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ABSTRACT 

The problem of determining the free streamline of a potential 

flow is treated here by the method of finite elements. Three example' 

problems, a surface wave generated by a vortex in a uniform stream, 

an impinging jet against an infinite plane, and a uniform flow over a 

circular crested weir, are presented. Each problem has a distinct 

boundary condition; three different procedures are developed to solve 

the problems. 

ix 



CHAPTER 1 

INTRODUCTION 

Problem Statement 

The finite element method has been widely used in the field 

of structural analysis. It is only recently that the work of using 

the finite element method in fluid mechanics has begun. The fact that 

this method can be interpreted as the minimization of the total 

potential energy functional (1) proves that it can be applied to 

problems of two dimensional steady flow with incompressible inviscid 

fluid. An interesting and often very difficult problem in fluid 

mechanics is how to determine the position of a free streamline. The 

writer has chosen three different problems each with a different type 

of surface boundary condition, and has used the finite element method 

to demonstrate how to determine the position of a free streamline for 

each case. 

The first problem is to determine the position of the free 

streamline of a surface wave developed by placing a vortex in a 

uniform flow with a finite channel depth. The boundary condition of 

this problem is taken to be a linear differential equation. 

The second problem is to determine the position of the free 

streamline of an impinging jet in the absence of gravity on an infinite 

plane. The boundary condition is shown to be a nonlinear differential 

equation. 

1 



The third problem is to determine the free surface profile of 

a flow with gravity present over a circular crested weir. The boundary 

condition is nonlinear. 

In each of these three problems, the finite element equations 

are obtained by minimizing the kinetic energy of the two dimensional 

irrotational flow. However, due to the different character of the 

boundary conditions, the writer has employed three different processes 

to search for the position of. the free streamline. These are presented 

in the example problems. 

Literature Review 

In 1954, Kochin, Kibel, and Rose (2) presented a solution of 

the problem of forced waves caused by the motion of a vortex located 

at a depth hQ below the free surface of the fluid and moving with a 

constant velocity Vq parallel to the undisturbed fluid surface. They 

approached the problem by using complex potential function theory, 

conformal mapping, and a linearized surface condition. They obtained 

the equation of the free boundary. The problem which they solved is 

a flow with infinite depth. Their method is a classical mathematical 

approach. 

In 1965, Von Kerczek (3) presented a finite difference method 

for obtaining the free surface profile, and the force and moment on a 

vortex in a uniform stream of a perfect fluid of finite depth. A 

nonlinear surface condition was used. A digital computer was employed 

to use a relaxation technique to solve several hundred simultaneous 

equations arising from finite difference approximations of the Laplace 
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equation. In order to determine the free surface profile, an itera

tion process was set up. First, with an assumed free surface, the 

finite difference equations were obtained for the region of the flow. 

After solving those equations, a test was made to find whether the free 

surface condition was satisfied everywhere. This test was started at 

the first station upstream, and went downstream. If at one station, 

the boundary condition was not satisfied, a correction was applied to 

the free surface. This process was repeated until a correct surface 

was obtained. A numerical integration method was used along a closed '• 

path surrounding the vortex to determine the circulation, force, and 

moment on the vortex. 

The problem of the impinging jet on a horizontal plane was 

presented by Milne-Thomson (4) in his book, Theoretical Hydrodynamics. 

It was done by using complex variables and conformal mapping. 

The first theoretical work of the third problem appeared in 

1925. Lauck (5) obtained the discharge coefficient and free surface 

profile produced by flow over an infinitely high weir. He was able 

to find the simultaneous solution of two integral equations. One was 

derived from the Cauchy integral theorem and one from Bernoulli's 

equation. 

Southwell and Vaisey (6) developed relaxation methods to 

analyze the fluid motions characterized by free streamlines in 1946. 

The free surface of several flows under gravity were so determined. 

Their work is the first important one using finite difference and 
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relaxation methods to determine the free surface in fluid flow 

problems. 

McNown, Hsu, and Yih (7) presented the relaxation method to 

determine the free surface of flow over a very high weir in 1955. They 

also obtained the coefficient of discharge and pressure distribution 

on the wall. Basically, they used the same method as Southwell. Both 

of them employed a manually operated calculator to find the results. 

Therefore, a very long time was required to complete the work. 

Strelkoff (8) presented a method to obtain free surface 

profiles and discharge coefficients for flow over weirs of finite 

height in 1964. In his method, an integral equation was derived by 

means of conformal mapping and the use of distributed singularities; 

he was able to formulate an algorithm for correction of an initially 

assumed total head. However, in his method, the shape of the weir 

crest can not be specified independently. 

In 1965, Cassidy (9) developed a method to determine the free 

surface profile, discharge coefficient and pressure distribution of 

the flow over three different shapes of weirs. His method is based 

on the fact that the angle of inclination of the velocity vector 0 and 

the logarithm of the velocity satisfy Laplace's equation in the 

complex potential plane. He was able to find a set of differential 

equations to establish the relationship between the complex potential 

plane and the physical plane. Using a relaxation technique to solve 

a set of finite difference equations derived from Laplace's equation 

on the complex potential plane, the 0 values were obtained for both 



interior and boundary nodes. Knowing these values, he was able to 

check whether the initial assumed free surface on the physical plane 

satisfies Bernoulli's equation or not. Then, an iterative process 

was set up to correct the free surface as well as the total energy 

head H. 

Both Strelkoff and Cassidy used the digital computer to do 

the calculations. Because of the high speed and the large storage 

capacity of the computer, a large number of nodes can be set up for 

the flow region. 



CHAPTER 2 

FORMULATION OF THE FINITE ELEMENT METHOD 

In two-dimensional flow of an incompressible fluid, a stream 

function ip (x,y) is defined to describe the rate at which mass crosses 

a line in the fluid between two fixed points. If the flow is steady 

and irrotational, the stream function ip satisfies the Laplace equation. 

On the physical plane of the two dimensional potential flow, 

let the region of the fluid be divided into small triangular elements. 

It will be shown later that the principle of minimization of the 

kinetic energy of the fluid causes the flow to satisfy the Laplace 

equation. A typical triangular element of the physical plane defined by 

nodes i, j, and m is shown in Fig. 2-1. The stream function is 

taken to be a linear function of position in the element. This 

makes the velocity of the fluid constant throughout the element. The 

linear function can be expressed as follows: 

* = C1 + C2X + C3y (2-1) 

xJj is evaluated at the three nodes i, j, and m as. follows: 

*i " C1 + C2xi + C3yl 

= C1 + C2Xj + C3yj (2-2) 

ip = C, + C„x + C„y 
rm 1 2 m 3Jm 

6 



Figure 2-1. Triangular Finite-Element Model 

The velocity components u and v are related with ip: • 

3iI) (2-3) u = — 
3y 

v.-ff (2-4) 

The finite element method used here minimizes the kinetic 

energy of the flow in the region. Kelvin's minimum energy theorem (4) 

states that the irrotational motion of a liquid occupying a simply 

connected region has less kinetic energy than any other motion con

sistent with the same normal velocity of the boundary. The kinetic 

energy of the liquid in a region can be expressed as: 

E a i ;Ap(vt)2dA (2-5) 

where A = the area of the region 

p = density of the fluid 

Vijj = *1^ i + *|^ j, i and j are the unit vectors in the x and y 

directions, respectively. 



(Vt|02 is the scalar product of the vector Vip with itself. 

It is velocity squared. Use of Eq. (2-1) for a finite element gives 

Vip = c2I + c3J 

(VijO2 = c2 + c3 

• E = \ V(C2 + C3)dA 

(2-6) 

and Cg are obtained from Eq. (2-2): 

C2 = 

1 *i n 

it j 
m m 

1 x. y. 
1 

1 x. y. 
3 3 

1 x y 
m 

•ttt (a.y, + a.ip. + a ) 
2A 1 i jTj mm 

(2-7) 

C3 

1 xi h 

1 x. ip. 
3 3 

1 x <{1 
m m 

ui'i 

l x 3 y 3  

1 x y 
m ym 

= TT (b.ili. + + b ij> ) 
2A iTi jtj mm 

(2-8) 

where A = area of triangle i, j, m 

and a = y. - y , a, = y - y., a = y, - y., 
i 'j •/m' j 7m 'i' m •'i 'j' 

b. = x - x., b . = x. - x , b = x. - x.. 
i m i' 1 i m' mi i 



The criterion of minimizing the kinetic energy function E in 

9 E 
the region of flow is that the derivative g-jjj— at each vertex i be zero 

For instance, at node i, 

W'W[fA (C2 + c3>dA3 

ac„ 3c, 

" V(C2 3t7+C3 3^)dA"° 

Now the integration sign is changed to a summation sign, and 

C2» are substituted from Eq. (2-7) and Eq. (2-8), so that 

3E 
3C, 3C, 

= S p(C, 
3*± " K̂ 2 3<fi. 

all triangles 

+ C 
3 3<|>. 

)A 

= £ y-r [(a?+b?)iK + (a, a.+b.b.)i|> + (a.a +b.b )i\> ] 
4A X x ri i j x 2 j i m i m rmJ 

In matrix form the above expression is 

r 
3E 
3<K 

= "£ -T-r [ (a.a,+b .b .) , (a.a.+b.b.), (a. a +b b )] 4 
4 A  x i  x x '  x i  x j  x m  i  m  i  *3 

m 
= 0 (2-9) 

Therefore, 

[S] = {0} (2-10) 

In a region consisting of several triangles as shown in 

Fig. 2-2, to obtain the minimum of the function E, it is convenient 

to obtain the contributions to the derivatives 
3E_ 
3<k, 

for each triangle 

separately and then to assemble the results for the whole region. 

Fig. 2-2 shows a rc-'.gion consisting of five elements. The node 
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sequence for.all elements must be in counterclockwise (or clockwise) 

order. 

Figure 2-2. A Region Consisting of Five Elements 

A set of simultaneous equations has now been obtained for the 

whole region. These equations may be expressed in matrix form: 

[S] = {0} 

S is a square matrix of dimension n x n, if there are n nodes. 

{t|>} is a vector of dimension n x 1. 

To give a simple example, for a uniform steady irrotational 

flow with a velocity V, the stream function is given by tp = Vy, and 

the streamlines are parallel to the horizontal axis. Let V be unity; 

then ip = y. A square region 3 ft x 3 ft is shown in Fig. 2-3; it is 

divided into 18 triangles with 16 nodes. Using Eq. 2-9 to go counter

clockwise over the vertices of each triangle, and after going through 

triangles 1 to 18, a set of 16 simultaneous equations is obtained. 

All the nodes except 6, 7, 10, and 16 are on the boundary. The i/j 

values at the nodes on the boundary are known; they are equal to the 
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y coordinates. Those equations are replaced by a simple one: 

^ = y_^ (where node i is on the boundary). Using Gauss elimination 

and back substitution, a computer program was written to solve for 

the i|i values at the interior nodes. The results show that the ij> value 

at each interior node equals exactly the y coordinate of that node. 

Each problem has a different boundary condition, and the 

uniform flow has the simplest boundary condition as demonstrated 
s 

above. 

lM>.7-

(0,0.7) 

13 
(0,0) 

J <J*=3 

/l(0,3) 

r <J*=3 -\ 
\2(1.3,3) / 3(2.1,3)\ 4(3,3) 

6 4(7(2.3,2. 3) 
(1,2.5) /I X 

y— lp=l. 7 

8 (3,1.7) 

iio(o.9,1. 1 ) /  
y— i|i=0 • 9 

r 

12(3,0.9) 
/ / ^^^6(1.9,0.7/ 

11(3,0) rX 

"4,=0 

;14(0.7,0) 15' 
(2.5,0) 

Figure 2-3. Typical Finite Elements in a Uniform Flow 
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At this point it is interesting to compare the finite element 

method with the finite difference method. 

The familiar finite difference approximation for Laplace's 

equation (10) of a square net shown in Fig. 2-4a is: 

i/j, + tp. + i/j„ + tli. - Atp' 
V2* = ° = 0 (2-11) 

where tp^, tp.^, tp^, tp^, and iJJq are the stream function values at node 1; 

2, 3, 4, and 0, respectively. 

2 

3 

(a) Finite difference net (b) Finite element triangles 

Figure 2-4. A Typical Square Grid 

The square net can be converted into 4 triangular elements as 

3E 
shown in Fig. 2-4b. The finite element equation [Eq. (2-9)] of -5-— 

9V0 

can be shown here to yield the same results as Eq. (2-11). For 

simplicity, let h=l, p=l, and let the origin of the x and y axes be 
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at node 0. The area of the triangle formed by nodes 1, 0, and 4 is 

A = "I*. Substitution of the coordinates of nodes 1, 0, and 4 into 

Eq. (2-2) gives: 

These can be rearranged as! 

*1 = C1 + C3 

*0 = C1 

*4 = C1 + C2 

Cl= *0 

C2 ^4 ~ ̂ 0 (2-12) 

C3 = *1 " *0 

The contribution of the triangle formed by nodes 1, 0, and 4 to the 

equation 

3F 3C? 3CT 
= Z (C0 + C, -r-r^) A = 0 

3^0 2 a*o V 
four triangles 

9C2 ac3 
is made by substituting Eq. (2-12) into (C_ -r- h C„ -r-r—) A, which is: 

Z O^Q -1 °fg 

[(*4 - *0)(-l) + - «0)(-l)](|) 

, , (2-13) 

= *0 " 2 *1 * 2 *4 

The contribution of the other three triangles would yield results 

similar to Eq. (2-13). Combination of the four triangles gives 

J\T? 
*2 (2-14) 
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If the square grid is divided into triangular elements dif

ferent from the configuration shown in Fig. 2-4b, the finite element 

equation would yield the same result as Eq. (2-14). However, the tri

angles shown in Fig. 2-4b can be treated more easily than the others. 

This development shows that the finite element method gives 

equations in ij; that are equivalent to those obtained by the finite 

difference method. In both methods the error is of the order of the 

square of the mesh size h. However, the finite element method offers 

the advantage of being more easily adaptable to model regions of 

arbitrary shape. In the finite difference method, the equations require 

special treatment wherever the boundary truncates the rectangular mesh. 

Given a region of flow, the method of finite elements would 

give a more accurate result as the region is divided into smaller 

sized finite elements. However, accompanying the smaller size is a 

greater number of nodes. Thus there are more equations for the stream 

function values to be solved. 

There are some criteria for determining mesh size of a finite 

element array. In the interior of the flow region, the mesh size 

should be proportional to the spacing of the streamlines. More 

precisely, the mesh size should be inversely proportional to the rate 

of change of the velocity vector with respect to position, because the 

finite elements are constant velocity elements. The rate of change 

of the velocity vector is indicated by convergence, divergence, or 

curvature of the streamlines. Effective use of the finite element 

method requires an advance estimate of the streamline pattern. If 
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the resulting solution shows that the element array chosen does not 

satisfy the criteria mentioned, the array should be modified. At the 

vicinity of the stagnation point, the velocity is very small and 

streamlines are sparse, and the mesh size may be large. In the area 

where flow is in contraction, the velocity is increasing and stream

lines are converging, and the mesh size should be small. On the free 

boundary and solid boundary, the mesh size should be smaller where 

the curvature of the boundary is greater. At such places the boundary 

should be represented more precisely by smaller elements. 

A specific illustration of how many elements are enough will 

now be considered, using the example of circulating potential flow in 

an annular region. Fig. 2-5 shows a typical finite element network 

for this axisymmetric flow. 

i+1 

i+1 

Figure 2-5. Finite Element Network for Annular Region 
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There are n - 1 radial meshes. Since the flow is axisymmetric, the 

stream function will have the same value at all nodes equidistant from 

the center of the annular region. Also, since the finite elements 

used here are constant velocity elements, the velocity vectors for all 

the elements shown in Fig. 2-5 are perpendicular to the x axis which 

is midway between the two radial arrays of nodes shown. The velocities 

in adjoining elements bounded by lines perpendicular to the x-axis, 

such as is indicated by shading, are equal. The velocity in such 

pairs of elements is given by 

, . 
i (ri+1-r1)cos0 

The area of the element pair is 

Ai * •H+r̂ 1"29 

The kinetic energy of the flow in the element pair is 

m _ 1A „2 1 ri+l+ri . , s2 
i 2 i i 2 ri+1-ri 

The total kinetic energy of flow in the radial array of elements is 

tan0 ^ i+1 if, , s2 
1 " — ,E, ^7 i+l i 1=1  i+l x 

8T 
To minimize this kinetic energy, 7^— is set to zero, with the result 

r. .+r. 
C. . - (C. . + C.) \p. + C.ip.._ = 0 in which C. = —1, 
j"l j"l J-l j j 3 J+l 3 rj+frj 

j = 2, 3, . . . n-1. The angle 0 has dropped out. For example, 

circulating potential flow is now considered in an annular region 
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with inside radius 5 and outside radius 15, and total flow of unity 

log § 
past any radial section. The analytical solution is ip = ^ 

V = # = ——;r. If two radial finite elements are used, only one 
dr r log 3 

equation and one unknown are present: ~ + ̂ 2^3 = ̂  

with boundary conditions ip^ = 0 and ip^ - 1. If r^ = 5, = 10, and 

r^ = 15, then = 3 and C2 = 5, and ip^ = 5/8. If a parabola is fitted 

to the three radial nodal points, the formula <|>(r) = 0.15(r-5) -

2 0.005(r-5) is obtained. Differentiation with respect to r gives the 

velocity: V(r) = 0.15 - 0.01(r-5). The maximum velocity error is 

about 18%, but the error in is less than 1%. 

If four radial elements are used, there are three interior 

nodes. If r^ = 5, = 7.5, r^ = 10, r^ = 12.5, and r^ = 15, the 

three equations are 

5i}<1 - 12̂  + 7̂ 2 = 0 

7^2 ~ 16^2 + 9^ = 0 

9>P3 - 20^ + lli|<5 = 0 

with boundary conditions ip^ = 0 and ip^ = 1. 

The solution is shown in Fig. 2-6. A polynomial equation of 

degrees one less than the number of nodes (in this case 4th degree) is 

fitted to the nodal values of ip, and it is differentiated with respect 

to r to give the velocities shown in the figure. This time the maximum 

velocity error is only 3%, and maximum error in ip is about 0.6%. 

Thus it appears that a modest number of finite elements is 

able to produce satisfactory results. 
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Figure 2-6. Comparison of Exact Solution with 2 and 4 Radial 
Mesh Finite Element Solutions for Circulating 
Potential Flow in Annular Region 



CHAPTER 3 

PROBLEM WITH LINEAR BOUNDARY CONDITION 

Boundary Conditions 

The problem to determine the free streamline of the surface 

wave caused by the constant velocity Vq of a vortex of intensity T 

located at a depth hQ below the free surface is treated in this 

chapter with a linear boundary condition. The wave propagates with 

a constant velocity Vq parallel to the positive x axis as shown in 

Fig. 3-1. The fluid is assumed homogeneous, incompressible, ideal, 

and subject only to gravitational forces. The motion of the fluid is 

assumed to be irrotational. The fluid has a finite depth h. The 

stream function is denoted by By the definition of stream function 

V =  ̂
x 3y 

(3-1) 

v — !I 
y 3x 

Let iJj be a small disturbance of the stream function ¥ on the 

free surface, so that 

V = VQy + (3-2) 

The origin moves with the vortex so that the flow is steady in the 

moving coordinate system. 

19 
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Figure 3-1. A Vortex in Uniform Flow 

Then 

V - | * - V  +|i 
x 9y o 9y 

(3-3) 

V 
9^ 
9x 

8^ 
3x 

(3-4) 

Bernoulli's equation gives 

p + | p V 2  +  p g y  =  C  (3-5) 

V2 = V2 + V2 = (V + |^)2 + (- |^)2 
x y o 9y 9x 

= V2 + 2V + (|V + (|^)2 
o o 9y 9y 9x 

(3-6) 

The quantity (|~)^ + (f^)^ very small, since (J; is small, and so 

the term is dropped. This linearizes the surface condition. Substi

tution of Eq. (3-6) into Eq. (3-5) gives 

p + | p V* + p Vo fS + p gy - C (3-7) 
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Considering the surface upstream at infinity, the velocity is uniform: 

+ 0 as x + - ». Also on the far upstream surface y = 0, the 

pressure is constant: p = 0 

''' C = \ p Vo (3~8) 

Substitution of Eq. (3-8) into Eq. (3-7) gives 

p + p v o f y + p g y = 0  

Now considering the surface streamline where p = 0, 

+ -&• y = 0 on the surface (3-9) 
^ o 

Let the stream function T = 0 on the free surface: 

>y = V y + ijj = 0 on the surface 
o 

or y = - v P (3-10) 
o 

Substitution of Eq. (3-10) into Eq. (3-9) gives 

— % = 0 on the surface (3-11) 
3y v2 

o 

Since the origin of the horizontal and vertical axes were set on the 

undisturbed free surface, 

¥ = i|> on the line y = 0, from Eq. (3-2) (3-12) 

Since ip and are continuous, Eq. (3-11) is approximately true on 

y = 0 if the free surface displacement is small. 

Substitution of Eq. (3-11) and Eq. (3-12) into Eq. (3-3) 

gives for the line y = 0 
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f - Vo - £ * - 0 (3"13> 
o 

This is the boundary condition on the line y = 0 and it is a linear 

differential equation. To obtain a criterion of when it is valid to 

drop the nonlinear portion of Eq. (3-6), sinusoidal waves will be 

considered. The small disturbance stream function 

t = KsinvxeV̂  

satisfies the Laplace equation as well as the free surface equation 

(3-11). The amplitude of the surface wave produced by this disturbance 

is given by Eq. (3-10) and is 

K a = — 

o 

The stream function may be expressed in terms of the amplitude of the 

wave: 

il) = aV sinvxeV̂  
o 

From this expression it can be seen that as the depth increases, the 

disturbance decreases exponentially. 

Taking Eq. (3-6), the ratio of the nonlinear portion to the 

amplitude of the term 2Vq -|— should be much less than unity for y = 0: 

(f)2+(^)2 aVv2 , ax 3y _ o av . 

amp {2V |^} 2aV2v 2 
r o 9y o 

2ir 
The wavelength for the surface waves is X = —. Thus the nonlinear 

portion of Eq. (3-6) may be dropped whenever 

a ̂  1 a . 1 << — or t < 
X 7T A - IOTT 
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2 2 
For Froude number F = VQ/gh<0.5, the formula A = 27rVQ/g = 2nFh is 

valid. Then a/A = a/2TrFh^l/107r, or a/h<F/5. 

The boundary condition of the approaching liquid is the same 

as for uniform flow. Thus the stream function of the nodes at the 

left end can be computed as ! = VQy. Another condition for uniform 

flow is that the streamlines should have zero slope. Thus the 

equation 4(4^ - ¥q) = ^2 ~ ̂ 0' ® denotes a node on the left 

(upstream) boundary, 1 the first node to the right, and 2 the second 

node to the right, is used here to set the slope of all streamlines 

equal to zero at the left end. The right end boundary condition will 

be to minimize the kinetic energy of the fluid. This is treating the 

boundary nodes the same as the interior nodes. Also, a rule is set 

here that the stream function at the right end node at the surface is 

decided by the condition that the surface streamline would have a 

zero slope at the left end. This is done to take advantage of an 

available banded elimination computer program, which requires that 

every node must have an equation with a non-zero term on the diagonal. 

Method of Solution 

The method to determine the free surface profile is to obtain 

a set of simultaneous equations first by using Eq. (2-9) to cover the 

whole region of the flow, and then to replace the equations for 

boundary nodes by boundary equations. A computer program of banded 

Gauss elimination and back substitution is employed to determine ¥ on 

the line y = 0 and interior nodes. Knowing that V = 0 on the free 



surface, and now having ¥ on the axis y = 0, the height of the free 

¥ 
surface thus should be y = - . 

o 

Example and Results 

An example problem is now presented. A stream is 19 ft in 

depth and 28 ft in length as shown in Fig. 3-2. The approaching 

uniform flow has a velocity Vq = 7 ,ft/sec. A vortex is placed at 

11 ft from the left end and 4 ft below the free surface. This is 

done by raising the ¥ value at the vortex from ¥ = -28 to f = -27. A 

total of 600 nodes is employed here. There are finer triangle elements 

surrounding the vortex which is placed at node 220 as shown in Fig. 3-2 

The origin of the x and y axes is set at the left starting point node 1 

The nodes are placed at 0.5 ft intervals in the horizontal direction, 

in order to obtain an adequate representation of the anticipated wave-

2 
length X of 9.6 ft for the formula X = 2irV /g. This formula for 

2 
wavelength is valid for Froude number F = VQ/gh less than about 0.5. 

For this example, F = 0.08. Since the effect of the surface waves 

decreases with depth, the nodes are placed at 1.0 to 6.0 ft intervals 

progressively along the vertical direction except in the neighborhood 

of the vortex. The boundary condition for nodes on the free surface 

was shown to be Eq. (3-13). The term t— can be obtained from the Y 
dy 

values at the 3 nodes immediately below each surface node. Let node 

i be the one on the surface and node i+1, i+2, and i+3 be the nodes 

placed at constant interval h below i. Let ^i+2' an(̂  ̂ i+3 

be the stream function at nodes i, i+1, i+2, and i+3, respectively. 

In Fig. 3-3, a curve is plotted for ¥ vs. y. 
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Figure 3-2. Finite Elements for the Wave Problem 
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Y 
<r 

1 _ ]_1+1 _ |i+2_ | i+3 . 

Figure 3-3. Evaluation of Slope by Lagrange's Polynomial 

Lagrange's polynomial gives: 

= (y+h) (y+2h) (y+3h) (y-0) (y+2h) (y+3h) 
ny; (h)(2h)(3h) i (-h)(-h+2h)(-h+3h) i i+1 

• (y-0) (y+h) (y+3h) (y-0) (y+h) (y+2h) 
(-2h)(-2h+h)(-2h+3h) i+2 (-3h) (-3h+h)(-3h+2h) i+3 

ST _ 3y2+12hy+llh2 3y2+10hy+6h2 

3y ^3 i ~ 3 i+1 
Bh" " 2h 

+ 3y2+8hy+3h2 y 3y2+6hy+2h2 ̂  

2h" 
i+2 

6h" 
i+3 

8V 
-r— is evaluated at i, where y = 0. 
3y ' 

3^1 
ay'y=o 

 ̂II « 1 II J.  ̂ V)/ _ Ul 
6h i h i+1 2h Ti+2 3h i+3 

(3-14) 

Substitution of Eq. (3-14) into Eq. (3-13) gives the boundary equation 

for node i on the free surface: 

C-li w _ — 41 + 
6h V2J i h i+1 

-Jr *4., = V (3-15) 
2h i+2 3h i+3 o 
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The boundary condition for the nodes on the left end and the 

bottom is ¥ = ^et J ^e n0(̂ e on left end boundary, and 

let j+1 and j+2 be the nodes placed at a constant interval b as shown 

in Fig. 3-4 to the right of j. The boundary condition for node j 

would be 

f, = V y, 
3 ° J 

where is the stream function value at node j and y_. is the y 

coordinate of node j. 

The condition to ensure that the streamlines at node j has a 

zero slope would be: 

•  b i b  

Figure 3-4. A Typical Node on the 
Left Boundary of Wave 
Problem 

(3-16) 

Eq. (3-16) replaces the minimum energy equation at the node j+1. 
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The condition for the nodes on the right end boundary is the 

same as for the interior nodes. The problem solution consists of two 

steps. The first step is that the stream function of node 591 (the top 

node of right boundary in Fig. 3-2) is arbitrarily set equal to zero. 

Applying Eq. (2-9) to all the triangular elements in the whole region, 

a set of 600 simultaneous equations is obtained. The equations for 

the nodes on the boundary are replaced by the boundary equations 

mentioned above. This 600 x 600 matrix has a narrow band which has a 

width no more than 39. By using a computer subroutine REBIND (11), 

to compact this banded matrix into a smaller size matrix of size 

39 x 600, together with a computer program written for Gauss elimina

tion and back substitution, the ¥ value for each node in the flow 

region is obtained. The second step is to change the stream function 

of node 591 to 1.0. By repeating the procedure of step 1 again, a 

different set of ¥ values for all the nodes is obtained. The concern 

is now centered at node 21. In order to ensure that the surface 

profile has zero slope at the starting point node 1, it is necessary 

that 1*2^ = 0* It has been observed that are linear functions of 

¥cri, , where {¥.} are the stream functions at nodes other than node 591 l 

591. To show this, in matrix form the equations are: 

AY = B 
, (3-17) 

* = A B 

600 -I 

fi " jil aiJ bJ (3"18) 
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Here A and A are the same for all vectors B. Only bCQ1 changes from Ml 

^591 = ® t0 ̂ 591 = corresponding changes in {4^}. 

A plot of 4*2^ vs* ^591 sh°wn in Fig. 3-5. The ¥ values of 

node 591 and node 21 obtained from the first case are denoted by 
5" 1 

1 2 
and 4*2^, and those obtained from the second case are denoted by 

2 
and ^2±' t̂ ie ̂ near relationship indicated in Fig. 3-5, we have: 

1 2 1 H—iy u/ _u/ 
21 _ 21 21 

1+A = 1 

ij/2 

A = 21 

V1 _u,2 (3-19) 
21 2i 

¥391.1+A-1+ 21 (3-20) 

21 21 

3 3 
where is stream function 4* at node 591 that will set 

equal to zero. 

3 
In general, is the stream function at all nodes when the 

stream function at node 21 is zero. 

3 
In Fig. 3-6, can be computed by the linear relationship: 

3 12 1 
rr-i'T v.-vt 
i x _ l i 
1+A 1 

= - An3"+(1+A),F? 
i i l 

U)2 
o *0-1 -1 *9-1 2 

or r? = - ( •. n )  * 7  +  ( 1 9  ) y ;  ( 3 - 2 1 )  
u/ — \|/ U/ 
21 21 21 21 
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£21. 

I.O 

Figure 3-5. 41 of Second Surface Node as a Function of 4* 
of Last Surface Node 

\S2L 

1.0 

Figure 3-6. 4* of Node i as a Function of 4* of 
Surface Node 



31 

Therefore, a third solution of the 600 simultaneous equations 

is not necessary to find the ¥ values for all nodes such that 41 at 

node 21 is zero. Instead, Eq. (3-21) is incorporated into the computer 

3 
program and ¥ values are determined using that equation. 

The program does not have to be run twice, since the matrix 

Eq. (3-17) for the first case and the second case can be combined: 

[A]{TJ = 

B1 

fl 

* 1  * 2  

?591 ?591 

B? 600 600 

(3-22) 

m = [A-1] 

B2 
?1 

* 1  * 2  r n 
.591 7591 

*600 ®600 

A is the same for the first case and the second case. Only 

the back substitution procedure has to be done twice to get {4^} and 

2 
{4̂ }. By doing this, about one half of the computer time can be 

saved. The time required to determine a free surface on the CDC 6400 

computer is 8 seconds. 

Now the stream function at the nodes on the axis y = 0 are 

all known. Let 4\ be the stream function at the nodes j on the axis 
i 

y = 0. Since it is known that on the free surface 4* = 0, the height 

y_j of the free surface from the axis y = 0 is given by 

li V = - — (3-23) 
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For instance, node 161 is on the axis y = 0, and = 

-0.1435. Therefore, the free surface should be above the axis y = 0. 

From Eq. (3-23) 

Y _ = _ (-0.1435) = 0<0205 ft 
161 7 

The free surface profile for this example problem is determined 

in this fashion and is plotted in Fig. 3-9. Before a comparison can 

be made between the result obtained and the analytical result, the 

circulation T of the vortex has to be determined. 

The formula for circulation is 

T = $q•di 

= <j) (Vxi+Vyj ) • (dxl+dyj ) 

(3-24) 

= ̂ lyI"fx^'(dx5-+dŷ  

= ^ Vx_^dy) 

To find and 7^ of a triangular element i, j, and m as 

shown in Fig. 3-7, the stream function for a constant velocity finite 

element is recalled: 

V = C1 + c2x + C3y (2-1) 

Thus - C2 
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Figure 3-7. Path of Line Integral Through 
a Triangular Element 

From Eq. (2-7) and Eq. (2-8), we have 

IW 1 
V • C3 = 24 + (VVj + 

E " C2 " it + + friW 

Le.t the right triangles i, j, m, and m, j , k have a base ĥ  

and height h^ as shown in Fig. 3-7. A path 1 to 3 intersects them 

with point 1 bisecting im and point 3 bisecting jk. Similarly, a path 

4 to 5 intersects them with point 4 bisecting ij and point 5 bisecting 

mk. Point 2 bisects mj. The line integral of -g^dx on the path 1 to 

2 is: 

I fH* - -a Jf "vVi+ Wj + (xj-xi)*mIdx 

0. . [-h ?. + h ! ] ' 
2h h x i x m 
x y 

" 2tr [-̂ i+ V y 
(3-25) 

I 
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34* 
The line integral of - ̂  dy on the path 4 to 5 is: 

Sh - If & - - H" 4 + (ym-yi>,!,l + 'yi-Wy 

2h t"VV (3"26) 
x 3 

Similarly, along the path 1 to 3: 

"3 3Y , hx f O: dx = (3-27) 
dy 2h^ i j m k 

Along the path 4 to 5: 

"5 h 

2h L *i *m'*j'*kJ 
•v 

J5- H" dy = " ̂  (3-28) 

Using these formulas, a line integral is taken along the path abcda 

2 
in Fig. 3-8. The circulation r is found to be 1.532 ft /sec for this 

problem. 

Kochin et al. (2) have solved the same problem for infinite 

depth. Using complex variables, they obtained the solution for the 

free surface 

ryi tcosv(t-x)-h sinv(t-x) 
y(x) = — e" o sinvx - / 7. ~ dt (3-29) 

»<-«> t + h V 
o o' 

where v = -^r 
V£ 
o 

and hQ = depth of the vortex 

The direction of flow is opposite to that used in the finite 

element solution, so that at large distances behind the vortex, 
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Figure 3-8. Finer Triangular Elements Surrounding the Vortex 
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x -»• - 00, the integral vanishes, and the free boundary of the fluid has 

the form of a sine wave 

y(x) - e V̂ °sinvx (3-30) 
o 

with amplitude a: 

a = |L e~Vh° (3-31) 
o 

The wave length is determined by the formula 

X = — (3-32) 
v 

Substituting T = 1.532, hQ = 4 ft, and Vq = 7 ft/sec, it is found that 

v = = 0.658 

Vo <7) 

a = — e~vho = 2 x j;'532 e-2"62 = 0.032 ft 

o 

X = ~ = 9.57 ft 

S 1 
Since = 0.00335<<—, the linearization of this problem is valid. 

In Fig. 3-9, the average amplitude of the downstream wave is 

0.0329 ft, so the difference from Kochin's value is only 2.73%. The 

average wave length of the downstream wave is 9.4 ft, and the 

difference from Kochin's value is 1.9%. 

Using a method of numerical integration (12), Kochin's free 

surface equation [Eq. (3-29)] is approximated and plotted in Fig. 3-9 

as a dotted line. It is compared with the free surface obtained by 
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Figure 3-9. Free Surface of Wave Problem 
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using finite elements. The wall effect of the channel bottom may 

have caused some difference between these two results. It is evident 

that the upstream boundary is not far enough from the vortex disturb

ance, because of the significant departure of the surface from its 

undisturbed position. This probably is the principal source of dis

crepancy. The use of finite elements is a factor also. It is believed 

that smaller elements and more distant upstream boundary and bottom 

would produce a result even closer to the analytical solution. 

The procedure developed here could be used for any two 

dimensional flow with gravity for which the free surface condition 

may be linearized. Examples of this include objects moving beneath 

the surface at a low Froude number, and some cases of flow in a 

channel with bottom of arbitrary shape. 



CHAPTER 4 

PROBLEM WITH NONLINEAR BOUNDARY CONDITION AND NO GRAVITY 

Boundary Conditions 

The second problem is to determine the free surface of a two 

dimensional jet impinging on an infinite plane perpendicular to the 

jet. The flow is assumed to be irrotational so that potential theory 

can be applied to this problem. As shown in Fig. 4-1, the jet has 

initial uniform velocity V . At some far distance to the right, the 

Figure 4-1. The Impinging Jet 

flow is asymptotic to a width hQ. The boundary condition will be 

governed by Bernoulli's equation. There is no gravity effect. 

Bernoulli's equation is: 

p + -|pV2 = C (4-1) 

39 



40 

On the free surface p = 0 

As x 00, V -> V , 
o 

C"i»Vo 

Substituting C into Eq. (4-1), we have on the free surface 

1 T72 1 T72 
2^ 

or V = V 
o 

The normal derivative = V on the free surface (4-2) 
3n o 

Method of Solution 

The method of determining the coordinates of the free stream

line, after the initial velocity Vq and width hQ is given for the jet, 

is to assume an initial surface position. An iterative process is 

then followed to correct the initially assumed surface profile. Let 

iJj = 0 on the x and y axes as shown in Fig. 4-2, and let ip = VQhQ on 

the free surface. The first step is to assume values for the 

coordinates of nodes on the free surface. The interior coordinates 

are generated. After applying the finite element equations [Eq. (2-9)] 

to the interior nodes and boundary equations to the boundary nodes, 

the stream function ip at all interior nodes and free surface nodes 

are obtained. Let ̂  be the stream function at node 1 on the free 

surface. For the second step, the new coordinates of node i are 

computed by moving node i by a distance S^ in the direction normal to 

the tangent to the preceding surface at node i. A procedure that 



23.0 
II6 

110 
114 

ISO 

IS.o 

CO 

100 

so 

X-AXIS 

Figure 4-2. Finite Elements for an Impinging Jet 



42 

results in satisfactory convergence is now described. A method of 

estimating on the basis of is wanted. If the expression ip = Vh 

is considered, and V is held constant, 

,Ah = v 

\p.-V h 
S1 - (4-3) 

o 

The two steps are repeated until is smaller than some fraction such 

as 1% of hQ. Thus a correct surface profile is found. 

Example and Results 

For example, a jet is given with an initial velocity Vq = 

-4 ft/sec and an initial width of 10 ft. Since the flow is symmetrical 

with respect to the x axis, we can then consider the half jet with an 

initial width hQ = 5 ft.- The flow will be in the first quadrant of the 

x - y plane. As shown in Fig. 4-2, the jet is assumed to be flowing 

at the initial width hQ 23 ft away from the origin. A total of 196 

nodes is chosen to represent the whole flow region, and 33 of these 

nodes are to represent the free surface. A very rough guess of an 

initial free surface is chosen to be two straight lines intersecting 

at the mid-point node 96 located at coordinates (12,12) as shown in 

Fig. 4-2. After all the coordinates of the nodes on the free surface 

are assumed, the coordinates of the interior nodes are generated so 

that underneath each surface node there are four interior nodes which 

are spaced at equal intervals on a straight line normal to the tangent 

of the free surface. This simplifies the evaluation of at the free 
dn 

surface. Then the triangular elements are formed for the whole region. 
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Eq. (2-9) is applied to all the interior nodes by going through the 

triangular elements one by one. Within each triangle, the rotation is 

always counterclockwise (or clockwise). A set of 196 equations are 

generated. The equations for the nodes on the boundary are replaced 

by the boundary equations. For example, the equations for the nodes 

on the solid boundary x and y axes are replaced by iJj = 0. For the 

nodes on the free surface, the equations are replaced by Eq. (4-2). 

Eq. (4-2) can be expressed in a similar manner as Eq. (3-14): 

i h - f *i+i+ i +i+2 - i *1+3 * vo <4"4> 

where node i is on the free surface, nodes i+1, i+2, and i+3 are 

underneath i and spaced at equal distances h. For the nodes at the 

starting right boundary and upper left boundary, the equations are 

replaced by = VQhj where h_. is half the width of the jet at those 

places. The matrix form of the equations has a narrow band with 

width equal to 15. Using the REBIND subroutine, the 196 x 196 matrix 

is compacted into a 15 x 196 matrix. Gauss elimination and back 

substitution is employed again to .solve the equations for the values 

at all the nodes. The time required for each iteration on the CDC 6400 

computer is only about 1 second. 

The stream function thus obtained satisfies both the Laplace 

equation and the boundary condition V = V , but not the boundary 

condition ̂  = VQho. Since the initially assumed free surface 

position is wrong, the \p values at the nodes on the free surface 

deviate from the value ~ -20. Suppose ̂  = -20.7 for the 
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node i on the surface. That means the streamline = -20 must be 

below the assumed surface = -20.7 at this node i. To reach the 

correct free surface where ip = -20, the assumed surface should be 

lowered as shown in Fig. 4-3. From Eq. (4-3), 

. -20.7 - (-20) , 
i 4 

This indicates that at this surface node, the new surface coordinates 

should be lowered by a distance 0.178 ft in the direction normal to 

= -20.7 

rp = -20 

Figure 4-3. Position of a Jet Surface Relative 
to a Perfect Jet Surface 

the tangent of the free surface at this node. The S^ values are 

computed for each surface node starting from right to left and the new 

surface coordinates are found. 

This iterative process is repeated several times. The succes

sive free surfaces are plotted in Fig. 4-4. After six iterations, the 

maximum S^ is found to be 0.134 ft. This result may be compared with 
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the theoretical result given by Milne-Thomson, in which the free 

surface is described by: 

y = f + ?r log COth f 

where h = 2h 
o 

In Fig. 4-4, this free surface profile is also plotted. 

The same example is repeated, but this time the initial free 

surface is formed by two straight lines intersecting at the mid-point 

node 96 located at coordinates (6,6). The question is whether this 

deflated initial surface also could be brought back to the correct 

surface profile. The same iterative process is used. The successive 

surface profiles are plotted in Fig. 4-5 for each iteration. After 

six iterations, the maximum is found to be only 0.0558 ft. It 

also compares very favorably to the theoretical answer. 

It was discovered that if the {S^} would be multiplied by a 

coefficient k and the new surface formed by a distance {k S^}, the 

rate of convergence would be changed. For both cases of the above 

example, k = 1.0, 1.2, 1.4,.1.6, 1.8, and 2.0 are used. The results 

show that for the first case convergence occurs for all these k 

values. However, for the second case, convergence occurs only for 

k = 1.0, 1.2, and 1.4. The procedure diverges for k = 1.6, 1.8, and 

2.0. When the k value exceeds 1.4, some surface nodes are adjusted to 

positions away from the smooth curve and the slope of the free surface 

becomes discontinuous, hence the interior nodes formed on a line 

normal to the surface cross over each other. The area of the finite 
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triangular elements subsequently formed have negative values and 

the finite element equations no longer give correct values to the 

nodal points. The Rvalues for the surface nodes begin to switch from 

negative to positive and the surface profile becomes divergent. 

Apparently for each assumed surface, there is an optimum k value which 

gives the most rapid convergence. A curve of the maximum error on 

the free surface vs. the number of iterations is plotted for different 

k values in Fig. 4-6 (case one) and Fig. 4-7 (case two). The value 

of the maximum error on the free surface is computed using node 96 on 

the free surface. 

i * 
y96 ~ y96 

maximum error = r 

y96 

* 
where ygg is the y coordinate obtained from the theoretical result 

by letting x = y, and y^g is the y coordinate of node 96 obtained 

from the ith iteration. Node 96 is always located on the line y = x. 

The optimum k value in Fig. 4-6 (case one) is 1.8, while the optimum 

in 4-7 (case two) is 1.4. A means of predicting the optimum k value 

is not known at present. Trial solutions seem to be required. This 

is a typical characteristic of nonlinear problems. 

In Fig. 4-2 all the triangles are symmetrical to the line 

connecting node 96 and node 101. This arrangement is made by knowing 

that the flow is symmetrical about that line. Had the triangles all 

slanted in one direction, the result after convergence would be 

slightly unsymmetrical. 
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CHAPTER 5 

PROBLEM WITH NONLINEAR BOUNDARY CONDITION AND GRAVITY 

Boundary Condition 

The third problem is to determine the free surface profile of 

a steady flow over a circular crested weir. Generally, the flow is in 

an abrupt contraction. In fluid mechanics, flow of this nature is 

considered irrotational (13). Hence, the potential theory can be used 

for the determination of the free surface profile. 

Y 
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H 
K r  

r *=0 
/ / / / / / / / / / / / / / '  
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Figure 5-1. Geometry of Flow Over a Weir 
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Fig. 5-1 shows a weir of depth w and head on the weir h. As stated in 

potential theory, the Bernoulli equation must be satisfied at any 

point in the fluid: 

V2 N 
— + y + -^ = C in which v = pg. 
2g y 

On the free surface, p=0; also far upstream, V = V , so that 

V2 

7t— + h + w = C 
2g 

The total head H can be designated as: 

V2 

H = + h + w (5-1) 
2g 

where Vq is the uniform velocity at infinity upstream. 

Since all of these quantities are known, H would be known and 

is a constant. If energy dissipation can be estimated for the flow, 

it can be modeled by introducing a corresponding decrease in H with 

respect to x. 

p = 0 

v2 

2l + * = H 

V = /2g(H-y) (5-2) 

!£ = /2g(H-y) (5-3) 

Eq. (5-3) is the boundary condition on the free surface. It is non

linear. On the solid boundary, the condition is iji = 0. On the free 

surface at infinity upstream \p = Vq (h + w). 
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Method of Solution 

When the flow over any given weir reaches steady state, the 

fluid upstream has a steady depth (h + w), and a constant total energy 

head H, and the surface profile has a specified shape. If the depth 

h + w of the flow upstream from a circular crested weir is known, then 

the total head H and the surface profile have to be determined. 

Initially, the value of total head H as well as the surface profile 

have to be estimated. However, for convenience, the initial value of 

•k 
the stream function on the free surface is estimated instead of 

* 
the total head H. Related are ip and H. This can be shown by noting 

that 
* 

V = 
o h + w 

From Eq. (5-1), H can be determined after ip is assumed. It is also 

•k 
known that the discharge q per unit width equals if> . Since the flow 

A 
is steady and uniform upstream, q = Vq (h + w) = . There are at 

least two existing references giving the discharge coefficient C^. 

An equation was obtained by Hay and Markland (14): 

= 0.611 + 0.075 - (5-4) 
D  W  

Another equation was obtained by Rehbock (15): 

CD = 0.312 + /o.3 - 0.1 (5 - |)2 + 0.09 ^ (5-5) 

where Cn is related to q by Rouse (13): 
3 

q = 3 CD /2g h (5-6) 
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* 
These equations are helpful to estimate the initial ip . A reasonably 

good surface shape needs to be assumed for the first iteration. This 

can be achieved by drawing a flow net. It is found that the surface 

shape must be a very smooth curve. Therefore, a number of key points 

3 2 
are chosen on the surface and a cubic equation y = ax + bx + cx + d 

is used to represent the smooth surface curve between the key points. 

As shown in Fig. 5-2, at the key nodes i and i+1, the 

coordinates (x^, y^) and (x +̂̂ , Y +̂̂ ) are first estimated, and Ax^ and 

Ay^ are then known. The slope y^ at node i and y!^ at node i+1 are 

estimated also. 

Y 

"V-1 (x±+l'yi+l 

i+1 
Ax. 

Figure 5-2. Cubic Curve Between Key Nodes 

The curve before and after node i matches at node i, having the same 

slope y^. If (x,y) are the coordinates of any node on this cubic 

curve, then 

y - y± = a(x - x±)3 + b (x - x±)2 + c(x - x^ (5-7) 
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Differentiation of Eq. (5-7) gives 

y1 = 3a(x - x.)2 + 2b(x - x.) + c (5-8) 

Substitution of the coordinates (x^, y^) into Eq. (5-8) gives 

y^ = c (5-9) 

Substitution of coordinates (x̂ +̂ » yi+l^ n̂to Eq. (5-8) gives 

yi+l* = 3a(x.+1 - x.)2 + 2b(x.+1 - x.) + y±' 

or yi+l' ~ yi' = 3a(Axi>2 + 2b(Ax±) (5-10) 

Substitution of coordinates (x̂ +i> 3-nto Eq. (5-7) gives 

Ay^ = a(Ax^)^ + b(Ax^)2 + Y^Ax^ (5-11) 

Solving Eq. (5-10) and Eq. (5-11) simultaneously gives 

(yi+i' + yi') 4xi • 24yi 
S O W 1^/ 

(Ax.)J 

3Ay. - Ax. (2y ' + y.+1') 
b = 1 i A i±L_ (5-3.3) 

(Ax±) 

Knowing a, b, and c, Eq. (5-7) can be used to determine the 

coordinates of the nodes between the key nodes. Thus the initially 

assumed surface shape is made to be a smooth curve. 

The upstream left end boundary is estimated at about two wave 

lengths distance from the weir, if a standing wave should occur. 
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2 

Eq. (3-32) gives X =  ̂ w h i c h  i s  v a l i d  f o r  a  F r o u d e  n u m b e r  l e s s  
g 

than 0.5. The downstream right end boundary is put at a point where 

the spillway intersects the horizontal x-axis. After the initial free 

surface is estimated and all the boundaries are well defined, the flow 

region is divided into small triangular elements as shown in Fig. 5-3. 

On the solid boundary described by the channel floor, weir 

crest and spillway, the stream function is set equal to zero. On 

the left end boundary upstream, the flow is uniform, so that i/j = VQy. 

On the right end boundary, the flow has supercritical velocity which 

is assumed to be uniform throughout the depth. Hence ip = V^d for any 

node on the right end boundary, where d is the depth of the node and 

* 
Vg is the uniform velocity at the end. Once the stream function 

on the free surface is assumed, the depth dQ and velocity Vg can be 

computed from \p . By using Bernoulli's equation at the node j in 

Fig. 5-4, and letting Z be the velocity head at node j, 

A 
Ve = |- = /2IZ (5-14) 

o 

By geometry, • H = Z + dQsin3 (5-15) 

Eliminating Z from Eq. (5-14) and Eq. (5-15) gives 

d3 H d2 + , 0 (5-16) 
o smG o 2g sinB 

Newton's method of successive approximation is used to solve 

the third degree equation for dQ. Knowing dQ, Vg is determined from 

Eq. (5-14). 
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Figure 5-4. The Flow at the Right End Boundary 
of the Spillway 

The finite element equation [Eq. (2-9)] is applied to all the 

triangular elements. If there are n nodes in the whole region of flow, 

a set of n simultaneous equations of the variable is generated. The 

triangular elements in this problem are formed by a double diagonal 

of every four adjacent nodes as shown in Fig. 5-5a. This is done to 

remove the asymmetry produced by slanting all diagonals one way. Had 

all the triangles slanted to the left as shown in Fig. 5-5b, the \p 

value at each interior node, say node 24, obtained from the finite 

element equations would have one value. Had all the triangles slanted 

to the right as shown in Fig. 5-5c, node 24 would have another value 

of ip. Using the configuration of Fig. 5-5a which combines Fig. 5-5b 

and Fig. 5-5c, the ^ value at node 24 has a value very close to the 

average of the \jj values obtained from Fig. 5-5b and Fig. 5-5c. Since 

the region is covered twice by using the configuration of Fig. 5-5a, 

the density p has to be reduced to ̂  in Eq. (2-9). 
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(c) Triangles slanted to the right 

Figure 5-5. Three Different Shapes of Triangular Elements 
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After a set of n simultaneous equations is obtained for all 

the nodes in the region, the equations for the nodes on the boundary 

are replaced by the appropriate boundary equations as explained 

previously. The subroutines REBIND and EQSOL (Gauss elimination and 

back substitution) are used to solve the n simultaneous equations for 

the iJj values at all the interior nodes. 

For each surface node, there are three nodes located on a line 

directly underneath it. The line is normal to the surface at the 

surface node. As shown in Fig. 3-3, using the Lagrange polynomial, an 

equation similar to Eq. (3-14) is obtained to compute the velocity at 

each surface node. 

where ip^ and are the stream function and velocity at node i on the 

surface; $±+2' anc* ̂ i+3 are t'ie stream function values at nodes 

i+1, i+2, and i+3 located on a line below node i and spaced at an 

equal distance h. 

calculated, the Bernoulli equation [Eq. (5-3)] can be checked to see 

whether it is satisfied everywhere on this estimated free surface 

* 
profile with an assumed $ value. A difference function e may be 

defined to be 

1:L,i h i 3 > 1 , 
6lA ~ h^i+1 2h i+2 ~ 3h^i+3 

(5-17) 

After the velocity at each node on the surface has been 

(5-18) 
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If the e value is not zero everywhere on the initially estimated free 

surface, the problem is how to adjust the initial surface position and 

, , * 
the initially assumed ip value, so that E  can gradually be reduced to 

a value smaller than say 1% of H. Let denote the e value obtained 

at surface node i. The next step is to lower the free surface by 

0.01 ft at each key node, using the cubic equation [Eq. (5-7)] to 

compute the coordinates of nodes between the key nodes in order to 

keep the new surface smooth. Assigning the same ip value on this 

second free surface and repeating the same procedure, the velocity and 

ei2 vâ ue f°r each node i on the second free surface are then obtained. 

From the difference Ae of e... and e.„, a distance AS. can be 
il i2 i 

computed for node i on the surface: 

e.- x 0.01 
AS, = — (5-19) 
1 ei2 " eil 

This is a theoretical distance that the node i is supposed to be 

raised or lowered in the normal direction to the surface so that the 

new surface shape would have equal to zero at node i on the new 

surface. 

For convenience, the nodes on the free surface are called 

stations. A typical curve of Ae vs. stations is plotted in Fig. 5-6 

and a typical curve of AS vs. stations is plotted in Fig. 5-7. The 

problem now is how to adjust the initially estimated surface with 

the information given by AS^ and Ae^, such that this new shape gives 

a smaller e at every node on the surface. Before using this informa

tion, the properties of those curves should be examined closely. 
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Due to the discrete nature of this problem, the curve of AS 

vs. stations in Fig. 5-7 is not smooth. To move any one node on the 

surface slightly would affect the velocity at its neighboring nodes. 

Therefore, these AS^ values can not'be taken literally. A judgment 

must be made on how much distance at each key node is to be used to 

adjust the initially estimated surface. For instance, if the AS^ 

values suggest a zigzag surface shape, the new surface should be drawn 

in to smooth out the zigzag by taking the local average values of AS^. 

The coordinates of the key nodes are placed on this new surface. The 

new slope at each key node is estimated also. The coordinates of the 

surface nodes between the key nodes are determined by the cubic 

equation [Eq. (5-7)]. With the new surface profile, the procedure 

starts from the beginning and is repeated until the correct surface 

profile is reached. 

station 55 and station 56, there is a point for which Ae = 0. In 

Fig. 5-7, at the same point, AS goes to infinity. This point is 

believed to represent the point of transition from subcritical to 

supercritical flow. If the problem were simplified by considering 

it as an open channel flow with gradual change of depth, the critical 

depth can be determined (13) to be: 

In Fig. 5-6, the Ae vs. station curve shows that between 

(5-20) 

and the critical velocity V = _iL J c y-
(5-21) 
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where q is the discharge per unit width 

is the critical velocity 

yc is the critical depth 

In the following example problem, the depth h + w = 5.5 ft, 

A 
q = ip = 21.2. Then y and V are computed by Eq. (5-20) and Eq. (5-2): 

y =2.41 ft 
c 

v = ¥tt =8.8 ft/sec 
c 2, • 41 

The velocity computed from the finite element method results, 

at the point for which Ae = 0, is found to be 7.5 ft/sec. It is 

reasonable to speculate that the flow has reached critical velocity 

in the neighborhood of this point where the Froude number F = 1.0. 

Before this point, the velocity is slow and flows at subcritical 

speed, or F<1.0. Beyond this point the velocity increases rapidly 

and flows at supercritical speed, F>1.0. 

A E  =  0  also implies that at this transition point the raising 

or lowering of the surface shape does not cause any significant amount 

of change of e. It was shown by the trial runs that after 

adjustment of the surface shape in the subcritical flow region has 

reduced e to smaller than 1% of H, the difference function e at the 

transition point is determined by the value \p assumed for the free 

surface. By noting how close e is to zero at this transition point 

(i.e., whether Bernoulli's equation is satisfied), one can deduce 

how correct is the ^ value assumed for the free surface. 
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There are three guidelines that help to choose the proper AS 

at key nodes to adjust the new surface profile, and to choose the right 

value of \p for the free surface: 

(a) The estimated surface shape should be adjusted by the 

information of the AS vs. stations curve in the upstream region of the 

surface (the region where the flow is subcritical or the region before 

critical depth is reached). The e values at nodes on the surface in 

this region should be brought very close to zero in a few trial runs. 

(b) After (a) is accomplished, a rather high value of at the 

transition point may be observed. Let ̂  denote the value assumed 

on this free surface. Now the same surface profile is used, and the 

ip value at the surface nodes is changed to thus a new value e^ is 

found at the transition point. Then using direct proportionality, 

ipg is computed which would have the e value equal to zero at the 

transition point. By trying (a) and (b) at the transition point two 

or three times, a good \p value should be found for the free surface. 

(c) When the e values of the nodes upstream from and at the 

transition point are very close to zero and the iJj value for the 

surface is in good order, the downstream surface shape is adjusted 

according to the AS vs. station curve. This can be achieved by four 

or five trial runs. The results show that the change of the down

stream surface shape has very little effect on the velocity at 

upstream nodes and at the transition point. 
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Example and Results 

An example problem of a weir with height w = 3 ft and a 

circular crest of radius r = 0.5 ft is shown in Fig. 5-3. The angle 

between the spillway and the horizontal axis is 60°. The problem is 

to determine the free surface profile of a flow which has a head 

h = 2.5 ft over the weir. An initially estimated free surface is 

drawn as shown in Fig. 5-8. This can be obtained by drawing a flow 

net. Using Eq. (5-5) by Rehbock, and q are computed to be C^=0.935,. 

2 
and q=19.7 ft /sec. Since Rehbock's equation was formulated from 

experimental results, the value is slightly less than potential 

theory results. This is due to the velocity reduction caused by 

viscous action. The writer has chosen a slightly higher value of ip 

for the first trial, lp = q = 21.2 for the nodes on the free surface. 

A total of 946 nodes are used to represent the whole flow. There are 

86 nodes to describe the free surface. These are called stations. 

Stations 1,6, 11, 16, 21, 26, 31, 36, 41, 46, 51, 56, 61, 66, 71, 76, 

81, and 86 are key nodes. There are 4 stations between each adjacent 

key station and they are placed with equal horizontal separation. 

The coordinates and slopes at the key stations are selected and 

Eq. (5-7) is used to compute the coordinates of the stations between 

the key stations. Thus a smooth surface curve is formed. Under

neath each station there are three interior nodes. The coordinates of 

these three nodes are generated so that they are placed on a line 

normal to the free surface and have equal intervals of 0.08 ft, If 

the position of the surface node moves, these three interior nodes 
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Figure 5-8. Free Surface Profile for the Weir for iterations One to Four 
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would move accordingly. There are seven nodes underneath these nodes. 

They are fixed in position and placed on the streamlines of the flow 

net as shown in Fig. 5-3. The upstream left end boundary is placed 

5 ft to the left of the weir. ^ = 0 for all the nodes on the solid 

*1 
boundary, ip = ^ + x y for the nodes on the left end boundary. For 

91 9 
the right end boundary, Vq = ^ = 3.855 ft/sec, and H = + h + w = 

5.731 ft. Then Eq. (5-16) is solved for the depth d . The value d = 

*1 
1.164 ft is obtained. Hence i|» = --j— x d for the nodes on the right 

o 
end boundary. Also the coordinates of the nodes at the right end are 

determined from dQ. After the ip values for all the boundary nodes 

are prescribed, the finite element equation [Eq. (2-9)] is set up for 

all the interior nodes. A computer program is available to generate 

and to solve those equations, and the IJJ values at all the interior 

nodes are determined. The velocity at each surface node is obtained 

from the values at the three interior nodes immediately below each 

V2 
surface node, e = —I- y - H is computed for each surface node. The 

curve of e vs. stations is plotted in Fig. 5-9. It shows that, for 

example, e = 0.055 ft at station 42 and E = -0.05 ft at station 61. The 

following eight iterations show how to find a better ^ value for the 

free surface and how to reduce e to 4 0.025 ft. 

In order to complete the first iteration, at all key stations 

the coordinates are lowered 0.01 ft in the direction normal to the 

surface. The slope at the key stations remains the same. The 

coordinates of the stations between the key stations are computed 

from Eq. (5-7). Thus a second surface is formed. Using the same 
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IJJ = 21.2 for all the nodes on the surface, the \p values for all 

interior nodes are computed, and velocity as well as e are determined 

again for all the surface nodes. The difference of the e from the 

first surface to the second surface (Ae) is plotted vs. stations in 

Fig. 5-6. The Ae curve has a zero value at four places. The first 

two and the fourth one are probably due to the crookedness of the 

curve at the ends when the surface shape is lowered 0.01 ft at the 

key stations. The place between station 55 and station 56 where 

Ae = 0 indicates that this is a transition point where the water 

flows at critical velocity. AS is given by AS = x 0.01 where e is 

the value obtained from the first run. The curve of AS vs. station is 

plotted in Fig. 5-7. This AS suggests how much distance the surface 

shape should be raised or lowered at each key station, so that the new 

surface shape would have e closer to zero. In Fig. 5-8, the points 

marked by a circle are the surface nodes moved by the distance AS. 

For example, in Fig. 5-9, e is too high at key station 41, and AS 

indicates that the surface should be lowered there. In Fig. 5-7 it 

can be seen that at some stations AS is not useful because it goes 

to infinity where Ae becomes zero. In such cases AS must be estimated. 

Thus the shape of the new surface of iteration 2 is determined mainly 

based on this information. 

As described in step (a), the surface shape of the upstream 

region of iteration 2 is so adjusted that e is very close to zero. 

The surface of iteration 2 is plotted in Fig. 5-8. The e and Ae of 

iteration 2 are plotted vs. stations in Fig. 5-9 and Fig. 5-6. In 



Fig. 5-9, the e value at station 41, for example, is lowered and the 

e values of the upstream region, from station 1 to station 50, are 

less than 0.023 ft. This is a very satisfactory result. However, the 

new curve still has high peaks at the transition point and the down

stream region. 

As described in step (b), the next step is to search for a 

correct \p value of the free surface. In iteration 2, e is too high 

at a point between station 55 and 56 where Ae is zero. At this 

transition point, the change of surface shape hardly has any effect 

on e at all. The only way to lower e at this transition point is to 

change ^ at the surface. Therefore, in iteration 3, the ip value is 

arbitrarily lowered to 20.8, while the position of the free surface 

remains the same except at the right end boundary. Now H = 5.722 ft 

when tfi = 20.8, and dQ = 1.142 ft is obtained from Eq. (5-16). Thus 

the free surface of iteration 3 is lowered slightly only at the right 

end as shown in Fig. 5-8. The curve of e vs. stations is shown in 

Fig. 5-10. 

Fig. 5-lla shows that Ae = 0 and e = 0.0538 ft at station 55.17 

in iteration 2. Fig. 5-llb shows Ae = 0 and e = 0.0276 ft at station 

54.018 in iteration 3. The e values given in Fig. 5-lla and 5-llb 

are plotted vs. \p in Fig. 5-12. If a linear relationship between e 

and \j> is assumed, it suggests that ip = 20.346 on the free surface 

would give e = 0 at the transition point. The ip value is rounded off 

to 20.35 and that value is used for iteration 4. 
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In Fig. 5-8, the position of the free surface of iteration 4 

remains the same as in iteration 3 except at the right end boundary. 

The e and Ae values for iteration 4 are plotted vs. stations in Fig. 

5-10, Fig. 5-llc. Fig. 5-13 shows that Ae = 0 and e = -0.0326 ft at 

station 54.72 in iteration 4. Since this e is too low, the t|/ value 

of the free surface is raised to 20.65 for iteration 5. 

• The surface position of iteration 5 is plotted in Fig. 5-14. 

The e and Ae are plotted vs. stations in Fig. 5-15 and Fig. 5-13. In 

Fig. 5-lld, at station 54.35 where Ae = 0, e = -0.00017 ft. This very 

small e value at the transition point obtained from ij; = 20.65 on the 

free surface is a good result. In Fig. 5-15, the values of e for 

iteration 5 are very low from stations 1 to 56. Therefore, only the 

e values of the downstream region needed to be lowered as indicated 

in step (c). 

In Fig. 5-14, the circled points are the surface nodes at 

stations 66, 71, and 81 of iteration 5, moved by the distance AS. 

Based on this information the new surface position of iteration 6 is 

then determined. The same process is repeated for iterations 7 and 

8. A very good final free surface profile is found and plotted in 

Fig. 5-14. The curve of e vs. stations for iteration 8 is plotted in 

Fig. 5-16. This curve shows e is less than ± 0.025 ft at every node 

throughout the whole free surface. In other words, both the ij> value 

Op = 20.65) and the free surface shape of iteration 8 give H = 5.719 

± 0.025 ft at each surface node while the boundary equation specifies 

H = 5.719 ft. Therefore* this surface shape has reached an accuracy 

with respect to the total head of 5* = 0.44%. 
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The free surface and the streamlines' of iteration 8 are shown 

in Fig. 5-17. The streamlines are plotted from iJ>=2.5toiJj = 17.5 

at 2.5 intervals. They are very smooth lines. The lines do not have 

a zero slope at the left end, and this indicates that at 5 ft 

upstream the flow is not uniform. In order to achieve this, the left 

boundary should be moved further upstream. 

Pressure along the solid boundary is computed and plotted vs. 

node numbers as shown in Fig. 5-18. The nodes are spaced with true 

distance. The velocity along the solid boundary is obtained first by 

using Lagrange's polynomial V = -|^ = ̂  (3^ ~ "f ^2 + 3 ̂3^ ŵ ere 

» and 1^2 are the stream function values at the three nodes in a line 

perpendicular to the solid boundary and spaced at even intervals h. 

As shown in Fig. 5-3, around the inner part of the circular crest, 

the interior nodes are placed not on a line perpendicular to the solid 

boundary, but at a slanted angle. However, the velocity component 

perpendicular to that slanted line is computed and the velocity 

resultant which is tangent to the solid boundary is obtained. Knowing 

the velocity on the solid boundary, Bernoulli's equation is used to 

compute the pressure on the solid boundary. Also in Fig. 5-18, the 

pressure distribution obtained by Cassidy is plotted and compared with 

the writer's result. Cassidy's lower pressure at the circular crest 

is probably due to the greater curvature and smaller depth of his flow. 

Elsewhere the agreement is remarkably good. 
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The pressure in the fluid along a cross sectional line start

ing at node 803 is computed and plotted in Fig. 5-17. The pressure 

on the extreme right end boundary is also computed and plotted in 

Fig. 5-17. 

Among the existing literature, only Cassidy (9) has presented 

the problem of a flow over a weir with circular crest. The free • 

surfaces of Cassidy and the writer are plotted in Fig. 5-19. The 

result shows that both curves are very close except at the region 

just over the crest where the writer's surface has more depth. How

ever, both curves end up at the extreme right boundary with the same 

depth. From Cassidy's chart, the coefficient of contraction C^ for 

his weir is 0.92 while the writer has coefficient of contraction 

Cd - ^ J - ^ 3 - 0.98 

| /2g h2 | /64T4 (2.5)2 

Cassidy's value of C^ is probably too low for his flow depth 

at the extreme right boundary.. Eq. (5-6) gives q = 19.4 ft /sec for 

Cassidy's value of C^ or = 19.4 on the free surface of his curve. 

Fig. 5-19 shows that at the extreme right boundary, the surfaces 

obtained by the writer and Cassidy both have the same depth dQ = 

1.134 ft, which is higher than dQ = 1.064 ft (^ = 19.4) given'by 

Eq. (5-16) based on Bernoulli's equation and the assumption that the 

velocity at the extreme right boundary is constant throughout the 

depth. This difference of dQ is 1.22% of H, and gives about 1% accuracy 

for Cassidy's result. However, the writer's surface is accurate within 
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Potential Theory and by the Finite Element Method 

03 ON 



87 

0.44% of H. Also it may be observed in Fig. 5-18 that the writer and 

Cassidy have the same pressure at the extreme right boundary. This 

shows that both have the same velocity at this point. Therefore, the 

assumption that velocity is constant throughout the depth at the 

extreme right end is valid. 

The time used for each iteration on the University of Arizona 

CDC 6400 computer is 30 seconds, and 4 minutes for all 8 iterations. 

Cassidy's method required 6 hours computer time using the IBM 7070 

computer which is slower than the CDC 6400 by a factor of about 20. 

Thus the finite element method offers a computation time of about one 

quarter of the time Cassidy's method requires. 

It may be informative to discuss further some peculiarities 

discovered about this problem with the nonlinear boundary condition 

with,gravity. 

One attempted method is similar to the one used for the problem 

of the impinging jet. It is designed for an iterative process such 

that an initial surface profile could be adjusted automatically by 

using the computer, so that the stream function ip on the free surface 

would converge to the value of initially assumed for the surface. 

In working with this method, it was found that the ip value on the free 

surface failed to converge to I|>q after several iterations. In the 

meantime, the surface profile went completely out of shape. The 

reasons believed to have caused this failure are as follows: 

1. Due to the nonlinearity of this problem, moving one node on 

the surface would affect the tj; values at all the nodes on the surface. 

This is illustrated in Fig. 5-20. In this case, there are 28 nodes 
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Figure 5-20. Change of vs. Stations After the Surface 
is Lowered 0.01 ft at Node 11 



on the surface. After the surface is raised by 0.01 ft at node 11, 

the ij> values at all other nodes have changed. 

2. When the surface profile is not perfectly smooth and has a 

little zigzag shape, the value of velocity would change by far greater 

quantities. Using a method in which the surface is adjusted auto

matically by the computer, the zigzag would grow in size after a few 

iterations. 

In the following example a total of 924 nodes represents the 

region of the flow and 84 stations are on the surface. An initial 

surface profile and a ip value for the surface nodes equal to 19.5 is 

assumed. The finite element equations [Eq. (2-9)] are used to 

determine the values at all the interior nodes. The velocity at 

v2 
each station is computed. Also, the e value [e = ~ (H-y)] is 

obtained to check whether the Bernoulli equation is satisfied. The 

position of the surface profile is then changed in five ways. It is 

raised 0.01 ft, then 0.02 ft at each station first; then the surface 

is lowered 0.01 ft, then 0.02 ft; and finally, the surface is lowered 

0.01 ft only at the odd stations. In this last way a zigzag surface 

is formed. Each time e is computed and recorded. In Fig. 5-21, the 

A £ 
curves of — vs- station numbers are plotted. The solid line repre-

AB 
A £ sents the value at each station when the whole surface is raised 

or lowered smoothly (AS = 0.01, 0.02, -0.01, and -0.02). The circled 

A E 
points represent the Q~QJ value caused by changing the smooth surface 

to a zigzag shape. The curve indicates: 
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A £ 
1. At each station, — has the same value when the whole surface 

is raised or lowered smoothly in the four ways stated above, which means 

under this condition e varies almost linearly with S. 

2. From station 5 to station 53 the curve is positive which 

means that to raise the surface causes the e value to increase. This 

may be interpreted that when the surface is raised in this region, the 

velocity decreases, since V = — and IJJ is fixed. This shows that in 
y 2 

V this region of subcritical flow, the decrease of kinetic energy is 

less than the decrease of H-y when y is increased. 

3. At station 54 the curve is almost at zero. This means that 

at station 54 the raising or lowering of the free surface has very 

little affect on e. From the curve it shows that this is the transi

tion point. As stated previously, it is reasonable to believe that 

the flow is at critical velocity. 

4. From station 55 to station 84 the curve has a negative value. 

It may be interpreted that in this supercritical flow region, the 

v2 
raising of the surface causes the .kinetic energy to decrease more 

than the quantity H-y. Another property of the curve in this region 

is that the slopes are steeper. This means as the surface approaches 

the downstream end, a slight change of it causes a great change in 

velocity and e. 

5. In Fig. 5-21 the circled points show that by changing the 

smooth surface to a zigzag shape, the Ae value is at least three times 

higher than that by raising or lowering the whole surface smoothly. 

At certain stations the Ae values are much higher. It also shows 



that a local zigzag of the surface gives an instant change of the 

velocity at this node and also affects the velocity at its neighbor

ing nodes. 

From the above discussion it is believed that due to the non-

linearity of the boundary condition, the free surface profile of this 

problem can not be sought by using the computer to adjust its position 

automatically. The surface shape must be kept as a very smooth curve 

from one iteration to another. No zigzag shape can be tolerated. 

Therefore, the method discussed above was developed, in which the 

surface shape is altered by hand and a cubic equation is used to give 

a smooth surface shape. This result shown in Fig. 5-14 has proved 

to be very satisfactory. 



CHAPTER 6 

CONCLUSION 

The finite element method for analyzing the problem of 

determining free streamlines for potential flow is presented herein. 

One of the advantages is the simplicity of the method. It uses 

only the physical plane and one can see the physical changes 

of the flow clearly from one step to another. The other existing 

methods use conformal mapping onto a complex potential plane. A 

relationship between the physical plane and the complex potential 

plane must be established. This relationship becomes more complex as 

the geometry of the physical plane becomes more intricate. 

When the finite element method is compared with the finite 

difference method, the advantage of the former method is that it can 

describe a complicated curvilinear boundary more easily than the 

latter. Because of the flexibility of element shapes in the finite 

element method, the velocity can be determined more easily at a 

complicated surface. 

Each of the three example problems has a distinct character 

of boundary condition. Moreover, the writer was not able to find one 

type of process to solve all three problems. This indicates that 

ingenuity is required to find a best solution method for each type 

of problem. « 
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The successful solution of these three problems suggests that 

any two dimensional potential flow problem with free boundaries and 

continuous flow pattern (this would exclude the hydraulic jump 

phenomenon) can be modeled and solved using the finite element method. 

In addition, this method may be expected to be more economical than 

other existing methods for most problems not tractable by classical 

methods of analysis. 

Topics for further research include analysis of three 

dimensional axisymmetric flows, flows with separation from solid 

boundaries, flows past a knife edge as in a sluice gate, and flows 

with more than one free surface as in a sharp crested weir. Problems 

in arbitrary three dimensional flows would probably be not much more 

difficult to set up, but they could easily tax existing computers 

excessively both in terms of storage requirement and execution time. 

In stress analysis of solids, use of linearly varying stress 

elements as compared to use of constant stress elements results in 

one fourth as many elements and one half as many equations for the 

same accuracy of solution. Investigation of linearly varying velocity 

elements in fluid flow problems may be worth-while. 
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