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ABSTRACT 

A theoretical investigation of the electromagnetic shielding 

properties of a prolate spheroidal shell is reported. The shell is 

considered to be general in size and eccentricity and its constitutive 

parameters y and e are possibly complex constants. Electromagnetic 

energy is incident along either of the axes of the spheroid in the form 

of a plane wave. The formal solution is obtained using Hansen's vector 

wave functions, which are generated by means of vector operations on the 

solutions to the scalar wave equation. The solutions to the separated 

scalar wave equation are discussed in detail and several long-standing 

errors and ambiguities concerning the asymptotic expansions are also 

investigated. 

Numerical results applicable for fixed shell sizes and thick

nesses are presented for the case of incidence parallel to the major 

axis. It is found that the transfer function is negligible for fre

quencies greater than 1 MHz for an aluminum shell of 1/16 inch thickness 

and that the effect of varying the minor axis-to-major axis ratio 

causes only small changes in the electric field strengths inside the 

shell. 

v 



CHAPTER 1 

INTRODUCTION 

This dissertation contains the results of a theoretical in

vestigation into the electromagnetic shielding properties of prolate 

spheroidal shells. The particular topic of electromagnetic shielding 

has become important in recent years because of the widespread use of 

sensitive electronic devices whose performance can be seriously affected 

by externally generated radiation pulses. For example, a very recent 

paper by Chu, Dudley, and Bristol (1969) solved for the fields interior 

to a thin, highly conducting, spherical shell. A previous paper 

(Harrison and Papas 1965) had also considered this problem but solved 

for the fields only at the center of the cavity. 

The decision to investigate the prolate spheroidal geometry was 

brought about primarily because of the versatility of the prolate sphe

roidal coordinate system in approximating a wide range of practical 

physical configurations. At one extreme the prolate spheroidal geometry 

can approximate a sphere to any desired degree of accuracy by simply 

varying the eccentricity of the spheroid. On the other extreme, it pro

vides a good simulation of a finite closed cylindrical shell, a 

configuration not readily dealt with in boundary value problems. 

The treatment of the problem in this dissertation partially fol

lows that of Chu, Dudley, and Bristol (1969), who expressed the fields 

as vector multipole expansions (Jackson 1962) . The solution method 
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employed herein expresses the fields as expansions of Hansen's vector 

wave functions (Hansen 1935) and is formally valid for any homogeneous, 

isotropic, and linear shell material. Numerical results are given for 

the important case of a highly conducting shell and over a frequency 

range of 1 KHz to 10 MHz. This frequency range is especially practical 

because it coincides with the spectrum of electromagnetic pulses gener

ated by lightning strokes and certain types of radiation caused by 

nuclear explosions. 

The body of the dissertation is divided into seven chapters. A 

brief discussion of the problem is given in Chapter 1, the present 

chapter. 

Chapter 2 presents a summary of the literature pertaining to 

prolate spheroidal boundary value problems. It is found that most of 

the problems investigated have been either scalar problems, such as 

evaluation of sound radiation from spheroids, or vector problems with 

certain features which simplify the analysis, such as evaluating electro

magnetic radiation from azimuthal slots in conducting spheroids. 

Chapter 3 deals solely with the prolate spheroidal coordinate 

system and wave functions. The coordinates are defined and compared with 

more familiar coordinate systems. The scalar wave equation is solved by 

the method of separation of variables and the resulting eigenfunctions, 

the spheroidal wave functions, are discussed. Several inaccuracies and 

ambiguities in the asymptotic expansions of the wave functions are dis

cussed in detail. 

The formulation of the problem and its solution are treated in 

Chapter 4. A plane electromagnetic wave is assumed incident on a prolate 
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spheroidal shell in directions both parallel and perpendicular to the 

major axis of the spheroid. The shell material is characterized by the 

constitutive parameters yQ and e, where yQ is the permeability of free 

space and e is the permittivity of the shell. Because of the restriction 

to homogeneous, isotropic, and linear media, e is a possibly complex 

constant for each frequency. No other restrictions are made on the 

problem and an exact solution is obtained using Hansen's vector wave 

functions. 

A numerical solution for the fields in the cavity region is 

presented in Chapter 5. Only the problem with incidence parallel to the 

major axis is treated, since the field expansions become extremely in

volved when perpendicular (or broadside) incidence is considered. The 

problem is solved numerically for a restricted range of shell parameters 

and frequencies. Even with these restrictions the numerical reduction 

is a formidable task for several reasons. The expansion coefficients, 

which can be determined by application of the boundary conditions at the 

various interfaces, are intercoupled. This fact precludes term-by-term 

decomposition of the series expansions. In addition, the truncation 

scheme used to approximate the infinite series must be chosen with care. 

The dissertation ends with a discussion of conclusions in 

Chapter 6 and some recommendations for future work in Chapter 7. 



CHAPTER 2 

SUMMARY OF THE LITERATURE 

The history of the early development and application of the 

prolate spheroidal wave functions is outlined in the monograph by 

Flammer (1957) and in the book by Meixner and Schafke (1954). These 

outlines indicate that while the functions were first investigated as 

early as 1880, detailed research was not performed until about 1930, 

when problems in quantum mechanics, sound radiation, and electromagnetic 

radiation demanded attention. More recently, the functions have been 

tabulated in reports by Stratton et al. (1956), Hunter et al. (1965), 

Weeks (1959), Chang and Yeh (1966), and Stuckey and Layton (1964). All 

of this research has still not completely covered all the possible values 

of the important parameters. For example, the prolate spheroidal func

tions applicable in a lossy medium have not been adequately researched. 

It is also evident that much confusion still exists concerning certain 

asymptotic expansions of the functions. Several of the expansions given 

in Flammer (195 7) and Abramowitz and Stegun (1964) are either incorrect 

or are valid only over ranges of the variables which are so small as to 

be useless. Papers by Muller (1963), Silbiger (1961), and Slepian (1965) 

have recognized several of these errors and in some cases have succeeded 

in providing useful asymptotic expansions over precisely defined ranges 

of validity. The paper by Slepian (1965) is perhaps the most complete 

and rigorous of the three, especially in regard to the prolate angle 

4 
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functions. Silbiger's paper has cleared up several long-standing 

ambiguities concerning the asymptotic expansions of the prolate radial 

functions. 

The most recent applications of the prolate spheroidal geometry 

have been concerned with the fields of sound radiation and electro

magnetic radiation from spheroidal structures. Sound radiation has been 

treated in papers by Chertok (1961), Silbiger (1963), Burke (1965, 1966, 

1968), and Yeh (1967) . While problems concerning sound radiation are 

scalar in nature, they have generated important research and have pro

duced results which are of great interest, even in more complex vector 

problems. 

Unlike sound radiation, electromagnetic radiation and diffraction 

has a vector nature. Several noteworthy problems have been treated in 

papers by Weeks (1958), Yeh (1963), Lytle and Schultz (1968, 1969), 

Taylor (1967), Wait (1966), and Siegel et al. (1956). These reports 

highlight the vector nature of the electromagnetic radiation problems 

and the additional complexities which arise because of the vector nature 

of the fields. Weeks (1958) has treated the dielectric-coated prolate 

spheroidal radiator with both symmetric and asymmetric azimuthal excita

tion. Yeh (1963) treated the same type of problem and presented a new 

method for handling the analytical difficulties which arise at the 

dielectric-air interface. Lytle and Schultz (1968) treated a similar 

problem but extended the work to include plasma-coated radiators. This 

was the first instance in which complex dielectric constants were treated 

in the prolate spheroidal geometry. Wait (1966) solved the radiation 
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problem for a spheroid surrounded by a confocal sheath and also for a 

spheroid immersed in a compressible plasma. The papers by Taylor (1967) 

and Siegel et al. (1956) treated the problem of scattering by perfectly 

conducting spheroidal obstacles in order to compute radar cross-sections. 

A report by Sleator (1964) gives a good survey of the work on electro

magnetic scattering by prolate spheroidal obstacles up to 1964. The 

report also includes a large bibliography and a summary of research done 

on the evaluation of the functions. 



CHAPTER 3 

/ 

PROLATE SPHEROIDAL COORDINATES AND WAVE FUNCTIONS 

The prolate spheroidal coordinate system has been treated exten

sively by several authors (Flammer 1957, Moon and Spencer 1961, Meixner 

and Schafke .1954, Stratton et al. 1956). As a result, several different 

methods of coordinate notation have been used. The notation of Flammer 

(1957) will be used throughout this paper. Briefly the prolate spheroi

dal coordinate system is formed by rotating a system of confocal ellipses 

and hyperbolas about the major axis of the ellipse. With d denoting the 

interfocal distance, the prolate spheroidal coordinates n, 5, and <j) are 

related to the rectangular coordinates x, y, and z by the following 

transformation 

1 

x = f [(i - n2) CS2 - l)]2 cos <f> (3.1) 

1 
d r t i 2 . , y = j [( 1 - n  )  C5 -  i) ]  s m |  (3.2) 

z = 2 n K • (3.3) 

The relationships between the prolate spheroidal coordinates and the 

spherical coordinates (R, 0, <j>) are given by 

7 
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R = f iK2 + n2 - i) 

cos 0 = 5n 

2 2 
cr + n - ID 

C3.5D 

<}) = <j> . C3.6) 

In the above, ri, and cj) must obey the restrictions 

? 1 1 

- 1 _< n <_ + 1 

0 < <J> < 2ir . 

Surfaces of constant £ >_ 1) are ellipsoids of revolution with 

2 1 /2  
a major axis of length d£ and a minor axis of length d(£ - 1) . Sur

faces of constant ri(|ri| < ID are hyperboloids of two sheets, where the 

angle between the asymptotic cone to the hyperboloid and the z axis is 

given by a = cos-* r|- Surfaces of constant cf>(0 4> 2ttD are planes 

through the z axis making an angle <j> with the x-z plane. Figure 1 shows 

the coordinate system with several of the orthogonal families of curves 

mentioned above. 

Scalar Wave Equation 

As mentioned in the first chapter, the problem treated herein is 

a vector problem requiring a solution of the vector wave equation 



Figure 1. The Prolate Spheroidal Coordinate System 



10 

(V2 + k2) X = 0 . (3.7) 

- 2  
where X represents the vector electric or magnetic field and V repre

sents the vector Laplacian operator. Equation (3.7) is obtained by means 

of standard vector operations on Maxwell's Equations, 

V-D = p 

V-B = 0 

vt s 9B 
3lf 

n £i T ^ 
V x H = J + 3t > 

where E and H are respectively the vector electric and magnetic field 

intensities, D is called the electric displacement and B, the magnetic 

induction. The scalar p represents the electric charge density and the 

vector J represents the vector current density. E and H are related to 

D and B by the constitutive parameters of the medium through 

D = e E 

B = y H , 

where y and e are respectively permeability and permittivity of the 

medium. In this report, e and y are restricted to be possibly complex 

constants for each frequency. 



Equation (3.7) results in three coupled partial differential 

equations when written in terms of prolate spheroidal coordinates. In 

general such systems are not easily decoupled and an alternate method of 

solution must be employed. The scalar wave equation will be considered 

in this chapter. The next chapter describes a method for solution of 

the vector wave equation by means of vector operations on the solution 

of the scalar wave equation. 

The scalar wave equation, 

(V2 + k2) ̂  = 0 (3.8) 

can be solved by the standard separation of variables technique in pro

late spheroidal coordinates. In the equation above, m and n are the 

separation constants. Separation of variables leads to three ordinary 

differential equations in r), £, and cj> alone. The ^-equation has either 

sin m4> or cos m<j> as its solution, with the additional requirement that 

m be an integer. This is indicated by physical considerations and in

sures that the solutions are single-valued. The r| and £ equations are, 

respectively, 

2 
—̂[( l  - n2) 4-  s (c ,  n)] + [X - c2n2 - -2-_] s (c ,  n)  = o 
dn ' dn mnv ' J1 1 mn , 2J mn^ ' " 

1-n 

(3.9) 
and 

2 
4rt(S2 - 1) R Cc, ?)] - [X - c2?2 + -21—] R (c, Q = 0 , 
d£LV̂  J dE, mnv ' J 1 mn ^ £ 1 m 

(3.10) 
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where 

n ̂  m 

c = 1/2 kd . 

The terms are the eigenvalues and must be solved for by considering 

complicated finite difference equations involving both finite and in

finite continued fractions (Flammer 1957} pp. 16-20). 

The functions Smn(c, ri) are called the prolate angle functions, 

and the functions R (c, £) are called the prolate radial functions. As 
mn ' r 

a result of the separation technique, the solutions of the scalar wave 

equation can be written as 

Tp = S (c, n) R (c, 5) {C?S} m<j) . (3.11) 
Mnn mnv ' J mnv ' sin r v ' 

The prolate angle functions S (c, n) can be represented as an 

infinite sum over the associated Legendre functions in the form 

S (c, n) = Y' d (c) Pm (n) , (3.12) 
mnv ' J % n r K J m+r v J 

r=0,l 

where P +̂r(n) are the associated Legendre polynomials for -1 _< ri <_ 1. 

In the above expression, the prime over the summation sign indicates 

that the sum is to be taken over even values of r when n-m is even, and 

over odd values of r when n-m is odd. The constants d™n(c) can be cal

culated from recursion relationships once the eigenvalues have been 



determined (Flammer 1957). Equation (3.12) for the angle functions is 

useful for values of c ranging from zero to about ten. For c > 10, 

certain asymptotic forms can be used and will be introduced later. For 

very small values of c, equation (3.12) converges very rapidly since the 

constants d n̂(c) show a marked peak at the term r = n-m (Flammer 1957) . 

The prolate radial functions 5) are related to the 

spherical Bessel functions and, as a result, have four forms. These 

forms are related to the familiar four forms of the Bessel function, 

namely the Bessel function of the first kind (type 1), the Bessel func

tion of the second kind (type 2), the Hankel function of the first kind 

(type 3), and the Hankel function of the second kind (type 4). Flammer 

(1957, p. 32) gives the radial functions in the form 

OO 
^ a r V .r+m-n .ran, . (2m+r) ! (i) , ~ 

R (c, 5) - A (c, ?) > J d (c) - r-— zv (c£) 
nin v ' mnv ' ^ k i r ^ J r! m+rv 1̂ 

r=u, I 

where 

(3.13) 

A tc, O - 1C;2 - iŷ '2 (3.14) 
mn 

Y' d^c) (2m+r) ! 

r=0.1 r r-

and (c?) is a spherical Bessel function of type (i) where i = 1, 2, 

3, or 4. The choice of the proper value of i in equation (3.13) is 

dictated by the physical requirements of the problem. 

A more detailed analysis of the prolate angle and radial func

tions applicable in the important asymptotic regions is given in the 



following sections. Several errors and ambiguities in the literature 

are pointed out and corrections are made where necessary. 

Prolate Angle Functions 

The prolate angle functions introduced in equations (3.9) and 

(5.12) are seen to be functions of the spheroidal angle variable r|> and 

the parameter c. The parameter c was defined as 

where k = 2tt/A for free space and d is the interfocal distance. Small 

values for c are obtained when d is much less than A/ir. For fixed A, 

this occurs when the prolate spheroid approaches a sphere, or when d 

approaches zero. This was the motivation behind the expansion of S 

in a series of associated Legendre functions. It is also evident that 

equation (3.9) approaches the Legendre differential equation as c 

approaches zero. For fixed d, c is small whenever A is greater than 

nd. Therefore, it is evident that there will always exist a range of 

frequencies over which the parameter c is small in a free-space medium. 

In a highly conducting medium, the value of k is a very large complex 

number for all frequencies above a certain minimum frequency (Ramo and 

Whinnery 1953, pp. 305-307). 

Thus in a problem containing both free space and highly conduct

ing media, the value of c can range from a very small real number to a 

very large complex number over a significant band of frequencies. It is 



therefore necessary to have asymptotic expansions for the prolate angle 

functions in both the small-c and the large-c regions. 

Asymptotic Expansions For Small c 

The expression for the angle functions given in equation (3.12) 

is useful for values of c up to 10 (Flammer 1957) . Flammer also shows 

that the coefficients d^fc) exhibit a marked peak about the value 

r = n - m for small c. Silbiger (1961) shows that 

,mn, .. 
r Cc) „ 2 1  1 C ^  < c , (3.15) 
,mn 
r±2£C 5 

indicating that only the terms immediately before and after the r = n - m 

term of (3.12) are needed to approximate ^^(Cjri). Thus the angle func

tion S (c.n) for small c can be written 
mn 

= Oc> Cr-2™ * Cr™ ' O" 

(3.16) 

where r = n - m. The error in approximating S (c,r|). by equation (3.16) 

4 
is computed by Silbiger (1961) and is shown to be less than c . Thus 

several lower order prolate angle functions can be written as follows: 

s00(c,n) = d°°(c) p°(n) + d°°(c) p0(n) + d°°(c) p°(n) 

s01(c,n) = dJV) pj(n) + d°x(c) p°(n) + djjV) p°(n) 



sn(c,n) = dj1̂ ) pj(n) + d^Cc) P^CnD + dj^c) p^(n) 

In the above P^(i"l) represents the Legendre polynomial and d n̂(c) = 0 for 

p < 0. The error in using the above expression to approximate S (c,ri) 

is less than c^. In a later chapter it will be demonstrated that the 

largest value of c in the free-space region of the problem considered is 

less than .02 (at 1 MHz). Thus the largest error in approximating the 

- 1 2  
angle functions in the free-space region is less than 64 x 10 

Asymptotic Expansions for Large c 

The parameter c becomes large and complex in a highly conducting 

medium. It is therefore impractical to evaluate S (c,1) in a series of 

ascending powers of c as was done for small values of c. The standard 

procedure for developing asymptotic expansions for large c appears in 

Flammer (1957, pp. 59-62). The following variable transformations are 

made in equation (3.9), 

x = n(2c)1/2 , (3.17) 

s^fc.n) = (l - n2)1/2 u^Cc.n) . (3.18) 

The differential equation (3.9) now becomes 

2 
(2c - x2) U - 2(m + 1) x 4- U + [A - m(m +1) - ̂  cx2] U = 0. v J , 2 mn v J dx mn L mn v 1 2 i mn 

dx 

(3.19) 



17 

Flammer now lets c approach infinity and the differential equation (3.19) 

2 becomes, if 2c » x , 

j2 X i o d ,, , mn 12 U + (^ - x ) U = 0 . (3.20) 
2 mn v2c 4 J mn K J 

dx 

This now has the form of the differential equation for the parabolic 

cylinder functions (Erdelyi et al. 1953a, pp. 116-132), 

2 

7TDr * Cr * 1- Tx2) Dr " 0 ' t3'21) 
dx 

For integral r ̂  0, the parabolic cylinder functions are given by 

2 
r x 

Dr(x) = 2~2 e"4 Hr(x//2) , (3.22) 

where the are Hermite polynomials and are given by (Erdelyi et al. 

1953b, pp. 192-193) 

2 ,r 2 
H (z) = (-l)r eZ -5—(e"X ) . (3.23) 

dx 

Flammer makes the above substitutions and goes through detailed algebra 

to construct a series solution for S^tCjii) in terms of the parabolic 

cylinder functions D^fx). In order for Flammer's expansion to be valid, 

2 
it should be recalled that the restriction 2c >> x must apply. This 
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restriction on x also implies that ri must approach zero. Therefore 

Flammer's results are valid only in a narrow region about ri = 0 and are 

therefore useless as an asymptotic expansion for S (c,r|). Several other 

authors in addition to Flammer have overlooked this restriction (Abramo-

witz and Stegun 1964; Silbiger 1961). It was not until the appearance of 

the paper by Slepian (1965) that asymptotic expansions valid over the 

range - 1 <_ ri < 1 were available. It should be noted here that both 

Flammer's work and Slepian's work are valid only for large positive real 

values of c. Slepian's methods can be extended to include the possibil

ity of large complex c with the addition of quite a bit of algebra. 

n /o 

In the region 0 <^ri £ |c| Slepian expresses the spheroidal 

angle functions in terms of parabolic cylinder functions, exactly as 

Flammer did. It should be noted that as the magnitude of c increases, 

the region of convergence diminishes. The solution valid in this region 

is given by Slepian as 

00 

s
nm'CnD = Ci - n2) [D£(t) +. I  (̂ -)J Q (t)]- (3.24) 

j = l 

1 / 2  
where £ = n - m, t = ri(2c) , and (t) is given by 

2j 

= „ 1 •  <3-25> 
K  -  - Z j  
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The coefficients in (3.25) are solutions of simultaneous recursion 

relationships defined in Slepian (1965, p. 113). Several prolate angle 

- i TT 
functions for c = CQe ̂  with cq large are given below. In these expres

sions, the parabolic cylinder functions have been expanded into their 

Hermite polynomial forms and the (t) functions have been determined for 

the given value of c. The choice of this value of c will be explained in 

_2 
a later chapter. The expansions to terms in c are as follows: 

2 
v 

S00 Ĉ'n-) = Cnri ^ ~ 32c £l v̂̂  " ~2 '•'8 fî  " 
00 4c 

(3.26) 

where f^(v) = 4v^ - 12v2 + 3 

-  ,  .  1 8  _ 6  1 0 5  4  1 0 5  2  1 0 5  
2 = 2 V " ?V + T-V 4~ V + "32" 

C„_ = 1 - 3 135 

00 32C 2048c2 

,• 1/2 v = n(c) 

v2 

n /•_ _ /2" e 2 f7^ 1 r 7 e r -\ f8Mn 
S01Cc,ri-) " C 32c " 2 32 7 " 512 ̂  

01 4c 

(3.27) 



where (v) = 4v^ - 20v^ + 15v 

£„(v) = 16v9 - 288v7 + 1512v5 - 2520v3 + 945v 
O 

coi - C2=)1/2 CI - ̂  
Vi 2048c 

n /•- _ (1 - v2c)1/2 _"2 ri 
f10^ £ll(v-\ 00-, 

S-i -l (CjlD _ c e {1 - + yS (3.28) 
11 L11 2048c 

where £10^ = 4v̂  ~ 28v̂  + ** 

fn(v) = 16v8 - 352v6 + 1736v4 - 936v2 + 281 

c„ = i 11 279 

11 32C 2048c2 * 

P • /T v(l • v c) / "2 Xl 12 13 i 
S (c,n) = k L e {i . + } 
11 12 2048c 

(3.29) 

4 2 
where £12^ = 4v ~ + 39 

f13(v) = 16v8 - 416v6 + 2664v4 - 3000v2 - 975 
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_ (2c)1/2 ri 39 975 -

12"3 32C " 2048c2' 

1 / 2  1  
In the region |c|~ £ r\ <_ 1 - |c|" , the variable change 

y = (1 - l"]2) 2̂ is made in equation (3.9). The function in (3.9) is 

also transformed by the relation 

I  

5™(C'y) ' V(i(' ~y$»/2 VCy) ' C3-50) 

where Z = ri - m as before. This results in a differential equation for 

v(y) which can be solved by a complex recursion scheme outlined in 

Slepian's paper (1965, pp. 115-116). After considerable algebra, expres

sions for several of the prolate angle functions can be obtained and are 

given below. 

-c(l - y) fY 
S00<c'n> - , f. + -i 1 /2 . 8lCy) > • C3.3D 

[y Ci + y)] aq0 

where 
,  .  1 , 2  1  2  .  

= 8c (rry+ 7 + 
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SqjCCJTI) = 
2/r c-

y D 
1 / 2  

A01(1 
+ y) 

-c(l - y) ( 
e ^ g3Cy) (3.32) 

, , 1 ,1 6 12 v 
where g,(y) = 1 + -5— (— + t J 

. 53 1 8c y 1 + y 1 - y 

1 r36 9 24 120 48 240 n 
+ ? [— + T + + 2 2 
128c y (1 + y) (1 + yY (1 - y) (1 - yY 

A_, = 1 + ~ + 87 

01 2C 128c2 ' 

/Te"cC1 " ̂  
Sll^ « — + ,,1/2 . *6^ (3.33) 

[yCi + y)] A1X 

where g6(y) = 1 - ~ [3 ~ 4y ~ 3y ] 
y(i - y ) 

1 r36y + 15 (16y + 40) (16y - 40) n 
2 *• 2 2 2 * 

128c y (l + y) (l - yY 

A„ = i 1 37 

11 4C 128c2 

4/c" (- - 1)1/2 

S12(C'"> = J , y) An e"CU " y' t5'34) 

where p fv) = 1 - f— - —2 - 4 . 
7 8c ly 1 + y (1 - y)J 
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1 r108y + 15 (72y + 192) 384 - 144y 
2 *• 2 2 + 2 

128c • y (1 + y) (1 - y) 

A, „ = 1 + 57 

12 2 
128c 

For the region 1- |c| * .f. 1, the substitution s = cy must 

be made. The solution can now be expressed in a series of modified 

Bessel functions I (s). The expressions below for S have been obtained 
m r mn 

with the use of the asymptotic expansion for Im(s) in Erdelyi et al. 

(1953b, p. 86). 

/Fe-cCT- y) 

3oo 

S00(c,n) = hjCy) , (3.35) 
/y~ Bf 

where y = (1 - ri2)*''2 

hiCy) = 0̂Cy) - y^iCy) + fjr Cy) + cy £2(y)] 

0̂(y) = 1 + 00
 

o
 +
 

128c2 2 + 
y 1024c3 y3 

3 15 125 
8cy 

128c2 2 ' 
y 

3 3 
1024c y 

15 105 525 
8cy 

128c2 
2 ' 

y 
3 3 

512c yJ 
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1 27 

00 4C + 128c2 

4/7" e-^1 " 
S (C,n) = h.(y) (3.36) 
01 * 7  boi 

where hjCy) » >-0M - f ̂ CyHS - jg • x y2 ®-2Cy:i 

1 87 
b„, = 1 + + 
01 2c 128c2 

(The functions £Q(y), ^(y), and &2(y) have been defined previously.) 

/2~ e-0̂ -1 ~ ̂  Sn(c,n) = h2(y) (3.37) 
f y ~  B 

11 

where. h2^ = " \ ~ + I" y2 ^3^0 

o C y )  =  1_3L +  ^5 3465 
3 8cy 128c2 y2 1024c3 y3 

(1 l 37 ) (i + 15 + 1155 ) 
„ ' 4C " 128c2K 16<= 1024C 

11 = "9 
160 1024c2 

4/7" e-0^1 " 
S19(c,n) = h_(y) (3.38) 

12 \ 2  
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where h3(y) = ^(y) - j  Vy)(3 ~ + Xy2 £3(y) 

B 
12 

128c 1024c 

1024c 

In the expressions above, the terms AQ Q, AQI5 BQ Q, BQ^, CQ Q, CQ^, 

and so on, come about through normalization of the spheroidal functions. 

The normalization scheme used here is identical to that of Flammer (1957), 

Special Values for the Angle Functions 

Difficulties sometimes arise in computing the prolate angle func

tions at the end points of the range of variation of n, namely, at 

n = + 1 and at n = 0. The following are from Flammer (1957, p. 21, 

p. 41). 

who required that each S^fc^) = P™(0) for all c. 

lim S (c,n) = Pm(0) 
mn^ ' J n J (3.39) 

n=o 

00 

1T>0 r = 
lim SQn(c,n) = I 

r = 0, 1 
(3.41) 

00 

1T>1 r = 0, 1 
lim S0n(c,n) =\ V r(r + C3-42) 
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lim (1 - nV/2 -nr S. (c,n) = - \ f (r + 1) (r + 2) d*n(c) 
t^l an m s = 0, 1 

(3.43) 

00 

i • 2.-1/2 m ^ . ri jinn, ^ (2m + rJ! LIM (1 - N ) S(C,TO =  I  D (c) J— 
1T>1 ^ r = 0, 1 r 2m m!r! 

(3.44) 

No new expressions are needed to evaluate ^^(Cjn) for negative 

values of ri in the above (and in the preceeding section for the 

asymptotic expansions) , since the functions Smn are either even or odd 

functions of r). If n-m is even, S is even: and if n-m is odd, S is ran 5 mn 

odd. 

Prolate Radial Functions 

Several ambiguities appear in the asymptotic expansions for the 

prolate radial functions. These generally appear in expansions for large 

values of c and E,. In Flammer (1957, p. 32) and Morse and Feshbach 

(1953, p. 1,505) the following expression is found: 

(3), (4) 1 1 
lim Rmn Cc' EXP 1 I[C? " 2" CN + 1) IT] • 

(3.45) 

This expression is confusing since ? > 1 at all times and the limit 

implies that c becomes very large regardless of £. Silbiger (1961) 

shows that equation (3.45) is applicable only when c > 0 and £ becomes 

very large. The condition c£ -*• 00 is necessary but not sufficient. 
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Meixner and Schafke (1954) have analyzed this problem and have developed 

expressions valid for all £ when c£ is large. Silbiger (1961) and Chang 

and Yeh (1966) have clarified these results for a number of important 

limiting cases. The following is a general asymptotic expansion for the 

radial functions which was useful in this report. 

lim R^ ^(c,£) 
c£->«> 
5>1 

IT 

2c(r i) (§ 

1/2 
(x) 

m 
(3.46) 

where , r 2  - . 1 / 2  x = c(C - 1) 1 -
2(n - m) + 1 ,1. 
——5—-—r n  arc cos (r) 
2c(r -1) 

(n - m) + (n - m) + 1 

/i 2 r2 4c K, 

and H^ (x) represents the cylindrical Hankel function of the first kind. 

Expressions for R^^ and R^^ are obtained by replacing the Hankel func

tion by the cylindrical Bessel function and the cylindrical Neumann 

(4) 
function respectively. The function R^' is obtained by replacing the 

Hankel function of the first kind by the Hankel function of the second 

kind H 
(2) 
m 

Calculation of the radial function of the first kind for small c 

is straightforward and follows equation (3.13). The functions of the 

(2)  
second kind, R^ , are also given by equation (3.13) but the convergence 

is much slower. This is due to the fact that the spherical Neumann 
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function Tn (cE)1 increases rapidly with r for fixed m and c£ when c 
m+r 

is of small or moderate value. Therefore, any investigation of conver

gence for small c must consider the quantity [d^fc) C^m+r). 

as a unit. The terms d^"(c) were seen to decrease rapidly as r becomes 

larger than n-m for small c. The computation techniques and convergence 

r 2 ' ) 
tests appropriate for are given by Chang and Yeh (1966, pp. 16-20). 

Difficulties also arise in computing the radial functions as £ 

approaches unity. The following list of special values for the radial 

functions at £ = 1 is taken from Flammer (1957, pp. 41-42). 

2n(— 
lim R^Cc.a = Jr— dSnCc) , (3-47) 
£-*1 

for n even. 

2nc(ILz_l)!(L_li.)s d°n(c) , (3.48) 

^ R0n = 3(n + 1)! 

for n odd. 

qo 
_n - l,n .,2 ,0n rt r . n jOnr~-\ 

r u ) ( c > 0  . 2  ' ' " s i . - ' - ' h m  d 
lim _ , d£ On ' °° n 
£->•1 i v jon, ̂  n! I d (c) 

r = 0 r 

(3.49) 

for n even; 

2n " 1c(IL^i-)!(I4-A)! dJV) I' r(r + 1) d^(c) 
a f C t = . o  2 - • -  r ' 1 — >  —  • 

K 3(n + 1)! p d°n(c) 
r = 1 r 

for n odd. (3.50) 



lim (£ 
£*1 

n 1 "  

~n ,n - 1.. . ,n + l- . jln,. ^ 2 c( ~—)! (—=—) ! dn (c) 

3(n + 1)! 

(3.51) 

for n odd; 

2 1/2 d (1) 2nc(2-ZJ,)!ILlJ,)! dJn(c) 
lln, ts2 - I)1'2 jf R^(C,5) - sen' 2). ' 

(3.52) 

for n even. 

_n m .n - m. . ,n + m. . ,mn, 
2 -m/2 (1) 2 C (-T—)!C—2~)! dQ (c) 

lim (r - 1) 1 RUJ(c,0 = 11111 ' C2m + 1) (n + m) ! 

(3.53) 

for n - m even; 

lim- (C2 - l)"m/2 R^Cc,?) 
£->1 mn 

„n m + 1 ,n 2 c (— m 
-)!(-

+ m + 1, ,mn, . 
(c) 

(2m + 3)(n + m + 1)! 

(3.54) 

for n - m odd. 



CHAPTER 4 

formal solution of shielding problem 

The formal solution for the electric and magnetic field distri

bution inside a prolate spheroidal shell will be discussed in this 

chapter. The source of the fields will be considered to be an infinite 

plane wave incident normally on either of the axes of the spheroid. 

The treatment in this chapter will be general in that the results will 

be valid for any homogeneous, isotropic shell material and for all shell 

sizes. Numerical results valid for certain ranges of the shell para

meters will be given in the next chapter. 

Hansen's Vector Wave Functions 

It is well known that the decomposition of the vector Helmholtz 

equation into three scalar equations is a useful solution method only in 

rectangular coordinates. In other coordinate systems, such as the pro

late spheroidal system, vector decomposition results in three coupled 

partial differential equations. This difficulty can be overcome by using 

a method proposed by Hansen (1935) and extended by Stratton (1941) and 

Senior (1960). 

Briefly, Hansen's method allows construction of solutions to the 

vector wave equation by means of certain operations on the solutions to 

the scalar wave equation. If iJj is any solution to the scalar wave equa

tion, then three vectors L, M, and N, each of which satisfies the vector 

equation, can be constructed from the following rule: 

30 



L = Vip (4.1) 

M = V x (aip) (4.2) 

N = ^ V x M (4.3) 

where a is any constant vector or a radial vector (Senior 1960). 

Inspection of the above equations shows that L has zero curl and 

therefore in electromagnetic theory is restricted to the representation 

of electrostatic and magnetostatic fields. The vectors M and N are re

lated by curl operations and are suitable for the representation of 

general time-varying electromagnetic fields. 

Formulation and Solution for Broadside Incidence 

Figure 2 shows a prolate spheroidal shell bounded by two con-

focal ellipsoids (surfaces ? = ?q and E, = with £ > £Q) . The shell 

material has a possibly complex dielectric constant e , and the cavity 

medium and surrounding medium are free space. Figure 2 also shows plane 

waves incident along each of the two axes. Each direction of incidence 

is treated separately in the discussion that follows. In this section 

the incident field is considered to be a plane wave travelling in the 

-x direction, polarized with the electric vector pointing in the z 

direction. The amplitude of the incident electric field is considered 

to be unity and an e+-'avt time dependence is assumed, and suppressed, 

throughout the discussion. 

The vector components of the incident plane wave are given in 

rectangular coordinates by 
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Case 2: 

Nose-on Incidence 

Case 1: Broadside Incidence 

•x 

a •—i 

Figure 2. Prolate Spheroidal Shell with Plane Wave Incidence 
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and 

3k0x _ 
E. = e u az , (4.4) 

jkQx 

H. = 5 a , (4.5) 
l Rq y 

where k^ is the free space wave number (M/y^g) and RQ  = /y^/Eg . The 

vectors a^ and a^ are the unit vectors in the z and y directions respec

tively. These expressions can now be expanded in an infinite series of 

the prolate spheroidal eigenfunctions, Flammer (1957, p. 71) shows 

that the incident fields have the form (with n > m) 

00 (l) 
li y1 a Yx 

and 

E. = T" A yM , (4.6) 
l k„ L „ mn e 0 m,n=0 mn 

i 00 (1) 
H .  =  r - r  A  y N  ,  ( 4 . 7 )  
l k„R_ L 

n mn e 0 0 m,n=0 mn 

where 

2jn(2 - 6_ ) S (cn, 0) . _ J__2 Onr mn ^ 0'. J , (4.8) 
mn 00 2(2m + r) ! rj™1/- ->i2 

X' (2m + 2r + 1) (r!) L r lc0JJ 
r=0,l 

= 1 for m = 0 
0m 

and 

= 0 for m ^ 0 

c0 = ' 
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In the equations above, the following convention was used: 

ym(1) = ^ ̂  x % (4'9) 
e mn y 

mn 

CD 1 - y-C1) 

>-N - it: v x y"e t4-10' 
e 0 mn mn 

where the subscript "e" denotes the use of the even (^-dependence. (Had 

the ^-dependence been odd, the subscript "o" would have been used.) The 

superscript (1) refers to the radial part of the eigenfunction and in

dicates that the proper radial dependence is (Cq,£). The expres

sions for the vectors ViJj x a have been tabulated by Flammer (1957, 

pp. 74-78) for a being a radial vector or any of the rectangular unit 

vectors 5 , a , a . As an example of the complexity of these field 
x y z 

representations, the expression for y«j^ * a is shown below; for other 
emn ^ 

field representations, reference is made to Flammer's text, pages 74-78. 

The ri-component of y^^ is given by: 
emn 

y.cd . a _ -2(g2 - 1)1/2 

^ ̂d(C 2-n 2) 1 / 2  

S 4-f R^1-1 • (-cos d>) cos md) 
mn d? mn v r 

- ,.m^— S • sin <j> sin mtj>| 
^2 ^ mn mn T YJ 

(4.11) 



35 

Representations for the scattered fields must be chosen so that 

the scattered wave resembles an outgoing wave at large distances from the 

scatterer. Since the time dependence is e+-,ut, the radial part of the 

(41 eigenfunctions must be R^ • Application of the orthogonality relation

ships on (j) will remove all cf>-dependence unlike that of the incident 

field. Examination of Flammer's tabulation of the various M and N vector 

(4) c4-) 
components shows that the vectors y^ and have the proper 

-inn •'mn 
^-dependence. Thus a representation of the scattered electric field is 

sc I 
m,n=0 

v.w y.c4)-
a *M + 3 yM 
mn o mn e mn mn 

(4.12) 

where a and 3 are constants determined from application of the 
mn mn rr 

boundary conditions on the tangential components of the fields. The 

scattered magnetic field representation can be obtained from Maxwell's 

equations (V x E = -jwyH) and is given by 

H _ J 
sc R, I 

0 m,n=0 
a 
mn 
x,(4) 

+ 8 
mn mn 

(4) 

mn 
(4.13) 

In the shell material (£Q  <_ £ £ ?^), there are no restrictions 

on the radial dependence of the eigenfunctions. Thus the most general 

expansion for the fields must contain both R^ and R^ terms along r mn mn • 

with sufficient constants so that the boundary conditions can be satis

fied. The fields in the shell region are given by 
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m,n=0 
AC«  ̂  , a(4) 4 4 )  

mn o mn o 
mn mn 

(4.14) 

(3) V- ̂  f4") y-+ B yM + BL4J yM 
mn e mn e 

mn mn 

and 

flsh'i1 I .  
s m,n=0 

a(3) ̂  + a(4) x^4' 
mn 

mn mn 
mn 

(3) y-^ (4) y- ̂ ^ 
+ Bv J N + Bl J yN 

mn e mn e 
mn mn 

(4.15) 

In the expressions above, the prolate angle and radial functions are 

understood to be functions of cg, the spheroidal parameter in the shell 

region (cg = kg d/2). For example, the prolate angle function is 

S (c ,n)  and the radial function is R (c ,£). The undetermined con-
mn s mn s 

stants in the equations above are , A^ , B^, and B^. 
mn mn mn mn 

The fields in the cavity region (1 £ < £ ) are given by 

E = 
c I 

m,n=0 

(1) xt*-1-* (1) y-^ 
A__ *M_ + B yM 
mn o mn 

mn mn 
(4.16) 

and 

» = p2- I 
c R L 

o m,n=0 

(1) (1) y-^ 
klt} ^ + B yN mn o mn 

mn mn 
(4.17) 



The undetermined constants are and . The superscript (1) 
mn mn r * v 

denotes that only the radial function of the first kind is suitable in 

the cavity region. 

The eight undetermined constants are a , g , A^ ' ̂  5 ̂  , and mn mn mn 

^mn^ ' ̂  ̂  ' These are determined by applying the boundary conditions 

at the two interfaces, K - Kq and £ = At these interfaces the 

tangential electric and magnetic fields are continuous. The boundary 

conditions are stated formally by 

cEi * x h * ash xh at e = £1 • 

(H. + H ) x ar = H , x ap at £ = 5, , v l scJ K sh £ 1 

Esh x 5c •= EC x aC " 5 = 50 • 

H , x a. = H x ac at £ = 
sh £ c £ ^ ^0 

When separated into their cj) and n components, the vector equations above 

yield eight equations in the unknowns. Since each field representation 

is a doubly infinite sum over m and n, it can be shown that there exist 

8 mn equations in 8 mn unknowns where both m and n can go to infinity. 

More will be said about these equations in the next chapter, but it is 

evident that a numerical solution to this problem is a difficult under

taking, especially in view of the complexities of the M and N vectors. 
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Formulation and Solution for Xose-on Incidence 

Because of the rotational symmetry about the z-axis it is to be 

expected that the analysis of the same problem for nose-on incidence 

(plane wave travelling in -z direction) will be less complex. That this 

is indeed the case is seen in the expansion for the incident plane wave. 

In rectangular coordinates the incident fields are given by 

ik0z -
E. = e u a (4.18) 
1  y v 

and 

H. = e 0 a . (4.19) 

1 Ro X 

Flammer shows that these can be put into prolate spheroidal coordinates 

in the following manner: 

and 

• 00 (1) 
Ei - £ I A0n \ '4-20) 

0 n=0 On 

, u) 

H. = ,^4- I An '"en (4.21) 
1 0 0 n=0 0n 0n 

where 

V l\ CM t4-22) 
On r=0,l 

and 

N On l\ 2i4Ttdr"W]2 • t4-23' r=0,1 



39 

In the above equations the prime over the summation sign has the same 

significance as in the previous chapter. 

The expressions for the plane wave travelling along the axis of 

symmetry are obviously much less complicated than those encountered when 

the plane wave was incident in the broadside direction. This is evident 

from a physical viewpoint if the plane wave is examined in rectangular 

coordinates. Since the geometry is rotationally symmetric about the 

z-axis, the cj)-dependence of the electric field must be even about the 

incident electric vector, which lies parallel to the y-axis. In addi

tion, only those values of m are allowed which make the (j)-dependence of 

the scattered fields exactly like that of the incident fields. This also 

follows from the orthogonality properties mentioned previously. The 

major simplification is seen in the series expansions, which are now sums 

over a single index. The field expansions for the scattered fields, 

cavity fields, and fields in the shell are likewise much less complicated 

than in the previous problem. 

As in the previous problem the field expansions in each region 

are constructed so that the radial functions behave properly and so that 

the ^-dependence matches that of the incident wave. The scattered 

fields, shell fields, and cavity fields are given below. The scattered 

fields >_ ^) are 

E = I 
SC n=0 

x C4) z (4)" a ^1 + £ M 
n e. n e. 

On In 
(4.24) 
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H = I 
sc R L 

0 n=0 

x-t4) z-(4) ' 
a w  + 3  N  
n e_ n e1 On In 

(4.25) 

where the M and N terms are identically zero. This follows from 
e10 e10 

the general separated spheroidal wave equation in which it was required 

that m <_ n. The fields in the shell region (£^ E, _< are 

Bsh =  I 
n=0 

(3) (4) 
A*-3"* + A1"4'' *M + B^ ZM 

(3) 

n en n 
On e„ n On 'In 

(4) z.wd 
+ bl j m 

n e, 
In 

(4.26) 

H sh R ± I 
s n=0 

(3) x-<3> (4) (3) z-W 
A1 J N + A1 J *N + Bl J N 
n e„ n On e„ n e. On In 

+ B*-4-* ZN 
n e 

(4)' 

In 
(4.27) 

The fields in the cavity region (1 £ £ <. £n) are 

ec = I  
n=0 

(1) xr ̂  (1) z- 1̂-' A + B M 
n e„ n en On In 

(4.28) 

H = ̂  I 
c R 0 n=0 

(1) x-^ (1) z-^ 
AL J N + B N 
n en n en On In 

(4.29) 
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The boundary conditions are the same as in the previous problem. 

They are a statement of the continuity of the tangential components (n 

and c(> components) of the fields across the two interfaces. Applications 

of the boundary conditions results in an infinite system of equations as 

before. Consider for example the equation expressing the continuity of 

the r| component of the electric field at the outer surface, £ = This 

may be written as 

(E. + E ) = (E . ) at £ = £, • v 1 sc n sh n . 1 
(4.30) 

From Flammer's tabulation of the components of the M vectors, this is 

seen to be (for £ = 

f |̂ C| 
n=0 (dCE 

-2c52 - «1/2 

nV / 2  

sin (j) 
kQ S0n(^c0'n-) d£ R0n^ 

+ an S0n(c0'n) d£ R0n 

2 sin c() 

dcr 
2s  1 /2  

n ) 

n 3. 

(i - n ) 
2 . 1 / 2  Sln(-c0'r|-) Rln^c0'^ 

I { 
n=0 ( 

-2f£^ - 1 ) ^ ^  

2~ 2 1/2 ŝ n ^ ̂ 0n ĉs,t̂  
d ( r  -  1 ) 

ac3) rn^ (c >5) n dt, On s 

+ A(4) t=r R™ (c ,0 
n at, On v s 

2 sin (j) 
n sln(cs,n) 

d(c2 _ ^1/2 (i - n) 
2 . 1 / 2  



b(3) r(3)(c q + b(4) rC4D q11 
n In v s' 1 n In v s'^ I 

(4.31) 

This is but one of eight equations stating the boundary conditions and 

enabling the determination of the unknown constants a , 8 . , A^ . 
• n5 n n ' n 

A W ,  b"\ Bt3), and B(4) . 
n ' n ' n ' n 

Equation (4.31) above is typical of the eight equations in the 

system. Because of the algebraic complexity involved, the remaining 

seven equations will not be written down here in their expanded form. 

All eight boundary condition equations can be written in a slightly more 

compact form as shown below. 

At 5 = Ky 

I  
n=0 

A' + a pv^"' +3 r On rn ™ r~ 
,(4) 

n xn 
(4) 

n n 
= I  
n=0 

A<3> pC3>. 
n rn 

+ A^ + B<3> r(3>* + r^* 
n * n n n n n 

(4.32) 

I  
n=0 

(1) 
'On "On 
Al L^J + a ii4) + g Q 

n On ~ x 
(4) 

n xln I  
n=0 

A'3 '  L '3 )* 
n On 

•  A'4 '  I<4>* •  B<3> Q{3 ' .  •  B<4> Qf4) .  
n On n xln n xln (4.33) 

oo 

— y 
r L  R 0 n=0 

A. pt« • a ,( 4' • e s< 4' 
On rn n nn n n 
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oo 

— y 
R L 
s n=0 

A & C3), + a(4) (4), + b(3) s(3), + (4) s(4)* 
n n n nn nn nn 

(4.34) 

- I 
0 n=0 

A' + a D™ + 3 Z(4) 
On On n On n In 

OO 
— y 
R L 
s n=0 

A(3) d(3). + a(4) d(4). + b(3) (3), + (4) (4). 

n On n On n In n In 

(4.35) 

At 5 = v 

n=0 

a(3) C3), , aC4) (4), + (3) C3). , b(4) (4), 
n rn n *n n n n n 

n=0 
a0) pc1) + b") rcd 
n rn n n 

(4.36) 

n=0 

aC3) (3), + a(4) (4). + B (3) (3). + b(4) (4)a 
n On n On n xln • n xln 

I 
n=0 

a<" l<» • qf1) 
n On n xln (4.37) 

OO 

— y 
r L  R s n=0 

aC3) (3). + a(4) (4). + B(3) s(3)* + ,(4) (4), 
n -in - - - -q 

n ln n n n n 
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- 1  
0 n=0 

.(1) (1) _(1) (1) 
av j qv j + j s 
n nn n n 

(4.38) 

w 

L. y 
r i R s n=0 

a(3) d(3). + aC4) d(4), + b(3) C3), , b(4) (4), 
n On n On n In n In 

L*J 

— y d L  R 0 n=0 
a*"1̂  = b*-1"* z 1̂-* 
n On n In 

(4.39) 

In the above equations the following notation was used: 

(4.40) 

S0n<V" G0n' * S0n^ F0n} 
(4.41) 

rn "* f 2 1/2 Sln(-C0,Ti:) Rln̂ c0'̂  
(1 - n ) 

(4.42) 

snid = sln<c0^ ̂ n3 " sintc0^ T l n  
(4.43) 

an .  ,  . O n  

0n = " 3 k0 
(4.44) 
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(i) _ 
J0n S0ntc0'n) "to <V° * I'5' ^ s0n ĉ0'n) ̂ n"1, ̂ c0'^ 

(4.45) 

Q™ - CI - r,V/2 C52 - D1/2 n Sln<-cO*n' R{>0'« 

5 sa„(v« rii3'c=0'« (4.46) 

DCi) = _ 2j_ (Ci 2jl/2dL 
On kQd Y n J dn c1 - 112)1/2 s0„tc R0n' 'c0'^ 

* a2 - «1/2 s0n(c0,ro ̂  (c2 - 1)1/2 r }̂'(c0,o ) 
(4.47) 

z.Ci) • -  ̂In 
V 

(l - n2)1/2 s: tc.,n) 5 Rii°(cO'5) 

a2 - «1/2 

• TT^Wsm<Vtf« 2  - 1' V 2  

(i - n ) 
(4.48) 

rti) - lj_n 
On ~ kQd 1 9£ 

C52 - 1)5/2 d_ (i) 
'yin 

(?2 _ ri2) d£ On 0' 
(4.49) 
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rW 
On 

2j ]r0n ĉ0'^ 

kod a2 - D1/2 

2. 3 
(i n J -3£ 

2 
U K  - I)1/2 

1 

r-
\ n)
 

- n2) 
r0n^ 

(4.50) 

$ci) = 2j_ . a 
In k Qd » u  - rf ) 

2 . 1 / 2  8  
3? 

2 
scr " 1) 

i 
cm 

1 
2. 

n ) 
r!:jccn,o 

c 

(i - n2)1/2 (£2 - i) 
(4.51) 

.(i) _ 2j 
In k0d 

n(i - n2)1/2 
9_ 
3£ 

cr -
cr - n ) 

H_ rC1) rc n 
2, In (co,?) 

(4.52) 

In the eight boundary condition equations, all functions like 

» anc* so OT1> are understood to be functions of the parameter 

kg and the spheroidal variables. An asterisk (*) above one of these 

(4) 
functions, as in p * denotes that k is to be used instead of k„ 

' rn ' s 0 

everywhere in that function and that cg is to be used for c^. Also, 

whenever a prime appears with an angle or radial spheroidal function, 

as in ' or Rq^ ' > the derivative with respect to the proper 

spheroidal variable is to be taken. For example, 

S0n^c0,T^ dri S0n^c0,T^ ' 



47 

Some points are worth noting here concerning these equations and 

can be best seen in equation (4.31). The ^-dependence can be cancelled 

out immediately, but the independence is a different matter. The angle 

functions S_ and Sn are explicit functions of r| and c, and the para-
On In r r 

meter c is different on each side of the equations. This implies that a 

term-by-term statement cannot be made concerning the unknown coefficients, 

as was possible in the spherical shell problem (Chu, Dudley, and Bristol 

1969). (More concerning this topic and methods of solving for the un

known coefficients will be covered in the next chapter.) 

It should be noted that up to this point, the treatment has been 

general. No restrictions on the frequency or the constitutive parameters 

of the shell material have been made. Formally, the problem is solved, 

with the solution for the fields in the cavity region given by equations 

(4.28) and (4.29). Of course, the coefficients and B^"' are known 

in principle only; they have not in fact been calculated for any values 

of the parameters and their determination constitutes the major part of 

this work. The next chapter will define the problem more sharply by 

putting restrictions on the parameters of importance. These are the 

frequency, the constitutive parameters of the shell, the size and eccen

tricity of the spheroid, and the thickness of the shell. Once these 

restrictions have been made, the series can be investigated more closely 

and truncation of the series to a small number of terms can be attempted. 



CHAPTER 5 

NUMERICAL SOLUTION OF THE PROBLEM 

The analysis presented in Chapter 4 is general in that it is 

formally valid for any shell size, thickness, and eccentricity. The 

shell material is restricted to be linear, homogeneous, and isotropic; 

that is, both the permeability and the permittivity are to be repre

sented by constants, real or complex. No restrictions have been made 

on the frequency of the incident energy. 

This chapter contains the numerical reduction of the important 

case of the highly conducting, thin shell. The parameters are chosen 

to be typical of materials used for shielding of electronic equipment. 

Thicknesses of 1/16 inch and .005 inch are considered for shells with 

maximum external dimensions of 72 inches. This allows direct contrast 

with the papers by Chu, Dudley, and Bristol (1969) and Harrison and 

Papas (1965) , which considered the shielding properties of spherical 

shells of 72 inch outer diameter and approximately 1/16 inch thickness. 

Chu et al. (1969) also included shells with thicknesses of .005 inch to 

examine resonance effects at higher frequencies. 

The shape of the prolate spheroidal shell is determined by the 

ratio of a/b, the minor axis-to-major axis ratio. The values of a/b 

considered herein are .99, .75, .50, and .10. This sequence has been 

chosen to provide data for the study of the effects of shell shape on 

the field inside the shell. The shell material studied in the previous 
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7 
research was aluminum, with a conductivity a of 3.54 x 10 mhos/m. 

Consequently, the shell material considered herein is also aluminum. 

In summary, then, the following restrictions are made on the 

previously general formulation of Chapter 4. 

7 
1. The shell is aluminum, a = 3.54 x 10 mhos/m. 

2. The outer major axis, b, is fixed for all 

eccentricities at a length of 72 inches. 

3. The outer minor axis, a, is then determined by 

the pre-set ratios a/b of .99, .75, .50, and .10. 

4. The difference in length between the outer minor 

axis and the inner minor axis is fixed for all 

eccentricities and is either 1/16 inch or .005 

inch. 

The implications of this choice of a parameter set can be shown 

most effectively in the variation of the parameter c over the frequency 

range 1 KHz to 10 MHz. In the air regions, the parameter c varies from 

a low of 2.7 x 10 at 1 KHz for a/b = .99 to a high value of approxi-

_2 
mately 1.9 x 10 at 1 MHz for a/b = .10. In the shell regions, the 

parameter cg is complex and has a magnitude which varies from a low of 

3 
about 48.2 at 1 KHz for a/b = .99 to a high of about 9.36 x 10 at 1 MHz 

for a/b = .10. These figures indicate the rate of convergence of the 

asymptotic expansions given in Chapter 3. 

Numerical Solution for Unknown Coefficients 

The problem has been completely defined now that the physical 

parameters of Figure 2 have been determined. The only task remaining 
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is the solution of the infinite system of equations for the undetermined 

coefficients. This system is written in compact form in equations ( 4 . 3 2 )  

through (4.39). Equation (4.31) is the expanded form of equation (4.32) 

and demonstrates the algebraic complexity of the system of equations. 

The major difficulty encountered in equation (4.31) is not the algebra 

but the fact that the undetermined coefficients are intercoupled. The 

left hand side of (4.31) has an n-dependence in the form of S (Cq,ti) and 

its derivatives, while the right hand side has ri-dependence of the form 

of ,TI) and its derivatives. It is this peculiarity of the spheroi

dal functions which makes multi-media boundary value problems so diffi

cult. There is no way to remove the ri-dependent terms to yield a 

separate system of eight equations for n = 0, a separate system for 

n = 1, and so on. Consider the spherical shell problem solved by Chu 

et al. (1969). In that problem there also is found a system of eight 

simultaneous infinite sums; but the angular dependence (0-dependence in 

spherical coordinates) can be effectively removed by making use of the 

orthogonality properties of the Legendre polynomials. Then the eight 

simultaneous infinite sums reduce to eight equations which can be solved 

formally and numerically by straightforward techniques. The coefficients 

for n = 1 do not depend on those for n = 0, or n = 2. 

The problem, then, is of finding suitable orthogonality proper

ties for the prolate spheroidal angle functions. Orthogonality integrals 

for S do exist, of course, but they are of the form 
mn ' J 

(N ifn = £ 

J Smn(c0,n) Sm£(c0'n)dn = jo^if n f I » 
-1 
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~ (r + 2m) ! [d^Cc )]2 

Where Nm,n = 2 I (2r + 2m + l)x! ' ' r=0,l v J 

where the parameter appears in both terms in the integrand. No 

general expressions are known for different values of the parameter c, 

except in those cases where both values of c are small. Lytle and 

Schultz (1968) solved a multi-media problem where the values of c were 

both small enough so that equation (3.9) was valid in each medium. This 

technique is not applicable in the present problem because the angle 

functions appearing on the right hand side of (4.31) cannot be expanded 

in the form of equation (3.9). 

A paper by Wait (1966) also considers this type of problem, but 

again with media which allow the associated Legendre expansion for the 

angle functions. Wait describes two methods of attacking the problem, 

one attributed to Weeks (1958) expands all the angle functions in the 

form of equation (3.9) and proceeds from that point using the orthog

onality properties of the associated Legendre functions. Yeh (1963) 

expands the angle functions in one medium in an infinite series in terms 

of the functions of the other medium. Both methods rely on the applica

bility of equation (3.9) in all media. 

Such techniques are not applicable in this problem because the 

large size of the parameter cg requires a different type of expansion. 

The method used to eliminate the n-dependence in this problem is to 

multiply both sides of the eight boundary condition equations, equations 

(4.32) through (4.39), by an appropriate function of ri and by integrating 
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over the range of r), - + 1. For example, consider equation 

(4.31). It is written in a slightly different form below, after removing 

2 sin cj) 
the common factor, 

<H52 - n2)1/2 ' 

I  
n=0 

S0nCc0'n) f + S^CCn.n)] 
(i - n2)1/2 ln °: 

I -
n=0 

S0n tcs' , l )h  * S, w 
(i - n2)1/2 ln 

(5.1) 

where the functions f, g, h, and w are the terms of (4.31) which are 

independent of r). Both sides of (5.1) can be multiplied by P (ti) dri and 

integrated from r| = -1 to r] = +1, resulting in 

I 
n=0 

fl (r,n,c ) + gl (r,n,c ) 

I 
n=0 

hl3(r,n,cs) + wl4(r,n,cs) (5.2) 

where 

I1(r,n,cQ) -f S0n^C0 ,n) Pr(n)dn , (5.3) 

-l 

I 2 ( r , n j C 0 - )  =  J  S ln ( c 0 ' n - )  P
r ^ r | ^ r |  '  

-1 

(5.4) 
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1 

I3Cr,n,cs) = J S0n(cs,n) Pr(n)dn (5.5) 

-1 

1 

I4(i,Jn,cs) = J SlnCcs,ri) Pr(ri)dri (5.6) 

-1 

Each of the integrals 1^ and I^ can be evaluated directly using equation 

(3.9) for ̂ Qn(cQ,ri) and S^Cc^ri) . Equations (5.5) and (5.6) cannot be 

integrated directly since the functions ^mn(cs'rl) are complicated and 

have different forms over different ranges of the limits of integration. 

These integrals were evaluated numerically with the aid of a computer. 

Iterations were performed until the normalized error was less than .0001. 

This procedure was followed in each of equations (4.32) through 

(4.39) with the exception of equations (4.34) and (4.38). In the latter 

2 2 2 two equations the multiplying factors were - n ) PrCn) an^ 

2 2 2 (£Q - ri ) P (r|), respectively. This, then, yielded a system of eight 

equations summed over n from 0 -> 00 for each value of r. 

At first glance this system of equations does not appear to be 

much simpler than the original set, equations (4.32) through (4.39). 

However certain approximations can now be made which will enable the 

unknown coefficients to be determined. Lytle and Schultz (1968) faced 

just this same difficulty in their treatment of a plasma-covered antenna. 

They found approximate solutions by truncating the series like equation 

(5.2) after a finite number of terms, say n = 0 to N. Solutions for the 

unknown coefficients were then obtained and compared with those obtained 



for a truncation after N + 4 terms. The truncation was stopped when 

the coefficients showed insignificant variation with the truncation para

meter N. The values of c in the plasma antenna problem were of the order 

of 1.0 to 5.0 in magnitude3 so the small argument expansion of equation 

(3.9) was able, to be used in every case, resulting in much simpler inte

grations than in the present problem. On the other hand, since the 

values of c were greater than 1, the expression for the angle functions 

converged much slower and a relatively large number of terms were 

required. 

The same type of truncation procedure was applied to the present 

problem with the hope that convergence would be much faster because of 

the extremely small and extremely large values of c encountered. Ini

tially, truncation with only two terms was attempted, the n = 0 term and 

the n = 1 term. Equations (4.32) through (4.39) were multiplied by func— 

tions of r| and were integrated over the range -1 _< n +1, exactly as 

described earlier in the chapter. The resulting system of equations 

proved to be overdetermined; that is, there were more equations than 

unknowns. Mien each of the eight boundary condition equations were 

2 2 2 
multiplied by P (ri) , or by (^ - ri ) P (n) for equations (4.34) and 

(4.38), there resulted 16 equations in only 12 unknowns for values of 

r = 0 and r = 1. This came about because the vector wave functions such 

z — as ( M ) are not even defined for n = 0 since the separation constants 
eln 

m and n must always obey the restriction n >_ m. Thus it became evident 

that the summation index n is not at all analogous to the same summation 

index in the spherical shell problem. Further research demonstrated that 



the important parameter in determining the type of truncation is the 

difference n - m, for it is just this difference which determines whether 

the spheroidal functions S and the vector wave functions are even or 
• mn 

odd functions of n (Lytle and Schultz 1968). Therefore a second trunca

tion method was attempted, in which only the terms of the series for 

n - m = 0 and n - m = 1 were considered. For example, equation (4.28) 

for the electric fields in the cavity was then expressed as 

(1) x,-^ (1) x-^ (1) z-^1-' (1) z-^ E = A?; J ^1 + Ay-1 M + J M + B; J M 
c 0 e00 1 eQ1 1 en 2 eu 

(5.7) 

This technique was then applied to equations (4.32) through (4.39), inte

grations were performed as before with r = 0 and r = 1; and a set of 16 

equations in 16 unknowns was obtained. The 16 unknown coefficients were 

V V Bl. B2, At", A<«, Bf". 

, b'4', and . 

A computer program was developed which calculated all the 

pertinent spheroidal parameters for each frequency and eccentricity, 

performed all the required numerical integrations (more than 1,800 

complex functions were integrated numerically), separately generated each 

term of the 16 x 16 matrix of complex numbers for each of the five fre

quencies and four shapes considered, and finally solved the matrix 

equation for the field coefficients at each frequency and for each shape. 

This required more than 15 minutes of computer time for each shell thick

ness considered. The results were placed in equation (4.28) and the 



electric field at various points in the cavity was computed. Several 

checks on the accuracy were performed and are detailed in the following 

section. 

Discussion of Results 

The coefficients determined in the previous section were used 

with equation (5.7) to compute the electric field distribution inside 

the spheroidal shell of Figure 2. The accuracy of the fields so calcu

lated can be checked in many ways. The ideal method is that used by 

Lytle and Schultz (1968), namely by extending the truncation to include 

terms for which n - m = 2 and n - m = 3 and comparing the fields obtained 

with those for the two term truncation. This entails an additional 5,400 

numerical integrations since equations (4.32) through (4.39) must be 

multiplied by terms in P (ri) for r = 2 and r = 3. The total computer 

time necessary would then be in excess of one hour just to compute the 

coefficients. The time and paper work involved in setting up the result

ing 64 x 64 matrix is also prohibitive. 

Other methods of checking the accuracy are available which do 

not require as much tedious algebra. One obvious method is to compare 

the fields calculated with the two term truncation method for the case 

= .99 with the exact solutions obtained by Chu et al. (1969) for the 

sphere. This is done in Figure 3 and Figure 4 for thicknesses of 1/16 

inch and .005 inch respectively. The excellent agreement among the two 

solutions is evident in each figure, where it is found that the curves 

agree to within a few db at most for the fields at the center and at the 

inside surface (n = +1). It should be noted here that the fields for 
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the frequency of 10 MHz are not shown in all figures. At 10 MHz, the 

fields computed for the nearly spherical shell (^- = .99) differed from 

the exact results for the sphere by approximately 25 db. The reason for 

this discrepancy probably lies in the fact that the parameter c^ at 

10 MHz was ten times as large as that at 1 MHz, indicating a relatively 

slow convergence for the prolate angle functions ^ (cQ,ri). 

seen later, this relatively large value of also indicates that the 

X —  z  —  
vector wave functions M and M had a relatively slower conver-

On In 
gence, and that the truncation of equation (4.28) would have to be 

extended in order to provide the same degree of accuracy obtained at the 

lower frequencies. Therefore the frequency 10 MHz will not be considered 

any further in this discussion. The exclusion of this frequency detracts 

very little from the work since the fields at 10 MHz are attenuated by 

approximately 620 db for a 1/16 inch shell thickness (Chu et al. 1969) 

and are certainly insignificant in comparison with the cavity fields at 

lower frequencies. 

While the two term truncation method has been found to be accur

ate for a nearly spherical shell over the 1 KHz - 1 MHz range, further 

investigation is required to determine the accuracy for spheroids with 

3. cL 
smaller ratios. The worst case occurs for g- = .10 at a frequency of 

1 MHz. The value of c^ for this case is .02. The discussion of Chapter 

3 indicated that the asymptotic expansions for Smn(cojT0 had an error 

6 — 12 
less than (.02) , or 64 x 10 . Thus there is certainly no degradation 

in the accuracy of the prolate angle functions in the air regions. Like 

the angle functions, the prolate radial functions of the first kind, 



(CQ?) j axe also expanded in a series containing the coefficients 

d™(c). There are additional factors in the radial functions, namely 

the spherical Bessel functions jm+rCcQ£)> which are approximately pro

portional to (Cg£;)m+r small c^C (Chu et al. 1969, p. 3,909). Thus 

the error in the radial functions of the first kind for the worst-case 

value of CQ is even less than that for the angle functions. The radial 

functions of the third and fourth kind in the air regions were computed 

by the method given by Chang and Yeh (1966, pp. 16-20) as noted in 

f 3) 
Chapter 4. This method guaranteed that the functions CCq,£) an<* 

C4) 
R^ (CQ,£) were accurate to the eighth significant figures. All of the 

above indicates that there is no significant degradation in the accuracy 

of either the angle functions or the radial functions in the air regions 

when the spheroid assumes its most eccentric shape. 

Both the angle functions and the radial functions in the con

ducting shell region are seen to converge more rapidly for the eccentric 

spheroids than for the nearly spherical spheroids. This is made obvious 

by inspection of equations (3.26) through (3.38), which demonstrate that 

the asymptotic expansions are in ascending powers of — , where c 
cs s 

increases with decreasing ratio. 

These results can now be applied to the truncated field equa

tions , such as equation (5.7), in order to compare the rate of conver

gence and to estimate the error introduced by omitting terms of higher 

order in n - m. Consider some individual terms of equation (5.7), taken 

from Flammer (1957, p. 74); 

• 5n = H(E'n) WV1' 35 R 0n tc0'« s i n  *  t 5 - 8 )  
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and 

z C1) - m ( M • a = N(£,n) Cc0,O sin <j)) , (5.9) 
In 

where M(£,ri) and N(£,ri) are independent of the summation parameter n and 

consequently have no bearing on the convergence properties of the series. 

The vector a^ is the unit vector in the f) direction. Equations (5.8) and 

(5.9) represent the n-components of the indicated vector wave functions. 

It is required to determine the order of magnitude of terms neglected by 

the truncation scheme. For example, terms of the type in equation (5.8) 

which were neglected were of the form Sj^CCqj^) ^02^c0'^ ' ®03^c0,r^ 

(Cq,£) j and so on. The dominant terms in the expansions of 

02 (03) 
and SQ3 are just d2 (cQ) P2Cn) and d^ (cq) respectively. These 

terms are approximately just CnD find ^(n) for c^ small and therefore 

yield no information on convergence properties. The radial function 

expansions for ~ an(3 ^03^' on ot'ier ^anc^j have dominant 

02 2 03 3 2 
terms of the form d^ (c^)(Cq£) and d^ (c^)(c^ £ ). Thus the terms ne

glected in the truncation process for the worst-case value of c^ are of 

-4 -6 
the order 10 to 10 when compared to the terms retained. Similar 

analysis of equation (5.9) indicates that the neglected terms are of the 

order of 10 ̂  to 10 ^ for the worst-case value of c^. 

Thus, with the frequency range now restricted to the band from 

1 KHz to 1 MHz and with the restrictions on the physical dimensions re

maining unchanged, it is apparent that the two term truncation procedure 

provides results for eccentric spheroids which are, for all practical 

purposes, as accurate as were the results for the nearly spherical case. 
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Figures 5 through 14 depict the field strength in db along the 

major and minor axes of the spheroid for all the shapes and frequencies 

considered. Figures 5 through 7 contain the field strength along the 

£ 
major axis of the spheroid for = .99, .50, and .10, respectively, at 

frequencies of 1 KHz, 100 KHz, and 1 MHz. Shell thicknesses of 1/16 

inch only were considered. The curves in Figure 4 for a thickness of 

.005 inch were computed only as an additional check of the results, 

since they were easily compared with results for the spherical shell 

(Chu et al. 1969). Figures 8 and 9 are composed of the same data avail

able in Figures 5 through 7, but have been drawn so as to present more 

3. 
clearly the influence of the ratio on the field strengths. A change 

in vertical scale was made in Figures 8 and 9 so as to accentuate this 

effect. Only the fields on the upper portion of the major axis were 

shown since the field patterns were approximately symmetric about the 

origin, as observed in Figures 5 through 7. In Figures 5 through 9, the 

data for 10 KHz was not shown as it almost coincided with that for 1 KHz. 

Figures 10 and 11 depict the field strength along the x axis at 

cl cl frequency for ^ = .99 and ^- = .50 respectively. The field strengths 

along the x axis for ^- = .10 were not significantly different from those 

for = .50. Figures 12 through 14 show the field strength along the y 

axis for = .99, .50, and .10 respectively. The horizontal scale is 

different in each of these figures since the length of the minor axis 

decreases with n- • b 

The results presented in Figures 5 through 14 indicate that the 

effects of variations in the eccentricity of the spheroid are small but 
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measureable. The maximum change in attentuation at any given frequency 

is of the order of 5 db. This appears to be in accord with the findings 

of Harrison and Papas (1965, p. 966). While their results were for 

spherical shells of varying radii, they made the conjecture that the 

time histories (and consequently the frequency response) of the electric 

field in shells of arbitrary shape and having the same wall thickness 

should be qualitatively the same as long as the shell dimensions are 

small compared to the wavelength. Even in the extreme case presented 

herein of a shell with a minor axis-to-major axis ratio of .10, the 

response was not qualitatively different from that for a spherical shell; 

and the quantitative difference was only of the order of 5 db. No "hot 

spots" were found even in the most eccentric shells. 



CHAPTER 6 

CONCLUSIONS 

The curves presented in the previous chapter indicate that 

the effect of the shell shape on the field strength in the cavity is 

not large. As the ratio of the minor axis to the major axis, a/b, 

varied from .99 to .10, the field strength increased by at most 5 db. 

No points were found at which the field strength showed appreciable 

increase, even at the foci of the spheroid where some of the angle 

functions and radial functions have singularities. Such "hot spots" 

may exist around the foci, but only at much higher frequencies where 

the wavelength is much smaller than the spheroid dimensions and ray 

theory can be used. This effect, if it occurs at all, is probably not 

significant since the attenuation at such high frequencies would be so 

large as to make the cavity fields negligible. 

The results presented herein should strengthen the conjecture 

of Harrison and Papas (1965, p. 966) that no appreciable qualitative 

changes should occur in the fields as the shell size is decreased so 

long as the thickness remains fixed and the dimensions are much smaller 

than the wavelength. 

The truncation method used to obtain the numerical results 

appears to be of value only when the wavelength of the incident energy 

is much larger that the physical dimensions of the spheroid. For 
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frequencies outside of this range, the truncation must be extended and 

a prohibitive amount of labor must be performed in order to insure 

convergence. 



CHAPTER 7 

RECOMMENDATIONS FOR FUTURE WORK 

The results obtained in the previous chapters specify the 

transfer function of the prolate spheroidal shell over the frequency 

band from 1 KHz to 1 MHz. The response to a monochromatic plane wave 

is therefore known over this band. Electromagnetic pulses occurring 

in nature, such as those produced by lightning strokes, are not simple 

monochromatic plane waves, but are transient pulses with characteristic 

rise times and fall times. Thus the transient behavior of the fields 

in the shell must be determined by computing the inverse Fourier trans

form of the product of the transfer function of the shell and the 

transform of the incident field. This can be done on a computer using 

numerical Fourier transform techniques. Since the transfer function of 

the prolate spheroidal shell is not significantly different from that 

for the spherical shell, the transient response of only the spherical 

shell need be computed. Since many more data points are available for 

the spherical shell (Chu et al. 1969) than for the spheroidal shell, the 

inversion integral can be computed to a higher degree of accuracy if the 

spherical results are used. 

Some further extensions of the work reported in this dissertation 

deserve discussion. One such extension is to determine the field 

strengths inside the shell when the external illumination is considered 

to be a plane wave incident along the minor axis. This was considered 
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formally in Chapter 4 and the analysis indicated that the field expres

sions were doubly infinite sums over m and n. Numerical determination 

of the fields for this case is not recommended for the following reasons: 

1. The prolate eigenfunctions, R and S are very r ° mn mn J 

difficult to obtain for values of m other than 0 or 1. 

2. The truncation of the boundary condition equations 

requires a large number of terms and results in a 

large number of numerical integrations. 

3. In view of the conjecture by Harrison and Papas (1965), 

very little additional information is to be gained as 

long as similar conductivities and thicknesses are 

considered and the same frequency spectrum is used. 

In short, the numerical determination of the fields for broadside 

incidence will not yield information important enough to justify the 

labor required. 

Another possible extension of the problem is to determine the 

field structure inside the shell at frequencies for which the wavelength 

is much smaller than the physical dimensions and with incidence along the 

major axis. This appears to be of interest because of the possibility of 

peaks or valleys in the field strength at the foci. In this case, the 

parameter c in the air regions is larger than 1, causing slow convergence 

of the series for both the radial functions and the angle functions. 

Once again the truncation process requires more terms, subsequently 

necessitating more numerical integrations. In addition, only very thin 

shells could be considered, since the attenuation for 1/16 inch shell is 



greater than 600 db at frequencies above 10 MHz. Therefore, the results 

are of academic interest only and do not appear to justify the time and 

expenditure required. 

One additional possibility is the extension of the problem to 

solve for fields interior to an oblate spheroid, in which the axis of 

revolution is the minor axis. Formally, the oblate eigenfunctions can 

be written by replacing c by -ic (i = /^T) into the expressions for the 

prolate eigenfunctions (F1 amine r 1957) . This is not such a simple task 

since the parameter change cannot be made in the asymptotic expansions 

for the radial functions of type 2, 3, and 4 (Meixner and Schafke 1954, 

Sleator 1964) . Very little work has been reported in the literature on 

such expansions for the oblate radial functions. Thus any investigation 

into the oblate spheroid shielding problem must allow for the development 

of asymptotic expansions for the radial functions. 
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