A , 

a ,, , SitL-l;a/2 , * /, x ^ s . SitL-l;a/2 , q. (h) -d=-£— < q. (h) < q, (h) + 2̂=-*— Ci.15) 
1  Vl "  1  VL 

where 1-OC is called the confidence coefficient, and it can 

be said that <i*(h) falls within tho confidence interval 

with a confidence of lOO(l-a) per cent. A typical value of 

a is .05i which corresponds to a confidence coefficient of 

. 95. Once the confidence coefficient is set, t^ ijoc/2 can 

be looked up in tables provided in many books, such as 

Bendat and Piersol (19^6) . 

k.h Optimization by Random Search 

Attention is now focused on optimization techniques 

which will allow the determination of the minima associated 

with the performance function, Q, as given by equation 

(4.5)• There are many difficulties associated with a 

problem of this type. The main difficulty which comes to 

light is that Q may have many minima. Usually the least 

minimum is the desired one, which henceforth shall be 

called the global minimum. The other minima are called 

local minima. Most optimization techniques can not 

distinguish between local minima and a global minimum, so 
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consoquontly thoy might convorgo to oithor a global or 

local minimum, which obviously prosonts a problom. It 

appoax-s that tho problom of many minima is tho dlroct 

analogy to tho problom of instabilities in tho truo 

inversion problom* It may bo possible to make tho per

formance function unimodal by limiting tho range of tho 

paramotors in accordance with soma physical constraints 5 

this again holds tho analogy in tho truo inversion problem 

of applying constraints to smooth wild oscillations that 

aro prosont in tho solution. 

Another difficulty lies in tho fact that tho 

porformanco function could have an irregular surfaco. 

That is, it might have ridges, winding canyons, sharp 

cliffs, and tho like, which could cause some optimization 

strateglos not to convorgo. 

Bearing in mind the above difficulties, there are 

in general two optimization categories which could be used 

to minimize the performance function, namely, the deter

ministic or classical methods and tho random search methods. 

The deterministic methods include such optimization tech

niques as the gradient method, method of steepest descent, 

Nowton-Raphson method, Gauss-Seidel method, and so forth. 

A discussion of many of thcso techniques is given by White 

(1970)* The deterministic methods are best suited for 

performance functions that aro unimodal, and they may fail 



96 

to convorgo or converge too alowly for a porformanco 

function with a highly irrogular aurfaco (Korri, 1966). 
» 

liocauso of thoao limitations of tho dotorminiatic 

methods and bocauso it was folt that tho porforirianco 

function associated with tho Lidar aquation probably has an 

irregular aurfaco with many minima, it was docidod to uso a 

random search minimisation tochniquo. Tho random soarch 

method is adversely affoctod by a porformanco function with 

a highly irregular aurfaco with many minima, to bo sure. 

However, from what has boon reported in tho literature 

(Bolcoy ot ul. , 1966), it is affoctod loss advorsely than 

tho classical mothoda. Por instance, tho random search 

method has the potential for global soarch properties. 

This moans that for an unlimited number of computations of 

tho performance function, it will converge to tho global 

minimum with probability one (Bekey et al., 1966). 

Obviously, such a strong statement about locating the 

global minimum cannot be made in reality, since only a 

finite number of computations of the performance function 

can be made by a computer implementation. However, 

"hanging up" in local minima can be avoided, and with high 

speed computers many calculations of the performance 

function (depending, of course, on the complexity of the 

functions involved) can be made in a reasonable amount of 

time. This implies that there is a good chance that the 
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global minimum could bo found using a random search 

techniquo. 

In tho following parts of this saction, some 

specific random search algorithms are discussed. Flow 
i 

diagrams suitable for computer implementation aro also 

given. The numerical results using those routines are 

givon in Chapter 5* 

The Dasic Random Search Technique 

Basically, random search means selecting at random 

a largo number of points, q(h), in the parameter space and 

evaluating the performance function at those points. The 

particular value of cf(h) which yields the smallest value of 
A 

the performance function is chosen as tho estimate, qlh), 

of the optimal point, "q*(h). This basic scheme can be 

implemented on a computer in tho following fashion: 

1. Choose an initial parameter point, designated by 

"q^^, and evaluate the performance function at 

, which is designated as 

-*( 1) 
2. Choose an increment "or step, Aq , at random via 

Aqi1} = Cifi (^.16) 

•—> 

where f is the output of a pseudo-random number 

generator built into the computer, and (? is a 

constant. The quantity ~T is uniformly distributed 

between +1 and -1. Also, (? controls the variance 
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of tho random variablo A*q^"^ , «nd consoquontly is 

"*( 1) 
callod tho variance or sizo of tho stop, Aq . 

3> Add tho step, Ac^^, to tho initial point, 

to form a trial point 

3(1) = 3(0) + A$(l) Cl.17) 

•̂( X) li* Computo tho porfornianco function at q , desig

nated Q^"^, and compare its value to that at "q^^. 

If there is an improvement, i.e., tho 

porfox-mance function and tho parameters are updated 

by letting and q^0' = q^1^, respec

tively. Tho same procoss is repeated again. If 

there is no improvement, i.e., "the 

procoss is repeated but without updating tho 

parometers or performance function. 

5. This search process is repeated until a preset 

value of Q is reached or a preset number of 

consecutive failures (no improvement in Q) is 

reached. The search is then terminated. 

This basic scheme has as its principal disadvantage 

the fact that for large dimensional problems, the parameter 

space which must be searched is immensely large. Thus, 

except for extreme luck, the computer run time would 

probably be prohibitive. This basic scheme must be 

modified to decrease the convergence time. 
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(t.4.2 The Fixed Stop Size Biased Random Search 
(FSSBRS) 

In order to cut the convergence time of tho basic 

random search routine, a new wrinkle is added. That is, 

the repeated use of a successful random step as long as 

continued success is achieved. Also, for each unsuccessful 

random step, a stop is tried in tho opposite direction at 

most once. This procoduro takes better advantage of the 

performance function's local continuity properties. 

The algorithm for tho FSSBRS is given by 

(̂j+l) = (̂j) _ A;1Aq(J> + A2iq(J+1) <4.18) 

where and A,, are constants. When A^ = 0, A^ can take 

the values 1 or -1; when A s 0, A2= 1. The best way to 

explain equation (4.l8) is to use a flow diagram which is 

suitable for computer implementation. Figures 4.1 through 

4.3 constitute tho flow diagram for the FSSBRS, which is a 

variant of the search routine presented by Bekey et al. 

(1966). The important variables which appear in the flow 

chart are defined as follows: 

NPAR -- Specifies the number of parameters. 

QMIN -- Specifies the value of the performance 

function at which searching will stop. 

R. — A constant which reduces the variance of the x 

step size. 

NF —Specifies the number of consecutive failures. 
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(START 
SEARCH 

Figure 't.l Master Block Diagram for the Flow Chart of the 
FSSB11S 
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igure k.2 Detailed Flow Chart for Block A of the FSSBRS 
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Figure 4.3 Detailed Flow Chart Tor Block B of the FSSBRS. 
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c.  
i min 

EPP 

K. 

NFMAX -- Specifies the maximum number of consecutive 

failures allowed before the variance is 

reduced. 

-- Specifies the minimum variance allowed. 

•- A constant subtracted from Q to form a new 

function G = Q - EPP. For an improvement, 
% J* 

the new Q being tested must be less than the 

current value of G^. This guards against 

the routine getting "hung-up" by very shallow 

minima. EPP is typically set around 10 ̂ . 

— A constant which equals 1 or 0, If =0, 

then a step is taken in the opposite direc

tion as the previous step, and is set 

equal to 1. If = 1 a random step is 

taken, and reset to 0. 

— Specifies the number of consecutive times 

that the cf selected by the random search 

algorithm is outside of the prescribed range 

of allowed parameter values. 

— Specifies the maximum value of NR before the 

variance is reduced. 

-- Specifies the variance of the step. 

RANF(O) — Specifies the output of the random number 

generator in the computer, which gives a 

sequence of pseudo-random numbers uniformly 

distributed between 0 and 1. 

NR 

NRMAX 

C. 
x 
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^ — Specifies a random number that is uniformly 

distributed between -1 and +1. 

With the definition of the above variables, the 

flow chart is complete and therefore should be self-

explanatory. Only a skeletal outline is discussed. The 

scheme operates as follows: 

1. An initial variance, ?(0), and starting point, 

are chosen. All the other input variables 

are set to prescribed values. The performance 

unc 

(0) 

function is computed at q^^ , which is denoted by 

Q 

2. The random number of generator is sampled, and a 

step 

Aqi1> = Ci0) (4.19) 

is formed. A new trial value for the parameters is 

given by 

tll) = q(0) + AqU' (4.20) 

-»( 1 ) 3* The performance function is computed at q and 

compared to its value at "q^®^. Two cases occur: 

a. If there is an improvement, - EPP, 

the performance function and parameters are 

updated by letting and = q^\ 

respectively. The program takes the next step 
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in the same direction as the previous one. 

This is repeated until a failure is encountered, 

b. If there is no improvement, ~ EPP, 

then a step is taken in the reverse direction 

if = 0, upon which is set equal to 1. 

If « 1, then a new step is formed via 

equation (4. 19) » and reset to 0. 

4. This process is repeated until either: 

a. Q < QMIN, at which the searching is terminated. 

b. NF NFMAX, at which the variance is reduced 

and the whole process started again. When 

C. < C. . the searching is also terminated, x x nun ° 

4.4.3 The Adaptive Step Size Biased Random 
Search (ASSBRS) 

A new dimension is added to the FSSBRS by taking 

two steps of unequal size concurrently. The idea to take 

two steps concurrently was first presented in the litera

ture by Schumer and Steiglitz (1968). Their search 

routine, however, was different than the one presented 

here. The algorithm for the ASSBRS is given by 

j+1) = + A2itij+1) (4*21) 

T£J+1) = + A2AQ^J+1) (4.22) 

where the symbols in the above equations have the same 

meaning as in Sections 4.4.1 and 4.4.2, except that the 
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subscripts 1 and 2 correspond to step 1 and step 2, 

respectively. 

A complete flow chart for the ASSBRS is given in 

Figuros • 'i through Comparing the flow chart for the 

ASSBRS with that of the FSSBRS reveals that the basic 

scheme is the same. Consequently, all the remarks made 

about the flow chart for the FSSBRS apply to the ASSBRS. 

The only difference is that, where a step of size C? was 

taken in the FSSBRS, a step of size (f (known as the 

nominal step-size) and a step of size C? (l + T) is taken 

by the ASSBRS, where T is a constant which is less than or 

equal to 1. The performance function is calculated for 

each stop. If there is no improvement, the nominal step 

size remains unchanged for the next iteration. However, 

if there is an improvement, the step size that produced the 

best improvement is chosen as the nominal step size foi" the 

next iteration. In essence, the optimum step size is being 

tracked because, on the average, the ASSBRS adjusts to the 

best step size. 

The advantages of the ASSBRS over the FSSBRS 

appear to be twofold: 

1. Taking two steps sizes concurrently serves as a 

deterrent that the step size has become too small. 

This could cut down on compute time. 
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2. Tho ASSI3RS has some global proportios in that tho 

larger stop could in fact "jump" over a local 

minimum which could conceivably "hang up" tho 

nominal stop. 

kth.k The Adaptive Stop Size and Direction Biased 
Random Search (ASSDI3RS) 

In the procoss of searching for tho minimum of Q, 

tho number of iterations through the search loop might be 

quite large. This means that Q would be ovaluatod at a 

largo number of q's, and would therefore yield valuable 

inforination regarding Q if utilized. However, most of this 

information or operating experience is not utilized by the 

previous search routines. For instance, if j iterations 

are made through the search loop, j + 1 calculations of the 

p e r f o r m a n c e  f u n c t i o n  w o u l d  b e  m a d e ,  i . e . , Q ^ , Q ^ ~  ,  

• . Only the smallest of the j + 1 values would be 

stored by the computer, i.e., min •••» 

Thus, it seems logical that the next step in the develop

ment of an effective search routine would be to somehow 

utilize the operating experience gained by many iterations 

through the search loop. In other words, it is desired 

to "learn" from this operating experience in order to find 

the best direction of system movement in the parameter 

space to locate the minimum of Q. 

The learning algorithm should have as its basic 

philosophy: 
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1. The search begins with the system being totally 

ignorant as to the best direction, and the search 

direction is taken in a fashion as given by the 
* 

ASSBRS routine. ' 

2. As the operating experience is accumulated, the 

system should "think" it knows a possible good 

direction. 

3. Finally, after much operating experience is 

acquired, the system should "know" the best 

direction in which to proceed. 

Rastrigin (1967) has set forth many possible strategies 

which oporate on the above promise. The strategy which 

seems to have the most desirable characteristics is that 

which Rastrigin characterizes as the "continuous learning 

algorithm." Since a fairly complete discussion of this 

algorithm is found in Rasti-igin, only a skeletal discussion 

is presented. However, care is taken to explain possible 

salient points. The continuous learning algorithm will be 

combined with the ASSBRS to form the ASSDBRS routine. 

The system learning is characterized by the vector 

• • • (4.23) 

The direction of the random step is given by 

( k . 2 k )  
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where, as before, 1*1 is the size of the step. The 

function must satisfy three conditions: 

1. In the absence of learning (w = o) , I' should be 

uniformly distributed between -1 and +1. 

2. The average value of should be in the same 

direction as 

3* The variance of I? must be inversely proportional to 

the magnitude of w. 

A function that satisfies the above criteria is given by 

i P i r l :  * (4-25a) w 

,.i„ 
k  

w 
I ^ w 

t < fCIw|) (4.25b) 
H I  

where | J denotes the magnitude of the vector, for instance 

-» 
w = + • • • (4.26) 

The quantity ̂  is uniformly distributed between -1 and +1, 

and f(|w|) is a monotonic decreasing function which must 

satisfy 

f(0) = 2 (4.27a) 

and 

0 < f (| w |) < 2 (4.27b) 
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For this discussion, f(|w|) is given by 

F(|w |) = 2 for 0 < I w | < CUTOFF 

= 0 . elsewhere (4.28) 

where CUTOFF is some constant prescribed value. 

At this point, it may be helpful to give a pictorial 

description of equations (4.25a) and (4.25b). The 

inequality 

in essentially the same direction. Then the direction of 

the search step is given by equation (4.25b). In this 

case, if the jUi step is considered, the direction of the jlh 

step is given by any of the random vectors confined within 

an n-dimensional hypersphere of radius 1. The two-

dimensional case is shown in Figure 4.8. If the above 

inequality is not satisfied, then the direction of the jib 

step is given by equation (4.25a). In this case, the step 

direction will be in a direction which is restricted by an 

n-dimensional hypercone. Figure 4.9 illustrates the two-

dimensional case. It should also be pointed out that the 

average direction of the jiJj step is in the same direction 

• ̂  
as w, \*hen the search direction is given by equation 

is satisfied by either w | being too small or w and £ being 

(4.25a). 
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? (J) 
• 0 )  

Picture *1.8 Illustration of the Search Direction when 
* = t/(t\ 

Figure 4i9 Illustration of the Search Direction when 
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The learning vector w is given by the recursion 

relationship 

£(J+1) = + dj At(J) (4.29) 

where 

lc = forgetting coefficient (O <_ lc < l) 

6 - learning parameter (6 > 0) 

d = skepticism parameter (d > 0 and set 

so that AQ*"^ + d > O) 

= increment in the performance 

function at the jil) step. 

A<f^ = ci^ ̂  = increment in the parameter values 

at the jib step 

Rastrigin explains.how the constants k, 6, and d affect 

the recursion relationship in a fairly complete manner. 

However, a few words of explanation may be apropos. The 

constant 6 controls .the rate at which the algorithm learns. 

That is, for large values of 6, it takes fewer steps to 

change w from one value to another, and vice versa. There 

is no learning when 6=0.. 

The constant k controls how well the system 

"remembers" the result of t!ie last step. If k = 1, there 

is no "forgetting," and if k = 0 only the result.of the 

last step will be "remembered." 
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To see how d affects equation (4t.29), consider the 

case of d = 0. With d = 0, there are two cases which must 

be considered: 

1. Aq!^ > 0 
l 

a. Success: < O, which means  -&AQ^^Aqf^>  O 

b. Failure: AQ^^ > 0, which means AQ^ ̂ Aqf^ ̂  ̂ < O 

2. Aq^ <0 
i 

a. Success: AQ^^ < 0, which means -6AQ^^Aq{^< O 

b. Failure: AQ^^ > 0, which means -6AQ^^Aqf^> O 7 x 

Thus for case 1(a), at the jih iteration, a vector component 
/ . \ / . \ 

of amount 6AQ Aq. is added to the corresponding com-
( * 1 

ponent of the learning vector, w^ * For case l(b), a 

vector component of amount 6AQ^^Aq^^ is subtracted from 

( i) 
w. . The situation is reversed for case 2. This means 
x 

that for a success, the vector w adjusts itself toward the 

direction of the successful step. Likewise, for a failure, 

w tends to adjust itself away from the direction in which 

the failure was encountered. Thus in both cases w xs 

adjusted toward the most rapid decrease in the performance 

function by making one-at-a-time determinations of a good 

direction. This may be a disadvantage because making one-

at-a-time determinations of the best direction may rule 

out a possible better direction. 
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This advantage can be overcome by adding the 

constant, d, such that d + AQ^*^ >0. Then reconsidering 

the two previous cases, shows that for case 1, 

6|AQ^^ + dj Aq^1^ > 0; however, since AQ^^ > 0 for 

_ _ _ _  ,  case l(b), the length of 6 AQ ^ + d]Aq.^ is greater for 
x 

+ d Aq|*^< 0, case l(b) than case l(a). For case 2, 6 AQ 

and again the length of 6|AQ^^ + djAqj^ is greater for 

case 2(b) than case 2(a). Thus, it is obvious that 

favorable directions, so to speak, are punished less than 

unfavorable directions. This means that w is not adjusted 

to the best direction by one-at-a-time determinations, but 

is adjusted to the best direction in an average sort of 

fashion. The word "skepticism parameter" comes from the 

fact that this algorithm is suspicious or skeptical about 

making one-at-a-time determinations of the most favorable 

direction. 

It is beneficial to set a bound on the maximum 

value that w can achieve, that is 

-w. < w. < w. (^.30) x max — x — x max 

where w. is some constant prescribed value. The reason 
x max c 

—> 

for setting this bound on vr is because as the search 

accumulates experience, w begins to build up, and after a 

while, the algorithm "thinks11 it knows the best direction 

in which to proceed. If w has built up to a large value, 

the search will proceed in this direction even though the 
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the performance function increases. It may take many 

stops before a backward adjustment can be made in the 

parameters. This cloarly would reduco the optimization 

speed of the program. To avoid this, a bound is sot on w. 

Consequently, if a situation as doscribed above occurs, the 

number of backward adjustments would bo roducod bocauso w 

was not allowed to bocome very largo. 

The loarning algorithm, when applied by itself, has 

some global characteristics bocauso before a new direction 

is adjusted to, several steps may bo made in the old 

direction regardless of ivhother the performance function 

incroases• This means that the algorithm has the potential 

of "tunneling through a hill" or "jumping over a valley." 

For most practical problems encountered in this disserta

tion, the convergence timo for the learning algorithm by 

itself is probably prohibitively large. Therefore, the 

learning algorithm is usod in conjunction with the FSSBRS 

or ASSBRS in order to speed up the convergence time. The 

basic scheme for accomplishing this is shown in Figure 

4.10. The complete flow diagram is found in Appendix A, 

The routine is known as the adaptive step size and direc

tion biased random search (ASSDBRS). 

Global Search Techniques 

To improve the global characteristics of the 

previous routines, three global search techniques are 
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discussed. Thoy can bo uaod in conjunction with tho 

previous routines• 

Once olthor KSSBIIS, ASSI3RS, or ASSDUHS hus con-

vorgod to a local minimum, tho local minimum could bo 

tested to soo if it is tho global minimum by slowly 

expanding tho stop size around this minimum and calculating 

tho porfor inaneo function at thoso points to soo if thoro is 

any improvement. If an improvement is obsorvod, tho search 

routine is again initiated. Tho obvious major drawback to 

this global tochniquo is vastnoss in tho number of points 

which must bo tried for an n-dimonsioual problem. Tho 

practical applicability of this technique can only bo 

answered when applied to a specific problem. It may do. tho 

job for some problems, but not for others. 

Another global technique which may prove useful, 

is to take a stop of much larger size than tho nominal stop 

size after a certain number of iterations has passed through 

the search loop. By taking this large step periodically, 

it may be possible to "jump" over a local minimum. 

Finally, an effective global search procedure could 

also be achieved by simply initiating the search routine at 

different starting points. If the performance function has 

many minima, different starting points will likely converge 

to different minima* As the number of initial starting 

points increases, the probability of locating the global 

minimum also increases. 



CHAPTER 5 

ESTIMATION OP THIS PARAMETERS ASSOCIATED WITH THE 
AEROSOL SIZE DISTRIBUTION 

3*1 Introduction 

In this chapter, the results of tho procoding 

chaptors aro consolidated for tho purpose of estimating 

tho parameters associated with tho size distribution of 

atmosphoric aerosols, Uocauso of tho small vortical 

height of tho instantaneous scattering volume, these 

parameters aro essentially determined at a givon altitude. 

This moans that tho distribution with altitude could also 

bo determined. 

In Section 5»2, tho governing equations aro 

presented. A performance function is given for tho ratio 

of the JLih component to the rtii component of the Stokes 

parameters and also for the ollipticity. 

The computer program.used for tho implementation 

of the performance function is discussed in Section 5*3* 

In Section 5-^j four different models for the 

aerosol size distribution are presented. The physical 

relevance of these models is discussed. Graphs of these 

models are also presented. Finally, a general model is 

given for the size distribution. 

122 
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Sections 5.5 and 5.6 pres ent the results of the 

random search technique. Tables are provided showing 

representative estimates for the parameters associat e d with 

the different models of the aerosol size distribution. 

Settings for pertinent coefficients associated with the 

computer programs are also given. The results of the 

noise-free case are given in Section 5·5· In Section 5.6, 

results are presented for the case in which shot-noise 

from the photomultiplier tube is corrupting the measure-

ments. The computer simulation of the shot-noise is also 

discussed. 

Section 5.7 presents a brief discussion on the 

question of the uniqueness of the size distribution with 

the measured data • . 

5.2 Governing Equations 

From Chapter 3, the bistatic Lidar equation at a 

given height is given by [see equation ().55)] 

(T) 
'f l PtA H D( ex , ~ ) ~ . ( g ) oss -r 1 

where the subscript i stands for the different elements of 

the Stokes parameters, i.e., ~, r, u, or v. Henceforth, 

the laser beam will be linearly polarized at l~:5o · with 

respect to the scattering plane(¢= 90°). The equation 
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for the normalized input Stokes parameters [oquation 

(2.08)] becomes 

i \  
up  =1 

1_ 
2 (5.2) 

0 I 
For the input Stokes poromotor matrix, as givon by oquation 

(5*2), tho Mio ancl ttayleigh angular scattering cross 

sections por unit volume aro givon by [see equations 

(2.83) through (2.87) and aquations (2.89) through (2.92)] 

# • >  
= 
3  f l S a | 2  " ( r i ^ ( h ) l  d r  

(5.3) 

r. 

^  f  |si|2 "(rî (h)) dr (5.^) 

e i M ) < e >  

n 

=  ™  J  (SgS^+S^* )n |r ; q(h)J dr (5.5) 

0<*>(9) =  ̂  f  (S2S*-S S*)n[r!?(h)) dr 
k J 

(5.6) 
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P<R)(e) = i-csaa cos20 (5.7) 

p(*>(0) . ̂_csoa (5.8) 

0uR)<e> = 4- C3ca oos9 (5'9) 

P ^ R ) ( 0 )  =  o  ( 5 . 1 0 )  

where r.^ and r^ are the lower and the upper limiting radii 

of the aerosol size distribution. 

As mentioned earlier, the size distribution has 

associated with it a set of unknown parameters, 

|q^(h), •••) • For the models of the size distribu

tion considered in this text, it is possible to write 

n (riq(r)| in the form 

n|r;q(h)J = q^ (h)n ' |r ;"q ' (h)| (5*ll) 

where 

q'(h) = (q-i^<h) , ..., qj^ClO] (5'12) 

* 

This is an important consequence because if the quantity 

yj9i;q(h)] in the performance function [see equation Ci.9)] 

is chosen as any function which involves ratios of the 

Stokes parameters, then the parameter q^(h) is cancelled 

out. This means that the parameter space is reduced from 

an (M+l)-dimensional space to an M-dimensional space. This 

fact may seem unimportant at first glance; however, for 
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models of the size distribution which contain 2 to 5 

parameters, the reduction of the dimensionality of the 

parameter space, even by a factor of one, greatly 

facilitates the ease in which the problem can be solved. 

If equation (5»ll) is substituted into equation 

(5.1), then for say the Alb Stokes parameter, the parameter 

estimate of q^(h) can be found via 

50(h) = 
h <Pr*> 3C cos^9 sea 

T HPTTOT loss t r 

f | S 2  | &rL' (rit'UO) dr 

(5.13) 

where "q'(h) are the estimates of the optimal parameters, 

|q*(h), •••, q^(h)| « The problem now boils down to 

devising a scheme by which the estimate, q'(h), can be 

found independently of q^(h). 

First, to recap earlier results, the output of 

photomultiplier detector consists of voltage (or current) 

pulses with a pulse length determined by the common volume 

of the transmitter and receiver optical antennas. A 

typical pulse is shown in Figure 3.11. Superimposed on 

this pulse will be noise primarily due to shot-noise, but 

there also may be noise due to fluctuations in scattering 

power. Along the flat portion of the pulse, the voltage 
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output would be given by 

v. = V + v. . (5*1^) 
x i i noise 

where 

Vi = <Pr±> (5-15) 

The noise voltage, v. . , has zero average value. The 7 l noise 

variance of v. . for the shot-noise contribution is 1 noise 

given by [see equation (3*77)] 

2 Keff'i RLe7<Pri> ,c * ^ (5.16) 
i noise L 

To eliminate qQ(h), it is obvious that ratios of 

Stokes parameters must be considered. Thus, for a per

formance function given by 

I 
Q[q(h)) = [y(9.) - Y(ei;?(h)j ]2 (5.17) 

y(Q^) must correspond to such measured quantities as the 

ratios of different components of the Stokes parameters or 

the ellipticity, where Y ̂ h )J are the corresponding 

theoretical values. In this text, two cases are con

sidered : 

1. When y(9^) is given as the ratio of the j£ib to the 

rib Stokes parameter. 

2. When y(9^) is given by the ellipticity. 
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There is no basic reason for choosing these ratios over 

other possible cases such as the ratio of the rib to the usi 

Stokes parameter. However, some justification for choosing 

the ellipticity might lie in the fact that it has been 

reported in the literature (Eiden, 1966), that the 

ellipticity is sensitive to index of refraction variations. 

This would be a useful characteristic if it was desired to 

estimate the index of refraction by making it an unknown 

parameter. Ultimately, though, it is desired to form a 

performance function that has the best surface (no local 

minima, etc.) in parameter space. 

First, consider the equations for y(Q^) and 

Y|©^;q(h)| for the ratio of the jlib to the rib Stokes 

parameter. In reality, y(©^) would consist of a set of 

measured values; however, to simulate y(©^) on a computer 

it is necessary to provide an equation for y(Q^). The 

measurements would correspond to a ratio of the output 

voltages as given by equation (5*1^) evaluated at the 

optimal parameters, q (h). That is, 

jfn ) ^?RL<Prj+ v£ noise /_ 
y'V = H9Rt<p- > + v (5*l8) 

7̂ L\ rr/ r noise 

If it is necessary to average the measurements before using 

them in the performance function, y(9^) would be formed via 
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y(e.) = * y  n°^-3a, (5.19) 
1 U<?R, <?P \ + v r7 JLi>* rr/ r noise 

where 

NT 
v. . = ~ E v!n) , (5.20) 

a. noxse Nm , 1 noise T n=l 

and N,p is the size of the sample. It should be noted that 

equation (5.19) -Ls equivalent to equation (5*18) when 

N^, - 1. Thus, all reference is made to equation (5>19)* 

Since equation (5*19) is to be implemented on the computer, 

it is beneficial to define the following: 

p i ( t ) ( 9 )  •  p r ) ( e )  < 5 - 2 D  

<Pri> = YeffPi(T)(9) (5.22) 

Wh)Tlo»HPtVl(c''f,) 
Yeff = ZXJ ~~ (5-23) 

k h 

v. 1 noise (5.24) 
"i noise V- fV e £ f \  

The substitution equations (5 • 21) through (5.2'i) into 

equation (5*19) yields •' 

(3 • (©) + v' 
J noise (5.25) 

x (e) + v» 
^r r noxse 
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The new random variable v !  .  has an average value of x noise 

zero with a variance given by 

2  '  ° v  ( 5 . 2 6 )  
i noise "^off^L **" no-i*se 

2 \irhere a is given by equation (5*16). It is seen 
i noise 

from equation (5•26) that the noise variance is reduced by 

1 (T ) 
the factor fj—. The Rayleigh contribution to |3! (9) is a 

«IP • 
known quantity, and therefore it can be removed from 

equation (5-25) without any loss of generality. Equation 

(5*25) now becomes 

0 • 0 . ;"q'* (h)] + v« 
y(Q.) = \J 1 ' J n°1Se (5.27) 

P;1 (h)] + v f r noise 

where the functional dependence on the optimal parameters 

has been indicated. 

The equation for Y J © ̂ ^1 (h) j  is given by equation 

(5*27) with the noise term set equal to zero, i.e., 

Y|eiiq.(h>) -"™lr 

Equation (5*28) is designated as RATIO^ so it can be 

referred more easily in later sections of this chapter. 

The equations for y(©^) and (h)J for the 

ellipticity can be found in a like fashion and are given by 



yt^) - .<m»+7< -B 
& SL noise *r r noise 
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p'tM)+v' ru u nou.se 
2+/|3'(M)+v' v noise 

and 

- y f  1 +v i _r 
A 1 noise r noise 

P,tM)+v' u u noise P; ( M ) *V '  
v  noise (5.29) 

yje^q' (h)J = 
Vfpi(M)-p;(M))^k(M)) 2+[km 

p TTmT 

V(Pi t M ) -p^ ( M ) ) a + (p 1 i ( M )  

Yj9i?^»(h)J = TANP (5O0) 

Equation (5*30) is designated as TAN(3 in accordance with 

previous definitions in Chapt.er 1. 

Thus, equations (5-27) and {5.28) or equations 

(5*29) and (5.30) are used 'in the performance function, 

which, when optimized by the previously described search 

routines, yield the estimates of the optimal parameters. 
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5*3 The Main Computer Program 

In reality, would be a set of measured values 

which could be read into the computer program. In this 

text no physical moasurenients are made; therefore, y(9^) 

has to bo simulated on the computer. In the case of noise-

free measurements this presents no problem. However, when 
* 

the measurements  are corrupted by noise, the simulation 

bocomes more difficult. In this section, it is assumed 

that the set of y(O^) is known (whether by actual physical 

measurement or by computer simulation). The numerical 
A 

scheme by which the estimates, q'(h), can be obtained is 

discussed. It is known as the main computer program, and 

it will be ultimately used in conjunction with the data 
A 

taken by a bistatic Lidar system to find 7f'(h). The 

computer simulation of the measured data is presented in 

later sections of this chapter. 

As shown by equations (5.28) or (5»30)» 

necessary to compute ;"q'(h)J . From equation 

(5.21) , it is seen that P£^^ is given by 

r 2  

p|(M) (0 ;q(h)) -7^ 1^ J  (r,m,9) n • (r ;q ' (h)) dr 

ri (5.31) 

Since the complex scattering amplitude functions are very 

complicated functions, it is obvious that integrals given 

by equation (5.31) have to be evaluated numerically. Many 
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numerical integration sehomes oxiat, such as numerical 

quadrature, which allow the integrals of equation (5*31) 

to be written as sums. From physical considerations, the 

aerosol particle size range can bo considered to lie 

between .O'l to 10 microns. Herman, Fernald, and Reagan 

(1970) have approximated the integrals, as givon by equa

tion ( 5. 31) , by dividing the integration i'ango into 10'l 

intervals. The range .0lk to 1 microns is broken up into 

intervals of length .01 microns; the range 1. to 10. 

microns is broken up into intervals of length .1 microns. 

The integrals aro then approximated by the simple sum 

(° rq'Oi)) ~ 2 (rj,m,e n •( ;*q' (h)j 
il "1 

•<r -r ) (5.32) 
J J ~x 

where 
_ r .+r . . 
rj = 11 2 (5.33) 

Since 

n'(rit-(h)j = dw|r^t'(h)) (5o4, 

where N'Jrjq^'fhjJ is proportional to the number of 

particles of radii o to r within a unit volume of air, 

equation (5.32) could also be written as 



I3'i 

Pi(M) (o  ,3'<h)) . T a| M ) (7j,.n,e )  
J M'*' 

>̂ N « |r ̂ i'q' (h)| - N 1 |r ;"q • (li )jj (5*35) 

whore 

r 
u 

N • (r j ) " N ' j„x ̂ = / n ' (r • • "q 1 (li)J dr ( 5 • 36) 

r . . 
J-1 

It would appear that equation (5.35) approximates 

bettor than equation (5*32) because from equation 

(5*36) it is aeon that 

N 1 (r ,) - N'(r, - ) » n»(7,)(r,-r. ,) (5-37) 
J J-1 J J J-1 

Thus, as seen from tho approximation of equation (5*37)» 

equation (5*32) would approximate tho integrals less 

accurately. 

To be able to use equation (5>35)> the integral of 

equation (5*36) has to be evaluated analytically. It will 

turn out that for some of the size distribution models, 

equation (5*36) can not be evaluated analytically and for 

these models, equation (5*32) has to be used. 

The computer program that computes P.j^^ is broken 

up into three subroutines: DBMIE, NOFR, and DSMIE. DBMIE 

i s  a  v e r y  e f f i c i e n t  p r o g r a m  w h i c h  c a l c u l a t e s  | S  2  J  ̂ '  

+ S^S* ], and - s^sj!p * ^ complete description 
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or tho subroutine D1JMII3 la given by D«vo (,1,960). NOKR in a 

aubroutino which calculates cither Nf(rj) - or 

n 1 (r ,) ( r .-r . .. ) oncl r . . NOKR breaks tho integration range 
J J J "" J* J 

.O'i to 10 microns up into lO'i intervals in a munuor us 

previously doscribod. DSM.T1? combines tho rosuJ, ts from 

DBMIIS and NOKR. It coinputoa tho sums indicatod oithor by 

equation (5*32) or oquation (5»35)« Combinations of tho 

computed ai"o used to form tho equations for 

Y|Q^;*q'(h)) as givon by aquation (3*28) or equation (5.30) • 

Tho output of DSMIB is used in conjunction, with tho 

search routines KSS13RS, ASSDRS, or ASSDI3RS to ovnluato tho 

poi'foriiianco function at difforent values of q'(h). Tho 

values of q'(h) arc varied in a manner corresponding to tho 

search routine being used, until the estimates of tho 

optimal parameters hava boon found. 

5.̂ 1 Size Distribution .Models 

In this section, four models of the aerosol size 

distribution are presented. They are all based upon 
* 

oxporimental results gathered by particle counting systems. 

Clark and Whitby (1967) present a comprehensive survey of 

the various particle counting systems in use. They also 

compare their results with the results of various 

researchers in this field. The consensus of these particle 

counting experiments indicates that the size distribution 

_(v+i) 
is closely proportional to r where v is dimensionless 
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constant which depends upon atmospheric conditions. Theao 

sumo experiments ulso reveal that In the small norosol 

particlo range ( .O'i to .1 microns) and ulso in tho largo 
1 

aerosol particlo rango (above 1 micron), that tho sizo 
/ t \ 

distribution may not follow this r depondonco. Thus, 
t 

it is tho purpose of this soction to mathematically model 

tho aerosol sixo distribution from .O'l to 10 microns. One 

of tho modols presented is called tho Jungo distribution 

and it has appoarod often in tho literature, for example, 

Jungo (1955) . Tho other throe modols are variations of the 

Jungo distributioji and have not appoarod previously in tho 

literature. Finally, a general modoling technique is 

discuss ed. 

5.^.1 Model A-"The Jungo Pistribution 

The most basic model, established by Jungo (1955)» 

is given by 

n jr ;"q(h)j = qQ(h)r"^I'+ 1' (5.38) 

where 

q x  (h  )  =  v  

The quantity q^(h) is a measure of the aerosol number 

density and v + 1 represents the slope of the distribution 

011 a log-log diagram. Figure 5*1 shows a plot of n(r) on a 

log-log diagram for u = 1, 2, and 3- This graph illustrates 
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Figure 5*1 Junge Size Distribution (Model A) for Different 
Values of u. 
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how v  affects the slope of the distribution. In practical 

applications, v lies between 1 and 4. 

The number of particles per unit volume with radii 

between r^ and r^ • is given by 

r 2  

N = qQ(h) J  r"(l/+l)dr (5.39) 

rl 

or upon integration 

Irv (h) 
N =  ̂ ( 5 . 'iO ) 

v  v  
rl " r2 

5.4.2 Model B 

To account for variations from the basic Junge 

distribution for small and large particles, a distribution 

as shown in Figure 5*2 is introduced. It is seen that this 

distribution can be mathematically represented by 

I  \  -(f.+l) 
n |r; q(h)J = qQ(h) rBpi for *Ok < r < *"Bp;]L (5»̂ la) 

i ^ l -(v +1) 
n[r;q(h)j = qQ(h) r for rBpi < r < rBp2 (5-^lb) 

j. , r ~{v0+i) +i) -(̂ „+i)*i 
•it(h)J = q0(h) |r +rBp2 -rBp2 J 

for rQp2 < r < 10 (5.4lc) 

n ir 
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10 

2x10 
I. 10. « 
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Figure 5*2 Model B Size Distribution for Different values 
of i/g with — 2, ~ • 15 and r^pg = 1-
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where 

q.̂  (h) — ^ = rgpg 

q2(h) = Vq, = rBPl 

In most practical applications, the range of the parameters 

is given by 1 < < 4, 1 *2 — ^ — rBP2 — and 

,04t <_ rBPl — It is seen that this distribution has 

four unknowns , with ^ + 1 and 1 representing the slopes, 

and rgp^ and **^2 representing the breakpoints. This model 

is more realistic than model A because for small particles 

experimental evidence (Clark and Whitby, 19&7) indicates 

that the size distribution "rolls off" with decreasing r; 

this is indicated by the flat portion of the curve. Experi

mental evidence (Junge, Robinson, and Ludwig, 1969) further 

indicates that the size distribution may have a smaller 

slope for the large particles than midrange particles; 

this is expressed by the breakpoint and slope i^+l. 

The number of particles per unit volume with radii 

between r^ and rg is given by 

r -(̂ +1) f-vi ~v± I 
N = qQ(h) rBPl +q

0*h^ [rBPl"rBP2 J 

T ~ u 2  ~ U 2  f  ~ ( v 2 + l ) i l  
+ cl0(h) |̂ rBP2~r2 +̂ r2~rBP2̂  |rBP2 "rBP2 jj (5-̂ 2) 
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5.̂ 1.3 Model C 

From Figures 5*1 and 5.2 it is apparent to all 

Electrical Engineers that models A and B are in the form 

of a Bode plot. The curve as depicted in Figure 5*2 is an 

asymptotic approximation to a more general functional 

relation which can be immediately written down by inspec

tion. If, for the moment, it is assumed that the upper 

break point, rBP2' does not exist, then the distribution is 

given by 

n{r;"q(h)] = — 
1 1 

qQ(h) 

BPl 

(5.^3) 

V1 

where 

qx(h) = "x 

q2(h) = rBpl 

Equation (5.43) is illustrated graphically by a log-log 

= .1. plot in Figure 5*3 for ^ = 2  and 

The number of particles per unit volume with radii 

between r^ and r^ is given by 

N  =  V h )  J - dr (5.W 

BPl V
1 

which will have to be numerically integrated. 
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Figure 5*3 Model C Size Distribution for iv^= 2 and 
rBPl *1 
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5,h,h Model D 

Tho more genorul two-slopo distribution equation 

for model D is given by 

n|r;q(h)J = <1Q Cli > 

1 + r V1 1 + 
r LVP2 j V

1 

1 + r 
V1 1 + 

rBPlj V
1 

(5-^5) 

whore 

iii(h) - "i 

q2(h) = V2 

3̂̂ ' ~ rBP3 

<Vh> = rBPl 

Equation (5*^5) is illustrated graphically by the log-log 

plot in Figure 5,k for v = 2^ rBp3_ = •!» rBP2 " ̂ ' anC* for 

v = 2 and 1.5• From Bode plot theory, it is obvious how 
a 

the four parameters affect the distribution. 

The number of particles per unit volume with radii 

between r^ and is given by 

2 

N = q0(h) f r2 /• 

1 
H
 

+
 

r 1 
• "2+l " r2 

/• 

1 
H
 

+
 

rDP2 1  • "2
+l " 

y 1 + 

* 

r  •  1 
"l+1 ri 

1 + 

* 

rBPl j  "l+1 
dr (5.^6) 

Equation (5.k6) will have to be numerically integrated. 
. » 

5.^.5 A General Model 

From what has been presented in Sections and 

it is apparent that a general size distribution with 

many different slopes and breakpoints could be modeled by 
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Figure 5.Model D Size Distribution for Different Values 
of u2 with = 2, rDpi = .1, and rDp2 = 1 
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ii[rs7f(h)) = ti0(li) ~ 

1[" 
it .1 + 

UP2i 

r 

1J11 J.:L 

"2 i+1 

V +1  
1. 1 

(5.;17) 

where 

it 1 + UP 21 
v  +1  
2 i r UP 21 "ai

+1l 

[" UP 2 2 ^2 2 ^ ] - ['' UP 2m, 
-*„•>] 

It Is Important to ronlizio the flexibility which Dodo plot 

thoory provides, sinco a very complicated dis tribution con 

bo inodelod in a simple and straightforward retshion. 

5.5 The Dotormlnntioii of tho Paratnotora Associated 
with the Size Distribution Models for 

Nolsg-Froe Monauronion t a 

This section analyzes tho effectiveness of tho 

random search method to optimise the system for noise-froo 

measurements. The noise-fro.o case is obviously unrealistic, 

but results from such an analysis should provide useful 

information for tho more difficult noise-corrupted case. 

Examining the noise-free case tirould allow, so to speak, the 

calibration of tho system; that is, determining favorable 

values for the various coefficients associated with tho 

random search routines. Also, it would seem logical to 



assume that if tho optimal parameters could not bo deter

mined :l.n tho iioi«o-froo CUHO, tho op timal estimates 

probably could not bo found :i.n tho nolso-corruptod eoflo 

either. 

Tho first problem that is confronted is, what 

scattoring angles, 9^, should bo used in tho per formation 

function* Thoro aro an infinite number of possibilities) 

but it is dosirod to uso a sot of scattering anglos in 

which tho performance function has riono or very few local 

minima. Thoro is absolutely no way to dotormino the best 

sot of scattering anglos to uso for tho mu.1 tidiiuonsional 

problem. Uowovor, to dotorjnJ.no a possiblo sot of scatter

ing angles, RATIO^ and TANP, as given by equations (J5.20) 

and (5.30), aro plotted for the Jungo distribution with 

the indox of refraction of tho particles sot at l.fj'l and 

tho operating wavelength of tho laser at .69'i3 microns. 

The Jungo distribution was used because there is only one 

unknown parameter associated with it, namely vt Figure 5*5 

and Figures 5*6 arid 5*7 show RATIO^ and TAN0, respec

tively, versus v for various scattering angles. The idea 

is thon to choose favorable scattering anglos based on the 

Junge distribution and hopo (because all the size dis

tribution models are essentially similar in form) that this 

favorable set of angles is also a favorable set of angles 

for the other distributions. By favorable angles, it is 

meant those angles in which multivalueness does not occur 
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for RATIO. or TAN(3. From Figure 5*5j it is aeon that in 
£r 

the range of 9 = 100° to 0 = l'±5° , RATIO^ is essentially 

singlevaluecl for 2 < v _< 4, except for 0 = 1*15° £>t small 

values of v. Above l4S° , RATIO^ becomes doublevtiluod in 

the range 2 < v < 4. Thus, a good possible sot angles for 

RATIOcould be 9 = 100°, 125°, 135° , and l'i5°» Likewise, 

from Figures 5.6 and 5*7 it is seen that TAN|3 is essen

tially doublevaluod from 0 = 100° to 9 = l'±0° , and single-

valued above 9 = l'±0° . Therefore, a good possible set of 

angles for TAN{3 could bo 9 = l4o°, 1̂ 5°* 150°, 155°* and 

l60°. These scattering angles are used throughout the 

remainder of this text. 

The question that now could be raised is, why use 

more than one scattering angle? Primarily, the reason lies 

in the fact that when noise-corrupted measurements are 

considered, the noise can be discriminated against, because 

using more than one angle tends to average the noise out. 

Another very important point is that by using more than one 

angle, it appears that the trial size distribution can be 

made semiunique with the measured data, at least in the 

noise-free case. The reason for this being: it would seem 

very logical that two size distribution models could yield 

the same value of say RATI0^r at one angle, however, the 

probability of two models yielding the same values of 

RATIO^^ at many 0's is very remote. Thus, excluding the 

possibility of local minima, if the wrong model was tried 
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with the measured data, the search routine should not 

converge to a parameter estimate with a small performance 

function value. This would indicate that the data were 

not fit well, in the least-squares sense, by the trial 

distribution. Some numerical results are presented in 

Section 5*7 to illustrate the semiuniqueness of the data 

with the trial distribution. 

The next question that could be raised is, why 

were four or five scattering angles chosen over say ten 

angles? The reason is that a certain amount of time is 

needed to measure the Stokes parameters at each scattering 

angle, and to change the receiver and transmitter optical 

antennas to new angles of elevation needed for different 

scattering angles. [See Webster (1970) for information 

regarding the actual time involved.] Too large a time 

interval could result in the statistics becoming non-

stationary or possibly the size distribution could change 

between the first and last measurement. It was felt that 

the time needed to make the fiecessary measurements at four 

or five scattering angles was not prohibitive. 

The simulation of 'the measurements in the noise-

free case ara given by RATIO^ or TAN(B evaluated at the 

optimal parameter values, "q1* (h) . That is 

y(0,.) S RATIO Zr (q«* (h)) (5'W 
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and 

y(9±) = TANp ("q'* (h)J (5-^9) 

These values are used as the input data to the computer 

program as described in Section 5«3« The results of the 

computer program Tor different size distribution models 

are given in tabular form in the following parts of this 

section. 

It should be pointed out at this point that, in a 

problem such as this, it is virtually impossible to make 

far reaching quantitative conclusions regarding the numer

ical data. The success of the computer program depends to 

a large extent on the experience and intuitive feel the 

operator has in working with this type of problem. There

fore, what is done, is to present the results of various 

computer runs in tables, which also list pertinent input 

data values needed to operate the computer program. The 

computer runs chosen were selected to illustrate certain 

capabilities and pitfalls associated with the technique. 

Comments are then made pertaining to these selected 

computer runs. 

The data presented, in this section are for an 

index of refraction for the particles of 1.5^ and a wave

length of .69^3 microns. 
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5*5*1 Numerical Results for Model A 

The random search routine is first applied to the 

simplest distribution model, that being the Junge distribu

tion. The distribution is considered for the optimal 

values of f*= 3»5 and v*= 2.5* The input data (cor

responding to noise-free measurements) are given by RATIO^ 

and TANp evaluated at v* •  

The search routine which was used to optimize the 

noise-free performance function was the FSSBRS. Because of 

the simplicity of the FSSBRS, it is used until computer 

results indicate that it is necessary to employ the more 

sophisticated ASSBRS or ASSDBRS routines. Some typical 

computer (CDC 6^100) results, along with pertinent informa

tion regarding various coefficient settings for the FSSBRS, 

are shown in Table 5*1* As shown in Table 5«1» difficulty 

was encountered i/hen the search routine was initiated at 

= 1 .  T h e  r e a s o n  b e i n g ,  o f  c o u r s e ,  t h a t  t h i s  p o i n t  i s  

a local minimum, and the step size was not large enough to 

"jump" out of it. This illustrates the inherent difficulty 

of problems of this type, even for a one parameter search. 

It is important to note that it is easy to determine that 

this point is a local minimum because of the value of Q at 

this point, as compared with the values of Q when the search 

routine converged to the optimal parameter value. 

The main conclusions reached for the FSSBRS as 

applied to model A are: 



Table 5*1 Typical Results of the Search Routine for Model A 

Run 1 Run 2 Run 3 Run 4 Run 5 

Y(ei?,) RATIO, 
&r  

RATIO„ jfcr RATIO„ 
J&r RATIO. 

It 
TAN (3 

Search Routine FSSBRS Search Routine FSSBRS 

Optimal Parameters 3-5 * = 2.5 1/*= 2.5 v*=  2.5 v=  3-5 

Starting Point = 2.4 O
 

11 H
 

•
 

U
1

 

i/(0)= 3.5 *
 

rH II 

O
 

•w 

*
 = 2.4 

Parameter Estimate v  =  3.500 S = 2.500 v = 2.500 v  = 1.000 v  = 3.500 
A 

Q(q') 5.44xlO~8 l.8xio"17 1.8xlO~17 3.5X10"1 3.83xlO~9 

Range of Parameters 3.<c<4 Range of Parameters 3.<c<4 

Initial Step Size C*°* = .2 0
 0
 

II
 

« H
 

C(0) = .1 0
 

•—
» 

0
 

11
 

*
 

H
 CM •

 

II 

0
 

0
 

Final Step Size C . = .1 Final Step Size 
rnxn 

Amount Step Size is 
Decreased R = .5 

1 

Stopping Criterion NFMAX = 50 Stopping Criterion NFMAX = 50 

Total Compute Time 36 sec 29 sec 29 sec 28 sec 42 sec 
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1. Start the program anywhere in the range 2 v < 

2. Set the initial step size, , equal to .1 with _ 

C. . = .05. 
lmin 

3. The convergence properties of RATIOand TANp were 

essentially the same. 

The search routine could find the optimal value 

with little difficulty. 

5. A stopping criterion of NFMAX = 50 proved suf

ficient . 

5.5»2 Numerical Results for Model B 

For model B, only the parameters v and v^ are 

considered as variable because rj3pj anr* rBP2 Can onljy take 

on a discrete set of values. The reason that and 

rBP2 can °nly take on a discrete range of values is due to 

the mathematical form of the model [see equation (5»^l] and 

the fact that computer program breaks the interval 

.Ok < r < 10 into 105 points. This means that and 

rBP2 can only "take values in the set of 105 values. 

Consequently ̂ gp-^ and rDp2 cannot be searched for, because 

the search routine requires the parameters to take a 

continuous set of values. 

The distribution is considered with ̂ gp^ an<* rBP2 

fixed at .1 and 1, respectively. These values are 

considered as physically relevant values. Two sets of 
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optimal values for and ore investigated. They are 

V1 = 3' *2 = *5 and V1 = 3* *2 = 3* 

Some typical results of the computer programs are 

shown in Table 5*2. The subscripts 1 and 2 refer to ^ and 

, respectively. As for model A, it was found that the 

FSSBRS worked sufficiently well so that the ASSBRS or the 

ASSDBRS were not employed. It was found that implementing 

the relevant physical constraint in the computer 

program aided the search routine in optimizing the system. 

The main conclusions regarding the search routine 

using model B as the sisie distribution are: 

1. The FSSBRS proved efficient in finding the optimal 

parameter values for and . 

2. The performance function was more sensitive to 

than i/g. That is, the search routine always 

converged to the optimal but in a few cases 

with a bad value of * The opposite case was not 

observed. 

3* The results indicated that, for more than two 

unknowns, the more sophisticated search routines 

will probably have* to be used. 

k. The best results were obtained with the search 

routine initiated at the upper end of the range of 

the parameter values with  ̂S°°d 

typical starting point is = *2^ = 



Table 5*2 Typical Results of the Search Routine for Model B with rgp-^ = and 
rBP2 = 1 

Run 1 Run 2 

. 1. Y(e.,t') TAN p TAN 3 

2. Search Routine FSSBRS FSSBRS 

3. Optimal Parameters = 3. i  = -5 
* 

"l = 3* 
* 

u 2  = ° 

k .  Starting Point =1. 40) -1- = 1.25 40) = 1.25 

5 • 

6. 

Parameter Estimate 

Q(̂ ') 

v± = 3.000 

9.6 x 10~9 

-To) v0 = .pOl v± = 3-000 

1.85 x 10~6 

v2 = .521 

7. 

8. 

Range of Parameters 

Initial Step Size 

0 < <5 

C<0) = .1 

0< u2<5 

c<0) = .i 

0< »£<5 

C<°> = .1 

0£"a<5 

c<°> = .1 

9. Final Step Size Clm.in = -05 C2min = *°5 Clmin = -°5 C . = .05 2mm 

• 

o
 
H
 Amount Step Size is 

Decreased Rx = .5 = • P Rx = .5 ^5 = •? 

n. Stopping Criterion NFMAX = 50 NFMAX = 50 

12. Total Compute Time ^5 sec 45 sec 

o 
-J 



Table 5*2—Continued Typical Results of the Search RoutdLne for Model B with 
rBPl = and rBP2 = 1 

Run 3 Run 4 

1* TAN {3 TANP 

2 FSSBRS FSSBRS 

* * * 

3 "l = 3* *2 = *5 "l = 3# *2 = *5 

4 

ir
\ h- • 

II 

O
 

40) • 
„(0) , — Jo) _ __ 1 = 3 • /O v2 = 3-7:? 

5 = 3.000 P 2  = .504 v ±  = 2.999 * v 2  = .499 

6 2.4 x 10~7 1.6 x 10~7 

7 0< vj<5  0<i/2<5 0< v <5 0< v„<5 — 1— — J£— 

8 C<°> = .1 C(0) - 1 2 ~ -1 
c*0) = .1 c£0) = .1 

9 Clmin = *°5 C2min = *°5 Clmin = *°5 C2min = *°5 

10 R-L = -5 R
2 = -5 R̂  = .5 Rg = .5 

11 NFMAX = 50 NFMAX = 50 

12 45 sec 45 sec 

*Numbers refer to numbered items in first column on page 157-

u 
C= 



Table 5-2—Continued Typical Results of the Search Routine for Model B with 
rBPl 311(1 rBP2 1 

Run 5 Run 6 

1* RATIO„ £r 
RATIO, 

I r  

2 FSSBRS FSSBRS 

3 
* * 
"l - 3- "2 - -5 \ = 3. i - -5 

4 v<0) = 4.5 "20> = 4"5 iQ) - 3.75 4°> - 1,25 

5  ̂= 2.999 v 2  = .531  ̂= 2.999 • "2 = .-514 

6 4.7 x 10~® 1 x 10~6 
" 

7 o< î <5 o< v2<5 0< t̂ <5 °<"a<5 

8 c^°\ = .1 ĉ 0) = .1 c<°> = .1 H
 • 

II 
>
*
*
%
 O
 ' CM 
O
 

9 Clmin = ,05 C2min = *°5 
C_ . = .05 
lmm C2min " '°3 

10 R1 = '5 R2 = *5 R-ĵ  - • 5 R2 = -5 

11 NFMAX = 50 NFMAX = 50 

12 68 sec 40 sec 

•Numbers refer to numbered items in first column on page 157-



Table 5-2—Continued Typical Results of the Search Routine for Model B with 
rBPl = ml and rBP2 = 1 

Run 7 Run 8 

1* 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

TANp 

FSSBRS 
* 
"i - 3-

40) • 

v = 2.9̂ 1 

* 
v2 = 3. 

.(0) = 1. 

v2 = .0768 

5-5 x 10 
-4 

°< i/1<5 

( 0 )  = .1 

0< u2<? 

„ ( 0 )  = .1 

c .  .  =  . 0001  
lmm 

c„  .  =  . 0001  
2mm 

Ri • -1 

NFMAX = 50 

106 sec 

R2 = .1 

TANp 

FSSBRS 

"l = 3-

4o) = 4.5 

\>l = 3.000 

«£ = 3' 

- 4.5 

v2 - 3-000 

4.4 x 10 -13 

0< ̂ <5 

Co)  = .1 

o < "2<5 

„(o)  

c . ,  .  =  . 0001  c_  .  
lmm 2 mm 

= .1 

= .0001 

p-i • -1 

XF MAX = 50 

193 sec  

r2 = .1 

*Numbers refer to numbered items in first column on page 15/ 

c\ 
c 



Table 5»2—Continued Typical Results of the Search Routine for Model B with 
rBPl = anci rBP2 = 1 

Run 9 

1* RATIO, 
Xr 

2 FSS3RS 

3 
* 

*1 = 3-•
 

r*\ II 
*
^
1
 

k 4o) = 4.5 11 

5 v± = 3-000 II JN 1 

6 2.7x10~10 

7 o< ̂<5 0<*j,<5 

8 c|0) = .1 •
 

II 

O
 

1 
O
 

9 cn . = .0001 
lmxn 

C . -sen T» 

10 ?i - -1 R2 = -1 

11 XFMAX = 50 

12 ll6 sec 

= -OOOl 

*Numbers refer to numbered iteias in first coiuan on page 157-



5. 

6. 

7. 

0. 

5.5*3 Numerical Results for Modo.1 C 

For this model can be considered as variable, 

since the rostx'ictions of model 13 do not apply. The 

distribution is investigated for the optimal parameter 

* * 
values of = 2 and = *1* These again are physically 

relevant values which typically may occur for a real 

atmosphere. 

Since models A and B indicated no basic difference 

in the convergence properties of RATI0^r or TANp for the 

scattering angles chosen, only RATIO^ is considered 

henceforth, because it takes a shorter time to compute 

RATIO^ than TANp. 

Some typical results are shown in Table 5*3* The 

subscripts 1 and 2 refer to and rQp^» respectively. The 

results shown in Table 5*3 are for the ASSBRS routine. It 

proved the more efficient of the search routines. The 
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The initial stop sisse for oach parameter should bo 

sot at values of around . 1, i.e., ^ unfj 

C < ° >  =  . 1 .  

Typically good minimum paramotor stop sixes are 

Clmin = •°5 and C2min = ,05, 

The convergence properties of TANp and RATIO^ were 

essentially the same. 

A stopping criterion of NFMAX = 50 proved suffi

cient . 



Table 5*3 Typical Results of the Search Routine for Model C 

Run 1 Run 2 

Y(9.,"5') 

Search Routine 

Optimal Parameters 

Starting Point 

Parameter Estimate 

Q ("q' ) 

Range of Parameters 

Initial Nominal Step 
Size 

Initial Step Size of 
2nd Step 

Final Step Size 

Amount Step Size is 
Decreas ed 

Stopping Criterion 

Total Compute Time 

RATIO„ £r 

ASSBRS 

* v  = 2 .  
1 
( 0 )  _ 

V1 = *5 

\ = 1-995 

rBPl " ml 

rBPl = "°5 

rBpi = *099 

6.25 x 10 

0< 

-6 

=  . 1  c£0) = .0075 
r ( 0 )  
C1 

C*0)(l+T) = c[0)(l.0l) 
Clmin = 

Rx = .85 

C2min = -00375 

R2 = -85 

NFMAX = 25 or QMIN = 10 

57 sec 

-10 

RATIO„ 
Jtr 

ASSBRS 

"i • 2-

"i0) = 3 

= 2.002 

rBPl *1 

r(0) - 15 BP1 ~ 5 

rBpi = .100 

1.86 x 10 

0< ̂ <4 

-6 

(0)  
1 

(0)  

= .1 

•°̂ £rBPi—*5 

Ĉ 0} = .0075 

C. 
i 

(1+T) = C^0)(1.01) 

Clmin ~ *°5 

Rx = .85 

C2min = -00375 

R2 = .85 

NFMAX = 25 or QMIN = 10 

52 sec 

-10 
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ASSDBRS also gave satisfactory results, but setting the 

values for the various coefficients associated with the 

learning algorithm proved very difficult. No claim could 

be made that the values used for the coefficients were the 

optimal values. Therefore, since the ASSBRS gave satisfac

tory results, no values are presented for the coefficients 

associated with the learning coefficients. It is felt that 

the ASSDBRS will have to be employed when the four parameter 

model D is investigated. 

The main conclusions regarding the search routine 

using model C as the size distribution are: 

1. The ASSBRS proved efficient in finding the optimal 

parameters values for and rjjp^ * 

2. The performance function is not too sensitive to 

rBpi • This may rule out being an unknown 

parameter for the more complicated model D. 

3» No problem was observed in convergence to local 

minima due to initiating the search routine at 

different starting points. A good starting point 

was = 3. and r^^ = .05. 

4. The initial nominal step sizes should be set equal 

to c|0) = .1 and c£0) = ,0075. 

5. Typically good minimum step sizes are C in = .05 

and C2min = *00^75-
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6. The initial step size of the second step, 

(l+T)c{^» should be set equal to l.Olcf^ where i ' i 

T = .01. 
t 

7. A satisfactory stopping criterion was given by 

NFMAX = 25 or QMIN = 10~10. To be on the safe 

side, NFMAX probably should be set equal to 

approximately 50. 

5 . 5 • Numerical Results for Model D 

Model D is the most general size distribution model 

and ultimately it is desirable to consider all four 

parameters as unknowns. The subscripts 1, 2, 3, and k 

listed in the tables of results, refer to r^p,,, and 

rDPl' respectively. The simulated noise-free measurements 

are given by RATIO. evaluated at the optimal parameters 
XfF  

— 2, Vg — 1.5, rgpg — 1, and r^p^ — .1. 

Tables 5*^ through 5*6 list typical results of the 

search routine. Generally speaking, little difficulty was 

encountered in converging to the optimal parameter values 

with 1/^ and unknown and and *"DP2 fixed at their 

optimal values (see Table 5-^)« Likewise, with , *>2, 

and rQp2 unknown and fixed, the optimal parameters 

could be located with little difficulty (see Table 5»5)» 

When all four parameters were unknown, locating the optimal 

parameters proved moi'e difficult, and in most situations 



Table 5*^ Typical Results of the Search Routine for Model D with rgp^ rgp2 
Fixed at Their Optimal Values, i.e., rgp^ = *1 ant* rBP2 = 

Run 1 Run 2 

Y(6i,q') RATIO. RATIO, 
JLr 

Search Routine ASSBRS ASSBRS 

Optimal Parameters 

Starting Point 

v* = 2. 

V<°> . .5 

v = 1.5 

(0) 
"2 = *5 

V* - 2. 

(0) , ^ = 3. 

* TP fp = 1.5 

"20> - »• 

Parameter Estimate 

Q( ci1) 

Range of Parameters 

v ,  = 2.007 
J- c 
1.2 x 10 

i-< 

v 2  = 1.505 

-l.< V2<2. 

v ±  •= 2.017 

9-0 x 10~7 

1 .< v^<k. 

C2 =. 1.517 

-1. < V2<2 . 

Initial Nominal Step 
Size C(0) - 1 °1 " -1 c20' = -1 C(0) - 1 °1 " *1 C(0) - 1 2 " -1 

Final Step Size 

Initial Step Size of 
2nd Step 

Clmin = *05 

C^°^(l+T) = 

C2min = •«" 

c^°*(1 .08)  

C, . = .05 
lmxn 

C^0^(l+T) = 

C0 . = .05 
2mxn 

C^0)(1 .08)  

Amount Step Size is 
Decreased 

Stopping Criterion 

R, - .85 

NFMAX = 25 

R2 = .85 

or QMIN = 10~7 

= .85 

NFMAX = 25 

R2 = .85 

or QMIN = 10"7 

Total Compute Time 117 sec 84 sec 



Table 5.5 Typical Results of the Seeirch Routine for Model D with Fixed 
at its Optimal Value, .1 

Run 3 

1. 

2. 

YCOjfl') 

Seeirch Routine 

RATIO , 
£r 

ASSBRS 

3-
4. 

Optimal Parameters 

Starting Point 

1/* = 2. 

4°' . 1. 

V2 ~ rBP2 ~ 
v io )  _  (0) _ 
2 ~ ° BP 2 ~ 

5. 

6. 

Parameter Estimate 

Q(^l1) 

v = 2.065 

5.3 x 10"6 

v2 =1.557 ^0p2 = .980 

7-

8. 

Range of Parameters 

Initial Nominal Step Size 

1< v1<4 

C<°> . .! 

-1<"2<2 *5<rBp2<3. 
C*0) = .1 C^0) = .1 

9-

10. 

Final Step Size 

Initial Step Size of 2nd Step 

Clmin = *°5 

C^0)(l+T) = 

C2min = *°5 C3min = *°5 

C<0)(1.08) 

11. Amount Step Size is Decreased \ = .85 R2 = . 85  R3  = .85  

12. Learning Coefficients Not applicable 

13 .  Stopping Criterion NFMAX = 50 or QMIN = 10~7 

l4. Total Compute Time 199 sec 



Table 5*5—Continued Typical Results of* the Search Routine for Model D with r«p-. 
Fixed at its Optimal Value, .1 

Run 4 

1* RATIO. 
j£r 

2 ASSDBRS 

3 
* 

1 • 2- v2 - 1.5 r
BP2 1. 

4 4o) = i. v(0) - 5 2 " *5 r(0) BP2 
= 2. 

5 = 1.976 i>2 = 1.480 ^BP2 = 1*010 -

6 7. X 10"7 

7 1 .< i^<4. -1 .< v2<2 . *5<rBp2£3. 

8 C<°> . .7 c ( 0 )  -  1  
•  2  ~  

-(0) 
3 

= .1 

9 c, . = .05 
1mm 

. = .05 
2mm 

c„  .  =  .05 
3mm 

10 c£0)(l+T) = C<0)(1.08) 

11 R± = .85 R2 = .85 R3 = . 85 

12 k = 1. 6  •  =  2 .  w.  
1 1 max ~~ 4. cutoff 

13 NFMAX = 50 or QMIN = 10~7 

l4 184 sec 

*Numbers refer to numbered items in first column on page 167* 



Table 5*5—Continued Typical Results of the Seeirch Routine for Model D with rgp^ 
Fixed at its Optimal Value, .1 

Run 5 

1* RATIO. 
£r 

2 ASSDBRS 

3 

4 „<<» . X. 

vl = 1-5 r 

v(0) - 5  *2 " *5 

* 

BP2 = 

r(°) 
BP2 

1. 

= O 

5 v± = 2.005 v2 = 1.499 B̂P2 = '987 

6 2. x 10~6 

7 

8 

l.< î <4 

= .1 

-1 .<  v  <2.  

c(0) - 1 2 " -1 

* 5j£rBP2^ * 

C^0) = .1 

9 

10 

Clmin = -°5 

c|0)(l+T) = 

C2min " *°5 

(1 .08)  

C3nin = -°5 

11 R x  = .85  R2 = R3 = . 85 

12 k = 1. 6. 
X 
= 3 .  d  =  1  w. =4. 

2. max 

13 NFMAX = 50 or QMIN = 10"7 

14 223 sec 

cutoff = 2. 

•Numbers refer to numbered items in first column on page 167. 



Table 5*5—Continued Typical Results of the Search Routine for Model D with 
Fixed at its Optimal Value, .1 

Run 6 

1* RATIO, 
ir 

2 ASSDBRS 

3 * « V1 = 2. V* = 1.5 
* 

rBP2 = 1* 

4 40) = 3. . 2. r
(o) - 2 BP 2 * 

5 S-L = 1.923 ^2 ~ ^BP2 ~ 1 .030 . 

6 4.8 x 10"6 

7 1 •£ • -1. < v2<2 . 
*5^rBP2—3* 

8 0
 

H
 O
 

II • H
 

O
 

to
 <
-*
 
0
 

•w
* 

11 • H
 H

 • II •% 

O
 

w> 
C\ 

' O
 

9 cn . = .05 
lmxn 

c = 
2min *05 C3min 

= .05 

10 C*0)(l+T) = C!°'(1.08) 

11 Rx = .85 R2 = .85 R3 = .85 

12 k = 1 6. = 
1 

4 d = 1 w. 
X 

= 4. 
max cutoff 

13 . NFMAX = 50 or QMIN =10" 7 

14 2l4 sec 

*Numbers refer to numbered items in first column on page 167-



Table 5*6 Typical Results of the Search Routine for Model D -with all Four 
Parameters Unknown 

Run 7 

1. Y(6i,q») RATIO„ £r 

2. Search Routine ASSBRS 

3-

k. 

Optimal Parameters 

Starting Point 

V1 = 2 ' V2 = 1 * ̂  rBP2 = 1 * rBPl = 

u ( 0 )  u(0) r
(0>-2 r(0)- 04 

*1 ~3' 2 BP2 * BP1— 

.1 

5 -

6. 

Parameter Estimate 

QCq') 

£^=1.845 ^21=1 *3/3 rBp2=l.095 ~^BPI 

6.7 x,10~6 

= .058  

7-

8 .  

Range of Parameters 

Initial Nominal Step Size 

1 < ̂  < 4 -l<^<2 5<rBp2<3. -°^BP1. 

cj0) = .l C^0^ = •! c^0) = .l c^0) = .0075 

<•5 

9 • 

10. 

Final Step Size 

Initial Step Size of 2nd Step 

Clmin=*°5 C2min=*05 C3min=*°5 °Wn= 

C^0)(l+T) = C^0)(1.08) 

.00375 

11. Amount Step Size is Decreased R1 = .85 R2 = .85 R3 = .85 R4 = • 85  

12. Learning Coefficients Not applicable 

13-•Stopping Criterion NFMAX = 50 or QMIN = 10 

14. Total Compute Time 190 sec 



Table 5 * 6—Continued Typical Results of the Search Routine for Model D  with all 
Four Parameters Unknown 

Run 8 

1* RATIO. 
Xr 

2 ASSDBRS 

3 1^ = 2. = 1.5 rBP2 = 1 * rBPl = 

h  J 0 )  -  J o )  -  p  -  9  t - ( 0 )  -  n U  
BP 2 ~ * BP1 ~ * 

5 = 2.008 v2 = 1.509 rBp2 = .997 ?Bpi = -111 

6 5.7 x 10~6 

7 1< ̂  -15 ̂2<2 0<rBp2<3. .0^<rBpi<.5 

8 Ĉ 0) = .1 C*0* = .1 C<0) = .1 = .0 

9 Clmin=*05 C2min=*05 C3min=*°5 C^min=-°°375 

10 C*°*(l+T) =C^°^(1.08) 

11 R^ = .85 R0 = .85 = .85 = -85 

12 k=l. 6.=600 d=.01 w. =5- cutoff=3-
1 1 max 

13 NFJIAX=50 or QMIN=10~7 

14 172 sec 

•Numbers refer to numbered items in first column on page 171• 



Table 5•6--Continued Typical Results of the Search Routine for Model D with all 
Four Parameters Unknown 

. Run 9 

1* RATIO. 
IT 

2 ASSDBRS 

3 i/̂  = 2. u2 = 1-5 rBP2 * rBPl = 

4 „(0) - (0) (0) _ (0) _ k 
1 ~ v2 ~ °* BP2 ~ BP1 ~ 

5 = 1.929 v2 = 1.446 ?Bp2 = 1.037 rBpi = .078 

6 1 x 10~5 

7 1 < -1<v2-2 -5<rBp2<3. .04<rBpi<.5 

8 C*0) = .1 = .1 C<°> = .1 C<0) = .0075 

9 ^ Clmin=-05 C2min=*05 C3min=*°5 C4min=*00375 

10 C^Cl-fT) = C^°^(1.08) 

11  R x  = .85  R 2  = .85  R 3  = .85  R^ =  .85  

12  k=l. 6 .=600  d=. 01  w. =5.  cutoff=3• 
1 1 max 

13 NFMAX = pO or QMIN = 10"7 

14 232 sec 

•Numbers refer to numbered items in first column on page 171. 



Table 5*6—Continued Typical Results of the Search Routine for Model D with all 
Four Parameters Unknown 

Run 10 

1* RATIO, 
£r 

2 ASSDBRS 

3 

k 

"x = 2-

v<0) = 1. 

*2 " rBP2 ~ lm 

v(0) - 1 r(0) - 5 2 ~ X' BP2 ~ 

rBPl *1 

r^0^ - 04 
BP1 " 

5 = 1 .918  V2 = r
Bp2 = X 

.Qkk  f B p i  = .090  

6 1 .9  X 10~ 6  -

7 

8 

l< t^<4 

c<°> = .1 

-1<V2<2 <̂rBp2£3. 

c<°>  -  .1  c< 0 )  = . 1  

•0̂ <rBpi<.5 

c{0) = .0075 

9 

10  

Clmin=-05 

c'°>(1+T) . 

C2min=-05 C3min=*05 C 

= c f0)(l. 08 )  
X 

Wn=.00375 

11   ̂= .85 R2  = .85  R3  = .85  r4 = -85 

12  k=l. 6.=600  d-.01  w. =5.  
x x max 

cutoff=3. 

13 NFMAX = 50 or QMIN = lO-' 

14 151  sec 

*Numbers refer to numbered items in first column on page 171. 
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the ASSDDRS yielded better values for the optimal parameter 

values than the ASSDRS (see Table 5*6). 

The general conclusions reached, concerning the 

search routines when applied to model D are: 

1. With four parameters the ASSDDRS proved the most 

efficient. The ASSDRS gave satisfactory results 

when considering one or more of the parameters 

fixed at their optimal values. 

2. Not much trouble was observed in converging to 

local minima. 

3. The search routine could be initiated anywhere in 

the pai~ameter space, of course, within the 

specified ranges of the parameters. 

lt. The initial nominal step sizes should be set equal 

. r(0) _ r ( 0 )  _  1 r(0) _ r(0) _ to — >X, Cg — *1) ~ »1j and C^ — 

.0075. 

5. Typically good minimum step sizes are C^min = *051 

C2inin = *°5' Smin = *°5' and Ckin = *00375. 

6. The initial step size of the second step, 

cf^(l+T), should be set equal to 1.08 where x 7 1 

T = .08. 

7. It is difficult to give optimal values for the 

coefficients associated with the learning algorithm. 

Values that gave satisfactory results are given in 

the tables. 
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8. The performance function was rather insensitive to 

rBPl' So cons equently this indicates that the 

search routine is not suitable for determining 

rBPl * 

9. A satisfactory stopping criterion was given by 

NFMAX = 50 or QMIN = 10"7. 

5.6 Estimation of the Unknown Parameters Associated 
with the Size Pistx-ibution Models for 

Noise»Corrupted Measurements 

In this section, the random search procedure is 

applied to the realistic problem of noise-corrupted measure

ments. Only models A, C, and D are considered since they 

appear to be the most realistic models. By using the same 

input data for the search routines as in Section 5»5* the 

effect of the noise-corrupted measurements on the parameter 

estimates can be observed. 

The noise injected into the system is the shot-

noise produced by the photomultiplier tube, and this noise 

is simulated on the computer. For reasons mentioned 

earlier, only RATIO^ is analyzed. From equation (5 ••25), 

the noise-corrupted measurement is represented by 

) + v' 
tn \ I n. I noise /_ y(9.) = n (5-50) 

( 3 1 ( Q . )  +  v  •  
r .x r noise 

where v.' . is a random variable with a mean value of x noise 

zero and a variance given by equation (5*26). As mentioned 
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in Chapter 3» v. is very nearly a Gaussian random i noise 

variable because it can be shown that a linearly filtered 

Poisson process with a large mean count rate approaches a 

Gaussian distribution. Thus, to simulate v? . on a ' x noxse 

computer, Gaussian noise with a variance given by equation 

(5*26) has to be generated. 

The computer (CDC 6400) has a noise source that is 

uniformly distributed between 0 and 1. The mean value and 

variance of the computer noise source are given by 

^RANF = i (5-51) 

and 

CTRANF ~  1 2  ( 5 . 5 2 )  

respectively. To convert this uniformly distributed noise 

into Gaussian distributed noise, the Central Limit Theorem 

is applied, i.e., if X^, X^ are independent samples 
2 ® 

with mean M-pj^p and variance CJj^j^p, then 

- 1 Ns 
x = i -  E  X  . ( 5 . 5 3 )  

S 1=1 

is approximately Gaussian with mean and variance 

CTHANp/NS* 

To control the variance and mean of the random 

variable X, a new random variable is chosen, i.e., 

Z = a + bX (5.5^) 
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where a and b are constants to be determined. Since X is 

approximately Gaussian distributed, Z is also Gaussian 

distributed with a mean value given by 

I 
Hz = a + t>M,RANF (5*55) 

and a variance given by 

, 2  2  
2 aRANF /r. ^r\ az = —55^ (5-56) 

It is desired to malce the random variable Z to be 

statistically the same as the random variable vJ J i noise 

Since both are essentially Gaussian distributed, it is now 

only necessary to make the mean value and variance of Z 

equal to the mean value and vax-iance of v.' . . By a. noise 

equating the mean values 

V-Z ° IV' = 0 (5-57) 
i noise 

it is seen from equation (5*5^) that 

a " "^RANF (5.58) 

Likewise, by equating the variances 

= ct|, (5-59) 
i noise 

it is seen that 
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vl. . 
b = / |_noi2e (5>6o) 

CTRANF 

Substituting equations (5»58) and (5«6o) into equation 

(5*5^) yields 

/NS<4. . r 
z. /_!^cise (5-6l) 

V aRANF L J 

The random variable Z is easily programmed onto a computer, 

and is statistically equivalent to the random variable 

v.' . . N_ is set equal to 10, because it was felt that x noxse S ^ 1 

averaging 10 samples from the random number generator in 

the computer produces sufficiently Gaussian noise. 

In order to generate the random variable Z, it is 

necessary to specify values for a large number of constants 

Realistic values for constants associated with the bistatic 

Lidar system are: 

X = .69^3 microns 
c 

= 100 x 10 watts 

2 A = .0263 (meters) ar 

H = 6 meters 

$£»©£ = '625 x 10"^ radians 

$r*0r = *°175 radians 

= k x 10~8 
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= 187 ohms 

3 L = 9 x 10 meters 

3 h = 2 x 10 meters 

Ke« = 3 

^ = .021 amperes/watt 

|X = 2.77 x 107 

For scattering angles of 100°, 125°, 135% and 145°, the 

angles of inclination of the transmitter and receiver 

optical antennas can be found from equation (3*57)- A 

fairly good estimate for T can be found from published loss 

tables for the extinction coefficient (Elterman, 1968) .  

Table 5»7 summarizes the results. 

Table 5*7 Angles of Inclination and Total Loss for 
h = 2km, L = 9km, and the Indicated Scattering 
Angles 

6 a P T 
loss 

100° 87 .25°  12.75° . 443  

1250 113.5° 11.5° .412 

135° 124.0° 11.0° . 386  

145° 134.7° 10 .3°  • 355 



l8l 

There are also published tables available which give the 

Rayleigh total scattering cross section per unit volume for 

various altitudes and wavelengths (Elterman, 1964). For a 

wavelength of .69^3 microns and an altitude of 2km. C is SCA 

given by 

C = 3 .586  x 10~ (meters)" sea 

The only quantity that has not been specified is the total 

number of particles per unit volume with radii between . 04 

and 10 microns. For clear air, on the order of Elterman's 

standard clear atmosphere (Elterman, 1964), a reasonably 

good estimate for N is given by 

6 *3 N = 790 x 10 particles/(raeter) 

The above values remain fixed throughout this 

section and it is felt that they are sufficiently realistic 

so as to generate noise which closely approximates the 

actual shot-noise experienced by a Lidar system. 

5.6.1 Numerical Results for Model A 

In this section the effects of the shot-noise 

injected into the signal by the photomultiplier tube are 

investigated to see if good parameter estimates can be 

achieved in the presence of this noise. The noise is 

simulated on a computer in a manner described in the 

previous section. Table 5*8 lists the variance, rms, and 
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Table 5*8 Variance, rins , and SNR Values of the Noise 
Voltages Associated with Model A for u= 2.5 

Q 

100° 125 0  135° 145° 

2 
av JL noise 

.046 . 025  .023 . 023  

2 
av . r noise 

. 060  .024 .019 .017 

v. A rins .213 . 160  .152 .151 

V r rms .2 45 . 156  .139 . 132  

snhA 6  .85  4. 98  4.70 4.65 

SNR r 7-3'A 4.52 4.04 3.89 

SNR values for the £ and r components of the Stokes 

parameters for the indicated scattering angles. These 

values were calculated using values given in the previous 

section, an optimal v* = 2.5, and N^, = 1. These are 

typical SNR values that the actual unaveraged Lidar 

measurements could achieve. 

To illustrate the effect of this shot-noise on 

the performance function, Q versus v is plotted in Figure 

5.8 for the noise-free case and also for noise with various 

values of N^. It is seen that the noise free case has a 

very deep minimum at v* = 2.5, and the effect of the noise 

is to wash out and shift this minimum. As is increased 
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N T = I  

NOISE FREE NOISE FREE 

V 

Figure 5*8 Performance Function as a Function of f for 
Model A with v - 2.5 and Various Noise Levels 

I* 
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(docroasing tho vnrlnnco of tho noise), the minimum bccomos 

more pronouncod and occurs at a valuo closer to tho optimal 

v = 2»5 • 

Tublo 5«9 shows typical results of tho search 
« 

routine for N,p = 1, 2, 3, and k. It is soon that tho 

paramotor ostimato is not close to u until Nf„ >_ 3* 
* A 

Tables 5*10 and 5.11 show typical results for 

Nq, = 5 10. Five runs wore made for oach valuo of N,^, 

and difforont noise samples wore used for each run. The 

sample moan and sample variance of tho parameter estimate 

wore calculated for tho 5 runs. As soon from Table 5.1I» 

tho sample moan of tho parameter ostiniatos is approximately 

equal to tho optimal pariimetor value. 

From tho results of this section, based on tho 

calculated SNR's, it is safe to conclude that it is 

desirable to average tho measurements a minimum of 5 times 

before good results could be oxpectod from the search 

routine. 

5.6.2 Numerical Results for Model C 

In this section, the effects of shot-noise are 

investigated to determine how well the random search 

A ^ 
routine can find estimates for = 2.5 and rj3p^ = 

Table 5*12 shows tho calculated variance, rms, and SNR 

values for the voltages associated with the & and r 

components of the Stokes parameters. Typical results of 



Table 5*9 Typical Results of the Search Routine for Jiodel A and Different Values 
on Nt 

NT = X Nt = 2 v = 3 
T J NT " 4 

YCe^t*) 

Search Routine 

Optimal Parraraeters 

Starting Point 

Parameter Estimate 

Q(ci') 

Range of Parameters 

Initial Nominal Step Size 

Initial Step Size of 
2nd Step 

Final Step Size 

Amount Step Size is Decreased 

Stopping Criterion 

Total Compute Time 

RATIO, 
Xr 

ASSBRS 

v* - 2.5 

i/0̂  = 2. 

v = 2.201 

3 x 10"2 

1 < v < k 

C<°> - .15 

c(°)(î T) = 

C(0'(1.08) 

C . = .05 
mm 

Rx = .85 

NFMAX = 25 
or QMIN = 10 

ll4 sec 

u = 2.2/5 v = 2.4p3 

9-2 x 10~2 1.17 x 10_1 

0 = 2.434 

1.2 x 10"1 

C(0) = .1 

-7 

72 sec 87 sec 106 sec 
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Tnb.lo 5 • 10 Computor Information for tho Roaulta Shown in 
Table 5-9 

Y(©i,c[ ' 

Soarch Routine 

Optimal Parameters 

Starting Point 

Range of Parameters 

Initial Nominul Stop Simo 

Initial Stop Size of 2nd Stop 

Final Stop Size 

Amount Stop Size is Docroasod 

Stopping Criterion 

RATIO jfcr 

ASSI3RS 

U* = 2.JJ 

J10 * = 2. 

1 < v < 4 

( 0 )  

( 0 )  

C(0) = .1 

(1.01) 

min 
= .05 

R = .85 

NFMAX = 50-or 
QMIN = 10"' 
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Table 3.11 Typical Results of Search Routine for N„, « 3 
and 10 

NT = 5 NT = 10 

Run 1 
Paramo tor* 

v Q (q ') 

Estimate • 2 

2 

.46 

. 1 x 1 0  
-2 

2 

6 

.48 

.6 x 10 -2 

Run 2 
Parameter 

QCq») 

Estimate 2 

4 

.31 

. 3 x 10 
-2 

2 

3 

.63 

.9 x 10 
-2 

Run 3 
Paramotor 

Q ("q 1 ) 

Estimato 2 

2 

. 6i 

.2 x 10 -3 

2 

6 

.41 

.9 x 10 
-2 

Run 4 
Parameter 

Q(q') 

Estimate 2 

8 

.62 

. 1 x 10 
-2 

2 

1 

.43 

.  1  X 10 -2 

Run 5 
Parameter 

Q(>q' ) 

Estimate 2 

3 

.4 2 

• 3 X 10 
-2 

2 

1 

.33 

.3 x 10 
-2 

S ample Mean 2 .32 2 .49 

Sample Variance .0082 .0094 
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Table 5»12 Variance, rms, and SNR Values of the Noise 
Voltages Associatod with Model C for = 2.5 
and rpp>L -

9 

100° 125° 135° 1̂ 5° 

^2 
Vj£ noise . 236  '  . 123  .110  .108  

.224 .089 .07^ .072 
r noise 

Vj rras .485 .351 . 331  -328 

v J173  .300  .272  .269  r rms ' 

SNR £  15 .6  11 .2  10 .6  10 .5  

SNRr 14.9 9.32 8 .5  8.48 
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the search routine are shown in Table 5*13? when the 

measurements were averaged 5 times. When these results are 

compared to the results achieved in the noise-free case 

(Table 5»3) it is evident that two parameter search is 

fairly sensitive to noise, since even with SNR's of around 

20 (including averaging), the parameter estimates are 

adversely affected. The parameter estimates can be 

improved by averaging the measurements 10 times, as shown 

in Table 5.±k. Of course, as NT is further increased, the 

parameter estimates should improve. 

Based on the SNR's and the results presented, it 

appears feasible to conclude that to achieve reasonably 

good parameter estimates for* model C, it is necessary to 

average the measurements at least 10 times, and preferably 

more. 

5.6.3 Numerical Results for Model D 

In this section, two sets of optimal parameter 

values are considered, they are 1/* = 2, = 1.5, 

rBPl ~ rBP2 ~ * and U1 = V2. ~ * **' rBPl = 

rBP2 = * The parameter, 1 is held fixed at its 

optimal value, since as was demonstrated in Section 5*5*^1 

the performance function is not sensitive enough to changes 

in to allow it to be effectively searched for. 

Tables 5*15 and 5*16 show the calculated variance, rms, and 



Table 5*13 Typical Results of the Search. Routine for Model C when N,p = 5 

Run 1 Run 2 

Search Routine 

Optimal Parameters 

Starting Point 

Parameter estimate 

Q(q') 

Range of Parameters 

Initial Nominal Step Size 

Initial Step Size of 
2nd Step 

Final Step Size 

Amount Step Size is 
Decreased 

Stopping Criterion 

Total Compute Time 

RATIO, 
IT 

ASSBRS 

*1 " 2'5 rBPl = *1 

v(o) _ x r(o) _ 
1 ~ X* BP1 ~ *°5 

u1 = 2.83 = 

4.9 x 10"2 

1 < •04<rBpi<^ 5 

ci0) - -1 c£0) = .0075 

C! 0 ) (I+T)  = c f 0 ) ( i . o 8 )  

Clmin='05 C2min=-00^5 

Rx = .85 R2 = .85 

NFMAX = 50 or QMIN = 10 

125 sec 

-7 

RATIO. 
lr 

ASSBRS 

"1 = 2-5 rBPl - -1 

= X. rBPl = -°5 

V1 2*#22 rBPl 

4.6 x 10 ̂  

1< vx<4 .o4<r0pi<. 5 

r (0) , r(0) nri__ C1 = .1 C2 = .0075 

C^0)(X+T) = c[°'(1.08) 

ClMin="°5 C2min=-°°375 

E2 = -85 Rx = .85 

NFMAX = 50 or QMIN = 10 

128 sec 

-7 



Table 5*l4 Typical Results of the Search Routine for Model C when = 10 

Run 1 Run 2 

Search Routine 

Optimal Parameters 

Starting Point 

Parameter Estimate 
A 

Q(q') 

Range of Parameters 

Initial Nominal Step Size 

Initial Step Size of 
2nd Step 

Final Step Size 

Amount Step Size is 
Decreased 

Stopping Criterion 

Total Compute Time 

RATIO. 
£r 

ASSBRS 

v  =  2 . 5  

= i. 

rBPl *1 

= -°5 

"l- = 2'27 rBPl = -057 

1.4 x 10 
-2 

1£^ -04<rBpi<.5 

C*0̂  = .1 Cg0̂  = .0075 

C*0^(l+T) = C*°*(1.01) 
X X 

Clmin=-°5 C2min=-°°375 

R± = .85 R2 = .85 

NFMAX = 25 or QMIN = 10 

75 sec 

-7 

RATIO j£r 

ASSBRS 

1 - 2.5 

= x. 

rBPl *1 

rBPl - -°5 

v±  = 2.51 rBpi = .099 

1.2 x 10 

1< u<4 

-4 

-04<rBpi<.5 

C.[0) = .1 C<°> = .0075 

C?0)(l+T) = C?0)(1.01) 
x i 

CXmin=-°5 C2min=-0°375 

Rx = -85 E2 = .85 

NFMAX = 25 or QMIN = 10 

73 sec 

-7 
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Table 5-15 Variance, rms, and SNR Values of the Noise 
Voltages Associated with Model D for = 2, 
1^2 = 1*5? rBFl = and I*gp2 = 

I • 9 

100° 125° 135° 145° 

2 

1 noxse 

i 

o
 •
 

IA 

1.66 1.30 1.90 

2 
°v . 

r noise 
4.75 2.05 1.86 l .29 

v. A rms 2.32 1.29 l.l4 1.40 

V r rms 2.18 1.43 1.36 1.14 

ENRi 
74. 8 4i .4 36.7 44.4 

SNR 
r 70.1 46.0 43.8 36.5 
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Table 5*16 Variance, rms, and SNR Values of the Noise 
Voltages Associated with Model D for = 3» 
v2 ~ rBPl = and rBP2 = 1 

0 

1 0 0 °  125° 135° . 145° 

2 
av tf £ noise 

.172 . 0 8 9  . 0 8 0  . 0 7 8  

2 

r noise 
.189 . 0 7 5  . 0 6 0  . 0 5 6  

v . A rms 

V r rms 

SNR. 
& 

.415 

.435 

13.3 

. 2 9 8  

. 2 7 3  

9 . 4 9  

. 2 8 2  

.244 

9 . 9  

. 2 7 9  

. 2 3 8  

8 . 8 6  

SNR r 13.7 8 . 5 1  7 . 6 2  7.45 
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SNR values for the voltages associated with the jt and r 

components of the Stokes parameters. 

The SNR values for the first set of optimal 

parameters ( u* = 2, u* = 1.5j repi = •1i and rBP2 = 

appear to be abnormally large. The large SNR values are 

due to the fact that the slope of the size distribution 

above r = 1 micron is very small. Therefore, the large 

particles contribute more to the scattered energy than they 

would for the previous models. Since the SNR is directly 

proportional to the square root of the scattered energy, 

it is obvious that an increase in scattered energy would 

cause a likewise increase in the SNR. It is felt that 

these values of the SNR are unrealistic for a real atmos

phere j however, to gain experience in observing how the 

SNR affects the ability of the search routine to determine 

good parameter estimates, computer runs were made with 

= 5 and N^ = 10. Tables 5«17 and 5»l8 show typical 

results. It is seen from these tables that to achieve 

parameter estimates as close to the optimal values as was 

achieved for model A, it was necessary to average the data 

10 times, which corresponds to SNR values over 150. This 

illustrates very markedly the fact that to achieve as good 

parameter estimates for a model with 3 parameters as was 

achieved for a model with one parameter, requires much 

larger SNR values. In other words, the optimization 



Table 5*17 Typical Results of the^Search Routine for Model D with v* = 2, 
v2 = rBPl = rBP2 1' and NT ~ ** 

Run 1 Run 2 

RATIO. 
IT 

AS5BR5 

RATIO. 
IT 

ASSBRS 

II to
 

• "*=1.5 RBP2 LM 

CM II 1̂.5 RBP2 L* 
Jo) . (0) (0) JO) _ (0) (0) 
\ =1* 2 = .5 RBP2 •5 1 ~ * 2 

= •5 RBP2" 
V±=2 .25 to

 11 H .74 RBP2= .961 ^=1-54 R-T II CM .21 RBP2= 

-4 

-i< Ky<2 

^>:.x r ( o )  
3 

8.2 x 10 

1< ̂ <4 

Clmin=*05 C2min=*05 
C
3min=*05 

C*0)(l+T) = C*°* 

2.3 x 10 

5<rBp2<3 
1 C*°* 

-k 

-1< VT<2 

C(0)- 1 °2 "-1 

•5<Tr BP 2—3 

. ~ C(0)- 1 
1 ~ 2 """ 3 " 

Clmin=*05 C2min=-05 
C
3min=-°5 

(l.o8) C?0)(l+T) 
T_ 

c*0)(1.08) 
x 

YCe^q-) 

Search Routine 

Optimal Parameters 

Starting Point 

Parameter Estimate 

Q( ci') 

Range of Parameters 

Initial Nominal Step Size 

Final Step Size 

Initial Step Size of 
2nd Step 

Amount Step Size is 
Decreased 

Stopping Criterion 

Total Compute Time 

R1=.85 R2=-85 R3=.85 

NFMAX = 50 or QMIN = 10~7 

l48 sec 

R1=.85 R2=.85 R3=.85 

NFMAX = 50 or QMIN = 10~7 

184 sec 



Table 5-18 Typical Results of the Search Routine for Model D with v* = 2, 
"I = 1.5, rBP1 = .1,. rBP2 = 1, a11" NT - 1° 

Run 1 Run 2 

RATIO 

ASSBRS 

4 

Ir 
RATIO. 

ir 

* „ * , _ i 
1= 2 * rI 

r =1 
BP2 x 

(0 )  1 Jo)_ _ (o)_ _ l. v2 -.5 rBp2-.5 
1̂=1.97 v2=1.̂ 0 r

Bp2=.875 

6 . 7  x  1 0 ~ 5  

ASSBRS 

*^=2 V2=1.5 rBP2~1 

„«» , v(0)_ 5 _ 
1 _1* 2 ° BP2 *5 

v1=2.06. ^2=1.55 rBp2=.s88 

1.6 x 10 

1< ̂ <4 -l< f2<2 . 5<rBp2<3 1<*,<4 -1< H,<2 

c (0)  
1<4 -1<"2<2 -5<rBp2<3 

=.1 cj°'=.l Cg°'=.l Ĉ 0)=.l 

. =.05 c„ . =.05 
lmin 2mm 
C, . =.05 
3 mm 

3 
lmin=*°5 C2min=,°5 

C3min='05 

C*0)(l+T) = C^0)(1.08) c|0)(l+T) = C*0)(l.08) 

Y(9..,q') 

Search Routine 

Optimal Parameters 

Starting Point 

Parameter Estimate 

Q(<f') 

Range of Parameters 

Initial Nominal Step Size 

Final Step Size 

Initial Step Size of 
2nd Step 

Amount Step Size is 
Decreased 

Stopping Criterion 

Total Compute Time 

R1=.85 R2=.85 R3=.85 
NFMAX = 50 or QMIN = 10~~ 

215 sec 

R1=.85 R2=.85 R3=.85 
NFMAX = 50 or QMIN = 10~7 

172 sec 
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technique is more adversely affected by the noise as the 

dimensionality of tho problem increases. 

More realistic SNR values were achieved for the 

second sot of optimal parameter values ( V* = 3* 

r^p^ = .1, and • Typical results, shown in 

Table 5*19 for N^, = 10, reveal that tho parameter estimates 

are not nearly as good as was achieved for the first sot of 

optimal parameters. This was, of course, expected as the 

SNR values wore much smaller. Even though these parameter 

estimatos are not as good as previous estimates reported in 

this section, they are still close enough to the optimal 

values so that they may bo deemed as reasonably good 

estimates. Naturally, as N^, is increased, better estimates 

could bo expected. 

5*7 On the Uniqueness of the Size Distribution 

Since the optimization technique presented herein 

requires priori knowledge concerning the size distribu

tion, the question could be raised as to what would be the 

consequence if the wrong trial distribution was used in 

conjunction with the search routine for measured data based 

on another distribution. In other words, are the data 

unique with the size distribution upon which they are based? 

For noise-corrupted measurements the answer is obviously 

no. The j* priori knowledge regarding the size distribution 

is the necessary mathematical constraint needed to select 



Table 5*19 Typical Results of the Search.Routine for Model D with if = 35 
U2 = rBPl = rBP2 = NT = 10 

Y(9 i,q*) 
Search Routine 

Optimal Parameters 

Starting Point 

Parameter Estimate 

Q(t') 

Range of Parameters 

Initial Nominal Step Size 

Final Step Size 

Initial Step Size of 
2nd Step 

Amount Step Size is 
Decreased 

Stopping Criterion 

Total Compute Time 

Run 1 Run 2 

RATIO 

ASSBRS 

ir 

3* v2 rBP2 11 

VC0) (o)__ (o). 
1 -L* RRP2" 

"l=3-
(0)_ _ (0)_ _ 
v2 p BP2~° 

^=3-22 2~~' 32 B̂P2""̂ ° 

5-5 x 10"3 

1< v<k -1< u2<2 

R1=.85 R2=.8p R3=.85 

NFMAX = 50 or QMIN = 10 

273»5 sec 

-( 

RATIO 

ASSBRS 

r 

lr 

* 
vl~3 * 
(0 )  
*1 

^ .5<rBP2<3 
cj0)=.l c£0)=.l C^0)=l 

Clmin=*05 C2min=*°5 
C . =.05 
3mm 

C*0)(l+T) = c[0)(l.08) 

*2~*5 rBP2_1* 
Co)_ .  (o)_ 

-1. uz .5 BP2— 

£̂ =3.2*1 I>2=.72 rBp2=.501 

1.3 x 10"2 

5̂̂  -i<v2-2 '̂ BPŜ 3 

C*0)=.l C*0)=.l C^0)=l 

Clmin~ *°^ C2min=*05 
C . =.05 
3mm 

C*0)(l+T) = C^0)(1.08) 

R1=.85 R2=.85 R3=.85 
NFMAX = pO or QMIN = 10 

252.7 sec 

-7 
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o "solution" from an infinite) manifold of possiblo solu

tions. Theroforo, it is important to roalimo that success 

of tl»i« mothod diroctly depends upon £ priori physical 
4 ' 

plausibility of tho modol usod as tho trial distribution. 

To illustroto tho offoot of fitting data with tho 

wrong distribution, a Jim go distribution was usod to fit 

noisa-froo data basod on tho following distributions: 

1. A modol D distribution with ^ = 2, V = 1.5, 

rDP], = " ' nllt' l']3p̂  " * 

2. A Jungo distribution with V =s 2.5 and randomly 

porturbod botwoon tho orror limits + 3% over tho 

ontiro sizo rnngo. 

3. A Junge distribution with u = 2.5» which has a 

constant + 2j}% perturbation in interval 1 micron 

< r 1.5 microns. 

For the first ease, tho optimization routine converged to a 
M ̂  _o 

ludicrous value of u = 5 x 10 with Q B 3 x 10 . For both 

of the other cases, tho search routine converged to u w 2.5 

-5 with Q around 10 • The values of the porformanco function 

indicate that the data were not fit well in tho first case, 

but wore fit reasonably well in tho second case. These 

examples seem to indicate that if the trial distribution is 

not much different fi"om the distribution on which the data 

is based, then tho data can be fit reasonably well by the 

trial distribution. 



CHAPTER 6 

CONCLUSIONS 

This dissortotion prosontod tho first analytical 

troatinont by which n Lidar system can bo usod to quanti-

tntivoly infor information about tho aoroaol slzo distribu

tion. A stop, although not an all inclusivo stop, was 

talc on in tho right direction towards accomplishing thoso 

ends. Using £ priori knowledge, Bode plot theory was used 

to realistically model tho norosol size distribution. Using 

Dodo plot theory provides a very flexible and vuluablo 

technique by which complicated distributions can bo modeled 

easily. Modols which had from 2 to 5 parameters woro 

presented and analyzed. A relatively simple and straight

forward numerical method was presented by which ostiinatos 

of these parameters could bo determined. 

The preceding numerical results strongly indicated 

that the optimization approach possesses substantial 

promise as a useful mathematical tool for estimating two or 

possibly three pai-amot ers , when the Lidar signal is shot-

noise limited. For model distributions with more than 

three parameters, it appears that the signal-to-noise 

levels required for good parameters estimates would be 

prohibitive for the current level of technological 

200 



201 

sophistication that Lidar systems possess. It is also to 

be emphasized, that even in the noise-free case there are 

difficulties which are encountered, such as local minima, 

and the severity of these difficulties is compounded as the 

number of parameters increases. It is apparent that these 

difficulties are inherent or fundamental with the numerical 
» 

method, so even if the noise levels could be reduced to 

zero, there is. a natural limit for the number of unknown 

parameters which could feasibly be determined. The noise-
) 

free numerical results elucidated the fact that four 

unknown parameters were probably the upper limit for the 

optimization approach presented here, as it applies to the 

remote probing problem. 

The numerical results also revealed that the 

ability of the optimization technique to determine good 

parameter estimates is extremely noise sensitive. This 

sensitivity increases as the number of parameters 

increases; that is, it takes a larger SNR to determine good 

parameter estimates for a model with three parameters than 

for a model with one parameter. Although it is difficult 

to give definite values for the SNR needed for reasonably 

good parameter estimates, the numerical results indicated 

the following general trends: 

1. For a model with one parameter, a SNR of around 10 

to 15 is needed. 
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2. For a model with two parameters, a SNR of around 25 

to 30 is roquired. 

3. For a model with three parameters, a SNR of greater 

than 50 is desirable. 

The large SNR needed for estimating three parameters casts 

a dubious shadow upon the practicality of using a model 

with three parameters. However, it still appears that a 

Lidar system has the current capability of achieving the 

necessary SNR for the signal shot-noise limited case. It 

is important to realize the term "reasonable estimate" has 

been relaxed somewhat for the three parameter case. That 

is, the parameter estimates are not typically as close to 

the noise-free case values for a model with three parameters 

as with a model with one parameter. 

Finally, with respect to the three random search 

strategies presented, the ASSBRS proved the most useful. 

Even though the ASSDBRS did prove more successful than the 

ASSBRS for optimizing the system when there were four 

unknown parameters, the ASSDBRS was unwieldy to use, since 

it was difficult to determine the best values for the 

various coefficients associated with the continuous learning 

algorithm. 

6.1 Recommendations for Further Research 

Since this dissertation opened up areas heretofore 

undiscussed as they apply to remote probing of the 
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atmosphere, there are naturally problems and questions left 

unanswered by this text. Many of these unanswered problems 

are worthy of exploration in greater detail. Among these 

are: 
* 

1. Let the index of refraction of the aerosols be an 

unknown parameter. 

2. Consider the question of the uniqueness of the size 
f 

distribution with the measured data in a more 

complete fashion'than considered here. 

3. Consider other scattering angles and other ratios 

of Stokes parameters. 

k. Try other optimization computer strategies such.as 

the gradient methods or possibly variants of the 

random search strategies presented here. 

5. Consider other observational errors associated with 

a Lidar system, to determine their effect on the 

ability of the optimization strategies to determine 

good parameter estimates. 



APPENDIX A 

THE FLOW DIAGRAM FOR THE ASSDBRS 
* 

The complete flow diagram for the ASSDBRS is pro

vided in Figures A.l through A.7« Most of the variables 

which appear in the flow chart have previously been defined 

in Chapter k or are self-explanatory when considered in 

conjunction with the flow chart. The following, however, 

need explanation: 

LEARN -- A constant which equals 0 or 1. If LEARN = 0, 

the learning algorithm is not activated; if 

LEARN = 1, the learning algorithm is 

activated. 

NRMAX1 -- A constant which equals 0 or 1. The program 

sets NRMAXl = 1 if the "q that is selected by 

the random search algorithm is outside the 

prescribed range of parameter values allowed. 

It is reset back to 0 once the selected q is 

inside the range of allowed parameter values. 

The input parameters which need to be set to 
i 

prescribed values are: i ^he allowed range of "q, 

NPAR, QMIN. R., C. . , NRMAX, NFMAX, EPP, T, and the 1 * x1 i mm' 1 

coefficients associated with the learning algorithm (k, 6, 

d, CUTOFF, and w. ). The variables NR, NRMAXl, NF. K1, ' ' x max * ' * 1 

20k 



A1, and w should be initially set equal to 0. Finally, 

should be initially set equal to 1. 
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0 fc] 

gure A,1 Master Flow Diagram for the ASSDDRS 
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gure A.2 Detailed Flow Chart for Block A of the ASSDDRS 
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