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ABSTRACT 

Systems of autonomous nonlinear differential equations 

describing the stability of a nuclear reactor with two reactivity feed

backs have been analyzed to determine stability bounds. The system 

parameters used are representative of a fast reactor with in-core 

thermionic converters. A property common to all fast reactors is the 

possibility of one positive temperature coefficient which complicates 

control problems. This study may have application in the solution of 

such problems. Oscillation boundaries of the linearized system are 

established as an aid to the controls designer and to provide prelim

inary information in nonlinear stability analysis. 

Bounded regions are determined for the effective lifetime 

model and coupled temperature equations by means of computer surveys 

of exact solutions. The nature of the bounded trajectories indicates 

the existence of limiting planes in state space. A mathematical 

description of these planes yields results in close agreement with 

numerical calculations. All trajectories outside the bounded regions 

exhibit finite escape time. Stable domains in state space cannot be 

determined by observing the effects of power perturbations alone. All 

three variables, power, and the two temperatures, must be varied. 

Concentric limit cycles have not been found for the effective lifetime 

model. 

Bounded regions are determined for the prompt jump model and 

essentially the same results and conclusions are obtained as for the 

ix 



effective lifetime model. The limiting.planes and concentric limit 

cycles are not considered in this case. 

An analytical (perturbation expansion) method is presented and 

applied to the effective lifetime model and coupled temperature 

equations. In the case of a stable limit cycle, this method gives 

-results in precise agreement with the exact computer solution. In the 

case of a stable focus, the method gives a subregion of the stable 

region, but which overlaps into the unstable region. However, for 

higher orders of approximation the overlap decreases. It is concluded 

that the method is better suited to the analysis of systems which are 

not globally asymptotically stable or do not have infinite regions of 

bounded solutions. The formulation of the method as used here is not 

the most general, as it fails for the resonant case (critical power). 

A more general formulation is possible which treats the perturbation 

as a function of phase angle as well as amplitude. 

Obvious extensions of this study are (1) derive the more 

general equations for the perturbations expansion method, (2) apply the 

method to the prompt jump model, and (3) apply the method to higher 

order systems, e.g., the one-delay group model. 



CHAPTER 1 

INTRODUCTION 

Purpose 

The purpose of this study is to examine stability bounds of 

sets of autonomous nonlinear differential equations that describe the 

behavior of a nuclear reactor with two reactivity feedbacks. The 
» 

nature of unbounded solutions beyond the stable region is also examined. 

The type of reactor considered in this study is a fast reactor 

with in-core thermionic converters. The advantages of this reactor in 

space applications would be not only the weight savings in shield and 

core due to high power density but also the elimination of the external 

electrical conversion system. Also of current interest is the develop

ment of fast breeder reactors for stationary power plant application. 

These are necessary if we are to make full use of our natural resources 

of nuclear fuels. 

All of the temperature coefficients of fast reactors may not be 

negative. In particular the fuel Doppler coefficient, which is prompt, 

may be positive. This property of fast, reactors increases the complex

ity of control compared to thermal reactors. However, there is no 

reason to believe that fast reactors cannot be designed and constructed 

to operate safely. Study of the stability behavior of such reactor 

systems with a positive temperature coefficient is essential to the 

eventual development of effective controls. Hence the present study is 
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not only relevant to current efforts in the design and development of 

fast reactors but may have application in the not too distant future 

when they become a reality. 

Background 

Two nonlinear analyses of the two-temperature, or two-path 

reactivity feedback, reactor model, without delayed neutrons, are 

presented by Gyftopoulos (1961) and Smets (1961). Their results are 

in agreement on the nonlinearly asymptotically stable region; however, 

their results are incomplete in the region of linearly oscillatory solu

tions, and in the case of existence of periodic solutions, their results 

disagree. Shotkin (1964) extends and clarifies their work. Schmidt 

(1969) considers both the effective lifetime (no delayed neutrons) and 

prompt jump neutron kinetics models for the thermionic reactor. He 

presents a method for predicting limit cycles. One of the important 

results of his study is the prediction and demonstration of unstable 

limit cycles in the prompt jump model. He also discusses linear 

stability in terms of the system transfer function and Routh criterion, 

as well as nonlinear stability. 

Summary 

In Chapter 2 of this study the oscillation boundaries in 

parameter space are determined for the linearized thermionic reactor 

model, using the prompt jump equation. This complements the linear 

analysis of Schmidt (1969). In nonlinear analysis it is often useful 

to know beforehand whether or not a case to be studied exhibits 
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linearly oscillatory behavior. This information is also useful to the 

controls designer. 

Stable regions of the effective lifetime model are explored in 

Chapter 3 by making computer surveys of exact solutions. The nature 

of bounded trajectories suggests the existence of limiting planes in 

state space. A mathematical model by Kendall (1971) is examined and 

found to be in agreement with the numerical data. The nature of 

unbounded trajectories outside the stable region is explored, and it 

is found that they exhibit finite escape time. The possibility that 

concentric limit cycles exist in the effective lifetime model is 

explored. The search for such a configuration was unsuccessful. 

In Chapter 4 stable regions of the prompt jump model are 

explored. Unbounded trajectories outside the stable region are found 

to exhibit finite escape time. Trajectories of a one delay group 

model are compared to corresponding ones of the prompt jump model to 

determine their behavior at prompt critical and super prompt critical, 

where the prompt jump model is no longer valid. 

In Chapter 5 the perturbation expansion method of Shotkin 

(1969) is presented and applied to various problems. Two cases are 

considered for the two-temperature model using effective lifetime 

neutron kinetics. The resulting third-order system requires the 

elimination of a nondominant canonical coordinate in terms of the 

dominant ones. Second, third- and fourth-order approximations are 

obtained in both'cases. The amount of algebra increases rapidly with 

higher order, which in practice is usually limited to the third. 

Conclusions of this study are presented as Chapter 6. 



CHAPTER 2 

OSCILLATION BOUNDARIES IN PARAMETER SPACE 

Introduction 

In this chapter we present a method for calculating oscillation 

boundaries of a linearized reactor model and give the numerical results 

for four cases. The knowledge of these boundaries is a useful supple

ment to the stability information for the control designer and also has 

application in nonlinear stability analysis, for much about the 

behavior of a nonlinear system can be inferred from the study of the 

associated linear system (Hetrick, in press). 

In the linear stability studies reported for the two-feedback 

thermionic reactor model (Brehm et al. 1567, Brehm et al. 1968), the 

stable and unstable regions were plotted in parameter space. The 

space consists of a plane whose coordinate axes are the two reactivity 

coefficients, each multiplied by the equilibrium power level. The 

stability boundary of greatest interest is called the resonance line 

(otherwise known as the critical line or the dynamic stability boundary). 

A radial line through the origin in this plane corresponds to 

a fixed ratio of the two reactivity coefficients. Increasing the 

equilibrium power then corresponds to moving outward along one such 

radial line. The interesting cases are stable at low power and 

unstable at high power, and the value of equilibrium power that corres

ponds to crossing the resonance line is called the critical power. 



Just below the resonance line there are two complex conjugate 

characteristic roots with negative real parts (damped oscillations); 

and just above the resonance line the real parts are positive (growing 

oscillations); the resonance line itself corresponds to pure imaginary 

roots. 

Stability boundaries in a parameter space, such as shown in 

Figs. 2, 3, and 4 by Brelim et al. (1967), contain much information 

about the dynamic behavior of a system. However, except for the above 

observations about the neighborhood of the resonance line, these 

diagrams do not indicate whether the system response is oscillatory or 

not. 

This information is easily added to the parameter plane in the 

form of a boundary line between oscillatory and non-oscillatory regions 

Oscillation Boundaries and Departure Points 

An oscillation boundary is a locus of points in the parameter 

plane where the system characteristic equation has two equal real roots 

Near this boundary, there are two complex roots with small imaginary 

parts on one side of the boundary and two nearly equal real roots on 

the other side. One way to locate the boundary is by trial and error, 

interpolating among numerical roots as. functions of the parameters. 

Another procedure is to seek algebraic conditions for the 

existence of two equal real roots. This is most efficiently done by 

solving for the points at which the root locus departs from the real 

axis (departure points). 
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We will now consider the two-region system of Eqs. (10) through 

(27) and Fig. 1 given by Brehm et al. (1967). These are reproduced 

here for convenience as follows; 

G(s) - ^ (2-1) <Spv.s) g s 

T1 ̂  = b 
6n(s) s + n1 

T2(S) bn2 
<5n(s) (s +nx)(s+n3) 

(2-2) 

(2-3) 

a1T1 (s) + ot2T2 (s) s+ n3 + n2 (a2/ai ) 

H(s> ST(i) * °ib (s+nj)(s+ n3) (2"4> 

G(s)HCs) - K . (2-5) 
s(s + T)1)(s + n3) 

a bnn 
K = -iyi C2-6) 

5 = n3 + ,12^' (2"7> 

D(s) = s3 + (K++ n3)s2 + [n2n3+ K(x+5) ]s+KAC (2-8) 

K +11!+ n3 > o (2-9) 

(2-10) 

KA5 > 0 (2-11) 
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a bn 
x 5 = K (2-12) 

n2 a2bn 
7  =  - - ^  fi - 1 3 )  

5 » n3 (1+ J) (2-14) 

K5 = n3(x+y) (2-15) 

x > -Oij + n3) (2-16) 

(X + n3)x2+ n3xy + [n3
2+ nx(X+ 2n3)]x + n3(n1+ n - X)y 

+ Tii ri3(n1 + n3) > 0 (2-17) 

x+ y > 0 (2-18) 

G(s) and H(s) are the forward-loop transfer function and the feedback 

transfer function respectively. The relationship between these two 

quantities and those of Eqs. (2—2) and (2-3) are shown in Fig. 2.1. 

The open-loop transfer function is given by Eq. (2-5). K and 5 may be 

either positive or negative, depending on the signs and magnitudes of 

the two reactivity coefficients. 

The characteristic polynomial, Eq. (2-8), is a cubic in s. 

Stability may be determined by the Routh-Hurwitz criterion. Using 

the parameters x and y defined in Eqs. (2-12) and (2-13) Eq. (2-14), 

the vanishing of each Routh number yields a stability boundary in the 

x,y plane. 
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G (s) 

G(s) 

Figure 2.1 Block-Diagraras of Two-Temperature Feedback. 
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Equations (2-16) through (2-18) are obtained from Eqs. (2-9) 

through (2-11), respectively, by using Eqs. (2-12) through (2-14). 

The symbols are 

X = delayed-neutron decaj' constant 

rij = reciprocal time constant (Region 1) 

n2 = coupling coefficient 

n3 = reciprocal time constant (Region 2) 

dj = reactivity coefficient (Region 1) 

a2 = reactivity coefficient (Region 2) 

b = reciprocal heat capacity (Region 1) 

3 = delayed-neutron fraction 

nQ = equilibrium power 

Heat is generated only in Region 1 (the prompt region). The sign 

convention is such that positive a means negative reactivity feedback. 

Note that K, x, and y are proportional to the equilibrium power n^ and 

that K = constant (fixed zero-location) corresponds to a fixed radial 

line in the parameter plane. 

The departure points are the real solutions of 

i+ 7TH7+ jhr3 - A x  -  - 0  •  < 2 - 1 9 >  

Kuo (1967) gives a derivation and proof of Eq. (2-19). He refers to 

departure points as breakaway points. Eq. (2-19) yields a quartic 

in s: 
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sk + 2(\ + Os3 
+ K H J +  n 3 ) ( x +  K) - n^g + SXSls2 

+ 2(n1 + n3)X?s+ = 0 (2-20) 

For each real solution of Eq. (2-20), K is computed from Eq. (2-5) with 

GH = -1, and the point (x,y) on the oscillation boundary is obtained 

from Eqs. (2-12) and (2-14). 

Numerical Results 

Cases I and III (Brehm et al. 1967) were chosen for 

illustration, along with one variation of each, denoted as Case IA or 

IIIA. The fixed parameters are 

-1 
A =0.1 sec 

n2 = 0.25 sec 1 

otj = - * 10 6 per °C 

a2 = 10 6 per °C 

b = 100°C per mw-sec 

8 = 10"2 

The four cases are as follows: 

Case rij (sec 1) n3(sec 1) 

I 0.5 0.2 

IA 0.3 0.12 

III 0.5 0.05 

IIIA 0.15 0.05 
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The resonance line in each case is in the second quadrant of the x,y 

plane, corresponding to prompt-positive and delayed-negative reac

tivities. The systems that possess critical power levels are non-

minimum-phase, negative-gain, conditionally stable systems. 

Case I, which is from Fig. 2 (Brehm et al. 1967), is shown in 

Fig. 2.2. The stable region is bounded by the resonance line (second 

last Routh number is zero) and the line 5=0 (last Routh number is 

zero). The radial line labeled £ = -0.2 is illustrated by a root locus 

for K < 0 in Fig. 2.3. At low gain (small n ) there is no oscillation. 
0 

As the gain is raised, the system encounters the first departure point 

and enters the region of damped oscillations. The stability boundary 

is crossed when the root locus enters the right half plane. Oscilla

tions eventually cease, but at high gain, far inside the unstable 

region. 

Below the line £ = 0 in the second quadrant of Fig. 2.2, the 

system is unstable; the zero is in the left half plane but the gain is 

still negative. The oscillation boundary recedes to infinity when 

£ = A, because the root locus returns to the real axis at the double 

zero only for |K| -*• 00. 

Just below the line 5=0, an interesting phenomenon appears. 

This is shown in Fig. 2.4, which is a magnified view of a portion of 

Fig. 2.2. The oscillation boundary has a sharp point extending below 

the line 5=0. Thus for small positive 5, a system could experience 

two distinct oscillatory regimes as nQ is increased. This possibility 

is illustrated in Figs. 2.5, 2.6, and 2.7, which are a sequence 
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3+ 

Resonance 

Stable Unstable 

2 -

osc. 

Non-\ 
y osc: 

osc. 

Non-osc. osc. 

Unstable Stable 

Stable 

Figure 2.2 Oscillation Boundary in Parameter Space for Case I. 
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Figure 2.3 Root Locus for Case I (£ - -0.2)̂  
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•0.9 

Figure 2.4 Partial Boundary in Parameter Space for Case I.. 
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~vt 

Figure 2.5 Root Locus for Case I (£ = 0.0125). 
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Figure 2.6 Root Locus for Case I (£ « 0.008). 
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-V 

Figure 2.7 Root Locus for Case I (£ = 0.002). 
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of root-locus plots for successively smaller positive values of 

When 5 is sufficiently small, the oscillation boundary is ctfossed four 

times (four real roots of Eq. (2-20), corresponding to four departure 

points). Tliis type of root locus (two concentric loops) was also noted 

in Fig. 7 (Brehm, Hetrick, Schmidt 1969). 

The cases shown in Figs. 2.5 through 2.7 are unstable for all 

nQ. To illustrate the analogous behavior for conditionally stable 

systems, we contrived Case IA (see Figs. 2.8 and 2.9). Here the 

oscillation boundary has its sharp point in the stable region. A root 

locus plot for small negative £ is shown in Fig. 2.10. The system 

enters the oscillatory region, leaves it, and reenters, remaining 

stable throughout this range of n . 

Case III, which is from Fig. 4 of Brehm et al. (1967), is 

shown in Fig. 2.11. Here the unusual systems are in the first 

quadrant (stable at all power levels nQ)« The points for £ = n are 

easily obtained, because the cancellation of a pole and a zero makes 

the system quite simple. (The oscillation boundary is not asymptotic 

to the line 5 = but is tangent to it at a point not shown in the 

figure). For £ slightly greater than n (a radial line slightly closer 

to the y-axis), the root locus has two loops as shown in Fig. 2.12. 

Note that K > 0 in this case. 

Case IIIA, shown in Fig. 2.13, is similar, except that the 

oscillation boundary has its sharp point below the line £ = rij. A 

magnified portion of the parameter plane is shown in Fig. 2.14, and 

a root locus for £ slightly less than Is shown in Fig. 2.15. 



Case IA 
7}l = 0.3 

Vz = 0.\2 
Resonance 

Line\ 

Unstable Stable 

Stable 

Unstable 

Stable 

Figure 2.8 Oscillation Boundary in Parameter Space for Case IA. 



20 

Resonance 
Line-

y 

••0.37 

•0.36 

•'0.35 

•0.34 

-036 •0.35 
x 

-0.34 

Figure 2.9 Partial Boundary in Parameter Space for Case IA. 



from -

Figure 2.10 Root Locus for Case IA (g = -6x10 ). 
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Resonance 
Line^. 

Osc./// Osc. 

Unstable Stable 

Stable 

Unstable 

Stable 

Figure 2.11 Oscillation Boundary in Parameter Space for Case III. 



Figure 2.12 Root Locus for Case III (£ = 0.51). 
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Case UTA 
r)l *0.15 
i73*0.05 

Resonance 
Line-^, 

"Z 

Osc. 
Unstable 

osc. 
Stable 

psc. 

Stable Osc. 
Non-osc. 

Unstable 

Stable 

Figure 2.13 Oscillation Boundary in Parameter Space for C^se IIIA. 
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0.575 
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Figure 2.14 Partial Boundary in Parameter Space for Case IIIA. 
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Figure 2..15 Root Locus for Case IIIA (£ = 0.14986). 
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Third-order systems with four crossings of the oscillation 

boundary (four departure points with the same sign of K) are not 

encountered very frequently. In general, the oscillation boundary 

may be roughly located by making a few root-locus sketches and 

correlating them with the x,y plane. The peculiar systems we used 

for illustration are not very important in practice. However, when 

more detail is desired, it can be obtained qualitatively. A double-

loop root locus such as Fig. 2.15 can be anticipated by sketching 

limiting cases with the zero very close to the pole. The two loops 

then have very little effect on each other, and the smaller loop must 

exist for a zero very near, and to the right of, the pole of ~n • 

Once this is established, the details of the oscillation boundary are 

easily obtained. 



CHAPTER 3 

STABLE REGIONS WITH THE EFFECTIVE 
LIFETIME MODEL 

Introduction 

We now explore the stability regions of the thermionic reactor 

using the effective lifetime model and the coupled temperature equations. 

We do so by making computer surveys of exact solutions of the system 

of differential equations. The observed stability bounds are then com

pared to some which have been derived mathematically. The character

istics of the various stability regions are discussed, and finally the 

search for concentric limit cycles is described. 

System Equations 

The equations are 

dn X p / o i \ 
dt " I pn " ? n (3-1) 

- b(n - o0) - n, T, (3-2) 

<«, 
= n T - n, T (3-3) 

at 2 1 3 2 

p =. T - a2 T2 . (3-4) 

Most of the symbols have been defined in Chapter 2. The quantity Z* = B/A, 

as shown, is the effective lifetime. T^ is the temperature (departure 

from equilibrium) of the fuel-emitter (Region 1), where the heat is 

28 
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generated. is the temperature (departure from equilibrium) of 

the collector (Region 2), where no heat is generated. The symbol p. 

stands for net reactivity. Since we consider only autonomous 

systems there is no externally impressed reactivity. The sign con

vention that we observe is that a positive value of a means negative 

reactivity feedback. For a more detailed description of the thermionic 

reactor,see Brehm et al. (1967) or Schmidt (1969). 

Equation (3-1) is the well-known effective lifetime model. 

Because of its simplicity it has been used extensively (Gyftopoulos 

1961, Shotkin 1964, Smets 1964, Akcasu and Noble 1966, Schmidt 1969). 

This model does not describe the effect of delayed neutrons on 

stability behavior but gives the correct time scale for neutron 

kinetics for small p. 

Equations (3-2) and (3-3) are the coupled temperature equa

tions of the physical system. They are, basically, the heat balance 

equations for Region 1 and Region 2, respectively. Equation (3-4) 

represents the temperature reactivity feedbacks from Region 1 and 

Region 2. In the thermionic reactor the feedback from Region 1 is 

prompt positive, while that from Region 2 is delayed negative. 

Stability Regions 

The system of equations of the previous section was programmed 

for solution on the CDC 6400 digital computer of the University of 

Arizona Computer Center. A brief description of the program and a 

listing are given in the Appendix. The mapping of stability regions for 
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power perturbations is accomplished by varying the initial power for a 

given set of equilibrium conditions and examining the computer solutions, 

Such a mapping was done for the following case, designated as 

Case I, £ = -0.1, 

X = 0.1 sec-1 ,• 3 = 0.01 , 

b = 100 °C/Mw - sec , ri1 = 0.5 sec 

n = 0.25 sec ̂  , n „ -1 
2 n 3 =  s e c  

1 .^-6 O «  
ai = " 3 x 10 Per ^ > (*2 = 0.4 x 10 ^ per °C 

The critical power, nc, for this case is 262.5 Mw. The equilibrium power, 

nQ, was varied and, for each n^, the maximum power perturbation (both 

positive and negative) was determined for which the system remained 

stable. The results are shown in Fig. 3.1 with the threshold for un

bounded solutions plotted as a function of equilibrium power. The 

bounded region does not disappear at critical power, but extends to 

300 Mw where it ends abruptly. All solutions for greater nQ are 

unbounded and exhibit finite escape time. The 300 Mw limit in Fig. 3.1 

is precisely the cutoff for the existence of stable limit cycles 

observed by Shotkin (1964) and verified by Schmidt (1969) in his com

puter studies. A further discussion of this limit appears in a follow

ing section of this chapter. It is noted that the regions designated 

"bounded" in Fig. 3.1 are those of stable limit cycles. 

Recently, Curtis .(in preparation) investigated a similar system 

(effective lifetime model*power perturbation only) using the Popov (1963) 

criterion. The stable region i-hat he obtains is smaller than the total 

bounded region (stable + bounded) of Fig. 3.1. This underestimation 



400 Effective Lifetime, Case I 
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is to be expected because the method is based on sufficient conditions 

for stability. Also in contrast to Fig. 3.1, his stable region 

disappears at critical power. Note, too, that frequency-domain stability 

criteria of this type are restricted to solutions of exponential order, 

because the existence of Laplace or Fourier transforms is tacitly 

assumed. Hence stability conclusions are tentative whenever the possi

bility of finite escape exists. 

Finally we note that in both cases the procedure of perturbing 

the power alone is not sufficient for mapping the stable domain in 

state space. To do this one would have to study perturbations in both 

temperatures, as well as those in power. 

The Bounded Region 

We now examine the nature of trajectories in the bounded 

region of Fig. 3.1. We select an equilibrium power of 265 Mw for 

these studies. A typical trajectory in the n,T plane is shown in 

Fig. 3.2. Note that this is actually the projection of a trajectory 

in n,T^,T2 space onto the plane. The initial conditions for 

this run are T^ = T2 = 0, and n^ (initial power) = 525.306 Mw, i.e., 

a 6n (power perturbation) = 260.306 Mw. As a result of the positive 

6n and the prompt positive temperature coefficient, n.T^ and T2 all 

increase initially. The power peaks at 6036 Mw with corresponding 

Tj = 1.016 * 106 °C and T^ = 0.8464 * 106 °C. The delayed negative 

temperature coefficient has taken effect, so the power decreases as 

the temperatures continue to increase. With a further decrease in 

power the temperatures also decrease, hence the curve in Fig. 3.2 
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moves back toward the origin for decreasing power. The power remains 

at a very low level (but not zero) as becomes negative (below 

equilibrium), and finally as n and increase again the trajectory 

winds onto a stable limit cycle. Trajectories that originate inside 

this limit cycle, off the equilibrium point, also wind onto the limit 

cycle. We will demonstrate an analytical method for calculating this 

limit cycle in Chapter 5. If n^ is increased to a value of 525.3075 Mw 

(initial T^ = initial T^ = 0) the trajectory diverges with finite 

escape time. Below this limit the trajectories make increasingly large 

traverses before winding onto the limit cycle, with increasing n^. 

Note that there are an infinite number of choices below the limiting 

value, i.e., one may choose n^ values as close as he likes to 525.3075 Mw. 

A three-dimensional view of the foregoing trajectory is shown 

in Fig. 3.3. The dotted line in the n»T^ plane is the trajectory pro

jection of Fig. 3.2. The initial rise of the trajectory in n,T ,T 
1 2 

space is along a straight line which lies in the maximum reactivity 

plane. After the trajectory passes its peak it cuts across planes of 

lower reactivity (toward the plane) as n and T^ decrease. It 

moves just above the n = 0 plane into the region of negative tempera

tures before rising again to wind onto the stable limit cycle situated 

in n,T^,T^ space. 

The Stable Region 

To investigate the stable region of Fig. 3.1 we choose an 

equilibrium power of 100 Mw which is far below the critical power. A 

computation with negative initial values of T and T and n. = 2.9 Mw 
1 2 1 
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gives the projected trajectory of Fig. 3.4. Qualitatively this trace 

is similar to that of Fig. 3.2, the essential difference being that 

here the trajectory ends at the equilibrium point, not on a limit 

cycle about that point. Thus the equilibrium point is a stable focus 

and the region traversed by the trajectory is one of asymptotic stabil

ity. Trajectories with n^ values of 2.92 Mw (Sn = -97.08 Mw) and above 

(T = -300,000, T? = -200,000) exhibit finite escape time. 
*1 I 

Limits of Stability Regions 

A study of the nature of the bounded and stable trajectories 

suggests the existence of limiting planes in the n,T_^,T2 space. 

Kendall (1971) derives mathematical expressions for these planes which 

are shown in Fig. 3.5 for the stable limit cycle case (nQ = 265 Mw). 

Plane A is a separatrix plane between bounded trajectories and those 

exhibiting finite escape time. Those below are bounded while those 

above diverge. Plane B is the maximum reactivity plane and Plane C 

is the n = 0 plane. Note the intersection of the A and C planes which 

is shown as the dotted line behind the n»T2 plane. The triangular 

region interior to the three planes A, B, and C, extending to infinity, 

is the bounded region. The equation of plane A is 

"a2 n2 a
2
(n
3-V % n2 n = 2 T + —2-—± T - -2—2- n 

a x  b  l  a i  b  2  a i  n
3  °  

n  n  b n  a  
+ r-b-1<°1 + «2̂ )^n7+"3 + r-"2i • «-5> 

1 1 3 1 1 

and that of plane B is 
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a «« 1 bn. a 
T = - — T + — [(a + a —)  — +  n  +  —  n  ]  
1 ai 2 ai i 2 n n^' 3 ^ 2 

bn a. n  
0 tl + _2 _2] . (3-6) 

"l n3 

From Eq. (3-6) the maximum reactivity can be calculated to be 0.01. 

The numerical computations give 0.0104. Computer solutions show that 

the line formed by the intersection of planes A and B is a line of 

attraction for both bounded and diverging trajectories. Bounded trajec

tories follow this line until just before they peak, as previously 

described, and those that originate above plane A in the vicinity of 

this line follow it before diverging with finite escape time. 

Kendall (1971) gives a mathematical proof that the triangular 

region formed by Eqs. (3-5) and (3-6) and the n = 0 plane is one having 

the property that all trajectories cross the planar boundaries from 

the outside to the interior. However, boundedness is not proved because 

the region opens to infinity. His attempts to prove boundedness using 

the Liapunov method and geometric proofs were both unsuccessful, but he 

could not find by numerical computation any trajectory that originated 

within the region, or crossed the boundary planes, that became unbounded. 

He concludes that the region contains only bounded solutions. 

One of the conditions of the proof leads to an interesting 

result. It is 

,a ' K, + a ' K v 

V *>• ' <"> 

where the following are for the uncoupled heat transfer equations, 

o ' = reactivity coefficient (Region 1) 
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a 1 = reactivity coefficient (Region 2) 

= reciprocal heat capacity (Region 1) 

K2 = reciprocal heat capacity (Region 2) 

Y = reciprocal time constant (Region 1) 

Y = reciprocal time constant (Region 2) 
2 

Using the proper transformations (Schmidt, 1969), we find in terms of 

our coupled heat transfer equations 

1 = - x 10~6 per °C 

a ' = - \ x 10 6 per °C 
2 3 

K = K = b = 100 °C/Mw-sec 
1 2 

Y = 0.25 sec ^ 
1 

Y =0.4 sec •*" 
2 

Substituting these values into Eq. (3-7) we find 

n < - (°-25) «>•» = 300 Mw . 
0 (100) (- |) (10~6) 

This is precisely the limit shown in Fig. 3.1 for stable limit cycles. 

For the stable focus case (n^ = 100 Mw) there are analogous 

limiting planes to those shown in Fig. 3.5. However, the bounded tri

angular region extending to infinity is one of asymptotic stability, 

as all trajectories in this region terminate at the equilibrium point. 

As before, this conclusion is based on numerical calculation and not 

on mathematical proof. 
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Finite Escape Trajectories 

Let us suppose that for finite escape trajectories the power 

becomes proportional to the square of the reactivity at large values 

of reactivity, i.e., 

n = Ap2 . (3-8) 

We can test this hypothesis by calculating A and comparing Eq. (3-8) 

with numerically calculated finite escape trajectories. 

We use the following equation which is the second-order 

equivalent of Eqs. (3-1) through (3-4) 

P + (R|1+R|3) P + N1N3P 

= - o^bn - (a2n2 + a^g) b (n - nQ) . (3-9) 

Substituting the proper derivatives of Eq. (3-8) into Eq. (3-9) we find 

n 3 2 

72 + (ni + V 2T+ niV 2SL' 
= ~ «i b " (a2n2 + 0^3) b (Ap2 - nQ) . (3-10) 

Equating coefficients of p3 (neglecting other p terms as small compared 

to p3) we have 

A = 5F^b 0 1-5 * 105 • <3"n> 

A plot of Eq. (3-8) using Eq. (3-11) is shown in Fig. 3.6 with typical 

numerical data points. Note that for large p,. approximately 10 (1000$), 

the data points converge to Eq. (3-8). This verifies the hypothesis. 

It is noted that this result is an asymptotic property of the mathe

matical model, having no real physical significance. 
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The Search for Concentric Limit Cycles 

It was suggested by H. B. Smets (private, communication to 

T. R. Schmidt, 1970) that it is possible to have concentric limit 

cycles in the effective lifetime model at equilibrium powers slightly 

above critical. Although Schmidt (1969) observes only stable limit 

cycles with the effective lifetime model, there is no mathematical 

proof that precludes the existence of concentric limit cycles for this 

model. Censequently a search was made for this phenomenon using an 

equilibrium power of 265 Kw, which is 2.5 Mw above critical power. The 

stable limit cycle found has already been discussed and is shown in 

Figs. 3.2 and 3.3. The search for a larger surrounding limit cycle was 

unsuccessful. Even when the large initial value of 3 *107 °C was used 

for both temperatures, the trajectory terminated on the single stable 

limit cycle. This tends to corroborate the conclusion of Kendall (197^ 

that the region of Fig. 3.5 is an infinite region of bounded solutions. 

Summary 

In this chapter we investigated the stability regions of the 

effective lifetime model and coupled heat transfer equations of the 

thermionic reactor. The observed boundaries of bounded and stable 

regions were correlated with a mathematical model. It was found that 

trajectories outside these regions exhibited finite escape time, and 

for large values of reactivity the power becomes proportional to the 

square of the reactivity. The search for concentric limit cycles in 

this model proved unsuccessful. 



CHAPTER 4 

STABILITY REGIONS WITH THE 
PROMPT JUMP MODEL 

Introduction 

In this chapter we explore some of the stable regions of the 

prompt jump model. This neutron kinetics model together with the coupled 

temperature equations of the thermionic reactor form the system of equa

tions. The computation technique and computer program used here are the 

same as those of Chapter 3. The prompt jump model is then compared with 

a one-delay group model to determine if apparent finite escape trajector

ies of the prompt jump model are real or the result of the failure of 

the model near prompt critical. 

The System Equations 

The equations are 

(3 - P) Jjf = UP + ||) n (4-1) 

dT 
dT" = b(n - no) - Vi (4-2) 

dT 
= ri T - n T (4-3) 

at 2 1 3 2 

p = -a T -a T (4-4) 
1 1 2  2  

Equation (4-1) is the familiar prompt jump model for one delay group. 

The symbols have been defined previously. The other equations have been 

44 
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discussed and are shown here for completeness. Equation (4-1) represents 

the simplest neutron kinetics model having some measure of realism (pro

vided p<$), for it describes the effect of delayed neutrons on stability 

behavior. The derivation of Eq. (4-1) from the one-delay group equations 

represents a reduction of order, though there are pitfalls and ramifica

tions that involve the theory of singular perturbations. These will not 

be treated here. For a derivation and a fuller discussion of Eq. (4-1) 

see Hetrick (in press). Equation (4-1) is somewhat more complicated 

than the effective lifetime model and has not enjoyed as wide a usage. 

Stable Regions 

The stable regions for three different cases are considered. 

We use the previously given Case I parameters with 5 values of -0.1, 

-0.2, and -0.6. The corresponding values of are 0.4 * 10 6, 

0.533 x 10 6, and 1.067 x 10 6 (per °C), respectively. The maximum 

power perturbation to reach the threshold of unbounded solutions can 

be determined by solving Eqs. (4-1) through (4-4) for various initial 

powers. This was done for a series of equilibrium powers, using the 

digital computer program described in the appendix,to map stable regions 

of the prompt jump model. 

The results for Case I, 5 = -0.1, are shown in Fig. 4.1. The 

stable region ends abruptly at the critical power of 190.9 Mw. The 

prompt jump model exhibits unstable limit cycles below but near crit

ical power. The interior region of such a limit cycle is asymptotically 

stable. At critical power the unstable limit cycle (hence the stable 
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region) disappears. See Schmidt (1969) for limit cycle studies of the 

prompt jump model. 

The results for Case I, E, = -0.2 are shown in Fig. 4.2, and 

the stable region ends at the critical power of 186.9 Mw. 

The results for Case I, £ = -0.6 are shown in Fig. 4.3, and 

the stable region ends at the critical power of 182.9 Mw. In all 

three cases trajectories outside the stable region exhibit finite 

escape time. 

Comparison of the three cases indicates that the stable region 

for positive power perturbations increases for decreasing £. Likewise 

the stable region for negative power perturbations tends to decrease 

with decreasing £. This is explained by the fact that decreasing £ 

means increasing a(negative feedback coefficient), hence a more 

stable system with increases of power. The reverse implication is 

true for decreases in power. 

Curtis (in preparation) has investigated a similar system (one-

delay group model, power perturbation only) using the Popov (1963) 

criterion. He obtains a comparatively smaller stable region because 

his method is based on sufficient conditions of stability. 

Here, as with the effective lifetime model, one would have to 

study perturbations in both temperatures as well as the power to map 

out the stable domain in state space. 
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Comparison of the Prompt Jump Model 
to the One-Delay Group Model 

Equation (4-1) is no longer valid for p = $, i.e., the prompt 

critical condition. Hence the true nature of a prompt jump trajectory 

is not known when this condition is attained. One may ascertain the 

stability behavior by comparing the prompt jump results with those 

calculated using a one-delay group model. 

The equations in conjunction with Eqs. (4-2) through (4-4) comprise 

the system equations. All symbols are as previously defined, and c 

is the delayed neutron precursor concentration. The initial value of 

c is found by equating Eqs. (4-1) and (4-5) (when these two models are 

compared). The neutron lifetime (generation time) is denoted by £. 

For this comparison we select the Case I parameters with 

5 = -0.2. Since we wish to know whether a given trajectory is 

unbounded or bounded, the particular value of neutron lifetime used in 

— Q 
the calculation is unimportant. We arbitrarily select 1x10 sec, in 

preference to a smaller value, to avoid possible computational diffi

culties in the numerical integration of the differential equations. 

The system of equations was programmed for solution on the CDC 6400 

digital computer of the University of Arizona Computer Center, using 

the code developed by Seeker (1969). The results of the computations 

The one delay group neutron kinetic equations are 

(4-5) 

(4-6) 



are shown in Fig. 4.4, which is taken from Fig. 5.30 of Schmidt (1969). 

The solid lines represent prompt jump trajectories while the two dotted 

ones are those calculated here (one delay group model). The reactiv

ities along the dotted lines correspond to prompt critical and super 

prompt critical conditions, so the corresponding portions of the 

prompt jump curves are no longer valid. That is to say, the portion 

of curve A corresponding to A' is not valid, and the same is true for 

curves B and B'. The two curves A' and B' both attain infinite value 

in finite time. They are unbounded and exhibit finite escape time. 
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CHAPTER 5 

THE PERTURBATION EXPANSION METHOD 

Introduction 

In this study we consider only the point-reactor model. 

Strictly speaking, this model is reliably applicable only when the 

power level is reasonably close to the equilibrium value. For large 

power excursions, spatial effects may become significant, or the 

temperature dependence of feedback reactivity and heat-transfer 

coefficients may change in a radical way. It is therefore useful to 

have some means of estimating the bounds of applicability for point 

kinetic models. From an idea that originated with Malkin (1958), 

Shotkin (1969) developed a perturbation expansion method, based on the 

linearized system, that can be used in regions where the point model 

may not be globally asymptotically stable or may not even be bounded; 

i.e., it may have solutions with finite escape time. When the model 

is linearly asymptotically stable, the method can be used to calculate 

the largest disturbance in power, or other physical variables, for 

which the system still remains asymptotically stable for a given set 

of operating conditions. 

•Devooght and Smets (1967) summarized and compared the available 

literature on the local stability of equilibrium. They concluded that 

techniques which deal with linearized approximations to a system are 

easily applied but give much smaller bounds on allowable disturbances 
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than do techniques (topological or Liapunov) that explicitly include 

the nonlinear terras. However, these nonlinear techniques are difficult 

to apply generally and require varying amounts of ingenuity, depending 

on the particular problem. On the other hand, the perturbation 

expansion method is straightforward and generally applicable to a wide 

class of problems and in some cases gives results that compare favorably 

with the Liapunov method (Shotkin 1969). Furthermore, an analysis of 

nonlinear behavior, based on the linearized system, highlights two main 

practical questions of point reactor kinetics: (1) What are the reactor 

physical parameters and equilibrium values for which the reactor is 

linearly stable? and (2) What are bounds on allowable departures from 

these equilibrium values for which the linear analysis is still valid? 

The method is applicable to systems with nonlinear feedback functionals 

and can also be used to predict the amplitude and frequency of stable-

limit cycles, when they exist. The latter property will be demonstrated 

below. 

Outline of Method 

The equations and techniques of the perturbation expansion 

method are derived in detail by Shotkin (1969). A brief outline will 

be given here to summarize those equations used in the present study. 

The essence of the method is that with any linearly stable system, there 

is associated a dominant canonical coordinate corresponding to the least 

negative eigenvalue (or a complex pair of canonical coordinates corres

ponding to a dominant pair of complex eigenvalues). These dominant 

eigenvalues belong to the term or pair of terras in the linearized 
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solution (an exponential decay or a damped oscillation) that is the 

last to disappear as time approaches infinity. In this sense, these 

dominant terms represent the asymptotic solutions of linearized 

problems. 

Consider the general matrix system 

H=L*+NO<) (5-1) 

where Y(t) is a single column n-row (n*l) matrix and L is an nxn 

square matrix with real constant elements. The elements of 

01^ >Vn)> represent departures from equilibrium. Equilibrium 

is defined as f = 0, i.e., the perturbations in all physical quantities 

are equal to zero. NOO is an n*l matrix consisting of polynomials, 

functions of the elements of I, beginning with terms at least of the 

second order with N(0) = 0. 

For the case where ¥ has a single element, L = b, and 

NCO = I BJ m , 
m=2 

the system of equations, Eq. (5-1), is reduced to the single equation 

biJPj+B^ + Bg 3̂ + . (5-2) 

It will be shown in the following how to transform the matrix Eq. (5-1) 

into a scalar equation of the form Eq. (5-2). 

The stability of the equilibrium solution, ̂  = 0, in the 

linearized approximation 01 2̂ <<1^1) depends upon the sign of b. If 
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b>(<)0, the system is linearly unstable (stable). The sign of b 

depends on the physics of the linearized reactor system since it is. a 

function of core size, power level, feedback coefficients, etc. Non

linear stability is determined by the coefficients of the higher order 

terms, the in Eq. (5-2). These coefficients introduce the nonlinear 

effects in a straightforward way. Suppose that the higher order terms 

in Eq. (5-2) are given at least up to the third order, i.e., Let 

<1^ = 4>A, <J> = ±1 , (5-3) 

where A is the magnitude of the disturbance. Then Eq. (5-2) becomes, 

after dividing through by <p (<j>2 = 1), and defining B,, = B^, 

= bA + B A2+B A3 + ••• . (5-4) 
at 23 

The stability behavior of Eq. (5-2) is identical with that of 

Eq. (5-4). For small A, the sign of A (where the dot signifies time 

derivative) is determined by the sign of b. As A increases, the real, 

positive values of A that will cause the sign of A to change are 

sought. The values may be found by setting A equal to zero and solving 

for the roots of the algebraic polynomial on the right-hand side. Thus 

for terms only up to and including A3, there are the three roots 
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The first root corresponds to the equilibrium state (zero 

perturbation). The other two roots must satisfy the requirement that 

they be real and positive. If there is no real, positive solution of 

Eqs. (5-5), then higher order terms must be included to determine the 

bound (i=l or 2). When the system is globally asymptotically 

stable, an infinite number of terms in Eq. (5-4) would be required to 

predict the infinite bound. However, this perturbation approach of 

neglecting higher order nonlinear terms is better suited for 

determining realistic bounds in specifically those parameter regions 

where the system is not globally asymptotically stable. This feature 

will be amplified by two of the cases studied here. 

Next, it will be shown that it is possible to transform the 

matrix system of nonlinear autonomous ordinary differential equations, 

Eq. (5-1), into a single scalar differential equation of the form of 

Eq. (5-4). The question of the stability of the solutions of 

Eq. (5-1) within a given disturbance region about equilibrium, can 

then be resolved in terms of the stability of Eq. (5-4). The constant 

b is the real part of the dominant linear root, and Eqs. (5-5) give 

the bound on the region about equilibrium for which the behavior 

predicted by the linear theory still holds. If b < 0, then for A< 

the system is asymptotically stable, and for A> A^ the system diverges 

in time from its equilibrium value. The opposite is trp«=> for b> 0, 

i.e., for A<A^ the amplitude grows in time, while for A> A^ the 

system approaches A^. These two cases are illustrated in Fig. 5.1 

where there is a single A^> 0. The arrows indicate the direction of 



58 

A 

A=A 

A 

A=A 

(b )  b  <0  ,  B 3 >0 

Figure 5.1 Trajectories for Tv;o Types of Stability Behavior. 



59 

the solution point on the trajectory. It is to be noted that the 

stability behavior is independent of . 

In carrying through the analysis, Shotkin (1969) avoids using 

matrix notation in order to emphasize the physical significance of the 

system parameters. His notation and procedure are followed closely 

here. The first step is to diagonalize the matrix L in Eq. (5-1) and 

to find the canonical coordinates associated with the characteristic 

roots of S0, which are the elements of the diagonalized matrix. The 
X r  

characteristic values of S^, with Si = l,2,*»«,n, associated with the 

nxn matrix L are determined as the solutions of the characteristic 

determinant 

|L-IsJ=0, (5-6) 

where I is the identity matrix. The characteristic vector, (an nxl 

t i l  
matrix), associated with the Z characteristic value is defined by 

Lpt - ISjPJ . (5-7) 

The matrix ¥(t) can be expressed as a linear combination of the 

with time-dependent coefficients, y^(t): 

n 
= 1 ' (5~8) 

&=1 

The y^(t) are scalar quantities and the are vectors. If Eq. (5-8) 

is substituted into Eq. (5-1), with N = 0, and Eq. (5-7) is used, the 

following is obtained 

n n 

E = 2 y£(t)IVa * (5~9) 

£=1 £=1 
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Because the are linearly independent, Eq. (5-9) can be satisfied 

only when 

y^U) = a = i.2.***.11 • (5-10) 

The y„ are called the canonical coordinates associated with the linear 

characteristic values, S . It should be noted that Eqs. (5-10) are a 

set of n scalar equations. 

An explicit method is now given for calculating the y^ in 

terms of the elements of the Given the linear system 

= L¥(t) , (5-11) 

t i l  
a transformation row matrix, K (associated with the H characteristic 

X/ 

root, S£), 

W " ( K « '  ( 5 " 1 2 )  

is sought to transform the physical variables, , to a set of 

canonical coordinates, y , 

- V * ? Ku*i - (5"13) 
i=l 

such that 

y^(t) = = 1.2,"',n . (5-14) 

Since the linear transformation, Eq. (5-13), leads to a set of homo

geneous equations, Eqs. (5-14), each y^ contains an arbitrary constant 

multiplier. Thus = 1 may be chosen without affecting the trans

formation. This will fix the initial values of the y^ with respect to 
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the initial values of the iji^. Also, if ̂  = n, or ^ 1 = r = In (n/nQ) 

is chosen, then the transformation is fixed to the most important 

variable, the power. If Eq. (5-11) and Eq. (5-13) are substituted into 

Eq. (5-14) the following is obtained 

= S^l' , (5-15) 

which means that the elements of K . of the transformation must satisfy 

? K« Vi" Wi • (5"16) 

j=1 

where L.. are the elements of the matrix L. Because the iK are 
Ji i 

linearly independent, Eq. (5-16) must hold separately for each or 

n 

sAi" £ Vji • (5"17) 

Equation (5-17) determines the elements, K ., of the sought 
X> X 

transformation, 

y = Kf , (5-18) 

where y and f are n^l column matrices, and K is an n*n square matrix. 

With the assumptions that K is nonsingular and that the inverse trans

formation 

V = K_1y (5-19) 

can always be found, the can always be expressed in terms of the 

canonical coordinates, y . Equation (5-19) can then be used to 
JC 

eliminate the in Eq. (5-1), so that Eq. (5-1) may be re-expressed 



iii terms of the canonical system 

y£ = S£yS+Y£(yl> y2,*"'yn) ' Z = n (5-20) 

where the are polynomial functions of the y^ beginning with terms 

of the second order. Equations (5-20) will be the subject of this 

analysis. If the roots, S^, are ordered as 

ReS, * ReS, * ••• ReS , (5-21) i n 

then it is clear that the coordinate y1 (or coordinates yj and y2 if 

ReSj = ReS2) will dominate the linear behavior for sufficiently long 

times after an initial disturbance. It is assumed that this coordinate 

will also be a key factor in the behavior for long times after large 

disturbances. This seems consistent with the perturbation approach, 

which is restricted to reasonable disturbances. 

The next step is to eliminate the nondominant coordinates. 

Since the y. are linearly independent, any one of them cannot be 
X» 

expressed in terms of the others. However, they are related in a non

linear manner through Eqs. (5-20). Each of the nondominant coordinates 

can be expressed in terms of the dominant coordinates through a non

linear transformation beginning with terms of at least the second 

order. Such a transformation (Malkin 1958) for the case where the 

dominant roots are complex is now exhibited. If the dominant root is 

real, a similar result can be obtained by just setting one of the 

complex coordinates (say, y2 below) equal to zero. Thus, for 

Sj = b + iw and = b - iw 
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yi = Siyi + Yi(yi,y2,.--,yn) 

y 2  = s
2 y 2 + Y 2 (y i ,y 2 , - - - ,y n )  

" Sjyj + VJ(yl'y2,'"'yn) • 

j = 3,4,••• ,n . (5-22) 

We seek a transformation 

yj = Vj(yi,y2* = Vj(l) (yi,y2) + Vj(2) (yi'y2) + *" 
(5-23) 

with 

v.(l) = C. v + C y 
3 jCTl jl 2 

v.(2) = C. y 2 + C. y y +C. y 2 , 
J J2 1 33 1 2 2 

where v. ̂  contains all terms of the n1"** order in y^y,^, a+b = n. 
j 

If Eq. (5-23) is differentiated and Eq. (5-22) is used, an equation is 

obtained that determines the transformation coefficients, C., , after 

3v" 3v. 

the y. are replaced by v.: 
J J 

SjVj + Yj <yl 'y2 'V3 ' * *' 'V = 3^" yl + 3^ y2 * (5_24) 

Equation (5-24) can be solved for the C by setting equal all those 

th a b terms of the n order (y y^ , a + b = n). When Eq. (5-24) is satis-

th 
fied to a given order, e.g., the n order approximation with a+ b = n, 

It can be shown (Malkin 1958) that nondominant coordinates can be 

chosen which will have zero time derivatives up to the n-1 order. 

For the first order, 



(5-25) 

which can be satisfied only for 

(5-26) 

This verifies that the transformation, Eq. (5-23), must start with 

terms of the second order. 

If the dominant root is real, the stability problem is 

determined by the single equation governing the canonical coordinate 

associated with that root: 

It is assumed that the nondominant roots have been eliminated by the 

transformation just discussed. If the dominant roots are complex, 

there are two canonical equations (once the nondominant roots have 

been eliminated): 

with yj = y2 and = S2 (where * denotes complex conjugate). It 

•k 
follows that Yj = Y2 . A solution to Eqs. (5-28) is sought in terms 

of an amplitude, A, and a phase, 0: 

(5-27) 

*1 = S1y1+Y1(y1,y2) 

y2 = S2y2 +Y2(yx ,y2) , (5-28) 

* 

y1(A,Q) = Ae i 9 +A 2 U 2 (0)  +  A 3 U 3 (6)  +  • • • (5-29a)  

Yj(A,0)  -  A ,  U n (0)  =  0  ,  (5-29b) 

where the are periodic functions of 0. If Eq. (5-29) is substituted 

into Eq. (5-28), then Yj may be expanded in a series of An: 
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Y1(yi»y2} = Y1(A,0) = a2y12(0) +a3y13(0) + (5"30> 

where the Yln(0) depend on the coefficients of y1 computed in the 

previous order (n-1). approximation. The following is obtained from 

Eq. (5-28) 

*1<A'8> -•5T'A+515-SI''. + A2Y12+A3I13+ "• ' <5_31) 

If it is assumed that 

A = bA+B2A2 + B3A3 + ••• (5-32a) 

0 = o) + fi2A + ̂3A2 + •••, (5-32b) 

then stability is determined by the amplitude equation, Eq. (5-32a), 

which has the identical form of Eq. (5-4). By equating terms with 

equal powers of A in Eq. (5-31), the and in Eqs. (5-32) can be 

solved for. These are 

B2 + ifl2 = -boij 

B3+i&3 = (*2-0^(282+1^2) - 2ba2 

B^+i^ = a5 - ctj (2B3 + i^3) - a2(3B2+ifi2) " Sba^ 

Bg+ing = a7 - (28^ + iS2^) - a2(3B3+ iS2g) 

-a^(4B2+ iQg) - ̂ ba^ (5-33) 

with 
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a, = 1_ 
2ir 

277 

e~10 u2(e)de ; 

.277 

a = 1_ 
2tt 

e"10 U3(0)dO ; 

a„ = 1_ 
2 77 

.277 

e~10 Yi3(0)d0 ; a,. = 7,— 1_ 
277 

.2it 

e~l9 U1+(0)d0 

Olr = 
1_ 
277 

2tt 

e"10 Yllt(0)d9 a„ = 
277 

277 

e-10 Uc(0)d0 D 

a- = i_ 
2tt 

,277 

e~10 Y15(0)d0 

In the following section one of the examples given by Shotkin (1969) is 

worked out in detail. 

A Second Order Reactor Example 

In this example the effective lifetime model is used with a 

prompt-power coefficient and a single-temperature feedback. The 

physical equations are 

r(t) = -AjT(t) - y[er(t)- 1] 

T(t) = e[er(t) -1 -T(t)] 

with r = Jtn [n(t)/nQ]. The system parameters result in 

Sj = -4.25+ i6.5, A = 7.5, e = 10, and y = -1.5. 

The matrix L is 

(5-34) 
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-Y -A, 

e  -e  

and the canonical matrix, K, is 

-A 

Sj  +  e  

-A.  

S 2  + e  

so that the canonical coordinates are, 

A, 
y„ = r  " S.  +  e  

T , £ = 1,2 
£ 

(5-35) 

which satisfy the differential equations: 

y* • V"n+e -1"r> • (5-36) 

The inverse matrix, K 1, is 

-  (S 1  + e)  

<S2-V 

(S 2  + s)  

(Sg-Sj) 

-  (S 2  + e)  (Sj  +  e)  (S 2 +e)(S 1 +e)  

A i (S 2 -S 1 )  A L(S2-Sl) 

so that 

(e  +  S 1 )y 1  -  (e+ S 2 )y 2  

r = 
Si-S2 

(5-37) 
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(e+S.)(e+S,) . 

T- A,(S,-S2) (5"38> 

ft 
where Sj = S2 = b +iu. Since there are only two equations, there are 

no nondominant coordinates to eliminate. Equation (5-37) may be re

written as 

r-C i y i+C 2y 2, 

with 

C, = C2* - 1 -i[<b+ e>/u.l _ (5_39) 

Using the power series expansion 

r r2 r3 
e = 1+r + 2? + 37 + **• 

in Eq. (5-36) together with Eqs. (5-29a) and (5-37), we obtain 
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(A,6) = AS2 e10 

2 

+ A2 [S1U2(0)+ J1- CJV^+ SJCJC^ e"l20.l 

+ A3[S1U3(6)+ SjC^e^UgCS) + SjCjCge" U2(0) 

s c 3  

. + S1C1C2e1V(e)+S1C22e-1V(e)+ 1
6
1 e139 

.  S1C12 C2 16. S1C1C22  -10, S1C23  —i30, 
+ - e + ^ e +—T~e ] 

s c 2 

+ S1C12e10U3(e) + -iy- U22(0)+ S1C2
2e"l9U3

:S:(0) 

2 
S 1 C ?  *  ' A  ' f t  *  

+ —— (U2 (Q))2 +S1C1C2e" i eu3(0) +S1C1C2el6U3' (0) 

t. s  c 3  

+ S1C1C2U2(0)U2*(0)+-^- el20U2(0) 

+ fi^L a'12V(0> + SlClC2sV(e>+ S~  ̂ e-i26U2 (0 )  

S1C12C2 120 1,0 
+ 2 e U2 (0) + 24 

. S1C2" -1^. S1C13C2 120. S1C1C23 -i26 
~24 6 + 6 £ + 6 e 

SlClV 
(5-40) 

Making use of Eqs. (5-29) through (5-32) we obtain another relationship 



y (A,6) = Atb + iwle'*"0 

•ifl dUo 
+ A2[(B2+ifi2)e a + 2bU2(0) + u 

dU2 
+ A3[(B3 +i^3)e1 +2B2U2(9)+ fi2 — 

dU3 
+ 3bU3(0) + to—] 

du
2 

+ Atit(Blt + if2lf)e1O+2B3U2(0) + ̂3 — 

dU dU 
+ 3B2u3 (e) + fi2 Jj- + (6) + „ —] . (5-41) 

Equating coefficients of A in Eqs. (5-40) and (5-41) simply gives 

S1=b+iw. For higher powers, differential equations for Un(0) 

result, which may be solved for the Un(0). The quantities Bn and 9^ 

can be obtained by using the auxiliary condition, Eq. (5-29b). 

The 0(A2) approximation is defined as that in which U3(&) = 0. 

In this case (B3 + ifi3) is calculated from Eq. (5-33) with a2 = 0. It 

can be shown that 

U2(0) = (0.0976, O.6973)e10 + (0.0272,.-O.2212)el20 

+ (0.0539, -O.O679)e"120 - (0.1787, 0.4082), (5-42) 

where the ordered-pairs of numbers indicate complex constants. Hie 

following quantities can also be calculated, 

B2+if22 = (0.4148, 2.9635) 

B3+ifl3 = (2.2790, -2.2890) . 



71 

Using these values of B2 and B3 together with b = -4.25 in 

Eq. (5-32a) set equal to zero, we find that A = 1.277. Note that with 

b negative and i33 positive this case is of the type (b) shown in 

Fig. 5.1. Now using Eq. (5-29a) we find, 

y^(A,0) = 1.436 cos 0-1.137 sin 0 + 0.1323 cos 20 

+ 0.25 sin 20 - 0.2915 + i(1.137 cos 0 + 1.436 sin 0 

- 0.4715 cos 20 - 0.0435 sin 20 - 0.6658) . 

Equations (5-37) and (5-38) can be used to obtain, 

r = Re(y1) + 0.8846 Im^) 

T = 11.59 Imtyj) + 7.5 , (5-43) 

where Re and Im stand for real part and imaginary part, respectively. 

By letting 0 vary from 0 to 2ir in Eq. (5-43) we obtain a closed curve 

(boundary) in the r,T plane. 

A similar procedure is followed in the 0(A3) calculations where 

1^(0) = 0. The calculations give j 

U3(0) = (-0.1730, 0.0828)el9 + (0.3137, -O.OO52)ei20 

- (0.0503, 0.0173)ei39 + (0.0032, 0.0917)e"i6 

- (0.0842, O.O885)e~i20 + (0.0255, O.O161)e"i30 

- (0.0349, 0.0796) , 

33 = 0.8016 , B4 = 0.2609 , 

A = 1.70 , A2 = 2.90 , A3 = 4.93 . 

The use of these data together with the previously calculated U2(0) 



72 

gives 

y^ (A,0) = 1.1462 cos 0 - 1.9618 sin 0 + 1.3677 cos 20 

+ 0.0338 sin 20 - 0.1218 cois 30 + 0.1648 sin 30 

- 0.6901 + i(2.8828 cos 0 + 1.1158 sin 0 

- 1.3002 cos 20 + 1.8852 sin 20 - 0.0062 cos 30 

- 0.3734 sin 30 - 1.5764) . 

Equations (5-43) are used to obtain the final results. The results for 

both 0(A2) and 0(A3) are plotted in Fig. 5.2. The completely closed 

curves are shown here whereas only those portions for positive 

temperature and power greater than 1 are shown by Shotkin (1969). 

A Stable Limit Cycle Case 

In this case we consider the effective lifetime model with 

two temperature feedbacks, as discussed in Chapter 3. The added 

complexity here is that we deal with a third-order system in which one 

of the canonical coordinates must be eliminated in terms of the 

dominant coordinates. We also extend the calculation to ©(A1*). The 

physical equations are 

r = ~A1T1 A2T2 

TJ = A 0(e r- 1) - H JT J  

T2 = n2Tj - n3T2 , (5-44) 

where 
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r = £n n/nQ ; AQ = bnQ 

A1 = *al̂  = " 

The system parameters are 

n. = 265 Mw ; n = 262.5 Mw 
0 ' c 

X =0.1 sec"1 ; b = 100°C/Mw-sec 

=0.5 sec 1 ; g = 0.01 

ri2 = 0.25 sec 1 ; rig = 0.2 sec 1 

= - y x 10 6 per °C ; a2 = 0.4 x 10 6 per °C . 

The matrix, L, is 

0 -A1 -A2 

Aq -Hj 0 

0 n2 -n3 , 

from which are calculated 

Sx = 0.000667 + i0.1122 

52 = 0.000667 - i0.1122 

53 = -0.7013 . 

This indicates that y3 is the nondominant coordinate and should be 

eliminated in terms of yj and y2« 

•The canonical matrix, K, is 
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1 T-
1 rSl nlSl h + ~ + Ai 1 
'"12 0 

J 2  1  r
S 2  n i S 2  
tir + -x~ +Ai] n_ lA 

1 r
S3 niS3 , 

n A A 1 n2 0 0 
(5-45) 

and the inverse matrix, K. 1 , is 

(0.4002, -0.6215) (0.4002, 0.6215) 0.1996 

(1.315, -3.584) (10̂ ) (1.315, 3.584) (lO1*) (-2.629)(lO4) 

(-0.655, -4.099)(104) (-0.655, 4.099)(lO4) (1.310)(104) 

The nondominant coordinate is eliminated as follows: 

Let 

y3 = v3(yi»y2) = C32yl2 + C33yly2 + C34y22 + C35yi: 

(5-46) 

+ c36yi2y2 + c37yiy22 + c38y23 • (5-47) 

Evaluate 

3̂ 

3yl 

3̂ 
8y9 

"" 2C32yl + C33y2 + 3C35yl2 + 2C36yly2 + C37y2* 

- 2C3»y2 + C33?l + + * C3S*I* * <5"48> 

The derivative of is 

r2 . r3 
h = Slyl + Sl(e -i-*) = Siyi + Sl(t" + f~+ ' 

where 
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r = Cl7l + C2y2 + C3y3 , 

and Cj, C2, and Cg are the first-row entries of the inverse matrix, 

Eq. (5-46). 

The result, to third order in terms of yj, y2, and y3, is 

SjCj2 sic22 

y1 = siYi + —2— yi2 + —2— y22 + SlClC2yi>T2 + sicic3yiy3 

StCI3 Si Co3 SIGI2co 
+ S1C2C3y2y3 + —g— Yl3+ —— y23 + — ŷ y,. 

S i C l C 2 2  

+ —2 yiy22 • (5-49) 

The substitution of Eq. (5-47) into Eq. (5-49) for y„ gives 

•  s  c  2  s  c  2  

*1 = Vl + 2 yl2 + 2 y22 + SlClC2yiy2 + SiCiC3C32yi 

+ S C C v 2 v  + S C C C  v v 2 + S C C C  y 2 y  
1 1 3yl y2 113 3V1?2 1 2 3 32M y2 

S1C13 S1C23 
+ S1C2C3C33y1y22 + SjCgCgCg,̂ 3 + 6 yl3 + 6  ̂

S C 2C SiCiC22 

+ 2 yl2y2 + 2 yly22 * (5-50) 

Similarly, 
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S C 2 S C 2 
v - c v + _2_i— v 2 4. 2 2 v 2 S C C v v 
y2 2y2 2 yl 2 >2 + 2 1 2yly2 

+ + S2C1C3C33ŷ y2 + Ŝ Ĉ ŷ 2 
2 

+ S2C2C3C32y12y2 + S2C2C3C33yly22 + S2C2C3C3Hy2 
3 

S„C 3 S C 3 S C 2C s?c.c9
2 

+ —g— yi3 + —g2- y2
3 + -Y yi2y2 + 2 yly22 • 

(5-51) 

From Eqs. (5-48, (5-50), and (5-51) the quantity 

8V3 • 3V3 • 
3yx yi + 3̂  y2 

xs 

S1C12C33 
2SC  y  2  +  2S C  y  2  +  (2S C  C  C  +  ^ +  2S C  

1 32 1 2 3^2 1 1 2 32 2 1 36 

+ S C 2 C  + S C C C  +  S „ C  ) y  2 y  +  ( S  C  2 C  +  S , C , C  C  ,  
2 1 34 2 1 2 33 2 36Jy\ y2 1 2 32 1 1 2 33 

S2C22°33 
+ S,C37 + 2S2C,C2C3ll + j + 2S2C37)yiy22 

s c 2 c  
+ (StC33 + S2C33)y,y2 + (SJCJZC^ +  2  ' 2  ) y , 3  

+ ("'V" + S2C2%^ . (5-52) 

By Eq. (5-24) the above quantity must be equal to S3v3 + Yg(y1,y2,v3), 

which is 
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s c 2 S C 2 

<S3C32 + -T-'l'l2 + <S3^ + "¥-)y22 

S c 2c2 

+ ̂ S3C36 + S3C 1C3C33. + S3C2C3C32 + 2 ^1^2 

S3C1C22 

+ (S 3 C 3 ?  + SgCjCgCg^ +  S 3  C ̂  g C 3  3  4" ^  

S c 3 

+ (S3C33 + + (S3C35 + S3C1C3C32 + 

S C 3 

+ <S3C38 + S3C2C3C3.f + -p-^23 • (5~53) 

By equating coefficients of corresponding terms in Eqs. (5-52) and 

(5-53) the constants of Eq. (5-47) are found to be 

c„. -  - ^ 
'32 2(S 3 -2S 1 )  

S3C1C2 

' 33  (S 1 + S 2 -S 3 )  

S3C22 

'3<t 2(2S2-S3) 

_ S1CI2C32 , *2̂ 33 ccc V 
35 ~ S ,  2S.  "  1 3^32 "  6 

S1C12°3 3 
C36 = (2SjC2C2C32 + \ + S

2
C12C3^ + S2C1C2C33 

S3C12C2 
~ S3C1C3C33 " S3C2C3C32 2~)/(S3 " 2S1 " S2> 
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S C 2C 

C 3 7  
= (S1C22C32 + S1C1C2C33 + 2S2ClC2C3't + 2 1 

see,2 

- ̂ 3C1C3^"34 - S3C2C3C33 T^~'/<S3 " S1 " 2S2> 

s  c  2C s  c  2C c  3  
_ 1 2 33 2 2 3H _2_ 

38 2Sa S3 L2L3L3it 3 °3 6 

We have thus determined the nonlinear transformation that specifies 

y3 in terms of y1 and y2-

* 
Making use of y2 = y , and substituting the fifth-order 

approximation of Eq. (5-29a) into Eq. (5-50), we obtain, 

« A f Sx ei6] 

+ A2 [S1U2(0) + e129 + e"10 + 

+ A3[S1U3(0) + SjC^e10!^) + S1C22e"10U2*(0) 

s  c  3  

+ S1CIC2{e30U2*(0) + e"10U2 ( e ) }  +  (Ŝ Ĉ  +-i-L-)ei30 

c c 3 
12 x -130 

+ (S1C2C3C3^ + -6~)e + (S1C1C3C33 + S1C2C3C 32 

S1C12C? 4A SiCiCo2\0—i9 

+ 2 )e + Ŝl *̂ 1 *-"3*̂ 3̂  + ̂ 1C2̂ 3̂ 33 + 2  ̂
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x + (0) Vs]hv + 

z  ̂s 

08 



81 

s c 2C„.,2 

+ {s1c32c32C3I+ + 2 + S1C1C3C37 + S1C2C3C36 

s c 2c c S C/C C SICI2c22 

- —4̂  + ̂ V̂ "+ S1C1C2C3C33 + 

+ A5[S1U5(0) + SJC^E10^) + s1c1
2u2(e)u3(0)+ sIc2

2e~ i0u l t*(0) 

+ S1C2
2U2*Ce)U3'<(0) + SjCjCge'^U^CO) + S1C1C2U2

>'(0)U3(0) 

t s c ^ 
+ S1C1C2U2(0)U3*(0) +S1C1C2e1\*(e) + -y-Je^Ce) 

s c ^ s c ̂  
+ +-̂ j-}el6U22(0) + {3S1C2C3G3lt+~̂ -}e~:L2eU3*(0) 

S,C J* _ .Q A 2 
+ {2S1C2C3C3lf + -y-}e (U2 (0)) +{S1C1C3C33 + S1C2C3C32 

s c 2C 
+ 1 2 2 }{2U3C6) + 2el9u*(e)u2(e) + el2eu3*(e)} 

+ 8,^0,03,+ ^^H2U3*(e)+2e-i6u2
4(6)u2(e) 

•oq St C. on 
+ e" U3Ce)}+{2S1C3̂ 332+4S1C1C3C35+ 23̂ +̂ - j-4e1 Ifc©) 

Sp91' -flfi * 
+ {2S1C32C3lt2+4S1C2C3C38+2S1C22C3C3lt+—} e_1 U2 (0) 

SjĈ Cgj 

+ <S,?32°32C33+ S1C1C3C36+ S.C2C3C35+ + S1C1C2C3C32 
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jV. 
+ ——7— } {3e U2(.0) + e U2 C0)} + {SjĈ CggĈ  

S1C22C3C33 
+ S1C1C3C38+ S1C2C3C37+ 2 + SlClC2C3C3U 

s c c  ̂
+ 1 I 2 H3e"i8U2*(0) + e"l30U2(e)} + 

sic32c332 S1C12C3C34 
+ -±-2 + S1C1C3C37 + S1C2C3C36 + —2 

+ ̂ i.̂ l2+SiCic2c3c33+ ~̂ -}{2e"i0U2(6)+ 2ei9U2 (0)} 

S1C1C32C32 i50 SlClC32C3if _-130 „ 2 130 
+ e +  ̂ e + S1C1C3 C32C33e 

+ ̂ 2- {2C33C3lt+ C332}ei6 + S1C1C32c33C3,e-10 

, S1C13C3C32 156 S1C13C3C3 3 i30 S1C1 C3C3«t 16 
+ - 6 e + 6 6 + 6 6 

S1C23C3C32 -i0j. S1C23C3C33 -130.,. SlC23C3C3t -i50 
+ 7 e + •? e + 2 e 

S1C12C2C3C32 i30 S1C12C2C3C33 10 SlCl2C2C3C3t .-10 
+ e + _ e + 2 6 

. S1C1C22C3C32 10 S1C1C22C3C33 -10 S1°1C22C3°34 _-130 
+ r— e + - - e + 2 6 

C2C32C322 130 C2C32C3»+2 -i50 9 10 
+ e + -e +C2C3 C32C33e 

+ ̂ !2C32C31|+ C332)e-i9+ C2C32c33C3„e-i3ej • (5"54> 
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Equation (5-41) of the previous section is general and is applicable 

here. By equating coefficients of corresponding powers of A in 

Eqs. (5-41) and (5-54) we obtain differential equations for U 2 ( 0 ) ,  

Ug (8), and 11̂ (0). The coefficient of A5 in Eq. (5-54) is used in the 

calculation of B5 to 0(Att) only, since the highest order calculated is 

the fourth, i.e., U5(0) = 0. As before, the Bn and may be obtained 

from Eq. (5-29b) when the corresponding Un(0) is determined. 

It can be shown for 0(A2) that 

U2(0) = (0.622411, O.325433)ei0 - (0.113049, O.248721)el20 

+ (0.037026, -0.083204)e"128+ (-0.546388, 0.006492) . 

(5-55) 

and 

B2+ifi2 = (-°-000415> -0.000217) . 

From Eq. (5-33) we obtain 

B3+iC23 = (-0.014382, -0.031297) . 

Using these values of B2, Bg, and b = 0.000667 in Eq. (5-32a) set equal 

to zero, we find that A = 0.2014 and A2 = 0.0405. Using the latter 

values and Eqs. (5-29a) and (5-55) we obtain 

yx(A,6) = 0.2266 cos 0 - 0.0132 sin 0 - 0.0031 cos 20 

+ 0.0067 sin 20 - 0.0221 + i(0.0132 cos 0 

+ 0.2266 sin 0 - 0.0134 cos 26 - 0.0061 sin 29 
+ 0.0003). • (5-56) 

Let 

yj(A,0) = u+iv (5-57) 
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where 

u = ReCŷ  and v = Im(yj) . 

Using Eqs. (5-46), (5-47), (5-56) and (5-57) it can be shown that 

r = 0.8004 u + 1.2429 v - 0.0393 u2 - 0.1785 v2 

- 0.1538 uv - 0.0057 u3 + 0.0245 v3 

- 0.0024 u2v + 0.0164 uv2 

Txx I0_tt = 2.6294 u + 7.1679 v + 0.5172 u2 

+ 2.351 v2 + 2.0254 uv - 0.0755 u3 

- 0.3231 v3 + 0.0311 u2v - 0.2161 uv2 

T2 xI0~ k  = -1.3102 u + 8.1971 v - 0.2577 u2 

- 1.1714 v2 - 1.010 uv - 0.0376 u3 

+ 0.1610 v3 - 0.0155 u2v + 0.1077 uv2 . (5-58) 

We have thus completed the 0(A2) calculation. Note that in this case 

we have b positive and B3 negative which corresponds to type (a) of 

Fig. 5.1. 

For 0(A3) we find that 

H3(0) = (0.579155, 0.365236)ei9 + (0.021160, -0.383189)e126 

+ (-0.053363, 0.070971)ei39 + (0.114272, 0.031321)e-10 

- CO.008067, 0.127672)e-129 + (0.026997, 0.035247)e"139 

+ (-0.680154, 0.008086) , 

and 

B3+if23 * - (0.007810, 0.025562) . 

We obtain from Eq. (5-33) 
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B̂ +iQk = - (0.003624, 0.028448) . 

We then find for the third-order polynomial obtained from Eq. (5-32a) 

that A = 0.2537. Using the appropriate equations we find that 

ŷ (A,0) = 0.3050 cos 8 - 0.0264 sin 0 - 0.0047 cos 20 

+ 0.0148 sin 20 - 0.0004 cos 30 - 0.0006 sin 30 

- 0.0463 + i(0.0274 cos 0 + 0.3013 sin 0 

- 0.0297 cos 20 - 0.0092 sin 20 + 0.0017 cos 30 

- 0.0013 sin 30 + 0.0006) . (5-59) 

We obtain the final results for 0(A3) by using Eqs. (5-57), (5-58), and 

(5-59). 

For 0(A4) we have that 

Û (0) = (0.418599, 0.477335)ei6 + (0.143263, -0.41183O)el20 

+ (-0.168930, 0.080414)ei36 + (0.311551, -0.004049)eilt6 

+ (0.223249, 0.020991)e"10 - (0.068004, 0.143O18)e~l20 

+ (0.084819, O.O39455)e"130 + (-0.018648, O.OO3129)e"llt0 

- (0.925899, 0.062427) , (5-60) 

and 

B̂ +î  = -(0.004291, 0.029337) , (5-60) 

The quantity B5 is calculated using Eq. (5-33), and is -0.009698. It 

is noted that the quantity Y15(0) needed in this calculation is the 

coefficient of A5 in Eq. (5-54), with U5(0) = 0. Now using the known 

values of b, B̂ , B3, B̂ , and B,. in Eq. (5-32a) set equal to zero, a 

fourth-order polynomial in A is obtained. The smallest positive real 

root is 0.2447. The appropriate calculations show that 



ŷ (A,0) = 0,2945 cos 0 - 0.0260 sin 0 - 0.0041 cos 20 

+ 0.0146 sin 20 - 0.0007 cos 30 - 0.0007 sin 30 

+ 0.0011 cos 40 + 0.00003 sin 40 - 0.0460 

+ i(0>0271 cos 0 + 0.2895 sin 0 - 0.0294 cos 20 

- 0.0078 sin 26 + 0.0020 cos 30 - 0.0021 sin 30 

- 0.000004 cos 40 + 0.0012 sin 40 + 0.0003) . 

(5-61) 

Equations (5-57), (5-58), and (5-63) provide the final result. 

The results for this case in all three orders of approximation 

are shown in Fig. 5.3. The dotted line represents the limit cycle 

obtained by the exact digital computer solution of Eqs. (5-44). The 

computer plot of this limit cycle is shown in Fig. 5.4. 

It is to be noted in Fig. 5.3 that the 0(A2) boundary is within 

the limit cycle and that of 0(A3) is outside. The 0(Alt) boundary is 

inside the limit cycle but very close to it, and it is anticipated that 

higher-order approximations will approach the limit cycle asymptotically. 

However, the degree of convergence is already high with the fourth-

order approximation. Although this is not a case of asymptotic stabil

ity, the instability bound is finite, so that the method gives a precise 

calculation of the limit cycle. This is in contrast to the results of 

the following case in which the stable region is of infinite extent and 

the lower orders of approximation do not delineate the stable region as 

precisely. A further example also tends to illustrate this point. 
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Effective Lifetime, Case I, £ =-0.1 

n0= 265 Mw , nc= 262.5 Mw 

0(A2) 

200--

100-

25 -Z.0 -1.5 L0 -0.5 0 0.5 1.0 1.5 2.0 25 3.0 
Temperature xlO"4 (°C) 

Figure 5.3 Approximations to the Effective Lifetime Limit Cycle. 
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Figure 5.4 Exact Computation of Effective Lifetime Limit Cycle. 
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A Stable Focus Case 

In the previous case the equilibrium power is above the 

critical power, and the trajectory limit is a stable limit cycle in 

n, Tj, T2 space. A comparison case was considered in which the 

equilibrium power was slightly below critical. However, no solutions 

were obtained for approximations through the fourth order. It was 

concluded after some investigation that the formulation of the 

equations is not general enough to cover the resonant case and the 

near-resonance region below critical power. In this regime the 

difference between the frequency of the perturbation and the system 

resonance frequency is an important parameter. Hence, A, the perturba

tion is now a function of amplitude, and 0, a difference in phase 

angles. Thus Eqs. (5-32a) and (5-32b) become a coupled pair of 

equations, and the analysis becomes more complicated. The derivation 

of the more generalized equations is discussed by Bogoliubov and 

Mitropolsky (1961). 

The generalized equations are not considered here. Instead a 

case below the resonance regime is studied. We select the stable focus 

case with an equilibrium power of 100 Mw which is discussed in 

Chapter 3. All other system parameters are identical to those in the 

immediately preceding section. 

Here b is negative and B3 is positive,so we are dealing with 

a case of the type (b) shown in Fig. 5.1. From the matrix, L, the 

following characteristic values are calculated, 
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S: = -0.051096 + iO.054448 

S2 = -0.051096 - iO.054448 

S3 = -0.597807 , 

which indicate that y3 is the nondominant coordinate. The canonical 

matrix is, 

1 (-0.51096+i0.54448)(10~5) (-2.356668+ iO.866400)(IO-5) 

1 (-0.51096 -iO.54448)(10~5) (-2.356668 - iO.866400)(IO-5) 

1 (-5.97807)(IO-5) (3.672112)(10~5) 

and the inverse matrix is 

0.447597 -iO.995394 0.447597 +i0.995394 0.104806 

(0.540200 -i3.758941) (10**) (0.540200 +13.758941) (IO1*) (-1.080400)(IO4) 

(-0.339483- i3.408740)(IO4) (-0.339483+ i3.408740)(IO4) (0.678966)(10lf) 

The following equations may be derived, 

r = 0.8952 u + 1.9908 v - 0.1730 uv - 0.0316 u2 - 0.2695 v2 

- 0.0366 u2v - 0.0449 uv2 - 0.0074 u3 - 0.0216 v3 

Tx xl0~4 = 1.080 u + 7.518 v + 1.784 uv + 0.3262 u2 

+ 2.7783 v2 + 0.3774 u2v + 0.4626 uv2 

+ 0.0763 u3 + 0.2231 v3 

T2 xio"*4 = -0.6790 u + 6.8175 v - 1.1209 uv- 0.2050 u2 

- 1.7460 v2 - 0.2372 u2v - 0.2907 uv2 

- 0.0480 u3 - 0.1402 v3 . (5-62) 
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For 0(A2) we find that 

U2(0) = (0.216780, 1.579699)e10 - (0.395233, 0.445535)el20 

— 

+ (0.254037, 0.054588)e - (0.075584, 1.188752) , 

and 

B2+iQ2 = (0.011077, 0.080716) 

B3 + i«3 = (0.102974, -0.227627) 

A = 0.6527 (b = -0.0511) . 

Using these values we obtain 

yj(A,0) = 0.7450 cos 0 - 0.6729 sin 0 - 0.0601 cos 20 

+ 0.2131 sin 29 - 0.0322 + i(0.6729 cos 0 

+ 0.7450 sin 0 - 0.1665 cos 20 - 0.2766 sin 20 

- 0.5064) . (5-63) 

Equations (5-57), (5-62) and (5-63) define the solution for 0(A2). 

For 0(A3) we have, 

U3(0) = (-0.477336, 1.530942)e19 + (1.236247, -1.441863)ei20 

+ (0.040442, 0.332080)el36 + (-0.848358, 0.82O366)e"10 

+ (0.282601, -0.778948)e"129 + (-0.200825, 0.052832)e~l36 

+ C-0.032771, -0.515409) , 

B3 + ifi3 = CO.054221, -0.071177) 

ifi4 = (0.267332, -0.313246) 

A » 0.4946 

and 



yx(A,0) = 0.3872 cos 0 - 0.4725 sin 9 + 0.1493 cos 20 

+ 0.2026 sin 20 - 0.0194 cos 30 - 0.0338 sin 30 

- 0.022458 + i(0.6710 cos 0 + 0.5926 sin 0 

- 0.3644 cos 20 - 0.0434 sin 20 + 0.0466 cos 30 

+ 0.0292 sin 30 -- 0.3532) . 

For Ô 1*) we find that 

(0) = (-2.099054, 1.328758)e10 + (1.929285, 0.224706)el29 

+ (-1.457886, O.281575)e130 + (0.088037, -O.163331)ell+0 

+ (0.744196, 1.8737O8)e"10 - (0.219933, O.967O76)e"120 

+ (0.119753, O.986123)e"130 + (0.092968, -0.092731)el4e 

+ (0.802634, -3.471732) , 

B̂ +î  = (-0.054428, -0.109563) 

B5 = 0.362122 

A = 0.5666 . 

Use of these data gives 

y (A,0) = 0.255433 cos 0 - 0.580187 sin 0 + 0.407071 cos 20 

+ 0.158304 sin 20 - 0.167064 cos 30 + 0.021814 sin 30 

+ 0.018652 cos 40 + 0.007275 sin 40 + 0.052488 

+ i(l.264775 cos 0 + 0.410653 sin 6 = 0.605922 cos 20 

+ 0.186503 sin 20 + 0.200644 cos 30 - 0.118694 sin 30 

0.026387 cos 40 - 0.000508 sin 46 - 0.833110) . 

The final results for all three orders are plotted in Fig. 5.5. 

The dotted line is the projection onto the n,Tj plane of the line of 

attraction in n.Tj/f̂  space, which is discussed in Chapter 3. The 
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3001 
Effective Lifetime, Case I 

£ = -0.l, n0=IOOMw, 

n =262.5 Mw 

200-

I00--

6 5 -4 3 2 0 2 3 4 5 
Temperature *I0~4 (°C) 

Figure 5.5 Stable Region Approximations for Effective Lifetime Stable 
Focus. 
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fact that this dotted line passes through the boundaries of all three 

approximations indicates that the predicted regions of stability include 

unstable regions. Note, however, that the stability regions tend to 

become longer and narrower with increasing order. It appears that for 

higher orders the predicted stability regions will lie entirely below 

the dotted line. It can be seen that the 0(A3) approximation over

estimates the size of the stability region as compared to the OCA1*) 

approximation. This can be explained by examining Eq. (5-33). In 

estimating for the 0(A3) calculation, it is assumed that = 0, 

i.e., 1̂ (0) = 0. When this quantity is small, the approximation is good. 

When it is large, as in this case, the approximation is poor. Whether 

or not this type of oscillation damps out with increasing order depends 

on the magnitudes of the neglected terms in each step of the calculation. 

In this case we have a stable region of infinite extent as discussed in 

Chapter 3, although the system is not globally asymptotically stable. It 

would appear that the infinite order approximation would be required to 

give a good approximation to the entire stable region. As already 

pointed out, the technique employed is more useful for analyzing 

stability regions that are not of infinite extent. A comparison of the 

two cases just presented tends to bear this out. 

A Simple Reactor Case 

To study further the effects of stability regions of infinite 

extent, consider the following set of equations 
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f - -2x+2y 

(5-64) 

The nature of the trajectories of this system in the x,y plane is shown 

in Fig. 5.6. Sketches of this type can usually be obtained with the aid 

of a method called analysis of singular points (Cunningham, 1958). The 

(0,0) point is a stable focus, and the (-1,-1) point is a saddle point. 

The entire plane above the y = -1 line is stable. 

The L matrix is 

2 2 

-1 0 (5-65) 

and the characteristic values are 

Sj = -1 +i 

The canonical matrix, K, is 

(5-66) 

and the inverse matrix, K 1, is 

S 

1 2 
ZCŜ -Sj) 

(5-67) 

The canonical variables are 
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dx 
dy 

- 2 x  +  2 y  

4l = -x -
dt 

x  - x y  

Figure 5.6 Solution Curves in State Space. 
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yx = x - (Sx + 2)y 

y2 = x-(S2 + 2)y (5-68) 

and they satisfy the differential equations 

yl = Slyl + Ŝ1 + 2')xy 

y2 = S2y2 + (S2+ 2)xy . (5-69) 

By means of the. inverse transformation we obtain 

yi = siyi - \ yi2 + H2" yiy2 - f y22 (5-70a) 

y2 = S2y2 +jy12+1f1 y2y2 - § y22 . (5-70b) 

If we substitute Eq. (5-29a) into Eq. (5-70a), remembering that 

* 
y2 = yj , we obtain 

yj = A[-l + i]ei6 

+ A21 (-1 + i) U2 (0 ) - \ ei29 + 

+ A3[(-l + i)U3(9)- eieU2(0) +ijie'l9U2(0) 

. 1+i i0.. . -i0„ 
+ ~Y~ e U

2 ~ ie 2 

+ A1* [(-1+1)̂ (6) eX0U3(0)-| U22(0)+̂ ~̂  e'i0U3(0) 

+ U2(0)U2*(0)- | e"i0U3*(0) - | (U2*(0))2] . 

(5-71) 

By equating coefficients of like powers of A in Eqs. (5-41) and (5-71) 

we obtain the differential equations that allow us to solve for the 
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Û (0). Then by using the auxiliary condition, Eq. (5-29b), we can 

evaluate the corresponding values of and 

The coefficients of A yield 

= b+ iu = -1 + i . 

We have b negative and Bg positive (to be shown), so this case is of 

the type (b) ill Fig. 5.1. 

For 0(A2) we find that 

2(0) = (0.1, -0.3)el9 + (0.25, O.25)el20 

+ (0.15, 0.O5)e~l20 + (-0.5, 0.) 

u 2 ,  

and 

B2+ifi2 = (0.1, -0.3) 

B3+ if23 = (0 . 27, -0 . 06) 

A = 1.75 , 

from which we find 

yjCA,©) = 2.056 cos 0 + 0.918 sin 0 + 1.224 cos 20 

- 0.612 sin 20 - 1.53 + i(-0.918 cos 0 

+ 2.056 sin 0 + 0.918 cos 20 + 0.306 sin 20) . 

From the transformation represented by Eq. (5-67) we find that 

x = Re(yx) - Imfyj) = u- v 

y = -Im(y1) = -v . (5-72) 

This completes the solution for 0(A2). 
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For 0(A°) we have 

U3(6) = (-0.125, O.O25)e10 + (0.2, -0.1)el26 

+ (-0.0125, 0.0875)el38 + (-0.0125, -0.0875)e~l9 

+ (0., O.l)e~120 + (0.05, -0.025)e"136 + (-0.1, 0.) 

and 

B3 + if23 = (0.02, -0.01) 

B̂  + in̂  = (0.021, 0.063) 

A = 2.938 . 

From the above we find that 

y (A,0) = 0.3142 cos 0 - 0.2634 sin 0 + 8.5248 cos 20 

+ 3.3456 sin 20 + 0.9510 cos 30 - 2.8530 sin 30 - 6.852 

+ i(-4.1746 cos 8 + 0.9482 sin 0 + 2.5896 cos 20 

+ 5.9352 sin 20 + 1.5850 cos 30 - 1.5850 sin 30) . 

We obtain the final results by using Eq. (5-72). 

The results of both orders of approximation are plotted in 

Fig. 5.7. Note that the boundary for 0(A2) dips slightly into the 

unstable region, i.e., below the y = -1 line. The stable region for 

this approximation must therefore lie above y=-l and within the plotted 

boundary. The 0(A3) curve crosses into the stable region twice, 

indicating two stable regions for two ranges of the parameter 0. The 

reason for this behavior is that the higher order terms, corresponding 

to 20 and 30, are dominating the first order terms. In other words, 

the perturbation terms are dominating the linear approximation. It is 

felt that in this case the solution is no longer valid, because the 
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Figure 5.7 Approximations to the Stable Region. 
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underlying assumption in perturbation theories is that the 

perturbations remain small. When the combination of the magnitudes of 

A and the coefficients of the higher order terms is such that the 

perturbation terms are more important than the linear approximation, 

then the solution is no longer reliable. In cases where the stability 

regions are of infinite extent, it is speculated that the likelihood 

of A becoming large enough to cause the above effect would be greater 

than in cases of finite stability regions. 

Summary 

In Chapter 5 we have outlined the perturbation expansion method 

of Shotkin (1969) and worked one of his examples to verify our under

standing of the method. We then applied it to a third-order system in 

which a nondominant coordinate was eliminated in terms of the dominant 

ones. Two cases were considered, (1) a stable limit cycle which 

represents a boundary of finite extent, and (2) a stable focus 

which has a stable domain of infinite extent. The method gave highly 

precise results for the finite region but not the other case. Another 

case of infinite region was studied in which the third-order approxima

tion solution appears not to be valid. These results tend to indicate 

that the method is most effective with systems that are not globally 

asymptotically stable. We imply here that systems having stable domains 

of infinite extent are closely related to globally asymptotically 

stable systems with respect to the effectiveness of the method. 



CHAPTER 6 

CONCLUSIONS 

The oscillation boundaries in parameter space for the linearized 

thermionic reactor model are most easily calculated using an algebraic 

condition on the roots of the characteristic equation. Much supple

mental information can be obtained qualitatively by sketching root locus 

plots for the system. These boundaries complement the previously 

determined stability boundaries and are useful to the controls designer 

and in nonlinear stability analysis. 

Stable and bounded regions in the effective lifetime model can 

be determined by making computer surveys of exact solutions. Such 

regions are defined by limiting planes in state space which can be 

described mathematically. The mathematical model agrees well with 

numerical results. All trajectories outside the stable and bounded 

regions exhibit finite escape time. On these trajectories, for large 

reactivity, the power is proportional to the square of the reactivity. 

Stable domains in state space cannot be completely determined by 

perturbing power alone, as was done here. Perturbations in both 

temperatures, as well as power, must be studied. Finally, although 

concentric limit cycles may exist in the effective lifetime model, they 

were not found in this study. 

Stable regions of the prompt jump model can be determined by 

making computer surveys of exact solutions. The stable domain in state 

102 
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space can be determined by considering perturbations in both 

temperatures as well as in power, but not perturbations in power alone. 

The perturbation expansion technique of calculating instability 

bounds in linearly stable systems is a practical and straightforward 

method. It can often give results comparable to the Liapunov method, 

which is usually difficult to apply and requires varying amounts of 

ingenuity, depending on the particular problem. The method converges 

rapidly when the bounds are finite. It is not as precise for a condi

tion of global stability, which implies an infinite number of expansion 

terms for a complete description. Regions of infinite extent share this 

property. Hence the method is better suited to the analysis of systems 

not having globally asymptotically stable regions, or infinite regions of 

bounded solutions. The formulation of the method used in this study is 

not the most general. It is not adequate for the analysis of systems at 

critical power or the resonance zone below critical power. The reason 

is that amplitude and phase angle of the perturbation are considered to 

be independent variables. This cannot be the case at critical power 
/ 

(undamped system), for the allowable amplitude depends on the phase 

angle (frequency) in a crucial way when the latter approaches the reso

nant frequency of the system. A more general formulation can be 

obtained by established methods. Obvious extensions of the work done 

here would be: (1) obtain this more general formulation, (2) apply 

the method,using the prompt jump model, to determine the effect of 

delayed neutrons,, and (3) apply the method to higher order systems, 

e.g., one delay group model. In principle the method can be applied to 

systems of any order, although the algebra may become prohibitive. 



APPENDIX 

DIGITAL COMPUTER PROGRAM 

The digital computer program consists of the main program, 

DIFEQN, and the subroutine, GSVDQ. The subroutines used in plotting 

output data are part of the computer system, and not supplied by the 

user. Hence they will not be discussed here. 

The main program provides for the input and output of data, 

and the preparation of data for plotting by calling the plot sub

routines. The user selects either the prompt jump or effective 

lifetime neutron kinetics model by setting the parameter PJ to 1 

or 0, respectively. The temperature differential equations are 

the coupled ones for the thermionic reactor model. The temperatures 

are scaled (within the program) to increase the integration speed. 

The numerical integration of the differential equations is performed 

in subroutine GSVDQ. 

GSVDQ was written by F. T. Krogh, Jet Propulsion Laboratory, 

Section 314, Pasadena, California, May 1, 1969. It was adapted for 

use on the CDC 6400 computer of the University of Arizona Computer 

Center by J. G. Guppy and K. D. Kearns, September, 1969. 
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PROGRAM DIFEQN(INPUT* OUTPUT* TAPE 6) 
EFFECTIVE LIFETIME NONLINEAR 
COMMON/MG1/YUO) »F (10) »*£> (10) *EP (10> *YN (10) *DT <20» 10) » 
«KQ(10) 
C0MM0N/MG2/NEU.T»TFINAL*OELT,IFLAG,NPRI NT 
C0MM0N/MG3/HtHi-1INA*HMAXA»MXSTEPf KSTEP*KEMAX»EMAX 
DIMENSION XN(4000)t XTlUOOO) 
DATA HMINA*HMAXA»MXSTF.P»PJ/0*001*1.000*1000*0./ 
•CALL INITIAL(8H4I003625*6*0*0*0) 

1 READ 2* B*ALPH1,ALPH2,ETAI,ETA2*ETA3*BETA»XLAMB»H»DELT 
«,T,PZER0,TFINAL,Y(D,Y(2),PWR 
2 FORMAT (8E10.5) 

IF ( B >3*3*4 
4 NEQ = 3 

KO = 0 
DO 5 I = 1*NEQ 
KD <I) = 1 

5 EPU) = 0.0001 
PRINT 6 

6 FORMAT (//16X1HB15X5HALPH113X5HALPH214X4HETA113X4HETA2 
»14X4HETA313X4HtiETA) 
PRINT 7,B»ALPH1,ALPH2*ETA1,ETA2*ETA3*BETA 

7 FORMAT (/2X,7(5XE13.5)) 
PRINT 8 

8 FORMAT (//14X6HLAMBDA6X17HEQUILIBRIUM POWER3X13HINITIA 
«L POWEREX13HINITIAL TEMP15X13HINITIAL TEMP211X2HPJ) 
PRINT 9* XLAMB»PZERO*PWH,Y(l),Y(2)*PJ 

9 FORMAT (/2X,6(5XE13.5)) 
PRINT 10 

10 FORMAT(///9X4HTIME15X5HP0WER13X5HT 0NE13X5HT TWOl1X9HS 
»TEP SIZE7X5HKSTEP9X3HRH0//) 
Y(I) = Y (1)/109* 
Y(2) = Y (2)/100« 
YZERO = ALOG(PZERO) 
Y(3) = ALOG(PWR) 
RHO = (100./BETA)»((-ALPH1)«Y(1)-ALPH2*YC2)) 



U1 = ALPH1»(PJ*ETA1-XLAMB>-PJ#ALPH2»ETA2 
U2 = ALPH2*(PJ»ETA3-XLAMB) 
U3 = (-PJ)«ALPH1«B 
CALL GSVOG 
GO TO 30 

20 CALL GSVDQl 
30 GO TO(40 * 40»50 * 50«60»60*60»60)» IFLAG 
40 DELT = H 

- V c BETA»Q.-PJ#RHO) 
U = U3«(EXP(Y(3))-EXP(YZERO>)*100.*U1*Y(1>«-100.*U2»Y(2 

« )  

F (1) = e*(EXP(Y(3))-EXP(YZERO))/100.-ETAl*Y(l) 
F(2) = ETA2»Y(1)-ETA3»Y(2> 
F(3) = U/V 
RHO = (100./BETA)»((-ALPH1)«Y(1)-ALPH2»Y(2)) 
T1 = Y(l)«100. 
T? = Y(2)«100. 
PWR = EXP(Y(3)) 
GO TO 20 

50 PRINT 11, T,PwR,Tl,T2,HtKSTEP,RH0 
11 FORMAT (5(5XE13.5)»5XI5»5XF10.6) 

KO = KO • 1 
XN(KO) = PWR 
XTKKO) = T1 
IF (IFLAG.EQ.3) GO TO 20 
IF (IFLAG*EQ.4> GO TO 12 
GO TO 1 

12 CALL PLOT(2» *~11•»-3) 
CALL PL0T(5.»2.»-3) 
CALL SCALE(XN,7.»KO,1,10.) 
CALL SCALE(XTl»5«»KO*l»10») 
CALL AXIS(0.»0.»1H •1»7»*90»»XN(KO*1)»XN(KO+2),10*) 
CALL AXIS(0.»0.,1H .-1,b.•0.»XTl(KO*1)»XT1(KO+2)•10.> 
CALL LINE(XT1,AN»KO»1»0»1> 
GO TO 1 

60 PRINT 61, IFLAG 



61 FORMAT (/10X17HBLEW IT IFLAG =tl2) 
GO TO 50 

3 CALL PLOT(0.»0.f999) 
END 

o 



SUBROUTINE GSVDQ 
DIMENSION DD«20)» D<19)* GAM(15»4). GAS(15)» PT(16)* FAC(3> SVOQ 
DIMENSION ETA(13»13) • ETAl(13)* ETA2d3)» ETA4 (13) • ETAB (IV * SVDQ 
1 ETA6(13) » ETA7 (13) • ETA8(13)» ETA9(13)* ETA10<13)» ETAH<13)» SVDQ 
2 F.TA12(13)» ETA13 (13) » ETA3(13) 
DIMENSION GAMHi5)» GAM2<15)» GAM3(15>* GAM4<15) SVQQ 
COMMON/MG1/ Y(10)9F(10)*KD(10)«EP(10)*YN(10)«DT(20*10)*KQ(10) 
COMMON/MG2/ N£U,T,TFINAL,DELT»IFLAGtNPRI NT 
C0MM0N/MG3/ H»MMINA»HMAXA»MXSTEP»KSTEP»KEMAX,EMAX 
DATA KMAXO/4/ SVDQ0210 
DATA FAC/1.0E0».5E0».166666667E0/ SVDQ0214 
DATA KQ^AX/14/ SVDQ 
DATA RND,KBIT2/2.84E-15»98/ SVOQ 
DATA P1»P01*P25»P3E1/.1».01*.25*3./ SVDQQ236 
DATA PT/1.,2.»4.*8.»16.»32.»64..128.»256.»512.*1024.»2048.» SVDQ 

1 4096.»8192.*16384.*32768./ SVDQ 
DATA GAS/1.*-.5*-8.3333333333333E-02* SVQQ 

1 - 4 « 166666666666 6 E—02? -2 o 6388888888888F.-02 * SVDQ 
2 -1.875O0O0QQ00O0E-02* -1 .4269179894179E-02* SVDQ 
3 -1•1367394179894E-02* -9.3565365961199E-03* SVDQ 
•4 -7.8925540123456E-03* -6.785B499846347E-03* SVDQ 
5 -5.9240564123376E-03. -5.2366932579502E-03* SVDQ 
6 -4.6774984070422E-03* -4.2349522390054E-03/ SVDQ 
DATA (GAM1(I)« 1= 1*15)/ 1.*.5* .4]666666666667*.375* SVOQ 

1 3.4861111111111E-01* 3.298611U11111E-01. SVDQ 
2 3.1559193121693E-01 * 3.0422453703703E-01, SVOQ 
3 2.9486800044091E-01* 2.8697544642857E-01, SVDQ 
4 2.8018959644393E-01, 2.7426554003159E-01* SVDQ 
5 2.5902884b77364E-01, 2.6435134836661E-01* SVDQ 
6 2.5013639612760E-01/ SVOQ 
DATA (GAM2(I)« 1= 1*15)/ SVDQ 
1 .5*.16666666666667*.125*.10555555555556* SVDQ 
2 9.3750000000000E-02* 8.5615079365079E-02* SVDQ 
3 7•9571759259259E-02* 7.4852292768959E-02* SVDQ 
4 7.1032986111111E-02* 6.7853499846347E-02? SVDQ 
5 6.5164620535714E-02* 6.2840319095403E-02* SVDQ 



6 6.0807479291549E-02* 5.9009331346077E-02* SVDQ 
7 5•7403493293178E-02/ SVDQ 
DATA (GAM3(I)» 1= 1»15)/ SVDQ 
1 1.6666666666667E-01• 4.1666666666667E-02» SVOQ 
2 2«9166666666667E-02* 2.36111111i1111E-02. SVDQ 
3 2.03373015b7301E-02* 1.812996031746QE-02* SyDG 
4 1.65181327l6049E-02» 1.5277226631393E-02» SVOQ 
5 1.4285188191438E-02* 1.3469396553164E-02» SVOQ 
6 1.2783657921710E~02» 1.2197038823124E-02* SVOQ 
7 1.16e7961645573E-C2t 1.1240866335288E-02* SVDQ 
8 1.0844218294347E-02/ SV(>Q 
DATA (GAM4 (I)* 1= 1»15>/ SV&Q 
1 4.1666666666667E-02» 8.3333333333333E-03* SVOQ 
2 5.5555555555556E-03* 4.3650793650794E-03* SVDQ 
3 3.678902.1164 021 E-03» 3.2236552028219E-03» SVDQ 
4 2.895447530b642E-03» 2.6454358398803E-03, SVDQ 
5 2.4473749148228E-03* 2.2857954381805E-03t SVDQ 
6 2.1509366948148E-03* 2.0363087102021E-03* SVDQ 
7 1.9374130112343E-03* 1.8510261910607E-03, SVDQ 
8 1.7747637472430E-03/ SVDQ 
DATA (ETA1(I)» 1= 1»13)/ 3.3333333333333E-01» 2.5000000000000E-01»SVOQ 

1 1.1363636363636E-01? 6.7307692307692E-02* SVDQ 
2 4.60S 2631578947E-02? 3.4374999999999E-02» SVDQ 
3 2.7138157894737E-02* 2.2254731075697E-02, SVDQ 
4 1.8748457551826E-02* 1.6112321954813E-02, SVDQ 
5 1.4060299565271E-02* 1.2419706453289E-02* SVDQ 
6 1.1080216892449E-02/ SVDQ 
DATA (ETA2(I)t 1= 1»13>/ 2.E-01* 3.9999999999999E-01» SVDQ 

1 3.4090909090909E-01* 2.0192307692308E-01, SVDQ 
2 1.3815789473684E-01t 1.0312500000000E-01« SVDQ 
3 8.1414473684211E-02» 6.6764193227092E-02, SVDQ 
4 5.624537265iD479E-02» 4.8336965864440E-02. SVDQ 
5 4.2ie0898695812E-02» 3.7259119359868E-02* SVDQ 
6 3.3240650677347E-02/ 3V0Q 

DATA (ETA3(I)» 1= 1»13>/ 1.4285714285714E-01» 2«85714285714?9E-01»SVDQ 
1 3.42e57l4285714E-0l» 3.46l53846l5385E-0l» SVDQ 



2 2.4561403508772E-01, 1.8750000000000E-01* SVDQ 
3 1»5030364372469E-01• 1.2462649402390F.-01• SVDQ 
4 1,0587364264561E-01» 9.1585830058939E-G2, SVDQ 
5 8 .0344568944404E-02* 7.1278315297139E-02, SVOQ 
6 6.3822049300507E-02/ SVDQ 
DATA (ETA4(I)* 1= 1,13)/ 1.1111111111111E-01• 2.2222222222?22E-01,SVOQ 

1 2»8571429571429E-01* 2.5396825396825E-01, SVDQ 
2 3.0701754385965E-01» 2.5000000000000E-01» SVDQ 
3 2.0875506072874E-01* 1.78Q3784860558E-01» SVDQ 
4 1.5439906219151E-01* 1.3568271119843E-01» SVDQ 
5 1.2051685341661E-01* 1.Q799744741961E-01» SVDQ 
6 9.7505908653552E-02/ SVDQ 
DATA (ETA5(I)* 1= 1»13>/ 9.0909090909091E-02* 1.8181818181818E-01»SVDQ 
1 2.4242424242424E-01* 2.4242424242424E-01• SVDQ 
2 1.7316017316017E-01. 2.5000000000000E-G1» SVOQ 
3 2.27732793S2227E-01, 2.0542828685259E-01, SVDQ 
4 1,8527887462981E-01* 1.6760305500982E-01» SVDQ 
5 1.5223181484203E*01t 1.3885386096845E-01» SVDQ 
6 1.2718161998289E-01/ SVDQ 
DATA (ETA6(I)* 1= 1*13)/ 7.6923076923076E-02* 1.5384615384615E-01«SVDQ 

1 2.0979020979020E-01, 2.2377622377622E-01, SVDQ 
2 1.8648018648018E-01, 1.1188811188811E-01» SVDQ 
3 1.9129554655870E-01, 1.9173306772908E-01, SVDQ 
4 1.852780746298IE-01» 1.7598845776031E-01* SVDQ 
5 1.6576353171687E-01, 1.5551632428466E-01. SVDQ 
6 1.4568076470767E-01/ SVDQ 
DATA (ETA7 (I)» 1= 1,13)/ 6.6666666666667E-02, 1.3333333333333E-01,SVDQ 

1 1.8461538461538E-01* 2.0512820512821E-Q1• SVDQ 
2 1.36480l86480l9E-01t 1•3426573426573E-01» SVDQ 
3 6.J619269619269E-02» 1.3944223107570E-01» SVDQ 
4 1.5202369200395E-01, 1.5643418467583E-01, SVDQ 
5 1.5601273573353E-01, 1.5278796771827E-01 • SVDQ 
6 1.4799315779828E-01/ SVDQ 
DATA (ETA8CI). 1= 1,13)/ 5.882352941l765E-02t 1.1764705882353E-01•SVDQ 
1 1.6470588235294E-01 * 1.8823529411765E-01» SVDQ 
2 1.8099547511312E-01 * 1.4479638009050E-01, SVDQ 



3 9.2143150966680E-02* 4.2122583299054E-02* SVDQ 
4 9.7729516288253E-02* 1•1493123772102E-01, SVDQ 
5 1.2536737692873E-01* 1 .30961115187G9E-01* SVDQ 
6 1.3319384201845E-01/ SVDQ 
DATA (ETA9(I)> 1= 1*13>/ 5.2631578947368E-02* 1•0526315789474E-01* SVDQ 
1 1.486068111455IE-01» 1.7337461300310E-01* SVDQ 
2 1.7337461300310E-01* 1.4860681114551E-01* SVOQ 
3 1.0669206954037E-01» 6.0966896880210E-02* SVDQ 
4 ?.49^1003269l77E-02F 6.6306483300589E-02* SVDQ 
5 8.3578251285819E-02* 9.6294937637564E-02* SVDQ 
6 1.05153033W246E-01/ SVOQ 
DATA(ETA 10(I> t 1=1*13)/ 4.7619047619048E-02» 9.6238095238095E-02» SVDQ 

1 "1.3533834586466E-01f 1.6040100250627E-01* SVDQ 
2 1.6511867905057E-01* 1.4860681114551E-01* SVDQ 
3 1.1558307533539E-01* 7.5482824708831E-02* SVDQ 
4 3.9193005137278E-02* 1.4515927828621E-02. SVDQ 
5 4.3779084006858E-02, 5.8846906334067E-02* SVDQ 
6 7.1400207709695E-02/ SVDQ 
DATA (ETA 11(1)* 1 = 1*13)/. 4.3478260869565E-02> 8.6956521739130E-02* SVDQ 
1 1.2422360248447E-01* 1.4906832298137E-01» SVDQ 
2 1.569140241909IE-01* 1.4645308924485E-01 * SVDQ 
3 1,2060842643694E-01» 8.6148876026383E-02* SVDQ 
4 5.1689325615829E-02, 2.4613964578967E-02* SVDQ 
5 8.3308803190348E-03* 2.8246515040352E-02* SVDQ 
6 4.0320117294887E-02/ SVDQ 
DATA (ETA 12(I)* 1 = 1*13)/ 4.0000000Q00000E-02? 8.OQOOOOOOOOOQOE-02* SVDQ 

1 1.1478260869565E-01* 1.3913043478261E-01* SVDQ 
2 1.4906832298137E-01* 1.4310559006212E-01* SVOQ 
3 1.2302059496568E-01* 9.3729977116705E-02* SVDQ 
4 6.202719073B996E-02* 3.4459550410553E-02* SVDQ 
5 1.5162202180643E-02* 4.7258811991616E-03* SVDQ 
6 1.7869142892052E-02/ SVDQ 
DAT A(ETA 13(I)* 1 = 1*13)/ 3.7037037037037E-02* 7.4074074074074E-02» SVDQ 

1 1.0666666666667E-01* 1.3037037037037E-01 * SVDQ 
2 1.4170692431562E-01, 1.3913043478261E-01* SVOQ 
3 1.2367149758454E-01* 9.8937198067633E-02* SVDQ 



4.33935Q7924400E-Q2, 
9.1892134428142E-03, 

4 7.0297432837529E-02, 
5 2.2462521749101E-02» 
6 2.6546616612574E-03/ 
EQUIVALENCE (00(2)*0(1)) 
EQUIVALENCE (PT(1),PTSl)*(PT(2)»PTS2)»(PT(3>»PTS3),(PT(4)»PTS4), 

1 <PT<5),PTS5)»(GAM(2,1)»P5) 
DO 11 1,15 
GAM(MM»1)s GAM1(MM) 

GAM2(MM) 
GAM3(MM) 
GAM4(MM) 

GAM(MM, 2) = 
GAM(MM»3)« 
GAM(MM,4)= 

11 CONTINUE 
DO 5 KENs 
ETA(KEN,1)= 
ETA(KEN,2)= 
ETA(KEN,3)= 
ETA(KEN,4)s 
ETA(KEN,5)= 
ETA(KEN,6)= 
ETA(KEN,7)= 
ETA(KEN,8)= 
ETA(KEN»9)= 
ETA(KEN,10)= 
ETA(KEN,11> — 
ETA(KEN,12)-
ETA(KEN,13)s 

5 CONTINUE 
ERND= 0.0 
KEMAXs 0 
LFD= 0 
E2HMAX= 0.0 
KSTEP = - 1 
NE = NEC 
IF(NE.LE.O) 
HH = H 
NV = 0 

1»13 
ETA1(KEN) 
ETA2(KEN) 
ETA3 ( K E N )  
ETA*(KEN) 
ETA5(KEN) 
ETA6(KEN) . 
ETA7(KEN) 
ETA8(KEN) 
ETA9(KEN) 
ETAIO(KEN) 
ETA11(KEN) 
ET A12(KEN) 
ETA13(KEN) 

GO TO 1190 

SVDQ 
SVDQ 
SVDQ 
SVQQ0203 
SVDQ0242 
SVQQ0243 
SVDQ 
SVDQ 
SVDQ 
SVDQ 
SVDQ 
SVDQ 
SVDQ 

SVDQ 
SVDQ 
SVOQ 
SVDQ 
SVDQ 

SVDQ0309 
SVDQ0310 
SVDQ0311 
SVDQ0312 
SVDQ0313 



KDMAX = 0 
KDD = KD(1) 
KDS = KDD 
DO 10 1=1»NE 
KQ(I) = 1 
DT {1RI) = 0. 
IF(KDS.LE.O) KDO = IA8S(K0(I)) 
IF ( (KDD.EQ.O).OR.(KDO.GT.KMAXO)) HH » O.EO 
IF (KDD.GT.KDMAX) KDMAX = KDD 

10 NV = NV • KDD 
IF ( (OELT«HH).LE.O.EO) GO TO 1190 
ERKMX = PI 
EMAX = ERNO 
RWDC = RNO * P25 
LDOUB = 0 
E2HFAC •= P25 
LSC = 8 
LSTC = 4 
KSOUT = MXSTEP 
TOUT = T 
IFL = 13 

20 IFLAG = 1 
RETURN 
ENTRY GSVDQ1 
IF(2-IFL) 30*60*320 

30 IF (IFL.GT,5) GO TO 1180 
KSOUT = KSTEP • MXSTEP 
IF(IFL-4) 40*1210*210 

40 TOUT a T • OELT 
50 TPS1 = ABS(AMOD((T0UT-T)/HHtPTS2)-PTSl) 

LFD = - 1 
IF (TPS1.GE.P5) LFD = 1 
GO TO 200 

60 KQM = 0 
DO 80 1=1»NE 
KQQ s KQ(I) 

SVDQ03H 
SVDQ0315 
SVDQ0316 
SVDQ0317 
SVDQ0318 
SVDQ0319 
SVDQ0320 
SVDQ0321 
SVDQ0322 
SVDQ0323 
SVDQ0325 
SVDQ0326 
SVDQ0327 
SV000328 
SVDQ0329 
SVD00330 
SVDQ033 1 
SVDQ0332 
SVDG0349 
SVD00350 
SVD00351 
SVDQ0352 
SVDQU353 
SVDQ0400 
SVDQ0401 
SVQQ0402 
SVDQ04 05 
SVDU0406 
SVDG0410 
SVDQ0412 
SVDQ041 3 
SVDQ0414 
SVDQ0422 
SVDQ0430 
SVD0 0431 
SVDQ0432 



70 

80 

90 

110 

120 

130 

140 

150 

155 
156 
160 

170 

IF(KQQ.eT.KQM) KQM a KQU 
D  ( 1 )  =  F  ( I )  
DO 70 KsitKOQ 
D C K*1 > D(K> - DT(Ktl) 
O T ( K *  I )  a  0 ( K )  
07 (KQQ*1 * I) a 0(KQQ*1) 
C O N T I N U E  
D O  9 0  J = 1 » N V  
Y N ( J )  a  Y ( J )  
C O N T I N U E  
LF[) = -  LFD 
TL = T 
K 5 T F P  = KSTEP • 1 
IF(LSC.EQ.O) GO TO 140 
LSC = LSC - LSTC 
IFCLSC.EQ.O) GO TO 130 
IF (LSTC.NE.(-1)) GO TO 140 
IF(LDOUe.LT.O) RNDC = RNO * Pi 
E2HAVE •= E2HMAX 
TPS1 = PTS1 
GO TO 190 
IF (ABS(hH).LT.HMINA) GO TO 1000 
LSTC = 0 
IF(LDOUe.NE.l) GO TO 150 
IF((LFD.GT.O).AND.(A8S <HH*HH).LE.HMAXA)) 
GO TO 200 
KQMAX a PTSl/FLOAT(KQM+3) 
IF(LSTC.NE.O) GO TO 120 
IF (ARS(E2HAVE).GT.1.0E-10) GO TO 155 
TPS1 = E2HMAX/U0E-10 
GO TO 156 
TPS1 a E2HMAX/E2HAVE 
IF(TPSl-PTSl) 160.190*170 
E2HFAC a AMAX1(.075EO»E2HFAC-RQMAX,E2HFAC»TPSl) 
GO TO 180 
TPS1 a TPS1»TPS1 

GO TO 1030 

SVDQ0433 
SVDQ0434 
SVDQQ435 
SVDQ0436 
SVDQ0437 
SVDG0438 
SVDQ0439 
SVDQ0443 
SVQQ0444 
SVDQ0445 
SV00044.6 
5VDQ0447 
SVDU0448 
SVDQ0453 
SVDQ0454 
SVDQ0455 
SVDQ045& 
SVOQ0457 
SVDQ0458 
SVDQ0459 
SVDQ0460 
SVD00461 
SVDQ0462 
SVDCJ0463 
SVDQ0464 
SVDGQASS 
SVDQ0466: 
SVDQ0467 

SVDQ0468 
SVDQ0469 
SVD00470 
SVD00471 
SVDQ0472 

f—' t—' 



E2HFAC = AMINl(PTS1»E2HFAC«TPS1) 
180 RNDC = <1.1-E2HFAC)»RND 

E2HAVE = P5 • (E2HMAX+E2HAVE) 
190 ERRMX = AMAXl(Pl»ERRMX-RQMAX«TPSD 
200 TPD = (TOUT-TU/HM 

TPD1 = (TFINAL-TD/HH 
IF(TPD1.LT.FACU>> GO TO 1220 
IF(TPD.LE.0.E0> GO TO 1280 
IF(KSOUT.GT.KSTEP) GO TO 210 
IFL = 5 
GO TO 310 

210 IF(EMAX.EQ.ERND) GO TO 220 
IFL = 6 
IF(EMAX.GE.Pl) GO TO 310 
IF ( (LSTC.GE.O).OR.(LDOUB.EQ.l)) ERRMX 

220 IFL = 1 
230 T = TL • HH 
240 J = 0 

DO 290 1=1»NE 
IF(KDS.LE.O) KDD = IABS(KD(I)) 
KDG = KDD 

250 KOQ = KG(I) 
TPD a 0.E0 
K = KDC 

260 TPD - TPD • DT(KQQtl) « GAM(KOQtKDC) 
KQQ = KGQ - 1 
IF(KQQ.GT.O) GO TO 260 

270 K = K - 1 
IF (K.LE.O) GO TO 280 
L = J • K 
TPD = YN (L+1)*FAC(K>*HH*TPD 
GO TO 27 0 

280 J = J • 1 
Y(J) = YN(J) • HH#TPD 
KDC = KDC - 1 
IF(KDC.GT.0) GO TO 250 

SVDQ0473 
SVDQ0474 
SVDO0475 
SVDQ0476 
SVDQ0489 
SVDQ0490 
SVDQ0494 
SVDQ0495 
SVDQ0498 
S V D CO 0 5 0 0 
SVDQ0501 
SVDQ0504 
SVDQ0506 
S \/ D Q 0 5 0 7 
SVDQ0508 
SVDQ0510 
SYQG0511 
5VDQ0516 
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290 CONTINUE 
IF(IFL) 20*320*300 

300 CONTINUE 
310 IFLAG = IFL 

IF (IFLAC-.GE.4) GO TO 1430 
RETURN 

320 EPS = EP(1) 
ERND = 0. 
EMAX = 0. 
E2HMAX = 0. 
J = 0 
IF(LDOUB.GE.O) LDOUB = 1 
DO 790 1=1»NE 
IF(KDS.LE.O) KDD = IABS(KO(I)) 
KQQ = KG(I) 
KQ1 = KGQ • 1 
D (1) = F (I) 
DO 330 K=1,KQ1 
D(K +1) = D (K) - DT(K*I) 

330 CONTINUE 
TPS3 s ABS(0(KtiQ*l)) 
IF(LDOUB.LT.O) GO TO 720 

340 IF(KQU.NE.l) GO TO 520 
E2H = PTS2 
TPS5 = DT(3*1) 
IF<LSTC.LT.<?> GO TO 370 
IF(LSTC.NE.4) GO TO 350 
TPS4 =0, 
IF(KDD.GT.D TPS3 = AMAX1(TPS3»ABSCHH»D(1))) 
TPS3 « TPS3 * Pi 
GO TO 510 

350 DT(2*I) =  0 ( 2 )  
D(2) s 0(1) - OT(5»I> 
TPS2 = - D<2) 
TPS3 = PTS5 * ABSUPS2) 

360 DT(7*1) = PT<4) 
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IF(LSTC~2) 420*380*380 
370 IF(TPS5.EQ.O.) GO TO 360 

IF(DT(6*I).EQ.O.) GO TO 400 
TPS2 = DT (5*1) - OT(1*1) 

380 TPS4 = DT(4»I) 
T PS1 = ABS(TPS4) 
TPS4 s TPS2#SIGN(PTS2*TPS4) - TPS5»TPS1 
IF (TPS4.GT.(-TPS1)) GO TO 410 

390 TPS6 = - PTS1 
GO TO 450 

400 DT(6»I) = PT(1) 
TPS6 =0. 
GO TO 450 

410 lHTPS4.LT.TPSl) GO TO 440 
IF (TPSl.EQ.O#) GO TO 390 

420 TPS6 = PTSl 
GO TO 450 

430 KQ(I) = 2 
IF (2-LSTC) 510*510*520 

440 TPS6 = TPS4/TPS1 
450 TPS4 = TPS5 • TPS6 

IF (TPS4.LT.P25) GO TO 430 
E2H = PTS4*TPS4 
IF(2-LSTC) 460*470*480 

460 LSC = 0 
GO TO 510 

470 IF(TPS5-P25) 430*460*460 
480 IF(TPS4.GT.PTS2) GO TO 490 

IF(TPS4.GT.P5) 0(2) s D(2)°GAM<2»1) 
GO TO 510 

490 IF (TPS4.LT.PTS4) GO TO 500 
TPS4 = PTS4 
0(2) = 0(2)/PT(3) 
TPS3 s TPS3«OT(7*I) 
GO TO 510 

500 D(2) = C (2)«PTS2*(TPS4-PTS1)/(TPS4«TPS4) 
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TPS5 s TPS1 
IF(KQQ-2) 600*610*620 

600 E2H = E«E2H 
IF(E2H.LT.P01) GO TO 780 
IF(0(4).LT.P3E1) GO TO 770 
LSTC = - I 
LSC = - 5 
GO TO 770 

610 TPS 1 = TPS2 
IF(LSTC.NE.2) GO TO 620 
KQ(I) = 3 
TPS2 s 0. 
TPS4 = 0. 
LRND = 0 

620 E2H = TPS2 • TPS3 • TPS4 
E2H = ABS(GAS(KQQ-l)«PT(KQQ*l)«E2H»TPS6) 
IF(E2H.GT.E2HMAX) E2HMAX = E2H 
IF (LRND) 630*640*660 

630 K = (KBIT2/KQQ) - 4 
IF(K.LE.3) GO TO 640 
IF (K.GT.KQMAX) K = KQMAX 
E2H = E2H/PT(K*1) 
GO TO 650 

640 E2H = AMN1<E2H,E2H«P3E1»E2HFAC) 
650 E2H = E2H»P1 

TPS6 = PTS4 
GO TO 670 

660 E2H = E2H«E2HFAC 
TPS6 " FLOAT(KQQ+2) 

670 IF(TP:55.LT. (TPS3*TPS6)) GO TO 680 
IF(TP'J2.LE.(TPS4«TPS6)) GO TO 760 
IF(KQQ.NE.KOMAX) KQ(I) = KQl 
GO TO 760 

680 TPS6 = TPS6«P25 
IF((TPS1.GT.(TPS3«TPS6)).0R.(TPS2.GT.(TPS4»TPS6))) GO TO 760 
IF(LSTC.LE.O) GO TO 750 
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690 
700 
710 

720 

730 

740 

750 

760 
770 
780 
790 

800 

810 

820 

:IF(E2H.LT.P01> GO TO 750 
IF (LSC-LSTC) 690*750*770 
IF (KSTEF-4) 750,700*710 
KQ1 = LSTC 
LSC = KG 1 
GO TO 770 
IF (LDOUfi.EQ.(-2)) GO TO 340 
DT(KQQ*1*1) = D(KQQ+1) 
IF (LDOU6.EQ.(-1)) DT<KQQ*1»I) =D(KQQ*2> 
K = KQQ 
IF(K.EQ.l) GO TO 740 
IF ( (ABS (D(K-l)).GT.(RT(2)«A8S(D(K*1)))).OR, 

1 (ABS(D(K)).GT.(PT(2)*ABS(D(K*2)))>) GO TO 740 
K = K - 1 
GO TO 73 0 
IF ( (K*K) ,GE»KQQ) GO TO 780 
LDOUB s - 4 
E2H = 0. 
KQQ = K • 1 
KQ(I) = KQQ - 1 
IF(KQQ.EQ.2> 0T(3»I) s 0. 
IF(E2H.LT.P01) GO TO 780 
LDOUB = 2 
CONTINUE 
CONTINUE 
IF(IFL.LT.O) GO TO 1250 
IF(LDOUB) 800*950*870 
LDOUB = LDOUB • 1 
IF (LDOUB*1) 810*870*820 
IF(LDCUB.EQ.(-2)) GO TO 820 
LDOUB = 0 
GO TO 220 
DO 860 I =; 1*NE 
KQQ a KG(I) 
TP = DT(KQQ*1*I) 
IF(KQQ.LE.3> GO TO 860 
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IF (LD0U8.NE.0) GO TO 840 
DO 830 K = 3»KQQ 
DT (K»I) = DT(Ktl) .• ETA(KQQ-1,K-2»«TP 

830 CONTINUE 
GO TO 860 

840 DO 850 K = 2»KQQ . 
DT (K* I) = DT(K»I) • ETA(K-1,KQQ-1)«TP 

850 CONTINUE 
860 CONTINUE 

IFL = 0 
GO TO 240 

870 IFL = 2 
IF(LSTC.LE.O) GO TO 300 
IF (2-LSTC) 880»900»940 

880 LSTC = LSTC - 1 
IF(LSTC#EQ»3) GO TO 890 
IF(LSC) 920*960,920 

890 IFL = 1 
GO TO 300 

900 IF(LSC-2) 910*930*920 
910 LSTC = 0 
920 LDOUB = 2 

GO TO 60 
930 LSTC = I 

LSC = 0 
GO TO 60 

940 IF(LSC) 300*60*300 
950 HH = FAC(2)«HH 

IF (LSTC.LT.2) GO TO 990 
ERND = P25»EHND 
IF(ERND.GE.Pl) GO TO 950 
LSTC = 4 

960 LSC =4 
DO 970 I = 1*NE 
KQ(I) =1 

970 CONTINUE 
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IF (LSTC-3) 890»890 »1170 
980 IF(LOOUB.EQ.O) GO TO 990 

LSC = 1 
LSTC = 1 
GO TO 140 

990 IF (ABS (HH).GE.HMINA) GO TO 1040 
IF (IFL.EQ.7) GO TO 1010 

1000 IFL = 7 
GO TO 1020 

1010 HH = HH • HH 
IFL = 2 

1020 H = HH 
GO TO 310 

1030 HH = HH • HH 
IF (LSTC.EQ.1) GO TO 1050 
LSC = - 3 

1040 LSTC = - 1 
1050 DO 1160 I = 1»NE 

KQQ = KG(I) 
IF (KQQ.NE.1) GO TO 1070 

. DT(6»I> = 0. 
D (3) = DT(3»I)»PT(2) 
IF(D (3).GT.PT(3)) LSC = - 6 
IF(LDOUB.NE.O) GO TO 1060 
KQM = 8 
IF(0(3).GE.PT(5)) DT(7*I) = DT(7»I)*PT(2) 
D(3) = D(3)/PT(3) 

1060 DT(3*1) ~ 0(3) 
GO TO 1160 

1070 DO 1030 K = 1»KQQ 
D(K) = DT(K*I)/PT(K) 

1080 IF(LDOUB.EQ.O) D(K) = D(K)/PT(K) 
KQQ2 = KQQ - 2 
IF(KQQ2) 1160*1140*1090 

1090 DO 1130 J = 1»KQQ2 
IF(LDOUB.NE.O) GO TO 1110 
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K = KQQ 
1100 D(K-l) =s O(K-l) • D(K) 

K = K - 1 
IF (K*J-KQQ) 1130»1130»1100 

1110 DO 1120 K = J»KQU2 
D (K•1) = 0 (K•1) - D(K*2> 

1120 CONTINUE 
1130 CONTINUE 
11^0 DO 1150 K s 2TKQQ 

IF(LDOUB.NE.O) D(K) = D<K)#PT(K) 
DT(K11) = D(K)*PT(K) 

1150 CONTINUE 
1160 CONTINUE 
1170 H = HH 

IF (LDOUB.NE.O) GO TO 50 ! 
LFD = 1 
IF(LSTC.GE.O) GO TO 220 
LDOUB = - 3 
LSC = LSTC - KQM 
GO TO 220 

1180 IF (7-IFL) 1181*980*220 
1181 IF (IFL-8) 60*1200*60 
1190 IFL = 8 

GO TO 310 
1200 WRITE(6*1205) 
1205 FORMAT(26H0IFLAG=8 IN CALL TO DVDQl. 

STOP 
1210 IF(T-TFINAL) 200*1190*200 
1220 IFL = 4 

IF(KSTEP.NE.O) GO TO 1270 
1230 HH = HH«TPD1«.75E0 

IFL = - 1 
GO TO 230 

1250 HH = H 
IF(EMAX.LT.POl) GO TO 1260 
IF(TPDl.LT.O.EO) GO TO 1190 
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LDOUB a 0 
ERND = H/HH 
ERND = ERND»ERND«P1 
GO TO 950 

1260 IFL = 4 
1270 IF(TPDl.GT.TPD) GO TO 1280 

T = TFIML 
TPD = TPOl 
GO TO 1290 

1280 T = TOUT 
IFL = 3 

1290 IF((TPD.EQ.0.E0).AND.(IFLAG.LE.2)) GO TO 310 
1300 TP = TPC 

0(2) = TP 
KGU2 = 0 
KDC = 0 
D (1) = FT (1 > 
DO(1) — PT <1) 
DO 1310 K=2,KQM 
DD(1) = DD(1) • PT(1) 
TP = TP • PT(1) 

1310 D (K*l) = (D(K)»TP)/DD(1) 
GO TO 1350 

1320 KQQ2 = 1 
L = KQM - KDC 
KDC = KDC • 1 

1330 IF (L.LE.O) GO TO 1350 
TP = 0. 
K = L 
J = L • KDC 

1340 JS = J- K 
TP r TP • GAS(K)*D(JS*1) 
K = K - 1 
IF(K.GT.O) GO TO 1340 
D(J) = TP 
L = L - 1 
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GO TO 1330 
1350 J = 0 

DO 1420 I=1»NE 
IF(KDS.LE.O) KDD = IABS(KD(I)) 
IF (KDC.GT.KUD) GO TO 1410 
TP = 0. 
KQQ = KG(I) • KQQ2 

1360 L = KQQ - KDC 
.IF(L.LE.O) GO TO 1370 
TP = TP • D<KUQ)«r)T(L»I) 
KQQ = KGQ - 1 
IF (KQQ) 1390*1390•1360 

1370 K = J • KOO 
L = KDC 

1380 L = L - 1 
IF(L.EQ.O) GO TO 1400 
TP = TP»HH • YiM(K)»FAC(L>*TPD 
K = K - 1 
GO TO 1380 

1390 F(I> = TP 
GO TO 1420 

1400 Y(K) = YN (K) • HH*TP 
1410 J = J • KOD 
1420 CONTINUE 

IF(KDC.NE.KDMAX) GO TO 1320 
GO TO 310 

1430 IF(NPRINT.EQ.O) GO TO 1460 
WRITE(6»1431) 

1431 FORMAT (lHl////20*tl2HGSVDQ OUTPUT//) 
WRITE(6»1435) <D(M)t M=l»19) 

1435 FORMAT(/3X»10E13«3) 
WRITE(6»1435) (DD(M)* M=l»20) 
DO 1440 JGG = It 10 
WRITE(6»1435) (DT(M,JGG)• M=l»20) 

1440 CONTINUE 
WRITE(6»1435) (EP (M)» M=1f10) 
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