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ABSTRACT 

A numerical procedure is presented for obtaining the nonlinear 

(material) stresses, strains, internal forces, and displacements of 

arbitrarily-shaped shells of revolution by integrating the derived 

differential equations. These equations are developed from the differ

ential shell element at two states of loading and from the differential 

stress-strain relations. The major assumptions are thinness, small 

strains and displacements, the Kirchhoff hypothesis, strain-hardening 

materials, and axisymmetric loading conditions. 

x 



CHAPTER I 

INTRODUCTION 

The stress analysis of thin shells of revolution loaded beyond 

the elastic limit has received considerable attention In recent years. 

Much of the work pertains to limit analysis methods (Hodge 1963, Ellyln 

and Sherbourne 1965, Olszak and Sawczuk 1967, Olszak, Mroz, and Perzyna 

1963), Other methods of analysis which are employed are the method of 

successive elastic solutions (Olszak and Sawczuk 1967, Olszak, Mroz, 

and Perzyna t963, Spera 1963, Mendelson and Manson 1959), a differ

ential method (Marcal and Turner 1963), and a finite element method 

(Khojesteh-Bakht and Popov 1970). 

The purpose of the limit analysis method Is to predict the 

collapse load of a shell structure caused by the formation of plastic 

hinge lines and mechanisms. Analytical yield surfaces have been 

developed for elastlc-perfectiy plastic materials and the Tresca yield 

condition. The yield surfaces for strain-hardening material and the 

von Mises yield condition are nonlinear (Olszak and Sawczuk 1967). Two 

restrictive assumptions exist in the reported limit analysis method. 

First, the hoop moment is neglected In the development of the yield 

surfaces, and second, the meridional and hoop moments are neglected In 

the equilibrium equations (Drucker and Shield 1959, Khojesteh-Bakht 

and Popov 1970). 

I 
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Closely related to the limit analysis method Is the complete 

analysis method In which the Internal force and moment distributions 

and displacements are determined In addition to the collapse load. 

Exact solutions have been obtained for special cases of conical shells 

using the exact yield surfaces derived from the Tresca yield condition. 

Solutions for other shell shapes have been obtained by using approxi

mate yield surfaces {Thorn and Lee 1964, Flugge and Nakamura 1965). 

The method of successive elastic solutions Initiated by 

llyushin is used by severat Investigators (Olszak and Sawczuk 1967, 

Olszak, Mroz, and Perzyna 1963, Spera 1963, Mendelson and Manson 1959) 

to obtain the stresses, strains, and displacements in thin shells of 

revolution. The first solution is an elastic one from which the 

stresses, strains, internal forces and moments, and displacements can 

be determined. Plastic strains are estimated from the calculated 

strains using the deformation theory of plasticity. Fictitious loads, 

which are assumed to represent the plastic effects, are calculated 

from the plastic strains and are applied to the shells In the next 

elastic solution through the equilibrium equations. The procedure Is 

repeated until the plastic components of strain have converged suffi

ciently. The deformation theory of plasticity Is based In part on the 

assumption that at every point In a structure the loading is propor

tional (Un 1968) which is not always the case In nonlinear shell 

structures. 

Marcal and Turner (1963) present a differential method for 

analyzing shells of revolution loaded symmetrically with respect to 
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the axis of revolution. The shell material Is taken to be elastic-

perfect I y plastic and the Tresca yield condition Is employed. The 

equilibrium equations and the strain-displacement equations are 

differentiated implicitly to obtain the governing differential equa

tions. These equations are rewritten as a set of first order differ

ential equations and are numerically Integrated by a Runge Integrating 

procedure. A searching procedure Is used to find the initial starting 

values. 

Linear stress analysis of shells of revolution have been ob

tained by the classical finite element methods (Grafton and Strome 

1963, Jones and Strome 1966). Khojesteh-Bakht and Popov (1970) have 

extended the linear finite element method for analyzing shells of 

revolution into the nonlinear range by what they call the tangent 

stiffness method. In this method the master stiffness matrix Is 

written as a function of the loading and is always changing. In the 

finite element method, the displacement functions of the element are 

assumed. In the nonlinear example problem presented by Khojesteh-

Bakht and Popov, the shell material Is assumed to be elastlc-perfectly 

plastic, and the von MIses yield condition is used. 

Only limited research has been done In thin shell analysis In 

which a strain-hardening material and an Incremental theory of plas

ticity is employed. The purpose of this dissertation Is to develop a 

method for analyzing thin shells of revolution using an Incremental 

theory of plasticity for strain-hardening materials. The quantities 

to be calculated are the stresses, strains, internal forces and 



moments, and displacements of the shell. The shell Is to be thin (say 

r/t > 10), the loading condition Is to be symmetric with respect to the 

axis of revolution, the material Is to be initially Isotropic and ho

mogeneous, and the analysis is to be limited to small strains and dis

placements. Creep and temperature strains and time effects are not 

Included. Any other assumptions or restrictions imposed are described 

when used. 



CHAPTER 2 

DEVELOPMENT OF THE SHELL EQUATIONS 

A close similarity exists between the development of the 

differential equations for thin linearly elastic shells and the differ

ential equations for thin strain-hardening shells. Stress-strain 

relations, equilibrium conditions, and strain-displacement relations 

are needed to derive the governing differential equations for shells 

modeled by both types of materials. 

The literature (Olszak and Sawczuk 1967, Lin 1968) shows that 

many of the relations derived for thin elastic shells are valid for the 

analysis of thin nonlinear (material) shells. Two examples of these 

relations are the equilibrium conditions and the strain-displacement 

relations. The derivations of the equilibrium conditions and the 

strain-displacement relations are presented In texts on thin shells 

(Timoshenko and Woinowsky-Krleger 1959, Flugge 1966, Kraus 1967) and 

are used without being rederlved. Justification for neglecting the 

effects of the shearing strain on deformation and the dropping of the 

z/r term from the stress resultant and strain-displacement relations 

are discussed in the literature (Otszak and Sawczuk 1967, Lin 1968) 

and these discussions are assumed to be valid for this study. The 

concepts of strain-hardening materials, expanding yield surfaces, 

plastic stress and strain Increments, no plastic dilatation, deviatoric 

stresses and strains, hydrostatic stresses, effective stress and strain 

5 
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and stress and strain Invariants are presented In texts on plasticity 

(Lin 1968, Hill 1950, Mendelson 1968) and are used as required. 

Plastic Stress-Strain Relations 

In the analysis of thin shells of revolution with axlsymmetric 

loading conditions, two components of stress and of strain play a 

significant role in the solution. The stress components are CT^ and erg, 

and the strain components are and Eg. The subscripts cj> and 0 refer 

to the meridional and hoop directions, respectively. The other com

ponents of stress and strain are either zero or small and are set to 

zero to facilitate the development of the governing equations. 

The stresses, cr^ and 0g, and the strains, and Eg, for a 

linearly elastic material are related by the modulus of elasticity, E, 

and Poisson's ratio, v. 

' r {o(|> - voe} Ee * F f-vo4> - °e} 

( 2 . 1 )  

o = {e + ve0} aQ {\>e, + efl} 
*  ( I  -  v 2 )  *  0  0  ( I  -  v 2 )  *  0  

(2 .2)  

Equations (2.1) and (2.2) are used In the derivation of the governing 

differential equations for thin linearly elastic shells. 

CallabresI (1970) presented a set of three dimensional plastic 

stress-strain relations. These relations were based on the incremental 

theory of plasticity for strain-hardening materials. The plastic 

stress-strain relations are reduced to a biaxial state of stress and 

are 
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ĵ, i+ 
(2a<J> " V 

dP E 
4H'a2 

e 

da 

dP 
i + v , (2O0 - °e)<2ae - V da< 

E + .... , dP 
4H'cf 

e 
(2 .3)  

dEe _ v , (% " <V(2ae " V 
dP ~ " E 

4H'a 2  
e 

da 

dF 
<f> 

E + 

(2°e - V2 

4H'ff2 
e 

da£ 

dP" 

(2 .4)  

dP D E jii 11 _-2 4H'a '  

de 
<f> 

dp D 

-V (2o4 - °0)(2ae " V 

T + 
4H'a 2  

e 

de6 
dP 

(2.5) 

dâ  

dP 

where 

zL 
D 

-V , (2gj> - geH2g8 - V 

E 4H,a2 
e 

d « * + 1  1 , (2at - g8)2 d£e 
dP D E 4HTffz 

dP 
_ e _ 

(2.6) 

D = I l2at - V' 
E 4H'a2 

E + 

(2°6 ' V* 

4H'a 2  
e 

-V . (2g4> - V (2ge - v 
E „„_2 4H'a '  e  

Equations (2.1) and (2.2) are algebralc equations. Equations (2.3> 

through (2.6) are differential equations and are referred to as the 

differential stress-strain relations or plastic stress-strain 

relations. 



The terms dcr^/dP and dc^/dP in Equations (2.3) through (2.6) 

are referred to as stress rates, and the terms de,/dP and deQ/dP are ({) t) 

called strain rates. The Independent variable, P, In the stress rate 

and strain rate terms Is the applied loading. Effective stress Is 

defined as 

°e ' (ai - Ve + °e} 1/2 

(2.7) 

where subscript e denotes effective for this study. The effective 

stress squared Is equal to three times the second Invariant of the 

deviatoric stress tensor, J2. 

0* = 3J2 

(2 .8 )  

H' Is the slope of an effective stress-effective plastic strain dia

gram. The effective plastic strain Is defined as 

£? = JL- FEPPP + PPE-P + FPRP> 1/2 
e rr le<J>£<J> 4> e eoV 
° (2.9) 

where the superscript p denotes the plastic components of strain. 

Empirical equations for the effective stress-effective strain diagram 

are discussed In detail In Chapter 5. 

The assumptions, used to derive Equations (2.3) and (2.4) are 

discussed In articles on plasticity (Hill 1950, Lin 1968, Mendelson 

1968, Callabresi 1970) and are presented below to explain the 
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development of the plastic stress-strain relations. The Prandtl-Reuss 

flow rule states that the plastic strain increments (de^/dP and de^/dP) 

are proportional to their deviatorJc stresses (S^ and Sq). 

HeP de^ 
I ae<> _ * I oe0 _ dK 

dP S0 dP dP 
(2 .10)  

The derivative dK/dP is an Instantaneous positive constant of propor

tionality which may vary throughout the loading process. The devla-

toric stresses are 

2a, - oa 2o0 - a, 
p_ < P 0  r _ 0 < P  

3 0 5 
( 2 . 1  I )  

The condition of no plastic dilatation Is satisfied by Equation (2.10). 

Another assumption is that the effective stress and effective plastic 

strain can be related by a single valued function of the form 

a = H(E£) 
e e 

(2 .12)  

The function H has the same shape In tension as compression. 

The constant of proportionality, dK/dP, Is determined by con

sidering a uniaxial state of stress. The following relations are 

satisfied when aQ Is set to zero. 
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a = a. = ~ s. 
e 9 2 9 

deP deP 
e _ <r 

'e "<() dp ~ dP 
ep = eP —s. - _i 

and 

or 

JL dGS> - JL. - JL - dj< 
S, W ~ 20, dP 20 dP dP <p tp e 

•* de^ do , do 
dK _ 3 e e 3 e 
Hp " 2o da dP 2H'a W~ 

e e e 

da. 

(2.13) 

where H1 = —— 

(2 .14)  

The quantity H* Is the slope of a uniaxial stress-plastic strain dia

gram, and da /dP Is determined by differentiating Equation (2.7) with 
6 * 

respect to the independent variable P. 

da .  da,  daA  

W = 2o~ * (2a<p ~ a9> dp" + (2cr0 ~ V dP" * 
e  (2 .15)  

The total strain Increments are the sums of the elastic and 

plastic parts. The elastic parts of the strains are obtained by 

differentiating Equation (2.1) with respect to the Independent vari

able P. 
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i dtf«. vdaQ de? , vdcr, daQ 
9L_J_r 9 §. \ 9 = 1 r <P ... .9 t 

dP " E dP dP 1 dP E dP dP 
( 2 . 1 6 )  

The superscript e denotes the elastic components of strain. The 

plastic parts of the strains are given by Equation (2.10) and may be 

written as 

dgP de^ 
<f> dK qEe P dK 

dP ~ b<f> dP dP 9 dP 
(2.17) 

By combining the elastic and plastic parts of the strain Increments 

and making the required substitutions for S^, Sg, dK/dP, and da0/dP, 

the results given by Equations (2.3) and (2.4) are obtained. 

Some additional comments need to be made about the plastic 

stress-strain relations. The original material Is assumed to be free 

of all residual stresses and strains. The size of plastic strains are 

assumed to be of the same order of magnitude as the elastic strains. 

If a , the yield stress in uniaxial tension, Is substituted for cr In 
y ' ' e 

Equation (2.8), the result is 

J 2 = aJ/3 

which Is the von MIses yield condition. Therefore, the Initial yield 

surface Is the von Mfses ellipse. Since can be greater than a^'for 

strain-hardening materials, the subsequent yield surfaces are the same 
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shape as the Initial.yield surface but are larger. This Is the con

cept of expanding yield surfaces. Loading and unloading depends upon 

whether cr Increases or decreases during the loading process. If a 
0 G 

decreases, unloading occurs, dK/dP Is equal to zero, and the unloading 

Is elastic. The Bauschlnger effect and load reversals beyond the 

elastic range are not Included In these plastic stress-strain rela

tions. The direction of the Incremental plastic strain, dejVdP, Is 

normal to the yield surface and depends on the existing stresses, but 

not on the stress Increments. 

Equations of Equilibrium 

A differential element is defined and used in the derivation of 

the equations of equilibrium for thin shells. The element Is cut from 

a shell by two adjacent meridional planes and two sections perpendic

ular to the meridians. The geometry of the shelI and the element are 

shown in Figure I. Timoshenko and Wo!nowsky-Krieger's (1959) sign 

conventions are used throughout this dissertation. 

The stresses acting on the sides of the element can be reduced 

to resultant forces and resultant moments acting at the middle surface 

of the element shown In Figure 2, The stress resultants are defined as 

h/2 h/2 
N, = / a,(z)dz NQ = / aQ(z)dz 
* -h/2 + 6 -h/2 0 

h/2 h/2 
M, = / c,(z)zdz MQ H / aQ(z)zdz 
* -h/2 * 9 -h/2 0 



aviQ of revolutio 

Figure I. Shell Geometry and the Differential Shell Element 



agIs of revoIjjffQn 

Figure 2. Stress Resultants at the Middle Surface 
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h/2 
T . (z)dz 
4* 

(2.18) 

Q. = / T. (z)dz 
• -h/2 +* 

The force resultants have the dimensions of force per unit length, and 

the moment resultants have dimensions of force times length per unit 

length. The z/r terms are not included In the above definitions of the 

stress resultants. The thickness of the sheli is denoted by h. Y and 

Z are the external pressures acting on the middle surface and are posi

tive In the directions of the positive y and z axes. 

The equations of equilibrium are presented in texts on thin 

shells (Tlmoshenko and Woinowsky-Krleger 1959, Flugge 1966, Kraus 

1967) and are 

d(N.ro) 
N.ri cos<}> - roOj, + foriY = 0 

d<|> $ T <f> 

d(Q.ro) 

Nf>r° + NQri sin<}> + ^— + ronZ = 0 

d(M,ro) 
^ M0n cos<{> - roriQ^ = 0 

(2.19) 

The above equations are independent of material properties, and there

fore, are valid for both linear and strain-hardening materials. 
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However, for strain-hardening materials only rate relationships 

exist between the stresses and strains, and therefore, the equations of 

equilibrium must be derived In terms of stress rate resultants. To 

accomplish this derivation, the stress resultants are considered at 

two loading states, P and P + dP. The stress resultants at state P + 

dP are Increased by an amount (3Fj/3P)dP over the corresponding values 

at state P. The Fj's are defined as 

3N. 

= Nd, + w-

3Q, 
F* = Q(J> + d* 

3M, 

Fe = M<(, + -g$- d(f" 

F3 = Q* 

F5 = M 

F? = Nfl Ffl = Mfl 
6  6  (2.20) 

Figures 3 and 4 show the element and the stress resultants at states 
* 

P and P + dP, respectively. The expansions of the terms (3Fj/3P)dP 

are 

aF 3N, 
OP = 3/ DP S N+DP 

ap W. 92N. , dN, 
|FL dp = dP + d<J,dP = yP + ̂  dcf>dP 
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3 F3 
3P 

dP = 
3Q 

<J> 
3P 

dP S VP 

3Fi) 
3P 

dP 
3P 

dP + 
3 2Q, 

3P9<J» 

dQ. 
d<F>dP E Q^DP + ^ d<J>dP 

3FS 
8M 

dP = 
3P ar 3P 

dP = M.dP 
<P 

ar 8 mA 
£L§. dP = 2. dP + -2. 
9P 3P 3P3(f> 

dM. 
d<f)dP E MJDP + dc|)dP 

3F 9Nfl 
,3F? dP = - dP 
3P r 3P ar 

N0dP 

3F0 9Mfl -2L§. dP = - dp 
3P 3P 

MgdP 

JV 
3P 

dP = YdP 

3P 
dP = ZdP 

^fi-dP = 0 

(2.21) 



axls of revolutIon 

Figure 3. Stress Resultants at State P 



^8 + dP 

F7 + 1^1 dP 

„ axts of revolution _ _ 

Figure 4. Stress Resultants at State P + dP 
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The stress resultants are assumed to be continuous functions of <|> ai»d 

P and to have continuous derivatives of <{> and P which Implies that the 

order of differentiation Is immaterial. Also, the assumption Is made 

that the shape of the shell does not change significantly with respect 

to the loading variable, P (small deflection theory). 

P + dP and dividing the difference by dP. State dP is shown in Figure 

5. The only difference between state P and state dp Is that the total 

stress resultants of state P are replaced by the stress rate resultants 

at state dP. Therefore, the equations of equilibrium for the state dP 

can be derived by replacing the total stress resultants In Equation 

(2.19) by the stress rate resultants. 

The state dP is obtained by subtracting state P from state 

d <V o )  •  
5jy— . N+ri cos* - + rol-iY = 0 

N^ro + Ngri sln<f> + 
• • 

d(M.ro) , 
SL— - M0r„ cos* - m nQ^ = 0 

(2 .22)  

The above equations can also be obtained by taking the derivatives of 

Equatton (2.19) with respect to the variable P. The stress rate re

sultants are defined as 



axis of revolution _ 

F i gu re 5. Stress Rate Resultants at State dP 
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, h/2 • Nn = / crQ(z)dz 
0 -h/2 6 

c, (z)zdz 

-h/2 

h/2 
0g(z)zdz 

(2.23) 

The rate force resultants have the dimensions of force per unit length 

per unit force, and the rate moment resultants have the dimensions of 

force times length per unit length per unit force. 

The strain-displacement relations for thin shells are derived 

using the Kirchhoff assumption. It states that line elements orig

inally normal to the middle surface remain straight and normal to the 

middle surface after the shell Is deformed. The strain at any point In 

the wall thickness can be related to the strains of the middle surface 

and the changes In curvature using the Kirchhoff assumption. The 

strains at any point z are given by Equation (2.24), 

Strain-Displacement Relations 

e 
<f> ~ e<f>0 ~ zxtf) 

e, e =  0eo ."  z xe 
(2.24) 
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The middle surface strains are denoted by and cq 0» and the changes 

in curvature are denoted by X<j, and Xq« 

The strains written in terms of the displacements (Tlmoshenko 

and Woinowsky-Krleger 1959, Flugge 1966, Kraus 1967) are 

e _ J dv w z dg 
<f> ri d<(> " ri " ri d<» 

£ _ v cot(j> _ w z(3 cotft 
0 r2 " r2 ~ r2 

(2.25) 

where 

3  = v. +JL dw 
n n  d<p 

(2 .26)  

The tangential displacement, v, and the normal displacement, w, are 

measured at the middle surface. Displacements are positive in the 

directions of the positive y and z axes. The rotation of a tangent 

to the middle surface is denoted by $. Figure 6 shows the positive 

displacements of the shell. Equations (2.25) and (2.26) are the total 

strains written in terms of the total displacements and their deriva

tives. 

The relationships between rates of strains and rates of dis

placements are needed for strain-hardening material Idealizatlon. 

These relationships can be derived by considering two states of load

ing, P and P + dP, and proceeding In the same manner as in the devel

opment of the equations of equilibrium. The relationships can also be 

obtained by differentiating Equations (2.25) and (2.26) with respect 

to the variable P. The results are 



/ -1 / 
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• _ JI_ dv w z dg 
<|> ~ n d(J> " ri " ri d(|> 

* - v cot<j> _ w_ z g cot(f) 
e0 " r2 r2 r2 

where 

dw 
p ri n d$ 

(2.27) 

(2 .28)  

Stress Resultant-Displacement Relations 

The stress and strain rates change throughout the thickness of 

the shell. How the stress rates vary depends on the material prop

erties and the existing stresses, whl.le.the strain rates are assumed to 

vary in a linear manner. The stress rate resultants are determined by 

integrating the stress rates through the thickness. For convenience, 

the stress and strain rate relationships are written as 

O^CZ) = kiLCZJE^TZ) +  ki2( Z )EQ ( Z )  

aQ(z) = k2i(z)e.(z) + k22(z)eQ(z) 
0 • e (2>29) 

where the k's are also functions of the material properties and the 

existing stresses. The k's are referred to as material stiffness 

terms. 

The stress rate resultant N. Is defined as 
<P 

h/2 . 
N. = / (J.(z)dz* 
* -h/2 + 

(2.30) 



Substituting Equation (2.29) Into Equation (2.30) yields 

N, = / {kn(z)e, + ki2(z)eQ ) dz 
• -h/2 • 0 

(2.31) 

Replacing the values of the strain rates by Equation (2.27) gives the 

following result. 

h/2 • • • 
m - r, / \ I dv . w , , . I dfj 

• " -h/2 77 ~~ 

+ kj2(z) Lssli - kl2(Z) L. klj(z)z Lssti) dz 
r 2 r 2 rz 

(2.32) 

The Integrals In Equation (2.32) are defined as 

h/2 
/ kn(z)dz = Kn 
-h/2 

h/2 
/ ki2(z)dz = K12 
-h/2 

h/2 
f  kn(z)zdz = Bu 
-h/2 

h/2 
f  k i 2 < z ) z d z  =  B 1 2  
-h/2 

(2.33) 
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By using the above definitions, may be written as 

N = dv _ Kuw _ Bn dg + K12V cot(f> _ KI2w _ .Bt2B cot(() 
<f> ~  ri dij) r i ri d<f> r z  r 2  r z  

(2.34) 

• * • 
The stress rate resultants Ng, and Mg are determined in the same 

manner as N^, and the results are presented below. 

m = K21 dv _ K2IW _ B21 dp + K22V cot<|> _ K22W _ B22B cotcj) 
0 ri d(f> " ri ri d<p r2 r2 r2 

(2.35) 

BJI 
ri 

[5| = -
<P 

dv 
d<f> 

Bnw 
ri 

D11 
ri 

dB 
d $  

Bi2vcot<{> BI2W Pi2p cottfr 
rz  r z  r z  

(2.36) 

= B21 dv _ B2iw _ D21 dB + B22V oot<f> B22W _ D22B cottft 
ri d^" ~  ri ri d ( p  r z  r z  r z  

(2.37) 

where 

h/2 
/ k2i(z)dz = K21 = Ki2 
-h/2 

h/2 
/ k2i(z)zdz = B2i = Bi2 

' -h/2 

h/2 
f  k22(z)dz = K22 
-h/2 
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h/2 
/ k22{z)zdz = B22 
-h/2 

h/2 
/ kn(z)zzdz = Di 
-h/2 

h/2 
/ ki2(z)z2dz = Di2 
-h/2 

h/2 
/ k2i(z)z2dz = D21 = D12 
-h/2 

h/2 
/ k22tz)z2dz H D22 
-h/2 

C2.38) 

The K, B, and D's are referred to as stiffness terms or quantities. 

The stress resultants for linearly elastic shells may be ob

tained by replacing the rate quantities in Equations (2.34) through 

(2.36) by the total quantities (N^, Nq, Mg, v, w, and $) and 

redefining the Equations (2.33) and £2.38) to be total stiffness 

quantities instead of rate stiffness quantities. The stiffness quan

tities for linearly elastic isotropic materials are 

Ku = K22 = ~— 
(I - v2) 
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i/ _ is _ VEh 
•M 2 - K21 

(I - V2) 

Bii = Bj2 = B21 ~ B22 = 0 

n _ r, _ Eh3 
Dii - D22 ~  

12(1 - V2) 

n - n - vEh' Di2 - D21 -
12(I - V2) 

The stiffness terms can also be derived for orthotropic materials and 

for composite materials (Dong 1966). 

.Governing Pifferentia I Equations 

The eight unknown quantities N^, Ng, Q^, M^, Mg, v, w, and $ 

are related by three equations of equilibrium, four stress rate re

sultant equations, and one dIspIacement-rotation relationship. The 

eight equations may be combined in several ways. One way of combining 

these equations Is to eliminate g from the stress rate resultant equa

tions, and then to eliminate N^, Ng, M^, and Mg from the equilibrium 

• • » 
equations, which leaves three differential equations in v, w, and Q^. 

The quantity may be eliminated leaving two differential equations in 

v and w, their derivatives, and the stiffness terms, K, B, and D, and 

their derivatives. The approach used here Is to rewrite the eight 

equations as six first order differential equations and two algebraic 

equations. The four stress rate resultant equations, the displace

ment-rotation relationship, and the three rate equations of 
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equilibrium may be written as 

dv _ <J>ri _ vCi ri cot(|> 
Ai 1K11 AnKjiDji An f*2 

+ i {I. +Si- I3L) +|£2. £l_S2+i 
An r2 An r*2 

dw i • - v 

dfi fyj)1"1 , BllNtf>r 1 VC3 ri cot4> 
d<f> AnDn AiiKuDii An i~2 

WC3 rjL _ £Cit ri cot<f> 
An r2 An rz  

where 

_ »V dr„ Ner' C°SI" „ f. * 
d<{> ro d<j> ro <j> ri 

L _ N  -  N  ri sln(f> nZ 
d<f> r0 d<fj tf> 6 r0 1 

dM«f> _ M* dr0 + M9ri COS<|) 
+ r x 

dt|) ro d<j> ro <f> 

• • 

N - N(f>Cl M4»C3 j vCs CQt<f) wC5 kc G  cot<t> 
6 ~ An An <~2 r2 r2 

& - N(t>Cl + ̂ <t>C3 . vCs cot<f) _ wCs cott}) _ gC6 cotft 
0 A11 A11 r 2 t~2 r 2 (2.40) 

(2.39) 
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and 

* - . BiiBn An = I. -
KiiDn 

= 2 _ Bi1B12 _ K21 _ Bi1B21 
K11 K11D11 Kn KnDn 

=^ 1 2  _ Bi1D12 - B21 _ Bi1D21 
Kn KnDn ~ Kn KnDn 

_ Bi2 _ Bi1K12 = B21 _ Bi1K21 
D11 KnDn ~ D11 KnDn 

Bi1B12= D21 
Ki1D11 Dn 

K21C1 B21C5 
An An 

K21C2 B21C4 
An An 

B21C1 D21C3 
An An 

B21C2 D2 iCu 

C5 = K22 -

Ce = 822 -

C7 = B22 -

Ca = D22 - ^ 

(2.41) 

Equatton (2.39) Is a set of six first order linear differential 

equations with nonconstant coefficients. The geometry, thickness., and 

pressures may vary in an arbitrary manner along the meridian of the 
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shell. Initially, the material properties at a point must be elastic 

and isotropic, but can vary with the shell coordinates, (f> and z. 



CHAPTER 3 

SHELL EQUATIONS FOR CONSTANT CURVATURE ELEMENTS 

In Chapter 2 the governing differential equations for arbi

trarily-shaped shells of revolution are developed. Two constant radii 

of curvature shapes are chosen for the purpose of evaluating the 

differential equations. The two shapes are the circular arc and the 

straight line segment. These two shapes are selected because many 

shells can be adequately modeled by using combinations of the toroidal 

and conical elements. The toroidal and conical elements are obtained 

by rotating the circular arc and the straight line segment about an 

axis of revolution, respectively. The differential equations are 

specialized for these two shapes and are given below. 

The circular arc has a radius a and a center at radius r . 
c 

Figure 7 shows the toroidal element and its associated geometry. Equa 

tlon (3.1) relates the terms ro, ri, rz, and dro/d<|> to the radius a, 

the radius r , and the angle <j>. 

Toroidal Element 

ro - r + a sin<|> 
c 

ri = a 

(3.1 

33 



Figure 7. Toroidal Element and Associated Geometry 



35 

The angle <(> may have any value from 0 to 2tt provided that ro is 

greater than zero. Equation (2.39) is modified for the toroidal 

element, and the results are 

dv _ 4>a 1 _ vaCi cos4> 
d(f> AiiKu AnKijDn roAn 

+ i { I + aCl slnt!)} + BaCz COS(f) 
roAn roAu 

dw s • 
a? =  a 3" v  

4̂>a + vaC3 cos<i _ waCa sln<j> _ BaCit cosft 
cFtf" AnKiiDii AnDji roAn TqAU roAn 

dN 

S= - * 4 - N 6  
dtp <p o To ro 

where , 

• N = N(^Cl + M(^Cs + vCs cos<j) _ wCs sln<f> _ 6C6 cos(ft 
0 An An i*o " r0 r0 

(3.2) 
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M - + M4>Cl1 , VC7 cosc|) _ WC7 s 1 n<f> _ gCa costf). 
0 An An ro ro ro 

The strain-displacement relations become 

• I dv w z dB 
(p a d(j> a a d<p 

• _ v coscf) _ w sin<j> _ zg costj> 
9 ro ~ ro r0 

The terms Ci through Ce are given by Equation (2.41). 

A special case of the toroidal element is the spherical 

element. The differential equations for the spherical element are 

obtained by setting the radius rc in Equation (3.1) equal to zero, 

and the results are 

N,a M.aBn • , 
dv _ <f> $ _ vCi cos(j> 
d<J> AnKji AuKiiDn An sin<f> 

(3.3) 

(3.4) 

+ +ci_}+|2^|°§ 
A11 Ai 1 s i n<p 

dw • • 
ay = aB - v 
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{" N<f, + Ne} cos^ . 
w sra + Q<f> ~aY 

% . . cos<(. 

d^— = - N0 - Ne iTn$~ ~ aZ 

dM, {- M. + Mq} cos<J> 

cHF" = sTn? + afy> 

whe re 

N = + <f£3 + vCs cost]) _ wCs _ BCs cos<}> 
0 An An ~a si n<f> a a s I n<b 

M  - 9^2 
+ 4)^** + VC7 cos<j> _ WC7 _ gCs cos(j> 

B ~ An An ~a sintf) " a ~a sTri<f>" 

The strain-displacement relations reduce to 

• • 
•  _ J _ d v _ w _ z ^ d B  

<f> - a cHjT a a "3$" 

• v_ cos<t> _ _ z_ Bcos<f> 
0 a s I n<|> a a s i n(/> 

(3.5) 

(3.6) 

(3.7) 

As the 

(3.6), 

angle cf> approaches zero, many of the terms In Equations (3.5), 

and (3.7) become singular. In Appendix A these equations are 
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examined at the apex of the sphere to determine If these singularities 

can be removed. 

Conical Element . 

A conical element Is generated by rotating a straight line 

segment about an axis. The flat plate and right circular cylinder are 

special cases of the conical element. A variable change Is required to 

make the general differential equations (Equation (2.39)) applicable to 

conical sections. The variable <£ is replaced by a new variable s which 

defines the distance from the end of the cone. The length of an Infin

itesimal element of a meridian is now ds instead of nd<J>. Transforma

tion to the new coordinate system is accomplished by replacing ^ 

by and letting the terms which are divided by ri (n °° ) go to 

zero. The transformed differential equations contain the geometric 

quantities ro, r2, and dro/ds. Figure 8 shows the conical element and 

Its associated geometry. Equation (3.8) relates the geometric quanti

ties ro, r2, and dro/ds to the conical variables, radius r , the angle 

Y, and the variable s. 

ro = r + s cosy 
c 

r2 = •• r • • ~ cosy 
slnY ds ' 

(3.8) 

Equation (3.9) Is the differential equations for the conical section. 



Figure 8. Conical Element and Associated Geometry 
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• • 
• N M BII • 9 • 
dv _ s s _ vCi cosy + wCi stny + 3C2 cosy 
ds AiiKu AiiKuDu roAu roAn roAn 

dw „ S 
ds ~ B 

• • 
•  M  R N  M  •  •  •  

d(3 _ s s + vC3 cosy _ wCa slny _ gCtt cosy 
Hs AiiKuDu AiiDn roAn roAn roAn 

dN {- N + Nq} cosy 
s _ s 8 _ _ a 

ds ~ ro 

where 

dQs Qs cosy N0 siny 

ds ro Fa ^ 

dM {- M + Mfl} cosy 
i 1 " •• i. . • • - .. + Q 
ds ro £ 

N CZ M CT, • „ • , • 
N - s + s + vC7 cosy _ WC7 stny _ gCe cosy 
0 ~ An An ro " ro " ro 

(3.9) 

M - NgC2 + "sC* , VC7 cosy _ WC7 s1ny _ BCe cosy 
0 " An An r0 ~ r0 " r0 

(3.10) 

The strain-displacement relations for the conical element are 
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e dv zdg 
s ~ ds ds 

£ - v cosy _ w si ny _ z3 cosy 
0 ~ ro ro ro 

(3.11) 

In the above equations, r0 must be greater than zero. 

The flat plate is a special case of the conical element. 

Differential equations for the flat plate are obtained by setting the 

angle y equal to zero, replacing ds by dr and r0 by r In Equations 

(3.9), (3.10), and (3.I I), and the results are 

dv _ 'V "rBl1 vCi + gC2 
dr AnKii AiiKuDii r An rAu 

DW - R 
dr P 

d§ = NrB" _ Mr vCa_ BC3 
dr AiiKuDn AiiDn rAu rAu" 

dNr _ {- Nr + Ne> . 

dr r 

dQ Q 
Yr Yr • 
dr ~ " r " L 

dM { - ft + Mq> 
•1= 1 §_+ Q 

dr r Yr 
(3.12) 
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where 
N Ci M Ca •„ 

m = r _ _r . vCs _ BCG 
0 An An r r 

N C2 M Ci| •_ *r 
M = JI r vC? <3Ct 
M0 An An r r 

The strain-displacement relations become 

• dv zdB 
r dr dr 

and 

* _ v z$ 
0 ~ r ~ r 

(3.13) 

(3.14) 

As the radius r approaches zero, many of the terms In Equations (3,12), 

(3.13), and (3.14) become singular. In Appendix A these equations are 

examined at the center of the flat plate to determine If these singu

larities can be removed. 



CHAPTER 4 

METHOD OF SOLUTION 

Two well known matrix methods for analyzing linear structural 

systems are the force and displacement methods. These methods have 

been extended to the analysis of nonlinear structural systems by uti

lizing a differential point of view and are referred to as the differ

ential force method (Richard and Goldberg 1965) and the differential 

displacement method (Goldberg and Richard 1963). Both differential 

methods can be used to analyze the shell structures considered in 

this study. However, only the differential displacement method Is 

used, and it is presented in the next section. In the following dis

cussions only Information which is pertinent to the shell structures 

considered here is Included. 

The differential displacement method requires that the shell 

be divided into a finite number of elements or sections. Two constant 

curvature elements, the toroidal and conical sections, are used to 

model the shell. Shells (or portions of) which are formed by rotating 

a continuous curve (continuous slopes) about the axis of revolution 

are approximated by joining constant curvature elements together so 

that the normals to adjacent element surfaces coincide at the element 

Intersections. 

The ends of the element are called nodal points. Each nodal 

point has three degrees of freedom, two displacements and a rotation. 

43 
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Equation (4.1) defines the degrees of freedom of a typical nodal 

point k. 

xk 

yk 

zk 

d. = 
—k 

xk 

yk 

(4.1) 

The matrix d^ Is a (3 x I) column vector of nodal point displacements, 

and d^ is a (3 x I) column vector of nodal point rate displacements. 

Positive directions of the degrees of freedom are determined by the 

right-hand rule. The line under a letter Is used to Identify a matrix. 

Differential Displacement Method 

The differential displacement method Is derived In the litera

ture (Goldberg and Richard 1963, Callabres! 1970) and Is not rederlved 

here. However, the mechanics of formulating the equations Is dis

cussed. For this discussion the loading rates and the element differ-

9 

entlal stiffness matrices are assumed to be known with respect to the 

reference coordinate system. The development of the element differ

ential stiffness matrices Is presented In the next section. 

The equations for the differential displacement method are 

formed by equating the external nodal point loading rates to the 

element rate end forces at each nodal point. In other words, a nodal 

point Is In equilibrium with respect to the external and Internal 

loading rates. In order to demonstrate the mechanics of formulating 
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the equations, a typical nodal point k Is examined. The matrix F^ 

Is a 13 x I) column vector of known externally applied loading rates, 

and the matrtx R^ Is a (3 x I) column vector of element rate end forces 

at the k-end of element e. Equation £4.2) defines the components of 

the vectors F. and R?. 
**"4% ""*K 

4 = 

xk 

yk 

M 
zk 

R 
e 
xk 

R. 
yk 

M 6 
Mzk 

(4.2) 

The positive direction of the components of F^ are determined by the 

right-hand rule. Figure 9 shows the positive rate end forces and the 

positive rate end displacements of element e In the xyz reference 

coordinate system. 

The rate equilibrium conditions are established by equating F^ 

to the sum of the rate end forces of alI the elements attached to nodal 

point k. 

m  - e  F = E R. 
-k , -k e = I 

(4.3) 

In Equation ("4.3) the symbol m refers to the number of elements 

attached to nodal point k. 



Figure 9. Positive Element End Forces and Displacements - Reference Coordinate System 
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The rate end forces of ari element at the k-end are related to 

the rate end displacements In Equation (4.4) 

•e A 0 . 7 e 58 , r e ;e 
fik = Rfk + JSkk 4 + 41 ii 

(4.4) 

The subscript t refers to the nodal point number at the other end of 

T- e . 7- e 
element e. The quantities and Jk^j are (3 x 3) matrices of differ-

10 i a 
entlal stiffness relations, the quantities d^ and d_| are (3x1) 

column vectors of element rate end deformations, and the quantity 

Is a (3 x I) column vector of rate fixed end forces. Combining 

Equations (4.3) and (4.4) yields 

• m m _ m _ 
F, = Z R.. + Z k. f d? + Z k. . d, 
—k „ , —fk „ , -kk -k , -kl —I e = I e = I e = I 

(4.5) 

Equation (4.5) represents the rate equilibrium equations for nodal 

point k. The equations for the other nodal points are determined by 

summing k over alI the nodal points, n. 

n .  n  m . «  n  

Z F. = Z Z R,f + Z Z KZ df 
k = I k - I e = I k = I e = I 

n m 
Z. Z 

k = I e = I 
Z. Z k.® d® 

—kl —I 
(4.6) 

In matrix notation Equation (4.6) Is 
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where £ Is a (3n x I) column vector of known nodal point rate forces, 

£ ts a (3n x I) column vector of rate fixed end forces, K Is a 

(3n x 3n) master differentia! stiffness matrix, and d_ Is a (3n x I) 

column vector of unknown nodal point rate displacements. Equation 

C4.7) represents the rate equilibrium equations for an unsupported 

shell structure, and by Introducing equations of constraint, it may be 

written as 

F ' = R + K d 
—r —r — r —r 

<4.8) 

The subscript r indicates that Equation (4.7) Is modified by the con

straint equations. Equation (4.8) can be solved for (and d_) and 

the results are 

d = K (F - R } 
—r — r —r —r 

(4.9) 

The quantity {F^ - Rj.} is a column vector of resultant nodal point 

I 
forces. The matrix K Is the Inverse of K . Equation (4.9) sym-

— r —r ' 

boltzes a set of first order nonlinear ordinary differential equations 

which, when integrated, yield the displacements of the shell struc

ture at the nodal points. 

The master differential stiffness matrix, j<, can only be expli

citly formed for very simple structures consisting of one dimensional 

elements. For the more complicated structures (frames and shells), the 
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matrix j< must be formed numerical ly. In this study, Equation (4.9) is 

solved by the fourth-order Runge-Kutta numerical integrating procedure 

CI nee 1926, McCracken 1962). 

Differential Element Stiffness Matrix 

Birchler, Callabresi, and Murray (1968) presented a method for 

calculating the stiffness matrix of sections of thin elastic shells of 

revolution, and their method is used here. The differential element 

stiffness matrix Is needed for the shell elements considered In this 

study. The definition of a column of the differential element stiff

ness matrix is a vector of rate end forces which deform the element so 

that all the rate end displacements are zero except for the rate end 

displacement associated with the column which has the value of unity. 

The deformed shape of the element between the ends is described by the 

governing differential equations without the load terms (Equations 

(3.2), (3.5), (3.9), and (3.12)). For the rest of this discussion, 

the differential element stiffness matrix is referred to as the stiff

ness matrix, and the element rate end forces and the element rate end 

displacements are referred to as the end forces and end displacements, 

respectively. 

The element has six end displacements and six end forces, three 

of each at both ends. Figure 10 shows the positive element end forces 

and end displacements In the element coordinate system. The ends of 

the element are referred to as the t and j ends. For the toroidal 

element, the i-end has the smaller value of <}) and the j-end has the 



Figure 10. Positive Element End Forces and Displacements - Local Coordinate System 

x 
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larger value of <j>. The I-end for the conical element fs where the 

variable s is zero. The end forces and end displacements are 

Ne = 

N 
e 

) 6 
fyl 

A  ©  
% 

S 0 

M 
*J 

V? 

•e 
w. 

e 
3 

•e 
wj 

ft® 
ej 

C4.I0) 

The end forces are related to the end displacements by a 

(6 x 6) square matrix of differential stiffness coefficients, K_ , 

and a (6 x I) column vector of rate fixed end forces, N_®. 

Ne = m + K9 oe 
~ -r - - (4.! |) 

The stiffness matrix is not symmetric but can be made symmetric. 

Positive fixed end forces have the same directions as the positive 

end forces shown in Figure 10. 

The deformed shape and the Internal forces of an element are 

governed by six first order differential equations and six Initial 

conditions. The initial conditions are. the end forces and end dis

placements at the i-end; the final conditions are the forces and 
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displacements at the j-end. Only three of the initial conditions are 

known, the displacements. The three Initial forces are unknown and 

must be determined from the known displacements at the j-end. The pro

cedure presented by Blrchler, Callabresl, and Murray (1968) for calcu

lating a column of the stiffness matrix Is as follows. 

A set of Initial forces, N^{ \ and *s assumed and 

• (k) •(k) • f k) 
using the known displacements, , Wj , and Bj , the six differ

ential equations without the load terms are solved for the displace

ments, vj' \ wj'^> anc' a^ J~enc*- The differential equations 

are solved numerically by the fourth-order Runge-Kutta Integrating pro-

*(2) •(7) •(2) 
cedure. A second set of Initial forces, N^j , Q^j , and M^. , is 

assumed. 

• (?) •(I) • 
where NI, - N:, + AN.. 

<pl (pi cpl 

q(2) = o(l) 
^i % 

fl(2) _ a(I) 
M<J>i 

• (2) •(2) 
The equations are solved for the final displacements, vj » wj » and 

• (2) 
, using the second set of assumed Initial forces and the known 

initial displacements. A third and fourth set of Initial forces, , 

*(3) > *(3) • (4) •(4) *(41 
Q^j , and M^j , and , O^j , and , are assumed 

where . (|) 

v  = < !  
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and 

• ( 3 )  _  • ( ! )  A *  
"•I " "•! + % 

{.(3) A(L> 

N(4) = N(" 
*f> i <M 

o(4) = 6(l) 
V<M % 

•(4) • (11 • 
V = V + % 

The equations are solved two more times using the third and fourth sets 

•(3) •(3) •(3) • (4) 
of assumed Initial forces for Vj , Wj , and |3j t and for Vj , 

i<4), and &<*>. J 

A set of algebraic equations which relates the change in the 

J-end displacements to the unit change In the i-end forces can be es

tablished from the assumed initial forces at the I-end and the calcu

lated displacements at the j-end. Specifically, the ratio 

HN*' ^ (4.12) 

Is the change in the v displacement at the j-end due to a unit change 

In at the i-end. Eight other ratios are defined In a similar 



manner. The algebraic equations are 
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1 
—

>
 

•
 >

 

r 

6 vj  

%. 

6v. 
J 

6% 
6*j 

6M*i 

* 

s"j 
= 

6w. 

6> 

6wj 

%! 
«*•. 

66, 
J 

sh 
{>i 

• I • * ( I ) * ( I ) 
•where 6vj, <$Wj, and are the changes required In v, , w. , and 

• (I) #(k) #(kl • f ifl 
Bj to obtain the final known dispIacements, Vj , Wj , and 8j 

Equation (4.13) is solved for , and and these are added 

to an^ "1*° obtain the true Initial forces, N^j, Q^j, 

and M^j. The six differential equations are solved again using the 

six known Initial conditions for the forces, N^j, Q^, and M^, at. the 

J-end. Since the six differential equations are linear In the rate 

• (k) • ([() • ft/) 
terms, the displacements at the j-end are , and f3j . The 

f • I « • t 
forces N^j, N^, and form one column of the stiff

ness matrix. The remaining columns of the stiffness matrix are formed 

In the same manner. 
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Element Fixed End Forces 

In the displacement method, all the forces must be applied at 

the nodal points. The concept of fixed end forces is used to handle 

the distributed loads on an element. The same procedure is used to 

calculate the fixed end forces that Is used to calculate a column of 

*(k) • (k) 
the stiffness matrix except that the known displacements, v} , Wj , 

• (1/ \ f |y \ / 1/ \ / I/) 
fSj , Vj , Wj , and 3j , are all equal to zero (fixed ends) and the 

differential equations are solved using the load terms. 

Coordinate Transformations 

The element end forces, fixed end forces, and end displacements 

defined in the previous two sections are In a local element coordinate 

system. These quantities must be transformed into a reference coordin

ate system as required by the displacement method. Two transformations 

• 0 
are required: one to transform the element end forces, , from the 

local coordinate system to the reference coordinate system and another 

to transform the element end displacements, d_e, from the reference 

coordinate system to the local coordinate system. In matrix notation, 

the transformations are 

Re = Te Ne ve = Se de 

~ - - _ (4. !4) 

6 6 
The quantities T and S_ are (6 x 6) square matrices. 

The transformation of element end forces from the local coor

dinate system to the reference coordinate system is obtained by com

bining Equations (4.II) and (4.14). 
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Re = T° Ne = Te N® + Te K6 Se d° 
_ _ _ _ _r _ _ (4.15) 

The matrix T0 sf, the element stiffness matrix, and the matrix 

6 0 
i Hf "^e e'emen+ fixed end forces, are in the xyz reference coordin

ate system. 

The matrices T_e and S? for the toroidal elements can be ob

tained from Figures 9 and 10, and the results are given below. 

•si n<J)j -COŜ j 0 0 0 0 

cos<f>. s I n<J> | 0 0 0 0 

0 0 -1. 0 0 0 

0 0 0 si n<f>j COŜ Jj 0 

0 0 0 COS(f>j —s 1 n(f>j 0 

0 0 0 0 0 1 

sln<|>j COS<f>j 0 0 0 0 

COS<J>j -sln^j 0 0 0 0 

0 0 -1. 0 0 0 

0 0 0 s I n<J>j COS<}>j 0 

0 0 0 COS (J) J -sin^j 0 

0 0 0 0 0 -1 

The matrices [Te and S_e for the conical element are obtained from the 

above matrices by setting y = = ^j* 
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StIffness Terms 

The stiffness terms, K, B, and D, must be evaluated along the 

meridian of an element and the only practical way to evaluate these 

terms Is numerically. This Is accomplished by maintaining a table of 

the material stiffness terms, kn, ki2, and k2z, a+ points through the 

thickness and at stations along the meridian. The stiffness terms are 

determined at each station by integrating Equations (2.33) and (2.38) 

with Simpson's one-third rule. Only an odd number of points through 

the thickness is used. 

The fourth-order Runge-Kutta integrating procedure requires 

four evaluations of the first derivatives per Interval: once at the 

beginning, twice in the middle, and once at the end. An Interval Is 

the distance between two adjacent stations along the meridian. In 

this study, the table of material stiffness terms, k, is maintained 

only at the stations; therefore, the stiffness terms can only be de

termined at the stations. The values of the stiffness terms at the 

middle of an Interval are taken to be the average of the two end point 

values. If an element has a variable thickness, a more elaborate 

scheme would have to be employed to determine the values at the middle 

of an Interval. 

Numerical Methods 

In the previous sections, the major calculations are described 

and here the calculations of the stresses, strains, displacements, and 

the internal forces within the element are discussed. The element is 

initially free of residual stresses and strains; therefore, the Initial 
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values of the previously mentioned quantities are zero. The subscript 

k Is used to refer to a station along the meridian, and the subscript 

I refers to a point in the thickness at station k. 

The strains at station k and point I are obtained by integra

ting the strain rates with respect to the loading parameter, P. 

, p • , p • e,, i = / e., . dP eD, - = / eQI , dp 
cf»k I q 4»k I 0k I q 8k I 

The strain rates are known In terms of the displacement rates and 

their derivatives. Specifically, the strain rates for the toroidal 

element are 

"  _ r j _  d v  w  z  d j L  
E(j>kl a d<}» ~ a ~ a d<J> kl 

and 

• _ r v costfi w s i n0 z(3 cos4» t 

0kI r0 ~ r0 " r0 'kl 

The stresses are determined by integrating the stress rates 

with respect to the applied loading parameter, P, 

"•kl = 1 o °<|,kl dp a6kl = / o °0kl dp 

and the stress rates are obtained from the plastic stress-strain rela

tions 
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Vl = k"kl Vl + kl2kl e6kl 

and 

» 

a0kl = k21kl E<J>kl + kz2kl e0kl 

Five Internal forces, N^, NQ, Q^, and M^, exist at each 

station within the element, and these forces are determined by Inte

grating them with respect to the loading parameter, P. 

For example, 

V  - V d P  

where 
k dQ, ib 

V = 1 { a?- } d* 

•i 

where <f»j Is the Initial value of <f> and Is the value of 4> at station 

k. The other forces are found In the same manner. 

The three displacements, v, w, and $, are determined In the 

same manner as the forces. 

For example, 

P . 
w. = / w, dP 
k Q k 

where . 
'k 

* r f dW i .. 
\ = ; 1 d? } d+ 

•i 



where <J)j and are as defined above. The Integrals with respect to 

dp are numerically evaluated with the fourth-order Runge-Kutta pro

cedure. 



CHAPTER 5 

NUMERICAL RESULTS 

Several example problems are presented to verify the equations 

and the method of solution presented In Chapters 2, 3, and 4. A 

Fortran IV computer language program Is used to evaluate the method of 

solution, and the results presented are from this program. 

Empirical Equation for Uniaxial Stress-Strain Curve 

. In Chapter 2 a function H(eJ^), which relates the effective 

plastic strain to the effective stress, is defined and used. The 

function H Is shown to be a uniaxial stress-strain diagram with the 

. elastic strains removed. In the example problems presented here, the 

nonlinear material is represented by a three parameter stress-strain 

curve developed by Richard (1961). This empirical relation may be 

wrttten as 

(5.1) 

(5.2) 

a = 

{ I .  +  

Ee 

e 
Go 

l/n 

or 

e = 

E *'• " 5-(Jo 
l/n 

61 
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where E Is the Initial linear relationship between a and e, e0 Is the 

linear strain associated with the ultimate stress, Oo, and n Is the 

nonlinear parameter which defines the shape of the curve. Figure It 

Is a nondlmensional plot of Equation (5.1) for several values of n. 

The parameters, E, ao, £o> and n, are determined from the actual non

linear stress-strain curve. Figure (2 shows how these parameters are 

obtalned. 

The Inverse of the function H Is obtained by subtracting the 

elastic strains from the total strains as given by Equation (5.2). In 

terms of the effective stress, cre, and the effective plastic strain, 

the Inverse of H may be written as 

H (a ) = eP = 
e e — 

a n— 

1 e 
1 . 

Oo 

T7rT 

(5.3) 

The quantity actually used In the plastic stress-strain relations is 

the slope of the effective stress-effective plastic strain curve which 

can be obtained by differentiating with respect to a . The result 
6 • 0 

is 
. de^ 

{H (a )}' = -j-2. = 
e do 

e 
— 

a 
n — 

1 e 
i * 

Co 
(5.4) 

The absolute value of the ratio should always be less 

than unity for Equation (5.4) to be valid; however, this ratio can 

become greater than unity during the solution of a problem. When this 
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or greater than unity, numerical difficulties arise. 

When /ao is equal to one, an attempt is made to divide by zero. When 
© 

the ratio Is greater than one, an attempt is made to raise a nonInteger 

negative number to a nonlnteger power. In order to avoid these numer

ical diff1cuI ties, a tangent line is constructed to the empirical curve 

(Equation (5.2)). 

than .999C TO > and Equation (5.5) Is used instead of Equation (5.4). 

The tangent line Is used for values of greater 

{H"'(o )} ' 
e 

I. I. 
n + I 

E |7. - C.999)n̂ j n 
(5.5) 

Thick-Walled Cylinders 

Hannon and Sldebottom (1967) presented test results for five 

thick-walled open-end cylinders which are pressurized internally and 

made from AISI 4135 steel. The dimensions of the cylinders are in

side diameter, 0.624 inches; outside diameter, 1.351 inches; and 

length, 5.0 Inche^. 

ers are modeled by one flat plate element with slx-

the radius and three points through the thickness, 

ection of the cylinder is used. Material properties 

The cyIi nc 

teen points along 

A one Inch thick £ 

stress, 96250 pour 

instead oi 

are modulus of elasticity, 29000000 pounds per square Inch; ultimate 

ds per square Inch; and shape factor, 25. 

applying an internal pressure, the inside radius is 

displaced outward, and the pressure necessary to cause this displace

ment Is calculatec . The maximum radial displacement is .032 Inches, 

j  
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Twenty loading Intervals are used: the first one Is 24 percent of the 

maximum radial displacement and the other nineteen loading Intervals 

are each 4 percent of the maximum radial displacement. 

Figure 13 shows a plot of the Internal pressures to the hoop 

strains on the outside surface of the cylinder. Both the test results 

and calculated results are shown. The test results are redrawn from 

the work of Hannon and Sidebottom CI967) and agree with the calculated 

results up to about 75000 pounds per square Inch. Above this value the 

calculated results are higher than the test results. This Is because 

the tangent line, which Is used for large values of a /CTQ In the 
e 

stress-strain relation, allows the effective stresses to become greater 

than a<). As a result, the cylinder Is stlffer than it should be. 

Figures 14 and 15 show the radial stress and hoop stress dis

tributions through the wall thickness of the cylinder for several 

values of Internal pressure. 

T H In-Walled Cylinder 

A cylinder Is analyzed using a different number of points 

through the wall thickness to determine the effects of these points on 

the stresses, strains, internal forces, and displacements. Results 

are obtained by using three, five, seven, and nine points. The cyl

inder Is modeled by four conical elements as shown In Figure 16. 

Eleven stations are used along the meridian of each element. 

The dimensions of the cylinder are length, 6 inches; radius, 

6 inches; and wall thickness, 0.4 inches. The material properties 
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of the cylinder are modulus of elasticity, 30000000 pounds per square 

inch; Poisson's ratio, 0.25; ultimate stress, 50000 pounds.per square 

inch; and shape factor, 3. 

An applied moment of 1500 inch-pounds per Inch Is applied to 

one end of the cylinder as shown In Figure 16, Four loading Incre

ments, 40 percent, 30 percent, 20 percent, and 10 percent of the 

applied moment, are used In the order given. 

Table I shows a comparison of six variables at 100 percent of 

the reference load at five stations along the meridian. The stresses, 

axo and 0go, are on the outside surface of the cylinder. A study of 

Table I shows that the results from the three point solution are in

adequate. The results from the other three solutions agree within one 

half of one percent, except for the normal displacement at x = 1.0 

inches and the meridional stress at x = 0.0 inches In the five point 

solution. Results from the seven and nine point solutions are almost 

identical. As a result of this study, the conclusion Is reached that 

seven is the minimum number of points that should be used when both 

bending and membrane forces are present. 

Flat Ci rcular PI ate 

A flat circular plate with a hole In the center and loaded 

with a uniform pressure is analyzed for the stresses, strains, internal 

forces, and displacements. The Inside radius is 10 Inches and the 

outside radius Is 12.4 Inches. The material properties are modulus of 

elasticity, 30000000 pounds per square inch; Poisson's ratio, 0.25; 

ultimate stress, 50000 pounds per square Inch; and shape factor, 3, 



Table I. Comparison of Results 

X 3-potnts 5-polnts 7-poi nts 9-poInts 

w 

0.0 
0.5 
1.0 
1.5 
2.0 

-.008204 
-.002618 
.000016 
.001092 
.001300 

-.007182 
-.002453 
.000051 
.001099 
.001297 

-.007172 
-.002455 
.000047 
.001097 
.001297 

-.007171 
-.002455 
.000047 
.001096 
.001297 

Mx 

0.0 
0.5 
1.0 
1.5 
2.0 

1500.0 
1322.8 
949.98 
569.35 
272.97 

1500.0 
1318.7 
943.76 
563.99 
269.34 

1500.0 
1319.0 
944.40 
564.71 
269.93 

1500.0 
1319.0 
944.42 
564.74 
269.96 

Me 

0.0 
0.5 
1.0 
1.5 
2.0 

679.67 
459.99 
260.98 
146.10 
68.77 

568.99 
387.03 
247.30 
143.23 
67.72 

566.42 
386.54 
246.64 
143.29 
67.86 

565.94 
386.57 
246.58 
143.28 
67.87 

Ne 

0.0 
0.5 
1.0 
1.5 
2.0 

10500.4 
4592.6 
-25.51 
-2163.7 
-2595.0 

10846.2 
4486.6 
-96.90 
-2182.0 
-2590.6 

10833.2 
4483.1 
-88.37 
-2177.1 
-2589.2 

10830.8 
4483.4 
-88.18 
-2176.9 
-2589.1 

axo 

0.0 
0.5 
1.0 
1.5 
2.0 

-55820.6 
-48430.8 
-35626.5 
-24107.9 
-10248.6 

-46742.3 
-44000.7 
-34249.3 
-21069.9 
-10101.8 

-46687.4 
-43896.9 
-34176.1 
-21080.0 
-10123.1 

-46692.6 
-43893.1 
-34167.4 
-21078.9 
-10124.0 

aeo 

0.0 
0.5 
1.0 
1.5 
2.0 

-17451.6 
-8531.54 
-9816.84 
-10809.6 
-9052.7 

770.76 
-4910.93 
-9509.09 
-10755.4 
-9004.06 

835.02 
-4824.65 
-9464.32 
-10745.9 
-9005.81 

825.79 
-4823.10 
-9460.94 
-10745.0 
-9005.83 
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One element Is used to model the plate. Twenty-five stations 

are used along the radius, and eleven points are used through the 

thickness. The Inside radius has a fixed support, and the outside 

radius has a pin support. Rotations and normal displacements are botl-

prevented from moving at a fixed support, and the normal displacementf 

are prevented from moving at a pin support. 

Nine pressure Increments consisting of 2400, 960, 480, 480, 

240, 240, 240, 120, and 120 pounds per square inch are applied to the 

plate in the order given. The sum of these nine pressure Increments 

Is 5280 pounds per square Inch. 

The normal displacements, the radial moment distributions, and 

the hoop moment distributions for several values of pressure are show 

in Figures 17, 18, and 19, respectively. The radial moment curves in 

Figure 18 show the zero position of the curves shifting towards the 

Inside radius as the pressure Is Increased. This shifting is taking 

place because a plastic hinge is forming at the Inside radius, and the 

support condition Is changing from a fixed support to a pin support. 

Figure 20 shows the radial and hoop moments at the Inside 

radius and the radial moment, hoop moment, and normal displacement at 

a radius equal to I 1.5 inches changing with applied pressure. The 
! 

tangent lines shown in the figure are the corresponding linear values. 

The stress distributions at radii 10,0 and 11.5 inches are 

shown In Figures 21 and 22, respectively. 
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Tori spherical Shell 

Khojesteh-Bakht and Popov (1970) analyzed a torisphertcaI shell 

using an Incremental tangent stiffness finite element method. The 

model used by Khojesteh-Bakht and Popov consisted of forty-seven ele

ments: twenty for the spherical section, sixteen for the toroidal 

section, and eleven for the cylinder. Twenty layers are used through 

the thickness. 

Figure 23 shows the geometry of the shell which has a thickness 

of 0.04 Inches. The material properties are modulus of elasticity, 

30000000 pounds per square Inch; Polsson's ratio, 0.3; and ultimate 

stress, 30000 pounds per square inch. The material Is assumed to be 

elastlc-perfectly plastic. 

This shell Is analyzed here using the method developed in this 

dissertation. In addition to the geometry, Figure 23 shows the eight 

elements used to model the shell; three for the spherical section, 

two for the toroidal section, and three for the cylinder. Twenty-five 

stations are used along the meridian of each element. Five points are 

used through the thickness of element numbers I, 2, 7, and 8 (see 

Figure 23) and eleven points are used for the other four elements. 

Five points can be used for element numbers I, 2, 7, and 8 because the 

portions of the shell modeled by these elements remain elastic. A 

nonlinear shape factor of ten Is used to represent the elastic-per-

fectly plastic material. 

Figure 24 shows the normal displacement of the apex of the 

sphere versus applied internal pressure for both methods of analysis. 
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In the tangent stiffness method, the pressure increments are 1.5 pounds 

per square Inch, and In the differential method used here, pressure 

Increments of 8 pounds per square Inch are used. The horizontal dashed 

line at approximately 87.5 pounds per square Inch is the collapse load 

calculated by Khojesteh-Bakht and Popov (1970) using the limit analysis 

solution for tort spherical shells presented by.Drucker and Shield 

(1959), The results from the differential method Indicate that the 

collapse Is close to 88 pounds per square inch. 

Figures 25, 26, and 27 show the normal displacements, the me

ridional moment distribution, and the hoop force distributions of 

element numbers 3, 4, 5, and 6 for several values of internal pressure. 

The other four elements are, for all practical purposes, In an elastic 

membrane state of stress. 

Figure 28 shows the stress paths of several points on the shell 

as the pressure is Increased. All the paths start at the origin and 

move outward. Seven points are plotted for each curve at internal 

pressures of 32, 40, 48, 56, 64, 72, and 80 pounds per square Inch, 

Some of the points are outside of the ellipse because the yield surface 

is allowed to expand beyond the 30000 pounds per square Inch value. 

These curves show that the loading Is not proportional. 

Figures 29 and 30 show the stress and strain distributions 

through the thickness of two stations. 
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CHAPTER 6 

SUMMARY AND CONCLUSION 

A direct numerical method for analyzing arbitrarily-shaped 

shells of revolution loaded beyond the yield point of the material Is 

developed and presented. The development is based on an incremental 

theory of plasticity for strain-hardening materials. Plastic stress-

strain relations for strain-hardening materials are differential (rate) 

equations. Since the stress-strain relations are in a differential 

(rate) form, the conclusion is reached that the equilibrium equations, 

the strain-displacement relations, and the stress resultants must also 

be in a differential form. By considering two loading states, the 

equilibrium equations and the strain-displacement relations can be 

written In differential form. The stress rate resultants are deter

mined by integrating the stress rates through the thickness. After 

considerable algebra, the rate equilibrium equations, the rate strain-

displacement relations, and the stress rate resultants may be written 

as six first order linear differential equations (In terms of the rate 

variables) with nonconstant coefficients. 

The shell structure is divided into a finite number of ele

ments, and a procedure for determining the differential stiffness 

matrices of these elements is presented. The differential displacement 

method for analyzing nonlinear structural systems is used to determine 

the nodal point rate displacements. These displacements and the 



element stfffness matrices are used to determine the initial values at 

the I-end of each element. Using these initial values, the shell 

equations are numerically integrated along the meridian to determine 

the Internal rate forces and the rate displacements at the element 

stations. The stresses, strains, internal forces, and displacements 

are obtained by integrating the correspond!ng rate quantities with 

respect to the applied loading condition. A fourth-order Runge-Kutta 

numerical integrating procedure Is used throughout. 

The shell equations presented in this dissertation are derived 

from the basic definitions of the nonlinear (material) shell variables 

All the assumptions and restrictions needed to derive these equations 

are discussed in detail. A special effort is made to insure that the 

physical quantities are properly interpreted mathematically, and as a 

result, the shell equations are both mathematically and physically 

sound and can be used with conf1dence to analyze shell structures made 

from strain-hardening materials. 



APPENDIX A 

AN EXAMINATION OF THE SINGULAR TERMS 

In Chapter 3 the equations are presented for the spherical 

and flat plate elements. These equations have many singular terms 

where (J) and r are equal to zero. In this appendix these equations are 

examined to determine If the singularities can be removed. The reason 

for removing these singularities at the origin is to obtain solutions 

for closed shells. Many special conditions exist at the origin. For 

• • 
example, the quantities v and 3 are zero by symmetry. The stress rate 

» ft » * • 

resultants, N^, Ng, M^, Mg, and Q^, the rate displacement quantities, 

v, w, and 3> the stress rates, and <jg, and the strain rates, and 

• 
Gg, are assumed to be continuous functions of <}> (or r) and can be 

differentiated as required. 

Spherical Element 

The strain-displacement relations, Equation (3.4), are the 

first functions to be evaluated at the origin. The hoop strain rate, 

Gg(z, <}>), has two terms which have the indeterminate form of 0/0 as 4> 

approaches zero. 

eQ(z, ({») 
i r 0-i w z r O -i 

+ 0 = a V " a - aV 

[.'Hospital's rule is used to evaluate these terms. The hoop strain 

rate becomes 
v ' * - - » 

92 
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e0(z, <p)  

dv 
dcf> 

(J> •+ o 

cos<J> - v s i n<f> 

a cos<J) 
w 
a 

z costfi - B sln<(>} 

a a coscf) 

J_ dv 
a d(J> 

w 
a 

£ d£ 
a d(J) 

* 
(A. I) 

which Is Identical to the meridional strain rate, £^<2, evaluated 

at the origin. 

In order to determine the relationship between the stress 

rates, cr^tz, <f>) and cr0(z, <J>), at the origin, the plastic stress-strain 

relations must be examined. The material Is initially isotropic and 

homogeneous, and the Initial relationship between the terms of the 

plastic stress-strain relations are 

kn = kz z  ki2 = k2i 

The Initial relationship between the stress rates Is determined from 

the relations between the k's and the equality of the strain rates. 

Initially the stress rates are found to be equal 

a* = °e 

Since the stresses, a, and a , are determined from the stress rates, 
<]) ti 

the initial values of the stresses are equal. 

% = a Q  



94 

The terms kn, ki2, k2i, and k22 are functions of the stresses (and 

other quantities), and since the Initial values of the stresses have 

been shown to be equal, the subsequent relationships between the k's 

must be the same as given above. Also, the subsequent relationships 

between the stress rates and the stresses are the same as the ones 

given above. Therefore, the stress rates are equal at the origin. 

The relationships between the stiffness terms, K, B, and D, 

are established from the relationships betv/een the k's and Equations 

(2.33) and (2.38). The relationships are 

Kn - K22 K12 = K21 

Bn = B22 B12 ~ 621 

Dn = D2 2 D12 = D21 
(A.2) 

The stress rate resultants are the next functions to be con

sidered. Since the stress rates are equal at the origin, a reasonable 

assumption might be that the stress rate resultants are also equal 

(I.e., = N0 and = M0). However, to show that the stress rate 

resultants are, in fact, equal, Equations (2.34), (2.35), (2.36), and 

(2.37) are modified for the geometry of the spherical element and are 

evaluated at the apex of the sphere. The modified stress rate result

ants are 

^ _ Ki idv _ Ki iw _ Bi idg + Ki2V costft _ Ki 2w _ B12P cosif) 
<J> a d<f> a a d<J> a sin(J> ~ a a sin0 
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N - ̂ 2idv _ K2iW _ B2idg + K22v cos<f> 
0 a d<J) a a d<f> a sin<J) 

K22w _ B22£ cos<}> 
a a sin<{> 

I - Bi idv _ Bi ]W _ p! !dg + Bi2V costj) _ Bi 2w _ DI23 costf) 
<f) a d<(> a a d<J> a s f n«J» a a sintf) 

jj| _ B2idv _ B; 1 v/ _ D21dg + B22V cos4> _ B22w _ D223 cos<t> 
0 a d<J) ~ a ~ a d<J> a sin<(> a a sint}) 

(A.3) 

The terms containing the quantities v/sin<f> and (3/sin<j> in the above 

equations have the indeterminate form of 0/0 as <J> approaches zero. 

L'Hospital's rule is used to evaluate these terms, and the results are 

N 
4> 

4> -*• 0 

Kijdv Ki1w Biid8 , Ki2dv — ~ + 
a d(f> a d<}> a dcf> 

Ki 2w _ Bi2dB 
a a d<j) 

<|j + 0 

N, 
(f> -*• 0 

K2idv _ K2 iW 
a d<}> a 

B21 d3 K22dv 
a d4> a d<f> 

1<2 2 W B2 2d3 
a a d<(> 

<f) •+ 0 

<P 
<t> 0 

Bi idv _ Bi 1 v/ _ DudB + Bi2dv 
a d<f> a a d<J> a d<f> 

Bi 2w Pi2d$ 
a a d<f> 

4> -*• 0 

M, 
(J) •+• 0 

B21 dv Baiw 
a d<J> ~ a 

P2idB B22dv B22w _ P22dg 
a d<}> a d̂ > a a d<J> <p + 0 

(A.4) 

The equalities of the stress rate resultants are established by substi

tuting Equation (A.2) in the above equations. 
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The six first order differential equations for the spherical 

element (Equation 3.5) are the next functions to be examined. After 

considerable algebra and by employing the L'HospItal rule to evaluate 

the Indeterminate terms, the first three differential equations eval

uated at the origin become 

dv 
d$ (J) 0 

VT" 
AiiKnTi AiiDnTj 

VT3 + W 
<J) *+• 0 

dw 
dtjr 

= o 

0 

dB 
d(f> 

<f> -»• 0 

VlT» V T e  

A11K11T2 AliDnT2 4> -> 0 
(A.5) 

where 

T = 
1 

I. + Ci C2C3 
Aj 1 An {An + j 

T _ | , Cu C2C3 
2 " Aj1 Ai1 iAi1 + Ci) 

T „ I , C2Bn 
3 " Di 1 {Ai 1 + Ci»> 

T = + °2 
it K11 An + Ci, 

T - BL1 + C3 
15 " Dn An + Ci 

T _ 1 . C3 Bi 1 
Tc " ' * Kn (An + Cil 

(A. 6) 
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In order to evaluate the last three differential equations, a 

restriction is placed on the loading. The restriction is that con

centrated loads are not allowed at the origin. This restriction makes 

Q^(0) equal to zero, and with the conditions N^CO) = N0(O) and M^fO) = 

Mg(0), the last three differential equations evaluated at the origin 

become 

dN, 
<1 

d<j> 
<f> 0 

1 ̂ 9-1 aY" 
2 d(f> 2 Y 

if> ->• 0 
(A.7) 

% 
d<(j 

<t> 0 
S T -Z (j) -> 0 

(A.8) 

dtf> 
<f> 0 

i *• 
' . 2  3 T "  

<f> 0 
(A.9) 

If Y(0) Is set to equal zero, Equation (A.6) becomes 

dN 

dJjT 
* 

<p + 0 

i «, 
2 d<f> (j) -> o 

which is of the same form as Equation (A.9) 

(A.10) 

The two derivatives which have.not been shown to have specific 
dN dM 

values at the origin are -TT2- (0) and (0). The other derivatives 4 
d<j> d(j> 
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In order to evaluate the last three differential equations, a 

restriction Is placed on the loading. The restriction is that con

centrated loads are not allowed at the origin. This restriction makes 

Q^CO) equal to zero, and with the conditions N^tO) = NgCO) and M^tO) = 

Mg(0), the last three differential equations evaluated at the origin 

become 

dN(| 

dtp 

dN 
1 0 
2 dip  -7 a Y  

<f> 
(A.7) 

% 
dtp" 

<f> 

aZ 
- - N, 
z <p 

4> 
(A.8) 

dM. 
<P 

w~ ((>-»• 0 

i dM* 
2 cl$~ 

<!> 

(A.9) 

If YCO) is set to equal zero, Equation (A.6) becomes 

dN 

W 
4) i 

+ - o 2 d+ <J> -*• 0 
(A.10) 

which is of the same form as Equation (A.9) 

The two derivatives which havetnot been shown to have specific 
dN 

<f> 
dM, 

values at the origin are (0) and (0). The other derivatives 
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are known in terms of the stress rate resultants, rate displacement 
dN 

quantities, and the stiffness terms. The values of 
'<f> 

dM 
4> 

dc> 
CO) and 

dcj> (0) cannot be determined in the present coordinate system because 

of the vanishing Jacob I an at the apex of the shell. With the addi

tional restriction that the spherical element be of constant thickness, 

the derivatives in Equations (A,9) and (A.10) can be evaluated. The 

point in question is physically no different than any other in the 

shell structure.. In general, strains (here strain rates) are assumed 

to have continuous derivatives. As before, kn(z, 0) - kzz(z, 0) and 

kia(z, 0) = k2i(z, 0) which indicates that the material (at any con

stant z) has the same properties along any meridian. If the material 

properties are assumed to change in a smooth manner, then 

dk 
d<j> 

l I 

<f> 

_ dk2 2 
d(j> 

(J> -*• 0 

dk 
d(f> 

1 2 

* 

dk 
d<j) 

2 1  = 0 

(f» 0 

From the assumption that the strain rates change in a smooth manner, 

geometric symmetry implies 

de 

d<£ 
<J) ->• 0 

dEe 
dcf) 

= 0 
<f> -> 0 
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But thIs ImpIies 

dcr. 
<P 

dtf) 
<f> 

da£ 

dtj) 
= 0 

+ 0 

dN, dM, 
Since -j~ CO) and (0) are defined as 

dtp d<p 

dN, h/2 da, 
—2. = r _£ dz 
d<J) J dc|> 

-h/2 

dM 

W 

h/2 
4> _ = / 

-h/2 

da, 
g 

dtf) 
zdz 

(A.I I) 

the desired result must be 

dN 
4> 

d<j> 

dNe 
dcT" 

dM. 
2. 

d?~ 

dM, 

4> 

= 0 

(A.12) 

Flat PI ate Element 

The values of the first derivatives and the relationships be

tween the stress rate resultants for the flat plate element at the 

center can be obtained in the same manner as Is done for the spherical 

element. However, only the results are presented here. 

N = N, M = Mr 

r -*• 0 r -> 0 r 0 
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dv 
d(j> 

NrT3 MrT, 

r •> 0 AiiKUTI Ai 1D11T1 r •> 0 

dw 
dr 

= 0 

dp 
dr 

NrTs MrT6 

r -*• 0 A11K11T2 A11D11T2 

dN 
r 

dr 
r -*• 0 

dNg 

2 dr 
= 0 

r •+ 0 

dQr 

dF i z 

dM 
r 

dr 
r -*• 0 

1 5 
2 dr 

= 0 

r 0 
(A.13) 

The values of T are given In Equation (A.6), and the same restrictions 

are placed on the flat plate element that are placed on the spherical 

element. 
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